INTEGRABILY AND COHOMOLOGY AND 6-SPHERE

JUN LING

ABSTRACT. We construct a differential from Nijenhuis tensor of any
almost complex structure on a differentiable manifold, and show a rela-
tionship between the integrability of the almost complex structure and
the cohomology of the manifold. For the case of 6-sphere, we first show
that this form does not vanish for a special almost complex structure,
and then show that this form does not vanish for any almost complex
structure on the 6-sphere. Therefore all almost complex structures on
6-sphere are not integrable.

1. INTRODUCTION

Let M be a differential n-manifold and J an almost complex structure on
M. We construct a differential form ¢ from J and Nijenhuis tensor N of the
complex structure J, and show a relation between integrability of the almost
complex structure and the cohomology of the manifold M. In 6-sphere case,
we show form £ is not vanishing for a special almost complex structure first
and then show this form is not vanishing for any almost complex structure on
6-sphere. That the form does not vanish implies that Nijienhius tensor does
not vanish, which implies the almost complex structure is not integrable.
Therefore all almost complex structures on 6-sphere are not integrable.

Integabilty of almost complex structure on differential manifold, in par-
ticular on high dimensional spheres has been studied extensively. If an
almost complex structure is integrable, then it is a complex structure that
makes the underline differential manifold a complex manifold. Conversely,
the complex structure of a complex manifold induces a (an integrable) al-
most complex structure. There have been lot of great work in this field,
for example, Hopf [13], Borel and Serre [5], Ehresmann [9], Kirchhoff [14],
Eckmann and Frolicher [8], Ehressmann and Libermann [10], LeBrun [16],
Atiyah [2], Bryant and S.S. Chern [3] [4],Cirici-Wilson[6], and etc to name
a few. For spheres, it is known that all high dimensional (dimension greater
than 2) spheres are not complex manifolds except for 6-sphere. Whether
6-sphere is a complex manifold or not is still a well-known open problem.
See Hirzebruch [12] in 1954, Libermann [17] in 1955 and Yau [20] in 1990.
Almost complex structures do exist on 6-sphere. It is known that none
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of known almost complex structures is integrable therefore not a complex
structure that makes 6-sphere a complex manifold. See [1] for a survey.
We have the follwing results.

Theorem 1.1. For Nijenhuis tensor N of any almost complex structure J,
N(X,Y)=[JX,JY]-J[X,JY|-J[JX,Y]|-[X,Y], for smooth vector fields X and Y,

where |-, -] is Lie bracket, let £ be the tensor defined by

(1.1)
((X,Y) = trace{ JN(N(X,-),Y)} for smooth vector fields X and Y.

Then £ is a differential 2-form on M.
Corollary 1.2. If form £ is not closed, then J is not integrable.
Theorem 1.3. Any almost complex structure on S° is not integrable.

Proof. By Theorem 1.1, ¢ is a 2-form. If there exits a J whose ¢ form is
closed, then ¢ € H32 . (S%). It is known that H3Zg,. (S°) is trivial.
So ¢ = 0, which contradicts to Theorem 1.4, since in current case f is a
topological invariant with unique vanishing value. Therefore in S® there is
no J whose ¢ form is closed. For all almost complex structure J inducing
form ¢, d¢ # 0. So £ # 0, and N # 0. By Newlander-Nirenberg Theorem
[19], J is not integrable. O

View S% as the unit sphere in the imaginary part of Octonians. There
is a well-known canonical almost complex structure define on the tangent
bundle of S® by multiplication in Octonions. We call it Left-multiplication
almost complex structure. Please refer to Section 3, [15] , or [7] for more
details about Left-multiplication almost complex structure.

Theorem 1.4. Form { is not vanishing for the Left-multiplication almost
complex structure on S°.

In [18] author proved above ¢ is traceless. Along this line, the author later
studied further during the visits to Princeton Mathematics Department and
to Cornell Mathematics Department, and afterwards. The author obtained
differential form ¢ in July of 2024, which includes traceless result in [18]
since a skew-symmetric matrix is hollow therefore is traceless, and Theorem
1.4 and Theorem 1.3 in January of 2025. The author sincerely appreciate
hospitality of the Princeton University and Cornell University.

In the following sections we give detailed calculations for above results.
The next section is for proving Theorem 1.1. Last section is for proving
Theorem 1.4.

2. FOrRM

We take a local coordinates {z'}? ; at point € M. Take sum for a
o _ jj o

ox? i I’

repeating index, unless otherwise stated. Let 0; = %, J



FORM 3

J; = JZP %, and components of Nijenhuis tensor V.
(2 0y N 2
Oxt’ 9z’ = T Y oxk’
It is easy to verify
Ny = JP(0pJ} — 0;05) — JP(0pJF — 0Ty,

Proof of Theorem 1.1. The component form of Theorem 1.1 is the following
Theorem 2.1. we prove it.

Theorem 2.1. ¢ can be written in the following form in local coordinates:

{= &jdiﬁz Adzd.
ij is skew symmetric in i and j and
bij = —Jb- T I~ T K 4+ JLoy TR0 JT + { = JiJLoy If + J; Lo Tl
+2{ L T T — T L0, T Y+ 2 = Te JLOL T+ Ty, JL 0 T F Y424 Ty 70 Jf — Ty, JL0: T}
We need only to show matrix [¢;;] is sew-symmetric at every x € M. By
(1.1), we have
bij = kaijJE = JskNZkaj
= JE- Tidp - D = JLTE T 0505 = JE - T - JydE 4 JLTE - BTy - 0,03
—JP T Ty Je T A TR - T - 0305 4 Y - Ty - Ty — J;?Jip Jsdy - Opdy
+Jpd3 05 — S 055 - OsJ] — Jj 7 - Os I + qu < Opdy - Os ]
—JTJjS . @-J;" + Jg . 81‘J§ . 8jJ; + Jij . BZ»J;" — JJQ . &»J; . @'Jg
Using facts J2 = —1 and tr(J) = 0 to calculate, it is easy to
bij=—J} - iJ] - T JE + JL0 TR0, I + { =T JL0; JF + J; L0 F}
+2{ L Jh O I — T3 JLOL T Y+ 2{ = Je JL OV TF 4+ T T 0 I} +2{ Je JL0; Tf — T 5 0i T},

Therefore ¢;; is sew-symmetric on 4 and j. O

3. NONVANISHING OF ¢ FOR LEFT-MULTIPLICATION
Let O be octonions. Every octonion x is a real linear combination of the
unit octonions
T = woeg + xr1€1 + Toex + r3e3 + Taeq + w55 + T + T7E7, €9 = 1.

The product of z,y € O is denoted by = - y. If x and y are perpendicular,
then Im(x -y) =z - y.

5% = {z € Im(0)||X|* =1}.
Take a point e; € S%and y in tangent space of S®: Jv = e; - v defines a
linear transformation on the tangent space Tp, S® with J? = —1. So it is an
almost complex structure on S%. We call it the Left-multiplication .J. There
are more details in [15] and [7] and many other presentations about this J.
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Consider X,Y : §4 — R7 as mappings, and dX and dY are differentials
of mappings, Ch. [7]. Therefore

[X,Y] = dY(X) — dX(Y)
A(JY)(JX) = (JAY)(JX) + (dJY)(JX) = JdAY (JX)+ JX - Y
A(JY)(X) = (JAY)(X) + (dJY)(X) = JAY(X) + X - Y
[X,Y] = dY(X) — dX(Y)

[JX,JY]:d(JY)(JX)—d(JX)(JY) JAY (JX)+J XY —JdX (JY)—JY-X
JIX,JY] = Jd(JY)(X) — JAX(JY) = —dY (X) + J(X - V) — JAX(JY)
JIX, Y] = J(dY)(JX) - ( X)(Y) = JdY (JX) +dX(Y) - J(Y - X)

N(X,)Y)=[JX,JY]| - JX,JY] - JJX, Y] - [X,Y]
=JdY(JX)+JX Y —-JdX(JY)—-JY - X
+dY(X) = J(X-Y)+ JdX(JY) = JdY (JX) —dX(Y)+ J(Y - X) - [X,Y]
=JX - Y-JY - X—-JX - Y)+J(Y - X)
Let N; be Nijenhuis tensor at point e; € S%. N1(2,3) := N, (e2,e3), - - -,
and etc. We have the following.

Ni(2,3) = —4eg, N1(2,4) = 0, N1(2,5) = 4ey, N1(2,6) = 4dez, N1(2,7) = —4es,
N1(3,4) = 4des, N1(3,5) = —4deq, N1(3,6) = —4ea, N1(3,7) =0,
Ni(4,5) = 4e3, N1(4,6) = —4dey, N1(4,7) = 4eg,

Ni(5,6) =0, N1(5,7) = deg,
N1(6,7) = —dey,

Let e1 = fr,ea = fi,e3 = fo,eq4 = f3,e5 = f1,66 = fs,e7 = f¢. In
the following we denote N(i,7) := Ny (fi, f;) for i,j = 1,2,3,4,5,6. At
fr =e1 € S5, we have

0 —f5 0 f6 f2 _f4
) f5 0 f4 _f3 _fl 0
(3.1) AN i i)l = _(}6 }§4 _(!],02 ];2 _({6 ;?
-f2 i fo O 0 —fs
f4 0 *f5 *fl f3 0

Similarly we may calculate Jij at point fr = e;. Note J : Tf75’6 — Ty, S6.

0 0 1 0 0 0]

0 0 0 0 01

; -1 0 0 0 0 0
J1 —

i1 = 0 0 0 0 10

0 0 0 -1 0 0

0 -1 0 0 0 0|




FORM

—lij = — z‘rkNrsjjf = [kN]$rJ§
=0+ NN + 0+ NN}, — NjyNJ — NHNY
+NEZNj; +0— NANY, + NANjy, — NGNS, — 0
+0+ NENZ — 04+ N3Njs — N3N — N3NS
+NENj, + NigN7y — NN +0—0— NNy,
+N3Nj5 + NigNZs — NJN% +0— 0 — N3N
+NZNg+0— N N3 + NINj — NSN% — 0
Now take i =4, j = 5. Use values of Ni]}s listed after (3.1), we have
—Ly5
= 0+ NygNiy + 0+ NysN5y — NigN5y — NipNgy
+Ni5 N5y +0 — N N, + NNz, — Ny Ny — 0
+0 + NigN3; — 0+ Ni5Nsz — NijNgs — NipNgs
+Ni3Nsy + NigNgy — Nip N3y +0 — 0 — Ny Ng
+N3Ng5 + NijgNis — NjyN35 + 0 — 0 — Nj Ngy

+N§5N3s + 0 — N& N + NjsNgg — Ng N2 — 0

=0-16+0+0-0-0
-16+0-0+0-0-0
+04+0-0+0-0-16
+0+0-0+0-0-0
+0+0-0+0-0-0
+0+0—-16+0—-0-0

= —64
Therefore 45 = 64 # 0.
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