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Abstract

The small deviation of the outer shell gold atonfisacl3-atom icosahedral cluster from
spherical atomic shape is calculated in order tmpensate the mismatch between atomic
radius of Au and circumsphere diameter of the ibedeon as limiting atomic distance. The
density of the cluster is found to be a little dgpieater than the density of face-centered cubic
gold.
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1. Introduction

In 1962 Mackay reported about of a dense non-diggtaphic packing of equal spheres and
initiated the research on such icosahedral clugtgtsThe icosahedron belongs to the 5
Platonic solids[2] [3]. It is a convex regular polyhedron in three-dimenal Euclidian space
and consists of 20 congruent equilateral triangialees F), 12 vertices\{) and 30 edged<).
These geometric elements obey Eheer relationV + F — E = 2 [4]. We are interested in
the 13 atom cluster consisting of a first shelll@f atoms of gold completed with an atom
located at the center. Generally, the number ahatbuilding complete icosahedral clusters
results in a series of speckibonnaci numbersC according to

10n3-15n2+11n-3

C(n) = ; 1)
One obtains for the first members
c1)=1 €2)=13 €@3)=55 (2)

Fibonacci numbers are derived and introducedPgano around the year 1202].



More general we speak aboAiNCs (Au nano-clusters). Their small size caused sicgumiit
guantization to the conduction band leading to phiat properties and native luminescent
properties allowing biomedical applications, fostemce as therapy tool in cancer treatment
[6]. However, in this contribution we deal with banstiers without stabilizing ligand shells.

In the following we present a mathematical and tafisgraphic exercise for a better
understanding of the important icosahedral clustersisting of 13 gold atoms. We calculate
the effective cluster diameter in comparison wiie experimental value and the density of
this cluster as well as the void space

2. Properties of the | cosahedron

The icosahedron is a regular solid obeying nontatggraphic fivefold symmetry. The
polyhedron notation is given by the symlppf"], wherep is the polygon multiplicity an& is
the number of faces. The notation[8"]. Platonic solids can be drawn and dynamically
visualized using for instance the software foundarhttp://drajmarsh.bitbucket.idHowever,
the reader may construct the icosahedron with ¢ ¢f coordinates for the vertices given in
Table 1, wheregp is the golden mean

V5-1

¢ ="""=0.6180339887.. o ="""=

2

¢ 1=¢p+1=1.6180339887.. (3)

But division of all coordinates by would transfer + 1 to bigt® = +¢~1 and+ ¢ to + 1.
These values were sometimes given in literature.

Table 1. Coordinates of Verticesfor thelcosahedron and Pentagonal Dodecahedron
(Both solids are centered the origin and suitably scaled for sake of siaityl)

Edge lengtha = 2¢
Regular icosahedron Regular pentagonal dodecahedron
X y z X y z
0 to +1 +1 +1 +1
+ ¢ +1 0 0 +o + ¢
+1 0 +¢ +o! + ¢ 0

Figure 1 illustrated the rotated icosahedron in order tovslthe fivefold axis. The central
atom has a coordination of 12 in contrast to thellshtom with asymmetric 5 + 1
coordination. This means that the atoms at the different positions should show slightly
different properties.

Important geometric relations for the icosahedrom summarized beloy7]. We use the
notationV, polyhedron volumeYspn in-sphere volumeA, polyhedron surface areAgpn in-
sphere area; circumsphere radiug; in-sphere radiug polygon edge length.

V, =2 %a® = 2.1816945 - a’ (4)
2



Figure 1. lllustration of an icosahedron showing one of ilrefbld axes.
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3. The 13-Atom Gold Cluster
From the lattice parameter of face-centered cubld of as.,. = 4,0786 A we can obtain
the atomic radius of gold
Tau = 4“37;6,2\ =1.442 & (13)



However, a somewhat smaller parameter as develtspad the cubic lattice parameter of
gold may be possible due to the decrease of atwadé with decreasing coordination
number.

If we would have an icosahedral shell of only 12dgatoms without a central atom, the
cluster diameter would yield by applyiag= 2 14,

2(Feire + Taw) = 2-(1.902113 + 1) - 14, = 8.30 A (14)

If the center is occupied to assemble a 13-atost@llby maintaining the atomic volume of
gold, the outer atomic shell suffer an atomic defation from spherical to slightly pancake
form to compensate for the mismatch caused byatiethatr,,,.. is a little bit smaller thaa
(equation 5). You can also follow the mismatch odersng the in-sphere radius of the
icosahedromr;, which is smaller than the hidly of a tetrahedron as an example for a dense
sphere packing

r; = 0.755761313 - a (15)
hy = 2 a=0.816496 a (16)

We proceed with the derivation of the small outeellsatomic deformation of a 13-atom
icosahedral Au cluster. The formula for an elliptideformed sphere with equal volume as
the sphere is

V= 4?”c%az -cpa With ¢ = (17)

b—‘:’Nl [l

On can obtain anatching numerical result between the free halegahal distance,s; and
the needed atomic space for an outer atom ancetiteat atom

Terf = C1° 27 gy " Teire (18)
1
Teff = C2 " Tay tTay = (1 + g) L™ (19)
Both equations result in a cubic equation with eespo the parametey

2
-4 __1 9 (20)

27 circ 27 circ

The solution provided for the ellipsoid axes partarse
c; = 1.0255718 (21)
and ¢, = 0.95075333 (22)

Finally, we obtain matching distances



€1 2T gy * Tive = 2.809085 A (23)
1 o
€2 Tau+7au=(1+ E) T4 = 2.809085 & (24)

Then the cluster diametdy; can be calculated to be
d13 = 4'rAuC1rCirC + eruCZ = 8.356 A (25)

This result agrees well with the cluster diametbsesved experimentallyd,;(exp) =
84 pm = 8.4 A [8].
4. Density Consideration

We ask what the density of the cluster is in congpar with crystalline gold. Gold
crystallizes in the face-centered cubic crystaucitme with lattice parametea;.. =

4.0786 A andZ = 4 atoms in the unit cell, it has a calculatedsity D, of

_ M 4-196.9665 _ _3
D, = VuNg  4.07863-1024-0.602214-10-2% 19.2827gcm (26)
whereM is the molar weight anll, is Avogadro’'s number.

For the 13-atom gold cluster we obtain in a similay by weighting the 12 shell atoms an

effective Z
12

Z=—+1=3.4 (27)
a=21yc =295374 (28)

V,=2.1817-a® = 56.217 A? (29)

Diuster = % =19.781 g - cm™3 (30)

It is no surprise that the 13-atom gold clusteridittle bit denser than crystalline gold.
Interestingly, an approximate relation holds

Dciyster = €1 Dy (31)

From a number theoretical viewy can vice versa be approximated by

c1 ~ |2 =1.02704 32}
1 12

The volume ratio of the gold atoms to the icosablediolume yields



4T 3

Yaw - 25T _ 756458 (33)

vp 8-cf§<p‘2rAu
and the void volume ratio respectively

1— "Vﬂ = 0.23542 ~ ¢3 = 0.2360679 (34)

P

Comparable values for the face-centered cubic gadd

Vau _ 45T4u _ m _
P = ot = 755 = 074048 (35)
1 -7 = 0.259519 ~ 1 - V2 = 0.259921 (36)
fcc

It indicates again that the packing efficiency loé icosahedral cluster is higher than that for
the face-centered cubic lattice.

Among the forces involved in the formation of sudibsters, the driving out of the all-
pervading vacuum energy fiel@dsimir force) must be named fir].

5. Extended Applications

The photonic properties of icosahedral gold clestwith native luminescence have been
successfully used in biomedical applications asaghe tool in cancer treatmefi]. Besides
such applications, ligand stabilized icosahedrahtt8n gold clusters assembled in capillaries
are conceivable to generate amplified spontanemissen and lasing and would promise a
quite stable facility. A recent example for suclplegation is the generation of random lasing
in capillaries doped with rhodamin&énicrosphere§l0].

5. Conclusion

The icosahedral cluster consisting of 13 atomsabdl ¢s a very dense solid body and about
2.6 % denser than face-centered cubic gold. Treh&R atoms deviate slightly from assumed
spherical shape, in this way compensating the geaakemismatch that is caused by the
occupation of the center by an additional atom. 3ihell atoms can be approximated by an
elliptically shaped influence sphere having two agoalf-axes enlarged by the factor of
1.02557, and the third axis reduced by the factod.85075. SinceMlackay's approach of
non-crystallographic packing of spheres many ingmdrtbiomedical applications of such
clusters with ever new possibilities have exceealkeexpectations.
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