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Abstract

We review the basics of Thermal Relativity Theory and describe many
of the novel physical consequences, including the corrections to the Schwarzschild
black hole entropy. One of the most salient results is the existence of a

minimal area
L2

P
4π

, where LP is the Planck length. The brief review paves
the way to the study of the thermal relativistic analog of Lorentz trans-
formations. A careful examination of these transformations imply that
entropy is observer dependent and that one must also include negative
masses, entropy and temperature in the formalism. A review of the lit-
erature on negative masses, entropy and temperature follows. In special
relativity one has the equivalence of mass and energy. While in thermal
relativity one finds an equivalence of proper thermal mass M (not to be
confused with ordinary mass) and proper entropy s. We conclude with a
brief description of Born’s Reciprocal Relativity Theory (BRRT), based
on a maximal proper-force, a maximal speed of light, inertial and non-
inertial observers, and explain how to extend the formulation of thermal
relativity described in this work to cotangent spaces.

Keywords : Thermal Relativity; Gravity; Black Holes; Entropy; Born Reci-
procity; Phase Spaces; Maximal Acceleration; Dark Matter; Finsler Geometry.
PACS : 04.50.Kd; 11.10.Kk; 14.80.-j

1 A Brief Introduction to Thermal Relativity

The idea of describing classical thermodynamics using geometric approaches has
a long history [1]. Among various treatments, Weinhold [3] used the Hessian of
internal energy to define a metric for thermodynamic fluctuations. Ruppeiner
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[4] used the Hessian of entropy for the same purpose. Quevedo [5] introduced a
formalism called Geometrothermodynamics (GTD) which also introduces met-
ric structures on the configuration space E of the thermodynamic equilibrium
states spanned by all the extensive variables. The Quevedo metric is obtained
via the pullback of the metric from the 2n+1-dimensional thermodynamic phase
space T (comprised of n extensive variables, n intensive variables, and the ther-
modynamic potential) to the n-dim configuration space E . Geometrothermody-
namics differs from earlier approaches in that it implements an invariance under
Legendre transformations at the fundamental level. Unfortunately, one of the
essence of Riemannian geometry, i.e. invariance under continuous coordinates
transformations was not discussed in this picture.

For this reason Zhao [1] outlined the essential principles of Thermal Rela-
tivity; i.e. invariance under the group G of general coordinate transformations
on the thermodynamic configuration space, and introduced a metric with a
Lorentzian signature on the space. The line element was identified as the
square of the proper entropy. Thus the first and second law of thermodynamics
admitted an invariant formulation under general coordinate transformations,
which justified the foundations for the principle of Thermal Relativity.

Following the proposal by [1] it allowed us [2] to derive the exact Ther-
mal Relativistic corrections to the Schwarzschild, Reissner-Nordstrom, Kerr-
Newman black hole entropies. In this work we shall display the thermal analog
of Lorentz transformations and examine the physical implications. One finds
that it is necessary to extend the positive domain of absolute temperatures,
masses and entropy, to negative values. Furthermore, one arrives at the con-
clusion that thermodynamic entropy must be observer-dependent. Namely, an
accelerated observer will assign a different entropy to a physical system than an
inertial observer devoid of acceleration.

We review briefly the results in [2] and derive the exact Thermal Relativistic
corrections to the Schwarzschild black hole entropy. It is important to empha-
size that the thermodynamic configuration space (thermodynamic manifold)
associated with the Schwarzschild black hole solution is flat despite that the
Schwarzschild metric itself is not flat.

In what follows we shall adopt the units h̄ = c = kB = 1. Then one may
implement Zhao’s formulation [1] of Thermal Relativity to the flat analog of
Minkowski space by starting with the infinitesimal thermal interval

(ds)2 = (TP dS)
2 − (dM)2 ↔ (dτ)2 = (cdt)2 − (dx)2 (1.1)

The maximal Planck temperature TP plays the role of the speed of light, and s
is the so-called proper entropy which is invariant under the thermodynamical
version of Lorentz transformations [1]. Note the s ↔ τ correspondence. Thus
the flow of the proper entropy s is consistent with the arrow of time.

The left hand side of (1.1) yields, after recurring to the first law of Thermo-
dynamics TdS = dM , and factoring out (TP dS)

2, the following
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(ds)2 = (TP dS)
2

(
1 − T 2

T 2
P

)
⇒ (ds) = (TP dS)

√(
1 − T 2

T 2
P

)
=

TP (
dM

T
)

√(
1 − T 2

T 2
P

)
⇒ dM =

T

TP

1√
1− T 2

T 2
P

ds (1.2)

Eq-(1.2) is the one we shall use in order to derive the thermal relativistic cor-
rections to the Black Hole Entropy.

The numerical factor (1 − T 2

T 2
P

)−
1
2 is the thermal dilation factor γT analog

of the Lorentz dilation factor (1− v2

c2 )
− 1

2 , and such that

1 ≤ γT ≡ (1− T 2

T 2
P

)−
1
2 ≤ ∞, 0 ≤ T ≤ TP (1.3)

Given the thermal dilation factor one can always define an “effective” temper-
ature as

Teff =
T√

1− T 2

T 2
P

(1.4)

such that the last term in eq-(1.2) dM = γ(T )T (ds/TP ) becomes then the
thermal relativistic analog of the Energy-Momentum relations E = moc

2(1 −
v2

c2 )
− 1

2 , p⃗ = mov⃗(1− v2

c2 )
− 1

2 in Special Relativity, in terms of the rest mass mo,
velocity v, and maximal speed of light c. This line of reasoning behind eq-(1.2)
is what leads to the notion of a “Thermal Relativity Theory”, in agreement with
[1], and which must not be confused with other notions of “thermal Relativity”,
”thermal gravitation” in the past.

In the case of black holes, the thermal-dilation factor γT is given in terms of
the Hawking temperature TH

γT ≡ 1√
1− T 2

H

T 2
P

(1.5)

For a Schwarzschild black hole, one has

TH =
1

2π
a =

1

4π
|(∂gtt

∂r
)|r=rh=2GM =

1

8πGM
(1.6)

Thus, after renaming S̃ ≡ (s/TP ), in terms of the proper entropy s, the first
law of black hole thermal-relativistic dynamics dM = γ(TH)THdS̃ yields the
corrected entropy

∫ S̃

S̃o

dS̃ = S̃ − S̃o =

∫ M

Mo

dM

γ(TH)TH
=

∫ M

Mo

dM

√
1− (T 2

H/T 2
P )

TH
(1.7)
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By inserting TH(M) = (8πGM)−1 into eq-(1.7) leads, after setting (TP )
−2 =

(MP )
−2 = L2

P = G, to the following integral

S̃ − S̃o =

∫ M

Mo

dM (8πGM)

√
1− G

(8πGM)2
=

∫ M

Mo

dM
√
(8πGM)2 − G

(1.8)
The indefinite integral

∫
dx
√
a2x2 − b =

ax
√
a2x2 − b

2a
− b

2a
ln
(
a [
√

a2x2 − b + ax]
)

(1.9)
permits to evaluate the definite integral in the right hand side of (1.8) between
the upper limit M , and a lower limit Mo defined by (8πGMo)

2 −G = 0, giving

S̃ − S̃o =
A

4G

√
1− 1

16π
(
A

4G
)−1 − 1

16π
ln

(
4
√
π (

A

4G
)

1
2 [ 1 +

√
1− 1

16π
(
A

4G
)−1 ]

)
(1.10)

after using the relations for the ordinary entropy in the Schwarzschild black hole

S =
A

4G
= 4πGM2 ⇒ M = (

A

16πG2
)

1
2 (1.11)

and (8πGMo)
2 = G ⇒ 8πGMo =

√
G. The lower limit Mo of integration

is required in eq-(1.8) to ensure the terms inside the square root are positive
definite and the integral is real-valued.

Due to the relations

Ao = 4π(2GMo)
2 = 16πG2M2

o ,
Ao

4G
=

1

16π
, M2

o =
1

64π2G
⇒ Mo =

MP

8π
(1.12)

the minimum value of Mo = (MP /8π) corresponds to the minimum value of

the horizon area Ao given by Ao

4G = 1
16π ⇒ Ao = G

4π =
L2

P

4π . The constant S̃o is
the corrected entropy associated with the minimum area (mass) and is found to
be zero

S̃o ≡ S̃(A = Ao) = ln[ 4
√
π (

Ao

4G
)

1
2 ] = ln[1] = 0 (1.13)

Because the corrected entropy corresponding to a zero area leads to an imagi-
nary expression in the right hand side of eq-(1.10)

S̃(A = 0) − S̃o = − ln(i)

16π
= − ln(eiπ/2)

16π
= − i

32
(1.14)

this is the reason why one must have a minimal non-zero horizon area Ao =
L2

P

4π

and whose corresponding corrected entropy is S̃o = 0.
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Some of the relevant and novel physical consequences of Thermal Relativity
can be found in [2], like

(i) The Thermal Relativistic dilation factor γT = (1− (TH

TP
)2)−1/2 yields an

infinite value when TH → TP so that M → Mo reaches its minimum nonzero
value of Mo = (MP /8π). At that stage the Hawking evaporation stops leaving
a black hole remnant of the order of the Planck mass.

(ii) There are modifications to the black hole emission rate. The thermal
relativistic corrections to the emission rate are simply obtained by replacing T

in the Stefan-Boltzman law for the effective Teff = T (1 − T 2

T 2
P

)−1/2. For large

masses M >> Mo, the corrections are negligible. However this is no longer
the case for small masses M ∼ Mo (Planck size mini-black holes), consequently
the mini-black holes evaporate much faster than before, and their lifetimes are
much shorter.

(iii) One can envision a universe populated by mini-black holes whose effec-
tive temperature is Teff = γTTH . The idea that primordial black holes might
be a hypothetical source of dark matter/energy is not new. What is novel now
is the very large enhancement effects resulting from the very large thermal rel-
ativistic dilation factors γT , for very small masses, close to the minimal mass
Mo. Since their thermal dilation factors γT are very large, their contribution
to the effective energy/mass of the universe will be very large. As they evapo-
rate by shedding off their mass down to the minimal mass Mo, their enhanced
radiation due to the very large effective temperature Teff = γTTH , and much
faster evaporation times, will yield a very large contribution to the energy of
the universe.

(iv) Given βeff = (γ(T )T )−1, the thermal relativistic corrections to the
Bose-Einstein density distribution is ρ̃ = (eβeffE − 1)−1. As T → TP , γT →
∞, βeff → 0, ρ̃ → ∞. The divergence of ρ̃ at the Planck temperature should
signal a (spacetime) phase transition, like turning a smooth spacetime into a
fractal one. The fact that ρ̃ deviates from a purely thermal distribution due to
the thermal relativistic corrections could shed some light into the resolution of
the black hole information paradox.

(v) Role in Quantum Gravity. The presence of a minimal area Ao = L2
P /4π,

a zero minimal proper entropy, a minimal mass Mo = MP /8π, maximal tem-
perature TP , and a phase transition at Planck scales, should have profound
consequences for Quantum Gravity.

(vi) Based on the gravity/gauge correspondence one could ponder if the
presence of a minimal mass might be related to the mass gap in Yang-Mills.

Having reviewed briefly the key results of [2] we shall analyze next the Ther-
mal Relativistic analog of the Lorentz transformations and their physical impli-
cations.
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2 Thermal Relativistic Analog of Lorentz
Transformations

It is straightforward to verify that the thermal relativistic analog of the Lorentz
transformations that leave invariant the proper entropy infinitesimal interval

(ds)2 = (TP dS)
2 − (dM)2 = (TP dS

′)2 − (dM ′)2 (2.1)

are given by

TP S′ =
TP S − T

TP
M√

1− (T/TP )2
, M ′ =

M − T S√
1− (T/TP )2

(2.2)

The inverse transformations are obtained by replacing primed variables for un-
primed ones and taking T → −T

TP S =
TP S′ + T

TP
M ′√

1− (T/TP )2
, M =

M ′ + T S√
1− (T/TP )2

(2.3)

The Fulling-Davies-Unruh effect [7] states that a uniformly accelerating ob-
server experiences the vacuum state of a quantum field in Minkowski spacetime
as a mixed state in thermodynamic equilibrium. Such mixed state is comprised
of a thermal bath (warm gas) of Rindler particles whose temperature is pro-
portional to the proper acceleration. By invoking the expression of Unruh’s
temperature in terms of the proper acceleration T = a

2π one finds that the
maximal Planck temperature TP = mP corresponds to a maximal proper ac-
celeration aP = 2πmP . Therefore, one may rewrite the thermal analog of the
Lorentz dilation factor in terms of the uniform linear proper acceleration a of an
observer, and the maximal proper acceleration amax = aP = 2πmP , as follows

γT =
1√

1− T 2

T 2
P

=
1√

1− a2

a2
max

(2.4)

Consequently, if one postulates that the thermal relativistic effects result from
the acceleration of an observer, from the transformations displayed in eqs-
(2.2,2.3), one arrives at the conclusion that the macroscopic thermodynamic
entropy S and the mass M are observer-dependent. The maximal Planck tem-
perature TP is a thermal relativistic invariant. The physics of maximal acceler-
ation has had a long history, see [9], [6], [10] and references therein.

In recent years there has been considerable progress in study of the micro-
scopic fine-grained von Neumann entropy, and the macroscopic thermodynam-
ical entropy, pertaining black hole thermodynamics [26]. It has been found
that the microscopic fine-grained von Neumann entropy is observer-dependent.
In quantum gravity, it has been argued that a proper accounting of the role
played by an observer promotes the von Neumann algebra of observables in a
given spacetime subregion from Type III to Type II via the use of the crossed
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product [26], [27]. While this allows for a mathematically precise definition of
its entropy, the authors [24] have shown that this procedure depends on which
observer is employed. They found that the entropies seen by distinct observers
can drastically differ. The work of [24] makes extensive use of the formalism of
quantum reference frames (QRF). The “observers’” considered in [24] and in the
previous works (clocks) [26] are nothing but QRFs. Furthermore, a correspon-
dence between quantum error correcting codes and quantum reference frames
was provided by [25]. To sum up, if gravitational entropy is observer-dependent
one would expect that mass is also observer-dependent.

There is, however, a caveat which arises from the above transformations
(2.2,2.3) . A careful inspection of eqs-(2.2,2.3) reveals that one is forced to
introduce the notion of negative temperature, negative mass and negative en-
tropy if one wishes to establish a resemblance with special relativity in flat 2D
Minkowski spacetime where the spacetime coordinates (x, t) and the uniform
velocities of the inertial observers can take positive or negative values since the
existence of future and past light-cone regions require −∞ ≤ x ≤ +∞;−∞ ≤
t ≤ +∞,−c ≤ v ≤ c.

Far from being forbidden, negative temperatures are inevitable in systems
with bounded energy spectra [14] A review of statistical mechanics of systems
with negative temperature can be found in [15]. These authors pointed out that
the great majority of models investigated by statistical mechanics over almost
one century and a half exhibit positive absolute temperature, because their
entropy is a nondecreasing function of energy. Since more than half a century
ago it has been realized that this may not be the case for some physical systems
as incompressible fluids, nuclear magnetic chains, lasers, cold atoms and optical
waveguides. The authors [15] showed that negative absolute temperatures are
consistent with equilibrium as well as with non-equilibrium thermodynamics.

A study of negative entropy and information in Quantum Mechanics can
be found in [16]. In the 1944 book “What is Life?”, Schrodinger [17], theorized
that life, contrary to the general tendency dictated by the second law of thermo-
dynamics, which states that the entropy of an isolated system tends to increase,
decreases or keeps constant its entropy by feeding on negative entropy. Life does
not in any way conflict with or invalidate the second law of thermodynamics,
because the principle that entropy can only increase or remain constant applies
only to a closed system which is adiabatically isolated, meaning no heat can
enter or leave, and the physical and chemical processes which make life possible
do not occur in adiabatic isolation, i.e. living systems are open systems [17].

Unlike in classical (Shannon) information theory, quantum (von Neumann)
conditional entropies can be negative when considering quantum entangled sys-
tems, a fact related to quantum non-separability. The possibility that negative
(virtual) information can be carried by entangled particles suggests a consis-
tent interpretation of quantum informational processes. For the thermodynamic
meaning of negative entropy see [18]. Black Hole thermodynamics and nega-
tive entropy in de Sitter and Anti-de Sitter Einstein-Gauss-Bonnet gravity was
studied by [19] where they investigated the charged Schwarzschild-Anti-deSitter
(SAdS) BH thermodynamics in 5d Einstein-Gauss-Bonnet gravity with elec-
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tromagnetic field. The interesting feature of higher derivative gravity is the
possibility for negative (or zero) SdS (or SAdS) BH entropy which depends on
the parameters of higher derivative terms. The authors [19] concluded that the
appearance of negative entropy may indicate a new type instability where a
transition between SdS (SAdS) BH with negative entropy to SAdS (SdS) BH
with positive entropy may occur.

Negative mass in general relativity was initially explored by Bondi [20]. Later
on, the positive energy theorem in general relativity (also known as the positive
mass theorem) was proved by [22]. Its standard form, broadly speaking, asserts
that the gravitational energy of an isolated system is nonnegative, and can only
be zero when the system has no gravitating objects [22]. Currently, the closest
known real representative of such exotic matter (negative mass) is a region
of negative pressure density produced by the Casimir effect [22]. Such matter
would violate one or more energy conditions, one of which, the dominant energy
condition, was required to prove the positive energy theorem.

A unifying theory of dark energy and dark matter involving negative masses
and matter creation within a modified ΛCDM framework was analyzed by [23].
Contemporary cosmological results are derived upon the reasonable assump-
tion that the Universe only contains positive masses. By reconsidering this
assumption, Farnes [23] constructed a toy model which suggests that both dark
phenomena can be unified into a single negative mass fluid. The model is a
modified ΛCDM cosmology, and indicates that continuously-created negative
masses can resemble the cosmological constant and can flatten the rotation
curves of galaxies. The model leads to a cyclic universe with a time-variable
Hubble parameter, potentially providing compatibility with the current tension
that is emerging in cosmological measurements.

Having discussed how gravitational entropy (and mass) can be observer-
dependent, and examined some examples of negative entropy, mass and tem-
perature, we proceed now with the construction of the thermal relativistic analog
of the two-vector (E, p) (energy, momentum). It requires the introduction of a
proper thermal mass M such that

Π ≡ (ΠS ,ΠM ) = M (TP
dS

ds
,
dM

ds
) = M γT (1,

T

TP
) ⇒

Π2 = (ΠS)
2 − (ΠM )2 = M2, M ≠ M (2.5)

The second line of (2.5) is the analog of the relativistic relation E2 − p2 = m2
o

where mo is the invariant proper mass (rest mass) of a massive particle. The
proper thermal mass M introduced in eq-(2.5) is invariant under the ther-
mal relativistic transformations (2.2,2.3) and must not be confused with M
(which is not invariant under the transformations (2.2,2.3)). Hence, by intro-
ducing the proper thermal mass M one has established the correspondence of
MγT (1,

T
TP

) with mo(
dt
dτ ,

dx
dτ ) = (E, p) = moγ(1, v) (c = 1). The analog of a

massless particle (photon) is given by the null thermal momentum condition
Π2 = (ΠS)

2 − (ΠM )2 = M2 = 0 associated with the maximal Planck tempera-
ture T = TP .
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In section 1 we showed that after renaming S̃ ≡ (s/TP ), in terms of the
proper entropy s, the first law of black hole thermal-relativistic dynamics is
dM = γ(TH)THdS̃, and in the case of the 4D Schwarzschild black hole we found
the expression for the thermal relativistic invariant entropy S̃ displayed in eq-
(1.10). Since the maximal Planck temperature T = TP is a thermal relativistic
invariant quantity, like the maximal speed of light is in special relativity, one
may define the proper thermal mass M introduced in eq-(2.5) in terms of the
thermal relativistic invariants S̃, TP as M = TP S̃ ⇒ M = s.

Therefore, the proper thermal mass can be identified with the proper entropy
M = s. In special relativity one has the equivalence of mass and energy. In
thermal relativity one has the equivalence of proper thermal massM and proper
entropy s. In section 1 we found a minimum value for Mo = (MP /8π) which

is associated with the minimum value of the horizon area Ao =
L2

P

4π , and such

that the corrected entropy S̃(Mo) = S̃o = 0 associated with the minimum area
(mass) is zero. Therefore, when So = 0 ⇒ Mo = 0.

To conclude this section we should mention that “addition/subtraction” of
temperatures in thermal relativity resembles the addition of velocities in special
relativity

T ′′ = T ⊕ T ′ =
T + T ′

1 + T T ′

T 2
P

, T ⊖ T ′ =
T − T ′

1 − T T ′

T 2
P

(2.6)

such that the Planck temperature remains invariant, TP ⊕TP = TP ; TP ⊖TP =
TP . One may recast the temperature addition laws (2.6) in terms of the addition
laws of proper acceleration after recurring to the Unruh relation T = a

2π as
follows

a′′ = a⊕ a′ =
a + a′

1 + a a′

a2
max

, a⊖ a′ =
a − a′

1 − a a′

a2
max

, amax = 2πTP = 2πmP

(2.6)

3 Concluding Remarks : Extending Thermal
Relativity to Cotangent Spaces

Most of the work devoted to Quantum Gravity has been focused on the geome-
try of spacetime rather than phase space per se. The first indication that phase
space should play a role in Quantum Gravity was raised by [8]. The princi-
ple behind Born’s reciprocal relativity theory [11], [12] was based on the idea
proposed long ago by [8] that coordinates and momenta should be unified on
the same footing. Consequently, if there is a limiting speed (temporal deriva-
tive of the position coordinates) in Nature there should be a maximal force as
well, since force is the temporal derivative of the momentum. The principle of
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maximal acceleration was advocated earlier on by [9]. A maximal speed limit
(speed of light) must be accompanied with a maximal proper force (which is
also compatible with a maximal and minimal length duality) [12].

The generalized velocity and force (acceleration) boosts (rotations) transfor-
mations of the flat 8D Phase space coordinates , where Xi, T, E, P i; i = 1, 2, 3
are c -valued (classical) variables which are all boosted (rotated) into each-other,
were given by [11] based on the group U(1, 3) and which is the Born version of the
Lorentz group SO(1, 3). The U(1, 3) = SU(1, 3)× U(1) group transformations
leave invariant the symplectic 2-form Ω = − dT ∧dE+δijdX

i∧dP j ; i, j = 1, 2, 3
and also the following Born-Green line interval in the flat 8D phase-space

(dω)2 = c2(dT )2 − (dX)2 − (dY )2 − (dZ)2 +

1

b2
(
(dE)2 − c2(dPx)

2 − c2(dPy)
2 − c2(dPz)

2
)

(3.1)

The maximal proper force is set to be given by b. The symplectic group is
relevant because U(1, 3) = Sp(8, R) ∩O(2, 6); U(3, 1) = Sp(8, R) ∩O(6, 2), and
U(2, 2) = Sp(8, R) ∩O(4, 4).

These transformations can be simplified drastically when the velocity and
force (acceleration) boosts are both parallel to the x-direction and leave the
transverse directions Y, Z, Py, Pz intact. There is now a subgroup U(1, 1) =
SU(1, 1)× U(1) ⊂ U(1, 3) which leaves invariant the following line interval

(dω)2 = c2(dT )2 − (dX)2 +
(dE)2 − c2(dP )2

b2
=

(dτ)2
(

1 +
(dE/dτ)2 − c2(dP/dτ)2

b2

)
= (dτ)2

(
1 − F 2

F 2
max

)
, P = Px

(3.2)
where one has factored out the proper time infinitesimal (dτ)2 = c2dT 2 − dX2

in (1.2). The proper force interval (dE/dτ)2 − c2(dP/dτ)2 = −F 2 < 0 is
“spacelike” when the proper velocity interval c2(dT/dτ)2 − (dX/dτ)2 > 0 is
timelike. The analog of the Lorentz relativistic factor in eq-(1.14) involves the
ratios of two proper forces.

Most recently [13], a continuation of the Born Reciprocal Relativity Theory
(BRRT) program in phase space showed that a natural temperature-dependence
of mass occurs after recurring to the Fulling-Davies-Unruh effect. The temper-
ature dependence of the mass m(T ) resembled the energy-scale dependence of
mass and other physical parameters in the renormalization (group) program of
QFT. It was found in a special case that the effective photon mass is no longer
zero, which may have far reaching consequences in the resolution of the dark
matter problem. The Fulling-Davies-Unruh effect in a D = 1+1-dim spacetime
was analyzed entirely from the perspective of BRRT, and we explained how it
may be interpreted in terms of a linear superposition of an infinite number of
states resulting from the action of the group U(1, 1) on the Lorentz non-invariant
vacuum |0̃⟩ of the relativistic oscillator studied by Bars [28].
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The formulation of thermal relativity was based on the analog of an in-
finitesimal interval in flat Minkowski spacetime. The extension to the analog
of infinitesimal intervals in curved spacetimes involving metrics would resemble
the geometro-thermodynamical approaches of [3], [4], [5]. Furthermore, it is
desirable to formulate the thermal relativity analog of the geometry of cotan-
gent spaces (phase spaces) and, in turn, to implement the principles of Born
Reciprocal Relativity theory. This would require establishing the “dictionary”

(ds)2

(
1 −

dΠµ

ds
dΠµ

ds

F2
max

)
↔ (dτ)2

(
1 −

dPµ

dτ
dPµ

dτ

F 2
max

)
, µ = 1, 2 (3.3)

between the infinitesimal intervals in the thermal cotangent space and the inter-
vals in the ordinary cotangent space associated with a 2D-dim spacetime. The
components of the “thermodynamic proper force” are

dΠµ

ds
= (

dΠS

ds
,
dΠM

ds
) (3.4)

and whose magnitude-squared is

F2 =
dΠµ

ds

dΠµ

ds
= (

dΠS

ds
)2 − (

dΠM

ds
)2 (3.5)

where ΠS ,ΠM were defined in eq-(2.5). Fmax is the maximal thermodynamic
proper force analog of the maximal proper force Fmax = mPamax = 2πm2

P

[13]. The “dictionary” between the thermal cotangent space and the ordinary
cotangent space allows us to write down the symmetry transformations which
leave invariant the intervals in the left-hand side of eq-(3.3). This will be the
subject of future investigation.
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