
THE EGGENBERGER-PÓLYA URN PROCESS: PROBABILITIES

OF REVISITED BALL RATIOS

RICHARD J. MATHAR

Abstract. The Eggenberger-Pólya urn process starts with an urn that con-

tains balls of two colors. At each step a ball in the urn is randomly chosen and
a ball of the same color added to the urn. The probabilities of finding specified

numbers of balls of the two colors later on can be visualized as a non-isotropic

walk of U(p) and R(ight) steps on a square lattice. We discuss some numerical
aspects of the probability that a ratio of the ball numbers of the two colors

reappears later on during the process.

1. Urn model

The Eggenberger-Pólya urn model starts with an urn initially filled with m balls
of one color and n balls of another color [2]. At each step one of the n + m balls
in the urn is selected randomly with equal probability, and a ball of the same color
is added to the urn. The number of balls increases by one at each step; since the
probability to pick the majority color is higher (if m 6= n), the probabilities have a
tendency to keep the majority color—the bias known as ‘the rich get richer.’

2. Walk model

One can visualize the contents of the urn by a point at coordinate (m,n) in a
square grid given the initial numbers of the two colors [11].

The states of the urn are a random walk on the upper right quadrant of a square
grid with anisotropic probability of m/(m+ n) of a step to the right (increasing m
by 1) or probability n/(n + m) for a step up (increasing n by 1). Figure 1 shows
two examples of walks that start with 5 balls of the majority color and 3 balls of
the minority color.

The number of walks from (m,n) to (m′, n′) with t = m′ + n′ − m − n steps
is
(

t
m′−m

)
—A result of the stars and bars considering of where the horizontal

steps are placed. For each of these walks one needs to build the product of these
probabilities along the intermediate points, assigning a probability to each edge.

Definition 1. (Transition probability) P (m,n → m′, n′) is the probability that a
walk starting at position (m,n) on the square grid passes through (m′, n′), m′ ≥ m,
n′ ≥ n.
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Figure 1. Two different—occasionally crossing—UR walks on the
square grid from (m,n) = (5, 3) to (15, 11).

This can for example be calculated recursively from the most recent possibilities
of visiting a point with a U or an R step:
(1)

P (m,n→ m′, n′) =
m′ − 1

m′ + n′ − 1
P (m,n→ m′−1, n′)+

n′ − 1

m′ + n′ − 1
P (m,n→ m′, n′−1)

with the boundary conditions

(2) P (m,n→ m′, n′) =

{
0, if m′ < m ∨ n′ < n,
1, if m′ = m ∧ n′ = n.

All walks from (m,n) to (m′, n′) they all pick up the denominators (m+n)(m+
n+ 1) · · · (m′ + n′ − 1) [with m′ −m+ n′ − n factors] and the numerators m(m+
1) · · · (m′ − 1) at the horizontal steps and the numerators n(n + 1) · · · (n′ − 1) at
the vertical steps in varying permutations. The number of the permutations is(
m′+n′−m−n

m′−m
)

[14][7, (10.3)].

(3)

P (m,n→ m′, n′) =

(
m′ + n′ −m− n

m′ −m

)
m(m+ 1) · · · (m′ − 1)n(n+ 1) · · · (n′ − 1)

(m+ n)(m+ n+ 1) · · · (m′ + n′ − 1)

=

(
∆m+ ∆n

∆m

)
m(m+ 1) · · · (m+ ∆m− 1)n(n+ 1) · · · (n+ ∆n− 1)

(m+ n)(m+ n+ 1) · · · (m+ ∆m+ n+ ∆n− 1)
.

∆m = m′ −m and ∆n = n′ − n are the horizontal and vertical distances of points
during a walk.

Example 1. The probability in Figure 1 that a walk starting at (5, 3) passes through
(15, 11) is P (5, 3→ 15, 11) = 819/8740.
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Figure 2. A reference line with slope n̄/m̄ = 3/5 and the labels
1, 2, . . . for the lattice points on that line. Two walks from i = 1
to j = 4 are sequences of arrows, both missing k = 2, the brown
walk passing through k = 3 and the blue walk missing it.

3. Recurring ball ratio

The interest of this manuscript is a discussion of chances that the initial ball ratio
m/n is found again later on the walk, registering/triggering on events of visiting
points (m′, n′) that have a common angle towards the horizontal, m′/n′ = m/n.

Example 2. If (m,n) = (15, 3), the lattice points with the same ratio are (20, 4),
(25, 5), (30, 6), (35, 7) and so on, which are reachable after t = 6, 12, 18, 24, . . .
steps, the multiples of 6.

If d = gcd(m,n) is the greatest common divisor of m and n, and m = dm̄ and
n = dn̄ with coprime m̄ and n̄, distances ∆m, ∆n that preserve the ratio obey

m+ ∆m

n+ ∆n
=
m

n
=
m̄

n̄
,

The projected distances are therefore

(4)
∆m

∆n
=
m

n
=
m̄

n̄
.

A fixed coprime pair gcd(m̄, n̄) = 1 defines a reference line through the origin for
sets of points of fixed ratio m/n, m = im̄, n = in̄, m′ = jm̄, n′ = jn̄. A simplified
notation with one-dimensional indices i and j suffices to specify the start and end
vertex of the walk on such a line if we are only concerned with the events that the
walk starting at i later passes through j or misses it. Figure 2 shows such a bold
reference line and a labeling of these one-dimensional indices with a larger font.
With that 1-dimensional indexing (3) is
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(5) P (i→ j) = P (im̄, in̄→ jm̄, jn̄)

=

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ(m+ ∆m)n(n+ 1) · · · (n+ ∆n− 1)

Γ(m)(m+ n)(m+ n+ 1) · · · (m+ ∆m+ n+ ∆n− 1)

=

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ(m+ ∆m)Γ(n+ ∆n)

Γ(m)Γ(n)(m+ n)(m+ n+ 1) · · · (m+ ∆m+ n+ ∆n− 1)

=

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ(m+ ∆m)Γ(n+ ∆n)Γ(m+ n)

Γ(m)Γ(n)Γ(m+ ∆m+ n+ ∆n)

=

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ(jm̄)Γ(jn̄)Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)Γ(j(m̄+ n̄))
.

With the notation

Definition 2. (Beta-function) [6, 8.384.1][1, 6.2.2]

(6) B(x, y) ≡ Γ(x)Γ(y)

Γ(x+ y)

the probabilities are a β-distribution

(7) P (i→ j) =

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
B(jm̄, jn̄)

B(im̄, in̄)
.

Example 3. The probability in Figure 2 that a walk starting at (5, 3) does not pass
through (10, 6) is with (m̄, n̄) = (5, 3) equal to 1− P (1→ 2) = 115/143 .

Definition 3. (Generating function of revisiting probabilities) The probabilities
that the walk starting at i visits j defines a generating function concerned with the
coarse label distance j − i on the reference line:

(8) p̂i,m̄,n̄(z) =
∑
j≥i

P (i→ j)zj−i.

Inserting (5), the embedded Γ-functions are converted to Pochhammer-Symbols
[10][1, 6.1.22]

(9) p̂ =
∑
j≥i

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ(jm̄)Γ(jn̄)Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)Γ(j(m̄+ n̄))
zj−i

=
Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)

∑
j≥i

(
(j − i)(m̄+ n̄)

(j − i)m̄

)
Γ((j − i+ i)m̄)Γ((j − i+ i)n̄)

Γ((j − i+ i)(m̄+ n̄))
zj−i

=
Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)

∑
l≥0

(
l(m̄+ n̄)

lm̄

)
Γ((l + i)m̄)Γ((l + i)n̄)

Γ((l + i)(m̄+ n̄))
zl

=
Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)

∑
l≥0

(
l(m̄+ n̄)

lm̄

)
Γ(lm̄+ im̄)Γ(ln̄+ in̄)

Γ(l(m̄+ n̄) + i(m̄+ n̄))
zl

=
Γ(i(m̄+ n̄))

Γ(im̄)Γ(in̄)

∑
l≥0

(1)l(m̄+n̄)

(1)lm̄(1)ln̄

Γ(lm̄+ im̄)Γ(ln̄+ in̄)

Γ(l(m̄+ n̄) + i(m̄+ n̄))
zl

=
∑
l≥0

(1)l(m̄+n̄)

(1)lm̄(1)ln̄

(im̄)lm̄(in̄)ln̄
(i(m̄+ n̄))l(m̄+n̄)

zl;
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EGGENBERGER-PÓLYA URN PROCESS 5

the multiplication formula of the Pochhammer Symbols is applied to all 6 Pochham-
mer symbols [12, I.26], common factors in upper and and lower parameters are
removed. The generating functions are generalized hypergeometric functions:

(10) p̂i,m̄,n̄(z) =
∑
l≥0

( 1
m̄+n̄ )l(

2
m̄+n̄ )l · · · ( m̄+n̄

m̄+n̄ )l(m̄+ n̄)l(m̄+n̄)

( 1
m̄ )l(

2
m̄ )l · · · ( m̄

m̄ )l(m̄)lm̄( 1
n̄ )l(

2
n̄ )l · · · ( n̄

n̄ )l(n̄)ln̄

×
( im̄
m̄ )l(

1+im̄
m̄ )l · · · ( im̄+m̄−1

m̄ )lm̄
lm̄( in̄

n̄ )l(
1+in̄
n̄ )l · · · ( in̄+n̄−1

n̄ )ln̄
ln̄

( i(m̄+n̄)
m̄+n̄ )l(

1+i(m̄+n̄)
m̄+n̄ )l · · · ( i(m̄+n̄)+m̄+n̄−1

m̄+n̄ )l(m̄+ n̄)l(m̄+n̄)
zl

=
∑
l≥0

( 1
m̄+n̄ )l(

2
m̄+n̄ )l · · · ( m̄+n̄

m̄+n̄ )l

( 1
m̄ )l(

2
m̄ )l · · · ( m̄

m̄ )l(m̄)lm̄( 1
n̄ )l(

2
n̄ )l · · · ( n̄

n̄ )l(n̄)ln̄

×
( im̄
m̄ )l(

1+im̄
m̄ )l · · · ( im̄+m̄−1

m̄ )lm̄
lm̄( in̄

n̄ )l(
1+in̄
n̄ )l · · · ( in̄+n̄−1

n̄ )ln̄
ln̄

( i(m̄+n̄)
m̄+n̄ )l(

1+i(m̄+n̄)
m̄+n̄ )l · · · ( i(m̄+n̄)+m̄+n̄−1

m̄+n̄ )l
zl

=
∑
l≥0

( 1
m̄+n̄ )l(

2
m̄+n̄ )l · · · ( m̄+n̄

m̄+n̄ )l

( 1
m̄ )l(

2
m̄ )l · · · ( m̄

m̄ )l(
1
n̄ )l(

2
n̄ )l · · · ( n̄

n̄ )l

×
( im̄
m̄ )l(

1+im̄
m̄ )l · · · ( im̄+m̄−1

m̄ )l(
in̄
n̄ )l(

1+in̄
n̄ )l · · · ( in̄+n̄−1

n̄ )l

( i(m̄+n̄)
m̄+n̄ )l(

1+i(m̄+n̄)
m̄+n̄ )l · · · ( i(m̄+n̄)+m̄+n̄−1

m̄+n̄ )l
zl

=
∑
l≥0

( 1
m̄+n̄ )l(

2
m̄+n̄ )l · · · ( m̄+n̄−1

m̄+n̄ )l

( 1
m̄ )l(

2
m̄ )l · · · ( m̄−1

m̄ )l(
1
n̄ )l(

2
n̄ )l · · · ( n̄−1

n̄ )l

×
( im̄
m̄ )l(

1+im̄
m̄ )l · · · ( im̄+m̄−1

m̄ )l(
in̄
n̄ )l(

1+in̄
n̄ )l · · · ( in̄+n̄−1

n̄ )l

( i(m̄+n̄)
m̄+n̄ )l(

1+i(m̄+n̄)
m̄+n̄ )l · · · ( i(m̄+n̄)+m̄+n̄−1

m̄+n̄ )l

zl

l!

=2(m̄+n̄)−1 F2(m̄+n̄)−2

(
1

m̄+n̄ ,
2

m̄+n̄ , · · · ,
m̄+n̄−1
m̄+n̄ , i, i+ 1

m̄ , i+ 2
m̄ , · · · , i+ m̄−1

m̄ , i, i+ 1
n̄ , i+ 2

n̄ , · · · , i+ n̄−1
n̄

1
m̄ ,

2
m̄ , · · · ,

m̄−1
m̄ , 1

n̄ ,
2
n̄ , · · · ,

n̄−1
n̄ , i, i+ 1

m̄+n̄ , i+ 2
m̄+n̄ , · · · , i+ m̄+n̄−1

m̄+n̄

| z
)

=2(m̄+n̄)−2 F2(m̄+n̄)−3

(
1

m̄+n̄ ,
2

m̄+n̄ , · · · ,
m̄+n̄−1
m̄+n̄ , i, i+ 1

m̄ , i+ 2
m̄ , · · · , i+ m̄−1

m̄ , i+ 1
n̄ , i+ 2

n̄ , · · · , i+ n̄−1
n̄

1
m̄ ,

2
m̄ , · · · ,

m̄−1
m̄ , 1

n̄ ,
2
n̄ , · · · ,

n̄−1
n̄ , i+ 1

m̄+n̄ , i+ 2
m̄+n̄ , · · · , i+ m̄+n̄−1

m̄+n̄

| z
)
.

Remark 1. There are m̄+ n̄− 1 upper parameters in the hypergeometric function
and m̄+ n̄−1 lower parameters that depend on i. The generic contiguous equations
permit to decrement upper or lower parameters to find connection coefficients for
variable indices i [5, 8].

The excess of this series (sum of the 2(m̄+ n̄− 1) upper parameters minus sum
of the 2(m̄+ n̄)− 2 lower parameters) is zero:

(11)

m̄+n̄−1∑
j=1

j

m̄+ n̄
+

m̄−1∑
j=0

(i+
j

m̄
)+

n̄−1∑
j=1

(i+
j

n̄
) =

m̄−1∑
j=1

j

m̄
+

n̄−1∑
j=1

j

n̄
+

n̄+m̄−1∑
j=1

(i+
j

m̄+ n̄
).

As a side effect, the series (10) does not converge at z = 1 [12, §2.2], which means
that the sum of the probabilities

∑
j>i P (i→ j) is ∞.
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m̄ n̄ fm̄,n̄(z) [3]
1 1 1 + 2z + 6z2 + 20z3 + 70z4 + 252z5 + · · · A000984
1 2 1 + 3z + 15z2 + 84z3 + 495z4 + 3003z5 + · · · A005809
1 3 1 + 4z + 28z2 + 220z3 + 1820z4 + · · · A005810
1 4 1 + 5z + 45z2 + 455z3 + 4845z4 + · · · A001449
1 5 1 + 6z + 66z2 + 816z3 + 10626z4 + · · · A004355
2 2 1 + 6z + 70z2 + 924z3 + 12870z4 + · · · A001448
2 3 1 + 10z + 210z2 + 5005z3 + 125970z4 + · · · A001450
3 3 1 + 20z + 924z2 + 48620z3 + 2704156z4 + · · · A066802

Table 1. Examples of the binomial series (12). If m̄ and n̄ are
not coprime, the coefficients are a multisection of the sequence for
the smaller coprime series.

Remark 2. As always for hypergeometric functions they are P-finite with 2 terms,
i.e., P (i→ j)/P (i→ j−1) is a rational polynomial of j− i; This is already obvious
by building ratios of terms of (5).

In P (i → j) in (7) let the binomial factor (that counts the paths) be called
the multiplicity and the second factor (ratio of two B-functions) be called the drift
factor.

Define

Definition 4. (Generating function of the multiplicities)

(12) fm̄,n̄(z) ≡
∑
i≥0

(
i(m̄+ n̄)

im̄

)
zi

Translating all Γ-functions in that binomial formula to Pochhammer symbols
[10] and using the reductions of these [12] shows that the f(z) are generalized
hypergeometric series:

(13) fm̄,n̄(z) = m̄+n̄−1Fm̄+n̄−2

( 1
m̄+n̄ ,

2
m̄+n̄ , · · · ,

m̄+n̄−1
m̄+n̄

1
m̄ ,

2
m̄ , · · · ,

m̄−1
m̄ , 1

n̄ ,
2
n̄ , · · · ,

n̄−1
n̄

| (m̄+ n̄)m̄+n̄

m̄m̄n̄n̄
z
)
.

Examples of these are in the Online Encyclopedia of Integer Sequences: Table 1.

4. First return to original ball ratio

There are walks that meet multiple points in the square lattice on the line of the
reference angle. To consider the probability of meeting the original ratio for the
first time, one must filter these probabilities with the inclusion-exclusion principle
to avoid over-counting those walks that achieve the ratio more than once.

Definition 5. We define Qm̄,n̄(i → j) as the probability of starting the walk at
(im̄, in̄) and ending the walk at (jm̄, jn̄) avoiding all intermediate vertices (km̄, kn̄),
i < k < j. This is the probability of a first return to the line of constant slope.

The key aspect in our paper is: It can be derived from the probability P (i→ j)
by subtracting the probabilities that the walk has passed through the vertices k

https://orcid.org/0000-0001-6017-6540
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m̄ n̄ i j P (i→ j) P (i→ j)
1 1 1 2 1/3 0.3333333
1 1 1 3 1/5 0.2000000
1 1 1 4 1/7 0.1428571
1 1 2 3 2/5 0.4000000
1 1 2 4 9/35 0.2571429
1 1 2 5 4/21 0.1904762
1 1 3 4 3/7 0.4285714
1 1 3 5 2/7 0.2857143
1 1 3 6 50/231 0.2164502
2 1 1 2 3/10 0.3000000
2 1 1 3 5/28 0.1785714
2 1 1 4 7/55 0.1272727
2 1 2 3 5/14 0.3571429
2 1 2 4 5/22 0.2272727
2 1 2 5 24/143 0.1678322
2 1 3 4 21/55 0.3818182
2 1 3 5 36/143 0.2517483
2 1 3 6 42/221 0.1900452
3 1 1 2 2/7 0.2857143
3 1 1 3 28/165 0.1696970
3 1 1 4 11/91 0.1208791
3 1 2 3 56/165 0.3393939
3 1 2 4 14/65 0.2153846
3 1 2 5 154/969 0.1589267
3 1 3 4 33/91 0.3626374
3 1 3 5 77/323 0.2383901
3 1 3 6 550/3059 0.1797973
3 2 1 2 5/21 0.2380952
3 2 1 3 20/143 0.1398601
3 2 1 4 385/3876 0.0993292
3 2 2 3 40/143 0.2797203
3 2 2 4 735/4199 0.1750417
3 2 2 5 1911/14858 0.1286176
3 2 3 4 385/1292 0.2979876
3 2 3 5 5733/29716 0.1929264
3 2 3 6 11011/76038 0.1448092

Table 2. Revisiting probabilities P (i → j) for basic values of
ratios n̄/m̄ and start indices i.

just before visiting j [4, (9)]:

(14) Qm̄,n̄(i→ j) = P (i→ j)−
j−1∑

k=i+1

P (i→ k)Qm̄,n̄(k → j),

where empty sums (upper limit smaller than lower limit) are zero.
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Rephrasing this equation as

(15) Qm̄,n̄(i→ j) +

j−1∑
k=i+1

P (i→ k)Qm̄,n̄(k → j) = P (i→ j),

this is a linear system of equations with a lower triangular matrix of P -values,

(16)
1 0 0 0 · · · 0

P (j − 2→ j − 1) 1 0 0 · · · 0
P (j − 3→ j − 1) P (j − 3→ j − 2) 1 0 · · · 0

. . . . . . . . . . . .
. . . 0

P (i→ j − 1) P (i→ j − 2) P (i→ j − 3) P (i→ j − 4) · · · 1



·


Q(j − 1→ j)
Q(j − 2→ j)
Q(j − 3→ j)

· · ·
Q(i→ j)

 =


P (j − 1→ j)
P (j − 2→ j)
P (j − 3→ j)

· · ·
P (i→ j)

 .

Solving this system is equivalent to evaluating (14) recursively for i = j, i = j − 1
etc for decreasing i starting at

(17) Qm̄,n̄(j → j) = 1, Qm̄,n̄(j − 1→ j) = P (j − 1→ j).

Alternatively the walks can be split into cases according to the first revisiting
step on the reference line:

(18) P (i→ j) = Qm̄,n̄(i→ j) +

j−1∑
k=i+1

Qm̄,n̄(i→ k)P (k → j),

which is the linear system

(19)
1 P (j − 1→ j) P (j − 2→ j) P (j − 3→ j) · · · P (i+ 1→ j)
0 1 P (j − 2→ j − 1) P (j − 3→ j − 1) · · · P (i+ 1→ j − 1)
0 0 1 P (j − 3→ j − 2) · · · P (i+ 1→ j − 2)

. . . . . . . . . . . .
. . . . . .

0 0 0 0 · · · 1



·


Q(i→ j)

Q(i→ j − 1)
Q(i→ j − 2)

· · ·
Q(i→ i+ 1)

 =


P (i→ j)

P (i→ j − 1)
P (i→ j − 2)

· · ·
P (i→ i+ 1)

 .

Solving this system is equivalent to evaluating (14) recursively for increasing j.
Recursive expansion translates Q into a sum over products of P with a sign de-

termined by the number of intermediate stops, an alternating sign pattern reflecting

https://orcid.org/0000-0001-6017-6540
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the principle of inclusion-and-exclusion [9] [13, §3]:

(20) Qm̄,n̄(i→ j) = P (i→ j)−
∑

i<k<j

P (i→ k)P (k → j)

+
∑

i<k<l<j

P (i→ k)P (k → l)P (l→ j)

−
∑

i<k<l<m<j

P (i→ k)P (k → l)P (l→ m)P (m→ j)± · · ·

Remark 3. The number of terms on the right hand side (RHS) which are products

of s P ’s is the number of compositions of j − i into s parts, which is
(
j−i−1
s−1

)
[3,

A007318][13, §1.2]. The total count of P -products on the RHS is
∑j−i−1

s=1

(
j−i−1
s−1

)
=

2j−i−1, j − i ≥ 1.

Remark 4. In a formal way the RHS can also be written as the matrix inverse
(again a lower triangular matrix of dimension j − i) of the LHS multiplied by a
vector of P -values.

The interesting point in the signed products of these terms for the compensation
in the inclusion-exclusion is that the product of the drift factors is the same—
actually the drift factor for the entire P (i→ j)— so the products of the multiplic-
ities remain. Now these multiplicities depend only on the relative strides and no
longer on the explicit start and stop, m,m′ and n, n′.

The simplifying feature in the products of the P -factors on the right hand side of
(20) is that the product of the drift factors is independent of the number of factors
because the Γ-factors for intermediate points cancel.

Example 4. The illustration for the case of two factors:

(21) P (i→ k)P (k → j) =

(
(k − i)(m̄+ n̄)

(k − i)m̄

)
B(km̄, kn̄)

B(im̄, in̄)

×
(

(j − k)(m̄+ n̄)

(j − k)m̄

)
B(jm̄, jn̄)

B(km̄, kn̄)

=

(
(k − i)(m̄+ n̄)

(k − i)m̄

)(
(j − k)(m̄+ n̄)

(j − k)m̄

)
B(jm̄, jn̄)

B(im̄, in̄)
,

and the last factor, the Γ-ratio, is independent of k.

(22) Q(i→ j) =
B(jm̄, jn̄)

B(im̄, in̄)

[((j − i)(m̄+ n̄)

(j − i)m̄

)
−
∑

i<k<j

(
(k − i)(m̄+ n̄)

(k − i)m̄

)(
(j − k)(m̄+ n̄)

(j − k)m̄

)

+
∑

i<k<l<j

(
(k − i)(m̄+ n̄)

(k − i)m̄

)(
(l − k)(m̄+ n̄)

(l − k)m̄

)(
(j − l)(m̄+ n̄)

(j − l)m̄

)

−
∑

i<k<l<m<j

(
(k − i)(m̄+ n̄)

(k − i)m̄

)(
(l − k)(m̄+ n̄)

(l − k)m̄

)(
(m− l)(m̄+ n̄)

(m− l)m̄

)(
(j −m)(m̄+ n̄)

(j −m)m̄

)
±· · ·

]
.
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m̄ n̄ i j Q(i→ j) Q(i→ j)
1 1 1 3 1/15 0.0666667
1 1 1 4 1/35 0.0285714
1 1 1 5 1/63 0.0158730
1 1 2 4 3/35 0.0857143
1 1 2 5 4/105 0.0380952
1 1 2 6 5/231 0.0216450
1 1 3 5 2/21 0.0952381
1 1 3 6 10/231 0.0432900
1 1 3 7 25/1001 0.0249750
2 1 1 3 1/14 0.0714286
2 1 1 4 7/220 0.0318182
2 1 1 5 18/1001 0.0179820
2 1 2 4 1/11 0.0909091
2 1 2 5 6/143 0.0419580
2 1 2 6 75/3094 0.0242405
2 1 3 5 72/715 0.1006993
2 1 3 6 21/442 0.0475113
2 1 3 7 9/323 0.0278638
3 1 1 3 4/55 0.0727273
3 1 1 4 3/91 0.0329670
3 1 1 5 91/4845 0.0187822
3 1 2 4 6/65 0.0923077
3 1 2 5 14/323 0.0433437
3 1 2 6 364/14421 0.0252410
3 1 3 5 33/323 0.1021672
3 1 3 6 150/3059 0.0490356
3 1 3 7 2/69 0.0289855
3 2 1 3 20/273 0.0732601
3 2 1 4 95/2652 0.0358220
3 2 1 5 183/8602 0.0212741
3 2 2 4 385/4199 0.0916885
3 2 2 5 399/8602 0.0463846
3 2 2 6 244/8671 0.0281398
3 2 3 5 3003/29716 0.1010567
3 2 3 6 209/4002 0.0522239
3 2 3 7 45201/1406036 0.0321478

Table 3. Revisiting probabilities Q(i → j) for basic values of
ratios n̄/m̄ and start indices i. BecauseQ(i→ i+1) = P (i→ i+1),
the cases j = i+ 1 are not repeated from Table 2.

The square bracket on the RHS is an alternating sum of binomial products derived
from all compositions of j− i. The basic algebraic structure of generating functions
that produce such alternating sums is

(23)
g(z)

1 + g(z)
= g(z)− g(z)2 + g(z)3 − g(z)4 + . . . .

https://orcid.org/0000-0001-6017-6540
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m̄ n̄ f̄ = 2− 1/f [3]
1 1 1 + 2z + 2z2 + 4z3 + 10z4 + 28z5 + · · · A002420
1 2 1 + 3z + 6z2 + 21z3 + 904 + 429z5 + · · · A024485
1 3 1 + 4z + 12z2 + 60z3 + 364z4 + · · · A337291
1 4 1 + 5z + 20z2 + 130z3 + 1020z4 + · · · A337292
2 2 1 + 6z + 34z2 + 300z3 + 3146z4 + · · · A337350
2 3 1 + 10z + 110z2 + 1805z3 + 34770z4 + · · · A337351
3 3 1 + 20z + 524z2 + 19660z3 + 854380z4 + · · · A337352

Table 4. Examples of series inversions of fm̄,n̄.

In the case of (22) the weak compositions (admitting parts equal to zero, contribu-
tions from walks that stay on a lattice point) need to be discarded; the coefficient
[z0]f(z) is eliminated and the applicable alternating sign series is

(24) f(z)−[f(z)−1]2+[f(z)−1]3−[f(z)−1]4+. . . = 1+[f(z)−1]
1

f(z)
= 2− 1

f(z)
.

Definition 6. (Inverted binomial series)

(25) f̄m̄,n̄(z) ≡ 2− 1

fm̄,n̄(z)
.

The structure of (22) rewritten with the inverted series is

(26) Q(i→ j) =
B(jm̄, jn̄)

B(im̄, in̄)
[zj−i]f̄m̄,n̄(z).

f̄ is a series inversion of f , and the terms can be computed recursively from the
terms of f , the convolution [f̄m̄,n̄(z)− 2]fm̄,n̄(z) = −1 [1, 3.6.16][6, 0.313].

Remark 5. This result can also be obtained from (18) by canceling a common
factor B(jm̄, jn̄)/B(im̄, in̄) on both sides, multiplying and summing over zj−i, and
converting the convolution on the right hand side into a product of generating func-
tions.

This is a transit from Table 1 to Table 4.

Conjecture 1. For m̄ = 1 (equivalent to n̄ = 1 because fi,m̄,n̄ = fi,n̄,m̄ is symmet-
ric) consecutive coefficients [zk] and [zk−1] of f̄1,n̄ also obey 2-term P-recurrences:

(27)

n̄−1∏
s=0

(n̄k−s)[zk]f̄1,n̄(z) = (n̄+1)

n̄+2∏
s=2,s6=n̄+1

((n̄+1)k−s)[zk−1]f̄1,n̄(z), k > 1;

(28)

(
n̄k

n̄

)
[zk]f̄1,n̄(z) =

1

k − 1

(
(n̄+ 1)k − 2

n̄+ 1

)
[zk−1]f̄1,n̄(z), k > 1.

This does not translate straight into a generalized hypergeometric function for f̄1,n̄(z)
because the recurrence does not start at k = 1.
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5. Expectation of First return

The expectation value for the number of draws of the urn (resp. steps of the
walk) up to the first return on the reference line is is the product of the number of
steps k(m̄+ n̄) needed times their probabilities,
(29)

Ei,m̄,n̄ =
∑
k≥1

k(m̄+n̄)Q(i→ i+k) = (m̄+n̄)
∑
k≥1

k
B((i+ k)m̄, (i+ k)n̄)

B(im̄, in̄)
[zk]f̄m̄,n̄(z).

Remark 6. Extraction of the k-th coefficient of a generating function and multi-
plication with k may be relayed to the first derivative [15, §2.2]

(30) Ei,m̄,n̄ =
m̄+ n̄

B(im̄, in̄)

∑
k≥1

B((i+ k)m̄, (i+ k)n̄)[zk−1]f̄ ′m̄,n̄(z).

I have not found a closed form for that expectation value. Numerical experimen-
tation by accumulating the probabilities for j = i + 1 to i + max k suggests that
the series of the expectation value does not converge to finite values: Table 5.

The probability of return to the reference line in the last column seems to have
definite limits obtained by extrapolation [16]:

m̄ n̄ i
∑∞

k=1Q(i→ i+ k)
1 1 1 ≈ 0.5
1 1 2 ≈ 0.625
1 1 3 ≈ 0.6875
2 1 1 ≈ 0.4858
2 1 2 ≈ 0.60565
2 1 3 ≈ 0.6671
3 1 1 ≈ 0.47852

6. Summary

The probability that an initial ratio of n̄/m̄ of the numbers of two-colored balls
in the Eggenberger-Pólya urn model appears for the first time after a finite number
of steps is given by (26) in terms of the coefficients of an inverse of a generating
function of binomial series. There is strong numerical evidence that the expectation
value for the number of steps of recurrence to the initial ratio is infinite.
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