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Abstract

Recently, a classical model of electrons has been proposed, which represents the peak of a
rotating field solution of a modified Born-Infeld field theory by a point-like particle of half the
mass of the whole field solution. While this model is consistent with many features of electrons,
it does not include the theoretical frequency of an electron’s Zitterbewegung, which is a central
part of many other models of spinning point-like electrons. In an attempt to explain the absence
of this frequency in the new model, this work hypothesizes that the Hamiltonian of a free electron
in Dirac’s theory of electrons could be modified by halving the electron’s mass when describing
its spin motion. This leads to a modified frequency (equal to the Compton frequency), which is
consistent with not only the modified Born-Infeld model of electrons but also de Broglie’s internal
clock hypothesis.

1 Introduction

Zitterbewegung (literally “trembling motion”) is a rapid oscillation at twice the Compton frequency in
specific operators of Dirac’s theory of electrons [Sak67]. Although it was identified already in 1928 by
Gregory Breit [Bre28], there is no commonly accepted experimental evidence for it yet. While Zitter-
bewegung is often assumed to cause the Darwin term in atomic physics [Sak67], this term could also
be caused by oscillations of different frequencies. Speculations about the reasons for this lack of exper-
imental evidence include hypothesized relations to de Broglie’s internal clock [dB25], the assumption
that Zitterbewegung is too rapid to be observable (a curious assumption considering that de Broglie’s
internal clock is of a similar frequency and was proposed specifically to explain experimental observa-
tions), and speculations that Zitterbewegung is an artifact of assumptions and/or approximations of
Dirac’s theory of electrons. While Zitterbewegung at twice the Compton frequency is an undeniable
part of Dirac’s theory of electrons, there is no consensus on whether it is necessarily a part of all
sufficiently elaborate models of electrons.

Thus, some models of spinning electrons oscillate at twice the Compton frequency as suggested by
Zitterbewegung, for example the neo-classical model by Beck [Bec23], while other models of spinning
electrons oscillate at the Compton frequency as suggested by de Broglie’s internal clock hypothesis,
for example the classical model of point-like electrons [Kra24a] that is based on a modified Born-Infeld
field theory [Kra23]. Since the latter model is based in part on Beck’s model, the reason for the
different spin frequencies is particularly clear in a comparison of these two models. Specifically, Beck’s
model assumes that the whole mass of an electron is concentrated in one point, whereas the model
based on modified Born-Infeld field theory assumes that the mass of an electron is spread out such
that a spinning point-like particle of half the mass is a more accurate effective representation of the
mass distribution of a spinning electron. It is this factor of 1

2 that results in the ratio of 1:2 between
the spin frequencies of these models.

Therefore, the main hypothesis of this work is that different assumptions about the mass distribu-
tion of an electron might also help to explain why the Zitterbewegung’s frequency in Dirac’s theory of
electrons differs from the frequency of the modified Born-Infeld model of electrons and, more generally,
de Broglie’s internal clock hypothesis. Note that differing assumptions about this mass distribution
might be perfectly valid as long as there are no convincing experimental results in support of one of
these assumptions.
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The next section summarizes related work. Section 3 presents a modified Zitterbewegung based on
the assumption that an electron’s mass should be halved when describing its spin motion as suggested
by a modified Born-Infeld model of electrons [Kra23]. Section 4 discusses the results of Section 3, while
Section 5 concludes this work.

2 Previous Work

2.1 Modified Born-Infeld Model of Electrons

The modified Born-Infeld model of electrons is based on a Lagrangian density L :

L
def
=

b2

µ0

(
1−

√
1− 1

b2
(∂µAν)(∂µAν)

)
(1)

with the Born-Infeld parameter b specifying the maximum magnetic field strength, the vacuum per-
meability µ0, and the electromagnetic four-potential A = (V/c,A) [Kra24c].

The corresponding Euler-Lagrange equations were solved numerically in previous work [Kra23]
resulting in a rotating field solution with a peak moving at the speed of light c on a circular orbit with
radius h̄/(mc); i.e., the reduced Compton wavelength. Thus, the angular frequency of this circular
motion is mc2/h̄; i.e., the angular Compton frequency as required by de Broglie’s internal clock
hypothesis [dB25]. At large distances, the solution appears to show the same Lorentz-type interaction
with electromagnetic fields as relativistic electrons [Kra24b].

In more recent work [Kra24c], the linear momentum of the rotating (but globally resting) field
solution was computed by numerically evaluating elements of the field’s canonical stress-energy tensor.
The resulting momentum points in the direction of the velocity of the peak of the rotating field
solution and has an absolute value close to mc/2. The intrinsic angular momentum of the solution
was evaluated similarly and appears to match the spin of electrons h̄/2.

2.2 Classical Model of Point-Like Electrons Based on the Modified Born-
Infeld Model of Electrons

The mentioned linear momentum and angular momentum of the field solution of the modified Born-
Infeld model of electrons are consistent with a hypothetical particle of mass m/2 moving at the speed
of light c on the same orbit as the peak of the field solution. Thus, the motion of such a particle
could represent the linear momentum and angular momentum of a much more complex rotating field
solution. This observation motivated a classical model of point-like electrons [Kra24a] that describes
the motion of the modified Born-Infeld model of electrons as the sum of a “local spin motion” of a
spinning point-like particle and a “global motion” of its spin center as suggested by Beck’s neo-classical
model [Bec23].

The key difference to Beck’s model is that the electron’s mass is reduced to m/2 in all equations
related to the local spin motion while it is kept at m in all equations related to the global motion of the
whole electron. As mentioned, these differences are motivated by and consistent with the computed
linear momentum and angular momentum of the rotating field solution of the modified Born-Infeld
model of electrons as well as the motion of its peak and the global motion of the whole field solution in
external fields. Furthermore, the new model is consistent with de Broglie’s internal clock hypothesis.
However, the model lacks any occurrence of the frequency of Zitterbewegung, which is discussed next.

2.3 Zitterbewegung in Dirac’s Theory of Electrons

As mentioned, Zitterbewegung is a rapid oscillation in specific operators of Dirac’s theory of electrons
[Sak67]. For the purpose of this work, it is sufficient to consider the case of a free electron. In the
notation of Sakurai [Sak67, Section 3.6], the Hamiltonian H for a free electron in Dirac’s theory is

H = c αjpj + β mc2 (2)
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with the speed of light c, the mass m of the particle, its momentum p = (p1, p2, p3), an implicit
summation over j, and the 4× 4 matrices β and α = (α1, α2, α3) [Sak67, Section 3.2]:

β = γ4 =

(
I 0
0 −I

)
, αk = iγ4γk =

(
0 σk

σk 0

)
(3)

where σ = (σ1, σ2, σ3) are the 2× 2 Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(4)

and I is the 2× 2 identity matrix

I =

(
1 0
0 1

)
. (5)

α is of particular interest because it “is the velocity in units of c” [Sak67, page 115] since

ẋk =
i

h̄
[H,xk] =

i c

h̄
[αjpj , xk] = c αk. (6)

The time derivative α̇k is computed by Sakurai [Sak67, page 116] as follows:

α̇k =
i

h̄
[H,αk] (7)

=
i

h̄
(−2αkH + {H,αk}) (8)

=
i

h̄
(−2αkH + 2c pk) . (9)

Interpreting this equation as a differential equation for αk(t) and solving it for the initial value αk(0)
results in:

αk(t) = c pkH
−1 +

(
αk(0)− c pkH

−1
)
e−2iH t/h̄. (10)

Multiplication by c and another integration step yields the coordinate xk(t):

xk(t) = xk(0) + c2pkH
−1t+

i c h̄

2

(
αk(0)− c pkH

−1
)
H−1e−2iH t/h̄. (11)

For an eigenstate of the HamiltonianH to the eigenvalue E, the exponential e−2iH t/h̄ in these operators
represents an oscillation at the angular frequency 2|E|/h̄ = 2mc2/h̄, which is called “Zitterbewegung”
because it “appears to imply that the free electron executes very rapid oscillations in addition to the
uniform rectilinear motion” [Sak67, page 117]. (For some specific states, these oscillations are absent
as discussed by Sakurai [Sak67, Section 3.7].)

The factor i c h̄
2 H−1 may be used to estimate the maximum amplitude of this Zitterbewegung by

setting H−1 = 1
E and taking the absolute value. This results in an estimated amplitude of c h̄

2 |E| =
h̄

2mc ;

i.e., half the reduced Compton wavelength.

3 Modified Zitterbewegung

While Zitterbewegung is a well established part of Dirac’s theory of electrons, it lacks generally accepted
experimental confirmation. One potential reason for this lack of experimental evidence might be that
calculations like the one presented in Section 2.3 take Dirac’s theory of electrons beyond the limits of
its applicability. One of these limits (nowadays known as “Schwinger limit”) is caused by too strong
electromagnetic fields as noted already in 1931 by Sauter [Sau31]. Sauter estimated that the field
strength of the classical electric field of a point-like elementary charge reaches a critical limit at a
distance of about 8× 10−14 m, which corresponds to about one-third of the amplitude of an electron’s
Zitterbewegung calculated in Section 2.3. Therefore, an electron’s own electromagnetic field might
already be strong enough to affect predictions of Dirac’s theory at this length scale. In particular, the
calculated angular frequency 2mc2/h̄ might be correct only for ideal “Dirac electrons,” but it might
be incorrect for observable electrons in the real world.
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As mentioned in Section 1, the present work aims to improve the calculation of this angular fre-
quency for real-world electrons by replacing the assumption that the mass of an electron is concen-
trated in one point. To this end, the same approach is employed as in the model of point-like electrons
[Kra24a] that was summarized in Section 2.2; i.e., the “local spin motion” is modeled by a point-like
particle of half the mass of the whole electron, while the “global motion” is represented by the motion
of a point-like particle of the full mass. As mentioned in Section 2.2, this approach is motivated by
the motion of the peak of the field solution of the modified Born-Infeld model of electrons, which is
discussed in Section 2.1.

As shown in Section 2.3, the angular frequency of an electron’s Zitterbewegung may be calculated
with the Hamiltonian H of a free electron of mass m and linear momentum p = (p1, p2, p3):

H = c αjpj + β mc2. (12)

Since p is constant for a free electron, the “global motion” is considered a straight trajectory. Thus,
the following calculation describes this free motion plus a “local spin motion” of a particle of mass m̃,
which is set to half the mass m of an electron; i.e., m̃ = m/2. Therefore, the linear momentum p̃ of
this spinning particle is half the linear momentum p of the whole electron; i.e., p̃ = p/2. Thus, the
Hamiltonian H̃ of the spinning particle is just half the Hamiltonian H of the whole electron:

H̃ = c αj p̃j + β m̃ c2 = c αj
pj
2

+ β
m

2
c2 =

1

2
H. (13)

The time derivative of position x̃ = (x̃1, x̃2, x̃3) of the spinning particle is related to the α matrices in
analogy to Eq. (6):

˙̃xk =
i

h̄
[H̃, x̃k] =

i c

h̄
[αj p̃j , x̃k] = c αk, (14)

which is why the Zitterbewegung of the spinning particle may be analyzed analogously to the calcula-
tion in Section 2.3.

Specifically, the time derivative ˙̃αk(t) is given by:

˙̃αk(t) =
i

h̄
[H̃, α̃k(t)] (15)

=
i

h̄

(
−2α̃k(t)H̃ + 2c p̃k

)
(16)

=
i

h̄
(−α̃k(t)H + c pk) . (17)

And the solution α̃k(t) for the initial value α̃k(0) is:

α̃k(t) = c pkH
−1 +

(
α̃k(0)− c pkH

−1
)
e−iH t/h̄. (18)

Multiplication by c and another integration step yields the coordinate x̃k(t):

x̃k(t) = x̃k(0) + c2pkH
−1t+ i c h̄

(
α̃k(0)− c pkH

−1
)
H−1e−iH t/h̄. (19)

Thus, the modified Zitterbewegung of α̃k(t) and x̃k(t) are oscillations at the angular frequency |E|/h̄ =
mc2/h̄; i.e., the electron’s angular Compton frequency. The maximum amplitude of the oscillation of
x̃k(t) is

c h̄
|E| =

h̄
m c ; i.e., the reduced Compton wavelength.

4 Discussion

Compared to the standard Zitterbewegung of “ideal Dirac electrons” (as described in Section 2.3), the
modified Zitterbewegung presented in Section 3 predicts oscillations at half the frequency and twice
the amplitude. However, it is unclear whether these changes lead to currently observable deviations
from the predictions of Dirac’s theory for various reasons:

1. There is no consensus on whether it is possible to directly observe the Zitterbewegung of electrons
(in particular its frequency).
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2. Indirect effects that are attributed to the Zitterbewegung of electrons (e.g., the Darwin term in
atomic physics) might also be caused by the modified Zitterbewegung.

3. In particular, most electromagnetic interactions of the whole electron with external electromag-
netic fields affect only the “global motion” of the electron, which is not changed by the proposed
modifications.

This is not to say that experimental tests of the proposed modified Zitterbewegung are impossible. In
fact, any direct observation of the frequency of an electron’s Zitterbewegung is likely to be sufficient
to decide whether the proposed modification is, in fact, an improvement.

Since the frequency of the modified Zitterbewegung is equal to the Compton frequency and, there-
fore, equal to the frequency of de Broglie’s hypothetical internal clock, another possibility is that the
modified Zitterbewegung and/or its effects have already been experimentally observed but were not
correctly identified.

5 Conclusion

This work proposes a modification of the calculation of the frequency of electrons’ Zitterbewegung
in Dirac’s theory of electrons. This modification is based on a classical model of point-like electrons
[Kra24a], which assumes that the mass of an electron is spread out in a specific way instead of being
concentrated in one point. The resulting frequency of the modified Zitterbewegung is half the frequency
of the standard Zitterbewegung and, therefore, equal to the Compton frequency, which is also the
frequency of de Broglie’s internal clock hypothesis. If true, this modified frequency has implications
for observations of Zitterbewegung; including the possibility that its effects have already been observed.
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A Revisions

• Original version submitted to vixra.org on December 25, 2024.
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