Exact sines and cosines including a small table
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Using half angle formulas and other trigonometric identities sines and cosines for exact angles may be
established and such table produced.
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cos(ﬁ) = cos(7.5°) = J 2( 12 ) ~ 0.99144486137381041114455752692856 v/

— — °
cos(4’Z8> = c0s(3.75°) =
~ 0.99785892323860350673806979127278

% —~ %) = sin(z— sin(%) = sin(60°) = COS(%) = cos(%) =

6602540378443864676372317075294 v

(5 - ) - (5 5) - () - 059 - o5 ) - () -

sm( > —3 : 2(1+0) ) = S

h
moO\
o0

/4 /4 _wunl( T T\ _ o Iz _ o oy _ 14 _ T\ _
sm(j 320 ) s1n< 2 24 ) = sm<—24 ) = sin(82.5°) = cos( 320D ) = cos( 23 ) =
= ~ 0.99144486137381041114455752692856 v
(T —anl E _ T\ = gin( 237 ) _ g oy — T - T =
s1n( 2 3. 2(“3) ) s1n< > T a8 ) sin{ g sin(86.25°) cos( 30 ) cos( 43 )

‘/2 +,2+ )2+ /3
3 ~ 0.99785892323860350673806979127278 v

e T —an(m _ )\ _ 47\ _ _ _
sm(2 3.2(1+4)) sm(2 96) sin 96 = sin(88.125°) = cos(3 2(1+4)) cos(%)




[+ e e

= 3 ~ 0.99946458747636564442983644624286

in(Zx - ®m in(E — T —gin( 237 — oy — T ) _ T\ =
sm(2 3.2(1+5)) sm(2 193 s1n< 192> sin(89.0625°) cos(3.2(1+5)) cos( 192>

Poo fos fo s
(

~ 0.9998661379095617828627471490601 v

2

n_ T —oanf( 91T _ oy —_ I _ T _
2 384) sin{ —3g4 sin(89.53125°) cos(3.2(1+6)) cos<384>

‘/2+‘/2 J2+‘/2+/2+,/2+ﬁ
= 5 ~ 0.99996653391740110345760381057914 v
inl &L — /3 L = — Lt ) =
sm( 273, 2(1+7) s1n 2 ) s1n< 768 ) sin(89.765625°) = cos( 3. 2(1+7) ) cos( 768 )

‘/2+‘/2+ 2+ 2+ 2+ 2+,/2+,/_

~ 0.99999163344435064914755862056883 v

_ 767r \ _ — T = ) =
) sin 1536 = sin(89.8828125°) = cos( 30 ) cos( 1536 )

J2+ 2+ 2+ 2+ 2+ 2+ 2+ J2+/3
~ 0.99999790835890018104166372432685 v

T 15357\ _ oy — T _ T _
s1n< 2 3072 = sin 3072 sin(89.94140625°) cos( 320 ) cos( 3072 )

2+ 2+ 2+‘/2+J2+J2+J2+ 2+ 2+ 3

2

—_ 1 30717[ — : o —
) = sin( 3072 ) — in(9.970703125°) cos(

2+ 2+/2+ 2+‘/2+‘/2+J2+‘/2+ /2+,/2+J§

= 7 ~ 0.99999986927238853704857515517162

~ 0.99999947708958832761109823746401 v

T _ T
3. 20710) ) - COS( 6144

AND:

lemma 1.2:if :
cos<3g> = cos@cos(%) - sin@sin(%)
sin(S%) = sin@cos(%) +c0s0sin(%>

cos(S%) = [cos?0 — sin’0] cos(%) - 2sin9cosesin(%>

sin(S%) = [cos?0 — sin’0] sin(%) +2 sin@cos@cos(%)

cos<7g> = [[cos?0 — 3 sin?0] cos O] cos(%) + [[sin?0 — 3 cos?0]sin0] sin(%)

sin(7%> = [~[sin%0 — 3 cos?0]sin0] cos(%) + [[cos?0 — 3sin?0] cos O] sin(%)
proof:

cos(@ = cos<3%> = cos@cos(%) - sin@sin(%)

+4)
2
sin(0+ %) = sin(S%) = sin@cos(%) +c0s05in(%>
%9> = cos(S%) = cos@cos(3%> - sin9s1n<3%>
= cos@[cos@cos( ) sin@sin(%) } - sin@[sin@cos(%) + cos@sin(%)}

0 0

2 2 _ . . o
= [cos“0 — sin“0] cos > ) 2sm0cos051n< >

sin(0+ %0) = sin(53> = 51n0c0s(39> +c0s051n(%9>
= sin@[cos@cos(%) - sin@sin(%) } + cos@[smecos( ) + cosGsm(%) }
sm@cos@cos( ) smzesm( ) + cos@sm@cos( ) + coszesm( )
= [c0s?0 — sin’0] sm( >+2sm0c050cos( )
cos(0+ %0) = cos( %) s@cos(S ) sm@sm(S )
= cos9[[c0529 —sin’0] cos(%) - 2sin9cosesm(%> }
- sin@[[cosze — sin%0] sin(ﬁ> + 25in9cos@cos<%> }
+

2

= cos0[cos’d — sin*0] cos(%) — 2sinfcos?0 sm(

— sinf[cos?d — sin?6)] sin(%) -2 sin20c0s0c0s<



O

= [cosO[cos?0 — sin’0] — 2sin’0 cosh] cos(%) +
— [sin@[cos?0 — sin’0] — 2sinf cos?6] sin(%)
= [[cos?0 — 3 sin%0] cos O] cos(%) —[[3 cos?0 — sin*0] sin 0] sin(%)
sin(0+ %0) = sin(7%> = sin@cos(S%) +c0s05in<5%>

= sine[ [c0s20 — sin?0] cos(%) -2 sin@cos@sin(
+ cos 0[ [cos?0 — sin?0)] sin(%) + 2sinfcosfcos
= sinf[cos?0 — sin’0] cos(%) — 25sin%0 cosGsm(
+ cosO[cos?0 — sin’0] sin(%) + 2sinf cos?0 cos(
= [sinO[cos?0 — sin*0] + 2sinf cos?0] cos(%) +
+ [cosO[cos?d — sin?0] — 2sin*O cos O] sin(%)
= [[[cos?0 — sin?0] + 2 cos?0]sin0] cos(%) +
+ [[[c0s20 — sin20] — 2sin20] cos 6] sin(%)

_ 20 in207 0 20 2 ein? Nk
= [[3cos”0 — sin“O]sind] cos( 5 ) + [[cos“O — 3 sin“0] cos O] sm( 2)

+

SIS

)
)

]
]
)
)

NOTE:

cos(0+ (2”2—+1>9> = cos((Zn +3)%> = cos@cos((Zn + 1)%) - sin@sin((Zn + 1)%)
sin(e 4 (2”2—“)9) - sin<(2n 4 3)%) - sinecos((zn 4 1)%) 4 cosesin((zn 4 1)%)
generally the 30° & 45° angle families blend together well, but:

0=L 32 —5625°:>3%=84375°:
o B 5625 = 33625 54375 s 90— 8.4375 - 81,5625
() -tz - [ G) P B
= Sin<%) — sin(5.625°) = J : _Cosz(l%> _ ‘/2_ JZZW
- (f—ﬂ = cos( ) = cos(2.8125°) = ‘/ : +°°Sz(3iz> _ ‘/2+\/2+J22+2ﬁ
= sin @ = Sin(ﬁ) = sin(2.8125°) = I_COS(% ‘/2 \/2+ W

‘/2+ 2+ 2+,/‘ 2+ 2+,/2+J_

= cos(3ﬁ = cos(8.4375°) =

Jz_m L » 2+W

—gnl( XL 37 ) — _ - — _3 I
_sm(2 364) sin(90° — 8.4375°) = sin(81.5625°) s1n((32 3)64)

o \£ e o 2+W
/

i T =g °) =
= sm<3 64) sin(8.4375°)

J

\/2+W 2+ 2+W

2 2

\

— l_ L — o _ o — o — _ L
_cos(2 364) cos(90° — 8.4375°) = cos(81.5625°) cos((32 3)64)

+

:>%—3%—90"—33.75":56.25:(8—3)%= %

= % —3% =90°-16.875° = 73.125° = (16 - 3) 3” =13-L 37
:%—3% 90° —8.4375° = 81. 5625°=(32—3) _296731

= % -3 128 =90°—-4.21875° = 85.78125° = (64 — 3) 1% =61 172TS

= % -3 256 = 90° —2.109375° = 87.890625° = (128 — 3) -2~ 356 125%

likewise:



_ T _ o 0 _ o .
0= 37 5.625 :52 14.0625° :

= L =565 = 5% — 14.0625° < 90° — 14.0625° = 75.9375°
2 2 7]
‘/2+ 24 o+ 2 Jz— 24 2+ 2 /‘/2+‘/2+ 2+ 2+2
2 B 2 2
Jz— 2+ 2+42 \/2+ 2+ 2+42 \/‘/2—‘/2+ 2+m
2

2 /\ 2

= cos(56”—4 = cos(14.0625°) =

-2

2 2 B 4 2

=sin( & —5-Z ) = sin(90° — 14.0625°) = sin(75.9375°) = sin( (32 - 5)-Z-
(2 64

64
otz Y (e | - prlie

2 B 2 2

2

(5.7 = g o) —
= sm(S 64> sin(14.0625°)

+2

e N e \[ el en

2 2

- +

2 2 4 2

_ mo_sm ) _ o _ 0y — 0y — _ 5\
= cos( 2 5 64) c0s(90° — 14.0625°) = cos(75.9375°) c0s<(32 5) 64)
16 =907 -56.25" = 8- 5){% = 3¢

=5 =59 16

= % —53% =90° —28.125° = 61.875° = (16—5)3L2 = 113L2

= % —56”—4 = 90° — 14.0625° = 75.9375° = (32—5)6L4 = 276L4

= % —5%8 =90° —7.03125° = 82.96875° = (64—5)% = 59%

= % —5% = 90° —3.515625° = 86.484375° = (128—5)% = 123%

so, clearly:
= %—(2n+1)zim = (2P—(2n+1))zim , @n+1<22p<mpeN)

and, the half-angle operation (as previous) may be repeatedly applied to each of these angles
and, the half-angle operation (as previous) may be repeatedly applied to each of the (2n + l)zim

& 2n+1) 3 .”2,” angles.

The growth of m&n cast a net over the region (0, %) establishing a exact sine/cosine for any angle therein.

Mathematical physics is my art - my music.
This merely makes plain the when and who of this publication.
You may edi it away as | have been for years. But that is akin to editing away all music but classical ...
jazz, rock-and-roll, country, soul, rap, hip-hop, etc.
Is that censorship really right? And does it lead to light or darkness?



