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Abstract

We provide a general analytic formula to construct all existing starting odd numbers that obey our desired finite arbitrarily long Collatz trajectory, meaning
that these starting odd numbers obey our pre-designated maximum factors of 2 at each iteration of the reduced Collatz map. We also provide another general
analytic formula for finding the resulting odd numbers after N iterations of the reduced Collatz map. These formulas shed light on the structure of Collatz
trajectories and other properties. We can also use this information to find in finite steps all existing Collatz trajectories that become 1 after any finite N iterations.
We also will see that the ”location” of all of the 1’s in Collatz Conjecture can be found by solving a special case of the discrete log problem.

Introduction

Collatz Conjecture is the hypothesis that for any positive integer n, by repeated applications of the Collatz map, this sequence of numbers will eventually reach

1.

Collatz map:
n/2 if n is even
3n+1 ifnisodd
In this paper we will only talk about the reduced Collatz map which we will just simply refer to as ” Collatz map”

Reduced Collatz map:
2n+1— %, where k denotes the maximum number of factors of 2 that (2n + 1)3 4+ 1 contains. Hence (QTLJ;# results in another positive odd

n—

number.

In this paper we will provide some new theorems on finite arbitrarily long Collatz trajectories.
We will provide a new formula for finding all starting odd numbers for any desired Collatz trajectory.
We then show for any desired dynamics of a finite arbitrarily long collatz trajectory, there exist infinite many starting numbers that satisfy this particular

dynamic. Also that the difference in value between all such subsequent starting numbers for any given desired dynamic is a constant.

We also show how to construct all existing Collatz trajectories that result in 1 after N iterations.



2 Definitions

3 Proposition 1:
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Induction Step:

Assume Nth case is true, then show that if follows that the N+1th case is also true:
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QED

Proposition 2:

L2k = 37 . gk mod 2387771y 1 3N wphere J and N are positive integers and J < N

Proof:

37 .2k =37 . 28 mod 3N, for some positive integer r since ged(2,3) =1

We now divide both sides by 37

2k = 2kt mod 3N -7

By the properties of Carmichael’s A function:

a* = d" M mod n, given gcd(a,n) = 1,where A\(n) is the smallest positive integer such that this expression is true.
Therefore for our specific values of a and n, i.e. a=2 and n = 3¥~7 and since ged (2,3) = 1, we have



2k = ok +ABY ") pog 3N
We see that our original r can be set to A(3V~7)

We also know that A(3V~7) = 2.3¥=7/=1 by the properties of Carmichael’s A function: i.e. A (pk) =phk —phF-l =pF ( - %)

Hence our equation becomes:

ok = ok+2:3V 7771 gN—J

Hence we see that 2F = 26+2:37 7771 — ok+23% 777142387771 04 56 on in mod 3V
N—-J—1

Hence we can write 2F = 2k mod 2:3 mod 3N

We now multiple both sides by 37 including the mod number:

3J .9k = gJ .9k mod 2.3V 7771 1 aN

QED

5 Theorem 1:

ny = 2(2.3N*1+1—k1—kQ—kg—...—kN) mod 2~3°3N—1 + 3N—22(2~3N’1—k2—kg—k4—...—kN—1) mod 2-3%
+3N732(2.3N—171@371@471@57...7@71) mod 2-3° + 3N742(2~3N_1flc4fk57k:67...ka71) mod 2-3°

1

_~_3N—52(2'3N’1—ks—kg—k7—...—kN—1) mod 2-3* oo+ 302(2.3”1—1@,—1) mod 2-3N 1 (1)

_2(2-3N—171) mod 2-3N 1 (mod 3N)

,for N>2 k; >1
Proof: We start with the result from Proposition 1:

3N 423N =1 L3N —29k1—1 gN=3gk1+ky—1 | gN—dghki+kythg—1 gN—5oki+ha+kg+ha—1, | gN-Nokithothst thy_1-1 9 1
ok Fha Tkt Fhy -1 =2ny +

yfor N>2 k; >1
Now we will isolate ng to one side:

3NTL0+2'3N_1 +3N—22k:1—1 +3N—32k1+k2—1+3N—42k1+k2+k3—1+3N—52k1+k2+k3+k4—1+.“+3N—N2k1+k2+k3+.“+k1\771—1 — (2k1+k}2+k3+...+k1\/—1) (2nN+1)



3NTL0 = —92.3N—1 _3gN-29ki—1 _ gN—3gki+ka—1 _ gN—dgkitkotks—1 _ gN—59kit+kotkst+ka—1 _  _ gN—Nokitkotks+. .+hkn_1—1 (2k1+k2+k3+...+k1\171) (2nN + 1)

_2'3N—1_3N—22k1—1_3N—32k1+k2—1_3N—42k1+k2+k3—1_3N—52k1+k2+k3+k4—1_____3N—N2k1+k2+k3+...+kN,171+(2k1+k2+k3+...+k1\7—1)(2nN+1)

ng = 3N

Since ng must be an integer, this means that the numerator must be divisible by the denominator, in other words the numerator must be congruent to 0
modulo the denominator. Hence, we have:

—9. 3N71 o 3N722k171 . 3N732k1+k271 o 3N742k1+k2+k371 o 3N752k1+k2+k3+k471 = 3N7N2k1+k2+1€3+...+k1v7171 4 (2k1+k2+k3+m+k1\r71) (QnN + 1) =
0 (mod 3N)

_2.3N—1_3N—227€1—1_3N—32/€1+7€2—1_3N—42/€1+k2+k3—1_3N—52k1+k2+/€3+k4—1_m_3N—N2k1+k2+/€3+-~+k1\171—1+2k1+k2+7€3+'~~+anN+2k1+k2+k3+-..+kN—l =
0 (mod 3V)

2k1+k2+k3+...+anN = 9.3N-14 gN-29k1~1_ gN=3gki+kz—1 4 gN—dgkitkatks—1 gN—bgki+katkstka—1 4 aN=Nokitkotks+..+hy-1—1_gkit+katks+.. +hky—1 (mod 3N)

(2)
Now using the theorem = 1 mod 3", hence the inverse of 2 in mod 3" is 223" =m_ We now apply this inverse to cancel the 2F1+kztkst.+kn op
the left side to isolate ny. Hence, we have:

923V 1



(22A3N’1—k1—k2—k3—--4—k1\7) ki thethato by, o = (22‘31\[71—k1—k2—k3—4..—kN) (2.3N~1 4 gN—2gh—1 4 gN=3ghitha—l | gN—dgkithatko—1

(3)
3N—52k1+k2+k3+k4—1 N 3N—N2k1+k2+k3+~--+k1\771—1 _ 2k1+k2+k3+~--+k1\7—1) (mod 3N>
- (22.3N—1—kl—kz—kg—..,—kN) (2'31\771 4 gN=29ki—1 4 gN-Bokit+hka—1 4 gN—dokit+hkatks—1 | gN-5okitkathkstha—1 o
(4)
_’_3N—N2k1+k2+k3+..‘+k1v,1—1 _ 2k1+k2+k3+~--+k1\1*1 (mod 3N)
N-—-1 N-—-1 N—-1 N-—-1 N—-1
nN = 223 —kl—kz—...—k}N-'rl.3N—1+3N—222~3 —kz—k}g—...—kN—1+3N—322-3 —IC3—/€4—...—]€N—1+3N—422~3 —k4—k}5—...—k}N—1+3N—522-3 —k)5—k76—...—k)1\7—1+
N-—-1 N—-1
L+ 3N—N22‘3 —kn—1 _ 22~3 -1 (mod 3N>
Now apply proposition 2 to each term:
ny = 22'3N’1—k1—k2—...—k1\1+1 (mod 2'3N’(N*0))3N—1 + 3N—222~3N’1—kz—kg—A..—kN—l (mod 2-:3N—(N—1))
+3N—322.3N*1—kg—k4—..,—kN—1 (mod 2-3N~(N=2)) + 3N—422.3N*1—k4—k5—..,—kN—1 (mod 2-3N~(N=3))
5
+3N7522-3N—171@571@67.“7@71 (mod 2-3N~(N-4) + Jr31\77N22-3N—171m71 (mod 2-3N~(N=(N=1))y (5)

aN—-1__ . N—(N—-(N-1))
_92:3 1 (mod 2-3 ) (mod 3V)



Which simplifies to:

ny = 2(2-3N*1+17k171@271@37...7@) mod 2-3°3N71 + 3N722(2.3N*171@71@371@47,..7@71) mod 2-3'
+3N—32(2-3N’1—kg—k4—k5—...—kz\;—1) mod 232 + 3N—42(2~3N’1—k4—k5—k6—...—kN—1) mod 2.3°
+31\742(2-31"—1714571%71@77...71CN71) mod 2-3* +ot 302(2-31\]_171@\771) mod 2.3V 71 (6)
_2(2.3’“1—1) mod 2.3V 71 (mod 3N)
QED
6 Corollary 1.1:
When the value of ny is found given the desired values of k1, ko, ....,kx , for N > 2, k; > 1 using the equation in Theorem 1, then
1. ny + 3Nt for all non-negative integer values of t, form the complete set of solutions for ny given these particular values of k1, ks, ..., kx.
2. Given the above solutions, represented in the form (ny, k1, ko, ...... kN, then (ny + 3N, ky mod 2 + 251, ko mod 6 + 652, ks mod 18 + 1853, ..., ky mod 2 -

3N=1 4 2.3N=15y) for all non-negative integer values of t, ji, jo, j3, ..., jn are also valid Collatz trajectories.
Proof of 1.:

Since ny in Theorem 1’s equation is already in modulo 3V | it represents the smallest positive solution. Also for this reason, all numbers added to ny that

are multiples of 3"V are also solutions.
QED
Proof of 2.:
Start with the equation from Theorem 1

ny = 2(2-3N_1+17k17k27k37.“7k:1\7) mod 2-3°3N71 + 3N722(2~3N_17k27k37k:47...7kN71) mod 2-3'
+3N—32(2'3N’1—k3—k4—k5—...—kz\;—1) mod 2-32 + 3N—42(2~3N’1—k4—k5—k6—...—kN—1) mod 2-3°
N-1 4 N-1 N-—-1

+3N=59(23Y  —ks—ke—ky—..—kn—1) mod 2:3 | | 309(2:3V "' —ky—1) mod 2:3

_2(2-3N*171) mod 2-3V "1 (mod 3N)



,for N>2 k; >1
Observations:

1. The only place that ki appears in the equation is in the first term’s exponent and is modulo 2. Hence we can change the value of k1 to any other positive
integer by adding or subtracting any multiple of 2 without changing the resultant value of ny.

2. The only places that ko appears in the equation is in the first two terms’s exponents with the first term’s exponent being mod 2 and the second term’s
exponent being mod 6. We also see that 6 is divisible by 2. Hence we can change the value of ks to any other positive integer by adding or subtracting any
multiple of 6 without changing the resultant value of ny.

3. The only places that k3 appears in the equation is in the first three terms’s exponents with the first term’s exponent being mod 2 and the second term’s
exponent being mod 6 and the third term’s exponent being mod 18. We also see that 18 is divisible by 6 and 2. Hence we can change the value of k3 to
any other positive integer by adding or subtracting any multiple of 18 without changing the resultant value of ny.

4. Generally, the only places that kxy appears in the equation is in the first N terms’s exponents with the first term’s exponent being mod 2, the second terms

exponent being mod 6, ...... , with the Nth term’s exponent being mod 2 - 3V~1. Hence we can change the value of kxy to any other positive integer by
adding or subtracting 2 - 3V =1 without changing the resultant value of ny.
QED

Example 1.1

Find the resultant odd number after 5 Collatz iterations such that k1=10, k2=9, k3=8, k4=7, k5=6

Start with ny equation from Theorem 1 and plug in N=5, with k1=10, k2=9, k3=8, k4=7, k5=6

ns = 2161—k5(mod 162) +3. 2161—k5—k4(mod 54) 49. 2161—k:5—k:4—k3(mod 18) 4 27 . 2161—k5—k4—k3—k2(mod 6) 4 81- 2161+2—k5—k4—k:3—/c2—k1(mod 2) _ 2161 (mod 243)
ng = 2161-6(mod 162) | 3. 9161-6-7(mod 54) 4 . 9161-6-T—8(mod 18) | 97 . 9161-6-T-8-9(mod 6) | g1 . 9161+2-6-T-8-9-10(mod 2) _ 9161 (104 243)

ng = 2155(mod 162) +3. 2148(m0d 54) +9. 2140(m0d 18) 4+ 97 2131(m0d 6) 181 - 2123(m0d 2) _ 2161 (mod 243)

Now simplify the mod exponents:

ng = 2155(mod 162) +3. 240(mod 54) 49. 214(mod 18) 497 25(mod 6) +81- 21(mod 2) _ 2161 (mod 243)

ns = 45671926166590716193865151022383844364247891968+3298534883328+147456+864-+162—2923003274661805836407369665432566039311865085952 (mod 243)
ns = —2877331348495215120213504514410182191649082162174 (mod 243)

ns = 228 (mod 243)

Hence the full solutions for ns for the given k; is

ns = 228 4+ 2437, withj = 0,1,2,3,4,5....

228 is also the smallest solution since all other solutions are adding multiples of 243 hence can only get larger.

Our desired odd number is 2n; + 1 by definition, which equals (228 + 2435)z2 + 1, and we get 457 + 486;.

To obtain the starting odd number, we simply apply the reverse of the collatz map 5 times.
(4574+4865)-2"5 —1 _ (4574+4865)-25—-1 _ .
/ = 3J = 9749 + 10368

3
(9749+103?()38j)~2k4—1 _ (9749+102;68j)~27—1 — 415957 + 442368

(415957+4423368j)-2’“371 _ (415957+4432368j)-2871 — 35494997 + 37748736




(35494997+377348736j)-2k271 _ (35494997+37g48736j)-2971 _ 6057812821 + 6442450944

(6057812821+6442450944]) M1 (6057812821+6442450944]) 21 _ 5067733442901 + 2199023255552

Hence our Startmg odd numbers are 2067733442901 + 21990232555527. We see that 2067733442901 is the smallest starting number here as all other ones are
adding 2199023255552j

Also notice that 2199023255552 is 2*'. We will see in Theorem 2 that all starting numbers will differ in their subsequent solutions by 22 %

Also recall the above resultant solution i.e. ny = 228 4 24335, with j = 0,1,2,3,4,5.... From Corollary 1.1, we see that we can easily find infinite other valid
Collatz trajectories and their starting numbers by changing the k;’s into other positive integers (recall by definition, each ki is greater than or equal to 1) via the
following:

ki £ 2a1,Va, € N ko £+ 6as,Vas € N ks £+ 18as,Vas € N ks £ 54ay4,Vas € N ks £+ 162a5,Vas € N

and then apply the reverse Collatz map 5 times from ns = 228 + 2435, with j = 0,1,2,3,4,5. ..., using these new k; values.

7 Theorem 2:

ng =
yfor N>2 k; >1
Proof: We start with the result from Proposition 1:

3N g 42.3N 13N —29k1—1 4 gN—3gky+ky—1 4 gN—dgki+ka+kg—1 4 3N —Sokitkathgths—1 4 3N—Nokithothkgt. . fhy_1-1
oF1ThaThgt . FhN—1

=2ny+1,for N>2 k >1

Then isolate ny to one side:
3Nn0+2_3N—1+3N—22k1—1+3N—32k1+k2—1+3N—42k1+k2+k3—1+3N—52k1+k2+k3+k4—1+___+3N7N2k1+k2+k3+-~-+kN,1*1

k1 ThoThat  Thy—1 -1

nnN =
3N ng+2.3N—143N=2ok1 —14 3N —3oky+hp—1 3N —dok1+ko+hg—14aN—5ok1+hathgt+ha—14  aN—Nokithathkgt. dbn_1-1 kg qhpthgt..thy—1
o oF1Fho Tkt .. Fhy —1 ok1Fhothgt. . Fhy—1
nnN =
3Nn0+2.3N—1+3N—22k1—1+3N—32k1+k2—1+3N—42k1+k2+k3—1+3N—52k1+k2+k3+k4—1+__>+3N—N2k1+k2+7€3+-~-+7€1\r,1*172k1+l«2+k3+...+kN—1
_ o1 Fhothgt . Fhy—1
nnN =

2
_ 3Npg42.3N -1 gN—29k1—1 gN=3gky+kp—1  aN—doky+ho+kg—1  aN=bgky+ho+thgthy—1, 4 3N—Noki+kothkg+ . +hy_1-1_oki+katha+ . +hy—1
nnN = k1 TFa TRt ThN
Since ny must be an integer, this means that the numerator must be divisible by the denominator, in other words the numerator must be congruent to 0

modulo the denominator. Hence, we have:
3Nn0+2_3N—1+3N—22k1—1+3N—32k1+k2—1+3N—42k1+k2+k3—1+3N—52k1+k2+k3+k4—1+.“+3N—N2k1+k2+k3+...+k1\1,1—1_2k1+k2+k3+4..+k1\7—1 = 0 mod 2k1+k2+k3+...+k1\1

Now isolate 3V ng to one side:
3NTL0 = 2k1+k2+k3+...+k‘]\771 _2.3N71_3N722k‘171_3N732k‘1+k271 _3N742k1+k‘2+k371_3N752k1+k‘2+k3+k471 _..._3N7N2k1+k2+k‘3+...+k]\]_171 (mod 2k1+k‘2+k3++k1\])

Now using theorem 32" =1 mod 2N hence the inverse of 3 in mod 2~ is 32" =1 = 1 mod 2. We now apply this inverse N times to cancel the 3V on the
left side to isolate ng.

_ (32k1+’€2+k3+---+’w—171 (mod 2k1+’“2+"'+kN_1))N,<2k1+k2+k3+‘..+k1\771 _9.3N~1 (mod ok1thkot. by -1y 3N -2 (mod 2hrthat N T ok —1 gN—3 (mod 2tk AN T oy ks —1

b
2
[S

(32’“1+k2+k3+"'+k1\f*171)N.3Nn0 = (32’“1+k2+k3+“'+k1\7*171)N.(2k1+k2+k3+...+k1\,71 _9.3N-1_ gN-29ki—1 _ gN—-39ki+ka—1 _ gN—4oki+kat+ks—1 _ gN—59ki+katkstka—1 _ _ gN-

ng = (32k1+k2+k3+...+kN—171)]\7'(2k1+k2+k‘3+,,.+k1\f71 —9. 3N71 _ 3N722k:171 _ 3N732k1+k:271 _ 3N742k1+k2+k371 _ 3N752k1+k2+k3+k¢471 — = 3N7N2k1+k:2+k3+...+k1\r,171) (m

Now use the same fact that 32" ' = 1 mod 2V and apply this to all terms that contain 3 raised to an exponent:

noE(

10

32k1+’“2+’“3+-~+k1v*1—1 (mod 2’“1+’“2+~-~+kN*1))N_(2k1+k2+k3+...+kN—1 _9.3N~-1 (mod gk1thot. +hy—1y 3N -2 (mod 2krtkato AN gk —1 3N-3 (mod 2hrthate RN T ok R —1



QED
//11111]]]]//-we see that for any set combination of ki, there are infinitely many starting numbers n0 that satisfy this where there trajectories are exactly the
same up to and including iteration N. and these n) numbers are equally spaced. The smallest n0 in is the one we computed mod 2°umo f ki, andalltheotherini ftelymanyo fthemarejt
Example 2.1
Find the starting odd number such that for 5 iterations of the Collatz map, k1=10, k2=9, k3=8, k4=7, k5b=6
Solution: We start with the ng equation from Theorem 1, and plug in N=5, k1=10, k2=9, k3=8, k4=7, kb=6

no(5) = g5(2FLthathsthaths =l 1) (mod (2’“1““2*’“3*’“4*’“5’1))_<2k1+k2+k3+k4+k5—1 _9.34 (mod (2MFh2tksthaths—ly) a0 (mod (2M FTR2tkstratRsTly) ok fkytkatka—1 _ gl (mod (2F1Hk2HF

= 35(210FIFEFTHOTL 1) (mod (210+9+8+7+6*1))_<210+9+8+7+6—1 _ 9.34 (mod (219F9F8FTHOTY)) a0 (mod (210FOFEFTHONY)) 5104948471 _ g1 (mod (2'0FOFEFTHOTY)) 5104948—1 _ 32 (mod (
— 35(2°°—1) (mod (2°%)) . (239 _ 9. 34 (mod (2°%)) _ 30 (mod (2°9)) . 933 _ 31 (mod (2°)) . 926 _ 32 (mod (2°)) . 918 _ 33 (mod (2°9)) , 29) (mod 240)
= 32748779069435 (mod (239)) . 239 _9 .34 (mod (2%9)) _ 30 (mod (2%9)) . 9233 _ gl (mod (2°9)) . 926 _ 32 (mod (239)) . 918 _ 33 (mod (2%9)) . 29) (mod 240)

= 3549755813883 A (239 —92. 34 _ 30 . 233 _ 31 . 226 _ 32 . 218 _ 33 . 29) (mod 240)
= 999,967, 365, 179 - (549, 755,813, 888 — 162 — 8,589,934, 592 — 201, 326, 592 — 2,359, 296 — 13,824) (mod 2°)
=999, 967,365,179 - (540, 962,179, 422) (mod 2°)

= 540,944,525, 218, 106, 793, 146, 538 (mod 2%°)

= 1,033,866, 721,450 (mod 2*°)

no(5) = 1,033,866, 721,450 + 245, for j =0,1,2,3.....

Hence our starting odd number by definition is 2ng + 1 = 2(1, 033, 866, 721,450 + 2495, for j = 0,1,2,3.....)) + 1 = 2067733442901 + 2%
We in fact see that the desired trajectory:

206773344290123 + 1 = 6203200328704

6203200328704/2'° = 6057812821

605781282123 + 1 = 18173438464

18173438464/2° = 35494997

3549499723 4+ 1 = 106484992

106484992 /28 = 415957

41595723 + 1 = 1247872

1247872/27 = 9749

974923 4+ 1 = 29248

29248/25 = 457

Notice that 457 is also the ending number of our ny equation example.

Also we in fact see that 4266756698453 behaves the same way
Sinced266756698453 = 2(2067733442901) + 241(1)

4266756698453x3 4+ 1 = 12800270095360

12800270095360/21° = 12500263765

1250026376523 + 1 = 37500791296

37500791296 /2° = 73243733
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7324373323 + 1 = 219731200

219731200/2% = 858325

85832523 + 1 = 2574976

2574976/27 = 20117

2011723 + 1 = 60352

60352/26 = 943

Notice that 943 = 457 4+ 486(1). Recall that the full solution of the equation ny in Example 1.1 is 457 + 486;.

Notice that the value of j in the ng equation matches the value of j in the ny equation given that the k; are kept the same, i.e. the mth starting number from
the ng equation results in the mth ending number from ny equation when ki are kept the same.

8 Theorem 3:

We show that for any ki, kg, k3, ..., kx_1, there always exist one and only one ky mod 2 -3V ~1 such that these k; corresponds to a valid Collatz trajectory that
results in 1 after N iterations. In fact once we know this ky, we now know ALL other ky values that correspond to a valid Collatz trajectories with these same
ki, ko, ks, ..., kn_1, since the general solution is ky mod 2-3V=1 +2-3V=1j for all j = 0,1,2,.....

proof:

Start with the equation from Theorem 1

ny = 2(2-3N_1+17k17k27k37...7kN) mod 2-303N71 + 3N722(2»3N_17k27k:37k47...7k1\771) mod 2-3'
+3N—32(2-3N*1—ks—k4—k5—...—kN—1) mod 2-32 + 31\/—42(2.3”*1—k4—k5—k6—,..—kN—1) mod 2-3°

8

_~_3N—52(2~3N*1—ks—ke—k7—...—k1\7—1) mod 2-3* +o+ 302(2~3N*1—1m—1) mod 2.3V 71 (8)

_2(2-31"—171) mod 2-3N 1 (mod 3N)

yfor N>2 k; >1
Now we set this equation equal to 0 (recall we set VN =1 and since VN = 2nN+1 by definition, hence 2nN+1=1, hence nN=0) which is our desired outcome
of collatz trajectory ending at 1 after N Iterations.

ny = 2(2~3N*1+1—k1—kg—kg—...—kw) mod 2.3°3N—1 + 3N—22(2~3N*1—k2—k3—k4—...—kN—1) mod 2-3
+3N732(2»3N_17k37k47k57...7k1\771) mod 2-3° + 3N742(2»3N_17k47k57k67...7k1\771) mod 2-3% .
_~_3N—52(2-3N*1—ks—ke—k7—...—kN—1) mod 2-3* +o+ 302(2-3N*1—k1\,—1) mod 2.3V 1 (9)

_2(2~3N*1—1) mod 23N~ _ 0 mod 3N

We now move the last term on the left side of the equivalence relations to the right side

12



2(2~3N71+1—k‘1—kz—kg—“.—k]\]) mod 2‘303N—1 + 3N—22(2~3N*1—kg—kg—kzl—..i—k,v—n mod 2-3!

+3N732(2-3N_1fk37k47k57.‘.7k1v71) mod 2-32 + 3N742(2-3N—171@471@5%67.‘.7@71) mod 2-3° (10)
+3N—52(2~3N’1—kg,—kg—k7—...—kN—1) mod 2-3* + o+ 302(2.3’\’*1—1@\,—1) mod 2:3¥ 71 _ 2(2.3N*1—1) mod 2.3V 71 mod 3N
We now factor our 2°kN
9—kn [2(2-3N_1+17k1*szke,*‘..fk}vfﬂ mod 2.3031\771 + 3N722(2-3N_17k27k37k47...7kN,171) mod 2-3*
_~_3N—32(2-3N’1—k3—k4—k5—...—kN_1—1) mod 232 + 3N—42(2-3N’1—k4—k5—k6—...—kN_1—1) mod 2-3° (11)
+3N—52(2»3N71—ks—ks—lw—...—kwfl—l) mod 2-3* +o+ 302(2-3”1—@71—1) mod 2»3”*1} = 2(2-3N*1—1) mod 2.3V 1 mod 3N

We now multiply both sides by 2:

9—kn [2(2~3N_1+27k17k27k37‘..7kN,1) mod 2~3°3N71 + 3N722(2~3N_17k27k37k47‘..7k1v,1) mod 2-3'

+ 3N—32(2.3N*1—k3—k4—k5—...—kN_1) mod 2-3% + 3N—42(2.3N*1—k4—k5—k6—...—kN_1) mod 2-3°

+ 3N752(2-3N*171@571@6%77...71@\,_1) mod 2-3* +.+ 302(2-31\7*171@1\7_1) mod 2-3”*1] = 9(2:3V71) mod 23¥°1 4 3N
(12)

We now simplify via the mod in the exponents

—knro(—ki—ka—kz—...—kn_1) mod 2:3°qN—1 N—26(—ko—ks—ks—...—kn_1) mod 23!
2 [2 3 +3 2
+3N732(7k37k47k57...7kN_1) mod 2-3° + 3N742(7k47k57k67...7kN_1) mod 2-3° (13)
+3N—52(—k5—k5—k7—.4.—k‘N71) mod 2-3% 4t 302(—/@\],1) mod 2'3N71] =1 mOd 3N
Now notice that the expression inside the brackets belongs to the 3x+41 partition, hence the equation can now be rewritten as

27k~ [32 4 1] = 2° mod 3", for some x € N

Since (3x+1) is coprime to 3N, we know there exists an m mod (2x3N-1) in 2ih s.t. 3x+1 = 3 2@ in mod 3N. We also know that 2°kN and 20 is also mod
2x3N-1 in the exponents but decided to add it here

9—Fkn (mod 2:3¥71) |gm (mod 2:3V71)| — 90 (mod 2:3V71Y) ) g 3N

gm—ky (mod 2:3¥71) = 90 (mod 2:3V"1) ) 01 3N
m—ky =0 (mod 2-3N71)
m=kx (mod2-3N-1)
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We also use the result from Corollary 1.1.

Hence we have the full solution set as:

(ny 4+ 3Nt, k1 mod 2 + 241, ks mod 6 + 652, ks mod 18 + 1853, ..., kx mod 2 -3V =1 +2.3N=1j5) for all non-negative integer values of ¢, j1, j2, j3, ..., jn are also
valid Collatz trajectories.

9 Corollary 3.1:

We can now the solve a finite number of equations to find every starting odd number that becomes 1 after N iterations of the Collatz map.
Given Theorem 3, we know given any kymod2, k2mod6, k3mod1s, ....... kn—1mod2x3N =2, wecansolve forkNtoobtainallexistingcollat ztrajectoriesthatmeetthiscriteriaofki's.
since k1 mod 2 only has 2 values, k2 mod 6 only has 6 values, k3 mod 18 has 18 values,......kN-1 mod 2x3" — 2has223" — 2values,
the number of equations needed to solve to find the starting odd numbers that become 1 in the following number of iterations is as follows:
1 iteration: 1 2 iteration: 1x2 3 iteration: 1x2x6 4 iteration: 1x2x6x18 N iterations: 1x2x6x18x......... x2-3N-2

(14)
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