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Abstract

This is a list of ten types of continued fraction generalization.
(This is vol. 3, every volume contains 10 formulas)

| am using Euler's continued fraction formula
in order to find some nice continued fraction generalization.
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The Formulas

Listed below are ten types of continued fraction generalization.
Some of which even have three variables.
On some variables you can even use complex numbers.

Formula No. 21

n+1—x+ (n+1)x = (=™ - X
(n+2)x n! n(—x)
nN+2-X+ ——ny 24
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Formula No. 22
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Formula No. 23
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Formula No. 24

(2n+1)-(2n+2)+x* -

Formula No. 25

(2n+0)-(2n+1) + x> —
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(2n+1)-(2n+2)-x* _ X i
(2n+3)-(2n+4)+X* — (2n+3)-(2n+4)- X7 ; Qny( > J
(2n+5)'(2n+6)+x2—(2n+5)'§2n+6)'x 2 2" =3 (2K)!
(2n+0)-(2n+1)- x? B x?
(2n+2)-(2n+3) +x* - (2n+2)-(2n+3)-x* _(2n—l)!£ex—1—zn: - ]
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Formula No. 26

2 2
(n+1)-(n+2)+x* - (n+1)-(n+2)-;( 2) -2 T o - N gk X
(N+3)-(N+4)+x* - (n+3)-(n+4)-x . ”n'(e+1x—z"]
(n+5)-(n+6)+x2— (N+21(MF0) X7 X7 2 2e* i (K)!
Formula No. 27
(This is a finite continued fraction with n steps)
Ix-(n-1)y ny
IX+(n-0)y— =
=0 2x+(n-1)y— 2x-(n-2)y _ 1
3x-(n-3)y (@-y/x)
3x+(n-2)y— - y
- (n=1x-1y
) oy TS
(n=d)x+2y (n—0)x+1y
Formula No. 28
(This is a finite continued fraction with n—k steps)
K2 1k +2) _ K+1
Kt do 2(k+3) 1
K46 " n+1
(n—k-2)(k+(n—-k-1)) k+1
k+2(n_k_l)_(n—k—l)(k+(n—k))
k+2(n-k)
Formula No. 29
2
241.2.%— 1 -3-4-2x _ 2X
24345 L2 0K L1~ 4x
2
32+5'6'X_w
x<1/4
Formula No. 30
Iny — (On—1)-x + 1ny-(1n—21)-x2 T = Xy +X
2ny —(In—1) - x + ny-(n;)-xs I x+y -y
3ny—(2n-1)-x+ ny-(8n-1)-x

dny —(3n-1)-x+

4ny - (4n-1)-x



Euler's continued fraction formula

we will use ECFF everytime but we need to modified it a bit first

a, +a,a +a,8a, +...+8,3a,--a, = %
1— &
1+a - % -
1+a, - :
an—l
1+a, - &,
1+a,
Lets replace a, < X in ECFF and we will get this:
k
X X X X X X, X X X X % /Yo
Yo Yo Vi Yo Vi Ve Yo Yo Y2 Ve g X /Yy /
1+ %1y, — X1, -
brxlys - Xo1/ Yot
' YAY
1+x, ./ ——n-an
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Euler's modified continued fraction formula #1 (EMCFF#1)
X, % X X% X X, X X K X X
Yo Yo Vi Yo V1 Y2 Yo 1 Y2 Yn Yo — Yo*s
0
_ Yi%;
YitX i
+ X, — :
Y2+ Yno%n 1
yn—lxn
+ X, ,— -2
yn—l n-1 yn + Xn
Lets replace x, < —x, (first term not included) and we will get this:
Euler's modified continued fraction formula #2 (EMCFF#2)
X X % X % X g% X K X %
Yo Yo i Yo V1 Y2 Yo V1 ¥ Yn Yo + Yo*s
Vi =%+ Ve :
—X, + :
27 % Yn-2Xn1
yn—lxn
yn—l n-1 yn . Xn




Introduction

For this vol. I am going to use mainly Euler's continued fraction formula.

Just so i'm clear, everytime you will see “EMCFF#1” or “EMCFF#2”

I am referring to the two Euler's modified continued fraction formulas writen above.
I also added (on some cases) examples for the formula at the end of the proof .

I hope you will like what I did here.
I value any feedback you can give me.



Formula No. 21

0 1 2 3 n
i:X__X__FX__X__i_ +( 1) X_+( )n+l X
e o v 23 n! n+D
nt nix® nixt onix® nie !
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X ~ X2 N X3 3 B X
() (+D(+2) (+DM+2)n+3) " g, (n+Dx
nN+2-x+ (n+2)x
n+3—-X+ (n+3)x
n+4-— x+(n+4)X

n! n! z( X) X

( 1)n+1xnex ( :I_)n+1Xnk ; I N4l (n+1)X
n+2-x+ (n+2)x
n+3—-X+ (n+3)x
n+4-— X+(n+4)x
n+1+ (n+1)x _ ( 1)n+l n+l
B (n+2)x n! (=X
N+2-x+ (n+3)x *—”'z
n+3—-X+ (n+4)x
n+4- X+
n+1—x+ (n+1)x I .
s (n+2)x My &9
(n+3)x X k!
n+3-Xx+ o
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Exmples

Set x =1 and you will get:

_1\n+1
nT ”+§+2 T (nli]l -1
n+1+ ;—Z;(—l)"
ne2+ M3 e ZK
n+4
nN+3+——

Set x=1, n=0 and you will get:

_l —

S WS P ST
1 2 1 &G(-)) 1 e-1
D) =

24 3 e o K €
4
3+ —

24—

Set x=n and you will get:

5 = 3.586049940664...

14 (n+n I G ) "
94 (n+2)n E_nli(_n)k
(n+3)n " Kl
3t k=0 R
4, (M40
Set x=n, n=3 and you will get:
3-4 (-3)* 81 15¢° -6
1+ = -3= -3=
3-5 3 (—3) 6
2+ e ey i 2%
: e —= k! e
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4+ ——
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Formula No. 22

Replace x <——x in Formula No. 21 and you will get:

(n+1)x X"
n+1+x- M7 2)x = T +X
n+2+x—n+3+x_ (n+3)x en!—n!éﬁ
n+4+x—(nJ,r4)X
Set x =1 and you will get:
n+2- n+l = 1 +1
n+2 n ol
n+3- ni3 enl- o
n+4—-————— o K!
n+4
Set x=1, n=0 and you will get:
2— 12 = 10 +1:$+1
T 2y
4— 7 k=0
S——
Set x=n and you will get:
n+l
14 (n+D)n 14 n+1 _ (=n) B
(n+2)n 2 n+2 n! N (—n)¥
2+ “+ ——ny
3+M n 3+ n+3 e" k=0 k!
4+(n+4)n ﬂ+ n+4
n 5+n—+5
6, n+6

Set x=n, n=2 and you will get:
2
14 34 :2_[e2+1j
1+ 5 e -1
3+

2+
5+




Formula No. 23

Replace x « 1 in Formula No. 21 and you will get:
X

1
1 (n+1); 1 1
n+1+—- 1 = TN +—
X 1 (n+2)7 %_anrln!_XnJrlzT-' X
n+2+=— X L koo X K!
X 1 (n+3)=
n+3+=— X 1
X L (+4)°
n+d+-—— X
X
nx+1x+1- (n+1)z(n+2)x = : n x”nl+1
nX+2x+1— aar (n+3)x e - x n!_kZ:(;xkk!
nx+4x+1—(nJ,r4)X
Exmples:
Set x=n and you will get:
n“+n+1- n(n+1r2(n+2) = - ; n”nl+1
2 _ o Al !
n“+2n+1 X n(n+3) /e .n"nt L
n*+3n+1- ko K
02+ an+1- NN+4)




Formula No. 24

0

X 2

X

X

X

3 n n+1

X X

e =— X— — 4 — — +
o 1 21 3 n (n+1)!
0 1 2 3 n
i:X__X_+X__X_+ +( 1) X__|_( )n+l X"
e o 1 2 3 n! (n+ 1)I
L 1oo2x% 2xr 2xt 2x® 2x3 2xAn?
e +— = + + + +..+ + +
e o 2 4 @ @n)! (2n+2)!
ex 1 xO X2 X4 X6 X2n X2n+2
— =—+—+—+—+..+ + +
2 2 0O 20 4 @ 2n)! (2n+2)
X 1 0 1 2 1 4 1 6 1 2n 1 2n+2
(2n)! e—+ 1 :(2n).x +(2n).x +(2n).x +(2n).x N +(2n).x (2n)Ix
2 2¢" 0] 2! 4 6! (2n)! (2n+2)!
X 1 0 1 2 1 4 1 2n 1 2n+2 1 2n+4 1 2n+6
(2n)! e—+ 1 _ (2n)Ix +(2n).x +(2n).x N +(2n).x N (2n)Ix (2n)Ix (2n)Ix
2 2 o 2! 4 (2n)! 2n+2)!  (2n+4)! (2n+6)!
X 2k 1 2 1 4 1 6
(2n)! e—+ 1 _(2 )'Z oS (2n)Ix N (2n)Ix N (2n)Ix L
2 2 = (2k)! 2n+2)! (2n+4)! (2n+6)!
1 X n 2k 1 2 1 4 1 6
(Zgln). e_+ 1X_Z X _ (2n)Ix N (2n)Ix N (2n)Ix N
X 2 2 =2k (2n+2)! (2n+4)! (2n+6)!
(EMCFF#1)
| 2 4
(2n) Z X N X .
X" 2e 5 (2k)! (2n +1(2n+2) (2n+1)(2n+2)(2n+3)(2n+4)
XZ

(2n+1)-(2n+2) -

(2n+1)-(2n+2)-x*

(2n+3)-(2n+4) + x> —

(2n+3)-(2n+4)-x?

(2n+5)-(2n+6) + X2 — (2n+5)-(2n+6) - x*

(2n+7)-(2n+8) + x* —

(2n+7)-(2n +8)-x?

(2n+1)-(2n+2)+x* -

(2n+1)-(2n+2)-x* X
(2n+3)-(2n+4)+ x> - (2n+3)-(2n+4)-x* (2n)|( i T j
(2n+5)-(2n+6)+x2—(2n+5)'§2n+6)‘x 2 e = (2k)!

+ X

2
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Formula No. 25
g X X X X X X
o 1n 22 3 nl  (n+1)!
0 1 2 3 n
T . S ) (LS
e o 2 3 n! (n+ 1)I
ex_i_z_xl 2X3+2X5+2X7+ . 2X2n—l . 2X2n+l .
e* U 3 57 @n-1)! (2n+D)!
e_x_ 1 X_l X_B X_5 x_7 . X2n—1 . X2n+1 .
2 2 11 3 57 @n=-1! (2n+1)!
e 1 @n-Dix* @n-D!Ix* @n-DIx° (2n-1IX’ (2n-Dx>"*
2n-D!| —- = + + + +..+
( )(2 zaj iL 3 5! 7! (2n-1)!
e 1 @n-)Ix* @2n-DIx* @n-DIx> (2n-1)!X’ (2n-Dix>"t
2n-D!f —-— = + + + +..+
( )(2 2@) { il 3 5! 7! (2n-1)!
X 2k-1 2 4 6
(2n—1)! e 1 _(2n- 1)'2 X Ly (2n-=1)!x +(2n—1)!x +(2n—1)!x L
e pr ! n+1)! n+3)! n+5)!
2 2" 2k — 2 2n+3 2
@n-Difer 1 & X __Qn—nm2+Qn—Dm4+Qn—nm6+
X2 20 &2k -1)! @n+1)!  (2n+3)!  (2n+5)!
@n-Dlfe* 1 & XY X . x* .
X"l 2 20 &(2k-1)!) (2n+0)(2n+1) (2n+0)(2n+1)(2n+2)(2n +3)
(EMCFF#1)

_ 11 2n+1
+(2n DIx N

(2n+1)!

(2n=1)1x>"

XZ

il

(2n+1)!

(2n+0)-(2n+1) -

(2n+0)-(2n+1)-x*

(2n+2)-(2n+3) + x> —

(2n+2)-(2n+3) - x*

(2n+4)-(2n+5)-Xx°

(2n+4)-(2n+5) + x* -

(2n+6)-(2n+7) + x* —

(2n+6)-(2n+7)-x*

(2n+0)-(2n+1) + x> —

(2n+0)-(2n+1) - x?

X
(2n+2)-(2n+3)+ X - (2n+2)-(2n+3)-x° _<2n—1)!{ex_1_i x* j
(2n+4)'(2n+5)+x2—(2n+4)',(2n+5)'xz x** 2 2¢" {Z (k-
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Formula No. 26

Set 2n+1=t in formula no. 24 and you will get:

- t+)+x° - (t)-(t+1)-x* _ 2 »
(t+2)-(t+3)+x*— (t+2)-(t+3)-x° (t—l)!(ex_'_ 1 _(t—l)/z s j
(t+4)-(t+5)+x2_(t+4)"(t+5)‘x2 Xt 2 200 & (2K)

Set 2n =t in formula no. 25 and you will get:

t)-(t+1)+x* - (t)-(t+1)-x* _ W2 "
(t+2)-(t+3)+ X - (t+2)-(t+3)-x7 (t—l)!(ex_l_“zz X J
(t+4)-(t+5)+x2_(t+4)'.(t+5)-x2 X2 22X T & (2K -1

both are the same as:

t)-t+1)+x* - t)-(t+1-x° _ X’ e
(t+2)-(t+3)+x* - (t+2) (t+3)-x° (t—1)!(e*+ ! —kaj
(t+ ) (te5)sxt EFD A9 XE X2 2e" 3 (k!
Set t =n+1 in the new formula above and you will get:
(n+1)-(N+2)+ X - (n+1)-(n+2)-x? _ X2 N
(N+3)-(n+4)+x*— (n+3)-(n+4)-x° m((ex+1—zn:)(kj
(1+5)-(n+6)+x2 — A (46> X127 2e" (k)

Exmples:

Set X «<—+/x , n=0 and you will get:

1-2-x X
1.2+ x- = + X
3-4+X-— € . 1
5-6-X X
5.6+X—— 2 2
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Formula No. 27

a1 N(N=1) X"2y? _ n(n-1)(n-2) X"y 4

(x—y) =x"—nx""y" + o 2
(EMCFF#2)
X x'ny x"ny (n-Dy x" ny (n-By (n-2)y  _ X
1 1 1x 1 1x 2x 1 1x  2x 3x g 1-ny
B Ix-(n-1)y
Ix+ny 2x-(N—2)y
2x+(n-1)y- 3x-(1—-3)y
3x+(n—2)y—%
" X"
(X_y) = 1ny
1—
B 1x-(n-1)y
Ix+ny 2x-(N—2)y
2x+(n=-1)y- 3x-(1=-3)y
3x+(n—2)y—%
1 ny X"
IX+ny — Ix-(n-1)y (x=y)
2x-(n-2)y
2X+(n-1)y- 3x-(=3)y
3x+(n—2)y—%
3 1 B ny
A-ylx) Ix+ny - lX'(n_21>)<?/(n—2)y
2X+(n-1)y— 3x-(=3)y
3x+(n—2)y—%
Ix-(n-1 n
L+ (n-0)y - ( 2>)(¥(n—2)y - yl
=y 3x-(n1-3)y Ty
3X+(n-2)y-— -
- n-1x-1
(n_l)x+2y_((n—0))x+1yy
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Formula No. 28

n 1
Z m_("* hockey-stick identity
k k+1

m=Kk

ny_ nl
(k} ~ ki(n—k)!

[mﬂj_i{h}_ji+(k+3ujk+aﬁ+W+3ﬂ+ Lot

k+1) Zl\k) koo Kk k12! kil 7 kI(n—k)!
(EMCFF#1)
KoK k+D) Kkt k+2) K (kD) (k+2) (k+3) K (k+D) () _
klol  kiot 1 koo 1 2 kioo 1 2 3 77 kot 1 (n-k)
k!
kioI(k +1)
k10—
1(k + 2)
1+(k+1)—
24 (k+2)- 2k+3)
3rk+3)-- (n—k=2)(n-1)
(n—k—l)+(n—1)—m
n+1 3 k!
(k +1j - Kl ki(k +1)
' 1(k + 2)
1+(k+1)—
24 (k+2)— 20k+3)
3r(k+3-- (n—k=2)(n-1)
' (n—k-=1)(n)
(n—k—l)+(n—1)—m
n+1 B 1
(k+1j_1_ (k+1)
1(k +1)
1+(k+1)—
24 (k+2)— 2k+2)
3rk+3) - (n—k—2)(n—1)
(n—k=1)(n)

(n-k-D+(n-1)— (n—K) + (n)
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(k+12) 1

1- =
Lk +2) n+1
1+(k+1)—
24 (k+2)— 2k+3) (k+;
3 (k+3-- (n—k-2)(n-1)
' (n—k -1)(n)
(n—k—l)+(n—1)—m
1 (k +1)
n+1) 1(k +2)
1+(k+1)—
(k+ij D 24 (k+2)— 2k+3)
3+(k+$‘_ (n—k—2)(n—1)
' (n—k-1)(n)
(n—k—l)+(n—1)—m
1k +2) k+1
k+2-— =
K+4- 2(k+3) R
K46 . n+1
N (n—k —2)(k + (n—k —1)) K41
2ok~ O D00
Exmples:
Replace k <k —1 and you will get:
1(k +1) k
k+1- =
k+3- 2k+2) 1- nil
K+5- (n—k D)k + (n—k 1)) ( kJ
K+ 2(n—k)-1- (MK (n=k))
k+2(n—k+1)-1

Set k=0 and you will get:

- 1-2 __ 1 _n+l 1
2-3 1 n n
4- 3-4 S
6— : n+1
2(n-2)- "2 )
2(n-1) -
2n
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Formula No. 29

1 © (2N . . "
- Z X" Central binomial coefficient

(Zn]: @n!  _ (2n)!

n(2n—-n)!  nin!

NSy

o P P2

[
:MS

( jn orx° 2!x1+4!x2+6!x3+8!x4

ox® ox® 1.2.x 0x° 1-2-x 3-4-x 0x° 1-2-x 3-4-x 5.-6-x
> + : . + : . . + : . . . +
o o 1-1 o 1-1 2-2 o 1-1 2-2 3-3

orx°
0 0°.1-2-x
1.1+1-2-x— 1.1.3-4-x
2.2.5.6-x
2-2+3-4-x— e
3.3+5-6-x— -~~~ %
! 1
1241-2-x— 12.3.4-x
2
22 43.4.%X— 2°.5 6:53-2x7 '
2 45.6.x—> 9X
1- 1~2-)§ i
12+1-2.X_ 1°-3-4.x
22+3‘4'X— 225 6-X
2
8 +5.6.x— > 8%
124+1-2-x— 12.3.4-x T
2243.4.x— 2°.5.6-X 1-V1—4x
2
3 45.6.x-° [ 8X
x<1/4
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Formula No. 30

Uxt+y=(x+yf" = Zxk 1n- k(lan

Xy =ty + \/_ (n-1) XZ\/_ (n-D@En-1) ¥y (n-1(@n ~(@n 1) x\/_ X

In'yt  2In*  y? 3n® y® 4in y*

(n-H(2n-1)(3n-1)(4n-1) x\/— (n=-1(2n-1)(3n—-1)(4n-1)(5n-1) x\/— ( )
5InS y° 6!n° y°®

fx+y-1fy & (- ¥ (-D@n-) x°_ (n-hEn-H@n-1 x*
ofy Untyt  2In? y2 3n® v 4in* y

(n-1@n-H@Bn-1)(4n-1) x* (-H@n-HBn-)(4n-1(n-1) x° .

5

5In® y 6!n° y®

\/V _1-ny l-ny 2-ny lny 2-ny 3-ny l-ny 2-ny 3-ny 4.ny

1.x (n-1)-x (2n-1)-x Bn-1-x (4n-1)-x} (1-x (n-1)-x (2n-1)-x Bn-1)-x (4n-1)-x (5n-1)-Xx N
1-ny 2-ny 3-ny 4-ny 5-ny 1-ny 2-ny 3-ny 4-ny 5-ny 6-ny

fx+y -1y 1-x _(1-x .(n—l)-x}r(l-x ‘(n—l)-x'(Zn—l)-xJ_(l-x .(n—1)-x‘(2n—1)-x.(3n—1)-xj+

,“/x+y—W_ 1x
Q/_ B iny-(n—-1)-x
y
lny + 2ny-(2n-1)-x
2ny —(n—1)-x+ 3ny-(3n—1)-x
3ny—(2n-1)-x+ dny-(dn=1) X
4ny —(3n-1)-x+

5ny — (4n—1)- X + 5ny-(§f1—1)-x

Iny + lny-(In-1)-x _ XW
2ny-(2n-1)-x n _n
2ny —(An-1)-x + y-( 3n§/-(3n—1)-x Yx+y \/y
3ny—-(2n-1)-x+ dny - (4n—1)-x
dny —(3n-1)-x+ -
1. Iny-(In-1)-x 3 XW
Iny—-(On-1)-x+ 2ny - (2n=1) X _Q/X+y—W+X
2ny —(In-1)-x+ 3ny - (3n—1) - x

3ny—(2n-1)-x+
dny —(3n-1)-x+

4ny-(4n-1)-x

17



Set x =—y and you will get:

Iny-(In-1)-y

Iny+(On-1)-y—
2ny+(@An-1)-y-

Set x=1,y =§ and you will get:

2ny-(2n-1)-y

3ny+(2n-1)-y -

3ny-(3n-1)-y

any+(3n-1)-y - Y-UN=D-Y

Ix-(In-1 1
IX—(0n—-1)+ ( ZX?(Zn—l) -— 1
2X—(@An-1) + 3% (3n—1) n\/+1_1
3Xx—(2n-1) + Ix. (@n—1) X
4x-(B3n-1)+——=
Set x=-y , y=1 and you will get:
n-(n-1) B
n-1- 2n-(2n-1) 0
3n—-1-
3n-(3n-1)
on-1- 4n-(4n-1)
m-1-—>—=2
etc...
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