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Abstract

Let X be a complex projective manifold of dimension n, and denote the
+oo

total cohomology Z H'(X;Q) over Q by H(X;Q) where our convention
is that the cohomology H*(X;Q) = 0 for i beyond the range [0,2n]. Let
u be a Hodge class. Then the cup-product “—” yields a homomorphism

[ : H(X;Q) — H(X;Q)

w - U~ w. (0.1)

Let N*H?**(X) be the subgroups of coniveau 7 in the coniveau filtration
of cohomology H****(X;Q). For each fixed integer k € [—2n, 2n], let

Ly H(X) = Zn: N H?™F(X) (0.2)

that form the decreasing filtration
L 5 H(X)C - CLoH(X)C -+ C Lan H(X;Q) = H(X;Q) (0.3)

called the level filtration. In this paper, we prove that for non-negative
level k,
[u] (LkH(X)> C Ly H(X) (0.4)

provided a supportive intersection exists. It implies that the millennium
Hodge conjecture ([1]) is true provided a supportive intersection exists.
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1 Introduction

Let X be a complex projective manifold of complex dimension n. Denote the

cohomology group of degree i with rational coefficients by H*(X;Q), the total
“+o0

cohomology Z H'(X;Q) by H(X;Q). Denote the union of the subgroups

i=—00

ker <Hi(X;Q) — H%X\V;Q)) (1.1)

over all subvarieties V of cod(V) > p by NPH*(X;Q) where the map on coho-
mology groups is the restriction map, and the individual subgroup

ker <Hi(X; Q) — HY(X\V; @)) (1.2)

will be denoted by Hi,(X;Q). In this paper, the notation H§(X;Q) in (1.2) is
extended to any closed set S. These subgroups form a decreasing filtration

N"HY (X;Q)C---C NPHY(X;Q) C---C N°H!(X;Q) = H'(X;Q), (1.3)

on the cohomology with the fixed degree . It is called coniveau filtration. Note
that the coniveau p is in the range [0, n]. Now for each integer k € [—2n, 2n| we

define a subgroup
n

LyH(X) =Y N'H***(X;Q) (1.4)

where H’(X;Q) = 0 for j ¢ [0,2n]. They also form a decreasing filtration
L_5,H(X)C - CLyH(X)C - C Ly H(X;Q) = HX;Q) (1.5)
But it is on the total cohomology. We call it the level filtration where

level = degree — 2coniveau.
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Let w € HY(X;Q) be a Hodge class, i.e. it is of (g, g) type in the Hodge

decomposition. The class defines a homomorphism

[u] : H(X;Q) — H(X;Q)

w — U~ w. (1.6)

In another field, we’ll define a supportive intersection for currents. Let’s work
with the same complex projective manifold X. Denote the space of currents with
real coefficients by 2/(X). The S(X) denotes the Q module freely generated
by regular cells. We should note that a regular cell is a pair of an oriented
polyhedron II and a differential embedding of a neighborhood of II to X. An
element in S(X) is called a regular chain. A closed regular chain is called a
regular cycle. It is well-known that a singular cohomology class with rational
coefficients is represented by a regular cycle. The singular cohomology can also
be represented by closed currents. On the other hand, a holomorphic p-chain is
a particular type of a current 7y of dimension 2p of the integration current on
the regular points of a complex analytic cycle V' of dimension p in the complex
manifold X\ M for some compact manifold M ([4], [5]). In the literature, the
same V as above induces two different types of currents: one in X\ M which is
closed; the other in X which is not closed. We’ll refer the holomorphic chain
to the one in X which is not closed. Let J(X) be the subspace of 2'(X)
over Q freely generated by holomorphic chains. Since S(Y') is identified with a
subspace of 2'(Y") over Q, we let

Z(X):=8(X)+72(X) (1.7)
be the subspace over Q and call it the space of quasi-chains. *

Definition 1.1. A bilinear map

eAe]: 2(Y)x L(Y) — P'(Y)
(Tl, TQ) — [Tl N T2]

18 called a supportive intersection on the quasi-chains if the map satisfies
1) (Cohomologicality) [Ty A Tz] descends to the cup-product on cohomology,
i.e. if Ty, Ty are closed, so is [Th N Ts] and it satisfies

([ A To)) = (Th) — (T») (1.8)

where (o) denotes the Poincaré dual of a singular cycle in cohomology,
and — the cup-product,
2) (Supportivity)

supp([T1 A T3]) C supp(T1) N supp(T>). (1.9)

where supp stands for support.

*2'(Y) is not over Q. But for the convenience, we take .Z(X) to be a vector space over Q.
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It is quite obvious that if the class w is algebraic, the map [u] preserves the
level filtration. The converse is the content of the millennium Hodge conjecture.
Our Main theorem below states that u being a Hodge is sufficient in preserv-
ing the level filtration provided a supportive intersection exists. Therefore as
expected, the millennium Hodge conjecture follows from this preservation. Pre-
cisely,

Main theorem 1.2. For k > 0, if a supportive intersection on quasi-chains
exists, then

[u] (LkH(X)) C Ly H(X).

Corollary 1.3. Main theorem implies that the millennium Hodge conjecture is
true, provided a supportive intersection exists.

Proof of Corollary 1.3: If deg(u) = 0, the proof is trivial. So, we let

deg(u) = 2p # 0.

Denote the Poincaré dual of a singular chain by the class symbol (e). Then the
fundamental class (X) is in LoH (X). By the main theorem, u — (X) also lies
in LoH(X). Notice u — (X) = u. Hence u is class supported on an algebraic
cycle V of the dimension p (u € Ho'~**(X;Q)). We may assume V is prime (i.e
an irreducible variety). Let V be the smooth resolution of V. By the condition
2p — deg(p) = 0, we can apply Delign’s corollary 8.2.8, [2] which states that the
Gysin map

Ji HY(V;Q) — H'(X;Q) (1.10)

is surjective. Hence u is the Gysin image of a linear combination of the connected

components of (V). So it is represented by an algebraic cycle.
O

2 The support

The unusual but effective ingredient is the support that allows us to have an
intersection outside of the environment of cohomology. In this section, we in-
troduce two technical lemmas on it. Let X be a complex projective manifold of
an arbitrary dimension. Let H*(X;G) be the singular cohomology of degree i
with coefficients in the Abelian group

G =Q or R.

Inspired by Hodge’s work, the coniveau filtration was formulated in [3] in terms
of classes. However, Hodge’s original expression is in their representatives via
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homology. See [6]. So, let’s continue it in representatives. Let Z(X) be the
space of closed currents and £(X) be the space of exact currents. Then de
Rham theory gives the equality

Z(X) iy
X = ZH (X;R) (2.1)

which means closed currents are also representatives of cohomology. Let TP H'(X; Q)
be the subgroup of H*(X;Q), whose elements are represented by some closed
currents supported on some subvarieties of codimension at least p, i.e.

U Ker(Zi(X) — ZHX — V)) +E(X)
cod(V)2>p

TPH(X;Q) := NH(X;Q),

£(X)

where the superscript ¢ is the degree of the currents, and V is a subvariety.
We call TPH'(X;Q) the current-supported subgroup. We call the original
definition of the coniveau filtration in homological algebra notation (1.1) the
class-supported subgroup. Then we claim that the truncated current-supported
filtration is the same as the class-supported coniveau filtration for non-negative
levels, i.e. for the case i — 2p > 0.

Lemma 2.1. Let X be a complex projective manifold. Then

TPHY(X;Q) = NPH (X;Q), for i—2p>0. (2.2)

Proof. We recall the coniveau filtration’s subgroup NP H'(X;Q) is defined as
the subgroup

U ker{Hi(X;@) — H'(X — V;Q)}.

cod(V)>p

For each o € TPH'(X;Q), let t,, be a current that represents a and is supported
on an algebraic subvariety V of codimension > p. Since V is a closed set, the
restricted current t,|x_y is well-defined and is equal to zero. Hence

ta € Ker (zi(X) — ZY(X - V)).
Then the de Rham theory (2.1) implies
a € Ker (Hi(X; Q) —» H(X -V; Q)).

Hence
TPHY(X;Q) C NPH'(X;Q). (2.3)
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Conversely, let o € NPH!(X;Q). Since i — 2p > 0, the cohomological degree’s
requirement for the duality in Corollary 8.2.8, [2] T is met. Then the corollary
holds and it directly implies that o has a singular representative ¢, lying on
some algebraic subvariety V' of codim (V) > p. Since ¢, can be regarded as a
current, then the class « lies in TP H!(X; Q). We complete the proof.

O

The re-interpretation in Lemma 2.1 provides the basis for the transition to
support. Following is a simple lemma for the support of a non-closed current —
a holomorphic chain 7y .

Lemma 2.2. .
supp(Ty) =V (2.4)

where V is an algebraic cycle in X obtained by taking the closure of each irre-
ducible component in V.

Proof. Since M is compact, each defining equation of V' can be extended across
M. Hence the closure of each component of V is algebraic. Let W; be an
irreducible subvariety in the cycle V. So W; C X\M. If a € supp(Tw, ), there is
neighborhood U of a that supports a test form ¢ such that fWi ¢ # 0. Hence U

must meet W;. So, a € W; where W is the closure in X. Conversely, if a € W},
there is such a test form ¢ that fW_ ¢ # 0. Hence a € supp(Tw,). Then

supp(Tiv,) = V5.

Take the linear combination of W;, we obtain the lemma.

3 Proof

The Main theorem should follow from the proposition below.

Proposition 3.1. For a non-negative k,
[u] <H’“(X;Q)) C LyH(X).

Proof. The proof is essentially the continuation of Harvey-Lawson’s description

of holomorphic chains but in direction of supportive intersection. Let deg(u) =

2(n — p) where 0 < p < 2n. Let ¢, be a regular cycle representing the class
m

u. Then ¢, = g r;e; where r; are rational numbers and e; is diffeomorphic to

i=1
the interior of a 2p dimensional disk. Let B = U;e; be the submanifold of the

TThe requirement i — 2p > 0 for the corollary is quite implicit in the original paper.



3 PROOF 7

real manifold X, that has disconnected components e;. Then there is a tubular
neighborhood P : U — B that has a R?*"~2?P-bundle structure. Consider the

m

non-compact manifold U, the integration on Zaiei defines a closed current

i=1
7 in U. By the duality for non-compact manifold U, T as a closed current is
homologous to a closed form wy which is compactly supported in the vertical
direction of the bundle. By the Thom isomorphism for the R2("~?)-bundle,
P, (wy) = a; # 0 where a; is a number determined by the connected component
of the base of the vector bundle U. Notice this wy is the restriction of the
differential form representing the class w. Hence wy is chosen to be a (n—p, n—p)
form. In the neighbohood W; C e; of a point in the base e;, each fibre P~1(v)
for v € W; needs to be a complex submanifold (otherwise the P.(wy) = 0).
Thus at the point v, the complexified tangent spaces T, ce; and T, c(P~1(v))
form a complex orthogonal decomposition of the T, cU ~ C", i.e.

Tycei ® Ty (Pt (v)) ~ C™.

Since the decomposition holds in a neighborhood of v € e;, each neighborhood
of e; is a complex analytic manifold of dimension p. Therefore e; is a complex
submanifold of dimension p. So, we let

l m
Cy = E a;€; — g a;€;
1=1

i=l+1

where each e; fori =1,--- | [,I4+1,--- ,m is a complex submanifold of dimension
p, and a; are positive rational numbers. For each e; (all 7), let s; = Je; be the
boundary which is a regular chain of the real dimension 2p — 1. Then ase;
represents the class a;(e;) in the relative homology

HQ(n—p) (Xv Si3 Q)

We apply the theorem 1.11, [4] to obtain a positive holomorphic p-chain h; and a
positive, closed current k; such that dh; = a,;Ts, and for classes a;{e;) = (h;+k;)
in

H2p(X7 843 Q)

Expressing it in currents in X, we have
aiTej = hl —+ kl —+ dFl —+ ]* (Th) (31)

where I'; is a current of dimension 2p + 1, 7; is a dimensional 2p current in s;
and j:s; — C x X is the inclusion map. Since the dimension of s; is lower, 7;
must be 0. Since s; which is the boundary of h; is compact, we can extend the
complex analytic chain associated to h; to the entire X to obtain an algebraic
cycle A; of X. Thus the current has a decomposition expression,

l m
Tcu = Z(hz + k; + dF,) — Z (hZ + k; + dFZ) (32)
i=1 i=l+1
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Let 0 be a regular cycle representing an arbitrary cohomological class of
degree k in X (including the fundamental class (X) whose level is 0). In the
following we compute the supportive intersection.

By the supportivity in Definition 1.1,

supp([h; A\ 6]) C supp(hi). (3.3)

By Lemma 2.2,
supp(hi) C |Aq]. (3.4)

For the other term in the decomposition (3.2), since k; + dI'; is a closed
current which represents a cohomology class, we can make an argument in co-
homology. Recall the cohomology class of a closed current or Poincaré dual
of a singular cycle are all denoted by (e). Notice k; + dI'; is a current of the
quasi-chain e; — h;. Thus [(k; + dT;) A d] is well-defined. By the supportivity of
Definition 1.1 and Lemma 2.2,

supp|(k; + dL';) A 6] C supp(k; + dT;) C |A;| U ég; (3.5)

where €; is the closure of the cell. Furthermore by Lemma 2.1 and cohomologi-
cality in Definition 1.1,
ki +dl;) € HX"P(X; 3.6
(ki +dli) € Hy | oe, (X5Q) (3.6)
i.e. k; +dI; is class-supported on the closed set |A;| Ué;. Since €; is contracted
to a point 0 € X,
2(n=p) yv. ) — rr2(n—p) .
H|A7¢|u27‘, (X;Q) = H|A7¢|UI{)0}(X’Q)' (3.7
Next to show sne) S
Hia 0oy (X5 @ = Hy 7 (X5Q)

it suffices to show
H—Q n— X F[2 n— X
|A(iluzzl}( ’Q) = \A(z‘\ p)( ’Q)

If p = n, then H2(»~P)(X;Q) ~ Q. Then any class is represented by a constant.
Hence ) )
HEy (G Q) = B (XQ).

If p < n, let ¢ be a closed form on X whose integral on any chains in
X\ (|4i| U {o})

is 0. Let C be a singular cycle in X\ |A4;| that has the dimension deg(¢$) (which
is less than 2n). If o is on the supp(C), then there is a homotopic cycle C’ ~ C
in X\|A;| such that o does not lie on C’. Then by the assumption, [, ¢ = 0.
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So [, ¢ = 0. Hence ¢ is restricted to the 0 class in H?>=P)(X\|A;|). By the
expression (1.2), cohomology,

HE'OP(X5Q) = HIY TP (X5Q). (3.8)

Hence k; + dI'; is class-supported on |A4;|. Since (3.8) asserts h; is current-
supported on |4;], Zhi by Lemma 2.1 is class-supported on |A;|. Thus we

conclude ¢, is class-supported on the algebraic set U™ ;| 4;| whose real dimension
is 2p. Since dim([c, A d]) = k+ 2n — 2p, the class ([c, A d]) lies in Ly H(X). We
complete the proof. O

Proof of Main theorem 1.2: Let w € Ly H(X). Let deg(w) = i. Then there
is an algebraic set V of cod(V) = 2r such that w is class-supported on V and
2r > ¢ — k. Now we let V be the smooth resolution of V and J : V — X the
morphism. By Corollary 8.2.8, [2], there is «’ € H*~2"(V;Q) such that Ji(w') =
w. Let v = J*(u) which is still a Hodge class. Now we apply the proposition
3.1 to the setting in the complex projective manifold V where v’ = J*(u) is the
Hodge class, and «’ is the degree i — 2r cohomological class in V. We obtain
[W](w') € Li_9.H(V). Notice that for the Gysin homomorphism, J; has the
projection formula which asserts

J()()) = [l () (3.9)
Also the morphsim of the Hodge structure preserves the level. Hence
[u)(w) € Li—2yH(X) (3.10)
Since level filtration is a decreasing filtration and k& > ¢ — 2r. We obtain
[u](w) € LpH(X). (3.11)

We complete the proof.
O

Remark: Main theorem assumes the existence of a supportive intersection
whose proof for regular chains are given in [7]. Its natural extension to the quasi-
chains in the complex case is an easy consequence of the dominant convergence
theorem.

References

[1] P. Deligne, The Hodge conjecture, Clay mathematics institute (2000)
[2] P. Deligne, Théorie de Hodge: III, Publ. Math THES 44 (1974), pp. 5-77



REFERENCES 10

[3] A. GROTHENDIECK, Hodge’s general conjecture is false for trivial reasons,
Topology, Vol 8 (1969), pp 299-303

[4] R. HARVEY, B. LAWSON, Boundaries of positive holomorphic chains and
the relative Hodge question, Astérisque, 328(2009), PP 207-221

[5] R.HARVEY, B. SHIFFMAN, A characterization of holomorphic chains, An-
nals of math., Vol. 99, No. 3(1974), 553-587.

[6] W. HODGE, The topological invariants of algebraic varieties, Proce. Int.
Congr. Mathmaticians 1950, pp 181-192.

[7] B. WANG, Supportive intersection, https://vixra.org/abs/2402.0065



