Proofs of Legendre’s Conjecture and Some Related Conjectures
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Abstract

This paper improves my previous proof of the Legendre conjecture by reducing some
redundant statements, improving some corollaries, and simplifying two data tables.
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1. Introduction

In this paper, we will use basic algebraic methods to analyze the binomial coefficients (’Z‘)
where A and n are positive integers, to prove the Legendre conjecture, the Oppermann
conjecture, the Brocard conjecture, and the Andrica conjecture [1], [2], [3], [4], [5].

We use the following convention and notation:

Ny ={0, 1, 2, 3, 4,...}, a set of natural numbers including zero.

Z={..-4,-3,-2,-1,0,1, 2, 3, 4,..}, a set of integers.

Z*={neN,: n#0}={1, 2, 3, 4, 5,..}, a set of positive integers.

N,m,n, A, i,j keZ*

P ={p4, 02, P3, Vs, 05, -} =1{2, 3,5, 7, 11,...}, a set of prime numbers.

D, Pi,Pm,Pn, Pk EP
R={Z,n;/n;, n:j/ni,
a b, u,v,x,eeR

e,... | ny, nj, ng € Z: ng# 0}, a set of real numbers.

n# = anp p, the primorial function that is the product of all distinct prime numbers p that
are less than or equal to n.
n(x) = szp 1, the prime counting function that counts the number of all distinct prime

numbers p less than or equal to number x.

|
Binomial coefficient: CX = (Z) T (:.—k)'

log denotes the natural logarithm: log e = 1.
Ceiling and floor: [ 3.42]=4,and | 3.42 | =3.

Intervals: (a, b)={d €Z:a<d<b} (a, bl meansa<d<bh,and [a, bl meansa<d<bh.
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Fa2p>b{N} denotes the prime number factorization operator of the integer expression N. It is
the product of the prime numbers in the decomposition of N in the rangeof a >p > b > 1.
[g5psp{N} has some properties:

It is always true that [gsp,.p{N} = 1. (1.1)
If there is no prime number in N within the range of a = p > b, then I5,.p{N} = 1,

or vice versa, if Fa2p>b{N} = 1, then there is no prime number in N within the range of
a=p>b. (1.2)
For example, when A = 5andn = 4, F162p>10{(240)} = 13%-11% = 1. No prime number 13 or
11isin (240) in the range of 16 > p > 10.

If there is at least one prime number in N in the range of a = p > b, then I';5,.,{N} > 1, or
vice versa, if Fa2p>b{N} > 1, then there is at least one prime number in N within the range of
a=>p>b. (1.3)
For example, when A = 5and n = 4, F182p>16{(240)} =17 > 1. Prime number 17 isin (240)
within the range of 18 = p > 16.

Let v,(n) be the p-adic valuation of n, the exponent of the highest power of p that divides n.
. . . . 2
We define R(p) by the inequalities pR® < An < pR®P*1, and determine v,(n) of ( T’:)

Because for any real numbers a and b, the expression of |a + b| — |a] — |b] isOor 1,

5 () = % (@) = 2, (A = DD =5 () = 528 (| F] - |52 - |3]) < RO
Thus, if p divides ( ™), then v, ((’1")) < R(p) < log,(4n), or p’ (( )) < pR® < An (1.4)
Ifn 2 p > [Vn], then 0 < v, (")) <R < 1. (1.5)

Among the first six consecutive natural numbers are three prime numbers 2, 3 and 5. Then,
each additional six consecutive natural numbers, at most one can add two prime numbers,

p =1 (MOD6)andp =5 (MOD 6). Thus, w(n) < EJ +2< §+ 2. (1.6)

Since (Znn_l) is an integer and all the prime numbersintherangeof (n+ 1) <p < (2n—1)

appear in its numerator but not in its denominator we have

(27;;1)# < (Znn—l) _ ((Zn 1) n (Zn 1)) <1 (1+ 1)2n 1 _ p2n-2

The proof proceeds by induction on n.

Ifn =3, thenn# =6 < 8 = 22"73,

Ifn=4,thenn# =6 < 32 = 2273,

lfn=(2m—1)isoddand n =5, thenm > 3 and then

n# = (2m — D# < m#t - 22M72 < 22m=3 . p2m=2 — p4m=5 _ 72n-3
Ifn =2misevenand n = 6, thenm = 3 and then
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n#t = 2m)# = (2m — D# < m# - 2272 < 22Mm=3 . 22m=2 _ 24m-5 L p4m-3 _ p2n-3
Thus, whenn = 3, n# = [[5, p < 22773 (1.7)

From the prime number decomposition, when n > |vin|,
an\ _ (An)! ) (An)! (An)!
(%) = Tinzpon {n!-((l—l)n)!} Lnzps|vin] {n!-(()l—l)n)!} [vanfzp {n' (A- l)n)'}

A (An)! (An)!
whenn < VA, (37) < Cimepon (i) Tt (o
(An)! (An)! (An)! }

An
Thus, (n) < Dinzpon {n!-((a—nn)!} Fnzps|van] {n!-((/l—l)n)!} Lvanlzp {n' ((A—Dn)!
I {(A—n)'} =T {(A—n)'} since all prime numbers in n! do not appear in the
Anzp>n {1 (2-1)n)! Anzp>n {((3-1)n)! '
range of An > p >n.
Referring to (1.5) and (1.7), whenn > (1 — 2) = 13, then [V/lnj > 13, and
l" { (An)! } < anpp 22n—3 _ 22n—4
nzp>[Van| lnra-nn) ) = 13# 2-3-5.7-11-13 _ 15015

_ (An)! Vin
Referring to (1.4) and (1.6), F[mjzp {m} < (An) 3 +2

(An)! } p2n—4 Vin

Thus, whenn = (2 —2) 213, (*") < Tinapon {(u—nn)! = — - (ny s "2 (1.8)

2. Lemmas

_ x
Lemma 1: If x = 3, then 22x-1) > (L) . (2.1)

x—1 x—1
Proof:

When x = 3, let f;(x) = 2(2x 1)

2(x—1)(2x—1) —22x—1D)(x— 1) -2
; then, fi'(x) = D)2 =502 < 0.

Thus, f;(x) is a strictly decreasmg function for x = 3.

Since f;(3) =5, and llm filx) =4, forx >3, wehave 5= fi(x) =

Let fo(x) = (ﬁ) ,then £,/ (x) = ((LY), = (L) (log— — L) (2.1.1)

x—1 x—1 x—1

2(2x D

= > 4.

WMMZ&—L=l+i+i+i+i+i+“.
x—1 X

xS

Using the formula: log(1+x) = x — = + = - = + - - = +

1 1
—log (1+ x)_ —+2x2+ +-4 +5x5 +

+
30 4xt

6x6

Thus, for x = 3, logi— L <o.
x—1 x—1
X X
Since (xle) is a positive number for x > 3, f,'(x) = (x%) . (log— — —) <0.

Thus, f,(x) is a strictly decreasing function when x > 3.
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Since f,(3) = 3.375and lim f,(x) = e = 2.718,
X—00

x X
when x > 3, 3375 2 f,(x) = (=) =e. (2.1.2)
x—1
Since for x = 3, f;(x) has alower bound of 4 and f,(x) has an upper bound of 3.375,
2(2x—1 X
fio =222 s poo = (). .
n JAn—A+1
Lemma2:For n=>2and 1 >3, (n) > 1) P D - (2.2)
Proof:
B any 22y _ 2A(2A-1)(2A-2)! _
When 123 andn=2, (") = (%) = o = A D. (2.2.1)
An—-2A+1 22—-A+1 _ A

A A A " =’1(’11).(L) (2.2.2)

n(A-1)A-Dn-2+1 2(1-1)2A-1)-2+1 2 1-1
. _ 2(24-1) 2\
Referring to (2.1), when x = 1 > 3, we have > (E) . (2.2.3)
A(A-1 A(A-1
Since (A1) is a positive number for A > 3, referring to (2.2.1) and (2.2.2), when (4-1)
multiplies both sides of (2.2.3), we have
A An—A+1
/1(/1—1)) (2(2/1—1)) n (/1(/1 1)) ( ) _ A
( 2 A-1 /’1(2/1 1) - ( ) > 2 -1 - n(l_l)()l—l)n—l+1 :
n aAN—2+1

Thus, (n) > SRR R TR when A>3 and n=2. (2.2.4)

A/ln—l+1

By induction onn, when 4 > 3, if (’:l) > is true for n, thenforn + 1,

n(A- 1)(1—1)n—/1+1

(A(n+1)) _ (An+/1 _ (An+2)(An+A-1)--(An+2)(An+1) ) (An)
n+1 n+i1 (An+1-n-1)(An+1-n-2)--(An—-n+1)(n+1)
A(n+1) (An+D)(An+A—1)-(An+2)(An+1) pmA+l
n+1 (An+l—n—1)(/1n+l—n—2)---(An—n+1)(n+1) n(l_l)(l_l)"_l‘*l
A(n+1) (An+2)(An+A—1)--(An+2) nt1 1 pAn—Atl
n+1 (An+/1—n—1)(/1n+/1—n—2)---(/1n—n+1) n (n+1) (,1_1)()“_1)7’_’1"‘1
. An+1 (An+2)(An+1—1)--(An+2) ( 2 )(/1—1)
Notice >4, and An+1-n-1D)(An+A-n—2)---(An-n+1) -1
] Antd A A1 A An+2 -
B i An—1 A1’ AntA-n-—2 A1’ An—ni1 o A-1' U
A(n+1) -1 A1 A+l _ JAM+D)-A+1 (2.25)
n+1 (1_1)(/1—1) 1 (n+1) (A_l)(/l—l)n—)&l - (n+1)()l—1)(/1_1)(n+1)_/1+1 bl
1 /1/1n—1+1
From (2.2.4) and (2.2.5), we have forn > 2 and A = 3, (T?) > [ |

n(A—1)0— Dn=A+1

60060(x+2)- ((%) : e)(x_l)

Lemma 3: When x > 13 and f,(x) = o] ,
(x2+2x)T+3
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fl@=fie) (n(2) -2 _rea 2 22,0 (2.3)

4 3 3 x+1  3(x+2) 3x 3
Proof:

(x-1)
When x > 13, let £,(x) = 60060 %‘; where u(x) = (x + 2)? - ((x—“) : e) and

4

xX+1
v(x) = (x2 +2x)z 3

W (x) = <(x +2)2. ((;%1) ' e)(x—1)>

~2ter - (3 ()0 e

<22 () o) wer2r () o) (et (o))
=2 u(x) +u@) - (log () +1+53)

= (;?—ﬁ+log(%l)+2) -u(x)

v = (@2 42057 = (xx+2) T ((2+3) - toge? + 2x)),

_ x+1 2 " x+1 1 1
= ( —+ 3 log(x + 2x)) =v(x) - ( log(x) + —log(x +2)+ (— + 3) (x+2 + ;))
= v(x) Glog(x)+ glog(x+2)+%+3g:2) % E)
1 1 10
= (Elog(x)+ Elog(x+2)+ +3(x+2)+ )
£.(x) = 60060 v(x)u' (x)—u(;C)-v (x)
(v()
u@ (2 _ 2 xH _1 _1 _:__8 _ 10
= 60060 v(x) (x+2 x+1 + log( 4 ) +2 3log(x) 3log(x +2) 3 3(x+2) 3x)
_ . x+1 log(x) _ log(x+2) 2 2 1o 4
- ﬁ}(x) ( lOg ( ) 3 3 x+1 3(x+2) 3x + 3) "
x+1 log(x) _ log(x+2) 2z 2 _ 10 , 4
Lemma 4: When x > 13 and f5(x) = log( ) . . et +t3,
x2+4+2x -2 2
fs'(x) = 3x(x+1)(x+2) tTare T 3(x+2)2 + 3x2 > 0. (2.4)
Proof:
x+1 log(x) _ log(x+2) 2 2 10 , 4
When x > 13 and f5(x) = log( ) 3 3 x+1  3(x+2) 3x + 3’
f'x) = == —— - o
5 x+1  3x  3(x+2) = (x+1)2 @ 3(x+2)2 = 3x2
3x%+6x X 243x+2 _ x%4x 2 n 2 10
T 3x(x+1)(x+2) 3x(x+1)(x+2) 3x(x+1)(x+2)  (x+1)2  3(x+2)%2 = 3x2
240y
=22y 2y +22>0 "

3x(x+1)(x+2)  (x+1)2 ?;(x+2)2
Lemma 5: When x > 13 and f5(x) = log (x+1) +

1 log(x+2)+log(x) 3
f7 ( ) (x+1 3 x(x+2)) + 6x+/x(x+2) + x? > 0. (2'5)
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Proof:
When x > 13 and f;(x) = log (x+1) +
f7'(x) 1 Vx+2 ( 1 ) log(x+2)+log(x)+2 3

x+2 X

x+1 6Vx 6x+/x(x+2) x2
(X 1 log(x+2)+log(x) 3
T \x+1 3 /x(x+2) 6xyx(x12) 22
Because 1_ _ 1 _ 3Vx(x+2)_(x+1) . 3\/x(x+2)+(x+1) _ 8x2+16x_1

= = >0
x+1 3 x(x+2)  3(x+1)Jx(x+2) 3 x(x+2)+(x+1) 9(x+1)\/m<\/m4_(x+1))

log(x+2)+log(x) >0, and j_z >0,

6x+/x(x+2)
1 log(x+2)+log(x)
f7 (x) <x+1 3 x(x+2)) + 6x+/x(x+2) + > Owhenx = 13. .
- - 12 _omr 3 _
Lemma 6: Whenm > A —2 > 13, [[i55 (F(A—il)mzp>i_‘rr; {((,1—1)m)!}) =1. (2.6)
Proof:
_ . 12 (Am)! .
When m > A — 2 > 13, in the products of [[{; (F(A—il)mzp>;1+_‘rri {—((A—l)m)! }), there are intervals

of ( Am (A_,l)m

Am (A 1)m]
i+1’

] where i =1to A —2. If there is no prime number in any interval ( p

’

(Am)!

m} = 1; otherwise all the results are as follows.

then referring to (1.2), F'a-vym__ am {
T

(Am)!
(A-1)m)!
(Am)! also exactly appears in the denominator ((4 — 1)m)!. They cancel each other out in

(Am)!
(A-1)m)!

A-1)m Am

In F(/l—l)m>p>/1_m{ }, every distinct prime number with — >p > ~ in the numerator
1 - 2

. (Am)! _
. Referring to (1.2), F(A_ll)mZpJTm {m} =

1m

Am)! .. . . A- Am
(Am) }, every distinct prime number that satisfies (T >p> Tm in the

(A-1m)
numerator (Am)! is of the form of 2p - p = (2)! - p2. The same is true for the denominator

In F(A—l)m2p>a_m{
2 3

. (Am)! (Am)!
— I A A (-
((A = 1)m)!. They cancel each other out in D! , then Ta-um 1)m A;n {((/1_1) )!}

In F(A—;)m2p>l4_m {%}, every distinct prime number that satisfies (l_;)m >p> ATm in the

numerator (Am)! is of the form of 3p - 2p - p = (3)! - p3. The same is true for the denominator
. Am)! Am)!

((A — 1)m)!. They cancel each other out in ﬁ , then F(A—;)m2p>)le {((/1(_%} =

In F(Al—_lgmzp>j_m1 {%}, every distinct prime number that satisfies (A;j;m >2p> % in the

numerator (Am)! is of the form of (1 —2) - 3p - 2p - p = (1 — 2)! - p*~2. The same is true for
the denominator ((1 — 1)m)!.
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They cancel each other in O ) % , then F“f;’“> e {((A—l)m)! 1

Thus, Whenm > 1 — 2 > 13, [[222 (r@_pm_ {%}) _ 1. .

l+1

3. A Prime Number between (A — 1)nand Anwhenn > (4 —2) > 13

Proposition:
Forn > A — 2 > 13, there is at least a prime number p such that (1 — 1)n < p < An. (3.1)

Proof:

Applying (2.2) to (1.8), whenn = (1 — 2) > 13,

AAN—A+1 In (n)! 22n—4 Vin +2
n(A—1)A-Dn-2+1 < (n) < Fln2p>n {((/1—1)71)1} "Teols (An) 3 .
vain 2 227’L—4—
Because (An)z "2 >0and >0,
15015
5 - (n-1)
r (An)! Al 600604 ((T) () ) -0
Anzp>n{ _ } Van 2n—4 = in ’
(@-Dm)! n— o
" (n) 3" fggge n(A-D) AT (n) 3 *°
i
Referring to (2.1.2), when 1 = 3, (ﬁ) >e.Thus, whenn > (1—-2) > 13,
()1 1) (n=1)
6006012 (==)-e
(an)! (R
Lanzp-n {((/1 l)n)'} > Vi, =fs(n, ) >0. (3.2)

(An) 3~
(x-1)

60060y2- ((y h. e)

Nezg
xy)3 3

because both the numerator and the denominator are positive real numbers. (3.3)
Whenx =y —2 > 13,

60060y2 ((2) - e)(x_l) 60060(x+2)2-((":—1)-e)(x_1)

letx >y —2=>13, then, f3(x,y) = is a continuous function

fS(xr y) = J_y+3 = M s
(xy) 3 (x2+2x)
(x—1)
60060(x+2)" ((£1) e
> fa(x) = (x+1 ) >0. (3.4)

(x2+2x) 3 33
Referring to (2.3),
fi' () = fi) - (log (57) - 222 - 2EB _ 22— _ B4 0) = f,(0) - ()

3 3 x+1  3(x+2) 3x
x+1 log(x) . log(x+2) 2z 2 10 4
where f5(x) = log( ) 3 3 x+1 3(x+2) = T3
. ' x24+2x -2 2 2
Referring to (2.4), f (x) = + + + > 0 whenx > 13.

3x(x+1)(x+2) (x+1)2  3(x+2)2
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Thus, f5(x) is a strictly increasing function for x > 13.

——+—~ 0.385 > 0.
3 3 13+1  3(13+2) 39

When x = 13, f5(x) = log (13+1) _log(13) _log(ls) 2 2

4
Because when x > 13, f5(x) > 0, then £, (x) = £, (%) - fs(x) > 0.
Thus, f,(x) is a strictly increasing function when x > 13.

Referring to (3.4), as long as x = (y — 2) = 13, because f5(x,y) > f,(x), fz(x,y)isan
increasing function respect to both x and y.

Thus, when x = (y —2) =213, fz(x+ 1,y + 1) > f3(x,y). (3.5)
And, whenn=(A1—-2) =13, s(n+ 1,1+ 1) = f3(n,1). (3.6)
Referring to (3.3), whenx >y —2 > 13,

0f3(x,y) 3

2D = f(x,y) - (log (B2) +1 - 2% zog<xy) 23 = Ay - foly)
where f¢(x,y) = log (T) +1- \/_ log(xy) 3; (3.7)

Let x=y—22>13,
fo(,) = f;(x) = log (=)

Referring to (2.5), f5 (x) = (

1 1 )) log(x+2)+log(x) + ~> 0 when x > 13.

x+1 3 /x(x+2 6x+/x(x+2)

Thus, when x > 13, f;(x) is a strictly increasing function.

When x = (y — 2) = 13, because fg(x,y) = f7(x), fs(x,y) is an increasing function respect
to both x and y.

Thus, whenx = (y —2) > 13, fe(x + 1,y + 1) > fo(x,y). (3.8)
Referring to (3.7), whenx = (y — 2) > 13,

2 = o ()11 o) 53

x
vy 3 vy

=0 \/_ -log(xy) — - \/_ T T s - log(xy) + => 0.
Thus, whenx > (y —2) > 13, f¢(x,y) is an increasing function respect to x. (3.9)
15-1 V15-log(195) V15 3
Whenx = (y = 2) =13, fo(x,y) = log (=) + 1 - g 2 2~ 0720 > 0.

Referring to (3.8), when x = (y — 2) = 13, f,(x,y) > 0.

Referring to (3.9), when x > (y —2) > 13, fgs(x,y) > 0.

Referring to (3.7), when x = (y — 2) = 13, since f3(x,y) > 0 and fz(x,y) > 0, then
af3(xy)
dx
Thus, when x = (y —2) =213, f5(x + 1,y) > f5(x,y). (3.10)

> 0, and f3(x, y) is an increasing function respect to x.
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And, whenn > (1—-2) =13, fs(n+1,1) = f5(n, 1). (3.11)
Whenn = (1 —2) =13,

N (n-1) (13-1)
_1 —_— -
60060A2- ((T) : e) 60060 -152. ((%) : e) 7.432E+18

fs(n,A) = Van, - 1513, = 3386E+17
(An) 3 (15-13) 3

Referring to (3.6), whenn = (1 —2) > 13, f3(n, 1) > 1.
Referring to (3.11), whenn > (1 — 2) > 13, f;(n, 1) > 1.

Thus, from (3.2), whenn 2 1 —2 > 13, Tjpspen {%} > f,(n,2) > 1. (3.12)
(Am)!
letm =n.Whenm 2n 2 21—2 213, Dipspom {m} > f,(m,2) > 1. (3.13)

From (1.8), whenn > (1 — 2) = 13, if there is a prime number p in [';;55,. {%}, then

p2n+1=(+2n+1>VIn.From(15), 0 < v, (Tnzpon {%}) <R(p) < 1.

(An)!

m} and also

Thus, whenm >n > A1 — 2 > 13, every distinct prime number in F/lnz;»n{
(Am)!
((A-1)m)!

T (Am)!
Amz2p>m ((A 1)m)

T (Am)! 1-2 T (Am)! T (Am)!
= Dimzp>-1)m {((,1—1)m)1}' i=1 \"@=Um,, 2 {((/1 Dm ),}' Am o psAm {((,1 1)m)'} :

in Flm>p>m { } has a power of 0 or 1.

i+l i1 i1
Referring to (2.6), Hl h (F()L 1)m>p m {%}) = 1.
Thus, imspsm {%} Dimeps(-1)m {%} 2 (Fﬁr_”izpﬂi‘%)m {%D
Dimspsm {%} = l 4 (F/lm w{%}) (3.14)

l 1 (F/lm Ja-nm {%}) is the product of (4 —1) sectors fromi=1toi=(1—1).

- (A-1)m)!

Each of these sectors is the prime number factorization of FA—.mzp>M {%} where
% is the product of the consecutive integers in the interval of ( —— @ l)m , A;n ] .
From (3.13) and (3.14), when m > n > 1—2 > 13, [[4}! (FATmzwm {((ﬁ%}) > 1.
Referring to (1.1), Fm ps@im 1)m {((/1('1%} > 1.Thus,whenm >n>1—2 > 13, atleast one

(Am)!

m}) is greater than one.

of the sectors in ]‘[{1;1 (Fl_m 2o 1)m{
i

Page 9



(Am)!

Let Fl_m>p>(/1—1)m{ } > 1 be suchasectorwith(1—1)>j > 1, andletm =nj.
j- j

((A-1)m)!
Thus,when m=nj>n>1-2 > 13,
(Am)!
Dimspsm {m}
(Am)! . _ _ (Anj)! N (Anj)!
= FAT’_”zm@ {((A—l)m)!} - F@zpﬂ‘]ﬂ {((A—l)nj)!} = Dinzp>(2-1n {((/'l—l)nj)!} (3.15)
@nj)t  _ @An)-Gnj—1) - @nj—j) - @Anj—2j)--@Anj—m-1)j) - Anj—nj+1)-((A-Dn))!
((A-1)nj)! (A=Dn))!
nj)! _ j-An)-(Anj—1) - (An—1) --j-(An—2)--j-(An—-n+1) - (Anj—nj+1)-(A-1)nj)!
((A-1)nj)! ((A=Dn))!
Thus, % contains all the factors of (An), (An—1), (Ain —2),...(An—n+1) in% .
These factors make up all the consecutive integers in the rangeof An>p > (1 —1)n in
(An)!
(@-Dnyt
Referring to the definition, all prime numbers of((l()_l+;:j)l in the ranges of p > An and in

(An))!

m} nordoesjfor(A—1)=>j=>1.

(4 = 1)n > p do not contribute to [},5p-(1-1)n {

Only the prime numbers of [},5,.(1-1)n {%} within the rangeof in>p > (1 —1)n
. (Anj)! Ol .
present in [}ns5.(1-1)n {—((,1—1)111')!}' Because G-Dm)! is the product of all the consecutive

(3.16)

. . . Anj)! (An)!
integers in this range, [inspsa1-1)n {m} = Dinsp>a-1)n {m} .

Referring to (3.15) and (3.16), when m=nj>n>1—-2 > 13,

(Am)! Anj)! _ (An)!
Dimepsm {m} 2 Dinsps-1)n {m} = Dinsp>1-1)n {m}
Thus, when n >4 —2 2> 13, ['jpsp.0-1)n {%} > 1. Referring to (1.3), there exists at

least a prime number p such that (A — 1)n < p < An.

Thus, Proposition (3.1) is proven. It becomes a theorem: Theorem (3.1). [

4. Proof of Legendre’s Conjecture

Legendre’s conjecture states that there is a prime number between n? and (n + 1)? for every
positive integer n. (4.1)

Proof:
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Referring to Theorem (3.1), for integers j = k — 2 > 13, there exists at least a prime number p

suchthat j(k— 1) <p < jk. (4.2)
When k=j+ 1>15, then j=k—-12= 14.

Applying k = j + 1 into (4.2), then j2<p <j(+1) < (+ 1)?2.

Let n = j > 14, then we have n? <p < (n+ 1)2. (4.3)
For1 <n <13, we have a table, Table 1, that shows Legendre’s conjecture valid. (4.4)

Table 1: For 1 < n < 13, there is a prime number between n? and (n + 1)2.

n 1 2 3 4 5 6 7 8 9 10 11 12 13

n? 1 4 9 16 25 36 49 64 81 100 | 121 | 144 | 169

D 3 5 11 19 29 41 53 67 83 103 | 127 | 149 | 173
(n+ 1)2 4 9 16 25 36 49 64 81 100 | 121 | 144 | 169 | 196
Combining (4.3) and (4.4), we have proven Legendre’s conjecture. [ ]

Extension of Legendre’s conjecture

There are at least two prime numbers, p,, and p,,, , between j2 and (j + 1)? for every positive
integer j such that j2 <p, <j(j+1)and j(j + 1) <p_ < (j + 1)* where p,, is the n*"* prime
number, p,, is the m" prime number,and m>n +1. (4.5)
Proof:

Referring to Theorem (3.1), for integers j = k — 2 > 13, there exists at least a prime number p
suchthat j(k—1) <p < jk.

When k—1=j>14,then j(k— 1) =j2 <p, < jk =j(j + 1) .Thus, there is at least a
prime number p,, suchthat j2 <p, <j(j +1) when j= k—12> 14.

When j=k—-2>14,then k=j+2.

jJlk— 1D =j+D<p,<jk=jG+2)<(+ 1)2. Thus, there is at least another prime
number p,, suchthat j(j+1) <p, < (j+1)*when j =k —2>14.

Thus, when j > 14, there are at least two prime numbers p, and p,, between j? and (j + 1)

suchthat j2 <p, <j(j+1) < p, < (+1)*wherem =n+1forp, >p, . (4.6)
For1 < j <13, we have a table, Table 2, that shows that (4.5) is valid. (4.7)
Table 2: For 1 < j < 18, thereare 2 primessuch that j2<p, < j(i+1) <py, < (j + 1)2.
j 1 2 3 4 5 6 7 8 9 10 11 12 13
j2 1 4 9 16 25 36 49 64 81 100 | 121 | 144 | 169
Pn 2 5 11 19 29 41 53 67 83 103 | 127 | 149 | 173
Jj(j+1) 2 6 12 20 30 42 56 72 90 110 | 132 | 156 | 182
Pm 3 7 13 23 31 43 59 73 97 113 | 137 | 163 | 191
G+ 1)2 4 9 16 25 36 49 64 81 100 | 121 | 144 | 169 | 196
Combining (4.6) and (4.7), we have proven (4.5). It becomes a theorem: Theorem (4.5). [
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5. The Proofs of Three Related Conjectures

Oppermann’s conjecture states that for every integer x > 1, there is at least one prime
number between x(x — 1) and x2, and at least another prime number between x? and
x(x +1). (5.1)

Proof:

Theorem (4.5) states that there are at least two prime numbers, p,, and p,,, , between j2 and
(j + 1)? for every positive integer j such that j* < p, <j(j+ 1) <p, < (j + 1)* where
mz=n+1for p, >p, .

j(j + 1) is a composite number except j = 1. Since j2 < p, < j(j + 1) is valid for every
positive integer j, when we replace j with j + 1, we have (j + 1)? <p, < (j + 1)(j + 2).

Thus, we have j(j+1) <p, < (+1)*<p, <G+ D[ +2). (5.2)
When x > 1, then (x — 1) = 1. Substituting j with (x — 1) in (5.2), we have

x(x —1)<p <x*<p, <x(x+1) (5.3)
Thus, we have proven Oppermann’s conjecture. [

Brocard's conjecture states that there are at least 4 prime numbers between (p,)? and
(Pn+1)?, where p, is the nt" prime number, for every n > 1. (5.4)

Proof:

Theorem (4.5) states that there are at least two prime numbers, p,, and p,, , between j2 and
(+1)% suchthat j2 <p, <j(+1) and j(j+ 1) <p, < (j+ 1)* for every positive
integer j , where m =n+1 for p,, >p . Whenj>1, j(j + 1) is a composite number. Then
Theorem (4.5) can be writtenas j* <p, <j(j+1) and j(j+1)<p, < (G+1)>

In the prime number series: p; =2, p, =3, p3 =5, ps =7, ps = 11, ... Except p,, all prime
numbers are odd numbers. Their intervals are 2 or more. Thus, when n > 1, (pp41 — pPn) = 2.
Thus, we have p, < (p, +1) < (pp + 2) < ppy1 When n > 1. (5.5)
Applying Theorem (4.5) to (5.5), whenn > 1, we have at least two prime numbers p_ ., and
Pm2 in between (pn)z and (pn + 1)2 such that (pn)z <Pm1 < pn(pn + 1) < Pm2 < (pn + 1)2,
and at least two more prime numbers p,,3, Pmas in between (p, + 1)? and (p,, + 2)? such
that (py + 1) < Pms < (Pn+ D(Pn +2) <Ppma < (n +2)* < (Pns1)®

Thus, there are at least 4 prime numbers between (p,,)? and (p,,+1)? for n > 1 such that

(pn)z < Pm1 < pn(pn + 1) < Pm2 < (pn + 1)2 < Pm3 < (pn + 1)(pn + 2) < Pma < (pn+1)2
(5.6)
Thus, Brocard's conjecture is proven. [

Page 12



Andrica’s conjecture is named after Dorin Andrica. It is a conjecture regarding the gaps
between prime numbers. The conjecture states that the inequality \/ p,+1 —+/ Pn < 1 holds
for all n where p,, is the n* prime number. If g, = p,4+1 — P, denotes the nt" prime gap,

then Andrica’s conjecture can also be rewrittenas g, < 2,/ p, + 1. (5.7)

Proof:

From Theorem (4.5), for every positive integer j, there are at least two prime numbers p,,

and p,, between j? and (j + 1)? such that j?> <p, <j(G+1) <p, < (j +1)* where
mz=2n+1 for p, >p_.Since m=n+1,wehave py, = ppyq -

Thus, we have j? < p, (5.8)
and Py S pm < (G + 1)2. (5.9)
Since j, Pn , Pn+1, @and (j + 1) are positive integers,

j<Pn (5.10)

and [/ ppy1 <j+1. (5.11)
Applying (5.10) to (5.11), we have / pps1 </ Pn+ 1. (5.12)

Thus, \/m - \/E < 1 holds for all n since in Theorem (4.5), j holds for all positive integers.
Using the prime gap to prove this conjecture, from (5.8) and (5.9), we have

Gn = Pns1—Pn < (+1?—j2=2j+1. From(5.10), j </ p, .

Thus, gn = Pns1 —Pn <2 pn+1. (5.13)

Thus, Andrica’s conjecture is proven. [
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