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Abstract

Under the most general assumptions, a resolving system of ordinary
differential-difference equations of arbitrary order is obtained. Its char-
acteristic determinant, assuming equality of coefficients characterizing in-
teraction between different subjects of mathematical model, is reduced to
the tridiagonal Jacobi determinant. The latter is equal to the linear homo-
geneous difference equation of the 2nd order, whose solution is obtained
by the Daniel Bernoulli (Jacques Binet) approach, and the recurrence
relation method.

It is shown that for an arbitrary set of non-zero coefficients of in-
teraction all characteristic numbers are complex numbers with positive
real parts, wherefrom it follows that all solutions of the original sys-
tem of differential equations are a linear combination of diverging har-
monic oscillations, the maximum period of which (crisis period) is equal
Tmax = 2π /

√
bc , where b and c – are the investment coefficients.

It is shown that crises can be avoided in anarchic economy and au-
thoritarian economy.

A method for studying phase transitions in the processes of economic
dynamics has been identified.

Keywords— Mathematical model, economic dynamics, differential–difference
equation, characteristic complex numbers, divergent harmonic oscillations, phase
transition.

Ðåôåðàò

Ïðè ñàìûõ îáùèõ ïðåäïîëîæåíèÿõ ïîëó÷åíà ðàçðåøàþùàÿ ñè-
ñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé ïðîèç-
âîëüíîãî ïîðÿäêà. Å¼ õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ïðè óñëîâèè
ðàâåíñòâà êîýôôèöèåíòîâ âçàèìîäåéñòâèÿ ìåæäó îòäåëüíûìè ñóáú-
åêòàìè ìàòåìàòè÷åñêîé ìîäåëè ïîñëå íîðìèðîâêè íåèçâåñòíûõ ñâåäåí
ê 3-õ äèàãîíàëüíîìó îïðåäåëèòåëþ ßêîáè, êîòîðûé ñâåäåí ê ëèíåé-
íîìó îäíîðîäíîìó ðàçíîñòíîìó óðàâíåíåíèþ 2-ãî ïîðÿäêà, ðåøåíèå
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êîòîðîãî ïîëó÷åíî ìåòîäîì Äàíèèëà Áåðíóëëè (Æàêà Áèíå) è ìåòî-
äîì ïîëó÷åííûõ ðåêóððåíòíûõ ñîîòíîøåíèé.

Ïîêàçàíî, ÷òî ïðè ëþáûõ íå ðàâíûõ íóëþ êîýôôèöèåíòàõ âçà-
èìîäåéñòâèÿ âñå õàðàêòåðèñòè÷åñêèå ÷èñëà ÿâëÿþòñÿ êîìïëåêñíûìè
÷èñëàìè ñ ïîëîæèòåëüíûìè äåéñòâèòåëüíûìè ÷àñòÿìè, èç ÷åãî ñëå-
äóåò, ÷òî âñå ðåøåíèÿ èñõîäíî1 ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé åñòü ëèíåéíàÿ êîìáèíàöèÿ ðàñõîäÿùèõñÿ ãàðìîíè÷åñêèõ êîëå-
áàíèé, ìàêñèìàëüíûé ïåðèîä (ò.å. ïåðèîä êðèçèñîâ) êîòîðûõ ðàâåí
Tmax = 2π/

√
bc, ãäå b è c � êîýôôèöèåíòû èíâåñòèöèé.

Ïîêàçàíî, ÷òî èçáåæàòü êðèçèñîâ ìîæíî ïðè àíàðõè÷åñêîé ýêîíî-
ìèêå è ïðè àâòîðèòàðíîé ýêîíîìèêå.

Íàìå÷åí ñïîñîá èññëåäîâàíèÿ ôàçîâûõ ïåðåõîäîâ â ïðîöåññàõ ýêî-
íîìè÷åñêîé äèíàìèêè.

Êëþ÷åâûå ñëîâà�Ìàòåìàòè÷åñêàÿ ìîäåëü, ýêîíîìè÷åñêàÿ äèíàìèêà, äèô-
ôåðåíöèàëüíî�ðàçíîñòíîå óðàâíåíèå, õàðàêòåðèñòè÷åñêèå êîìïëåêñíûå ÷èñ-
ëà, ðàñõîäÿùèåñÿ ãàðìîíè÷åñêèå êîëåáàíèÿ, ôàçîâûé ïåðåõîä.

Ðàññìàòðèâàåòñÿ öåïî÷êà ìíîæåñòâ, èìåþùàÿ ÷èñëîâóþ õàðàêòåðèñòè-
êó Nk, ÿâëÿþùóþñÿ íåêîé èíòåãðàëüíîé îöåíêîé. Ýòà ìîäåëü õîðîøî îïè-
ñûâàåò âçàèìîäåéñòâèå öåïî÷êè ôèðì, ðàáîòàþùèõ íà âûïóñê îïðåäåëåí-
íîé ïðîäóêöèè. Õàðàêòåðíûé ïðèìåð � õîëäèíã, âûïóñêàþùèé îïðåäåëåí-
íûé êëàññ ìåõàíèçìîâ. Îí âêëþ÷àåò â ñåáÿ ãåîëîãè÷åñêóþ ðàçâåäêó, ãîð-
íîäîáûâàþùèå ñòðóêòóðû, ãîðíîîáîãàòèòåëüíûé êîìáèíàò, ìàðòåíîâñêîå
ïðîèçâîäñòâî, ïðîêàòíûå ñòàíû, ìåòàëëîîáðàáàòûâàþùèå çàâîäû, çàêóïî÷-
íûå ñòðóêòóðû (âõîäÿùèå êîìïëåêòóþùèå), ñáîðî÷íûå çàâîäû, òîðãîâûå
îðãàíèçàöèè, áàíêè. Áóäåì ñ÷èòàòü, ÷òî çà âðåìÿ ∆t ïðèðàùåíèå ∆Nk áó-
äåò ðàâíî:

∆Nk = (aNk + bNk−1 − cNk+1)∆t

Çäåñü a � äåêðåìåíò âîçðàñòàíèÿ;

b � îò÷èñëåíèÿ îò ìíîæåñòâà Nk−1;

c � èíâåñòèöèè â ìíîæåñòâî Nk+1

Ðàçäåëèâ îáå ÷àñòè íà ∆t è, ïåðåõîäÿ ê ïðåäåëó, ïî îïðåäåëåíèþ ïðîèç-
âîäíîé ïîëó÷èì:

N
′

k = aNk + bNk−1 − cNk+1 (1)

Ðàâåíñòâî (1) ýòî ñèñòåìà îäíîðîäíûõ ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé (k = 1, 2, 3, ...K).

Ñîñòàâèì õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñèñòåìû è ïðèðàâíÿåì åãî
ê íóëþ.

Jk =

∣∣∣∣∣∣∣∣
λ− a c 0 0 0 ...
−b λ− a c 0 0 ...
0 −b λ− a c 0 ...
... ... ... ... ... ...

∣∣∣∣∣∣∣∣ (2)
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Çäåñü λ � õàðàêòåðèñòè÷åñêîå ÷èñëî ñèñòåìû (1).
Äëÿ ðàñêðûòèÿ îïðåäåëèòåëÿ Jk âîñïîëüçóåìñÿ ñëåäóþùèì ïðèåìîì.

Ðàñêðûâàÿ îïðåäåëèòåëü ïî ýëåìåíòàì 1-ãî ñòîëáöà, ïîëó÷èì:

Jk = (λ− a)Jk−1 + bcJk−2 (3)

Óðàâíåíèå (3) � ëèíåéíîå îäíîðîäíîå ðàçíîñòíîå óðàâíåíèå 2-ãî ïîðÿä-
êà.

Ââåäåì îáîçíà÷åíèÿ

Ik = Jk(bc)
− k

2 ; ξ = (λ− a)(bc)
− 1

2

Òåïåðü óðàâíåíèå (3) ìîæíî ïåðåïèñàòü â âèäå

Ik = ξIk−1 + Ik−2 (4)

Âîñïîëüçóåìñÿ ìåòîäîì Äàíèèëà Áåðíóëëè. Áóäåì èñêàòü ðåøåíèå óðàâ-
íåíèÿ (4) â âèäå

Ik = Aµk (5)

Ïîäñòàâëÿÿ (5) â (4), íàéäåì

Aµk − ξAµk−1 −Aµk−2 = 0

Åñëè A 6= 0, µ 6= 0, òî ïîëó÷èì õàðàêòåðèñòè÷åñêîå óðàâíåíèå ðàçíîñò-
íîãî óðàâíåíèÿ.

µ2 − ξµ− 1 = 0 (6)

Îòñþäà

µ1,2 =
ξ ±

√
ξ2 + 4

2
(7)

Òåïåðü îáùåå ðåøåíèå óðàâíåíèÿ (3) ìîæíî çàïèñàòü â âèäå:

Ik = Aµk
1 +Bµk

2 (8)

Ïðîèçâîëüíûå êîíñòàíòû A è B íàéäåì èç (2).

I1 =
J1√
bc

=
λ− a√
bc

= ξ

I2 =
J2
bc

=
(λ− a)

2
+ bc

bc
= ξ2 + 1

Ïîäñòàâëÿÿ â ýòè ðàâåíñòâà îáùåå ðåøåíèå (8), ïîëó÷èì ñèñòåìó óðàâ-
íåíèé îòíîñèòåëüíî êîíñòàíò{

Aµ1 +Bµ2 = ξ

Aµ2
1 +Bµ2

2 = ξ2 + 1
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Îòñþäà

A =
ξ2 − ξµ2 + 1

µ2
1 + 1

B =
ξ2 − ξµ1 + 1

µ2
2 + 1

Èòàê, îáùåå ðåøåíèå ðàçíîñòíîãî óðàâíåíèÿ (7) ìîæåò áûòü ïðåäñòàâ-
ëåíî â âèäå

Ik =
ξ2 − ξµ2 + 1

µ2
1 + 1

µk
1 +

ξ2 − ξµ1 + 1

µ2
2 + 1

µk
2

Ïðèðàâíèâàÿ ïîëó÷åííîå Ik ê íóëþ, ïîëó÷èì õàðàêòåðèñòè÷åñêîå óðàâ-
íåíèå, ñîîòâåòñòâóþùåå ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé (1).
Â ïðèëîæåíèÿõ äëÿ êîíêðåòíûõ k óäîáíî ïîëüçîâàòüñÿ ðåêóððåíòíûì óðàâ-
íåíèåì (4). Ïðèâåäåì ïåðâûå íåñêîëüêî ðåøåíèé.

I1 = ξ

I2 = ξ2 + 1

I3 = ξI2 + I1 = ξ3 + 2ξ

I4 = ξI3 + I2 = ξ4 + 3ξ2 + 1

I5 = ξI4 + I3 = ξ5 + 4ξ3 + 3ξ

I6 = ξI5 + I4 = ξ6 + 5ξ4 + 6ξ2 + 1

I7 = ξI6 + I5 = ξ7 + 6ξ5 + 10ξ3 + 4ξ

..................................................

Èíòåðåñíî îòìåòèòü, ÷òî ñóììû êîýôôèöèåíòîâ âûïèñàííûõ ïîëèíîìîâ
ïðåäñòàâëÿþò ñîáîé ïîñëåäîâàòåëüíûå ÷èñëà ðÿäà Ôèáîíà÷÷è

1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ...

à ñóììà 10-òè ïåðâûõ ÷èñåë ðÿäà Ôèáîíà÷÷è ðàâíà 7-ìó, óìíîæåííîìó íà
11 (çäåñü 11 · 21 = 231).

Äëÿ èëëþñòðàöèè ïðåäëîæåííîãî ïîäõîäà è âûÿâëåíèÿ çàêîíîìåðíî-
ñòåé ïðèâåäåì ðåçóëüòàòû äëÿ ðàçëè÷íîãî êîëè÷åñòâà ñâÿçàííûõ ìíîæåñòâ.

1. Èçîëèðîâàííîå ìíîæåñòâî
Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

I1 = ξ = 0

Îòñþäà

λ = a

Îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ áóäåò

N = Ceat
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2. Äâà ñâÿçàííûõ ìíîæåñòâà

I
II

= ξ2 + 1 = 0

ξ1,2 = ±i

Îòñþäà

λ = a± i
√
bc

Â ýòîì ñëó÷àå ðåøåíèå äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
ìîæíî çàïèñàòü â âèäå

Nk = eat(C1sin
√
bct+ C2cos

√
bct)

3. Òðè ñâÿçàííûõ ìíîæåñòâà

I
III

= ξ3 + 2ξ = 0

ξ1 = 0; ξ2,3 = ±i
√

2

Â ýòîì ñëó÷àå õàðàêòåðèñòè÷åñêèå ÷èñëà áóäóò ðàâíû

λ1 = a; λ2,3 = a± i
√

2bc

è ðåøåíèå äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæíî çàïè-
ñàòü â âèäå

Nk = eat(C1 + C2sin
√

2bct+ C3cos
√

2bct))

4. Ïÿòü ñâÿçàííûõ ìíîæåñòâ

I
V

= ξ5 + 4ξ3 + 3ξ = 0

ξ1 = 0; ξ2,3 = ±i; ξ4,5 = ±i
√

3

è ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ìîæíî çàïèñàòü â
âèäå

Nk = eat(C1 +C2sin
√
bct+C3cos

√
bct+C4sin

√
3bct+C5cos

√
3bct)

Èç ïîëó÷åííûõ ðåøåíèé ìîæíî ñäåëàòü ñëåäóþùèé êà÷åñòâåííûé àíàëèç.

1. Âñå õàðàêòåðèñòè÷åñêèå ÷èñëà � êîìïëåêñíûå ñ ïîëîæèòåëüíîé äåé-
ñòâèòåëüíîé ÷àñòüþ.

2. Âñå ðåøåíèÿ èñõîäíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé � ýòî
ðàñõîäÿùèåñÿ ãàðìîíè÷å÷ñêèå êîëåáàíèÿ.
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3. Ìàêñèìàëüíûé ïåðèîä ýòèõ êîëåáàíèé áóäåò ðàâåí

Tmax =
2π√
bc

(ëåò)

ãäå b è c � êîýôôèöèåíòû èíâåñòèöèé ( 1
ãîä

)
Åñëè b = c = 0.12, òî ñ ïåðèäîì T = 52 ãîäà ïîâòîðÿþòñÿ êðèçèñû
(êîãäà îáîáùåííûå õàðàêòåðèñòèêè N = 0)

4. Èçáåæàòü ðàñõîäÿùèõñÿ êîëåáàíèé íåâîçìîæíî, ìåíÿÿ b è c.

5. Èçáåæàòü ðàñõîäÿùèõñÿ êîëåáàíèé âîçìîæíî, òîëüêî åñëè b = c = 0,
òî åñòü âñå ìíîæåñòâà äîëæíû áûòü íåçàâèñèìûå. Ýòî âîçìîæíî ïðè
àíàðõè÷åñêîé ýêîíîìèêå.

6. Èçáåæàòü ðàñõîäÿùèõñÿ êîëåáàíèé è êðèçèñîâ òàêæå âîçìîæíî, åñ-
ëè ïîñëåäíåå ìíîæåñòâî áóäåò ïðîâîäèòü èíâåñòèöèè â ñàìîå ñëàáîå
ìíîæåñòâî. Ýòî âîçìîæíî ïðè àâòîðèòàðíîé ýêîíîìèêå.

7. Ò.ê. èñõîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé åñòü êîíå÷íî-
ðàçíîñòíûé àíàëîã äèôôåðåíöèàëüíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
ñ îáðàòíûì îòñ÷åòîì âðåìåíè, òî âîçìîæåí ôàçîâûé ïåðåõîä, ÷òî è
íàáëþäàåòñÿ â ïîñëåäíèå äåñÿòèëåòèÿ â ýêîíîìè÷åñêèõ ïóáëèêàöèÿõ.
Äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïîçâîëÿåò ïîëó÷àòü êîëè÷åñòâåííûå
îöåíêè ïàðàìåòðîâ ôàçîâîãî ïåðåõîäà.
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