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Abstract: We present in this paper a formula for decomposing a power of
an integer into a product of consecutive integers and its properties. We also dis-
cuss properties of some specific vectors (polynomials). By using these concepts,
we provide simple proofs for both of Fermat’s theorems. Furthermore, the proof
of the great Fermat theorem is accessible to all students who have studied the
notion of vector space.
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1 Introduction

The Fermat’s conjecture was proved by Andrew Wiles between 1993 and 1995.
However, as it has been the case for other problems in the history of mathemat-
ics, exploring alternative paths that may lead to different proofs is not without
interest, especially since in this case we employ basic concepts. We first present
the formula for decomposing a power of an integer into a product of consecutive
integers, its multinomial case, its properties, and the proof of Fermat’s little
theorem. We also examine the property of some specific polynomials to finally
provide a proof of Fermat’s conjecture.



2 Formula for Decomposing Integer Powers into
Sums

2.1 Theorem (main)

Let n be a integer and p be a non-zero natural number.
nf = Z akAk (2.1)

Where A¥ =n(n—1)...(n —k+1) (2.2) (Read Arrangement of k out of n if
n > 0)

af = ) 'Z Yo L(k—i)P7t (2.3)
1=0

Table of the first values of o/;

p/k 1 2 3 4 5 6 7
1 1
2 1 1
3 1 3 1
4 17 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
Remark : a; =ah=1; o/;:} + ka];_l = o/;

Proof :
* The equality holds true for p=1
* Let’s assume the equality holds true for a non-zero integer k, k> 1

k
nf =3 "ap AL
=1



k+1:nxnk

n
=n(ap AL +af A2 4 F a7 AR kAR
=ap(n—1+ DA +a2(n—2+2)A2 + .. +af ' (n—(k—1)+ (k- 1) A1+
af(n—k+k)AR
=ap(n—1)AL +ap AL +ai(n —2)A2 + 203 A2 + ...+ ot (n — (k- 1))AF 14
(k— Doy P AR+ afi(n — k) AR + kaf AF
=apAL 4 apA2 4207 A2 + 3 A3 44 (k- Do T AR okl AR 4o kaf AR+
ay AR+l
=oAL + (af +203) A2 + ..+ (af ™t + kaf) AR + af AR
= Q1 Ap + O AD e+ QA+ oA

k+1

k+1 _ i i
n = E ag 1A,
i=1

2.2 Theorem (Multinomial case)

Let m and n be two non-zero natural numbers and z1, xo, ..., £,, natural num-
bers n < z;. Then,

- k
(z1+2o+ ot )" =Y ak > (k ek )AgllAgg...Agg (2.4)
1, R2y eeey om
k=1 ki+ko+...+km=k

Proof

Leta=z1+azs+ ...+ 2z, (1)
By substituting (1) into (2.1), we have:

n

($1 + a2+ ... + l’m)n = ZaELAI(Cm1+z2+...+a:m)
k=1

k
k o )
Where A(ac1+zz+...+acm) = Z <k‘ k k >AT1AT§A’EW see [1]
ki4kot...+km=k 1,K2, .oy Km

and [6]

- 2
Then (z1+@o+.dzn)" =Y ap Y (k ko, oo k )Ag’iiA’;;..A’;’Zi
k=1 kitkot...+km=k 1, R25..cy K



Table of the first values of a’;(mod p) (p is a prime number)

p/k 1 2 3 4 5 6 7
11

2 1 1

31 0 1

4 1 7 6 1

5 1.0 0 0 1
6 1 31 9 65 15 1

7 1 0 0 0 0 0 1

2.3 Proposition

Let p be a prime number, p> 2, and k be a natural number such that 1< k< p,
then o/; =0 (mod p)

Proof -
,Z )' Gl (k= )P
Py

(k= Dlag => (=1)'Ch_y(k—i)P"
i=0

(k — 1)!041’3 = p X n, then p divides (k — 1)'a But p is prime with (k-1)!.
k

Then, according to Gauss theorem, p divides ay;.

3 Simple proof of Fermat’s little theorem
Theorem
Let p be a prime integer, for any integer n, we have: n” = n (mod p)

Proof
From (2. 1) we have:

P __ k Ak
n fnJrZapAn
2

P
n? =n (mod p) because Z O/;Afl =0 (mod p)
k=2



4 Study on Polynomials

Notation: Throughout the following P,(a) =14+ a+ ... +a"

4.1 Theorem (main)

Let a and n be natural numbers such that a >n > 1

n+1 k n+l—k o ‘
P,(a) = ZmPn(k—kl) > (-1iCCrt (4
k=1 i=0
change of script:
= o
a,’; = = (—1)'Ci_ (k=3P see (2.3)
T i=0
= =
_ i Y AN
1 e
% = g (D Cialtk =7 — 11 (42)
=0



= I (a+a2,5A2 +ad L A3 + .+ T AT 4ol T2 AT —a) see (2.1)

_ 2 1 3 2 n+1l gn n+2 gn+1
- (an—i-QAa—l =+ an+2Aa—1 + ..+ an+2Aa—l + Oén+2Aa71)

1 n 1 n n
[[C2@™ = 1)]AL_ + SC3(6™ — 1) - Ch T — 1)]42_,

4ot %[Cﬁ((n + 1) 1) = - 1) 4

(DO @ = DAL+ e O (2 )

—CL((n+ D)™ =) 4 (—D)mC (27— 1)]AT]] see (4.2)

= Ot - O+ O3 - 1) - Ch e~ ek

+ o+ [Co(n+ )" — 1) = CEn" T = 1) + .+

(D renTiEM = DIC + [Cra(n+2)"H 1)

— Chpa((n+ )™ = 1)+ (=1)"Cp (27T = D]CR]

=l DR~ CRCE (IO (1) O O
+ (3" —D)[CICE_ — C3C3_ + ..+ ()" PCnTRCr_ + (- e et

+o ()" = D[CRCE = Con Catil + (n+ 2" = 10 G

n+1 k n+l—k o ‘
Pp(a) = Z mpn(k +1) Z (—1)'CiyiCai
k=1 i=0

4.2 Theorem (main)
Let a be an integer such that a < —1, and let n be a non-zero natural number.

n+1 n+l1—k
k

Pn(a):z(q)kmpn(kﬂ) Y CiuCiti ., (43)
k=1 i=0



Proof

P,(a)=14a+..+a"

B a(al— oo

- a(al_ 1) (a4 o AL + o p Ad + o O‘ZI;AZ—H + aZIgAZH'Q —a) see (2.1)

= ﬁ(aiﬂfl}l,l Fad A2+l AT ant2Ant

G i 0 (—D)'ap 0 Al + (=1)%08 045+ ..+ (—1)"ap 3 A + (1) apt3Anty )
= (ai 0 [(—1)1%[(—1)00?(2"“ ~ DA, + (—1)2%[(—1)003(:’:.”+1 —1)

D)L 1)]A . 4 t (—1)”%[(—1)002((71 DM 1) 4 (1) 1)
bt (PO = DAL+ () (100 (42 -

+(=D)'Cpp((n+ D)™ = 1)+ o+ (=1)"CRy (2" = DA, see (4.2)

1
= m[(—l)l(—l)oC?(Q"+1 — 101, + (-1)?[(-1)°C3(3™ ! = 1) + (1)1 Gy (2" —1)]C2,
FoF (=D[(=)°Co%((n + 1) — 1) 4 (=)'C (T — 1) + .+
(~DrrenTiET = DICR_ + ()" (-D O (n +2)" - 1)
+ (=DM ((n+ D)™ = 1)+ (1) O (27 = DO )

1
-1 (2" = D[(-1)'(-1)°CCL_ + (D)X (-1)'C3C5_ + .. + (=1)" (=) 'O O,
+ (D)D) O O )+ B = D[(-1)*(-1)°CR03, + (1)* (1) C5C5_ + ot
(D)™ (=D)" 2O 200 + (1) (=) O O ) et
(n+ 1) = D[(=1)"(=D)°CRCn_ + (1) (=) Cps O )+
((n+2)" = 1)(=1)""(=1)°Cp 1 O]

1
T (a-1) (D' = D[(-1)>°CICL, + (1) C3C5_, + ..+ (-1)* Ve,
+ (DO O]+ (1)PE™H = D(-1)P0CCE_, + (1) C5C5, + ot
(12O 200 4+ (1O + (D) (n+ )M = D [(-1)P0CRC,
+ ()P O] + (D) (2" = 1) (=100 O

n+1 k n+l—k ) )
pn(a)zz(_l)kﬁpn(kﬂ) > CinCiiia

k=1 i=0
We note that P,(k+1), 1 <k <n+ 1 forms basis for Ry,



Proof

From (4.1) P,(k+1), 1 <k <n+1is a generating family
n+1 n+l—k

P,(a) =0 < Z Pu(k+1) Y (-1)'Cj,CEi =0

=0
n+1l—k
= Y ()G Cit=0,1<k<n+1

i=0
P,(k+1),1 <k <n+1is linearly independent family

5 Proof of Fermat’s conjecture

5.1 Conjecture recall

Consider the equation: z" +y" =2z" (5.1)

For any integer n > 2, Fermat conjectured that there exist no triplets x € N*,

y € N*, z € N* satisfying the relation (5.1).

We assume 0 < x <y < 2

z+y=zmodn) < z+y=~kn+z(keN"
= x> kn

5.2 Proof
Let’s reason by contradiction:
" —=1+y"—-1=2"-1-1

n n—=k n—=k
> kPoa(k+ 1)) (-1)'CL,CEt + Z kP 1(k+1)) (-1
k=1 i=0 k=1 i=0

n—k

> kPui(k+1)) (-1)'Ci,CE —1 see (4.1)

k=1 i=0
As P,_1(k+1);1<k<nisabase:

yl_zl7

:{cj;“ 4COR =M 1 <k<n; 0<i<n—k

0 = —1 vmpossible

Hence, the equation has no solution.

k—i—z _
Ck+z0



6 Conclusion

In this study, we derived a formula expressing an integer power as a product
of consecutive integers, and its generalization for natural numbers, which en-
ables us to provide a simple proof of Fermat’s Little Theorem. The identities
presented in Theorems (4.1) and (4.3) constitute a decomposition of certain
specific polynomials in the base Ry,,. Furthermore, Theorem (4.1) allows for a
straightforward proof of Fermat’s conjecture.
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