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Abstract :

We believe that recurrent sums are a way to express mathematical functions just like continued
fractions are, so we present a theorem wich enable us to write some sequences as recurrent sums of
a special type [1].

1. Introduction

Let n € N and f an arbitrary function of x, Grunert’s formula is the following remarkable formula [2]:
n n
2 Cox (e f Y Y = z Skxck )
n k=0

Where ’ stands for the derivation operation, f¥) is the k-th derivative of f and S¥ are Stirling
numbers of the second kind.

A natural question that might come to mind is : what happens when we replace the operation of
derivation in the above formula with integration, what kind of formula will we get and what kind of
coefficients will appear in this formula ?

The answer to this question will enable us to get some beautiful formulas like the following one :

n(n-1)
1 (-1 (k=ip_1) ¢ in-2) (t1=lo)
4= D min® Z % —n+1—k)¢ins Z (0% = 3n+3 — ip_q)n-17in-2 2(1—1)1 ors
' k=0

in—1=0 in—=0 ip=0

Where x™ = x(x + 1) ... (x + m — 1) is the rising factorial of order m of x and &, is the Kronecker
delta.

Another remarkable formula is :
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Wich combines the number e with a recurrent sum to give an infinite series.
2. the operator I & some lemmas.

Let I be the linear map that assigns to each function f its primitive function F;, by primitive function
we mean the expression of the indefinite integral without the constant of integration.
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We have :

I(f)=F1

In general :

m) =I10.Adf)..)=E,

n

where F,, is the n-th primitive function of f, meaning the expression of the n-th indefinite integral of
f excluding the constants of integration.

Itis also obvious that (integration by parts) :

I(fg) =fg—1(f'9)
Lemma 1.

Let @, B € N. We have :
a
I(IPf) = ) (@) (~D*xe kit f
k=0

where (x),, = x(x — 1) ... (x — n + 1) is the falling factorial function.
Proof. 1. Base case : verify true for a = 0.
I(x°IPF) = I(IPf) = IF*1f  and  X2_0(0), (—1)KxO-K[A+k+1f = [B+1f

2. Induction hypothesis : assume the statement is true until a.
a
I(xa’lﬁf) — z (a)k (_1)kxa—klﬁ+k+lf
k=0

3. Induction step : we will show that this statement is true for (a + 1).

a+l

I(x‘”llﬁf) — Z(a + 1)k (_1)kxa+1—klﬁ+k+1f
k=0

By integrating by parts we see that :



I(xa+1lﬁf) — xa+11ﬁ+1f _ (a + 1)I(xa1ﬁ+1f)

a
— xa+113+1f _ (a + 1) Z(a)k (_1)kxa—k1ﬁ+k+2f
k=0

a
— xa+1lﬁ+1f _ Z(a, + 1)k+1 (_1)kxa—klﬁ+k+2f
k=0

a+1
— xa+1IB+1f _ (a, + 1)k (_1)k—1xa+1—k1ﬁ‘+k+1f
k=1

a+1
= Z(a + 1)k (_1)kxa’+1—k1ﬁ+1+kf
k=0
The proposition is proven by induction. [
The following lemma gives a transformation formula.
Lemma 2.

Let x,i € N.
@i =@—-i+1)®

Proof. The proof is obvious.

Lemma 3.

_____

have :
n min(j,n)

i=0 j=i j=0 i=0
Proof. See [2].
3. The formula
We begin by studying the following three structures :

( h=00..00f
fo = (Ix?) n (Ix?) f

{fn _ (P Pne1y (1) f

Where p,, is the n-th prime number with py = 0.



1'fn

The first four expansions of f,, are :

fo = f
A o= U0f
= I(xf)
= x.If —I*f
fo = ()0 f

(I (x.If = I*f)

I(x2.If — x.I%f)

1(x?.1f) — I(x.I%f)

ZIPPf-2x.1 21*
= {x f-oxlf+2l'f Using lemma 1

—(.Pf=1f)

= X2If —3x.I3f + 3I*f
f3 =
f4 =

x313f — 6x%I*f + 15xI°f — 151°f

X*I*f — 10x3. 5 f + 45x%. 1 f — 105x. 17 f + 10518 f

We conjecture that :
n
fu= Y Al (Db kg
k=0

Where the numbers AX can be arranged in an arithmetical triangle as follows :

n/k 0 1 2 3 4
0 1
1 1 1
2 1 3 3
3 1 6 15 15
4 1 10 45 105 105

Some of the properties of the numbers AX that can be observed from the triangle are :

Table 1 : Table of values for the numbers A%, with0 < k < nand0 < n < 4




vn>0 A% =1
vk>n, Ak =0
van>1, A'l=A0

These numbers can be calculated by the following recursive relation:
k
Ak = Z(n +1 -k DAL,
i=0

Substituting repeatidly we get that :
k in—1 i1
Ak = z (n + 1 — )k=in-0 z (n— i) (in1=in2) z 2 — iy) (i) glo
in_1=0 in_2=0 i0=0
We observe that :

Vip €N, Af =6,

Where §; is the Kronecker delta.

So:

k in-1 iq
Ak = z (n+ 1 — k)k=in-1) z N — ip_q)n-17n-2) z (2 - il)(irio)gio
i0=0

in-1=0 In-2=0
2 fa
We have :
fo = f
fl = (Ixz)f

x2 If = 2x.If + 2I3f

fo = x*IPf—6x3.13f +20x%.1*f — 40x.I5f + 40I°f
Hence :

2n
ﬁl — Z Bécn (_1)kx2n—k.1n+kf

k=0
Where the numbers BX are given by :

k
BY, = Z(Zn +1-k)® DB

=0



Substituting repeatidly we get :
k in-1 i
Bk, = Z 2n+1—k)k-in-0 Z @Cn—1—ip_q)ln-17ln-2) Z (2 —ip)amio)g,;
in_1=0 in_p=0 ip=0
3-fa
We have :
fo =f
fi=xIf —=I°f
fo =x.I’f = 2I3f
fz =x2.Pf —ax.I*f + 4I°f

fo=x3.14f —7x2.15f +18x.1°f — 181" f

Pn—m

fn — z an—n (_1)kxpn—n—k. In+kf
k=0

Where the numbers C}fn_n are given by :

k
i=0

Substituting we get :
k in-1 i1
Chon= ) Ga—n+1=RED N (g =t 2=y )DL Y 2= i) 605,
in—1=0 in—2=0 io=0
4- The general case
Theorem.
Let f be a function of x, and (a,),en a strictly increasing sequence of natural numbers. If :

fn = (Uxn=0n-171) | (Jx%1~%~1) £

n

Then:



anp—ag—n

fn — Z Ucllcn—ao—n (_1)kxan—a0—n—k_1n+kf
k=0

Where the numbers Uc’fn_ao_n are given by:

u =1

k
Ucllcn—ao—n = Z(an —a—n+1- ) (=D Uciln_l—ao—(n—l)
i=0

Proof. 1. Base case :verify true forn = 0.

fo=f and XR_ Uy (=D " .I*f =Uf = f

2. Induction hypothesis : assume the statement is true until n.

3. Induction step : we will show that this statement is true for (n + 1).

fa+1

(xtnsson ),

ap—ap—n

(lxan+1—an—1) Z U‘I; —ag-n (_1)kxan—a0—n—k.[n+kf
k=0

anp—apg—n
Uk —ag-n (—1)k](x‘1n+1—ao—(n+1)—k_1n+kf)
n
k=0

ap—ag—n an+1—-ao—(n+1)-k

Utllcn—ao—n (_1)k. (an+1 —a, — (n + 1) _ k)i (_1)ixan+1—a0—(n+1)—k—i. In+k+i+1f

k=0 i=

(=]

(an—ao—n) (an+1—ao—(m+1)-k)

(an+1 —a,— (n + 1) +1—k— i)(i)U‘Ilcn_ao_n (_1)k+ixan+1—a0—(n+1)—(k+i).In+1+(k+i)f

=
I
o
i

i=0

(an—ao—n) (@n+1—-ao—(n+1))

(@nsr —ap— M+ 1) +1—HUPUE | (—1) xn+1-G=(+D)~j neitif

x

=0 j=k

an+1—ao—(M+1) min(j,ap—ag—n)
@iy = @9 = (4 1) + 1= NUTOUE, gy (~1)]xtnn=0-ueD, [

j=0 k=0

ant1—ap—(+1) / j

Z(anﬂ —a,—-(m+1)+1 _j)(i—k)Uécn_aO_n (—=1)/ xn+1-80=(n+D)=j J(+1)+) £
j=0 k=0

ant+1—ap—(n+1)

J _1)J —ap-(n+1)—j +1)+j
an+1—a0—(n+1)( 1)]xan+1 ap—(n J [ )Jf



We must prove that :

min(j,ap—ag—n)

Z (an+1 —Qp — (n + 1) +1 _j)(j_k) Ucllcn—ao—n
k=0

j
= (nar — a0 =+ D + 1= NIOUE o,
k=0

Ifj <a,—ay—nweget:

min(j,ap—ayg—n)

Y @ — A D+ 1= UL
k=0 .
]

= (@nar — a0 =+ D +1=NIOUE o

k=0
Ifj = apy1 —ap — (n+ 1) we get :
min(j,ap—ag—n) an—apg—n
(an+1 — Qo — (Tl + 1) +1 _j)(j_k) Uzlzcn—ao—n = z 1(an+1—ao—(n+1)—k)Ulllcn_ao_n
k=0 k=0
And :
j An+1—ao—(n+1)
Z(a”“ —ay— (A D +1-NUPUE = z [@ni—ao-(aD-Rgk
k=0 ap—ag-n k=0
— z 1(an+1—ao—(n+1)—k,) Utlzcn—ao—n + 1(0) Ug::ia;f%_(n-l—l)
k=0
an—ado—n ap—ap—n
= Z 1(@n+1—ao—(n+1)-k) Ué‘n—ao—n +0= z 1(an+1—ao—(n+1)—k)Ujl\fn_ao_n
k=0 k=0

Soin all cases

min(j,a,—ag—n)

Z (ans1—ap—(n+1)+1 _j)(j_k) Ugn—ao—n
k=0

J
= (nar — a0 =+ D + 1= NIPUE
k=0

The theorem is proven by induction. [

4. Applications.

Firstly, we must answer the question of the introduction. The formula obtained when substituting
derivation by integration in Grunert’s formula is :



n-—1

(D) . (xD) f = Y Uk_, (=1)kxn=k n+kf

n

Where :

k in-1 i1
Uk, = Z (n — k)(k=in-1) Z (n—1—i,_,)in-1=in-2) __ z (1 —ip)io) 5,

in_1=0 in—2=0 i0=0
Corollary 1.

Let m € N, (a,)nen @ strictly increasing sequence of natural numbers. We have :

anp—n-—ao

(m+1)™ B z - (—1)k 1
(m+a, —ag)(m+a,—ap) ..(m+a, —ay) — dn=do=M ‘(m+n+1)®

Proof. By setting f = x™ (m € N) in the theorem, we get on the one hand :

ap—ag—n
xM+an—do

1
m k _1\k
O 0 ; R NI

On the other hand we have :

G (Ixn~m-171) | (Jx® %~ 1) x™

n

B B B B xm+a1—a0
= (Ix%n=n-1=1) (Jx%2 %1 1) —— —
m+a, — ag

n-1

1 ) xm+a2—a0
= Ix%n—An-1—1) ([x43—a2—
Ux ) - Ux )<(m+a1—a0)(m+a2—a0)>

n-2

xM+an—ao

(m+a, —ag)(m+a, —ag) ...(m+a, —ay)
Equating we get the desired identity.
EXAMPLE :
By settingm = 0,a,, = 2n,a, = 1 we get the formula :
in—1 i1

n-1 k
n! Z (=1 . S .
= — (k—in-1) — — 1 (ln-1—in-2) — i (1) §.
Cn-1DU " Ln+D® (= )T Z (=1 oy irmns "'Z(l W0

In—1=0 in-2=0 ip=0




Corollary 2.

Let (b,,)nen be a sequence of natural numbers. We have :

1 n(bp—1) 1
— = Uk —k
bib, ...by, ; (-1 (1) (n+ 1)®

Proof. By settingm = 0, a,, = nb,, in the previous corollary we get the desired identity.
EXAMPLES :

By setting in corollary 2 :

b,=A
Where A € N*,
We get :
n(A-1)
1 (—1k
- = - n(4A — 1) + 1 — k)k=in-1) ZA_ (Gl 10)5
» (Hl)(k)Z(( )+1-8) (4 i)
k=0 in-1=0 lo =0

For example, if A = 2 we get the following formula:

z (n(+ 1))(k) z (n+1— k)i, 2(2 —)"T0 8,

ln10

Setting :

1 1’<

= in_1=0
Remark.

We remark that :

(n + 1)®®n=1)

n(bn—l) k n(by—1)—k €N’
Yieg DR+ k+ 1)®0Pn UK, 1y

Proof.



n(bp—1)

1 1
— = U — Dk
bib, ...b, ;; n(op-n) (71 (n+ 1)

Zibon—l)(_l)kurllc(bn_l)(n +k+ 1)(n(bn—1)—k)
(n+ 1)(n(bn—1))

Inverting both sides we get the desired result.
Corollary 3.
Let (a,)nen be a strictly increasing sequence of natural numbers. We have forallx € R:

anp—n-—ao
k

xnz - =e” z Utll{ -n-a (_1)ki
Lk (k+ay — ag)(k + az — ag) - (K + @ — o) & xk

Proof. If we set f = e* in the theorem we get :

ap—n—ag

(€ =€ ) Uk yog, (—Dfxenmeok
k=0

On the other hand we have :

(eX), = (Ixn=an-171) _ (Jx@1=@0=1) ox
n
= (Ixan—an—1—1) (Ixal_ao_l) (Z F
n k=0

| —

<(Ixan_an—1_1) o (Ix®1=a0~1) xk>

n

=

k=0

hnd xk+an—ao
B ;k!(k+a1—a0)(k+a2—a0) vk +an —apy)
Equating we get desired formula.

Setting x = 1,a,, = 2n and substituting U we obtain :

n k in—1 i
e Z(—nk Z (n + 1 — k)(=in-) Z (= i g)in-17in2) | Z @ — i@ s,
k=0 in_1=0 iTL—ZZO i0=0

N 1
- ’;k!(k+2)(k+4) . (k+2n)




Corollary 4.

Let n € N. We have forall x € [-1,1]:

g (Zkk)x2k+1
n
x ;M(Zk T2k +1+a; —ag)2k +1+a; —ag) 2k + 1+ ay, — ag)

ap—n-—ag

. In+k(X)
= arcsin(x) kZO U _pea, (1D Mx—k

an—n-ag
X
+/1—x2 Z Uk g, (D %
k=0
Where g,, (x) and f,,, (x) are polynomials explicited in [4].

Proof. If we set f = arcsin(x) in the theorem we get :

(Ix%n=n-171) _ (Jx*1~%~1) arcsin(x)

n

(arcsin(x)),

— (Ixa”_a"—l_l) (]xal_ao—l) - (Zkk)x2k+1
£ 4% (2k + 1)

n

— k an—an_1—1 a;—ag—1Yy ,.2k+1
= 2 2k + 1) <(Ix ) ...(Ix )x )

n
(Zkk)x2k+1+an—a0

- ;4’<(2k+ D2k+1+a, —a))Rk+1+a; —ag)..2k+1+a, —ag)

On the other hand we have :

an—-n—ag
(arcsin(x)), = Z UK _nq, (1) x@n=n" %k [+ gresin(x)
k=0
an-n—a,
= Z UK _peq, (—1)*xn n-0~k (gn+k(x) arcsin(x) + fr 4 (O)V1 — xz)
k=0

ap—n—ag

= arcsin(x) Z Uk g, (Dkxnn00"kg, | (x)
e

=0
ap—n—ag

+v1- x? Z U(g(n—n—ao (_1)kxan_n_a0_kfn+k(x)
k=0
For more details about g, (x) and f,, (x) see [4].
Equating we reach the desired formula.

Setting x = 1,a,, = 2n and substituting U¥ we obtain :



N (o)
IZOM(Zk + 1)k +3)(2k+5)..2k+2n+1)

(Z( D*gnar (1) Z (n+1—k)kin-0) Z (M — ip_y)(in-17in-2) 2(2—11)01 io) g, )

k=0 ip—1=0 ip—2=0

We finish this research with the observation that in Table 1, if we sum the coefficients AX
horizontally for each 1 < n < 3 we find that :

-
e
[

N
M
Nk‘
WMW

We have also:

Nl
A+
Il
o
||M.:>

Jf=107 ZCl =3

So we state the following conjecture.
Conjecture.

There is an infinite number of triples (n, a,, p) such that :

an—ag—n
z Uan—ao
Where n € N, p a prime number and (a, )¢y a strictly increasing sequence of natural numbers.
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