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Abstract

This study presents the mathematical derivation of Vacuum Localized Strctures (VLS), gravitationally stable spacetime
structures, as an alternative to dark matter. Assuming galaxies are embedded in galactic-sized VLS, the observed flat galaxy
rotation curves can be explained without requiring the standard dark matter halo. This concept has been applied to the case of
the Milky Way and profiles of density, pressure and rotation velocity have been derived, demonstrating a close correspondence
with the observations. The VLS Gaussian density profile naturally explains the flat central density cores observed in dwarf
galaxies, providing a compelling solution to the core-cusp problem. Furthermore, the early formation of VLS shortly after the
Big Bang offers a framework for understanding the rapid emergence of massive galaxies, addressing the challenges posed by
recent James Webb Space Telescope observations. These findings suggest that VLS could serve as both the gravitational
scaffolding for galaxy formation and a replacement for cold dark matter, unifying multiple cosmological phenomena under a
single theoretical framework.
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1. Introduction

The enigmatic nature of galaxy rotation curves, first observed in the 1970s, remains one of the most
compelling puzzles in astrophysics. Measurements of rotational velocities in galaxies exhibit a surprising
flatness at large radii, deviating from the expected Keplerian decline. This phenomenon has traditionally
been attributed to the presence of unseen mass, commonly referred to as dark matter. However, despite
decades of dedicated research, direct detection of dark matter particles has proven elusive [1], motivating
alternative explanations rooted in the fundamental physics of gravitation.

In this context, we revisit the concept of gravitational VLS, self-sustaining field configurations governed
purely by Finstein's Field Equations (EFE) [2]. Originally introduced by John Archibald Wheeler in 1955,
geons (“gravitational electromagnetic entity”’) were envisioned as stable, localized energy constructs
formed from gravitational and electromagnetic fields [3]. However, these geons were primarily considered
in small-scale scenarios, often limited by their susceptibility to radiation leakage and other instabilities.
Wheeler did not present explicit geon solutions to the vacuum Einstein field equation, a gap which was
partially filled by Brill and Hartle in 1964 [4]. In their paper they applied their method to the case of a
static spherically symmetric background geometry and found that gravitational waves can remain confined
in a region for a time much longer than the region’s light-crossing time. This so-called gravitational geon
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is generated by a large number of high frequency, small amplitude gravitational waves. The time average
of the curvature due to these waves creates the background geometry of the geon, and this background
geometry traps the waves for a long time in a region of space called the “active” region.

In this paper, we will investigate another type of solution which is very different in nature from previously

investigated types of geons. Here we will focus on a spherically symmetric, stationary VLS with a spatial
extension similar to that of galaxies, or even larger. The existence of such VLS was already conjectured
in 1998 [5], although a mathematical proof was not provided. Strictly speaking, the only non-trivial,
matter-free solutions to the Einstein Field Equations are the Schwarzschild and Kerr spacetimes.
Nevertheless, we will here introduce a special (non-zero) stress-energy tensor with an equation of state
reminiscent of the vacuum. We find then exact, non-trivial, analytical solutions to the EFE. Imagining that
galaxies are embedded within such VLS, we will demonstrate that it is possible to explain the observed,
relatively flat, galaxy rotation curves. Further, it will be argued that such galactic sized VLS can play a
role in galaxy formation, providing an explanation for the observation of galaxies in the early universe
(300 million years after the Big Bang), which are difficult to explain within the standard ACDM model
[6-8].

2. Mathematical VLS description
2.1. Einstein Field Equations
We consider a static, spherically symmetric spacetime
ds? = —e?®Mc2dt? + 2 M dr? + 1r2(d6? + sin?6 d¢p?). ()

The anisotropic stress—energy tensor is

T#, = diag(—pc?, py, Pr, P)- 2)
Einstein’s equations
876G
G, = %Tuv 3)

yield the independent components:
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From the conservation equation
V,TH =
P’ = —(pc + p)® +2(p, — py).
Solving for p;:
pe = pr+op + 5 (pc? +p)d!

We now assume a weak and slowly varying gravitational field, so that

|®P| « 1, 4] < 1, r|®'| < 1, r|A'| « 1,

(7
®)

(10)

and all products of small quantities are neglected. The metric functions are expanded as

e?® =1+ 29, e?h ~ 1+ 24,
e 2 ~1-2A.
Keeping only terms linear in @ and A, the Einstein equations reduce to

(tt) component

241 | 24 _ 8mG

r rz_czp'

(rr) component

291 2A _ 8mG

S TR Al

(66) component

201 A1 8mG

YT e
Adding the three equations gives
41 A1 8nG 8nG
(p"+7+7 =C—2p +c_4(pr +2pt)-

(11)

(12)

(13)

(14)

(15)

In the slow—variation regime, r|A’| < 1, the remaining A’/r term is of higher order in the weak—field

expansion and may be neglected. The combined equation then reduces to

o + 2 = T2 (p 4 By B),

T c?

This has the form of a relativistic Poisson equation,

1d 4G ;L2
V2 = =—(r2@') ~ :—Z(p +%+%),

r2dr

(16)

(17)

showing that the active gravitational source is the Tolman combination p + p,/c? + 2p,/c?.

Equation of State (see section 2.4) ,



R. Van Nieuwenhove

in which a is a constant.

From the conservation equation:

arc? ,  (1-a)rc?

pe = —apc? ———p' +——p@’

We assume a Gaussian density profile;
p(r) = poe /¥, ' =
To leading weak—field order (dropping p@®' terms):
2 r? 2
pr = —apc” + a—pPc.
Thus
o 2 2\ _.2/p2
peff=p+% %=p0(1—3a+2a%>e TR,

The Poisson equation becomes

2
12 (r2¢) = LLCLZG,DO (1 —3a+ Za%) e /R

r2dr

Regularity at the origin implies

,2
r2!(r) = ko for (1 —3a + 2a ;—2) r'2e=T* /R gyt

c2

one obtains after simplification

3 2
D'(r) = —MCGZPO [—TS erf(r/R) — %e‘TZ/RZ — are‘rz/Rz].

Imposing @ (o) = 0,
() =—["0'(s)ds,
which gives

ATTG po VTR r 4TGpy aR?> _,2/p2
D(r) = — L0 erf () + LT o /R,
c? 4r R c? 2

It is useful to rewrite the potential by factoring out the universal constant 47G p,/c?:

o0) = () 28 ]

Introducing x = /R, one has

do _ 1do
dr ~ Rdx’

(18)

(19)

(20)

21

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)
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The dimensionless derivative is

do _ 4nGpoR* [Vr I - —x2
= e erf) — e axe ] (30)
so that
__4mGpoR*[ +m a _x2?
d(x) = — [ " erf(x) + S e x ] (31)

2.2. Circular velocity profile

In the weak—field and non-relativistic limit, the radial acceleration of a test particle is

GM(r)  ,d®

ar(r) =-——3-—c*—, (32)

where M (r) is the enclosed ordinary (baryonic) mass and @(r) is the gravitational potential generated
by the vacuum localised structure.

The circular velocity profile can be written as

V(x) = \/%ﬁ” +xc? 22, (33)

2.3. Total mass of the VLS

The mass that controls the external field is

Meg = 41 [” pege () T2dr. (34)
For our Gaussian model with p, = —apc?, one finds
2
Pesr(T) = po (1 —3a+ 2a %) e TR, (35)

Carrying out the integral explicitly, one finds that all a-dependence cancels, and
Mege = m3/% po R3. (36)

2.4. Choice of the equation of state

The parameter o controls the relation between the radial pressure and the energy density, p, = —apc?,
and therefore determines the relative importance of vacuum-like stresses in the interior of the structure. In
the present model, the effective gravitational source entering the weak-field equation is the Tolman
combination pegr = p + p,/c? + 2p,/c?. For a Gaussian density profile one finds peg(r) = po(1 — 3a +
2ar?/R?) e "*/R* This shows that the central active density is pegr(0) = po(1 — 3). For a@ > 1/3 the
core becomes gravitationally repulsive, whereas for ¢ < 1/3 the structure behaves as an ordinary
attractive mass distribution. The value & = 1/3 is therefore critical: the central active density vanishes,
the force is neither attractive nor repulsive at the origin, and the gravitational field is generated entirely by
a surrounding shell. This choice excludes an unphysical repulsive core while still allowing nontrivial
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vacuum stresses to shape the interior field. Interestingly, @ = 1/3 also corresponds to the equation of
state of an isotropic radiation fluid, p = pc?/3, although the present configuration remains intrinsically
anisotropic. In this sense, ¢ = 1/3 represents a natural boundary between matter-like and vacuum-
dominated regimes and provides a minimal vacuum-localised structure with purely attractive gravity.

A common misconception in gravitational physics is that a negative radial pressure, such as the equation
of state (equation (19)), necessarily leads to instability. While negative pressure is often associated with
repulsive effects in cosmology, in localized gravitational systems, it can contribute to a stable equilibrium
when properly balanced. For instance, the Tolman-Oppenheimer-Volkoff (TOV) equation describes
equilibrium in relativistic stars, allowing stable configurations with anisotropic pressures, including
negative radial pressure in certain regimes [9][10]. Additionally, various stable gravitational structures
exhibit regions of negative pressure. A key example is the gravastar model [10], in which an interior de
Sitter-like vacuum state (p = - p ¢?) is enclosed by a thin shell, maintaining a stable structure without
collapse. Similarly, traversable wormhole solutions require exotic matter with negative pressure to support
their throats [11][12], yet under appropriate conditions, such configurations can be dynamically stable.
Furthermore, cosmological de Sitter space, which dominates the large-scale universe today due to dark
energy (p = - p ¢?), is itself a maximally symmetric and stable solution of Einstein’s equations [13]. These
examples demonstrate that negative pressure does not inherently lead to instability and can instead be a
key ingredient in constructing equilibrium configurations in General Relativity.

It is interesting to note that we are still free in the choice of the energy density at the origin, as well as in
the value of the scale length R in the Gaussian energy density profile. So, these solutions can describe
very small entities (scale of atoms) to very large entities (scale of galaxies or larger). Also, it is very likely
that solutions, similar to this one, can be found in which the VLS rotates.

3. Application to the Milky Way

In the following we will imagine that our galaxy is embedded in a VLS, extending beyond the galaxy. As
an example, we will take the case of the Milky Way (MW).

There is still a significant uncertainty in the total mass of the MW, and here we will consider some
reasonable values for total, baryonic and bulge mass only for the sake of providing an idea of the effect of
the geon on the galaxy rotation curve. Our aim is thus not to provide a detailed modelling of the MW. On
the other hand, there are recent rotation curve results by the Gaia DR3 measurements [17] which we will
use as a guidance. These results show rotation velocities of the order of 230 km/s, some decline beyond
15 kpc and a pronounced decline beyond 19 kpc. In our very simplistic model, we will use here a uniform
(baryonic mass) of 4.6 10'° Mo up to a radius of 4 kpc. If we assume for instance a total mass of the MW
0f2.26 10" Mo and a baryonic mass 4.6 10! Mo we will choose the mass of the VLS to be the difference

between the two, namely 1.8 10'! Mo. Using the equation for the total mass of the VLS (Equation 36), we
obtain a central density of 3 102! kg/m>. Thus, the VLS mass takes the roll of “dark matter”. Then we
chose a suitable scale length (R) of the Gaussian energy density profile, and we adjusted the central density
such as to obtain the required total mass of the VLS. The scale length in this case should be somewhere
between 8 and 12 kpc and in what follows, we choose the value R = 9 kpc. In fact, at this point, we use it
as a fitting parameter to the MW rotation curve. However, this might also hint to a connection between
the mass accumulated in the VLS (see next chapter) and the properties of the VLS.
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The calculated pressure profiles are shown in 1. Note the region in which the tangential pressure changes
sign.
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Figure 1. Radial (p;) and tangential (p;) pressure profiles of the VLS. The pressure, in units of Pa, is obtained
by multiplying the vertical scale by a po.

Finally, the impact of the VLS on the Milky Way rotation curve (simplistic model) is shown in 2. The
additional mass of the VLS results in a relatively flat rotation curve and a decline in the region 15-20 kpc
(in agreement with recent observations [17]).
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Figure 2. Calculated velocity profiles for the Milky Way (simplistic model), showing the Newtonian decay and
the relatively flat profiles obtained by the additional force of the VLS.
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4. Early galaxy formation and the role of VLSs

The ACDM model predicts a hierarchical structure formation process. Dark matter halos form first,
through gravitational collapse, providing the scaffolding for baryonic matter to cool and condense into
stars and galaxies. However, recent observations from the James Webb Space Telescope (JWST) of
massive, mature galaxies at only 250-300 million years after the Big Bang seem to challenge this scenario

[18].

The rate of star formation in these galaxies appears inconsistent with the cooling timescales of baryonic
gas expected under the ACDM model. These galaxies show signs of well-developed morphologies, such
as disk-like or compact structures, which are surprising given the chaotic environments expected during
early galaxy formation.

VLSs, hypothesized as localized configurations of spacetime, offer an alternative mechanism for
structure formation. Unlike dark matter, VLS are fundamentally gravitational phenomena and may have
unique properties that make them ideal candidates for explaining early galaxy formation.

In this hypothesis, VLS could form very early in the universe's history, shortly after the inflationary phase
ended (=102 seconds). During this period, quantum fluctuations in the spacetime fabric—amplified by
inflation—could generate regions of intense curvature. These regions might stabilize into VLS through
quantum gravitational effects. Importantly, VLS could form seconds to minutes after the Big Bang, far
earlier than the formation of large dark matter halos (between 100000 yr to 300 Myr years after the Big
Bang). VLS forming almost immediately after inflation, could begin clustering well before recombination.
Once baryonic matter decoupled from radiation, VLS would already have deep potential wells in place,
potentially allowing them to attract baryonic matter more efficiently than dark matter halos. This earlier
gravitational influence might explain how galaxies could form more rapidly and maturely than expected
under the standard dark matter model.

The size and "depth" of a VLS (related to its curvature profile and energy density) could determine the
amount of baryonic matter it captures. This provides a physical basis for the observed relation between
galaxy size and mass.

5. VLS as a solution to the cusp-core problem

The Navarro-Frenk-White (NFW) profile [19], which describes the density of dark matter halos based on
simulations, predicts a cuspy central density scaling as 1/r. At small radii, this results in a steep rise in the
density near the halo center. In contrast, observations of dwarf galaxies and low-surface-brightness
galaxies often show a core, where the density flattens to a roughly constant value near the center [20].
This discrepancy challenges the validity of the standard cold dark matter model or suggests that additional
physical processes (e.g., baryonic feedback, alternative dark matter models, or VLS) are needed to explain
the observations [21]. One of the most promising solutions to this cold dark matter issue is the stellar
feedback mechanism but it seems to be only designed for gas-rich dwarfs, while the problem still remains
for gas-poor dwarf spheroidal galaxies. Here, VLS with a Gaussian density profile could provide a natural
solution since the gradient of the density becomes zero at the centre.
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6. Discussion

The VLS solutions rely implicitly on assumptions about the quantum vacuum’s properties. While the
vacuum is often treated as homogeneous and isotropic, its complexity at microscopic scales suggests the
potential for anisotropic effects, such as direction-dependent pressures. These effects could play a
significant role in the stability and structure of VLS and might have observable consequences in galaxy
dynamics. Understanding the interplay between these effects and the broader cosmic environment remains
an intriguing direction for future research.

VLS also offer testable predictions that could distinguish them from standard dark matter models. Their
smooth density profiles may produce gravitational lensing patterns and rotation curves subtly different
from those predicted by dark matter halos with Navarro-Frenk-White profiles. Additionally, their role in
early galaxy formation could leave imprints on the large-scale structure of the universe or in the properties
of high-redshift galaxies observed by telescopes like the James Webb Space Telescope.

Their behavior across different scales, ranging from dwarf galaxies to galaxy clusters, requires deeper
analysis. Integrating VLS into the broader cosmological framework, particularly in relation to dark energy
and cosmic expansion, is also an open question.

The concept of vacuum localised structures is not limited to spherical symmetry. The same theoretical
framework naturally allows for cylindrically symmetric configurations, corresponding to extended,
filament-like vacuum structures. This is particularly intriguing in light of the observed cosmic web, where
matter is distributed along vast filaments connecting clusters and superclusters of galaxies. In such a
picture, cosmic filaments would not merely be passive concentrations of dark matter, but could represent
gravitationally active vacuum structures that shape the large-scale geometry of matter and influence the
formation, motion, and alignment of galaxies along preferred directions. Cylindrical VLS would provide
a natural mechanism for long-range gravitational organisation without requiring particulate dark matter to
be locally concentrated within the filaments themselves. A systematic analysis of cylindrically symmetric
VLS solutions and their gravitational properties will be developed in a forthcoming work.

7. Conclusions

It has been shown that a VLS type solution exists to the Einstein Field Equations with a Gaussian density
profile and for which the radial pressure is minus one third of the energy density, being reminiscent of a
vacuum equation of state. Real VLS solutions could exist within the framework of modified or extended
gravity theories. Such galactic sized VLS can take over the role of dark matter, being distributed
gravitational structures with a significant mass content. It has been shown that the observed relatively flat
galaxy rotation curves can be explained when considering the galaxies to be embedded in large VLS. In
particular, the rotation curve for the Milky Way has been modelled using a simple baryonic mass profile
embedded in a VLS. Besides explaining the flat rotation curves, the VLS concept can also offer an
explanation to the observation of mature galaxies in the early universe, and it offers also a solution to the
core-cusp problem in gas-poor dwarf spheroidal galaxies. Finally, cylindrical VLS could represent
filaments of the large-scale cosmic web.
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