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Abstract

Quantum fluctuations, usually arising from the inherent uncertanity in the
quantum fields, are pivotal in understanding the the universe at both the
small and large scales. Despite the fact that fluctuations are usually unob-
servable rather small, they give significant observable effects during specific
epochs under specific conditions. During the early epochs of the universe the
fluctuations were scaled, resulting into the primordial density perturbations
that gave rise to the large scale structure of universe and the observed
inhomogenities. In this paper we study the basic origin, structure, evolution
and the imprints of fluctuations during inflationary period resulting into the
large-scale structure formation. We use the Mukhanov-sasaki formalism to
model scalar perturbations, embedding the theoretical results into observations.
Theoretical predictions show almost scale-invariant power spectrum with
stringent constraints on the inflationary parameters. It further states that in
the very early universe the inflatons that is quanta of primordial field were
highly filled in the degenerate quantum state. This carry large potential energy
that resulted in an exponential expansion of universe. During post inflationary
period the inflaton dominated the Universe’s energy density; they interact
among themselves and due to non-linear effects, these inhomogeneities grow
which amalgamate into spatially distinguishable patches in our observable
universe. Our understanding projects us towards the fact that fluctuations
play a pivotal role in understanding the structure formation at micro, macro,
and far-macro scales. This study also addresses the significance of quantum
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fluctuations in cosmic evolution and manifests the enduring relevance in
addressing some of the profound mysteries of our universe.

Keywords: Quantum fluctuations, Inflation, Cosmology, Large scale structures,
Density Perturbations , inflaton field, Power spectrum,correlation functions

1 Introduction

Quantum fluctuations are one of the most profound and fundamental con-
sequences in quantum physics, and stands as a pillar in understanding the
behavior in the smallest and largest parts of the universe. They arise from
the fundamental uncertainties that are encoded in the principles of quantum
mechanics, such as Heisenberg’s uncertainty principle, according to which it
is impossible to measure or know certain pairs of physical properties, such as
position and momentum or energy and time, with arbitrary precision simulta-
neously. This inherent ”fuzziness” of the quantum world gives rise to temporary
and spontaneous changes in the energy or state of a system, even in what we
perceive as empty space. At the heart of quantum fluctuations lies the concept
of the quantum vacuum, a state that is far from being truly ”empty.” Unlike
the classical notion of a vacuum as a complete void, the quantum vacuum is a
dynamic sea of virtual particles constantly appearing and annihilating, a direct
consequence of quantum field theory.

These ripples take the form of temporary violations of classical energy
conservation, allowed by the uncertainty principle, and play a critical role
in determining the nature of reality. These are not just abstract ideas but
have profound physical consequences, from the forces between particles to
the structure of spacetime itself. Quantum fluctuations are at the heart of
many of the most important phenomena in physics. For example, they provide
the underlying mechanism for the Casimir effect. In cosmology, quantum
fluctuations during the inflationary epoch of the early universe were stretched
to macroscopic scales, seeding the formation of large-scale structures such as
galaxies and galactic clusters. They are responsible for Hawking radiation in
black hole physics, wherein the particle-antiparticle pairs created near the
event horizon result in emission of radiation. The above examples indicate
that quantum fluctuations are quite universal across vast domains of physics.
Quantum fluctuations form a subject of study bridging across quantum field
theory, general relativity, thermodynamics, and condensed matter physics.

They come forth as quantum field theory perturbations around the vacuum
state, the fluctuations are always probabilistic; the correlation functions quantify
the statistical relationships between the values of fields at different space-
time points. This statistical treatment predicts measurable effects but also
offers insights into the interplay between quantum mechanics and classical
phenomena. Cosmologically, quantum fluctuations are responsible for the very
fabric of the observable universe.
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Quantum fluctuations in the scalar field driving inflation during the infla-
tionary phase of the early universe were amplified and stretched to astronomical
scales. These fluctuations, frozen as density perturbations, eventually led to
the formation of galaxies and other cosmic structures observed today. The
anisotropies in the Cosmic Microwave Background (CMB), the relic radiation
from the Big Bang, are direct imprints of these primordial quantum fluctua-
tions, providing one of the most compelling pieces of evidence for their existence.
They are integral to our current understanding of vacuum stability and the
spontaneous symmetry breaking that controls fundamental forces and particle
behavior. Despite their pervasive influence, quantum fluctuations remain a
deeply enigmatic and profoundly intriguing topic in theoretical physics.They
challenge classical intuitions about the nature of energy, space, and time, and
force us to rethink fundamental concepts like causality and locality. Experi-
mental evidence, such as the precise measurements of the Casimir force, the
detection of vacuum polarization effects, and the observations of the CMB
anisotropies, have confirmed their theoretical predictions to remarkable accu-
racy, solidifying their status as a cornerstone of modern physics. As we continue
to probe the quantum realm, quantum fluctuations remain at the frontier of
many unresolved questions.

We will be particularly studying the theoretical foundation, mathematical
descriptions, and the physical implications of quantum fluctuations that play a
key role in the large scale structure formation.

2 Theoretical Framework:

The large-scale aggregation of matter in the universe, known as gravitational
clustering, originates from primordial quantum fluctuations during inflation.
These quantum fluctuations become seeds for density perturbations, which
later evolve under gravity to form cosmic structures such as galaxies, clusters,
and the large-scale cosmic web. A robust theoretical approach to describe
these phenomena is the Mukhanov-Sasaki formalism, which connects quantum
field fluctuations during inflation to the curvature perturbations that later
drive gravitational clustering by means of power spectrum P (k) and two-point
correlation function ξ(r) .

2.1 Quantum Origins of Density Perturbations

Density perturbations, the seeds for the formation of cosmic structures such
as galaxies and galaxy clusters, are seeded by quantum fluctuations of the
inflaton field during the inflationary epoch. The rapid expansion of the universe
stretches these fluctuations out, turning microscopic quantum phenomena into
macroscopic density variations and later to various manifestations of observable
universe.
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2.2 The Inflaton Field (ϕ)

Inflation, a period of exponential expansion in the early universe, is driven
by a scalar field called the inflaton field ϕ. The inflaton field’s potential
energy dominates during this epoch, leading to the accelerated expansion of
spacetime. The field ϕ is treated as a quantum field with small perturbations
superimposed on a homogeneous background

ϕ(x, t) = ϕ0(x, t) + δϕ(x, t)

where,
ϕ0 is the spatially homogeneous background field.
δϕ(x, t) represents quantum fluctuations.

The inflaton field and it’s conjugate momentum obeys the celebrated
Heisenberg’s Uncertainty principle as:

∆ϕ∆πϕ ⩾
h

4π

This means that the inflaton field cannot be absolutely homogeneous; rather, it
suffers inevitable quantum fluctuations. These are first confined to sub-horizon
scales and therefore behave like the quantum theory dictates.
The evolution of the inflaton field is described by the Klein-Gordon equation
in an expanding universe:

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0

Where,
H = ȧ

a is Hubble parameter.
V (ϕ) is an inflation Potential that governs the behaviour of inflaton field and
the dynamics of inflation.

2.3 Slow-Roll Approximation

During inflation, the inflaton field evolves slowly due to the dominance of the
potential energy V (ϕ) over the kinetic energy ϕ̇2. This is known as the slow-roll
approximation, where the following conditions are satisfied:

ϵ =
M2

p

2

(
V̇ (ϕ)

V (ϕ)

)2

≪ 1
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η =M2
p

(
V̈ (ϕ)

V (ϕ)

)
≪ 1

where ,
ϵ is the first slow-roll parameter, controlling the rate of change of the Hubble
parameter.
η is the second slow-roll parameter, controlling the curvature of the potential.
Mp is the reduced Plank mass.

Under the Slow-Roll approximation the second term dominates over the first
term hence the equation of motion is reduced to ;

3Hϕ̇+
dV

dϕ
= 0

This indicates that the field’s motion is primarily driven by the potential, and
the acceleration of the field is small.The scale factor a(t) of the universe grows
exponentially during inflation. The Hubble parameter H is approximately
constant,therefore universe expands exponentially, with the scale factor growing
as:

a(t) ∝ eHt

The slow-roll approximation is crucial in inflationary models because it allows
for an analytic understanding of the inflationary phase. Predictions related to
isotropy, homogenity and the CMB anisotropies.

2.4 Mukhanov-Sasaki Formalism

To study the effects of primordial quantum fluctuations regarding the large
scale structure formation we introduce a Mukhanov-Sasaki variable vk ,which
describes the quantum perturbations of scalar inflaton field in a gauge-invarant
manner, the variable may be defined as;

vk = a

(
δϕ+

ϕ̇

H
ψ

)

where, ψ is a scalar metric perturbation.

The evolution of vk is governed by the famous Mukhanov-Sasaki equation;

v̈k +

(
k2 − z̈

z

)
vk = 0

Where,

z = aϕ̇0

H
1

k is the comoving wavenumber.

1Dots over z denote derivatives with respect to conformal time.
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2.5 Evolutionary stages

2.5.1 Sub-Horizon Scale(k ≫ aH)

In this regime k2 dominates and the equation of motion approximates the
simple harmonic oscilltor as;

v̈k + k2vk = 0

These modes oscillate with a frequency proportional to k .The equation has a
corrosponding oscillatory solution , defining the quantum vaccum fluctuations
in Bunch-Davies Vaccum,

vk ∝ e±ιkη

2.5.2 Super-Horizon Scale(k ≪ aH)

In this regime z̈
z dominates and the equation of motion is reduced to;

v̈k − z̈

z
= 0

In this regime the amplitude of perturbations freezes , thereby preserving
the information about perturbations.Hence the perturbations become nearly
constant and the solution approximates to ;

vk ∝ Constant

2.5.3 Relation between vk and ζk

The curvature perturbation is a gauge-invariant quantity that describes
the spatial curvature of comoving hypersurfaces,it becomes constant on
super-horizon scales therefore used for tracking the evolution of density
perturbations.Hence defined as ;

ζk = −ψ −H
δq

ρ+ p
Where,
ψ is the curvature perturbation.
ρ and p are the energy density and pressure.
δq is the momentum perturbation.

The statistical properties of vk directly determine those of ζk as the two
quantities are related as;

ζk =
vk
z

Where,

z =
aϕ̇

H
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ϕ̇0 is background inflaton field’s time derivative.
a is the scale factor.
H = ȧ

a is the Hubble parameter.

3 Statistical Properties of Density Perturbations

The statistical properties of density perturbations are crucial for understanding
the formation of large-scale structure in the Universe. These perturbations,
which arise from tiny fluctuations in the distribution of matter and energy
in the early Universe, evolve under the influence of gravitational instability,
leading to the formation of galaxies, clusters, and larger-scale structures.The
concept of Jeans instability describes the conditions under which small density
fluctuations in a self-gravitating fluid will grow rather than damp out. This
criterion is applied to a gas of particles (or fluid), where gravity competes with
other forces (e.g., thermal pressure).The Jeans criterion provides the minimum
mass of a perturbation that can collapse under its own gravity.If the mass of
a region of gas exceeds the Jeans mass, the region will undergo gravitational
collapse. For instance, in the early Universe, smaller regions of high density
began to collapse into dark matter halos, later attracting baryonic matter to
form galaxies and galactic clusters.

3.1 Power Spectrum and Two-Point Correlation Function

The power spectrum is a measure of the distribution of power (or variance) of
fluctuations in a field, such as the density contrast, as a function of spatial
scale. It is usually used in Fourier space to describe how different spatial scales
contribute to the total variance of the field.It is the Fourier transform of the
two-point correlation function and gives insight into the distribution of density
fluctuations across different wavenumbers k.

In Fourier space, the density contrast δ(x) is written as a sum over modes
with wavenumber k

δ(x) =

∫
d3k

(2π)3
δ(k)eikx

The power spectrum P (k) is defined as the average squared amplitude of these
Fourier components:

P (k) =
〈
|δ(k)|2

〉
The value of k determine the spatial scale like galaxies, galactic clusters,
filaments and the cosmic-web.The power spectrum and the two-point correlation
function are related through the Fourier transform:

ξ(r) =

∫
P (k)

2π2

sinkr

kr
k2dk
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P (k) =

∫
sinkr

kr
ξ(r)r2dr

where ξ(r) is the two-point correlation function that measures the degree of
correlation between the density contrasts at two points in space. It quantifies
how similar the density is at two different locations separated by a distance r.
The two-point correlation function ξ is defined as:

ξ(r) =
⟨δ(x)δ(x+ r)⟩

⟨δ2⟩

The two-point correlation function is often used to describe the clustering of
galaxies or dark matter. A higher value of ξ(r) at a given separation r means
that there is a greater tendency for matter (or galaxies) to be clustered at that
separation.Since the phenomenological logrithimic form is the better fit for the
transition from linear to nonlinear clustering regimes, we will be using it as;

ξ(r) =
A

1 + ln(r/r0)

Where,
A determines the amplitude of clustering.
ro is the characteristic scale that determines the transition point.

This form is a phenomenological model used to describe clustering in certain
regime, especially when the correlation weakens gradually over distance. The
logarithmic dependence ensures a slower decay compared to a power law
or exponential.Thereby logarithmic decay implies a smooth transition from
strongly clustered scales to weakly clustered scales, making it suitable for
intermediate-to-large scale analysis in cosmology as 1;
The power spectrum is easier to compute in fourier space while as the correla-
tion function is easier to visualize in real space .It is sometimes convenient
to express the power spectrum in dimensionless form, as the variance per
logarithmic interval in k;

∆2(k) =
d
〈
δ2
〉

dlnk
∝ k3P (k)

∆2(k) =
2

π
k3
∫
ξ(r)

sinkr

kr
r2dr

This formulation gives more intuitive meaning to power spectrum than just
P (k), which is the functional representation of power per unit volume in k-
space. For example ∆2(k) = 1 means there are order unity density fluctuations
from modes in the logarithmic bin around wavenumber k.

In ΛCDM (Lambda Cold Dark Matter model) the initial power spectrum of
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Fig. 1: Two-Point Correlation Function ξ(r) as a function of separation distance
r(in Mpc). The graph shows how clustering strength decreases with increasing
distance, highlighting larger-scale weak clustering and stronger clustering at
smaller scales. This function provides insights into the spatial distribution of
matter in the universe.

density fluctuations is nearly scale-invariant,which means that fluctuations
were almost equally strong at all spatial scales. The power spectrum is often
represented as:

P (k) ∝ kns

Where,
k is the wavenumber of fluctuations.
ns is the spectral index .

The primordial spectrum, especially from inflationary models, predicts that the
fluctuations are nearly scale-invariant, with a spectral index ns ≈ 1(Harrison-
Zeldovich spectrum).This scale-invariant spectrum is modified over time by
the expansion of the Universe, gravitational collapse, and dark energy. The
transfer function is used to modify the primordial power spectrum to account
for these effects, yielding the matter power spectrum observed today.As the
Universe expands, different cosmological epochs (radiation-dominated, matter-
dominated, dark energy-dominated) influence the growth of fluctuations.In the
radiation-dominated era, sound waves in the photon-baryon fluid set the scale
for fluctuations and suppress the growth of structure on small scales, leading to
a suppressing effect at high k.During the matter-dominated era, gravitational
collapse becomes more efficient, and density fluctuations grow, amplifying the
initial power spectrum at large scales.In the dark energy-dominated era, the
expansion of the Universe accelerates, slowing the growth of structures at large
scales, and leading to a flattening of the power spectrum at very low k.
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Fig. 2: The power spectrum of density fluctuations in the Universe. The y-axis
scale, labelled ‘Density fluctuations’, shows ∆2 = k3P ,while the x-axis is the
comoving scale (1Mpc ∼ 3.3Mly).(http://space.mit.edu).

The matter power spectrum at z = 0 (today) is often derived from the
primordial power spectrum by applying a transfer function T (k) ;

P (k, T ) = P (k)T (k, z)2

Where, T (k, z) is the transfer function, which modifies the primordial power
spectrum by accounting for the effects of cosmic expansion, baryon-photon
drag, and gravitational collapse.
Using the dimensionless form of power spectrum with the suitable cosmological
parameters of ΛCDM model the power spectrum of density fluctuations , the
distribution of galaxies and the evolution of cosmic structures can be traced
over four orders of magnitude, from the scales of few Mpc via intergalactic
Lyman alpha clouds, weak gravitational lensing and CMB fluctuations as in 2:

4 Gravitational Clustering and Large-Scale Structure
Formation

In the early Universe, density fluctuations (encoded in the initial power spec-
trum) were small. These fluctuations were seeded by quantum processes
during inflation, with different scales of fluctuation having different ampli-
tudes and shapes.These initial fluctuations were imprinted on the Cosmic
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Microwave Background (CMB), which provides a snapshot of the early Uni-
verse’s power spectrum.The evolution of these initial fluctuations, influenced
by the expansion of the Universe and the transition from radiation-dominated
to matter-dominated and dark energy-dominated eras, ultimately lead to the
growth of structures.As the fluctuations grow, they evolve into different types
of structures. The power spectrum quantifies how much variance exists in fluc-
tuations across different scales, and it plays a key role in determining what
kinds of structures emerge.The two-point correlation function ξ(r) provides a
direct description of the clustering of galaxies and other objects in real space.
It reveals the spatial distribution of matter.These two statistical measures
along with the influence of cosmological paramateres like matter density (Ωm)
, Dark energy density (ΩΛ) and Hubble constant (H0) tell us how the growth
of density fluctuations leads to structure formation.

4.1 On Large Scales (Small k):

On large scales, the fluctuations in the density field are initially small and
linear, thereby corrosponds to the linear regime in the evolution of cosmos.
These perturbations are nearly scale-invariant, meaning they are roughly the
same across all spatial scales.This linear growth means that the density field
responds in proportion to the initial perturbations. Gravity is not strong
enough on large scales to cause rapid collapse of structures due to Hubble
flow.The power spectrum on large scales is dominated by the contribution
of dark matter and baryons, but the gravitational effects on these scales are
relatively weak. The fluctuations here do not lead to fast gravitational collapse
but rather to the slow formation of large structures (like superclusters and
voids) as the Universe evolves.On large scales (small k long wavelengths), the
fluctuations are mostly of small amplitude, and the power spectrum P (k) is
relatively flat or follows a gentle slope. These scales correspond to large regions
of the Universe, where the density perturbations are weak.The long-wavelength
modes (larger and small k )are responsible for the global distribution of matter.
For instance, the largest structures in the Universe, such as filaments and voids,
are shaped by these long-wavelength perturbations. The density fluctuations
on these scales correspond to the cosmic web structures shaped purely by the
constituents of dark matter that emerge later and hence form the backbone of
cosmic web.On the same scales the two-point correlation function ξ(r) becomes
flattened or approaches zero. This means that the density fluctuations on
these scales are weak, and there is little clustering of galaxies on the largest
scales. Instead, the matter is more uniformly distributed, leading to a more
homogenous appearance when viewed at very large distances.

4.2 On Small Scales (large k):

As structure formation progresses, the fluctuations on smaller scales (larger k )
grow faster, eventually entering a non-linear regime.The power spectrum shows
a turnover at a particular wavenumber,corresponding to the non-linear scale.
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This is the point where the fluctuations no longer grow linearly but instead
undergo non-linear collapse, forming compact structures. As the fluctuations
increase in amplitude and regions of higher density become gravitationally
bound,the growth rate of the density contrast(δ) becomes faster and more
complex. These regions of over-density eventually form compact structures,
such as galaxies, galaxy clusters, and dark matter halos.Non-linear growth
results in the formation of overdense regions that collapse and become dark
matter halos. These halos are the gravitational wells in which galaxies are
formed. At smaller scales (large k), the power spectrum P (k) steepens because
gravitational collapse leads to rapid amplification of fluctuations. Small-scale
fluctuations grow faster due to the efficient clustering of dark matter. The
dark matter halos and galaxies that form from these fluctuations correspond
to the smaller scales in the power spectrum. While as ,on small scales, the two
point correlation function ξ(r) increases significantly because galaxies and dark
matter halos are much more likely to be found close to each other. This reflects
the fact that gravitational collapse causes objects to form dense clumps. As
a result, the correlation function shows a sharp increase at small separations,
indicating high clustering. As we go to smaller separations, ξ tends to saturate
or flatten, because objects (such as galaxies or dark matter halos) cannot get
infinitely close to each other due to the finite size of galaxies and the core
of dark matter halos(saturation r ∼ 0.1Mpc). This behavior is important for
understanding the dynamical interactions between structures at very small
scales.The two-point correlation function also reveals characteristic length
scales as ;

r ∼ 1− 2Mpc

This corresponds to the size of typical galaxy groups or small clusters,hence
ξ shows a peak, indicating that galaxies tend to cluster readily at these
scales.These scales provide insight into the hierarchical nature of structure
formation, where galaxies and dark matter halos form first, and then larger
structures, such as groups, clusters, and the cosmic web, emerge through
gravitational interactions.

5 Conclusion

In summary, the process of structure formation in the universe is driven by
the gravitational collapse of initial density fluctuations, as evidenced by the
power spectrum P (k) and two-point correlation function ξ(r). On large scales,
the universe exhibits a cosmic web structure, where galaxies and clusters
form along filaments, with vast voids in between. On smaller scales, structure
formation is characterized by the collapse of dark matter halos, leading to the
formation of galaxies and their subsequent clustering into galaxy groups and
clusters. The power spectrum P (k) provides a quantitative description of these
fluctuations across different scales, while the correlation function ξ(r) captures
the clustering properties of matter. Observational data, such as the CMB,
galaxy surveys, and numerical simulations, confirm the hierarchical nature of
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structure formation and the evolution of large-scale structure, influenced by
the interplay of dark matter, dark energy, and gravitational dynamics.
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