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A Novel Proof of The abc Conjecture: It is Easy as abc!
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ABSTRACT

In this paper, we consider the abc conjecture. Assuming that the conjecture ¢ < rad* %% (abc) is
true, we give the proof that the abc conjecture is true.

1. Introduction and notations

a;

Let a be a positive integer, a = ||, a;*, a; prime integers and «; > 1 positive integers. We
call radical of a the integer [[, a; noted by rad(a). Then a is written as:

a=[]ai =rada). [Jaf (1.1)

We denote:
Oéi*l
Ha = Hai = a = lg.rad(a) (1.2)
The abc conjecture was proposed independently in 1985 by David Masser of the University of
Basel and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) [1]. It describes the

distribution of the prime factors of two integers with those of its sum. The definition of the
abc conjecture is given below:

CONJECTURE 1. (abc Conjecture): For each € > 0, there exists K (e) such that if a,b,c
positive integers relatively prime with ¢ = a + b, then :

¢ < K(¢).rad "(abc) (1.3)

where K is a constant depending only of e.

L
We know that numerically, . <1.629912 [2|. It concerned the best example
Log(rad(abc))
given by E. Reyssat [2]:
2 +319.109 = 23° = ¢ < rad"%**"'?(abc) (1.4)

A conjecture was proposed that ¢ < rad?(abc) [3]. In 2012, A. Nitaj [4] proposed the following
conjecture:
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CONJECTURE 2. Let a,b,c be positive integers relatively prime with ¢ = a + b, then:

¢ < rad*% (abc) (1.5)
abe < rad**?(abc)

In the following, we assume that the conjecture giving by the equation is true that
constitutes the key to obtain the proof of the abc conjecture and we consider the cases ¢ > R
because the abc conjecture is verified if ¢ < R. For our proof, we proceed by contradiction of
the abc conjecture, for € €]0.,0.63].

2. The Proof of the abc conjecture
Proof.

2.1. Trivial Case € > (0.63 = €p).

In this case, we choose K(€) = e and let a,b,c be positive integers, relatively prime, with
c=a+b,1<b<a,R=rad(abc), then ¢ < R** % < K(e).R'¢ = ¢ < K(¢).R'™¢ and the
abc conjecture is true.

2.2. Case: 0 < e < (0.63=¢p).
We recall the following proposition [4]:

PROPOSITION 2.1. Let ¢ — K(¢€) the application verifying the abc conjecture, then:

lime_yo K (€) = +00 (2.1)

We suppose that the abc conjecture is false, then it exists €’ €]0, e[ and for all parameter
K' = K'(¢') > 0 it exists at least one triplet (a’, ¥, ') so a’, b, ¢ be positive integers relatively
prime with ¢/ = a’ + V' and ¢ verifies :

d > K'().R" (2.2)

From the proposition cited above, it follows that lim._,0K’(e) < 400, we can suppose that
K'(e) is an increasing parameter for € €]0, p].

As the parameter K’ is arbitrary, we choose K'(e) = e, it is an increasing parameter. Let :
Y () = € + (1 + €)LogR — Logc, € €]0, €| (2.3)
About the function Y., we have:
lime e, Yer(€) = €2 4+ Log(R* 0 /') = X > 0, asc< R
lime—0Yy (€) = —Log(¢'/R') <0, as R<c
The function Y (€) represents a parabola and it is an increasing function for € €]0, €[, then

the equation Y, (¢) = 0 has one root that we denote €}, it follows the equation :

&2 el C/
et R 1= ﬁ (2.4)
Discussion about the equation (2.4) above:

We recall the following definition:
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DEFINITION 1. The number ¢ is called algebraic number if there is at least one polynomial:
(lx)=lo+lhax+ - +1lpz™, L,#0 (2.5)

with integral coefficients such that [(£) = 0, and it is called transcendental if no such polynomial
exists.

We consider the equation ([2.4) :

= KRS = & o M _ g (2.6)
! R rad(a't) '
i) - We suppose that €] = 31 is an algebraic number then 3y = ¢ f and a; = R’ are also algebraic

numbers. We obtain:
/ /

c Her 6/% 7€l B B1
—=—5—= Rt = ePo. 2.7
R rad(a'd) ¢ M (27)

From the theorem (see theorem 3, page 196 in [5]):

THEOREM 2.2. o' . . aB is transcendental for any nonzero algebraic numbers
1 n Y g
Q1yeeesQny Boy ey B

Hes
rad(a’'d’)
is an algebraic number, then the contradiction and the hypothesis that the abc conjecture is
false on € €]0, €g[ is not true. It follows that the abc conjecture is true on € €]0, €o[, then for all
€ > 0.

we deduce that the right member eBO.a'f ! of 1D is transcendental, but the term

ii) - We suppose that €} is transcendental, then €’ ? is transcendental. If not, € i is an algebraic
number, it verifies:

/Qm—l

I(z) = lngfm +0x¢€7 + lg(m,l)e’i(m_l)

Fo T 00X+l =0
From the definition (2.5) and the equation above, €] is also an algebraic number, then the
contradiction with €] a transcendental number.

As R’ >0 is an algebraic number, we know that LogR’' is transcendental. We rewrite the

equation (2.4)) as:

C/

R/
By the theorem of Hermite (page 45, [5]) e is transcendental. Let z = €’ + €| LogR' > 0:

- If z # 0, if z is an algebraic number it follows that e* is transcendental by the theorem of
Lindemann (page 51, [5]), it follows the contradiction with ¢//R’ an algebraic number. Then
the hypothesis that the abe conjecture is false on € €]0, €[ is not true. It follows that the abc
conjecture is true on € €]0, €y, then for all € > 0.

’2 € 12 ’ ’
— S TRl — € 1+e;LogR (28)

- Now we suppose that z is transcendental. We write e as:

too  n 2 3 N
s _ N4 _ ELE LR
e—zln!—1+z+2+3!+ +N!+r(z)
o
N

and r(z) < % for N very large
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Then :
RN+ RNz2N"D 4 ...y RNlz+ NI(R' —¢) =0

It follows that z is an algebraic number = the contradiction avec z transcendental. Then
the hypothesis that the abe conjecture is false on € €]0, €[ is not true. It follows that the abe
conjecture is true on € €]0, €[, then for all € > 0.

The proof of the abc conjecture is finished. Assuming ¢ < R'* is true, we obtain that Ve > 0,
3K (e) > 0, if ¢ = a + b with a, b, ¢ positive integers relatively coprime, then :

¢ < K(€).rad*™(abc) (2.9)

and the constant K (e) depends only of e.

Q.E.D
Ouf, end of the mystery!

O

3. Conclusion

Assuming ¢ < R is true, we have given an elementary proof of the abc conjecture. We
can announce the important theorem:

THEOREM 3.1. Assuming ¢ < R is true, the abc conjecture is true:
For each € > 0, there exists K(e) > 0 such that if a,b, ¢ positive integers relatively prime with
c=a+b, then:

c < K(e).rad *(abc) (3.1)
where K is a constant depending of €.
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