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Abstract

In this article we consider operators of the form 9§ + A(s)§ where s
lies in an interval [-T,T] and s — A(s) is continuous. Without boundary
conditions these operators are not Fredholm. However, using interpolation
theory one can define suitable boundary conditions for these operators so
that they become Fredholm. We show that in this case the Fredholm
index is given by the spectral flow of the operator path A.
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1 Introduction

1.1 Main results

Definition 1.1. A pair H = (Hy, H;) is called a Hilbert space pair if Hy
and H; are both infinite dimensional Hilbert spaces such that H; C Hy is a
dense subset and the inclusion map ¢: H; — Hy is a compact linear map.

Both Hilbert spaces in a Hilbert space pair are separable by [FW24, Cor. A.5].

From now on (Hy, H;) is a Hilbert space pair and £(Hy, H1) is the set of all
bounded linear operators A: Hy — Hy.

Definition 1.2 (Hp-symmetry). An operator A € L(Hi, Hy) is called Hp-
symmetric, or simply symmetric, if

(Az,y)o = (x,Ay),, Vx,ye Hi. (1.1)

Note that while this notion of symmetry depends on the inner product on
Hy it only depends on the inner product on H; up to equivalence. Namely, we
call two inner products (-,-) and (-,-)" on a Hilbert space H equivalent if there
exists a constant ¢ such that

1
Szl < el <cellzll, 2l = Vi), 2l =y 2),

for every # € H. One calls ||-|| and ||-||" the induced norms.

The condition of being symmetric is kind of asymmetric. While it depends on
the Hy-inner product, it only depends on the H;-inner product up to equivalence
of norms. A more symmetric notion which only depends on the equivalence
classes of the Hi- as well as the Hy-inner product is the following notion.

Definition 1.3. An element A € L£(Hy, Hy) is called symmetrizable if there
exists an inner product (-,-) on Hy equivalent to the given inner product (-, ),
such that A is symmetric with respect to the new inner product (-, -).

We abbreviate by F = F(H;,Hy) C L(Hy, Hy) the set of symmetrizable
Fredholm operators of index zero from H; to Hy. We refer to the elements
of F as Hessians. We endow the set F with the subset topology inherited
from L(Hy, Hy). We define F* := {A € F | 3A~! € L(Ho, H;)}. To indicate
invertibility visually we shall use for the elements of F* the font A.

Taking adjoints gives rise to a bijection (see Lemma 2.7 for details)
x: F(Hy,Ho) — F(Hy,HY), A A* (1.2)
which has the property ** = Id z(, p,) and maps invertibles to invertibles.

Remark 1.4. Note that (1.2) would not be true if one would replace symmetriz-
able by symmetric. In fact, the adjoint of a symmetric operator A: H; — Hy
does not need to be symmetric. This is due to the asymmetric property of the



symmetry condition mentioned above. Indeed the symmetry of A: H; — Hy
depends on the inner product on Hy, while the symmetry of A*: Hj — Hf
depends on the inner product on H; which can be used to identify H; with H7.

In the following we will consider paths of Hessians. Although in many appli-
cations one has paths of Hessians which are symmetric for a fixed inner product
on Hy, and not for a time-dependent one as in the symmetrizable case, the ad-
vantage of relaxing the symmetry condition to symmetrizability is that it gives
a uniform way to treat paths of Hessians and the path of its adjoints.

Let I be an interval of the form

R, I_=R_=(-00,0, I=R,=[0,00), Ip=][-T,T] (1.3)

Relevant path spaces are defined by

Py(I) = Py(I; Hy) := L*(I, Hy),
Py(I) = P\(I; Hy, Hy) := L*(I, H;) N WY2(I, Hp),

and these are Hilbert spaces with inner products

and

(v, ) p, :z/(v’(s),w’(s))o ds—&—/(v(s%w(s)}l ds. (1.5)

I I

Definition 1.5. Denote the space of continuous paths of Hessians by
Ap:={A: I — F continuous}.

The Hessian path spaces are defined by

Al ={Ac€ A | A_p := A(-T) and A7 := A(T) are invertible}

Aj, ={Aec A | AT := élg)go A(s) exists, AT and A(0) invertible}

A ={Aec A | A™ = slix_noo A(s) exists, A~ and A(0) invertible}

An={Ac A | AT = SEIEOO A(s) exist and are invertible}.
For A € A}, where I is one of the four interval types, we define the bounded

linear operator

Da: Pi(I) — Po(I), €+ D¢ + AC. (1.6)

Definition 1.6 (Projections). Assume that A € F*. Let Hy/; = Hy/2(A) be
the interpolation space between the domain and the co-domain of A, namely
between H; and Hj in the case at hand. We denote by

Ty € L(Hy), mt =1d -7} € L(Hy),



the projection to the positive eigenspaces of A along the negative ones, respec-
tively to the negative eigenspaces along the positive ones. The images

+ A
HE(A) = (Hy)
are complementary closed subspaces of Hj /;, as explained in Section 2.3.

Definition 1.7. For each of the four interval types I we introduce augmented
operators as follows. For A € A7 we abbreviate Ayr := A(£T') and define

Da: Pl([T) — PO(IT) X H;(A,T) X H;(AT) =: W(IT;A,T,AT)
& (Dagmy e r wer ).

For A € A}, we abbreviate Ag := A(0) and define

(1.7)

Da: P(IL) — Po(Iy) x H;(Ao) = W(L;Ag)
¢ (Dag,miog0)
For A € A} we abbreviate Ag := A(0) and define
Da: Pi(I-) = Po(I-) x Hy (Ro) =: W(I-; Ao)
£ (DAg,nféogo) .
For A € Aj; we define

@AI Pl(R) — Po(R)
g}—) DAg.

The main result of this article is the following theorem in which [ is any of
the four interval types. The proof uses [FW24, Thm. D]; see Theorem 4.23.

Theorem A. For A € A} the augmented operator ® 4 is Fredholm and
index® 4 = ¢(A) where ¢(A) is the spectral flow of the path A of Hessians.

Remark 1.8. In the case I = R Theorem A is the classical spectral flow theorem
of Robbin and Salamon [RS95]. Strictly speaking, they proved the Fredholm
property under an additional assumption on the path A, namely they required
the existence of a weak derivative. It was later shown by Rabier [Rab04] that
such a weak derivative is not needed to obtain the Fredholm property.

Although the special case I = R was known before our proof, even in this
case it differs rather from the proofs of Robbin-Salamon and Rabier. While the
Robbin-Salamon proof requires the rather involved infinite dimensional transver-
sality theory [AR67] to perturb the path of Hessians to make it transverse in
order to achieve only simple crossings of the eigenvalues at zero, our proof on
concatenating finite intervals does not require these techniques. Instead we use
elements A in the resolvent set to shift the operators D4 to operators C‘Dj\4, de-
fined by (4.56), for which the issue of non-simple crossings of eigenvalues at zero
can be avoided.



Given A € A} (Hy, Hp), then —A* € A} _(Hg, Hf) by (1.2). We define the
adjoint of D4 in (1.7) to be the augmented operator associated to —A*, i.e.

D% :=D_a«: PL(Ir; H, HY) = W(Ir; —A" 1, —AT). (1.8)

Since the spectrum of an operator and its adjoint coincide, see Lemma 2.6, we
have for the spectral flow

S(A) = ¢(A%) = —¢(=47)
and therefore an immediate consequence of Theorem A is the index formula
index® 4 = —index®%.

Acknowledgements. We would like to thank Fatih Kandemir for bringing to
our attention Rabier’s article.
UF acknowledges support by DFG grant FR 2637/4-1 and by Imecc Unicamp.

1.2 Motivation and general perspective

This article is part of our endeavor to find a general approach to Floer homology
as outlined in the section “Motivation and general perspective” in [FW24].

Floer homology is a tool to detect periodic orbits. Periodic orbits are of
importance in several problems like, for example, celestial mechanics, and in
particular space mission design, where one is interested to find a periodic orbit
where to position a satellite. They play an important role in the semi-classical
approach to quantum mechanics where they enter Gutzwiler’s celebrated trace
formula [Gut90]. Another topic where periodic orbits are essential is in popu-
lation dynamics like for example the famous Volterra models where small fishes
are being eaten by big fishes.

In all these applications of periodic orbits it is of interest to go beyond
periodic orbits of Hamiltonian ODEs, but also allow delay equations. This is
obvious in population dynamics where the fishes first have to grow.

However, Hamiltonian delay equations also play an increasing role in celestial
mechanics and dynamics of atoms. This is due to the fact that these systems
are singular due to collisions. Although one definitely does not want to put a
satellite on the collision orbit to understand the global picture of the intricate
network of periodic orbits one also has to take into account collision orbits.

In the semi-classical approach to quantization using Gutzwiler’s trace formula
collision orbits have to be included. In fact, as is argued in [WRT93] a special
class of collisional periodic orbits in Helium, so-called eZe-orbits, can be used
to explain large portions of the spectrum of Helium.

All these applications of periodic orbits require new techniques in Floer
homology and, in particular, a deeper understanding on the mechanisms which
make Floer homology work. With this goal in mind we therefore provide in the
present article a comprehensive study of the operators which play an important
role in a uniform approach to Floer homology.

Operators of the form 95 + A(s) for finite and half-infinite intervals appear
in the Hardy-approach to Lagrangian Floer gluing of Tatjana Simcevié [Sim14].



2 Preliminaries

Throughout this article let H = (Hp, Hy) be a Hilbert space pair.

Notation. An operator is a bounded linear map. The font A indicates that an
operator A is invertible. The Kronecker symbol §;; is 1 if ¢ = j and zero else.
To ovoid excess of parentheses we write f(z) often as f, or, rarely, as f|..

2.1 H-self-adjoint operators

Definition 2.1. A bounded linear map A: Hy — Hy is called H-self-adjoint
or, more precisely, a self-adjoint Hilbert space pair operator, if it is

(Hp-sym) Hy-symmetric, see (1.1), and
(Fred-0) Fredholm of index zero.

The requirement Fredholm of index zero guarantees non-emptiness of the
resolvent set R(A) := R\ spec A # 0, as we discuss right below. Non-emptiness
will be used over and over again in Section 4 for perturbation arguments, see
e.g. Step 4 in the proof of Theorem 4.2.

Remark 2.2 (Why Fredholm of index zero is important). As opposed to an
operator acting on a Hilbert space, say Hy — Hy, the Fredholm requirement
arises from domain Hy and co-domain H; being different in the case at hand.

Suppose a linear map B: Hy — Hj is bounded, but not Fredholm of index
zero. Then all reals lie in the spectrum

R =specB:={X €R| B — A\: Hy — Hy is not bijective}.

Those A € spec B for which B — At: H; — Hj is not injective are called eigen-
values of B and non-zero kernel elements eigenvectors. To see equality sup-
pose by contradiction that there is a real A such that the bounded linear map
B — \t: Hi — Hj is bijective and so, by the open mapping theorem, admits a
bounded inverse Ry(B) := (B — \)~': Hy — H; called the resolvent of B
at A ¢ spec B. Hence B — At is an isomorphism and thereby Fredholm of index
zero. But so is then B, since ¢ is compact. Contradiction.

Remark 2.3 (H-self-adjoint spectrum is real, discrete, eigenvalues only). In
a Hilbert space pair both Hilbert spaces are separable by [FW24, Cor. A.5]. If
interpreted as an unbounded operator on Hy, then an H-self-adjoint operator
A is a self-adjoint operator A: Hy D H; — Hy with dense domain H;. This,
and what follows, is detailed in Appendix D.

The spectrum of A consists of infinitely many discrete real eigenvalues ay,
of finite multiplicity each, which accumulate either at 4+oc, or at —oo, or at
both. By Theorem D.1, there is a countable orthonormal basis V(A) of Hy,
see Definition A.2, composed of eigenvectors v, € H; of A. The complement
R(A) := R\ spec A is called the resolvent set of A. It is dense in R.



a) Invertible case. For invertible H-self-adjoint operators we use the boldface
letter A: Hy — Hy. Accounting for multiplicities we enumerate the eigenvalues
of A in increasing order and write them as a list with finite repetitions

<a2<a1<0<a;<ax <L, S(A) = (ar)een, (2.9)

where the eigenvalue index set A C Z*, counting multiplicities, is of the form

Morse co-Morse Floer
A —A_UN —-NUA; ~NUN=:7Z (2.10)
A {p—,...;2,1} or @ N
A+ {1,2,...,/,L+}OI‘® N

The number of elements #A_ (#A,) is the Morse (co-Morse) index of A.
Using the same index set A we write the orthonormal basis of Hy in the form

V(A) = {ve}een C Hi, Avy = ayvy, (2.11)

where the eigenvalues accumulate on the set {—o0,+00}; see Theorem D.1.

b) Non-invertible case. In this case the only difference is that A: H; — H
has a nontrivial, but finite dimensional kernel for which one chooses an ONB
V(ker A). In the notation A = 0 ® A of Appendix D, where A is invertible as
in a), the eigenvalue list of A and the corresponding ONB of Hj are the unions

v P2 vy uvker 1),  s4) 2 sa) U o). (2.12)

This concludes Remark 2.3.

Definition 2.4 (H-self-adjoint operators come in three types). We distinguish
three types of H-self-adjoint operators A: H; — Hy; cf. Remark 2.3.

1. Morse. Finitely many negative, infinitely many positive eigenvalues.
2. Co-Morse. Finitely many positive, infinitely many negative eigenvalues.

3. Floer. Infinitely many negative and positive eigenvalues.

2.2 The Banach adjoint

Definition 2.5. Let A € L(H;, Hp). For a dual space element n € Hj :=
L(Hy,R), the image A*n € Hf := L(H;,R) under the Banach adjoint

A*: Hj — HY
is characterized by
(A™n)§ = n(AE), V€ € Hi.
The inner products on the dual spaces are defined via the musical isomorphisms

bo: Ho — Hy, & (&), br: Hy — HY, & (&),

by 1 1 1 1
<" >3 = <b07 '7b07 ->0’ <7>>'1< = <b17 '7b17 '>1-



Lemma 2.6. Let B € L(H1, Hy). Then spec B = spec B*.

Proof. We first show that B is invertible iff B* is invertible. Assume B: H; —
H, is invertible. This means that there is C' € L(Hp, Hy) such that BC = Idg,
and CB = Idy,. Applying * to these equations we get C*B* = Idy; and
B*C* = 1Idg;. Hence we have shown that invertibility of B implies invertibility
of B*. Hence invertibility of B* implies invertibility of B**, but B** = B.
Therefore invertibility of B and B* are equivalent.

Observe that A € spec B iff B — \¢t: H; — Hy is not invertible. As we have
just seen this is equivalent that B* — A\¢*: Hj — HY is not invertible. This
shows that the spectrum of B coincides with the spectrum of B*. O

Lemma 2.7. Toking adjoints gives rise to a bijection
«x: F(Hy,Hy) — F(Hy, HY), A~ A"
which has the property xx = Idxq, m,) and maps invertibles to invertibles.

Proof. That x maps invertibles to invertibles holds by Lemma 2.6. By [Miil07,
§16 Thm. 4] an operator A: H; — Hj is Fredholm iff A*: H} — Hj is Fredholm.
In our case index A* = —index A = 0.

We first discuss the case when A is invertible: After replacing the inner
product on H; and Hy by equivalent ones, we can assume without loss of gen-
erality, that A is a symmetric isometry. Such inner products are referred to as
A-adapted and the existence is discussed around (2.13). Using the A-adapted
inner products we can naturally identify H; with Hy and H} with H_; and A*
becomes a symmetric isometry Hy — H_; as explained by Lemma A.8. This
shows that A* is in F(H{, Hy) and is invertible as well.

It remains to discuss the case when A is not invertible: Choose A in the
resolvent set R(A). Then Ay := A — A¢ is an invertible element in F(Hy, Hy).
By the discussion before A € F(H§, H{). Using that Ay = A* — \* we
conclude that A* is in F(H, HY) as well.

Since Hy and H; are Hilbert spaces, they are in particular reflexive so that
we have the canonical isomorphisms Hy = H§* and Hy = H{* which does not
depend on the choice of any inner product, so that A** naturally becomes A. [

2.3 The interpolation classes HT (A)
2

For a pair of Hilbert spaces H = (Ho, H1) let H;/, be the R-scale interpolation
space of Hy and H; as defined in (A.79) for » = 1/2. The construction of the
interpolation space Hj /o uses the 0-inner product on Hy and the 1-inner product
on H; to get a %-inner product. A useful formula, in terms of a pair growth
function and a scale basis, is (A.88).

A consequence of the Stein-Weiss interpolation theorem is that if we replace
the inner products by equivalent ones, say a 0’- and a 1’-inner product, then

we obtain on H 1as well an equivalent %/—inner product. To see this abbreviate
by H{, the vector space Hy endowed with the 0'-inner product and analogously



for H{. Interpret the identity map as a map Id: Hy — H{. The identity map
restricts to a map Hy; — Hj. Since the 0- and 0’-inner products are equivalent
there exists a constant co such that |[Id||(m,,m;) < co. For the same reason
there exists a constant ¢; such that [|Id||z(q, 1) < c1. It follows from the

Stein-Weiss interpolation theorem, see e.g. [BL76, 5.4.1 p.115, U = V = N,
p=2,0=1] or [FW24, App.B], that the identity map maps H, to H1 and

satisfies HId||£(H1 ) < /¢pc1. Interchanging the roles of Hy and H| shows

that the restrlctlon of the identity to H 1 actually is an isomorphism between
Hy and H L.
2

Definition 2.8. Assume that A € F*(H;, Hp) is a symmetrizable invertible
bounded linear map from H; to Hy. We say that equivalent inner products 1’
on Hi and 0’ on Hy are A-adapted if A is an isometry with respect to the inner
products 1’ and 0’ and symmetric with respect to the inner product 0.

Existence. Note that A-adapted inner products always exist: Indeed since
A: H; — Hy is symmetrizable there exists an inner product 0’ on Hy such that
A is symmetric with respect to the inner product 0’. Now define the 1’ inner
product on H; as the pull-back of the 0’-inner product on Hy, i.e.

<£a77>1’ = <A£aA77>O’ (213)

for all £, € Hy. Since A is invertible the 1’-inner product is equivalent to the
1-inner product on Hy. By construction of the 1’-inner product A becomes an
isometry with respect to the 1’- and 0’-inner products.

Spectral decomposition. An operator A € F* gives rise to a decomposi-
tion of interpolation space into two closed subspaces

), Hi=H;(A)®Hf(A), (vh)’=ntecLl(H

L= H ; ), (214)
corresponding to the negative and the positive eigenspaces of A.

Case 1 (Symmetric isometry). We first explain the construction of the
spaces H f (A) in the special case where A: H; — Hy is a symmetric isometry.
2

In this case choose an orthonormal basis V(A) = {vs}rep of Hy as in (2.11), in
particular consisting of eigenvectors, namely Avy, = ayv,. The basis is orthogonal
in Hy, indeed (vg, vr); = (Avg, Avg), = agarde,. So the Hi-lengths are given by

[vellr = |acl. (2.15)

This basis is also orthogonal in H 1 and the H 1 -lengths are given by!

1
[vell 3 = lae|?. (2.16)

1 By (A.80) for ¢ = n = vy (the growth operator is Tvy = a[2v5 since A is an isometry).

10



The projections Wi: H% — H% to the positive/negative eigenspaces of A are
defined by

A Vyp ,‘€>0, A O ,€>07
MLV = T_Vy =
0 ,(<0, ve £ <0,

for every eigenvector v, € V(A). The definition shows that (7})? = 74, so image
and fixed point set coincide. But the latter is a closed subspace by continuity.

Case 2 (Symmetrizable invertible). Now consider the case where the
bounded linear map A: Hy — Hj is still invertible, but only symmetrizable.
In this case we can replace the 0- and 1-inner products on Hy and H; respec-
tively, by A-adapted ones, say 0’ and 1/, as explained after Definition 2.8. The
space H 1 gets endowed with an equivalent %/—inner product, too. For the new

inner products 0, 1/, and %/ we obtain projections 74 as above. By equivalence
of the new and the original inner product on H 1 the projections

mh:Hy — Hy (2.17)

are still continuous with respect to the original inner product, although in gen-
eral they will not be orthogonal any more. The images of 7* and ﬂ'ﬁ are
complementary closed subspaces and we get (2.14).

3 Spectral flow

Inspired by Hofer, Wysocki, and Zehnder [HWZ98, p. 216] we define the spectral
flow as follows. For the spaces A} see Definition 1.5.

Finite intervals

Given A € Aj_, we consider the invertible operator A_7 := A(=T): H; — Hy
and we write its spectrum, similar to (2.9) but now denoting the non-eigenvalue 0
by a, T in the form

<alt <al <agt <a;T<ayT <. .., S(A_7)=(a;)een. (3.18)
~—

Extend these eigenvalues and a,, T".= 0 to continuous functions a,: [-T,T] — R
for £ € A U {0} satisfying, for any s € [T, T], the following conditions under
inclusion of the zero function [-7,7] 3 s — 0, namely

(i) - <a_a(s) <a_1(s) <ao(s) <ar(s) <az(s) <...
(ii) S(A(s)) U{0} = (ae(s))renuqo}-

Since eigenvalues depend continuously on the operator, the functions a, exist
and are uniquely determined by these two conditions.

11



Definition 3.1 (Spectral flow - finite interval). Let A € A7 be a path of
Hessians. The spectral flow ¢(A) € Z is defined by

¢(4) := —iif a;(T) = 0. (3.19)

This is the net count of eigenvalues that change from negative to positive.

Qg

Figure 1: Spectral flow ¢(A) = 2 along [T, T

Lemma 3.2. The map A — Z, A+ s(A), has the following properties.

(Homotopy) ¢ is constant on the connected components of Aj .
(Constant) If A is constant, then ¢(A) = 0.

(Direct Sum) (A1 @ As) = (A1) + ¢(A2).

(Normalization) For Hy = Hy =R and A(s) = arctan(s), it holds ¢(A) = 1.
(Catenation) If A= Ai#A,, then ¢(A) = c(Ag) +<(A4,).

The first four properties guarantee uniqueness and the first three imply
(Catenation), see [RS95, §4]. Thus ¢ is the spectral flow as defined in [RS95].

Proof. (Homotopy) Assume that Ag and A; lie in the same connected com-
ponent of A7 . This means that there exists a homotopy {A;},cj0,1) C A,
between them. Consider the map [0,1] — Z, r — ¢(A,.). By continuous depen-
dence of the eigenvalues this map is continuous and since its image is discrete,
the map is constant. In particular ¢(Ag) = ¢(A1) and therefore the homotopy
property is proved.

(Constant) In this case as(s) = ay(—T) Vs, £, in particular we have ao(T) =
ap(—T) = 0, hence ¢(A4) = 0.

(Direct Sum) The net number of eigenvalues of the direct sum A; & A, crossing
zero corresponds to the sum of the net number of eigenvalues of A; crossing zero
and A, crossing zero. Therefore the direct sum property holds.
(Normalization) Initially, since ao(—T) = 0 and arctan(—T) < 0, we have
arctan(—T) = a_1(—T). At the end, since arctan(T) > 0, we have 0 = a_1(T).
Thus ¢(A) = —(-1) = 1. O

12



Half-infinite forward interval

Given A € AL, we consider the invertible operator Ag := A(0): H; — Hy and
we write its spectrum, similar to (2.9) but now denoting the non-eigenvalue 0
by aj, in the form
o<a’y<a’ < ad <a¥<ad <., S(Ag) = (ad)sea. (3.20)
~—

=0

Extend these eigenvalues and a := 0 to continuous functions a,: [0,00) — R
for £ € A U {0} satisfying, for any s € [—T,T], the following conditions under
inclusion of the zero function [T, T] 3 s +— 0, namely

(i) - <a—a(s) <a-1(s) < ap(s) <ai(s) <az(s) <...
(ii) S(A(s)) U{0} = (ar(s))ecrufoy-

Since the limit limg ,o, A(s) =: AT exists so do the limits limg o a¢(s) =:
ag(00) for every £ € AU {0} and they satisfy

(iii) -+ <a—2(00) <a—1(00) < ap(o0) < ag(0) < ag(co) < ...
(iv) S(AT) = (ar(0))eeru{o}-

Qg

Figure 2: Spectral flow ¢(A) = 0 along R

Definition 3.3 (Spectral flow - half-infinite forward interval). The spectral flow
of A€ Ay, is defined as in Definition 3.1 just by replacing T by oo.

Half-infinite backward interval

Definition 3.4 (Spectral flow - half-infinite backward interval). Given a back-
ward path A € A , we define a forward path A € A7, by A(s) = A(—s).
Then we define the spectral flow of the backward path as the spectral flow of
the negative forward path, in symbols ¢(A) := ¢(—A).
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Real line

Similarly as in the case of half infinite intervals the spectral flow can be defined
along the whole real line.

Note that since the asymptotics are invertible, no eigenvalues will cross zero
any more whenever |s| > T for some sufficiently large T' > 0. Therefore, alter-
natively, one could also define the spectral flow of A € A% as the spectral flow
of A restricted to the finite interval [T, T].

4 Fredholm operators

Throughout (Hy, Hy) is a Hilbert space pair. Let I C R be connected, then?
Pi(I)= Pi(I; Hi, Ho) == L*(I, H;) N W"2(I, Hy) C C°(I, Hp), (4.22)
P{(I) = Po(I; Hy, HY) »= L*(I, Hy) N\ WL HY) € CO(L HY).

4.1 Real line

Definition 4.1 (Hessian path space Af). Let Af be the space of continuous
maps A: (—oo,00) — F(Hy, Hp) such that both asymptotic limits exist and are
invertible and symmetrizable, in symbols

A% = lim A(s) € F*(Hy, Hy).

s—too

4.1.1 Rabier’s semi-Fredholm estimate for D 4

The following theorem is due to Rabier [Rab04]. In the case where s — A(s)
has a derivative the theorem is due to Robbin and Salamon [RS95, Lemma 3.9].
For the readers convenience we give a detailed explanation of Rabier’s ingenious
argument of how to overcome the need of a derivative. In fact, Rabier proved his
theorem even more general for some Banach and not just Hilbert spaces which
however requires additional arguments.

Theorem 4.2 (Rabier). Given A € Ay, there are constants ¢, T > 0 such that

€17,y < € (1D A€l pyry + 1€l o)
for every € € Pi(R) where Dy: Pi(R) — Py(R) is defined by (1.6) for I = R.
Remark 4.3 (Idea of proof). One relates the operator D 4 associated to a path
of Hessians s ~— A(s) to finitely many invertible operators D, ;) associated
to constant-in-s invertible paths A*?i) := A(c;) — (o), as illustrated by
Figure 3. We indicate invertibility of Hessians by using the font A. Step 1: One
shows that invertibility of a constant path A implies invertibility of Dy.

2 In the notation of Def. 2.10 and by Le. 2.15 in [Neu20], cf. [Roul3, Le. 7.1], we have that
Py(Ry; Hy, Ho) = Wh2) (Ry s Hy, Ho) € CO(Ry, Ho),

(4.21)
Py(Ry; H, HY) = WH2)(Ry; Hy, HY) C CO(Ry, HY).
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Ao) = 0 A1 A2 AN—1 AN 0
Figure 3: Approximate D, via finitely many invertible D, (), (4.30), (4.31)

ASYMPTOTIC ENDS. Step 2: The asymptotic limits A* are invertible by as-
sumption. Hence so is, by continuity of the path s — A(s), each member of the
path outside a sufficiently large compact interval [—T5, T]. Step 3: One derives
the estimate for D4 outside a larger interval [—T3, T5].

COMPACT CENTER. Step 4: Since at each time o € [—T3,T3] the opera-
tor A(o): Hy — Hy is H-self-adjoint, there exist non-eigenvalues p., see Re-
mark 2.3. Pick one, then the shifted operator Ats := A(c) — py¢ is invertible.
Step 5: But invertibility is an open property, thus A*e (1) := A(T) — pst is
still invertible in a sufficiently narrow interval about o, in symbols V7 € I, :=
(0 — €4,0 + €5). The compact interval [—T5,T3] is covered by finitely many
intervals I,,,Is,,...,Isy, see Figure 3. Define A(0;) := gy, for j =1,...,N.
Step 6. If A(7) is sufficiently close to A(c), then one derives the desired estimate
in a small neighborhood.

PUTTING THINGS TOGETHER. Step 7: One chooses T' > T3 and a suitable
partition of unity for R to put the obtained estimates near +oco and such in
the compact center together. The closeness condition in Step 6 is achieved by
subdividing [—T,T] in sufficiently small subintervals using that continuity of
s+ A(s) along the compact [T, T] is uniform. This concludes Remark 4.3.

Proof. The proof is in seven steps. Let A € A%, notation A* := lim,_, 4., A(s).

Step 1 (Constant invertible path A). Let A(s) = A € F*(Hy, Hy) be constant
in time. Then the following is true. There exists a constant C; such that the
following injectivity estimate holds

Hf”Pl(]R) <Ci ”DAEHPO(R) (4.23)

for every € € Pi(R) and Dy: Pi(R) — Py(R) is an isomorphism with inverse
bounded by
1(Da) ™l 2po®),Prr)) < Ch (4.24)

1a - Proof of the injectivity estimate (4.23). We can assume without loss of
generality that A: H; — Hj is symmetric. Indeed replacing the inner prod-
uct on Hp by an equivalent one leads to equivalent norms on P;(R) and Py(R)
and therefore (4.23) continues to hold after adapting the constant.
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By definition (1.4) of the space P;(R) we get

I€le = [ 1A~ A€}, + 10:€()17, ds

(4.25)
_ 2 2
< U+ I gy 010)) (181 ) + 1068z ) -
On the other hand, by partial integration and symmetry of A, the mixed term
is zero and we get

| Dagll, ) = / (1015, +2(D:8(), AL())g + AE(3)]I3, ) ds
2 2
= ||Af||PO(R) + ||as§HPO(R) :
This identity, together with (4.25), proves the injectivity estimate in Step 1. O

1b — Proof of an injectivity estimate for D_a~. There is a constant C} with

100l p, ;g ) < CT 1Dl py iy

for every n € P1(R; H§, HY).
To see this note that the assumption A € F(Hy, Hy) implies A* € F(H{, Hy),

by Lemma 2.7. Moreover, since A is invertible, the adjoint A* is invertible as
well. Therefore Step 1b follows from Step 1a. O

1c — Proof of surjectivity. To prove surjectivity we first show that the image of
Dy is closed in Py(R). For this we use the obtained injectivity estimate. Suppose
that 7, is a sequence in the image of Dy which converges to some 1 € Py(R).
We need to show that n € im Dy. Since 1, € im Dy there exists &, € P;(R) such
that n, = Da&,. Since the sequence 7, converges it is a Cauchy sequence in
Py(R). By the injectivity estimate the sequence &, is as well a Cauchy sequence.
Since P; (R) is complete the Cauchy sequence &, has a limit £ € P;(R). It follows
that 7 = D& and therefore lies in the image of Dy. So im D, is closed.

Hence to show that Dy is an isomorphism it suffices to check that the orthogonal
complement of im Dy is trivial. To see this pick 7 € (im Da)* C Py(R). This
means that (), DA€>P0(R) = 0 for every £ € P;(R), hence

0= [ 00060, 0.805) + (o) s

oo 0 (4.26)
- / (1(s)) Dut(s) ds + / (A(s)) €(s) ds

A*: H;—H; €H;

for every ¢ € P;(R) and where b: Hy — H{ is the insertion isometry (A.89).
Thus by € L2(R, Hy) has a weak derivative in Hj satisfying dsbn = A*bn where
A*: Hj — Hf isthe adjoint of A: H; — Hy. In particular, bn lies in the kernel of
the operator D_,-: Py(R; H}, HY) — Po(R; Hy). But D_,- is injective by part
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1b of the proof, thus by = 0, hence n = 0. This shows that Dy : P;(R; Hq, Hy) —
Py(R; Hp) is an isomorphism. Hence (4.24) follows from (4.23). This concludes
the proof of Step 1. O

From now on we abbreviate
A := A(s): Hy — H,, A; := A(s) indicates invertibility.

We enumerate the constants by the step where they appear, e.g. constant 75
arises in Step 2.

Step 2 (Invertible near A*). There are constants Ty, Co > 0 such that for any
fixed time o € (—o0, —T>]U[T%, 00) the operators A, and D, are invertible and

1Pa) ™ 2o ),y < Co
Proof. To prove Step 2 we show that the map
T: F— L(P1,Py), A~ Dy
is continuous. To see this, given A, A € F and using (1.6), we calculate

I1Da—Djllcp,py) i = \|§ﬁup 1||(DA — D ;)¢ po=r2(r, o)
P =

o ([1a- et an)
HEllPl—l

< 1A= Al sup (/ ||£<s>||%1ds)
€]l Py =1 R

=”§”L2(R,H1)SH§”P1:1

1 (4.27)

<A = All e, o)
Step 2 follows now from Step 1 (invertibility of asymptotic operators D+ ) and
with the help of Lemma B.1 since the path R 5 s — A(s) converges at the ends
to Dp+. This proves Step 2. O

Step 3 (Asymptotic estimate). Let T > 0 be the constant of Step 2. There
exists T5 > T such that the following is true. Suppose 8 € C*° (R, R) satisfies

either supp 8 C (—o0, —T3) or supp 8 C (T3, 00).

Then for every £ € P;(R) we have the estimate

18l vy < 2C2 (DAl oy + 15 py )

where Cs > 0 is the constant from Step 2.
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Proof. Since lim_, 1+ A(s) = AT there exists Ty > T5 such that

A — A+||L‘(H1,Ho) = ﬁ Vo 2T
HAU - A_Hz:(Hl,Ho) < ﬁ Vo< T3

where Step 2 provides the constant Cy > 0 and invertibility of A, := A(0).
In the following we only discuss the case where supp 8 C (T3, 00), the other
case is analogous. Assume that o € supp 8 C (T3, 00). We calculate

DAaﬂg = as(ﬂg) + AUB&
=6+ B(0:s€ + (A — A+ A)) (4.28)
=f'¢+ BDaE + (A, — A)BE.

By Step 2 the operator D, is invertible, we multiply with (Dy,)~! to get
BE = (Da,)H(B'€ + BDAE + (Ay — A)BE).
Taking norms we estimate
1B€ 1 py gy < 1(P8) " |y .y ey 15°€ + BDAE + (Ao — A)BE] vy
< C3 (I1BDAE ] pyzy + 18'€l ey + 1B = A)BEll )
It remains to estimate the difference

(Ao — A)BEIZ, )

:/“ng_a@m@ﬁ@ﬁm%

—0o0

_ /T lAo — A%+ A% = A% gr oy 1BE)ES) %, ds
SA,2GMU—AWEWMM+WM+—Awwzmﬁwwwwxwm;ds

1 o0
Mg/nmmwﬁﬁs

T3

1 2
< 163 1€ o
The last two estimates together show that

1801,y < 2C (I1BDAE N ey + 15€l pycey) -
This proves Step 3. O

Step 4 (Invertibility perturbation). For any ¢ € R there is p, € R such that
the shifted operator

At = A, — pgt: Hy — Hy

is invertible where ¢: Hy < Hy is inclusion.
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Proof. Since A, is symmetric and inclusion ¢: Hy < Hy is compact, the
spectrum of A,, as unbounded operator on Hy with dense domain Hi, is a
discrete unbounded subset of R with no (finite) accumulation point, see Re-
marks 2.2 and 2.3. Pick p, in the complement of the spectrum of A, that is
to € R(A). O

Step 5 (Invertibilizing A along [—T5,75] by finitely many shifts Aq,..., An).
Let T3 > 0 be from Step 3. There is a finite set A’ = {A\1,..., Ay} C R and
a constant Cs > 0 such the following holds. Fix any o € [-T3,73]. Then
there exists an element A(o) € {A1,...,An}, such that the operator Dyx@) =
85 + A*9) is invertible and there is the estimate

1(Dare) (o), p @)y < Cs.

Proof. Invertibility is an open property. Given any o € R there exists, by Step 4,
a real number u,, pick pu, € R(A,), such that A#s = A, — p,¢ is invertible.
Hence Dyuo is invertible by Step 1. For 7 near o we vary A#< in the form

AP (1) = A — g, AP (g) = At

By continuity (4.27) of s +— D4, there exists, by Lemma B.1, a constant
€s > 0 with the following significance. At any time 7 € I, := (0 — €4,0 + €5)
the operator Dyus () is invertible and the inverse is bounded by

-1 _
(Do) Nernpry < 2(Dare) leirn,p)- (4.29)
Since [—T3, T3] is compact there exist N € N and o1,...,0n5 € [-T53, T3] with
N
~T5. T3] € I, I, = (0 — £0,.0i + &5,). (4.30)
i=1
Now define
N = (A= pio, | i=1,...,N}, C5:=2 max [|(Dper, )" Mlero.py)-

Suppose now that o € [—T5,T3], then by the finite covering property (4.30)
there exists ¢ € {1,..., N} such that o € I,,. We choose such ¢ and define

Ao) = pho, -

For this choice A*?) = A, — pi,,1 =: A#*i (o) and there is the estimate

3 B (4.29) .
I(Dprir)) Mlz(po,py) = 1(Dproi(0) e < 2/[(Dases) Iz < Cs

where ||-||z = ||| z(p,,p,)- This proves Step 5. O
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Step 6 (Small intervals). Let Cs := max{C>,C5}. Let \* := max|A’| be the
maximal absolute value of the elements of the finite set A’ C R in Step 5. Then
for every 8 € C*°(R,R) with the property

1
sup |4y — Ar|l 2o, < —
a,Tesuppﬁ” 7 TH (H1,Ho) 206

it holds that
1881 py m) < 2C5 (HBDAfﬂpU(R) + 18l pyry + A HB§||PO(R)>

for every £ € P (R).

Proof. By Step 2 and Step 5 there exists a map A\: R — R satisfying A(o) € A’
if o € [-T3,T5] and A(o) =0 if o0 € (—o0, —T3) U (T3, 00) and such that

|(Daso) M leerymy,pmy) < Cs < Co, AN = Ay = A(o ).

Now the proof of Step 6 proceeds similarly as the proof of Step 3. Suppose that
o lies in the support of . Computing as in (4.28) we get

Dy BE = B+ BDAE + (Ag — A)BE — No)BE. (4.31)
By construction of A the operator Dy is invertible so that we can write
BE = (Dyrio) " H(B'E + BDAE + (As — A)BE = N(0) ).
Taking norms we estimate

181l p, (m)
< Cs (|\5/§HPO(R) + 1BD ALl p, ) + (Ae — A)BE| p ) + [A(0)] ||5§||p0(m)) :

Now we use the hypothesis sup, -cqupp s 140 = Arll 2o, 11y) < ﬁ to estimate

oo

(0 = )8l = [ (40 = AGs) BIE, ds

— 00

= / 146 = A 21, 110y 1B(5)E(8)II7,, ds
supp 3

1 2
< ez [ 1B, ds

1 2
< ice 1811, () -
The last two estimates together imply Step 6. O

Step 7 (Partition of unity). We prove Theorem 4.2.
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Proof. Choose T' > T3 and a finite partition of unity {g; }jj\/fgl for R, where each
Bj: [0,1] — R is smooth, with the properties

supp By C (—o0, —T3), supp Bar41 C (T3,00),

and for j =1,..., M it holds

1
sup  [[Ag — Arllc(m, 1o < 20 supp ; C (=T, 7).
o, TEsupp B 6

That such a partition exists follows from the continuity of s — A(s) and the
fact that on the compact set [—T3, T3] continuity becomes uniform continuity.
Let £ € Pi(R). Then by the asymptotic estimate Step 3 we have

1806112,y < 2Cs (180Dl gz + 180l ey )
[Bre+1€l p, vy < 2C6 <||5M+1DA§||pO(R) + ||B§w+1§||po(R)> .

By Step 6 (small intervals) we have for each j = 1,..., M an estimate
185€0 gy < 2Cs (18D a8l py sy + 13580y gy + X 185€N py sy ) -
Let B := max{||5)|lcc; |51 llocs - - -+ [|Brr41loc }- Put the estimates together to get

€1l 7, (r)
M+1

< Z HBJfHPI(]R)
=0

M+1 M
<205 Y | (||5J'DA§HPO(R) + ||/8§‘§||p0([—T,T])) +206A" > 11B5€llpy -,
Jj=0 j=1

< 2C6(M +2) [ Dagll p, gy + 2C6 (B(M +2) + A"M) [|€]| p, (1,77

where in the second inequality we replaced the Py(R) norm by the Py([—T,T1)
norm due to the supports of the 3;’s and their derivatives.> Setting

¢ :=max{2Cs(M + 2),2Cs (B(M +2) + \*M)}
proves Step 7.

The proof of Theorem 4.2 is complete.

4.1.2 Semi-Fredholm estimate for the adjoint D7

Let A € A. We call the following operator the adjoint of D 4, namely

DY = D_,e: PR HY HY) — Py(R; HY), € 0,6 — A(s)*€.

3 Bo=1on (—o00,—T] and Bar+1 = 1 on [T, 00), so the derivatives vanish.
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Corollary 4.4. For A € Ay there are constants ¢ and T > 0 with

Hf“Pl(]R;Hg,H;) <c (”DZEHPU(R;H;) + ||5||P0([_T,T];Hl*)>
for every € € Py (R; H}, HY).
Proof. Theorem 4.2 and Lemma 2.7; see also Remark 1.4. O

4.1.3 Fredholm property of D4

An immediate consequence of Theorem 4.2 is that the operator Dy: P (R) —
Py(R) is semi-Fredholm, i.e. the kernel of D4 is of finite dimension and the
range is closed. Indeed the restriction map P (R) — Py([—T,T]) is compact, see
e.g. [RS95, Lemma 3.8]. Hence the semi-Fredholm property follows from [MS04,
Lemma A.1.1].

To see that D, is actually a Fredholm operator we need to examine its
cokernel. For that purpose let 5 € (im D4)" C Py(R) = L2(R, Hy), that is

(1, Dal) gy = 0, V€ € Pi(R) = L*(R, Hy) N W"2(R, Hy).

To put it differently

o=/m@mx@a@+A@a@mw

Py o (4.32)
=/ m@wmﬁmﬁ[<mwm@M@@

—0o0

o0
A(s)*: Hi—H;

for every ¢ € P;(R) and where b: Hy — H{ is the insertion isometry (A.89).
Interpreting the £’s as test functions this means that bn € L*(R, HY) has a
weak derivative in Hj, namely dsbn = A*»n. Hence bn lies in L*(R, HE) N
WL2(R, Hy) = Pi(R; H}, HY) and satisfies D%bn = 95bn—A(s)*hn = 0. Observe
that D% is a map

DY =0, — A(s)*: L*(R,H})nWY2(R, H) — L*(R, H}). (4.33)

Po(R;HY)

(4.22)
P (R;HE,HY) C CO(R,HY)

We proved b (im D 4)* C ker D?,. Vice versa, fix by € ker D% Then (D% bn)(s) =
Op; for every s € R. Pick £ € Pi(R) and integrate (D%bm)(s)¢(s) = 0 over
s € R to get back to (n, Da&) p, r) = 0. We proved

Lemma 4.5. Given A € Ay, consider Dy: Pi(R; Hi,Hy) — Py(R; Hy) and
Dy P(R; Hy, HY) — Po(R; HY), then

(imD4)" 2 ker DY © LA(R, H) N WY2(R, HY).

Corollary 4.6. Dy =9 4: Pi(R; H1,Hy) — Po(R; Hy) is Fredholm YA € A%.
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Proof. By Theorem 4.2 the operator D4 is semi-Fredholm (finite dimensional
kernel and closed image). Since D 4 has closed image, it follows that coker D4 =

(im DA)L, but (im DA)L ~ ker D% by Lemma 4.5. By Corollary 4.4 the opera-
tor (4.33) is semi-Fredholm as well. This proves Corollary 4.6. O

4.2 Finite interval

Pick a Hessian path A € A} := {A € Az, | A(=T) and A(T) are invertible}
along the finite interval Iy = [T, T)]. Then A: [-T,T] — F = F(H1, Hyp) takes
values in the symmetrizable Fredholm operators of index zero; cf. Remarks 1.4
and 2.3. In order to eventually get to Fredholm operators, it is not enough that
the Hessians at the interval ends are invertible, notation

A_T = A(—T), AT = A(T)
In addition, one must impose boundary conditions formulated in terms of the

spectral projections Wﬁ’T sitting at time —T and 727 at time T'; see (2.14).

4.2.1 Estimate for D4
In this section we study the linear operator ds + A as a map
DAZ Pl(IT) — .P()(IT)7 f — 65§ + A(S)§

and the augmented operator © 4: Py (I7) — W(Ip; A_p,Ar) in (1.7). Define
Hilbert spaces Py(Ir) = Po(Ir;Ho) and Pi(Ir) = Pi(Ir; Hy,Hpy) by (1.4).
These operators are not Fredholm: although D4 has closed image and finite
dimensional co-kernel, the kernel is infinite dimensional in the Floer and Morse
case; see Figure 4 and (2.10).

Theorem 4.7. For A c A?T there exists a constant ¢ > 0 such that

A_
1€ll ey < € (IDAEN py 2y + 1€ Rorry + 175 TETD 1y + 727D
(Ir) 3 3

for every £ € Py(Ir). we abbreviate ||-[|1 := |||z,

Orthogonal projections are bounded by 1, hence the theorem reduces to

Corollary 4.8. For A € A} there exists a constant ¢ > 0 such that

€0 pyrry < € (1DAE N iy + Wl pygrey + I1ECTy + IECD)

for every € € Py(Ir).

Proof of Theorem 4.7. We prove the theorem in five steps. It is often convenient
to abbreviate & := £(s) and As := A(s). We enumerate the constants by the
step where they appear, e.g. constant C; arises in Step 1.
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Step 1 (Constant invertible case). Let A(s) = A = Ay = A1 be constant in
time and invertible. Then there is a constant C; > 0 such that

€0y 12y < C1 (IDAEN py(rpy + IeE-rlly + lImterlly ) (4.34)
for every £ € Py(I1). Moreover, for the constant path A the augmented operator
Da: Pi(Ir) — Po(Ir) x H;(A) X H;(A) = W(r; A A)
£ (Dag,myér, mhér) 439
is bijective.

Proof. Step 1 was proved in [Sim14, Thm. 3.1.6 i)]. We follow her proof. By
changing the constant C if necessary, we can assume without loss of generality,
as explained in Section 2.3, that

A: Hy — Hj is a symmetric isometry. (4.36)

In this case (4.34) actually holds with unit constant C; = 1. We abbreviate
74 = mh. Since Dy¢& = 0, + A&, integration by parts yields

2
D&y (1)

T
— [ (10605, + 2008800y + 461, ) ds (437

-
= ||Af||§30(1T) + ||as§||?ro(1T) + (&r, Alr) g — (§-1, Al_T)g

for every £ € Pi(Ir). To see this note that
T T
[ t0tenedy ds= [ @uigne), ~ (6 ADEN) ds
-T -T

T
= / (as <€S»A§s>0 - <A587 as&s)o) ds

-T

where in the last step we used Hp-symmetry of A. Thus

T T
2/_T (040, AL, ds = /_T D, (€0, AL, ds
= (&1, Alr)q — (§-1, Al _T), -

This proves (4.37). The opposite signs will be crucial soon. As A is an isometry
we get

(2.16)
—(m_&r, A _&r)) = H7T—€TH2%

(2.16)
(mylor, Amp &)y = \|7T+5—T||2%-
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So we get
>0
f_/\— 9
(€, Abr)o = (m&r, Ami&r) + (m-&r, Am—&r) > —[lm-&r (|3

(-1, Abor)y = (mibor, Amabor) + (mbor, An_Er), < |Imeér]
<0

(4.38)

where the identities use that the mixed terms vanish by Hy-orthogonality; see
Case 1 in Section 2.3. Since A is an isometry we get identity one in the following

(1.5)

2 2 2
€05, () ARy 75y + 195€lI By (1)
(4.37)

= || Dagll3, 1y + (6=, AET)o — (67, Alr),
2 2 2
< IDaélpy gy + Imsé=rllyy, + 78l -
2 2
The last inequality is by the previous estimates (4.38). This proves (4.34). In

particular, this implies that the augmented operator D4 in (4.35) is injective.

CLAIM 1. ®, is surjective.

To see this consider the orthonormal basis V(A) = (v¢)eea C Hy of Hp
from (2.11) enumerated by the ordering (2.9) of the eigenvalues a, of A. Pick
¢ = (n,z,y) € W(r;A,A). Given s € [—T,T|, with respect to the common
basis V(A) of Hy and Hy (A) @ HY (A) we write

2 2

n(s) = Z’W(S)vf € Hy, T = Z LTyVy, Y= Z Y—rV—yp.
LeA veEAL veA_

We are looking for a map § € Pi(I7) of the form s — £(s) = >, &e(s)ve
which, for each ¢ € A, satisfies a linear inhomogeneous ODE of the form

058e(8) + arke(s) = ne(s) (4.39)
with the mixed boundary condition
&(-T)=uz,, YwelAy, &, (T)=y_,, YweA_. (4.40)

We make the variation of constant Ansatz £(s) = c,(s)e~**. Apply < to both
sides and use (4.39) to get

aygs

0sce(s) = ne(s)e

Positive eigenvalue a,,. Then we get v, = £,(=T) = c,(=T)e*T, so ¢, (-T) =
z,e” T, Integrate Osc,(s) from —T to s to get

c(s) =z,e” T 4+ /

S

n (t)e ! dt
T
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and therefore

S
€,(s) = x,e”w(T+s) 4 n, (t)e® =) dt . (4.41)
=il
=:£2(s)

Negative eigenvalue a_,. Then we get y_, = & ,(T) = c_,(T)e %1 so
c_,(T) =y_,e*+T. Integrate dsc_,(s) from s to T to get

T
cy(s) =y_,etT — / n_y(t)e*tdt
S

and therefore

T
- (s) = y—pet ) _/ -y (t)e* == dt.

To finish the proof of Claim 1 it suffices to show
CLAIM 2. f lies in Pl(IT) = LZ(IT7 Hl) N V[/vl’z(IT7 Ho)

To we see this consider the case of a positive eigenvalue a, and write &,(s) =
EL(s) + €2%(s), see (4.41). To estimate £2 define a function g,: R — R by

() e s 1 52>0,
L(8) ==
g 0 s <0.

We estimate the L'(Ir) := L'([-T,T],R) norm of g, by

T T — T
—as 1—e % 1
lolosin = [ atsyds= [ ereas =12 < L
-T 0 Ay

ay
Thus, writing £2(s) = (1, * g,)(s) and by Young’s inequality, we obtain
||€3HL2(IT) = H77u *9u||L2(IT) < ||77u||L2(IT)||guHL1(IT) < ﬁHWHLQ(IT%

We estimate ¢! as follows

12 P (T+s) ol —etwt g2
—2Q, S _ 174
A B =
-T

[\

2a, a,

Now we use these estimates to obtain for the sum &, = ¢L + €2 that

x2 2
161 F 210y < 21E0F 210y + 21€21F 2 (1) < P a7||ﬁu||2L2(1T)- (4.42)

In the case of a negative eigenvalue a_, we observe that

S

§_U(—S) = y_Vea_,,(T+s) - / n—y(_T)e_a_y(T_S) dr.
-T
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Comparing this expression with (4.41) shows that we get the analogous estimate

2o < 222 4 2 )2 (4.43)
—vilL2(ir) = 4 (12 N—v L2(I7) .

—v —v

Now we show that & € L?(Ir, Hy), namely

[ e as [ S azesras

T ren
= ZG%H&H%Q(IT)
LeA
3
=3 a e + Y alél e
veEA_ vEAL
4
<2 Z ”"771/”%2(&) + Z _aﬂ/y%u
veA_ vEA_
+2 Z HnVH%Q(]T) + Z a,x;
veAy veAy
5
223 neliZeepy + vl + ol
LeA

T
=2 [ ), ds + ol + ol
T

= 20l ) + Il + Dl

Equality 1 uses that A is an isometry and the fact that the basis V(A) con-
sists of eigenvectors of A. Equality 3 uses the decomposition (2.10) of A. In-
equality 4 uses (4.42) and (4.43). To see equality 5 go backwards and write
x = ZV€A+ x,v,. Then use that the basis is 1/2-orthogonal and that the 1/2-

length of v, is \/a, by (2.16). Similarly for y.
It remains to show that 0,¢ € L?(I7, Hp). To see this we consider the case
of a positive eigenvalue a,. Use (4.39) in 1 and (4.42) in 3 to obtain

1

”asgl/H%?(lT) = [In, — GV&IH%P(IT)

< 2|72y + 200 l1E T2 (1

2 6l 12 2a, 22

< 6[nu 721y + 20025

Similarly, by using (4.43) instead of (4.42) we obtain
1056172010y < 6ln-0ll72(rp) — 20-092,-

Similarly as above we obtain the estimate

T
[ 1066, ds = Y1064l 1y < Sl + 21l + 2l
- e
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We have shown that & € L?(Ir, Hy) C L?>(I, Hy) and 9:¢ € L%(I1, Hyp). Thus
f (S Pl(IT;Hl,HQ) and

11, (171, 110y < 10l0N Ty 1) + 4l I3 + 4ll2]13 -
This concludes the proof of Claim 2, hence of Claim 1 and Step 1. O

From now on we abbreviate A, := A(o) € L(H1, Hp).

Step 2 (Small interior interval). There is a finite subset A’ C R and a constant
Cy > 0 such that for every 8 € C*(Ir,R) which vanishes on the interval
boundary, in symbols 8(—=T) = S(T) = 0, and has the property

1
sup A, — A < —
U,TEsuppBH 7 T||£(H17HO) CQ

it holds that
181ty < Co (1BDAEN pycry + 16€N pyca) + 18 a0

for every £ € Py (Ir).
Proof. This is Step 6 in the proof of the Rabier Theorem 4.2. O

Step 3 (Small interval at right boundary). There exist constants e3 > 0 and
C5 > 0 such that for every 8 € C*°(Iy,R) which vanishes on the left interval
boundary, in symbols 5(—T) = 0, and has the property

sup ||AU - ATHL(HLHO) <es
o, TEsupp B

it holds that
18N py (1) < C3 (HﬂDAEHPU(JT) + 1B €M py 1y + 1Bl py ey + HW—ﬁTfTH%)
for every £ € Py (Ir).
Proof. By continuity of the map s — A(s) =: A, there exists the limit
Ul% Ay = Ar.
By Step 1 the augmented operator associated to the constant path A, namely
Dpr: Pi(Ir) — Py(Ip) x H;(AT) X H; (Ap) = W(Ir; Ar,Ar)
& (Dap&, 7 bor, m-&1)

is bijective, in particular invertible. Together these two facts imply that there
is €3 > 0 such that the following is true. If || A, — A7 ||z (a,, 1,) < €3, then D4,
is still invertible with inverse bound

IA

- 1
H(@Aa) ch(w(lT;At,AT),Pl(IT)) 25"
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This follows from the fact that the map
Tlf*g)ﬁ(Pl,Po), AF—>DA

is continuous, by (4.27), in view of the injectivity Lemma B.1.

Now pick ¢ € supp 8. Then, in particular, the previous estimate for the in-
verse is valid. By formula (4.31) in Step 6 in the proof of the Rabier Theorem 4.2
we get a formula for the first component D 4, 8¢, namely

DA, B8 = (Da,BE, myf-ré& 1, T_PréT)
= (515 + 5DA€ + (AU - A)ﬂgv 07 Tr—ﬁTgT) .

In the second equality we use the assumption S_7 = 0. Since the operator © 4,
is invertible we can write

BE = (Da,) " (BE+BDAE+ (Ar — A)BE, 0, m_Prér).
Taking norms we estimate
1Bl py (179

1
< = (U8'€l ity + 18D A gy + (A = A3 sy + ln-Brrlly)

Now we estimate
2 g 2
(4 = BNy = [ 1(Ae = 40) By, ds

2 2
<[ M= Al 18601 ds
supp
2

<318 p, (1) -
The last two estimates together imply Step 5 with C5 := % O
Step 4 (Small interval at left boundary). There exist constants ¢4 > 0 and
Cy > 0 such that for every 8 € C°°(Ir,R) which vanishes on the right interval

boundary, in symbols 3(T) = 0, and has the property

sup || Ao — Azl oo, mo) < €4
o,T€supp B

it holds that

181 5y 12y < Co (IBDAEN py(rzy + 18N pygrzy + 18] pyryy + 171 Borérlly )

for every £ € Py(Ir).

Proof. Same argument as in Step 3. O
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Step 5 (Partition of unity). We prove Theorem 4.7.

Proof. Let ¢ := min{es,e3,64} and C := max{Cs,C3,Cs}. Choose a finite
partition of unity {3; }jj‘/fgl for It = [-T,T] with the properties

Bo(—=T) =1, Bo(T)=0, Bru+1(=T) =0, PBu+1(T) =1,

and

sup ||A0' - AT”L(Hl,HU) S g, supp ﬂj C (7T7 T)a
o, TEsupp fBi

fori=0,1,...,M,M+1and j =1,..., M. That such a partition exists follows
from the continuity of s — A(s) and since on the compact set [—T, T] continuity
becomes uniform continuity. Let £ € Py(Ir). By Steps 4 and 3 we get

18061 py 1y < € (180DAEN py 1y + 1BEE N o1y
+ 18081l py 1y + Ims€-zlly )
HﬁMHfHPl(IT) < C(HﬂMHDAfHPO(IT) + HB;VIH&HPMH)

+1By+1€ll py 1y + 782 %)-

By Step 2 we have

185€ 1 5y 12y < € (18:P€ N py 1y + 188l gy 1y + 18580 py 1))

for j = 1,...,M. We abbreviate B := max{||5}llco, |1 ]lccs- - - Hﬂf\/1+1||oo}
Putting these estimates together we obtain

M+1

||§||P1(IT) < Z ||6j§||P1(IT)
Jj=0
M+1

<> (18PN pyrry + 1Bl gy 1y + 1858 pogiry)

=0
+ Cllmérlly + Cllm-&rll;
< C(M +2) [|Dall py 1y + C(B + DM +2) €]l p, 1)
+ Cllré-rlly + Cllm—&rll 1.
Setting ¢ := C(B + 1)(M + 2) proves Step 5.

The proof of Theorem 4.7 is complete.
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4.2.2 Estimate for the adjoint D%

Let A € A7 . We call the following operator the adjoint of D4, namely
D% :=D_a-: P\(Ir; Hy, HY) = Po(Ir; HY), 1+ 0sn— A(s)™n.

Corollary 4.9. For A € Aj_ there exists a constant ¢ > 0 such that

91l Py (1115 117

* —AT —AZ

< c(IDanlpycars) + llmy ey + I (=T) 1y + 7= T (D)l )
for every n € Pi(Ir; Hf, HY).
Proof. Theorem 4.7 and Lemma 2.7; see also Remark 1.4. O
4.2.3 Fredholm under boundary conditions: Dj{_

Let A € Aj . For the spectral projections ﬁf‘T and 77 see (2.14). To turn
Theorem 4.7 to a semi-Fredholm estimate we restrict the domain of the operator

Dy: Pi(Ip; Hi,Hy) = Po(Ir; Hy), & 0£+ A(s)¢

by imposing appropriate boundary conditions that cut down the operator kernel
to finite dimension. To this end we define a subspace of the domain as follows

P~ (Ir,Ayr; Hi, Ho)

Ap N (4.44)
={{ € Pi(Ir; Hy, Hy) | 77 "6 =0 A 7278 = 0}.
The associated restriction of D4 we denote by
DX7 =0, + A: PfLi(IT,AiT; Hl,Ho) — P()(IT; Ho) (445)

To A € A}, we associate the path —A* € A} , namely s +— —A(s)*: H5 — H7.
Define a Hilbert space Py (Ir; Hy, Hy) := L*(I7, H;) "\WY2(Ir, Hy), analogous
o (1.4). A closed linear subspace is defined by imposing boundary conditions
P (I, —ALp; Hg, HY) (4.48)

* * _Ai —A7 :
={neP(Ir;Hy,Hy) |7 "n_7=0 A 7_""nr =0}

(4

22)
It includes into Py~ (Ip, =A%, Hy, HY) € Pi(Ir; HE HY) C C°(Ir, HY).

The restriction of the linear operator
D_ys-: Pi(Ip; Hy, HY) — Po(Ip; HY), n— 0sn— A(s)™n

to the closed linear subspace (4.46) is denoted by

Dt =0s— A" P (Ip, — Al s Hy HY) — Po(Ir; HY). (4.47)
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Corollary 4.10 (Semi-Fredholm). For any A € Aj_ the operators
DL~ PP (Ir,Arr; Hi, Ho) — Po(Ir; Ho)

and
D 5. P (I, —ALp; Hy, HY) — Po(Ir; HY)
are semi-Fredholm (finite dimensional kernel and closed image).

Proof. Theorem 4.7 provides for D}~ the semi-Fredholm estimate*

1Nl Py (s 110) < € (1D Ell Py 0) + 1€l Py (s 10))

V¢ € P (I, Axr; Hy, Hy). Corollary 4.9 provides the semi-Fredholm estimate

Il sty < € (DT 3emll o aesmy) + 0l pocarssy)
for the operator D™, and every n € P;"~ (Iy, —A%y; Hi, Hy). O

Theorem 4.11 (Fredholm). For any Hessian path A € Aj_ the operator
D‘X7 : f)fFi(IT7 AiT; Hl; H()) — PO(]T; H()) is Fredholm.

Corollary 4.12. The operator Da: Pi(Ir) — Po(Ir) in (1.6) has closed image
of finite co-dimension for any Hessian path A € A7 _.

Proof. By Theorem 4.11 the image of Djf is closed and of finite co-dimension.
Since D;r is a restriction of D4 we have inclusion im DZ* CimDy. Soim Dy
is of finite co-dimension. Thus im D4 is closed by [Brell, Prop. 11.5]. O

Da: P — P Di=: P~ =Py

dim ker 0 k < oo
dimcoker </ <~ < oo

co-semi-Fredholm  Fredholm

image closed = closed
coker coker D}~ ~ ker D17,
ker huge ker D}~ ~ coker D',

Figure 4: Dy = 05 + A(s) on Pi(Ir) and its restriction D}~ to P;"~

Proof of Theorem 4.11. Pick A € A7 _, then A_7 := A(-T) and A7 := A(T)
are invertible. By Corollary 4.10 the operator D}~ (and also D*17.) has finite
dimensional kernel and closed image. It remains to show that DXﬁ has finite
dimensional co-kernel. This is proved in the following Proposition 4.13. The
proof of Theorem 4.11 is complete. O

4 The inclusion map Py (I7) — Po(I7) is compact, see e.g. [RS95, Lemma 3.8]. Hence the
semi-Fredholm property follows from [MS04, Lemma A.1.1].
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To prove that DXﬁ has finite dimensional co-kernel we show how the anni-
hilator of Dj7 can be identified with the kernel of the semi-Fredholm operator
ng*. The annihilator of DX_ consists of all linear functionals on the co-
domain which vanish along the image

Ann(D}7) == {¢ € Po(Ir; Ho)* | ((Da&) =0 V€ € P~ (Ip,Ary; Hi, Ho)}.

Since ((Da€) = (¢, Daf), the annihilator identifies naturally with the orthog-
onal complement of the image of DX_, which is the cokernel, in symbols

Ann(D} ™) ~ coker D}~
We have a natural map
K: Po(Ip; HY) — Po(Ir; Ho)*
defined by
(k= [ nto)xts) ds

for every x € Py(Ir; Ho) = L?(Ir, Hy). As shown by Kreuter [Krel5, Thm. 2.22)]
the map K is an isometry.

Proposition 4.13. The vector spaces K~'Ann(D} ™) = ker DT, coincide as
vector subspaces of Po(Ir; HY).

Proof. Note that both are subspaces of Py(Ir; Hy) = L?(Ir, HY), indeed
K='Ann(D}7) € Py(Ir; H) D Py (Ir) D PPt~ (Ir) D ker D13,
For equality X~1Ann(D} ™) = ker D, we show inclusions I. C and IL. D.

I. The inclusion ”C”. Pick n € K~*Ann(D}~) C L?(Iy, H). For & €
P;"~(Ir) we calculate

0= (Kn)Da&
:/1 n(Da)ds
N . . (4.48)
—/Iansf)d +/IT77(A€)d
- / 0(0:6) ds + / (A" )€ ds.
It It

This shows that 1 admits a weak derivative in Hf, notation dysn, with
dsm — A*n = 0.

We first show that this equation implies that dsn € L?(I7, H}). To see this we
first note that since A € A’jT and Ir is compact there is a constant ¢ such that
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NA(s) || (a1 < ¢ for every s € Ip. The map *: L(Hy, Ho) — L(Hg, HY),
A = A%, is an isometry. Hence we also have [|A(s)*||z(mz 1) < ¢ for every
s € Ip. Using this we obtain finiteness of

||‘9s77H%2(1T,H1*) = ||A*77||2L2(IT,H1*) :/1 ||A(5)*77(5)||%1; ds < 02||77||2L2(1T,H3)~
T

Indeed, since € L2(Ir, H}), it follows that dsn € L?(Ir, H}). To summarize,
we proved that
ne P (Ip; HY, HY) N n€ker D_4-.

It remains to show that 7 satisfies the boundary conditions (4.46). We check
the boundary condition at —7", namely

—A*
0=m,

while the boundary condition at 7" one checks analogously. By Section 2.3 the
boundary condition does not depend on the choice of the inner products on
H, and Hj, therefore we can assume without loss of generality that the inner
products are A_r-adapted, i.e. from now on

A_7: Hy — Hy is a symmetric isometry.

We pick an orthonormal basis V(A_7) = {vs}eepa C Hy of Hy, see (2.11), which
consists of eigenvectors of A_p, more precisely A_rvy = ayvp. From now on
we identify A* : Hj — H isometrically with A_p: Hy — H according to
Lemma A.8.

We have that

n e L*(Ip; Hy) "N WY2(Ip; Hoy) = Py(Ip; H_y, Hy) € C'(I7, H ).

Here the last inclusion follows from [Roul3, Le.7.1]; see also (4.21).
Since n is continuous, it makes sense to consider 7 pointwise at any time s
and use the orthogonal basis V(A_7) of H_; to write

n(s) = an(s)w e H_ 4

LeA

where the coefficients 74(s) € R depends continuously on s. Moreover, the norm
of n is related to the norms of the coefficients as follows

1
2 2 2
||77||P1(1T;H,1,H0) = E (”WHL?(IT,R) + o2 |77€||W1=2(IT,]R)> :

LeA ¢

Since n°"T¢(=T) is arbitrary and wﬁ‘Tf(fT) = 0, see (4.44), we prove next
that (4.48) implies

Claim. n_,(=T) =0 for every v € A_ = A_(A_7).
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Proof of Claim. We pick a smooth cut-off function 3: [-T,T] — [0,1] such
that 8(—=T) = 1, that 8 = 0 outside a small interval [T, —T + 4], and that
18 | Lo < %. Pick v € A_ and consider the corresponding eigenvector v_,. Let
us define a map ¢: [-7T,7T] — Rv_, and conclude the following two properties

A_r

[Ci=Bn (=T |, #7"¢(=T) =0, ¢ € P (In, Aur; Hy, Ho).  (4.49)

Recall that A_rv_, = a_,v_, where a_, < 0. Given ¢ > 0, pick a parameter
0 < § <min{1,(8la_,|)~1} so small that

”77”%2([T,H0) §FUP 5]”A(S) - A—T||2L(H1,HO)(a—u)24

+max{16,2]a_, |, 4(a-,)}  sup  |n_u(s) = n-o(~T)[’ (4.50)
se[—T,—T+4]

< g2,

=

This will be used together with ab < % + % on terms 1-4 below. We calculate

777V(_T)2
T

— [ nulTPE ) ds

-T

T
:_/ ((=T),9:¢(s)), ds

-T

2 [ (.00 das+ [ {ats) - n(-T),0.0()),_ds
—-T 0 -T 0

[ e, (A0 — A dst [ Gals) — n(=T), (5N ds
-7 0 -T

T+ —T+0
5 / (0(5), (A(s) — A_7)C(8))y ds + / ) = 1T 0L ds

-T

+ /_T+6 <77(8) —n(=T), A7T<(8)>0 ds +/

=T -T

—T+46

<M, A,Tc(s)>0 ds

where in equalities 3, 4, and 5 we added zero, equality 4 is by line 3 in (4.48)
for ¢ := ¢ and since supp ¢ C supp B C [-T,—T + 6]. Now we discuss each of

the four terms in the sum individually using the estimate ab < %2 + %

35



Term 1. By Cauchy-Schwarz and definition (4.49) of { we obtain

—T4s
/ (n(s), (A(s) — A_r)C(s))g ds

-T

—T+5
S/T ()0l ACs) = Arll e, 10y ()]s

[Aw

nllz2r ey sup  [JA(S) = Aorlloea o) la—v] 2+ 5 In—0(=T))
se[—T,—T+4]

VAN

2
% + %nfu(_T)Q'
Inequality 2 uses that ||v_, || = |a—,|, by (2.15), inequality 3 is by (4.50).
Term 2. By definition of ¢ and (v) being an orthonormal basis of Hy we get

~T4s
[ ) = =109 s

TW—T+5
/_ 0 = I ST ) (0 s
1)

[Aw

sup ‘77—1/(5) - n—v(fT)‘ %2 : % |n—u(*T)|
sE[=T,—T+94]
2

% + %n—u(_T)Q'

Inequality 2 pulls out the supremum, uses ||| L~ < %, inequality 3 is by (4.50).

[N\

Term 3. By definition of ¢ and (v¢) being an orthonormal basis of Hy we get

TS
[ ) =T, A r oy ds

-T

< /m (10(8) = 1a(=T)) B(s)ars (1o(s) —10 () 1 (7))

-7

2 2

<4é sup n—(s) =m0 (=T)|" |a_,|
SE€[—T,—T+0]

+6  sup  n-u(s) = n-u(=D)lla—v|2 3 In- (=T
se[—T,—T+4]

VAN

2 2

S+ i, (-2

Inequality 1 uses the eigenvalue a_, of A_7 and we added zero. Inequality 2
pulls out the supremum, uses ||3]|p~ < 1. Inequality 3 uses § < 1 and (4.50).

Term 4. By definition of ¢ and (v¢) being an orthonormal basis of Hy we get

—T+6 —T+6
/ ((=T), A_rC(s))y ds = / 0oy (~T)28(s)a_ds
T T
n,y(—T)2 |a,,,|
U—u(*T)Z-

IN N
(o9

ool
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Equality 1 uses the eigenvalue a_,, of A_r. Then we use that |||/~ < 1 and
the final inequality exploits the choice of §.

The analysis of terms 1-4 shows n_,(-T)% < 4% + 4in_,(-T)% Thus
n—,(=T)? < &2 for every € > 0. So n_,(—T) = 0. This proves the claim. O

II. The inclusion Kker DT,. C Ann(D}7). Pick € ker D', C
P~ (Ip, =A%y HE HY). For € € P~ (Ir; Hy, Hp) we calculate

(Kn)D 4§

- /1 (D) ds

-/ (o€ ds + /1 n(AE) ds oy
2 [ @agds+ [ (arneas

= (D_,:*n)i T

=0.

Equation 1 is by definition of K. Equation 3 is integration by parts together
with the fact that n and ¢ satisfy mutually orthogonal boundary conditions at
—T as well as at T. This proves that Kn € Ann(D} 7).

This concludes the proof of Proposition 4.13. O

4.2.4 Theorem A — Fredholm property
Corollary 4.14 (to Theorem 4.11, Fredholm). For any A € Aj__ the operator

@A = :DIATI Pl(IT) — Po(IT) X H;(A_T) X H;(AT) = W(IT;A_T,AT)
&~ (Dagm e mhrer)

is Fredholm, where Ayt = A(£T), and of the same inder as D}~. More
precisely, the kernels coincide and the co-kernels are of equal dimension.

Proof. By Theorem 4.7 the operator ® 4 is semi-Fredholm. So it has finite
dimensional kernel and closed image. We shall show that kernel and image of
9 4 are equal, respectively isomorphic, to those of the Fredholm operator Dj_
from Theorem 4.11.

Step 1. ker © 4 = ker Djf.

Proof. Clearly ¢ € Py(Ir) and (0,0,0) = D = (Daé, 7y & g, 77Er) is
equivalent to D& =0 and & € Py ; see (4.44). O

Step 2. D}~ is surjective iff D 4 is surjective.
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Proof. “=” Given (n,z,y) € W(Ir; A_7,Ar), we need to find a £ € P; such
that D 4& = (n,z,y). To this end, pick & € Pj(Ir) which satisfies the given
boundary conditions &, (—T) = z and &;(T) = y; see Corollary C.4. Since D}~
is surjective, there exists & € P;t~ such that Da&y = n — Da&; € Po(I7). We
define € := & + &, € Py(I7). Then D& =7 and 7y "&(=T) = x'y "¢ (~T) +
ﬂ'ﬁ‘T&(—T) =0+ Wﬁ_TJL‘ = x, similarly 727¢(T) = y. Hence D 4¢ = (0,2, 7).
“<” Pick n € Py(Ir) and consider (n,0,0) € W(Ip;A_7,Ar). Since
D4 is surjective there exists € € Pi(Ir) such that (1,0,0) = D4& =
(D4, Wﬁ’Tf_T,ﬂfoT). Since Wﬁ’Tf_T =0 and 77¢&r = 0 we conclude that
¢ e Pj_ so that Dj_f = 1. This shows that Dj"_ is surjective and concludes
the proof of Step 2. O

Step 3. dim coker ® 4 < dim coker D™ < oc since D[ is Fredholm.

Proof. Suppose n := dimcoker D}~ > 1. Let B = {B1,...,8,} be a basis of
the orthogonal complement (im D;r)J-. Define an image filling operator by

D~ P xR = Py, (&,0) = Dab+ Y aif

i=1
and define a candidate to be image filling by
Da: PLxXR" W, (£a)— (DAerZaiﬁi,ﬁ‘i—T (T),#ng(T)) .
i=1

We now show that D 4 is surjective as well. Pick (1, z,y) € W(Ip; A_p, Ap).
We need to find (£,a) € P x R™ such that 5,4(5,(1) = (n,z,y). To this end,
pick & € P;(Ir) which satisfies the given boundary conditions & (—7) = = and
&1(T) = y; see Corollary C.4. Since ﬁ;r is surjective, there exists (§p,a) €
P;"~ x R™ such that

DA7(€,0) == Dabo+ Y aifpy = n — Dats € Po(I7).
=1
This identity applied to £ := &y + & € Py(Ir) yields
Da(6a) = (DAHZai&,nﬁTf(—T)mATg(T)) = (n,2,y).

i=1

This proves that D A is surjective. Hence dimcoker® 4 < m= dimcoker D~ .
This proves Step 3. O

Step 4. dim coker DXﬁ < dimcoker® 4 < oo by Step 3.
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Proof. We choose a finite basis B = {1, ..., 8.} C Py of the orthogonal com-
plement of the image of D;r. Suppose by contradiction that n > dim coker ® 4.
Then the span of {(51,0,0),...,(8x,0,0)} € W has non-trivial intersection with
im® 4 C W. Otherwise, the span would form a complement of im® 4 and so
dim coker ® 4 > n. Contradiction. Hence some non-zero element in the span
lies in the image of © 4, in symbols Ja € R™ \ {0} such that

Zajﬁjyoao = Zaj(ﬂj7070) €imDy4.
j=1

=1

Thus there exists £ € Py such that
= _ _ A_r A
> aiB;,0,0 | = D48 = (Dag,mi e r 7hTer ).
j=1

Hence ¢ € P{'~ and D} ¢ = Z?Zl a;Bj. Now the left hand side lies in the
image of D}~ and the right hand side in the orthogonal complement, hence it
is the zero vector. Since B is a basis all coefficients a; are zero. Contradiction.
This proves Step 4. O

By Steps 2-4 the dimension of coker Dj{_ equals the one of coker ® 4. Hence,
by Step 1, the Fredholm indices are equal. This proves Corollary 4.14. O
4.2.5 Path concatenation

Let A € A} be a Hessian path such that not only A 7 := A(-T) and Ar :=
A(T) are invertible, but also the Hessian operator at time zero Ay := A(0) is.
Decomposing the time interval at time zero

Iy = [-T.T) =1, UI;J, I, =[-T,0], I;I := 10,77,

gives rise to three augmented operators, one along each of the three intervals.
Firstly, there is the operator along I, defined by

Da: Pi(Ir) = Po(Ir) x Hf (A1) x Hy (Ar) = W(Ir: A 1. Ar)
& (Dagml e r mrer)
where {17 := &(£T). We define the operator along I. = [-T,0] by
DAl gy PrlIy) = Po(I7) % H; (A_7) x Hy (Ag) = W(I:;A_7,Ag)
& (Dag, wh e, o)
and the operator along I = [0, 7] is defined by
DAz PLUIF) = Po(IF) X H;(AO) X H%‘(AT) = W(I}; Ao, A7)

£ (DAf, o, 7T‘§T§T) :
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Theorem 4.15 (Path concatenation). Suppose A € Aj s such that Ag :=
A(0) is invertible. Then the Fredholm index is additive under concatenation

index®4 = index@A‘[fro] + index@A“D_T].

A main proof ingredient is a domain-homotopy of Fredholm operators. For
paths ¢ € Pi(I}) and ) € P(I}) we abbreviate

£:(0) := mi*€(0), 72(0) = 74n(0). (4.52)
For r € [0, 1] we define a family of spaces by
Pr = {(&n) € Pi(Iy) x Pu(I7) [ €-(0) = rn—(0) A 7€4(0) = n(0)}.
Proposition 4.16. Consider the family of operators defined, for r € [0,1], by
Dar: X DPr = By(Ir) % H;(A—T) x Hy (Ar) =Y
(& mn) = ((DAE)#(DAW),ﬂﬁ’TE—T,w‘anT) )

where X = P1(I7) x Pi(If) and

DAf(S) , 8 € [_T7 0)7

(Da&) # (Dan) (s) := {DAU(S) s €[0,7].

Then the following is true. a) Each member of the family is a Fredholm operator
and b) the Fredholm index is constant along the family.

Proof of Theorem 4.15. Let us present right away the proof in a nutshell

. L. .
index® 4 = index® 41 , equal operators (Step 1)
2
=index® 4 , homotopy, Prop. 4.16
2 o +e .
= index (QA‘[—T,O] @ SAI[O,T]) , decompose Py(Ir) (Step 3)
A . _ . . .
= index®* + index D7 * , direct sum (obvious)
AljZr,0] Aljo, 1)
= index QA‘[fT gt index ©A|[0 r > summand-wise equality.

Before filling in the details of steps 1-5 we need to define the +— operators
appearing individually in step 3 and as direct sum in step 4. The operators®

D% oyt PP Ur) = Polly) x Hi (Aog) = W(I A q)

Ali—r,0)
¢~ (Dag i "er)

5 Bullet notation. An interval has two boundary points, left and right. The bullet ’e’
symbolizes 'no boundary condition’ at that boundary point whose position corresponds to the
position of the bullet, left or right. The sign +/— tells that the positive/negative part of the
spectrum must vanish at the other boundary point.
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and
@j;"m’ﬂ D P(IE) — Py(IF) x H%‘(AT) = W(IL}; Ar)
7 (DAn,ﬂ‘ETnT)

are defined by the usual formula 0;+ A(s). Observe that one boundary condition
is imposed on the domain and the other one on the co-domain as follows

P (Iy) == {¢ € Pi(I) | €-(0) "2V o},
(4.52

PP(If) = {n € Pu(IE) | ne(0) 22 0}

The proof proceeds in six steps 0-5 as enumerated in the nutshell.

Step 0. The operators appearing in the nutshell are all Fredholm.

Proof. The operators D 4, ®A|[7T)0], and QA‘[O,T] are Fredholm, by Corol-
lary 4.14, and ®4,; and © 4 are Fredholm, by Proposition 4.16. The op-
erators CD;J[_T o and 53;1\.[0 o are Fredholm by the arguments in the proof of

Corollary 4.14. This concludes Step 0. O

Step 1. D4 =D 4

Proof. This follows immediately using the obvious identification of P;(I7) with
Po = {(€.m) € Pi(I;) x Pu(LF) | €-(0) = n-(0) A €4(0) = ns(0)}.

by cutting the elements of P; (I7) at time 0 into two pieces. See also Appendix C
on the evaluation map. O

Step 2. Homotopy of Fredholm operators between © 49 and D 4 1.
Proof. Proposition 4.16. O

Step 3. D4, and Qzl[—T,O] &) QZI[O,T] correspond naturally.

Proof. This follows from equal domain

Po = {(€,n) € Pi(I7) x Pu(IF) | €-(0) = 0 = ;. (0)} = PX=(I7) x P (If)
and, in the co-domain, the identification of Py(Ir) with Py(I7) x Po(I1f). O

Step 4. Direct sum of Fredholm operators is Fredholm of index the index sum.

Proof. Well known. O

—T,0]

. o— . . . +e o
Step 5. lndeXQA‘[—T,O] = mdeX@A“ and index gAl[D,T] = index gAl[O,T]'

Proof. This follows by the arguments in the proof of Corollary 4.14. O
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This concludes the proof of Theorem 4.15. O

Proof of Proposition 4.16. We define, for each r € [0,1], a bounded linear map
FTZ X = Pl(I,;) X Pl(l;) — HZ(A()) X Hir(Ao) =: 7
2 2
(&n) = (£-(0) = r1-(0),7£4(0) — 14+(0)).

The kernel is the domain 3, = ker F;. of the restriction D 4 ,: B, — Y of
X oY, (€n) > ((DaO#Dan), 7t "€ r t7er)

a) D4, P, — Y is Fredholm Vr € [0, 1].

By Proposition 4.17 below each operator ® 4 ,.: B, — Y is semi-Fredholm. The-
orem E.2 for D = i)ﬁ and D, =D 4, therefore implies that its semi-Fredholm
index is independent of r € [0, 1]. By Step 1 in the proof of Theorem 4.15 the op-
erator © 4 ; is Fredholm and therefore has finite index. Hence, by independence
of r, every ® 4, has finite index and is therefore Fredholm.

b) index® 4, does not depend on 7.
Use Theorem E.2 for D = Qﬁ and D, =D 4 ,. This proves Proposition 4.16. [

Proposition 4.17. Let A € A} . Then there is a constant ¢ > 0 such that

1€l py 12y + 1Ml py 1) < C(”fHPD(I;) + 0l gy + 1Pall py iy + 1Panll py iy

+ 6+ (=T) 13 + In-(Dl13-)

2

for every (§,m) € B, and r € [0,1].

Proof. The proof follows the same way as the proof of Theorem 4.7. The only
step which needs to be adjusted is the estimate (4.34) in step 1. For this
adjustment the assumption that r € [0,1] is crucial. Therefore it suffices to
show for any constant path A(s) = A = A = A_ 4 that consists of an invertible
operator the existence of a constant ¢ > 0 such that

€0 by iz + 17l py 1) < (1DREN Ry + 1DaRN gyt

(4.54)
+ I+ (=Dl + In-(Dlly.)

for every (&,1m) € B,-.
To see this we proceed as follows. Asin Step 1 in the proof of Theorem 4.7, by

changing the constant C' if necessary, we can assume without loss of generality,
as explained in Section 2.3, that A: H; — Hy is a symmetric isometry. We
abbreviate w4 := 7. Analogous to (4.37) it holds that

2
||DA5H§DO(I*) = HA§H?DO(1;) + ||8s§|ﬁ90(1;) + (€0, Abo)g — (§-1, A1)

T
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for every §£ € Pi(I}) and that
2
”DA??H?DO([;) = ”AWH?DO(];) + ”8377”130(1;) + <77T’A77T>0 - <770’A770>0

for any n € P, (I:,f ). The opposite signs are crucial. As A is an isometry we get

(€(0), A£(0))g = (£+(0), A&+ (0))g + (6-(0), AE-(0))y = [IE+ (O)IIT — lIE- (01T,
(1(0), An(0))g = (1 (0), Any-(0))g + (1 (0), An—(0))g = [l () — lln-(O)|[3.
Taking the difference and using the relations in B3,. we obtain
(€(0), AE(0)) — (1(0), An(0)),
— ll&+ O3 ~ &= ()13 ~ llme )13 + ln-©O)I
= &+ O3 ~ rlin- O3 — <) + In-(©)[3 (4.55)
=1 =) (s 13 + -1}
>0

where we used that r € [0,1]. By definition (1.5) of the P; norm we have

2 2
”g”pl(];) + ||n||p1(];)
_ 2 2 2 2
- ||A£||p0(];) + HaSg||po(1;) + HAUHPO(];) + HaSn”pO(];:)
2 2
= I1Daéllpy 15y + E-1, A1) — (€0, Abo)g

+ ||DA77H§30(1;:) + <7707A770>0 - (77T7A77T>0

3 2 2 2 2
< ||DA§HPO(1;) + ||5+(_T)||Hl + ||DA77||PO(1;:) + H’?Jr(_T)“Hl :
2

2

Equality 2 uses the two displayed identities after (4.54). In inequality 3 we
used (4.55) to drop the terms at time s = 0 and we used the estimates (4.38)
on the underlined terms. This proves (4.54) and Proposition 4.17. O

4.2.6 Index and spectral content

Definition 4.18. Given A € Ay, pick non-eigenvalues Arr € R(A(£T)), set

A= Ar) |, AN = A(=T) — A_qpe, AN = A(T) — Age,

then Ai}T and A;‘«T lie in £% . (Hy, Hy). Define moreover DA = QQ’T’)‘T by

symo

D) : Pi(I7) = Py(Ir) x H;(Ai—;) x Hy (AXT) = W(Ip; ANST, AYT)
A/\fT AXT (456)
e (Dag w2 e e )
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Lemma 4.19 (Difference of @:’\4 and Fredholm operator ® 7 is compact).
a) If A€ A}, then @2{0 is the Fredholm operator © 4 in Corollary 4.14.
b) If A€ Ar, and Axr are non-eigenvalues of Axr, define a path A € A7 by

A(s) == A(s) — h(s)t, h(s):=(1— L) A g+ SNy, s € Ir.
Then CDS‘A and the Fredholm operator ® z, see Corollary 4.14, differ
D\ —Di=hd0d0 (4.57)
by a compact operator. Thus @54 1s Fredholm and of the same indez.

Proof. a) Since A € Aj_, zero is a non-eigenvalue of A7 and so ’}3?4’0 is defined
and, since there is no shift at the ends, it equals © 4.
b) Since the inclusion ¢: H; — Hy is compact, the operator denoted again by

v: Pr(Ip) — Po(Ir), &&= [s+> 1&(s)]

is compact as well by [RS95, Le.3.8]. Since ||h|lcc = |Ar — A_7| is finite, the
product he is still a compact operator. The identity (4.57) is easy to see. O

Corollary 4.20 (Path and shift concatenation). Consider real numbers a <
b < ¢ and a continuous operator path A: [a,c] — F(Hy, Ho). Let Ay, Ay, Ac be
non-eigenvalues of the operators A,, Ay, Ae, respectively. Then the Fredholm
index ts additive under concatenation

index @iﬁ{’kc] = index QZ‘T[”\Z] + indeXCD/\b”\C]

Alp,er”
Proof. Theorem 4.15 and Lemma 4.19. U

To compute the index difference of the Fredholm operator 9 for different
pairs A we introduce the spectral content of an individual operator, not a path.

Definition 4.21 (Spectral content). Let A € L(H;, Hy) be a symmetrizable
Fredholm operator of index zero, in symbols A € F(H;, Hy). For a € spec A
we denote by E, := ker A — a¢ the eigenspace of A to the eigenvalue a. Pick
non-eigenvalues A < p of R(A). We define the eigenspace interval

E()\7M) = @ Ea.

a€spec A
a€ (X, u)

The resulting decomposition defines projections along E, ,, notation

Tt HY (A = By © HE (A") — HY (A%) (4.58)
N—_—— N—_——
HT(A) H"(A)
and
Tt Hi (A7) = H (AY) @ By — Hy (AY). (4.59)
N—_—— N—_——
HTH(A) HSMNA)



Figure 5: Projections associated to non-eigenvalues A < p

We define the spectral content of A between the two non-eigenvalues A < p
as the number of eigenvalues in between, with multiplicities, in symbols

pa(Ap) = Y dimker (A —ar) = dimE, ) € No. (4.60)
a€spec A

a€(X,p)

Note that pa(A, A) = 0. Moreover, we define
palp,A) == —pa(A, n) € —No. (4.61)
This concludes Definition 4.21.

Due to the same summand E, ) in (4.58) and (4.59), and as illustrated by
Figure 5, we have equality of co-dimensions

codim (H;(A“) in H;(AA)> = pa(A ) 462
= codim (H%_(AA) in H;(AH)) : -

Lemma 4.22 (Index difference is difference of spectral contents of overlaps).
Given A € Ay, pick non-eigenvalues A7, pu_7 of A(=T) and non-eigenvalues
Ar, pr of A(T). Set A := (A_r,A\r) and ji := (u—_p, pur). Then
index CDZ — index @ﬁ =pa_r(Ar, i) — par (A1, pr)
where p is the spectral content defined by (4.60).
Proof. In the proof we distinguish four cases.
Case 1. A\_7 < pu_p and Ap > up
Proof. Recall the projections defined by (4.58-4.59). Since A_p < p_7 we have

A Ao - -
TO o)’ H;(A—TT) =B _rpr) ® H;(AﬁTT) - H;(AﬁTT)

Since Ay > pur we have

A — AN — —
W(A27#T): H% (ATT) = H% (A;T) ®E(HT7)\T) — H% (A';T)
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Consider the projection p: Y — Y onto its image Z := im p defined by

p= (1wt s MO ) F W A AYT) = Wl A AST).

A7 i

=Y =:ZCY

Due to the inclusions of the second and third factors, there is the inclusion

Po(Ir) x H (A"77) x Hy (A7) C Po(Ir) x HY (A7) x Hy (A7").

=7 =Y

For the second factors the inclusion can be seen directly in Figure 5, for the third
factors interchange A and p in the figure. From the inclusions of the second and
third factors we also see that the image of p is Z and that the codimension of
Z in'Y is the sum of the co-dimensions of the second and third factors. Since

Oh =poD): P(Ip) =Y = ZCY
we get, by Theorem E.4, identity 1 in
index ©%; — index CDE}; < codim (ZinY)
2 codim (H (A7) in H (A277))
2 2
+ codim (H; (ALT) in HY (A;T))
2 2

3
= pa_r A1, po1) + pag (1, Ar)
=pa_r A1, p—1) = par(Ar, pr).

Identity 2 was explained above. Identity 3 is (4.62). Then we used (4.61). O
Case 2. \_7 > pu_p and Ay < up
Proof. Interchanging the roles of A and i in Case 1 we obtain
index@ﬁ —index®” = pa_, (-1, A_7) — pay (i1, A7)
Taking the negative of both sides we obtain

index ®f — index®) = —pa_, (1, A_1) + pay (w1, A1)
= PA_r (A—T7 /J’—T) — PAr ()‘T7 /”'T)

where the second identity is by (4.61). O

Case 3. \_7 < pu_p and Ap < up
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Proof. Add zero to obtain

index ®f — index®?
AT, AT

. o . Ao, . A, .
= 1ndex®i THT index®, " Hr +index®’ " wr — index @7

2
= pa_r(Ar,po1) = pagr(ur, pr) + pa_r (A1, A1) — pap (Ar, pur)

= pa_r(A=r,pi—1) = pay(Ar, pr)

where in identity 2 we used Case 1 for the first difference and Case 2 for the
second one. O

Case 4. \_7 > pu_r and Ar > ur

Proof. This follows by literally the same computation as in Case 3. What differs
is the explanation: now in identity 2 we use Case 2 for the first difference and
Case 1 for the second one. O

This proves Lemma 4.22. U

4.2.7 Theorem A — Index is spectral flow
In order to prove the assertion index ® 4 = ¢(A) of Theorem A, in (4.65) we use

Theorem 4.23 ([FW24, Thm.D]). For a Hilbert space pair (Ho, Hy) the maps

71':|:Z,C>k (HhH())—)ﬁ(H

symo

), Awmh (4.63)

1
2

are continuous.®

Proof of Theorem A — Index formula.
Let Ae A7 :={A € A, | A(=T) and A(T) are invertible}. We write A(—T)
and A(T) to indicate invertibility.

The proof takes three steps. Step 1 is the case that the whole operator path
consists of invertible operators, in particular the spectral flow along the path is
zero. Step 2 prepares for concatenation which is used in Step 3.

Step 1. Theorem A holds if every operator A(s) in the path A is invertible.

Proof. Homotop to constant invertible A(0). Consider the homotopy of paths
A"(s) := A(rs) for r € [0,1]. Then the initial path A® = A(0) is constant and
invertible and the end path A! = A is the given path. We claim the identity

index®, = index D (g)- (4.64)
The proof uses Theorem E.1. To homotopy member A" we assign the operator
D": Pi(Ir) — Po(IT) x H% X H%
£ (Darg, 6(=T),4(T))

(H1, Ho) consists of the invertible A € £L(H1, Hp) which are Ho-symmetric (1.1).

Gﬁ*

sYmo
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and the projection

x Hi.

o= (]1, ), ﬁAT(T)) . Po(Ir) x Hy x Hy — Po(Ir) x H

[N

1
2
Observe that A(+rT) = A"(£T). Composing both operators we get
Dari=p" oD": Pi(Ir) = Po(I7) x Hf (A(=rT)) x Hy (A(rT)).
2 2
& (Darg, et (=), 22 e(n))

The projections p” depend continuously on 7 in view of Theorem 4.23. Therefore
Theorem E.1 implies that

index ® 0 = index D 1. (4.65)

Since Do = Dy () and D1 = Dy this proves the claimed identity (4.64).

By (4.35) in Step 1 of the proof of Theorem 4.7, the operator D, is
an isomorphism and therefore a Fredholm operator of index zero. Hence, in
view of (4.64), we have index®, = 0. Since A(s) is invertible for every s,
the spectral flow ¢(A) is zero. This proves Theorem A in case of a family of
invertible operators along a finite interval Ip. This proves Step 1. O

Step 2. Let A € A7_. There exists an integer N € Ny and real numbers

“T=tg<t1 <<ty <iny1=1, 0=MXoy A, -3 AN_1, AN
such that
‘A]’(S) = A(S) — )\jLI H1 — Ho, s € [tj;tj—&-l]a‘ (466)
is invertible for any s € [t;,¢;41] whenever j € {0,..., N}.
0 A1 A2 AN-1 AN
T t to tN—1 tn T

Figure 6: Step 2: Invertibility shifts A; and intervals [t;, ;1]

Proof. For each o € [—T,T] choose 11, € R\spec A(c). So A(o)—pst: Hi — Hy
is invertible. Since invertibility is an open condition, there exists £, > 0 such
that A(7) — pyt is invertible for every

Te€l,:=(0—¢0+¢e,)N[-T,T].

48



Since A(—T) is invertible we choose
p—r = 0.

Since [T, T] is compact, there exists a finite subset & of [T, T such that the
corresponding open intervals still cover [—T,T], in symbols

U L=[-1.7] I:={l|0cc6}.
ceS

We can assume without loss of generality that —T,T € &, otherwise just add
two intervals.

Out of this finite covering we construct recursively a further sub-covering
T :=A{lpy, 16y, 15y} beginning at og := —T and such that exactly nearest
neighbors overlap. If T' € I,,, we set N := j and we are done. If T ¢ I, then
we choose 0,11 € & satisfying the two conditions

1. Iaj+1 N Io'j 7é (Z) intersects predecessor j

2. 0j+1 + 507.+1 Z o+ &g, Vo e&: Io’ N Igj 7é @ farthest right among intersectors

Condition 1 means that the chosen interval I,  , intersects its predecessor.
Condition 2 means that the chosen interval I, , reaches farthest to the right

among all intersectors. Furthermore, there are the following consequences

(1) Uj+1 + Eo'j+1 > O'j + Egj; successor j + 1 extends further right

(ii) If I,, N 15, # 0 where 4, j € {1,..., N}, then |i — j| < 1.

only next neighbors can intersect

We prove (i) and (ii). (i) Since T' ¢ I,, it follows that o; + &5, < T.
Therefore there exists o € & such that o; +&,, € I,. Since I, is open it
follows that I, NI, # 0 and 0 + e, > 0, + €s;- Therefore, by condition 2,
Oit1 + €0,y = 0+ €, which is strictly larger than o + &5, .

(ii) We assume by contradiction that there exists an interval I, intersecting
I;; where 0 <7 <i+2 < j < N. Applying condition 2 for j = 7 and using
that I,, N 1,, # 0, we obtain that 0,41 +&5,,, > 0 +&5,. Now applying (i) we
obtain that 0;42 +€5,,, > 0i41 + €5,,, Which as we saw is > 0; + &,,. Using
that j > i+ 2 and using (i) again, we conclude that o; + &5, > 0i42 + €0,
which as we saw is > 0 + £,,. This contradiction proves (ii).

The family of intervals Z := {I,,, Io,,..., 55} covers [=T,T] and it has the
property that exactly nearest neighbors overlap, see Figure 6. Set ¢ty := —T and
tny1:=T. Fori=1,...,N choose t; € I,, , N1, in the overlap interval. The
finite set of real numbers is then defined by A’ := {X\; := py, | i =0,...,N}.
Note that Ag := p_p = 0. This proves Step 2. O

Step 3. We prove the index formula in Theorem A.
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Proof. We continue the notation from Step 2. Choose a non-eigenvalue Ay of
Arp. By Step 1, for j = 0,..., N, the index along each interval [t;, ;1] vanishes

. AN
index®""
A\[tv

2. 3
= index®,. = 0.
grti+1 J

L.
= index DA_)\jL‘[tjvthrl]

More precisely, identity 1 is by Lemma 4.19 b) which tells that both Fredholm
indices are equal, identity 2 is (4.66), and identity 3 is by Step 1.
Furthermore, Lemma 4.22 and anti-symmetry (4.61) of p assert that

: AjAs
index @7 = —pag; ) (N5 Aja1) + pag) (A, Aj)

Alleg 411
= PAty 1) (Nj+1 Aj)-
By path and shift concatenation, Corollary 4.20, and the previous identity we get
N N
index D\ = Z index @X [:\J:rl = Z PAt 1) (Njr1, Af)- (4.67)
§=0

= jotj+1]

Given a time s € [T, T] and a non-eigenvalue p € R(A(s)), we define
ve(s;p) == max{l € AU{0} | ae(s) < p}

to be the largest eigenvalue number among all eigenvalues of A(s) below or equal
to p; for the enumeration see (i) after (3.18). Then

v4(T50) = —g(A) , cf. (3.19), (4.68)
PAt ) Nja1s Aj) = (s Ag) — vr(tjens N )-

Since A;(s) := A(s) — Aj¢ is invertible for every s € [t;,%;41], no eigenvalue of
A(s) crosses \; along [t;,t;41], and therefore

vp(ts; Aj) = vt Ag)- (4.69)
Identity 1 in the following calculation has been shown above

N
index@i“’”“ - Z PA(t 1) A1, A7)

<
[}

2

(1 (tj41505) = 4 (ti1; A1)

M-

7=0
N
; (4.70)
=D (w53 29) = vrltisas Ag))
=0
= vp(to; Ao) — vi(tns1i A1)
= vr(=T50) = (T3 An 1)
= — (T3 An+1)

50



Identity 2 is by (4.68) and identity 3 by (4.69). In identity 4 all terms cancel
pairwise except the first and the last one. Identity 5 holds by the choices in
Step 2 and identity 6 since v4(s;0) = 0.

CASE 1. )\N+1 =0

In this case Dg’o =94 and —(T; An+1) = —14(T50) = ¢(A). Hence (4.70)
tells that index® 4 = ¢(A) and we are done.

CASE 2. Ay+1 #0

By Lemma 4.22 we obtain identity 2 in the following calculation

. Ao A . . 0,\ . ;
index @V —index D4 = index D ;""" — 1ndex©?40

[

Pa(-1)(0,0) = pacr) (0, AN +1)
0— I/T(T; )‘N—H) + I/T(T; 0) (471)
—vp(T5 AN41) — s(A)

index 332”’)””1 —s(A).

||

Identities 3 and 4 hold by (4.68), identity 5 by (4.70). This proves Step 3, hence
Theorem A. O

The proof of Theorem A is complete. O

4.3 Half infinite forward interval

Pick a Hessian path A € A7, along the half infinite forward interval I = [0, 00);
see Definition 1.5. Then A: [0,00) — F = F(Hy, Hy) takes values in the
symmetrizable Fredholm operators of index zero; cf. Remarks 1.4 and 2.3. In
order to eventually get to Fredholm operators, it is not enough that the Hessian
at zero and the limit at infinity are invertible, notation

Ag := A(0), AT = lim A(s).

S§— 00
In addition, one must impose a boundary condition at zero formulated in terms
of the spectral projection wf‘) sitting at time zero; see (2.14).
4.3.1 Estimate for D4

Let A € A7 . The Hilbert spaces Po(R4) and Pi(R4) are defined by (1.4) for
I =R,. In this section we study the linear operator 9; + A as a map

Da: PI(Ry) = Py(Ry), &= 0:&+ A(s)E. (4.72)
As in the case of the finite interval, Section 4.2.1, this operator is not Fredholm:

although it has closed image and finite dimensional co-kernel, the kernel is
infinite dimensional in the Floer and Morse case; see Figure 7.
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Theorem 4.24. Given A € AL, there exist constants T,c > 0 such that

I€llpy e,y < ¢ (IEllpoo.mn + IDaE ) + €)1y )

for every £ € P1(Ry).

This estimate becomes a semi-Fredholm estimate for D 4 restricted to those
¢ € Pi(R;) with ﬂﬁ(’ (0) = 0 or even £(0) = 0. We study this in Section 4.3.3.

Proof of Theorem 4.24. We prove the theorem in four steps. It is sometimes
convenient to abbreviate Ay := A(s). We enumerate the constants by the step
where they appear, e.g. constant C arises in Step 1.

Step 1 (Asymptotic estimate). There exist constants T7,C; > 0 such that the
following is true. Suppose 5 € C*° (R4, R) satisfies supp 8 C (T, 00). Then

1860 5,2y < 1 (18D gy + 1€l pyces )

for every £ € Pi(Ry).

Proof. Step 3 in the proof of the Rabier Theorem 4.2. O

Step 2 (Small interval at left boundary). There are constants e > 0 and Cy > 0
such that for every compactly supported 8 € C*°(R,R) with the property

sup ”AJ - AT”L(Hl,Ho) < e
o,7TEsupp

it holds that

1€l 1y s,

< Cs (I8DaEl sy + 1€l pygeyy + 18] pyga, + I BOEO)] 1)
for every £ € Pi(Ry).

Proof. Step 4 in the proof of the finite interval Theorem 4.7. O

Step 3 (Small interior interval). There is a finite subset A’ C R and constants
e3,C5 > 0 such that for every f € C*°(R4,R) which has compact support in
(0,00) and has the property

sup [ As — AT”L(HhHo) <e3
o,TEsupp B

it holds that
18617,z < Cs (IBDAE ] iy + 18 sy + 18811y e, )

for every £ € Pi(Ry).
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Proof. This is Step 6 in the proof of the Rabier Theorem 4.2 with C% =e3. O

Step 4 (Partition of unity). We prove Theorem 4.24.

Proof. Set £ := min{eq,e3} and C' := max{Cy,Cy,Cs}. Choose T' > T; and
a finite partition of unity {Bj}jj\igl for [0,00) with the properties that Sy is
compactly supported in [0,7) and
Bo(0) =1, sup ; |Ae — Arllzry Hy) <€ supp Bary1 C (11, 00),
o,Tresupp Bo

and

sup ||AU - AT”[,(H],H(]) S g, supp /BJ C (O?T)7
o,TEsupp B

for j = 1,...,M. That such a partition exists follows from the continuity
of s — A(s) and the fact that on the compact set [0,7}] continuity becomes
uniform continuity. Let £ € P;(R,). Then by Steps 2,3,1 we have the estimates

180€ 1 ey < € (180D poyeyy + 1808l ey + 180y + 06O )
and

3
185€ 1 py ) < C (18Dl pyeyy + 1858l g,y + 185y )

1
1By +1€llpy ) < C (||ﬂM+1DA§HPO(R+) + ||5§\4+15||P0(R+)>

for j = 1,...,M. We abbreviate B := max{||Bllcc, |51 llocs - - - |Brr41llo0 }-
Putting these estimates together we obtain

M+1
1l 5, @,y < D 185l py e
=0
M+1
<C> (||5jDA§Hp0(R+) + Hﬁéproqo,T]))
=0

M
+C D 1Bl py oy + Cllmi €)1

j=0
< C(M +2)|D A py s, ) + C (BM +2) + M + 1) [[€]| p, 0.1,
+C|wig(0)]

where in the second inequality we replaced the Py(R;) norm by the Py([0,T])
norm due to the supports of the 3;’s and their derivatives.” Setting

c:=max{C(M +2),C(B(M +2)+M+1)}
proves Step 4. O
The proof of Theorem 4.24 is complete. O

7 Along [T, 00) we have Bpr41 = 1, so ,8§V1+1 =0.
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4.3.2 Estimate for the adjoint D%
Let A € Ai‘h. We call the following operator the adjoint of D 4, namely

Dy :=D_p-: PI(Ry; Hy, HY) — Po(Ry s Hy), nw Osn— A(s)™n.

Corollary 4.25. For A € ‘Aikh there exists a constant ¢ > 0 such that

* —Af
||77||P1(R+;H3,H;*) < C(|‘77||P0(R+;H;‘) +1Danll pyesmry + |l 077(0)”%)

for everyn € P1(Ry; Hi, HY).
Proof. Theorem 4.24 and Lemma 2.7; see also Remark 1.4. O

4.3.3 Fredholm under boundary conditions: DX

Given A € AD§+, let T4 := Wio be defined by (2.14). To get from Theorem 4.24
to semi-Fredholm we restrict the domain of the operator D4 : P1(Ry) — Po(Ry)
by the boundary condition ﬂ'ﬁ"ﬁ (0) = 0 which cuts the operator kernel down
to finite dimension and but still leads to a finite dimensional co-kernel. Hence
coker D 4 is finite dimensional, too.

To this end define a subspace of the Hilbert space P, (R}) = P1(Ry; Hq, Hy)
from (1.4) as follows

PRy, Ag) = P (R, Ag; Hy, Hy) i={€ € PI(Ry) | 74°€(0) = 0} (4.73)
The restriction of the operator Ds: Pi(Ry) = Py(Ry) in (4.72) we denote by
Dy PRy, Ao) = Po(Ry), & 06+ A(5)S.

Remark 4.26 (Goal and idea of proof). Our goal is to show that D4 has finite
dimensional cokernel.

To achieve this goal we show that DX is a Fredholm operator whose co-kernel
is isomorphic to ker DT 4+ The fact that DX has closed image is crucial to show
that D, itself has closed image (since it contains im D).

For the proof that Dj is a semi-Fredholm operator we need the full strength
of the estimate in Theorem 4.24, in particular, that the third term on the right

is just [|74°€(0)|, ,, and not [I€(0)]|, -
Theorem 4.27 (Fredholm). D7 : P;"(Ry, Ag; Hy, Hy) — Po(Ry; Hp) is a Fred-
holm operator for any Hessian path A € Aﬁ‘h.

Corollary 4.28. The operator Da: Pi(Ry; Hy, Hy) — Po(Ry; Hp) in (4.72)
has closed image of finite co-dimension for any Hessian path A € 'Aﬂ*h'

Proof. By Theorem 4.27 the image of Dj is closed and of finite co-dimension.
Since DX is a restriction of D4 we have inclusion im DX CimDy C Py(Ry). So
im D 4 is of finite co-dimension. Thus im D 4 is closed by [Brell, Prop.11.5]. O
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Dy: PL— By DXP;—)PO

dim ker oo k < oo
dim coker </ = £ < oo

co-semi-Fredholm  Fredholm

image closed = closed
coker coker DX ~ ker DT Ax
ker huge ker D ~ coker DfA *

Figure 7: Dy = 95 + A(s) on Py and its restriction Dj to Pl+

Proof of Theorem 4.27. Pick A € A]Th’ then Ag := A(0) is invertible. By Corol-

lary 4.25 the operator DY (and also DT ,.) has finite dimensional kernel and
closed image. By the same reasoning as in the proof of Theorem 4.11 one shows
that the co-kernel of DZ can be identified with the kernel of DT 4+ in symbols

coker D} ~ker D ,.. (4.74)

This proves Theorem 4.27. O

4.3.4 Theorem A — Fredholm property
Corollary 4.29 (to Theorem 4.24, Fredholm). For any A € AH’§+ the operator

D4 =05 PI(Ry) = Py(Ry) x Hy (Ao) = W(Ry; Ao)
¢~ (Dag o)

is Fredholm, where Ay := A(0), and of the same indez as DX, More precisely,
the kernels coincide and the co-kernels are of equal dimension.

Proof. By Theorem 4.24 the operator ® 4 is semi-Fredholm. So it has finite di-
mensional kernel and closed image. That kernel and image of © 4 are equal, re-
spectively isomorphic, to those of the Fredholm operator DX from Theorem 4.27
follows by the arguments in the proof of Corollary 4.14. O

4.3.5 Paths of invertibles

Also in the half infinite forward interval case, the proof of the index formula
index® 4 = ¢(A) in Theorem A is based on Theorem 4.23 (main result in [FW24,
Thm. D]) which enters the following preparation for the index formula.

Proposition 4.30 (Constant path). Let A € Afﬁh be a constant path, then the

Fredholm operator Df : Pt (R4, Ag) — Py(Ry) is an isomorphism and therefore
its Fredholm index vanishes.
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Proof. The proof is in three steps. After replacing the inner products by A-
adaptable inner products, see Definition 2.8, we can assume without loss of
generality that A: H; — Hj is a symmetric isometry.

Step 1: ker D" = {0}. We first show that the kernel of D} vanishes. For this
purpose suppose that & € P;'(R,,Aq) lies in the kernel of Df. Then € is a
solution of the problem 95£(s) = —A&(s) and 71£(0) = 0.

Pick an orthonormal basis V(A) = {wve}een of Hp consisting of eigenvectors
Avy = agpvpy. We write & = Zzez* &wp. Then each coefficient &, satisfies the
ODE in one variable 95&¢(s) = —a¢&e(s) whose solution is &(s) = e~ *5£,(0).
Since 74:£(0) = 0 we have £,(0) = 0 for every v € N. Therefore &, = 0 for every
v € N. Since a_, < 0 is negative for v € N we have that £_,(s) = e7*-+3¢_,(0)
grows exponentially unless ¢_,,(0) = 0. Since ¢ € P;F(Ry,Ag) C L3Ry, Hy)
negative modes £_, cannot grow exponentially which implies that £_, = 0 for
every v € N. This shows that £ = 0. So ker D = {0} is trivial.

Step 2: coker D" = {0}. But coker Dj ~ ker DT, by (4.74), and the latter
is zero by Step 1.

Step 1 and Step 2 show that Dl;{r is bijective and hence, by the open mapping
theorem, an isomorphism. This proves Proposition 4.30. O

Corollary 4.31. Assume that A € Aﬂ*h has the property that A(s) is invertible
for every s € Ry. Then the Fredholm index index 4 = 0 vanishes.

Proof. For constant paths this is true by Proposition 4.30. The family of paths
{Ar}repo) C Ag, defined by

A(s)=A(s+o(r),  ¢:[0,1] 5 Ry U{oo}, 7+ L, (4.75)
provides a homotopy between A and the constant path AT at infinity. Therefore,

since by Theorem E.1 the Fredholm index is invariant under homotopies
r— @AT = D,,« o Py P1 — PO X HI(AT(O))
2

through Fredholm operators (true by Corollary 4.29), the index of ©,, is con-
stant. In the case at hand the operators are the following

DT‘:P1*>POXH%7 g}_}(DArévg(O))

and
by = (Id, me) . Pox Hy — Py x H.

The map r — p, is continuous by [FW24, Thm. D], see Theorem 4.23. It remains
to show continuity of the homotopy [0,1] > 7 + D, hence of r — D4, . Next
we show this at » = 1. By continuity of the path o — A(c), given € > 0, there
exists 09 = 0g(e) > 0 such that ||[AT — A(0)||z(m,,1,) < € for every 0 > 0q. Let
ro be such that 72 /(1 — r2) = 0g. Since the function ¢ is monotone increasing,
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for every r € [ro, 1] we have r2/(1 — r2) > o¢. Therefore for every s € Ry we
have ||AT — AT<S)||%(H1 o) < €- Hence there is the estimate

1
I(Da+ = Da, 8l e, ) = /0 I(AT = A ()8 (s)l[5ds

1
< / 1A% = A(5) 2001, s () 25

< ElIElE z, -

This proves that ||Dg+ —Da,. Hﬁ(Pfr py) < € This shows continuity at r = 1. For

r € [0,1] one compares D4, and D4, by a similar argument where, in addition,

uniform continuity of o — A(c) enters. Now it follows from Theorem E.1 that

index D, = indexD,,. Since Ag = A and A; = A", we get identity 1 in
index®y < index Dp+ 2 index D;{Jr 20

where identity 2 holds by the same arguments as in the proof of Corollary 4.14
and identity 3 is by Proposition 4.30. This proves Corollary 4.31. O

4.3.6 Theorem A — Index is spectral flow

Pick A € Ay, . Choose T' > 0 sufficiently large such that A(s) is invertible for
every s > T. Analogous to Theorem 4.15 there is concatenation formula 1

index D 4 = indexD 4 jo 7] + index D 4|7 00)

[[ro

index® al[o, 1)

s(Daljo,)
S(Da).

Identity 2 is Corollary 4.31 and identity 3 is the spectral flow formula of Theo-
rem A in the already proved finite interval case. Identity 4 holds since A(s) is
invertible for every s € [T, o0]; no eigenvalues cross zero.

[

4.4 Half infinite backward interval — Theorem A
Let R_ = (—00,0]. For k = 0,1 we define the Hilbert space isomorphism
Ri: Pe(Ro) = P(Ry), & Ry = [s = §(—5)]
which reverses time from negative to positive. We define the reversal map
R:Ag — Ap,, A RA:= [s = —A(—s)].
Let A € Ay . Consider
D4=05: P(R.)—= Py(R_) x Hy (Ao) = W(R-; Ao)

¢ (Dag 7))
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where Ay := A(0). Note that
(RQ, ]1) oD40R = CD'RA: Pl(R+) — Po(R+) X H_(Ao) .
——
H ((RA)o)
2

Hence ® 4 is Fredholm since ®x 4 is, by Section 4.3. The index is given by

index® 4

index®xra
S(RA)
2 ¢(A).

[lvo

Here identity 1 is by the previous displayed conjugation, identity 2 is by the
already proven Theorem A for R, and identity 3 holds since the path RA is
the negative of the path A traversed backwards, the two minus signs cancel.

4.5 Real line — Theorem A

Let A € Aj. Corollary 4.6 shows that ®4 = Da: Pi(R) — Py(R) is Fredholm.
To show the spectral flow formula pick T' > 0 such that A(s) invertible
whenever s > |T'|. In the following calculation identity 1 is by concatenation
index® 4 £l index @A|(70077T] + index ©A|[7T,T] + index ©A|[T,oo)
é index :DA|[7T,T]
= <(Dali-r.m)
= (D).

|Jro

Identity 2 is Corollary 4.31 and identity 3 is the spectral flow formula of Theo-
rem A in the already proved finite interval case. Identity 4 holds since A(s) is
invertible whenever |s| > T'; no eigenvalues cross zero.
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A Hilbert space pairs

A.1 Interpolation and extrapolation: Hilbert R-scales

Let H = (Hy, Hy) be a Hilbert space pair. Then both Hilbert spaces Hy and
H, are separable by [FW24, Cor. A.5]. By Riesz’ theorem there is a unique
bounded linear map T € L(H;), called the growth operator of the pair, with

<f777>0 = <faT77>1 (A.76)

for all £&,» € H;. Since (-,-), and (-,-); are inner products, the operator T’
is positive definite and symmetric. Moreover, in [FW24, Le. A.7] we showed
that compactness of the inclusion ¢: H; — Hy implies that the operator T is
compact. In particular, the spectrum of T' consists of positive eigenvalues x, of
finite multiplicity m,,, whose only accumulation point is zero. Define

Vk € specT, V,:=Eig T :={ve Hy |Tv=rv}, mg:=dimV, < oo,
then the eigenspace core of the pair (Hy, Hy) is the direct sum of eigenspaces

V= P V. V C Hy, C H,.

respecT

For later use, the direct sum is in decreasing eigenvalue order k1 > kg > --- > 0.
As a consequence of the spectral theorem for compact symmetric operators

i, =7

Since Hy is a dense subset of Hy we further have
_ o
Hy=V"".

Lemma A.1l. Let k1 # ko be different eigenvalues of T'. Then the eigenspaces
Vi, and Vi, are orthogonal with respect to both inner products {-,-Yo and {-,-)1.
Two vectors of V' are 0-orthogonal iff they are 1-orthogonal, in symbols L1< 1.

Proof. Pick & € Vi, and & € V,;,. This means that T¢; = x1&; and T¢s = Kka&s.
Using (A.76) we compute

K (€1,8a); = (&1, Téa),

= K1 <§1>§2>1 .

The hypothesis k1 # ko implies 1-orthogonality (£1,&2); = 0. So (£1,62), = 0,
by equality 2. For &1, &, € Vi, equality 2 proves assertion two of the lemma. [
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Another immediate consequence of (A.76) is the length relation in Vj,
namely

eV = €]l = (A.TT)

1
ﬁHﬁHo-

We write £ € V uniquely in the form £ = ZHeSpeCT & where &, € V.. Then

1
g =">" ez, leli= > ~l&ll5. (A.78)

rEspecT kEspecT

The first formula is by 0-orthogonality in Lemma A.1 and the second formula
by l-orthogonality in Lemma A.1 combined with (A.77).

For any real r € R we define an r-norm for £ € V by

1 3
= X o)

respecT

€]

Since V is a direct product, for any element £ only finitely many components &,
are non-zero, hence the number of non-zero summands, also in (A.78), is finite.
By (A.78), the definition of the r-norm coincides for r = 0,1 with the original
norms in Hy and Hy, respectively. Now we take the completion

H, = vl (A.79)
We endow H, with the pair r-inner product and the pair r-norm defined by

€= X andy, leln=( X Fledd) . a8

rEspecT rEspecT

whenever £, € H,. Here the number of non-zero summands could be infinite,
but the sum is still finite due to the completion property.

To summarize, a Hilbert space pair H = (Hp, H1) canonically induces a
Hilbert R-scale, roughly speaking a real family of Hilbert spaces H,., notation

H]R = (Hr)r€R~ (A81)

The dual Hilbert R-scale is defined by H} = (H;),er where H; := L(H,,R).

A.1.1 The model Hilbert R-scale

Let f: N — (0,00) be a growth function, i.e. a monotone unbounded function.
Let f? = E?(N) be the space of all real sequences x = (x,),en With

Z fw)z? < oco.
v=1
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The space E? is a Hilbert space with respect to the inner product

o)y =Y 0wy, = (3 Fwe2)®, (A82)

veN veN

where ||z]|f = | /(z,x) is the induced norm. Note that £3, = ¢°.

HILBERT SPACE PAIR. The pair (£%,£}) is a Hilbert space pair by [Fra09, Le. 2.1J;
see also [FW21, Thm. 8.1]. Forv € Nlete, = (0,...,0,1,0,...) be the sequence
whose members are all 0 except for member v which is 1. The set of all e,’s

£ = {ey}yeN (A83)
is called the standard basis of (> = (2(N). While £ is an orthonormal basis
of £2, it is still an orthogonal basis of ch.

GROWTH OPERATOR. The growth operator T' € L£(¢3) is characterized by the
identity (y,z),. = (v, Tx>€2 for all x,y € £2 Thus the growth operator T': £2

(3 of the pair (¢2, (%) is given by
T(x,) = (%), (z,) == (#,)ven. (A.84)

By monotonicity and unboundedness of f there exists vy such that for any
v < vg it holds f( 0E < f(1)2 and for any v > vg + 1 it holds f( < f(v). Thus

o0 10) o0
z2 f(v) x? 1
(T2, Ta); = Y 5t f0) =D F5 i+ Y. 7 < max{ gy 1} (2,2);
v=1 v=1 v=vp+1

which shows that T indeed maps éfc to E?. The elements of the standard basis £
are the eigenvectors e, of T' with eigenvalues k(v) = (ly), in symbols

Te, = ﬁew H(V) = f(ly)’ "Q(V) 2 H(V + 1) >0, H(V) N\ 0.

EIGENSPACE CORE. We write the eigenvalues k(v) to the eigenvectors e, in
the form of a list S(T') = (ﬁ)yeN in which can occur finite repetitions. The
eigenspace core of T is then equal to

V=@Re, =Ry, RFCcl
veEN

SCALE LEVELS. Let £2,, for r € R, consist of all sequences x = () such that

1

lelr = (S r0rs2) <o

rveN

is finite. The r-inner product is given by (z,y) ;. = >_, ey f(¥) Ty
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REAL SCALE. The real Hilbert scale associated to (£2,£%) is the family

7= () rer.

Because the function f is monotone increasing, it follows that whenever s < r
there is an inclusion é?h. — E?S of Hilbert spaces and the corresponding linear
inclusion operator is bounded. For strict inequality s < r, by unboundedness
of f, the inclusion operator is compact. Moreover, its image is dense. For details
we refer to [FW21, Thm. 8.1] and [FW24, Sec. 2].

A.2 Scale bases

Let (Hy, Hy) be a Hilbert space pair. Then both Hilbert spaces Hy and Hy are
infinite dimensional, by definition, and separable, by [FW24, Cor. A.5].

Definition A.2. A Hilbert space is called separable if it contains a countable
dense subset. An orthonormal basis (ONB) of a separable Hilbert space H is
a countable orthonormal subset of H whose linear span is dense in H. Weakening
the condition from norm 1 to positive norm we speak of an orthogonal basis.

Each separable Hilbert space admits an ONB. To see this pick a dense
sequence (vk)gen, throw out any member vy if it is a linear combination of
V1,...,Ug_1, then apply Gram-Schmidt orthogonalization to what remains.

Definition A.3. A scale basis for a Hilbert space pair (Hy, Hy) is an orthonor-
mal basis £ = {E, },en of Hy that is simultaneously an orthogonal basis of Hy,
and which is ordered such that the function

h:N— (0,00), v |E|3 (A.85)

is monotone increasing. Following [FW24, Thm. A.4] we refer to h as the pair
growth function of H. It is automatically unbounded.

EXISTENCE OF SCALE BASES. We can construct a scale basis as follows. We
associated to (Hy, H;) an operator T': Hy — Hy by (A.76) . For every eigenvalue
k € specT we choose an ordered Hy-orthonormal basis of V,, := Eig, T, notation

E* = {E},... EL ). (A.86)

By Lemma A.1 the basis E* of V, is Hj-orthogonal as well and, furthermore,
all vectors have the same H;-length, namely in (A.77) we obtained

1
NG

We order the eigenvalues of T' decreasingly

IEF N =

K1 > kKo >+ > 0.
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Now we define a function x: v — k;(,) that enlists the eigenvalues accounting
for multiplicities.® More precisely, for v € N we define

J
i(v) = min{j EN|D my, > v}, R(V) = Kj(w),

i=1

and set
E, = E*"

J(v)—1 s
V=371t My

Note that the ordered orthonormal basis E of H starts at E; = E% The pair
growth function is related to the growth operator eigenvalues k(v) by

E = {EV}I/EN'

(A.87)

Next we address the question of moduli of scale bases. For this we show the
following lemma.

Lemma A.4. All elements of a scale basis E = {E,},en are T-eigenvectors

_ 1
TE, = fpE, WeN
Proof. For v € N write TE, = ZueN twE,. Then
1 (A.76) n
b 2 (Bpy By "2 By TE), = 3 b (o By 2 1B,
WEN

where the last step uses that (E,, E,), is 0 for p # p and ||E,||7 otherwise. [

MODULI OF SCALE BASES.
In view of Lemma A.4 all scale bases are constructed as in (A.86). In par-
ticular, a scale basis is unique up to an action by the group @xespec TO(E").

A.2.1 Isometry to model Hilbert R-scale.

Consider a Hilbert space pair H = (Hy, H1). Let h be a pair growth function
and let Hg = (H,),cr be the Hilbert R-scale associated to the pair. Any scale
basis E = {E, },en of H determines, for each r € R, a Hilbert space isometry

\IJEZ HT — £2r, f = nyEu — (gu)UGN
rveN

8 E.g. if the eigenvalues ; and their respective multiplicities My, are

VB> 3>5>0>0,  24m 1,

the functions v — j(v) and v — Kj(v) return, respectively, the values

1,1,2,2,2,2,3,..., \/5’ 57é7i7é7é)l"“
R AN ) TVTITT 2

'mﬁl mﬁz
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by assigning to ¢ its coordinate sequence; see [FW24, proof of Thm. A.4]. So

N|—=

Emm, = D h)m, €l = (3 hw)a?)?, (A.88)

veN veN
for all £,n € H, and where h relates to the growth operator eigenvalues x(v) by

(A.85

1 (a87) )
=" h(v) =T ER

k(V)

A.3 Musical R-scale isometry b and shift isometries

Let H = (Hy, Hy) be a Hilbert space pair and F = {E,},cn a scale basis.
With H comes the growth function h: N — [0, 00) and the Hilbert R-scale Hp.

Definition A.5 (Canonical R-scale isometry b =4§~1': H_,, — H}). For r € R
insertion into the 0-inner product

b H_, — HY, €& :=(£), (A.89)
is for § =3 y&E, € H pand n =73 ynE, € H, given by the sum
0N =D &
veN

We show that b: H_, — H} is an isometry.
The special case Hy — Hg, & — (&, ), is the usual insertion isometry. For
their common notation b and # := b~! these are called musical isometries.”

To see that b is well defined, note that £ € H_, and n € H, implies finiteness
€12, =D &) <oo,  lnllF =D mph(v)" < oo
veN veN
Thus by Cauchy-Schwarz the sum

Sem =Y &h) 2 nh)? < (Zgzh@)—?“)é(znﬁhw) <o

veN rveN veN veN

N[

is finite, so b is well defined. The fact that ) .y &,m, = 0 for every 1 implies
& = 0 and this proves injectivity of b: H_,. — HY. Since Hy is a Hilbert space,
in particular complete, b: Hy — H{ is an isomorphism, as is well known.'® To
see that b: H_, — H} is an isomorphism, in fact an isometry, whenever r € R
consider the shift isometries introduced next, then apply Lemma A.7.

YbE, = E} since (VEy)Ey = (Ey, Ey)y = 6uu. Exactly isometries take ONB’s to ONB's.

10 Surjective: pick n € H§ non-zero, then kern C Hp is a closed subspace of co-dimension 1.
Hence (kern): = R¢ for a unit vector & € Hg. Now 1 = bo((n9)d) = ((n0)0, ), since both
sides are equal on kern = (R9)~+, namely zero, and on 9, namely 1o since (9, 0), = 1.
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Definition A.6 (Shift isometries). Given reals r,s € R, we define

¢i: Hy— Hy, &) &h(v) ™ B,
veN

where { =3 & By

The maps ¢ are norm preserving with inverse (¢3)~1 = ¢%. For £ € H, we
compute

lo€l2 = 3" n()* (ah) ) = S &h0) = el
veN veN

which proves norm preservation. But this implies inner product preservation
by the polarization identity. Thus adjoint is inverse: (¢3)* = (¢2)~! = ¢7. In
particular, the adjoint is an isometry as well.

Lemma A.7. b = (¢2)*b¢°,: H_, — H} is composed of isometries Vr € R.

Proof. The maps on the right hand side are isometries, as was shown above.
Given ¢ € H_, and i € H,, use the characterization of the adjoint to get

(62 be° ,E)n = (0¢%,€)
<Z”€Ngyh(y)7%E”’ ZueNnuh(U)%Eu>
> &) Enuh(p)? (By, By,

v,neN

Y &h(v) Enh(v)E

rveN

- Z 51/771/

veN
= (&)
where in equality two we used the definition of ¢° & and of ¢%n. O

=

0

Sup

Lemma A.8 (A* ~ A). Assume that A: Hy — Hy is a symmelric isometry.
Then the composition of A*: Hf — H{ with the four isometries

9 b e A* oy bl ¢%y
AH —Hy— Hy — H — H_, — Hj

s equal to A.
Proof. The matrix of A for an eigenvector orthonormal basis V(A) of Hy, (2.11),
is diagonal. Let ¢ € Hy. To show equality boy 'AE = A*h¢{¢ € Hy, apply both
sides to n € H;. By linearity, basis elements { = v, and n = v, suffice. We get
_ b,
(boy ' Av, ), = (5 ay vy, vu>0
= (a,,|a,,|vl,,vu>0

= ay|ay|duy
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and

(A*¢Yv, v, = (bYv,) Avy,
g <¢(1)UV7 AUH>O
= (lay|vy, apvu),

= |av|audy,.

This proves Lemma A.8. O

B Quantitative invertibility

In the proof of Theorem 4.2 we will use the following well-known lemma which
shows, also quantitatively, that invertibility is an open condition.

Lemma B.1 (Quantitative invertibility). Given Banach spaces X and Y, sup-
pose the operator T € L(X,Y) is invertible and P € L(X,Y) is small in the
sense that | P|| < 1/||T~Y|. Then T + P is invertible as well with bound

jr+ Py < —I
T 7]

where all norms are operator norms.

Proof. We define S :=1d — T~1(T + P) and we estimate
IS = = T=H(T + P)|| = [T~ P|| < [T7H[[||1P]| < 1. (B.90)

Hence T~Y(T + P) = 1d — S is invertible with the help of the Neumann series

(Id— §)! = i Sm
n=0

whose norm we can estimate via the geometric series

> 1
Id— 97l < R ——
I1( )l ZBH [ T=9]

An inverse of T=Y(T + P) is (T~Y(T + P))~! = (Id — S)~! and bounded by

1 (B.90) 1

T HT+P) =[-8 <—5 < —rer.
(T~ ( N =1 )l 15| L— TPl

Therefore T + P = T(T~'(T + P)) is invertible and the inverse (T'+ P)~! =
(T~HT+P))~'T~" is bounded by [|(T+P)~ || < [|T-H]|/(1 = T~ H[|P])). O
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C Evaluation map P; — Hy,

Let H = (Hy, Hy) be a Hilbert space pair. Let h > 1 be a growth function
representing the pair growth type. For the time interval I = [0, 1] we define the
path space P, = Pi(I) by (1.4). Let E = {E,},en be a scale basis of H; see
Appendix A.2. Corollary C.4 is used in Section 4.2.4.

Proposition C.1. Let 2 € W2([0,1], Hy) N L*([0,1], Hy), then 2(0) € Hys.

Proof. Writing =)z, E, we estimate for s € [0, 7\/W} the initial point

2, 0)] < lr(s)] + / By, (1)t
0
< le(s) + / O Dy (1) dt
0
1
< |$u(3)|+W||6t$u||L2

where the last step is by Holder’s inequality. Therefore

(m(s) + Wnaﬂyum)z

< 2z,(s) 4+

z,(0)?

IN

2
(9.13,/ 22.
— o}

Taking advantage of this estimate in step four we obtain that

1
lelegny = [ llalfds
o a1
= Z/ h(v)x,(s)*ds
v=1 0
) 1
> ) / M (), (s)2ds
v=1 0
1 & (Vi )
= hw) 2 (0)%ds = 3 [V ARl e, | ds
2 v=1 0 v=1 0
1 L >
= §Zh(1/)' (002 = (10w |[72
v=1 v=1
1 2 2
2 SOz, . = lellw2im,)-
Hence
12(0) 11,2 < V2l oy
This completes the proof of Proposition C.1. O
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Definition C.2. By Proposition C.1 we obtain well defined evaluation maps
ev: P = W"?([0,1], Ho) N L*([0,1], Hy) = Hy /2, x — (0)
and
Ev: Pi — Hyjo X Hyjo, x+ (2(0),2(1)).
The evaluation maps are linear continuous maps between Hilbert spaces.
Proposition C.3. The evaluation map ev: P1 — Hy is surjective.
Proof. Suppose that z° = (z}),en € Hi /2. Define z,, € C*°([0,1],R) by
z,(s) = e‘msxg, s €[0,1].

Note that
z,(0) = xg
so that if we set x = (x,),eny We have
ev(z) = 2°.
Therefore in order to prove the proposition it suffices to show that
z € Wh3([0,1], Ho) N L*([0, 1], Hy).

In order to achieve this we estimate

Nzllfzroynze ey = NelZacny + 2lH2 )

o 41
= Z/ (R(v)x2(s) + D5z, (5)* + 3,(5)?) ds
v=170

o 1
= Z/ (2h(v) + 1)e? h(”)s(x?,)st
v=1 0

1
6_2 h(v)s

B 2h(v) +1 20)2
1/2_;1 2¢/h(v) ( V) 0
> 25%;; ()" (1= V™)

< Z 2v/h(v) (mS)Q

_ 2
= 2=l ,
This finishes the proof of the proposition. O

Corollary C.4. The evaluation map Ev: Py — Hy /5 X Hy o is surjective.

Proof. Given 2% z! € Hy/ x Hy/,, there exist, by Proposition C.3, paths

YOyl € P such that y°(0) = 2° and y'(1) = a!. Pick cutoff functions
Bo, /1 € C*=([0,1],[0,1]) such that By(0) = 1 and Sy = 0 on [1/2,1] and
B1(1) = 1 and B; = 0 on [0,1/2]. Then the combination y := Boy" + Byt
still lies in P, and y(0) = y°(0) = 2% and y(1) = y*(1) = «!. O
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D Self-adjoint Hilbert space pair operators

Theorem D.1. Let (Hy, Hy) be a Hilbert space pair. Suppose the bounded linear
map A: Hy — Hy is H-self-adjoint.’? Then the following is true. As unbounded
operator on Hy with dense domain Hy the operator A = A* is selfadjoint.
The spectrum of A consists of infinitely many discrete real eigenvalues ag, of
finite multiplicity each,’® which accumulate either at +oo, or at —oo, or at
both. Moreover, there exists a countable orthonormal basis V(A) = {ve} of Ho
composed of eigenvectors vy € Hy of A.

In a Hilbert space pair both Hilbert spaces are separable by [FW24, Cor. A.5].

Lemma D.2. For any H-self-adjoint operator A: Hy — Hy the resolvent set
R(A) :={NeR|A— \: Hy — Hy is bijective} #
18 non-empty and the complement, the spectrum of A, contains only eigenvalues.

Proof. Since H; is separable the operator A, as a map H; — Hp, can only
have countably many eigenvalues. Hence there exists A € R which is not an
eigenvalue, i.e. A — \t: Hy — Hy is injective where ¢: Hy < Hj is inclusion.
We prove that injective = bijective: Since A is not an eigenvalue of A there
is no eigenvector, in symbols ker(A — A\¢) = {0}. Since ¢: Hy — Hy is compact
and A: H; — Hj is Fredholm of index zero, so is A — At: H; — Hy, by stability
of the Fredholm index under compact perturbation. By Fredholm index zero we
conclude dim coker (A — A¢) = dim ker(A — A¢) = 0 which proves surjectivity. O

Proof of Theorem D.1. There are two cases for A, injective and not injective.
Case 1: A is injective.

By the Fredholm property the image of A is closed, hence (im A)* = coker A.
Since the Fredholm index is zero and A is injective we conclude dim coker A =
dimker A = 0. Thus the operator A: H; — Hj is surjective, hence bijective.
Since A is also bounded the inverse A~': Hy — H; is bounded, too, by the
open mapping theorem. Composed with the compact inclusion ¢: Hy — Hy,
the inverse as an operator on Hj is not only bounded, but even a compact
operator with dense image

compact

A7t Hy 2 Hy,  imA™'=H; ‘& H,.
Now, by Ho-symmetry of A, the inverse A=! € L(H,) is symmetric
(A7 2, y)y = (A7 e, AA™ YY) = (AA 2, A y) = (2, A™Yy),  Va,y € H,
which, by boundedness, is equivalent to self-adjointness (A~1)* = A= € L(Hy).

To summarize, the inverse is a self-adjoint compact operator A=1: Hy — Hj.
These are exactly the hypotheses of the Hilbert-Schmidt theorem, see e.g. [RS80,

11 Fredholm of index 0 and symmetric as unbounded operator on Hg with dense domain Hj.
12 The multiplicity of an eigenvalue a is the dimension of its eigenspace ker(A — aId).
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thm. VI.16], which asserts that there is an orthonormal basis {vy, } ren of Hy such
that A=lv, = byvy for non-zero real numbers b, — 0, as k — oco. Moreover,
the multiplicity of each eigenvalue by, namely the dimension of its eigenspace
Eig,, (A7) :=ker(A™" — by, Id), is finite.

Note that, while the list (bx)reny may contain finite repetitions, there are
still infinitely many different members. Note further that, since im A~! = Hj,
the eigenvectors v, € Hy lie simultaneously in H;: indeed byv, = A~ vy, € Hy.
Hence we may apply A to A~ 'v, = byv,, and divide by by to obtain

Avy = apvg, ap = bik. e R\ {0}, keN, |ak]| R 0.

Set V(A) := {vg }ren C Hy to get an ONB of Hj consisting of A-eigenvectors.

Self-adjointness A = A*: The operator A~! € L(H,) satisfies the hypothesis
of [Rud91, Thm. 13.11 part (b)], namely to be self-adjoint and injective. The
conclusion is that the operator inverse (A=1)~': Hy D im A~ — Hy is self-
adjoint. This proves Theorem D.1 for injective A (Case 1).

Case 2: A is not injective.

The linear map A: Hy D H; — Hy decomposes as follows

J_o J—O
H() =ker A &) X() (imA)J'O D XO = H()

dense ]\L / (D91)
compact A=03A|

H1 = kerA () X1
where
Xo:= (ker )0 Hy, Xp:=11Xo)=XoNH, C H, Xo=imA.

We used that, by the Fredholm property, the kernel of A is finite dimensional, so
a closed subspace of Hy, as well as of Hy. Let X be the orthogonal complement
of ker Ain Hy. Orthogonal complements are closed subspaces. Since X is closed
and ¢ is continuous, the pre-image Xy N H; is a closed subspace of Hj.

Again by the Fredholm property, the image of A is closed, hence it too admits
an orthogonal complement which, by Fredholm index zero, is of the same finite
dimension as ker A. We show that im A = Xy. 'C’ Given y = Az € im A and
z € ker A, by symmetry of A we get (y, z), = (Ax, 2), = (z, Az), = (z,0), = 0.
'=" Since the orthogonal complements ker A of X, and (im A)1° of im A are
of the same finite dimension, inclusion im A C Xy can only be true in case of
equality (otherwise the co-dimensions would be different).

We show that H; is the direct sum ker A ® X;. Note that ker AN X; =
ker AN XoN Hy = {0} N H; = {0} and ker A + X; = Hy: ’C’ obvious. 'D’ Pick
x € Hy. Since Hy C Hy = ker A ® X write x = x, + x¢ for unique elements
zs € ker A and zg € Xg. Then zg =2 —z, € H N Xy = X;.

STEP 1: The restriction A|: Xo D X7 — X meets the hypothesis of Case 1:

(a) inclusion ¢|: Xy — Xj is compact and X is a dense subset of Xo;
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(b) A] is Xo-symmetric;
(¢) A|: X1 — Xj is a bounded bijection (hence Fredholm of index zero).

Proof of Step 1. (a) Compactness: Let B be a bounded subset of X;. Then
B is also subset of Hy, Hy, and Xy. The closure of B in Hj is compact since
X1 — Hy — Hj is the composition of a bounded and a compact inclusion map,
hence itself compact. But X is a closed subspace of Hy which contains B. Thus
the closure of B is contained in Xy as well.

Density: The proof relies on ker A serving as finite dimensional complement in
both Hy and Hq. Fix x € Xo C H,. Since H; is dense in Hy, there exists a Hp-
convergent sequence Hy 3 x, — x. We use the orthogonal sum Hy = ker A® X
to write x,, = ¢, + 2z, for unique ¢, € ker A C Hy and z, € Xy. Now 2z, —x+c¢, =
z, —x — 0in Hy and 2z, =z, — ¢, € Hy. Thus 2z, € XoN Hy = X;. Since
x, —x = ¢, + (2, — ) with ¢, € ker A and z, — x € X being Hp-orthogonal
Pythagoras provides the equality

This proves Hy-convergence Hy 3 z, — x € Xy and concludes the proof of (a).
(b) Since X7 C Hy and Xy C Hy, part (b) is true by Hp-symmetry of A.

(c) Injective and surjective are obvious. The restriction of a bounded linear map
to a closed subspace is bounded. O

STEP 2: We prove Theorem D.1.

Proof of Step 2. We decompose A =0 @ A| into two summands as in (D.91).

SUMMAND A|: Xy D X7 — Xj. By Step 1 the restriction A| meets the hypothe-
sis of Case 1. Thus A| is self-adjoint as an unbounded operator and its spectrum
spec A| consists of infinitely many discrete real eigenvalues a # 0 of finite multi-
plicity each, which accumulate either at 400, or at —oo, or at both. Moreover,
there is an ONB V(A|) = {vi }ken C X3 of X consisting of eigenvectors of A|.

SUMMAND 0: ker A — (im A)1o. The spectrum consists of the eigenvalue 0.
The dimension of the eigenspace ker A is at least 1 (Case 2) and finite (Fredholm
assumption). Choose an Hp-ONB of ker A, notation V(ker A).

To see that A: Hy D Hy — Hy is self-adjoint, unpack the definition of the
domain of an adjoint operator to get the first identity

dom A* =ker A® D(A|") =ker A® D(A|) =ker A X; =dom A

whereas the second identity holds since A| is self-adjoint by Case 1.
The spectrum of A is the union of the spectrum of A| and {0}. The union

V(A) = V(ker A) UV(A|)

consists of eigenvectors of A. It is an ONB of Hy (eigenvectors to different
eigenvalues are orthogonal since A = A*). This proves Step 2 and Case 2. [

This concludes the proof of Theorem D.1. O
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E Invariance of the Fredholm index

E.1 Varying target space

Assume that X and Y are Hilbert spaces and D,.: X — Y for r € [0,1] is a
continuous family of bounded linear maps. Assume further that p,. € L(Y) is a
family of projections, orthogonal or not, depending continuously on r € [0, 1].
Since p, is a projection (p,p, = p;-) its image is equal to its fixed point set which
is closed by continuity. Hence imp, is a closed subspace of Y. We abbreviate
the composition by

D, X 25 Y % imp, C Y.

Theorem E.1. Assume that ©,: X — imp, is Fredholm for any r € [0,1],
then its Fredholm index is independent of r.

Proof. The case p, = Idy is well known. We first discuss that case as warmup.

Case 1: p, = Idy. The Fredholm index of D,.: X — Y is independent of r.

Proof of Case 1. In this case ©, = D,.: X — Y is a Fredholm operator between
fixed Hilbert spaces. For fixed r, s € [0, 1] we abbreviate

D:=D,: X =Y, Q:=Ds;—D,: X —>Y.
Abbreviate Xg := ker D and Y7 := im D and decompose orthogonally

1 1
X=X,8X, Y=Y2Y.
~—~ ~—~
ker D im D

Let D;;: X; — Y; denote the restriction of D to X; followed by projection onto
Y;, and similarly for Q. Note that D is of the form

Doy Do 0 0
(Dlo D1y 0 Di 0@ 0®h

where Dq1: X1 — Y7 is bijective, hence an isomorphism by the open mapping
theorem. The operator @ is of the form

~ (Qoo Qo) .
Q_(Qlo Q11>.X0€BX1—>YO€BY1

If s is close to r, then @ is close to the zero operator, and so is Q11. So by
openness of invertibility Dq1 + Q11: X1 — Y; is still an isomorphism. The
linear map between finite dimensional vector spaces

F .= QOO — QOI(Dll =+ Qll)_lQloi Xo =kerD — YO = coker D
is Fredholm and its index is the dimension difference of domain and target

index F' = dim Xy — dim Y = index D.
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Cram 1. dimker(D + Q) = dimker F.

Write z € ker(D + Q) C Xo ® X1 uniquely in the form x = x + 1 where
x; € X;. Then we get two equations in the form

0y _ _ (Qoo Qo1 To\ _ Qoozo + Qo111
<0> =D+ Q= (Qlo Dy + Qn) (331) N (Qloxo + (D11 + Qu)xl) '

The second equation tells that

z1 = —(D11 + Q11) ' Q1o70. (E.92)

Insert this into equation one to get 0 = Quozo — Qo1 (D11 +Q11) Q1070 = Fp.
Consequently projection to the Xp-component is well defined as a map

mo: Xo® X1 C ker(D + Q) —ker FC Xy, x=ux9+ 21— 20.
We show that 7y is an isomorphism by constructing an inverse, the candidate is
7: ker F = ker(D + Q), o+ (z0, —(D11 + Q11) ' Q1roz0).

The image of 7 lies in the kernel of D + @), indeed

(Qoo Qo1 ) ( To ) _ (FI(J) _ (0>
Qo D +Qu —(D11 + Q11) " 'Q1070 0 0/

Clearly mom = Id. Vice versa 7my = Id holds by (E.92). This proves Claim 1.
CLAM 2. dim coker (D + @) = dim coker F'.

This amounts to prove that the dimensions of the orthogonal complements
(im D + Q)+ and (im F)* coincide.
Suppose that y = yo + 31 € Yy @ Y] is element of (im (D + Q))*, equivalently

0 = (Qoozo + Qo171,%0) + (Qrowo + (D11 + Q11)T1, Y1) (E.93)

for every x = zog + 21 € Xo @ X1. We take two particular choices.
Firstly, for the choice zg = 0 condition (E.93) reduces to

0= (Qo171,%0) + (D11 + Qu1)r1,91) = (21, Qo1%0 + (D11 + Q11)"v1)

for every x7 € X;. By non-degeneracy of the inner product this means that

y1=—(Du1 + Qll)*inglyO (E.94)

whenever yo + 41 € Yy @ Y] is element of (im (D + Q))*.

Secondly, in (E.93) choose x; according to (E.92). Then the first factor in
the first inner product is F'zy and in the second inner product the first factor
is 0, thus what remains is 0 = (Fxzo, y0)y for every zg € Xo. Hence yo L im F
and therefore projection to the Yp-component is well defined as a map

o: Yo 0V, O (im(D+ Q) = (imF)L < Yo, w431 — vo.
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We show that Il is an isomorphism by constructing an inverse, the candidate is
T: (imF)* = (im(D+ Q)" o yo+
where y; is given by (E.94). To see that the image of T lies in (im (D + Q))*,
insert Tyo = yo + y1 into the right hand side of condition (E.93) and note that
{Qooo, %0)y + (Quiz1, yo)y + (Quozo, —(D11 + Q)" Qiyvo)y

+ (D11 + Q11)z1, — (D11 + Q11)*71Q81y0>y

= <Q00$0 - Q(n(Du + Q11)_1Q10$07y0>y
= (Fzo,y0)y
=0

indeed vanishes for every © = xg + z1 € Xy ® X;. This proves that Ty €
(im (D +@Q))*. In the calculation the two underlined terms canceled each other
and the last equality is due to the domain of 7, namely yo € (im F)*.

Clearly ITo7T = Id. Vice versa T1Iy = Id holds by (E.94). This proves Claim 2.

We prove Claim 1. By definition of D and @) the above discussion shows that

index Dy = index(D + Q)
= dim ker(D + @) — dim coker (D + Q)
= dim ker F' — dim coker F'
= index F’
= index D
= index D,

for all s,r € [0, 1] sufficiently close. This proves the well known Case 1. O
Case 2: General. The Fredholm index of the composed operator

D i=pr0oD.: X =Y —imp,
is independent of 7 € [0, 1].

Proof of Case 2. We reduce the proof of Case 2 to Case 1 via Step 1:

STEP 1. For any r € [0, 1] there is € > 0 such that p,|im p, : iImps — imp, is an
isomorphism for every s € (r —e,r+¢) N[0, 1].

To see this, given r € [0,1], by continuity of projections we choose ¢ > 0

sufficiently small such that ||p, — psllz(vy < min{1/4|[p,| z(vy, 3} for every s €
(r—e,r4+¢)N[0,1]. Now, for any such s, we estimate

Hpr Opslimpr - ]limpT”[,(impT) = Hpr Opslimpr — Pr Opr|impr||£(impr)
= Hpr (ps‘impr _pT|imP7‘)||£(imp,«)

lorllcevy - llps — prllcey)
1

1

IN A

74



Analogously we get the estimate

”ps Opr‘imps - ]1|imp5 L(imps) = Hps Opr|imps — DPs Ops|impS

L(im ps)
= Hps (pv"|imps _ps|imps) |£(imps)
<ps = pr +2rlleeyy - lor = Psll2v)

IA

Hps _pr||2£(Y) + ”pr”L(Y) : Hpr - pSHL(Y)
1 1
<it3

This proves that both compositions

Pr Opslimpr € E(impr)v Ds Opr|imps S E(imps)v

are invertible. Hence py|imp, : imps — imp, is surjective by the first compo-
sition and injective by the second, thus an isomorphism by the open mapping
theorem. This proves Step 1.

STEP 2. We prove Case 2.

Fix r € [0,1]. We consider the family of operators, continuous in s € [0,1],
between fixed Hilbert spaces

pro®g: X — imps — imp,.

Let € > 0 be as in Step 1. Because for s € (s —¢,s 4+ €) N[0, 1] the projection
Prlimp, : Imps — im p, is an isomorphism, we conclude that p, 0D is a Fredholm
operator!'? satisfying

index (p, 0 ©;) = index Ds.

By Case 1 we further have
index (p, 0 D) = index (p,. 0 D)

for every s € (r—e,r+¢)N[0,1]. Since p, oD, =D, we combine the two index
equalities to obtain index ©¢ = index ®,. for every s € (r —e,r+¢)N|0, 1]. This
proves that the index is locally constant and, since [0, 1] is connected, we obtain
the the index is globally constant on [0, 1]. This proves the Case 2. O

This concludes the proof of Theorem E.1. O

E.2 Varying domain
Theorem E.2. Let XY, Z be Hilbert spaces and D € L(X,Y). Suppose that
0,127 — F, € L(X,Z)

s a continuous family of linear surjections. Then the following is true. If, for
each r € [0, 1], the operator given by restricting D to ker F,., notation

D.:=D|: XDV, =Y, V, = ker F,.,

is semi-Fredholm, then the semi-Fredholm index' of D, does not depend on r.

13 same kernel, isomorphism preserves closedness of image and dimension of cokernel

14 The semi-Fredholm index D, := dim ker D, — dim coker D, takes values in {—co} U Z.
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Proof. The proof is in two Steps.
Step 1. (Kernel of F,. as a graph). For r near zero V,. := ker F,. is the graph of

T, = (Foly) ' (Fo = Fr): Vo = Vg

and T, — 0 in L£(Vp, V5h), as 7 — 0.

Proof. Given z € Vj, we shall determine y = y(z,r) such that a) y € V5~ and
b) Fr.(z+y) =0.

By b) and since x € ker Fy we get 0 = Fy.(v+y) = Fra+Foy = (F.—Fy)z+ Fry.
Hence F,y = (Fy — F,)x. Since Fy is onto, it holds that the restriction to a
complement of the kernel F()|V0J_ : Vg8 — Z is an isomorphism. Since the map
r— F, € L(X,Z) is continuous, so is in particular r — Fy[y. € L(Vg, Z),
Since the condition to be an isomorphism is an open property, each

Frly: Vg" = Z, 7> 0 small,

is still an isomorphism.
Consequently y is given in the form y = (FT|VOL)*1(F0 — F,)x. We abbreviate

T, = (Fply )" (Fo = Fr): Vo = Vgt

Then V, = graphT,. The linear map (FT|V0L)’1: Z — Vgt is bounded, uni-
formly in » > 0 small. Hence, since r — F,. is continuous, it holds that T,
converges to the zero operator in L(Vp, Vi-), as 7 — 0. O

Step 2. We prove the theorem.

Proof. We show that the index is locally constant. Since the interval [0, 1] is
connected this implies that the index is constant on the whole interval. To
simplify notation we discuss local constancy at r = 0.

By Step 1 we can write for small » > 0 the subspace V,. of X as the graph of
T.. The graph map is the isomorphism T',.: V5 — V,. defined by = — (z, T;z).
We further set DY := D, oT,.: Vo — V,, — Y. Since D, is a semi-Fredholm
operator by hypothesis and I, is an isomorphism it follows that D? is a semi-
Fredholm operator of the same index, namely index D? = index D,..

Note that 'y = Idy,, hence DY = Dy. Since T} — 0 in £(Vj, Vol), as r \, 0,
The map 7 — D? is continuous: indeed DYz = D(z + T,x) and T depends
continuously on 7 by Step 1. Hence r +— D% € L(Vp,Y) is a continuous family
of semi-Fredholm operators between fixed Hilbert spaces and hence its semi-
Fredholm index is constant as explained in Case 1 in the proof of Theorem E.1
for Fredholm operators; for semi-Fredholm operators we refer to [Miil07, §18
Thm. 4]. O

The proof of Theorem E.2 is complete. O
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E.3 Composition

Theorem E.3 (Composition). Let X,Y, Z be Banach spaces.
i) Let S: X =Y and T:Y — Z be Fredholm operators between Banach spaces,
then the composition Ro S is Fredholm and

index R 0o S = index R + index S.

it) If both S: X — Y and T: Y — Z are bounded linear maps with finite
dimensional kernel and closed range, then the above index formula is still valid,
although with values in Z U {—o0}.

Proof. See e.g. [Miil07, §16 Thm. 5 and Thm. 12]. O

Theorem E.4. Let D: X — Y be a bounded linear operator between Hilbert
spaces. Let p:' Y — Y be a projection whose image Z := imp is of finite co-
dimension. Then the following is true. The operator D: X — Y is Fredholm iff

D,:=poD: X = Z
18 Fredholm as a map to Z and in this case the indices are related by
index D = index D), — codim Z.
Proof. As a map p: Y — Z is Fredholm and index p = dim ker p = codim Z.
Case 1. D: X — Y is Fredholm.

Proof. The composition of Fredholm operators D, = poD: X =Y — Z is
Fredholm, by Theorem E.3, and index D), = codim Z + index D. O

Case 2. poD: X - Y — Z is Fredholm.

Proof. a) The kernel of D is finite dimensional: True since ker D C ker (p o D).
b) The image of D is closed: It is the pre-image under the continuous map p of
the, by assumption closed, image of p o D, in symbols im D = p~! (im (p o D)).
c¢) The co-kernel of D is finite dimensional: By a) and b) part ii) of Theorem E.3
applies and its index formula yields that

dim coker D = codim Z + dim ker D + dim coker (p o D) — dimker (p o D).

But the right hand side is finite by a) and assumption.

This concludes the proof of Theorem E.4.
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