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Abstract: In this paper we continue our previous investigation about the use of stress
function in the flow of generalized Newtonian fluids through conduits of circular and non-
circular (or/and multiply connected) cross sections where we visualize the stages of yield in
the process of flow of viscoplastic fluids through tubes of elliptical, rectangular, triangular
and annular cross sections. The purpose of this qualitative investigation is to provide an
initial idea about the expected yield development in the process of flow of yield-stress fluids
through tubes of some of the most common non-circular (and non-simply-connected) cross
sectional geometries.[1]
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tubes, triangular tubes, annular tubes, non-Newtonian fluids, rheology, fluid mechanics,
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[1] All symbols are defined in § Nomenclature in the back of this paper.
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1 Introduction

Yield-stress is a complex phenomenon which is difficult to understand, quantify and model.
There are many investigations of various aspects of the rheology and flow of yield-stress
fluids in bulk and in situ within various conditions, contexts, topics, applications and so
on (see for instance [1–23]). We also investigated in the past a number of issues about
yield stress fluids (such as their yield condition and the flow rate) in circular tubes, thin
slits and networks of circular tubes (see for instance [24–28]) as part of our interest in
fluid mechanics in general and non-Newtonian fluids in particular (especially the flow of
generalized Newtonian fluids in tubes, slits and networks of interconnected tubes).

However, we are not aware of systematic investigations of the stages of yield of yield-
stress fluids in tubes of non-circular (or multiply connected) tubes. In this study we
employ the idea of stress function which we propose to use previously (see [29, 30]) to
investigate the flow of generalized Newtonian fluids in conduits of various cross sectional
geometries (i.e., circular, non-circular with simple or multiple connectivity). The study is
simply based on visualizing the stress function (and hence the development of yield stages
which is based on the stress function) of tubes of four cross sectional geometries: ellipse,
rectangle, equilateral triangle, and circular annulus.

We recognize that yield stress is a very complex phenomenon (see for instance [31–36])
and hence this study should provide no more than a rough initial qualitative idea about
the stages of yield. However, it should be very useful for those who investigate this subject
since these visualizations provide them with some rough ideas and rules of thumb that
may be used to start their investigation and monitor the progress since such ideas and
rules can prevent making gross errors and bad judgments.
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2 Ellipse

For a conduit centered on the origin of coordinates with an elliptical cross section of semi-
major axis a along the x axis and semi-minor axis b along the y axis (refer to Figure 1)
the components of the stress function are given by:

τxz = −∂p

∂z

b2x

a2 + b2
(1)

τyz = −∂p

∂z

a2y

a2 + b2
(2)

The magnitude of this stress function is visualized in Figure 2 and the yield stages are
visualized in Figure 3.
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Figure 1: The setting of the elliptical cross section of the tube where a and b represent
the semi-major and semi-minor axes and O is the origin of coordinates. The z axis is
emanating from the origin and is perpendicular to the plane of cross section.
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Figure 2: 2D and 3D visualizations of the stress function for an elliptical tube with a = 3
and b = 2 with a typical pressure gradient.
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Figure 3: Visualization of the stages of yield for a tube of elliptical cross section.
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3 Rectangle

For a conduit centered on the origin of coordinates with a rectangular cross section of
half length a along the x axis and half width b along the y axis (refer to Figure 4) the
components of the stress function are given by:

τxz = −∂p

∂z

8b

π2

∞∑
i=1,3,5,...

(−1)(i−1)/2

i2
sinh (iπx/2b)

cosh (iπa/2b)
cos (iπy/2b) (3)

τyz = −∂p
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[
y − 8b

π2

∞∑
i=1,3,5,...

(−1)(i−1)/2

i2
cosh (iπx/2b)

cosh (iπa/2b)
sin (iπy/2b)

]
(4)

The magnitude of this stress function is visualized in Figure 5 and the yield stages are
visualized in Figure 6.
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Figure 4: The setting of the rectangular cross section of the tube where a and b represent
the semi-length and semi-width and O is the origin of coordinates. The z axis is emanating
from the origin and is perpendicular to the plane of cross section.
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Figure 5: 2D and 3D visualizations of the stress function for a rectangular tube with a = 3
and b = 2 with a typical pressure gradient.
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Figure 6: Visualization of the stages of yield for a tube of rectangular cross section.
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4 Triangle

For a conduit with an equilateral triangular cross section of side a in the coordinates
system given in Figure 7 the components of the stress function are given by:

τxz = −∂p

∂z

√
3
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(
a
√
3

2
− y

)
x (5)

τyz = −∂p
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1
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√
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(
−3x2 + 3y2 − a

√
3y
)

(6)

The magnitude of this stress function is visualized in Figure 8 and the yield stages are
visualized in Figure 9.
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Figure 7: The setting of the triangular cross section of the tube where a represents the
length of each side of the triangle and O is the origin of coordinates. The z axis is
emanating from the origin and is perpendicular to the plane of cross section.
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Figure 8: 2D and 3D visualizations of the stress function for an equilateral triangular tube
with a = 3 with a typical pressure gradient.
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Figure 9: Visualization of the stages of yield for a tube of triangular cross section.
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5 Annulus

For a concentric circular annulus with an outer radius a and an inner radius b (refer
to Figure 10), using a cylindrical coordinates system whose z-axis is oriented along the
annulus axis of symmetry, the components of the stress function are given by:

τrz = −∂p

∂z

1

4

[
2r +

(a2 − b2)

ln (b/a)

1

r

]
(7)

τθz = 0 (8)

This stress function is visualized in Figure 11.[2] An interesting thing about the annulus
stress function is that it has opposite signs in the regions at the proximity of the two walls
(i.e. inner and outer walls). However, a logical assumption is that the yield depends on
the magnitude of the shear stress where this magnitude is visualized in Figure 12. So,
according to this “stress function” (which represents the magnitude) the yield stages will
look like what is visualized in Figure 13.
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O

Figure 10: The setting of the annular cross section of the tube where a and b represent
the outer and inner radii of the annulus and O is the origin of coordinates. The z axis is
emanating from the origin and is perpendicular to the plane of cross section.

[2] Actually, what is visualized is τrz with sign reversal.
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Figure 11: 2D and 3D visualizations of the stress function for an annular tube with a = 4
and b = 2 with a typical pressure gradient.
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Figure 12: 2D and 3D visualizations of the magnitude of the stress function for an annular
tube with a = 4 and b = 2 with a typical pressure gradient.
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Figure 13: Visualization of the stages of yield for a tube of annular cross section.
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6 Conclusions

We outline in the following points the main achievements and conclusions of the present
paper:
1. We continued our previous investigations about yield stress phenomenon in the flow

of conduits and networks by inspecting the expected yield development for the flow
of yield-stress fluids in tubes of non-circular or multiply connected cross sections in a
number of geometries (i.e. ellipse, rectangle, equilateral triangle, and circular annulus)
by using the idea of stress function.

2. We visualized the stress function and the stages of yield for the flow of yield-stress fluids
through tubes of the aforementioned four cross sectional geometries, i.e. elliptical, rect-
angular, equilateral triangular, and circular annular. Inspection of these visualizations
indicates their sensibility and usefulness.

3. This investigation should provide a general idea about the yield condition and the
yield stages and hence it can be used as a starter for more complex investigations of
quantitative nature where velocity profile and volumetric flow rate (as well as other
physical quantities and attributes) can be considered.

4. We recognize that yield-stress phenomenon is more complex to be investigated and
analyzed properly and rigorously by this simplistic visualization method. However,
our investigation should provide a clear idea about the nature of the stress function
of the investigated geometries. Moreover, it should provide a reasonable starter for
investigating the yield condition and the stages of yield development in these geometries.

5. We look for more investigations of this type by other researchers in this field to improve
our understanding of the yield-stress phenomenon.
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Nomenclature

2D, 3D two dimensional, three dimensional

a length of side of equilateral triangle (m)

a, b semi-major and semi-minor axes of ellipse (m)

a, b semi-length and semi-width of rectangle (m)

a, b outer and inner radii of circular annulus (m)

p pressure (Pa)

r radius (m)

x, y, z coordinate variables (usually spatial coordinates)

τxz, τyz, τrz, τθz shear stress components (Pa)
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