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Abstract 

The universe is the result of long-lasting stochastic processes in nature, and life is the most 
complex result of such combined actions of statistics and probability. All these processes 
occur in the corset of geometry. In this way, natural numbers and their combinations play a 
dominant role in understanding the fractal universe and its cyclic behavior. We must consider 
all underlying exact or almost exact relations and reciprocity relations between fundamental 
numbers that importantly influence statistics, probability and pairing as well as de-pairing 
behavior. The folding of DNA, for example, is a result of such geometric (besides energetic) 
considerations. In the parlance of photosynthesis or its newly created artificial pendant such 
number systems may be considered as number catalysts.  
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1. Introduction 

The idea is inspiring and really exiting that highly effective synthetic chlorophyll 
replacements in living plants could one day be reproduced there and then are able to balance 
the world’s CO2 content sustainably and beneficially for the climate [1]. Life has been created 
once with its manifested helical structure due to the action of magnetic minerals such as 
magnetite. The study of Deng, Yu and Blackmond about symmetry breaking and chiral 
amplification in prebiotic ligand reactions paw the way to synthesize magnetically induced 
organic composites of opposite chirality [2].  

Not equipped with large laboratory equipment or financial resources in the eve of my life, I 
have to limit myself to the infinite repeatability in natural processes, expressed by 
fundamental quantities, reciprocity relations and pure geometry, and to an accompanying 
philosophical assessment. Even if we advance to ever smaller dimensions, nature will produce 
similar structures because the corset of geometry and mathematics is always the same. It is 
not only a philosophical question. We need to ask more often what is not there instead of 
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asking what is there. Crystal faces grow to a large extent because molecules or energy fields 
are rejected from it, but instead matter is deposited on the edges of the faces.  
Some arguments in this contribution are certainly intuitive. However, intuition is the dark 
component of accumulated huge knowledge of capable individuals and can deliver heuristic 
solutions and new didactic insights. 

2. Relations between Fundamental Numbers 

Fundamental numbers, obviously strong related to each other and to geometric bodies such as 
the icosahedron, are prerequisites of life and universe.  For instance, the well approximated 
relation between the golden mean φ respectively its powers and the circle constant π is 
fascinating and has far-reaching consequences for the real world [3] 

                           � = 0.6180339887… ≈ 
� (1 + � ��� − ���) = 0.61803343                      (1a) 

                           � = 1.6180339887… ≈ 
� (3 + � ��� − ���) = 1.61803343                     (1b) 

                          �� = 0.38196601… ≈ 
� (1 − � ��� + ���) = 0.38196657                         (1c) 

                                  �� = 0.2360679… ≈ � ��� − ��� = 0.23606685                                (1d) 

                         �� = 0.09016994… ≈ ���� ��� − ���� − 
� = 0.0901671                           (1e) 

Another relation between φ and π was given some years ago [4].  

We can approximate the circle constant using icosahedron mathematics. For the regular 
icosahedron the dihedral angle between two adjacent triangles is  

                                                   arccos #− √�� % = 138.189251°                                           (2a) 

                                                         sin	(138.189251) = 2/3                                              (2b) 

                                                           + ≈ �,-√�- .
 = 3.141325                                                (2c) 

The special Lorentz factor              /
 = √2- = 1.25992105…                                            (2d) 

is explained below in more detail. 

In the same way, the representation of the inverse of Sommerfeld’s omnipresent structure 
constant 0.
 by equations of solely the circle constant respectively the golden mean is 
intriguing [5] [5a]              

                                         0.
 ≈ 4+� + +(+ + 1) = 137.03630                                         (3a) 



 

3 

 

                                     0.
 ≈ 5�(1 + ��) + 2 ∙ �� = 137.03517                                      (3b) 
 
Also the fractal part of the gyromagnetic factor of the electron can be approximated by solely 
π-based terms  

                                      234 ≈ 
5�67�,(�7
)7,8 = 0.00231939…                                          (3c) 

 
In addition, the following relation that combines � and 0.
 respectively π near number 13 is 
remarkable 

                         92�/0 = 13.01482999… ≈ +(+ + 1) = 13.011197                                 (4) 

 
All three almost omnipresent numbers φ, π, and 0	 are needed to describe continuous rotation 
and precession movement of matter and are in addition related to the icosahedron as important 
chiral structural building unit, for instance observed in life as virus structures. Recently, 
programmable icosahedral DNA shell structures could be constructed for virus trapping as 
potential application [6]. Because nature repeated structures again and again, one day 
icosahedral networks could be found also in sub-particle structures. 

Interestingly, our icosahedral Moebius ball electron model [7] delivers a connection between 
the icosahedron, the golden mean and the inverse of Sommerfeld’s structure constant 0.
 =137.035999177(21) [8] 

                            
5� 171 + �� = �� 228 + �� = 136.8 + 0.2360 = 137.0360                     (5a) 

                                                        

:
.;�< = 137.0329                                                         (5b) 

                                                  
#
�7 ==-%,.;

�< = 137.0376                                                        (5c) 

where numbers 171 respectively 228 are coefficients of the icosahedron equation [9].  

If we write                  

��>228 + �� = 136.8 + 0.2360 = 137.0360	                                    (6) 

we may interpret number 12 as the number of vertices of an icosahedron respectively number 
20 as the number of faces of this regular polyhedron. In this way, the most important  0 
constant of physics, besides the circle constant, is connected with the icosahedron and the 
golden mean, and also with the helix of life. 
We can approximate the number 171 by the square of a golden number (see Appendix for N 
= 173), which is the infinitely continued fraction of number 13 
  

                            13.07647321898� = # 
>.>:�5:��
?@?%� = 170.9941516                           (7) 

 
The icosahedron equation maps for instance the positions of the face centers of an 
icosahedron with unit in-radius projected onto a complex plane where z is the coordinates [10] 
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[11] [12] [13]. Instead of following Klein’s quintic icosahedral solution, the substitution of the 
complex variable A� → C formally leads to a quartic polynomial 
 
                                        D(A, 1) = A�> − 228A
� + 494A
> + 228A� + 1                         (8a) 

                                         D(C, 1) = C5 − 228C� + 494C� + 228C + 1                              (8b) 

The roots accordingly correspond to the locations of the face midpoints on the Riemann 
sphere. Remarkable is the following representation of the icosahedron coefficients by 
Fibonacci number 13 [14] [15], which is a frequent protofilament number of helical structures 
and takes a formative role in life creation 

                            #13 + 

�%� = 171.0059…				5� 	#13 + 

�%� = 228.0078…	                      (9) 

Then we can recast D(C, 1) yielding 

                                          D(C, 1) ≈ C5 − 5� (13 + 

�)�C #C� − 
�� C − 1% + 1                   (10) 

The four roots of this polynomial have been calculated giving 

                                                    C� 	= 	− 
F= 	,				C5 	= 	− 
F-                                                   (11) 

                                  C� = 2.58365039	 ≈ 228 − 5� 13� = 2.66666                                   (12) 

                                  C5 = 225.80782741	 ≈ 5� 13� = 225.33333                                     (13) 

In addition, it yields                 											∑ CH5HI
 = 228                                                              (14) 

Regarding Fibonacci number 13 further, the equation  

                                                             
5� (C + C.
)� = 228                                                   (15) 

 
can be recast into the depressed quadric polynomial equation 
 
                                                    C5 − 169C� + 1 = 0                                                          (16)                                            
      
with solutions                      C
,� = ±	12.99977241 ≈ ±	13                                                (17) 

 

and                   C�,5 = ±	C
,�.
 = ±	0.076924423 = ± 

�.@@@::�5
 ≈ ± 

�.                       (18) 

 
The reader is frequently confronted with the Fibonacci number 13, which obviously plays an 
important role besides � and �� when assessing bio-coding and related storage and 
processing of information. Especially relation (8) as approximate icosahedron quartic points 
to reciprocity behavior of icosahedral structures. 
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In the following we will develop a system of interrelations to indicate the strong coupling 
between geometry and fundamental numbers as the corset of life and cosmic circumstances, 
thereby understanding, how self-organization in nature works. We begin with mass 
constituents of the universe and end with life and consciousness. Finally, we pose the question 
whether charge can simply be understood as friction on the vacuum condensate and whether 
the vacuum condensate has an almost regular structure. 
 

3. Golden Mean and Its Fifth Power 

First we must deal with the fifth power of the golden mean. We know that it governs phase 
transitions from particle to cosmic scale [16] [17] [18] [19]. The fifth power of the golden 
mean � has the second simplest infinitely continued fraction representation besides that for 
the golden mean itself. We present an excerpt from the present author’s publication [20] 

                                 � = √�.
� 	= 	 

7 =
=K ==K⋯.

	=	0.618033989…									� = √�7
� = 1+ �																						(19)	
�3 = √20−42 = √5 − 2 = 	 1

4+ 1
4+ 14+⋯.

			=	0.236067977	…																														(20)	
MNN = 5 +	 1

4+ 1
4+ 14+⋯.

		=	5	+	0.236067977	…																																						(21)	
fractal part of Kaluza-Klein dimension DKK

     �5 = √125−112 =	 1
11+ 1

11+ 111+⋯.
= 	0.0901699…	        																															(22)			

�−5 = 11 + �5 = 	11 + 1
11+ 1

11+ 111+⋯.
	 = 	11.0901699…																																(23)

																																							fractal	representation	of	the	dimension	in	Witten’s	M	-theory.	
Further details with respect to golden numbers can be obtained in the Appendix. 

An interesting mathematical puzzle to solve is the sequence of only two numbers that results from 
taking the sixth root of the most irrational number � 

                                      9�\ = 0.922929922… ≈ 
�
� − 
�∙(�7<)\ = 0.9229283…                             (24) 

The known series representation for � can be applied more generally with some new didactic 
insights. It	 delivers 

                              ∑ �]_̂I
 = ∑ #1�%]_̂I
 = �+�2 +�3 +⋯ = 1+� = �                             (25) 

 

If we use the reciprocal of the sum we get 
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                                                             (∑ �_∞]=1 ).
 = �                                                      (26) 
 
Now we generalize this equation for positive real numbers 
 
                                                        (∑ a._∞]=1 ).
 = a − 1                                                 (27) 
 
As an important example we apply this equation for the interesting Fibonacci number a	 = 	13 

	#∑ # 

�%_∞]=1 %.
 = 12                                                   (28) 

 
Summing only over uneven numbers ]	 = 1,3,5, … we yield 
 

#∑ # 

�%_∞]=1,3,5… %.
 = 13 − 

�                                             (29) 

   
or general for all positive real numbers 
 b∑ a._∞]=1,3,5… c.
 = a − 
d                                                (30) 

 

The change from a − 
d to a + 
d can be performed by the relation 

 

#a + 
d%� = 4 + #a − 
d%�                                                (31) 

 
Another simple approximation connects the fifth power of the golden mean with reciprocal 
terms of number 13 <e


7<e = 

�7<e = 0.0827118 ≈ 

� + 

�, = 0.082840235                     (32) 

                                          
We work also with Guinn’s pioneering matter and space approach and with the maximum 
galactic velocity fg [21]. Surprisingly, a paradigmatic reciprocity relation can be formulated 

using 0.
 = 137.03599… [22] [23] 

                                                                 + ∙ hfgh ≈ 
�∙ij=                                                      (33) 

 
This is the real mystery behind number 137, if any mystery can be seen at all. It may be 
considered as a signature of matter-wave duality and galactic entanglement. Other 
approximate relations exist between powers of the golden mean and Guinn’s galactic velocity fg [21]  

                                        �� = 0.090169987	 ≈ �hfgh- = 0.0904274                              (34) 

                                              �� ≈ 24 ∙ �0 ∙ hfgh = 0.05574998                                      (35) 
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The maximum velocity 
klm = fd of the difference curve between rotation velocity and 

precession velocity according to Guynn [21] can be approximated by golden mean based 
quantities or π based ones, remembering that �� is the maximum of the Hardy-Suleiman 
relation [17] [18] [19], before used by El Naschie in his ε-infinity theory [24] [25] [26]. Both 
numbers φ and π are related to each other, for instance see relation (1). One can confirm the 
following approximations 

                                      
klm = fd = √3 ∙ b√2- − 1c = 0.450196459…                              (36) 

                                                      ≈ √�� = 0.450158158…                                                 (37) 

 
                                                     ≈ 5 ∙ �� = 0.4508497…                                                 (38) 

 

                                                     ≈ �� ∙ 9�� = 0.450424549…                                         (39) 

 

Interestingly, the factor √2-  in relation (36) represents the Lorentz factor for the maximum 
difference velocity between rotation angular velocity and precession angular velocity in 
Guynn’s seminal structure and matter approach [21] [4]. This special Lorentz factor /
can be 
approximated well by a relation that shows the fifth power of the golden mean: 

                           /
 = √2- = 1.25992105… ≈ 1 + �<e
√� = 1.2602982…                           (40a) 

Furthermore, connecting /
 with the dihedral angle of a regular icosahedron leads to the 
simple relation 

                                                      /
 − 1 ≈ nop	(
�?.
?@��
)�                                                    (40b) 

When connecting /
  with its reciprocal we get again a golden mean approximation 

                                   /
 + 
q= = 2.053613787 ≈ �.-, = 2.058171                                    (41) 

Further, with reference to equation (36) we may ask how the fifth power of the golden mean �� is connected with /
� = √4-  ? Again we combine this term with its inverse value and get 

                          √4- + 
√5- = 2.21736157 = 
>.5�>@?�5�? 	≈ 
�∙<e = 
>.5�>?5@@��                        (42) 

The quadratic equation           C� − #√4- + 
√5- % x + 1 = 0                                                    (43) 

has the two solutions                 C
 = √4- ,      C� = 1/√4-                                                       (44) 

Again we can approximate the circle constant + by 

                                                   + ≈ 2 ∙ (/
� + /
.�) = 3.1358…                                         (45) 
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4. Gyromagnetic Factor of the Electron 

The anomalous gyromagnetic factor of the electron was recently calculated very precisely 
without any QED construct by Preston Guinn [21]. Besides this famous result our less precise 
fractal attempt of the anomalous part based solely on the golden mean may be given here [7] 

                                     34 ≈ 2 + 
��1 + <\
�5 − 



7s\,6
� = 2.002319313…                             (46) 

                                 34 ≈ 2 + <\
�5 − 
� (<\

�5)� − 
5 	(<\
�5)� = 2.002319304…                         (47) 

where the denominator 24 = 2·12 may be a hint to the icosahedral ball structure of the 
electron [7]. Interestingly, the in-sphere volume of a regular icosahedron is proportional to 
1/�� [27], and 

                                                                   
<\
�5 ≈ �0hfgh                                                        (48) 

This result may be compared to the high accuracy of the best known experimental value for ge  
determined as one-electron cyclotron transition for an electron trapped in an electrostatic 
quadrupol potential (Penning trap) [28] 

                                                      3t = 2.00231930436182(52)                                                    (49)                             

5. Hardy-Suleiman Function 

Hardy’s maximum quantum entanglement probability of two quantum particles [17][18] 
exactly equals the fifth power of φ. This asymmetric probability distribution function P with uv as entanglement variable, running from not entangled states to completely entangled ones, 
is given by 

                                                                  w = 	uv� 	
.xy
7xy                                                         (50) 

 
Hardy’s quantum probability function of two particles was investigated in more detail and 
connected with results of mathematical statistics and statistical mechanics [17] [18]. This 
function, displayed in Figure 1, turns out to be a central topic of the Information Relativity 
theory of Suleiman [16] [17] by mapping the transformation of his relative energy density. 
The maximum of the energy density relation at a recession velocity of φ yielded exactly φ5 
and was attributed to criticality of a transition at cosmic scale [16] [19]. An excellent 
polynomial approximation for the Hardy function respectively the IRT matter energy density 

was given by the present author, where C	 = f = km is the recession velocity [29].  

           ℎ{(C) ≈ 	∑ C�_̂I
 ∙ #
.F� %_ = C�((
.F)� + (
.F),5 + (
.F)-? + (
.F)6
� + (
.F)e�� + ⋯).     (51)  

   
In Figure 1 the Hardy function is compared with its power series expansion summed up only 
to the fifth term. However, when replacing a symmetric double well by an asymmetric curve 
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involving the fifth power of the golden mean as coefficient (1 + ��) of the quadratic term 
according to  
                                                 |(C) = 	C5 − 2C� + (1 + ��)C�                                          (52) 
 
then Hardy’s functions can be well approximated still beyond the local maximum exactly 
located at  C	 = 	�. Interestingly, the coefficient of the quadratic term contains the fifth power 
of the golden mean, which is by the same time the value of the local maximum at x = φ  and 
also the value at x = 1. 
Recently, we compared the matter and space approaches of Suleiman and Guynn [30]. We 
recast Suleiman’s matter energy density formula  ℎ(C) [3] 
 

                                     ℎ(C) = C� ∙ 
.F
7F = C� ∙ (
.F),(
7F)(
.F) = C�(1 − C)�/�
                             (53) 

 
Then we can simply write down the square root of this formula using the Lorentz factor / 

                                                    }(C) = 9ℎ(C) = C(1 − C)/                                              (54) 
 

The function }(C) has a maximum value of ~d = 9�� at Cd = �. Whereas h(x) represents 
the energy density, f(x) is proportional to a speed and can be compared with Guynn’s formula 
for the difference speed after coordinate transformation and simplification [30]. 
 

                                        

Figure 1. Comparison of Hardy function (blue) with its polynomial expansion (red). 
Only the first 5 terms are use as given in relation (51). 

 
 

6. Mass Constituents of the Universe 

If we keep the hierarchy of the fifth power of the golden mean respectively Guynn’s galactic 
velocity [16] involved in the inflation of the constituents �H of the universe (M baryonic 
matter, DM dark matter, DE dark energy), then we can write down surprisingly simple the 
next three relations, where fd is the maximum galactic difference velocity 
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����� ≈ 2 ∙ �� ≈ ��fd                                                  (55) 

 

                                                        
��7������ ≈ 5 ∙ �� ≈ fd                                                 (56) 

 

                 
������ = 0.3924 ≈ �√�� �� = 0.390447 ≈ �? ≈ √�� ∙ fd = 0.39988 ≈ ��                (57) 

 
Interestingly, the quotient of baryonic matter to total matter is again related to the golden 
mean respectively to f> 

                                     
����7��� = ��
.��� = 0.1545 = >.�
?�5 ≈ <5 ≈ 
.����                              (58) 

 

where f> = k�m = √��  is the velocity, at which the difference between galactic rotation velocity 

and Thomas precession is equal [21]. What means such a numerical relationship between the 
mass constituents? It confimes that these quantities aren’t independent from each other and 
may develop in cosmic times. 
Now we start with Bouchet’s mass constituents summarized in Table 1 [31] [32] together 
with our recent calculations  [30] and present cubic polynomials 

                                                     w(C) = �C� + �C� + �C + �                                            (59) 

derived from 4 points with coordinates given in Table 2. Each coordinate point number 3 
serves, besides the origin, as a golden mean based fixpoint. These fixpoints can be related to 
the maxima of the matter energy density according to the IRT theory [16] [19]. The fixpoints 
sum up to unity (see Figure 2). What we get is a number-theoretical reciprocity chamemeon 
of the golden mean imprinted on the mass constituents of our Universe. Figure 2 illustrated 
the relationship between the polynomials and the golden mean hierarchy. 

 

Figure 2. Illustration of the polynomial representation of mass constituents as red curves with 
inverse values generated at f	 = 	1. Black curves represent relations given in the Appendix, 
green curves display energy densities according to the IRT theory [19], grey curves have been 

generated from the green ones by replacement of f by f/f>, where f> = √3/2 [21], Ωi = 
mass constituents. 
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The situation, where the mass constituents change their values, may be characterized as a 
phenomenon or chameleon not yet fully understood that gives a hint of a cyclic universe. 
Again the phenomenon of reciprocity relations is addressed here. 

 
 

Table 1. Mass Respectively Energy Constituents of the Universe 
 

Constituent WMAP [32] Calculation [33]  
  fd conjecture � conjecture �� 0.049 0.04579 0.04852 ��� 0.268 0.26613 0.26756 ��� 0.683 0.68808 0.68392 ��H 1.000 1.00000 1.00000 

 

Table 2. Coefficients of the Cubic Polynomials �(�) = ��� + ��� + �� + � 

Coefficients Polyomial 1 Polynomial 2 Polynomial 3 
a 0.17677 0.05263 1.18261 
b 0.03365 0.08489 -2.16718 
c 0.05758 0.54545 0.03357 
d - - 1 

P(1)=a+b+c+d 0.26800 0.68297 0.0490 
 
 

Table 3. Coordinates For Generating Cubic Polynomials 
 

Points x y 
 Polynomial 1 
1 0 0 
2 5φ5 �� 
3 φ φ

5 

4 1 ��� 
 Polynomial 2 
1 0 0 
2 5φ5 ��� 
3 φ φ

2 
4 1 ��� 
 Polynomial 3 
1 0 1 
2 5φ5 ��� 
3 φ 2φ3 
4 1 �� 
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7. Duality between Volume and Surface 
 
In this Chapter we report mass constituents of the universe concluded from the duality 
between volume and surface. However, these values are numerically not so convincing 
compared to the last experimental values [32] as values obtain in Chapter 6. The relationship 
between volume and surface goes far beyond a purely geometric understanding. The duality 
between volume and surrounding surface respectively between any compact entity and 
assigned surface in general as well as the duality between a moving particle respectively body 
and the accompanying wave or reciprocity between matter and dark matter is the very spice of 
life. It has been impressively formulated by the words of Nobel laureate Wolfgang Pauli: 
“God made the bulk; surfaces were invented by the devil” (quoted from [34]). Nature used to 
compact matter in special volumes, for instance in icosahedral bodies as proposed for the 
chiral electron ‘ball’ structure [7] respectively folded chiral DNA strings in icosahedral virus 
structures. Because the starting entities have both chiral properties, the compaction 
consequently leads to chiral bodies.  Chirality plays also an important role in the next chapter. 
Seemingly the entire universe is chiral. 
El Naschie’s E-infinity (ε∞) theory [35], not commonly known or accepted by physicists, 
originates from a fractal Cantorian set theory [36] as a number-theoretical route of physics for  
explaining the dualism between particles and waves that can help solving cosmological 
mysteries such as dark matter and dark energy [37]. The quantum particle PQ is symbolized 
by the bi-dimension of the zero set, while the guiding wave WQ surrounding the quantum 
particle is given by the bi-dimension of the empty set according to  
 

                                                             ��a(�) = (], �m(_))                                                   (60) 
 
where n is the Urysohn-Menger topological dimension [38][39] and 

 

                                                              �m(_) = (�.
)_.
                                                      (61) 
 

represents the Hausdorff  dimension [40], where φ is the golden mean as defined before. 
  
It results for PQ                                 ��a(w�) = (0, �),                                                       (62)  

 
respectively for WQ                                   dim	(��	) = (−1, ��)                                                     (63) 

   
By using these dimensions a probabilistic quantum entanglement calculation with velocity 
restriction �	 → � delivers effective quantum gravity formulas for the cosmological mass 
(energy) constituents as follows [25] [41] [42] 	
                                  �� = 
� (
.<)(
7<)�� 	= <e

� = 0.04508497 ≈ �.��                                     (64) 

                                            	
                                                 1 − �� = ���� = 0.9549150                                               (65)   
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                                                     ��� = ���5 = 0.218847	                                                 (66) 

                                          	
                                                  ��� = 2� − 
� = 0.736068                                                 (67) 

                                              	
                                                                   ��H = 1                                                              (68) 
 
Recasting the matter amounts into a suitable form,  

                               	
                                    �� = 

>5��,            ��� = 

> (5��).
 = 0.2218                          (69)                                        

 
a reciprocity relation was confirmed  between �� and ��� giving a persuasive equation for 
the pure dark energy [41] 
 

                                ���	 = 1 − 

> 	(5�� + (5��).
) = 0.7331	(73.31%)                        (70) 

 
Such quantum entanglement based coincidence means that the constituents of the cosmos 
should not be considered independent of each other, which was confirmed by the information 
relativity theory (IRT). Importantly, if one compares the results given here with the following 
ones of the information relativity theory, then El Naschie’s set theoretical approach is 
restricted to	�	 → �, whereas the more general IRT theory delivers results for the recession 

velocity f = km in the hole range 0 ≤ β ≤ 1 (c is the speed of light). 

 

8. Newly Introduced Numbers (Angles) 

a) Fibonacci Net Angle �� 
 
Recently, two new numbers respectively angles were introduced from the present author with 
importance to life, physics and the cosmos [3]. The first angle was designated 0 . It can be 
derived from a Fibonacci net with 13 subunits in a hexagonal basis cell, offset by an angle of 0  = 13.898°  (Figure 3).  This net can be uprolled to a helical tubule with <Npf> = 13 
‘protofilaments’ resembling the tubulin microtubule. Denominating the lattice parametr of the 
large cell as a and that of the sub-cell as asub, then between both parameters exists the relation 
  �¡¢£ = ¤√
�                                                              (71) 

 
Notice that the sub-cell plane has Miller  indices (314¥0), where ℎ� + ¦� + ℎ¦ = 13. 
The angle 0  between sub-cell direction and a-axis can be calculated as  

                                         

                                      0  = �§�¨�] # ��√�% − 30 = 13.897886°                                        (72) 
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When the starting small cell is helically wound at the twist angle of 0
, it needs 13-times the 
small cell lattice parameter asub to reach again identity with a large cell lattice point. By a full 
turn one gains a height in filament direction of 
 

                                              ℎ
� = √�� � = √�@� �¡¢£ ≈ + ∙ �¡¢£                                             (73) 

 

 

Figure 3. Fibonacci net composed of 13 triangular sub-cells offset by an angle of 13.9° in 
comparison to the blue outlined ‘unit cell’  

                                                    
From a geometrical viewpoint the importance of protofilament number 13 may be manifested 
as a sort of frustration due to the almost identical angles between the Fibonacci net offset 
angle α and the angle α’ = 180°/13 of the base circle 
 

                      0  = 13.898° ≈ 4+ + �7
� = 13.88468 ≈ 0© = 
?>°

� = 13.846°                   (74) 

 

Furthermore it yields         
nop	(iª)� = 0.0764561 ≈ 

�7 ==- = 0.076470                                 (75) 

 

and                           sin(13.8863) = 0.2399959 ≈ �
�7<e = 0.2399963                           (76) 

 
Interestingly, the out-sphere diameter of an icosahedron of edge length a is 
 

                        913 + ��6 ∙ � = 1.90211 ∙ � ≈ �13 + 

�6 ∙ � = 1.90163 ∙ �                       (77) 

 

respectively                     ≈ �+(+ + 1) + 
�(�7
)6 ∙ � = 1.90203 ∙ �                                     (78)      

 
We may compare this result with the roots of the depressed quartic polynomial 

                                                        C5 − (_¤ − 2)	C� + 1 = 0                                              (79) 

which can easily be calculated by the relation 
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                                               CH = ±« _�¤ − 1 ±	�# _�¤ − 1%� − 1                                        (80) 

with the result  C�,5 = ±C
.
. For  n = 173, a = 1 we obtain 

                                                          C
 = 13.07647321898                                               (81) 

                                               C� = C
.
 = 0.07647321898                                                 (82) 

                                                         C
� = 170.99415…                                                      (83) 

C
 = 13.07647321898 represents a golden number. However, C�	is also the result of the 
infinitely continued fraction representation applied to number 13 [20]. 

                                                       
1

13+ 1
13+ 113+⋯.

	=	0.	076473218…																																																							(84) 
 

We already connected the term 


�7 ==- with icosahedron mathematics as well as the following 

relation 

                                                           
5� # �nop	(
�.@>>)%� = 228                                                  (85) 

 
We used such relations in our approach of the icosahedral Moebius-ball electron and in the 
formula for the gyromagnetic factor of the electron [14]. The fractal part of the gyromagnetic 
factor of the electron can be given as 
  

                                            ∆34 = # ��∙iª%� = 0.00231930436                                          (86) 

 
 when exactly using                            0  = 13.8429888                                                      (87) 
 
From Sommerfeld’s inverse structure constant 0.
 we get the angle 0  
 

                                                       0  ≈ ��√+0.
 = 13.8325                                              (88) 

 

                                                              0  ≈ 5�� 
4 9­>ℎ¥�                                                       (89) 

 
where e is the electron charge, ℎ¥ is the reduced Planck constant and c is the speed of light. 
Indeed, the angle 0  seems to be of fundamental importance for geometry, life science and 
physics, remembering  

                                                         0  ≈ 
?>
� = 13.84615…                                               (90) 

 
Using equation (73) one can formulate a mathematical gimmick 
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                                                                � �
�∙=®�K∆=-

�� = ∆                                                       (91) 

with the result ∆	= 0.002318184… 
 
Turning back to a helix with 13 protofilaments, we are now interested in the relation between 
the volume and surface. Figure 4 below displays a projection of a constructed <Npf> = 13 
microtubule down its filament axis.  
 

 
 

Figure 4. Helically twisted microtubule projected down the filament direction 
with 13 light-blue atoms or atom groups on sub-lattice positions. 

 
We can use the outer diameter represented by the black line or the inner diameter as tangent to 
the projected red subunit �¡¢£. We get for the volume ̄ 
 

                               H̄ = + ∙ §H� ∙ ℎ
� = + ∙ (1 − �5∙
�) ∙ √�@� ∙ 
°±p,	(=®�,∙=-) ∙ �¡¢£�                            (92) 

                                                 = + ∙ 5@? ∙ � �
� ∙ 
°±p,	(=®�,∙=-) ∙ �¡¢£�                                                 (93) 

 
For the surface ²H without the circular covers we obtain 
 

                               ²H = 2+ ∙ §H ∙ ℎ
� = + ∙ 2�(1 − �5∙
�) ∙ √�@� ∙ 
°±p	(=®�,∙=-) ∙ �¡¢£�                       (94) 

 

                                                    = + ∙ :�√3 ∙ 
°±p	(=®�,∙=-) ∙ �¡¢£�                                                    (95) 

 
For the ratio ̄ H/²H we obtain a remarkable reciprocity relation, which points again to the 
importance of protofilament number 13 
 

                                                         
³´µ´ = :5∙√
� ∙ 
°±p	(=®�,∙=-) ∙ �¡¢£                                               (96) 

 

                                 = 
�7
?∙√
� ∙ 

°±p#=®�,∙=-% ∙ �¡¢£ = 


?∙°±p#=®�,∙=-% ∙ (√13 + 
√
�) ∙ �¡¢£                      (97) 

 

                                                       ≈ (√13 + 
√
�) ∙ �¡¢£                                                       (98) 
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Resume: We have demonstrated the intimate connection between a 13-protifilament 
helix, the icosahedron and Sommerfeld’s structure constant α. 
 
b) Parent-Sibling Relation and Angle �¶ 
 
Recently, the concept of paired entities as nature’s reproductive strategy was introduced and 
the dominance of golden mean solutions by simple mathematical assumptions verified 
including ‘golden’ quartic polynomials [43]. So the Split-Sphere-Volume concept was worked 
out. A new omnipresent magic angle around 0
 = 50.95° was documented connecting again 
life, physics and cosmos. This is the second important angle we present arising from a parent-
sibling relation.  
Following the concept of paired entities, we will  split the volume of a parent sphere with unit 
radius into two smaller but equal spheres. Assuming constant density, the volume is 
proportional to mass and also to energy. Following Figure 5, interesting geometrical relations 
can be confirmed showing signature of the golden mean respectively its fifth power. 
The starting sphere volume is denoted as >̄ and the half volume as 
̄. Then we get the trivial 
results 

                                                                ̄ > = 2 ∙ 
̄                                                              (99) 

                                                                 ̄> = 5�+§>�                                                           (100) 

                                                     ̄ 
 = ³�� = 5�+§
� = 5�+ # ·�√�- %�                                           (101) 

                                                              cos(0
) = ·��·=                                                          (102) 

                                                           0
 = 50.9527898°                                                   (103) 

                                    
i=��> = 0.141535527 ≈ + − 3 = 0.141592653                              (104) 

                                     
i=
?> = 0.28307105 ≈ + ∙ �� = 0.283277231                               (105) 

                                                ℎ
 = 0.61640938 ∙ §> ≈ � ∙ §>                                            (106) 

where � = √�.
� = 0.6180339887 is the golden mean. If we change only marginally the 

sphere radius ratio, then exact golden mean solution for instance to relation (49) can be 
obtained using ̄> = 1.99521 ∙ 
̄ instead of  ̄> = 2 ∙ 
̄. Clearly, surface energy should play 
a role besides volume energy. Table 4 in the Appendix shows summarized intrinsic 
geometric frustrations around the 0
 angle related to the split sphere volume approach. 

We note that the following relation holds too (see Table 4) 

                                                            arctan(2�) = 51.026552°                                      (107) 

We can both new angles relate to each other by multiplication with a quotient 
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� ∙ 13.897886° = 50.958916°                                         (108) 

 

 

Figure 5. Splitting of a parent sphere (red) into two spheres each with half volume (yellow)  

The angle 0
 can also be derived from the following simple relation 
  
                                               0
 = +� ∙ ��(§��) =̧ 50.9899°                                           (109) 
 
The importance of the angle 0
 can be underlined by the following simple relation with 
respect to the mass a¹H of the Higgs boson, which is seemingly a paired entity [44] 
 

                                           a¹H = i=<, bax +a4c = 125.23	ºt¯/��                                 (110) 

 
where ax is the mass of the proton respectively a4 the mass of the electron. The fundamental 

character of the magic 0
 angle may be indicated by the recast mass quotient relation using 
the precisely determined Higgs boson mass of 125.22 ºt¯/�� [45] 
 

                                                      0
 = �� d»´d¼7d½ = 50.94871°                                        (111) 

 

The number 
i=<, can be related to Dirac’s large number (DLN) [46]  

 

                                            �
>6-
�

,� =	 √M¾¿,� ≈ 	 i=<, = 133.3959128                               (112)  

 
This number is found by the following relation given by Kosinov [47] as the geometric mean 
between the reciprocal Sommerfeld constant and the number for small distances ¿¡À =129.85250805, which is related to Dirac’s large number 
 

                                                     90.
 ∙ ¿¡À = 133.3959128                                           (113) 
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c) Another Magic Angle �Á 
 
Another ‘magic’ angle 0a is related to 0
 and can be derived from the following relation 
using the integral of the Lorentz transform [15] [48] 
 

                                Â 
9
.�, �f = arcsin(��) (§��) =̧ 5.173386° = 0a<e
>                      (114) 

 

                                                                                     0a° ∙ +� = 51.05927°                                                 (115) 
 
This new angle can also be related to 0  
 

                                                    
:��.
:��?� = 13.91738 ≈ 0                                                (116) 

 
Interesting is also the vicinity of this angle to the result of the infinitely continued fraction of 
number 5 

                                                        	 
�7 =
eK =eK⋯.

	=	0.	192582403…																																																													(117)	
	
The inverse of the result is the golden number 5.19258240…  
 
Thus we can relate the angles to each other in full glory 
    
                                                                                                                                                           (118) 

    
      

 

9. Geometric Frustration 

The very significance of geometrical frustration was recognized first by Linus Pauling who 
had exemplarily evaluated the low temperature ordering of protons in crystalline ice [49] [50]. 
The entropy Ã> of a system can be derived from the effective number of ground states W (total 
number of ground states reduced by the action of constraints) according to the Boltzmann 
relation [51] 

                                                             Ã> = ¦Ä ∙ ln	(�)                                                      (119) 

The number of tetrahedrons in the ice structure counts N/2. Then the number of ground states 
can be calculated yielding 

                                                            � = #�?%Å/� ∙ 2Å                                                     (120) 

Finally, the renormalized entropy yields 

                             
Æ�Ç�Å = 
Å ln(�) = 
� ln #��% = 0.20273 ≈ ��, = 0.20264                         (121) 

È� ≈ �hÉÊh ≈
�¶�Á ≈ �¶ ∙ ��Ë�  



 

20 

 

We have added to this result a π-based approximation for further considerations about an 
extended approach of geometrical frustration. 
Now we turn to the α-helix peculiarities of proteins where 18 subunits perform 5 turns to 
reach an identical position when projected down the fiber axis [15] [10]. This means one 
needs per turn 3.6 subunits. This number is nearby another golden mean derived number  
 

                               3 + �	 = 	3.6180339887… = 913 + �� = 92 + �.�                      (122) 
 
In case of the α-helix, when tentatively using 3.61803… subunits per turn instead of 3.6, one 
would end with 18	 +	�� subunits after 5 turns 
 
                           5(2 + �.
) = (�� + �.�)�.
 = 18	 +	�� = 18.0901699…              (123) 

 
and again the fifth power of the golden mean would be involved when the helix breathes a 
little bit. Solving the depressed quartic polynomial for number  ]	 = 	18� + 4	 = 	328 
(equation 15) we get similar but golden solutions with reciprocity properties, identical with 
the infinitely continued fraction representation of number 18 

                                C
,� = ±18.0553851												C�.5 = ±0.0553851                                (124) 

The folding propensity of helices or double-helices, for instance Pauling’s α helix, is caused 
by von der Waals forces respectively the Casimir force [52] [53] rather than by a network of 
hydrogen bonds. Geometrical restrictions and relations between fundamental numbers dictate 
folding details. The strong relation beweeen fundamental numbers supports geometric 
frustration. Viral self-assembly adapting icosahedral symmetry requires two internal protein 
configurations [54] as is the case for quasicrystals that form rhombic triacontahedrons [27] 
[55]. Quasicrystals represent a geometrically frustrated system composed of two golden mean 
based subunits. The value of the configuration entropy ÃmÌ_Í of a hard-sphere quasicrystal 

that supports nano-scale self-assembly can therefore approximated by a relation of the fifth 
power of the golden mean or alternatively by a relation of Fibonacci number 13 

                    
ÆÎÏÐÑÅÇÒ ≈ <e


7<e = 
<je7
 = 

�7<e = 0.08271 ≈ 

� + 

�, = 0.08284                 (125) 

                                                         ≈ (�.�)(�.�)78, = 0.082687                                                (126) 

In the Appendix the reader can find a golden number result as approximation for the value 
given above, which is the infinitely continued fraction of number 12 
 

                                                         0.08276253 = 

�.>?�:����                                          (127) 

 

One may also remember that the sum of potencies of 


� is 



� = 0.0833333  (equation 20). 

Why are the ideas posed important? Because frustration and reversibly nested self-assembly 
of organic entities may be requisites for a possible artificial creation of life. Support of such 
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reversible processes can be given by a toggle switch operated by a very small magnetic or 
electric field. Nature use every now and then magnetic minerals.  

10. Vacuum Energy Field 

Postulating that an vacuum energy condensate exists, the gravity can be explained by 
displacement of this field by massive bodies [56]. A recent work by Markoulakis about the 
superluminal graviton condensate vacuum deserves our full attention [57]. The enormous 
speed of the postulated oscillating superluminal graviton string-particle of �k¤m ≈ 10�� ∙ � as 
calculated by Markoulakis [57] points to “apparent” non-locality effects, obviously observed 
as practically instantaneous action at a distance in quantum entanglement experiments. This 
result strongly supports the Information Relativity Theory (IRT) of Ramzi Suleiman, which is 
indeed a local theory of matter and energy and as such as yet not accepted by mainstreamers 
[19]. Nothing is still known about whether light quanta twitch on such expected (icosahedral) 
vacuum energy grid thereby having much greater speed sideway than measured as forward 
component c. We pose another question about the origin of charge. Charge of opposed sign is 
created, when a high-energy photon is rapidly stopped at a solid barrier and decomposes into  
helically curled elecron and positron. Thereby work is done against the vacuum condensate 
energy field. However, the electric charge get the emerging particles beeing couples 
furthermore, of course  depending on the distance between them. Speaking in philosophical 
parlance, matter including particles may emerge as compacted protuberances from this 
vacuum condensate network like mushroom fruiting bodies sproutinh from a fungal network. 

11. Memory and Consciousness 

The ability of living creations to store and process a huge amount of information with 
extremely high speed is connected with an extended chiral network of folded helically curled 
molecular chains with holographic property, in whose energy sinks and channels Weyl 
fermion pairs nest. Historically, the early theory for such fermions was worked out by 
Hermann Weyl already in 1929 [58]. In 1937, Conyers Herring supposed the existence of 
Weyl fermions in condensed matter [59]. Finally in 2015, Weyl fermions have been discovered 
in semimetals independently by different research teams [60] [61]. Whereas the photon is 
considered to be composed of helices of opposed chirality, Weyl fermions exist as such 
composite excitation with significantly distanced opposite helices in acentric domains. The 
displacement or activation of Weyl fermion pairs would lead to dissipationless high-speed 
information writing, storage or read out. One may not rule out that also superconductivity is 
involved in processes of information processing [62] [63]. Even water helices in helical tube 
scaffolds are expected to become superconducting at ambient conditions [64] [65].  However, 
the outlined fundamental properties of geometry and stochastics are ever behind such 
processes of information processing, which ability of living creatures was evolved through 
repeated mutation, selection and adaption.  
In 1921 P. P. Ewald introduced an approach to determine quite convergent electrostatic lattice 
potentials (Madelung potentials) by a method that used real space besides reciprocal space 
calculations [66]. We should check whether our brain could profitably use such a method of 
information processing by combining direct pictures and diffracted ones. In this way, data loss 
could be avoided quite effectively. Such an approach is also conceivable for computer 
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applications. At the end it is most likely that information can superluminally travel along lines 
of the vacuum condensate energy field. 
 

12. Superconductivity 

We associated before phase transitions and superconductivity with the fundamental number of �� that for the first time insinuate superconductivity being a property of energy fields of 
cosmic scale [16] [67]. Nowadays researchers connect superconductivity with the properties 
of the all-pervading Higgs field, where the associated fundamental Higgs boson represents an 
oscillating excitation of this field [68] [69] [70]. The basic idea to associate superconductivity 
with the Higgs field properties come from leading researchers many years ago [71] [72] [73] 
[74]. 
The charge-neutral Higgs mode collective oscillation of superconductors represents the 
condensed-matter analog of a Higgs boson [68] [69] [70]. The elusive Higgs particle with 
zero spin could indeed be a composite particle like the Cooper pair. The effective mass of 
such a composite can be marginally higher than the mass of the particle sum as was recently 
experimentally verified for a Cooper pair giving 2a4ÍÍ = 1.00084 ∙ 2a4 [75]. When 

multiplying the mH value with this factor together with the factor given in relation (74), we get 
a value of a¹H very near to its experimental value. However, if we conjecture that 
superconductivity is caused exclusively by holes and hardly by electrons, an exciting insight 
first postulated by Hirsch [76], then we must work with the effective hole mass. Could the 
Higgs boson by analogy with Hirsch’s assumption be related to any paired holes of matter? 
Pairing is the very essence of our existence. Following such ‘pairing law’, invisible hole pairs 
of heavy effective mass could constitute the energy field and medium that allows any waves 
to travel. The speed of light, for instance, should depend on the hole pair density. 
Remembering, the photon can be decomposed into a couple of electron – positron fields. 
When asking, what the structure of delocalized hole-carriers in the superconducting state 
would be, as all-convincing test case of our approach, the assumed chiral Moebius stripe 
governed property of the single electron could be relevant. A delocalized electron hole may 
also be portrayed by a helical strand able to transport positive charge. During the unfolding of 
involved delocalizing Moebius electron balls a nested double-helical wavy entity of equal 
strand chirality (DNA case) could be formed, which can easily be unzipped just above the 
superconducting transition temperature Tc and compacted again into two separated ‘particles’. 
In this way the equi-chiral wavy entity is different to the photon, composed of two half-
photons of opposed chirality and charge. The mathematical and experimental verification 
should be a worthwhile task for future cooperation. In this context the recent experimental 
observation of electron-exciton coupling in high-Tc cuprates is interesting [77]. 
In previous publications the present author connected the optimal concentration of 
superconducting carriers Ó> with the fundamental number of the fifth power of the golden 
mean � documenting the fractal nature of the electronic response in superconductors by the 
relation [16] [67] [78] 

                                                   Ó> ≈ ?��� = 0.2296 ≈ �
�                                                 (128) 
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However, we can also approximate σo by the mass constituents of the universe using relation 
(55) respectively (56), or following a relation using properties of the electron 
 

                                                      Ó> ≈ <e
Ô½Õ = 0.22928…                                                                             (129) 

 

where           Ö4¤ = Â 
9
.�, �f���= = arcsin(f>) − arcsin(f
) = 0.3932696…                 (130) 

 

using f> = √��  and f
 = 0.6083087  [21]. In addition, we present the approximation 

 

                                                                                   Ö4¤ ≈ �? = 0.39269908                                                (131) 

   
Also the quotient of the Fermi speed �  to the Klitzing speed �× in superconductors gives a 
very simple approximation [67]  

                                                          
kªkØ ≈ �� 	�� = 0.0571                                                  (132) 

 
Furthermore, the superconducting transition temperature Ù�Ú(N) is connected with the magic 0 constant (Sommerfeld’s constant) and the mean cationic charge < |m > by the quite simple 
relation   

                                     ÙmÌ(N) ∝ 2740	 < |m >.5	≈ 	 �>i < |m >.5≈ 1Þf3Þ < |m >.5
                      (133) 

Surprisingly, the multiplier, which is involved in the hole pair creation, emerges as the fractal 
number δ1, known as a universal scaling constant for two-dimensional maps in the theory of 
fractal systems or chaotic ones, with the precise value of δ1 = 8.7210972…[79] [80].  
Recently, Savin et al. [81] studied the self-oscillating system of the Van der Pol oscillator [82] 
subjected to an external force to compensate dissipation. Scaling constants δ1 (and δ2 = 2) 
have been determined as eigenvalues of the matrix containing the existence intervals of two 
subsequent cycles of the periodic-doubling cascade in the parameterized version of a 
quadratic Hénon map with renormalized (x,y)-parameters. We obtain for Ó> [67] 
 

                                                             Ó> ≈ �	ß1		 = 0.22933                                                     (134) 

and                                                    �� ≈ �5∙ß1 = 0.090057                                                (135) 

 

respectively                                       �� ≈ �Ô½Õß1 = 0.0901881                                            (136) 

 
However, the Higgs particle is by no means a God particle. We finish this chapter with a 
statement of the late Nobel laureate Phil W. Anderson ‘Maybe the Higgs boson is fictitious’ 
[83]. 
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13. Approximating the In-Sphere Volume of a Soccer Ball 
 

Interestingly, the in-sphere volume ¡̄xà of a soccer ball having the structure of a truncated 

icosahedron with 32 faces and 60 vertices (60 C atoms) can be well approximated by the 
following relation showing a �.�  term respectively a term including number 13 [27] 
 

                             ̄¡xà = + ∙ �,
�- á :<j,7s\

�√�7b<-√�cj=,â
� �� = + ∙ 15.89456977 ∙ ��                    (138) 

≈ + ∙ 	ã43ä
�5 ∙ �.��� ≈ + ∙ «13 ∙ 23\ ∙ �.��� = + ∙ 15.894500 ∙ �.��� 

                           
where a is the edge length of the pentagonal respectively hexagonal faces. 
 

14. Honoring the Achievements of Past Civilizations 
 

Dealing with the fifth power of the golden mean as omnipresent fundamental number it was 
still a surprise to find it in connection with the Great Pyramid at Giza. When calculating the 
ratio of the in-sphere volume ̄µ to the volume of the pyramid ̄∆ respectively the 
corresponding surface ratio, we confirmed the following relation that connects the circle 
constant with the fifth power of the golden mean [27] [84] [85] 
 

                                                
³å³∆ = ÆåÆ∆ = + ∙ �� = 0.283277                                             (137) 

 
In this way, we obtain the exact fifth power of the golden mean simply by dividing the π-
normalized in-sphere volume of the Great Pyramid by the volume of the Great Pyramid. This 
result is a tribute to the extraordinary skills of the ancient pyramid builders. Curious is the 
following solely + –based approximation (see relation 1e) 
 

                                        
³å³∆ = ÆåÆ∆ ≈ ��� �� ��� − ���� − �� = 0.283268                                (138) 

 
15. Unification Attempts 

 
We can gain profit by creating more scientific clarity through physics unification attempts. 
The elaborated work of Pellis may be quoted here as pioneering [86]. The present author 
hopes that also his contribution is ground-breaking in one way or another. You don’t need any 
great mathematical skill to understand the essentials. 

 

16. Conclusion 

This contribution shows the intimate connection between fundamental numbers, reciprocity 
relations and golden numbers, connecting the large and the small, and geometry in context to 
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life, physics and cosmos. The world is in steady rotational movement and is shaped by 
seemingly endless stochastic repetition actions. It explained the importance of quantities such 
as the circle constant +,  Sommerfeld’s structure constant α, the golden mean φ and its fifth 
power φ5 as well as the roll of structures such as helical twisting and the formation of 
icosahedral bodies. There are some evidence for our electron structure model proposed as 
icosahedral Moebius ball. Fundamental numbers may be considered as catalysts for life and 
cosmological processes. It cann’t be ruled out that an icosahedral shaped vacuum condensate 
energy field provides the template for everything we observe. Fibonacci number 13 combined 
with its inverse are important in icosahedron mathematics as well as in life and may be 
important in computer sciences too. This number connects light and the electron and is hardly 
associated with misfortune or war, but is the number of wisdom and represents people’s 
ability to think beyond the horizon. People who are trying to improve the world with artificial 
intelligence would be well advised to understand the heuristic concepts presented here. Once 
my late friend Mohamed S. El Naschie told me: ‘I don’t need a super-computer, because I 
work with the golden mean’. 
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Appendix 
 

Table 4. Intrinsic Geometric Frustrations Suggested by the Split-Sphere-Volume Approach in 
Comparison with Other Fundamental Number Based Angular Relations 

V0/V1 �1(°) Condition 

2.005309 50.911688 √2 ∙ 36° = 
� arccos	(<�) 

2.000998 50.929581 
5 ∙ 2�
+  

2.000527 50.94871 �� ∙ a¹Hax + a4 

2.000003 50.952703 �� ∙ 90.
 ∙ ¿¡À 

2.000000 50.952789 >̄ = 2 
̄ 

1.999428 50.957217 360 ∙ 16137.036 − 24 

1.999209 50.958916 Fibonacci net 

1.997683 50.970739 ge based relation (10) 

1.997345 50.973355 
0
360 = 	+ − 3 

1.997333 50.973452 360 ∙ 16137 − 24 

1.996439 50.980384 7.140054944� 

1.995211 50.989902 
0
180 = 	+ ∙ �� 
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1.990487 51.026552 ℎ
 = � ∙ §> 

1.986274 51.059277 +� ∙ �§�æ�](��) 
 
 
Roots of the Quartic Polynomial   �(�) = �ç − ��è�� + çéç�� + ��è� + ¶   
 

C
 = −25 ∙ √5 − 5 ∙ √3 ∙ �85 − 38 ∙ √5	+ 57 = −0.387049270227545 

 

C� = −25 ∙ √5 + 5 ∙ √3 ∙ �85 − 38 ∙ √5	+ 57 = 2.58365039523806 

 

C� = +25 ∙ √5 − 5 ∙ √3 ∙ �85 + 38 ∙ √5 	+ 57 = −0.00442854444608118 

C5 = +25 ∙ √5 + 5 ∙ √3 ∙ �85 + 38 ∙ √5	+ 57 = 225.807827419436 

 

where                       57 = ��?5  ,       38 = 5@5
�      and       5 ∙ √5 = 11 + 2 ∙ �� 

 
 

Interestingly,                          85 − 38 ∙ √5 = 	0.01315562 ∙ √5 
 85 + 38 ∙ √5 = 76.01315562 ∙ √5 
 

where	                                                 0.01315562 = 
:�.>
�
���� 
 
belongs to the golden number series explained below using ¿	 = 	76� + 4 = 5780. 
We can verify also that the following relation well approximates number 13 
 √32 9C
 + C5 = 13.0025… ≈ 13 

 
Using the exact number, we can vice versa approximate the golden mean 
 

ã 1213.0025ä
� = 0.61791153 

See also relation (24). 
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The Golden Numbers Series  
 ¿	 = 	 {4,5,8,13,20,29,40,53,68,85,104,125,148,173,200,229,… } 
 
The series shows differences of uneven numbers 
 
                                               ¿H7
 − ¿H 	= 	 {1,3,5,7,9,11,13,15,… }.  
 
N can be obtained by square numbers ¿H�: ¿	 = 	¿H� + 4 
 
 
Table 5. Golden Numbers Series (red) as Solution of a Depressed Quartic Polynomial 
 

        N                       CH                                 CH.

                         √¿ = CH + CH.


                 CH − CH.

 

    

    4.000      1.000000000000000      1.000000000000000        2.000000000000000       0.000000000000000 

    5.000      1.618033988749895      0.618033988749895        2.236067977499790       1.000000000000000 

    6.000      1.931851652578137      0.517638090205041        2.449489742783178       1.414213562373095 

    7.000      2.188901059316734      0.456850251747857        2.645751311064591       1.732050807568878 

    8.000      2.414213562373095      0.414213562373095        2.828427124746190       2.000000000000000 

    9.000      2.618033988749895      0.381966011250105        3.000000000000000       2.236067977499790 

  10.000      2.805883701475779      0.356393958692601        3.162277660168380       2.449489742783178 

  11.000      2.981188050709995      0.335436739645405        3.316624790355400       2.645751311064591 

  12.000      3.146264369941972      0.317837245195782        3.464101615137754       2.828427124746190 

  13.000      3.302775637731995      0.302775637731995        3.605551275463990       3.000000000000000 

  14.000      3.451967523471160      0.289689863302781        3.741657386773941       3.162277660168380 

  15.000      3.594804068281408      0.278179277926008        3.872983346207417       3.316624790355400 

  16.000      3.732050807568877      0.267949192431123        4.000000000000000       3.464101615137754 

  17.000      3.864328450540825      0.258777175076836        4.123105625617661       3.605551275463989 

  18.000      3.992149036946613      0.250491650172672        4.242640687119285       3.741657386773941 

  19.000      4.115941144874046      0.242957798666628        4.358898943540674       3.872983346207417 

  20.000      4.236067977499790      0.236067977499790        4.472135954999580       4.000000000000000 

  21.000      4.352840660286750      0.229735034669090        4.582575694955840       4.123105625617661 

  22.000      4.466528223471357      0.223887536352072        4.690415759823430       4.242640687119285 

  23.000      4.577365233426696      0.218466289886023        4.795831523312719       4.358898943540673 

  24.000      4.685557720282968      0.213421765283388        4.898979485566356       4.472135954999580 

  25.000      4.791287847477920      0.208712152522080        5.000000000000000       4.582575694955840 

  26.000      4.894717636708108      0.204301876884678        5.099019513592785       4.690415759823430 

  27.000      4.995991973009676      0.200160449696956        5.196152422706632       4.795831523312719 

  28.000      5.095241053847769      0.196261568281412        5.291502622129181       4.898979485566356 

  29.000      5.192582403567252      0.192582403567252        5.385164807134505       5.000000000000000 

  30.000      5.288122544322223      0.189103030729438        5.477225575051661       5.099019513592785 

  31.000      5.381958392768327      0.185805970061695        5.567764362830022       5.196152422706632 

  32.000      5.474178435810781      0.182675813681600        5.656854249492380       5.291502622129181 

  33.000      5.564863726836267      0.179698919701762        5.744562646538029       5.385164807134505 

  34.000      5.654088734948481      0.176863159896820        5.830951894845300       5.477225575051661 

  35.000      5.741922072964819      0.174157710134797        5.916079783099616       5.567764362830022 

  36.000      5.828427124746190      0.171572875253810        6.000000000000000       5.656854249492380 
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  37.000      5.913662588418124      0.169099941880096        6.082762530298220       5.744562646538029 

  38.000      5.997682948907138      0.166731054061838        6.164414002968976       5.830951894845300 

  39.000      6.080538890749008      0.164459107649391        6.244997998398398       5.916079783099617 

  40.000      6.162277660168379      0.162277660168379        6.324555320336758       6.000000000000000 

  41.000      6.242943383865534      0.160180853567315        6.403124237432849       6.082762530298220 

  42.000      6.322577350688419      0.158163347719442        6.480740698407860       6.164414002968977 

  43.000      6.401218261350199      0.156220262951801        6.557438524302000       6.244997998398398 

  44.000      6.478902450523780      0.154347130187021        6.633249580710801       6.324555320336759 

  45.000      6.555664084966109      0.152539847533260        6.708203932499369       6.403124237432849 

  46.000      6.631535340766564      0.150794642358704        6.782329983125268       6.480740698407860 

  47.000      6.706546562351522      0.149108038049522        6.855654600401044       6.557438524302000 

  48.000      6.780726405493154      0.147476824782355        6.928203230275509       6.633249580710800 

  49.000      6.854101966249685      0.145898033750315        7.000000000000000       6.708203932499369 

  50.000      6.926698897495371      0.144368914370104        7.071067811865475       6.782329983125268 

  51.000      6.998541514471947      0.142886914070903        7.141428428542850       6.855654600401044 

  52.000      7.069652890601744      0.141449660326235        7.211102550927978       6.928203230275510 

  53.000      7.140054944640260      0.140054944640259        7.280109889280519       7.000000000000000 

  54.000      7.209768520107505      0.138700708242030        7.348469228349535       7.071067811865476 

  55.000      7.278813457819257      0.137385029276406        7.416198487095663       7.141428428542850 

  56.000      7.347208662237931      0.136106111309952        7.483314773547883       7.211102550927978 

  57.000      7.414972162275634      0.134862272995116        7.549834435270749       7.280109889280518 

  58.000      7.482121167106722      0.133651938757187        7.615773105863909       7.348469228349535 

  59.000      7.548672117482136      0.132473630386473        7.681145747868609       7.416198487095663 

  60.000      7.614640732981358      0.131325959433476        7.745966692414833       7.483314773547883 

  61.000      7.680042055588702      0.130207620317952        7.810249675906654       7.549834435270750 

  62.000      7.744890489937860      0.129117384073951        7.874007874011811       7.615773105863909 

  63.000      7.809199840531190      0.128054092662582        7.937253933193772       7.681145747868608 

  64.000      7.872983346207417      0.127016653792583        8.000000000000000       7.745966692414834 

  65.000      7.936253712102602      0.126004036195948        8.062257748298551       7.810249675906655 

  66.000      7.999023139323886      0.125015265312075        8.124038404635961       7.874007874011811 

  67.000      8.061303352533111      0.124049419339339        8.185352771872450       7.937253933193772 

  68.000      8.123105625617660      0.123105625617661        8.246211251235319       8.000000000000000 

  69.000      8.184440805608311      0.122183057309763        8.306623862918073       8.062257748298549 

  70.000      8.245319334988357      0.121280930352398        8.366600265340756       8.124038404635959 

  71.000      8.305751272524404      0.120398500651954        8.426149773176357       8.185352771872450 

  72.000      8.365746312736945      0.119535061501625        8.485281374238570       8.246211251235321 

  73.000      8.425313804117803      0.118689941199728        8.544003745317530       8.306623862918075 

  74.000      8.484462766191692      0.117862500850936        8.602325267042629       8.366600265340756 

  75.000      8.543201905510372      0.117052132334014        8.660254037844386       8.426149773176359 

  76.000      8.601539630659959      0.116258256421388        8.717797887081348       8.485281374238570 

  77.000      8.659484066354827      0.115480321037295        8.774964387392123       8.544003745317530 

  78.000      8.717043066685237      0.114717799642610        8.831760866327848       8.602325267042627 

  79.000      8.774224227579987      0.113970189735601        8.888194417315589       8.660254037844386 

  80.000      8.831034898540253      0.113237011458906        8.944271909999159       8.717797887081346 

  81.000      8.887482193696062      0.112517806303939        9.000000000000002       8.774964387392123 

  82.000      8.943573002232631      0.111812135904785        9.055385138137416       8.831760866327846 

  83.000      8.999313998229944      0.111119580914355        9.110433579144299       8.888194417315589 

  84.000      9.054711649955420      0.110439739956261        9.165151389911681       8.944271909999159 

  85.000      9.109772228646444      0.109772228646444        9.219544457292887       9.000000000000000 

  86.000      9.164501816816561      0.109116678679144        9.273618495495704       9.055385138137417 
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  87.000      9.218906316116557      0.108472736972258        9.327379053088816       9.110433579144299 

  88.000      9.272991454779270      0.107840064867590        9.380831519646860       9.165151389911680 

  89.000      9.326762794674746      0.107218337381858        9.433981132056605       9.219544457292887 

  90.000      9.380225738000421      0.106607242504717        9.486832980505138       9.273618495495704 

  91.000      9.433385533629135      0.106006480540321        9.539392014169456       9.327379053088814 

  92.000      9.486247283136148      0.105415763489290        9.591663046625438       9.380831519646858 

  93.000      9.538815946524780      0.104834814468176        9.643650760992955       9.433981132056605 

  94.000      9.591096347668898      0.104263367163760        9.695359714832659       9.486832980505138 

  95.000      9.643093179489211      0.103701165319754        9.746794344808965       9.539392014169458 

  96.000      9.694811008879077      0.103147962253637        9.797958971132713       9.591663046625440 

  97.000      9.746254281394529      0.102603520401575        9.848857801796104       9.643650760992955 

  98.000      9.797427325722161      0.102067610889504        9.899494936611665       9.695359714832657 

  99.000      9.848334357937581      0.101540013128618        9.949874371066199       9.746794344808963 

 100.00      9.898979485566356      0.101020514433644       10.000000000000000       9.797958971132712 

 101.00      9.949366711458497      0.100508909662393       10.049875621120890       9.848857801796104 

 102.00      9.999499937486872      0.100005000875206       10.099504938362079       9.899494936611665 

 103.00     10.049382968079209      0.099508597013010       10.148891565092219       9.949874371066199 

 104.00     10.099019513592784      0.099019513592785       10.198039027185569      10.000000000000000 

 105.00     10.148413193540245      0.098537572419354       10.246950765959600      10.049875621120890 

 106.00     10.197567539674539      0.098062601312461       10.295630140987001      10.099504938362077 

 107.00     10.246485998940411      0.097594433848190       10.344080432788601      10.148891565092221 

 108.00     10.295171936299417      0.097132909113847       10.392304845413264      10.198039027185569 

 109.00     10.343628637435074      0.096677871475476       10.440306508910551      10.246950765959598 

 110.00     10.391859311344257      0.096229170357258       10.488088481701515      10.295630140986999 

 111.00     10.439867092820670      0.095786660032069       10.535653752852738      10.344080432788601 

 112.00     10.487655044835813      0.095350199422549       10.583005244258363      10.392304845413264 

 113.00     10.535226160822599      0.094919651912050       10.630145812734648      10.440306508910551 

 114.00     10.582583366866412      0.094494885164898       10.677078252031309      10.488088481701515 

 115.00     10.629729523808173      0.094075770955435       10.723805294763608      10.535653752852738 

 116.00     10.676667429263684      0.093662185005323       10.770329614269007      10.583005244258361 

 117.00     10.723399819563308      0.093254006828659       10.816653826391967      10.630145812734650 

 118.00     10.769929371615763      0.092851119584452       10.862780491200215      10.677078252031311 

 119.00     10.816258704699662      0.092453409936053       10.908712114635716      10.723805294763608 

 120.00     10.862390382186165      0.092060767917157       10.954451150103322      10.770329614269007 

 121.00     10.908326913195983      0.091673086804016       11.000000000000000      10.816653826391967 

 122.00     10.954070754193738      0.091290262993523       11.045361017187261      10.862780491200215 

 123.00     10.999624310522567      0.090912195886851       11.090536506409418      10.908712114635716 

 124.00     11.044989937881683      0.090538787778361       11.135528725660043      10.954451150103322 

 125.00     11.090169943749475      0.090169943749474       11.180339887498949      11.000000000000000 

 126.00     11.135166588754542      0.089805571567282       11.224972160321824      11.045361017187259 

 127.00     11.179982087997031      0.089445581587614       11.269427669584644      11.090536506409418 

 128.00     11.224618612322402      0.089089886662358       11.313708498984761      11.135528725660043 

 129.00     11.269078289549748      0.088738402050799       11.357816691600547      11.180339887498949 

 130.00     11.313363205656602      0.088391045334778       11.401754250991379      11.224972160321824 

 131.00     11.357475405922122      0.088047736337476       11.445523142259598      11.269427669584646 

 132.00     11.401416896030408      0.087708397045648       11.489125293076057      11.313708498984759 

 133.00     11.445189643135672      0.087372951535124       11.532562594670797      11.357816691600547 

 134.00     11.488795576890803      0.087041325899423       11.575836902790225      11.401754250991381 

 135.00     11.532236590440924      0.086713448181327       11.618950038622250      11.445523142259598 

 136.00     11.575514541383329      0.086389248307272       11.661903789690601      11.489125293076057 
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 137.00     11.618631252695209      0.086068658024415       11.704699910719624      11.532562594670795 

 138.00     11.661588513630479      0.085751610840253       11.747340124470732      11.575836902790225 

 139.00     11.704388080586924      0.085438041964673       11.789826122551597      11.618950038622250 

 140.00     11.747031677944916      0.085127888254316       11.832159566199232      11.661903789690600 

 141.00     11.789520998878771      0.084821088159146       11.874342087037917      11.704699910719626 

 142.00     11.831857706141857      0.084517581671127       11.916375287812984      11.747340124470730 

 143.00     11.874043432826497      0.084217310274901       11.958260743101398      11.789826122551595 

 144.00     11.916079783099617      0.083920216900384       12.000000000000002      11.832159566199232 

 145.00     11.957968332915106      0.083626245877189       12.041594578792296      11.874342087037917 

 146.00     11.999710630703779      0.083335342890794       12.083045973594572      11.916375287812986 

 147.00     12.041308198041769      0.083047454940372       12.124355652982141      11.958260743101397 

 148.00     12.082762530298220      0.082762530298220       12.165525060596440      12.000000000000000 

 149.00     12.124075097262999      0.082480518470704       12.206555615733702      12.041594578792296 

 150.00     12.165247343755231      0.082201370160659       12.247448713915890      12.083045973594572 

 151.00     12.206280690213324      0.081925037231183       12.288205727444508      12.124355652982141 

 152.00     12.247176533267197      0.081651472670757       12.328828005937954      12.165525060596440 

 153.00     12.287936246293343      0.081380630559639       12.369316876852983      12.206555615733704 

 154.00     12.328561179953374      0.081112466037483       12.409673645990857      12.247448713915890 

 155.00     12.369052662716619      0.080846935272112       12.449899597988733      12.288205727444506 

 156.00     12.409412001367375      0.080583995429422       12.489995996796797      12.328828005937954 

 157.00     12.449640481497324      0.080323604644343       12.529964086141668      12.369316876852981 

 158.00     12.489739367983695      0.080065721992839       12.569805089976533      12.409673645990857 

 159.00     12.529709905453611      0.079810307464880       12.609520212918492      12.449899597988731 

 160.00     12.569553318735156      0.079557321938360       12.649110640673516      12.489995996796797 

 161.00     12.609270813295595      0.079306727153926       12.688577540449522      12.529964086141668 

 162.00     12.648863575667194      0.079058485690660       12.727922061357855      12.569805089976533 

 163.00     12.688332773861099      0.078812560942607       12.767145334803706      12.609520212918492 

 164.00     12.727679557769607      0.078568917096090       12.806248474865697      12.649110640673516 

 165.00     12.766905059557324      0.078327519107804       12.845232578665128      12.688577540449520 

 166.00     12.806010394041490      0.078088332683635       12.884098726725124      12.727922061357855 

 167.00     12.844996659061895      0.077851324258190       12.922847983320086      12.767145334803704 

 168.00     12.883864935840709      0.077616460975012       12.961481396815721      12.806248474865697 

 169.00     12.922616289332565      0.077383710667436       13.000000000000000      12.845232578665129 

 170.00     12.961251768565212      0.077153041840086       13.038404810405298      12.884098726725126 

 171.00     12.999772406971053      0.076924423650968       13.076696830622019      12.922847983320086 

 172.00     13.038179222709861      0.076697825894140       13.114877048604001      12.961481396815721 

 173.00     13.076473218982953      0.076473218982953       13.152946437965905      13.000000000000000 

 174.00     13.114655384339109      0.076250573933811       13.190905958272920      13.038404810405298 

 175.00     13.152726692972486      0.076029862350466       13.228756555322953      13.076696830622019 

 176.00     13.190688105012800      0.075811056408799       13.266499161421599      13.114877048604001 

 177.00     13.228540566807988      0.075594128842083       13.304134695650070      13.152946437965905 

 178.00     13.266285011199626      0.075379052926707       13.341664064126332      13.190905958272920 

 179.00     13.303922357791302      0.075165802468350       13.379088160259652      13.228756555322953 

 180.00     13.341453513210169      0.074954351788569       13.416407864998739      13.266499161421599 

 181.00     13.378879371361890      0.074744675711820       13.453624047073710      13.304134695650070 

 182.00     13.416200813679188      0.074536749552854       13.490737563232042      13.341664064126334 

 183.00     13.453418709364167      0.074330549104515       13.527749258468683      13.379088160259650 

 184.00     13.490533915624637      0.074126050625899       13.564659966250536      13.416407864998737 

 185.00     13.527547277904576      0.073923230830867       13.601470508735442      13.453624047073710 

 186.00     13.564459630108949      0.073722066876907       13.638181696985857      13.490737563232042 



 

34 

 

 187.00     13.601271794823013      0.073522536354330       13.674794331177344      13.527749258468683 

 188.00     13.637984583526311      0.073324617275776       13.711309200802088      13.564659966250534 

 189.00     13.674598796801481      0.073128288066038       13.747727084867520      13.601470508735442 

 190.00     13.711115224538039      0.072933527552183       13.784048752090222      13.638181696985857 

 191.00     13.747534646131298      0.072740314953955       13.820274961085254      13.674794331177342 

 192.00     13.783857830676553      0.072548629874465       13.856406460551018      13.711309200802088 

 193.00     13.820085537158663      0.072358452291142       13.892443989449806      13.747727084867520 

 194.00     13.856218514637170      0.072169762546949       13.928388277184119      13.784048752090222 

 195.00     13.892257502427096      0.071982541341844       13.964240043768941      13.820274961085252 

 196.00     13.928203230275509      0.071796769724491       14.000000000000000      13.856406460551018 

 197.00     13.964056418534001      0.071612429084198       14.035668847618199      13.892443989449804 

 198.00     13.999817778327204      0.071429501143085       14.071247279470288      13.928388277184119 

 199.00     14.035488011717414      0.071247967948472       14.106735979665885      13.964240043768942 

 200.00     14.071067811865476      0.071067811865475       14.142135623730951      14.000000000000000 

 201.00     14.106557863188012      0.070889015569813       14.177446878757825      14.035668847618199 

 202.00     14.141958841511091      0.070711562040803       14.212670403551893      14.071247279470288 

 203.00     14.177271414220446      0.070535434554561       14.247806848775006      14.106735979665885 

 204.00     14.212496240408324      0.070360616677375       14.282856857085699      14.142135623730949 

 205.00     14.247633971017089      0.070187092259264       14.317821063276353      14.177446878757825 

 206.00     14.282685248979609      0.070014845427714       14.352700094407323      14.212670403551895 

 207.00     14.317650709356583      0.069843860581576       14.387494569938159      14.247806848775006 

 208.00     14.352530979470828      0.069674122385129       14.422205101855956      14.282856857085699 

 209.00     14.387326679038658      0.069505615762304       14.456832294800961      14.317821063276355 

 210.00     14.422038420298382      0.069338325891057       14.491376746189440      14.352700094407323 

 211.00     14.456666808136054      0.069172238197896       14.525839046333950      14.387494569938159 

 212.00     14.491212440208496      0.069007338352540       14.560219778561036      14.422205101855956 

 213.00     14.525675907063691      0.068843612262732       14.594519519326424      14.456832294800959 

 214.00     14.560057792258617      0.068681046069177       14.628738838327793      14.491376746189440 

 215.00     14.594358672474565      0.068519626140615       14.662878298615180      14.525839046333950 

 216.00     14.628579117630052      0.068359339069016       14.696938456699067      14.560219778561036 

 217.00     14.662719690991329      0.068200171664906       14.730919862656235      14.594519519326424 

 218.00     14.696780949280598      0.068042110952804       14.764823060233400      14.628738838327795 

 219.00     14.730763442781962      0.067885144166781       14.798648586948742      14.662878298615182 

 220.00     14.764667715445198      0.067729258746129       14.832396974191326      14.696938456699069 

 221.00     14.798494304987370      0.067574442331135       14.866068747318506      14.730919862656235 

 222.00     14.832243742992370      0.067420682758970       14.899664425751340      14.764823060233400 

 223.00     14.865916555008411      0.067267968059668       14.933184523068080      14.798648586948742 

 224.00     14.899513260643545      0.067116286452220       14.966629547095765      14.832396974191324 

 225.00     14.933034373659252      0.066965626340747       15.000000000000000      14.866068747318504 

 226.00     14.966480402062123      0.066815976310784       15.033296378372906      14.899664425751340 

 227.00     14.999851848193721      0.066667325125642       15.066519173319364      14.933184523068078 

 228.00     15.033149208818633      0.066519661722867       15.099668870541500      14.966629547095767 

 229.00     15.066372975210779      0.066372975210778       15.132745950421556      15.000000000000000 

 230.00     15.099523633238004      0.066227254865096       15.165750888103100      15.033296378372908 

 231.00     15.132601663445014      0.066082490125650       15.198684153570664      15.066519173319364 

 232.00     15.165607541134658      0.065938670593159       15.231546211727817      15.099668870541500 

 233.00     15.198541736447652      0.065795786026096       15.264337522473747      15.132745950421556 

 234.00     15.231404714440728      0.065653826337627       15.297058540778355      15.165750888103101 

 235.00     15.264196935163277      0.065512781592614       15.329709716755891      15.198684153570662 

 236.00     15.296918853732517      0.065372642004700       15.362291495737217      15.231546211727817 
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 237.00     15.329570920407200      0.065233397933452       15.394804318340652      15.264337522473747 

 238.00     15.362153580659934      0.065095039881579       15.427248620541512      15.297058540778355 

 239.00     15.394667275248100      0.064957558492207       15.459624833740307      15.329709716755893 

 240.00     15.427112440283443      0.064820944546226       15.491933384829668      15.362291495737217 

 241.00     15.459489507300338      0.064685188959686       15.524174696260024      15.394804318340652 

 242.00     15.491798903322779      0.064550282781266       15.556349186104045      15.427248620541514 

 243.00     15.524041050930101      0.064416217189795       15.588457268119896      15.459624833740307 

 244.00     15.556216368321488      0.064282983491821       15.620499351813308      15.491933384829668 

 245.00     15.588325269379276      0.064150573119252       15.652475842498527      15.524174696260024 

 246.00     15.620368163731083      0.064018977627038       15.684387141358121      15.556349186104045 

 247.00     15.652345456810803      0.063888188690908       15.716233645501710      15.588457268119896 

 248.00     15.684257549918465      0.063758198105157       15.748015748023622      15.620499351813308 

 249.00     15.716104840279014      0.063628997780486       15.779733838059499      15.652475842498529 

 250.00     15.747887721100009      0.063500579741887       15.811388300841896      15.684387141358121 

 251.00     15.779606581628286      0.063372936126574       15.842979517754861      15.716233645501712 

 252.00     15.811261807205582      0.063246059181961       15.874507866387543     15.748015748023622 
 

 
 




