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Abstract: We estimate the Laplace constant using Lambert’s W function.

I. Introduction
The Laplace limit is the unique real solution of the equation:

x  1+x2

1 + 1 + x2
= 1 (1)

It is approximately

λ = 0.6627434193491815809747420971092529070581 ... (2)

II. Lambert W function
The Lambert W function W(z) is defined as 

W(z) W(z) = z , z ∈  (3)

The Lambert W function is a multivalued function with infinitely many branches. The branches are 
indexed by the integer k  (W(k, z)).

The principal branch is W(0, z) =W(z). For details see [1].

III. Laplace limit via Lambert W function
We have

λ =
1

2
α (4 + α) = 0.6627434193491815809747420971092529070581 ... (4)

where

α =W4 -2 + -2 W4 -2 + -2 W4 -2 + -2 W4 -2 + ... (5)

α = 0.3993572805154676678327396972822838885229 ... (6)

Remark 1:

α1 = 0 , αn+1 =W4 -2 + -2 αn ⟹ αn⟶α (7)

1



αn+1 - α ∼ 0.06487αn - α (8)

λn =
1

2
αn(4 + αn) , λn⟶λ (9)

Remark 2: e is the Euler number

 =
n=0

∞ 1

n !
= 2.718281 ... (10)

Remark 3: some estimates

n αn λn λ - λn

1 0.37285636 ... 0.63844485 ... 2.42 ...10-2

2 0.39763562 ... 0.66118390 ... 1.55 ...10-3

3 0.39924558 ... 0.66264232 ... 1.01 ...10-4

4 0.39935003 ... 0.66273686 ... 6.55 ...10-6

5 0.39935681 ... 0.66274299 ... 4.25 ...10-7

6 0.39935725 ... 0.66274339 ... 2.75 ...10-8

7 0.39935727 ... 0.66274341 ... 1.79 ...10-9

Remark 4: for n = 20 we have

λ20 = 0.6627434193491815809747414 522 ... (11)

λ20 - λ = 6.448 ...10-25 (12)
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