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Abstract : We present a new formula that generates Bessel numbers.
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1-First results

Lemmal.letn € N*. Forall 1<k <n

k
visksn b= (u—k+D*Db, (1)

=0

where b’,i is Bessel number (see https://oeis.org/A001498), with b3 = 1 for all n € N, and x(M =

x(x + 1) ... (x + m — 1) is the rising factorial function.

Proof.
In Grosswald’s book (see [1]), a recurrence relation for b¥ is given by :
Vi<k<n, bE=bk,+nm—-k+1)bk?

The repetitive substitution gives :
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by = bk_y + (n— k + )bk
= bk_i + (n—k + D{bk=} + (n — k + 2)bf?}
= bk +(m—k+1)bEZl + (n—k + 1)@ pk2

bE_i 4+ (n—k+ Dbkl + (n—k + D)P{bE2 + (n— k + 3)bE3)

bk +(m—k+ Db+ (n—k+1D)PbEZ2 + (n—k +1)®pk3

bf i +(n—k+Dbf1+(n—k+1D@pEi+ -+ (n—k+1)®DY]

bk i+ m—k+ Db +n—k+ D@2 4ot (n—k+1)®B2_, BI=b3_,=1)

k
= Z(n —k + 1)(k_i)b1i1_1
i=0

Remark 1. Formula (1) impliess that b’,f is a recurrent sum of order n, we have :

k in-1 i1
bk = z (n+ 1 — k)k=in-1) z n — ip_q)n-17in-2) z (2 - il)(il_i0)6i0 (1"
i0=0

in-1=0 in—2=0

where &, is Kronecker delta.

Corollary 1.
n
Vi<n, bl}= Z(n —-DIb_, (1
i=0
Proof.
Set k = nin (1). Notice that 1*7) = (n —i)!. [ |

Lemma 2. Let (a, 8) € N2. We have :
A a
f x“Fﬁ(x) dx = Z(“)k (_1)kAa_kFB+k+1(A) + a! (_1)a+1Fﬁ+a+1(0) (2)
0 k=0

where (x),, = x(x — 1) ... (x — m + 1) is the falling factorial function.

Proof. 1. Base case : verify true for a = 0.



4 0
f xOFB(x) dx = FB+1(A) - Fﬁ+1(0) = Z(O)k (_1)kA0_kFﬁ+k+1(A) + 0! (_1)1Fﬁ+1(0)
0 k=0

2. Induction hypothesis : assume the statement is true until a.

A [24
[ X sy dx = ) (@ DA H By s (4) + (D g 11 (0)
0 k=0

3. Induction step : we will show that this statement is true for (a + 1).

a+1

A
f x**1Fg (x) dx = Z(a + Dy (FD* A RE 1 (A) + (a0 + D=1 2Fp144,(0)
0 k=0

By integrating by parts we see that :

4 A
fo x** g (x)dx = [’C‘)‘Jrlle(x)];l —(a+ 1)]() x%Fpyq(x) dx
a
= A F (A = (a+1) Z(d)k (=D*A%*Fgyp42(A) + a! (=1) " Fpy 442(0)
k=0
a
= A“+1F5+1(A) - Z((x + Dgsr (_1)kAa_kFB+k+2(A) +(a+ D! (_1)a+1FB+“+2(0)
k=0
a+1
= Aa+1FB+1(A) — Z((X + 1)k (_1)k_1Aa_k+1FB+k+1(A) + (a + 1)! (_1)a+1Fﬁ+a+2(0)
k=1
a+1
= Aa+1FB+1(A) + Z (a+ 1) (_1)kAa_k+1Fﬁ+k+1(A) + (a + 1)! (_1)a+2Fﬁ+a+2(O)
k=1
a+1
= D @+ Dy (CDFATE ey (A) + (@ + 1) (DT g 15(0)
k=0
The proposition is proven by induction. [ |



2- The formula

Theorem. (Benmoussa’s formula) Letn € N and f afunction of x. We have :

x, 2(n—-1)-2k

n— k+ _
fo Yoo - f x f xf () dx dx, dx .. dxnl—Zbk( Dkx, an+k(xn>+Zbk+%( D Fae O o551 @

where F,, is the m-th primitive function of f (meaning the expression of the indefinite integral of f

excluding the constants of integration).

Proof.

For simplicity, set :

Xn X2 X1
I = J. Xn-1 f xlf xf(x)dx dx; dx, ...dx,_4
0 0 0

The aim is to prove that :

n-1 2(n-1)-2k

ﬁ”—Zbk( 1)k, "Fn+k<xn>+zbz’§ﬂ( D4z G 77

1. Base case : verify true forn = 0.

90 = flx) = Zk 0 bk( 1)kx00 kF0+k,(x0) + Zklo b,kf:ll——ll (- 1)kF2k+2(0)( 2k

2. Induction hypothesis : assume the statement is true until n.

3. Induction step : we will show that it is true for (n + 1).



Xn+1
n+1 n
9 = f x, 9 dx,
0

an A n-1 1 ) x, 2(n=D—2k
fo Z b ( 1) Xn Fn+k(xn) + Z bk+1( 1) F2k+2(0) (2(11 1) Zk)!! dx

n—1
Ynt1 2—1)—2k+1
ko ntl—k k+1 Xn
fo (E bE (—1)kx, Frik(Co) + E bit1 (—1)KF12(0) =D = 2k)!!>dx

2(n—1)—2k+1
(Z(n 1) — 2k day

f Zb (— Dkt ™ K E, () dox, + f Zbﬁii( 1) Fp42(0)

" k+1
b DkF 0
= Z bk (—1)"f X" PIRE, () doxy, + Z ’(‘;a(l i) 2";;)(”) X, 2= D=2k gy
= S +S,

We must deal with each sum individually.

n
Xn+1
51 = z brlg (_1)k f xnn_k+1Fn+k,(xn) dxn
k=0 0

n n—-k+1

= z by (1) z M —k+1); (D %" i () + (R =k + DN (D) **2F,, 1, (0)

Now we use the following property which enables us to transform falling factorial to rising factorial.
Vix,m)EN:Lx>m, (x)p,=(x—m+1)M™

So:

S1

n n—k+1
Z brli (_1)k< Z ((m+1D)—(k+D)+ 1)(0 (_1)ixn+1n_k+1_iFn+k+i+1(xn+1) +(n—k+1)! (_1)n_k+2F2n+2(0)>
k=0 i=0

n—-k+1

n n
Z brli (—1D)* Z ((m+D)—(k+D+ 1)(0 (_1)ixn+1n_k+1_iFn+k+i+1(xn+1) + Z b’,i (m—k+ D! (—1D)"F42(0)
k=0 i=0 k=0

n n+i n
= D D DM D =+ DI (DR P i G + )b (= K+ DL (1) Fone2 0)
k=0 j=k k=0



Now we use the following summation interchange formula (see [2] for a proof):

valid for all (m,n) € N* with m >n and (a;;)o<i<no<j<m @ doubly indexed sequence of real

numbers.

So:

n+1 min(jn)

n
o= D0 D) (@A D=+ DI B Ty () + ) BE (1= e+ D=1 Py (0)

j=0 k=0 k=0

By cases on j and using the property that b,’; = 0 forall j > n, we can prove that :

min(j,n)

Jj
D (@D —j+1DIPBE = Y ((+ 1) —j+ DIBE
k=0 k=0

So:
n+1 [/ J n

S = Z Z((n +D—-j+ 1)(j_k)b5 (_1)jxn+1n_j+1Fn+j+1(xn+1) + Z brli (n =k + D! (=1)"F;p4,(0)
7=0 \ k=0 k=0

using (1) we deduce that :

n+1

n
Si= D B D I E G + ) bE (= e+ D=1 Fy(0)
j=0 k=0

= Tl + TZ

To finish, we must prove that :
2n—-2k

n
Xn+1
T; +5; = Z bt (_1)kF2k+2(0)m
k=0 h

But we already have that:



n- +1 k
SZ _ bk+1( 1) F2k+2(0) 2(n-1)-2k+1 dxn

L m-D-201 J, "

B n— bk-p-'-ll( 1)kF2k+2(0) xnz(n—l)—2k+2 Xnt1
S & Q-1 -2 2(0-1) -2k + 2]
_ N bllgill( D*Fap42(0) (x4, 2772K
— (2(n —1) = 2k! 2n — 2k
nl 12n—2k
= nG= UkFZ(kH)“”W
k=0
and :
Ty = (—=1)"F2(0) z b (n — k + 1)
= (=" Fanen) ()b using (1)

So the proposition is proven by induction.

3-Some applications

We present some applications of formula (3)

Proposition 1. Let n € N, we have

N 1
= ) (=D aTom @
k=0

Proof.

Setting f(x) = 1in (3), knowing that F,, (x) = —, we find that :

n

n C_l)k

Xn Xy X1 ann
f Xn_1 f xlf xdx dx; dxy ..dx,_q = '
0 0 0 n.

But we have also :

k=0

(n+ 1H®



Xn X X1 ann
Xpyq e X xdxdx,dx, ..dx,_ 4 = ——
J;) n-1 L 1];) 1 2 n—-1 (Zn)!!

Equating we arrive to the result.

In general, if we set f = xt (x > 0)(t € Q1), we get the following formula,

(t+1)(n) _ 1
vz~ 25D ararom ©

Proposition 2. Let

k+1

e* 1 c xk 1 (= bkt 1
()= {; KTk + 2i)} - x_Z{kZO Q=D —2on D | ©

Where v, (x) = X1_, bXx* is Bessel polynomial.

Proof.

Set f(x) = expxin (3), you get :

Xn X2 X1 n n-1 xnz(n—l)—zk
J Xp_1 J xlj xe*dx dx; dx, ...dx,_, = e*n Z bk (—1)kx," % + Z bk+l (—1)k FCE T

0 0 0 =0 k=0 N
We have from the other hand :

Xn Xy xq Xn Xp X1 had xk
f Xn_1 f xlf xeX*dxdx, dxy..dx,_1 = f Xn_1 f xlf x Z T dx dxqi dxy...dx,_q

0 0 0 0 o (&K

had 5 k+2n
kzok!]'[?zl(k + 20)

Equating we reach the desired formula.

Proposition 3. Let We have for all x € [—1,0[ U ]0,1]:

= 1)k 42k n n
i Z [T ((211)+sz' Ty arctanx Z by (1" ¢%’§((x) +1In(1 + x?) Z bk (—1)k ¢n;i(x) o
k=0 =0 per] 4

where :



S 1
¢2t(x) = JZO(_l) J (2])' (2t — Zj)!le

(
|
lk

- . 1
$aer1(x) = ;(_1)t ! (2j + D2t - Zj)!xzj
( _ \ 1)+ 1 2j-1
| ¥ae (x) —;(_ ) 2(2]-—1)!(2t+1—2j)!x
t
—j+1 1 /
|k Va1 (x) = ;(_1)t ! 222t +1- 2])!xzj

See [3] for more properties about ¢, and ;.

Proof.

If we setin (3) f(x) = arctan x, and knowing from reference [3] that :

E,(x) = ¢, (x) arctan x + ¥, (xX)In(1 + x?)
We get that :

Xn X1
J Xp_1 J xlj xarctanx dx dx; dx, ...dx,_,
0 0 0

n
(arctananbk( 1)k¢"+"( 1) | nc1 +xn2)2bk( 1)k¢”+"(x")>
k=0
also:
Xn X X1 Xn X2 X1 © (_1)kx2k+1
J- Xp-1 J. xlf xarctanx dx dx; dx, ...dx,_, = j Xp_1 j xlj X ————dx dx; dx, ...dx,_4
0 0 0 0 0 0 o~ 2k +1

(- 1)kxn2n+2k+1

T2k + 20+ 1)

Equating we reach our formula.

Proposition 4. Let for all x

[oe)

(_1)nxn+1
k

n km n o (km
(—1)kx?x o nmw . 08 (7) nm ,Sin (T)
>, G DL k207D sm(x+7)kzobn p + cos (x+7)kzobn ®

Proof.



If we set f = sinx, and knowing that F,, (x) = (—1)™ sin (x + ?) we get that :

nilbk+1

N neepamek (n+ k) K4 1)k sin((k + 1)) x, 20 D-2k
P O S AP @ -1 - 20!

k=0 k=0

, nry o, €08 ) nmy o sin Gy
(=1)"x,™{ sin (xn + 7) bk o + cos (xn + —) z bk :

Xn X2 X1
f Xp-1 f xlf xsinx dx dx; dx, ...dx,_,
0 0 0

On the other hand we have :

Xn X2 X1 had (_1)kx2k+1
fo Xn—1 fo xlfo X RZOW dx dx1 dxz ...dxn_1

[oe]

Xn X X1
f Xn_1 f xlf xsinx dx dx; dx, ...dx,_;
0 0 0

(_1)kxn2n+2k+1
£ 2k + DT, 2k + 20 +1)

Equating we reach formula (7).
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