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Abstract

We find one proof for one form of the change of variable in integration
result with Lebesgue integrals.

The main theorem We assume that N € {1,2,3,...} is some number,
and equip RN with Euclidean topology. We assume that U C RN and V C
RN are open sets. We assume that o : U — V is a bijective mapping that is
continuously differentiable in its domain, and whose Jacobian Dy(x) is non-
singular for all x € U. We assume that A C U is a Lebesgue measurable set.
Then @(A) is Lebesque measurable. If f : ¢(A) — [—00,00] is a Lebesgue
measurable function, then

/ Fw)dmy(y) = / (f 0 9)(@)|det(D() | dm(z),
©(A)

A

where the integrals are Lebesgue integrals. This means that if an integral on
one side of the equation exists as a member of [—00, 00], then also the other
side exists with the same value. If an integral on one side of the equation
fails to exist, then also the integral on the other side fails to exist.

Theorem 1 We assume that N € {1,2,3,...} is some number, and that
I C RY is a bounded interval. We fiz some € > 0. Then there exists a finite
collection C1,Cs,...,Cx C RN of cubes such that

K K
I = UCk and ZmN(Ck) < my(I) + e.
k=1 k=1

Here mpy means the N-dimensional Lebesgue measure. By cubes we
mean intervals whose widths in all axis directions are the same. We omit
the proof of Theorem 1.

Theorem 2 We assume that N € {1,2,3,...} is some number, and that
I, Iy, I3,... C RY is a sequence of intervals. Then there exists a sequence
Ji,Ja, J3, ... C RN of intervals such that Ji,Ja, J3,. .. are almost disjoint
and

U I, = U Jj.
k=1 k=1



By the intervals Jp, Ja, Js, . . . being almost disjoint we mean that m y (JxN
Ji) =0 for all k, k' € {1,2,3,...} such that k # k’. So the boundaries of
the intervals can overlap. We omit the proof of Theorem 2.

Theorem 3 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RY is an open set
such that my(U) < oco. We fiz some ¢ > 0. Then there ezists a sequence
C1,C5,Cs,... C RN of cubes such that

U = UCk and ZmN(Ck) < my(U) + e.
k=1 k=1

Proof According to the definition of Lebesgue measure there exists a
sequence I, I, I5,... C RY of intervals such that

U C UIk and ZmN(Ik) < mN(U) +
k=1 k=1

| ™

We can assume it to be known that since U is open, there exists a sequence
Ji, J2, J3, ... C RN of intervals such that

o
U= J
k=1
According to Theorem 2 there also exists a sequence Jj, J5, J5,... C RN of
intervals such that Ji,.Js, J;, . .. are almost disjoint and

U = GJk = GJ,;.
k=1 k=1

Now (Ix N Jy )k kef1,2,3,.} is a countable collection of intervals and empty
sets such that

o0
U= |J @ni)
ke k! =1
and
o o o o
Z mN(IkﬂJk/) = ZmN<Ikﬂ ( U J/,>> < ZmN(Ik)
k,k/ =1 k=1 k=1 k=1
5

Let’s denote that I, I5, I5, . .. is the same collection of intervals as

(Ik N Ty kaefi,2,3,.)- We can omit the empty sets from being present in
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I,I5, 1}, ... Then

U= \Jn and > myp) < myU) +
k=1 k=1

DO | ™

Then by Theorem 1 for all k € {1,2,3,...} there exists a collection
Ci1,Ck2,-..,Cr K, of cubes such that

Ky Ky
€
L = JCew  and Y mn(Crp) < ma() + gy
k=1 k'=1
Let’s denote that C, Cq, C3, ... is the same collection of cubes as
(Ch k) kef1,2,3,..},k'€f1,2,....Ky}- Lhen
o
U = U Ck
k=1
and
o] o K > £
Somn(C) = 303 malCip) < X (mnlih) + ooy
k=1 k=1k'=1 k=1

= ZmN(I,’C) + g < mn(U) + e
k=1

O

Theorem 4 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RN is an open set,
and that X C U is a set such that my(X) < oo. We fix some € > 0. Then
there exists a sequence C1,Co,C3,... C U of cubes such that

X C UC’k and ZmN(Ck) < my(X) + e
k=1 k=1

Here m’; means the Lebesgue outer measure.

Proof According to the definition of Lebesgue outer measure there exists
a sequence I, I, I3,... C RY of intervals such that

o o
X C UIk and ZmN(Ik) < my(X) +
k=1 k=1

[N Q)

We can assume it to be known that since U is open, there exists a sequence
J1,Ja, J3,... C RN of intervals such that

U = GJk.
k=1
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According to Theorem 2 there also exists a sequence Ji, J§, J5,... C RN of
intervals such that Ji,.Jj, J;, . .. are almost disjoint and

=% = U
k=1 k=1

Now (IxNJ},) kk'€{1,2,3,...) 1S some countable collection of intervals and empty
sets such that

[o.¢]
Xc | @Wng) and  LnJ, c U VkEe{1,2,3,.. .}
k.k'=1
Let’s denote that I, I5, I5, ... C U is the same collection of intervals as
(I N Ty )k kreqi,2,3,..y- We can omit the empty sets from being present in
I, I, I5,.... Then by Theorem 1 for all £ € {1,2,3,...} there exists a
collection Cy1,Ck 2, . ..,Ck x, C U of cubes such that
Ky, Ky, e
Illc = U Ck,k’ and Z mN(Ck’k/) < mN(I,Q) -+ W
k=1 k=1

Let’s denote that C7,Co,C3,... C U is the same collection of cubes as
(Crk)ref1,23,.. ).k e{1,2,...Kz}- Lhen

X C U C
k=1
and
0o oo K 0o c
ZmN(Ck) = ZZmN(Ck’k,) < (mN(I;C) + W)
k=1 k=1k'=1 k=1
> g > o g
= Z mN(IkﬂJk/ 5 Z (Ikﬂ ( U J]Q/)) + 5
kk'=1 k=1 k=1

o0
g
<> mn(ly) + 5 < my(X) + e
k=1

O

Theorem 5 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RN is an open set,
and that f : U — RY is a mapping that is differentiable in its domain. We
assume that there exists a constant C' € R such that

V()| < C Vne{l,2,...,N}, x € U.

4



Then for all sets X C U

mi(f(X)) < (NCO)Nmy(X).

If C =0 and mj(X) = oo, we use the convention 0 - co = 0.

Proof If C =0 or mj(X) = oo, the claim is obvious, so we can assume
that C > 0 and m};(X) < oo. Let’s fix some € > 0. Then according to
Theorem 4 there exists a sequence Cq,Cs, C3,... C U of cubes such that

X C UC’k and ZmN(Ck) < my(X) + e
k=1 k=1

Let’s denote that xq,x9,z3,... € U are the center points of the cubes,
and that ¢1,05,03,... € R are the widths of the cubes. Let’s define a
new sequence of cubes D1, Dy, D3,... C RN by setting them to be closed,
their center points to be f(x1), f(x2), f(x3),..., and their widths to be
NCtly, NCly, NCls, . ... Then the measures of the new cubes can be written
as

my (D) = (NC)Y¥my(Cr)  VEke{1,2,3,...}.

Let’s set our objective to be to prove the relation
f(Cx) C Dy VEke{l,23,...}.

We fix some k € {1,2,3,...} and y € f(Cx). There exists x € Cj such that
y = f(z). Since C} is a convex set that belongs to U, also the line between
zr and z belongs to U. According to Mean Value Theorem of differentation,
for all n € {1,2,..., N} there exists a point &, along the line between xy,
and x such that

fn(@) = fulzr) = (@ —ak) - Vin(én)
Then

N
ly — £ — fula) Z z— ) Viaén)?

al 2
zju_xmuvngnu__§:(“§@)cz

n=1

[
i Mz

IN

1
== ZN2€%02

This means )
v Fo]l < sNCH,



and y € Dy, so we succeeded in proving the relation f(Cy) C Dg. Then

f(X) c f(kUlck) = U7 < Upe

and
mi(F(X0)) < miv(JDe) < Dma(Dy) = Y (NCYNm(C)
k=1 k=1 k=1
< (NOYN(my(X) + e).
We get the claim of the theorem by taking the limit € — 0. U

We can assume it to be known that a measure of a parallelogram is
given by an absolute value of a determinant, and that a linear mapping
A € RVXN transforms the outer measure of a set X C RY according to
the formula m};(AX) = |det(A)|m} (X). Then you might guess that if a
function is approximately ¢(z) &~ Ax, it should also have the approximation
my(p(X)) = |det(A)|m} (X). Theorem 6 below is one way of turning this
approximation into a rigor form.

Theorem 6 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that X C RN is some set,
that A € RNXN s an invertible matriz, and that a function ¢ : X — RV
has been defined by a formula

p(r) = P(z) + Az,

where the function ¥ : X — RN has the property that it is differentiable in
int(X), and

Vi ()|l < e  Vne{l,2,...,N}, z€int(X)
with some constant ¢ > 0. Then

miy (p(X)) < (1+2eNHA—1HF)N|det(A)\mN(int(X)) + my (p(XNOX)).

Here int(X) means the interior of X, and || e || means the Frobenius
norm.

Proof Relations
o(X) = o(Int(X)U (X NoX)) = ¢(int(X)) U o(X NOX)

and
my (p(X)) < my(p(int(X))) + my(p(X NoX))
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are clear, so it is sufficient to prove
mi ((in6(X))) < (1+2eN[ A r) " |det(A4)|my (int(X)).

If my(int(X)) = oo, the claim is obvious, so we can assume my (int(X)) <
0o. Then also

my (Aint(X)) = |det(A)|my (int(X)) < oo.

Since A is invertible, Aint(X) is open. Let’s fix some £ > 0. Then according
to Theorem 3 there exist a sequence C1, Co, C3,... C RY of cubes such that

Ant(X) = [JCr  and D mn(Cr) < [det(A)|mu(int(X)) + e
k=1 k=1

Let’s denote that /1, {2, /3, ... € R are the widths of the cubes C1, Cy, Cs, . . ..

Let’s define new cubes C;(¢), Ca(e€), C3(¢),... C RN by setting Cy(¢) to be

that closed cube which is obtained from C}, by extending it to both directions

of all axes by amount eN||A™!||pf). This means that

my(Cr(€)) = (1+2eN|A Y p) Y my(Cy) Ve {1,2,3,...}.

Let’s choose some x, € A71Cy for all k € {1,2,3,...}. Then also z1, 9, 73,
... € X. Let’s set our objective to be to prove the relation

s

go(int(X)) C (w(xk) + Ck(e)). (1)

k=1

If we succeed in this, then

mi (p(int(X))) < > mi(d(z) + Ci(e))
k=1

= (L4 2eN]Ae) S ma(Cr)
k=1

< (1+2eN A7 Y e) ™ (|det(A)jmy (int(X)) + €),

and we can complete the proof by taking the limit € — 0. So now everything
depends on proving (1).

Let’s fix some y € p(int(X)). Then there exists x € int(X) such that
y = @(x). There also exists k € {1,2,3,...} such that Az € Cj. If we
succeed in proving that

o(x) € Y(xr) + Cile),



we succeed in proving (1). Relation

() = Y(ap) + V(@) —v(zr) + Az € P(ar) + (Y(x) —¢(zr) + Ck

is clear, so (1) follows, if we prove

(W(x) —p(xr)) + Cp C Cile). (2)

Now everything depends on proving (2).

Relations x € A71C}, and =1, € A~1C}, are true, and since A~'C}, is con-
vex, the line between z and . also belongs to A~1C}, C int(X). According
to Mean Value Theorem of differentiation, for all n € {1,2,..., N}, there
exists &, on the line between x and xj; such that

Un (@) — Unlzr) = (@ — k) Vn(&n).
Then

N
(Un(@) = tnlz)® = 3 (& — 2k) - Vu (&)

1 n=1

E

() — ()| =

S
I

|z — 22| Vebn (&) ||* < Nz — )¢,

M) =

i
I

and

() — ()| < VN|z—aple = VN|A Az — ap)|e
< VN||AY[p[|A(z — zp)lle < VN|A | (VNE)e
= eN| A5l

Inequality || Az — Azy|| < vV/N{ comes from the fact that since the points Ax
and Axy both belong to the cube C, whose side length is ¢, the distance
between the points cannot be larger than v/ N/j.

The cube Cy(€) was defined so that Cj was extended to all axis directions
by the amount eN||A~!||pfk, and now the length of ¥(x) — (x) is equal
or less than this amount, so we can conclude that (2) is true. O

Theorem 7 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RY is an open
set, that X C U is a compact set, and that V C X is an open set. We
assume that ¢ : U — RN is a mapping that is continuously differentiable in
its domain, and whose Jacobian Do(x) is non-singular for all x € U. Then

miv(e(V) < [ |det(Dy(e)ldmn (o).
14
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Most people who see Theorem 7 probably wonder that why do we use the
relation V' C X C U in a such complicated way, and wouldn’t it be simpler to
just estimate m}y;(¢(U))? The answer is that estimating m} (¢ (U)) directly
would be more difficult, and the relation V' C X C U makes the proof
easier. You can criticize Theorem 7 for being a weak result due to its
formulation, but we will use Theorem 7 as a tool to prove a similar stronger
result Theorem 8 later below.

Proof According to the assumptions (Dp(z))~! exists for all z € U.

Let’s justify that the mapping x +— (Dy(z))~! is continuous for all x € U.
There exists a formula for inverse matrices where each element of the inverse
matrix depends on finite amount of additions, subtractions, multiplications
and divisions of the elements of the matrix, so in domain where the de-
terminant is non-zero, inverse matrix depends continuously on the matrix.
We have assumed that z + De(x) is continuous, so x + (Dp(x))~?
composite of two continuous functions. Also the Frobenius norm || e ||g is
continuous. Real valued continuous functions reach their maximal values on
compact sets, so we can define

s a

M = D -1
ggll( () IF,

and then M < oco.

Let’s fix some ¢ > 0. Continuous mappings on compact sets are al-
ways uniformly continuous, so the restriction X — RY¥*N g s Dy(z) is
uniformly continuous. We can choose d; > 0 such that the relation

lz—2'|| <81 = ||[Veu(z) - Veu(a)| <e
Vne{l,2,....N}, z,2’ € X

is true. Also X — R, z +— det(Dy(x)) is uniformly continuous, so we can
choose o > 0 such that the relation

|z —2|| <0y = |det(Dyp(x)) —det(Dp(z))| <e  Va,2'€X

is true. Let’s denote § := min{d1, d2}.

Let’s write V in form V = V; U Vo U --- U Vg, where Vi, V5,..., Vg
are almost disjoint, and where each Vj has been defined so that it is an
intersection of V' and some cube that is of the form

|:le7 (j1+1) g } X [jQ 0 ) (j2+1)L} XX [jNL7 (jN‘FI)L )
2V N 2V N 2V N 2V N 2V N 2V N
with some indices ji,j2,...,Jn € Z. We can assume that all Vi, V5, ... Vi

are non-empty. Then for all k € {1,2,... K} the set V}, has the property

J
r, 2’ € Vg = |z —2'|| < 5 < J.



Let’s fix some k € {1,2,..., K}, and investigate what kind of upper bounds
we can find for m}, (p(V%)). Let’s fix some xj, € Vi, and define a mapping

vV o RY, g(a) = plz) — (De(ap))z.
Now % has the property that it is differentiable in int(V}), and
V()] = [|[Ven(z) = Veon(zr)| < ¢
Vne{l,2,...,N}, x €int(Vy)

If we write ¢ in form

plr) = P(@) + (Do),

we see that according to Theorem 6

mi(p(Vi) < (1+2eN|[[(Dep(r)) ™ [lg) ™ [det (D)) |y (int (V1)
+ m*N (@(Vk N 8Vk))

Let’s justify that m} (VyN0Vj) = 0. In general boundaries don’t necessarily
have measure zero, but boundaries of cubes do, and V; N 9V} is a subset of
boundary of the cube (that was defined with some indices j1, jo,...,jn € Z).
Assume as an antithesis that some = € Vi N 9V, would not belong to a
boundary of the cube. Then x belongs to the interior of the cube, so some
B(z,71) is a subset of the cube. Also z belongs to V' that is an open set,
so some B(x,ry) is a subset of V. Now B(z, min{ry,r2}) is a subset of V,
meaning that = € int(V}), and not = € Vj, N V.

Then according to Theorem 5

N
M (p(enovy) < (N max  [Vea(@)]) mi(Vi N0V = 0.
z SN———
ne{1,2,..,N} =0

By using inequalities ||(D¢(z)) " tr < M and my(int(Vy)) < my (Vi) we
get an upper bound

mi(e(Vi) < (1+2eNM)N|det(Dp(a)) fma (V).
A relation
‘det(Dgp(:ck ‘ ‘det Dy(z ’ + € VeV
is true, so we can write the upper bound as
my(e(Vk)) < (1+2eNM) /\det D(ay))|dmy (x)
Vi

(1+ 2eN M) (/}det De(x))|dmn(z) + smN(Vk)>.
Vi

IN
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Since V1, Vs, ..., Vg are almost disjoint, we can write an integral over V as
a sum of integrals over V1, Vs, ..., Vk.

K
Vi) < Y mi(e(Ve)
k=1

=
5

mi (V) = mi(
k=1

K
< (142eNM) NZ(/|det Dy(z))|dmy (x) + 5mN(Vk;)>

k=1 Vi

_ (1+25NM)N(/!det(Ds0 )|dmy () + EmN(V))
1%

Since X is compact, it is bounded and has a finite measure, so my (V) <
my(X) < co. We get the claim of the theorem by taking the limit & — 0.
O

There is a theorem that states that if a continuous mapping maps sets of
zero measure to sets of zero measure, then it maps Lebesgue measurable sets
to Lebesgue measurable sets. This is based on a result that if A is Lebesgue
measurable, then it is possible to write it in a form A = FUX;UXoUX3U- - -,
where F has measure zero, and X1, X5, X3,... are compact. A continuous
mapping will map X, Xo, X3,... into compact sets, which are Lebesgue
measurable, so essentially the image of A will be Lebesgue measurable, if
the image of F is Lebesgue measurable. If the image of E' has measure zero,
then it is Lebesgue measurable.

Theorem 8 We assume that N € {1,2,3,...} is some number, and equip

N with Euclidean topology. We assume that U C RY is an open set, that

X C U is a compact set, and that A C int(X) is a Lebesgue measurable set.

We assume that ¢ : U — RY is a mapping that is continuously differentiable

in its domain, and whose Jacobian Dy(x) is non-singular for all x € U.
Then @(A) is Lebesgue measurable, and

my(p(4)) < / |det(Dip(2))|dm ()

Proof To prove that ¢(A) is Lebesgue measurable, it is sufficient to
prove that ¢ maps any subset of int(X), that has a measure zero, into a set
of measure zero. Let E' C int(X) be some set such that m};(E) = 0. Then
according to Theorem 5

N
miv(e(B) < (N max [[Veu(@)] ) miy(E) = 0.
ne{l,2,...,N} =0
<00
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Let’s fix some € > 0. Since my(A4) < my(X) < oo, there exists an open set
V C RY such that

AcCV and my(V\A) <e.
Then V Nint(X) is an open set that satisfies the relation
VNnint(X)Cc X CU,

so according to Theorem 7

miy (o(V N int(X))) < / [det(D(z))|dm (x).
VAint(X)

Also
ACVNint(X) and my ((V Nint(X)) \ 4) <e,

ma(el)) < mic(p(V i) < [ |det(Dip(a))|dma (2
Vint(X)

= /|det(Dg0(:z))‘dmN(3:) + / ’det(Dcp(a:))}dmN(:n)
A

(VNint(X))\A

< /|det(D<p(x))‘dmN(x) + 6r$n€z§_<|det(D<p(:p))‘.
A

We get the claim of the theorem by taking the limit ¢ — 0. ([

Theorem 9 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RN and V C RN
are open sets. We assume that ¢ : U — V is a bijective mapping that
is continuously differentiable in its domain, and whose Jacobian Dy(x) is
non-singular for all x € U. We assume that X C U is a compact set, and
that A C int(X) is a Lebesque measurable set. We denote Y := ¢(X) and
B := p(A). Then'Y is compact, B is Lebesque measurable, and B C int(Y').
If f: B —[0,00] is a Lebesgue measurable function, then

/ Fy)dmy(y) = / (f 0 9)(@)|det (D () |dma (),
B

A

where the integrals are Lebesque integrals. This means that either the both
integrals are finite with the same value, or that they are both infinite.

Most people who see Theorem 9 probably wonder that why do we use
the relation A C int(X) C X C U in a such complicated way, and wouldn’t

12



it be simpler to integrate over an arbitrary Lebesgue measurable set A C U?
A challenge with an arbitrary Lebesgue measurable set A C U is that the
behaviour of ¢ can become bad in the limit where x approaches the boundary
0U, and it is difficult to approximate how ¢ distorts subsets close to the
boundary. By using the relation A C int(X) C X C U, where X is compact,
we isolate A from the boundary 0U, which makes the proof easier. However,
we will replace the relation A C int(X) C X C U with the simpler relation
A C U later in Theorem 11.

Proof Continuous mappings map compact sets into compact sets, so
compactness of Y is clear. B is Lebesgue measurable according to Theorem
8. Let’s prove the relation B C int(Y') next, and fix some y € B. Then
there exists € A such that y = ¢(x). There also exists € > 0 such that
B(x,e) C X. According to Inverse Function Theorem ¢~! is continuous, so,
also keeping in mind that V' is open, there exists 6 > 0 such that B(y,0) C V
and ¢~ 1(B(y,d)) C B(x,e). Then also

B(y,8) C ¢(B(z,e)) Co(X) =Y,

which means that y € int(Y").
Let’s assume that

/ Fy)dmy(y) < / (f 0 ©)(@)|det(De ()| dm (z).
B A

is true under the assumptions of the theorem. What would this imply?
According to Inverse Function Theorem ¢! : V — U is continuously differ-
entiable with a Jacobian D¢ ~!(y) that is non-singular for all y € V. We can
swap the places of the objects (xz, A, X,U) and (y, B,Y,V), and apply the
“<"_result by substituting functions ¢ < ¢! and f < (f o p)|det(Dyp)|.
We get

/ (f 0 0)(@)|det (D) () |dimay (z)
A

< / ((fop) o) (y)|det(Dp) (o (y))||det(De~ ") (y)| dmn (y)

g

=1

B —f
= /f(y)dmzv(y)-
B

This is the “>”-direction of the claim of the theorem. So we see that it is
sufficient to prove the “<”-direction of the claim of the theorem, since the
“>”_direction follows on its own.

Let’s assume that

f(y)dmpy(y) < oo

13



and fix some € > 0. According to the definition of Lebesgue integral there
exists disjoint Lebesgue measurable sets B, Ba, ..., Bx C B and numbers
€1,¢2,...,ck € [0,00] such that for all k € {1,2,..., K} ¢, < f(y) for all

y € By, and
/f Ydmy (y chmN By) e.

Let’s define sets Ay, As,..., Ax by setting Ay := ¢ '(By) for all k& €
{1,2,...,K}. Then Aj, Ao, ..., Ax are disjoint, since ¢ is a bijection, and
for all £ € {1,2,...,K} ¢t < (fop)(x) for all z € Ap. According to
Theorem 8 Ay, Ao, ..., Ax are Lebesgue measurable, and

mn(By) = ma(o(Ar)) < / |det(Dp(z))|dm (x
Ag

K
[ Hdma) < 3 cumx(B) + ¢
k=1

IN

K

ch/‘det(DLp(fv)ﬂdmN(az) + ¢

k=1

< Z/ o p)( ‘det Dy(x ‘dmN €

= / (f o @)(z)|det(Dyp(z))|dmn(z) + €
AjUAU--UAK

/(fogo (z)|det(De(z))|dmy(z) + e.
A

IN

We get the “<”-direction of the claim of the theorem by taking the limit
e —0.
Let’s assume that

fy)dmn(y) = oo
B
and fix some R € R. According to the definition of Lebesgue integral there
exists disjoint Lebesgue measurable sets Bi, Ba, ..., Bx C B and numbers
€1,¢2,...,ck € [0,00] such that for all k € {1,2,..., K} ¢, < f(y) for all

y € By, and
K

R < Z ckmy (By).
k=1

14



Let’s again define sets Ay, A, ..., Ax by setting Ay := ¢~ 1(By) for all k €
{1,2,...,K}. Again Ay, Ag, ..., Ak are disjoint and Lebesgue measurable,
and

my(Bg) < /|det(Dg0(x))‘dmN(x).
Apg

Using similar steps as above we get

K K
R < chmN(Bk) < ch/‘det(Dcp(:r))‘dmN(x)
k=1 =1 Ay,
< 2 [(Fop)@)ldetDp()|dmn(e).

A
We get
(oo @ldet(Dep(a)) dmy (@) = oo

A
by taking the limit R — oco. We conclude that the “<”-direction of the
claim of the theorem is true whether the integral of f(y) is finite or not. O

Theorem 10 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RN is an open set.
Then there exists a sequence X1 C X9 C X3 C --- C U of compact sets such
that

U = [ int(X).
k=1

Proof If U = RY, we can set X; = [k, k]V, so we can next assume
that U C RY. Let’s define a function f : RN — [0, 00| by setting

= dist(z,RY\U) = inf — 2.
f(z) ist(z, R™ \ U) x,elﬂgN\UHx al

Then f is continuous, because relation
€
f(B(2.5)) € [f@) —e f@) +e]

is true for all z € RV and € > 0. Let’s justify this. If we fix some arbitrary
point from f(B (:c, %)), we can denote it as f(Z) with some 7 € RY such
that ||z — Z|| < §. There exists 2/ € RN \ U such that

lz =2l < f(z) +

| ™

Then

f@ < z=2| < lz—2l + o -2 < f(=) + =

15



There also exists z” € RV \ U such that

_ _ S
Iz -2l < f@ + =

Then
flx) < flo—=a"] < Jlo-7 + [7-2"] < f(Z) + e

We can summarize these results as

@) — ¢ < J@ < fa) + =

Let’s define sets Si, Sa,S3,... C RN by setting

S, = f_l([l,ooD Vke{1,23,.. ).

Then all Sy, 59,S3,... are closed, and satisfy relation S C Sy C S3 C
. Relation S, C U is true for all k € {1,2,3,...}, since for all z € S,
dist(z, RN \ U) > 1, meaning z ¢ RV \ U.

Let’s prove

1
—-1(| .
f (]k’OOD C int(Sk) VEke{l,23,...}.
For this, let’s fix arbitrary

!

and define a radius 1 1

r=5(0@ - )

Then r > 0. We want to prove that B(z,r) C Sk. This is the same as
1
f(B(z,r)) C [E’OO['
If we fix an arbitrary point from f(B(z,7)), we can denote it as f(Z) with

some T € RY such that ||z — Z|| < 7. Then there exists 2’ € RV \ U such
that

1
f@) > gl ~ v 2 o= -~ 2] ~r > f@) -2 = 1.
—_——— ~——
>f(x) <r

Let’s next prove that

U = | int(Se).
k=1
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The “D”-direction is obvious, so it is sufficient to prove the “C”-direction.
For this it is sufficient to prove that

v e Qi)

Let’s fix arbitrary x € U. Since U is open, there exist a radius r > 0 such
that B(z,7) C U. This means that f(z) = dist(z,RY \ U) > r, and

f(z) € }%,oo[ and T € f_l(}%,ooD

for k so large that + 7z < 7. Then also the relation
o
U (int(Sg) N ] — &, k™)

is obvious. If we define a sequence X1, X, X3,... C RN by setting
Xp = Spn[-k kY Vke{1,2,3,...},

then all X7, X9, X3,... are compact and satisfy the relation X; C Xo C
X3 C--- CU. If we prove that

int(Sy) N —k, k[N C int(X;) Vke{1,2,3,...},

then

[o.¢]
U = | int(X)
k=1
follows, and the proof becomes complete. Let’s fix arbitrary = € int(Sk)N
] — k,k[N. Then there exists 7 > 0 such that B(x,71) C S} and 72 > 0
such that B(x,re) C [—k,k]N. If we set 7 := min{ry,ro}, then B(z,r) C
S N [k, k)N = X}, meaning that = € int(X}). O

Theorem 11 We assume that N € {1,2,3,...} is some number, and
equip RN with Euclidean topology. We assume that U C RY and V. RN
are open sets. We assume that ¢ : U — V is a bijective mapping that is
continuously differentiable in its domain, and whose Jacobian Dy(x) is non-
singular for all x € U. We assume that A C U is a Lebesque measurable
set. Then ¢(A) is Lebesque measurable. If f : p(A) — [0,00] is a Lebesgue
measurable function, then

/ F)dmn(y) = / (f 0 0)(@)|det(Do() | dm (z),

A
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where the integrals are Lebesque integrals. This means that either the both
integrals are finite with the same value, or that they are both infinite.

Proof According to Theorem 10 there exists a sequence X; C Xo C
X3 C -+ C U of compact sets such that

= [j int( Xy
k=1
Then relations -
U A Nint Xk
and -
p(4) = | p(Anint(Xy))
k=1

are true. According to Theorem 9 set p(ANint(X})) is Lebesgue measurable
for all £ € {1,2,3,...}. A countable union of Lebesgue measurable sets
is Lebesgue measurable, so ¢(A) is Lebesgue measurable. According to
Theorem 9

[ twinst) = [ (Fop@ldet(Dpta)) dmy (@)
P(Anint(Xy,)) Anint(Xp,)
for all k € {1,2,3,...}. Also relations
ANint(X;) € Anint(Xe) € ANint(X3) C ---
and
e(ANint(X1)) C p(ANint(Xa)) C p(ANint(X3)) C ---
are true, so according to Monotone Convergence Theorem

/(fogp )|det(Dg(2))|dmy (2)
A

= lim / (f o @)(z)|det(Dyp(x))|dmn (z)

k—o0
Aﬂint(Xk)

and

/ fy)dmy(y) = lim / fy)dmn (y),

k—o0
©(A) P(ANint(Xg))
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/ Fdma(y) = / (f 0 9)(@)|det(Dy() | dm(z).
©(A) A
[

Proof of the main theorem Set p(A) is Lebesgue measurable ac-
cording to Theorem 11. Let’s denote B = ¢(A), and define new sets by
setting

By == {fy) >0|ye B}, B_ :={f(y) <0|ye B},

Ap = {(fop)(x)>0|ze A} and A_ := {(foyp)(x)<0|zec A}

Sets AL and By are Lebesgue measurable, since f is Lebesgue measurable
and ¢ is continuous. Also the relation By = ¢(A4) is true with the both
sign choices. According to the definition of Lebesgue integral

/ Fy)dmn(y) = / Fy)dmn(y) — / (— f())dmy ()
B By B_
and

/ (f 0 9)()|det( Dg)()|dm (z) = / (f 0 9)(@)|det( D) () | dmuy (z)

A Ay

- / (—1 0 9)()|det(D) (@) | dimn ().

A_

Here the integrals on right are integrals of non-negative functions. According
to Theorem 11

/ fw)dmx(y) = / (f 0 9)(@)|det(Dg) (x) | dm ()

and
[ (= 1@)dmyw) = [ (~f o 0)@)|det(De) )| dmx ),
so we see that the claim of the main theorem is true. O
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