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Abstract

We begin by defining the operation of integration without constants, then we present some
lemmas important to prove our main theorem and finally we give some applications of the
theorem.

1. INTRODUCTION

Let n € N and f an arbitrary function of x, Grunert’s formula is the following remarkable
formula [1]:

n

x(.. x(x(xf ) ) Z xk

k=0

Where ' stands for the derivation operation, £ is the k-th derivative of f and S¥ are Stirling
numbers of the second kind.

But what happens when we replace the operation of derivation in the above formula with
integration, what kind of formulas we get and what kind of coefficients appear in these
formulas ?

That is the question that answers this paper, one of the results of this research is that we got
new formulas such as, for example, the following one:

n(n-1)

1k
Z (n(+1))(k> Z (% —n+1— k)k=in-D Z (2 = 3n+3 — iy_;)ln-1"in2) 2(1—1 )b-io) 5,

ip—1=0 in—2=0

Where x(™ = x(x + 1) ... (x + n — 1) is the rising factorial function and &,, is the Kronecker
delta.

2. THE OPERATION OF "INTEGRATION WITHOUT CONSTANTS".
Definition.
The opertaion of "integration without constants" is a linear map I: f = F;, where F; is

the primitive function of f, by primitive we mean the expression of the indefinite integral
without the constant of integration.
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One can easily show that I(...(I f) ...) = F, where F, is the n-th primitive function of f,

n
meaning the expression of the n-th indefinite integral of f excluding the constants of
integration. For simplicity we will denote I(...(I f)...) as I"f. It is also obvious that the

n
operator I verifies the rule of integration by parts, that is I(fg") = fg — I(f'g).
Lemma 1.

Let o, B € N. We have :
(24
I(Xalﬁf) — Z(a)k (_1)kxa—k1ﬁ+k+1f
k=0

where (x), = x(x — 1) ... (x — n + 1) is the falling factorial function.

Proof. 1. Base case : verify true for a = 0.
I(x°IPF) = 1(IPf) = IP*'f  and  X9_,(0)y (—1)kxOK[B+k+if = [B+if

2. Induction hypothesis : assume the statement is true until a.
24
I(x“[ﬁf) — z (a)k (_1)kxa—klﬁ+k+1f
k=0

3. Induction step : we will show that this statement is true for (a + 1).

a+1

I(x“"’llﬁf) — Z(a + 1)k (_1)kxa+1—klﬁ+k+1f
k=0

By integrating by parts we see that :



I(x**Pf) = XxOHBHLE — (@ + DI(x*IF*1f)

a
— xa+1lﬁ+1f _ (a, + 1) Z(a)k (_1)kxa—klﬁ+k+2f
k=0

(24
— xa+11ﬁ+1f _ Z(a, + 1)k+1 (_1)kxa—k1ﬁ+k+2f

a+1
— xa+11ﬁ+1f _ Z(a + 1)k (_1)k—1xa+1—k1ﬁ+k+1f
k=1
a+1
= Z(a + 1)k (_1)kxa+1—k1ﬁ+1+kf
k=0
The proposition is proven by induction. ]

The following lemma gives a formula to trasform falling factorial to rising factorial.
Lemma 2.

Letm,i € N.
(m);=(m—i+1)®

Proof. The proof is obvious.
Lemma 3.

Let n,m € N with m > n, and (a; ;)o<i<n0<j<m @ doubly indexed sequence of real numbers.
We have :

n m m
22w=0

i=0 j=i j=0 =0
Proof. See [2].
3. THE NEW FORMULA.
We begin by studying the following three structures :
( =00 UJf
fo = Ux?) n (Ix®) f
lkf” _ (Ixpepn-1y (1) f

n

3



Where p,, is the n th prime number with p, = 0.
1'fn

The first four expansions of f, are :

fo = f
o= U0f
= I(xf)
= xIf —I*f
o = () (I f

(Ix)(x. If — I?f)
- [(x2.If — x. I%f)
= I(x2.1f) — I(x.I%f)

x2. 12 = 2x.I3f + 2I*f _
= Using lemma 1

— (. Pf = 1*f)
=  xZI*f —3x.I3f + 3I*f
fi = x313f —6x2I*f + 15xI°f — 15I°f

fi = x*I*f —10x3.I5f + 45x2.15f — 105x.17f + 10518f

We conjecture that :
n
fu= ) Ak (DK g
k=0

Where the numbers A% can be arranged in an arithmetical triangle as follows :

n/k 0 1 2 3 4
0 1
1 1 1
2 1 3 3
3 1 6 15 15
4 1 10 45 105 105




Table 1 : Table of values for the numbers A%, with0 < k < nand0 < n < 4
Some of the properties of the numbers AX that can be observed from the triangle are :

vn>0, A%=1
vk>n, Ak =0
vn>1, Al-l=An

These numbers can be calculated by the following recursive relation:
k

Ak = Z(n +1—-k)*D4L
i=0

Substituting repeatidly we get that :

k in—l il
Ak = Z (n +1 — k)k=in-) Z (n— i, _)ln-1=in-2) . Z (2 — iy)a=io) 0
i0=0

i‘l’l—1=0 in—2=0

We observe that :
Vip €N, Af =6,

Where §;, is the Kronecker delta.

So:
k in—l il
Ak = Z (n +1 — k)k=in-0) Z (n = i) ln-1=in-2) . Z @ - ip)a-ios,
in_1=0 in_2=0 i0=0

Thus the numbers A% are a special type of recurrent sums [3].

2- fa
We have :
fo = f
i = Ux®)f
= x2If —2x.I*f + 2I3f
fi = x*IPf —6x3.13f + 20x%.1*f — 40x.I5f + 40I°f
Hence :



2n
— z Bécn (_1)kx2n—k.1n+kf
k=0
Where the numbers Bk, are given by :

an Z(Zn + 1 - )(k l)Bz(n 1)

Substituting repeatidly we get :

an— Z (2n + 1 — k)k=in-1) Z 2n—1—i,_,)n-17h-2) Z(Z_L)(ll 10)5

in-1=0 in—2=0
3 fn
We have :
f0=f
fi = x.If — I*f
fo = x.I>f = 2I3f
fz = x2.I3f — 4x. I*f + 4I°f

fo=x3.1%F — 7x2.I5f + 18x.15f — 1817f

Pn—N

fo= D Chn (S kg
k=0

Where the numbers C{fn—n are given by :

pn_n Z(pn —n+1l- k)(k l)Dpn 1—(n-1)

Substituting we get :

in-1

Chon = Z (B =+ 1= RED N (g =t 2=y )12, 2(2—1)01 w8,

in-1=0 in—2=0

4- The general case



In this section we prove a theorem that generalizes the previous three structures.

Theorem.

Let f be a function of x, and (a,,)ney @ Strictly increasing sequence of natural numbers. If :

fn — (Ixan—an—1—1) (Ixal‘ao‘l)f

n

Then :

an—Qao—

n
fn — Z Utll(n—ag—n (_1)kxan—ao—n—k_ In+kf
k=0
Where the numbers U¥ _, _, are given by:
uw =1

k
U(Ilcn—ao—n = Z(an —ay—n+ 1- k)(k_i) Uziln_l—ao—(n—l)
i=0

Proof. 1. Base case :verify true for n = 0.
fo=f and R Uy (-D*x°*.I*f =USf =f
2. Induction hypothesis : assume the statement is true until n.

3. Induction step : we will show that this statement is true for (n + 1).



farr = (Ixtn+=in=hyf,

anp—ap-n
— (Ixan+1—an—1) Z Utlzcn—ao—n (_1)kxan—a0—n—k. 1n+kf
k=0
ap—apg-n
— Z Utllc —ag-n (_1)k1(xan+1—a0—(n+1)—k.In+kf)
n
k=0
ap—ap—n apn+1—ap—(n+1)-k

— Z Ucllcn—ao—n (_1)k_ Z (an+1 —a, — (Tl + 1) _ k)i (_1)ixan+1—a0—(n+1)—k—i_ ]n+k+i+1f

k=0 i=0

(ap—ag—n) (an+1—ag—M+1)—k)
N Z Z (Aps1—ap— M+ 1) +1—k—0)DUk —ag-n (—1)ktiyant1=ao-(n+D—(k+D) n+i+(k+i) ¢
n
k=0 i=0

(an—ao—n) (an+1—ao—(m+1))

= Z Z (Aps1 —ap— M+ 1) +1—5)0-0 Uzlfn—ao—n (—1)/ xn+1-G0=(+D)=j [n+1+j g
k=0 j=k

an+1—ap—(Mm+1) min(j,ap—ag—n)

= Z (@ps1—a—(M+1)+1 _J')(j_k)Uan—ao—n (—=1)/ xOn+1=G0=(+D)=j [+ D)+j £
j=0 k=0

ant1—ap—-(m+1) / j

= Z(a”“ —a,—-(n+1)+1 _j)(j—k)U(Ilcn_ao_n (—1)/ xn+1=G0=(+D)=j [(+D)+] £
j=0 k=0

an+1—ao—(m+1)

— j j —ag-(n+1)—j D+j
an+1—a0—(n+1)(_1)]xan+1 ap—(n+1)—j j(n+ )+Jf

j=0
We must prove that :

min(j,an—ao-n)

Y @n—a = D+1=IRUE
k=0

J
= (@ner =@y = 1+ D+ 1= NIPUE o,
k=0

Ifj <a,—a,—nweget:

min(j,ap—ag—n)

Y @ — (D 1= NIPUE
k=0

J
= (@ner = =~ 1+ D+ 1= NUUE
k=0

Ifj =ap —ag— (n+ 1) we get:



min(j,ap—ag—n)

Y @ua— o=+ D+ 1= IRV,

k=0
anp—ag—n

- Z 1@nea=ao-(rtD-Ryk
k=0

And :

j
Z(an+1 —dag — n+1)+1 _j)(j_k) U(;.{n—ag—n
k=0
An41—Ao—(N+1)

= Z 1(@ns1-ao=(n+ D)= [k

n—Qao—Nn

— Z 1(an+1—a0—(n+1)—k)U(11< a n+1(0)Uan+1—ao—(n+1)
n—Ao—

anp—ag—n
k=0
anp—ag—n
— a —ap—(n+1)—-k) 1k
= E 1(@n+1—ao—(n+1) )Uan—ao—n +0

k=0
an—ag—n

= z 1(@n+1—ao—(n+D)=k) [k

ap—ag—n
k=0

So in all cases

min(j,an—ao-n)

Z (an+1 — Qo — (n + 1) +1 _j)(j_k)U(’l(n—ao—n

k=0
J
= Z(an+1 —Qp — n+1)+1 _j)(j_k)Ugn—ao—n
k=0
And the theorem is proven by induction. ]

4. APPLICATIONS OF THE THEOREM.

Corollary 1.

Letm € N, (a,)qen @ Strictly increasing sequence of natural numbers. We have :

anp—n—ay

(m+ 1)™ _ z Uk (1)t 1
(m+a, —ag)(m+a, —ay) ..(m+a, —ay) o dn=do=mt ‘(m+n+1)®

Proof. By setting f = x™ (m € N) in the theorem, we get on the one hand :



an—ag—n
xM+an—ao

1
m — —1 k.
™ (m+ 1™ Z Ut-ag-n (=1 (m+n+1)®
On the other hand we have :
™), = (Ix%n=0n-1=1)  ([x%1~@~1) xm

n

xm+a1—a0
(Ix%n=0n-1=1)  ([x%~41~1) <—>

m+a; —ag

n—1

xm+a2 Qo
(Ix%n=an-1=1)  ([x®3~%2~1) < >

(m+a,—ag)(m+a, —agp)

n-2

xM+an—ao

(m+a;,—ag)(m+a, —ap) ...(m+a, —ap)
Equating we get the desired identity.
Corollary 2.

Let (b,) ey be a strictly increasing sequence of natural numbers. We have :

n(bp—1)

Z Ry
blbz (o= ‘(n+1D®

Proof. By setting a,, = nb,, in the previous corollary we get the desired identity.
Remark.
We remark that :

(n+ 1)(n(bn—1))
Zn(bn_l)( 1)k Lo _1)(77. +k+ 1)(n(bn—1) k)

*

Proof.

n(bp—1) 1
— = Uk Dk ——
byb, ...b, kZo n-n) (71 (n+1)®

Zn(bn_l)( 1)k A (by—1) (Tl +k + 1)(n(bn_1) k)
(n + 1)(”(bn_1))
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Inverting both sides we get the desired result.
EXAMPLES :

By setting in corollary 2 :

b, =nA+1

Where A € N.

We get :

1 (—1)* - -
A+1). (nA+1) (n+1)(k) Z (An? — k)(k=tn-2) | Z(A—ll)( )6

in-1=0

Setting :

bn =q

Where q € N™.
We get :

n(q-1) X k
1 ) (k—in-1) : \(i1—io)
i e CIDICCRE Rt i 2 (g - a0,

ln 1=0

We get :

1k
Z (n(“))(k) Z (M2 —n+ 1 — k)in-s) Z (2 = 3n+ 3 — i_;)ln1—tn-2) 2(1—1 Ymio) 6,

in-1=0 in-2=0

Result.

Let n € N. We have :

n k ln 1 il
e(Z(_l)k Z (n+1 — k)k=in-0) Z (n = i,_y)n-17in-2) _Z(z i) laio) 5i0>

k=0 in_l—O ln 2= =0 10:0
B 1
B — 1.2 . k(k +2)(k + 4) ... (k + 2n)

Proof. If we set f = e*, a,, = 2n in the theorem we get :

11



n
(e)y = e* z Uy (=1)*x"7*
k=0

On the other hand we have :

€e*)n (Ix) ...(Ix) e*

Xk
= (Ix) ... (I%) (Z %)
n k=0

%((Ix) (Ix)xk>

I
NgE

&
Il

0

had k+2n

X
- kzzok!(k+2)(k+4)...(k+ 2n)

Equating we get :

had k+2n

Z K(k+2)(k+4)..(k+2n) © ZUk( D

Putting x = 1 and substituting U¥ by its explicit expression we obtain the desired formula. m
Result.

Let n € N. We have :

(o)
RZOM(Zk + 12k +3)(2k+5)..2k+2n+1)

(Z( D*gper (D) Z (n+1— k)*=in-2) Z (n—i,_,)in-17in2) Z(Z_l Y i) 5, )

in—1=0 in—o=0

Where g,,(x) is a polynomial of degree m with rational coefficients.

Proof. If we set f = arcsin(x) , a,, = 2n in the theorem we get :

12



(arcsin(x)), = (Ix) ... (Ix) arcsin(x)

n

® (Zk)x2k+1 )
k

- M( 42k + 1)
n k=0

— N (zkk) (Ix) (Ix)x2k+1
B k=04’<(2k + ) \——=——

® (2kk>x2k+1+2n

- kZOM(Zk + 1)k +3)(2k +5)...(2k + 2n + 1)

On the other hand we have :

n
(arcsin(x) ),, = Z UK (=1)kx™k, ["*karcsin(x)
k=0

= > U D (g aresinG) + e GOV = 22)
k=0

Properties of the polynomials g,,(x) and f,,, (x) are given in [4].

Equating we get :

® (Zkk)x2k+1+2n

— 42k + DRk +3)(2k+5) ... 2k +2n+1)

= Z Uk (—1)kxnFk (gn+k (x)arcsin(x) + fr ()1 — xz)
k=0

Putting x = 1 and substituting U¥ by its explicit expression we obtain the desired formula. m

If we go back to Table 1 and sum the coefficients A% horizontally for each 1 < n < 3 we find
that :

2 3
Ak =2, ZA’2‘=7, ZA"=37
k=0

=
Il =
=]

k=0
We have also:
2 4 1
ZBQf:s, ZB}{=107, ZC{‘=3
k=0 k=0 k=0

So is there an infinite number of couples (n,p) with neN, peP and p=

ZZ’;E““‘" Uc’{n_ao_n, where (a,) ey i SOome strictly increasing sequence of natural numbers ?
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