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ςBςCςDς ··���ÚÚÚ\\\999ÙÙÙĴ (n), Ĵ(n, ς)���mmm���'''XXX · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 125

1.7 ψαςβς ··(n), ψαςβς ··(n),Ψ(n, ς), Ψ̂(n, ς)���½½½ÂÂÂ · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · 125

1.8 ^̂̂þþþJA
′
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g·µãµ�Ù·uÐMá
~êØCÜþ©Û�{§·´d®���
~êØCÜþéuuÐå5�"

�Ùuy
��1#�Ä�~êØCÜþ§¿��ÔnéX;�§äkU,��C5�ØC5§¦^å5�©�

Bk^§´ÔnïÄ���#êÆóä§Ù¢·uÐù�êÆóä�Ð©Ò´�^uÔnïÄ"

1 aPenroseÄ��I [1, 2]

ÎÒ�½: ∼L«âÔ[C�, ≺L«Ý
Ðm�©þ, �L«©þÂ �Ý
, ς = ±1"

g·µãµ�!´éPenroseÄ��I�uÐ�í2§ò 1
2
-g^�Ií2�
��g^�I§¿Ú\
VL«

�I§VL«�IéAÃ�þâf�ü«L«"ù���Ð?´/�ªü°0!��L�ü«L«Ó�¥y!

�g?nÓ���ü�(J§ù��Ä��I�{!���!�kå"

1.1 ��L����g^Ý
σ(s)

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s) (1.1)

1.2 ��g^Ý
���äNL� [37]

σ(s) = ( 1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2s

0 0 0 A2s 0

 , i
2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
) (1.2a)

An =
√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;σ(s) ≺ σας kς lς (s) ' σα′ς
k′ς
l′ς

(s) (1.2b)

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s), s = 1
2
, 1, 3

2
, 2, · · · (1.2c)

�dg^Ý
�éA�Ý5ÜþXeµ

ε(s) =

 0 0 0 0 (−1)0

0 0 0 (−1)1 0

0 0 (−1)2 0 0
0 ··· 0 0 0

(−1)2s 0 0 0 0

 =

[ 0 0 0 0 1
0 0 0 −1 0
0 0 1 0 0
0 ··· 0 0 0

(−1)2s 0 0 0 0

]
, σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s) (1.3)

ε(s) ≺ εkς lς (s) ' εkς lς (s) ' εk′ς l′ς (s) ' ε
k′ς l
′
ς (s), ε2(s) = (−1)2s (1.4)

g·µãµg^Ý
À���þ´kÃ¡«À{§�±´���§��±Ø´���"�ÖÌ�æ^�´±

þAÏL«���g^Ý
§ù���nd´þfåÆ¥*ÿþ�¦´���§,��nd´3ù«L«g^Ý


e�3e�Ù��{~êØCÜþ§eæ^Ù§L«�g^Ý
§�Ø�ù��{�~êØCÜþ"¯¢þ�

m©·æ^�´����ê�g^Ý
§L¡þq��¤�§�vk±þü�`:§�ª·�´�ï
§æ^


y3�ù«��L«"

1.3 ��IeeâÔ[C�ëêϑabÚg^ÜþSab(s, ς)(�Öæ^dIe)

ε ∈ RL«O′(âf)�éO��Ý, ω ∈ RL«O′(âf)�éO�^=�Ý"

g·µãµù�5½Ð§Ônn)âØ¬· §cÙ�mÈ
§ÒéN´tØ�ëê�ý¢Ôn�éA
§��

´��ÎÒ"��#
§�±£�d?§���"

gab ' gab � diag(1, 1, 1, 1), xa ' xa = (x, y, z, it), ~ϑ ≡ iω + ε (1.5a)[
x′

y′

z′

it′

]
(= x′a) = eϑ

a
b

[
x
y
z
it

]
(= xb), ϑab �

[
0 ωz −ωy iεx
−ωz 0 ωx iεy
ωy −ωx 0 iεz
−iεx −iεy −iεz 0

]
≺ ϑab ' ϑab ' ϑab � iω ·R+ ε · L (1.5b)

ϑij = εijkω
k, ωk = 1

2
εkijϑ

ij (1.5c)

x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.5d)

1
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δxa = ϑa

bxb = ϑabx
b, δxa = ϑabx

b = ϑabxb

~Sabcd = −i(gacgbd − gadgbc) �

[
0 Rz(s) −Ry(s) −Lx(s)

−Rz(s) 0 Rx(s) −Ly(s)

Ry(s) −Rx(s) 0 −Lz(s)

Lx(s) Ly(s) Lz(s) 0

]
(1.5e)


δϕ(s) = i

2
ϑabSab(s, ς)ϕ(s) = i

2
ϑabS

ab(s, ς)ϕ(s)

Sab(s, ς) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
≺ Sab(s, ς) = −i[σ(s), iς

2
][a[σ(s),− iς

2
]b]

(1.5f)


Lab = xapb − xbpa �

[
0 xpy−ypx −(zpx−xpz) ixE−itpx

−(xpy−ypx) 0 ypz−zpy iyE−itpy
zpx−xpz −(ypz−zpy) 0 izE−itpz
−(ixE−itpx) −(iyE−itpy) −(izE−itpz) 0

]
Mab = Lab + Sab(s, ς) = −i(xa∂b − xb∂a) + Sab(s, ς)

(1.5g)

g·µãµIeÀ���þ�kÃ¡«À{§~^��kÐA«"�Öæ^�´�!���Ie§ù��Ð

?´3ù«Iee~êØCÜþ�{ü!�Ú�!�k5Æ"�,ÏL�dC���±C��Ù§IeL«"

1.4 Ù§IeeâÔ[C�ëêϑabÚg^ÜþSab(s, ς)�é'

1.4.1 �Ie

gab = gab = diag(1, 1, 1,−1), xa = (x, y, z, t), xa = (x, y, z,−t) (1.6a)[
x′

y′

z′

t′

]
(= x′a) = eϑ

a
b

[
x
y
z
t

]
(= xb), ϑab =

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
−εx −εy −εz 0

]
, x′a = (ga

b + ϑa
b)xb (1.6b)

ϑab = gacϑ
c
b �

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
εx εy εz 0

]
, ϑab = ϑacg

cb �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
−εx −εy −εz 0

]
, ϑa

b = gacϑ
c
dg
db �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
εx εy εz 0

]
(1.6c)

x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.6d)

δxa = ϑa
bxb = ϑabx

b, δxa = ϑabx
b = ϑabxb, δψ(s) = i

2
ϑabSab(s, ς)ψ(s) = i

2
ϑabS

ab(s, ς)ψ(s) (1.6e)

~Sabcd �

[
0 Rz(s) −Ry(s) Lx(s)

−Rz(s) 0 Rx(s) Ly(s)

Ry(s) −Rx(s) 0 Lz(s)

−Lx(s) −Ly(s) −Lz(s) 0

]
= −i(gacgbd − gadgbc), δxa = ϑcd~Sabcdx

b, δxa = ϑcdS
abcdxb (1.6f)

Sab(s, ς) �

[
0 σz(s) −σy(s) iςσx(s)

−σz(s) 0 σx(s) iςσy(s)

σy(s) −σx(s) 0 iςσz(s)

−iςσx(s) −iςσy(s) −iςσz(s) 0

]
, Sab(s, ς) �

[
0 σz(s) −σy(s) −iςσx(s)

−σz(s) 0 σx(s) −iςσy(s)

σy(s) −σx(s) 0 −iςσz(s)

iςσx(s) iςσy(s) iςσz(s) 0

]
, ς = ±1 (1.6g)

Lab = xapb − xbpa �

[
0 xpy−ypx −(zpx−xpz) −(xE−tpx)

−(xpy−ypx) 0 ypz−zpy −(yE−tpy)

zpx−xpz −(ypz−zpy) 0 −(zE−tpz)
xE−tpx yE−tpy zE−tpz 0

]
,Mab = Lab + Sab(s, ς) (1.6h)

1.4.2 K�Ie

gab = gab = −diag(1, 1, 1,−1), xa = (x, y, z, t), xa = −(x, y, z,−t) (1.7a)[
x′

y′

z′

t′

]
(= x′a) = eϑ

a
b

[
x
y
z
t

]
(= xb), ϑab =

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
−εx −εy −εz 0

]
, x′a = (ga

b + ϑa
b)xb (1.7b)

ϑab = gacϑ
c
b � −

[
0 ωz −ωy −εx
−ωz 0 ωx −εy
ωy −ωx 0 −εz
εx εy εz 0

]
, ϑab = ϑacg

cb � −

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
−εx −εy −εz 0

]
, ϑa

b = gacϑ
c
dg
db �

[
0 ωz −ωy εx
−ωz 0 ωx εy
ωy −ωx 0 εz
εx εy εz 0

]
(1.7c)

2
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x′a = (gab + ϑab)x
b, x′a = (gab + ϑab)xb, x

′
a = (ga

b + ϑa
b)xb, x

′
a = (gab + ϑab)x

b (1.7d)

δxa = ϑa
bxb = ϑabx

b, δxa = ϑabx
b = ϑabxb, δψ(s) = i

2
ϑabSab(s, ς)ψ(s) = i

2
ϑabS

ab(s, ς)ψ(s) (1.7e)

~Sabcd �

[
0 Rz(s) −Ry(s) Lx(s)

−Rz(s) 0 Rx(s) Ly(s)

Ry(s) −Rx(s) 0 Lz(s)

−Lx(s) −Ly(s) −Lz(s) 0

]
= −i(gacgbd − gadgbc), δxa = ϑcd~Sabcdx

b, δxa = ϑcdS
abcdxb (1.7f)

Sab(s, ς) � −

[
0 σz(s) −σy(s) iςσx(s)

−σz(s) 0 σx(s) iςσy(s)

σy(s) −σx(s) 0 iςσz(s)

−iςσx(s) −iςσy(s) −iςσz(s) 0

]
, Sab(s, ς) � −

[
0 σz(s) −σy(s) −iςσx(s)

−σz(s) 0 σx(s) −iςσy(s)

σy(s) −σx(s) 0 −iςσz(s)

iςσx(s) iςσy(s) iςσz(s) 0

]
, ς = ±1 (1.7g)

Lab = xapb − xbpa � −

[
0 xpy−ypx −(zpx−xpz) −(xE−tpx)

−(xpy−ypx) 0 ypz−zpy −(yE−tpy)

zpx−xpz −(ypz−zpy) 0 −(zE−tpz)
xE−tpx yE−tpy zE−tpz 0

]
,Mab = Lab + Sab(s, ς) (1.7h)

1.5 s-g^^þ�I

s-g^^þ�I½Â:^C.Ë��i1{i, j, k, l,m, n, p, q, r, s}AOL«��g^�/"

kς ∼ e
i
2
ϑabSab(s,ς) = e(iω+ςε)·σ(s) ⇔k+

:=k∼ e(iω+ε)·σ(s)
k− :=k′∼ e(iω−ε)·σ(s) (1.8)

kς ∼ e−
i
2
ϑabSTab(s,ς) = e−(iω+ςε)·σT (s) ⇔k+ :=k∼ e−(iω+ε)·σT (s) k− :=k′∼ e−(iω−ε)·σT (s) (1.9)

k′ς ∼ e
i
2
ϑabSab(s,−ς) = e(iω−ςε)·σ(s) ⇔k′+ :=k′∼ e(iω−ε)·σ(s) k′− :=k∼ e(iω+ε)·σ(s) (1.10)

k′ς
∼ e−

i
2
ϑabSTab(s,−ς) = e−(iω−ςε)·σT (s) ⇔k′+

:=k′∼ e−(iω−ε)·σT (s)
k′−

:=k∼ e−(iω+ε)·σT (s) (1.11)

�I'X: �Ið�§^þ�ð�§´½Â"kς ≡k′−ς
k−ς ≡k′ς

kς ≡k
′
−ς

k−ς ≡k
′
ς

k+ ≡k′−≡
k

k− ≡k′+≡k′

k+
≡k′−≡k

k− ≡k
′
+≡k′

(1.12)

�Ý�I: �I��§^þ�U�§�UØ�"�3AÏ���L�eâ¤á"(kς )∗ =k′ς

(kς )
∗ =k′ς

(k
′
ς )∗ =kς

(k′ς )
∗ =kς

(k)∗ =k′

(k)
∗ =k′

(k
′
)∗ =k

(k′)
∗ =k

(1.13)

s-g^^þ�IéA�Ý5ÜþÚgU�,ü5KXeµ
εkς lς (s) ' εk

′
ς l
′
ς (s) ' εk′ς l′ς (s) ' ε

kς lς (s) � ε(s)

ψkς = (−ς)2sεkς lς (s)ψ
lς , ψkς = ς2sεkς lς (s)ψlς

ψk′ς = (−ς)2sεk′ς l′ς (s)ψ
l′ς , ψk

′
ς = ς2sεk

′
ς l
′
ς (s)ψl′ς

(1.14)

gU�,ü5K��Xe, �Penrose�5K��§�Penrose�I�·��I��"
εk′l′(s) = [εkl(s)]

∗ ' εkl(s), εk
′l′(s) = [εkl(s)]∗ ' εkl(s)

ψk = (−1)2sεkl(s)ψ
l, ψk = εkl(s)ψl

ψk′ = (−1)2sεk′l′(s)ψ
l′ , ψk

′
= εk

′l′(s)ψl′

(1.15)

g·µãµ��o�ù�5½#Ä��I�,ü5K§Ì��Ä´ü:§�´¦þ�PenroseÄ��I5K

��¶�´#Ä��IS3gU5�¦�§�´�¡�þ~êØCÜþ¢SO�¢��o(�Jõ"

1.6 1
2
-g^^þ�I

1
2
-g^^þ�I´s-g^^þ�I�A~§�
�PenroseÄ��I��§E^C.Ë��i1{A,B,C, · · · }

AOL« 1
2
-g^�/§½Â�5KXþ!¤«(�s = 1

2
)"

3
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1.7 E¥þ�I

1fg^Ý
:^F1i1{α, β, γ, · · · }AOL«E¥þ�I"

γ = {
[

0 0 0
0 0 −i
0 i 0

]
,
[

0 0 i
0 0 0
−i 0 0

]
,
[

0 −i 0
i 0 0
0 0 0

]
} (1.16)

/ªþ�σ(1) = γ, �E¥þ�IXe:

ας ∼ e(iω+ςε)·γ ⇔ α+ := α ∼ e(iω+ε)·γ α− := α′ ∼ e(iω−ε)·γ (1.17)

α′ς ∼ e(iω−ςε)·γ ⇔ α′+ := α′ ∼ e(iω−ε)·γ α′− := α ∼ e(iω+ε)·γ (1.18)

�I'X:

ας ≡ α′−ς , α−ς ≡ α′ς ;α+ ≡ α′− ≡ α, α− ≡ α′+ ≡ α (1.19)

�Ý'X:

(ας)
∗ ≡ α′ς , (α′ς)∗ ≡ ας ; (α)∗ ≡ α′, (α′)∗ ≡ α (1.20)

E¥þ�IéA�Ý5Üþ9,ü5Kµgαςβς = δαςβς � I, gαςβς = δαςβς � I

gα′ςβ′ς = δα′ςβ′ς � I, g
α′ςβ

′
ς = δα

′
ςβ
′
ς � I

,

ψας = gαςβςψ
βς , ψας = gαςβςψβς

ψα
′
ς = gα

′
ςβ
′
ςψβ′ς , ψα′ς = gα′ςβ′ςψ

β′ς

(1.21)

d�Ý5Üþ´ü Ý
§�±Ø^«©_CÚ�CÜþ§=þI�eI�±�¿ÓÚN�"

g·µãµE¥þ�I5ué>^|!Yang-Mills|ÚÚå|�£ã§¤±�AO·Ü£ã§�"

1.8 ¥þ�I

�m^=Ý
RÚâÔ[íÄÝ
Lµ

R = {
[

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
,

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
}, L = {

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

] [
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

] [
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
} (1.22)

¥þ�IXe:^C.Ë��i1{a, b, c, d, e, f, g, h, u, v, w}AOL«¥þ�I.

aς ∼ e(iω·R+ςε·L) ⇔ a+ := a ∼ eϑ = e(iω·R+ε·L) a− := a′ ∼ eϑ
∗

= e(iω·R−ε·L) (1.23)

a′ς ∼ e(iω·R−ςε·L) ⇔ a′+ := a′ ∼ eϑ
∗

= e(iω·R−ε·L) a′− := a ∼ eϑ = e(iω·R+ε·L) (1.24)

�I'X:

aς ≡ a′−ς , a−ς ≡ a′ς ; a+ ≡ a′− ≡ a, a− ≡ a′+ ≡ a′ (1.25)

�Ý'X:

(aς)
∗ ≡ a′ς , (a′ς)∗ ≡ aς ; (a)∗ ≡ a′, (a′)∗ ≡ a (1.26)

¥þ�IéA�Ý5Üþ9,ü5K:gaςbς = δaςbς � I, gaςbς = δaςbς � I

ga′ςb′ς = δa′ςb′ς � I, g
a′ςb
′
ς = δa

′
ςb
′
ς � I

,

ψaς = gaςbςψ
bς , ψaς = gaςbςψbς

ψa
′
ς = ga

′
ςb
′
ςψb′ς , ψa′ς = ga′ςb′ςψ

b′ς

(1.27)

d�Ý5Üþ´ü Ý
§�±Ø^«©_CÚ�CÜþ§=þI�eI�±�¿ÓÚN�"

2 ~^Ý


2.1 �|Ý


σ = {

[
0 1

1 0

]
,

[
0 −i
i 0

]
,

[
1 0

0 −1

]
}, tr(σας ) = 0, tr(σαςσβς ) = 2δαςβς (1.28)

[σας , σβς ] = 2iεαςβς
γςσγς , {σας , σβς} = 2δαςβς , σ

2( 1
2
) = 1

2
( 1

2
+ 1) (1.29)

4



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 11Ù ~êØCÜþ©Û

2.2 1fÝ


γ = {
[

0 0 0
0 0 −i
0 i 0

]
,
[

0 0 i
0 0 0
−i 0 0

]
,
[

0 −i 0
i 0 0
0 0 0

]
}, tr(γας ) = 0, tr(γαςγβς ) = 2δαςβς (1.30)

[γας , γβς ] = iεαςβς
γςγγς , γ

2 = 1(1 + 1), γας ≺ γαςβς γς ≡ −iεαςβς γς (1.31)

2.3 ^=)¤�Ý


�m^=)¤�Ý
:

R = {
[

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
,

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
}, tr(Rας ) = 0, tr(RαςRβς ) = 2δαςβς (1.32a)

âÔ[íÄ)¤�Ý
:

L = {
[

0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
,

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
,

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
}, tr(Lας ) = 0, tr(LαςLβς ) = 2δαςβς (1.32b)

[Rας , Rβς ] = iεαςβς
γςRγς , [Lας , Lβς ] = iεαςβς

γςRγς , [Rας , Lβς ] = [Lας , Rβς ] = iεαςβς
γςLγς (1.32c)

R2 = diag(2, 2, 2, 0), L2 = diag(1, 1, 1, 3), R · L = 0, L ·R = 0 (1.32d)

2.4 SO(4)+)¤�Ý


SO(4)+)¤�Ý
��©|µ

σ+ = R+ L = {
[

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

]
,

[
0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

]
} (1.33a)

σ+ = {−σy ⊗ σx,−I ⊗ σy, σy ⊗ σz}, tr(σ+ας
) = 0, tr(σ+ας

σ+βς
) = 4δαςβς (1.33b)

SO(4)+)¤�Ý
�K©|µ

σ− = R− L = {
[

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

]
} (1.34a)

σ− = {σx ⊗ σy,−σz ⊗ σy, σy ⊗ I}, tr(σ−ας ) = 0, tr(σ−αςσ−βς ) = 4δαςβς (1.34b)

SO(4)+)¤�Ý
ü�©|m�'X"

[σ+ας
, σ+βς

] = iεαςβς
γςσ+γς

, {σ+ας
, σ+βς

} = 2δαςβς , σ
2
+ = 1

2
( 1

2
+ 1) (1.35a)

[σ−ας , σ−βς ] = iεαςβς
γςσ−γς , {σ−ας , σ−βς} = 2δαςβς , σ

2
− = 1

2
( 1

2
+ 1) (1.35b)

[σ+ας
, σ−βς ] = [σ−ας , σ+βς

] = 0 (1.35c)

SO(4)+)¤�Ý
�Ú�L«

σς = {
[

0 0 0 iς
0 0 −i 0
0 i 0 0
−iς 0 0 0

]
,

[
0 0 i 0
0 0 0 iς
−i 0 0 0
0 −iς 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 iς
0 0 −iς 0

]
} (1.36a)

[σκας , στ βς ] = iδκτεαςβς
γςσκγς , {σκας , στ βς} = 2δκτδαςβς , σ

2
ς = 1

2
( 1

2
+ 1) (1.36b)

íØ2.4.1. σabςβς = σaς |βς b = {
[

0 0 0 iς
0 0 i 0
0 −i 0 0

]
,
[

0 0 −i 0
0 0 0 iς
i 0 0 0

]
,
[

0 i 0 0
−i 0 0 0
0 0 0 iς

]
,
[−iς 0 0 0

0 −iς 0 0
0 0 −iς 0

]
}

íØ2.4.2. σab−ςβ′ς = σa−ς |β′ς
b = {

[
0 0 0 −iς
0 0 i 0
0 −i 0 0

]
,
[

0 0 −i 0
0 0 0 −iς
i 0 0 0

]
,
[

0 i 0 0
−i 0 0 0
0 0 0 −iς

]
,
[
iς 0 0 0
0 iς 0 0
0 0 iς 0

]
}

g·µãµùé~êØCÜþ��þÒ´SO(4)ü�)¤�Ý
¶A¿ÅA�^L§�A¿ÅAηÝ
¶ù

é~êØCÜþ�Ñyu�þfÚå¥Ashtekar�^þ��E§ØL¦�v�~êØCÜþ"3ùp§Ñy�

/��õ§Ã?Ø3§A^�©2�§´���©k^�Ä�~êØCÜþ§�g^Ý
���'"A^§��

�±��>^|!Yang-Mills|�§��«#Lã-�^þLã"

3 ~êØCÜþ�uy�y²

3.1 �«~�Ý5~êØCÜþ

g·µãµù!�~êØCÜþ3·uÐù�êÆnØ�c®²�3uêÆ�Ôn¥
§·�´É§�

ÚPenrose^þ©Û�éu§â�uÐÑ���~êØCÜþnØ§¿A^�Ôn¥§�ÔnïÄJø��k^
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�êÆóä"

3.1.1 o¥þÝ5~êØCÜþδaςbς , δ
aςbς , δa′ςb′ς , δ

a′ςb
′
ς

½n3.1.1. I4 = e(iω·R+ςε·L)I4e
(iω·R+ςε·L)T ,=δaςbς , δ

aςbς´~êØCÜþ"

íØ3.1.1. I4 = e(iω·R−ςε·L)I4e
(iω·R−ςε·L)T ,=δa′ςb′ς , δ

a′ςb
′
ς´~êØCÜþ"

3.1.2 E¥þÝ5~êØCÜþδαςβς , δ
αςβς , δα′ςβ′ς , δ

α′ςβ
′
ς

½n3.1.2. I3 = e(iω+ςε)·γI3e
(iω+ςε)·γT ,=δαςβς , δ

αςβς´~êØCÜþ"

íØ3.1.2. I3 = e(iω−ςε)·γI3e
(iω−ςε)·γT ,=δα′ςβ′ς , δ

α′ςβ
′
ς´~êØCÜþ"

3.1.3 s-^þÝ5~êØCÜþεkς lς (s), εkς lς (s), εk′ς l′ς (s), ε
k′ς l
′
ς (s)

Ún3.1.1. σT (s) = (−1)2s+1ε(s)σ(s)ε(s)

½n3.1.3. ε(s) = e(iω+ςε)·σ(s)ε(s)e(iω+ςε)·σT (s),=εkς lς (s)´~êØCÜþ"

íØ3.1.3. ε(s) = e(iω−ςε)·σ(s)ε(s)e(iω−ςε)·σT (s),=εk′ς l′ς (s)´~êØCÜþ"

íØ3.1.4. ε(s) = e−(iω+ςε)·σT (s)ε(s)e−(iω+ςε)·σ(s),=εkς lς (s)´~êØCÜþ"

íØ3.1.5. ε(s) = e−(iω−ςε)·σT (s)ε(s)e−(iω−ςε)·σ(s),=εk
′
ς l
′
ς (s)´~êØCÜþ"

3.1.4 �é¡ 1
2
-^þÝ5ÜþεAςBς , εAςBς , εA′ςB′ς , ε

A′ςB
′
ς

þ!�s = 1
2
��: εAςBς , εAςBς , εA′ςB′ς , ε

A′ςB
′
ς´~êØCÜþ"

3.2 Ä�½n�9Ù�'~êØCÜþ

3.2.1 Ún

Ún3.2.1. ϑa
b(Γ, iς)b ≡ (−ω × Γ− ςε,−iε · Γ)a, ϑa

b � ϑ ≡ (iω ·R+ ε · L)

Ún3.2.2. 1
2
iω · [Γ,Γας ] = (ω × Γ)ας ,∀ω → 0⇔ [Γας ,Γβς ] = 2iεαςβς

γςΓγς

Ún3.2.3. 1
2
ε · {Γ,Γας} = εας ,∀ε→ 0⇔ {Γας ,Γβς} = 2δαςβς

Ún3.2.4. ϑij = εijkω
k, ϑiπ = iεi, ϑπj = −iεj , ωk = 1

2
εkijϑ

ij

3.2.2 Ä�½n�

34���¥�3Xe½nµ

½n3.2.1. (Γ, iς)a = [e(iω·R+ε·L)]a
be(iω+ςε)· 1

2
Γ(Γ, iς)be

−(iω−ςε)· 1
2

Γ ⇔

[Γας ,Γβς ] = 2iεαςβς
γςΓγς

{Γας ,Γβς} = 2δαςβς

y²: (Γ, iς)a = [e(iω·R+ε·L)]a
be(iω+ςε)· 1

2
Γ(Γ, iς)be

−(iω−ςε)· 1
2

Γ,∀ω,∀ε
⇔ (Γ, iς)a = (δa

b + ϑa
b)(1 + (iω + ςε) · 1

2
Γ)(Γ, iς)b(1− (iω − ςε) · 1

2
Γ),∀ω → 0,∀ε→ 0

⇔ 0 = ϑa
b(Γ, iς)b + 1

2
iω · [Γ, (Γ, iς)a] + 1

2
ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0

⇔ 0 = (−ω × Γ− ςε,−iε · Γ)a + 1
2
iω · [Γ, (Γ, iς)a] + 1

2
ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0

⇔ 0 = (−ω × Γ− ςε)ας + 1
2
iω · [Γ,Γας ] + 1

2
ε · {Γ,Γας},∀ω → 0,∀ε→ 0

⇔ 1
2
iω · [Γ,Γας ] = (ω × Γ)ας ,

1
2
ε · {Γ,Γας} = εας ,∀ω → 0,∀ε→ 0

⇔ [Γας ,Γβς ] = 2iεαςβς
γςΓγς , {Γας ,Γβς} = 2δαςβς

±þ½nL²: é´'X[Γας ,Γβς ] = 2iεαςβς
γςΓγς Ú�é´'X{Γας ,Γβς} = 2δαςβς ¿�X(Γ, iς)a´~êØCÜ

þ§��½,"

6
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3.2.3 ~êØCÜþ(σ, iς)aAςA′ς , (σ,−iς)a
A′ςAς [1, 2]

íØ3.2.1. (σ, iς)a = [e(iω·R+ε·L)]abe
(iω+ςε)· 1

2
σ(σ, iς)be−(iω−ςε)· 1

2
σ,=(σ, iς)aAςA′ς´~êØCÜþ"

íØ3.2.2. (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)· 1

2
σ(σ,−iς)be−(iω+ςε)· 1

2
σ,=(σ,−iς)aA

′
ςAς´~êØCÜþ"

g·µãµùé~êØCÜþÒ´Penrose^þ©Û [1, 2]�Ì�§ù�´é«·uÐ��~êØCÜþnØ

�åÏ��§3ùp�´U·��{#uy®"

3.2.4 Ä�½n��í2

3?¿N+1���¥�3Xe½nµ(ªu¤õí2
)

½n3.2.2. [Γ, iς]a = [eϑ]abe
1
8
ϑij [Γi,Γj ]+ςε·

1
2

Γ[Γ, iς]be−
1
8
ϑij [Γi,Γj ]+ςε·

1
2

Γ ⇔ {Γi,Γj} = 2δij ;Sij := − i
4
[Γi,Γj ]

y²: [Γ, iς]a = [eϑ]abe
1
8
ϑij [Γi,Γj ]+ςε·

1
2

Γ[Γ, iς]be−
1
8
ϑij [Γi,Γj ]+ςε·

1
2

Γ

⇔ [Γ, iς]a = [eϑ]abe
i
2
ϑijSij+ςε·

1
2

Γ[Γ, iς]be−
i
2
ϑijSij+ςε·

1
2

Γ

⇔ [Γ, iς]a = (δab + ϑab)

[1 + i
2
ϑijSij + ςε · 1

2
Γ][Γ, iς]b[1− i

2
ϑijSij + ςε · 1

2
Γ]

⇔ 0 = ϑab[Γ, iς]
b

+ [ i
2
ϑijSij + ςε · 1

2
Γ][Γ, iς]a + [Γ, iς]a[− i

2
ϑijSij + ςε · 1

2
Γ]

⇔ 0 = ϑab[Γ, iς]
b + i

2
ϑij [Sij , [Γ, iς]

a] + 1
2
ς{[Γ, iς]a, ε · Γ}

⇔ 0 = ϑab[Γ, iς]b + i
2
ϑij [Sij , [Γ, iς]

a] + 1
2
ς{[Γ, iς]a, ε · Γ}

⇔

0 = ϑkb[Γ, iς]b + i
2
ϑij [Sij , [Γ, iς]

k] + 1
2
ς{[Γ, iς]k, ε · Γ}

0 = ϑπb[Γ, iς]b + i
2
ϑij [Sij , [Γ, iς]

π] + 1
2
ς{iς, ε · Γ}

⇔

0 = ϑkjΓj + iςϑkπ + i
2
ϑij [Sij ,Γ

k] + 1
2
ςεl{Γk,Γl}

0 = ϑπjΓj + iε · Γ

⇔

0 = ϑkjΓj + i
2
ϑij [Sij ,Γ

k] + 1
2
ςεl{Γk,Γl} − ςεk

0 = 0

⇔ 0 = ϑijδkiΓj + i
2
ϑij [Sij ,Γ

k] + 1
2
ςεl{Γk,Γl} − ςεk

⇔

0 = 1
2
ςεl{Γk,Γl} − ςεk

0 = ϑijδkiΓj + i
2
ϑij [Sij ,Γ

k]

⇔

0 = 1
2
ςεl{Γk,Γl} − ςεk

0 = ϑij{ 1
2
δk[iΓj] + i

2
[Sij ,Γk]}

⇔

{Γi,Γj} = 2δij

i[Γk, Sij ] = δk[iΓj]

⇔ {Γi,Γj} = 2δij

±þ½nL²: �é´'X{Γi,Γj} = 2δij¿�X(Γ, iς)a´~êØCÜþ§��½,§Ä�½n��´ÙAÏ�/

®"

3.2.5 ~êØCÜþ[Γ(N), iς]aAςA′ς , [Γ(N),−iς]A
′
ςAς

a

íØ3.2.3.

{Γi(N),Γj(N)} = 2δij ⇒ [Γ(N), iς]a = [eϑ]abe
1
8
ϑij [Γi(N),Γj(N)]+ςε· 1

2
Γ(N)[Γ(N), iς]be−

1
8
ϑij [Γi(N),Γj(N)]+ςε· 1

2
Γ(N)

g·µãµ¤±[Γ(N), iς]aAςA′ςÚ[Γ(N),−iς]A
′
ςAς

a ´~êØCÜþ§´Penrose^þ3p$����í2"

3.3 Ä�½n�9Ù�'~êØCÜþ

3.3.1 Ä�½n�

½n3.3.1. Γας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ ⇔ [Γας ,Γβς ] = iεαςβς
γςΓγς

7



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 11Ù ~êØCÜþ©Û

y²: Γας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ,∀ω,∀ε
⇔ Γας = [δας

βς + (iω + ςε) · γας βς ][1 + (iω + ςε) · Γ]Γβς [1− (iω + ςε) · Γ],∀ω → 0,∀ε→ 0

⇔ 0 = (iω + ςε) · {γας βςΓβς + [Γ,Γας ]},∀ω → 0,∀ε→ 0

⇔ γας
βςΓβς + [Γ,Γας ] = 0

⇔ γαςβς
γςΓγς + [Γας ,Γβς ] = 0(εαςβς

γς ≡ iγαςβς γς )
⇔ [Γας ,Γβς ] = iεαςβς

γςΓγς

±þ½nL²: é´'X[Γας ,Γβς ] = iεαςβς
γςΓγς ¿�XΓας´~êØCÜþ§��½,"

3.3.2 2ÂÄ�½n�

½n3.3.2. Tας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓTβςe

−(iω+ςε)·Γ ⇔ [Γας , Tβς ] = iεαςβς
γςTγς

y²: Tας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·ΓTβςe

−(iω+ςε)·Γ,∀ω,∀ε
⇔ Tας = [δας

βς + (iω + ςε) · γας βς ][1 + (iω + ςε) · Γ]Tβς [1− (iω + ςε) · Γ],∀ω → 0,∀ε→ 0

⇔ 0 = (iω + ςε) · {γας βςTβς + [Γ, Tας ]},∀ω → 0,∀ε→ 0

⇔ γας
βςTβς + [Γ, Tας ] = 0

⇔ γαςβς
γςTγς + [Γας , Tβς ] = 0(εαςβς

γς ≡ iγαςβς γς )
⇔ [Γας , Tβς ] = iεαςβς

γςTγς

3.3.3 í2µ~êØCÜþ�Î [45]

½n3.3.3.

T̂ (j,m) =
−j∑
m′=j

〈j,m|U+(R)|j,m′〉U(R)T̂ (j,m′)U+(R)

U(R)T̂ (j,m)U+(R) =
−j∑
m′=j

T̂ (j,m′)〈j,m′|U(R)|j,m〉

U(R)|j,m〉 =
−j∑
m′=j

|j,m′〉〈j,m′|U(R)|j,m〉

3.3.4 ~êØCÜþσας kς
lς (s), σα′ς

k′ς l′ς
(s), σαςAς

Bς , σα′ς
A′ςB′ς

íØ3.3.1. σας (s) = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)·σ(s)σβς (s)e−(iω+ςε)·σ(s),=σας kς

lς (s)´~êØCÜþ"

íØ3.3.2. σας = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)· 1

2
σσβςe−(iω+ςε)· 1

2
σ,=σαςAς

Bς´~êØCÜþ"

íØ3.3.3. σα′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·σ(s)σβ′ς (s)e

−(iω−ςε)·σ(s),=σα′ς
k′ς l′ς

(s)´~êØCÜþ"

íØ3.3.4. σα′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)· 1

2
σσβ′ςe

−(iω−ςε)· 1
2
σ,=σα′ς

A′ςB′ς
´~êØCÜþ"

g·µãµù�½nL²g^Ý
´~êØCÜþ§(Üþ�!�½n§uy�|Ý
�±|Ü¤üa~ê

ØCÜþ§ùék¿g§�Ù§g^Ý
vù�5�§¤±�|Ý
éAO"

íØ3.3.5. σα′ς (s) = [eiω·γ ]α′ς
β′ςeiω·σ(s)σβ′ς (s)e

−iω·σ(s)[⇒]σ(s) · p̂ = eiω·σ(s)σz(s)e
−iω·σ(s)

3.3.5 �é¡~êØCÜþεαςβςγς , εα′ςβ′ςγ′ς

íØ3.3.6. γας (s) = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·γγβς (s)e

−(iω+ςε)·γ,=εαςβςγς (≡ iγαςβςγς )´~êØCÜþ"

íØ3.3.7. γα′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·γγβ′ς (s)e

−(iω−ςε)·γ,=εα′ςβ′ςγ′ς (≡ iγα′ςβ′ςγ′ς )´~êØCÜþ"

g·µãµ±þL²n��é¡Üþ´o�âÔ[~êØCÜþ"

3.3.6 LÞ

íØ3.3.8. σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ+σ+βςe

−(iω+ςε)· 1
2
σ+

íØ3.3.9. σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ−σ−βςe

−(iω+ςε)· 1
2
σ−

8
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3.3.7 ~êØCÜþσab+α, σ
ab
−α′ , σ

ab
ςας
, σab−ςα′ς

íØ3.3.10. σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω·R+ςε·L)σ+βςe

−(iω·R+ςε·L),=σaςbς+ας´~êØCÜþ"

y²: σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ+σ+βςe

−(iω+ςε)· 1
2
σ+

⇔ σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ+ [e(iω−ςε)· 1

2
σ−σ+βςe

−(iω−ςε)· 1
2
σ− ]e−(iω+ςε)· 1

2
σ+

⇔ σ+ας = [e(iω+ςε)·γ ]ας
βςe(iω·R+ςε·L)σ+βςe

−(iω·R+ςε·L),=σaςbς+ας´~êØCÜþ"

íØ3.3.11. σ−α′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω·R+ςε·L)σ−β′ςe

−(iω·R+ςε·L),=σaςbς−α′ς
´~êØCÜþ"

y²: σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ−σ−βςe

−(iω+ςε)· 1
2
σ−

⇔ σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)· 1

2
σ− [e(iω−ςε)· 1

2
σ+σ−βςe

−(iω−ςε)· 1
2
σ+ ]e−(iω+ςε)· 1

2
σ−

⇔ σ−ας = [e(iω+ςε)·γ ]ας
βςe(iω·R−ςε·L)σ−βςe

−(iω·R−ςε·L),=σ
a′ςb
′
ς

−ας´~êØCÜþ"

nÜσaςbς+ας , σ
a′ςb
′
ς

−ας üö��: σab+α, σ
ab
−α′ ´~êØCÜþ, ?�Ú��: σabςας , σ

ab
−ςα′ς ´~êØCÜþ"

g·µãµ±þî�y²
SO(4)ü�)¤�Ý
´~êØCÜþ"

3.3.8 Ä�½n�í2/ª

Ún3.3.1. [Γi,Γj ] = −2γkijΓk ⇒ [γi, γj ] = −γkijγk

½n3.3.4. Γας = [e
i
2
ωij ~Sij+ςε

kγk ]ας
βςe

1
8
ωij [Γi,Γj ]+

1
2
ςεkΓkΓβςe

−(
1
8
ωij [Γi,Γj ]+

1
2
ςεkΓk)

⇔ [Γi,Γj ] = −2γkijΓk,
1
4
[[Γi,Γj ],Γk] = −i[~Sij ]klΓl

y²: Γας = [e
i
2
ωij ~Sij+ςε

kγk ]ας
βςe

1
8
ωij [Γi,Γj ]+

1
2
ςεkΓkΓβςe

−(
1
8
ωij [Γi,Γj ]+

1
2
ςεkΓk),∀ω,∀ε

⇔ Γας = [δας
βς + ( i

2
ωij ~Sij + ςεkγk)ας

βς ][1 + 1
8
ωij [Γi,Γj ] + 1

2
ςεkΓk]Γβς [1− 1

8
ωij [Γi,Γj ]− 1

2
ςεkΓk],∀ω → 0,∀ε→ 0

⇔ 0 = ( i
2
ωij ~Sij + ςεkγk)ας

βςΓβς + [ 1
8
ωij [Γi,Γj ] + 1

2
ςεkΓk,Γας ],∀ω → 0,∀ε→ 0

⇔ 0 = εkγkας
βςΓβς + [εkΓk,Γας ], 0 = i

2
ωij [~Sij ]ας

βςΓβς + [ 1
8
ωij [Γi,Γj ],Γας ]

⇔ [Γk,Γας ] = −2γkας
βςΓβς ,

1
4
[[Γi,Γj ],Γας ] = −i[~Sij ]ας βςΓβς

⇔ [Γi,Γj ] = −2γkijΓk,
1
4
[[Γi,Γj ],Γk] = −i[~Sij ]klΓl

⇔ [Γi,Γj ] = −2γkijΓk,
1
4
[[Γi,Γj ],Γk] = γmijγ

l
mkΓl = γij

mγmk
lΓl = −i[~Sij ]klΓl

±þγkij´o�aqÔ§~Sij���[Γi,Γj ]Ø���'"q�Ã{í2§�ko��/â÷v"

íØ3.3.12. Γας = [e
i
2
ωij ~Sij ]ας

βςe
1
8
ωij [Γi,Γj ]Γβςe

− 1
8
ωij [Γi,Γj ] ⇔ 1

4
[[Γi,Γj ],Γk] = −i[~Sij ]klΓl

3.4 Ä�½nn9Ù�'~êØCÜþ

3.4.1 Ä�½nn

3?¿N+1���¥�3Xe½nµ

½n3.4.1. Γab = [eϑ]a
c[eϑ]b

de
i
2
ϑefΓefΓcde

− i
2
ϑefΓef , ϑab = −ϑba

⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

y²: Γab = [eϑ]a
c[eϑ]b

de
i
2
ϑefΓefΓcde

− i
2
ϑefΓef ,∀ϑef

⇔ Γab = [δa
c + ϑa

c][δb
d + ϑb

d](1 + i
2
ϑefΓef )Γcd(1− i

2
ϑefΓef ),∀ϑef → 0

⇔ 0 = ϑa
cΓcb − ϑbdΓda − i

2
ϑcd[Γab,Γcd],∀ϑcd → 0

⇔ iϑcd[Γab,Γcd] = 2(ϑa
cΓcb − ϑbdΓda),∀ϑcd → 0

⇔ iϑcd[Γab,Γcd] = ϑcd(δadΓbc − δacΓbd + δbcΓad − δbdΓac),∀ϑcd → 0

⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

±þ½nL²: é´'Xi[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac ¿�XΓab´~êØCÜþ§��½,"

9
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3.4.2 2ÂÄ�½nn

3?¿N+1���¥�3Xe½nµ

½n3.4.2. Tab = [eϑ]a
c[eϑ]b

de
i
2
ϑefΓefTcde

− i
2
ϑefΓef , ϑab = −ϑba

⇔ i[Tab,Γcd] = δacTdb − δadTcb + δbcTad − δbdTac

y²: Tab = [eϑ]a
c[eϑ]b

de
i
2
ϑefΓefTcde

− i
2
ϑefΓef ,∀ϑef

⇔ Tab = [δa
c + ϑa

c][δb
d + ϑb

d](1 + i
2
ϑefΓef )Tcd(1− i

2
ϑefΓef ),∀ϑef → 0

⇔ 0 = ϑa
cTcb + ϑb

dTad − i
2
ϑcd[Tab,Γcd],∀ϑcd → 0

⇔ iϑcd[Tab,Γcd] = 2(ϑa
cTcb + ϑb

dTad),∀ϑcd → 0

⇔ iϑcd[Tab,Γcd] = 2ϑcd(−δadTcb + δbcTad),∀ϑcd → 0

⇔ i[Tab,Γcd] = δacTdb − δadTcb + δbcTad − δbdTac

3.4.3 g^~êØCÜþ [9]SabA
B

íØ3.4.1. Sab = [eϑ]a
c[eϑ]b

de
i
2
ϑefSefScde

− i
2
ϑefSef ,=SabAB´~êØCÜþ"

g·µãµ±þL²3?¿��¥Ôn�g^ÜþÑ´~êØCÜþ"

3.4.4 g^~êØCÜþSabkς
lς (s, ς), Sab

k′ς l′ς
(s,−ς)

íØ3.4.2. Sab(s, ς) = [eϑ]a
c[eϑ]b

de
i
2
ϑefSef (s,ς)Scd(s, ς)e

− i
2
ϑefSef (s,ς),=Sabkς

lς (s, ς)´~êØCÜþ"

íØ3.4.3. Sab(s,−ς) = [eϑ]a
c[eϑ]b

de
i
2
ϑefSef (s,−ς)Scd(s,−ς)e−

i
2
ϑefSef (s,−ς),=Sabk

′
ς l′ς

(s,−ς)´~êØCÜþ"

3.4.5 g^~êØCÜþSabAς
Bς ( 1

2
, ς), Sab

A′ςB′ς
( 1

2
,−ς)

þ!�s = 1
2
��: SabAς

Bς ( 1
2
, ς), Sab

A′ςB′ς
( 1

2
,−ς) ´~êØCÜþ"

3.5 Ä�½no9Ù�'~êØCÜþ

3.5.1 Ä�½no

Ún3.5.1. [Γa, [Γc,Γd]] = 1
2
({{Γa,Γc},Γd} − {Γc, {Γd,Γa}})

3?¿N+1���¥�3Xe½nµ

½n3.5.1. Γa = [eϑ]a
be

i
2
ϑcdΓcdΓbe

− i
2
ϑcdΓcd ⇔ i[Γa,Γcd] = δa[cΓd]

y²: Γa = [eϑ]a
be

i
2
ϑcdΓcdΓbe

− i
2
ϑcdΓcd ,∀ϑcd

⇔ Γa = [δa
b + ϑa

b](1 + i
2
ϑcdΓcd)Γb(1− i

2
ϑcdΓcd),∀ϑcd → 0

⇔ 0 = ϑa
bΓb − i

2
ϑcd[Γa,Γcd],∀ϑcd → 0

⇔ iϑcd[Γa,Γcd] = 2ϑa
bΓb,∀ϑcd → 0

⇔ iϑcd[Γa,Γcd] = ϑcd(δacΓd − δadΓc),∀ϑcd → 0

⇔ i[Γa,Γcd] = δa[cΓd]

3?¿N+1���¥�3Xe½nµ

½n3.5.2. Γa = [eϑ]a
be

i
2
ϑcdScdΓbe

− i
2
ϑcdScd , Scd = − i

4
[Γc,Γd]⇔ 1

4
[[Γc,Γd],Γa] = Γ[cδd]a

y²: Γa = [eϑ]a
be

i
2
ϑcdScdΓbe

− i
2
ϑcdScd

⇔ Γa = (1 + ϑ)a
b(1 + i

2
ϑcdScd)Γb(1− i

2
ϑcdScd)

⇔ 0 = ϑa
bΓb + i

2
ϑcd[Scd,Γa]

⇔ 0 = − 1
2
ϑcdΓ[cδd]a + i

2
ϑcd[Scd,Γa]

⇔ i[Γa, Scd] = δa[cΓd]

⇔ 1
4
[Γa, [Γc,Γd]] = δa[cΓd]

íØ3.5.1. Γk = [eϑ]k
le
i
2
ϑijSijΓle

− i
2
ϑijSij , Sij = − i

4
[Γi,Γj ]⇔ 1

4
[[Γi,Γj ],Γk] = Γ[iδj]k

10
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3.5.2 n = N + 1���¥�~êØCÜþΓaλς
µς (n)

Ún3.5.2. {Γa,Γb} = 2δab ⇒ 1
4
[Γa, [Γc,Γd]] = δa[cΓd]

3?¿N+1���¥�3Xe½nµ

½n3.5.3. {Γa,Γb} = 2δab ⇒ Γa = [eϑ]a
be

i
2
ϑcdScdΓbe

− i
2
ϑcdScd , Scd = − i

4
[Γc,Γd]

½n3.5.4. {Γa,Γb} = 2δab ⇒

ΓN+1 = e
i
2
ϑ∗abSabΓN+1e

− i
2
ϑabSab , Sab = − i

4
[Γa,Γb]

ΓN+1 = e
i
2
ϑabSabΓN+1e

− i
2
ϑ∗abSab , Sab = − i

4
[Γa,Γb]

½n3.5.5. {Γa,Γb} = 2δab ⇒

ΓN+2 = e
i
2
ϑabSabΓN+2e

− i
2
ϑabSab , Sab = − i

4
[Γa,Γb],ΓN+2 = Γ1 · · ·ΓN+1

ΓN+2 = e
i
2
ϑ∗abSabΓN+2e

− i
2
ϑ∗abSab , Sab = − i

4
[Γa,Γb],ΓN+2 = Γ1 · · ·ΓN+1

g·µãµ3?¿N+1���¥DiracÝ
ΓaÚΓN+1,ΓN+2´~êØCÜþ"

3.5.3 ~êØCÜþ [5]γaλς
µς (ς), γ5λς

µς (ς), δλς
µς , γ

λ′ςλς
4

½Â3.5.1. γ5(ς) ≡ γx(ς)γy(ς)γz(ς)γπ(ς), Sab(e, ς) ≡ − i
4
[γa(ς), γb(ς)]

½Â3.5.2. λς ∼ e
i
2
ϑabSab(e,ς),µς ∼ e−

i
2
ϑabSTab(e,ς)

½Â3.5.3. ��AÏL�µ < γa(ς), γ5(ς) >= [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

íØ3.5.2. γa(ς) = [eϑ]a
b
e
i
2
ϑcdScd(e,ς)γb(ς)e

− i
2
ϑcdScd(e,ς),=γaλς

µς (ς)´~êØCÜþ"

íØ3.5.3. γ5(ς) = e
i
2
ϑabSab(e,ς)γ5(ς)e−

i
2
ϑabSab(e,ς),=γ5λς

µς (ς)´~êØCÜþ"

íØ3.5.4. I4 = e
i
2
ϑabSab(e,ς)I4e

− i
2
ϑabSab(e,ς),=δλς

µς´~êØCÜþ"

íØ3.5.5. γ4 = e
i
2
ϑ∗abSab(e,ς)γ4e

− i
2
ϑabSab(e,ς),=γ

λ′ςλς
4 ´~êØCÜþ"

g·µãµ±þL²o���¥DiracÝ
Úγ4, γ5Ý
Ñ´~êØCÜþ"

3.6 Ä�½nÊ9Ù�'~êØCÜþ

3.6.1 Ä�½nÊ

½n3.6.1. Tα = [eθ
γfγ ]α

βeiθ
γTγTβe

−iθγTγ ⇔ [Tα, Tβ] = ifαβ
γTγ , fα ≺ fαβγ

y²: Tα = [eθ
γfγ ]α

βeiθ
γTγTβe

−θiγTγ ,∀θγ

⇔ Tα = (δα
β + θγfγα

β)(1 + iθγTγ)Tβ(1− iθγTγ),∀θγ → 0

⇔ 0 = θγ(fγα
βTβ + i[Tγ , Tα]),∀θγ → 0

⇔ 0 = fγα
βTβ + i[Tγ , Tα]

⇔ [Tα, Tβ] = ifαβ
γTγ

±þ½nL²: é´'X[Tα, Tβ] = ifαβ
γTγ¿�XYang-MillsÄTα´~êØCÜþ§��½,"¿�Ä�½n

�´�½n�AÏ�/(fαβ
γ = εαβ

γ , iθγ = iω + ςε, Tα = Γα)§d½n��2���§�±£ãSÜ�mÚ	

Ü�m��C5§¿�éTα��5Ã'5vk�¦"XJTα÷v�5Ã'5§Kd+�(��§��+(�~

êfαβ
γ�÷vaqYang-MillsÄTα�é´'X§=kXeíØµ

íØ3.6.1. [−ifα,−ifβ] = ifαβ
γ(−ifγ)⇔ −ifα = [eθ

γfγ ]α
βeiθ

γ(−ifγ)(−ifβ)e−iθ
γ(−ifγ)

þª�ýÒ´+�(��§§¤±XJÄTα÷v�5Ã'5§K+(�~êfαβ
γ�´~êØCÜþ"

g·µãµ±þL²Yang-MillsÄÚ+(�~ê´SÜ�m�~êØCÜþ"
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3.7 Ä�½n89Ù�'~êØCÜþ

3.7.1 Ä�½n8

½n3.7.1. Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L) ⇔ [R,Γ] = 0, {L,Γ} = 0

y²: Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L),∀ω,∀ε
⇔ Γ = [1 + (iω ·R+ ςε · L)]Γ[1− (iω ·R− ςε · L)],∀ω → 0,∀ε→ 0

⇔ 0 = (iω ·R+ ςε · L)]Γ− Γ(iω ·R− ςε · L),∀ω → 0,∀ε→ 0

⇔ 0 = iω · [R,Γ] + ςε · {L,Γ},∀ω → 0,∀ε→ 0

⇔ [R,Γ] = 0, {L,Γ} = 0

íØ3.7.1. η = e(iω·R+ςε·L)ηe−(iω·R−ςε·L), η = diag(1, 1, 1,−1),=ηaς b′ς , η
a
b′ , η

a′
b, η

ab′ , ηa
′b´~êØCÜþ"

g·µãµù�~êØCÜþ�±�¤¥þ��§¥þ�m��p=�§/ªþ�Dd�ÅÝ5��"

3.8 #~êØCÜþ��«¼��{

�{�µε↔ −ε
�{�µς ↔ −ς
�{nµ�E�Ý!=�!�qC�!L�C��Ý
ö�

�{oµ��È!�Ú! ¿!\~¦Ø�$�

,	38�Ä�½n��«íØ¥®$^
±þ�{��
�«~êØCÜþ§�«íØ�y²Ä�þ´w´

��§¿��
SN�;n5§�õÑ�
Ùy²L§"

3.9 é8�Ä�½n�µã

8�Ä�½n�êÆy²L§¥éC�ëêω, ε, ϑab, θαÃAO���§�±�?¿Eê§¤±���~êØ

CÜþäké��êÆ2�5"�éuäNÔn5ù§SÜ5�C���«ëêE�±�Eê",éu	Ü�

�C�§duÔnþgU5�¦§C�7L÷vâÔ[+L« [13]§¤±éC�Ý
ÚC�ëêk��§�ω, ε

�U�¢ê"AOI��Ñ�´§Ä�½n��í2/ª!Ä�½nnÚÄ�½noØ13o���¥¤á§

�3?¿N+1���¥�¤á§ù��p$����ÔnïÄJø
��êÆ©Ûóä"l8�Ä�½n�y

²��±��Xeé«µÝ
�é´Ú�é´'X¿�X�3éA�~êØCÜþ§��§,«~êØCÜþ¿

�X�3�A�é´Ú�é´'X§lù�g´Ñu�±�Ïé�õk¿Â�~êØCÜþ"lþ��±��Ý


�é´Ú�é´'X¿�XÙg���C5§=TÝ
�é´Ú�é´'X��Û¹
Ù3?Ûë�X¥þ¤

á,ù´��ék�éÛ©�gÞêÆ5�,-<£�Ã¡"

4 A��*Ä�~êØCÜþ�5�

4.1 Ä�~êØCÜþεAςBς , εAςBς , ε
A′ςB

′
ς , εA′ςB′ς�5�

[1, 2]

4.1.1 �5�

εAςBςεCςDς = δ
[Aς
Cς
δ
Bς ]
Dς

= δAς[Cς
δBςDς ] εA′ςB′ςε

C′ςD
′
ς = δ

C′ς
[A′ς
δ
D′ς
B′ς ]

= δ
[C′ς
A′ς
δ
D′ς ]

B′ς
(1.37)

é'µSabcd = δacδbd − δadδbc, Sabcd = δ[c
a δ

d]
b (1.38)

εAςBςεCςDς = εAςCςεBςDς − εAςDςεBςCς εA′ςB′ςεC′ςD′ς = εA′ςC′ςεB′ςD′ς − εA′ςD′ςεB′ςC′ς (1.39)

εAςBςεCςDς = εAςCςεBςDς − εAςDςεBςCς εA
′
ςB
′
ςεC

′
ςD
′
ς = εA

′
ςC
′
ςεB

′
ςD
′
ς − εA

′
ςD
′
ςεB

′
ςC
′
ς (1.40)

εAςBςεCςDς + εAςCςεDςBς + εAςDςεBςCς = 0 εAς [BςεCςDς ] = 0 (1.41)

εAς
Bς = δAς

Bς = −εBςAς εA
′
ς
B′ς

= δA
′
ς
B′ς

= −εB′ς
A′ς (1.42)

4.1.2 E�Ý5

[εAςBς ]∗ = εA
′
ςB
′
ς [εAςBς ]

∗ = εA′ςB′ς (1.43)
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4.2 Ä�~êØCÜþ(σ,−iς)A
′
ςAς

a , (σ, iς)aAςA′ς�5�
[1, 2]

4.2.1 =�5

=�5

iς√
2

(σ,−iς)A
′
ςAς

a = [ςεAςBς ][ςεA
′
ςB
′
ς ]
−iς√

2
(σ, iς)aBςB′ς (1.44)

−iς√
2

(σ, iς)aAςA′ς = [−ςεA′ςB′ς ][−ςεAςBς ]
iς√

2
(σ,−iς)aB

′
ςBς (1.45)

(−iς)√
2

[σ,−i(−ς)]A
′
−ςA−ς

a ' −iς√
2

(σ, iς)aAςA′ς (1.46)

ØP{��: i√
2
(σ,−i)A′Aa , i√

2
(−σ,−i)aAA′

±þL²ùü�~êØCÜþØ´Õá�§ý�Õá��k��"

4.2.2 ��5

 ~�é¥þ�Iµ(m>´Penrose{P{§^
P
=L«")

iς√
2

(σ,−iς)A
′
ςAς

a δab
−iς√

2
(σ, iς)bBςB′ς = δAςBς δ

A′ς
B′ς

δab
P
= δABδ

A′

B′ (1.47)

iς√
2

(σ,−iς)A
′
ςAς

a δab
iς√

2
(σ,−iς)B

′
ςBς

b = εABεA
′B′ δab

P
= εABεA

′B′ (1.48)

−iς√
2

(σ, iς)aAςA′ςδab
−iς√

2
(σ, iς)bBςB′ς = εAςBςεA′ςB′ς δab

P
= εABεA′B′ (1.49)

�«Iee�iPenroseéA5K

i√
2

(σ∗,−i)AA
′

a xa|++++ =
i√
2

(σ∗,−1)AA
′

a xa|+++− =
i√
2

(−σ∗, 1)AA
′

a xa|−−−+ = xAA
′

(1.50)

i√
2

(−σ,−i)aAA′xa|++++ =
i√
2

(−σ, 1)aAA′xa|+++− =
i√
2

(−σ, 1)aAA′xa|−−−+ = xAA′ (1.51)

i√
2

(σ∗,−i)AA
′

a ∂a|++++ =
i√
2

(σ∗,−1)AA
′

a ∂a|+++− =
i√
2

(−σ∗, 1)AA
′

a ∂a|−−−+ = ∂xAA′ = ∇AA
′

(1.52)

i√
2

(−σ,−i)aAA′xa|++++ =
i√
2

(−σ, 1)aAA′xa|+++− =
i√
2

(−σ, 1)aAA′xa|−−−+ = ∂xAA′ = ∇AA′ (1.53)

(+ + ++)Iee5K: ¥þþIa^ i√
2
(σ∗,−i)AA′a C��AA′§¥þeIa^

i√
2
(−σ,−i)aAA′C��AA′"

(+ + +−)Iee5K: ¥þþIa^ i√
2
(σ∗,−1)A

′A
a C��AA′§¥þeIa^

i√
2
(−σ, 1)aAA′C��AA′"

(−−−+)Iee5K: ¥þþIa^ i√
2
(−σ∗, 1)A

′A
a C��AA′§¥þeIa^

i√
2
(−σ, 1)aAA′C��AA′"

i√
2

(σ∗,−i)AA
′

a

i√
2

(−σ,−i)aAA′ =
i√
2

(σ∗,−1)A
′A

a

i√
2

(−σ, 1)aAA′ = − i√
2

(−σ∗, 1)A
′A

a

i√
2

(−σ, 1)aAA′ = δABδ
A′

B′

(1.54)

 ~�é^þ�Iµ

(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b = δabδAς

Bς + 2iSabAς
Bς (1.55)

(σ,−iς)A
′
ςAς

a (σ, iς)bAςB′ς = δabδ
A′ς
B′ς

+ 2iSab
A′ς
B′ς

(1.56)

 ~üé�Iµ

(σ, iς)aAςA′ς (σ,−iς)
A′ςAς
b = 2δab tr[(σ, iς)a(σ,−iς)b] = 2δab (1.57)

(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
a = 4δAς

Bς (σ,−iς)A
′
ςAς

a (σ, iς)aAςB′ς = 4δA
′
ς
B′ς

(1.58)

 ~�Ü�Iµ

(σ, iς)aAςA′ς (σ,−iς)
A′ςAς
a = 8 (1.59)
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4.2.3 E�Ý5

[(σ, iς)aAςB′ς∂a]
∗ = (σ, iς)aBςA′ς∂a [(σ,−iς)A

′
ςBς

a ∂a]∗ = (σ,−iς)B
′
ςAς

a ∂a (1.60)

[(σ, iς)a∂a]
+ = (σ, iς)a∂a [(σ,−iς)a∂a]+ = (σ,−iς)a∂a (1.61)

4.3 Ä�~êØCÜþσα′ς
A′ς
B′ς , σ

ας
Aς
Bς �5�

4.3.1 ��5

n�g^Üþµ

Sα′ςβ′ς
A′ς
B′ς

= i
2
γα′ςβ′ς

γ′ςσγ′ς
A′ς
B′ς

= 1
2
εα′ςβ′ς

γ′ςσγ′ς
A′ς
B′ς

SαςβςAς
Bς = i

2
γαςβς γςσ

γς
Aς
Bς = 1

2
εαςβς γςσ

γς
Aς
Bς (1.62)

 ~�éE¥þ�Iµ

σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

= δ
A′ς
D′ς
δ
C′ς
B′ς
− εA

′
ςC
′
ςεB′ςD′ς σαςAς

BςσαςCς
Dς = δDςAς δ

Bς
Cς
− εAςCςεBςDς (1.63)

 ~�é^þ�Iµ

σα′ς
A′ς
C′ς
σβ′ς

C′ς
B′ς

= δα′ςβ′ςδ
A′ς
B′ς

+ 2iSα′ςβ′ς
A′ς
B′ς

σαςAς
CςσβςCς

Bς = δαςβςδAς
Bς + 2iSαςβςAς

Bς (1.64)

 ~üé�Iµ

σα′ς
A′ς
B′ς
σβ′ς

B′ς
A′ς

= 2δα′ςβ′ς σαςAς
BςσβςBς

Aς = 2δαςβς (1.65)

σα′ς
A′ς
C′ς
σα
′
ςC
′
ς
B′ς

= 3δA
′
ς
B′ς

σαςAς
CςσαςCς

Bς = 3δAς
Bς (1.66)

tr[σα′ςσβ′ς ] = 2δα′ςβ′ς tr[σαςσβς ] = 2δαςβς (1.67)

 ~�Ü�Iµ

σα′ς
A′ς
B′ς
σα
′
ςB
′
ς
A′ς

= 6 σαςAς
BςσαςBς

Aς = 6 (1.68)

4.3.2 Ã,5

σα′ς
A′ς
A′ς

= 0 tr[σας ] = 0 σαςAς
Aς = 0 tr[σα

′
ς ] = 0 (1.69)

4.3.3 E�Ý5

[σα′ς
A′ς
B′ς

]∗ = σαςBς
Aς [σαςAς

Bς ]∗ = σα′ς
B′ς
A′ς

(1.70)

4.4 Ä�~êØCÜþσα+ab, σ
α′

−ab, σ
ας
ςab, σ

α′ς
−ςab�5�

4.4.1 Ûõ�EÜ5

EÜ5:(¯¢þ�±òeª��½Â)

σαςςa
b =

iς√
2

(σ,−iς)aA
′
ςAςσαςAς

BςδA′ς
B′ς
−iς√

2
(σ, iς)bBςB′ς (1.71)

σ−ςα′ς
a
b =
−iς√

2
(σ, iς)aAςA′ςσα′ς

A′ς
B′ς
δAςBς

iς√
2

(σ,−iς)B
′
ςBς

b (1.72)

y²: (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b = δabδAς

Bς + 2iSabAς
Bς

⇒ (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b σβςBς

Aς = (δabδAς
Bς − σαςςabσαςAςBς )σβςBςAς

⇒ (σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b σβςBς

Aς = −2σαςςabδ
αςβς

⇒ 2σαςςab = (σ,−iς)A
′
ςAς

a σαςAς
Bς (σ, iς)bBςA′ς

⇒ σαςςab = 1
2
(σ,−iς)A

′
ςAς

a σαςAς
BςδA′ς

B′ς (σ, iς)bBςB′ς
⇒ σαςςa

b = iς√
2
(σ,−iς)aA

′
ςAςσαςAς

BςδA′ς
B′ς −iς√

2
(σ, iς)bBςB′ς
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Ä�~êØCÜþm�éXµ

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςa
b iς√

2
(σ,−iς)B

′
ςBς

b = σαςAς
BςδA′ς

B′ς σα+a
b P

= σαA
BδA′

B′ (1.73)

iς√
2

(σ,−iς)aA
′
ςAςσ−ςα′ς

a
b
−iς√

2
(σ, iς)bBςB′ς = σα′ς

A′ς
B′ς
δAςBς σ−α′

a
b
P
= σα′

A′

B′δ
A
B (1.74)

g·µãµ±þL²σαςςab Úσ
ας
Aς
Bςùü�Ä�~êØCÜþØ´Õá�§´�p'é�"

4.4.2 ��5

n�g^ÜþÚo�g^Üþ�'Xµ

Sαςβς ab(
1
2
σαςς ) = i

2
γαςβς γςσ

γς
ςab = 1

2
iσγςςabγγς

αςβς = 1
2
Sab

αςβς (γ, ς) (1.75)

 ~�éE¥þ�Iµ

σαςςabσςαςcd = −δacδbd + δadδbc + ςεabcd (1.76)

Sabcd = − 1
2
(σα

′

−abσ−α′cd + σα+abσ+αcd) = δacδbd − δadδbc εabcd = − 1
2
(σα

′

−abσ−α′cd − σα+abσ+αcd) (1.77)

 ~�é¥þ�Iµ

σβςςacδ
cdσγςςdb = δabδ

βςγς − σαςςabγας
βςγς = δβςγςδab + i

2
Sβςγς ab(

1
2
σαςς ) = δabδ

βςγς + iSab
βςγς (γ, ς) (1.78)

 ~�é¥þÚ�éE¥þ�Iµ

σαςςacσ
ςcb
ας

= 3δa
b (1.79)

 ~üé¥þ�Iµ

σαςςabσ
ab
ςβς

= −4δαςβς σαςςabσ
ab
−ςβ′ς = 0 σαςςabσ

βκab
κ = −4δςκδ

αςβκ (1.80)

tr(σαςς σ
βς
ς ) = 4δαςβς tr(σαςς σ

β′ς
−ς) = 0 tr(σαςς σ

βκ
κ ) = 4δςκδ

αςβκ (1.81)

 ~�Ü�Iµ

σαςςabσ
ab
ςας

= −12 σαςςabσ
ab
−ςα′ς = 0 (1.82)

4.4.3 éó5

σα+ab = − ∗ σα+ab σα
′

−ab = ∗σα
′

−ab σαςςab = −ς ∗ σαςςab (1.83)

4.4.4 E�Ý5

(σαςςab∂
a∂̂b)∗ = −σα

′
ς

−ςab∂
a∂̂b (σ

α′ς
−ςab∂

a∂̂b)∗ = −σαςςab∂
a∂̂b (1.84)

4.5 Ä�~êØCÜþσα′ς
k′ς
l′ς (s), σ

ας
kς
lς (s) �5�

4.5.1 êÆO�

|^úªµ
2s∑
k=1

k2 = 8
3
s(s+ 1

2
)(s+ 1

4
)§��

tr[σ2
x(s)] = tr[σ2

y(s)] = 1
4

2s∑
k=1

2k(2s+ 1− k) = 2
3
s(s+ 1

2
)(s+ 1) (1.85)

tr[σ2
z(s)] = 1

4

2s∑
k=1

(2s− 2k)2 = 2
3
s(s+ 1

2
)(s+ 1) (1.86)

tr[σ2
x(s)] = tr[σ2

y(s)] = tr[σ2
z(s)] = 2

3
s(s+ 1

2
)(s+ 1) (1.87)
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4.5.2 ��5

l^þ�Ýwµ

σα′ς
k′ς
l′ς

(s)σβ′ς
l′ς
k′ς

(s) = 2
3
s(s+ 1

2
)(s+ 1)δα′ςβ′ς σα′ς

k′ς
m′ς

(s)σα
′
ςm
′
ς
l′ς

(s) = s(s+ 1)δk
′
ς
l′ς

(1.88)

σας kς
lς (s)σβς lς

kς (s) = 2
3
s(s+ 1

2
)(s+ 1)δαςβς σας kς

mς (s)σαςmς
lς (s) = s(s+ 1)δkς

lς (1.89)

σα′ς
k′ς
l′ς

(s)σα
′
ς l
′
ς
m′ς

(s) = 2s(s+ 1
2
)(s+ 1) σας kς

lς (s)σας lς
kς (s) = 2s(s+ 1

2
)(s+ 1) (1.90)

lÝ
�Ýwµ

tr[σα′ς (s)σβ′ς (s)] = 2
3
s(s+ 1

2
)(s+ 1)δα′ςβ′ς tr[σας (s)σβς (s)] = 2

3
s(s+ 1

2
)(s+ 1)δαςβς (1.91)

4.5.3 ��5

 ~�éE¥þ�Iµ

σα′ς
k′ς
l′ς

(s)σα
′
ςm
′
ς
n′ς

(s) =?δk
′
ς
l′ς
δm
′
ς
n′ς

?− 2εk
′
ςm
′
ς (s)εl′ςn′ς (s) (1.92)

σας kς
lς (s)σαςmς

nς (s) =?δkς
lςδmς

nς?− 2εkςmς (s)ε
lςnς (s) (1.93)

 ~�é^þ�Iµ

σα′ς
k′ς
m′ς

(s)σβ′ς
m′ς

l′ς
(s) =?δα′ςβ′ςδ

k′ς
l′ς

? + i
2
Sα′ςβ′ς

k′ς
l′ς

(s) (1.94)

σας kς
mς (s)σβςmς

lς (s) =?δαςβςδkς
lς? + i

2
Sαςβς kς

lς (s) (1.95)

 ~üé�Iµ

σα′ς
k′ς
l′ς

(s)σβ′ς
l′ς
k′ς

(s) = 2
3
s(s+ 1

2
)(s+ 1)δα′ςβ′ς σα′ς

k′ς
m′ς

(s)σα
′
ςm
′
ς
l′ς

(s) = s(s+ 1)δk
′
ς
l′ς

(1.96)

σας kς
lς (s)σβς lς

kς (s) = 2
3
s(s+ 1

2
)(s+ 1)δαςβς σας kς

mς (s)σα′ςmς
lς (s) = s(s+ 1)δkς

lς (1.97)

tr[σα′ς (s)σβ′ς (s)] = 2
3
s(s+ 1

2
)(s+ 1)δα′ςβ′ς tr[σας (s)σβς (s)] = 2

3
s(s+ 1

2
)(s+ 1)δαςβς (1.98)

 ~�Ü�Iµ

σα′ς
k′ς
l′ς

(s)σα
′
ς l
′
ς
k′ς

(s) = 2s(s+ 1
2
)(s+ 1) σας kς

lς (s)σας lς
kς (s) = 2s(s+ 1

2
)(s+ 1) (1.99)

4.5.4 Ã,5

σα′ς
k′ς
k′ς

(s) = 0 tr[σα′ς (s)] = 0 σας kς
kς (s) = 0 tr[σας (s)] = 0 (1.100)

4.5.5 E�Ý5

[σα′ς
k′ς
l′ς

(s)]∗ = σας lς
kς (s) [σας kς

lς (s)]∗ = σα′ς
l′ς
k′ς

(s) (1.101)

4.5.6 E,5�

σας (s)σ(s)σας (s) = [s(s+ 1)− 1]σ(s) σα′ς (s)σ(s)σα
′
ς (s) = [s(s+ 1)− 1]σ(s) (1.102)

[σας (s), σβς (s)]σ
βς (s) = σας (s) − iεαςβςγςσβς (s)σγς (s) = σας (s) (1.103)

εαςβςγςε
γς
ρςσς = δαςρςδβςσς − δαςσςδβςρς εαςβςγςε

βςγς
ρς = 2δαςρς (1.104)

íØ4.5.1. σα(s)σi(s)σ
α(s) = [s(s+ 1)− 1]σi(s)

íØ4.5.2. σα(s)σi(s)σj(s)σ
α(s) = s(s+ 1)δij − σj(s)σi(s) + [s(s+ 1)− 2]σi(s)σj(s)

y²: σα(s)σi(s)σj(s)σ
α(s)

= [σα(s), σi(s)]σj(s)σ
α(s) + σi(s)σα(s)σj(s)σ

α(s)

= [σα(s), σi(s)][σj(s), σ
α(s)] + [σα(s), σi(s)]σ

α(s)σj(s) + σi(s)σα(s)σj(s)σ
α(s)

16



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 11Ù ~êØCÜþ©Û

= εjl
αεαikσ

k(s)σl(s) + [s(s+ 1)− 2]σi(s)σj(s)

= s(s+ 1)δij − σj(s)σi(s) + [s(s+ 1)− 2]σi(s)σj(s)

íØ4.5.3. σα(s)σ{i(s)σj}(s)σ
α(s) = s(s+ 1)δ{ij} + [s(s+ 1)− 3]σ{i(s)σj}(s)

íØ4.5.4. [σα(s), σ{i(s)]σj}(s)σ
α(s) = s(s+ 1)δ{ij} − 2σ{i(s)σj}(s)

íØ4.5.5. σα(s)σ{i(s)σj(s)σk}(s)σ
α(s) = [3s(s+ 1)− 1]δ{ijσk}(s) + [s(s+ 1)− 6]σ{i(s)σj(s)σk}(s)

íØ4.5.6. [σα(s), σi(s)]σj(s)σ
α(s) = s(s+ 1)δij − σj(s)σi(s)− σi(s)σj(s)

y²: σα(s)σi(s)σj(s)σk(s)σ
α(s)

= [σα(s), σi(s)]σj(s)σk(s)σ
α(s) + σi(s)σα(s)σj(s)σk(s)σ

α(s)

= [σα(s), σi(s)]σj(s)[σk(s), σ
α(s)] + [σα(s), σi(s)]σj(s)σ

α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σ
α(s)

= δikσα(s)σj(s)σ
α(s)− σk(s)σj(s)σi(s) + [σα(s), σi(s)]σj(s)σ

α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σ
α(s)

= δik[s(s+ 1)− 1]σj(s)− σk(s)σj(s)σi(s)
+ s(s+ 1)δijσk(s)− σj(s)σi(s)σk(s)− σi(s)σj(s)σk(s)
+ s(s+ 1)δjkσi(s)− σi(s)σk(s)σj(s) + [s(s+ 1)− 2]σi(s)σj(s)σk(s)

= δikσα(s)σj(s)σ
α(s)− σk(s)σj(s)σi(s) + [σα(s), σi(s)]σj(s)σ

α(s)σk(s) + σi(s)σα(s)σj(s)σk(s)σ
α(s)

= s(s+ 1)[δjkσi(s) + δijσk(s) + δikσj(s)]− δikσj(s)− σk(s)σj(s)σi(s)− σj(s)σi(s)σk(s)− σi(s)σk(s)σj(s)
+ [s(s+ 1)− 3]σi(s)σj(s)σk(s)

y²: σα(s)σi(s)σj(s)σk(s)σl(s)σ
α(s)

= [σα(s), σi(s)]σj(s)σk(s)σl(s)σ
α(s) + |||σi(s)σα(s)σj(s)σk(s)σl(s)σ

α(s)

= [σα(s), σi(s)]σj(s)σk(s)[σl(s), σ
α(s)]+ |||[σα(s), σi(s)]σj(s)σk(s)σ

α(s)σl(s)+σi(s)σα(s)σj(s)σk(s)σl(s)σ
α(s)

4.5.7 E,5�

σας (s)σ(s)σας (s) = [s(s+ 1)− 1]σ(s) σα′ς (s)σ(s)σα
′
ς (s) = [s(s+ 1)− 1]σ(s) (1.105)

íØ4.5.7. σi(s)σα(s) = iεiαβσ
β(s) + σα(s)σi(s)

5 A��*EÜ~êØCÜþ�5�

5.1 *Ð~êØCÜþ(σ, iκ)α′ς
A′ς
B′ς , (σ, iκ)αςAς

Bς�5�

5.1.1 =�5

=�5µ

(σ, iκ)α′ς
A′ς
B′ς

= −εA
′
ςD
′
ςεB′ςC′ς (σ,−iκ)α′ς

C′ς
D′ς

(σ, iκ)αςAς
Bς = −εAςDςεBςCς (σ,−iκ)αςCς

Dς (1.106)

5.1.2 ��5

 ~�éE¥þ�Iµ

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)α
′
ςC
′
ς
D′ς

= 2δ
A′ς
D′ς
δ
C′ς
B′ς

(σ, iκ)αςAς
Bς (σ,−iκ)αςCς

Dς = 2δDςAς δ
Bς
Cς

(1.107)

(σ, iκ)α′ς
A′ς
B′ς

(σ, iκ)α
′
ςC
′
ς
D′ς

= −2εA
′
ςC
′
ςεB′ςD′ς (σ, iκ)αςAς

Bς (σ, iκ)αςCς
Dς = −2εAςCςε

BςDς (1.108)

 ~�é^þ�Iµ

(σ, iκ)α′ς
A′ς
C′ς

(σ,−iκ)β′ς
C′ς
B′ς

= δα′ςβ′ςδ
A′ς
B′ς

+ 2iSα′ςβ′ς
A′ς
B′ς

(κ) (1.109)

(σ, iκ)αςAς
Cς (σ,−iκ)βςCς

Bς = δαςβςδAς
Bς + 2iSαςβςAς

Bς (κ) (1.110)

 ~üé�Iµ

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)β′ς
B′ς
A′ς

= 2δα′ςβ′ς (σ, iκ)αςAς
Bς (σ,−iκ)βςBς

Aς = 2δαςβς (1.111)

(σ, iκ)α′ς
A′ς
C′ς

(σ,−iκ)α
′
ςC
′
ς
B′ς

= 4δA
′
ς
B′ς

(σ, iκ)αςAς
Cς (σ,−iκ)αςCς

Bς = 4δAς
Bς (1.112)
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 ~�Ü�Iµ

(σ, iκ)α′ς
A′ς
B′ς

(σ,−iκ)α
′
ςB
′
ς
A′ς

= 8 (σ, iκ)αςAς
Bς (σ,−iκ)αςBς

Aς = 8 (1.113)

5.1.3 E�Ý5

[(σ, iκ)α′ς
A′ς
B′ς

]∗ = (σ,−iκ)αςBς
Aς [(σ, iκ)αςAς

Bς ]∗ = (σ,−iκ)α′ς
B′ς
A′ς

(1.114)

5.2 *Ð~êØCÜþ(σς , iκ)αςab , (σ−ς , iκ)
α′ς
ab �5�

5.2.1 ��5

 ~�éE¥þ�Iµ

(σς , iκ)αςab (σς , iκ)αςcd = −δacδbd + δadδbc + ςεabcd − δabδcd (1.115)

(σς , iκ)αςab (σς ,−iκ)αςcd = −δacδbd + δadδbc + ςεabcd + δabδcd (1.116)

(σ−ς , iκ)
α′ς
ab (σ−ς , iκ)α′ςcd = −δacδbd + δadδbc − ςεabcd − δabδcd (1.117)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)α′ςcd = −δacδbd + δadδbc − ςεabcd + δabδcd (1.118)

 ~�é¥þ�Iµ

(σς , iκ)acας (σς ,−iκ)βςcb = δαςβςδ
a
b + 2iSαςβς

a
b
[ 1
2
σς , κ] (1.119)

(σ−ς , iκ)acα′ς (σ−ς ,−iκ)β′ςcb = δα′ςβ′ςδ
a
b + 2iSα′ςβ′ς

a

b
[ 1
2
σ−ς , κ] (1.120)

 ~üé¥þ�Iµ

(σς , iκ)αςab (σς ,−iκ)abβς = −4ηαςβς (σς , iκ)αςab (σς , iκ)abβς = −4δαςβς (1.121)

tr[(σς , iκ)ας (σς ,−iκ)βς ] = 4δαςβς tr[(σς , iκ)ας (σς , iκ)βς ] = 4ηαςβς (1.122)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)abβ′ς = −4η

α′ς
β′ς

(σ−ς , iκ)
α′ς
ab (σ−ς , iκ)abβ′ς = −4δ

α′ς
β′ς

(1.123)

tr[(σ−ς , iκ)α
′
ς (σ−ς ,−iκ)β

′
ς ] = 4δα

′
ςβς tr[(σ−ς , iκ)α

′
ς (σ−ς , iκ)β

′
ς ] = 4ηα

′
ςβς (1.124)

 ~�Ü�Iµ

(σς , iκ)αςab (σς ,−iκ)abας = −8 (σς , iκ)αςab (σς , iκ)abας = −16 (1.125)

(σ−ς , iκ)
α′ς
ab (σ−ς ,−iκ)abα′ς = −8 (σ−ς , iκ)

α′ς
ab (σ−ς , iκ)abα′ς = −16 (1.126)

5.2.2 ð�5

(σ+,−i)α|ab = (σ−,−i)a|bα (σ−, i)
α′ |ab = (σ+, i)a|bα

′
(1.127)

(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας (σ−ς , iς)
α′ς |ab = (σς , iς)a|bα

′
ς (1.128)

5.2.3 E�Ý5

[(σς , iκ)αςab∂
a∂̂b]∗ = −(σ−ς , iκ)

α′ς
ab∂

a∂̂b [(σ−ς , iκ)
α′ς
ab∂

a∂̂b]∗ = −(σς , iκ)αςab∂
a∂̂b (1.129)

5.3 g^~êØCÜþSab
k′ς
l′ς (s,−ς), Sabkς lς (s, ς) �5�

5.3.1 EÜ5

Sab(s,−ς) = −i[σ(s),− iς
2

][a[σ(s), iς
2

]b] Sab(s, ς) = −i[σ(s), iς
2

][a[σ(s),− iς
2

]b] (1.130)

Sab
k′ς
l′ς

(s,−ς) = iσ
α′ς
−ς′abσα′ς

k′ς
l′ς

(s) Sabkς
lς (s, ς) = iσαςςabσας kς

lς (s) (1.131)

σα′ς
k′ς
l′ς

(s) = i
4
σab−ςα′ςSab

k′ς
l′ς

(s,−ς) σας kς
lς (s) = i

4
σabςαςSabkς

lς (s, ς) (1.132)
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5.3.2 ��5

 ~üé¥þ�IµSabk
′
ς l′ς

(s,−ς)Sabm′ςn′ς (s,−ς) = 4σα′ς
k′ς l′ς

(s)σα
′
ςm
′
ςn′ς

(s)

Sabkς
lς (s, ς)Sabmς

nς (s, ς) = 4σας kς
lς (s)σαςmς

nς (s)
(1.133)

 ~üé^þ�IµSabk
′
ς l′ς

(s,−ς)Scdl
′
ς k′ς

(s,−ς) = − 2
3
s(s+ 1

2
)(s+ 1)σ

α′ς
−ςabσ−ςα′ςcd

Sabkς
lς (s, ς)Scdlς

kς (s, ς) = − 2
3
s(s+ 1

2
)(s+ 1)σαςςabσςαςcd

(1.134)

 ~�é¥þÚ�é^þ�IµSack
′
ςm′ς

(s,−ς)Scbm′ς l′ς (s,−ς) = −s(s+ 1)δa
bδk
′
ς l′ς

Sackς
mς (s, ς)Scbmς

lς (s, ς) = −s(s+ 1)δa
bδkς

lς
(1.135)

 ~né�IµSack
′
ς l′ς

(s,−ς)Scbl′ς k′ς (s,−ς) = −2s(s+ 1)δa
b

Sackς
lς (s, ς)Scblς

kς (s, ς) = −2s(s+ 1)δa
b

(1.136)

Sabk
′
ςm′ς

(s,−ς)Sabm′ς l′ς (s,−ς) = 4s(s+ 1)δk
′
ς l′ς

Sabkς
mς (s, ς)Sabmς

lς (s, ς) = 4s(s+ 1)δkς
lς

(1.137)

 ~�Ü�IµSabk
′
ς l′ς

(s,−ς)Sabl′ς k′ς (s,−ς) = 8s(s+ 1
2
)(s+ 1)

Sabkς
lς (s, ς)Sablς

kς (s, ς) = 8s(s+ 1
2
)(s+ 1)

(1.138)

5.3.3 éó5

Sab
k′ς
l′ς

(s,−ς) = ς ∗ Sabk
′
ς
l′ς

(s,−ς) Sabkς
lς (s, ς) = −ς ∗ Sabkς lς (s, ς) (1.139)

5.3.4 E�Ý5

[Sab
k′ς
l′ς

(s,−ς)∂a∂̂b]∗ = Sablς
kς (s, ς)∂a∂̂b [Sabkς

lς (s, ς)∂a∂̂b]∗ = Sab
l′ς
k′ς

(s,−ς)∂a∂̂b (1.140)

5.4 g^~êØCÜþSab
A′ς
B′ς , SabAς

Bς�5�

5.4.1 EÜ5

Sab(
1
2
,−ς) = − i

4
(σ,−iς)[a(σ, iς)b] Sab(

1
2
, ς) = − i

4
(σ, iς)[a(σ,−iς)b] (1.141)

Sab
A′ς
B′ς
≡ SabA

′
ς
B′ς

(−ς) ≡ SabA
′
ς
B′ς

( 1
2
,−ς) SabAς

Bς ≡ SabAςBς (ς) ≡ SabAςBς ( 1
2
, ς) (1.142)

Sab
A′ς
B′ς

= i
2
σ
α′ς
−ςabσα′ς

A′ς
B′ς

SabAς
Bς = i

2
σαςςabσαςAς

Bς (1.143)

σα′ς
A′ς
B′ς

= i
2
σab−ςα′ςSab

A′ς
B′ς

σαςAς
Bς (s) = i

2
σabςαςSabAς

Bς (1.144)

5.4.2 ��5

 ~üé¥þ�Iµ

Sab
A′ς
B′ς
SabC

′
ς
D′ς

= σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

SabAς
BςSabCς

Dς = σαςAς
BςσαςCς

Dς (1.145)

 ~üé^þ�Iµ

Sab
A′ς
B′ς
Scd

B′ς
A′ς

= − 1
2
σ
α′ς
−ςabσ−ςα′ςcd SabAς

BςScdBς
Aς = − 1

2
σαςςabσςαςcd (1.146)
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 ~�é¥þÚ�é^þ�Iµ

Sac
A′ς
C′ς
ScbC

′
ς
B′ς

= − 3
4
δa
bδA

′
ς
B′ς

SacAς
CςScbCς

Bς = − 3
4
δa
bδAς

Bς (1.147)

 ~né�Iµ

Sac
A′ς
B′ς
ScbB

′
ς
A′ς

= − 3
2
δa
b SacAς

CςScbCς
Bς = − 3

2
δa
b (1.148)

Sab
A′ς
C′ς
SabC

′
ς
B′ς

= 3δA
′
ς
B′ς

SabAς
CςSabCς

Bς = 3δAς
Bς (1.149)

 ~�Ü�Iµ

Sab
A′ς
B′ς
SabB

′
ς
A′ς

= 6 SabAς
BςSabBς

Aς = 6 (1.150)

5.4.3 éó5

Sab
A′ς
B′ς

= ς ∗ SabA
′
ς
B′ς

SabAς
Bς = −ς ∗ SabAςBς (1.151)

5.4.4 E�Ý5

[Sab
A′ς
B′ς
∂a∂̂b]∗ = SabBς

Aς∂a∂̂b [SabAς
Bς∂a∂̂b]∗ = Sab

B′ς
A′ς
∂a∂̂b (1.152)

5.5 A�Ä�~êØCÜþ�m�'XSabk
′
ς l′ς

(s,−ς) = iσ
α′ς
−ςabσα′ς

k′ς l′ς
(s)

Sabkς
lς (s, ς) = iσαςςabσας kς

lς (s)

(σ,−iς)aA
′
ςAς (σ, iς)bAςB′ς = δabδ

A′ςB′ς
+ 2iSab

A′ςB′ς

(σ, iς)aAςA′ς (σ,−iς)b
A′ςBς = δabδAς

Bς + 2iSabAς
Bς

(1.153)

SabA
′
ςB′ς

= − i
4
(σ,−iς)[a

A′ςAς (σ, iς)b]AςB′ς

δabδ
A′ςB′ς

= 1
2
(σ,−iς){aA

′
ςAς (σ, iς)b}AςB′ς

SabAςBς = − i
4
(σ, iς)[aAςA′ς

(σ,−iς)b]A
′
ςBς

δabδAς
Bς = 1

2
(σ, iς){aAςA′ς (σ,−iς)b}

A′ςBς
(1.154)

5.6 ¥þg^ÜþSabcdÚ�é¡Üþεabcd�5�

½n5.6.1. Sabcd = − 1
2
(σα

′

−abσ−α′cd + σα+abσ+αcd) = δacδbd − δadδbc = δa[cδd]b = δc[aδb]d, ~Sab := −iSab|cd

½n5.6.2. εabcd = − 1
2
(σα

′

−abσ−α′cd − σα+abσ+αcd)

é±þü�½n©�¹Ðm=�y²§ùü�½n´±e�
íØ�Ä:�cJ"

(Ü(1.235), (1.259), (1.260)ª��PenroseéAP{µ

íØ5.6.1. Sabcd
P
= εACεBDεA′C′εB′D′ − εADεBCεA′D′εB′C′

íØ5.6.2. εabcd = −εacbd
P
= εACεBDεA′D′εB′C′ − εADεBCεA′C′εB′D′

S(∗ab)(∗cd) = Sabcd

ε(∗ab)(∗cd) = εabcd

S(∗ab)cd = Sab(∗cd) = εabcd

ε(∗ab)cd = εab(∗cd) = Sabcd
(1.155)

Sabcd = Scdab, Sabcd = −Sbacd, Sabcd = Sabdc, Sabcd = 1
2
SabefS

ef
cd, ϑab = 1

2
Sabcdϑ

cd (1.156)σα
′

−abσ−α′cd = −(Sabcd + εabcd) = (−δacδbd + δadδbc − εabcd)

σα+abσ+αcd = −(Sabcd − εabcd) = (−δacδbd + δadδbc + εabcd)
(1.157)

σαςςabσςαςcd = −(Sabcd − ςεabcd) = (−δacδbd + δadδbc + ςεabcd) (1.158)

íØ5.6.3. σαςςabσ−ςαςcd = −ηacηbd + ηadηbc + ςεabc′d′η
c′

c η
d′

d

y²: σαςςabσ−ςαςcd

= σαςςabσςαςc′d′η
c′

c η
d′

d

= −(Sabc′d′ − ςεabc′d′)ηc
′

c η
d′

d
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= (−δac′δbd′ + δad′δbc′ + ςεabc′d′)η
c′

c η
d′

d

= −ηacηbd + ηadηbc + ςεabc′d′η
c′

c η
d′

d

5.7 g^ÜþSab(ς)�5�

Sab(ς) = i
2
σαςςabσας = − i

4
(σ, iς)[a(σ,−iς)b] δab = 1

2
(σ, iς){a(σ,−iς)b} (1.159)i[Sab(ς), Scd(ς)] = δa[cSd]b(ς) + Sa[c(ς)δd]b = −δc[aSb]d(ς)− Sc[a(ς)δb]d

{Sab(ς), Scd(ς)} = − 1
2
σαςςabσςαcd = 1

2
(Sabcd − ςεabcd)

(1.160)

εabcd = ς2tr[Sab(−ς)Scd(−ς)− Sab(ς)Scd(ς)] Sab(ς) = −ς ∗ Sab(ς) (1.161)2iSab(ς)(σ, iς)c = (σ, iς)[aδb]c + ςεabcd(σ, iς)
d

2i(σ,−iς)cSab(ς) = δc[a(σ,−iς)b] − ςεabcd(σ,−iς)d
(1.162)

5.8 Diracg^ÜþSab(e, ς)�5�
[20]

[γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz] (1.163)

Sab(e, ς) = − i
4
[γa(ς), γb(ς)] = Sab(ς)⊕ Sab(−ς) δab = 1

2
{γa(ς), γb(ς)} (1.164)i[Sab(e, ς), Scd(e, ς)] = δa[cSd]b(e, ς) + Sa[c(e, ς)δd]b = −δc[aSb]d(e, ς)− Sc[a(e, ς)δb]d

{Sab(e, ς), Scd(e, ς)} = − 1
2
σαςςabσςα′ςcd ⊕

1
2
σας−ςabσ−ςα′ςcd = 1

2
[Sabcd − γ5(ς)εabcd]

(1.165)

[Sab(e, ς), γc(ς)] = −iγ[aδb]c {Sab(e, ς), γc(ς)} = −iεabcdγ5(ς)γd(ς) (1.166)

Sab(e, ς) = −γ5(ς) ∗ Sab(e, ς) (1.167)

5.9 ~êØCÜþεabcd, γa(ς)�m�'X
[20]

εabcdγ
a(ς)γb(ς)γc(ς)γd(ς) = 24γ5(ς) (1.168)

εabcdγ
b(ς)γc(ς)γd(ς) = −6γ5(ς)γa(ς) (1.169)

εabcdγ
c(ς)γd(ς) = −4γ5(ς)iSab(e, ς) (1.170)

εabcdγ
d(ς) = γ5(ς){γa(ς)γb(ς)γc(ς)− [δabγc(ς) + γ[a(ς)δb]c]} (1.171)

εabcd = γ5(ς){γa(ς)γb(ς)γc(ς)γd(ς) (1.172)

− [δabδcd − δa[cδd]b + 2iδabScd(e, ς) + 2iSab(e, ς)δcd + 2iδa[cSd]b(e, ς)− 2iSa[c(e, ς)δd]b]} (1.173)

5.10 ,tr[γa(ς)γb(ς) · · · ]�5�

tr[γa(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.174)

tr[γ5(ς)γa(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.175)

tr[γ5(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (1.176)

tr[Sab(e, ς)] = 0 tr[γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)] = 0 (1.177)

tr[γ5(ς)Sab(e, ς)] = 0 tr[γ5(ς)γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 (1.178)

tr[γa(ς)γb(ς)] = 4δab tr[γa(ς)γb(ς)γc(ς)γd(ς)] = 4[δabδcd − δa[cδd]b] (1.179)

tr[γ5(ς)γa(ς)γb(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)] = 4εabcd (1.180)

tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb tr[γ5Sab(e, ς)Scd(e, ς)] = −εabcd (1.181)

tr[γa(ς)γb(ς)Scd(e, ς)] = 2iSabcd tr[γ5γa(ς)γb(ς)Scd(e, ς)] = −2iεabcd (1.182)

tr[Sab(e, ς)γc(ς)γd(ς)] = 2iSabcd tr[γ5Sab(e, ς)γc(ς)γd(ς)] = −2iεabcd (1.183)
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tr[γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = 2i{δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef} (1.184)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = −2i{δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.185)

tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{(δabδcd − Sabcd)δef − (δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef )}
(1.186)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{εabcdδef + δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.187)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef − δbcSadef (1.188)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δbcεadef − {δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (1.189)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δadSbcef + δa[bSc]def + δd[bSc]aef (1.190)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = −{δadεbcef + δa[bεc]def + δd[bεc]aef} (1.191)

5.11 ~êØCÜþεabcd, (σ, iς)a�m�'X

εabcd(σ, iς)
a(σ,−iς)b(σ, iς)c(σ,−iς)d = 24ς (1.192)

εabcd(σ, iς)
b(σ,−iς)c(σ, iς)d = −6ς(σ, iς)a (1.193)

εabcd(σ, iς)
c(σ,−iς)d = −4iςSab(ς) (1.194)

εabcd(σ, iς)
d = ς{(σ, iς)a(σ,−iς)b(σ, iς)c − [δab(σ, iς)c + (σ, iς)[aδb]c]} (1.195)

εabcd = ς{(σ, iς)a(σ,−iς)b(σ, iς)c(σ,−iς)d (1.196)

− [δabδcd − δa[cδd]b + 2iδabScd(ς) + 2iSab(ς)δcd + 2iδa[cSd]b(ς) + 2iSa[c(ς)δd]b]} (1.197)

5.12 ~êØCÜþεabcd, δab�m�'X

εabcdεefgh = (δaeδbfδcgδdh − δahδbeδcfδdg + δagδbhδceδdf − δafδbgδchδde
− (δaeδbfδchδdg − δagδbeδcfδdh + δahδbgδceδdf − δafδbhδcgδde)

+ (δaeδbgδchδdf − δafδbeδcgδdh + δahδbfδceδdg − δagδbhδcfδde)

− (δaeδbgδcfδdh − δahδbeδcgδdf + δafδbhδceδdg − δagδbfδchδde)

+ (δaeδbhδcfδdg − δagδbeδchδdf + δafδbgδceδdh − δahδbfδcgδde)

− (δaeδbhδcgδdf − δafδbeδchδdg + δagδbfδceδdh − δahδbgδcfδde) (1.198)

εabcdεefghη
dh = (δaeδbfδcg2− ηagδbeδcf + δagηbfδce − δafδbgηce
− (δaeδbfηcg − δagδbeδcf2 + ηafδbgδce − δafηbeδcg)

+ (δaeδbgηcf − δafδbeδcg2 + ηagδbfδce − δagηbeδcf )

− (δaeδbgδcf2− ηafδbeδcg + δafηbgδce − δagδbfηce)

+ (δaeηbgδcf − δagδbeηcf + δafδbgδce2− ηaeδbfδcg)

− (δaeηbfδcg − δafδbeηcg + δagδbfδce2− ηaeδbgδcf ) (1.199)
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εabcdεa′b′c′d′η
dd′ = (δaa′δbb′δcc′2− ηac′δba′δcb′ + δac′ηbb′δca′ − δab′δbc′ηca′

− (δaa′δbb′ηcc′ − δac′δba′δcb′2 + ηab′δbc′δca′ − δab′ηba′δcc′)

+ (δaa′δbc′ηcb′ − δab′δba′δcc′2 + ηac′δbb′δca′ − δac′ηba′δcb′)

− (δaa′δbc′δcb′2− ηab′δba′δcc′ + δab′ηbc′δca′ − δac′δbb′ηca′)

+ (δaa′ηbc′δcb′ − δac′δba′ηcb′ + δab′δbc′δca′2− ηaa′δbb′δcc′)

− (δaa′ηbb′δcc′ − δab′δba′ηcc′ + δac′δbb′δca′2− ηaa′δbc′δcb′) (1.200)

εabcdεa′b′c′d′η
dd′∂c∂+c′ = (δaa′δbb′δcc′2− ηac′δba′δcb′ + δac′ηbb′δca′ − δab′δbc′ηca′

− (δaa′δbb′ηcc′ − δac′δba′δcb′2 + ηab′δbc′δca′ − δab′ηba′δcc′)

+ (δaa′δbc′ηcb′ − δab′δba′δcc′2 + ηac′δbb′δca′ − δac′ηba′δcb′)

− (δaa′δbc′δcb′2− ηab′δba′δcc′ + δab′ηbc′δca′ − δac′δbb′ηca′)

+ (δaa′ηbc′δcb′ − δac′δba′ηcb′ + δab′δbc′δca′2− ηaa′δbb′δcc′)

− (δaa′ηbb′δcc′ − δab′δba′ηcc′ + δac′δbb′δca′2− ηaa′δbc′δcb′) (1.201)

εabcdεefghδ
de = (δahδbfδcg − δahδbgδcf + δagδbhδcf − 4δafδbgδch)

− (δagδbfδch − δagδbhδcf + δahδbgδcf − 4δafδbhδcg)

+ (δafδbgδch − δafδbhδcg + δahδbfδcg − 4δagδbhδcf )

− (δahδbgδcf − δahδbfδcg + δafδbhδcg − 4δagδbfδch)

+ (δagδbhδcf − δagδbfδch + δafδbgδch − 4δahδbfδcg)

− (δafδbhδcg − δafδbgδch + δagδbfδch − 4δahδbgδcf ) (1.202)

εabcdεefghδ
de = −(δafδbgδch − δafδbhδcg + δagδbhδcf − δagδbfδch + δahδbfδcg − δahδbgδcf ) (1.203)

εijkεlmn = δilδjmδkn − δilδjnδkm + δimδjnδkl − δimδjlδkn + δinδjlδkm − δinδjmδkl (1.204)

εijkε
k
lm = δilδjm − δimδjl, εijkεjkl = 2δil (1.205)

εAςBςεCςDς = δAςCςδBςDς − δAςDςδBςCς (1.206)

εαςβςγςε
γς
ρςσς = δαςρςδβςσς − δαςσςδβςρς εαςβςγςε

βςγς
ρς = 2δαςρς (1.207)

5.13 ~êØCÜþεαςβςγς , σας�m�'X

εαςβςγς ≡ εαςβςγς4 (1.208)

εαςβςγς = −i(σαςσβςσγς − δβςγςσας + δγςαςσβς − δαςβςσγς ) (1.209)

εαςβςγςσ
γς = −i(σαςσβς − δαςβς ) = − 1

2
i[σας , σβς ] (1.210)

εαςβςγςσ
βςσγς = 2iσας εαςβςγςσ

αςσβςσγς = 6i (1.211)

2Sαςβςσγς = −iσ[αςδβς ]γς + εαςβςγς 2σγςSαςβς = −iδγς [αςσβς ] + εαςβςγς (1.212)

[Sαςβς , σγς ] = −iσ[αςδβς ]γς {Sαςβς , σγς} = εαςβςγς (1.213)
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5.14 ~êØCÜþεαςβςγς , εabcd�m�'X

εαςβςγς ≡ εαςβςγς4 (1.214)

εαςβςγςdA
d ≡ εαςβςγςA4 (1.215)

εαςβςcdF
cd ≡ εαςβςγς (F γς4 − F 4γς ) (1.216)

εαςbcdH
bcd ≡ εαςβςγς (Hβςγς4 −Hβς4γς +H4βςγς ) (1.217)

εabcdR
abcd ≡ εαςβςγς (Rαςβςγς4 −Rαςβς4γς +Rας4βςγς −R4αςβςγς ) (1.218)

5.15 ~êØCÜþεAςBς , εαςβςγς�m�'X

εAςBς ≡ εAςBς3 (1.219)

εAςBςγςA
γς ≡ εAςBςA3 (1.220)

εAςβςγςF
βςγς ≡ εAςBς (FBς3 − F 3Bς ) (1.221)

εαςβςγςH
αςβςγς ≡ εAςBς (HAςBς3 −HAς3Bς +H3AςBς ) (1.222)

6 A���*EÜ~êØCÜþ�5�

6.1 EÜ~êØCÜþσ
k′ς l
′
ς

α′ς
(s), σαςkς lς (s), σ

α′ς
k′ς l
′
ς
(s), σkς lςας (s) �5�

6.1.1 ½Âσ
k′ς l
′
ς

α′ς
(s) := (ς)2sεl

′
ςm
′
ς (s)σα′ς

k′ςm′ς
(s)

σ
α′ς
k′ς l
′
ς
(s) := (−ς)2sεk′ςm′ς (s)σ

α′ςm
′
ς l′ς

(s)

σ
ας
kς lς

(s) := (−ς)2sεlςmς (s)σ
ας
kς
mς (s)

σkς lςας
(s) := (ς)2sεkςmς (s)σαςmς

lς (s)
(1.223)

σ
k′ς l
′
ς

α′ς
(s) := (−ς)2s[σα′ς (s)ε(s)]

k′ς l
′
ς

σαςk′ς l′ς (s) := (−ς)2s[ε(s)σα
′
ς (s)]k′ς l′ς

σ
ας
kς lς

(s) := (ς)2s[σας (s)ε(s)]kς lς

σkς lςας
(s) := (ς)2s[ε(s)σας (s)]

kς lς
(1.224)

σ
k′ς l
′
ς

α′ς
(s) ' (−1)2sσαςkς lς (s)

σ
α′ς
k′ς l
′
ς
(s) ' (−1)2sσkς lςας

(s)

σ
k′ςm

′
ς

α′ς
(s)σα′ςm′ς l′ς

(s) = (−1)2sσα′ς
k′ςm′ς

(s)σα′ς
m′ς l′ς

(s)

σας kςmς (s)σ
mς lς
ας

(s) = (−1)2sσας kς
mς (s)σαςmς

lς (s)
(1.225)

6.1.2 é¡��é¡5

σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s)⇒ (1.226)σ
k′ς l
′
ς

α′ς
(s) = (−1)2s+1σ

l′ςk
′
ς

α′ς
(s)

σ
α′ς
k′ς l
′
ς
(s) = (−1)2s+1σ

α′ς
l′ςk
′
ς
(s)

σ
ας
kς lς

(s) = (−1)2s+1σαςlςkς (s)

σkς lςας
(s) = (−1)2s+1σlςkςας

(s)
(1.227)

6.1.3 E�Ý5

σ∗(s) = (−1)2s+1ε(s)σ(s)ε(s)⇒ (1.228)

[σ
α′ς
k′ς l
′
ς
(s)]∗ = (−1)2s+1σαςkς lς (s) [σ

k′ς l
′
ς

α′ς
(s)]∗ = (−1)2s+1σkς lςας

(s) (1.229)

6.2 EÜ~êØCÜþσ
A′ςB

′
ς

α′ς
, σαςAςBς , σ

α′ς
A′ςB

′
ς
, σAςBςας �5�

6.2.1 ½Âσ
A′ςB

′
ς

α′ς
:= ςεB

′
ςC
′
ςσα′ς

A′ςC′ς

σ
α′ς
A′ςB

′
ς

:= −ςεA′ςC′ςσ
α′ςC

′
ςB′ς

σ
ας
AςBς

:= −ςεBςCςσαςAςCς

σAςBςας
:= ςεAςCςσαςCς

Bς
(1.230)

σ
A′ςB

′
ς

α′ς
= −ς[σα′ςε]

A′ςB
′
ς

σ
α′ς
A′ςB

′
ς

= −ς[εσα′ς ]A′ςB′ς

σ
ας
AςBς

= ς[σαςε]AςBς

σAςBςας
= ς[εσας ]

AςBς
(1.231)
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 iς√
2
σαςAςBς = i√

2
[σαςε]AςBς = i√

2
[−σz, i, σx]AςBς

iς√
2
σAςBςας

= i√
2
[εσας ]

AςBς = i√
2
[σz, i,−σx]AςBς

(1.232)

σ
A′ςB

′
ς

α′ς
' −σαςAςBς

σ
α′ς
A′ςB

′
ς
' −σAςBςας

σ
A′ςC

′
ς

α′ς
σβ
′
ςC′ςB

′
ς

= −σα′ς
A′ςC′ς

σβ
′
ςC
′
ςB′ς

σαςAςCςσβς
CςBς = −σαςAςCςσβςCςBς

(1.233)

6.2.2 ��5

 ~�éE¥þ�Iµ

σAςBςας
σαςCςDς = εAςDςεCςBς − εAςCςεBςDς σ

A′ςB
′
ς

α′ς
σα
′
ςC
′
ςD
′
ς = εA

′
ςD
′
ςεC

′
ςB
′
ς − εA

′
ςC
′
ςεB

′
ςD
′
ς (1.234)

σαςAςBςσαςCςDς = εAςDςεCςBς − εAςCςεBςDς σ
α′ς
A′ςB

′
ς
σα′ςC′ςD′ς = εA′ςD′ςεC′ςB′ς − εA′ςC′ςεB′ςD′ς (1.235)

σAςBςας
σαςCςDς = −δ(Aς

Cς
δ
Bς)
Dς

= −δAς(Cς
δBςDς) σ

A′ςB
′
ς

α′ς
σ
α′ς
C′ςD

′
ς

= −δ(A′ς
C′ς

δ
B′ς)

D′ς
= −δA

′
ς

(C′ς
δ
B′ς
D′ς)

(1.236)

σ
α′ς
A′ςB

′
ς
σα′ς

C′ς
D′ς

= −ς(εA′ςD′ςδ
C′ς
B′ς

+ δ
C′ς
A′ς
εB′ςD′ς ) σAςBςας

σαςCς
Dς = ς(εAςDςδBςCς + δAςCς ε

BςDς ) (1.237)

σ
A′ςB

′
ς

α′ς
σα′ς

C′ς
D′ς

= ς(δ
A′ς
D′ς
εB
′
ςC
′
ς + εA

′
ςC
′
ςδ
B′ς
D′ς

) σαςAςBςσ
ας
Cς
Dς = −ς(δDςAς ε

BςCς + εAςCςδ
Dς
Bς

) (1.238)

σα′ς
A′ς
B′ς
σα
′
ςC
′
ς
D′ς

= δ
A′ς
D′ς
δ
C′ς
B′ς
− εA

′
ςC
′
ςεB′ςD′ς σαςAς

BςσαςCς
Dς = δDςAς δ

Bς
Cς
− εAςCςεBςDς (1.239)

6.2.3 é¡��é¡5σAςBςας
= σBςAςας

σαςAςBς = σαςBςAς

σ
α′ς
A′ςB

′
ς

= σ
α′ς
B′ςA

′
ς

σ
A′ςB

′
ς

α′ς
= σ

B′ςA
′
ς

α′ς

(1.240)

6.2.4 E�Ý5

σT = εσε (1.241)

[σαςAςBς ]
∗ = σ

α′ς
A′ςB

′
ς

[σAςBςας
]∗ = σ

A′ςB
′
ς

α′ς
(1.242)

6.3 ~êØCÜþσabαςα′ς , σ
α′ςας
ab �5�

6.3.1 ½Â

σ
α′ςας
ab := iς√

2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

σα
′α

ab
P
= 1

2
σα
′

A′B′σ
α
AB (1.243)

σabαςα′ς := −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας

σabαα′
P
= 1

2
σABα σA

′B′

α′ (1.244)

5�µ

σ
α′ςας
ab = σ

α′ςας
ba σabαςα′ς = σbaαςα′ς δabσ

α′ςας
ab = 0 δabσ

ab
αςα′ς

= 0 (1.245)

σabαςα′ς ' σ
α′ςας
ab (σabαςα′ς )

∗ = σabαςα′ς (σ
α′ςας
ab )∗ = σ

α′ςας
ab Rab = σabαςα′ςψ

αςψ∗α
′
ς (1.246)

íØ6.3.1. σabαςα′ς = − 1
2
σacςαςδcdσ

db
−ςα′ς , σ

α′ςας
ab = − 1

2
σαςςacδ

cdσ
α′ς
−ςdb, σ

ab
αςα′ς

' σα
′
ςας

ab

y²: σαςςa
cσ−ςα′ς

c
b

= iς√
2
(σ,−iς)aA

′
ςAςσαςAς

BςδA′ς
B′ς −iς√

2
(σ, iς)cBςB′ς ·

−iς√
2

(σ, iς)cCςC′ςσα′ς
C′ςD′ς

δCςDς
iς√
2
(σ,−iς)D

′
ςDς

b

= iς√
2
(σ,−iς)aA

′
ςAςσαςAς

BςδA′ς
B′ςεBςCςεB′ςC′ςσα′ς

C′ςD′ς
δCςDς

iς√
2
(σ,−iς)D

′
ςDς

b

= − iς√
2
(σ,−iς)aA

′
ςAςσαςAς

Bς (ςεBςDς )(−ςεA′ςC′ς )σα′ς
C′ςD′ς

iς√
2
(σ,−iς)D

′
ςDς

b

= − iς√
2
(σ,−iς)aA

′
ςAςσαςAςDςσα′ςA′ςD′ς

iς√
2
(σ,−iς)D

′
ςDς

b
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íØ6.3.2. σ
α′ςας
kl = 1

2
(δαςk δ

α′ς
l + δ

α′ς
k δ

ας
l − δklδαςα

′
ς ), σklαςα′ς = 1

2
(δkαςδ

l
α′ς

+ δkα′ςδ
l
ας
− δklδαςα′ς )

y²: σ
α′ςας
kl

= iς√
2
(σ)k

A′ςAς iς√
2
(σ)l

B′ςBς iς√
2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= − 1
4
(σ)k

A′ςAς (σ)l
B′ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= − 1
4
(σ)k

A′ςAς (σ)l
B′ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}

= 1
4
(σ)k

A′ςAς [σαςε]AςBς (σ
T )l

BςB
′
ς [σTα

′
ςεT ]B′ςA′ς

= 1
4
tr{σkσαςεσTl σTα

′
ςεT}

= 1
4
tr{σkσαςεσTl εT εσTα

′
ςεT}

= 1
4
tr{σkσαςσlσα

′
ς}

= 1
4
tr{(δαςk + iεk

αςβςσβς )(δ
α′ς
l + iεl

α′ςβ
′
ςσβ′ς )}

= 1
2
(δαςk δ

α′ς
l − εkαςβςεlα

′
ςβ
′
ςδβςβ′ς )

= 1
2
(δαςk δ

α′ς
l + δ

α′ς
k δ

ας
l − δklδαςα

′
ς )

íØ6.3.3. σ
αςα

′
ς

kπ = − ς
2
εk
αςα

′
ς , σkπαςα′ς = − ς

2
εkαςα′ς

y²: σ
αςα

′
ς

kπ

= iς√
2
(σ)k

A′ςAς iς√
2
(−iς)B′ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= iς 1
4
(σ)k

A′ςAςδB
′
ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= iς 1
4
(σ)k

A′ςAςδB
′
ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}

= −iς 1
4
(σ)k

A′ςAς [σαςε]AςBςδ
BςB

′
ς [σTα

′
ςεT ]B′ςA′ς

= −iς 1
4
tr{σkσαςεIσTα

′
ςεT}

= −iς 1
4
tr{σkσαςσα

′
ς}

= iς 1
4
tr{(δαςk + iεk

αςβςσβς )σ
α′ς}

= −ς 1
2
εk
αςβςδβςα′ς

= − ς
2
εk
αςα

′
ς

íØ6.3.4. σ
α′ςας
ππ = 1

2
δαςα

′
ς , σππαςα′ς = 1

2
δαςα′ς

y²: σ
α′ςας
ππ

= iς√
2
(−iς)A′ςAς iς√

2
(−iς)B′ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς

= 1
4
δA
′
ςAςδB

′
ςBςσαςAςBςσ

α′ς
A′ςB

′
ς

= 1
4
δA
′
ςAςδB

′
ςBς ς[σαςε]AςBς{−ς[εσα

′
ς ]A′ςB′ς}

= − 1
4
δA
′
ςAς [σαςε]AςBςδ

BςB
′
ς [σTα

′
ςεT ]B′ςA′ς

= − 1
4
tr{IσαςεIσTα′ςεT}

= 1
4
tr{σαςσα′ς}

= 1
2
δαςα

′
ς

íØ6.3.5.

σklαςα′ς∂k∂l = ∂ας∂α′ς −
1
2
δαςα′ς∇

2, σππαςα′ς∂
2
π = 1

2
δαςα′ς∂

2
π

σkπαςα′ς∂k∂π = − ς
2
εkαςα′ς∂k∂π, σ

πk
αςα′ς

∂π∂k = − ς
2
εkαςα′ς∂π∂k

íØ6.3.6. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π

��5µ

íØ6.3.7. σ
α′ςας
ab σabβςβ′ς = δας βςδ

α′ς β′ς

íØ6.3.8. σ
α′ςας
ab σαςα′ςcd = 1

2
δacδbd + 1

2
δadδbc − 1

4
δabδcd

y²�{�µ
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y²: σ
α′ςας
ab σαςα′ςcd

= 1
4
δefδgh(σαςςaeσςαςcg)(σ−ςα′ςhdσ

α′ς
−ςfb)

= 1
4
δefδgh(Saecg − ςεaecg)(Shdfb + ςεhdfb)

= 1
4
δefδgh(δacδeg − δagδec − ςεaecg)(δhfδdb − δhbδdf + ςεhdfb)

= 1
4
[(δacδeg − δagδec)(δhfδdb − δhbδdf ) + (−ςεaecg)(δhfδdb − δhbδdf ) + (δacδeg − δagδec)(ςεhdfb) + (−ςεaecg)(ςεhdfb)]

= 1
4
[(2δacδdb + δabδcd) + (−ςεabcd) + (ςεabcd)− (εaceg)δ

efδgh(εfhbd)]

= 1
4
[(2δacδdb + δabδcd) + (−2Sacbd)]

= 1
4
[(2δacδdb + δabδcd)− 2(δabδcd − δadδcb)]

= 1
2
δacδbd + 1

2
δadδbc − 1

4
δabδcd

y²�{�µ

y²:

σ
α′ςας
ab σαςα′ςcd

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς iς√

2
σαςAςBς

−iς√
2
σ
α′ς
A′ςB

′
ς
· −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς
−iς√

2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς ·
iς√
2
σαςAςBς

iς√
2
σCςDςας

−iς√
2
σ
α′ς
A′ςB

′
ς

−iς√
2
σ
C′ςD

′
ς

α′ς

= iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cCςC′ς

−iς√
2

(σ, iς)dDςD′ς ·
1
2
(δCςAς δ

Dς
Bς

+ δDςAς δ
Cς
Bς

) 1
2
(δ
C′ς
A′ς
δ
D′ς
B′ς

+ δ
D′ς
A′ς
δ
C′ς
B′ς

)

= 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cAςA′ς

−iς√
2

(σ, iς)dBςB′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cBςB′ς

−iς√
2

(σ, iς)dAςA′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cAςB′ς

−iς√
2

(σ, iς)dBςA′ς

+ 1
4
iς√
2
(σ,−iς)aA

′
ςAς iς√

2
(σ,−iς)bB

′
ςBς −iς√

2
(σ, iς)cBςA′ς

−iς√
2

(σ, iς)dAςB′ς

= 1
4
δacδbd + 1

4
δadδbc + 1

4
[−iς√

2
(σ, iς)cAςB′ς

iς√
2
(σ,−iς)bB

′
ςBς ][−iς√

2
(σ, iς)dBςA′ς

iς√
2
(σ,−iς)aA

′
ςAς ]

+ 1
4
[−iς√

2
(σ, iς)cBςA′ς

iς√
2
(σ,−iς)aA

′
ςAς ][−iς√

2
(σ, iς)dAςB′ς

iς√
2
(σ,−iς)bB

′
ςBς ]

= 1
4
δacδbd + 1

4
δadδbc + 1

4
[ 1
2
δcbδAς

Bς + iScbAς
Bς ][ 1

2
δdaδBς

Aς + iSdaBς
Aς ]

+ 1
4
[ 1
2
δcaδBς

Aς + iScaBς
Aς ][ 1

2
δdbδAς

Bς + iSdbAς
Bς ]

= 3
8
δacδbd + 3

8
δadδbc + 1

4
iScbAς

Bς iSdaBς
Aς + 1

4
iScaBς

Aς iSdbAς
Bς

= 3
8
δacδbd + 3

8
δadδbc + 1

8
σαςςcbσςαςda + 1

8
σαςςcaσςαςdb

= 3
8
δacδbd + 3

8
δadδbc + 1

8
(−δcdδba + δcaδbd + ςεcbda) + 1

8
(−δcdδab + δcbδad + ςεcadb)

= 1
2
δacδbd + 1

2
δadδbc − 1

4
δabδcd

6.3.2 ®o

½Â6.3.1. σabαςα′ς := − 1
2
(σ+ςαςσ−ςα′ς )

ab = −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας

, σabαα′
P
= 1

2
σABα σA

′B′

α′
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íØ6.3.9. σklαςα′ς = 1
2
(δkαςδ

l
α′ς

+ δkα′ςδ
l
ας
− δklδαςα′ς ), σ

kπ
αςα′ς

= σπkαςα′ς = − ς
2
εkαςα′ς , σ

ππ
αςα′ς

= 1
2
δαςα′ς

íØ6.3.10. σ
αςα

′
ς

ab σabβςβ′ς = δας βςδ
α′ς β′ς

, σ
αςα

′
ς

ab σαςα′ςcd = 1
2
δacδbd + 1

2
δadδbc − 1

4
δabδcd

íØ6.3.11. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π = ∂ας∂α′ς −

1
2
δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

6.4 g^~êØCÜþSab
kς lς (s, ς), Sabk′ς l′ς (s,−ς), Sabkςlς (s, ς), Sab

k′ς l
′
ς (s,−ς) �5�

6.4.1 ½Â

Sab
kς lς (s, ς) = iσαςςabσ

kς lς
ας

(s) Sabk′ς l′ς (s,−ς) = iσab−ςα′ςσ
α′ς
k′ς l
′
ς
(s) (1.247)

Sabkς lς (s, ς) = iσabςαςσ
ας
kς lς

(s) Sab
k′ς l
′
ς (s,−ς) = iσ

α′ς
−ςabσ

k′ς l
′
ς

α′ς
(s) (1.248)

6.4.2 é¡��é¡5

Sab
kς lς (s, ς) = (−1)2s+1Sab

lςkς (s, ς) Sabk′ς l′ς (s,−ς) = (−1)2s+1Sabl′ςk′ς (s,−ς) (1.249)

Sabkς lς (s, ς) = (−1)2s+1Sablςkς (s, ς) Sab
k′ς l
′
ς (s,−ς) = (−1)2s+1Sab

l′ςk
′
ς (s,−ς) (1.250)

Sab
k′ςm

′
ς (s,−ς)Scdm′ς l′ς (s,−ς) = −Sabk

′
ς
m′ς

(s,−ς)Scdm
′
ς
l′ς

(s,−ς) (1.251)

Sabkςmς (s, ς)Scd
mς lς (s, ς) = −Sabkςmς (s, ς)Scdmς lς (s, ς) (1.252)

6.4.3 éó5

Sab
kς lς (s, ς) = −ς ∗ Sabkς lς (s, ς) Sabk′ς l′ς (s,−ς) = ς ∗ Sabk′ς l′ς (s,−ς) (1.253)

Sabkς lς (s, ς) = −ς ∗ Sabkς lς (s, ς) Sab
k′ς l
′
ς (s,−ς) = ς ∗ Sabk

′
ς l
′
ς (s,−ς) (1.254)

6.4.4 E�Ý5

[Sab
kς lς (s, ς)∂a∂̂b]∗ = (−1)2s+1Sab

k′ς l
′
ς (s,−ς)∂a∂̂b [Sabkς lς (s, ς)∂a∂̂b]

∗ = (−1)2s+1Sabk′ς l′ς (s,−ς)∂a∂̂b (1.255)

6.5 A�Ä�~êØCÜþ�m��éX

éX�µ

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςa
b iς√

2
(σ,−iς)B

′
ςBς

b = σαςAς
BςδA′ς

B′ς σα+a
b P

= σαA
BδA′

B′ (1.256)

iς√
2

(σ,−iς)aA
′
ςAςσ−ςα′ς

a
b
−iς√

2
(σ, iς)bBςB′ς = σα′ς

A′ς
B′ς
δAςBς σ−α′

a
b
P
= σα′

A′

B′δ
A
B (1.257)

σαςςa
b =

iς√
2

(σ,−iς)aA
′
ςAςσαςAς

BςδA′ς
B′ς
−iς√

2
(σ, iς)bBςB′ς (1.258)

éX�µ

iς√
2

(σ,−iς)aA
′
ςAςσabςας

iς√
2

(σ,−iς)bB
′
ςBς = ςσAςBςας

εA
′
ςB
′
ς σab+α

P
= σABα εA

′B′ (1.259)

iς√
2

(σ,−iς)aA
′
ςAςσab−ςα′ς

iς√
2

(σ,−iς)bB
′
ςBς = −ςσA

′
ςB
′
ς

α′ς
εAςBς σab−α′

P
= −σA

′B′

α′ εAB (1.260)

−iς√
2

(σ, iς)aAςA′ςσ
ας
ςab

−iς√
2

(σ, iς)bBςB′ς = ςσαςAςBςεA′ςB′ς σα+ab
P
= σαABεA′B′ (1.261)

−iς√
2

(σ, iς)aAςA′ςσ
α′ς
−ςab
−iς√

2
(σ, iς)bBςB′ς = −ςσα

′
ς

A′ςB
′
ς
εAςBς σα

′

−ab
P
= −σα

′

A′B′εAB (1.262)

éXnµ

(σ,−iς)A
′
ςAς

[a (σ, iς)b]AςB′ς = −2σ
α′ς
−ςabσα′ς

A′ς
B′ς

(σ,−iς)A
′
ςAς
{a (σ, iς)b}AςB′ς = 2δabδ

A′ς
B′ς

(1.263)

(σ, iς)[aAςA′ς
(σ,−iς)A

′
ςBς

b] = −2σ
α′ς
−ςabσα′ςA′ς

B′ς (σ, iς){aAςA′ς (σ,−iς)
A′ςBς
b} = 2δabδAς

Bς (1.264)
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6.6 g^~êØCÜþSab
AςBς , SabA′ςB′ς , S

ab
AςBς , Sab

A′ςB
′
ς �5�

6.6.1 ½Â

Sab
AςBς = i

2
σαςςabσ

AςBς
ας

SabA′ςB′ς = i
2
σab−ςα′ςσ

α′ς
A′ςB

′
ς

(1.265)

SabAςBς = i
2
σabςαςσ

ας
AςBς

Sab
A′ςB

′
ς = i

2
σ
α′ς
−ςabσ

A′ςB
′
ς

α′ς
(1.266)

6.6.2 é¡��é¡5

Sab
AςBς = Sab

BςAς SabA′ςB′ς = SabB′ςA′ς (1.267)

SabAςBς = SabBςAς Sab
A′ςB

′
ς = Sab

B′ςA
′
ς (1.268)

Sab
A′ςC

′
ςScdC′ςB′ς = −SabA

′
ς
C′ς
Scd

C′ς
B′ς

SabAςCςScd
CςBς = −SabAςCςScdCςBς (1.269)

6.6.3 éó5

Sab
AςBς = −ς ∗ SabAςBς SabA′ςB′ς = ς ∗ SabA′ςB′ς (1.270)

SabAςBς = −ς ∗ SabAςBς Sab
A′ςB

′
ς = ς ∗ SabA

′
ςB
′
ς (1.271)

6.6.4 E�Ý5

[Sab
AςBς∂a∂̂b]∗ = Sab

A′ςB
′
ς∂a∂̂b [SabAςBς∂a∂̂b]

∗ = SabA′ςB′ς∂a∂̂b (1.272)

6.7 ØC~êg^Üþ�m��'X

6.7.1 ØC~êg^Üþ�m�Ú�'XSabA
′
ςB′ς

= − i
4
(σ,−iς)A

′
ςAς

[a δAς
Bς (σ, iς)b]BςB′ς

δabδ
A′ςB′ς

= 1
2
(σ,−iς)A

′
ςAς
{a δAς

Bς (σ, iς)b}BςB′ς

SabAςBς = − i
4
(σ, iς)[aAςA′ς

δA
′
ςB′ς

(σ,−iς)B
′
ςBς

b]

δabδAς
Bς = 1

2
(σ, iς){aAςA′ςδ

A′ςB′ς
(σ,−iς)B

′
ςBς

b}

(1.273)

Sab
A′ςB

′
ς = − iς

4
(σ,−iς)A

′
ςAς

[a εAςBς (σ,−iς)
B′ςBς
b]

δabε
A′ςB

′
ς = − 1

2
(σ,−iς)A

′
ςAς
{a εAςBς (σ,−iς)

B′ςBς
b}

SabAςBς = iς
4

(σ, iς)
[a
AςA′ς

εA
′
ςB
′
ς (σ, iς)

b]
BςB′ς

δabεAςBς = − 1
2
(σ, iς)

{a
AςA′ς

εA
′
ςB
′
ς (σ, iς)

b}
BςB′ς

(1.274)

SabA′ςB′ς = − iς
4

(σ, iς)
[a
AςA′ς

εAςBς (σ, iς)
b]
BςB′ς

δabεA′ςB′ς = − 1
2
(σ, iς)

{a
AςA′ς

εAςBς (σ, iς)
b}
BςB′ς

Sab
AςBς = iς

4
(σ,−iς)A

′
ςAς

[a εA′ςB′ς (σ,−iς)
B′ςBς
b]

δabε
AςBς = − 1

2
(σ,−iς)A

′
ςAς
{a εA′ςB′ς (σ,−iς)

B′ςBς
b}

(1.275)

6.7.2 ¦È'XSac ⊗ Sbc

íØ6.7.1.

SacAςCςδdcSbd
BςDς = − 1

8
(δab + 2iSab){Aς

(BςδCς}
Dς)

Sac
A′ςC

′
ςδcdS

bd
B′ςD

′
ς

= − 1
8
(δab + 2iSab)

{A′ς (B′ς
δC
′
ς}D′ς)

y²: SacAςCςδ
d
cSbd

BςDς

= iς
4

(σ, iς)
[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

c]
CςC′ς

δdc
iς
4

(σ,−iς)B
′
ςBς

[b εB′ςD′ς (σ,−iς)
D′ςDς
d]

= − 1
8
(σ, iς)aAςA′ςε

A′ςC
′
ς (σ,−iς)B

′
ςBς

b εB′ςD′ςδCς
DςδC′ς

D′ς + · · ·

= − 1
8
(σ, iς)aAςA′ς (σ,−iς)

A′ςBς
b δDςCς + · · ·

= − 1
8
(δab + 2iSab)Aς

BςδDςCς −
1
8
(δab + 2iSab)Cς

BςδDςAς −
1
8
(δab + 2iSab)Aς

DςδBςCς −
1
8
(δab + 2iSab)Cς

DςδBςAς
= − 1

8
(δab + 2iSab){Aς

(BςδCς}
Dς)

íØ6.7.2.

SacAςCςδcdSbdB′ςD′ς = 1
8
(σ, iς)a{Aς(B′ς (σ, iς)

b
Cς}D′ς)

Sac
A′ςC

′
ςδcdSbd

BςDς = 1
8
(σ, iς)

{A′ς(Bς
a (σ, iς)

C′ς}Dς)
b

y²: SacAςCςδcdS
bd
B′ςD

′
ς

= iς
4

(σ, iς)
[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

c]
CςC′ς

δcd(− iς
4

)(σ, iς)
[b
BςB′ς

εBςDς (σ, iς)
d]
DςD′ς

= − 1
8
εCςDςεC′ςD′ς (σ, iς)

a
AςA′ς

εA
′
ςC
′
ς (σ, iς)bBςB′ςε

BςDς + 1
8
εAςDςεA′ςD′ς (σ, iς)

a
CςC′ς

εA
′
ςC
′
ς (σ, iς)bBςB′ςε

BςDς
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+ 1
8
εCςBςεC′ςB′ς (σ, iς)

a
AςA′ς

εA
′
ςC
′
ς (σ, iς)bDςD′ςε

BςDς − 1
8
εAςBςεA′ςB′ς (σ, iς)

a
CςC′ς

εA
′
ςC
′
ς (σ, iς)bDςD′ςε

BςDς

= 1
8
(σ, iς)aAςD′ς (σ, iς)

b
CςB′ς

+ 1
8
(σ, iς)aCςD′ς (σ, iς)

b
AςB′ς

+ 1
8
(σ, iς)aAςB′ς (σ, iς)

b
CςD′ς

+ 1
8
(σ, iς)aCςB′ς (σ, iς)

b
AςD′ς

= 1
8
(σ, iς)a{Aς(B′ς (σ, iς)

b
Cς}D′ς)

íØ6.7.3. SacAςBςδcdS
bd
A′ςB

′
ς

= 1
8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)

, Sac
A′ςB

′
ςδcdSbd

AςBς = 1
8
(σ,−iς){A

′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b

íØ6.7.4. SacAςCςδ
d
cSbd

BςDς∂a∂
b = 1

8
(δab + 2iSab){Aς

(BςδCς}
Dς)∂a∂b = 1

8
δ

(Bς
{Aςδ

Dς)
Cς}∂

a∂a

íØ6.7.5. SacAςCςδ
d
cSbd

BςDς∂a∂
b∆(x− x′) = 1

8
m2δ

(Bς
{Aςδ

Dς)
Cς}∆(x− x′)

6.7.3 ¦È'XSab∂
b ⊗ [σy()]

a, [()σy]
a ⊗ Sab∂b

íØ6.7.6.SabAςBς∂bδaa′ [σy(σ,−iς)]a
′
B′ς
Cς = − ς

2
δCς{Aς (σ, iς)

b
Bς}B′ς

∂b

Sab
A′ςB

′
ς∂bδaa

′
[σy(σ, iς)]a′

Bς
C′ς

= ς
2
δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂bSabA′ςB′ς∂bδaa′ [(σ,−iς)σy]a
′C′ςBς = − ς

2
δ
C′ς
{A′ς

(σ, iς)bBςB′ς}∂b

Sab
AςBς∂bδaa

′
[(σ, iς)σy]a′Cς

B′ς = ς
2
δ
{Aς
Cς

(σ,−iς)B
′
ςBς}

b ∂b

y²: SabAςBς∂bδaa′ [σy(σ,−iς)]a
′
B′ς
Cς

= iς
4

(σ, iς)
[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′σ
y
B′ςD

′
ς
(σ,−iς)D

′
ςCς

a′

= ς
2
δCςAς δ

D′ς
A′ς
εA
′
ςC
′
ςεB′ςD′ς (σ, iς)

b
BςC′ς

∂b + · · ·
= − ς

2
δCςAς (σ, iς)

b
BςB′ς

∂b − ς
2
δCςBς (σ, iς)

b
AςB′ς

∂b

= − ς
2
δCς{Aς (σ, iς)

b
Bς}B′ς

∂b

y²: Sab
A′ςB

′
ς∂bδaa

′
[σy(σ, iς)]a′

Bς
C′ς

= − iς
4

(σ,−iς)A
′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa′σ

BςDς
y (σ, iς)a

′

DςC′ς

= − ς
4
(σ,−iς)A

′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa′ε

BςDς (σ, iς)a
′

DςC′ς

= − ς
2
δ
A′ς
C′ς
δAςDςεAςCςε

BςDς (σ,−iς)B
′
ςCς

b ∂b + · · ·

= ς
2
δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂b

íØ6.7.7.SabAςBς∂bδa
′

a [σy(σ, iς)]a′
Cς
B′ς

= − ς
2
δCς{Aς (σ, iς)

b
Bς}B′ς

∂b

Sab
A′ςB

′
ς∂bδaa′ [σy(σ,−iς)]a

′
C′ς
Bς = ς

2
δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂bSabA′ςB′ς∂bδa
′

a [(σ, iς)σy]a′Bς
C′ς = − ς

2
δ
C′ς
{A′ς

(σ, iς)bBςB′ς}∂b

Sab
AςBς∂bδaa′ [(σ,−iς)σy]a

′B′ςCς = ς
2
δ
{Aς
Cς

(σ,−iς)B
′
ςBς}

b ∂b

y²: SabAςBς∂bδ
a′

a [σy(σ, iς)]a′
Cς
B′ς

= iς
4

(σ, iς)
[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′σ
CςDς
y (σ, iς)a

′

DςB′ς

= ς
4
(σ, iς)

[a
AςA′ς

εA
′
ςC
′
ς (σ, iς)

b]
BςC′ς

∂bδaa′ε
CςDς (σ, iς)a

′

DςB′ς

= − ς
2
εAςDςεA′ςB′ςε

A′ςC
′
ςεCςDς (σ, iς)bBςC′ς∂b + · · ·

= − ς
2
δCς{Aς (σ, iς)

b
Bς}B′ς

∂b

y²: Sab
A′ςB

′
ς∂bδaa′ [σy(σ,−iς)]a

′
C′ς
Bς

= − iς
4

(σ,−iς)A
′
ςAς

[a εAςCς (σ,−iς)
B′ςCς
b] ∂bδaa

′
σyC′ςD′ς (σ,−iς)

D′ςBς
a′

= ς
2
εA
′
ςD
′
ςεAςBςεAςCςεC′ςD′ς (σ,−iς)

B′ςCς
b ∂b + · · ·

= ς
2
δ
{A′ς
C′ς

(σ,−iς)B
′
ς}Bς

b ∂b
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6.7.4 ¦È'X[()σy]
a ⊗ [σy()]a

íØ6.7.8.

[(σ, iς)σy]
a
Aς
B′ςδaa′ [σy(σ,−iς)]a

′
A′ς
Bς = 2δBςAς δ

B′ς
A′ς

[(σ,−iς)σy]aA
′
ςBςδ

aa′ [σy(σ, iς)]a′
Aς
B′ς

= 2δ
A′ς
B′ς
δAςBς

y²: [(σ, iς)σy]
a
Aς
B′ςδaa′ [σy(σ,−iς)]a

′
A′ς
Bς

= (σ, iς)aAςC′ςσ
C′ςB

′
ς

y δa
′

a σ
y
A′ςD

′
ς
(σ,−iς)D

′
ςBς

a′

= −2δBςAς δ
D′ς
C′ς
εC
′
ςB
′
ςεA′ςD′ς

= 2δBςAς δ
B′ς
A′ς

íØ6.7.9.

[(σ, iς)σy]
a
Aς
B′ςδa

′

a [σy(σ, iς)]a′
Bς
A′ς

= 2δBςAς δ
B′ς
A′ς

[(σ,−iς)σy]aA
′
ςBςδ

a
a′ [σy(σ, iς)]

a′
B′ς
Aς = 2δAςBς δ

A′ς
B′ς

y²: [(σ, iς)σy]
a
Aς
B′ςδa

′

a [σy(σ, iς)]a′
Bς
A′ς

= (σ, iς)aAςC′ςσ
C′ςB

′
ς

y δaa′σ
BςDς
y (σ, iς)a

′

DςA′ς

= 2εAςDςεC′ςA′ςε
C′ςB

′
ςεBςDς

= 2δBςAς δ
B′ς
A′ς

6.7.5 �½n��[y²

Ún6.7.1. [(σ, iς)σy]
a
Aς
B′ς∂a[σy(σ,−iς)]bA′ς

Bς∂b + (σ, iς)aAςA′ς∂a(σ,−iς)
B′ςBς
b ∂b

= (iσz, I,−iσx, iςσy)aAςB
′
ς∂a(−iσz, I, iσx,−iςσy)bA′ς

Bς∂b + (σx, σy, σz, iς)
a
AςA′ς

∂a(σx, σy, σz,−iς)
B′ςBς
b ∂b

½n6.7.1. [(σ, iς)σy]
a
Aς
B′ς∂a[σy(σ,−iς)]bA′ς

Bς∂b + (σ, iς)aAςA′ς∂a(σ,−iς)
B′ςBς
b ∂b = ∂a∂aδ

Bς
Aς
δ
B′ς
A′ς

———————————————————————————————————————–

y²: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (i∂x + ∂y)(−i∂x + ∂y) + (∂z + iς∂π)(∂z − iς∂π)

= (∂2
x + ∂2

y) + (∂2
z + ∂2

π)

= ∂a∂aδ
1ς
1ς
δ

1′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (i∂x + ∂y)(i∂z − ς∂π) + (∂z + iς∂π)(∂x − i∂y)
= 0

= ∂a∂aδ
2ς
1ς
δ

1′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (i∂x + ∂y)(i∂z + ς∂π) + (∂x − i∂y)(∂z − iς∂π)

= 0

= ∂a∂aδ
1ς
1ς
δ

2′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a1ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (i∂x + ∂y)(i∂x + ∂y) + (∂x − i∂y)(∂x − i∂y)
= 0

= ∂a∂aδ
2ς
1ς
δ

1′ς
2′ς

———————————————————————————————————————–
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y²: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂z + ς∂π)(−i∂x + ∂y) + (∂z + iς∂π)(∂x + i∂y)

= 0

= ∂a∂aδ
1ς
1ς
δ

2′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς1′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂z + ς∂π)(i∂z − ς∂π) + (∂z + iς∂π)(−∂z − iς∂π)

= 0

= ∂a∂aδ
2ς
1ς
δ

2′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂z + ς∂π)(i∂z + ς∂π) + (∂x − i∂y)(∂x − i∂y)
= (∂2

z + ∂2
π) + (∂2

x + ∂2
y)

= ∂a∂aδ
1ς
1ς
δ

2′ς
2′ς

y²: (iσz, I,−iσx, iςσy)a1ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
1ς2′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂z + ς∂π)(i∂x + ∂y) + (∂x − i∂y)(−∂z − iς∂π)

= 0

= ∂a∂aδ
2ς
1ς
δ

2′ς
2′ς

———————————————————————————————————————–

y²: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (−i∂z − ς∂π)(−i∂x + ∂y) + (∂x + i∂y)(∂z − iς∂π)

= 0

= ∂a∂aδ
1ς
2ς
δ

1′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (−i∂z − ς∂π)(i∂z − ς∂π) + (∂x + i∂y)(∂x − i∂y)
= (∂2

z + ∂2
π) + (∂2

x + ∂2
y)

= ∂a∂aδ
2ς
2ς
δ

1′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
1′ς1ς
b ∂b

= (−i∂z − ς∂π)(i∂z + ς∂π) + (−∂z + iς∂π)(∂z − iς∂π)

= 0

= ∂a∂aδ
1ς
2ς
δ

1′ς
2′ς

y²: (iσz, I,−iσx, iςσy)a2ς
1′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
1′ς2ς
b ∂b

= (−i∂z − ς∂π)(i∂x + ∂y) + (−∂z + iς∂π)(∂x − i∂y)
= 0

= ∂a∂aδ
2ς
2ς
δ

1′ς
2′ς

———————————————————————————————————————–

y²: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂x + ∂y)(−i∂x + ∂y) + (∂x + i∂y)(∂x + iς∂y)

= 0

= ∂a∂aδ
1ς
2ς
δ

2′ς
1′ς
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y²: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b1′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς1′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂x + ∂y)(i∂z − ς∂π) + (∂x + i∂y)(−∂z − iς∂π)

= 0

= ∂a∂aδ
2ς
2ς
δ

2′ς
1′ς

y²: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

1ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
2′ς1ς
b ∂b

= (−i∂x + ∂y)(i∂z + ς∂π) + (−∂z + iς∂π)(∂x + i∂y)

= 0

= ∂a∂aδ
1ς
2ς
δ

2′ς
2′ς

y²: (iσz, I,−iσx, iςσy)a2ς
2′ς∂a(−iσz, I, iσx,−iςσy)b2′ς

2ς∂b + (σx, σy, σz, iς)
a
2ς2′ς

∂a(σx, σy, σz,−iς)
2′ς2ς
b ∂b

= (−i∂x + ∂y)(i∂x + ∂y) + (−∂z + iς∂π)(−∂z − iς∂π)

= (∂2
x + ∂2

y) + (∂2
z + ∂2

π)

= ∂a∂aδ
2ς
2ς
δ

2′ς
2′ς

———————————————————————————————————————–

½n6.7.2. (σ, iς)a[AςA′ς (σ, iς)
b
Bς ]B′ς

∂a∂b = −∂a∂aεAςBςεA′ςB′ς , (σ,−iς)
[A′ςAς
a (σ,−iς)B

′
ς ]Bς

b ∂a∂b = −∂a∂aεA
′
ςB
′
ςεAςBς

½n6.7.3. (σ, iς)a[AςA′ς (σ, iς)
b
Bς ]B′ς

δab = −δaaεAςBςεA′ςB′ς , (σ,−iς)
[A′ςAς
a (σ,−iς)B

′
ς ]Bς

b δab = −δaaεA
′
ςB
′
ςεAςBς

½n6.7.4. [(σ, iς)σy]
a
Aς
B′ς [σy(σ,−iς)]bA′ς

Bς∂a∂b + (σ, iς)aAςA′ς (σ,−iς)
B′ςBς
b ∂a∂

b = ∂a∂aδ
Bς
Aς
δ
B′ς
A′ς

½n6.7.5. [(σ, iς)σy]
a
Aς
B′ς [σy(σ,−iς)]bA′ς

Bςδab + (σ, iς)aAςA′ς (σ,−iς)
B′ςBς
b δa

b = δaaδ
Bς
Aς
δ
B′ς
A′ς

6.8 EÜ~êØCÜþΣksls
ks′ ls′

(s, s′) �5�

6.8.1 ½Â

c(s) = [(−1)2s 8
3
s(s+ 1

2
)(s+ 1)]−

1
2 (1.276)

Σksls
ab (s) :=

c(|s|)Sab
kl(|s|,+), s > 0

c(|s|)Sabk′l′(|s|,−), s < 0
Σab
ksls

(s) :=

c(|s|)Sabkl(|s|,+), s > 0

c(|s|)Sabk
′l′

(|s|,−), s < 0
(1.277)

½ÂµΣksls
ks′ ls′

(s, s′) := Σksls
ab (s)Σab

ks′ ls′
(s′) (1.278)

6.8.2 D45

Σksls
ks′ ls′

(s, s′)Σ
ks′ ls′
ks′′ ls′′

(s′, s′′) = Σksls
ks′′ ls′′

(s, s′′) (1.279)

6.8.3 é¡5��é¡5

Σksls
ks′ ls′

(s, s′) = (−1)2s+1Σlsks
ks′ ls′

(s, s′) Σlsks
ks′ ls′

(s, s′) = (−1)2s′+1Σksls
ls′ks′

(s, s′) (1.280)

Σksls
ks′ ls′

(s, s′) = (−1)2(s+s′)Σlsks
ls′ks′

(s, s′) (1.281)
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7 ~êØCÜþ���nØ

7.1 ~êØCÜþ���½Â

½ÂâÔ[C�µΛ[Li] := e
i
2
ϑabSab[Li],½ÂYM|C�µΛ[Yj ] := eiθ

αTα[Yj ] (1.282)

~êØCÜþ���½Âµ

3?Ûë�X¥CY1Y2···Ym
L1L2···Ln´~ê¿���§¿÷vXeC�µ

CY1Y2···Ym
L1L2···Ln =

n∏
i=1

Λ
L′i
Li

[Li]
m∏
j=1

Λ
Yj
Y ′j

[Yj ]C
Y ′1Y

′
2 ···Y

′
m

L′1L
′
2···L′n

(1.283)

KCY1Y2···Ym
L1L2···Ln´~êØCÜþ, Li ∼ e

i
2
ϑabSab[Li], Yj ∼ eiθ

αTα[Yj ]

Ã¡�C�

0 = δCY1Y2···Ym
L1L2···Ln = 1

2
ϑab

n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

+ iθα
m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln ,∀ϑab,∀θα (1.284)

⇔
n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

= 0,
m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln = 0 (1.285)

7.2 ~êØCÜþ��C�ê�"

DuC
Y1Y2···Ym
L1L2···Ln = ∂uC

Y1Y2···Ym
L1L2···Ln + 1

2
ωu

ab

n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1···L′i···Ln

+ iAu
α

m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1···Y ′j ···Ym
L1L2···Ln (1.286)

DuC
Y1Y2···Ym
L1L2···Ln = 0 + 0 + 0 = 0 (1.287)

Ïd¤k~êØCÜþ��C�ê��"§ù´��éÐ!é�B�5�"
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�é¡�$g^Üþ�pg^þéXå5
§´ïÄ��g^âf���kåêÆóä"·´É��é¡Üþ�

éu§�}ÁÏé��aq��é¡Üþ§²LØä}Á§��Òé�
ù����é¡^þÜþ",�(Üþ

�Ù����«Ä�~êØCÜþ§?�ÚuÐ��
õ�k^�AÏ~êØCÜþ"

1 w + 1�é¡�I��üS5Æ

1.1 w + 1�é¡�I��üS5Æ�î�y²(��þ^
êÆ8B{§l0üå)

½Â1.1.1. λi = {0, 1, 2, ··, w}, 1 ≤ i ≤ 2s = w + 1;λ2s+1 := 0, λ0 := 0

½n1.1.1. π(λ2s ≤ λ2s−1 · · ≤ λ1;w) =
2s−1∑
l=0

(Cl+1
l+1+w−λl+2

− Cl+1
l+1+w−λl+1

) =
2s∑
l=1

(Cll+w−λl+1
− Cll+w−λl)

y²: π(λ2s ≤ λ2s−1 · · ≤ λ1;w) = π(λ2s−1 · ·λ1 − λ2s · ·λ2s;w − λ2s) +
λ2s−1∑
k=0

C2s−1
2s−1+w−k

= π(λ2s−2 · ·λ1 − λ2s−1 · ·λ2s−1;w − λ2s−1) +
λ2s−1∑
k=0

C2s−1
2s−1+w−k +

λ2s−1−λ2s−1∑
k=0

C2s−2
2s−2+w−λ2s−k

= π(λ1 − λ2;w − λ2) +
λ2s−1∑
k=0

C2s−1
2s−1+w−k +

λ2s−1−λ2s−1∑
k=0

C2s−2
2s−2+w−λ2s−k · ·+

λ2−λ3−1∑
j=0

C1
1+w−λ3−k

=
λ2s−1∑
k=0

C2s−1
2s−1+w−k +

λ2s−1−λ2s−1∑
k=0

C2s−2
2s−2+w−λ2s−k · ·+

λ2−λ3−1∑
j=0

C1
1+w−λ3−k + λ1 − λ2

=
2s−1∑
l=1

λl+1−λl+2−1∑
k=0

Cll+w−λl+2−k + (λ1 − λ2)

=
2s−1∑
l=0

(
λl+1−λl+2∑

k=0

Cll+w−λl+2−k − C
l
l+w−λl+1

)

=
2s−1∑
l=0

(Cl+1
l+1+w−λl+2

− Cl+1
l+w−λl+1

− Cll+w−λl+1
)

=
2s−1∑
l=0

(Cl+1
l+1+w−λl+2

− Cl+1
l+1+w−λl+1

)

=
2s∑
l=1

(Cll+w−λl+1
− Cll+w−λl)

y²: π(ww · ·w;w)

=
2s−1∑
l=0

(Cl+1
l+1+w−λl+2

− Cl+1
l+1+w−λl+1

)

= (C2s
2s+w−λ2s+1

− C2s
2s+w−λ2s

) + (C2s−1
2s−1+w−λ2s

− C2s−1
2s−1+w−λ2s−1

) + · ·+(C1
1+w−λ2

− C1
1+w−λ1

)

= (C2s
2s+w − C2s

2s ) + (C2s−1
2s−1 − C2s−1

2s−1 ) + · ·+(C1
1 − C1

1 )

= C2s
2s+w − 1

Ún1.1.1.
2l∑

l′=2l−1

(Cl
′+1
l′+1+w−λl′+2

− Cl
′+1
l′+1+w−λl′+1

) = C2l+1
2l+1+w−λ2l+2

− C2l+1
2l+w−λ2l+1

− C2l
2l+w−λ2l

½n1.1.2.
2s−1∑
l=0

(Cl+1
l+1+w−λl+2

− Cl+1
l+1+w−λl+1

) =
[s]∑
l=0

(C2l+1
2l+1+w−λ2l+2

− C2l+1
2l+w−λ2l+1

− C2l
2l+w−λ2l

)

½n1.1.3. π(i0 · ·i0︸ ︷︷ ︸
l0

i1 · ·i1︸ ︷︷ ︸
l1

· · in · ·in︸ ︷︷ ︸
ln

), l0 + · ·+ln = 2s; l0, ··, ln ≥ 1

= (Clnln+w−in−1
− Clnln+w−in) + (C

ln−1+ln
ln−1+ln+w−in−2

− Cln−1+ln
ln−1+ln+w−in−1

) + · ·+(Cl0+··+ln
l0+··+ln+w − C

l0+··+ln
l0+··+ln+w−i0)
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y²: π(i0 · ·i0︸ ︷︷ ︸
l0

i1 · ·i1︸ ︷︷ ︸
l1

· · in · ·in︸ ︷︷ ︸
ln

) =
2s∑
l=1

(Cll+w−λl+1
− Cll+w−λl)

=
ln∑
l=1

(Cll+w−λl+1
− Cll+w−λl) +

ln−1+ln∑
l=ln+1

(Cll+w−λl+1
− Cll+w−λl) + · ·+

l0+··+ln∑
l=l1+··+ln+1

(Cll+w−λl+1
− Cll+w−λ1

)

= (Clnln+w−in−1
− Clnln+w−in) + (C

ln−1+ln
ln−1+ln+w−in−2

− Cln−1+ln
ln−1+ln+w−in−1

) + · ·+(Cl0+··+ln
l0+··+ln+w − C

l0+··+ln
l0+··+ln+w−i0)

1.2 o�é¡�I��üS5Æ��y

5�1.2.1.

0 : 0000→ 1 : 0001→ 2 : 0002→ 3 : 0003→
4 : 0011→ 5 : 0012→ 6 : 0013→ 7 : 0022→ 8 : 0023→ 9 : 0033→
10 : 0111→ 11 : 0112→ 12 : 0113→ 13 : 0122→ 14 : 0123→ 15 : 0133→
16 : 0222→ 17 : 0223→ 18 : 0233→ 19 : 0333→
20 : 1111→ 21 : 1112→ 22 : 1113→ 23 : 1122→ 24 : 1123→ 25 : 1133→
26 : 1222→ 27 : 1223→ 28 : 1233→ 29 : 1333→
30 : 2222→ 31 : 2223→ 32 : 2233→ 33 : 2333→ 34 : 3333

2 �{~êØCÜþΓ
kς
AςBςCς ··(s;w),Γ

AςBςCς ··
kς

(s;w)

2.1 ~êØCÜþΓkςAςBςCς ··(s),Γ
AςBςCς ··
kς

(s) �Ú\

½Â2.1.1.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s) = 1
(2s)!

Γkς(AςBςCς · ·)︸ ︷︷ ︸
2s

(s),Γk1 · ·1︸ ︷︷ ︸
l

0 · ·0︸ ︷︷ ︸
2s−l

(s) =
√
C−k2s δkl, k, l = 0, 1, ··, 2s

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s),Γ

l︷ ︸︸ ︷
1 · ·1

2s−l︷ ︸︸ ︷
0 · ·0

k (s) =
√
C−k2s δkl, k, l = 0, 1, ··, 2s

½Â2.1.2. ψkς (s) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)ψ

2s︷ ︸︸ ︷
AςBςCς · · =

√
Ckς2sψ

kς︷ ︸︸ ︷
2 · ·2

2s−kς︷ ︸︸ ︷
1 · ·1

½Â2.1.3. ΓAςBςkς
= (

[
1 0

0 0

]
,

[
0 1

1 0

]
,

[
0 0

0 1

]
)kς

2.2 ~êØCÜþΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς
(s;w)�Ú\

½Â2.2.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s)!

Γkς(AςBςCς · ·)︸ ︷︷ ︸
2s

(s;w)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

··wς · ·wς︸ ︷︷ ︸
lw

(s;w) =
√

l0!l1!··lw!
(2s)!

δ{kς ,
2s∑
l=1

(Cll+w−λl+1
− Cll+w−λl)}, l0 + l1 + · ·+lw = 2s

½Â2.2.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s;w)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς ··

lw︷ ︸︸ ︷
wς · ·wς

kς
(s;w) =

√
l0!l1!··lw!

(2s)!
δ{kς ,

2s∑
l=1

(Cll+w−λl+1
− Cll+w−λl)}, l0 + l1 + · ·+lw = 2s

íØ2.2.1. [Aς ] = w + 1, [kς(s)] = C2s
2s+w

íØ2.2.2. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 1),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 1)

g·µãµ±þL²ΓkςAςBςCς ··(s;w), ΓAςBςCς ··kς
(s;w)´~êØCÜþΓkςAςBςCς ··(s), ΓAςBςCς ··kς

(s)�í2"

36



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 12Ù �{~êØCÜþ

2.3 ½Â�)Ö

þã½Â��þ´é¤k0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

k?1üS?Ò",�éz��AςBςCς · ·︸ ︷︷ ︸
2s

D�§=kü

¤0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

�/ª§¿��c¤k?Ò?1é'§XJ�?ÒØ����"¶�?Ò���Ø�

"§¿8�z§8�zXê´0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

�é¡z�¤k«aê��êm�"±þ~êØCÜþ�

�^þ�é¡�ê5��'§�^þC�5�Ã���'§´�é¡5ÜþS3�k��ê5�§�Aς�I�ê

�����'"

2.4 ~êÝ
Γ(s;w), Γ̄(s;w)�Ú\

½Â2.4.1. Γ(s;w) � ΓAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

kς (s;w), Γ̄(s;w) � Γkς

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s;w) ' ΓT (s;w)

íØ2.4.1. [Γ(s;w)] = (w + 1)2s × C2s
2s+w, [Γ̄(s;w)] = C2s

2s+w × (w + 1)2s

Γ(s), Γ̄(s)�wªL«µ

íØ2.4.2. Γ(s = 0, 1
2
, 1, 3

2
, ··) = 1, I, 1√

2

[√
2 0 0

0
√

1 0

0
√

1 0

0 0
√

2

]
, 1√

3



√
3 0 0 0

0
√

1 0 0

0
√

1 0 0

0 0
√

1 0

0
√

1 0 0

0 0
√

1 0

0 0
√

1 0

0 0 0
√

3

 , ··

íØ2.4.3. Γ̄(s = 0, 1
2
, 1, 3

2
, ··) = 1, I, 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
, 1√

3

[√
3 0 0 0 0 0 0 0

0
√

1
√

1 0
√

1 0 0 0

0 0 0
√

1 0
√

1
√

1 0

0 0 0 0 0 0 0
√

3

]
, ··

íØ2.4.4.

Γ̄(s) =


√
C−0

2s 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ··

0
√
C−1

2s

√
C−1

2s 0
√
C−1

2s 0 0 0
√
C−1

2s 0 0 0 0 0 0 0 ··

0 0 0
√
C−2

2s 0
√
C−2

2s

√
C−2

2s 0 0
√
C−2

2s

√
C−2

2s 0
√
C−2

2s 0 0 0 ··

0 0 0 0 0 0 0
√
C−3

2s 0 0 0
√
C−3

2s 0
√
C−3

2s

√
C−3

2s 0 ··

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
√
C−4

2s ··
·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ·· ··


2.5 ~êØCÜþΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς

(s;w) �Ä�5�

��5µ

5�2.5.1. Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) ' ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) ' Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

5�2.5.2. [ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)]∗ ' Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w), [Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)]∗ ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

íØ2.5.1. Γ(s;w) = Γ∗(s;w), Γ̄(s;w) = Γ̄∗(s;w), Γ̄(s;w) = Γ+(s;w),Γ(s;w) = Γ̄+(s;w)

��5µ

5�2.5.3. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
lς

(s;w) = δkς lς [⇔]Γ̄(s;w)Γ(s;w) = I

5�2.5.4. ΓkςA1ςA2ς ··A2sς
(s;w)ΓB1ςB2ς ··B2sς

kς
(s;w) = 1

(2s)!
δ

(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!
δB1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

é'5µ
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5�2.5.5. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

Ù§5�µ

5�2.5.6. ΓkςAς (
1
2
;w) = δkςAς ,Γ

Aς
kς

( 1
2
;w) = δAςkς ; Γ(0;w) = 1, Γ̄(0;w) = 1

5�2.5.7.
Γkς0ςBςCς · ·︸ ︷︷ ︸

2s

(s) =
√

2s−kς
2s

ΓkςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

Γkς1ςBςCς · ·︸ ︷︷ ︸
2s

(s) =
√

kς
2s

Γkς−1
BςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)


Γ

2s︷ ︸︸ ︷
0ςBςCς · ·
kς

(s) =
√

2s−kς
2s

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
kς

(s− 1
2
), kς = 0, 1, ··, 2s− 1

Γ

2s︷ ︸︸ ︷
1ςBςCς · ·
kς

(s) =
√

kς
2s

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
kς−1 (s− 1

2
), kς = 1, 2, ··, 2s

5�2.5.8.
Γkς1ς · ·1ς︸ ︷︷ ︸

l

0ς · ·0ς︸ ︷︷ ︸
n

BςCς · ·︸ ︷︷ ︸
2s

(s) =

√
C

(kς−l)
2s−l−n

C
kς
2s

Γkς−lBςCς · ·︸ ︷︷ ︸
2s−l−n

(s− l+n
2

), kς = l, l + 1, ··, 2s− n

Γ

l︷ ︸︸ ︷
1ς · ·1ς

n︷ ︸︸ ︷
0ς · ·0ς

2s−l−n︷ ︸︸ ︷
BςCς · ·

kς
(s) =

√
C

(kς−l)
2s−l−n

C
kς
2s

Γ

2s−l−n︷ ︸︸ ︷
BςCς · ·
kς−l (s− l+n

2
), kς = l, l + 1, ··, 2s− n

2.6 Ý5~êØCÜþεkς lς (s;w)�Ú\9Ù5�(�3εAςBς�cJ^�)

½Â2.6.1. ε( 1
2
;w)ε+( 1

2
;w) = ε+( 1

2
;w)ε( 1

2
;w) = 1; ε( 1

2
;w) = ε∗( 1

2
;w)

Ý5½Âµ

½Â2.6.2.


εkς lς (s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

εkς lς (s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

5�2.6.1.


εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)'uABC...�é¡

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)'uABC...�é¡

íØ2.6.1. ε(s;w) := Γ̄(s;w) ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w); ε(s; 1) = ε( 1
2
; 2s)

íØ2.6.2. ε(s;w)ε+(s;w) = ε+(s;w)ε(s;w) = 1; ε(s;w) = ε∗(s;w)

,ü�Iµ

5�2.6.2.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = εkς lς (s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

íØ2.6.3. Γ(s;w)ε(s;w) = ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w), ε(s;w)Γ̄(s;w) = Γ̄(s;w) ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

y²: εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γlς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)
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= 1
(2s)!

Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · δEς(E′ς

δFςF ′ς δ
Gς
G′ς
· ·) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

= 1
(2s)!

Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ς(EςεB

′
ςFςεC

′
ςGς) · · εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

= 1
(2s)!

Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)δ
A′ς
(Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

PenroseIO,ü5Kµ

5�2.6.3.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = (−1)2s[ς2sεkς lς (s;w)] (−ςεAςEς )(−ςεBςFς )(−ςεCςGς ) · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = (−1)2s[(−ς)2sεkς lς (s;w)]

2s︷ ︸︸ ︷
(ςεAςEς )(ςεBςFς )(ςεCςGς ) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

2.7 ~êØCÜþΩ
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s;w),Ω(s;w) �Ú\9ÙÄ�5�

½Â2.7.1.

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) :=

2s︷ ︸︸ ︷
σAς

A′ς ( 1
2
;w)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςσBς

B′ς ( 1
2
;w)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςσCς
C′ς ( 1

2
;w) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â2.7.2. Ω(s;w) := σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)

½Â2.7.3. S(s;w) :=

2s︷ ︸︸ ︷
Sw+1 ⊗ Sw+1 ⊗ Sw+1 ⊗ · · ⊗Sw+1, Sw+1S

+
w+1 = S+

w+1Sw+1 = Iw+1

íØ2.7.1. Ω

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) := σAς
A′ς ( 1

2
;w) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)

[m] [m]

íØ2.7.2. Ω(s;w) = σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Ω(s− 1

2
;w)

íØ2.7.3. Ω(s;w) = Ω(s− s′;w)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ω(s′;w)

2.8 ~êØCÜþΩab
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s;w),Ωab(s, ς;w)�Ú\9ÙÄ�5�

½Â2.8.1.

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) :=

2s︷ ︸︸ ︷
SabAς

A′ς ( 1
2
;w)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςSabBς

B′ς ( 1
2
;w)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςSabCς
C′ς ( 1

2
;w) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â2.8.2. Ωab(s, ς;w) := Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Sab( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
, ς;w)

íØ2.8.1. Ωab

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) := SabAς
A′ς ( 1

2
;w) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩab

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)

[m] [m]

íØ2.8.2. Ωab(s, ς;w) = Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Ωab(s− 1

2
, ς;w)

íØ2.8.3. Ωab(s, ς;w) = Ωab(s− s′, ς;w)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ωab(s
′, ς;w)
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2.9 g^~êØCÜþσας kς
lς (s;w), σ(s;w)�Ú\

½Â2.9.1. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Zς ( 1

2
;w)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s;w) := 1
2s
σας kς

lς (s;w)[⇔]σ(s;w) := Γ̄(s;w)Ω(s;w)Γ(s;w)

2.10 g^~êØCÜþSabkς
lς (s;w), Sab(s, ς;w)�Ú\

½Â2.10.1.

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
Zς ( 1

2
;w)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s;w) := 1
2s
Sabkς

lς (s;w)[⇔]Sab(s, ς;w) := Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)

2.11 ~êÝ
Ω(s;w)�ü��Ún

Ún2.11.1. Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

y²: Γkς
A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

Ún2.11.2. Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

y²: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

lς
(s;w) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

2.12 ~êÝ
Ωab(s;w)�ü��Ún

Ún2.12.1. Γ(s;w)Γ̄(s;w)Ωab(s;w)Γ(s;w) = Ωab(s;w)Γ(s;w)

y²: Γkς
A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ωab(s;w)Γ(s;w) = Ωab(s;w)Γ(s;w)

Ún2.12.2. Γ̄(s;w)Ωab(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ωab(s;w)

y²: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

lς
(s;w) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

⇔ Γ̄(s;w)Ωab(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ωab(s;w)

2.13 'u~êÝ
Γ̄(s;w),Ω(s;w), σ(s;w),Γ(s;w)���5�9ÙíØ

½n2.13.1. Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)[⇔]Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

y²: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)

⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)

⇔ Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)
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½n2.13.2. Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)[⇔]Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

y²: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = σ(s;w)Γ̄(s;w)

⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

íØ2.13.1. Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

íØ2.13.2. Ω2(s;w)Γ(s;w) = Γ(s;w)σ2(s;w), Γ̄(s;w)Ω2(s;w) = σ2(s;w)Γ̄(s;w)

y²: Ω2(s;w)Γ(s;w)

= Ω(s;w) · Ω(s;w)Γ(s;w) = Ω(s;w) · Γ(s;w)σ(s;w)

= Ω(s;w)Γ(s;w) · σ(s;w) = Γ(s;w)σ(s;w) · σ(s;w)

= Γ(s;w)σ2(s;w)

y²: Γ̄(s;w)Ω2(s;w)

= Γ̄(s;w)Ω(s;w) · Ω(s;w) = σ(s;w)Γ̄(s;w) · Ω(s;w)

= σ(s;w) · Γ̄(s;w)Ω(s;w) = σ(s;w) · σ(s;w)Γ̄(s;w)

= σ2(s;w)Γ̄(s;w)

íØ2.13.3. Ω2(s)Γ(s) = s(s+ 1)Γ(s), Γ̄(s)Ω2(s) = Γ̄(s)s(s+ 1)

2.14 'u~êÝ
Γ̄(s;w),Ωab(s, ς;w), Sab(s, ς;w),Γ(s;w)���5�9ÙíØ

½n2.14.1. Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

[⇔]Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

y²: Γ̄(s, ς;w)Ωab(s;w)Γ(s;w) = Sab(s, ς;w)

⇔ Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

½n2.14.2. Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

[⇔]Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Sabkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

y²: Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w)

⇔ Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)Γ̄(s;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Sabkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

íØ2.14.1. Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w)

⇔ Ωab(s;w)Γ(s, ς;w) = Γ(s;w)Sab(s, ς;w)⇔ Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)
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2.15 'u~êÝ
Ω(s;w), σ(s;w)��íØ9âÔ[+L«

íØ2.15.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w) = 1

(2s−1)!
σ( 1

2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

y²: ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w) = Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= σ( 1
2
;w)Aς

A′ςΓlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Bς

B′ςΓlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + σ( 1
2
;w)Cς

C′ςΓlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + · ·

= σ( 1
2
;w)Aς

A′ςΓlς
BςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Bς

A′ςΓlς
AςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Cς

A′ςΓlς
AςBς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

= 1
(2s−1)!

σ( 1
2
;w)Aς

A′ςΓlς
(BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)+ 1
(2s−1)!

σ( 1
2
;w)Bς

A′ςΓlς
(AςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)+ 1
(2s−1)!

σ( 1
2
;w)Cς

A′ςΓlς
(AςBς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) · ·

⇔ 1
(2s−1)!

σ( 1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

íØ2.15.2. σ( 1
2
;w)× σ( 1

2
;w) = iσ( 1

2
;w)[⇒]Ω(s;w)× Ω(s;w) = iΩ(s;w)[⇒]σ(s;w)× σ(s;w) = iσ(s;w)

y²: σ( 1
2
;w)× σ( 1

2
;w) = iσ( 1

2
;w)

⇒ Ω(s;w)× Ω(s;w)

= [σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)]

× [σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)]

= [σ( 1
2
;w)× σ( 1

2
;w)]⊗ I(w+1)2s−1 + Iw+1 ⊗ [σ( 1

2
;w)× σ( 1

2
;w)]⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ [σ( 1

2
;w)× σ( 1

2
;w)]

= iσ( 1
2
;w)⊗ I(w+1)2s−1 + iIw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+iI(w+1)2s−1 ⊗ σ( 1

2
;w)

= iΩ(s;w)

y²: Ω(s;w)× Ω(s;w) = iΩ(s;w)

⇒ Γ̄(s;w)Ω(s;w)× Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ Γ̄(s;w)Ω(s;w)× Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)× Γ̄(s;w)Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ σ(s;w)× σ(s;w) = iσ(s;w)

2.16 'u~êÝ
Ωab(s, ς;w), Sab(s, ς;w)��íØ9âÔ[+L«

íØ2.16.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w) = 1

(2s−1)!
Sab(

1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

y²: ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w) = Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= Sab(
1
2
;w)Aς

A′ςΓlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Bς

B′ςΓlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + Sab(
1
2
;w)Cς

C′ςΓlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + · ·

= Sab(
1
2
;w)Aς

A′ςΓlς
BςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Bς

A′ςΓlς
AςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Cς

A′ςΓlς
AςBς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

= 1
(2s−1)!

Sab(
1
2
;w)Aς

A′ςΓlς
(BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) + 1
(2s−1)!

Sab(
1
2
;w)Bς

A′ςΓlς
(AςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

⇔ 1
(2s−1)!

Sab(
1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

íØ2.16.2. i[Sab(
1
2
, ς;w), Scd(

1
2
, ς;w)] = δadSbc(

1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)

[⇒]i[Ωab(s, ς;w),Ωcd(s, ς;w)] = δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

[⇒]i[Sab(s, ς;w), Scd(s, ς;w)] = δadSbc(s, ς;w)− δacSbd(s, ς;w) + δbcSad(s, ς;w)− δbdSac(s, ς;w)
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y²: i[Ωab(s, ς;w),Ωcd(s, ς;w)]

= i[Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Sab( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
, ς;w)

, Scd(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Scd( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Scd( 1

2
, ς;w)]

= i{[Sab( 1
2
, ς;w), Scd(

1
2
, ς;w)]⊗ I(w+1)2s−1 + Iw+1 ⊗ [Sab(

1
2
, ς;w), Scd(

1
2
, ς;w)]⊗ I(w+1)2s−2

+ · ·+I(w+1)2s−1 ⊗ [Sab(
1
2
, ς;w), Scd(

1
2
, ς;w)]}

= [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]⊗ I(w+1)2s−1

+ Iw+1 ⊗ [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]⊗ I(w+1)2s−2

+ · ·+I(w+1)2s−1 ⊗ [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]

= δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

y²: i[Ωab(s, ς;w),Ωcd(s, ς;w)] = δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

⇒ Γ̄(s;w)i[Ωab(s, ς;w),Ωcd(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ Γ̄(s;w)i[Ωab(s, ς;w)Ωcd(s, ς;w)− Ωcd(s, ς;w)Ωab(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ Γ̄(s;w)i[Ωab(s, ς;w)Γ(s;w)Γ̄(s;w)Ωcd(s, ς;w)− Ωcd(s, ς;w)Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ i[Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)Γ̄(s;w)Ωcd(s, ς;w)Γ(s;w)− Γ̄(s;w)Ωcd(s, ς;w)Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)]

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ i[Sab(s, ς;w), Scd(s, ς;w)] = δadSbc(s, ς;w)− δacSbd(s, ς;w) + δbcSad(s, ς;w)− δbdSac(s, ς;w)

2.17 ~êÝ
Ωab(s, ς;w), Sab(s, ς;w)�Ω(s;w), σ(s;w)�m'X�?Ø

5�2.17.1. Sab(
1
2
, ς) = σαςςabσας (

1
2
)[⇒]Ωab(s, ς) = σαςςabΩας (s)[⇒]Sab(s, ς) = σαςςabσας (s)

1�«�U�'X(o���g^.)µ

ß�2.17.1. Sab(
1
2
, ς;w) = σαςςabσας (

1
2
;w)[⇒]Ωab(s, ς;w) = σαςςabΩας (s;w)[⇒]Sab(s, ς;w) = σαςςabσας (s;w)

1�«�U�'X(?¿��g^.,o���g^.´ÙA~")µ

ß�2.17.2. Sab(
1
2
, ς;w) =

[
−i[σας ( 1

2
;w), σβς (

1
2
;w)] −ςσας ( 1

2
;w)

ςσβς (
1
2
;w) 0

]

[⇒]Ωab(s, ς;w) =

[
−i[Ωας (s;w),Ωβς (s;w)] −ςΩας (s;w)

ςΩβς (s;w) 0

]

[⇒]Sab(s, ς;w) =

[
−i[σας (s;w), σβς (s;w)] −ςσας (s;w)

ςσβς (s;w) 0

]
1n«�U�'X(p���.Dirac.)µ

ß�2.17.3. Sab(
1
2
, ς;w) = − i

4
[γa(

1
2
, ς;w), γb(

1
2
, ς;w)]

[⇒]Ωab(s, ς;w) = − i
4
[Ωa(s, ς;w),Ωb(s, ς;w)][⇒]Sab(s, ς;w) = − i

4
[γa(s, ς;w), γb(s, ς;w)]

1o«�U�'X(Ã'é.)µ�éÕá"

2.18 íØµ~êÝ
Γ(s;w), Γ̄(s;w)�A�ð�ª

5�2.18.1.

Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w), [Γ(s;w)Γ̄(s;w),Ω(s;w)] = 0

Γ(s;w)σ(s;w)Γ̄(s;w) = Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ω(s;w)

5�2.18.2.

Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w), [Γ(s;w)Γ̄(s;w),Ωab(s, ς;w)] = 0

Γ(s;w)Sab(s, ς;w)Γ̄(s;w) = Ωab(s, ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)
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5�2.18.3.

Γ̄(s;w)[ϑ · Ω(s;w)]nΓ(s;w) = [ϑ · σ(s;w)]n, [Γ(s;w)Γ̄(s;w), [ϑ · Ω(s;w)]n] = 0

Γ(s;w)[ϑ · σ(s;w)]nΓ̄(s;w) = [ϑ · Ω(s;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑ · Ω(s;w)]n

5�2.18.4.

Γ̄(s;w)[ϑabΩab(s, ς;w)]nΓ(s;w) = [ϑabSab(s, ς;w)]n, [Γ(s;w)Γ̄(s;w), [ϑabΩab(s, ς;w)]n] = 0

Γ(s;w)[ϑabSab(s, ς;w)]nΓ̄(s;w) = [ϑabΩab(s, ς;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑabΩab(s, ς;w)]n

íØ2.18.1.

Γ̄(s;w)e
i
2
ϑabΩab(s,ς;w)Γ(s;w) = e

i
2
ϑabSab(s,ς;w), [Γ(s;w)Γ̄(s;w), e

i
2
ϑabΩab(s,ς;w)] = 0

Γ(s;w)e
i
2
ϑabSab(s,ς;w)Γ̄(s;w) = e

i
2
ϑabΩab(s,ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)e

i
2
ϑabΩab(s,ς;w)

2.19 ~êÝ
Γ(s;w), Γ̄(s;w)�é¡��5�

½Â2.19.1. Sex(s, n) = (
n−1︷ ︸︸ ︷

Iw+1 ⊗ · · ⊗Iw+1⊗Sex

2s−n−1︷ ︸︸ ︷
⊗Iw+1 ⊗ · · ⊗I)

íØ2.19.1. Γ(s;w) = Sex(s, n)Γ(s;w), Γ̄(s;w) = Γ̄(s;w)Sex(s, n)

íØ2.19.2. Sex(s, n)Ω(s;w)Sex(s, n) = Ω(s;w)

íØ2.19.3. ψ̂(s, ς;w) = Sex(s, n)ψ̂(s, ς;w),∀n ∈ {1, 2, ··, 2s+ 1}

2.20 Ý
Γ(s;w), Γ̄(s;w)�~êØCÜþ5�

½n2.20.1. Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabSab(s,ς;w),Γ(s;w) = e

i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

y²: Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ 0 = i
2
ϑabΩab(s, ς;w)Γ(s;w)− Γ(s;w) i

2
ϑabSab(s, ς;w)

⇔ Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabSab(s,ς;w)

½n2.20.2. Γ̄(s;w) = e
i
2
ϑabSab(s,ς;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w), Γ̄(s;w) = e

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w)

y²: Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ 0 = −Γ̄(s;w) i
2
ϑabΩab(s, ς;w) + i

2
ϑabSab(s, ς;w)Γ̄(s;w)

⇔ Γ̄(s;w) = e
i
2
ϑabSab(s,ς;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w)

½n2.20.3. Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

y²: Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ S+(s;w)S(s;w)Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)S(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ S+(s;w)Γ(s;w)Γ̄(s;w)S(s;w)Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)Γ(s;w)Γ̄(s;w)S(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ Γ(s;w) = [S(s;w)e
i
2
ϑabΩab(s,ς;w)S+(s;w)]Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]+

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Γ(s;w)Γ̄(s;w)Ωab(s,ς;w)Γ(s;w)Γ̄(s;w)S+(s;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Γ(s;w)Γ̄(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

íØ2.20.1.

e
i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w) = [Γ̄(s;w)S(s;w)Γ(s;w)]e

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]+

½n2.20.4. S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)

y²: Ωab(s, ς;w)S(s;w) = Ωab(s, ς;w)S(s;w),∀ς = ±1

⇔ S(s;w)S+(s;w)Ωab(s, ς;w)S(s;w) = Ωab(s, ς;w)S(s;w),∀ϑab, ς = ±1

⇔ 0 = −S(s;w) i
2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w) + i

2
ϑabΩab(s, ς;w)S(s;w),∀ϑab, ς = ±1
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⇔ S(s;w) = S(s;w)[1− i
2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w)] + i

2
ϑabΩab(s, ς;w)S(s;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabΩab(s, ς;w)]S(s;w)[1− i

2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w)],∀ϑab, ς = ±1

⇔ S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w),∀ϑab, ς = ±1

½n2.20.5. S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w)

y²: S(s;w)Ωab(s, ς;w) = S(s;w)Ωab(s, ς;w),∀ς = ±1

⇔ S(s;w)Ωab(s, ς;w)S+(s;w)S(s;w) = S(s;w)Ωab(s, ς;w),∀ϑab, ς = ±1

⇔ 0 = i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)S(s;w)− S(s;w) i

2
ϑabΩab(s, ς;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)]S(s;w)− S(s;w) i

2
ϑabΩab(s, ς;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)]S(s;w)[1− i

2
ϑabΩab(s, ς;w)],∀ϑab, ς = ±1

⇔ S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w),∀ϑab, ς = ±1

íØ2.20.2.

S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)

S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w)

S+(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)e−

i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)

S+(s;w) = e
i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)S+(s;w)e−

i
2
ϑabΩab(s,ς;w)

2.21 Ý
Γ(s), Γ̄(s)�~êØCÜþ5�

½n2.21.1. Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·σ(s),Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s)

y²: Ω(s)Γ(s) = Γ(s)σ(s)

⇔ 0 = (iω + ςε) · Ω(s)Γ(s)− (iω + ςε) · Γ(s)σ(s)

⇔ Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·σ(s)

½n2.21.2. Γ̄(s) = e(iω+ςε)·σ(s)Γ̄(s)e−(iω+ςε)·Ω(s), Γ̄(s) = e(iω+ςε)·Γ̄(s)Ω(s)Γ(s)Γ̄(s)e−(iω+ςε)·Ω(s)

y²: Γ̄(s)Ω(s) = σ(s)Γ̄(s)

⇔ 0 = −(iω + ςε) · Γ̄(s)Ω(s) + (iω + ςε) · σ(s)Γ̄(s)

⇔ Γ̄(s) = e(iω+ςε)·σ(s)Γ̄(s)e−(iω+ςε)·Ω(s)

½n2.21.3. Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s) ⇔ Γ(s) = e(iω+ςε)·S(s)Ω(s)S+(s)(s)Γ(s)e−(iω+ςε)·Γ̄(s)SΩ(s)S+(s)Γ(s)

y²: Γ(s) = e(iω+ςε)·Ω(s)Γ(s)e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s)

⇔ S+(s)S(s)Γ(s) = e(iω+ςε)·Ω(s)S+(s)S(s)Γ(s)e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s)

⇔ S+(s)Γ(s)Γ̄(s)S(s)Γ(s) = e(iω+ςε)·Ω(s)S+(s)Γ(s)Γ̄(s)S(s)Γ(s)e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s)

⇔ Γ(s) = [S(s)e(iω+ςε)·Ω(s)S+(s)]Γ(s)[Γ̄(s)S(s)Γ(s)]e−(iω+ςε)·Γ̄(s)Ω(s)Γ(s)[Γ̄(s)S(s)Γ(s)]+

⇔ Γ(s) = e(iω+ςε)·S(s)Ω(s)S+(s)Γ(s)e−(iω+ςε)·Γ̄(s)S(s)Γ(s)Γ̄(s)Ω(s)Γ(s)Γ̄(s)S+(s)Γ(s)

⇔ Γ(s) = e(iω+ςε)·S(s)Ω(s)S+(s)Γ(s)e−(iω+ςε)·Γ̄(s)S(s)Γ(s)Γ̄(s)Ω(s)S+(s)Γ(s)

⇔ Γ(s) = e(iω+ςε)·S(s)Ω(s)S+(s)Γ(s)e−(iω+ςε)·Γ̄(s)S(s)Ω(s)S+(s)Γ(s)

íØ2.21.1. e(iω+ςε)·Γ̄(s)S(s)Ω(s)S+(s)Γ(s) = [Γ̄(s)S(s)Γ(s)]e(iω+ςε)·Γ̄(s)Ω(s)Γ(s)[Γ̄(s)S(s)Γ(s)]+

íØ2.21.2.S(s) = e(iω+ςε)·Ω(s)S(s)e−(iω+ςε)·S+(s)Ω(s)S(s), S+(s) = e(iω+ςε)·Ω(s)S+(s)e−(iω+ςε)·S(s)Ω(s)S+(s)

S(s) = e(iω+ςε)·S(s)Ω(s)S+(s)S(s)e−(iω+ςε)·Ω(s), S+(s) = e(iω+ςε)·S+(s)Ω(s)S(s)S+(s)e−(iω+ςε)·Ω(s)
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2.22 ~êÝ
Iw+1 ⊗ Γ(s− 1
2
;w), Iw+1 ⊗ Γ̄(s− 1

2
;w)���5�

½n2.22.1. Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]

y²: Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]

= Ω(s;w)Iw+1 ⊗ Γ(s− 1
2
;w)

= [Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

2s−1+w
] + Iw+1 ⊗ [Γ(s− 1

2
;w)σ(s− 1

2
;w)]

= [Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]

½n2.22.2. [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w) = [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

y²: [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)

= [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
][Iw+1 ⊗ Γ̄(s− 1

2
;w)] + Iw+1 ⊗ [σ(s− 1

2
;w)Γ̄(s− 1

2
;w)]

= [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

½n2.22.3. Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

y²: Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]

= Ωab(s, ς;w)Iw+1 ⊗ Γ(s− 1
2
;w)

= [Iw+1 ⊗ Γ(s− 1
2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
] + Iw+1 ⊗ [Γ(s− 1

2
;w)Sab(s− 1

2
, ς;w)]

= [Iw+1 ⊗ Γ(s− 1
2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

½n2.22.4. [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w) = [Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

y²: [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w)

= [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
][Iw+1 ⊗ Γ̄(s− 1

2
;w)] + Iw+1 ⊗ [Sab(s− 1

2
, ς;w)Γ̄(s− 1

2
;w)]

= [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

2.23 íØµ~êÝ
Γ(s− 1
2
;w), Γ̄(s− 1

2
;w)�A�ð�ª

5�2.23.1.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ω(s;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)],Ω(s;w)] = 0

5�2.23.2.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = [Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ωab(s, ς;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)],Ωab(s, ς;w)] = 0

5�2.23.3.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)] = {ϑ · [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[Iw+1 ⊗ Γ(s− 1
2
;w)]{ϑ · [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= [ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)][ϑ · Ω(s;w)]n

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], [ϑ · Ω(s;w)]n] = 0
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5�2.23.4.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)] = {ϑab[Sab( 1

2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n

[Iw+1 ⊗ Γ(s− 1
2
;w)]{ϑab[Sab( 1

2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= [ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)][ϑabΩab(s, ς;w)]n

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], [ϑabΩab(s, ς;w)]n] = 0

íØ2.23.1.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)]e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]

= e
i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

i
2
ϑabΩab(s,ς;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], e

i
2
ϑabΩab(s,ς;w)] = 0

íØ2.23.2.

I(w+1)2s−1Γ(s− 1
2
;w) = Γ(s− 1

2
;w)IC2s−1

2s−1+w
, Γ̄(s− 1

2
;w)I(w+1)2s−1 = IC2s−1

2s−1+w
Γ̄(s− 1

2
;w)

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]σ( 1

2
;w)⊗ I(w+1)2s−1 [Iw+1 ⊗ Γ(s− 1

2
;w)] = σ( 1

2
;w)⊗ IC2s−1

2s−1+w

[σ( 1
2
;w)⊗ I(w+1)2s−1 [Iw+1]⊗ Γ(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][σ( 1

2
;w)⊗ IC2s−1

2s−1+w
]

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][σ( 1

2
;w)⊗ I(w+1)2s−1 ] = [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

5�2.23.5. (σ ⊗ I(w+1)2s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]Za(s, ς;w)

2.24 Ý
Iw+1 ⊗ Γ̄(s− 1
2
;w), Iw+1 ⊗ Γ(s− 1

2
;w)�~êØCÜþ5�

½n2.24.1. [Iw+1 ⊗ Γ(s− 1
2
;w)] = e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ 0 = i
2
ϑabΩab(s, ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]

− i
2
ϑab[Iw+1 ⊗ Γ(s− 1

2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ [Iw+1 ⊗ Γ(s− 1
2
;w)] = e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

½n2.24.2. [Iw+1 ⊗ Γ̄(s− 1
2
;w)] = e

i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e−

i
2
ϑabΩab(s,ς;w)

y²: [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w) = [Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

⇔ 0 = − i
2
ϑab[Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ωab(s, ς;w)

+ i
2
ϑab[Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

⇔ [Iw+1 ⊗ Γ̄(s− 1
2
;w)] = e

i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e−

i
2
ϑabΩab(s,ς;w)

2.25 Ý
I ⊗ Γ̄(s− 1
2
), I ⊗ Γ(s− 1

2
)�~êØCÜþ5�

½n2.25.1. [I ⊗ Γ(s− 1
2
)] = e(iω+ςε)·Ω(s)[I ⊗ Γ(s− 1

2
)]e−(iω+ςε)·σ(

1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

y²: Ω(s)[I ⊗ Γ(s− 1
2
)] = [I ⊗ Γ(s− 1

2
)][σ( 1

2
)⊗ I2s + I ⊗ σ(s− 1

2
)]

⇔ 0 = (iω + ςε) · Ω(s)[I ⊗ Γ(s− 1
2
)]

− (iω + ςε) · [I ⊗ Γ(s− 1
2
)][σ( 1

2
)⊗ I2s + I ⊗ σ(s− 1

2
)]

⇔ [I ⊗ Γ(s− 1
2
)] = e(iω+ςε)·Ω(s)[I ⊗ Γ(s− 1

2
)]e−(iω+ςε)·σ(

1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

½n2.25.2. [I ⊗ Γ̄(s− 1
2
)] = e(iω+ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)[I ⊗ Γ̄(s− 1
2
)]e−(iω+ςε)·Ω(s)

47



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 12Ù �{~êØCÜþ

y²: [I ⊗ Γ̄(s− 1
2
)]Ω(s) = [σ( 1

2
)⊗ I2s + I ⊗ σ(s− 1

2
)][I ⊗ Γ̄(s− 1

2
)]

⇔ 0 = −(iω + ςε) · [I ⊗ Γ̄(s− 1
2
)]Ω(s)

+ (iω + ςε) · [σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)][I ⊗ Γ̄(s− 1

2
)]

⇔ [I ⊗ Γ̄(s− 1
2
)] = e(iω+ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)[I ⊗ Γ̄(s− 1
2
)]e−(iω+ςε)·Ω(s)

2.26 ü�½n�,	�«y²�{(rNg´éuØ¦�)

½n2.26.1. Ω(s)Γ(s) = Γ(s)σ(s), Γ̄(s)Ω(s) = σ(s)Γ̄(s)

y²: æ^êÆ8B{

1: �s = 1
2
�, σ( 1

2
)Γ( 1

2
) = Γ(1

2
)σ( 1

2
)¤á"

2: b�s = k�,Ω(k)Γ(k) = Γ(k)σ(k)¤á"

3: �s = k + 1
2
�

Ω(k + 1
2
)Γ(k + 1

2
)

= [σ( 1
2
)⊗ I22k + I ⊗ Ω(k)][I ⊗ Γ(k)]N(k + 1

2
)

= {[I ⊗ Γ(k)][σ( 1
2
)⊗ I2(k+1)] + I ⊗ [Γ(k)σ(k)]}N(k + 1

2
)

= [I ⊗ Γ(k)][σ( 1
2
)⊗ I2(k+1) + I ⊗ σ(k)]N(k + 1

2
)

= [I ⊗ Γ(k)]N(k + 1
2
)σ(k + 1

2
)

= Γ(k + 1
2
)σ(k + 1

2
)

¤±·K¤á§y."

½n2.26.2. Γ̄(s)Ω(s) = σ(s)Γ̄(s)

y²: æ^êÆ8B{

1: �s = 1
2
�, Γ̄( 1

2
)σ( 1

2
) = σ( 1

2
)Γ̄( 1

2
)¤á"

2: b�s = k�, Γ̄(k)Ω(k) = σ(k)Γ̄(k)¤á"

3: �s = k + 1
2
�

Γ̄(k + 1
2
)Ω(k + 1

2
)

= N̄(k + 1
2
)[I ⊗ Γ̄(k)]{σ( 1

2
)⊗ I22k + I ⊗ Ω(k)}

= N̄(k + 1
2
){[σ( 1

2
)⊗ I2(k+1)][I ⊗ Γ̄(k)] + [I ⊗ σ(k)][I ⊗ Γ̄(k)]}

= N̄(k + 1
2
)[σ( 1

2
)⊗ I2(k+1) + I ⊗ σ(k)][I ⊗ Γ̄(k)]

= σ(k + 1
2
)N̄(k + 1

2
)[I ⊗ Γ̄(k)]

= σ(k + 1
2
)Γ̄(k + 1

2
)

¤±·K¤á§y."

3 �{~êØCÜþN
kς
Aς lς

(s;w), N
Aς lς
kς

(s;w)

3.1 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�Ú\

½Â3.1.1. Nkς
Aς lς

(s) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
), NAς lς

kς
(s) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

½Â3.1.2. Nkς
Aς lς

(s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w), NAς lς

kς
(s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)

íØ3.1.1. N(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Γ(s;w), N̄(s;w) = Γ̄(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]

5�3.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Nkς
Aς lς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = NAς lς
kς

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)
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íØ3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w), Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)],

íØ3.1.3. N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) = Γ̄(s;w)σ( 1

2
;w)⊗ I(w+1)2s−1Γ(s;w)

5�3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Γ(s;w)

íØ3.1.4. Nkς
Aς lς

(s) = Nkς
Aς lς

(s; 1), NAς lς
kς

(s) = NAς lς
kς

(s; 1)

g·µãµ±þL²Nkς
Aς lς

(s;w),NAς lς
kς

(s;w)´~êØCÜþNkς
Aς lς

(s),NAς lς
kς

(s) �í2"

3.2 ~êÝ
NAς (s;w), NAς (s;w); N̄Aς (s;w), N̄Aς (s;w);N(s;w), N̄(s;w)�Ú\

½Â3.2.1.
NAς (s;w) ≺ Nkς

Aς lς
(s;w), NAς (s;w) ≺ NAς lς

kς
(s;w)|I

C2s
2s+w

×I
C

2s−1
2s−1+w

N̄Aς (s;w) := N+
Aς

(s;w) � NAς lς
kς (s;w), N̄Aς (s;w) := N+Aς (s;w) � NAς lς

kς (s;w)|I
C

2s−1
2s−1+w

×I
C2s

2s+w

N(s;w) ≺ NAς⊗lς
kς (s;w)|(w+1)I

C
2s−1
2s−1+w

×I
C2s

2s+w

, N̄(s;w) = N+(s;w) ≺ Nkς
Aς⊗lς (s;w)|I

C2s
2s+w

×(w+1)I
C

2s−1
2s−1+w

íØ3.2.1. [NAς (s;w)] = C2s
2s+w × C2s−1

2s−1+w, [N̄Aς (s;w)] = C2s−1
2s−1+w × C2s

2s+w

íØ3.2.2. [N(s;w)] = (w + 1)C2s−1
2s−1+w × C2s

2s+w, [N̄(s;w)] = C2s
2s+w × (w + 1)C2s−1

2s−1+w

3.3 NAς (s), N̄Aς (s)�wªL«

5�3.3.1.
Γkς0ςBςCς · ·︸ ︷︷ ︸

2s

(s) =
√

2s−kς
2s

ΓkςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

Γkς1ςBςCς · ·︸ ︷︷ ︸
2s

(s) =
√

kς
2s

Γkς−1
BςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)


Γ

2s︷ ︸︸ ︷
0ςBςCς · ·
kς

(s) =
√

2s−kς
2s

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
kς

(s− 1
2
), kς = 0, 1, ··, 2s− 1

Γ

2s︷ ︸︸ ︷
1ςBςCς · ·
kς

(s) =
√

kς
2s

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
kς−1 (s− 1

2
), kς = 1, 2, ··, 2s

íØ3.3.1. Nkς
0ς lς

(s) =
√

2s−kς
2s

δkς lς , N
kς
1ς lς

(s) =
√

kς
2s
δkς−1

lς

y²: Nkς
0ς lς

(s) = Γkς0ςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
) =

√
2s−kς

2s
ΓkςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
) =

√
2s−kς

2s
δkς lς

y²: Nkς
1ς lς

(s) = Γkς1ςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
) =

√
kς
2s

Γkς−1
BςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
) =

√
kς
2s
δkς−1

lς

íØ3.3.2. NAς (s) ' NAς (s) = { 1√
2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0

 , 1√
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s

}

íØ3.3.3. N̄Aς (s) ' N̄Aς (s) = { 1√
2s


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0

 , 1√
2s

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s

}
3.4 N(s), N̄(s)�wªL«

íØ3.4.1. NAς (s)↔ N+(s) ' N̄(s) = 1√
2s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s



íØ3.4.2. N+(s) ' N̄(s) =
[√

1 0

0
√

1

]
, 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
, 1√

3

[√
3 0 0 0 0 0

0
√

1
√

2 0 0 0

0 0 0
√

2
√

1 0

0 0 0 0 0
√

3

]
, 1√

4


√

4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

 , ··
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3.5 ���(Ø�î�y²(2024.5.3ªuÖþ
)

½n3.5.1. N̄(s)σ( 1
2
)⊗ I2sN(s) = 1

2s
σ(s)[⇔]Γ̄(s)σ( 1

2
)⊗ I22sΓ(s) = 1

2s
σ(s);An =

√
n ·
√

2s+ 1− n, n = 1, 2, ··, 2s

σ(s) = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 A2s

0 0 0 A2s 0

 , i
2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ·· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
)

y²: N̄(s)σx( 1
2
)⊗ I2sN(s)

= 1√
2s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s

σx( 1
2
)⊗ I2s

1√
2s



√
2s 0 0 0 0 0

0
√

1 0 0 0 0
0
√

2s−1 0 0 0 0

0 0
√

2 0 0 0
0 0

√
2s−2 0 0 0

0 0 0 ·· 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0
√

1 0

0 0 0 0 0
√

2s



= 1
4s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s




0
√

1 0 0 0 0√
2s 0 0 0 0 0

0 0
√

2 0 0 0
0
√

2s−1 0 0 0 0

0 0 0
√

3 0 0
0 0

√
2s−2 0 0 0

0 0 0 0 ·· 0
0 0 0 ·· 0 0
0 0 0 0 0

√
2s

0 0 0 0
√

1 0



= 1
4s


0

√
2s·1 0 0 0 0√

1·2s 0
√

(2s−1)·2 0 0 0

0
√

2·(2s−1) 0
√

(2s−2)·3 0 0

0 0
√

3·(2s−2) 0 ·· 0

0 0 0 ·· 0
√

1·2s
0 0 0 0

√
2s·1 0

 = 1
4s

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 A2s

0 0 0 A2s 0


y²: N̄(s)σy(

1
2
)⊗ I2sN(s)

= 1√
2s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s

σy( 1
2
)⊗ I2s

1√
2s



√
2s 0 0 0 0 0

0
√

1 0 0 0 0
0
√

2s−1 0 0 0 0

0 0
√

2 0 0 0
0 0

√
2s−2 0 0 0

0 0 0 ·· 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0
√

1 0

0 0 0 0 0
√

2s



= i
4s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s




0 −
√

1 0 0 0 0√
2s 0 0 0 0 0

0 0 −
√

2 0 0 0
0
√

2s−1 0 0 0 0

0 0 0 −
√

3 0 0
0 0

√
2s−2 0 0 0

0 0 0 0 ·· 0
0 0 0 ·· 0 0
0 0 0 0 0 −

√
2s

0 0 0 0
√

1 0



= i
4s


0 −

√
2s·1 0 0 0 0√

1·2s 0 −
√

(2s−1)·2 0 0 0

0
√

2·(2s−1) 0 −
√

(2s−2)·3 0 0

0 0
√

3·(2s−2) 0 ·· 0

0 0 0 ·· 0 −
√

1·2s
0 0 0 0

√
2s·1 0

 = i
4s

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 −A2s

0 0 0 A2s 0


y²: N̄(s)σz(

1
2
)⊗ I2sN(s)

= 1√
2s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s

σz( 1
2
)⊗ I2s

1√
2s



√
2s 0 0 0 0 0

0
√

1 0 0 0 0
0
√

2s−1 0 0 0 0

0 0
√

2 0 0 0
0 0

√
2s−2 0 0 0

0 0 0 ·· 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0
√

1 0

0 0 0 0 0
√

2s
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= 1
4s


√

2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s




√
2s 0 0 0 0 0

0 −
√

1 0 0 0 0
0
√

2s−1 0 0 0 0

0 0 −
√

2 0 0 0
0 0

√
2s−2 0 0 0

0 0 0 ·· 0 0
0 0 0 ·· 0 0
0 0 0 0 −

√
2s−1 0

0 0 0 0
√

1 0

0 0 0 0 0 −
√

2s


= 1

2s

 s 0 0 0 0 0
0 s−1 0 0 0 0
0 0 s−2 0 0 0
0 0 0 s−3 0 0
0 0 0 0 ·· 0
0 0 0 0 0 −s

 = 1
2s

[ s 0 0 0 0
0 s−1 0 0 0
0 0 ·· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]

±c��|^Γ̄(s),Γ(s)y²Γ̄(s)σ( 1
2
) ⊗ I2sΓ(s) = 1

2s
σ(s)�©(J§vk¤õ§���Ï3uΓ̄(s),Γ(s)vk

{'5Æ�wªL«§¤±ÃleÃ"@��´é$g^�/�Ñ
î��y²§éu���/¢SþE´

ß�"�!|^N̄(s), N(s){'k5Æ�wªL«§ÒéN´î�y²
N̄(s)σ( 1
2
) ⊗ I2sN(s) = 1

2s
σ(s)ù�(

Ø§�σ(s) �´1�Ù�@�g^Ý
"�,N̄(s)σ( 1
2
) ⊗ I2sN(s) = 1

2s
σ(s)¤á�¿�XΓ̄(s)σ( 1

2
) ⊗ I2sΓ(s) =

1
2s
σ(s)¤á§§�üö´�d�§���um�y²
Γ̄(s)σ( 1

2
)⊗ I2sΓ(s) = 1

2s
σ(s)"ù�Ñ
�«é«µéu�

�éJ½ØU¢y�O�§�dC���«#�/ª�§Ò�±�B½N´O�
"

3.6 ,��{'�y²�{(2024.5.3)

½n3.6.1. NAς (s)σAς
Bς ( 1

2
)N̄Bς (s) = 1

2s
σ(s);An =

√
n ·
√

2s+ 1− n, n = 1, 2, ··, 2s

σ(s) = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 A2s

0 0 0 A2s 0

 , i
2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ·· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
)

y²: NAς (s)σxςAς
Bς ( 1

2
)N̄Bς (s) = 1

2
[N1ς (s)N̄2ς (s) +N2ς (s)N̄1ς (s)]

= 1√
2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0

 1
2
√

2s

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s

+ 1√
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s

 1
2
√

2s


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



= 1
4s


0
√

2s
√

1 0 0 0 0

0 0
√

2s−1
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2
√

2s−1 0

0 0 0 0 0
√

1
√

2s
0 0 0 0 0 0

+ 1
4s


0 0 0 0 0 0√

1
√

2s 0 0 0 0 0

0
√

2
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2s−1

√
2 0 0

0 0 0 0
√

2s
√

1 0



= 1
4s


0

√
2s·1 0 0 0 0√

1·2s 0
√

(2s−1)·2 0 0 0

0
√

2·(2s−1) 0 ·· 0 0

0 0 ·· 0
√

2·(2s−1) 0

0 0 0
√

(2s−1)·2 0
√

1·2s
0 0 0 0

√
2s·1 0

 = 1
4s

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 A2s

0 0 0 A2s 0



y²: NAς (s)σyςAς
Bς ( 1

2
)N̄Bς (s) = i

2
[−N1ς (s)N̄2ς (s) +N2ς (s)N̄1ς (s)]

= − 1√
2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0

 i
2
√

2s

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s

+ 1√
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s

 i
2
√

2s


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



= − i
4s


0
√

2s
√

1 0 0 0 0

0 0
√

2s−1
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2
√

2s−1 0

0 0 0 0 0
√

1
√

2s
0 0 0 0 0 0

+ i
4s


0 0 0 0 0 0√

1
√

2s 0 0 0 0 0

0
√

2
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2s−1

√
2 0 0

0 0 0 0
√

2s
√

1 0



= i
4s


0 −

√
2s·1 0 0 0 0√

1·2s 0 −
√

(2s−1)·2 0 0 0

0
√

2·(2s−1) 0 ·· 0 0

0 0 ·· 0 −
√

2·(2s−1) 0

0 0 0
√

(2s−1)·2 0 −
√

1·2s
0 0 0 0

√
2s·1 0

 = i
4s

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ·· 0
0 0 ·· 0 −A2s

0 0 0 A2s 0



y²: NAς (s)σxςAς
Bς ( 1

2
)N̄Bς (s) = 1

2
[N1ς (s)N̄1ς (s)−N2ς (s)N̄2ς (s)]

= 1√
2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0

 1
2
√

2s


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0

− 1√
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s

 1
2
√

2s

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s
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= 1
4s

 2s 0 0 0 0 0
0 2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0 2 0 0
0 0 0 0 1 0
0 0 0 0 0 0

− 1
4s

 0 0 0 0 1 0
0 1 0 0 0 0
0 0 2 0 0 0
0 0 0 ·· 0 0
0 0 0 0 2s−1 0
0 0 0 0 0 2s

 = 1
2s

 s 0 0 0 1 0
0 s−1 0 0 0 0
0 0 s−2 0 0 0
0 0 0 ·· 0 0
0 0 0 0 −(s−1) 0
0 0 0 0 0 −s


3.7 ~êØCÜþNkς

Aς lς
(s;w), NAς lς

kς
(s;w)�Ä�5�

��5µ

5�3.7.1.N
k′ς
A′ς l
′
ς
(s;w) ' Nkς

Aς lς
(s;w) ' NAς lς

kς
(s;w) ' NA′ς l

′
ς

k′ς
(s;w)

[Nkς
Aς lς

(s;w)]∗ ' Nk′ς
A′ς l
′
ς
(s;w), [NAς lς

kς
(s;w)]∗ ' NA′ς l

′
ς

k′ς
(s;w)

íØ3.7.1.NAς (s;w) ' NAς (s;w) ' NA′ς
(s;w) ' NA′ς (s;w); N̄Aς (s;w) ' N̄Aς (s;w) ' N̄A′ς

(s;w) ' N̄A′ς (s;w)

NAς (s;w) = N∗Aς (s;w), N̄Aς (s;w) = N̄∗Aς (s;w);N(s;w) = N∗(s;w), N̄(s;w) = N̄∗(s;w)

3.8 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)���5�

��5µ

Ún3.8.1.
2s−1∑
k=0

Cww+k = Cw+1
w+2s

Ún3.8.2. Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)

y²: Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)Γlς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s−1)!

δBς(B′ς
δCςC′ς · ·)Γ

kς
AςBςCς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

2s−1︷ ︸︸ ︷
δBςB′ς δ

Cς
C′ς
· ·

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)

½n3.8.1.
Nkς
Aς lς

(s;w)NAς lς
mς

(s;w) = δkςmς [⇔]NAς (s;w)N̄Aς (s;w) = IC2s
2s+w

[⇔]N̄(s;w)N(s;w) = IC2s
2s+w

Nkς
Aς lς

(s;w)NAςmς
kς

(s;w) = (1 + w
2s

)δmςlς [⇔]N̄Aς (s;w)NAς (s;w) = (1 + w
2s

)IC2s−1
2s−1+w

Nkς
Aς lς

(s;w)NBς lς
kς

(s;w) = 1
w+1

C2s
2s+wδ

Bς
Aς

[⇔]tr[N̄Aς (s;w)NBς (s;w)] = 1
w+1

C2s
2s+wδ

Bς
Aς

y²: Nkς
Aς lς

(s;w)NAς lς
mς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
mς

(s;w)

= δkςmς

y²: Nkς
Aς lς

(s;w)NAςmς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
AςB

′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)
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= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δBςBς δ
Cς
Cς
· ·) δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

δ
(Aς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·)
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

[δAςAςΓ

2s−1︷ ︸︸ ︷
(BςCς · ·)
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w) + (2s− 1)Γ

2s−1︷ ︸︸ ︷
(AςCς · ·)
lς

(s− 1
2
;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
(2s)!

[(2s− 1)!δAςAςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w) + (2s− 1)(2s− 1)!Γ

2s−1︷ ︸︸ ︷
AςCς · ·
lς

(s− 1
2
;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
(2s)!

[(2s− 1)!δAςAς + (2s− 1)(2s− 1)!]δmςlς
= (1 + w

2s
)δmςlς

y²: Nkς
Aς lς

(s;w)N
A′ς lς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

kς
(s;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δBςBς δ
Cς
Cς
· ·)

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(Bς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δBςAς δ

(A′ς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δCςAς δ

(B′ς
Bς

δAςCς · ·
) + · ·]

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(Bς
Bς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
) +

2s︷ ︸︸ ︷
δ

(Bς
Bς

δ
A′ς
Aς
· ·) + · ·]

= 1
(2s)!

[δ
A′ς
Aς

2s−1︷ ︸︸ ︷
δ

(Bς
Bς

δCςCς · ·
) +(2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w) + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!δlς lς (s− 1
2
;w) + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!C2s−1
2s−1+w + (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)!

[δ
A′ς
Aς

(2s−1)!
(2s−1)!

(2s−1+w)!
w!

+ (2s− 1)

2s−1︷ ︸︸ ︷
δ

(A′ς
Aς

δCςCς · ·
)]

= 1
(2s)!

[ (2s−1)!
(2s−1)!

(2s−1+w)!
w!

+ (2s−1)!
(2s−2)!

(2s−2+w)!
w!

+ (2s−1)!
(2s−3)!

(2s−3+w)!
w!

+ · ·+ (2s−1)!
0!

(0+w)!
w!

]δ
A′ς
Aς

= 1
2s

[ (2s−1+w)!
(2s−1)!w!

+ (2s−2+w)!
(2s−2)!w!

+ (2s−3+w)!
(2s−3)!w!

+ · ·+ (0+w)!
0!w!

]δ
A′ς
Aς

= 1
2s

2s−1∑
k=0

Cww+kδ
A′ς
Aς

= 1
2s
Cw+1
w+2sδ

A′ς
Aς

= 1
w+1

C2s
2s+wδ

A′ς
Aς

5�3.8.1.

N
kς
Aς lς

(s;w)NBςmς
kς

(s;w) = 1
2s

[δBςAς δ
mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2
;w)NBςnς

lς
(s− 1

2
;w)]

N̄Aς (s;w)NBς (s;w) = 1
2s

[δBςAς IC2s−1
2s−1+w

+ (2s− 1)NBς (s− 1
2
;w)N̄Aς (s− 1

2
;w)]

y²: Nkς
Aς lς

(s;w)N
A′ςmς
kς

(s;w)

53



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 12Ù �{~êØCÜþ

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

(A′ς
Aς

δ
B′ς
Bς
δ
C′ς
Cς
· ·) Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

(B′ς
Bς

δ
C′ς
Cς
· ·) +

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ

(A′ς
Bς

δ
C′ς
Cς
· ·) +

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ

(B′ς
Bς

δ
A′ς
Cς
· ·) + · ·]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

(

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·+

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·+

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ
B′ς
Bς
δ
A′ς
Cς
· ·+ · ·)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·+(2s− 1)

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

[δ
A′ς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w) + (2s− 1)Γ

2s−1︷ ︸︸ ︷
A
′
ςCς · ·

lς
(s− 1

2
;w)Γmς

AςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
2s

[δBςAς δ
mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2
;w)N

A′ςnς
lς

(s− 1
2
;w)]

3.9 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�,ü�I(�3εAςBς�cJ^�)

,ü�Iµ

5�3.9.1.N
kς
Aς lς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)NBςnς

mς
(s;w)

NAς lς
kς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)Nmς

Bςnς
(s;w)

y²: εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)NBςnς

mς
(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBς

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s−1

Γ

2s−1︷ ︸︸ ︷
F
′′
ς G
′′
ς · ·

nς (s− 1
2
;w)NBςnς

mς
(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBςΓ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s−1

Γ

2s︷ ︸︸ ︷
BςF

′′
ς G
′′
ς · ·

mς (s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · 1

(2s)!
δBς(E′ς

δ
F ′′ς
F ′ς
δ
G′′ς
G′ς
· ·)︸ ︷︷ ︸

2s

εAςBς εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸
2s−1

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςBςεB

′
ςF
′′
ς εC

′
ςG
′′
ς · · εAςBςεB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) δ
A′ς
Aς
δ
B′ς
B′′ς
δ
C′ς
C′′ς
· ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Nkς
Aς lς

(s;w)

íØ3.9.1.
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NAς (s;w)ε(s− 1

2
;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1

2
;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

NAς (s;w)ε(s− 1
2
;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1

2
;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)]N(s;w), ε(s;w)N̄(s;w) = N̄(s;w)[ε( 1

2
;w)⊗ ε(s− 1

2
;w)]

y²: Γ(s;w)ε(s;w) = ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Γ(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1

2
;w)] ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)] ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = {ε( 1
2
;w)⊗ [Γ̄(s− 1

2
;w) ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s−1

]}Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)]N(s;w)

PenroseIO,ü5Kµ

5�3.9.2.N
kς
Aς lς

(s;w) = (−1)2s[ς2sεkςmς (s;w)](−ςεAςBς )[(−ς)2s−1εlςnς (s− 1
2
;w)]NBςnς

mς
(s;w)

NAς lς
kς

(s;w) = (−1)2s[(−ς)2sεkςmς (s;w)](ςεAςBς )[ς2s−1εlςnς (s− 1
2
;w)]Nmς

Bςnς
(s;w)

3.10 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�g^C�

5�3.10.1.
NAςmς
kς

(s;w)σαςAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w) = 1

2s
σας kς

lς (s;w)[⇔]NAς (s;w)σαςAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
σας (s;w)

[⇔]N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2s
σ(s;w)

NAς lς
kς

(s;w)σαςAς
Bς ( 1

2
;w)Nkς

Bςmς
(s;w) = 1

2s
σαςmς

lς (s− 1
2
;w)[⇔]N̄Bς (s;w)σαςAς

Bς ( 1
2
;w)NAς (s;w) = 1

2s
σας (s− 1

2
;w)

y²: NAςmς
kς

(s;w)σαςAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓmςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)σαςAς

A′ς ( 1
2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
A′ς ( 1

2
;w) 1

(2s)!

2s︷ ︸︸ ︷
δ

(B′ς
Bς

δ
C′ς
C2ς
· ·) Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
A′ς ( 1

2
;w)Γlς

A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2s
σας kς

lς (s;w)

y²: NAς lς
kς

(s;w)σαςAς
A′ς ( 1

2
;w)Nkς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)σαςAς

A′ς ( 1
2
;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

δAς(A′ς
δBςB′ς δ

Cς
C′ς
· ·)σαςAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
(B′ς
δCςC′ς · ·) + δAςB′ς δ

Bς
(A′ς
δCςC′ς · ·) + δAςC′ς δ

Bς
(B′ς
δCςA′ς · ·) + ··]σαςAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)
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= 1
(2s)!

[δAςA′ς δ
Bς
(B′ς
δCςC′ς · ·) + (2s− 1)δAςB′ς δ

Bς
(A′ς
δCςC′ς · ·)]σ

ας
Aς
A′ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

(2s− 1)δAςB′ς δ
Bς
(A′ς
δCςC′ς · ·)σ

ας
Aς
A′ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

(2s− 1)σαςB′ς
A′ς ( 1

2
;w)Γlς

(A
′
ςC
′
ς · ·)︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
2s

(2s− 1)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)σαςB′ς

A′ς ( 1
2
;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s
σαςmς

lς (s− 1
2
;w)

5�3.10.2.
NAςmς
kς

(s;w)SabAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w) = 1

2s
Sabkς

lς (s;w)[⇔]NAς (s;w)SabAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
Sab(s, ς;w)

[⇔]N̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2s
Sab(s, ς;w)

NAς lς
kς

(s;w)SabAς
Bς ( 1

2
;w)Nkς

Bςmς
(s;w) = 1

2s
Sabmς

lς (s− 1
2
;w)[⇔]N̄Bς (s;w)SabAς

Bς ( 1
2
;w)NAς (s;w) = 1

2s
Sab(s− 1

2
, ς;w)

y²: NAςmς
kς

(s;w)SabAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓmςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)SabAς

A′ς ( 1
2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
A′ς ( 1

2
;w) 1

(2s)!

2s︷ ︸︸ ︷
δ

(B′ς
Bς

δ
C′ς
C2ς
· ·) Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
A′ς ( 1

2
;w)Γlς

A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2s
Sabkς

lς (s;w)

y²: NAς lς
kς

(s;w)SabAς
A′ς ( 1

2
;w)Nkς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)SabAς

A′ς ( 1
2
;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

δAς(A′ς
δBςB′ς δ

Cς
C′ς
· ·)SabAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
(B′ς
δCςC′ς · ·) + δAςB′ς δ

Bς
(A′ς
δCςC′ς · ·) + δAςC′ς δ

Bς
(B′ς
δCςA′ς · ·) + ··]SabAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
(B′ς
δCςC′ς · ·) + (2s− 1)δAςB′ς δ

Bς
(A′ς
δCςC′ς · ·)]SabAς

A′ς ( 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

(2s− 1)δAςB′ς δ
Bς
(A′ς
δCςC′ς · ·)SabAς

A′ς ( 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

(2s− 1)SabB′ς
A′ς ( 1

2
;w)Γlς

(A
′
ςC
′
ς · ·)︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)
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= 1
2s

(2s− 1)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)SabB′ς

A′ς ( 1
2
;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s
Sabmς

lς (s− 1
2
;w)

3.11 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)���5�

½n3.11.1.σαςAςBς ( 1
2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

NAς lς
kς

(s;w)σαςAς
Bς ( 1

2
;w) +NBςmς

kς
(s;w)σαςmς

lς (s− 1
2
;w) = σας kς

jς (s;w)NBς lς
jς

(s;w)σαςAςBς ( 1
2
;w)N̄Bς (s;w) + σας (s− 1

2
;w)N̄Aς (s;w) = N̄Aς (s;w)σας (s;w)

NAς (s;w)σαςAς
Bς ( 1

2
;w) +NBς (s;w)σας (s− 1

2
;w) = σας (s;w)NBς (s;w)[σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2
;w)]N(s;w) = N(s;w)σας (s;w)

N̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2
;w)] = σας (s;w)N̄(s;w)

y²: Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[σAς
A′ς ( 1

2
;w) δ

B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ω

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ [σAς
A′ς ( 1

2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2
;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σAς
A′ς ( 1

2
;w)N lς

A′ςjς
(s;w) + σjς

nς (s− 1
2
;w)N lς

Aςnς
(s;w) = Nkς

Aςjς
(s;w)σkς

lς (s;w)

⇔ σαςAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

½n3.11.2.SabAςBς ( 1
2
;w)Nkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

NAς lς
kς

(s;w)SabAς
Bς ( 1

2
;w) +NBςmς

kς
(s;w)Sabmς

lς (s− 1
2
;w) = Sabkς

jς (s;w)NBς lς
jς

(s;w)SabAςBς ( 1
2
;w)N̄Bς (s;w) + Sab(s− 1

2
, ς;w)N̄Aς (s;w) = N̄Aς (s;w)Sab(s, ς;w)

NAς (s;w)SabAς
Bς ( 1

2
;w) +NBς (s;w)Sab(s− 1

2
, ς;w) = Sab(s, ς;w)NBς (s;w)[Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s, ς;w)N̄(s;w)

y²: Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[SabAς
A′ς ( 1

2
;w) δ

B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ωab

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)
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⇔ [SabAς
A′ς ( 1

2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2
;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ SabAς
A′ς ( 1

2
;w)N lς

A′ςjς
(s;w) + Sabjς

nς (s− 1
2
;w)N lς

Aςnς
(s;w) = Nkς

Aςjς
(s;w)Sabkς

lς (s;w)

⇔ SabAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

3.12 ~êØCÜþNkς
Aς1··Aςnlς (s;w), NAς1··Aςnlς

kς
(s;w)�Ú\9Ù5�

½Â3.12.1.

N
kς
Aς1··Aςnlςn(s;w) := ΓkςAς1··Aς2s(s;w)Γ

Aςn+1··Aς2s
lς

(s− n
2
;w)

NAς1··Aςnlςn
kς

(s;w) := ΓAς1··Aς2skς
(s;w)ΓlςAςn+1··Aς2s(s−

n
2
;w)

��5µ

5�3.12.1. N
k′ς
A′ς1··A′ςnl′ςn

(s;w) ' Nkς
Aς1··Aςnlςn(s;w) ' NAς1··Aςnlςn

kς
(s;w) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

5�3.12.2. [Nkς
Aς1··Aςnlςn(s;w)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s;w), [NAς1··Aςnlςn

kς
(s;w)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

Ðm5µ

5�3.12.3.N
kς
Aς1Aς2··Aςnlςn(s;w) = Nkς

Aς1lς1
(s;w)N lς1

Aς2lς2
(s− 1

2
;w) · ·N lςn−1

Aςnlςn
(s− n−1

2
;w)

NAς1Aς2··Aςnlςn
kς

(s;w) = NAς1lς1
kς

(s;w)NAς2lς2
lς1

(s− 1
2
;w) · ·NAςnlςn

lςn−1
(s− n−1

2
;w)

5�3.12.4.ΓkςAς1Aς2··Aς2s(s;w) = Nkς
Aς1lς1

(s;w)N lς1
Aς2lς2

(s− 1
2
;w) · ·N lς2s−1

Aς2slς2s
( 1

2
;w)

ΓAς1Aς2··Aς2skς
(s;w) = NAς1lς1

kς
(s;w)NAς2lς2

lς1
(s− 1

2
;w) · ·NAς2slς2s

lς2s−1
( 1

2
;w)ΓkςAς1Aς2··Aς2s(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1

2
;w) · ·NAς2s(

1
2
;w)

ΓAς1Aς2··Aς2skς
(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1

2
;w) · ·NAς2s( 1

2
;w)Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ N̄(s− 1

2
;w)] · ·[I(w+1)2s−2 ⊗ N̄(1)][I(w+1)2s−1 ⊗ N̄( 1

2
;w)]

Γ(s;w) = [I(w+1)2s−1 ⊗N( 1
2
;w)][I(w+1)2s−2 ⊗N(1)] · ·[Iw+1 ⊗N(s− 1

2
;w)]N(s;w)

3.13 íØ1µ~êÝ
N(s;w), N̄(s;w)�A�ð�ª

5�3.13.1.

N̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]N(s;w) = σ(s;w)

N(s;w)σ(s;w)N̄(s;w) = [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]N(s;w)N̄(s;w)

N(s;w)σ(s;w)N̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[N(s;w)N̄(s;w), σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)] = 0

5�3.13.2.

N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = Sab(s, ς;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w)N̄(s;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = N(s;w)N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

[N(s;w)N̄(s;w), Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = 0

5�3.13.3.

N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}nN(s;w) = [ϑ · σ(s;w)]n

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = {ϑ · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[N(s;w)N̄(s;w), {ϑ · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n] = 0
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5�3.13.4.

N̄(s;w){ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}nN(s;w) = [ϑabSab(s, ς;w)]n

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = {ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n

[N(s;w)N̄(s;w), {ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n] = 0

íØ3.13.1.

N̄(s;w)e
i
2
ϑab[Sab(

1
2
,ς;w)⊗I+Iw+1⊗Sab(s−

1
2
,ς;w)]N(s;w) = e

i
2
ϑabSab(s,ς;w)

N(s;w)e
i
2
ϑabSab(s,ς;w)N̄(s;w) = e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2
,ς;w)]

N(s;w)N̄(s;w)

N(s;w)e
i
2
ϑabSab(s,ς;w)N̄(s;w) = N(s;w)N̄(s;w)e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[N(s;w)N̄(s;w), e
i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
2s−1+w

+Iw+1⊗Sab(s−
1
2
,ς;w)]

] = 0

3.14 íØ2µ~êÝ
N(s;w), N̄(s;w)�,	A�ð�ª

íØ3.14.1.

N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2s
σ(s;w)

N̄(s;w)Iw+1 ⊗ σ(s− 1
2
;w)N(s;w) = (1− 1

2s
)σ(s;w)

NAς (s;w)σ(s− 1
2
;w)N̄Aς (s;w) = (1− 1

2s
)σ(s;w)

N̄Aς (s;w)σ(s;w)NAς (s;w) = (1 + w+1
2s

)σ(s− 1
2
;w)

íØ3.14.2.

N̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2s
Sab(s, ς;w)

N̄(s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)N(s;w) = (1− 1

2s
)Sab(s, ς;w)

NAς (s;w)Sab(s− 1
2
, ς;w)N̄Aς (s;w) = (1− 1

2s
)Sab(s, ς;w)

N̄Aς (s;w)Sab(s, ς;w)NAς (s;w) = (1 + w+1
2s

)Sab(s− 1
2
, ς;w)

íØ3.14.3.
N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1) = σ(1)

N̄( 3
2
){σ( 1

2
;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1)}}N( 3

2
) = σ( 3

2
)

N̄(s;w) · ·N̄( 3
2
){σ( 1

2
;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1)}}N( 3

2
) · ·N(s;w) = σ(s;w)

3.15 Ý
N(s;w), N̄(s;w)�~êØCÜþ5�

½n3.15.1. N(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)N(s;w)e−

i
2
ϑabSab(s,ς;w)

y²: [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

⇔ 0 = [ i
2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w)− i

2
ϑabN(s;w)Sab(s, ς;w)

⇔ N(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)N(s;w)e−

i
2
ϑabSab(s,ς;w)

½n3.15.2. N̄(s;w) = e
i
2
ϑabSab(s,ς;w)N̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s, ς;w)N̄(s;w)

⇔ 0 = i
2
ϑabSab(s, ς;w)N̄(s;w)− N̄(s;w)[ i

2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ N̄(s;w) = e
i
2
ϑabSab(s,ς;w)N̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

3.16 Ý
N(s), N̄(s)�~êØCÜþ5�

½n3.16.1. N(s) = e(iω+ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)N(s)e−(iω+ςε)·σ(s)
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y²: [σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)]N(s) = N(s)σ(s)

⇔ 0 = [(iω + ςε) · σ( 1
2
)⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1

2
)]N(s)− (iω + ςε) ·N(s)σ(s)

⇔ N(s) = e(iω+ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)N(s)e−(iω+ςε)·σ(s)

½n3.16.2. N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

y²: N̄(s)[σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)] = σ(s)N̄(s)

⇔ 0 = (iω + ςε) · σ(s)N̄(s)− N̄(s)[(iω + ςε) · σ( 1
2
)⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1

2
)]

⇔ N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

3.17 Ý
(σ ⊗ IC2s−1
2s−1+w

,−iς)a�~êØCÜþ5�
½n3.17.1.

(σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e

i
2
ϑcdScd(s− 1

2
,ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ e−

i
2
ϑcdScd(s− 1

2
,ς;w)]

(σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e

i
2
ϑcdScd(s− 1

2
,−ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ e−

i
2
ϑcdScd(s− 1

2
,−ς;w)]

y²: (σ,−iς)a = [eϑ]a
be

i
2
ϑcdScd(

1
2
,−ς;w)(σ,−iς)be−

i
2
ϑcdScd(

1
2
,ς;w)

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a = [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ IC2s−1

2s−1+w
](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ IC2s−1

2s−1+w
]

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e

i
2
ϑcdScd(s− 1

2
,ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ e−

i
2
ϑcdScd(s− 1

2
,ς;w)]

y²: (σ,−iς)a = [eϑ]a
be

i
2
ϑcdScd(

1
2
,−ς;w)(σ,−iς)be−

i
2
ϑcdScd(

1
2
,ς;w)

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a = [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ IC2s−1

2s−1+w
](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ IC2s−1

2s−1+w
]

⇔ (σ ⊗ IC2s−1
2s−1+w

,−iς)a

= [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e

i
2
ϑcdScd(s− 1

2
,−ς;w)](σ ⊗ IC2s−1

2s−1+w
,−iς)b[e−

i
2
ϑcdScd(

1
2
,ς;w) ⊗ e−

i
2
ϑcdScd(s− 1

2
,−ς;w)]

3.18 Ý
(σ ⊗ I2s,−iς)a�~êØCÜþ5�
½n3.18.1.(σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a

be(iω−ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

(σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

) ⊗ e(iω−ςε)·σ(s− 1
2

)(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2

) ⊗ e−(iω−ςε)·σ(s− 1
2

)

y²: (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

)(σ,−iς)be−(iω+ςε)·σ(
1
2

)

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
b[e(iω−ςε)·σ(

1
2

) ⊗ I2s](σ ⊗ I2s,−iς)b[e−(iω+ςε)·σ(
1
2

) ⊗ I2s]

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

y²: (σ,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

)(σ,−iς)be−(iω+ςε)·σ(
1
2

)

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
b[e(iω−ςε)·σ(

1
2

) ⊗ I2s](σ ⊗ I2s,−iς)b[e−(iω+ςε)·σ(
1
2

) ⊗ I2s]

⇔ (σ ⊗ I2s,−iς)a = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

) ⊗ e(iω−ςε)·σ(s− 1
2

)(σ ⊗ I2s,−iς)be−(iω+ςε)·σ(
1
2

) ⊗ e−(iω−ςε)·σ(s− 1
2

)

4 �{~êØCÜþX
Aς lς
mς (s;w), X

mς

Aς lς
(s;w)(�3εAςBς

�cJ)
�k÷vεAςBς = −εBςAς�é¡^��§�Ù!SNâ�Ü¤á§ÄK�kÜ©¤á"

4.1 �{~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)�Ú\

½Â4.1.1. XAς lς
mς

(s;w) :=
√

2s−1√
2s−1+w

εAςBςN lς
Bςmς

(s− 1
2
;w), Xmς

Aς lς
(s;w) :=

√
2s−1√

2s−1+w
εAςBςN

Bςmς
lς

(s− 1
2
;w)

5�4.1.1. XAς lς
mς

(s;w) ' Xmς
Aς lς

(s;w)
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4.2 ~êÝ
X(s;w), X̄(s;w)�Ú\

½Â4.2.1.


XAς (s;w) ≺ XAς lς

mς
(s;w), XAς (s;w) ≺ Xmς

Aς lς
(s;w)

X̄Aς (s;w) ≺ XAς lς
mς (s;w), X̄Aς (s;w) ≺ XAς lς

mς (s;w)

X(s;w) ≺ XAς⊗lς
mς (s;w), X̄(s;w) ≺ Xmς

Aς⊗lς (s;w) = X+(s;w)

X(s), X̄(s)�wªL«µ

íØ4.2.1. X̄(s) = 1√
2s

[
0 −
√

2s−1
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2s−2
√

2 0 0 0 0 0
0 0 0 0 0 ·· ·· 0 0 0
0 0 0 0 0 0 0 −

√
1
√

2s−1 0

]

íØ4.2.2. X̄(s = 1, 3
2
, 2) = 1√

2

[
0 −
√

1
√

1 0

]
, 1√

3

[
0 −
√

2
√

1 0 0 0

0 0 0 −
√

1
√

2 0

]
, 1√

4

[
0 −
√

3
√

1 0 0 0 0 0

0 0 0 −
√

2
√

2 0 0 0

0 0 0 0 0 −
√

1
√

3 0

]
4.3 ~êØCÜþXAς lς

mς (s;w), Xmς
Aς lς

(s;w)�,ü�I

5�4.3.1.XAς lς
mς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)Xrς

Bςnς
(s− 1

2
;w)

Xmς
Aς lς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)XBςnς

rς
(s− 1

2
;w)

y²: Nkς
Aς lς

(s− 1
2
;w) = εkςmς (s− 1

2
;w)εAςBςεlςnς (s− 1;w)NBςnς

mς
(s− 1

2
;w)

⇔ εCςAςNkς
Aς lς

(s− 1
2
;w) = εCςAςεkςmς (s− 1

2
;w)εAςBςεlςnς (s− 1;w)NBςnς

mς
(s− 1

2
;w)

⇔ XCςkς
lς

(s;w) = εCςAςεkςmς (s− 1
2
;w)εlςnς (s− 1;w)Xnς

Aςmς
(s− 1

2
;w)

⇔ XAς lς
mς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)Xrς

Bςnς
(s− 1

2
;w)

4.4 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)���5

5�4.4.1. XAς lς
mς

(s;w)Xnς
Aς lς

(s;w) = δmς
nς [⇔]XAς (s;w)X̄Aς (s;w) = IC2s−2

2s−2+w
[⇔]X̄(s;w)X(s;w) = IC2s−2

2s−2+w

y²: XAς lς
mς

(s;w)Xnς
Aς lς

(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)

√
2s−1√

2s−1+w
εAςDςN

Dςnς
lς

(s− 1
2
;w)

= 2s−1
2s−1+w

N lς
Cςmς

(s− 1
2
;w)δDς

CςNDςnς
lς

(s− 1
2
;w)

= 2s−1
2s−1+w

(1 + w
2s−1

)δmς
nς

= δmς
nς

5�4.4.2. XAς lς
mς

(s;w)Nkς
Aς lς

(s;w) = 0

[⇔]XAς (s;w)N̄Aς (s;w) = 0, NAς (s;w)X̄Aς (s;w) = 0[⇔]X̄(s;w)N(s;w) = 0, N̄(s;w)X(s;w) = 0

y²: XAς lς
mς

(s;w)Nkς
Aς lς

(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)Nkς

Aς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςΓlς
CςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ςD
′
ς · ·

lς
(s− 1

2
;w)

=
√

2s−1√
2s−1+w

εAςCς 1
(2s−1)!

δ
B′ς
(Cς
δ
C′ς
C′′ς
δ
D′ς
D′′ς
· ·)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

=
√

2s−1√
2s−1+w

εAςBςΓkς
AςBςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)

= 0

5�4.4.3. Xmς
Aς lς

(s;w)XAςkς
mς

(s;w) = 2s−1
2s−1+w

δlς
kς [⇔]X̄Aς (s;w)XAς (s;w) = 2s−1

2s−1+w
IC2s−1

2s−1+w
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y²: Xmς
Aς lς

(s;w)XAςkς
mς

(s;w)

=
√

2s−1√
2s−1+w

εAςBςN
Bςmς
lς

(s− 1
2
;w)

√
2s−1√

2s−1+w
εAςCςNkς

Cςmς
(s− 1

2
;w)

= 2s−1
2s−1+w

NBςmς
lς

(s− 1
2
;w)Nkς

Bςmς
(s− 1

2
;w)

= 2s−1
2s−1+w

δlς
kς

5�4.4.4. Xmς
Aς lς

(s;w)XBς lς
mς

(s;w) = 1
w+1

C2s−2
2s−2+wδ

Bς
Aς

[⇔]tr[X̄Aς (s;w)XBς (s;w)] = 1
w+1

C2s−2
2s−2+wδ

Bς
Aς

y²: Xmς
Aς lς

(s;w)XBς lς
mς

(s;w)

=
√

2s−1√
2s−1+w

εAςCςN
Cςmς
lς

(s− 1
2
;w)

√
2s−1√

2s−1+w
εBςDςN lς

Dςmς
(s− 1

2
;w)

= 2s−1
2s−1+w

εAςCςε
BςDςNCςmς

lς
(s− 1

2
;w)N lς

Dςmς
(s− 1

2
;w)

= 2s−1
2s−1+w

εAςCςε
BςDς 1

w+1
C2s−1

2s−1+wδ
Cς
Dς

= 1
w+1

C2s−2
2s−2+wδ

Bς
Aς

íØ4.4.1. N̄(s;w)N(s;w) = IC2s
2s+w

, X̄(s;w)X(s;w) = IC2s−2
2s−2+w

, N̄(s;w)X(s;w) = 0, X̄(s;w)N(s;w) = 0

4.5 Ý
N(s), N̄(s), X(s), X̄(s)�éÜ��5�

5�4.5.1.

X
nς
Aς lς

(s)XBςmς
nς

(s) = 1
2s

[(2s− 1)δBςAς δ
mς
lς
− (2s− 1)Nmς

Aςnς
(s− 1

2
)NBςnς

lς
(s− 1

2
)]

X̄Aς (s)X
Bς (s) = 1

2s
[(2s− 1)δBςAς I2s − (2s− 1)NBς (s− 1

2
)N̄Aς (s− 1

2
;w)]

y²: Xnς
Aς lς

(s)X
A′ςmς
nς (s) = 2s−1

2s
εAςEςε

A′ςE
′
ςNEςnς

lς
(s− 1

2
)Nmς

E′ςnς
(s− 1

2
)

= 2s−1
2s

εAςEςε
A′ςE

′
ςΓ

2s−1︷ ︸︸ ︷
EςFςGς · ·
lς

(s− 1
2
)ΓnςFςGς · ·︸ ︷︷ ︸

2s−2

(s− 1)Γmς
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)Γ

2s−2︷ ︸︸ ︷
F
′
ςG
′
ς · ·

nς (s− 1)

= 2s−1
2s

εAςEςε
A′ςE

′
ς 1

(2s−2)!

2s−2︷ ︸︸ ︷
δ

(F ′ς
Fς
δ
G′ς
Gς
· ·) Γ

2s−1︷ ︸︸ ︷
EςFςGς · ·
lς

(s− 1
2
)Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)

= 2s−1
2s

εAςEςε
A′ςE

′
ςΓ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2
)Γmς

E
′
ςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)

= 2s−1
2s

δ
[A′ς
Aς
δ
E′ς ]

Eς
Γ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2
)Γmς

E
′
ςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)

= 2s−1
2s

δ
A′ς
Aς

Γ

2s−1︷ ︸︸ ︷
EςBςCς · ·
lς

(s− 1
2
)ΓmςEςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)− 2s−1

2s
Γ

2s−1︷ ︸︸ ︷
A
′
ςBςCς · ·

lς
(s− 1

2
)ΓmςAςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)

= 1
2s

[(2s− 1)δ
A′ς
Aς
δmςlς − (2s− 1)Nmς

Aςnς
(s− 1

2
)N

A′ςnς
lς

(s− 1
2
)]

íØ4.5.1. Nkς
Aς lς

(s)NBςmς
kς

(s) +Xnς
Aς lς

(s)XBςmς
nς

(s) = δBςAς δ
mς
lς

[⇔]N̄Aς (s)N
Bς (s) + X̄Aς (s)X

Bς (s) = δBςAς I2s[⇔]N(s)N̄(s) +X(s)X̄(s) = I4s

íØ4.5.2.

[
N̄(s)

X̄(s)

]
[N(s), X(s)] = [N(s), X(s)]

[
N̄(s)

X̄(s)

]
= I4s[⇔]


N(s)N̄(s) +X(s)X̄(s) = I4s

N̄(s)N(s) = I2s+1, X̄(s)X(s) = I2s−1

N̄(s)X(s) = 0, X̄(s)N(s) = 0

4.6 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)�g^C�

íØ4.6.1. XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w) = − 1

2s−1+w
σαςmς

nς (s− 1;w)

[⇔]XAς (s;w)σAς
Bς ( 1

2
;w)X̄Bς (s;w) = − 1

2s−1+w
σ(s− 1;w)

[⇔]X̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
X(s;w) = − 1

2s−1+w
σ(s− 1;w)
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y²: XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)σαςAς

Bς ( 1
2
;w)

√
2s−1√

2s−1+w
εBςDςN

Dςnς
lς

(s− 1
2
;w)

= − 2s−1
2s−1+w

N lς
Cςmς

(s− 1
2
;w)σαςDς

Cς ( 1
2
;w)NDςnς

lς
(s− 1

2
;w)

= − 1
2s−1+w

σαςmς
nς (s− 1;w)

íØ4.6.2. XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w) = − 1

2s−1+w
σας kς

lς (s− 1
2
;w)

[⇔]X̄Aς (s;w)σαςAς
Bς ( 1

2
;w)XBς (s;w) = − 1

2s−1+w
σας (s− 1

2
;w)

y²: XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)σαςAς

Bς ( 1
2
;w)

√
2s−1√

2s−1+w
εBςDςN

Dςmς
kς

(s− 1
2
;w)

= − 2s−1
2s−1+w

N lς
Cςmς

(s− 1
2
;w)σαςDς

Cς ( 1
2
;w)NDςmς

kς
(s− 1

2
;w)

= − 1
2s−1+w

σας kς
lς (s− 1

2
;w)

íØ4.6.3. XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w) = − 1

2s−1+w
Sabmς

nς (s− 1;w)

[⇔]XAς (s;w)Sab(
1
2
, ς;w)⊗ IC2s−2

2s−2+w
X̄Aς (s;w) = − 1

2s−1+w
Sab(s− 1, ς;w)

[⇔]X̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
X(s;w) = − 1

2s−1+w
Sab(s− 1, ς;w)

y²: XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)SabAς

Bς ( 1
2
;w)

√
2s−1√

2s−1+w
εBςDςN

Dςnς
lς

(s− 1
2
;w)

= − 2s−1
2s−1+w

N lς
Cςmς

(s− 1
2
;w)SabDς

Cς ( 1
2
;w)NDςnς

lς
(s− 1

2
;w)

= − 1
2s−1+w

Sabmς
nς (s− 1;w)

íØ4.6.4. XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w) = − 1

2s
Sabkς

lς (s− 1
2
;w)

[⇔]X̄Aς (s;w)SabAς
Bς ( 1

2
;w)XBς (s;w) = − 1

2s−1+w
Sab(s− 1

2
, ς;w)

y²: XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
2s−1+w

εAςCςN lς
Cςmς

(s− 1
2
;w)SabAς

Bς ( 1
2
;w)

√
2s−1√

2s−1+w
εBςDςN

Dςmς
kς

(s− 1
2
;w)

= − 2s−1
2s−1+w

N lς
Cςmς

(s− 1
2
;w)SabDς

Cς ( 1
2
;w)NDςmς

kς
(s− 1

2
;w)

= − 1
2s−1+w

Sabkς
lς (s− 1

2
;w)

4.7 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)���5�

½n4.7.1.XAς lς
mς

(s;w)[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)] = σmς

nς (s− 1;w)XBςkς
nς

(s;w)

[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)]Xnς

Bςkς
(s;w) = Xmς

Aς lς
(s;w)σmς

nς (s− 1;w)XAς (s;w)[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)] = σ(s− 1;w)XBς (s;w)

[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)]X̄Bς (s;w) = X̄Aς (s;w)σ(s− 1;w)X̄(s;w)[σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)] = σ(s− 1;w)X̄(s;w)

[σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w) = X(s;w)σ(s− 1;w)

y²: XAςkς
mς

(s;w)[σAς
Bς ( 1

2
;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2
;w)] = σmς

nς (s− 1;w)XBς lς
nς

(s;w)

⇔
√

2s−1√
2s−1+w

εAςCςNkς
Cςmς

(s− 1
2
;w)[σAς

Bς ( 1
2
;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2
;w)]

= σmς
nς (s− 1;w)

√
2s−1√

2s−1+w
εBςDςN lς

Dςnς
(s− 1

2
;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2
;w)[σAς

Bς ( 1
2
;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2
;w)] = σmς

nς (s− 1;w)εBςDςN lς
Dςnς

(s− 1
2
;w)

⇔ εAςCςNkς
Cςmς

(s;w)[σAς
Bς ( 1

2
;w)δkς

lς + δAς
Bςσkς

lς (s;w)] = σmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[σAς

Bς ( 1
2
;w)δkς

lς + δAς
Bςσkς

lς (s;w)] = εEςBςσmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ Nkς
Cςmς

(s;w)[σ( 1
2
;w)Eς

Cςδkς
lς − δEςCςσkς lς (s;w)] = −σmςnς (s− 1

2
;w)N lς

Eςnς
(s;w)

⇔ [σ( 1
2
;w)Eς

CςN lς
Cςmς

(s;w) + σmς
nς (s− 1

2
;w)N lς

Eςnς
(s;w) = Nkς

Eςmς
(s;w)σkς

lς (s;w)

⇔ σαςAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)
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½n4.7.2.XAς lς
mς

(s;w)[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)XBς⊗kς
nς

(s;w)

[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)]Xnς

Bςkς
(s;w) = Xmς

Aς lς
(s;w)Sabmς

nς (s− 1;w)XAς (s;w)[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)] = Sab(s− 1, ς;w)XBς (s;w)

[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)]X̄Bς (s;w) = X̄Aς (s;w)Sab(s− 1, ς;w)X̄(s;w)[Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

y²: XAςkς
mς

(s;w)[SabAς
Bςδkς

lς + δAς
BςSabkς

lς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)XBς lς
nς

(s;w)

⇔
√

2s−1√
2s−1+w

εAςCςNkς
Cςmς

(s− 1
2
;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s− 1

2
;w)]

= Sabmς
nς (s− 1;w)

√
2s−1√

2s−1+w
εBςDςN lς

Dςnς
(s− 1

2
;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2
;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s− 1

2
;w)] = Sabmς

nς (s− 1;w)εBςDςN lς
Dςnς

(s− 1
2
;w)

⇔ εAςCςNkς
Cςmς

(s;w)[SabAς
Bςδkς

lς + δAς
BςSabkς

lς (s;w)] = Sabmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s;w)] = εEςBςSabmς

nς (s− 1
2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ Nkς
Cςmς

(s;w)[SabEς
Cςδkς

lς − δEςCςSabkς lς (s;w)] = −Sabmςnς (s− 1
2
;w)N lς

Eςnς
(s;w)

⇔ [SabEς
CςN lς

Cςmς
(s;w) + Sabmς

nς (s− 1
2
;w)N lς

Eςnς
(s;w) = Nkς

Eςmς
(s;w)Sabkς

lς (s;w)

⇔ SabAς
BςNkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

íØ4.7.1.NCςmς
lς (s− 1

2
;w)εCςAς [σAς

Bς ( 1
2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)] = σmς

nς (s− 1;w)NDςnς
kς (s− 1

2
;w)εDςBς

[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)]εBςCςN

Cςnς
kς

(s− 1
2
;w) = εAςDςN

Dςmς
lς

(s− 1
2
;w)σmς

nς (s− 1;w)NCς (s− 1
2
;w)εCςAς [σAς

Bς ( 1
2
;w) + δAς

Bςσ(s− 1
2
;w)] = σ(s− 1;w)NDς (s− 1

2
;w)εDςBς

[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)]εBςCςN

Cς (s− 1
2
;w) = εAςDςN

Dς (s− 1
2
;w)σ(s− 1;w)

íØ4.7.2.NCςmς
lς (s− 1

2
;w)εCςAς [SabAς

Bς ( 1
2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)NDςnς
kς (s− 1

2
;w)εDςBς

[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)]εBςCςN

Cςnς
kς

(s− 1
2
;w) = εAςDςN

Dςmς
lς

(s− 1
2
;w)Sabmς

nς (s− 1;w)NCς (s− 1
2
;w)εCςAς [SabAς

Bς ( 1
2
;w) + δAς

BςSab(s− 1
2
, ς;w)] = Sab(s− 1, ς;w)NDς (s− 1

2
;w)εDςBς

[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)]εBςCςN

Cς (s− 1
2
;w) = εAςDςN

Dς (s− 1
2
;w)Sab(s− 1, ς;w)

4.8 íØµ'u~êÝ
X(s;w), X̄(s;w)��5�

íØ4.8.1. [X(s;w)] = (w + 1)C2s−1
2s−1+w × C2s−2

2s−2+w, [X̄(s;w)] = C2s−2
2s−2+w × (w + 1)C2s−1

2s−1+w

íØ4.8.2.
X̄(s;w)[σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w) = σ(s− 1;w)

X(s;w)σ(s− 1;w)X̄(s;w) = [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σ(s− 1

2
;w)] = 0

íØ4.8.3.
X̄(s;w)[Sab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = Sab(s− 1, ς;w)

X(s;w)Sab(s, ς − 1, ς;w)X̄(s;w) = [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = 0

íØ4.8.4. XAς (s;w)σ(s− 1
2
;w)X̄Aς (s;w) = 2s+w

2s−1+w
σ(s− 1;w)

[⇔]X̄(s;w)Iw+1 ⊗ σ(s− 1
2
;w)X(s;w) = 2s+w

2s−1+w
σ(s− 1;w)
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íØ4.8.5. XAς (s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)X̄Aς (s;w) = 2s+w

2s−1+w
Sab(s− 1, ς;w)

[⇔]X̄(s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)X(s;w) = 2s+w

2s−1+w
Sab(s− 1, ς;w)

4.9 Ý
X(s;w), X̄(s;w)�~êØCÜþ5�

½n4.9.1. X(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)X(s;w)e−

i
2
ϑabSab(s−1,ς;w)

y²: [Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

⇔ 0 = [ i
2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w)− i

2
ϑabX(s;w)Sab(s− 1, ς;w)

⇔ X(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)X(s;w)e−

i
2
ϑabSab(s−1,ς;w)

½n4.9.2. X̄(s;w) = e
i
2
ϑabSab(s−1,ς;w)X̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: X̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

⇔ 0 = i
2
ϑabSab(s− 1, ς;w)X̄(s;w)− X̄(s;w)[ i

2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

2s−1+w
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ X̄(s;w) = e
i
2
ϑabSab(s−1,ς;w)X̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

4.10 Ý
X(s), X̄(s)�~êØCÜþ5�

½n4.10.1. X(s) = e(iω+ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)X(s)e−(iω+ςε)·σ(s−1)

y²: [σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)]X(s) = X(s)σ(s− 1)

⇔ 0 = [(iω + ςε) · σ( 1
2
)⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1

2
)]X(s)− (iω + ςε) ·X(s)σ(s− 1)

⇔ X(s) = e(iω+ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)X(s)e−(iω+ςε)·σ(s−1)

½n4.10.2. X̄(s) = e(iω+ςε)·σ(s−1)X̄(s)e−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

y²: X̄(s)[σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)] = σ(s− 1)X̄(s)

⇔ 0 = (iω + ςε) · σ(s− 1)X̄(s)− X̄(s)[(iω + ςε) · σ( 1
2
)⊗ I2s + (iω + ςε) · I ⊗ σ(s− 1

2
)]

⇔ X̄(s) = e(iω+ςε)·σ(s−1)X̄(s)e−(iω+ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

íØ4.10.1. [N(s), X(s)] = e(iω+ςε)·σ(
1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)[N(s), X(s)][e−(iω+ςε)·σ(s) ⊕ e−(iω+ςε)·σ(s−1)]

íØ4.10.2.

[
N̄(s)

X̄(s)

]
= [e(iω+ςε)·σ(s) ⊕ e(iω+ςε)·σ(s−1)]

[
N̄(s)

X̄(s)

]
e−(iω+ςε)·σ(

1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

4.11 ~êÝ
Ω(s;w), σ(s− 1;w)���5�

íØ4.11.1.Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]X(s;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)σ(s− 1;w)

X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w) = σ(s− 1;w)X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]

íØ4.11.2.σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]N(s;w)

σ(s− 1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)

íØ4.11.3.[~ϑ · σ(s;w)]n = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)]N(s;w)

[~ϑ · σ(s− 1;w)]n = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)

íØ4.11.4.e
~ϑ·σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w)

e
~ϑ·σ(s−1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]X(s;w)
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4.12 ~êÝ
Ω(s− l;w), [~ϑ · Ω(s− l;w)]n, e
~ϑ·Ω(s−l;w)�Ó�5L«

íØ4.12.1. Ω(s;w) = Ω(s− 1;w)⊗ I(w+1)2 + I(w+1)2s−2 ⊗ Ω(1;w)

íØ4.12.2.Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2
;w)]X(1;w)} = I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}Ω(s− 1;w)

I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]}Ω(s;w) = Ω(s− 1;w)I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}

íØ4.12.3.
Ω(s− 1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

[~ϑ · Ω(s− 1;w)]n = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]}[~ϑ · Ω(s;w)]nI(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

e
~ϑ·Ω(s−1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}e~ϑ·Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

½Â4.12.1.T (s;w) := I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2
;w)]X(1;w)}

T̄ (s;w) := I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]} = T+(s;w)

íØ4.12.4.
Ω(s− l;w) = T̄ (s− l + 1;w) · ·T̄ (s− 1;w)T̄ (s;w)Ω(s;w)T (s;w)T (s− 1;w) · ·T (s− l + 1;w)

[~ϑ · Ω(s− l;w)]n = T̄ (s− l + 1;w) · ·T̄ (s− 1;w)T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w)T (s− 1;w) · ·T (s− l + 1;w)

e
~ϑ·Ω(s−l;w) = T̄ (s− l + 1;w) · ·T̄ (s− 1;w)T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w)T (s− 1;w) · ·T (s− l + 1;w)

íØ4.12.5.
σ(s− l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · ·T̄ (s;w)Ω(s;w)T (s;w) · ·T (s− l + 1;w)Γ(s− l;w)

[~ϑ · σ(s− l;w)]n = Γ̄(s− l;w)T̄ (s− l + 1;w) · ·T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w) · ·T (s− l + 1;w)Γ(s− l;w)

e
~ϑ·σ(s−l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · ·T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w) · ·T (s− l + 1;w)Γ(s− l;w)

5 �{~êØCÜþOαςmς
nς(s;w)(�3εAςBς

�cJ)
�k÷vεAςBς = −εBςAς�é¡^��§�Ù!SNâ�Ü¤á§ÄK�kÜ©¤á"

5.1 �{~êØCÜþOας
mς

nς (s;w)�Ú\

½Â5.1.1. Oας
mς

nς (s;w) := 2sXAς lς
mς

(s;w)σαςAς
Bς ( 1

2
)Nnς

Bς lς
(s;w) � O(s;w), Ō(s;w) := O+(s;w)

íØ5.1.1. [N(s;w)] = (w + 1)C2s−1
2s−1+w × C2s

2s+w, [N̄(s;w)] = C2s
2s+w × (w + 1)C2s−1

2s−1+w

íØ5.1.2. [X(s;w)] = (w + 1)C2s−1
2s−1+w × C2s−2

2s−2+w, [X̄(s;w)] = C2s−2
2s−2+w × (w + 1)C2s−1

2s−1+w

íØ5.1.3. [O(s;w)] = C2s−2
2s−2+w × C2s

2s+w, [Ō(s;w)] = C2s
2s+w × C2s−2

2s−2+w

íØ5.1.4.XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
)Nnς

Bς lς
(s;w) := 1

2s
Oας

mς
nς (s;w)⇔ XAς (s;w)σαςAς

Bς ( 1
2
)N̄Bς (s;w) = 1

2s
O(s;w)

X̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) = 1

2s
O(s;w)⇔ N̄(s;w)σ( 1

2
;w)⊗ IC2s−1

2s−1+w
X(s;w) = 1

2s
O+(s;w)

5.2 �{~êØCÜþO(s;w), Ō(s;w)�5�

½n5.2.1. O(s;w) · σ(s;w) = σ(s− 1;w) ·O(s;w)[⇔]σ(s;w) ·O+(s;w) = O+(s;w) · σ(s− 1;w)

y²: O(s;w) · σ(s;w)

= 2sX̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) · σ(s;w)

= 2sX̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

2s−1+w
] · [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2
;w)]N(s;w)

= X̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

2s−1+w
+ Iw+1 ⊗ σας (s− 1

2
;w)] · [σ( 1

2
;w)⊗ IC2s−1

2s−1+w
]N(s;w)

= 2sσ(s− 1;w)X̄(s;w) · [σ( 1
2
;w)⊗ IC2s−1

2s−1+w
]N(s;w)

= σ(s− 1;w) ·O(s;w)
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y²: O(s;w) ·O+(s;w) = X̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
N(s;w) · N̄(s;w)σ( 1

2
;w)⊗ IC2s−1

2s−1+w
X(s;w)

y²: O+(s;w) ·O(s;w) = N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

2s−1+w
X(s;w) · X̄(s;w)σ( 1

2
;w)⊗ IC2s−1

2s−1+w
N(s;w)

5.3 Ý
O(s;w), Ō(s;w)�~êØCÜþ5�

íØ5.3.1.

Oας (s;w) = [e
i
2
ϑabSab(1,ς;w)]ας

βςe
i
2
ϑabSab(s−1,ς;w)Oβς (s;w)e−

i
2
ϑabSab(s,ς;w)

O+α′ς (s;w) = [e
i
2
ϑ∗abSab(1,ς;w)]ας

βςe
i
2
ϑ∗abSab(s,ς;w)Oβς (s;w)e−

i
2
ϑ∗abSab(s−1,ς;w)

5.4 Ý
O(s), Ō(s)�~êØCÜþ5�

íØ5.4.1.

Oας (s) = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·σ(s−1)Oβς (s)e−(iω+ςε)·σ(s)

O+α′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·σ(s)O+β′ς (s)e−(iω−ςε)·σ(s−1)
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1 �����Ý
�êÆ©Û [4]

1.1 Ä:-D0
n+1(x0, ··, xn).���Ý
9Ù5�

½n1.1.1. D0
n+1(x0, ··, xn) =

∣∣∣∣∣∣∣∣
x0

0 x1
0 ·· x

j
0 ·· x

n
0

x0
1 x1

1 ·· x
j
1 ·· x

n
1

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0
n x1

n ·· x
j
n ·· x

n
n

∣∣∣∣∣∣∣∣ =
∏

0≤i<j≤n
(xj − xi) =

n∏
i=0

n∏
j=i+1

(xj − xi)

½n1.1.2. (−1)i+jAij(x0, ··, xi, ··, xn) =

n∏
i′=0

n∏
j′=i′+1

(xj′−xi′ )

n∏
k(6=i)=0

(xi−xk)
{[

n∏
k( 6=i)=0

(xi−xk)]xji�Xê} =
(−1)n−jCn−j{x0··xi··xn}

D0
n+1(x0,··,xn)

n∏
k(6=i)=0

(xi−xk)

½n1.1.3.


x0

0 x1
0 ·· x

j
0 ·· x

n
0

x0
1 x1

1 ·· x
j
1 ·· x

n
1

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0
n x1

n ·· x
j
n ·· x

n
n


−1

ij

= (−1)i+jAji(x0,··,xi,··,xn)

D0
n+1(x0,··,xn)

=
(−1)n−iCn−i{x0··xj ··xn}

n∏
k(6=j)=0

(xj−xk)
; i, j = 0, 1, ··, n

½n1.1.4.
n∑
l=0

(−1)n−lxliC
n−l
{x0··xj ··xn}

n∏
k(6=j)=0

(xj−xk)
= δij ,

n∑
l=0

(−1)n−ixjlC
n−i
{x0··xl··xn}

n∏
k(6=l)=0

(xl−xk)
= δij

�(Xeµ

íØ1.1.1.


x0

0 x1
0 ·· x

j
0 ·· x

n
0

x0
1 x1

1 ·· x
j
1 ·· x

n
1

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0
n x1

n ·· x
j
n ·· x

n
n


−1

ij

=
(−1)n−iCn−i{x0··xj ··xn}

n∏
k( 6=j)=0

(xj−xk)
,


x0
n x1

n ·· x
j
n ·· x

n
n

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0

1 x1
1 ·· x

j
1 ·· x

n
1

x0
0 x1

0 ·· x
j
0 ·· x

n
0


−1

ij

=
(−1)n−iCn−i{x0··xn−j ··xn}

n∏
k(6=n−j)=0

(xn−j−xk)

íØ1.1.2.


xn0 xn−1

0 ·· xn−j0 ·· x0
0

xn1 xn−1
1 ·· xn−j1 ·· x0

1
·· ·· ·· ·· ·· ··
xni xn−1

i ·· xn−ji ·· x0
i

·· ·· ·· ·· ·· ··
xnn xn−1

n ·· xn−jn ·· x0
n


−1

ij

=
(−1)iCi{x0··xj ··xn}

n∏
k(6=j)=0

(xj−xk)
,


xnn xn−1

n ·· xn−jn ·· x0
n

·· ·· ·· ·· ·· ··
xni xn−1

i ·· xn−ji ·· x0
i

·· ·· ·· ·· ·· ··
xn1 xn−1

1 ·· xn−j1 ·· x0
1

xn0 xn−1
0 ·· xn−j0 ·· x0

0


−1

ij

=
(−1)iCi{x0··xn−j ··xn}

n∏
k(6=n−j)=0

(xn−j−xk)

1.2 íØ-Dr
n+1(x0, ··, xn).���Ý
9Ù5�

íØ1.2.1.

Dr
n+1(x0, ··, xn) =

∣∣∣∣∣∣∣∣
x0+r

0 x1+r
0 ·· xj+r0 ·· xn+r

0

x0+r
1 x1+r

1 ·· xj+r1 ·· xn+r
1

·· ·· ·· ·· ·· ··
x0+r
i x1+r

i ·· xj+ri ·· xn+r
i

·· ·· ·· ·· ·· ··
x0+r
n x1+r

n ·· xj+rn ·· xn+r
n

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)

∣∣∣∣∣∣∣∣
x0

0 x1
0 ·· x

j
0 ·· x

n
0

x0
1 x1

1 ·· x
j
1 ·· x

n
1

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0
n x1

n ·· x
j
n ·· x

n
n

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)[
n∏
i=0

n∏
j=i+1

(xj − xi)]

íØ1.2.2.
x0+r

0 x1+r
0 ·· xj+r0 ·· xn+r

0

x0+r
1 x1+r

1 ·· xj+r1 ·· xn+r
1

·· ·· ·· ·· ·· ··
x0+r
i x1+r

i ·· xj+ri ·· xn+r
i

·· ·· ·· ·· ·· ··
x0+r
n x1+r

n ·· xj+rn ·· xn+r
n


−1

ij

= (


xr0 0 ·· 0 ·· 0

0 xr1 ·· 0 ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· xri ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· 0 ·· xrn



x0

0 x1
0 ·· x

j
0 ·· x

n
0

x0
1 x1

1 ·· x
j
1 ·· x

n
1

·· ·· ·· ·· ·· ··
x0
i x1

i ·· x
j
i ·· x

n
i

·· ·· ·· ·· ·· ··
x0
n x1

n ·· x
j
n ·· x

n
n

)−1
ij =

(−1)n−iCn−i{x0··xj ··xn}

xrj

n∏
k(6=j)=0

(xj−xk)
; i, j = 0, 1, ··, n
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íØ1.2.3.
n∑
l=0

(−1)n−lxl+ri Cn−l{x0··xj ··xn}

xrj

n∏
k( 6=j)=0

(xj−xk)
= δij ,

n∑
l=0

(−1)n−ixj+rl Cn−i{x0··xl··xn}

xrl

n∏
k( 6=l)=0

(xl−xk)
= δij

�(Xeµ

íØ1.2.4.
x0+r

0 x1+r
0 ·· xj+r0 ·· xn+r

0

x0+r
1 x1+r

1 ·· xj+r1 ·· xn+r
1

·· ·· ·· ·· ·· ··
x0+r
i x1+r

i ·· xj+ri ·· xn+r
i

·· ·· ·· ·· ·· ··
x0+r
n x1+r

n ·· xj+rn ·· xn+r
n


−1

ij

=
(−1)n−iCn−i{x0··xj ··xn}

xrj

n∏
k(6=j)=0

(xj−xk)
,


x0+r
n x1+r

n ·· xj+rn ·· xn+r
n

·· ·· ·· ·· ·· ··
x0+r
i x1+r

i ·· xj+ri ·· xn+r
i

·· ·· ·· ·· ·· ··
x0+r

1 x1+r
1 ·· xj+r1 ·· xn+r

1

x0+r
0 x1+r

0 ·· xj+r0 ·· xn+r
0


−1

ij

=
(−1)n−iCn−i{x0··xn−j ··xn}

xrn−j

n∏
k( 6=n−j)=0

(xn−j−xk)


xn+r

0 xn−1+r
0 ·· xn−j+r0 ·· x0+r

0

xn+r
1 xn−1+r

1 ·· xn−j+r1 ·· x0+r
1

·· ·· ·· ·· ·· ··
xn+r
i xn−1+r

i ·· xn−j+ri ·· x0+r
i

·· ·· ·· ·· ·· ··
xn+r
n xn−1+r

n ·· xn−j+rn ·· x0+r
n


−1

ij

=
(−1)iCi{x0··xj ··xn}

xrj

n∏
k(6=j)=0

(xj−xk)
,


xn+r
n xn−1+r

n ·· xn−j+rn ·· x0+r
n

·· ·· ·· ·· ·· ··
xn+r
i xn−1+r

i ·· xn−j+ri ·· x0+r
i

·· ·· ·· ·· ·· ··
xn+r

1 xn−1+r
1 ·· xn−j+r1 ·· x0+r

1

xn+r
0 xn−1+r

0 ·· xn−j+r0 ·· x0+r
0


−1

ij

=
(−1)iCi{x0··xn−j ··xn}

xrn−j

n∏
k(6=n−j)=0

(xn−j−xk)

1.3 íØ-Dr
n+1(x2

0, ··, x2
n).���Ý
9Ù5�

íØ1.3.1.

Dr
n+1(x2

0, ··, x2
n) =

∣∣∣∣∣∣∣∣
x0+r

0 x2+r
0 ·· x2j+r

0 ·· x2n+r
0

x0+r
1 x2+r

1 ·· x2j+r
1 ·· x2n+r

1
·· ·· ·· ·· ·· ··

x0+r
i x2+r

i ·· x2j+r
i ·· x2n+r

i
·· ·· ·· ·· ·· ··

x0+r
n x2+r

n ·· x2j+r
n ·· x2n+r

n

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)

∣∣∣∣∣∣∣∣
x0

0 x2
0 ·· x

2j
0 ·· x

2n
0

x0
1 x2

1 ·· x
2j
1 ·· x

2n
1

·· ·· ·· ·· ·· ··
x0
i x2

i ·· x
2j
i ·· x

2n
i

·· ·· ·· ·· ·· ··
x0
n x2

n ·· x
2j
n ·· x

2n
n

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)[
n∏
i=0

n∏
j=i+1

(x2
j − x2

i )]

íØ1.3.2.
x0+r

0 x2+r
0 ·· x2j+r

0 ·· x2n+r
0

x0+r
1 x2+r

1 ·· x2j+r
1 ·· x2n+r

1
·· ·· ·· ·· ·· ··

x0+r
i x2+r

i ·· x2j+r
i ·· x2n+r

i
·· ·· ·· ·· ·· ··

x0+r
n x2+r

n ·· x2j+r
n ·· x2n+r

n


−1

ij

= (


xr0 0 ·· 0 ·· 0

0 xr1 ·· 0 ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· xri ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· 0 ·· xrn



x0

0 x2
0 ·· x

2j
0 ·· x

2n
0

x0
1 x2

1 ·· x
2j
1 ·· x

2n
1

·· ·· ·· ·· ·· ··
x0
i x2

i ·· x
2j
i ·· x

2n
i

·· ·· ·· ·· ·· ··
x0
n x2

n ·· x
2j
n ·· x

2n
n

)−1
ij =

(−1)n−iCn−i
{x2

0··x
2
j
··x2
n}

xrj

n∏
k( 6=j)=0

(x2
j−x2

k)
; i, j = 0, 1, ··, n

íØ1.3.3.
n∑
l=0

(−1)n−lx2l+r
i Cn−l

{x2
0··x

2
j
··x2
n}

xrj

n∏
k( 6=j)=0

(x2
j−x2

k)
= δij ,

n∑
l=0

(−1)n−ix2j+r
l Cn−i

{x2
0··x

2
l
··x2
n}

xrl

n∏
k(6=l)=0

(x2
l−x

2
k)

= δij

�(Xeµ

íØ1.3.4.
x0+r

0 x2+r
0 ·· x2j+r

0 ·· x2n+r
0

x0+r
1 x2+r

1 ·· x2j+r
1 ·· x2n+r

1
·· ·· ·· ·· ·· ··

x0+r
i x2+r

i ·· x2j+r
i ·· x2n+r

i
·· ·· ·· ·· ·· ··

x0+r
n x2+r

n ·· x2j+r
n ·· x2n+r

n


−1

ij

=
(−1)n−iCn−i

{x2
0··x

2
j
··x2
n}

xrj

n∏
k( 6=j)=0

(x2
j−x2

k)
,


x0+r
n x2+r

n ·· x2j+r
n ·· x2n+r

n
·· ·· ·· ·· ·· ··

x0+r
i x2+r

i ·· x2j+r
i ·· x2n+r

i
·· ·· ·· ·· ·· ··

x0+r
1 x2+r

1 ·· x2j+r
1 ·· x2n+r

1

x0+r
0 x2+r

0 ·· x2j+r
0 ·· x2n+r

0


−1

ij

=
(−1)n−iCn−i

{x2
0··x

2
n−j ··x

2
n}

xrn−j

n∏
k( 6=n−j)=0

(x2
n−j−x2

k)


x2n+r

0 x2n−2+r
0 ·· x2n−2j+r

0 ·· x0+r
0

x2n+r
1 x2n−2+r

1 ·· x2n−2j+r
1 ·· x0+r

1
·· ·· ·· ·· ·· ··

x2n+r
i x2n−2+r

i ·· x2n−2j+r
i ·· x0+r

i
·· ·· ·· ·· ·· ··

x2n+r
n x2n−2+r

n ·· x2n−2j+r
n ·· x0+r

n


−1

ij

=
(−1)iCi

{x2
0··x

2
j
··x2
n}

xrj

n∏
k(6=j)=0

(x2
j−x2

k)
,


x2n+r
n x2n−2+r

n ·· x2n−2j+r
n ·· x0+r

n
·· ·· ·· ·· ·· ··

x2n+r
i x2n−2+r

i ·· x2n−2j+r
i ·· x0+r

i
·· ·· ·· ·· ·· ··

x2n+r
1 x2n−2+r

1 ·· x2n−2j+r
1 ·· x0+r

1

x2n+r
0 x2n−2+r

0 ·· x2n−2j+r
0 ·· x0+r

0


−1

ij

=
(−1)iCi

{x2
0··x

2
n−j ··x

2
n}

xrn−j

n∏
k(6=n−j)=0

(x2
n−j−x2

k)

1.4 íØ-Dr
n+1(xm0 , ··, xmn ).���Ý
9Ù5�

íØ1.4.1.

Dr
n+1(xm0 , ··, xmn ) =

∣∣∣∣∣∣∣∣
x0+r

0 xm+r
0 ·· xmj+r0 ·· xmn+r

0

x0+r
1 xm+r

1 ·· xmj+r1 ·· xmn+r
1

·· ·· ·· ·· ·· ··
x0+r
i xm+r

i ·· xmj+ri ·· xmn+r
i

·· ·· ·· ·· ·· ··
x0+r
n xm+r

n ·· xmj+rn ·· xmn+r
n

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)

∣∣∣∣∣∣∣∣
x0

0 xm0 ·· x
mj
0 ·· xmn0

x0
1 xm1 ·· x

mj
1 ·· xmn1

·· ·· ·· ·· ·· ··
x0
i x

m
i ·· x

mj
i ·· xmni

·· ·· ·· ·· ·· ··
x0
n xmn ·· x

mj
n ·· xmnn

∣∣∣∣∣∣∣∣ = (
n∏
k=0

xrk)[
n∏
i=0

n∏
j=i+1

(xmj − xmi )]

íØ1.4.2.
x0+r

0 xm+r
0 ·· xmj+r0 ·· xmn+r

0

x0+r
1 xm+r

1 ·· xmj+r1 ·· xmn+r
1

·· ·· ·· ·· ·· ··
x0+r
i xm+r

i ·· xmj+ri ·· xmn+r
i

·· ·· ·· ·· ·· ··
x0+r
n xm+r

n ·· xmj+rn ·· xmn+r
n


−1

ij

= (


xr0 0 ·· 0 ·· 0

0 xr1 ·· 0 ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· xri ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· 0 ·· xrn



x0

0 xm0 ·· x
mj
0 ·· xmn0

x0
1 xm1 ·· x

mj
1 ·· xmn1

·· ·· ·· ·· ·· ··
x0
i x

m
i ·· x

mj
i ·· xmni

·· ·· ·· ·· ·· ··
x0
n xmn ·· x

mj
n ·· xmnn

)−1
ij =

(−1)n−iCn−i
{xm0 ··x

m
j
··xmn }

xrj

n∏
k(6=j)=0

(xmj −xmk )
; i, j = 0, 1, ··, n
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íØ1.4.3.
n∑
l=0

(−1)n−lxml+ri Cn−l
{xm0 ··x

m
j
··xmn }

xrj

n∏
k( 6=j)=0

(xmj −xmk )
= δij ,

n∑
l=0

(−1)n−ixmj+rl Cn−i
{xm0 ··x

m
l
··xmn }

xrl

n∏
k(6=l)=0

(xml −x
m
k )

= δij

�(Xeµ

íØ1.4.4.
x0+r

0 xm+r
0 ·· xmj+r0 ·· xmn+r

0

x0+r
1 xm+r

1 ·· xmj+r1 ·· xmn+r
1

·· ·· ·· ·· ·· ··
x0+r
i xm+r

i ·· xmj+ri ·· xmn+r
i

·· ·· ·· ·· ·· ··
x0+r
n xm+r

n ·· xmj+rn ·· xmn+r
n


−1

ij

=
(−1)n−iCn−i

{xm0 ··x
m
j
··xmn }

xrj

n∏
k(6=j)=0

(xmj −xmk )
,


x0+r
n xm+r

n ·· xmj+rn ·· xmn+r
n

·· ·· ·· ·· ·· ··
x0+r
i xm+r

i ·· xmj+ri ·· xmn+r
i

·· ·· ·· ·· ·· ··
x0+r

1 xm+r
1 ·· xmj+r1 ·· xmn+r

1

x0+r
0 xm+r

0 ·· xmj+r0 ·· xmn+r
0


−1

ij

=
(−1)n−iCn−i

{xm0 ··x
m
n−j ··x

m
n }

xrn−j

n∏
k(6=n−j)=0

(xmn−j−xmk )


xmn+r

0 xmn−m+r
0 ·· xmn−mj+r0 ·· x0+r

0

xmn+r
1 xmn−m+r

1 ·· xmn−mj+r1 ·· x0+r
1

·· ·· ·· ·· ·· ··
xmn+r
i xmn−m+r

i ·· xmn−mj+ri ·· x0+r
i

·· ·· ·· ·· ·· ··
xmn+r
n xmn−m+r

n ·· xmn−mj+rn ·· x0+r
n


−1

ij

=
(−1)iCi

{xm0 ··x
m
j
··xmn }

xrj

n∏
k( 6=j)=0

(xmj −xmk )
,


xmn+r
n xmn−m+r

n ·· xmn−mj+rn ·· x0+r
n

·· ·· ·· ·· ·· ··
xmn+r
i xmn−m+r

i ·· xmn−mj+ri ·· x0+r
i

·· ·· ·· ·· ·· ··
xmn+r

1 xmn−m+r
1 ·· xmn−mj+r1 ·· x0+r

1

xmn+r
0 xmn−m+r

0 ·· xmn−mj+r0 ·· x0+r
0


−1

ij

=
(−1)iCi

{xm0 ··x
m
n−j ··x

m
n }

xrn−j

n∏
k( 6=n−j)=0

(xmn−j−xmk )

2 �«���g^Ý
�êÆ©Û

2.1 íØ-Dr
n−r+1(s).���g^Ý
9Ù5�

Ún2.1.1. [
n−r∏
i=0

n−r∏
j=i+1

(i− j)] = (−1)(n−r)(n−r+1)/2(
n−r∏
i=0

i!)

y²: [
n−r∏
i=0

n−r∏
j=i+1

(i− j)] = (−1)(n−r)(n−r+1)/2[
n−r∏
i=0

n−r∏
j=i+1

(j − i)]

= (−1)(n−r)(n−r+1)/2[
n−r∏
i=0

(n− r − i)!] = (−1)(n−r)(n−r+1)/2(
n−r∏
i=0

i!)

Ún2.1.2.
n−r∏

k(6=j−r)=0

(k − j + r) = (−1)j−r(n− j)!(j − r)!

y²:
n−r∏

k(6=j−r)=0

(k − j + r) = {
j−r−1∏
k=0

[k − (j − r)]}{
n−r∏

k=j−r+1

[k − (j − r)]}

= (−1)j−r[
j−r−1∏
k=0

(j − r − k)](
n−j∏
k=1

k) = (−1)j−r(
j−r∏
k=1

k)(
n−j∏
k=1

k) = (−1)j−r(n− j)!(j − r)!

Ún2.1.3.
n−r∏

k(6=l)=0

(k − l) = (−1)l(n− r − l)!l!

y²:
n−r∏

k(6=l)=0

(k − l) = {
l−1∏
k=0

[k − l]}{
n−r∏
k=l+1

[k − l]}

= (−1)l[
l−1∏
k=0

(l − k)](
n−r−l∏
k=1

k) = (−1)l(
l∏

k=1

k)(
n−r−l∏
k=1

k) = (−1)l(n− r − l)!l!

íØ2.1.1.

Dr
n−r+1(s) =

∣∣∣∣∣∣∣
sr ·· sj+r ·· sn−1 sn

(s−1)r ·· (s−1)j+r ·· (s−1)n−1 (s−1)n

·· ·· ·· ·· ·· ··
(s−i)r ·· (s−i)j+r ·· (s−i)n−1 (s−i)n
·· ·· ·· ·· ·· ··

(s−n+r)r ·· (s−n+r)j+r ·· (s−n+r)n−1 (s−n+r)n

∣∣∣∣∣∣∣ = (−1)(n−r)(n−r+1)/2[
n−r∏
k=0

(s− k)r](
n−r∏
i=0

i!)

y²:

Dr
n−r+1(s) =

∣∣∣∣∣∣∣∣
sr ·· sj−1+r sj+r sj+1+r ·· sn−1 sn

(s−1)r ·· (s−1)j−1+r (s−1)j+r (s−1)j+1+r ·· (s−1)n−1 (s−1)n

(s−2)r ·· (s−2)j−1+r (s−2)j+r (s−2)j+1+r ·· (s−2)n−1 (s−2)n

·· ·· ·· ·· ·· ·· ·· ··
(s−i)r ·· (s−i)j−1+r (s−i)j+r (s−i)j+1+r ·· (s−i)n−1 (s−i)n
·· ·· ·· ·· ·· ·· ·· ··

(s−n+r)r ·· (s−n+r)j−1+r (s−n+r)j+r (s−n+r)j+1+r ·· (s−n+r)n−1 (s−n+r)n

∣∣∣∣∣∣∣∣
= [

n−r∏
k=0

(s− k)r]{
n−r∏
i=0

n−r∏
j=i+1

[(s− j)− (s− i)]}

= [
n−r∏
k=0

(s− k)r][
n−r∏
i=0

n−r∏
j=i+1

(i− j)] = (−1)(n−r)(n−r+1)/2[
n−r∏
k=0

(s− k)r](
n−r∏
i=0

i!)
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íØ2.1.2.
sr ·· sj+r ·· sn

(s−1)r ·· (s−1)j+r ·· (s−1)n

·· ·· ·· ·· ··
(s−i)r ·· (s−i)j+r ·· (s−i)n
·· ·· ·· ·· ··

(s−n+r)r ·· (s−n+r)j+r ·· (s−n+r)n


−1

ij

=
Cn−r−i
{s··(s−j)··(s−n+r)}

Cjn−r

(−1)n−r−i−j(s−j)r(n−r)! ; i, j = 0, 1, ··, n− r

y²:
sr ·· sj+r ·· sn

(s−1)r ·· (s−1)j+r ·· (s−1)n

·· ·· ·· ·· ··
(s−i)r ·· (s−i)j+r ·· (s−i)n
·· ·· ·· ·· ··

(s−n+r)r ·· (s−n+r)j+r ·· (s−n+r)n


−1

ij

=
(−1)n−r−iCn−r−i

{s··(s−j)··(s−n+r)}

(s−j)r
n−r∏

k(6=j)=0

[(s−j)−(s−k)]

=
(−1)n−r−iCn−r−i

{s··(s−j)··(s−n+r)}
(s−j)r(−1)j(n−j)!(j)!

=
(−1)n−r−i−jCn−r−i

{s··(s−j)··(s−n+r)}
Cjn−r

(s−j)r(n−r)!

íØ2.1.3.
n−r∑
l=0

(−1)n−r−j−l(s−i)r+lCn−r−l
{s··(s−j)··(s−n+r)}

Cjn−r

(s−j)r(n−r)! = δij ,
n−r∑
l=0

(−1)n−r−i−l(s−l)j+rCn−r−i
{s··(s−l)··(s−n+r)}

Cln−r

(s−l)r(n−r)! = δij

�(Xeµ

íØ2.1.4.
sr ·· sj+r ·· sn

(s−1)r ·· (s−1)j+r ·· (s−1)n

·· ·· ·· ·· ··
(s−i)r ·· (s−i)j+r ·· (s−i)n
·· ·· ·· ·· ··

(s−n+r)r ·· (s−n+r)j+r ·· (s−n+r)n


−1

ij

=
Cn−r−i
{s··(s−j)··(s−n+r)}

Cjn−r

(−1)n−r−i−j(s−j)r(n−r)!


(s−n+r)r ·· (s−n+r)j+r ·· (s−n+r)n

·· ·· ·· ·· ··
(s−i)r ·· (s−i)j+r ·· (s−i)n
·· ·· ·· ·· ··

(s−1)r ·· (s−1)j+r ·· (s−1)n

sr ·· sj+r ·· sn


−1

ij

=
Cn−r−i
{s··(s−n+r+j)··(s−n+r)}

Cjn−r

(−1)i+j(s−n+r+j)r(n−r)!

íØ2.1.5.
sn ·· sj+r ·· sr

(s−1)n ·· (s−1)j+r ·· (s−1)r

·· ·· ·· ·· ··
(s−i)n ·· (s−i)j+r ·· (s−i)r
·· ·· ·· ·· ··

(s−n+r)n ·· (s−n+r)j+r ·· (s−n+r)r


−1

ij

=
Ci{s··(s−j)··(s−n+r)}C

j
n−r

(−1)i+j(s−j)r(n−r)!


(s−n+r)n ·· (s−n+r)j+r ·· (s−n+r)r

·· ·· ·· ·· ··
(s−i)n ·· (s−i)j+r ·· (s−i)r
·· ·· ·· ·· ··

(s−1)n ·· (s−1)j+r ·· (s−1)r

sn ·· sj+r ·· sr


−1

ij

=
Ci{s··(s−n+r+j)··(s−n+r)}C

j
n−r

(−1)n−r+i+j(s−n+r+j)r(n−r)!

2.2 íØ-Dr
n−r+1(s; 2).���g^²�Ý
9Ù5�

íØ2.2.1.

Dr
n−r+1(s; 2) =

∣∣∣∣∣∣∣∣
s2r ·· s2j−2+2r s2j+2r s2j+2+2r ·· s2n−2 s2n

(s−1)2r ·· (s−1)2j−2+2r (s−1)2j+2r (s−1)2j+2+2r ·· (s−1)2n−2 (s−1)2n

(s−2)2r ·· (s−2)2j−2+2r (s−2)2j+2r (s−2)2j+2+2r ·· (s−2)2n−2 (s−2)2n

·· ·· ·· ·· ·· ·· ·· ··
(s−i)2r ·· (s−i)2j−2+2r (s−i)2j+2r (s−i)2j+2+2r ·· (s−i)2n−2 (s−i)2n

·· ·· ·· ·· ·· ·· ·· ··
(s−n+r)2r ·· (s−n+r)2j−2+2r (s−n+r)2j+2r (s−n+r)2j+2+2r ·· (s−n+r)2n−2 (s−n+r)2n

∣∣∣∣∣∣∣∣
= [

n−r∏
k=0

(s− k)2r]{
n−r∏
i=0

n−r∏
j=i+1

[(s− j)2 − (s− i)2)]}

= [
n−r∏
k=0

(s− k)2r]{
n−r∏
i=0

n−r∏
j=i+1

[(i− j)(2s− i− j)]} = [
n−r∏
k=0

(s− k)2r][
n−r∏
i=0

n−r∏
j=i+1

(2s− i− j)][
n−r∏
i=0

n−r∏
j=i+1

(i− j)]

íØ2.2.2. (−1)i+jAij(s; 2) =
(−1)n−r−jCn−r−j

{s2··(s−i)2··(s−n+r)2}
Drn−r+1(s;2)

(s−i)2r
n−r∏

k(6=i)=0

[(s−i)2−(s−k)2)]

íØ2.2.3.
s2r ·· s2j+2r ·· s2n

(s−1)2r ·· (s−1)2j+2r ·· (s−1)2n

(s−2)2r ·· (s−2)2j+2r ·· (s−2)2n

·· ·· ·· ·· ··
(s−i)2r ·· (s−i)2j+2r ·· (s−i)2n

·· ·· ·· ·· ··
(s−n+r)2r ·· (s−n+r)2j+2r ·· (s−n+r)2n


−1

ij

= (−1)i+jAji(s;2)

Drn−r+1(s;2)
=

(−1)n−r−iCn−r−i
{s2··(s−j)2··(s−n+r)2}

(s−j)2r
n−r∏

k(6=j)=0

[(s−j)2−(s−k)2]

; i, j = 0, 1, ··, n− r
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íØ2.2.4.
n−r∑
l=0

(−1)n−r−l(s−i)2r+2lCn−r−l
{s2··(s−j)2··(s−n+r)2}

(s−j)2r
n−r∏

k( 6=j)=0

[(s−j)2−(s−k)2]

= δij ,
n−r∑
l=0

(−1)n−r−i(s−l)2j+2rCn−r−i
{s2··(s−l)2··(s−n+r)2}

(s−l)2r
n−r∏

k(6=l)=0

[(s−l)2−(s−k)2]

= δij

�(Xeµ

íØ2.2.5.
s2r ·· s2j+2r ·· s2n

(s−1)2r ·· (s−1)2j+2r ·· (s−1)2n

(s−2)2r ·· (s−2)2j+2r ·· (s−2)2n

·· ·· ·· ·· ··
(s−i)2r ·· (s−i)2j+2r ·· (s−i)2n

·· ·· ·· ·· ··
(s−n+r)2r ·· (s−n+r)2j+2r ·· (s−n+r)2n


−1

ij

=
(−1)n−r−iCn−r−i

{s2··(s−j)2··(s−n+r)2}

(s−j)2r
n−r∏

k(6=j)=0

[(s−j)2−(s−k)2]


(s−n+r)2r ·· (s−n+r)2j+2r ·· (s−n+r)2n

·· ·· ·· ·· ··
(s−i)2r ·· (s−i)2j+2r ·· (s−i)2n

·· ·· ·· ·· ··
(s−2)2r ·· (s−2)2j+2r ·· (s−2)2n

(s−1)2r ·· (s−1)2j+2r ·· (s−1)2n

s2r ·· s2j+2r ·· s2n


−1

ij

=
(−1)n−r−iCn−r−i

{s2··(s−n+r+j)2··(s−n+r)2}

(s−n+r+j)2r
n−r∏

k(6=n−r−j)=0

[(s−n+r+j)2−(s−k)2]

íØ2.2.6.
s2n ·· s2j+2r ·· s2r

(s−1)2n ·· (s−1)2j+2r ·· (s−1)2r

(s−2)2n ·· (s−2)2j+2r ·· (s−2)2r

·· ·· ·· ·· ··
(s−i)2n ·· (s−i)2j+2r ·· (s−i)2r

·· ·· ·· ·· ··
(s−n+r)2n ·· (s−n+r)2j+2r ·· (s−n+r)2r


−1

ij

=
(−1)iCi

{s2··(s−j)2··(s−n+r)2}

(s−j)2r
n−r∏

k(6=j)=0

[(s−j)2−(s−k)2]


(s−n+r)2n ·· (s−n+r)2j+2r ·· (s−n+r)2r

·· ·· ·· ·· ··
(s−i)2n ·· (s−i)2j+2r ·· (s−i)2r

·· ·· ·· ·· ··
(s−2)2n ·· (s−2)2j+2r ·· (s−2)2r

(s−1)2n ·· (s−1)2j+2r ·· (s−1)2r

s2n ·· s2j+2r ·· s2r


−1

ij

=
(−1)iCi

{s2··(s−n+r+j)2··(s−n+r)2}

(s−n+r+j)2r
n−r∏

k(6=n−r−j)=0

[(s−n+r+j)2−(s−k)2]

2.3 Õá){-D0
2s+1(s).���g^Ý
9Ù5�

íØ2.3.1.

D0
2s+1(s) =

∣∣∣∣∣∣
s0 s1 ·· s2s−1 s2s

(s−1)0 (s−1)1 ·· (s−1)2s−1 (s−1)2s

·· ·· ·· ·· ··
(1−s)0 (1−s)1 ·· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ·· (−s)2s−1 (−s)2s

∣∣∣∣∣∣ = (−1)s(2s+1)1!2! · ·(2s− 1)!(2s)!

Ún2.3.1.

Aij(s) =

∣∣∣∣∣∣∣∣∣∣

s0 s1 ·· sj−1 sj+1 ·· s2s−1 s2s

(s−1)0 (s−1)1 ·· (s−1)j−1 (s−1)j+1 ·· (s−1)2s−1 (s−1)2s

·· ·· ·· ·· ·· ·· ·· ··
(s−i+1)0 (s−i+1)1 ·· (s−i+1)j−1 (s−i+1)j+1 ·· (s−i+1)2s−1 (s−i+1)2s

(s−i−1)0 (s−i−1)1 ·· (s−i−1)j−1 (s−i−1)j+1 ·· (s−i−1)2s−1 (s−i−1)2s

·· ·· ·· ·· ·· ·· ·· ··
(1−s)0 (1−s)1 ·· (1−s)j−1 (1−s)j+1 ·· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ·· (−s)j−1 (−s)j+1 ·· (−s)2s−1 (−s)2s

∣∣∣∣∣∣∣∣∣∣
,

i = 0, 1, ··, 2s− 1, 2s

j = 0, 1, ··, 2s− 1, 2s

Ún2.3.2.

Kij(s) =

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 ·· sj−1 sj sj+1 ·· s2s−1 s2s

(s−1)0 (s−1)1 ·· (s−1)j−1 (s−1)j (s−1)j+1 ·· (s−1)2s−1 (s−1)2s

·· ·· ·· ·· ·· ·· ·· ·· ··
(s−i+1)0 (s−i+1)1 ·· (s−i+1)j−1 (s−i+1)j (s−i+1)j+1 ·· (s−i+1)2s−1 (s−i+1)2s

(s−i−1)0 (s−i−1)1 ·· (s−i−1)j−1 (s−i−1)j (s−i−1)j+1 ·· (s−i−1)2s−1 (s−i−1)2s

·· ·· ·· ·· ·· ·· ·· ·· ··
(1−s)0 (1−s)1 ·· (1−s)j−1 (1−s)j (1−s)j+1 ·· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ·· (−s)j−1 (−s)j (−s)j+1 ·· (−s)2s−1 (−s)2s

x0 x1 ·· xj−1 xj xj+1 ·· x2s−1 x2s

∣∣∣∣∣∣∣∣∣∣∣
xjXê

= (−1)s(2s−1)1!2!··(2s−1)!(2s)!(x−s)··(x+i−1−s)(x+i+1−s)··(x+s)
i!(2s−i)! |xjXê = (−1)2s+jAij(s)

⇒ Aij(s) =
(−1)2sCi2sC

2s−j
{s,··,s−i,··,−s}

D2s+1

(2s)!
, {s, ··, s− j, ··,−s} := {s, ··, s− j + 1, s− j − 1, ··,−s}

íØ2.3.2. s0 s1 ·· s2s−1 s2s

(s−1)0 (s−1)1 ·· (s−1)2s−1 (s−1)2s

·· ·· ·· ·· ··
(1−s)0 (1−s)1 ·· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ·· (−s)2s−1 (−s)2s

−1

ij

=
C2s−i
{s,··,s−j,··,−s}

Cj2s

(−1)2s+i+j(2s)!
; i, j = 0, 1, ··, 2s

= (−1)2s

(2s)!
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(−1)0C2s

{··s−0··}C
0
2s (−1)1C2s

{··s−1··}C
1
2s ·· (−1)jC2s

{··s−j··}C
j
2s ·· (−1)2s−1C2s

{··1−s··}C
2s−1
2s (−1)2sC2s

{··0−s··}C
2s
2s

(−1)1C2s−1

{··s−0··}
C0

2s (−1)2C2s−1

{··s−1··}
C1

2s ·· (−1)1+jC2s−1

{··s−j··}
Cj2s ·· (−1)2sC2s−1

{··1−s··}
C2s−1

2s (−1)1+2sC2s−1

{··0−s··}
C2s

2s

·· ·· ·· ·· ·· ·· ··
(−1)iC2s−i

{··s−0··}
C0

2s (−1)i+1C2s−i
{··s−1··}

C1
2s ·· (−1)i+jC2s−i

{··s−j··}
Cj2s ·· (−1)i+2s−1C2s−i

{··1−s··}
C2s−1

2s (−1)i+2sC2s−i
{··0−s··}

C2s
2s

·· ·· ·· ·· ·· ·· ··
(−1)2s−1C1

{··s−0··}C
0
2s (−1)2sC1

{··s−1··}C
1
2s ·· (−1)2s−1+jC1

{··s−j··}C
j
2s ·· (−1)4s−2C1

{··1−s··}C
2s−1
2s (−1)4s−1C1

{··0−s··}C
2s
2s

(−1)2sC0
{··s−0··}C

0
2s (−1)2s+1C0

{··s−1··}C
1
2s ·· (−1)2s+jC0

{··s−j··}C
j
2s ·· (−1)4s−1C0

{··1−s··}C
2s−1
2s (−1)4sC0

{··0−s··}C
2s
2s


íØ2.3.3. n0 n1 ·· n2n−1 n2n

(n−1)0 (n−1)1 ·· (n−1)2n−1 (n−1)2n

·· ·· ·· ·· ··
(1−n)0 (1−n)1 ·· (1−n)2n−1 (1−n)2n

(−n)0 (−n)1 ·· (−n)2n−1 (−n)2n

−1

=
C2n−i
{n,··,n−j,··,−n}

Cj2n

(−1)i+j(2n)!
; i, j = 0, 1, ··, 2n

= (−1)2n

(2n)!
C2n
{··n−0··}C

0
2n −C2n

{··n−1··}C
1
2n ·· (−1)jC2n

{··n−j··}C
j
2n ·· −C2n

{··1−n··}C
2n−1
2n C2n

{··0−n··}C
2n
2n

−C2n−1

{··n−0··}
C0

2n C2n−1

{··n−1··}
C1

2n ·· −(−1)jC2n−1

{··n−j··}
Cj2n ·· C2n−1

{··1−n··}
C2n−1

2n −C2n−1

{··0−n··}
C2n

2n

·· ·· ·· ·· ·· ·· ··
(−1)iC2n−i

{··n−0··}
C0

2n −(−1)iC2n−i
{··n−1··}

C1
2n ·· (−1)i+jC2n−i

{··n−j··}
Cj2n ·· −(−1)iC2n−i

{··1−n··}
C2n−1

2n (−1)iC2n−i
{··0−n··}

C2n
2n

·· ·· ·· ·· ·· ·· ··
−C1
{··n−0··}C

0
2n C1

{··n−1··}C
1
2n ·· −(−1)jC1

{··n−j··}C
j
2n ·· C1

{··1−n··}C
2n−1
2n −C1

{··0−n··}C
2n
2n

C0
{··n−0··}C

0
2n −C0

{··n−1··}C
1
2n ·· (−1)jC0

{··n−j··}C
j
2n ·· −C0

{··1−n··}C
2n−1
2n C0

{··0−n··}C
2n
2n


íØ2.3.4.

2s∑
l=0

(−1)l+j(s− i)lCj2sC2s−l
{··s−j··} = (−1)2s(2s)!δij

2s∑
l=0

(−1)l+i(s− l)jCl2sC2s−i
{··s−l··} = (−1)2s(2s)!δij


2n∑
l=0

(−1)l+j(n− i)lCj2nC2n−l
{··n−j··} = (2n)!δij

2n∑
l=0

(−1)l+i(n− l)jCl2nC2n−i
{··n−l··} = (2n)!δij

íØ2.3.5.
−n∑
h=n

(−1)n−h+k(n− k)n−hCk2nC
2n−n+h

{··n−k··} = (2n)!

−n∑
h=n

(−1)n−h+khkCn−h2n C2n−k
{··h··} = (2n)!

�(Xeµ

íØ2.3.6. s0 s1 ·· s2s−1 s2s

(s−1)0 (s−1)1 ·· (s−1)2s−1 (s−1)2s

·· ·· ·· ·· ··
(1−s)0 (1−s)1 ·· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ·· (−s)2s−1 (−s)2s

−1

ij

=
C2s−i
{s,··,s−j,··,−s}

Cj2s

(−1)2s+i+j(2s)!
,

 s2s s2s−1 ·· s1 s0

(s−1)2s (s−1)2s−1 ·· (s−1)1 (s−1)0

·· ·· ·· ·· ··
(1−s)2s (1−s)2s−1 ·· (1−s)1 (1−s)0

(−s)2s (−s)2s−1 ·· (−s)1 (−s)0

−1

ij

=
Ci{s,··,s−j,··,−s}C

j
2s

(−1)i+j(2s)!

 (−s)0 (−s)1 ·· (−s)2s−1 (−s)2s

(1−s)0 (1−s)1 ·· (1−s)2s−1 (1−s)2s

·· ·· ·· ·· ··
(s−1)0 (s−1)1 ·· (s−1)2s−1 (s−1)2s

s0 s1 ·· s2s−1 s2s

−1

ij

=
C2s−i
{s,··,j−s,··,−s}

Cj2s

(−1)i+j(2s)!
,

 (−s)2s (−s)2s−1 ·· (−s)1 (−s)0

(1−s)2s (1−s)2s−1 ·· (1−s)1 (1−s)0

·· ·· ·· ·· ··
(s−1)2s (s−1)2s−1 ·· (s−1)1 (s−1)0

s2s s2s−1 ·· s1 s0

−1

ij

=
Ci{s,··,j−s,··,−s}C

j
2s

(−1)2s+i+j(2s)!

�(Xeµ

íØ2.3.7. n0 n1 ·· n2n−1 n2n

(n−1)0 (n−1)1 ·· (n−1)2n−1 (n−1)2n

·· ·· ·· ·· ··
(1−n)0 (1−n)1 ·· (1−n)2n−1 (1−n)2n

(−n)0 (−n)1 ·· (−n)2n−1 (−n)2n

−1

ij

=
C2n−i
{n,··,n−j,··,−n}

Cj2n

(−1)i+j(2n)!
,

 n2n n2n−1 ·· n1 n0

(n−1)2n (n−1)2n−1 ·· (n−1)1 (n−1)0

·· ·· ·· ·· ··
(1−n)2n (1−n)2n−1 ·· (1−n)1 (1−n)0

(−n)2n (−n)2n−1 ·· (−n)1 (−n)0

−1

ij

=
Ci{n,··,n−j,··,−n}C

j
2n

(−1)i+j(2n)!

 (−n)0 (−n)1 ·· (−n)2n−1 (−n)2n

(1−n)0 (1−n)1 ·· (1−n)2n−1 (1−n)2n

·· ·· ·· ·· ··
(n−1)0 (n−1)1 ·· (n−1)2n−1 (n−1)2n

n0 n1 ·· n2n−1 n2n

−1

ij

=
C2n−i
{n,··,j−n,··,−n}

Cj2n

(−1)i+j(2n)!
,

 (−n)2n (−n)2n−1 ·· (−n)1 (−n)0

(1−n)2n (1−n)2n−1 ·· (1−n)1 (1−n)0

·· ·· ·· ·· ··
(n−1)2n (n−1)2n−1 ·· (n−1)1 (n−1)0

n2n n2n−1 ·· n1 n0

−1

ij

=
Ci{n,··,j−n,··,−n}C

j
2n

(−1)i+j(2n)!

2.4 Õá){-D0
n(n; 2).����êg^²�Ý
9Ù5�

íØ2.4.1.

D0
n(n; 2) =

∣∣∣∣∣∣
n0 n2 ·· n2n−2

(n−1)0 (n−1)2 ·· (n−1)2n−2

·· ·· ·· ··
20 22 ·· 22n−2

10 12 ·· 12n−2

∣∣∣∣∣∣ = (−1)n(n−1)/2(2n−1)!(2n−3)!··3!
n!
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íØ2.4.2.

Aij(n; 2) =

∣∣∣∣∣∣∣∣∣
n0 n2 ·· n2j−2 n2j+2 ·· n2n−4 n2n−2

(n−1)0 (n−1)2 ·· (n−1)2j−2 (n−1)2j+2 ·· (n−1)2n−4 (n−1)2n−2

·· ·· ·· ·· ·· ·· ·· ··
(n−i+1)0 (n−i+1)2 ·· (n−i+1)2j−2 (n−i+1)2j+2 ·· (n−i+1)2n−4 (n−i+1)2n−2

(n−i−1)0 (n−i−1)2 ·· (n−i−1)2j−2 (n−i−1)2j+2 ·· (n−i−1)2n−4 (n−i−1)2n−2

·· ·· ·· ·· ·· ·· ·· ··
20 22 ·· 22j−2 22j+2 ·· 22n−4 22n−2

10 12 ·· 12j−2 12j+2 ·· 12n−4 12n−2

∣∣∣∣∣∣∣∣∣ ,
i = 0, 1, ··, n− 1

j = 0, 1, ··, n− 1

íØ2.4.3.

Kij(n; 2) =

∣∣∣∣∣∣∣∣∣∣∣

n0 n2 ·· n2j−2 n2j n2j+2 ·· n2n−4 n2n−2

(n−1)0 (n−1)2 ·· (n−1)2j−2 (n−1)2j (n−1)2j+2 ·· (n−1)2n−4 (n−1)2n−2

·· ·· ·· ·· ·· ·· ·· ·· ··
(n−i+1)0 (n−i+1)2 ·· (n−i+1)2j−2 (n−i+1)2j (n−i+1)2j+2 ·· (n−i+1)2n−4 (n−i+1)2n−2

(n−i−1)0 (n−i−1)2 ·· (n−i−1)2j−2 (n−i−1)2j (n−i−1)2j+2 ·· (n−i−1)2n−4 (n−i−1)2n−2

·· ·· ·· ·· ·· ·· ·· ·· ··
20 22 ·· 22j−2 22j 22j+2 ·· 22n−4 22n−2

10 12 ·· 12j−2 12j 12j+2 ·· 12n−4 12n−2

x0 x2 ·· x2j−2 x2j x2j+2 ·· x2n−4 x2n−2

∣∣∣∣∣∣∣∣∣∣∣
xjXê

= (−1)(n−1)(n−2)/2(2n−1)!(2n−3)!··3!(x2−n2)··[x2−(n−i+1)2][x2−(n−i−1)2]··(x2−22)(x2−12)2(n−i)2

n!i!(2n−i)! |xjXê = (−1)n+j+1Aij(n; 2)

⇒ Aij(n; 2) =
(−1)n−12(n−i)2Ci2nC

n−1−j
{12,··,(n−i)2,··,n2}

(2n)!
D0
n(n; 2)

íØ2.4.4. n0 n2 ·· n2n−2

(n−1)0 (n−1)2 ·· (n−1)2n−2

·· ·· ·· ··
20 22 ·· 22n−2

10 12 ·· 12n−2

−1

ij

= (−1)i+jAji(n;2)

D0
n(n;2)

=
2(n−j)2Cj2nC

n−1−i
{12,··,(n−j)2,··,n2}

(−1)n−1+i+j(2n)!
; i, j = 0, 1, ··, n− 1

íØ2.4.5. n0 n2 ·· n2n−2

(n−1)0 (n−1)2 ·· (n−1)2n−2

·· ·· ·· ··
20 22 ·· 22n−2

10 12 ·· 12n−2

−1

= 2(−1)n−1

(2n)!


n2C0

2nC
n−1

{··n2··}
−(n−1)2C1

2nC
n−1

{··(n−1)2··}
·· −(−1)n12Cn−1

2n Cn−1

{··12··}

−n2C0
2nC

n−2

{··n2··}
(n−1)2C1

2nC
n−2

{··(n−1)2··}
·· (−1)n12Cn−1

2n Cn−2

{··12··}

n2C0
2nC

n−3

{··n2··}
−(n−1)2C1

2nC
n−3

{··(n−1)2··}
·· −(−1)n12Cn−1

2n Cn−3

{··12··}
·· ·· ·· ··

−(−1)nn2C0
2nC

0

{··n2··}
(−1)n(n−1)2C1

2nC
0

{··(n−1)2··}
·· 12Cn−1

2n C0

{··12··}


íØ2.4.6.
n−1∑
l=0

(−1)l+j(n− i)2l(n− j)2Cj2nC
n−1−l
{··(n−j)2··}

= (−1)n−1(2n)!
2

δij

n−1∑
l=0

(−1)l+i(n− l)2(n− l)2jCl2nC
n−1−i
{··(n−l)2··}

= (−1)n−1(2n)!
2

δij

�(Xeµ

íØ2.4.7. n0 n2 ·· n2n−2

(n−1)0 (n−1)2 ·· (n−1)2n−2

·· ·· ·· ··
20 22 ·· 22n−2

10 12 ·· 12n−2

−1

ij

=
2(n−j)2Cj2nC

n−1−i
{12,··,(n−j)2,··,n2}

(−1)n−1+i+j(2n)!
,

 10 12 ·· 12n−2

20 22 ·· 22n−2

·· ·· ·· ··
(n−1)0 (n−1)2 ·· (n−1)2n−2

n0 n2 ·· n2n−2

−1

ij

=
2(j+1)2Cn−1−j

2n Cn−1−i
{12,··,(j+1)2,··,n2}

(−1)i+j(2n)! n2n−2 ·· n2 n0

(n−1)2n−2 ·· (n−1)2 (n−1)0

·· ·· ·· ··
22n−2 ·· 22 20

12n−2 ·· 12 10

−1

ij

=
2(n−j)2Cj2nC

i

{12,··,(n−j)2,··,n2}
(−1)i+j(2n)!

,

 12n−2 ·· 12 10

22n−2 ·· 22 20

·· ·· ·· ··
(n−1)2n−2 ·· (n−1)2 (n−1)0

n2n−2 ·· n2 n0

−1

ij

=
2(j+1)2Cn−1−j

2n Ci
{12,··,(j+1)2,··,n2}

(−1)n−1+i+j(2n)!

2.5 Õá){-D0
n(n− 1

2
; 2).�����êg^²�Ý
9Ù5�

íØ2.5.1.

D0
n(n− 1

2
; 2) =

∣∣∣∣∣∣
(n−1/2)0 (n−1/2)2 ·· (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2n−2

·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2n−2

∣∣∣∣∣∣ = (−1)n(n−1)/2(2n− 2)!(2n− 4)! · ·2!

íØ2.5.2. i, j = 0, 1, ··, n− 1

Aij(n− 1
2
; 2) =

∣∣∣∣∣∣∣∣∣∣

(n−1/2)0 (n−1/2)2 ·· n2j−2 (n−1/2)2j+2 ·· (n−1/2)2n−4 (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2j−2 (n−3/2)2j+2 ·· (n−3/2)2n−4 (n−3/2)2n−2

·· ·· ·· ·· ·· ·· ·· ··
(n−i+1/2)0 (n−i+1/2)2 ·· (n−i+1/2)2j−2 (n−i+1/2)2j+2 ·· (n−i+1/2)2n−4 (n−i+1/2)2n−2

(n−i−3/2)0 (n−i−3/2)2 ·· (n−i−3/2)2j−2 (n−i−3/2)2j+2 ·· (n−i−3/2)2n−4 (n−i−3/2)2n−2

·· ·· ·· ·· ·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2j−2 (3/2)2j+2 ·· (3/2)2n−4 (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2j−2 (1/2)2j+2 ·· (1/2)2n−4 (1/2)2n−2

∣∣∣∣∣∣∣∣∣∣
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íØ2.5.3.

Kij(n− 1
2
; 2) =

∣∣∣∣∣∣∣∣∣∣∣

(n−1/2)0 (n−1/2)2 ·· (n−1/2)2j−2 (n−1/2)2j (n−1/2)2j+2 ·· (n−1/2)2n−4 (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2j−2 (n−3/2)2j (n−3/2)2j+2 ·· (n−3/2)2n−4 (n−3/2)2n−2

·· ·· ·· ·· ·· ·· ·· ·· ··
(n−i+1/2)0 (n−i+1/2)2 ·· (n−i+1/2)2j−2 (n−i+1/2)2j (n−i+1/2)2j+2 ·· (n−i+1/2)2n−4 (n−i+1/2)2n−2

(n−i−3/2)0 (n−i−3/2)2 ·· (n−i−3/2)2j−2 (n−i−3/2)2j (n−i−3/2)2j+2 ·· (n−i−3/2)2n−4 (n−i−3/2)2n−2

·· ·· ·· ·· ·· ·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2j−2 (3/2)2j (3/2)2j+2 ·· (3/2)2n−4 (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2j−2 (1/2)2j (1/2)2j+2 ·· (1/2)2n−4 (1/2)2n−2

x0 x2 ·· x2j−2 x2j x2j+2 ·· x2n−4 x2n−2

∣∣∣∣∣∣∣∣∣∣∣
xjXê

= (−1)(n−1)(n−2)/2(2n−2)!(2n−4)!··2![x2−(n−1/2)2]··[x2−(n−i+1/2)2][x2−(n−i−3/2)2]··[x2−(1/2)2]2(n−1/2−i)
i!(2n−1−i)! |xjXê

= (−1)n+j+1Aij(n− 1
2
; 2)

⇒ Aij(n− 1
2
; 2) =

(−1)n−12(n−i)2Ci2n−1C
n−1−j
{(1/2)2,··,(n−1/2−i)2,··,(n−1/2)2}
(2n−1)!

D0
n(n− 1

2
; 2)

íØ2.5.4. (n−1/2)0 (n−1/2)2 ·· (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2n−2

·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2n−2

−1

ij

=
(−1)i+jAji(n−

1
2

;2)

D0
n(n− 1

2
;2)

=
2(n− 1

2
−j)Cj2n−1C

n−1−i
{(1/2)2,··,(n−1/2−j)2,··,(n−1/2)2}

(−1)n−1+i+j(2n−1)!
; i, j = 0, 1, ··, n−

1

íØ2.5.5.

 (n−1/2)0 (n−1/2)2 ·· (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2n−2

·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2n−2

−1

= 2(−1)n−1

(2n−1)!


(n−1/2)C0

2nC
n−1

{··(n−1/2)2··}
−(n−3/2)C1

2n−1C
n−1

{··(n−3/2)2··}
·· −(−1)n(1/2)Cn−1

2n−1C
n−1

{··(1/2)2··}

−(n−1/2)C0
2n−1C

n−2

{··(n−1/2)2··}
(n−3/2)C1

2n−1C
n−2

{··(n−3/2)2··}
·· (−1)n(1/2)Cn−1

2n−1C
n−2

{··(1/2)2··}

(n−1/2)C0
2n−1C

n−3

{··(n−1/2)2··}
−(n−3/2)C1

2n−1C
n−3

{··(n−3/2)2··}
·· −(−1)n(1/2)Cn−1

2n−1C
n−3

{··(1/2)2··}
·· ·· ·· ··

−(−1)n(n−1/2)C0
2n−1C

0

{··(n−1/2)2··}
(−1)n(n−3/2)C1

2n−1C
0

{··(n−3/2)2··}
·· (1/2)Cn−1

2n−1C
0

{··(1/2)2··}


�(Xeµ

íØ2.5.6.
n−1∑
l=0

(−1)l+j(n− 1
2
− i)2l(n− 1

2
− j)Cj2n−1C

n−1−l
{··(n−1/2−j)2··}

= (−1)n−1(2n)!
2

δij

n−1∑
l=0

(−1)l+i(n− 1
2
− l)(n− 1

2
− l)2jCl2n−1C

n−1−i
{··(n−1/2−l)2··}

= (−1)n−1(2n)!
2

δij

íØ2.5.7. (n−1/2)0 (n−1/2)2 ·· (n−1/2)2n−2

(n−3/2)0 (n−3/2)2 ·· (n−3/2)2n−2

·· ·· ·· ··
(3/2)0 (3/2)2 ·· (3/2)2n−2

(1/2)0 (1/2)2 ·· (1/2)2n−2

−1

ij

=
2(n− 1

2
−j)Cj2n−1C

n−1−i
{12,··,(n−1/2−j)2,··,n2}

(−1)n−1+i+j(2n−1)!

 (1/2)0 (1/2)2 ·· (1/2)2n−2

(3/2)0 (3/2)2 ·· (3/2)2n−2

·· ·· ·· ··
(n−3/2)0 (n−3/2)2 ·· (n−3/2)2n−2

(n−1/2)0 (n−1/2)2 ·· (n−1/2)2n−2

−1

ij

=
2(j+1/2)Cn−1−j

2n−1 Cn−1−i
{(1/2)2,··,(j+1/2)2,··,(n−1/2)2}

(−1)i+j(2n−1)!

íØ2.5.8. (n−1/2)2n−2 ·· (n−1/2)2 (n−1/2)0

(n−3/2)2n−2 ·· (n−3/2)2 (n−3/2)0

·· ·· ·· ··
(3/2)2n−2 ·· (3/2)2 (3/2)0

(1/2)2n−2 ·· (1/2)2 (1/2)0

−1

ij

=
2(n− 1

2
−j)Cj2n−1C

i

{(1/2)2,··,(n−1/2−j)2,··,(n−1/2)2}
(−1)i+j(2n−1)!

 (1/2)2n−2 ·· (1/2)2 (1/2)0

(3/2)2n−2 ·· (3/2)2 (3/2)0

·· ·· ·· ··
(n−3/2)2n−2 ·· (n−3/2)2 (n−3/2)0

(n−1/2)2n−2 ·· (n−1/2)2 (n−1/2)0

−1

ij

=
2(j+1/2)Cn−1−j

2n−1 Ci
{(1/2)2,··,(j+1/2)2,··,(n−1/2)2}

(−1)n−1+i+j(2n−1)!

2.6 Õá){-D0
k+1(s; 2).���g^²�Ý
9Ù5�

íØ2.6.1.

D0
k+1(s; 2) =

∣∣∣∣∣∣
s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

∣∣∣∣∣∣ = (−1)k(k+1)/2(k!··2!1!)[(2s−1)!(2s−3)!··(2s−2k+3)!(2s−2k+1)!]
[(2s−k−1)!(2s−k−2)!··(2s−2k+1)!(2s−2k)!]
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íØ2.6.2.

Aij(s; 2) =

∣∣∣∣∣∣∣∣
s0 ·· s2k−2j−2 s2k−2j+2 ·· s2k

(s−1)0 ·· (s−1)2k−2j−2 (s−1)2k−2j+2 ·· (s−1)2k

·· ·· ·· ·· ·· ··
(s−i+1)0 ·· (s−i+1)2k−2j−2 (s−i+1)2k−2j+2 ·· (s−i+1)2k

(s−i−1)0 ·· (s−i−1)2k−2j−2 (s−i−1)2k−2j+2 ·· (s−i−1)2k

·· ·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−2j−2 (s−k)2k−2j+2 ·· (s−k)2k

∣∣∣∣∣∣∣∣
íØ2.6.3.

Kij(s; 2) =

∣∣∣∣∣∣∣∣∣∣

s0 ·· s2k−2j−2 s2k−2j s2k−2j+2 ·· s2k

(s−1)0 ·· (s−1)2k−2j−2 (s−1)2k−2j (s−1)2k−2j+2 ·· (s−1)2k

·· ·· ·· ·· ·· ·· ··
(s−i+1)0 ·· (s−i+1)2k−2j−2 (s−i+1)2k−2j (s−i+1)2k−2j+2 ·· (s−i+1)2k

(s−i−1)0 ·· (s−i−1)2k−2j−2 (s−i−1)2k−2j (s−i−1)2k−2j+2 ·· (s−i−1)2k

·· ·· ·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−2j−2 (s−k)2k−2j (s−k)2k−2j+2 ·· (s−k)2k

x0 ·· x2k−2j−2 x2k−2j x2k−2j+2 ·· x2k

∣∣∣∣∣∣∣∣∣∣
x2jXê

= (−1)k(k−1)/2(k!··2!1!)[(2s−1)!(2s−3)!··(2s−2k+3)!(2s−2k+1)!]
[(2s−k−1)!(2s−k−2)!··(2s−2k+1)!(2s−2k)!]

(x2−s2)··[x2−(s−i)2]··[x2−(s−k)2](2s−i−k−1)!(2s−2i)
i!(2s−i)!(k−i)! |x2jXê = (−1)k+jAij(s; 2)

⇒ Aij(s; 2) = (−1)kCi2sC
k−j
{s2,··,(s−i)2,··,(s−k)2}

(2s−i−k−1)!(2s−2i)D0
k+1(s;2)

(2s)!(k−i)!

íØ2.6.4. i, j = 0, 1, ··, k s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

−1

ij

= (−1)i+jAji(s;2)

D0
k+1(s;2)

= (−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)
(2s)!(k−j)!

�(Xeµ

íØ2.6.5. s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

−1

ij

= (−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)
(2s)!(k−j)!

 (s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

·· ·· ·· ·· ··
(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

s0 ·· s2k−4 s2k−2 s2k

−1

ij

= (−1)i+jCk−j2s Ck−i
{s2,··,(s−k+j)2,··,(s−k)2}

(2s−1+j)!(2s−2k+2j)
(2s)!j!

íØ2.6.6. s2k ·· s4 s2 s0

(s−1)2k ·· (s−1)4 (s−1)2 (s−1)0

(s−2)2k ·· (s−2)4 (s−2)2 (s−2)0

·· ·· ·· ·· ··
(s−k)2k ·· (s−k)4 (s−k)2 (s−k)0

−1

ij

= (−1)i+jCj2sC
i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)
(2s)!(k−j)!

 (s−k)2k ·· (s−k)4 (s−k)2 (s−k)0

·· ·· ·· ·· ··
(s−2)2k ·· (s−2)4 (s−2)2 (s−2)0

(s−1)2k ·· (s−1)4 (s−1)2 (s−1)0

s2k ·· s4 s2 s0

−1

ij

= (−1)k+i+jCk−j2s Ci
{s2,··,(s−k+j)2,··,(s−k)2}

(2s−1+j)!(2s−2k+2j)
(2s)!j!

2.7 íØ-D1
k+1(s; 2).���g^²�Ý
9Ù5�

íØ2.7.1.

D0
k+1(s; 2) =

∣∣∣∣∣∣
s1 ·· s2k−3 s2k−1 s2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

(s−2)1 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

·· ·· ·· ·· ··
(s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

∣∣∣∣∣∣ = s(s− 1) · ·(s− k)

∣∣∣∣∣∣
s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

∣∣∣∣∣∣
= (−1)k(k+1)/2(k!··2!1!)[(2s−1)!(2s−3)!··(2s−2k+3)!(2s−2k+1)!]s!

[(2s−k−1)!(2s−k−2)!··(2s−2k+1)!(2s−2k)!](s−k−1)!

íØ2.7.2. s1 ·· s2k−3 s2k−1 s2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

(s−2)1 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

·· ·· ·· ·· ··
(s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

−1

ij

= (

 s 0 ·· 0 ·· 0
0 s−1 ·· 0 ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· s−i ·· 0
·· ·· ·· ·· ·· ··
0 0 ·· 0 ·· s−k

 s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

)−1
ij

= 2(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!
(2s)!(k−j)! ; i, j = 0, 1, ··, k

�(Xeµ
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íØ2.7.3. s1 ·· s2k−3 s2k−1 s2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

(s−2)1 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

·· ·· ·· ·· ··
(s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

−1

ij

= 2(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!
(2s)!(k−j)!

 (s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

·· ·· ·· ·· ··
(s−2)1 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

s1 ·· s2k−3 s2k−1 s2k+1

−1

ij

= 2(−1)i+jCk−j2s Ck−i
{s2,··,(s−k+j)2,··,(s−k)2}

(2s−1+j)!
(2s)!j!

íØ2.7.4. s2k+1 ·· s5 s3 s1

(s−1)2k+1 ·· (s−1)5 (s−1)3 (s−1)1

(s−2)2k+1 ·· (s−2)5 (s−2)3 (s−2)1

·· ·· ·· ·· ··
(s−k)2k+1 ·· (s−k)5 (s−k)3 (s−k)1

−1

ij

= 2(−1)i+jCj2sC
i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!
(2s)!(k−j)!

 (s−k)2k+1 ·· (s−k)5 (s−k)3 (s−k)1

·· ·· ·· ·· ··
(s−2)2k+1 ·· (s−2)5 (s−2)3 (s−2)1

(s−1)2k+1 ·· (s−1)5 (s−1)3 (s−1)1

s2k+1 ·· s5 s3 s1

−1

ij

= 2(−1)k+i+jCk−j2s Ci
{s2,··,(s−k+j)2,··,(s−k)2}

(2s−1+j)!
(2s)!j!
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g·µãµ�Ùéõ���EÜ~êØCÜþ?1
�\©Û§éEÜ~êØCÜþ?1
©)§Ü©

)û¦�
Ù¥��ê��Ï�úª§¿(Ü�5�ê�{���
�©k^�(Ø§´�YïÄpg^âf�

��kåêÆóä"

1 �ÙI÷v��êÓ�cJ^�
½Â1.0.1. s ≥ 1

2

NAς (s;w)N̄Aς (s;w) = 1, NAς (s;w)σαςAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
σας (s;w)

NAς (s;w)σαςAς
Bς ( 1

2
;w) +NBς (s;w)σας (s− 1

2
;w) = σας (s;w)NBς (s;w)

σαςAς
Bς ( 1

2
;w)N̄Bς (s;w) + σας (s− 1

2
;w)N̄Aς (s;w) = N̄Aς (s;w)σας (s;w)

{σας ( 1
2
;w), σβς ( 1

2
;w)} = 1

2
δαςβς , σας (0;w) := 0

2 EÜ~êØCÜþXα1ς ··αnςβ1ς ··βlς(s, n, l;w)

2.1 EÜ~êØCÜþXα1ς ··αnςβ1ς ··βlς (s, n, l;w)�½Â

½Â2.1.1.Xα1ς ··αnς ;β1ς ··βlς (s, n, l;w) := NAς (s;w)[σα1ς ( 1
2
;w) · ·σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w) · ·σβlς (s− 1

2
;w)]N̄Bς (s;w)

X(s, 0, 0;w) := 1, Xα1ς (s, 1, 0;w) = 1
2s
σα1ς (s;w), Xβ1ς (s, 0, 1;w) = (1− 1

2s
)σβ1ς (s;w); s ≥ 1

2
, n ≥ 0, l ≥ 0

íØ2.1.1.X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) := NAς (s;w)[σ{α1ς ( 1
2
;w) · ·σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w) · ·σβlς}(s− 1

2
;w)]N̄Bς (s;w)

X{}(s, 0, 0;w) := 1, X{α1ς}(s, 1, 0;w) = 1
2s
σα1ς (s;w), X{β1ς}(s, 0, 1;w) = (1− 1

2s
)σβ1ς (s;w); s ≥ 1

2
, n ≥ 0, l ≥ 0

2.2 EÜ~êØCÜþX{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) �4í'X

½n2.2.1. X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = 1
4

1
(n+l−2)!

X{{α1ς ··α(n−2)ςβ1ς ··βlς}(s, n− 2, l;w)δα(n−1)ςαnς}; s ≥ 1
2
, n ≥ 2, l ≥ 0

y²: X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = NAς (s;w)[σ{α1ς ( 1
2
;w)··σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w)··σβlς}(s− 1

2
;w)]N̄Bς (s;w)

= NAς (s;w)[σ{α1ς ( 1
2
;w) · ·σα(n−2)ς ( 1

2
;w)σα(n−1)ς ( 1

2
;w)σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w) · ·σβlς}(s− 1

2
;w)]N̄Bς (s;w)

= NAς (s;w){σ{α1ς ( 1
2
;w) · ·σα(n−2)ς ( 1

2
;w)[ 1

4
δα(n−1)ςαnς ]}AςBς [σβ1ς (s− 1

2
;w) · ·σβlς}(s− 1

2
;w)]N̄Bς (s;w)

= 1
4

1
(n+l−2)!

X{{α1ς ··α(n−2)ςβ1ς ··βlς}(s, n− 2, l;w)δα(n−1)ςαnς}

íØ2.2.1. s ≥ 1
2
, l ≥ 0

X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) =

 1
2n

1
l!
δ{α1ςα2ς · ·δα(n−1)ςαnςX{β1ς ··βlς}}(s, 0, l;w), n = 2k ≥ 0

1
2(n−1)

1
(l+1)!

δ{α1ςα2ς · ·δα(n−2)ςα(n−1)ςX{αnςβ1ς ··βlς}}(s, 1, l;w), n = 2k + 1 ≥ 0

½n2.2.2. X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w); s ≥ 1
2
, n ≥ 1, l ≥ 1

= 1
(n+l−1)!

X{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l−1;w)σβlς}(s;w)− 1
4

1
(n+l−2)!

X{{α1ς ··α(n−1)ςβ1ς ··β(l−1)ς}(s, n−1, l−1;w)δαnςβlς}

y²: X{α1ς ··αnςβ1ς ··βlς}(s, n, l;w) = NAς (s;w)[σ{α1ς ( 1
2
;w)··σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w)··σβlς}(s− 1

2
;w)]N̄Bς (s;w)

= NAς (s;w)[σ{α1ς ( 1
2
;w)··σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w)··σβ(l−1)ς (s− 1

2
;w)][N̄Bς (s;w)σβlς}(s;w)−σβlς}BςCς ( 1

2
;w)N̄Cς (s;w)]

= NAς (s;w)[σ{α1ς ( 1
2
;w) · ·σαnς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w) · ·σβ(l−1)ς (s− 1

2
;w)]N̄Bς (s;w)σβlς}(s;w)

−NAς (s;w)[σ{α1ς ( 1
2
;w) · ·σαnς ( 1

2
;w)σβlς ( 1

2
;w)]Aς

Bς [σβ1ς (s− 1
2
;w) · ·σβ(l−1)ς (s− 1

2
;w)]N̄Bς (s;w)

= 1
(n+l−1)!

X{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l − 1;w)σβlς}(s;w)−X{α1ς ··αnςβ1ς ··βlς}(s, n+ 1, l − 1;w)

= 1
(n+l−1)!

X{{α1ς ··αnςβ1ς ··β(l−1)ς}(s, n, l−1;w)σβlς}(s;w)− 1
4

1
(n+l−2)!

X{{α1ς ··α(n−1)ςβ1ς ··β(l−1)ς}(s, n−1, l−1;w)δαnςβlς}
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3 EÜ~êØCÜþMα1ς ··αnς(s, n;w)ÚNα1ς ··αnς(s, n;w)

3.1 EÜ~êØCÜþMα1ς ··αnς (s, n;w)ÚNα1ς ··αnς (s, n;w)�Ú\

½Â3.1.1.Mα1ς ··αnς (s, n;w) := NAς (s;w)σα1ς (s− 1
2
;w) · ·σαnς (s− 1

2
;w)N̄Aς (s;w) = Xα1ς ··αnς (s, 0, n;w)

M(s, 0;w) = 1,Mα1ς (s, 1;w) = (1− 1
2s

)σα1ς (s;w); s ≥ 1
2
, n ≥ 0

íØ3.1.1.M{α1ς ··αnς}(s, n;w) := NAς (s;w)σ{α1ς (s− 1
2
;w) · ·σαnς}(s− 1

2
;w)N̄Aς (s;w) = X{α1ς ··αnς}(s, 0, n;w)

M{}(s, 0;w) = 1,M{α1ς}(s, 1;w) = (1− 1
2s

)σα1ς (s;w); s ≥ 1
2
, n ≥ 0

½Â3.1.2.Nα1ς ··αnς (s, n;w) := NAς (s;w)σα1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σαnς (s− 1

2
;w)N̄Bς (s;w) = Xα1ς ;α2ς ··αnς (s, 1, n− 1;w)

N(s, 0;w) = 1, Nα1ς (s, 1;w) = 1
2s
σα1ς (s;w); s ≥ 1

2
, n ≥ 0

íØ3.1.2.N{α1ς ··αnς}(s, n;w) := NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σαnς}(s− 1

2
;w)N̄Bς (s;w) = X{α1ς ··αnς}(s, 1, n− 1;w)

N{}(s, 0;w) = 1, N{α1ς}(s, 1;w) = 1
2s
σα1ς (s;w); s ≥ 1

2
, n ≥ 0

3.2 EÜ~êØCÜþM{α1ς ··αnς}(s, n;w)ÚN{α1ς ··αnς}(s, n;w)�4í'X

½n3.2.1. s ≥ 1
2
, n ≥ 2

N{α1ς ··αnς}(s, n;w) = 1
(n−1)!

N{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

y²: NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σαnς}(s− 1

2
;w)N̄Bς (s;w)

= NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σα(n−1)ς (s− 1

2
;w)[N̄Bς (s;w)σαnς}(s;w)− σαnς}BςCς ( 1

2
;w)N̄Cς (s;w)]

= NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σα(n−1)ς (s− 1

2
;w)N̄Bς (s;w)σαnς}(s;w)

−NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σα(n−1)ς (s− 1

2
;w)σαnς}Bς

Cς ( 1
2
;w)N̄Cς (s;w)

= 1
(n−1)!

N{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

½n3.2.2. N{α1ς ··αnς}(s, n;w) = 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w); s ≥ 1
2
, n ≥ 1

y²: M{α1ς ··αnς}(s, n;w)

= NAς (s;w)σ{α1ς (s− 1
2
;w) · ·σαnς}(s− 1

2
;w)N̄Aς (s;w)

= NAς (s;w)σ{α1ς (s− 1
2
;w) · ·σα(n−1)ς (s− 1

2
;w)[N̄Aς (s;w)σαnς}(s;w)− σαnς}AςBς ( 1

2
;w)N̄Bς (s;w)]

= NAς (s;w) 1
(n−1)!

σ{{α1ς (s− 1
2
;w) · ·σα(n−1)ς}(s− 1

2
;w)N̄Aς (s;w)σαnς}(s;w)

−NAς (s;w)σ{α1ς (s− 1
2
;w) · ·σα(n−1)ς (s− 1

2
;w)σαnς}Aς

Bς ( 1
2
;w)N̄Bς (s;w)

= 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−N{α1ς ··αnς}(s, n;w)

íØ3.2.1.

M{α1ς ··αnς}(s, n;w)

= 2
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}; s ≥ 1
2
, n ≥ 2

y²: N{α1ς ··αnς}(s, n;w)

= 1
(n−1)!

N{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔ 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)

= 1
(n−1)!

[ 1
(n−2)!

M{{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)−M{{α1ς ··α(n−1)ς}(s, n− 1;w)]σαnς}(s;w)

− 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔ 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)
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= 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)− 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)

− 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

⇔M{α1ς ··αnς}(s, n;w)

= 2
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}; s ≥ 1
2
, n ≥ 2

íØ3.2.2. M{α1ς ··αnς}(s, n;w) = 2
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)

+ 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4
δα(n−1)ςαnς} − σα(n−1)ς (s;w)σαnς}(s;w)]; s ≥ 1

2
, n ≥ 2

3.3 EÜ~êØCÜþM{α1ς ··αnς}(s, n;w)4í'X��\

íØ3.3.1.

M{α1ς ··α(n−1)ς}(s, n− 1;w)

= 2
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)− 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς}(s;w)

+ 1
4

1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ς}; s ≥ 1
2
, n ≥ 3

íØ3.3.2. M{α1ς ··αnς}(s, n;w); s ≥ 1
2
, n ≥ 3

= 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4
δα(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2
δα(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

y²: M{α1ς ··αnς}(s, n;w)

= 2
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 2
(n−1)!

[ 2
(n−2)!

M{{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς}(s;w)

− 1
(n−3)!

M{{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς}(s;w)

+ 1
4

1
(n−3)!

M{{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ς}]σαnς}(s;w)

− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 2[ 2
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

− 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ςσαnς}(s;w)]

− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}, n ≥ 2

= 3
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)δα(n−1)ςαnς}

− 2
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)σα(n−1)ς (s;w)σαnς}(s;w)

+ 1
4

2
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)δα(n−2)ςα(n−1)ςσαnς}(s;w)

= 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4
δα(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2
δα(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

íØ3.3.3. M{α1ς ··αn−2ς}(s, n;w) = 2
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς}(s;w)

+ 1
(n−4)!

M{{α1ς ··α(n−4)ς}(s, n− 4;w)[ 1
4
δα(n−3)ςα(n−2)ς} − σα(n−3)ς (s;w)σα(n−2)ς}(s;w)]; s ≥ 1

2
, n ≥ 4

íØ3.3.4. M{α1ς ··αnς}(s, n;w)

= 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2;w)[ 1
4
δα(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2
δα(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

= 1
(n−2)!

{ 2
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς}(s;w)

+ 1
(n−4)!

M{{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4
δα(n−3)ςα(n−2)ς}−σα(n−3)ς (s;w)σα(n−2)ς}(s;w)]}[ 1

4
δα(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2
δα(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)
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= 2
(n−3)!

M{α1ς ··α(n−3)ς}(s, n− 3;w)σα(n−2)ς (s;w)[ 1
4
δα(n−1)ςαnς} + 3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−4)!

M{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4
δα(n−3)ςα(n−2)ς−σα(n−3)ς (s;w)σα(n−2)ς (s;w)][ 1

4
δα(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

+ 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[ 1
2
δα(n−2)ςα(n−1)ς − 2σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

= 1
(n−3)!

M{{α1ς ··α(n−3)ς}(s, n− 3;w)[δα(n−2)ςα(n−1)ς + 4σα(n−2)ς (s;w)σα(n−1)ς (s;w)]σαnς}(s;w)

+ 1
(n−4)!

M{α1ς ··α(n−4)ς}(s, n−4;w)[ 1
4
δα(n−3)ςα(n−2)ς−σα(n−3)ς (s;w)σα(n−2)ς (s;w)][ 1

4
δα(n−1)ςαnς}+3σα(n−1)ς (s;w)σαnς}(s;w)]

3.4 EÜ~êØCÜþN{α1ς ··αnς}(s, n;w), s ≥ 1
2
cA����O�

5�3.4.1. N{ας}(s, 1) = NAς (s;w)σαςAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
σας (s;w)

5�3.4.2. N{αςβς}(s, 2) = NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς}(s− 1

2
;w)N̄Bς (s;w)

= 1
2s

[σ{ας (s;w)σβς}(s;w)− s
2
δ{αςβς}]

y²: NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς}(s− 1

2
;w)N̄Bς (s;w)

= NAς (s;w)σ{αςAς
Bς ( 1

2
;w)[N̄Bς (s;w)σβς}(s;w)− σβς}BςCς ( 1

2
;w)N̄Cς (s;w)]

= NAς (s;w)σ{αςAς
Bς ( 1

2
;w)N̄Bς (s;w)σβς}(s;w)−NAς (s;w)σ{αςAς

Bς ( 1
2
;w)σβς}Bς

Cς ( 1
2
;w)N̄Cς (s;w)

= 1
2s
σ{ας (s;w)σβς}(s;w)−NAς (s;w) 1

2
δAς

Cςδαςβς N̄Cς (s;w)

= 1
2s

[σ{ας (s;w)σβς}(s;w)− s
2
δ{αςβς}]

5�3.4.3. N{αςβςγς}(s, 3) = NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς (s− 1

2
;w)σγς}(s− 1

2
;w)N̄Bς (s;w)

= 1
2s

[σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−4s
4
σ{ας (s;w)δβςγς}]

y²: NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς (s− 1

2
;w)σγς}(s− 1

2
;w)N̄Bς (s;w)

= NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς (s− 1

2
;w)[N̄Bς (s;w)σγς}(s;w)− σγς}BςCς ( 1

2
;w)N̄Cς (s;w)]

= NAς (s;w) 1
2!
σ{{αςAς

Bς ( 1
2
;w)σβς}(s− 1

2
;w)N̄Bς (s;w)σγς}(s;w)

−NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σγςBς

Cς ( 1
2
;w)σβς}(s− 1

2
;w)N̄Cς (s;w)

= 1
2s

1
2!

[σ{{ας (s;w)σβς}(s;w)− s
2
δ{{αςβς}]σγς}(s;w)

−NAς (s;w) 1
2!
σ{{αςAς

Bς ( 1
2
;w)σγς}Bς

Cς ( 1
2
;w)σβς}(s− 1

2
;w)N̄Cς (s;w)

= 1
2s

[σ{ας (s;w)σβς (s;w)− s
2
δ{αςβς ]σγς}(s;w)−NAς (s;w) 1

2!
1
2
δAς

Cςδ{αςγςσβς}(s− 1
2
;w)N̄Cς (s;w)

= 1
2s

[σ{ας (s;w)σβς (s;w)− s
2
δ{αςβς ]σγς}(s;w)− 1

2!
1
2
δ{αςγςNAς (s;w)σβς}(s− 1

2
;w)N̄Aς (s;w)

= 1
2s

[σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−4s
4
σ{ας (s;w)δβςγς}]

5�3.4.4. N{αςβςγςης}(s, 4;w) = NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβς (s− 1

2
;w)σγς (s− 1

2
;w)σης}(s− 1

2
;w)N̄Bς (s;w)

= 1
2s

[σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + 3
4
(1− 2s)σ{ας (s;w)σβς (s;w)δγςης} − s

8
δ{αςβςδγςης}]

íØ3.4.1.

N{ας}(s, 1;w) = 1
2s
σας (s;w)

N{αςβς}(s, 2;w) = 1
2s

[σ{ας (s;w)σβς}(s;w)− s
2
δ{αςβς}]

N{αςβςγς}(s, 3;w) = 1
2s

[σ{ας (s;w)σβς (s;w)σγς}(s;w)− 1+2s
4
σ{ας (s;w)δβςγς}]

N{αςβςγςης}(s, 4;w) = 1
2s

[σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + 3
4
(1− 2s)σ{ας (s;w)σβς (s;w)δγςης} − s

8
δ{αςβςδγςης}]

3.5 EÜ~êØCÜþNα1ς ··αnς (s, n), s ≥ 1
2
cA����O�

5�3.5.1. Nας (s, 1) = NAς (s)σαςAς
Bς ( 1

2
)N̄Bς (s) = 1

2s
σας (s)

5�3.5.2. Nαςβς (s, 2) = NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)N̄Bς (s) = 1

4s
[σ{ας (s)σβς}(s)− sδαςβς ]

y²: NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)N̄Bς (s)

= NAς (s)σαςAς
Bς ( 1

2
)[−σβςBςCς ( 1

2
)N̄Cς (s) + N̄Bς (s)σ

βς (s)]

= − 1
4s

[sδαςβς + σ[ας (s)σβς ](s)] + 1
2s
σας (s)σβς (s)

= 1
4s

[σ{ας (s)σβς}(s)− sδαςβς ]
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5�3.5.3. Nαςβςγς (s, 3) = NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)

= 1
8s

[σας (s)δβςγς − δας [βςσγς ](s)]− 1
4
δας{βςσγς}(s) + 1

4s
[σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]

y²: NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)

= NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)[−σγςBςCς ( 1

2
)N̄Cς (s) + N̄Bς (s)σ

γς (s)]

= −NAς (s)σαςAς
Bς ( 1

2
)σγςBς

Cς ( 1
2
)σβς (s− 1

2
)N̄Cς (s) + 1

4s
[σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)

= −NAς (s)σαςAς
Bς ( 1

2
)σγςBς

Cς ( 1
2
)[−σβςCςDς ( 1

2
)N̄Dς (s) + N̄Cς (s)σ

βς (s)] + 1
4s

[σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)
= 1

8s
[σας (s)δγςβς − δας [βςσγς ](s)]− 1

4s
[sδαςγς + σ[ας (s)σγς ](s)]σβς (s) + 1

4s
[σ{ας (s)σβς}(s)− sδαςβς ]σγς (s)

= 1
8s

[σας (s)δγςβς − δας [βςσγς ](s)]− 1
4
δας{βςσγς}(s) + 1

4s
{σ{ας (s)σβς}(s)σγς (s)− σ[ας (s)σγς ](s)σβς (s)}

= 1
8s

[σας (s)δβςγς − δας [βςσγς ](s)]− 1
4
δας{βςσγς}(s) + 1

4s
[σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]

íØ3.5.1.

NAς (s)σαςAς
Bς ( 1

2
)σ{βς (s− 1

2
)σγς}(s− 1

2
)N̄Bς (s) = 1

4s
σας (s)δβςγς − 1

2
δας{βςσγς}(s) + 1

2s
σ{βς (s)[σας (s)]σγς}(s)

5�3.5.4. Nαςβςγςης (s, 4) = NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)σης (s− 1

2
)N̄Bς (s)

= − 1
16

(δαςηςδγςβς + δαςβςδγςης − δαςγςδβςης ) + i
16s

[εγςβςαςσης (s)− εγςβςηςσας (s)]
− 1

16s
[δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ]

+ 1
8s

[σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s) + 1
8s

[σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s) + 1
8s

[σας (s)δβςγς − δας [βςσγς ](s)]σης (s)
− 1

4
[δαςηςσβς (s)σγς (s) + δας{βςσγς}(s)σης (s)]

+ 1
4s

[σας (s)σ[βς (s)σγς ](s)σης (s) + σ{βς (s)[σας (s)]σγς}(s)σης (s)− σ[ας (s)σης ](s)σβς (s)σγς (s)]

y²: NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)σης (s− 1

2
)N̄Bς (s)

= NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)[−σηςBςCς ( 1

2
)N̄Cς (s) + N̄Bς (s)σ

ης (s)]

= −NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Cς (s)

+NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)σ

ης (s)

= −NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σβς (s− 1

2
)[−σγςCςDς ( 1

2
)N̄Dς (s) + N̄Cς (s)σ

γς (s)]

+NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)σ

ης (s)

= NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σγςCς

Dς ( 1
2
)σβς (s− 1

2
)N̄Dς (s)

−NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σβς (s− 1

2
)N̄Cς (s)σ

γς (s)

+NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)σ

ης (s)

= NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σγςCς

Dς ( 1
2
)[−σβςDςEς ( 1

2
)N̄Eς (s) + N̄Dς (s)σ

βς (s)]

−NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σβς (s− 1

2
)N̄Cς (s)σ

γς (s)

+NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)σ

ης (s)

= −NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σγςCς

Dς ( 1
2
)σβςDς

Eς ( 1
2
)N̄Eς (s)

+NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σγςCς

Dς ( 1
2
)N̄Dς (s)σ

βς (s)

−NAς (s)σαςAς
Bς ( 1

2
)σηςBς

Cς ( 1
2
)σβς (s− 1

2
)N̄Cς (s)σ

γς (s)

+NAς (s)σαςAς
Bς ( 1

2
)σβς (s− 1

2
)σγς (s− 1

2
)N̄Bς (s)σ

ης (s)

= − 1
16

(δαςηςδγςβς + δαςβςδγςης − δαςγςδβςης )
− 1

16s
[δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ] + i

16s
[εγςβςαςσης (s)− εγςβςηςσας (s)]

+ 1
8s

[σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s)

+ 1
8s

[σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s)− 1
4s

[sδαςης + σ[ας (s)σης ](s)]σβς (s)σγς (s)

+ 1
8s

[σας (s)δβςγς − δας [βςσγς ](s)]σης (s)− 1
4
δας{βςσγς}(s)σης (s)

+ 1
4s

[σας (s)σ[βς (s)σγς ](s) + σ{βς (s)[σας (s)]σγς}(s)]σης (s)

= − 1
16

(δαςηςδγςβς + δαςβςδγςης − δαςγςδβςης ) + i
16s

[εγςβςαςσης (s)− εγςβςηςσας (s)]
− 1

16s
[δαςηςσ[γς (s)σβς ](s) + σ[ας (s)σης ](s)δγςβς ]

+ 1
8s

[σας (s)δηςγς + δας [ηςσγς ](s)]σβς (s) + 1
8s

[σας (s)δηςβς + δας [ηςσβς ](s)]σγς (s) + 1
8s

[σας (s)δβςγς − δας [βςσγς ](s)]σης (s)
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− 1
4
[δαςηςσβς (s)σγς (s) + δας{βςσγς}(s)σης (s)]

+ 1
4s

[σας (s)σ[βς (s)σγς ](s)σης (s) + σ{βς (s)[σας (s)]σγς}(s)σης (s)− σ[ας (s)σης ](s)σβς (s)σγς (s)]

íØ3.5.2. NAς (s)σαςAς
Bς ( 1

2
)σ{γς (s− 1

2
)[σβς (s− 1

2
)]σης}(s− 1

2
)N̄Bς (s)

= 1
8
(−δαςηςδγςβς + δαςβςδγςης − δαςγςδβςης )− i

16s
[εγςβςαςσης (s) + εηςβςαςσγς (s)]

1
16s

[δαςηςσ[γς (s)σβς ](s) + δαςγςσ[ης (s)σβς ](s)− σ[ας (s)σης ](s)δγςβς − σ[ας (s)σγς ](s)δηςβς ]

+ 1
4s

[σας (s)δηςγς ]σβς (s) + 1
4s

[σας (s)δηςβς ]σγς (s) + 1
4s

[σας (s)δβςγς ]σης (s)− 1
4
[δας{βςσγς (s)σης}(s)]

+ 1
4s

[σ{βς (s)[σας (s)]σγς (s)σης}(s)− σας (s)σ{βς (s)σγς (s)σης}(s) + 2σας (s)σ{γς (s)[σβς (s)]σης}(s)]

íØ3.5.3. NAς (s)σαςAς
Bς ( 1

2
)[(s− 3

2
)σβς (s− 1

2
)δγςης + (s− 1

2
)δβς{γςσης}(s− 1

2
)]N̄Bς (s)

= (s− 3
2
) 1

4s
[σ{ας (s)σβς}(s)− sδαςβς ]δγςης + (s− 1

2
) 1

4s
[σ{ας (s)σγς}(s)δηςβς + σ{ας (s)σης}(s)δγςβς − sδας{γςδης}βς ]}

5�3.5.5. σας (s)δβςγς + σ{βς (s)[σας (s)]σγς}(s) = 1
3!

[σ{ας (s)δβςγς} + 2σ{ας (s)σβς (s)σγς}(s)]

4 EÜ~êØCÜþΓα1ς ··αnςkς
lς(s;w)

4.1 EÜ~êØCÜþΓα1ς ··αnς
kς
lς (s, n;w)�½Â

½Â4.1.1.
Γα1ς ··αnς

kς
lς (s, n;w) := Γ

A1ς ··AnςA(n+1)ς ··A(2s)ς

kς
(s;w)

n∏
i=1

σαiςAiς
Biς ( 1

2
;w)ΓlςB1ς ··BnςA(n+1)ς ··A(2s)ς

(s;w);n ≥ 0, s ≥ n
2
| 1
2

Γα′1ς ··α′nς
k′ς l′ς

(s, n;w) := Γ
k′ς
A′1ς ··A′nςA′(n+1)ς

··A′
(2s)ς

(s;w)
n∏
i=1

σα′iς
A′iςB′iς

( 1
2
;w)Γ

B′1ς ··B
′
nςA

′
(n+1)ς ··A

′
(2s)ς

l′ς
(s;w);n ≥ 0, s ≥ n

2
| 1
2

½Â4.1.2. Γα1ς ··αnς (s, n;w) :≺ Γα1ς ··αnς
kς
lς (s, n;w),Γα′1ς ··α′nς (s, n;w) :≺ Γα′1ς ··α′nς

k′ς l′ς
(s, n;w);n ≥ 0, s ≥ n

2
| 1
2

íØ4.1.1. Γα1ς ··αnς
kς
lς (s, n;w) ' Γα′1ς ··α′nς

k′ς l′ς
(s, n;w),Γα1ς ··αnς (s, n;w) ' Γα′1ς ··α′nς (s, n;w);n ≥ 0, s ≥ n

2
| 1
2

4.2 EÜ~êØCÜþΓα1ς ··αnς
kς
lς (s, n;w)�4íúª

½n4.2.1. Γα1ς ··αnς (s, n;w) = NA1ς (s;w)σα1ς
A1ς

B1ς ( 1
2
;w)Γα2ς ··αnς (s, n− 1;w)N̄B1ς

(s;w);n ≥ 1, s ≥ n
2
| 1
2

y²: Γ{α1ς ··αnς}(s, n;w)

= Γ
A1ς ··AnςA(n+1)ς ··A(2s)ς

k1ς
(s;w)

n∏
i=1

σαiςAiς
Biς ( 1

2
;w)Γl1ςB1ς ··BnςA(n+1)ς ··A(2s)ς

(s;w)

= N
A1ςk2ς

k1ς
(s;w)Γ

A2ς ··AnςA(n+1)ς ··A(2s)ς

k2ς
(s− 1

2
;w)

n∏
i=1

σαiςAiς
Biς ( 1

2
;w)N l1ς

B2ς l2ς
Γl2ςB2ς ··BnςA(n+1)ς ··A(2s)ς

(s;w)

= N
A1ςk2ς

k1ς
(s;w)σα1ς

A1ς

B1ς ( 1
2
;w)

[Γ
A2ς ··AnςA(n+1)ς ··A(2s)ς

k2ς
(s− 1

2
;w)

n∏
i=2

σαiςAiς
Biς ( 1

2
;w)Γl2ςB2ς ··BnςA(n+1)ς ··A(2s)ς

(s− 1
2
;w)]N l1ς

B1ς l1ς
(s;w)

= N
A1ςk2ς

k1ς
(s;w)σα1ς

A1ς

B1ς ( 1
2
;w)Γα2ς ··αnς

k2ς

l2ς (s, n− 1;w)N l1ς
B1ς l1ς

(s;w)

= NA1ς (s;w)σα1ς
A1ς

B1ς ( 1
2
;w)Γα2ς ··αnς (s, n− 1;w)N̄B1ς

(s;w)

íØ4.2.1. Γα1ς ··αnς (s, n;w);n ≥ 1, s ≥ n
2
| 1
2

= NA1ς (s;w) · ·NAnς (s− n−1
2

;w)σα1ς
A1ς

B1ς ( 1
2
;w) · ·σαnςAnςBnς ( 1

2
;w)N̄Bnς (s− n−1

2
;w) · ·N̄B1ς

(s;w)

íØ4.2.2. Γα1ς ··αnς (s, n;w) = NAς1··Aςn(s, n;w)σα1ς
A1ς

B1ς ( 1
2
;w) · ·σαnςAnςBnς ( 1

2
;w)N̄Bς1··Bςn(s, n;w)

4.3 EÜ~êØCÜþΓα1ς ··αnς
kς
lς (s, n;w), s ≥ 1

2
cA����O�

5�4.3.1. NAς (s;w)σ{αςAς
Bς ( 1

2
;w)σβςBς

Cς ( 1
2
;w)σγς}(s− 1

2
;w)N̄Cς (s;w) = 1

4
(1− 1

2s
)σ{ας (s;w)δβςγς}

5�4.3.2. Γας kς
lς (s, 1) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)ΓlςIςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = 1
2s
σας kς

lς (s;w) = 1
(1!)2C

−1
2s σ

ας
kς
lς (s;w)

5�4.3.3. Γαςβς kς
lς (s, 2) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)ΓlςIςJςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
(2!)2C

−2
2s [σ{ας (s;w)σβς}(s;w)− s

2
δ{αςβς}]kς

lς
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y²: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)ΓlςIςJςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2!

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σ{αςAς
Iς ( 1

2
;w)σβς}Bς

Jς ( 1
2
;w)ΓlςIςJςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2!

[NAς (s;w)σ{αςAς
Bς ( 1

2
;w) 1

2s−1
σβς}(s− 1

2
;w)N̄Bς (s;w)]kς

lς

= 1
2s−1

1
4s

[σ{ας (s;w)σβς}(s;w)− sδαςβς ]kς lς

= 1
(2!)2C

−2
2s [σ{ας (s;w)σβς}(s;w)− s

2
δ{αςβς}]kς

lς

5�4.3.4. Γαςβςγς kς
lς (s, 3) = Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)σγςCς

Kς ( 1
2
;w)ΓlςIςJςKςDς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
(3!)2C

−3
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−3s

2
σ{ας (s;w)δβςγς}]

y²: Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)σγςCς

Kς ( 1
2
;w)ΓlςIςJςKςDς · ·︸ ︷︷ ︸

2s

(s;w)

= NAς (s;w)σαςAς
Bς ( 1

2
;w) 1

2s−2
[ 1
4s−2

σ{βς (s− 1
2
;w)σγς}(s− 1

2
;w)− 1

4
δβςγς ]N̄Bς (s;w)

= 1
4(s−1)(2s−1)

NAς (s;w)σαςAς
Bς ( 1

2
;w)σ{βς (s− 1

2
;w)σγς}(s− 1

2
;w)N̄Bς (s;w)− 1

16s(s−1)
σας (s;w)δβςγς

= 1
4(s−1)(2s−1)

{ 1
2s

[σας (s;w)δβςγς + σβς (s;w)σας (s;w)σγς (s;w) + σγς (s;w)σας (s;w)σβς (s;w)]− 1
4
σ{ας (s;w)δβςγς}}

= 1
4(s−1)(2s−1)

{ 1
2s

1
3!

[σ{ας (s;w)δβςγς} + 2σ{ας (s;w)σβς (s;w)σγς}(s;w)]− 1
4
σ{ας (s;w)δβςγς}}

= 1
48s(s−1)(2s−1)

[2σ{ας (s;w)σβς (s;w)σγς}(s;w) + (1− 3s)σ{ας (s;w)δβςγς}]

= 1

16s(s− 1
2

;w)(s−1)
{σ{βς (s;w)[σας (s;w)]σγς}(s;w)− [(s− 1)σας (s;w)δβςγς + sδας{βςσγς}(s;w)]}

= 1
(3!)2C

−3
2s [σ{ας (s;w)σβς (s;w)σγς}(s;w) + 1−3s

2
σ{ας (s;w)δβςγς}]

5�4.3.5. Γαςβςγςης kς
lς (s, 4)

= Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)σγςCς

Kς ( 1
2
;w)σηςDς

Lς ( 1
2
;w)ΓlςIςJςKςLς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
(4!)2C

−4
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + (2− 3s)σ{ας (s;w)σβς (s;w)δγςης} + 3

4
s(s− 1)δ{αςβςδγςης}]

y²: Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s;w)σαςAς
Iς ( 1

2
;w)σβςBς

Jς ( 1
2
;w)σγςCς

Kς ( 1
2
;w)σηςDς

Lς ( 1
2
;w)ΓlςIςJςKςLς · ·︸ ︷︷ ︸

2s

(s;w)

= 1

16(s− 1
2

;w)(s−1)(s− 3
2

)
NAς (s;w)σαςAς

Bς ( 1
2
;w)

{σ{γς (s− 1
2
;w)[σβς (s− 1

2
;w)]σης}(s− 1

2
;w)− [(s− 3

2
)σβς (s− 1

2
;w)δγςης + (s− 1

2
)δβς{γςσης}(s− 1

2
;w)]}N̄Bς (s;w)

= 1

16(s− 1
2

;w)(s−1)(s− 3
2

)

{ 1
8
(−δαςηςδγςβς + δαςβςδγςης − δαςγςδβςης )− i

16s
[εγςβςαςσης (s;w) + εηςβςαςσγς (s;w)]

1
16s

[δαςηςσ[γς (s;w)σβς ](s;w) + δαςγςσ[ης (s;w)σβς ](s;w)− σ[ας (s;w)σης ](s;w)δγςβς − σ[ας (s;w)σγς ](s;w)δηςβς ]

+ 1
4s

[σας (s;w)δηςγς ]σβς (s;w)+ 1
4s

[σας (s;w)δηςβς ]σγς (s;w)+ 1
4s

[σας (s;w)δβςγς ]σης (s;w)− 1
4
[δας{βςσγς (s;w)σης}(s;w)]

+ 1
4s

[σ{βς (s;w)[σας (s;w)]σγς (s;w)σης}(s;w)− σας (s;w)σ{βς (s;w)σγς (s;w)σης}(s;w)

+ 2σας (s;w)σ{γς (s;w)σβς (s;w)σης}(s;w)]− (s− 3
2
) 1

4s
[σ{ας (s;w)σβς}(s;w)− sδαςβς ]δγςης

− (s− 1
2
;w) 1

4s
[σ{ας (s;w)σγς}(s;w)δηςβς + σ{ας (s;w)σης}(s;w)δγςβς − sδας{γςδης}βς ]}

= 1
(4!)2C

−4
2s [σ{ας (s;w)σβς (s;w)σγς (s;w)σης}(s;w) + (2− 3s)σ{ας (s;w)σβς (s;w)δγςης} + 3

4
s(s− 1)δ{αςβςδγςης}]

5 M{α1ς ··αnς}(s, n;w), N{α1ς ··αnς}(s, n;w),Γα1ς ··αnς(s, n;w)�Ðmª

5.1 M{α1ς ··αnς}(s, n;w)�Ðmª9Ù4í'X

½Â5.1.1. Ωi(s, n;w) := σ{α1ς (s;w) · ·σαiς (s;w)δα(i+1)ςα(i+1)ς · ·δ[α(n−1)ς ]αnς}

½Â5.1.2. Ωα1ς ··αnς (s, n, n− 2k) := δ{α1ςα2ς · ·δα(2k−1)ςα(2k)ςσα(2k+1)ς (s;w) · ·σαnς}(s;w), 0 ≤ k ≤ [n/2]
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½n5.1.1. M{α1ς ··αnς}(s, n;w) =
[n/2]∑
k=0

m(s, n;n− 2k)Ωα1ς ··αnς (s, n, n− 2k); s ≥ 1
2
, n ≥ 0m(s, n;n− 2k) = 2m(s, n− 1;n− 1− 2k)−m(s, n− 2;n− 2− 2k) + 1

4
m(s, n− 2;n− 2k)

m(s, 0; 0) = 1,m(s, 1; 1) = 1− 1
2s
,m(s, l ≥ 0; i < 0|i > l) := 0; s ≥ 1

2
, n ≥ 2, 0 ≤ k ≤ [n/2]

y²: e¡æ^êÆ8B{y²§

1�Úµi = 0, 1�¤á§=

M(s, 0) = 1 =
[0/2]∑
k=0

m(s, 0; 0− 2k)Ω(s, 0, 0− 2k),m(s, 0; 0) = 1

Mα1ς (s, 1) = (1− 1
2s

)σα1ς (s;w) =
[1/2]∑
k=0

m(s, 1; 1− 2k)Ωα1ς (s, 1, 1− 2k),m(s, 1; 1) = 1− 1
2s

1�Úµb�i ≤ n− 1�¤á§=

Mα1··αi(s, i) =
[i/2]∑
k=0

m(s, i; i− 2k)Ωα1··αi(s, i, i− 2k), 0 ≤ i ≤ n− 1

1nÚµi = n(≥ 2)�

M{α1ς ··αnς}(s, n;w) = 2
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1)σαnς}(s;w)

− 1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2)σα(n−1)ς (s)σαnς}(s;w) + 1
4

1
(n−2)!

M{{α1ς ··α(n−2)ς}(s, n− 2)δαn−1αn}

= 1
4

[(n−2)/2]∑
k=0

m(s, n− 2;n− 2− 2k)Ωα1ς ··αnς (s, n, n− 2− 2k)

+ 2
[(n−1)/2]∑
k=0

m(s, n− 1;n− 1− 2k)Ωα1ς ··αnς (s, n, n− 2k)−
[(n−2)/2]∑
k=0

m(s, n− 2;n− 2− 2k)Ωα1ς ··αnς (s, n, n− 2k)

= 1
4

[n/2]∑
k=0

m(s, n− 2;n− 2k)Ωα1ς ··αnς (s, n, n− 2k)

+ 2
[n/2]∑
k=0

m(s, n− 1;n− 1− 2k)Ωα1ς ··αnς (s, n, n− 2k)−
[n/2]∑
k=0

m(s, n− 2;n− 2− 2k)Ωα1ς ··αnς (s, n, n− 2k)

=
[n/2]∑
k=0

m(s, n;n− 2k)Ωα1ς ··αnς (s, n, n− 2k)

m(s, n;n− 2k) = 2m(s, n− 1;n− 1− 2k)−m(s, n− 2;n− 2− 2k) + 1
4
m(s, n− 2;n− 2k), 0 ≤ k ≤ [n/2]

dÚy²
i = n�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

5.2 N{α1ς ··αnς}(s, n;w)�Ðmª9Ù4í'X

½n5.2.1. N{α1ς ··αnς}(s, n;w) =
[n/2]∑
k=0

n(s, n;n− 2k)Ωα1ς ··αnς (s, n;w); s ≥ 1
2
, n ≥ 0n(s, n;n− 2k) = m(s, n− 1;n− 1− 2k)−m(s, n;n− 2k), n(s, l ≥ 0; i < 0|i > l) := 0

n(s, 0; 0) = 1; s ≥ 1
2
, n ≥ 1, 0 ≤ k ≤ [n/2]

y²: n = 0�/µN(s, 0) =
[0/2]∑
k=0

n(s, 0; 0− 2k)Ω(s, 0, 0− 2k), n(s, 0; 0) = 1

y²: n = 1�/µN{α1ς ··αnς}(s, n;w) = 1
(n−1)!

M{{α1ς ··α(n−1)ς}(s, n− 1;w)σαnς}(s;w)−M{α1ς ··αnς}(s, n;w)

=
[(n−1)/2]∑
k=0

m(s, n− 1;n− 1− 2k)Ωα1ς ··αnς (s, n;w)−
[n/2]∑
k=0

m(s, n;n− 2k)Ωα1ς ··αnς (s, n;w)

=
[n/2]∑
k=0

m(s, n− 1;n− 1− 2k)Ωα1ς ··αnς (s, n;w)−
[n/2]∑
k=0

m(s, n;n− 2k)Ωα1ς ··αnς (s, n;w)

=
[n/2]∑
k=0

[m(s, n− 1;n− 1− 2k)−m(s, n;n− 2k)]Ωα1ς ··αnς (s, n;w)

=
[n/2]∑
k=0

n(s, n;n− 2k)Ωα1ς ··αnς (s, n;w), n(s, n;n− 2k) = m(s, n− 1;n− 1− 2k)−m(s, n;n− 2k)
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5.3 Γ{α1ς ··αnς}(s;w)�Ðmª9Ù4í'X

½n5.3.1. Γ{α1ς ··αnς}(s, n;w) =
[n/2]∑
k=0

c(s, n;n− 2k)Ωα1ς ··αnς (s, n;w); s ≥ n
2
| 1
2
, 0 ≤ n ≤ 2sc(s, n;n− 2k) =

[(n−1)/2]∑
l=0

c(s− 1
2
, n− 1;n− 1− 2l)n(s, n− 2l;n− 2k), c(s, l ≥ 0; i < 0|i > l) := 0

c(s, 0; 0) = 1, c(s, 1; 1) = 1
2s

; s ≥ 1
2
|n

2
, 1 ≤ n ≤ 2s, 0 ≤ k ≤ [n/2]

y²: e¡æ^êÆ8B{y²§

1�Úµi = 0, s ≥ 1
2
�¤á§=

Γ(s, 0) =
[0/2]∑
k=0

c(s, 0; 0− 2k)Ω(s, 0, 0− 2k), c(s, 0; 0) = 1

1�Úµb�i ≤ n− 1(≥ 0), s ≥ 1
2
�¤á§=

Γ{α1ς ··α(n−1)ς}(s− 1
2
, n− 1;w) =

[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)Ωα1ς ··α(n−1)ς (s− 1

2
, n− 1;w)

1nÚµi = n(≥ 1), s ≥ 1
2
�

Γ{α1ς ··αnς}(s, n;w) = 1
(n−1)!

NAς (s;w)Γ{{α1ς ··α(n−1)ς}(s− 1
2
, n− 1;w)σαnς}Aς

Bς ( 1
2
;w)N̄Bς (s;w)

= NAς (s;w)
[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)

σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σα(n−2k)ς (s− 1

2
;w)δα(n−2k+1)ςα(n−2k+2)ς · ·δα(n−1)ςαnς}N̄Bς (s;w)

=
[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)

NAς (s;w)σ{α1ς
Aς
Bς ( 1

2
;w)σα2ς (s− 1

2
;w) · ·σα(n−2k)ς (s− 1

2
;w)N̄Bς (s;w)δα(n−2k+1)ςα(n−2k+2)ς · ·δα(n−1)ςαnς}

=
[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)N{α1ς ··α(n−2k)ς}(s− 1

2
, n− 2k;w)δα(n−2k+1)ςα(n−2k+2)ς · ·δα(n−1)ςαnς}

=
[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)

[n/2−k]∑
l=0

n(s, n− 2k;n− 2k − 2l)Ωn−2k−2l(s, n− 2k;w)δα(n−2k+1)ςα(n−2k+2)ς · ·δα(n−1)ςαnς}

=
[(n−1)/2]∑
k=0

c(s− 1
2
, n− 1;n− 1− 2k)

[n/2−k]∑
l=0

n(s, n− 2k;n− 2k − 2l)Ωn−2k−2l(s, n;w)

=
[(n−1)/2]∑
k=0

[n/2−k]∑
l=0

c(s− 1
2
, n− 1;n− 1− 2k)n(s, n− 2k;n− 2k − 2l)Ωn−2k−2l(s, n;w)

=
[(n−1)/2]∑
k=0

[n/2]∑
l=k

c(s− 1
2
, n− 1;n− 1− 2k)n(s, n− 2k;n− 2l)Ωn−2l(s, n;w)

=
[(n−1)/2]∑
k=0

[n/2]∑
l=0

c(s− 1
2
, n− 1;n− 1− 2k)n(s, n− 2k;n− 2l)Ωn−2l(s, n;w)

=
[n/2]∑
k=0

[(n−1)/2]∑
l=0

c(s− 1
2
, n− 1;n− 1− 2l)n(s, n− 2l;n− 2k)Ωα1ς ··αnς (s, n;w)

=
[n/2]∑
k=0

[(n−1)/2]∑
l=k

c(s− 1
2
, n− 1;n− 1− 2l)n(s, n− 2l;n− 2k)Ωα1ς ··αnς (s, n;w)

=
[n/2]∑
k=0

c(s, n;n− 2k)Ωα1ς ··αnς (s, n;w), c(s, n;n− 2k) =
[(n−1)/2]∑
l=k

c(s− 1
2
, n− 1;n− 1− 2l)n(s, n− 2l;n− 2k)

dÚy²
i = n�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

5.4 4í'X��d*Ð

íØ5.4.1.m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4
m(s, n− 2; i),m(s, l ≥ 0; j < 0|j > l) := 0

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

; s ≥ 1
2
, n ≥ 2, 0 ≤ i ≤ n
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íØ5.4.2.n(s, n; i) = m(s, n− 1; i− 1)−m(s, n; i), n(s, l ≥ 0; j < 0|j > l) := 0

n(s, 0; 0) = 1, n(s, 1; 0) = 0; s ≥ 1
2
, n ≥ 1, 0 ≤ i ≤ n

íØ5.4.3.
c(s, n; i) =

n∑
k=i

c(s− 1
2
, n− 1; k − 1)n(s, k; i), c(s, l ≥ 0; j < 0|j > l) := 0

c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = 1
2s

; s ≥ 1
2
|n

2
, 1 ≤ n ≤ 2s, 0 ≤ i ≤ n

6 s)Ûòÿ�ê��4í'XÚÐ©^�

6.1 'us�)Ûòÿ��d4í'X

íØ6.1.1.m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4
m(s, n− 2; i),m(s, l ≥ 0; j < 0|j > l) := 0

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

; s 6= 0 ∈ C, n ≥ 2, 0 ≤ i ≤ n

íØ6.1.2.n(s, n; i) = m(s, n− 1; i− 1)−m(s, n; i), n(s, l ≥ 0; j < 0|j > l) := 0

n(s, 0; 0) = 1, n(s, 1; 0) = 0; s 6= 0 ∈ C, n ≥ 1, 0 ≤ i ≤ n

íØ6.1.3.
c(s, n; i) =

n∑
k=i

c(s− 1
2
, n− 1; k − 1)n(s, k; i), c(s, l ≥ 0; j < 0|j > l) := 0

c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = 1
2s

; s ∈ C, n ≥ 1, 0 ≤ i ≤ n

6.2 �2Â��d4í'X

íØ6.2.1.m(s, n; i) = 2m(s, n− 1; i− 1)−m(s, n− 2; i− 2) + 1
4
m(s, n− 2; i),m(s, l ≥ 0; j < 0|j > l) := 0

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

; s 6= 0 ∈ C, n ≥ 2

íØ6.2.2.n(s, n; i) = m(s, n− 1; i− 1)−m(s, n; i), n(s, l ≥ 0; j < 0|j > l) := 0

n(s, 0; 0) = 1, n(s, 1; 0) = 0; s 6= 0 ∈ C, n ≥ 1

íØ6.2.3.
c(s, n; i) =

n∑
k=i

c(s− 1
2
, n− 1; k − 1)n(s, k; i), c(s, l ≥ 0; j < 0|j > l) := 0

c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = 1
2s

; s ∈ C, n ≥ 1

6.3 A^S�{écA�ÐmXê?1äNO�

íØ6.3.1. s 6= 0 ∈ C

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

m(s, 2; 0) = 1
4
,m(s, 2; 1) = 0,m(s, 2; 2) = 1− 2

2s

m(s, 3; 0) = 0,m(s, 3; 1) = 3
4
− 1

8s
,m(s, 3; 2) = 0,m(s, 3; 3) = 1− 3

2s

m(s, 4; 0) = 1
16
,m(s, 4; 1) = 0,m(s, 4; 2) = 3

2
− 1

2s
,m(s, 4; 3) = 0,m(s, 4; 4) = 1− 4

2s

íØ6.3.2. s 6= 0 ∈ C

n(s, 0; 0) = 1
2s
, n(s, 1; 0) = 0, n(s, 1; 1) = 1

2s

n(s, 2; 0) = − 1
4
, n(s, 2; 1) = 0, n(s, 2; 2) = 1

2s

n(s, 3; 0) = 0, n(s, 3; 1) = − 1
2

+ 1
8s
, n(s, 3; 2) = 0, n(s, 3; 3) = 1

2s

n(s, 4; 0) = − 1
16
, n(s, 4; 1) = 0, n(s, 4; 2) = − 3

4
+ 3

8s
, n(s, 4; 3) = 0, n(s, 4; 4) = 1

2s
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íØ6.3.3. s ∈ C

c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = (2s−1)!
(2s)!

c(s, 2; 0) = (2s−2)!
(2s)!

−s
2
, c(s, 2; 1) = 0, c(s, 2; 2) = (2s−2)!

(2s)!

c(s, 3; 0) = 0, c(s, 3; 1) = (2s−3)!
(2s)!

1−3s
2
, c(s, 3; 2) = 0, c(s, 3; 3) = (2s−3)!

(2s)!

c(s, 4; 0) = (2s−4)!
(2s)!

3s(s−1)
4

, c(s, 4; 1) = 0, c(s, 4; 2) = (2s−4)!
(2s)!

(2− 3s), c(s, 4; 3) = 0, c(s, 4; 4) = (2s−4)!
(2s)!

±þO�(J�±�cA!���O��{�p�y§(J���Ó§`²d)Û�{´�(k��"

6.4 )Ûòÿ��d�8�z½Â

½Â6.4.1. m̄(s, n; i) := 2n2s
2i
m(s, n; i), n̄(s, n; i) := 2n2s

2i
n(s, n; i); s ∈ C, n ≥ 0, 0 ≤ i ≤ n

½Â6.4.2. c̄(s, n; i) := (2s)!2n−i

(2s−n)!
c(s, n; i); s ∈ C, n ≥ 0, 0 ≤ i ≤ n

íØ6.4.1.[m̄(s, n; i) = 2m̄(s, n− 1; i− 1)− m̄(s, n− 2; i− 2) + 1
4
m̄(s, n− 2; i), m̄(s, l ≥ 0; j < 0|j > l) := 0

m̄(s, 0; 0) = 2s, m̄(s, 1; 0) = 0, m̄(s, 1; 1) = 2s− 1; s 6= 0 ∈ C, n ≥ 2, 0 ≤ i ≤ n

íØ6.4.2.n̄(s, n; i) := m̄(s, n− 1; i− 1)− m̄(s, n; i), n̄(s, l ≥ 0; j < l|j > l) := 0

n̄(s, 0; 0) := 1, n̄(s, 1; 0) := 0; s 6= 0 ∈ C, n ≥ 1, 0 ≤ i ≤ n

íØ6.4.3.
c̄(s, n; i) =

n∑
j=1

c̄(s− 1
2
, n− 1; j − 1)n̄(s, j; i), c̄(s, l ≥ 0; j < l|j > l) := 0

c̄(s, 0; 0) = 1, c̄(s, 1; 0) = 0; s ∈ C, n ≥ 1, 0 ≤ i ≤ n

7 )Ûòÿ�m(s, n; i), n(s, n; i)Ï�úª�¤õ¦)

7.1 m(s, n; i)��d4í'X

½n7.1.1.
m(s, n; i) = (1− n

2s
)δni + 1

4

n−1∑
j=1

jm(s, n− j − 1; i− j + 1),m(s, k ≥ 0; l < 0|l > k) := 0

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

; s 6= 0 ∈ C, n ≥ 2, 0 ≤ i ≤ n

y²:[m(s, n; i)−m(s, n− 1; i− 1)]− [m(s, n− 1; i− 1)−m(s, n− 2; i− 2)] = 1
4
m(s, n− 2; i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
[m(s, n; i)−m(s, n− 1; i− 1)]− [m(s, 1; i− n+ 1)−m(s, 0; i− n)] = 1

4

n∑
j=2

m(s, j − 2; j − n+ i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
[m(s, n; i)−m(s, n− 1; i− 1)] = [m(s, 1; i− n+ 1)−m(s, 0; i− n)] + 1

4

n∑
j=2

m(s, j − 2; j − n+ i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
m(s, n; i) = m(s, 1; i− n+ 1) +

n∑
r=2

{[m(s, 1; i− n+ 1)−m(s, 0; i− n)] + 1
4

r∑
j=2

m(s, j − 2; j − n+ i)}

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
m(s, n; i) = nm(s, 1; i− n+ 1)− (n− 1)m(s, 0; i− n) + 1

4

n∑
r=2

r∑
j=2

m(s, j − 2; j − n+ i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0
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⇔
m(s, n; i) = nm(s, 1; 1)δni − (n− 1)m(s, 0; 0)δni + 1

4

n∑
j=2

(n− j + 1)m(s, j − 2; j − n+ i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
m(s, n; i) = (1− n

2s
)δni + 1

4

n−1∑
j=1

(n− j)m(s, j − 1; j + 1− n+ i)

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s
,m(s, k ≥ 0; l < 0|l > k) := 0

⇔
m(s, n; i) = (1− n

2s
)δni + 1

4

n−1∑
j=1

jm(s, n− j − 1; i− j + 1),m(s, k ≥ 0; l < 0|l > k) := 0

m(s, 0; 0) = 1,m(s, 1; 0) = 0,m(s, 1; 1) = 1− 1
2s

; s 6= 0 ∈ C, n ≥ 2, 0 ≤ i ≤ n

íØ7.1.1. m(s, n;n) = 1− n
2s

; s 6= 0 ∈ C, n ≥ 0

íØ7.1.2. m(s, n;n− 2l − 1) = 0; s 6= 0 ∈ C, n ≥ 0

7.2 m(s, n;n− 2l)�Ï�úª���¦)

7.2.1 i = n− 2l�/eÏ�úª�Á&Úß�

íØ7.2.1.

m(s, n;n− 0) = 1
211!s

(2s · 1 + 0− n); s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 2) = 1
233!s

n(n− 1)(2s · 3 + 2− n); s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 4) = 1
255!s

n(n− 1)(n− 2)(n− 3)(2s · 5 + 4− n); s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 6) = 1
277!s

n(n− 1)(n− 2)(n− 3)(n− 4)(n− 5)(2s · 7 + 6− n); s 6= 0 ∈ C, n ≥ 0

íØ7.2.2.

m(s, n;n− 0) = 1
211s

C0
n[1(2s+ 1)− (n+ 1)]; s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 2) = 1
233s

C2
n[3(2s+ 1)− (n+ 1)]; s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 4) = 1
255s

C4
n[5(2s+ 1)− (n+ 1)]; s 6= 0 ∈ C, n ≥ 0

m(s, n;n− 6) = 1
277s

C6
n[7(2s+ 1)− (n+ 1)]; s 6= 0 ∈ C, n ≥ 0

ß�7.2.1. m(s, n;n− 2l) = C2l
n

22l+1(2l+1)s
[(2l + 1)(2s+ 1)− (n+ 1)] = 1

22l+1s
[(2s+ 1)C2l

n − C2l+1
n+1 ]; s 6= 0 ∈ C, n ≥ 0

7.2.2 i = n− 2l�/eÏ�úªß��y²

Ún7.2.1.
∑

a+b=k

CcaC
d
b = Cc+d+1

k+1 [⇒]
n−1∑
j=1

C1
n−jC

2l
j−1 = C2l+2

n ,
n−1∑
j=1

C1
n−jC

2l+1
j = C2l+3

n+1

±þÚn�½´�(�§·3Öþw�Lù�úª§3�¡Ù!·¬�Ñü�´Ã�y²�{"

½n7.2.1. m(s, n;n− 2l) = 1
22l+1s

[(2s+ 1)C2l
n − C2l+1

n+1 ]; s 6= 0 ∈ C, n ≥ 0, 0 ≤ l ≤ [n/2]

y²: æ^êÆ8B{y²d½n"

1�Úµl = 0�¤áµ

m(s, n;n− 0) = 1
21s

[(2s+ 1)C0
n − C1

n+1]

1�Úµb�l′ = l�¤áµ

m(s, n;n− 2l) = 1
22l+1s

[(2s+ 1)C2l
n − C2l+1

n+1 ]

1nÚµl′ = l + 1 ≥ 1�µ

⇒ m(s, n;n− 2l − 2) = 1
4

n−1∑
j=1

(n− j)m(s, j − 1; j − 1− 2l)

= 1
4

n−1∑
j=1

n−j
22l+1s

[(2s+ 1)C2l
j−1 − C2l+1

j ]

= 1
22l+3s

n−1∑
j=1

[(2s+ 1)C1
n−jC

2l
j−1 − C1

n−jC
2l+1
j ]
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= 1
22l+3s

[(2s+ 1)C2l+2
n − C2l+3

n+1 ]

dÚy²
l′ = l + 1�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ7.2.3. m(s, n;n− 2l) = 1
22l+1s

[(2s+ 1)C2l
n − C2l+1

n+1 ] = 1
22l+1s

(2sC2l
n − C2l+1

n ) = C2l
n

22l − 1
s

C2l+1
n

22l+1 ; s 6= 0 ∈ C, n ≥ 0

íØ7.2.4. m(s, n;n− 2l) = 2n−2l

2n
1
2s

(2sCn−2l
n − Cn−2l−1

n ); s 6= 0 ∈ C, n ≥ 0

½n7.2.2. M{α1ς ··αnς}(s, n;w) =
[n/2]∑
l=0

(C
2l
n

22l − 1
s

C2l+1
n

22l+1 )Ωα1ς ··αnς (s, n, n− 2l); s ≥ 1
2
, n ≥ 0

7.3 n(s, n;n− 2l)�Ï�úª���¦)

½n7.3.1. n(s, n;n− 2l− 1) = m(s, n− 1;n− 1− 2l− 1)−m(s, n;n− 2l− 1) = 0; s 6= 0 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

Ún7.3.1. n(s, n;n− 2l) = m(s, n− 1;n− 1− 2l)−m(s, n;n− 2l); s 6= 0 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

½n7.3.2. n(s, n;n− 2l) = − 1
22l+1s

[(2s+ 1)C2l−1
n−1 − C2l

n ]; s 6= 0 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

y²: n(s, n;n− 2l) = m(s, n− 1;n− 1− 2l)−m(s, n;n− 2l)

= 1
22l+1s

[(2s+ 1)C2l
n−1 − C2l+1

n ]− 1
22l+1s

[(2s+ 1)C2l
n − C2l+1

n+1 ]

= − 1
22l+1s

[(2s+ 1)C2l−1
n−1 − C2l

n ]

íØ7.3.1. n(s, n;n− 2l) = − 1
22l+1s

[(2s+ 1)C2l−1
n−1 − C2l

n ]; s 6= 0 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

íØ7.3.2. n(s, n;n− 2l) = − 1
22l+1s

(2sC2l−1
n−1 − C2l

n−1) = −C2l−1
n−1

22l + 1
s

C2l
n−1

22l+1 ; s 6= 0 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

íØ7.3.3. n(s, n;n− 2l) = 2n−2l

2n
1
2s

(Cn−2l−1
n−1 − 2sCn−2l

n−1 ); s 6= 1 ∈ C, n ≥ 1, 0 ≤ l ≤ [n/2]

íØ7.3.4.

n(s, 0; 0) = 1
2s

;n(s, 1; 1) = 1
2s

;n(s, 2; 0) = − 1
22 , n(s, 2; 2) = 1

2s
;n(s, 3; 1) = 1−4s

8s
, n(s, 3; 3) = 1

2s

n(s, 4; 0) = − 1
24 , n(s, 4; 2) = 3−6s

8s
, n(s, 4; 4) = 1

2s
;n(s, 5; 1) = 1−8s

32s
, n(s, 5; 3) = 6−8s

8s
, n(s, 5; 5) = 1

2s

n(s, 6; 0) = − 1
26 , n(s, 6; 2) = 5−20s

32s
, n(s, 6; 4) = 10−10s

8s
, n(s, 6; 6) = 1

2s

n(s, 7; 1) = − 1−12s
262s

, n(s, 7; 3) = 15−40s
32s

, n(s, 7; 5) = 15−12s
8s

, n(s, 7; 7) = 1
2s

½n7.3.3. N{α1ς ··αnς}(s, n;w) = − 1
2

[n/2]∑
l=0

(
C2l−1
n−1

22l−1 − 1
s

C2l
n−1

22l )Ωn−2l(s, n;w); s ≥ 1
2
, n ≥ 1

éu¦)m(s, n; i), n(s, n; i)�Ï�úª§·®g�
Cnc§��v���.)û"ªu32023c8�15F@U

(aâu§�efÒßÿ��
m(s, n; i)�Ï�úª§,�æ^êÆ8B{î�y²
§"Òù��Èj±
n

c§¯Kªu�.)û
"�´Ó��E|é¦)c(s, n;n− 2l) �Ï�úª%ÎÃ�Ï!ÃU�å§EIãå�

8 c(s, n;n− 2l), s ∈ CÏ�úª�Ïé(�¼¤õ)

8.1 c(s, n;n− 2l)�4íúª

íØ8.1.1.
c(s, n; i) =

n∑
k=i

c(s− 1
2
, n− 1; k − 1)n(s, k; i), c(s, l ≥ 0; j < 0|j > l) := 0

c(s, 0; 0) = 1, c(s, 1; 0) = 0, c(s, 1; 1) = 1
2s

; s ∈ C, n ≥ 1, 0 ≤ i ≤ n

íØ8.1.2. c(s, n;n− 2l − 1) = 0; s 6= 0 ∈ C, n ≥ 0

8.2 c(s, n;n− 2l)Us ∈ C)Ûòÿ��4íúª
½n8.2.1.c(s, n;n− 2k) =

[(n−1)/2]∑
l=0

c(s− 1
2
, n− 1;n− 1− 2l)n(s, n− 2l;n− 2k), c(s, l ≥ 0; i < 0|i > l) := 0

c(s, 0; 0) = 1, c(s, 1; 1) = 1
2s

; s ∈ C, n ≥ 1, 0 ≤ k ≤ [n/2]
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8.3 c(s, n;n− 2l)cA�úª

íØ8.3.1.

c(s, 0; 0) = (2s−0)!
(2s)!

c(s, 1; 1) = (2s−1)!
(2s)!

c(s, 2; 0) = (2s−2)!
(2s)!

−s
2
, c(s, 2; 2) = (2s−2)!

(2s)!

c(s, 3; 1) = (2s−3)!
(2s)!

1−3s
2
, c(s, 3; 3) = (2s−3)!

(2s)!

c(s, 4; 0) = (2s−4)!
(2s)!

3s(s−1)
4

, c(s, 4; 2) = (2s−4)!
(2s)!

(2− 3s), c(s, 4; 4) = (2s−4)!
(2s)!

íØ8.3.2.

c(s, 0; 0) = 1

c(s, 1; 1) = 1
1!C1

2s

c(s, 2; 0) = 1
2!C2

2s

C−1
2 −sC

0
2

2
, c(s, 2; 2) = 1

2!C2
2s

c(s, 3; 1) = 1
3!C3

2s

C0
3−sC

1
3

2
, c(s, 3; 3) = 1

3!C3
2s

c(s, 4; 0) = 1
4!C4

2s

3s2−3s
4

, c(s, 4; 2) = 1
4!C4

2s

C1
4−sC

2
4

2
, c(s, 4; 4) = 1

4!C4
2s

c(s, 5; 1) = 1
5!C5

2s

(15s2−25s+6)
4

, c(s, 5; 3) = 1
5!C5

2s

C2
5−sC

3
5

2
, c(s, 5; 5) = 1

5!C5
2s

íØ8.3.3.

c(s, 0; 0) = 1

c(s, 1; 1) = 1
1!C1

2s

c(s, 2; 0) = 1
2!C2

2s

−(2s)
4
, c(s, 2; 2) = 1

2!C2
2s

c(s, 3; 1) = 1
3!C3

2s

2−3(2s)
4

, c(s, 3; 3) = 1
3!C3

2s

c(s, 4; 0) = 1
4!C4

2s

0−6(2s)+3(2s)2

16
, c(s, 4; 2) = 1

4!C4
2s

8−6(2s)
4

, c(s, 4; 4) = 1
4!C4

2s

c(s, 5; 1) = 1
5!C5

2s

24−50(2s)+15(2s)2

16
, c(s, 5; 3) = 1

5!C5
2s

20−10(2s)
4

, c(s, 5; 5) = 1
5!C5

2s

c(s, 6; 2) = 1
6!C6

2s

184−210(2s)+45(2s)2

16
, c(s, 6; 4) = 1

6!C6
2s

40−15(2s)
4

, c(s, 6; 6) = 1
6!C6

2s

8.4 c(s, n;n− 2l)�S�Ðm

½n8.4.1. c(s, n;n− 2k0) = (2s−i)!
(2s)!

k0∑
k1=0

k1∑
k2=0

k2∑
k3=0

· ·
ki−1∑
ki=0

22ki−2k0c(s− i
2
, n− i;n− i− 2ki)n̄(s, n− 2k1;n− 2k0)

n̄(s− 1
2
, n− 1− 2k2;n− 1− 2k1)n̄(s− 1, n− 2− 2k3;n− 2− 2k2) · ·n̄(s− i

2
, n− i− 2ki;n− i− 2ki−1);n ≥ 1

íØ8.4.1. c(s, n;n− 2k0) = (2s−n)!
(2s)!22k0

k0∑
k1=0

k1∑
k2=0

· ·
kn−4∑
kn−3=0

kn−3∑
kn−2=0

n̄(s, n− 2k1;n− 2k0)n̄(s− 1
2
, n− 1− 2k2;n− 1− 2k1)

· ·n̄(s− n−3
2
, 2− 2kn−2; 3− 2kn−3)n̄(s− n−2

2
, 2; 2− 2kn−2);n ≥ 2

y²: c(s, n;n− 2k0)

= (2s−n)!
(2s)!

k0∑
k1=0

k1∑
k2=0

k2∑
k3=0

· ·
kn−2∑
kn−1=0

kn−1∑
kn=0

22kn−2k0c(s− n
2
, 0; 0−2kn)n̄(s, n−2k1;n−2k0)n̄(s− 1

2
, n−1−2k2;n−1−2k1)

n̄(s− 1, n− 2− 2k3;n− 2− 2k2) · ·n̄(s− n−2
2
, 2− 2kn−1; 2− 2kn−2)n̄(s− n−1

2
, 1− 2kn; 1− 2kn−1)

= (2s−n)!
(2s)!22k0

k0∑
k1=0

k1∑
k2=0

k2∑
k3=0

· ·
kn−2∑
kn−1=0

n̄(s, n− 2k1;n− 2k0)n̄(s− 1
2
, n− 1− 2k2;n− 1− 2k1)

n̄(s− 1, n− 2− 2k3;n− 2− 2k2) · ·n̄(s− n−2
2
, 2− 2kn−1; 2− 2kn−2)n̄(s− n−1

2
, 1; 1− 2kn−1)

= (2s−n)!
(2s)!22k0

k0∑
k1=0

k1∑
k2=0

k2∑
k3=0

· ·
kn−3∑
kn−2=0

n̄(s, n− 2k1;n− 2k0)n̄(s− 1
2
, n− 1− 2k2;n− 1− 2k1)

n̄(s− 1, n− 2− 2k3;n− 2− 2k2) · ·n̄(s− n−2
2
, 2; 2− 2kn−2);n ≥ 2

íØ8.4.2. c̄(s, n;n− 2k0) =
k0∑
k1=0

k1∑
k2=0

· ·
kn−4∑
kn−3=0

kn−3∑
kn−2=0

n̄(s, n− 2k1;n− 2k0)n̄(s− 1
2
, n− 1− 2k2;n− 1− 2k1)

· ·n̄(s− n−3
2
, 2− 2kn−2; 3− 2kn−3)n̄(s− n−2

2
, 2; 2− 2kn−2);n ≥ 2
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íØ8.4.3. c(s, n;n− 2k0)

= (2s−n)!
(2s)!22k0

k0∑
k1=0

k1∑
k2=0

· ·
kn−4∑
kn−3=0

kn−3∑
kn−2=0

(Cn−1−2k0

n−1−2k1
− 2sCn−2k0

n−1−2k1
)[Cn−2−2k1

n−2−2k2
− (2s− 1)Cn−1−2k1

n−2−2k2
]

· ·[C2−2kn−3

2−2kn−2
− (2s− n+ 1)C

3−2kn−3

2−2kn−2
][C

1−2kn−2

1 − (2s− n+ 2)C
2−2kn−2

1 ];n ≥ 2

8.5 c(s, n;n), c̄(s, n;n)�Ï�úª

½n8.5.1. c(s, n;n) = (2s−n)!
(2s)!

, c̄(s, n;n) = 1;n ≥ 1

y²: n ≥ 1

c(s, n;n) = (2s−n)!
(2s)!

0∑
k1=0

0∑
k2=0

0∑
k3=0

· ·
0∑

kn−2=0

(Cn−1−2k0

n−1−2k1
− 2sCn−2k0

n−1−2k1
)[Cn−2−2k1

n−2−2k2
− (2s− 1)Cn−1−2k1

n−2−2k2
]

[Cn−3−2k2

n−3−2k3
− (2s− 2)Cn−2−2k2

n−3−2k3
] · ·[C1−2kn−2

1 − (2s− n+ 2)C
2−2kn−2

1 ]

= (2s−n)!
(2s)!

(Cn−1
n−1 − 2sCnn−1)[Cn−2−2k1

n−2 − (2s− 1)Cn−1
n−2 ][Cn−3

n−3 − (2s− 2)Cn−2
n−3 ] · ·[C1

1 − (2s− n+ 2)C2
1 ]

= (2s−n)!
(2s)!

íØ8.5.1. c(s, n;n) = (2s−n)!
(2s)!

, c̄(s, n;n) = 1;n ≥ 0

8.6 c(s, n;n− 2), c(s, n;n− 4)�Ï�úª(äNO�L§ë�þ���)

Ún8.6.1.C
p+1
n−1 + Cpn−1 = Cp+1

n , Cpn−1 + Cpn−2 + · ·+Cpp = Cp+1
n

pCpn−2 + (p+ 1)Cpn−3 + · ·+(n− 2)Cpp = Cp+2
n + (p− 1)Cp+1

n−1 = Cp+2
n−1 + pCp+1

n−1

íØ8.6.1. c(s, n;n) = (2s−n)!
(2s)!

, c̄(s, n;n) = C0
n;n ≥ 0

íØ8.6.2. c(s, n;n− 2) = (2s−n)!
(2s)!2

(C3
n − sC2

n), c̄(s, n;n− 2) = 2C3
n − 2sC2

n;n ≥ 0

íØ8.6.3. c̄(s, n;n− 4) = 12s(s− 1)C4
n + 4(−10s+ 6)C5

n + 40C6
n, n ≥ 0

½n8.6.1. c̄(s, n;n− 4) = (2s)2c2
3C

4
n − (2s)12(c2

3C
4
n + c2

5C
5
n) + 4(c2

4C
5
n + c2

5C
6
n), n ≥ 1

½n8.6.2. c̄(s, n;n− 4) = (2s)23C4
n − (2s)1(6C4

n + 20C5
n) + (24C5

n + 40C6
n), n ≥ 1

½n8.6.3. c̄(s, n;n− 6) =?C6
n+?C7

n+?C8
n+?C9

n, n ≥ 1

8.7 c̄(s, n;n− 2l)�4íÏ�úª

íØ8.7.1. c(s, n;n− 2l) =
n∑
j=1

c(s− 1
2
, n− 1; j − 1)n(s, j;n− 2l), n ≥ 1; c(s, 0; 0) = 1

⇔ c̄(s, n;n− 2l) =
n∑
j=1

c̄(s− 1
2
, n− 1; j − 1)n̄(s, j;n− 2l), n ≥ 1; c̄(s, 0; 0) = 1, n̄(s, 0; 0) = 1

½n8.7.1. c̄(s, n;n− 2l) = c̄(s− n−2l
2
, 2l; 0) +

n∑
i=2l+1

l−1∑
k=0

c̄(s− n−i+1
2

, i− 1; i− 1− 2k)n̄(s− n−i
2
, i− 2k; i− 2l)

c̄(s, 0; 0) = 1, n̄(s, 0; 0) = 1;n ≥ 1, l ≥ 0

y²: n ≥ 1, l ≥ 0; c̄(s, 0; 0) = 1, n̄(s, 0; 0) = 1

c̄(s, n;n− 2l) =
n∑

j=n−2l

c̄(s− 1
2
, n− 1; j − 1)n̄(s, j;n− 2l)

=
n∑

n−2k=n−2l

c̄(s− 1
2
, n− 1;n− 1− 2k)n̄(s, n− 2k;n− 2l)

=
l∑

k=0

c̄(s− 1
2
, n− 1;n− 1− 2k)n̄(s, n− 2k;n− 2l)

⇔ c̄(s, n;n− 2l)− c̄(s− 1
2
, n− 1;n− 1− 2l) =

l−1∑
k=0

c̄(s− 1
2
, n− 1;n− 1− 2k)n̄(s, n− 2k;n− 2l)

⇔
n∑

i=2l+1

[c̄(s−n−i
2
, i; i−2l)−c̄(s−n−i+1

2
, i−1; i−1−2l)] =

n∑
i=2l+1

l−1∑
k=0

c̄(s−n−i+1
2

, i−1; i−1−2k)n̄(s−n−i
2
, i−2k; i−2l)

⇔ c̄(s, n;n− 2l) = c̄(s− n−2l
2
, 2l; 0) +

n∑
i=2l+1

l−1∑
k=0

c̄(s− n−i+1
2

, i− 1; i− 1− 2k)n̄(s− n−i
2
, i− 2k; i− 2l)
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íØ8.7.2. c̄(s, n;n− 2l) =
n∑
i=2l

l−1∑
k=0

c̄(s− n−i+1
2

, i− 1; i− 1− 2k)n̄(s− n−i
2
, i− 2k; i− 2l)

c̄(s, 0; 0) = 1, n̄(s, 0; 0) = 1;n ≥ 1, l ≥ 1

½n8.7.2. c̄(s− n−2l
2
, 2l; 0) =

2l∑
j=1

c̄(s− n−2l+1
2

, 2l − 1; j − 1)n̄(s− n−2l
2
, j; 0), 2l ≥ 1

y²: 2l ≥ 1

c̄(s− n−2l
2
, 2l; 0) =

2l∑
j=1

c̄(s− n−2l+1
2

, 2l − 1; j − 1)n̄(s− n−2l
2
, j; 0) = −

2l∑
j=1

(2s− n+ 2l)c̄(s− n−2l+1
2

, 2l − 1; j − 1)

= −(2s− n+ 2l)
2l∑
j=1

c̄(s− n−2l+1
2

, 2l − 1; j − 1) = −(2s− n+ 2l)
l∑

k=1

c̄(s− n−2l+1
2

, 2l − 1; 2k − 1)

íØ8.7.3. c̄(s, 2l; 0) =
2l∑
j=1

c̄(s− 1
2
, 2l − 1; j − 1)n̄(s, j; 0) = −2s

l∑
k=1

c̄(s− 1
2
, 2l − 1; 2k − 1), l ≥ 1

íØ8.7.4. c̄(s, 4; 0) = −2s
2∑
k=1

c̄(s− 1
2
, 3; 2k − 1) = −2s[c̄(s− 1

2
, 3; 3) + c̄(s− 1

2
, 3; 1)] = −2s[1 + 2C3

3 − (2s− 1)C2
3 ]

9 ÐmXê��5�ê){(s�U��½��S��ê½��ê)
�!�5�ê){Ny
êÆ��E�n§�IÏL¦)��ÝK��§B�±�����m�)§=��

ÝK��Ò�¹
���m�&E§Ny
�E�n"

9.1 M{α1ς ··αnς}(s, n;w), s ≥ 1
2
[n

2
]|1

2
ÐmXê��5�ê){

dum(s, n; i),
�¹e�wÕáÃ'§é,
w�êÓ�§äkÓ��ÐmXê"��I¦?Û��w�Ð

mXê=�§=��B^=�§ùp�w = 1"�ù!�s�U��½��S��ê½��ê§�Ñ��KØ·

^§�vkþ¡Ù!�(ØÊH"

½n9.1.1. 2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]

 m(s,n;n)
m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])

 =

 2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
2s(1/2−s)n


y²: 1

n!
M{z1ς ··znς}(s, n;w) = NAς (s)σnzς (s−

1
2
)N̄Aς (s) =

[n/2]∑
k=0

m(s, n;n− 2k)σn−2k
zς

(s)

⇔ NAς (s)

 (s−1/2)n 0 0 0 0
0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n

 N̄Aς (s) =
[n/2]∑
k=0

m(s, n;n−2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

2s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0


 (s−1/2)n 0 0 0 0

0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n


√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



+ 1
2s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s


 (s−1/2)n 0 0 0 0

0 (s−3/2)n 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n 0
0 0 0 0 (1/2−s)n

 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s


=

[n/2]∑
k=0

m(s, n;n− 2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

2s


2s(s−1/2)n 0 0 0 0 0

0 (2s−1)(s−3/2)n 0 0 0 0
0 0 ··· 0 0 0
0 0 0 2(3/2−s)n 0 0
0 0 0 0 1(1/2−s)n 0
0 0 0 0 0 0

+ 1
2s


0 0 0 0 0 0
0 1(s−1/2)n 0 0 0 0
0 0 2(s−3/2)n 0 0 0
0 0 0 ··· 0 0
0 0 0 0 (2s−1)(3/2−s)n 0
0 0 0 0 0 2s(1/2−s)n


=

[n/2]∑
k=0

m(s, n;n− 2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k
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⇔



2s
[n/2]∑
k=0

m(s, n;n− 2k)sn−2k = 2s(s− 1/2)n

2s
[n/2]∑
k=0

m(s, n;n− 2k)(s− 1)n−2k = (2s− 1)(s− 3/2)n + 1(s− 1/2)n

· · · · · ·

2s
[n/2]∑
k=0

m(s, n;n− 2k)(1− s)n−2k = 1(1/2− s)n + (2s− 1)(3/2− s)n

2s
[n/2]∑
k=0

m(s, n;n− 2k)(−s)n−2k = 2s(1/2− s)n

⇔ 2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]

 m(s,n;n)
m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])

 =

 2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
2s(1/2−s)n



íØ9.1.1.

 m(s,n;n)
m(s,n;n−2)
m(s,n;n−4)

··
m(s,n;n−2[n/2])


= 1

2s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]

−1  2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
(2s−[n/2])(s−1/2−[n/2])n+[n/2](s+1/2−[n/2])n


íØ9.1.2. 2s

[n/2]∑
k=0

m(s, n;n− 2k)(s− h)n−2k = (2s− h)(s− h− 1
2
)n + h(s− h+ 1

2
)n, 0 ≤ h ≤ 2s, n ≥ 0, s ≥ 1

íØ9.1.3. 2s
[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )(s− h)n−2k = (2s− h)(s− h− 1
2
)n + h(s− h+ 1

2
)n, 0 ≤ h ≤ 2s, n ≥ 0, s ≥ 1

íØ9.1.4. 2s
[n/2]∑
k=0

m(s, n;n− 2k)hn−2k = (s+ h)(h− 1
2
)n + (s− h)(h+ 1

2
)n,−s ≤ h ≤ s, n ≥ 0, s ≥ 1

íØ9.1.5. 2s
[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )hn−2k = (s+ h)(h− 1
2
)n + (s− h)(h+ 1

2
)n,−s ≤ h ≤ s, n ≥ 0, s ≥ 1

9.2 N{α1ς ··αnς}(s, n;w), s ≥ 1
2
[n

2
]|1

2
ÐmXê��5�ê){

dun(s, n; i),
�¹e�wÕáÃ'§é,
w�êÓ�§äkÓ��ÐmXê"��I¦?Û��w�Ð

mXê=�§=��B^=�§ùp�w = 1"�ù!�s�U��½��S��ê½��ê§�Ñ��KØ·

^§�vkþ¡Ù!�(ØÊH"

½n9.2.1. 4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]

 n(s,n;n)
n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])

 =

 2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
−2s(1/2−s)n−1


y²: 1

n!
N{z1ς ··znς}(s, n;w) = NAς (s)σzςAς

Bς ( 1
2
)σn−1
zς

(s− 1
2
)N̄Aς (s) =

[n/2]∑
k=0

n(s, n;n− 2k)σn−2k
zς

(s), n ≥ 1

⇔ NAς (s)σzςAς
Bς

 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1

 N̄Aς (s)

=
[n/2]∑
k=0

n(s, n;n− 2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k


⇔ 1

4s


√

2s 0 0 0 0
0
√

2s−1 0 0 0
0 0 ·· 0 0
0 0 0

√
2 0

0 0 0 0
√

1
0 0 0 0 0


 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1



√

2s 0 0 0 0 0
0
√

2s−1 0 0 0 0
0 0 ·· 0 0 0
0 0 0

√
2 0 0

0 0 0 0
√

1 0



− 1
4s


0 0 0 0 0√
1 0 0 0 0

0
√

2 0 0 0
0 0 ·· 0 0
0 0 0

√
2s−1 0

0 0 0 0
√

2s


 (s−1/2)n−1 0 0 0 0

0 (s−3/2)n−1 0 0 0
0 0 ··· 0 0
0 0 0 (3/2−s)n−1 0

0 0 0 0 (1/2−s)n−1


 0
√

1 0 0 0 0

0 0
√

2 0 0 0
0 0 0 ·· 0 0
0 0 0 0

√
2s−1 0

0 0 0 0 0
√

2s
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=
[n/2]∑
k=0

n(s, n;n− 2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k



⇔ 1
4s


2s(s−1/2)n−1 0 0 0 0 0

0 (2s−1)(s−3/2)n−1 0 0 0 0
0 0 ··· 0 0 0
0 0 0 2(3/2−s)n−1 0 0

0 0 0 0 1(1/2−s)n−1 0
0 0 0 0 0 0


− 1

4s


0 0 0 0 0 0
0 1(s−1/2)n−1 0 0 0 0

0 0 2(s−3/2)n−1 0 0 0
0 0 0 ··· 0 0
0 0 0 0 (2s−1)(3/2−s)n−1 0

0 0 0 0 0 2s(1/2−s)n−1


=

[n/2]∑
k=0

n(s, n;n− 2k)

 sn−2k 0 0 0 0
0 (s−1)n−2k 0 0 0
0 0 ··· 0 0
0 0 0 (1−s)n−2k 0

0 0 0 0 (−s)n−2k



⇔



4s
[n/2]∑
k=0

n(s, n;n− 2k)sn−2k = 2s(s− 1/2)n−1

4s
[n/2]∑
k=0

n(s, n;n− 2k)(s− 1)n−2k = (2s− 1)(s− 3/2)n−1 − 1(s− 1/2)n−1

· · · · · ·

4s
[n/2]∑
k=0

n(s, n;n− 2k)(1− s)n−2k = 1(1/2− s)n−1 − (2s− 1)(3/2− s)n−1

4s
[n/2]∑
k=0

n(s, n;n− 2k)(−s)n−2k = −2s(1/2− s)n−1

⇔ 4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]

 n(s,n;n)
n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])

 =

 2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
−2s(1/2−s)n−1



íØ9.2.1.

 n(s,n;n)
n(s,n;n−2)
n(s,n;n−4)

··
n(s,n;n−2[n/2])


= 1

4s

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]

−1  2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
(2s−[n/2])(s−1/2−[n/2])n−[n/2](s+1/2−[n/2])n


íØ9.2.2. 2s

[n/2]∑
k=0

n(s, n;n− 2k)(s− h)n−2k = (2s− h)(s− h− 1
2
)n−1 − h(s− h+ 1

2
)n−1, 0 ≤ h ≤ 2s, n ≥ 1, s ≥ 1

íØ9.2.3. −2s
[n/2]∑
k=0

(
C2k−1
n−1

22k−1 − 1
s

C2k
n−1

22k )(s−h)n−2k = (2s−h)(s−h− 1
2
)n−1−h(s−h+ 1

2
)n−1, 0 ≤ h ≤ 2s, n ≥ 1, s ≥ 1

íØ9.2.4. 2s
[n/2]∑
k=0

n(s, n;n− 2k)hn−2k = (s+ h)(h− 1
2
)n−1 − (s− h)(h+ 1

2
)n−1,−s ≤ h ≤ s, n ≥ 1, s ≥ 1

íØ9.2.5. −2s
[n/2]∑
k=0

(
C2k−1
n−1

22k−1 − 1
s

C2k
n−1

22k )hn−2k = (s+ h)(h− 1
2
)n−1 − (s− h)(h+ 1

2
)n−1,−s ≤ h ≤ s, n ≥ 1, s ≥ 1

9.3 ü��5�ê�§)�5���y

íØ9.3.1. 2s
[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )sn−2k = 2s(s− 1
2
)n ⇔

n∑
i=0

Cin(− 1
2s

)i = (1− 1
2s

)n, h = s, n ≥ 0

íØ9.3.2. −2s
[(n+1)/2]∑
k=0

(C
2k−1
n

22k−1 − 1
s

C2k
n

22k )sn+1−2k = 2s(s− 1
2
)n ⇔

n∑
i=0

Cin(− 1
2s

)i = (1− 1
2s

)n, h = s, n ≥ 0

íØ9.3.3. 2s
[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )hn−2k = (s+ h)(h− 1
2
)n + (s− h)(h+ 1

2
)n,−s ≤ h ≤ s, n ≥ 0, s ≥ 1
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íØ9.3.4. −2s
[(n+1)/2]∑
k=0

(C
2k−1
n

22k−1 − 1
s

C2k
n

22k )hn+1−2k = (s+ h)(h− 1
2
)n − (s− h)(h+ 1

2
)n,−s ≤ h ≤ s, n ≥ 0, s ≥ 1

½n9.3.1.
2s

[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )hn−2k = (s+ h)(h− 1
2
)n + (s− h)(h+ 1

2
)n, n ≥ 0

−2s
[(n+1)/2]∑
k=0

(C
2k−1
n

22k−1 − 1
s

C2k
n

22k )hn+1−2k = (s+ h)(h− 1
2
)n − (s− h)(h+ 1

2
)n, n ≥ 0

⇔ 2s
n∑
i=0

Cin(− 1
2
)ihn−i + 2h

n∑
i=0

Cin(− 1
2
)ihn−i = 2(s+ h)(h− 1

2
)n, n ≥ 0

y²: 2s
[n/2]∑
k=0

(C
2k
n

22k − 1
s

C2k+1
n

22k+1 )hn−2k − 2s
[(n+1)/2]∑
k=0

(C
2k−1
n

22k−1 − 1
s

C2k
n

22k )hn+1−2k = 2(s+ h)(h− 1
2
)n, n ≥ 0

⇔ 2s(
[n/2]∑
k=0

C2k
n

22k h
n−2k −

[(n+1)/2]∑
k=0

C2k−1
n

22k−1 h
n+1−2k)− 2(

[n/2]∑
k=0

C2k+1
n

22k+1 h
n−2k −

[(n+1)/2]∑
k=0

C2k
n

22k h
n+1−2k) = 2(s+ h)(h− 1

2
)n, n ≥ 0

⇔ 2s
n∑
i=0

Cin(− 1
2
)ihn−i + 2h

n∑
i=0

Cin(− 1
2
)ihn−i = 2(s+ h)(h− 1

2
)n, n ≥ 0

±þ½nL²§òm(s, n;n− 2k), n(s, n;n− 2k)�\�§��(J§Ò´C/���ªÐmð�ª§Ï�Ø¬

Jø#��	&E�E|"éu∀h,∀s,m(s, n;n− 2k), n(s, n;n− 2k)©O´e!½Â�)Ûòÿ��)§/ªþ

��5��§�¹ÂØÓ"

9.4 ü��5�ê�§�)Ûòÿ

íØ9.4.1. 2s
[n/2]∑
k=0

m(s, n;n− 2k)hn−2k = (s+ h)(h− 1
2
)n + (s− h)(h+ 1

2
)n,∀h ∈ C,∀s ∈ C 6= 0, n ∈ N ≥ 0

⇐ m(s, n;n− 2k) = C2k
n

22k − 1
s

C2k+1
n

22k+1 ,∀h ∈ C,∀s ∈ C 6= 0, n ∈ N ≥ 0

íØ9.4.2. −2s
[n/2]∑
k=0

n(s, n;n− 2k)hn−2k = (s+ h)(h− 1
2
)n−1 − (s− h)(h+ 1

2
)n−1,∀h ∈ C,∀s ∈ C 6= 0, n ∈ N ≥ 1

⇐ n(s, n;n− 2k) = − 1
2
(
C2k−1
n−1

22k−1 − 1
s

C2k
n−1

22k ),∀h ∈ C,∀s ∈ C 6= 0, n ∈ N ≥ 1

9.5 Γα1ς ··αnς (s, n;w), s ≥ n
2
|1
2
ÐmXê��5�ê){

9.5.1 Γz1ς ··znς kς
lς (s, n;w)�5�

íØ9.5.1. Γz1ς ··znς kς
lς (s, n;w) := 1

2n
Γ
A1ς ··AnςA(n+1)ς ··A(2s)ς

kς
(s)

n∏
i=1

σzAiς
BiςΓlςB1ς ··BnςA(n+1)ς ··A(2s)ς

(s)

Ún9.5.1.

Γz1ς ··znς kς
lς (s, n;w) = 1

2n


(C0

2s)
−1

n∑
i=0

(−1)iCinC
0−i
2s−n 0 ·· 0 0

0 (C1
2s)
−1

n∑
i=0

(−1)iCinC
1−i
2s−n ·· 0 0

0 0 ·· 0 0

0 0 ·· C1−2s
2s

n∑
i=0

(−1)iCinC
2s−1−i
2s−n 0

0 0 ·· 0 (C2s
2s )−1

n∑
i=0

(−1)iCinC
2s−i
2s−n


9.5.2 Γα1ς ··αnς (s, n;w)ÐmXê��5�ê){

½n9.5.1. Γα1ς ··αnς (s, n;w) = 1
n!

[n/2]∑
k

c(s, n;n− 2k)Ωn−2k(s;w), c(s, n;n− 2k − 1) = 0

duc(s, n; i),
�¹e�wÕáÃ'§é,
w�êÓ�§äkÓ��ÐmXê"��I¦?Û��w�Ð

mXê=�§=��B^=�§ùp�w = 1"NoíÑ5�Iî�c[�Ñ5§È
gCÑØP�
"�ù!

�s�U��½��S��ê½��ê§�Ñ��KØ·^§�vkþ¡Ù!�(ØÊH"

íØ9.5.2. Γz1ς ··znς (s, n;w = 1) =
[n/2]∑
k

c(s, n;n− 2k)σn−2k
z (s;w = 1) = 1

2n
(C0

2s)
−1(−1)0C0

nC
0
2s−n 0 ·· 0 0

0 (C1
2s)
−1[(−1)0C0

nC
1
2s−n+(−1)1C1

nC
0
2s−n] ·· 0 0

0 0 ·· 0 0
0 0 ·· (C2s−1

2s )−1[(−1)n−1Cn−1
n C2s−n

2s−n+(−1)nCnnC
2s−n−1
2s−n ] 0

0 0 ·· 0 (C2s
2s )−1(−1)nCnnC

2s−n
2s−n
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⇒ 1
2n

(Cs−h2s )−1
n∑
i=0

(−1)iCinC
s−h−i
2s−n =

[n/2]∑
k

c(s, n;n− 2k)hn−2k, h = s, s− 1, ··,−(s− 1),−s

íØ9.5.3.

2n

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

·· ·· ·· ·· ··
(1−s)n (1−s)n−2 (1−s)n−4 ·· (1−s)n−2[n/2]

(−s)n (−s)n−2 (−s)n−4 ·· (−s)n−2[n/2]

 c(s,n;n)
c(s,n;n−2)
c(s,n;n−4)

··
c(s,n;n−2[n/2])

 =


(C0

2s)
−1

n∑
i=0

(−1)iCinC
0−i
2s−n

(C1
2s)
−1

n∑
i=0

(−1)iCinC
1−i
2s−n

··
(C2s−1

2s )−1
n∑
i=0

(−1)iCinC
2s−1−i
2s−n

(C2s
2s )−1

n∑
i=0

(−1)iCinC
2s−i
2s−n

 =


1

1−n
s

1−
n(2s−n)
s(s−1/2)

1−
n(6s2−6ns−3s+2n2+1)

2s(s−1/2)(s−1)
··


íØ9.5.4.

2n

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

·· ·· ·· ·· ··
(1−s)n−2[n/2] ·· (1−s)n−4 (1−s)n−2 (1−s)n

(−s)n−2[n/2] ·· (−s)n−4 (−s)n−2 (−s)n

 c(s,n;n−2[n/2])
··

c(s,n;n−4)
c(s,n;n−2)
c(s,n;n)

 =


(C0

2s)
−1

n∑
i=0

(−1)iCinC
0−i
2s−n

(C1
2s)
−1

n∑
i=0

(−1)iCinC
1−i
2s−n

··
(C2s−1

2s )−1
n∑
i=0

(−1)iCinC
2s−1−i
2s−n

(C2s
2s )−1

n∑
i=0

(−1)iCinC
2s−i
2s−n


íØ9.5.5. n ≥ 0, s ≥ n

2
| 1
2

 c(s,n;n)
c(s,n;n−2)
c(s,n;n−4)

··
c(s,n;n−2[n/2])

 = 1
2n

 sn sn−2 sn−4 ·· sn−2[n/2]

(s−1)n (s−1)n−2 (s−1)n−4 ·· (s−1)n−2[n/2]

(s−2)n (s−2)n−2 (s−2)n−4 ·· (s−2)n−2[n/2]

·· ·· ·· ·· ··
(s−[n/2])n (s−[n/2])n−2 (s−[n/2])n−4 ·· (s−[n/2])n−2[n/2]

−1


(C0

2s)
−1

n∑
i=0

(−1)iCinC
0−i
2s−n

(C1
2s)
−1

n∑
i=0

(−1)iCinC
1−i
2s−n

(C2
2s)
−1

n∑
i=0

(−1)iCinC
2−i
2s−n

··
(C

[n/2]
2s )−1

n∑
i=0

(−1)iCinC
[n/2]−i
2s−n


íØ9.5.6. n ≥ 0, s ≥ n

2
| 1
2

 c(s,n;n−2[n/2])
··

c(s,n;n−4)
c(s,n;n−2)
c(s,n;n)

 = 1
2n

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−4 (s−2)n−2 (s−2)n

·· ·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−4 (s−[n/2])n−2 (s−[n/2])n

−1


(C0

2s)
−1

n∑
i=0

(−1)iCinC
0−i
2s−n

(C1
2s)
−1

n∑
i=0

(−1)iCinC
1−i
2s−n

··
(C2s−1

2s )−1
n∑
i=0

(−1)iCinC
2s−1−i
2s−n

(C2s
2s )−1

n∑
i=0

(−1)iCinC
2s−i
2s−n


9.5.3 Γα1ς ··αnς

kς
lς (s, n;w)cA���5�ê){�y

íØ9.5.7. s0

(s−1)0

··
(1−s)0

(−s)0

[ c(s,0;0)

]
=


(C0

2s)
−1(−1)0C0

0C
0−0
2s−0

(C1
2s)
−1(−1)0C0

0C
1−0
2s−0

··
(C2s−1

2s )−1(−1)0C0
0C

2s−1−0
2s−0

(C2s
2s )−1(−1)0C0

0C
2s−0
2s−n

 =

[
1
1
··
1
1

]
⇔ c(s, 0; 0) = 1

s0c(s, 0; 0) = 1⇔ c(s, 0; 0) = 1, s ≥ 1
2

íØ9.5.8. s1

(s−1)1

··
(1−s)1

(−s)1

[ c(s,1;1)

]
= 1

21


(C0

2s)
−1[(−1)0C0

1C
0−0
2s−1+(−1)1C1

1C
0−1
2s−1]

(C1
2s)
−1[(−1)0C0

1C
1−0
2s−1+(−1)1C1

1C
1−1
2s−1]

··
(C2s−1

2s )−1[(−1)0C0
1C

2s−1−0
2s−1 +(−1)1C1

1C
2s−1−1
2s−1 ]

(C2s
2s )−1[(−1)0C0

1C
2s−0
2s−1+(−1)1C1

1C
2s−1
2s−1 ]

⇔ c(s, 1; 1) = 1
2s

s1c(s, 1; 1) = 1
2
⇔ c(s, 1; 1) = 1

2s
, s ≥ 1

2

íØ9.5.9.[
s2 s0

(s−1)2 (s−1)0

] [
c(s,2;2)
c(s,2;0)

]
= 1

22

 (C0
2s)
−1

2∑
i=0

(−1)iCi2C
0−i
2s−2

(C1
2s)
−1

2∑
i=0

(−1)iCi2C
1−i
2s−2

 = 1
22

[
(C0

2s)
−1(−1)0C0

2C
0−0
2s−2

(C1
2s)
−1[(−1)0C0

2C
1−0
2s−2+(−1)1C1

2C
1−1
2s−2]

]
= 1

22

[
1

1− 2
s

]
⇔
[
c(s,2;2)
c(s,2;0)

]
= 1

22

[
1

s(s−1/2)

1− s2

s(s−1/2)

]
= (2s−2)!

(2s)!

[
1

− 1
2
s

]
= (2s−2)!

(2s)!

[
1

1
2

(C3
2−C

2
2s)

]
, s ≥ 1

íØ9.5.10.[
s3 s1

(s−1)3 (s−1)1

] [
c(s,3;3)
c(s,3;1)

]
= 1

23

 (C0
2s)
−1

3∑
i=0

(−1)iCi3C
0−i
2s−3

(C1
2s)
−1

3∑
i=0

(−1)iCi3C
1−i
2s−3

 = 1
23

[
(C0

2s)
−1(−1)0C0

3C
0−0
2s−3

(C1
2s)
−1[(−1)0C0

3C
1−0
2s−3+(−1)1C1

3C
1−1
2s−3]

]
= 1

23

[
1

1− 3
s

]
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⇔
[
c(s,3;3)
c(s,3;1)

]
= 1

23

[
1

s(s−1/2)(s−1)

1
s
− s2

s(s−1/2)(s−1)

]
= (2s−3)!

(2s)!

[
1

1
2

(1−3s)

]
= (2s−3)!

(2s)!

[
1

1
2

(C3
3−C

2
3s)

]
, s ≥ 3

2

íØ9.5.11.[
s4 s2 s0

(s−1)4 (s−1)2 (s−1)0

(s−2)4 (s−2)2 (s−2)0

] [
c(s,4;4)
c(s,4;2)
c(s,4;0)

]
= 1

24


(C0

2s)
−1

4∑
i=0

(−1)iCi4C
0−i
2s−4

(C1
2s)
−1

4∑
i=0

(−1)iCi4C
1−i
2s−4

(C2
2s)
−1

4∑
i=0

(−1)iCi4C
2−i
2s−4

 = 1
24

 1

1− 4
s

1−
4(2s−4)
s(s−1/2)



⇔
[
c(s,4;4)
c(s,4;2)
c(s,4;0)

]
= 1

24


1

s(s−1/2)(s−1)(s−3/2)

2
s(s−1/2)

−
s2+(s−1)2

s(s−1/2)(s−1)(s−3/2)

1− 2s2

s(s−1/2)
+

s2(s−1)2

s(s−1/2)(s−1)(s−3/2)

 = (2s−4)!
(2s)!

[
1

2−3s
3
4
s(s−1)

]
= (2s−4)!

(2s)!

[
1

1
2

(C3
4−C

2
4s)

3
4
s(s−1)

]
, s ≥ 2

íØ9.5.12.[
s5 s3 s1

(s−1)5 (s−1)3 (s−1)1

(s−2)5 (s−2)3 (s−2)1

] [
c(s,5;5)
c(s,5;3)
c(s,5;1)

]
= 1

25


(C0

2s)
−1

5∑
i=0

(−1)iCi5C
0−i
2s−5

(C1
2s)
−1

5∑
i=0

(−1)iCi5C
1−i
2s−5

(C2
2s)
−1

5∑
i=0

(−1)iCi5C
2−i
2s−5

 = 1
25

 1

1− 5
s

1−
5(2s−5)
s(s−1/2)



⇔
[
c(s,5;5)
c(s,5;3)
c(s,5;1)

]
= 1

25


1

s(s−1/2)(s−1)(s−3/2)(s−2)

2
s(s−1/2)(s−1)

−
s2+(s−1)2

s(s−1/2)(s−1)(s−3/2)(s−2)

1
s
− 2s2

s(s−1/2)(s−1)
+

s2(s−1)2

s(s−1/2)(s−1)(s−3/2)(s−2)

 = (2s−5)!
(2s)!

[
1

1
2

(C3
5−C

2
5s)

1
4

(15s2−25s+6)

]
, s ≥ 5

2

íØ9.5.13.

[
s6 s4 s2 s0

(s−1)6 (s−1)4 (s−1)2 (s−1)0

(s−2)6 (s−2)4 (s−2)2 (s−2)0

(s−3)6 (s−3)4 (s−2)3 (s−3)0

][
c(s,6;6)
c(s,6;4)
c(s,6;2)
c(s,6;0)

]
= 1

26


(C0

2s)
−1

6∑
i=0

(−1)iCi6C
0−i
2s−6

(C1
2s)
−1

6∑
i=0

(−1)iCi6C
1−i
2s−6

(C2
2s)
−1

6∑
i=0

(−1)iCi6C
2−i
2s−6

(C3
2s)
−1

6∑
i=0

(−1)iCi6C
3−i
2s−6

 = 1
26


1

1− 6
s

1−
6(2s−6)
s(s−1/2)

1−
3(6s2−39s+73)
s(s−1/2)(s−1)

 , s ≥ 3

íØ9.5.14.

[
s7 s5 s3 s1

(s−1)7 (s−1)5 (s−1)3 (s−1)1

(s−2)7 (s−2)5 (s−2)3 (s−2)1

(s−3)7 (s−3)5 (s−2)3 (s−3)1

][
c(s,7;7)
c(s,7;5)
c(s,7;3)
c(s,7;1)

]
= 1

27


(C0

2s)
−1

7∑
i=0

(−1)iCi7C
0−i
2s−7

(C1
2s)
−1

7∑
i=0

(−1)iCi7C
1−i
2s−7

(C2
2s)
−1

7∑
i=0

(−1)iCi7C
2−i
2s−7

(C3
2s)
−1

7∑
i=0

(−1)iCi7C
3−i
2s−7

 = 1
27


1

1− 7
s

1−
7(2s−7)
s(s−1/2)

1−
7(6s2−45s+99)
2s(s−1/2)(s−1)

 , s ≥ 7
2

9.6 EÜ~êØCÜþΓα1ς ··αnς (s, n;w)p̂α1ς · ·p̂αnς�Ðmª

íØ9.6.1. Γα1ς ··αnς (s, n;w)p̂α1ς
· ·p̂αnς =

[n/2]∑
k

c(s, n;n− 2k)[σ(s;w) · p̂]n−2k

íØ9.6.2. Γα1ς ··αnς (s, n;w)∂̂α1ς
· ·∂̂αnς =

[n/2]∑
k

c(s, n;n− 2k)[σ(s;w) · ∇̂]n−2k

10 |^���Ý
Ú�¦)Ï�úª

10.1 m(s, n;n− 2l), 2s ≥ [n/2]|1Ï�úª�¦)
íØ10.1.1.

2s

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−4 (s−2)n−2 (s−2)n

·· ·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−4 (s−[n/2])n−2 (s−[n/2])n

m(s,n;n−2[n/2])
··

m(s,n;n−4)
m(s,n;n−2)
m(s,n;n)

 =

 2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
2s(1/2−s)n


íØ10.1.2.m(s,n;n−2[n/2])

··
m(s,n;n−4)
m(s,n;n−2)
m(s,n;n)

 = 1
2s

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−4 (s−2)n−2 (s−2)n

·· ·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−4 (s−[n/2])n−2 (s−[n/2])n

−1  2s(s−1/2)n

(2s−1)(s−3/2)n+1(s−1/2)n

(2s−2)(s−5/2)n+2(s−3/2)n

··
(2s−[n/2])(s−1/2−[n/2])n+[n/2](s+1/2−[n/2])n


98



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 14Ù ��EÜ~êØCÜþ

⇔ m(s, n;n− 2[n/2] + 2i) = 2n−2[n/2]+2i

2n
1
2s

(2sC
n−2[n/2]+2i
n − Cn−2[n/2]+2i−1

n )

≡ 1
2s

[n/2]∑
j=0

(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)

(2s)!(k−j)!(s−j)n−2[n/2] [(2s− j)(s− j − 1/2)n − j(s− j + 1/2)n]

10.2 n(s, n;n− 2l), 2s ≥ [n/2]|1Ï�úª�¦)
íØ10.2.1.

4s

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−4 (s−2)n−2 (s−2)n

·· ·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−4 (s−[n/2])n−2 (s−[n/2])n

 n(s,n;n−2[n/2])
··

n(s,n;n−4)
n(s,n;n−2)
n(s,n;n)

 =

 2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
−2s(1/2−s)n−1


íØ10.2.2. n(s,n;n−2[n/2])

··
n(s,n;n−4)
n(s,n;n−2)
n(s,n;n)

 = 1
4s

 sn−2[n/2] ·· sn−4 sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−4 (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−4 (s−2)n−2 (s−2)n

·· ·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−4 (s−[n/2])n−2 (s−[n/2])n

−1  2s(s−1/2)n−1

(2s−1)(s−3/2)n−1−1(s−1/2)n−1

(2s−2)(s−5/2)n−1−2(s−3/2)n−1

··
(2s−[n/2])(s−1/2−[n/2])n−1−[n/2](s+1/2−[n/2])n−1


⇔ n(s, n;n− 2[n/2] + 2i) = 2n−2[n/2]+2i

2n
1
2s

(C
n−2[n/2]+2i−1
n−1 − 2sC

n−2[n/2]+2i
n−1 )

≡ 1
4s

[n/2]∑
j=0

(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)

(2s)!(k−j)!(s−j)n−2[n/2] [(2s− j)(s− j − 1/2)n−1 − j(s− j + 1/2)n−1]

10.3 c(s, n;n− 2l)Ï�úª��.)û

Ún10.3.1. sn−2[n/2] ·· sn−2 sn

(s−1)n−2[n/2] ·· (s−1)n−2 (s−1)n

(s−2)n−2[n/2] ·· (s−2)n−2 (s−2)n

·· ·· ·· ··
(s−[n/2])n−2[n/2] ·· (s−[n/2])n−2 (s−[n/2])n

−1

ij

= (−1)[n/2]+i+jCj2sC
[n/2]−i
{s2,··,(s−j)2,··,(s−[n/2])2}

(2s−[n/2]−1−j)!(2s−2j)

(2s)!([n/2]−j)!(s−j)n−2[n/2]

íØ10.3.1. s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

−1

ij

= (−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)
(2s)!(k−j)!

íØ10.3.2. s1 ·· s2k−3 s2k−1 s2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

(s−2)1 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

·· ·· ·· ·· ··
(s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

−1

ij

= 2(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!
(2s)!(k−j)!

íØ10.3.3. c(s,2k;0)
··

c(s,2k;2k−4)
c(s,2k;2k−2)
c(s,2k;2k)

 = 2−2k

 s0 ·· s2k−4 s2k−2 s2k

(s−1)0 ·· (s−1)2k−4 (s−1)2k−2 (s−1)2k

(s−2)0 ·· (s−2)2k−4 (s−2)2k−2 (s−2)2k

·· ·· ·· ·· ··
(s−k)0 ·· (s−k)2k−4 (s−k)2k−2 (s−k)2k

−1


(C0

2s)
−1

2k∑
i=0

(−1)iCi2kC
0−i
2s−2k

(C1
2s)
−1

2k∑
i=0

(−1)iCi2kC
1−i
2s−2k

··

(Ck2s)
−1

2k∑
i=0

(−1)iCi2kC
k−i
2s−2k


íØ10.3.4. c(s,2k+1;1)

··
c(s,2k+1;2k−3)
c(s,2k+1;2k−1)
c(s,2k+1;2k+1)

 = 2−2k−1

 s1 ·· s2k−3 s2k−1 s2k+1

(s−1)1 ·· (s−1)2k−3 (s−1)2k−1 (s−1)2k+1

(s−1)2 ·· (s−2)2k−3 (s−2)2k−1 (s−2)2k+1

·· ·· ·· ·· ··
(s−k)1 ·· (s−k)2k−3 (s−k)2k−1 (s−k)2k+1

−1


(C0

2s)
−1

2k+1∑
i=0

(−1)iCi2k+1C
0−i
2s−2k−1

(C1
2s)
−1

2k+1∑
i=0

(−1)iCi2k+1C
1−i
2s−2k−1

··

(Ck2s)
−1

2k+1∑
i=0

(−1)iCi2k+1C
k−i
2s−2k−1


íØ10.3.5.
c(s, 2k; 2i) = (−1)i+k

k∑
l=0

2(s−l)Ck−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k, 2s ≥ 2k|1

c(s, 2k + 1; 2i+ 1) = (−1)i+k
k∑
l=0

2Ck−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1, 2s ≥ 2k + 1|1

y²: c(s, 2k; 2i)

=
k∑
l=0

(−1)k+i+lCl2sC
k−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−k−1−l)!2(s−l)

22k(2s)!(k−l)! (Cl2s)
−1

2k∑
h=0

(−1)hCh2kC
l−h
2s−2k

= (−1)i+k
k∑
l=0

2(s−l)Ck−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k
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y²: c(s, 2k + 1; 2i+ 1)

=
k∑
l=0

(−1)k+i+lCl2sC
k−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−k−1−l)!2(s−l)

22k+1(2s)!(k−l)!(s−l) (Cl2s)
−1

2k+1∑
h=0

(−1)hCh2k+1C
l−h
2s−2k−1

= (−1)i+k
k∑
l=0

2Ck−i
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1

11 ~êØCÜþZ
A′
ςkς

alς
(s, ς;w), Z

alς
A′
ςkς

(s, ς;w)

11.1 ~êØCÜþZ
A′ςkς
alς

(s, ς;w), Zalς
A′ςkς

(s, ς;w)�Ú\

½Â11.1.1. Z
A′ςkς
alς

(s, ς;w) := iς√
2
(σ〈w〉,−iς)A

′
ςAς

a Nkς
Aς lς

(s;w), ZalςA′ςkς (s, ς;w) := −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w)

5�11.1.1.

Z
alς
A′ςkς

(s, ς;w) = δabεkςmς (s;w)εlςnς (s− 1
2
;w)εA′ςB′ςZ

B′ςmς
bnς

(s, ς;w)

Z
A′ςkς
alς

(s, ς;w) = δabε
kςmς (s;w)εlςnς (s− 1

2
;w)εA

′
ςB
′
ςZbnςB′ςmς

(s, ς;w)

5�11.1.2.

Z
alς
A′ςkς

(s, ς;w) = (−1)2s+1δab[(−ς)2sεkςmς (s;w)][ς2s−1εlςnς (s− 1
2
;w)][−ςεA′ςB′ς ]Z

B′ςmς
bnς

(s, ς;w)

Z
A′ςkς
alς

(s, ς;w) = (−1)2s+1δab[(ς)
2sεkςmς (s;w)][(−ς)2s−1εlςnς (s− 1

2
;w)][ςεA

′
ςB
′
ς ]ZbnςB′ςmς

(s, ς;w)

11.2 ~êÝ
Z
A′ς
a (s, ς;w), Za

A′ς
(s, ς;w) �Ú\

½Â11.2.1.

Z
A′ςkς
alς

(s, ς;w) � ZA
′
ς

a (s, ς;w) := iς√
2
(σ〈w〉,−iς)A

′
ςAς

a N̄Aς (s;w)

ZalςA′ςkς (s, ς;w) � ZaA′ς (s, ς;w) := −iς√
2

(σ〈w〉, iς)aAςA′ς N̄
Aς (s;w)

½Â11.2.2.

Z̄
A′ς
a (s, ς;w) := Z

TA′ς
a (s, ς;w) = iς√

2
(σ〈w〉,−iς)A

′
ςAς

a NAς (s;w)

Z̄aA′ς (s, ς;w) := ZTaA′ς (s, ς;w) = −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς (s;w)

11.3 ~êØCÜþÝ
Za(s, ς;w), Z̄a(s, ς;w)�Ú\

½Â11.3.1.

Z
A′ςkς
alς

(s, ς;w)|A′ς⊗lς kς � Za(s, ς;w) := iς√
2
(σ ⊗ IC2s−1

2s−1+w
,−iς)aN(s;w)

ZalςA′ςkς (s, ς;w)|kςA′ς
⊗lς � Z̄a(s, ς;w) := −iς√

2
N̄(s;w)(σ ⊗ IC2s−1

2s−1+w
, iς)a ' Z+

a (s, ς;w)

11.4 Ý
Za(s, ς;w), Z̄a(s, ς;w)�~êØCÜþ5�

5�11.4.1. Za(s, ς;w) = [eϑ]a
b[e

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e

i
2
ϑcdScd(s− 1

2
,ς;w)]Zb(s, ς;w)e−

i
2
ϑcdScd(s,ς;w)

5�11.4.2. Z̄a(s, ς;w) = [eϑ]a
be

i
2
ϑcdScd(s,ς;w)Z̄b(s, ς;w)[e−

i
2
ϑcdScd(

1
2
,−ς;w) ⊗ e−

i
2
ϑcdScd(s− 1

2
,ς;w)]

11.5 ~êØCÜþZ
A′ςkς
alς

(s, ς;w), Zalς
A′ςkς

(s, ς;w)�5�

1! ~üé�IA′ς , lςµ

5�11.5.1. ZalςA′ςkς (s, ς;w)Z
A′ςmς
blς

(s, ς;w) = 1
2s

[sδabδkς
mς + iSabkς

mς (s, ς;w)]

[⇔]Z̄aA′ς (s, ς;w)Z
A′ς
b (s, ς;w) = 1

2s
[sδab + iSab(s, ς;w)][⇔]Z̄a(s, ς;w)Zb(s, ς;w) = 1

2s
[sδab + iSab(s, ς;w)]

y²: ZalςA′ςkς (s, ς;w)Z
A′ςmς
blς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)A

′
ςBς

b Nmς
Bς lς

(s;w)

= 1
2
NAς lς
kς

(s;w)(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)
A′ςBς
b Nmς

Bς lς
(s;w)

= 1
2
NAς lς
kς

(s;w)(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s;w)

= 1
2s

[sδabδkς
mς + iSabkς

mς (s, ς;w)]

íØ11.5.1. Za
lς
A′ςkς

(s, ς;w)Z
A′ςmς
alς

(s, ς;w) = 1
2
δkς

mς

[⇔]Z̄aA′ς (s, ς;w)Z
A′ς
a (s, ς;w) = 1

2
IC2s

2s+w
[⇔]Z̄a(s, ς;w)Za(s, ς;w) = 1

2
IC2s

2s+w
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2! ~üé�IA′ς , kςµ

5�11.5.2. ZalςA′ςkς (s, ς;w)Z
A′ςkς
bmς

(s, ς;w) = 1
2s

[(s+ w
2

)δabδmς
lς + iSabmς

lς (s− 1
2
, ς;w)]

[⇔]Z
A′ς
b (s, ς;w)Z̄aA′ς (s, ς;w) = 1

2s
[(s+ w

2
)δab + iSab(s− 1

2
, ς;w)]

y²: ZalςA′ςkς (s, ς;w)Z
A′ςkς
bmς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)A

′
ςBς

b Nkς
Bςmς

(s;w)

= 1
2
NAς lς
kς

(s;w)(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)
A′ςBς
b Nkς

Bςmς
(s;w)

= 1
2
NAς lς
kς

(s;w)(δabδAς
Bς + 2iSabAς

Bς )Nkς
Bςmς

(s;w)

= 1
2s

[(s+ w
2

)δabδmς
lς + iSabmς

lς (s− 1
2
, ς;w)]

íØ11.5.2. Za
lς
A′ςkς

(s, ς;w)Z
A′ςkς
amς (s, ς;w) = 1

2
(1 + w

2s
)δmς

lς [⇔]Z
A′ς
a (s, ς;w)Z̄aA′ς (s, ς;w) = 1

2
(1 + w

2s
)

3! ~üé�Ikς , lςµ

5�11.5.3. ZalςA′ςkς (s, ς;w)Z
B′ςkς
blς

(s, ς;w) = 1
w+1

C2s
2s+w( 1

2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

[⇔]tr[Z̄aA′ς (s, ς;w)Z
B′ς
b (s, ς;w)] = 1

w+1
C2s

2s+w( 1
2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

y²: ZalςA′ςkς (s, ς;w)Z
B′ςkς
blς

(s, ς;w)

= −iς√
2

(σ〈w〉, iς)aAςA′ςN
Aς lς
kς

(s;w) iς√
2
(σ〈w〉,−iς)B

′
ςBς

b Nkς
Bς lς

(s;w)

= 1
2

1
w+1

C2s
2s+w(σ〈w〉, iς)aAςA′ς (σ〈w〉,−iς)

B′ςAς
b

= 1
w+1

C2s
2s+w( 1

2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

íØ11.5.3. Za
lς
A′ςkς

(s, ς;w)Z
B′ςkς
alς

(s, ς;w) = 1
2(w+1)

C2s
2s+wδ

B′ς
A′ς

[⇔]tr[Z̄aA′ς (s, ς;w)Z
B′ς
b (s, ς;w)] = 1

2(w+1)
C2s

2s+wδ
B′ς
A′ς

11.6 ß�(Øä��5)

ß�11.6.1. iς√
2
(σ〈w〉,−iς)A

′
ςAς

a
−iς√

2
(σ〈w〉, iς)aBςB′ς = δAςBς δ

A′ς
B′ς

4! ~üé�Ia, lςµ

5�11.6.1. ZalςA′ςkς (s, ς;w)Z
B′ςmς
alς

(s, ς;w) = δ
B′ς
A′ς
δmςkς [⇔]Z̄aA′ς (s, ς;w)Z

B′ς
a (s, ς;w) = δ

B′ς
A′ς
IC2s

2s+w

5! ~üé�Ia, kςµ

5�11.6.2. Z
A′ςkς
alς

(s, ς;w)ZamςB′ςkς
(s, ς;w) = (1 + w

2s
)δ
A′ς
B′ς
δmςlς

[⇔]Z
A′ς
a (s, ς;w)Z̄aB′ς (s, ς;w) = (1 + w

2s
)δ
A′ς
B′ς
IC2s−1

2s−1+w
[⇔]Za(s, ς;w)Z̄a(s, ς;w) = (1 + w

2s
)I(w+1)C2s−1

2s−1+w

11.7 ~êØCÜþÝ
Za(s, ς;w), Z̄a(s, ς;w)�5�(Øä��5)

5�11.7.1.

Z̄a(s, ς;w)Zb(s, ς;w) = 1
2s

[sδab + iSab(s, ς;w)]

Za(s, ς;w)Z̄a(s, ς;w) = (1 + w
2s

)I(w+1)C2s−1
2s−1+w

5�11.7.2.

(s+ w)Zb(s, ς;w) = Za(s, ς;w)iSab(s, ς;w), (s+ w)Z̄a(s, ς;w) = iSab(s, ς;w)Z̄b(s, ς;w)

Za(s, ς;w)iSab(s, ς;w)Z̄b(s, ς;w) = (s+ w)(1 + w
2s

), Za(s, ς;w)Z̄a(s, ς;w) 6= kI(w+1)C2s−1
2s−1+w

5�11.7.3.

−Sac(s, ς;w)Scb(s, ς;w) = s(s+ w)δab + iwSab(s, ς;w)

Z̄a(s, ς;w)Zb(s, ς;w) = − 1
2sw

[s2δab + Sac(s, ς;w)Scb(s, ς;w)]

5�11.7.4. [σ(s;w), iς(s+ w)]aZ̄a(s, ς;w) = 0, Za(s, ς;w)[σ(s;w),−iς(s+ w)]a = 0
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y²: [σ(s;w), iς(s+ w)]aZ̄a(s, ς;w)

= −iς√
2

[σ(s;w), iς(s+ w)]aN̄(s;w)(σ ⊗ IC2s−1
2s−1+w

, iς)a

= −iς√
2
N̄(s;w)[sσ ⊗ IC2s−1

2s−1+w
, iς(s+ w)]aN(s;w)N̄(s;w)(σ ⊗ IC2s−1

2s−1+w
, iς)a

= −iς√
2

[N̄(s;w)(σ ⊗ IC2s−1
2s−1+w

,−iς)aN(s;w)sN̄(s;w)(σ ⊗ IC2s−1
2s−1+w

, iς)a − (2s+ w)N̄(s;w)]

= −iς√
2

[N̄(s;w)Za(s, ς;w)2sZ̄a(s, ς;w)− (2s+ w)N̄(s;w)]

= −iς√
2

[N̄(s;w)(2s+ w)− (2s+ w)N̄(s;w)]

= 0

12 ~êØCÜþZ
A′
ςkς

alς
(s, ς), Z

alς
A′
ςkς

(s, ς)

12.1 ~êØCÜþZ
A′ςkς
alς

(s, ς), Zalς
A′ςkς

(s, ς)�Ú\

½Â12.1.1. Z
A′ςkς
alς

(s, ς) := iς√
2
(σ,−iς)A

′
ςAς

a Nkς
Aς lς

(s), ZalςA′ςkς (s, ς) := −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s)

5�12.1.1.

Z
alς
A′ςkς

(s, ς) = δabεkςmς (s)ε
lςnς (s− 1

2
)εA′ςB′ςZ

B′ςmς
bnς

(s, ς)

Z
A′ςkς
alς

(s, ς) = δabε
kςmς (s)εlςnς (s− 1

2
)εA

′
ςB
′
ςZbnςB′ςmς

(s, ς)

5�12.1.2.

Z
alς
A′ςkς

(s, ς) = (−1)2s+1δab[(−ς)2sεkςmς (s)][ς
2s−1εlςnς (s− 1

2
)][−ςεA′ςB′ς ]Z

B′ςmς
bnς

(s, ς)

Z
A′ςkς
alς

(s, ς) = (−1)2s+1δab[(ς)
2sεkςmς (s)][(−ς)2s−1εlςnς (s− 1

2
)][ςεA

′
ςB
′
ς ]ZbnςB′ςmς

(s, ς)

12.2 ~êÝ
Z
A′ς
a (s, ς), Za

A′ς
(s, ς) �Ú\

½Â12.2.1.

Z
A′ςkς
alς

(s, ς) � ZA
′
ς

a (s, ς) := iς√
2
(σ,−iς)A

′
ςAς

a N̄Aς (s)

ZalςA′ςkς (s, ς) � Z
a
A′ς

(s, ς) := −iς√
2

(σ, iς)aAςA′ς N̄
Aς (s)

½Â12.2.2.

Z̄
A′ς
a (s, ς) := Z

TA′ς
a (s, ς) = iς√

2
(σ,−iς)A

′
ςAς

a NAς (s)

Z̄aA′ς (s, ς) := ZTaA′ς (s, ς) = −iς√
2

(σ, iς)aAςA′ςN
Aς (s)

12.3 ~êØCÜþÝ
Za(s, ς), Z̄a(s, ς)�Ú\

½Â12.3.1.

Z
A′ςkς
alς

(s, ς)|A′ς⊗lς kς � Za(s, ς) := iς√
2
(σ ⊗ I2s,−iς)aN(s)

ZalςA′ςkς (s, ς)|kςA′ς
⊗lς � Z̄a(s, ς) := −iς√

2
N̄(s)(σ ⊗ I2s, iς)a ' Z+

a (s, ς)

12.4 Ý
Za(s, ς), Z̄a(s, ς)�~êØCÜþ5�

5�12.4.1. Za(s, ς) = [e(iω·R+ε·L)]a
be(iω−ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(s− 1
2

)Zb(s, ς)e
−(iω+ςε)·σ(s)

5�12.4.2. Z̄a(s, ς) = [e(iω·R+ε·L)]a
be(iω+ςε)·σ(s)Z̄b(s, ς)e

−(iω−ςε)·σ(
1
2

) ⊗ e−(iω+ςε)·σ(s− 1
2

)

12.5 ~êØCÜþZ
A′ςkς
alς

(s, ς), Zalς
A′ςkς

(s, ς)�5�I

1! ~üé�IA′ς , lςµ

5�12.5.1. ZalςA′ςkς (s, ς)Z
A′ςmς
blς

(s, ς) = 1
2s

[sδabδkς
mς + iSabkς

mς (s, ς)]

[⇔]Z̄aA′ς (s, ς)Z
A′ς
b (s, ς) = 1

2s
[sδab + iSab(s, ς)][⇔]Z̄a(s, ς)Zb(s, ς) = 1

2s
[sδab + iSab(s, ς)]

y²: ZalςA′ςkς (s, ς)Z
A′ςmς
blς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)A

′
ςBς

b Nmς
Bς lς

(s)

= 1
2
NAς lς
kς

(s)(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b Nmς

Bς lς
(s)

= 1
2
NAς lς
kς

(s)(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s)

= 1
2s

[sδabδkς
mς + iSabkς

mς (s, ς)]
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íØ12.5.1. Za
lς
A′ςkς

(s, ς)Z
A′ςmς
alς

(s, ς) = 1
2
δkς

mς

[⇔]Z̄aA′ς (s, ς)Z
A′ς
a (s, ς) = 1

2
I2s+1[⇔]Z̄a(s, ς)Za(s, ς) = 1

2
I2s+1

2! ~üé�IA′ς , kςµ

5�12.5.2. ZalςA′ςkς (s, ς)Z
A′ςkς
bmς

(s, ς) = 1
2s

[(s+ 1
2
)δabδmς

lς + iSabmς
lς (s− 1

2
, ς)]

[⇔]Z
A′ς
b (s, ς)Z̄aA′ς (s, ς) = 1

2s
[(s+ 1

2
)δab + iSab(s− 1

2
, ς)]

y²: ZalςA′ςkς (s, ς)Z
A′ςkς
bmς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)A

′
ςBς

b Nkς
Bςmς

(s)

= 1
2
NAς lς
kς

(s)(σ, iς)aAςA′ς (σ,−iς)
A′ςBς
b Nkς

Bςmς
(s)

= 1
2
NAς lς
kς

(s)(δabδAς
Bς + 2iSabAς

Bς )Nkς
Bςmς

(s)

= 1
2s

[(s+ 1
2
)δabδmς

lς + iSabmς
lς (s− 1

2
, ς)]

íØ12.5.2. Za
lς
A′ςkς

(s, ς)Z
A′ςkς
amς (s, ς) = 1

2
(1 + 1

2s
)δmς

lς [⇔]Z
A′ς
a (s, ς)Z̄aA′ς (s, ς) = 1

2
(1 + 1

2s
)I2s

3! ~üé�Ikς , lςµ

5�12.5.3. ZalςA′ςkς (s, ς)Z
B′ςkς
blς

(s, ς) = (s+ 1
2
)( 1

2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

[⇔]tr[Z̄aA′ς (s, ς)Z
B′ς
b (s, ς)] = (s+ 1

2
)( 1

2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

y²: ZalςA′ςkς (s, ς)Z
B′ςkς
blς

(s, ς)

= −iς√
2

(σ, iς)aAςA′ςN
Aς lς
kς

(s) iς√
2
(σ,−iς)B

′
ςBς

b Nkς
Bς lς

(s)

= 1
2
(s+ 1

2
)(σ, iς)aAςA′ς (σ,−iς)

B′ςAς
b

= (s+ 1
2
)( 1

2
δb
aδB

′
ςA′ς

+ iSb
aB′ςA′ς

)

íØ12.5.3. Za
lς
A′ςkς

(s, ς)Z
B′ςkς
alς

(s, ς) = 1
2
(s+ 1

2
)δ
B′ς
A′ς

[⇔]tr[Z̄aA′ς (s, ς)Z
B′ς
b (s, ς)] = 1

2
(s+ 1

2
)δ
B′ς
A′ς

12.6 ~êØCÜþZ
A′ςkς
alς

(s, ς), Zalς
A′ςkς

(s, ς)�5�II

5�12.6.1. iς√
2
(σ,−iς)A

′
ςAς

a
−iς√

2
(σ, iς)aBςB′ς = δAςBς δ

A′ς
B′ς

4! ~üé�Ia, lςµ

5�12.6.2. ZalςA′ςkς (s, ς)Z
B′ςmς
alς

(s, ς) = δ
B′ς
A′ς
δmςkς [⇔]Z̄aA′ς (s, ς)Z

B′ς
a (s, ς) = δ

B′ς
A′ς
I2s+1

5! ~üé�Ia, kςµ

5�12.6.3. Z
A′ςkς
alς

(s, ς)ZamςB′ςkς
(s, ς) = (1 + 1

2s
)δ
A′ς
B′ς
δmςlς

[⇔]Z
A′ς
a (s, ς)Z̄aB′ς (s, ς) = (1 + 1

2s
)δ
A′ς
B′ς
I2s[⇔]Za(s, ς)Z̄

a(s, ς) = (1 + 1
2s

)I4s

12.7 ~êØCÜþÝ
Za(s, ς), Z̄a(s, ς)�5�

5�12.7.1.

Z̄a(s, ς)Zb(s, ς) = 1
2s

[sδab + iSab(s, ς)]

Za(s, ς)Z̄a(s, ς) = (1 + 1
2s

)I4s

5�12.7.2.

(s+ 1)Zb(s, ς) = Za(s, ς)iSab(s, ς), (s+ 1)Z̄a(s, ς) = iSab(s, ς)Z̄
b(s, ς)

Za(s, ς)iSab(s, ς)Z̄
b(s, ς) = (s+ 1)(1 + 1

2s
), Za(s, ς)Z̄a(s, ς) 6= kI4s

5�12.7.3.

−Sac(s, ς)Scb(s, ς) = s(s+ 1)δab + iSab(s, ς)

Z̄a(s, ς)Zb(s, ς) = − 1
2s

[s2δab + Sac(s, ς)S
c
b(s, ς)]

5�12.7.4. [σ(s), iς(s+ 1)]aZ̄a(s, ς) = 0, Za(s, ς)[σ(s),−iς(s+ 1)]a = 0
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y²: [σ(s), iς(s+ 1)]aZ̄a(s, ς)

= −iς√
2

[σ(s), iς(s+ 1)]aN̄(s)(σ ⊗ I2s, iς)a

= −iς√
2
N̄(s)[sσ ⊗ I2s, iς(s+ 1)]aN(s)N̄(s)(σ ⊗ I2s, iς)a

= −iς√
2

[N̄(s)(σ ⊗ I2s,−iς)aN(s)sN̄(s)(σ ⊗ I2s, iς)a − (2s+ 1)N̄(s)]

= −iς√
2

[N̄(s)Za(s, ς)2sZ̄a(s, ς)− (2s+ 1)N̄(s)]

= −iς√
2

[N̄(s)(2s+ 1)− (2s+ 1)N̄(s)]

= 0

13 A���EÜ~êØCÜþ

13.1 EÜ~êØCÜþΓkςαςβς ··(n),Γαςβς ··kς
(n)

½Â13.1.1.

Γkςαςβς · ·︸ ︷︷ ︸
2n

(n) := ( iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n),Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n) := ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ
2n︷ ︸︸ ︷

AςBςCςDς · ·
kς

(n)

�d5µ

íØ13.1.1.

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ
2n︷ ︸︸ ︷

AςBςCςDς · ·
kς

(n)⇔ Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

íØ13.1.2.

Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = ( iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)⇔ ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γkςαςβς · ·︸ ︷︷ ︸
n

(n)

��5µ

íØ13.1.3. Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n) = [Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)]∗ ' Γkςαςβς · ·︸ ︷︷ ︸
n

(n),Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n) = [Γkςαςβς · ·︸ ︷︷ ︸
n

(n)]∗ ' Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

�é¡5µ

íØ13.1.4. Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = 1
n!

Γ

n︷ ︸︸ ︷
(αςβς · ·)
kς

(n),Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = 1
n!

Γkς(αςβς · ·)︸ ︷︷ ︸
n

(n)

Ã,5µ

íØ13.1.5. δαςβςΓ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = 0, δαςβςΓkςαςβς · ·︸ ︷︷ ︸
n

(n) = 0

aPenroseéAµ

Γ

n︷ ︸︸ ︷
αβ · ·
k (n)

P
= Γ

2n︷ ︸︸ ︷
ABCD · ·
k (n) Γ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)
P
= Γ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n) (4.1)

Γkαβ · ·︸ ︷︷ ︸
n

(n)
P
= ΓkABCD · ·︸ ︷︷ ︸

2n

(n) Γk
′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)
P
= Γk

′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n) (4.2)

��5µ

íØ13.1.6. Γkςαςβς · ·︸ ︷︷ ︸
n

(n)Γ

n︷ ︸︸ ︷
αςβς · ·
lς

(n) = δkς lς

íØ13.1.7. Γkςας (1)Γαςlς (1) = δkςlς ,Γ
kς
ας

(1)Γβςkς (1) = δβςας
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íØ13.1.8. ΓAςBςkς
(1) = iς√

2
σAςBςας

Γαςkς (1)⇔ iς√
2
σAςBςας

= Γkςας (1)ΓAςBςkς
(1)

íØ13.1.9. ΓkςAςBς (1) = iς√
2
σαςAςBςΓ

kς
ας

(1)⇔ iς√
2
σαςAςBς = Γαςkς (1)ΓkςAςBς (1)

íØ13.1.10. Γkςα1ςα2ς
(2)Γβ1ςβ2ς

kς
(2) = 1

2!
δ

(β1ς
α1ς δ

β2ς)
α2ς − 1

3!
δ(β1ςβ2ς)δα1ςα2ς

y²: Γkςα1ςα2ς
(2)Γβ1ςβ2ς

kς
(2)

= ( iς√
2
)2σA1ςA2ς

α1ς
σA3ςA4ς
α2ς

( iς√
2
)2σβ1ς

B1ςB2ς
σβ2ς

B3ςB4ς
ΓkςA1ςA2ς ··A2sς

(s)ΓB1ςB2ς ··B2sς

kς
(s)

= ( iς√
2
)2σA1ςA2ς

α1ς
σA3ςA4ς
α2ς

( iς√
2
)2σβ1ς

B1ςB2ς
σβ2ς

B3ςB4ς

1
4!
δB1ς

(A1ς
δB2ς

A2ς
δB3ς

A3ς
δB4ς

A4ς)

= 1
4!

[12δ
(β1ς
α1ς δ

β2ς)
α2ς − 8δβ1ςβ2ςδα1ςα2ς

]

= 1
2!
δ

(β1ς
α1ς δ

β2ς)
α2ς − 1

3!
δ(β1ςβ2ς)δα1ςα2ς

13.2 EÜ~êØCÜþΓkςabcd··(n),Γabcd··kς
(n)

½Â13.2.1. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) := ( i
2
)n σabςαςσ

cd
ςβς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) := ( i
2
)n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

kς
αςβς · ·︸ ︷︷ ︸

n

(n)

íØ13.2.1.

Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = ( i
2
)n σabςαςσ

cd
ςβς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)⇒ Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n) = ( i
2
)n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n)

Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = ( i
2
)n

n︷ ︸︸ ︷
σαςςabσ

βς
ςcd · ·Γ

kς
αςβς · ·︸ ︷︷ ︸

n

(n)⇒ Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = ( i
2
)n σabςαςσ

cd
ςβς
· ·︸ ︷︷ ︸

n

Γkςabcd · ·︸ ︷︷ ︸
2n

(n)

íØ13.2.2. ±eü��ª�±pí§�p�d"
Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γ
2n︷ ︸︸ ︷

AςBςCςDς · ·
kς

(n)

n︷ ︸︸ ︷
εA
′
ςB
′
ςεC

′
ςD
′
ς · ·

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n)

n︷ ︸︸ ︷
εA
′
ςB
′
ςεC

′
ςD
′
ς · · = ( iς√

2
)2n

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c (σ,−iς)D
′
ςDς

d · ·Γ
2n︷ ︸︸ ︷

abcd · ·
kς

(n)

íØ13.2.3. ±eü��ª�±pí§�p�d"
Γkςabcd · ·︸ ︷︷ ︸

2n

(n) = ( iς√
2
)2n

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c (σ,−iς)D
′
ςDς

d · ·ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)

n︷ ︸︸ ︷
εA′ςB′ςεC′ςD′ς · ·

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n)

n︷ ︸︸ ︷
εA′ςB′ςεC′ςD′ς · · = (−iς√

2
)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γkςabcd · ·︸ ︷︷ ︸
2n

(n)

é¡5µ

íØ13.2.4. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 1
n!

1
2n

Γ

2n︷ ︸︸ ︷
([ab][cd] · ·)
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = 1
n!

1
2n

Γkς([ab][cd] · ·)︸ ︷︷ ︸
2n

(n)

éó5µ

íØ13.2.5. Γ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = [−ς]nΓ

2n︷ ︸︸ ︷
∗ab ∗ cd · ·
kς

(n),Γkςabcd · ·︸ ︷︷ ︸
2n

(n) = [−ς]nΓkς∗ab ∗ cd · ·︸ ︷︷ ︸
2n

(n)

Ã,5µ

íØ13.2.6. δabΓ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 0, δacΓ

2n︷ ︸︸ ︷
abcd · ·
kς

(n) = 0, δabΓkςabcd · ·︸ ︷︷ ︸
2n

(n) = 0, δacΓkςabcd · ·︸ ︷︷ ︸
2n

(n) = 0
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PenroseéAµ
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)

P
= ( 1√

2
)nΓ

2n︷ ︸︸ ︷
ABCD · ·
k (n)

n︷ ︸︸ ︷
εA
′B′εC

′D′ · ·,Γ
2n︷ ︸︸ ︷

abcd · ·
k′ (n)

P
= ( 1√

2
)nΓ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n)

n︷ ︸︸ ︷
εABεCD · ·

Γkabcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓkABCD · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
εA′B′εC′D′ · ·,Γk

′

abcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓk

′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
εABεCD · ·

(4.3)

aPenroseéAµ
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)

P
= ( 1√

2
)nΓ

n︷ ︸︸ ︷
αβ · ·
k (n)

n︷ ︸︸ ︷
εA
′B′εC

′D′ · ·,Γ
2n︷ ︸︸ ︷

abcd · ·
k′ (n)

P
= ( 1√

2
)nΓ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)

n︷ ︸︸ ︷
εABεCD · ·

Γkabcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓkαβ · ·︸ ︷︷ ︸

n

(n)

n︷ ︸︸ ︷
εA′B′εC′D′ · ·,Γk

′

abcd · ·︸ ︷︷ ︸
2n

(n)
P
= ( 1√

2
)nΓk

′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)

n︷ ︸︸ ︷
εABεCD · ·

(4.4)

��éA'Xµ
Γ

2n︷ ︸︸ ︷
abcd · ·
k (n)↔ Γ

n︷ ︸︸ ︷
αβ · ·
k (n)↔ Γ

2n︷ ︸︸ ︷
ABCD · ·
k (n),Γ

2n︷ ︸︸ ︷
abcd · ·
k′ (n)↔ Γ

n︷ ︸︸ ︷
α
′
β
′ · ·

k′ (n)↔ Γ

2n︷ ︸︸ ︷
A
′
B
′
C
′
D
′ · ·

k′ (n)

Γkabcd · ·︸ ︷︷ ︸
2n

(n)↔ Γkαβ · ·︸ ︷︷ ︸
n

(n)↔ ΓkABCD · ·︸ ︷︷ ︸
2n

(n),Γk
′

abcd · ·︸ ︷︷ ︸
2n

(n)↔ Γk
′

α
′
β
′ · ·︸ ︷︷ ︸
n

(n)↔ Γk
′

A
′
B
′
C
′
D
′ · ·︸ ︷︷ ︸

2n

(n)
(4.5)

��5µ

íØ13.2.7. Γkςabcd · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
abcd · ·
lς

(n) = 2nδkς lς

13.3 EÜ~êØCÜþN
kςk′ς
lς l′ςa

(s), N
l′ς lςa
k′ςkς

(s)�Ú\

½Â13.3.1. N
kςk
′
ς

lς l′ςa
(s) := iς√

2
Nkς
Aς lς

(s)N
k′ς
A′ς l
′
ς
(s)(σ,−iς)A

′
ςAς

a , N
l′ς lςa

k′ςkς
(s) := −iς√

2
N
A′ς l
′
ς

k′ς
(s)NAς lς

kς
(s)(σ, iς)aAςA′ς

íØ13.3.1. Nkς
Aς lς

(s)N
k′ς
A′ς l
′
ς
(s) = −iς√

2
N
kςk
′
ς

lς l′ςa
(s)(σ, iς)aAςA′ς , N

A′ς l
′
ς

k′ς
(s)NAς lς

kς
(s) = iς√

2
N
l′ς lςa

k′ςkς
(s)(σ,−iς)A

′
ςAς

a

PenroseP{µ

Nkk′

ll′a(s)
P
= Nk

Al(s)N
k′

A′l′(s) N l′la
k′k (s)

P
= NA′l′

k′ (s)NAl
k (s) (4.6)

13.4 EÜ~êØCÜþΓa1b1c1d1··a2b2c2d2··
abcd·· (n)�Ú\

½Â13.4.1. Γ

2n︷ ︸︸ ︷
a1b1c1d1 · ·

2n︷ ︸︸ ︷
a2b2c2d2 · ·

abcd · ·︸ ︷︷ ︸
2n

(n) := Γ
kςk
′
ς

abcd · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
a1b1c1d1 · ·
kς

(n)Γ

2n︷ ︸︸ ︷
a2b2c2d2 · ·
k′ς

(n)

13.5 EÜ~êØCÜþΓAςBςCςDς ··αςβς ·· (n),Γαςβς ··AςBςCςDς ··(n)�Ú\

½Â13.5.1.

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
αςβς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n 1

(2n)!
σ(AςBς
ας

σCςDςβς
· ·)︸ ︷︷ ︸

n

Γ

2n︷ ︸︸ ︷
αςβς · ·
AςBςCςDς · ·︸ ︷︷ ︸

2n

(n) := Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n)ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n 1

(2n)!

n︷ ︸︸ ︷
σας(AςBς

σβςCςDς · ·)

14 EÜ~êØCÜþΓ
kςk

′
ς

abc··(s),Γ
abc··
kςk′ς

(s)

14.1 EÜ~êØCÜþΓ
kςk′ς
abc··(s),Γ

abc··
kςk′ς

(s)�Ú\

½Â14.1.1.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) := ( iς√
2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
2s︷ ︸︸ ︷

AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)
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⇔

íØ14.1.1.
Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s) = ( iς√

2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γ
2s︷ ︸︸ ︷

abc · ·
kςk′ς

(s)

��C'Xµ

íØ14.1.2.
Γ
kςk
′
ς

abc · ·︸ ︷︷ ︸
2s

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ' (−1)2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂+
a ∂

+
b ∂

+
c · ·

Γ

2s︷ ︸︸ ︷
abc · ·
k′ςkς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ' (−1)2sΓ

k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)

2s︷ ︸︸ ︷
∂+a∂+b∂+c · ·

�é¡5µ

íØ14.1.3. Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) = 1
(2s)!

Γ
k′ςkς
(abc · ·)︸ ︷︷ ︸

2s

(s),Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(abc · ·)
kςk′ς

(s)

Ã,5µ

íØ14.1.4. δabΓ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) = 0, δabΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) = 0

PenroseP{µ

Γk
′k
abc · ·︸ ︷︷ ︸

2s

(s)
P
= Γk

′

A
′
B
′
C
′ · ·︸ ︷︷ ︸

2s

(s)ΓkABC · ·︸ ︷︷ ︸
2s

(s) Γ

2s︷ ︸︸ ︷
abc · ·
kk′ (s)

P
= Γ

2s︷ ︸︸ ︷
ABC · ·
k (s)Γ

2s︷ ︸︸ ︷
A
′
B
′
C
′ · ·

k′ (s) (4.7)

��5µ

íØ14.1.5. Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)Γ

2s︷ ︸︸ ︷
abc · ·
lς l′ς

(s) = δkς lςδ
k′ς l′ς

14.2 EÜ~êØCÜþΓ
kςk′ς
abc··(s, w),Γabc··kςk′ς

(s, w)�Ú\

½Â14.2.1.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s, w) := ( iς√
2
)2s

2s,w︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s, w)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s, w)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s, w) := (−iς√
2

)2s

2s,w︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
2s︷ ︸︸ ︷

AςBςCς · ·
kς

(s, w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s, w)

⇔

½Â14.2.2.
Γabc · ·︸ ︷︷ ︸

2s

(s,−ς;w) := ( iς√
2
)2sΓ̄(s)

2s︷ ︸︸ ︷
(σ,−iς)a ⊗ (σ,−iς)b ⊗ (σ,−iς)c ⊗ ··Γ(s)

Γ

2s︷ ︸︸ ︷
abc · ·(s, ς;w) := (−iς√

2
)2sΓ̄(s)

2s︷ ︸︸ ︷
(σ, iς)a ⊗ (σ, iς)b ⊗ (σ, iς)c ⊗ ··Γ(s)

íØ14.2.1. Γ

2s︷ ︸︸ ︷
abc · ·(s, ς;w) = (−iς√

2
)2sN̄(s;w)[Iw+1⊗Γ̄(s− 1

2
;w)]

2s︷ ︸︸ ︷
(σ, iς)a ⊗ (σ, iς)b ⊗ (σ, iς)c ⊗ ··[Iw+1⊗Γ(s− 1

2
;w)]N(s;w)

íØ14.2.2. Γ

2s︷ ︸︸ ︷
abc · ·(s, ς;w) = (−iς√

2
)N̄(s;w)[(σ, iς)a ⊗ Γ

2s−1︷ ︸︸ ︷
bc · ·(s− 1

2
, ς;w)]N(s;w)
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14.3 EÜ~êØCÜþΓ
αςα′ςβςβ

′
ς ··

abcd·· (n),Γabcd··αςα′ςβςβ
′
ς ··(n)�Ú\

½Â14.3.1.

Γkςαςβς · ·︸ ︷︷ ︸
2n

(n) := ( iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n),Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n) := ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·Γ
2n︷ ︸︸ ︷

AςBςCςDς · ·
kς

(n)

½Â14.3.2.
Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) := ( iς√
2
)2s

2s︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·Γk
′
ς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
2s︷ ︸︸ ︷

AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

5�14.3.1. ΓkςA1ςA2ς ··A2sς
(s)ΓB1ςB2ς ··B2sς

kς
(s) = 1

(2s)!
δ

(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!
δB1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

½Â14.3.3.

Γ

2n︷ ︸︸ ︷
α
′
ςαςβ

′
ςβς · ·

abc · ·︸ ︷︷ ︸
2s

(n) := Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n)

= (− 1
4
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·

n︷ ︸︸ ︷
σ
α′ς
A′ςB

′
ς
σ
β′ς
C′ςD

′
ς
· ·

2n︷ ︸︸ ︷
(σ,−iς)A

′
ςAς

a (σ,−iς)B
′
ςBς

b (σ,−iς)C
′
ςCς

c · ·

Γ

2n︷ ︸︸ ︷
abc · ·
αςα

′
ςβςβ

′
ς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

(n)Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

= (− 1
4
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
· ·︸ ︷︷ ︸

n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·

⇒

íØ14.3.1.

Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n) := Γ
k′ς
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

(n)Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
α
′
ςαςβ

′
ςβς · ·

abc · ·︸ ︷︷ ︸
2s

(n)

Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) := Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)Γ

2n︷ ︸︸ ︷
abc · ·
αςα

′
ςβςβ

′
ς · ·︸ ︷︷ ︸

2n

(n)

íØ14.3.2.Γ
α′ςας
ab (1) := Γ

α′ς
k′ς

(1)Γαςkς (1)Γ
k′ςkς
ab (1)

Γabαςα′ς (1) := Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς (1)
[⇔]

Γ
k′ςkς
ab (1) := Γ

k′ς
α′ς

(1)Γkςας (1)Γ
α′ςας
ab (1)

Γabkςk′ς (1) := Γαςkς (1)Γ
α′ς
k′ς

(1)Γabαςα′ς (1)

Γ
α′ςας
ab (1) = σ

α′ςας
ab

Γabαςα′ς (1) = σabαςα′ς

14.4 EÜ~êØCÜþΓ
kςk′ς
abc··(s),Γ

abc··
kςk′ς

(s)cA��äNÐm

y²: Γ

2s︷ ︸︸ ︷
πππ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(iς)AςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
δAςA′ςδBςB′ςδCςC′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sδkςk′ς

y²: Γ

2s︷ ︸︸ ︷
iππ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)
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= −iς( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
(σ)iAςA′ςδBςB′ςδCςC′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −iς( 1√
2
)2s 1

s
σi(s)kςk′ς

y²: Γ

2s︷ ︸︸ ︷
ijπ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2sΓ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ςδCςC′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2s 1

2s(s− 1
2

)
[{σi(s), σj(s)} − sδij ]kςk′ς

y²: Γ

2s︷ ︸︸ ︷
ijkπ · ·
kςk′ς

(s)

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (iς)DςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s iς

2s(s− 1
2

)(s−1)
{σ{j(s)[σi(s)]σk}(s)− [(s− 1)σi(s)δjk + sδi{jσk}(s)]}kςk′ς

y²: Γ

2s︷ ︸︸ ︷
ijkl · ·
kςk′ς

(s)∂i∂j∂k∂l

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (σ)lDςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s 1

s(s− 1
2

)(s−1)(s− 3
2

)
[σi(s)σj(s)σk(s)σl(s) + (2− 3s)σi(s)σj(s)δkl + 3s(s−1)

4
δijδkl]kςk′ς∂i∂j∂k∂l

14.5 Γabc··+ (s)ÚΓabc··− (s)�½Â

½Â14.5.1. odd := −, even := +

½Â14.5.2.


Γ

2s︷ ︸︸ ︷
abc · ·(s) = 1 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) := 1 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 0 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
− (s) := 0 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

íØ14.5.1. Γ

2s︷ ︸︸ ︷
abc · ·(s) = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) + Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

14.6 �ÎΓabc··± (s)papbpc · ·ÚΓabc··± (s)∂a∂b∂c · ·�Ä�5�

5�14.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · =

2s∑
n=0

Cn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
pipj · · pnπ

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · =

2s∑
n=0

Cn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂i∂j · · ∂nπ

5�14.6.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s]∑
l=0

C2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
pipj · · p2l

π

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s]∑
l=0

C2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∂2l

π

5�14.6.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s− 1
2

]∑
l=0

C2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
pipj · · p2l+1

π

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s− 1
2

]∑
l=0

C2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∂2l+1

π
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5�14.6.4.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
papbpc · ·+Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·+Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·

14.7 �Îp̂aÚ∂̂a�½Â

½Â14.7.1. p̂a := pa
|~p| = (p̂, i); p̂ = ~p

|~p| , p̂π = pπ
|~p| = i; p̂2 = 1, p̂2

π = i2

½Â14.7.2. ∂̂a := ∂a
i
√
−∇2 = −i∂a√

−∇2 = (−i∇,−∂t)√
−∇2 ; ∇̂ = ∇

i
√
−∇2 = −i∇√

−∇2 ; ∇̂2 = 1, ∇̂2
π = i2

íØ14.7.1. pa ' −i∂a, |~p| '
√
−∇2, p̂a ' ∂̂a, pa = |~p|p̂a, ∂a = (i

√
−∇2)∂̂a

14.8 �ÎΓabc··(s)p̂ap̂bp̂c · ·ÚΓabc··(s)∂̂a∂̂b∂̂c · ·�Ä�5�

íØ14.8.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · = |~p|2sΓ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · = (i

√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·

5�14.8.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

2s∑
n=0

inCn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
p̂ip̂j · · =

2s∑
n=0

i2s−nCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π(s)

n︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

2s∑
n=0

inCn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂̂i∂̂j · · =

2s∑
n=0

i2s−nCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π(s)

n︷ ︸︸ ︷
∂̂i∂̂j · ·

5�14.8.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · ·

5�14.8.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i

[s− 1
2

]∑
l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
p̂ip̂j · ·

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i

[s− 1
2

]∑
l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · ·

14.9 �ÎΓij··π··πkςk′ς
(s)p̂ip̂j · ·ÚΓij··π··πkςk′ς

(s)∂̂i∂̂j · ·�Ðmª

íØ14.9.1. Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) = (−iς)n2n−sΓ

n︷ ︸︸ ︷
ij · ·
kςk′ς

(s, n;w) = (−iς)n
2s−n

1
n!

[n/2]∑
k

c(s, n;n− 2k)Ωn−2k(s)

y²: Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

= (−iς√
2

)2s2n(iς)2s−nΓ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

n︷ ︸︸ ︷
σ( 1

2
)iAςA′ςσ( 1

2
)jBςB′ς · ·

2s−n︷ ︸︸ ︷
δPςP ′ςδQςQ′ς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

= (−iς)n2n−sΓ

n︷ ︸︸ ︷
ij · ·
kςk′ς

(s, n;w) = (−iς)n
2s−n

1
n!

[n/2]∑
k=0

c(s, n;n− 2k)Ωn−2k(s)

íØ14.9.2.


Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · · = (−iς)n

2s−n

[n/2]∑
k=0

c(s, n;n− 2k)[σ(s) · p̂]n−2k

Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
∂̂i∂̂j · · = (−iς)n

2s−n

[n/2]∑
k=0

c(s, n;n− 2k)[σ(s) · ∇̂]n−2k
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íØ14.9.3.


Γ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−n︷ ︸︸ ︷
p̂ip̂j · · = (−iς)2s−n

2n−s

[(2s−n)/2]∑
k=0

c(s, 2s− n; 2s− n− 2k)[σ(s) · p̂]2s−n−2k

Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
∂̂i∂̂j · · = (−iς)2s−n

2n−s

[(2s−n)/2]∑
k=0

c(s, 2s− n; 2s− n− 2k)[σ(s) · ∇̂]2s−n−2k

14.10 �ÎΓabc··(s)p̂ap̂bp̂c · ·ÚΓabc··(s)∂̂a∂̂b∂̂c · ·�Ðmª

5�14.10.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i2s

2s

2s∑
n=0

[n/2]∑
k=0

Cn2s(−2ς)nc(s, n;n− 2k)[σ(s) · p̂]n−2k

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i2s

2s

2s∑
n=0

[n/2]∑
k=0

Cn2s(−2ς)nc(s, n;n− 2k)[σ(s) · ∇̂]n−2k

5�14.10.2.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i2s

2s

2s∑
n=0

[(2s−n)/2]∑
k=0

Cn2s(−2ς)2s−nc(s, 2s− n; 2s− n− 2k)[σ(s) · p̂]2s−n−2k

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i2s

2s

2s∑
n=0

[(2s−n)/2]∑
k=0

Cn2s(−2ς)2s−nc(s, 2s− n; 2s− n− 2k)[σ(s) · ∇̂]2s−n−2k

5�14.10.3.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (−iς)2s

2−s

[s]∑
l=0

[s−l]∑
k=0

C2l
2s2
−2lc(s, 2s− 2l; 2s− 2l − 2k)[σ(s) · p̂]2s−2l−2k

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = (−iς)2s

2−s

[s]∑
l=0

[s−l]∑
k=0

C2l
2s2
−2lc(s, 2s− 2l; 2s− 2l − 2k)[σ(s) · ∇̂]2s−2l−2k

5�14.10.4.
Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = i (−iς)2s−1

21−s

[s− 1
2

]∑
l=0

[s− 1
2
−l]∑

k=0

2−2lC2l+1
2s c(s, 2s− 2l − 1; 2s− 2l − 1− 2k)[σ(s) · p̂]2s−2l−1−2k

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = i (−iς)2s−1

21−s

[s− 1
2

]∑
l=0

[s− 1
2
−l]∑

k=0

2−2lC2l+1
2s c(s, 2s− 2l − 1; 2s− 2l − 1− 2k)[σ(s) · ∇̂]2s−2l−1−2k

14.11 |^���Ý
¦)Γabc··(s)p̂ap̂bp̂c · ·ÚΓabc··(s)∂̂a∂̂b∂̂c · ·�ÐmXê

5�14.11.1. Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

2s∑
n=0

Cn[σ(s) · p̂]n,Γ
2s︷ ︸︸ ︷

abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

2s∑
n=0

Cn[σ(s) · ∇̂]n

íØ14.11.1. Cn(ς) = (−i
√

2)2sςn

(2s)!
C2s−n
{s,s−1,··,1−s,−s}, n = 0, 1, ··, 2s

y²: λ+(p̂, h; s)Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂, h; s) = λ+(p̂, h; s)

2s∑
n=0

Cn(ς)[σ(s) · p̂]n(s)λ(p̂, h; s)

⇔ λ+(p̂, h; s)(i
√

2)2sλ(p̂,−sς)λ+(p̂,−sς)λ(p̂, h; s) =
2s∑
n=0

Cn(ς)λ+(p̂, h; s)[σ(s) · p̂]n(s)λ(p̂, h; s)

⇔ (i
√

2)2sδ(−sς, h) =
2s∑
n=0

Cn(ς)hn, h = −sς, ··, sς
⇔ s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 C0(−1)
C1(−1)
···

C2s−1(−1)
C2s(−1)

 = (i
√

2)2s

[
1
0
···
0
0

]
 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 C0(1)
C1(1)
···

C2s−1(1)
C2s(1)

 = (i
√

2)2s

[
0
0
···
0
1

]
⇔ C0(−1)

C1(−1)
···

C2s−1(−1)
C2s(−1)

 = (i
√

2)2s

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1 [
1
0
···
0
0

]
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C1(1)
···

C2s−1(1)
C2s(1)

 = (i
√

2)2s

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1 [
0
0
···
0
1

]
⇔ C0(−1)

C1(−1)
···

C2s−1(−1)
C2s(−1)

 = (−i
√

2)2s

(2s)!


(−1)0C2s

{··s−0··}C
0
2s ··· (−1)jC2s

{··s−j··}C
j
2s ··· (−1)2sC2s

{··0−s··}C
2s
2s

(−1)1C2s−1

{··s−0··}
C0

2s ··· (−1)1+jC2s−1

{··s−j··}
Cj2s ··· (−1)1+2sC2s−1

{··0−s··}
C2s

2s

··· ··· ··· ··· ···
(−1)iC2s−i

{··s−0··}
C0

2s ··· (−1)i+jC2s−i
{··s−j··}

Cj2s ··· (−1)i+2sC2s−i
{··0−s··}

C2s
2s

··· ··· ··· ··· ···
(−1)2s−1C1

{··s−0··}C
0
2s ··· (−1)2s−1+jC1

{··s−j··}C
j
2s ··· (−1)4s−1C1

{··0−s··}C
2s
2s

(−1)2sC0
{··s−0··}C

0
2s ··· (−1)2s+jC0

{··s−j··}C
j
2s ··· (−1)4sC0

{··0−s··}C
2s
2s


[

1
0
···
0
0

]

 C0(1)
C1(1)
···

C2s−1(1)
C2s(1)

 = (−i
√

2)2s

(2s)!


(−1)0C2s

{··s−0··}C
0
2s ··· (−1)jC2s

{··s−j··}C
j
2s ··· (−1)2sC2s

{··0−s··}C
2s
2s

(−1)1C2s−1

{··s−0··}
C0

2s ··· (−1)1+jC2s−1

{··s−j··}
Cj2s ··· (−1)1+2sC2s−1

{··0−s··}
C2s

2s

··· ··· ··· ··· ···
(−1)iC2s−i

{··s−0··}
C0

2s ··· (−1)i+jC2s−i
{··s−j··}

Cj2s ··· (−1)i+2sC2s−i
{··0−s··}

C2s
2s

··· ··· ··· ··· ···
(−1)2s−1C1

{··s−0··}C
0
2s ··· (−1)2s−1+jC1

{··s−j··}C
j
2s ··· (−1)4s−1C1

{··0−s··}C
2s
2s

(−1)2sC0
{··s−0··}C

0
2s ··· (−1)2s+jC0

{··s−j··}C
j
2s ··· (−1)4sC0

{··0−s··}C
2s
2s


[

0
0
···
0
1

]

⇔
C0(−1)
C1(−1)
···

Ci(−1)
···

C2s−1(−1)
C2s(−1)

 = (−i
√

2)2s

(2s)!


(−1)0C2s

{··s−0··}C
0
2s

(−1)1C2s−1

{··s−0··}
C0

2s

···
(−1)iC2s−i

{··s−0··}
C0

2s

···
(−1)2s−1C1

{··s−0··}C
0
2s

(−1)2sC0
{··s−0··}C

0
2s

 ,


C0(1)
C1(1)
···

Ci(1)
···

C2s−1(1)
C2s(1)

 = (−i
√

2)2s

(2s)!


(−1)2sC2s

{··0−s··}C
2s
2s

(−1)1+2sC2s−1

{··0−s··}
C2s

2s

···
(−1)i+2sC2s−i

{··0−s··}
C2s

2s

···
(−1)4s−1C1

{··0−s··}C
2s
2s

(−1)4sC0
{··0−s··}C

2s
2s


⇔

C0(−1)
C1(−1)
···

Ci(−1)
···

C2s−1(−1)
C2s(−1)

 = (−i
√

2)2s

(2s)!


(−1)0C2s

{··s−0··}

(−1)1C2s−1

{··s−0··}
···

(−1)iC2s−i
{··s−0··}
···

(−1)2s−1C1
{··s−0··}

(−1)2sC0
{··s−0··}

 ,


C0(1)
C1(1)
···

Ci(1)
···

C2s−1(1)
C2s(1)

 = (−i
√

2)2s

(2s)!


(−1)2sC2s

{··0−s··}

(−1)1+2sC2s−1

{··0−s··}
···

(−1)i+2sC2s−i
{··0−s··}
···

(−1)4s−1C1
{··0−s··}

(−1)4sC0
{··0−s··}


⇔

C0(−1)
C1(−1)
···

Ci(−1)
···

C2s−1(−1)
C2s(−1)

 = (−i
√

2)2s

(2s)!


(−1)0C2s

{··s−0··}

(−1)1C2s−1

{··s−0··}
···

(−1)iC2s−i
{··s−0··}
···

(−1)2s−1C1
{··s−0··}

(−1)2sC0
{··s−0··}

 ,


C0(1)
C1(1)
···

Ci(1)
···

C2s−1(1)
C2s(1)

 = (−i
√

2)2s

(2s)!


C2s
{··s−0··}

C2s−1

{··s−0··}
···

C2s−i
{··s−0··}
···

C1
{··s−0··}

C0
{··s−0··}


⇔

C0(ς)
C1(ς)
···

Ci(ς)
···

C2s−1(ς)
C2s(ς)

 = (−i
√

2)2s

(2s)!


ς0C2s
{··s−0··}

ς1C2s−1

{··s−0··}
···

ςiC2s−i
{··s−0··}
···

ς2s−1C1
{··s−0··}

ς2sC0
{··s−0··}

⇔ Cn(ς) = (−i
√

2)2sςn

(2s)!
C2s−n
{s,s−1,··,1−s,−s}

íØ14.11.2.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (−i

√
2)2s

(2s)!

2s∑
n=0

ςnC2s−n
{s,s−1,··,1−s,−s}[σ(s) · p̂]n

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = (−i

√
2)2s

(2s)!

2s∑
n=0

ςnC2s−n
{s,s−1,··,1−s,−s}[σ(s) · ∇̂]n

5�14.11.2.


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s]∑
l=0

C2s−2l[σ(s) · p̂]2s−2l = (−iς
√

2)2s

(2s)!

[s]∑
l=0

C2l
{s,s−1,··,1−s,−s}[σ(s) · p̂]2s−2l

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s]∑
l=0

C2s−2l[σ(s) · ∇̂]2s−2l = (−iς
√

2)2s

(2s)!

[s]∑
l=0

C2l
{s,s−1,··,1−s,−s}[σ(s) · ∇̂]2s−2l

5�14.11.3.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · =

[s− 1
2

]∑
l=0

C2s−2l−1[σ(s) · p̂]2s−2l−1 = ς(−iς
√

2)2s

(2s)!

[s− 1
2

]∑
l=0

C2l
{s,s−1,··,1−s,−s}[σ(s) · p̂]2s−2l−1

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · =

[s− 1
2

]∑
l=0

C2s−2l−1[σ(s) · ∇̂]2s−2l−1 = ς(−iς
√

2)2s

(2s)!

[s− 1
2

]∑
l=0

C2l+1
{s,s−1,··,1−s,−s}[σ(s) · ∇̂]2s−2l−1
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½n14.11.1.
2s∑
n=0

kn[σ(s) · p̂]n = 0⇔ kn = 0

y²:
2s∑
n=0

kn[σ(s) · p̂]n = 0(⇒
2s∑
n=0

kn[σz(s)]
n = 0)

⇒ λ+(p̂, h; s)
2s∑
n=0

kn[σ(s) · p̂]nλ(p̂, h; s) = 0

⇔
2s∑
n=0

knh
n = 0, h = −s, ··, s

⇔

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

[ k0

k1
···

k2s−1

k2s

]
= 0

⇔ kn = 0

íØ14.11.3. Cn(ς) =
[(2s−n)/2]∑

l=0

Cn+2l
2s (−2ς)n+2lc(s, n+ 2l;n)

y²: Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·

= i2s

2s

2s∑
n=0

[n/2]∑
k=0

Cn2s(−2ς)nc(s, n;n− 2k)[σ(s) · p̂]n−2k

= i2s

2s

2s∑
n=0

n−2[n/2]∑
k=n

Cn2s(−2ς)nc(s, n; k)[σ(s) · p̂]k

= i2s

2s

2s∑
n=0

2s∑
k=0

Cn2s(−2ς)nc(s, n; k)[σ(s) · p̂]k

= i2s

2s

2s∑
n=0

2s∑
k=0

Ck2s(−2ς)kc(s, k;n)[σ(s) · p̂]n

= i2s

2s

2s∑
n=0

Cn(ς)[σ(s) · p̂]n

⇒ Cn(ς) = i2s

2s

2s∑
k=0

Ck2s(−2ς)kc(s, k;n) = i2s

2s

[(2s−n)/2]∑
l=0

Cn+2l
2s (−2ς)n+2lc(s, n+ 2l;n)

íØ14.11.4.
(−i
√

2)2sςn

(2s)!
C2s−n
{s,s−1,··,1−s,−s} ≡

i2s

2s

[(2s−n)/2]∑
l=0

Cn+2l
2s (−2ς)n+2lc(s, n+ 2l;n)

íØ14.11.5. C2s−n
{s,s−1,··,1−s,−s} ≡

(2s)!
(−2)2s−n

[(2s−n)/2]∑
l=0

Cn+2l
2s 22lc(s, n+ 2l;n)

íØ14.11.6. Cn{s,s−1,··,1−s,−s} ≡
(2s)!

(−2)n

[n/2]∑
l=0

Cn−2l
2s 22lc(s, 2s− n+ 2l; 2s− n)

14.12 AÏEÜ~êØCÜþ�m�'X

íØ14.12.1.


Γ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n) = ( 1
2
)n

n︷ ︸︸ ︷
σabαςα′ςσ

cd
βςβ′ς
· ·Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

Γ
k′ς
aãcc̃ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γkς

bb̃dd̃ · ·︸ ︷︷ ︸
2n

(n) = (1
2
)n

n︷ ︸︸ ︷
σ
α′ςας
ab σ

β′ςβς
cd · ·Γk

′
ς

α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n)Γkςαςβς · ·︸ ︷︷ ︸
n

(n)

y²: Γ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)

= ( i
2
)n σaãςαςσ

cc̃
ςβς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·( i2)n σbb̃−ςα′ςσ

dd̃
−ςβ′ς · ·︸ ︷︷ ︸
n

Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= ( 1
2
)n σabαςα′ςσ

cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)
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íØ14.12.2.



Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) = σabαςα′ςσ
cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n) = 2nΓ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)

Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2n

(n) =

n︷ ︸︸ ︷
σ
α′ςας
ab σ

β′ςβς
cd · ·Γk

′
ς

α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(n)Γkςαςβς · ·︸ ︷︷ ︸
n

(n) = 2nΓ
k′ς
aãcc̃ · ·︸ ︷︷ ︸

2n

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γkς

bb̃dd̃ · ·︸ ︷︷ ︸
2n

(n)

y²: Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n) = (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·Γ
2s︷ ︸︸ ︷

AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= (−iς√
2

)2n

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·(
iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)(−iς√
2

)n σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= −iς√
2

(σ, iς)aAςA′ς
−iς√

2
(σ, iς)bBςB′ς

−iς√
2
σ
A′ςB

′
ς

α′ς

iς√
2
σAςBςας

−iς√
2

(σ, iς)cCςC′ς
−iς√

2
(σ, iς)dDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας

· ·

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= σabαςα′ςσ
cd
βςβ′ς
· ·︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)Γ

n︷ ︸︸ ︷
α
′
ςβ
′
ς · ·

k′ς
(n)

= 2nΓ

2n︷ ︸︸ ︷
aãcc̃ · ·
kς

(n)

n︷ ︸︸ ︷
δãb̃δc̃d̃ · ·Γ

2n︷ ︸︸ ︷
bb̃dd̃ · ·
k′ς

(n)

15 �Ä��~êØCÜþ
�Ä��~êØCÜþµ

εAB, ε
AB; δab, δ

ab; δαβ, δ
αβ; εαβγ ; (σ,−i)A

′A
a ;σαA

B;Nk
Al(s), N

Al
k (s) (4.8)

±þ´�Ä��~êØCÜþ§�Ù�þ�ÙÙ§¤k�~êØCÜþþ�±d§��Ñ§¤±��±þA�~

êØCÜþ��C5��y²§d§��Ñ�~êØCÜþ��C5g,¤á"
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g·µãµ�Ù´3c¡Ù!Ä:þ§ò~êØCÜþ�¡XÚ/ p�!$�Ã¡�Úp$���ü��

�uÐ§��
p$���¥��«~êØCÜþ§l�ïÄp$���âfÔnJø
��kå�êÆó

ä"

1 N+1����âÔ[+L«

1.1 N+1���DiracÝ
�4íL�

½Â1.1.1.

γa(1) = (1)

γ1(1) = 1

½Â1.1.2.


γa(2) := (γa(1)⊗ σx, 1⊗ σy) = (σx, σy)

Γa(2) := [γa(1), iς] = (1, iς)

γ1(2)γ2(2) = iσz


C1(2) := γ1(2) = σx, C2(2) := γ2(2) = σy

C+
1 (2)γa(2)C1(2) = γTa (2), CT1 (2) = C1(2)

C+
2 (2)γa(2)C2(2) = −γTa (2), CT2 (2) = −C2(2)

½Â1.1.3.

γa(3) = [γa(2), 1⊗ σz] = (σx, σy, σz)

γ1(3) · · · γ3(3) = i

C(3) := γ2(3) = σy, C(3) = C2(2)

C+(3)γa(3)C(3) = −γTa (3), CT (3) = −C(3)

½Â1.1.4.


γa(4) = [γa(3)⊗ σx, I ⊗ σy] = (σ ⊗ σx, I ⊗ σy)

Γa(4) = [γa(3), iς]

γ1(4) · · · γ4(4) = −I ⊗ σz



C1(4) := γ1(4)γ3(4) = −iσy ⊗ I

C2(4) := γ2(4)γ4(4) = iσy ⊗ σz

C+
1 (4)γa(4)C1(4) = −γTa (4), CT1 (4) = −C1(4)

C+
2 (4)γa(4)C2(4) = γTa (4), CT2 (4) = −C2(4)

½Â1.1.5.

γa(5) = [γa(4), I ⊗ σz]

γ1(5) · · · γ5(5) = −1

C(5) := γ2(4)γ4(4) = iσy ⊗ σz, C(5) = C2(4)

C+(5)γa(5)C(5) = γTa (5), CT (5) = −C(5)

½Â1.1.6.


γa(6) = [γa(5)⊗ σx, I4 ⊗ σy]

Γa(6) = [γa(5), iς]

γ1(6) · · · γ6(6) = −iI4 ⊗ σz



C1(6) := γ1(6)γ3(6)γ5(6) = −iσy ⊗ σz ⊗ σx

C2(6) := γ2(6)γ4(6)γ6(6) = iσy ⊗ σz ⊗ σy

C+
1 (6)γa(6)C1(6) = γTa (6), CT1 (6) = −C1(6)

C+
2 (6)γa(6)C2(6) = −γTa (6), CT2 (6) = C2(6)

½Â1.1.7.

γa(7) = [γa(6), I4 ⊗ σz]

γ1(7) · · · γ7(7) = −i

C(7) := γ2(7)γ4(7)γ6(7) = iσy ⊗ σz ⊗ σy, C(7) = C2(6)

C+(7)γa(7)C(7) = −γTa (7), CT (7) = C(7)

½Â1.1.8.


γa(8) = [γa(7)⊗ σx, I8 ⊗ σy]

Γa(8) = [γa(7), iς]

γ1(8) · · · γ8(8) = I8 ⊗ σz



C1(8) := γ1(8)γ3(8)γ5(8)γ7(8) = −σy ⊗ σz ⊗ σy ⊗ I

C2(8) := γ2(8)γ4(8)γ6(8)γ8(8) = −σy ⊗ σz ⊗ σy ⊗ σz

C+
1 (8)γa(8)C1(8) = −γTa (8), CT1 (8) = C1(8)

C+
2 (8)γa(8)C2(8) = γTa (8), CT2 (8) = C2(8)

½Â1.1.9.

γa(9) = [γa(8), I8 ⊗ σz]

γ1(9) · · · γ9(9) = 1

C(9) := γ2(8)γ4(8)γ6(8)γ8(8) = −σy ⊗ σz ⊗ σy ⊗ σz, C(9) = C2(8)

C+(9)γa(9)C(9) = γTa (9), CT (9) = C(9)
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½Â1.1.10.


γa(10) = [γa(9)⊗ σx, I16 ⊗ σy]

Γa(10) = [γa(9), iς]

γ1(10) · · · γ10(10) = iI16 ⊗ σz



C1(10) := γ1(10)γ3(10)γ5(10)γ7(10)γ9(10)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σx

C2(10) := γ2(10)γ4(10)γ6(10)γ8(10)γ10(10)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σy

C+
2 (10)γa(10)C2(10) = −γTa (10), CT2 (10) = −C2(10)

C+
1 (10)γa(10)C1(10) = γTa (10), CT1 (10) = C1(10)

½Â1.1.11.

γa(11) = [γa(10), I16 ⊗ σz]

γ1(11) · · · γ11(11) = i


C(11) := γ2(11)γ4(11)γ6(11)γ8(11)γ10(11)

= −σy ⊗ σz ⊗ σy ⊗ σz ⊗ σy, C(11) = C2(10)

C+(11)γa(10)C(11) = −γTa (11), CT (11) = −C(11)

1.2 N+1���DiracÝ
!��^þÚ¢L�/ª

½Â1.2.1.


γa(2) = (σx, σy), 2

1 × 21

Γa(2) = (1, iς), 20 × 20

γ1(2)γ2(2) = iσz

½Â1.2.2.

γa(3) = (σx, σy, σz)→ (σz, σx, σy), 2
1 × 21

γ1(3) · · · γ3(3) = i

½Â1.2.3.


γa(4) = (σ ⊗ σx, I ⊗ σy)→ (σ+σ−x, σ−y), 2

2 × 22

Γa(4) = [γa(3), iς]→ Null, 21 × 21

γ1(4) · · · γ4(4) = −I ⊗ σz

½Â1.2.4.

γa(5) = [σ ⊗ σx, I ⊗ σy, I ⊗ σz]→ Null, 22 × 22

γ1(5) · · · γ5(5) = −1

½Â1.2.5.


γa(6) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy], 23 × 23

Γa(6) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz), iς], 22 × 22

γ1(6) · · · γ6(6) = −iI4 ⊗ σz

½Â1.2.6.

γa(7) = [(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz], 23 × 23

γ1(7) · · · γ7(7) = −i

½Â1.2.7.


γa(8) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy], 24 × 24

Γa(8) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz], iς]→ Null, 23 × 23

γ1(8) · · · γ8(8) = I8 ⊗ σz

½Â1.2.8.



γa(9) = [[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]→ Null, 24 × 24

γ1(9) · · · γ9(9) = 1

γas (9) = Sγa(9)S+, S = [σz ⊗ σy ⊗ I ⊗ σy][SexSem(−1)⊗ I4][I ⊗ Sem(−1)⊗ Sc( 1
2
)]

= −{[(σx ⊗ I, σy ⊗ σy, σz ⊗ I)⊗ σy, σy ⊗ σx ⊗ I, I ⊗ σy ⊗ σz, I ⊗ σy ⊗ σx, σy ⊗ σz ⊗ I]⊗ σy

, I ⊗ I ⊗ I ⊗ σz, I ⊗ I ⊗ I ⊗ σx} ∈ R
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½Â1.2.9.

γa(10) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]⊗ σx, I16 ⊗ σy], 25 × 25

Γa(10) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz], iς], 24 × 24

γ1(10) · · · γ10(10) = iI16 ⊗ σz

Γas(10) = [γs(9), iς], γas (10) = [γs(9)⊗ σx, I16 ⊗ σy]

½Â1.2.10.
γa(11) = [[[(σ ⊗ σx, I ⊗ σy, I ⊗ σz)⊗ σx, I4 ⊗ σy, I4 ⊗ σz]⊗ σx, I8 ⊗ σy, I8 ⊗ σz]⊗ σx, I16 ⊗ σy, I16 ⊗ σz]

γ1(11) · · · γ11(11) = i

γas (11) = [Γis(10)⊗ σx, I16 ⊗ σz, I16 ⊗ σy]

1.3 N+1���DiracÝ
{'�E

½Â1.3.1.



γn+1(n) := i−[n/2]γ1(n) · · · γn(n)

γa(4) = [γa(2)⊗ I, γ3(2)⊗ γa(2)]

γa(5) = [γa(2)⊗ I, γ3(2)⊗ γa(3)] = [γa(2)⊗ I, γ3(2)⊗ γa(2), γ3(2)⊗ γ3(2)]

γa(6) = [γa(2)⊗ I4, γ3(2)⊗ γa(4)]

γa(7) = [γa(2)⊗ I4, γ3(2)⊗ γa(5)] = [γa(2)⊗ I4, γ3(2)⊗ γa(4), γ3(2)⊗ γ5(4)]

γa(8) = [γa(4)⊗ I4, γ5(4)⊗ γa(4)]

γa(9) = [γa(4)⊗ I4, γ5(4)⊗ γa(5)] = [γa(4)⊗ I4, γ5(4)⊗ γa(4), γ5(4)⊗ γ5(4)]

γa(10) = [γa(4)⊗ I8, γ5(4)⊗ γa(6)]

γa(11) = [γa(4)⊗ I8, γ5(4)⊗ γa(6), γ5(4)⊗ γ7(6)]

½Â1.3.2.

γas (10) = [γas (9)⊗ σx, I16 ⊗ σy]

γas (11) = [γas (9)⊗ σx, I16 ⊗ σz, I16 ⊗ σy]

1.4 N+1=2n���ÏLDiracÝ
�E¤��f [38]

½Â1.4.1.



a1(2n) = 1
2
[γ1(2n) + iγ2(2n)]

a2(2n) = 1
2
[γ3(2n) + iγ4(2n)]

· · · · · ·

an(2n) = 1
2
[γ2n−1(2n) + iγ2n(2n)]

⇒


{aj(2n), a+

k (2n)} = δjk

{aj(2n), ak(2n)} = 0

{a+
j (2n), a+

k (2n)} = 0

1.5 N+1���DiracÝ
�4í'X

½Â1.5.1.


γa(2n) = [γa(2n− 1)⊗ σx, I2n ⊗ σy]

Γa(2n) = [γa(2n− 1), iς]

γ1(2n) · · · γ2n(2n) = inI2n ⊗ σz = inγ2n+1(2n+ 1)


C1(2n) := γ1(2n)γ3(2n) · · · γ2n−1(2n)

C2(2n) := γ2(2n)γ4(2n) · · · γ2n(2n)

C+
r (2n)γa(2n)Cr(2n) = (−1)n+rγ∗a(2n)

½Â1.5.2.

γa(2n+ 1) = [γa(2n), I2n ⊗ σz]

γ1(2n+ 1) · · · γ2n+1(2n+ 1) = in

C(2n+ 1) = C2(2n)

C+(2n+ 1)γa(2n+ 1)C(2n+ 1) = (−1)nγ∗a(2n+ 1)

1.6 N+1����g^Üþ

½Â1.6.1.


Sab(ν; 2n) :=

[
Sij(e;2n−1) − 1

2
~γ(2n−1)

1
2
~γ(2n−1) 0

]
= − i

4
[γ(2n− 1), i][a[γ(2n− 1),−i]b]

Sab(ν̄; 2n) :=

[
Sij(e;2n−1)

1
2
~γ(2n−1)

− 1
2
~γ(2n−1) 0

]
= − i

4
[γ(2n− 1),−i][a[γ(2n− 1), i]b]
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íØ1.6.1. Sab(e; 2n) = Sab(ν; 2n)⊕ Sab(ν̄; 2n) = − i
4
[γa(2n), γb(2n)]

íØ1.6.2. Sab(ς; 2n) = − i
4
[γ(2n− 1), iς][a[γ(2n− 1),−iς]b] ⇔ Sab(ς; 2n) :=

[
Sij(e;2n−1) − ς

2
~γ(2n−1)

ς
2
~γ(2n−1) 0

]
íØ1.6.3. Sab(e; 2n+ 1) = − i

4
[γa(2n+ 1), γb(2n+ 1)] = − i

4
[iςγ(2n)γ0(2n),−iς][a[iςγ(2n)γ0(2n), iς]b]

íØ1.6.4. i
2
ϑabSab(e; 2n+ 1) = i

2
ϑab[γa(2n+ 1), γb(2n+ 1)]

íØ1.6.5. i
2
ϑabSab(e; 2n) = i

2
ϑabSab(ν; 2n)⊕ i

2
ϑabSab(ν̄; 2n)

y²: i
2
ϑabSab(e; 2n) = 1

8
ϑab[γa(2n), γb(2n)] = 1

4
ϑi<j [γi(2n), γj(2n)] + 1

4
ϑiπ[γi(2n), γπ(2n)]

= 1
4
ϑi<j [γi(2n− 1), γj(2n− 1)]⊗ I − i

2
ϑiπγi(2n− 1)⊗ σz

= iϑi<jSij(e; 2n− 1)⊗ I − i
2
ϑiπγi(2n− 1)⊗ σz

= [iϑi<jSij(e; 2n− 1)− i
2
ϑiπγi(2n− 1)]⊕ [iϑi<jSij(e; 2n− 1) + i

2
ϑiπγi(2n− 1)]

= [iϑi<jSij(e; 2n− 1) + ε · 1
2
γ(2n− 1)]⊕ [iϑi<jSij(e; 2n− 1)− ε · 1

2
γ(2n− 1)]

= i
2
ϑabSab(ν; 2n)⊕ i

2
ϑabSab(ν̄; 2n)

1.7 N+1����âÔ[+L«

íØ1.7.1. {γa, γb} = 2gab ⇒ i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac;Sab := − i
4
[γa, γb]

y²: i[Sab, Scd]

= − i
16

[[γa, γb], [γc, γd]]

= − i
16
{[[γa, γb], γcγd]− [[γa, γb], γdγc]}

= − i
16
{[[γa, γb], γc]γd + γc[[γa, γb], γd]− [[γa, γb], γd]γc − γd[[γa, γb], γc]}

= − i
16
{−{{γc, γa}, γb}γd + {γa, {γc, γb}}γd − γc{{γd, γa}, γb}+ γc{γa, {γd, γb}}

+ {{γd, γa}, γb}γc − {γa, {γd, γb}}γc + γd{{γc, γa}, γb} − γd{γa, {γc, γb}}}
= − i

16
{−4δcaγbγd + 4δcbγaγd − 4δdaγcγb + 4δdbγcγa + 4δdaγbγc − 4δdbγaγc + 4δcaγdγb − 4δcbγdγa}

= − i
4
{δda[γb, γc]− δdb[γa, γc]− δca[γb, γd] + δcb[γa, γd]}

= gadSbc − gacSbd + gbcSad − gbdSac

íØ1.7.2.


i[Sab(ν; 2n), Scd(ν; 2n)] = gadSbc(ν; 2n)− gacSbd(ν; 2n) + gbcSad(ν; 2n)− gbdSac(ν; 2n)

i[Sab(ν̄; 2n), Scd(ν̄; 2n)] = gadSbc(ν̄; 2n)− gacSbd(ν̄; 2n) + gbcSad(ν̄; 2n)− gbdSac(ν̄; 2n)

i[Sab(ς; 2n), Scd(ς; 2n)] = gadSbc(ς; 2n)− gacSbd(ς; 2n) + gbcSad(ς; 2n)− gbdSac(ς; 2n)

íØ1.7.3. ~Sab := −iSab|cd = −i(δacδbd − δadδbc)⇒ i[~Sab, ~Scd] = gad~Sbc − gac~Sbd + gbc~Sad − gbd~Sac

íØ1.7.4. e
i
2
θab~Sab = eθ

1.8 N+1����Ý5ÜþÚ>Ö�ÝÝ


½Â1.8.1. C+γa(ς)C = −γTa (ς), CT = −C,C+C = CC+ = I

íØ1.8.1.C(n)Sab(e;n) = [C(n)Sab(e;n)]T , C(2n− 1)Sab(ς; 2n) = [C(2n− 1)Sab(ς; 2n)]T

C(n)γa(e;n) = [C(n)γa(e;n)]T , C(2n− 1)γa(2n− 1) = [C(2n− 1)γa(2n− 1)]T

íØ1.8.2.ε(2n)Sab(e; 2n) = −STab(e; 2n)ε(2n), ε(2n− 1)Sab(ς; 2n) = −STab(ς; 2n)ε(2n− 1)

ε(2n− 1)Sab(e; 2n− 1) = −STab(e; 2n− 1)ε(2n− 1), ε(2n− 1)γa(2n− 1) = −γTa (2n− 1)ε(2n− 1)
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1.9 N+1���¥�~êØCÜþ(ªu¤õí2
)

3?¿n=N+1���¥�3Xe½nµ

½n1.9.1. [Γ(N), iς]a = [eϑ]abe
1
8
ϑij [Γi(N),Γj(N)]+ςε· 1

2
Γ(N)[Γ(N), iς]be−

1
8
ϑij [Γi(N),Γj(N)]+ςε· 1

2
Γ(N)

g·µãµ¤±[Γ(N), iς]aAςA′ςÚ[Γ(N),−iς]A
′
ςAς

a ´~êØCÜþ§´Penrose^þ3p$����í2"

3?¿n=N+1���¥�3Xe½nµ

½n1.9.2. Γab = [eϑ]a
c[eϑ]b

de
i
2
ϑefΓefΓcde

− i
2
ϑefΓef ⇔ i[Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

¤±Sabλς
µς (e, ς;n), Sab

λ′ςµ′ς
(e,−ς;n), SabAς

Bς ( 1
2
, ς; 2n), Sab

A′ςB′ς
( 1

2
,−ς; 2n) ´~êØCÜþ"

½n1.9.3. Γa = [eϑ]a
be

i
2
ϑcdΓcdΓbe

− i
2
ϑcdΓcd ⇔ i[Γa,Γcd] = δa[cΓd]

½n1.9.4.

Γ0 = e
i
2
ϑabSabΓ0e

− i
2
ϑabSab , Sab = − i

4
[Γa,Γb],Γ0 = Γ1 · · ·ΓN+1

Γ0 = e
i
2
ϑ∗abSabΓ0e

− i
2
ϑ∗abSab , Sab = − i

4
[Γa,Γb],Γ0 = Γ1 · · ·ΓN+1

¤±γaλς
µς (n), γa′

λ′ςµ′ς
(n) γ0

λς
µς (n), γ0

λ′ςµ′ς
(n) ´~êØCÜþ"

½n1.9.5.

ΓN+1 = e
i
2
ϑ∗abSabΓN+1e

− i
2
ϑabSab , Sab = − i

4
[Γa,Γb]

ΓN+1 = e
i
2
ϑabSabΓN+1e

− i
2
ϑ∗abSab , Sab = − i

4
[Γa,Γb]

¤±γ
λ′ςλς
n (n), γnλςλ′ς (n), (γnγa)

λ′ςλς (n), (γaγn)λςλ′ς (n), (γnγa
′
)λςλ′ς (n), (γa′γn)λ

′
ςλς (n) ´~êØCÜþ"

1.10 n=N+1���¥�~êØCÜþ5�

½n1.10.1.


Sab(e;n) = − i

4
[γa(n), γb(n)] = − i

4
[iςγ(N)γ0(N),−iς][a[iςγ(N)γ0(N), iς]b]

2δab = {γa(n), γb(n)} = [iςγ(N)γ0(N),−iς]{a[iςγ(N)γ0(N), iς]b}

γa(n)γb(n) = [iςγ(N)γ0(N),−iς]a[iςγ(N)γ0(N), iς]b = δab + 2iSab(e, ς;n)

½n1.10.2.


Sab(

1
2
, ς;n) = − i

4
[Γ(N), iς][a[Γ(N),−iς]b]

2δab = [Γ(N), iς]{a[Γ(N),−iς]b}

[Γ(N), iς]a[Γ(N),−iς]b = δab + 2iSab(
1
2
, ς;n)

1.11 n=N+1���¥�PenroseC�

½n1.11.1. xA
′
ςAς (n) := [Γ(N),−iς]A

′
ςAς

a xa ⇒ xa = 1
2[N/2] [Γ(N), iς]aAςA′ςx

A′ςAς (n)

½n1.11.2. xλς
µς (n) := γaλς

µς (n)xa ⇒ xa = 1
2[n/2] γ

a
µς
λς (n)xλς

µς (n), n ≥ 2

2 	Ü��é¡C� [27, 28]

2.1 $\4C�

íØ2.1.1. x′ = eεx+ θ ⇔ x′ = e−
i
2 ε
abLab+iθ

apax, Lab = −i(xa∂b − xb∂a), pa = −i∂a

y²: x′ = eεx+ θ

⇔ x′a = xa + εabx
b + θa

⇔ x′a = [1− 1
2
εbc(xb∂c − xc∂b) + θb∂b]xa

⇔ x′ = [1− 1
2
εab(xa∂b − xb∂a) + θa∂a]x

⇔ x′ = [1− i
2
εab(xapb − xbpa) + iθapa]x, pa = −i∂a

⇔ x′ = (1− i
2
εabLab + iθapa)x, Lab := −i(xa∂b − xb∂a)

⇔ x′ = e−
i
2 ε
abLab+iθ

apax
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íØ2.1.2. e−
i
2 ε
abLab+iθ

apax = eεx+ θ

$\4C��¹ü«¹Â§�«´~5�*�¹Â¶,�«´�¹$\4Ü©)¤��¹Â§¢SþÒ´rC�

w��f§´ØN´���"

2.2 âÕ[C�

íØ2.2.1. x′ = eεx⇔ x′ = e−
i
2 ε
abLabx, Lab = −i(xa∂b − xb∂a)

íØ2.2.2. ϕ′(x) = e
i
2 ε
abSabϕ(e−εx)⇔ ϕ′(x) = e

i
2 ε
abMabϕ(x),Mab = Lab − iSab

y²: ϕ′(x) = e
i
2 ε
abSabϕ(e−εx)

⇔ ϕ′(x) = (1 + i
2
εabSab)ϕ((1− ε)x)

⇔ ϕ′(x) = (1 + i
2
εabSab)[ϕ(x) + 1

2
εab(xa∂b − xb∂a)ϕ(x)]

⇔ ϕ′(x) = ϕ(x) + i
2
εab[−i(xa∂b − xb∂a) + Sab]ϕ(x)

⇔ δϕ(x) = i
2
εab[−i(xa∂b − xb∂a) + Sab]ϕ(x)

⇔ ϕ′(x) = e
i
2 ε
ab[−i(xa∂b−xb∂a)+Sab]ϕ(x)

⇔ ϕ′(x) = e
i
2 ε
abMabϕ(x),Mab = Lab + Sab

íØ2.2.3. e
i
2 ε
abMabϕ(x) = e

i
2 ε
abSabϕ(e−εx)

íØ2.2.4. x = e
i
2 ε
abSab(e−εx)⇔ x = e

i
2 ε
abMabx

3�C�Ú�Ið�ªC�¥Û¹
âÔ[+)¤�µMab§)¤��¹Â´gCþØC§¼êu)UC§§´

���f"

2.3 ²£C�

íØ2.3.1. ϕ′(x) = ϕ(x+ θ)⇔ ϕ′(x) = eθ
a∂aϕ(x)⇔ ϕ′(x) = eiθ

apaϕ(x)

íØ2.3.2. eiθ
apaϕ(x) = ϕ(x+ θ)

{ü�²£C�¥Û¹
²£)¤�µpa9Ù�fC�"

2.4 $\4+)¤�é´'X

$\4+)¤�Mab, paé´'Xµ

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (5.1)i[Mab,Mcd] = gadMbc − gacMbd + gbcMad − gbdMac

i[Mab, pc] = gbcpa − gacpb, [pa, pb] = 0
(5.2)

$\4+)¤�Lab, Sab, paé´'XµLab, Lcd] = gadLbc − gacLbd + gbcLad − gbdLac

i[Lab, pc] = gbcpa − gacpb, [pa, pb] = 0
(5.3)

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac (5.4)

[Sab, Lcd] = 0, [Sab, pc] = 0 (5.5)

2.5 )¤��¿Â

)¤��±)¤�A�é¡C�§)¤����´XÚ�Åðþ§�L5§Åðþ�´XÚ�)¤�§¿�

)¤��/¤�½�µ4�ê"

3 Ã¡�~êØCÜþ

3.1 þfåÆ¿Âþ�Ã¡�ØCÜþ [27, 28]

½Â3.1.1. M̂ab := L̂ab + Sab, L̂ab := xap̂b − xbp̂a, p̂a := −i∂a, gab = δab
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íØ3.1.1.


i[M̂ab, M̂cd] = gadM̂bc − gacM̂bd + gbcM̂ad − gbdM̂ac ⇔ M̂ab = [eϑ]a

c[eϑ]b
de

i
2
ϑefM̂ef M̂cde

− i
2
ϑefM̂ef

i[L̂ab, L̂cd] = gadL̂bc − gacL̂bd + gbcL̂ad − gbdL̂ac ⇔ L̂ab = [eϑ]a
c[eϑ]b

de
i
2
ϑef L̂ef L̂cde

− i
2
ϑef L̂ef

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ Sab = [eϑ]a
c[eϑ]b

de
i
2
ϑefSefScde

− i
2
ϑefSef

íØ3.1.2.

i[p̂a, M̂cd] = δa[cp̂d] ⇔ p̂a = [eϑ]a
be

i
2
ϑcdM̂cd p̂be

− i
2
ϑcdM̂cd

i[p̂a, L̂cd] = δa[cp̂d] ⇔ p̂a = [eϑ]a
be

i
2
ϑcdL̂cd p̂be

− i
2
ϑcdL̂cd

lþ��M̂ab, p̂a´ØCÜþ§�w,Ø´~êÜþ"��«�d�{§�±ò�éØ¥�âÔ[C�ÚþfåÆ

¥�N�C�éXå5"

íØ3.1.3.


i[M̂ab, M̂cd] = gadM̂bc − gacM̂bd + gbcM̂ad − gbdM̂ac ⇔ e−

i
2
ϑefM̂ef M̂abe

i
2
ϑefM̂ef = [eϑ]a

c[eϑ]b
dM̂cd

i[L̂ab, L̂cd] = gadL̂bc − gacL̂bd + gbcL̂ad − gbdL̂ac ⇔ e−
i
2
ϑef L̂ef L̂abe

i
2
ϑef L̂ef = [eϑ]a

c[eϑ]b
dL̂cd

i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ e−
i
2
ϑefSefSabe

i
2
ϑefSef = [eϑ]a

c[eϑ]b
dScd

íØ3.1.4.

i[p̂a, M̂cd] = δa[cp̂d] ⇔ e−
i
2
ϑcdM̂cd p̂ae

i
2
ϑcdM̂cd = [eϑ]a

bp̂b

i[p̂a, L̂cd] = δa[cp̂d] ⇔ e−
i
2
ϑcdL̂cd p̂ae

i
2
ϑcdL̂cd = [eϑ]a

bp̂b

íØ3.1.5. e
i
2 ε
abMabϕ(x) = e

i
2 ε
abSabϕ(e−εx), eiθ

apaϕ(x) = ϕ(x+ θ)

íØ3.1.6. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵab|′〉 = [eϑ]a

c[eϑ]b
d〈|Ĵcd|〉, 〈′|Sab|′〉 = [eϑ]a

c[eϑ]b
d〈|Scd|〉

íØ3.1.7. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵας |′〉 = [e(iω+ςε)·σ(s)]ας

βς 〈|Ĵβς |〉

lþ��m>´âÔ[C�§�>�±w�N�C�§=âÔ[C��duN�C�"

íØ3.1.8. [p̂a, p̂b] = 0⇔ p̂a = e−iϑ
bp̂b p̂ae

iϑbp̂b

3.2 þf|Ø¿Âþ�Ã¡�ØCÜþ [27, 28]

íØ3.2.1.

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ Ĵab = [eϑ]a
c[eϑ]b

de
i
2
ϑef Ĵef Ĵcde

− i
2
ϑef Ĵef

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ e−
i
2
ϑef Ĵef Ĵabe

i
2
ϑef Ĵef = [eϑ]a

c[eϑ]b
dĴcd

íØ3.2.2.

i[P̂a, Ĵcd] = δa[cP̂d] ⇔ P̂a = [eϑ]a
be

i
2
ϑcdĴcdP̂be

− i
2
ϑcdĴcd

i[P̂a, Ĵcd] = δa[cP̂d] ⇔ e−
i
2
ϑcdĴcdP̂ae

i
2
ϑcdĴcd = [eϑ]a

bP̂b

íØ3.2.3. [P̂a, P̂b] = 0⇔ P̂a = e−iϑ
bP̂bP̂ae

iϑbP̂b

íØ3.2.4. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵab|′〉 = [eϑ]a

c[eϑ]b
d〈|Ĵcd|〉, 〈′|Sab|′〉 = [eϑ]a

c[eϑ]b
d〈|Scd|〉

íØ3.2.5. 〈′|P̂a|′〉 = [eϑ]a
b〈|P̂b|〉, 〈′|Ĵας |′〉 = [e(iω+ςε)·σ(s)]ας

βς 〈|Ĵβς |〉

ßÿ��C�§µ

íØ3.2.6. [(s+ φ)P̂a + iĴabP̂
b]ψ(s, ς) = 0

íØ3.2.7. [(s+ φ)∂̂a + iĴab∂̂
b]Ψ(x, F [ϕ(y)]) = 0

íØ3.2.8. (P̂ a∂a +m)Ψ(x, F [ϕ(y)]) = 0

íØ3.2.9. ∂aΨ(x, F [ϕ(y)]) = P̂aΨ(x, F [ϕ(y)])
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3.3 þf|Ø¿Âþ���ØCÜþ [27, 28]

íØ3.3.1.

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ ψλ = Λλ
µU+ψµU

i[Ĵab, Ĵcd] = gadĴbc − gacĴbd + gbcĴad − gbdĴac ⇔ UψλU
+ = Λλ

µψµ

íØ3.3.2. UψλU
+ = Λλ

µψµ, U = eiX

3.4 þf|Ø�f�ê

íØ3.4.1. [x, p̂x] = i⇔ p̂x ≡ −i ∂∂x ,Ψ = ψ(x)

↓

íØ3.4.2. [xi, p̂j ] = iδij ⇔ p̂i ≡ −i ∂
∂xi
,Ψ = ψ(x1, x2, · · · , xn)

↓

íØ3.4.3. [ψ(xi), π(xj)] = iδij ⇔ π(xi) ≡ −i ∂
∂ψ(xi)

,Ψ = F [ψ(x1), ψ(x2), · · · , ψ(xn), · · · , ψ(x∞)]

↓

íØ3.4.4. [ψ(x), π(x′)] = iδ(x− x′)⇔ π(x) ≡ −i δ
δψ(x)

Ψ =
∫
dxF [ψ(x)] =

∑
i

∆xiF [ψ(xi)] = εF [ψ(x1), ψ(x2), · · · , ψ(xn), · · · , ψ(x∞)]
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g·µãµ�Ùn�
~êØCÜþ�L�C��m�éA'X§�Ñ
L�C�Ý
Ò´��~êØCÜ

þ"

1 ��s-g^|�«^þ�½Â

1.1 PenroseÄ�ÎÒ5K [1, 2]

íØ1.1.1. gAςBςψBς
= ψAς = [ψA−ς ]

∗, gAςBς
ψBς = ψAς

= [ψA−ς ]∗

±þ`²ψAς
, ψAς´���'�§ý�Õá��´Ù¥��§Ø�À½ψAς

��Ä�þ"

1.2 |^þψ(s, ς;w), ψ̃(s, ς;w), ψ̂(s, ς;w)�Ú\

½Â1.2.1. ψ(s, ς;w) ≺ ψkς (s;w)⇔ ψ∗(s,−ς;w) ≺ ψkς (s;w)

½Â1.2.2. ψ̃(s, ς;w) := ψAς⊗lς (s;w)⇔ ψ̃∗(s,−ς;w) := ψAς⊗lς (s;w)

½Â1.2.3. ψ̂(s, ς;w) := ψAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

(s;w)⇔ ψ̂∗(s,−ς;w) := ψ

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s;w)

1.3 ^þJ̃(s, ς;w), Ĵ(s, ς;w)�Ú\

½Â1.3.1. J̃(s, ς;w) := JA
′
ς⊗lς (s;w)⇔ J̃∗(s,−ς;w) := JA′ς⊗

lς (s;w)

½Â1.3.2. Ĵ(s, ς;w) := JA
′
ς⊗
Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸

2s−1

(s;w)⇔ Ĵ∗(s,−ς;w) := JA′ς⊗

2s−1︷ ︸︸ ︷
Bς ⊗ Cς ⊗ ··(s;w)

1.4 ^þψkς (s;w), ψkς (s;w)ÚψAς lς (s;w), ψAς lς (s;w)�Ú\

1.4.1 ψ(s, ς;w), ψ̂(s, ς;w)�m�'X

½Â1.4.1.

ψkς (s;w) := Γ

2s︷ ︸︸ ︷
AςBς · ·
kς

(s;w)ψAςBς · ·︸ ︷︷ ︸
2s

(s;w)⇔ ψ(s, ς;w) = Γ̄(s;w)ψ̂(s, ς;w)

m m

ψkς (s;w) = ΓkςAςBς · ·︸ ︷︷ ︸
2s

(s;w)ψ

2s︷ ︸︸ ︷
AςBς · ·(s;w)⇔ ψ∗(s,−ς;w) = Γ̄(s;w)ψ̂∗(s,−ς;w)

íØ1.4.1. ψkς (s;w) = Γ

2s︷ ︸︸ ︷
AςBς · ·
kς

(s;w)ψAςBς · ·︸ ︷︷ ︸
2s

(s;w)⇔ 1
(2s)!

ψ(AςBς · ·)︸ ︷︷ ︸
2s

(s;w) = ΓkςAςBς · ·︸ ︷︷ ︸
2s

(s;w)ψkς (s;w)

íØ1.4.2.

ψAςBς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s)!

ψ(AςBς · ·)︸ ︷︷ ︸
2s

(s;w) = ΓkςAςBς · ·︸ ︷︷ ︸
2s

(s;w)ψkς (s;w)⇔ ψ̂(s, ς;w) = Γ(s;w)ψ(s, ς;w)

m m

ψ

2s︷ ︸︸ ︷
AςBς · ·(s;w) = 1

(2s)!
ψ

2s︷ ︸︸ ︷
(AςBς · ·)(s;w) = Γ

2s︷ ︸︸ ︷
AςBς · ·
kς

(s;w)ψkς (s;w)⇔ ψ̂∗(s,−ς;w) = Γ(s;w)ψ∗(s,−ς;w)
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1.4.2 ψ̃(s, ς;w), ψ̂(s, ς;w)�m�'X

½Â1.4.2.

ψAς lς (s;w) := Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ψAςBςCς · ·︸ ︷︷ ︸

2s

(s;w)⇔ ψ̃(s, ς;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)]ψ̂(s, ς;w)

m m

ψAς lς (s;w) = ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)ψ

2s︷ ︸︸ ︷
AςBςCς · ·(s;w)⇔ ψ̃∗(s,−ς;w) = [Iw+1 ⊗ Γ̄(s− 1

2
;w)]ψ̂∗(s,−ς;w)

íØ1.4.3.

ψAςBς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s−1)!

ψAς(BςCς · ·)︸ ︷︷ ︸
2s

(s;w) = ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)ψAς lς (s;w)[⇔]ψ̂(s, ς;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]ψ̃(s, ς;w)

[m] [m]

ψ

2s︷ ︸︸ ︷
AςBς · ·(s;w) = 1

(2s−1)!
ψ

2s︷ ︸︸ ︷
Aς(Bς · ·)(s;w) = Γ

2s−1︷ ︸︸ ︷
Bς · ·
lς

(s− 1
2
;w)ψAς lς (s;w)[⇔]ψ̂∗(s,−ς;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]ψ̃∗(s,−ς;w)

1.4.3 ψ(s, ς;w), ψ̃(s, ς;w)�m�'X

íØ1.4.4.
ψkς (s;w) = NAς lς

kς
(s;w)ψAς lς (s;w)[⇔]ψ(s, ς;w) = N̄(s;w)ψ̃(s, ς;w)

[m] [m]

ψkς (s;w) = Nkς
Aς lς

(s;w)ψAς lς (s;w)[⇔]ψ∗(s,−ς;w) = N̄(s;w)ψ̃∗(s,−ς;w)

íØ1.4.5.

ψAς lς (s;w) = Nkς
Aς lς

(s;w)ψkς (s;w), ψAςBς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s!

ψ(AςBς · ·)︸ ︷︷ ︸
2s

(s;w)[⇔]ψ̃(s, ς;w) = N(s;w)ψ(s, ς;w)

[m] [m]

ψAς lς (s;w) = NAς lς
kς

(s;w)ψkς (s;w), ψ

2s︷ ︸︸ ︷
AςBς · ·(s;w) = 1

(2s)!
ψ

2s︷ ︸︸ ︷
(AςBς · ·)(s;w)[⇔]ψ̃∗(s,−ς;w) = N(s;w)ψ∗(s,−ς;w)

1.5 ^þJA
′
ς
lς (s;w), JA′ς

lς (s;w)�Ú\9ÙJ̃(s, ς;w), Ĵ(s, ς;w)�m�'X

½Â1.5.1.

JA
′
ς lς (s;w) := Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)JA

′
ς
BςCς · ·︸ ︷︷ ︸

2s

(s;w)⇔ J̃(s, ς;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ĵ(s, ς;w)

m m

JA′ς
lς (s;w) = ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)JA′ς

2s︷ ︸︸ ︷
BςCς · ·(s;w)⇔ J̃∗(s,−ς;w) = [Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ĵ∗(s,−ς;w)

íØ1.5.1.

JA
′
ς
BςCς · ·︸ ︷︷ ︸

2s

(s;w) = 1
(2s−1)!

JA
′
ς
(BςCς · ·)︸ ︷︷ ︸

2s

(s;w) = ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)JA

′
ς lς (s;w)[⇔]Ĵ(s, ς;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]J̃(s, ς;w)

[m] [m]

JA′ς

2s︷ ︸︸ ︷
Bς · ·(s;w) = 1

(2s−1)!
JA′ς

2s︷ ︸︸ ︷
(Bς · ·)(s;w) = Γ

2s−1︷ ︸︸ ︷
Bς · ·
lς

(s− 1
2
;w)JA′ς

lς (s;w)[⇔]Ĵ∗(s,−ς;w) = [Iw+1 ⊗ Γ(s− 1
2
;w)]J̃∗(s,−ς;w)
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1.6 ^þJA
′
ς
BςCςDς ··�Ú\9ÙĴ (n), Ĵ(n, ς)�m�'X

íØ1.6.1.

JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n−1

:= ( iς√
2
)nς(σε,−iςε)aA′ςBς

n−1︷ ︸︸ ︷
σβςCςDς · · Jaβς · ·︸ ︷︷ ︸

n

[⇔]Ĵ(n, ς) =

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(±ς) · · Ĵ (n)

[m] [m]

Jaβς · ·︸ ︷︷ ︸
n

= ( iς√
2
)nς(εσ,−iςε)aA′ς

Bς

n−1︷ ︸︸ ︷
σCςDςβς

· · JA′ςBςCςDς · ·︸ ︷︷ ︸
2n−1

[⇔]Ĵ (n) =

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(±ς) · · Ĵ(n, ς)

[m]

íØ1.6.2.
JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · · := ( iς√

2
)nς(εσ,−iςε)aA′ς

Bς

n−1︷ ︸︸ ︷
σCςDςβς

· · J
n︷ ︸︸ ︷

aβς · ·[⇔]Ĵ∗(n,−ς) =

n︷ ︸︸ ︷
STem(ς)⊗ STem(±ς) · · Ĵ (n)

[m] [m]

J

n︷ ︸︸ ︷
aβς · · = ( iς√

2
)nς(σε,−iςε)aA′ςBς

n−1︷ ︸︸ ︷
σβςCςDς · · JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · ·[⇔]Ĵ (n) =

n︷ ︸︸ ︷
S∗em(ς)⊗ S∗em(±ς) · · Ĵ∗(n,−ς)

1.7 ψαςβς ··(n), ψαςβς ··(n),Ψ(n, ς), Ψ̂(n, ς)�½Â

½Â1.7.1. Ψ̂(n, ς) ≺ ψας ⊗ βς ⊗ ··︸ ︷︷ ︸
n

(n)⇔ Ψ̂∗(n,−ς) ≺ ψ
n︷ ︸︸ ︷

ας ⊗ βς ⊗ ··(n)

½Â1.7.2.

ψαςβς · ·︸ ︷︷ ︸
n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
n

(n)ψkς (n)⇒ ψkς (n) = Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)ψαςβς · ·︸ ︷︷ ︸
n

(n)

m m

ψ

n︷ ︸︸ ︷
αςβς · ·(n) := Γ

n︷ ︸︸ ︷
αςβς · ·
kς

(n)ψkς (n)⇒ ψkς (n) = Γkςαςβς · ·︸ ︷︷ ︸
n

(n)ψ

n︷ ︸︸ ︷
αςβς · ·(n)

íØ1.7.1.

ψαςβς · ·︸ ︷︷ ︸
n

(n) = Γ

2n︷ ︸︸ ︷
AςBς · ·
αςβς · ·︸ ︷︷ ︸

n

(n)ψAςBς · ·︸ ︷︷ ︸
2n

(n)[⇔] 1
(2n)!

ψ(AςBς · ·)︸ ︷︷ ︸
2n

(n) = Γ

n︷ ︸︸ ︷
αςβς · ·
AςBς · ·︸ ︷︷ ︸

2n

(n)ψαςβς · ·︸ ︷︷ ︸
n

(n)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · ·(n) = Γ

n︷ ︸︸ ︷
αςβς · ·
AςBς · ·︸ ︷︷ ︸

2n

(n)ψ

2n︷ ︸︸ ︷
AςBς · ·(n)[⇔] 1

(2n)!
ψ

2n︷ ︸︸ ︷
(AςBς · ·)(n) = Γ

2n︷ ︸︸ ︷
AςBς · ·
αςβς · ·︸ ︷︷ ︸

n

(n)ψ

n︷ ︸︸ ︷
αςβς · ·(n)

íØ1.7.2.

ψαςβς · ·︸ ︷︷ ︸
n

(n) = Γ

2n︷ ︸︸ ︷
AςBς · ·
αςβς · ·︸ ︷︷ ︸

n

(n)ψAςBς · ·︸ ︷︷ ︸
2n

(n)[⇔]Ψ̂(n, ς) = [

n︷ ︸︸ ︷
Sem(±ς)⊗ Sem(±ς) · ·]ψ̂(n, ς)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · ·(n) = Γ

n︷ ︸︸ ︷
αςβς · ·
AςBς · ·︸ ︷︷ ︸

2n

(n)ψ

2n︷ ︸︸ ︷
AςBς · ·(n)[⇔]Ψ̂∗(n,−ς) = [

n︷ ︸︸ ︷
S∗em(∓ς)⊗ S∗em(∓ς) · ·]ψ̂∗(n,−ς)

íØ1.7.3.
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ψAςBς · ·︸ ︷︷ ︸
2n

(n) = 1
(2n)!

ψ(AςBς · ·)︸ ︷︷ ︸
2n

(n) = Γ

n︷ ︸︸ ︷
αςβς · ·
AςBς · ·︸ ︷︷ ︸

2n

(n)ψαςβς · ·︸ ︷︷ ︸
n

(n)[⇔]ψ̂(n, ς) = [

n︷ ︸︸ ︷
S+
em(±ς)⊗ S+

em(±ς) · ·]Ψ̂(n, ς)

[m] [m]

ψ

2n︷ ︸︸ ︷
AςBς · ·(n) = 1

(2n)!
ψ

2n︷ ︸︸ ︷
(AςBς · ·)(n) = Γ

2n︷ ︸︸ ︷
AςBς · ·
αςβς · ·︸ ︷︷ ︸

n

(n)ψ

n︷ ︸︸ ︷
αςβς · ·(n)[⇔]ψ̂∗(n,−ς) = [

n︷ ︸︸ ︷
STem(∓ς)⊗ STem(∓ς) · ·]Ψ̂∗(n,−ς)

íØ1.7.4. ψAςBς · ·︸ ︷︷ ︸
2n

(n) = 1
(2n)!

ψ(AςBς · ·)︸ ︷︷ ︸
2n

(n)[⇔]ψ

n︷ ︸︸ ︷
αςβς · ·(n) = 1

n!
ψ

n︷ ︸︸ ︷
(αςβς · ·)(n), δαςβςψ

n︷ ︸︸ ︷
αςβς · ·(n) = 0

1.8 ^þJA
′
ς
BςCςDς ··�Ú\9ÙĴ (n), Ĵ(n, ς)�m�'X

íØ1.8.1.

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

:= ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·ψαςβς · ·︸ ︷︷ ︸
n

[⇔]ψ̂(n, ς) =

n︷ ︸︸ ︷
S+
em(±ς)⊗ S+

em(±ς) · · Ψ̂(n)

[m] [m]

ψαςβς · ·︸ ︷︷ ︸
n

= ( iς√
2
)n

n︷ ︸︸ ︷
σAςBςας

σCςDςβς
· ·ψAςBςCςDς · ·︸ ︷︷ ︸

2n

[⇔]Ψ̂(n) =

n︷ ︸︸ ︷
Sem(±ς)⊗ Sem(±ς) · · ψ̂(n, ς)

[m]

íØ1.8.2.
ψ

2n︷ ︸︸ ︷
AςBςCςDς · · := ( iς√

2
)n

n︷ ︸︸ ︷
σAςBςας

σCςDςβς
· ·ψ

n︷ ︸︸ ︷
αςβς · ·[⇔]ψ̂∗(n,−ς) =

n︷ ︸︸ ︷
STem(∓ς)⊗ STem(∓ς) · · Ψ̂(n)

[m] [m]

ψ

n︷ ︸︸ ︷
αςβς · · = ( iς√

2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·ψ
2n︷ ︸︸ ︷

AςBςCςDς · ·[⇔]Ψ̂(n) =

n︷ ︸︸ ︷
S∗em(∓ς)⊗ S∗em(∓ς) · · ψ̂∗(n,−ς)

2 �é¡5^�©Û

2.1 |þ�é¡5^�©Û

½Â2.1.1.

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς := ( iς√
2
)n(

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·)ψαςβς · ·︸ ︷︷ ︸
n

Zς ⇔ ψ

2n︷ ︸︸ ︷
AςBςCςDς · ·Zς = ( iς√

2
)n(

n︷ ︸︸ ︷
σAςBςας

σCςDςβς
· ·)ψ

n︷ ︸︸ ︷
αςβς · ·Zς

[⇓] [⇓]

íØ2.1.1.

ψαςβς · ·︸ ︷︷ ︸
n

Zς = ( iς√
2
)n(

n︷ ︸︸ ︷
σAςBςας

σCςDςβς
· ·)ψAςBςCςDς · ·︸ ︷︷ ︸

2n

Zς [⇔]ψ

n︷ ︸︸ ︷
αςβς · ·Zς = ( iς√

2
)n(

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·)ψ
2n︷ ︸︸ ︷

AςBςCςDς · ·Zς

íØ2.1.2. ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς'u(AςBς), (CςDς), · · ()S�é¡,()m�é¡⇔ ψαςβς · ·︸ ︷︷ ︸
n

Zς = 1
n!
ψ(αςβς · ·)︸ ︷︷ ︸

n

Zς

íØ2.1.3. ψ

2n︷ ︸︸ ︷
AςBςCςDς · ·Zς'u(AςBς), (CςDς), · · ()S�é¡,()m�é¡⇔ ψ

n︷ ︸︸ ︷
αςβς · ·Zς = 1

n!
ψ

n︷ ︸︸ ︷
(αςβς · ·)Zς

íØ2.1.4. ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = ψAςCςBςDς · ·︸ ︷︷ ︸
2n

Zς ⇔ δαςβςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

íØ2.1.5. ψ

2n︷ ︸︸ ︷
AςBςCςDς · ·Zς = ψ

2n︷ ︸︸ ︷
AςCςBςDς · ·Zς ⇔ δαςβςψ

n︷ ︸︸ ︷
αςβς · ·Zς = 0
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y²: ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = ψAςCςBςDς · ·︸ ︷︷ ︸
2n

Zς

⇔ εBςCςψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = 0

⇔ εBςCς (

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·)ψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςCςσαςAςBςσ
βς
CςDς

ψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ σαςAς
CςσβςCς

Dςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ σαςσβςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ δαςβςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

íØ2.1.6. ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = ψAςZςCςDς · ·︸ ︷︷ ︸
2n

Bς ⇔ σαςψαςβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

íØ2.1.7. ψ

2n︷ ︸︸ ︷
AςBςCςDς · ·Zς = ψ

2n︷ ︸︸ ︷
AςZςCςDς · ·Bς ⇔ σ∗αςψ

n︷ ︸︸ ︷
αςβς · ·[Zς ] = 0

y²: ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = ψAςZςCςDς · ·︸ ︷︷ ︸
2n

Bς

⇔ εBςZςψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = 0

⇔ εBςZς (

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·)ψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςZςσαςAςBςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ σαςAς
Zςψαςβς · ·︸ ︷︷ ︸

n

Zς = 0

⇔ σαςψαςβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

íØ2.1.8. ψAςBςCςDς · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!

ψ(AςBςCςDς · ·)︸ ︷︷ ︸
2n

Zς ⇔ ψαςβς · ·︸ ︷︷ ︸
n

Zς = 1
n!
ψ(αςβς · ·)︸ ︷︷ ︸

n

Zς , δ
αςβςψαςβς · ·︸ ︷︷ ︸

n

Zς = 0

[m] [m]

íØ2.1.9. ψ

2n︷ ︸︸ ︷
AςBςCςDς · ·Zς = 1

(2n)!
ψ

2n︷ ︸︸ ︷
(AςBςCςDς · ·)Zς ⇔ ψ

n︷ ︸︸ ︷
αςβς · ·Zς = 1

n!
ψ

n︷ ︸︸ ︷
(αςβς · ·)Zς , δαςβςψ

n︷ ︸︸ ︷
αςβς · ·Zς = 0

íØ2.1.10. ψAςBςCςDς · ·Zς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!

ψ(AςBςCςDς · ·Zς)︸ ︷︷ ︸
2n+1

⇔


ψαςβς · ·︸ ︷︷ ︸

n

Zς = 1
n!
ψ(αςβς · ·)︸ ︷︷ ︸

n

Zς

δαςβςψαςβς · ·︸ ︷︷ ︸
n

Zς = 0, σαςψαςβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

íØ2.1.11. ψ

2n+1︷ ︸︸ ︷
AςBςCςDς · ·Zς = 1

(2n+1)!
ψ

2n+1︷ ︸︸ ︷
(AςBςCςDς · ·Zς) ⇔


ψ

n︷ ︸︸ ︷
αςβς · ·Zς = 1

n!
ψ

n︷ ︸︸ ︷
(αςβς · ·)Zς

δαςβςψ

n︷ ︸︸ ︷
αςβς · ·Zς = 0, σαςψ

n︷ ︸︸ ︷
αςβς · ·[Zς ] = 0

2.2 é¡5^�©Û

½Â2.2.1. JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς := ( iς√
2
)nς[

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· ·]Jaβς · ·︸ ︷︷ ︸
n

Zς
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íØ2.2.1. Jaβς · ·︸ ︷︷ ︸
n

Zς = ( iς√
2
)nς[

n︷ ︸︸ ︷
(εσ,−iςε)aA′ς

BςσCςDςβς
· ·]JA′ςBςCςDς · ·︸ ︷︷ ︸

2n

Zς

íØ2.2.2. JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς'u(CςDς), (EςFς), · · ()S�é¡,()m�é¡⇔ Jaβς · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!

Ja(βς · ·)︸ ︷︷ ︸
n

Zς

íØ2.2.3. JA′ς

2n︷ ︸︸ ︷
BςCςDς · ·Zς'u(CςDς), (EςFς), · · ()S�é¡,()m�é¡⇔ J

n︷ ︸︸ ︷
aβς · ·Zς = 1

(n−1)!
J

n︷ ︸︸ ︷
a(βς · ·)Zς

íØ2.2.4. JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = JA
′
ς
CςBςDς · ·︸ ︷︷ ︸

2n

Zς ⇔ (σ,−iς)aσβςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

íØ2.2.5. JA′ς

2n︷ ︸︸ ︷
BςCςDς · ·Zς = JA′ς

2n︷ ︸︸ ︷
CςBςDς · ·Zς ⇔ (σ,−iς)aσβςJ

n︷ ︸︸ ︷
aβς · ·Zς = 0

y²: JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = JA
′
ς
CςBςDς · ·︸ ︷︷ ︸

2n

Zς

⇔ εBςCςJA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = 0

⇔ εBςCς [

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· ·]Jaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςCς (σε,−iςε)aA′ςBςσ
βς
CςDς

Jaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aA′ςCςσβςCςDςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aσβςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

íØ2.2.6. JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = JA
′
ς
ZςCςDς · ·︸ ︷︷ ︸

2n

Bς ⇔ (σ,−iς)aJaβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

íØ2.2.7. JA′ς

2n︷ ︸︸ ︷
BςCςDς · ·Zς = JA′ς

2n︷ ︸︸ ︷
ZςCςDς · ·Bς ⇔ (σ∗, iς)aJ

n︷ ︸︸ ︷
aβς · ·[Zς ] = 0

y²: JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = JA
′
ς
ZςCςDς · ·︸ ︷︷ ︸

2n

Bς

⇔ εBςZςJA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n

Zς = 0

⇔ εBςZς [

n︷ ︸︸ ︷
(σε,−iςε)aA

′
ς
Bςσ

βς
CςDς

· ·]Jaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ εBςZς (σε,−iςε)aA′ςBςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aA′ςZςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

⇔ (σ,−iς)aJaβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

íØ2.2.8. JA
′
ς
BςCςDς · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!

JA
′
ς
(BςCςDς · ·)︸ ︷︷ ︸

2n−1

Zς ⇔


Jaβς · ·︸ ︷︷ ︸

n

Zς = 1
(n−1)!

Ja(βς · ·)︸ ︷︷ ︸
n

Zς

(σ,−iς)aσβςJaβς · ·︸ ︷︷ ︸
n

Zς = 0

[m] [m]

128



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 16Ù ~êØCÜþ�L�C�

íØ2.2.9. JA′ς

2n−1︷ ︸︸ ︷
BςCςDς · ·Zς = 1

(2n−1)!
JA′ς

2n−1︷ ︸︸ ︷
(BςCςDς · ·)Zς ⇔


J

n︷ ︸︸ ︷
aβς · ·Zς = 1

(n−1)!
J

n︷ ︸︸ ︷
a(βς · ·)Zς

(σ,−iς)aσβςJ
n︷ ︸︸ ︷

aβς · ·Zς = 0

íØ2.2.10. JA
′
ς
BςCςDς · ·Zς︸ ︷︷ ︸

2n

= 1
(2n)!

JA
′
ς
(BςCςDς · ·Zς)︸ ︷︷ ︸

2n

⇔


Jaβς · ·︸ ︷︷ ︸

n

Zς = 1
(n−1)!

Ja(βς · ·)︸ ︷︷ ︸
n

Zς

(σ,−iς)aσβςJaβς · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)aJaβς · ·︸ ︷︷ ︸
n

[Zς ] = 0

[m] [m]

íØ2.2.11. JA′ς

2n︷ ︸︸ ︷
BςCςDς · ·Zς = 1

(2n)!
JA′ς

2n︷ ︸︸ ︷
(BςCςDς · ·Zς) ⇔


J

n︷ ︸︸ ︷
aβς · ·Zς = 1

(n−1)!
J

n︷ ︸︸ ︷
a(βς · ·)Zς

(σ,−iς)aσβςJ
n︷ ︸︸ ︷

aβς · ·Zς = 0, (σ∗, iς)aJ

n︷ ︸︸ ︷
aβς · ·[Zς ] = 0

3 >^|��é¡^þ�L�C�

3.1 >^|��é¡^þψAςBς

½Â3.1.1. ψAςBς = ψBςAς ⇔ ψ̂(1, ς) = Sexψ̂(1, ς)

½Â3.1.2. Ψ̂(1, ς) = Ψ̃(1, ς) := [ψxς , ψyς , ψzς , 0]T , ψ̂(1, ς) = ψ̃(1, ς) := [ψ1ς1ς , ψ1ς2ς , ψ1ς2ς , ψ2ς2ς ]
T

½Â3.1.3. ψας � Ψ(1, ς) := [ψxς , ψyς , ψzς ]
T , ψ(1, ς) := [ψ1ς1ς ,

√
C1

2ψ1ς2ς , ψ2ς2ς ]
T

3.2 ψ(1, ς), ψ̂(1, ς)�m�'X

íØ3.2.1.


ψkς (1) = ΓAςBςkς

(1)ψAςBς [⇔]ψ(1, ς) = Γ̄( 3
2
)ψ̂(1, ς)

[m] [m]

ψkς (1) = ΓkςAςBς (1)ψAςBς [⇔]ψ∗(1,−ς) = Γ̄( 3
2
)ψ̂∗(1,−ς)

[m]

íØ3.2.2.


ψAςBς = ΓkςAςBς (1)ψkς (1)[⇔]ψ̂(1, ς) = Γ( 3

2
)ψ(1, ς)

[m] [m]

ψAςBς = ΓAςBςkς
(1)ψkς (1)[⇔]ψ̂∗(1,−ς) = Γ(3

2
)ψ∗(1,−ς)

3.3 ψ̃(1, ς), ψ̂(1, ς)�m�'X

íØ3.3.1. ψ̃(1, ς) = ψ̂(1, ς)

3.4 ψ(1, ς), ψ̃(1, ς)�m�'X

íØ3.4.1.


ψkς (1) = NAςBς

kς
(1)ψAςBς [⇔]ψ(1, ς) = N̄(1)ψ̃(1, ς)

[m] [m]

ψkς (1) = Nkς
AςBς

(1)ψAςBς [⇔]ψ∗(1,−ς) = N̄(1)ψ̃∗(1,−ς)

[m]

íØ3.4.2.


ψAςBς = Nkς

AςBς
(1)ψkς (1)[⇔]ψ̃(1, ς) = N(1)ψ(1, ς)

[m] [m]

ψAςBς = NAςBς
kς

(1)ψkς (1)[⇔]ψ̃∗(1,−ς) = N(1)ψ∗(1,−ς)
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3.5 L�C�Ý
´~êØCÜþ

½Â3.5.1. JA′ςAς := −iς√
2

(σ, iς)aAςA′ςJa ⇔ Ja = iς√
2
(σ,−iς)A

′
ςAς

a JA′ςAς

íØ3.5.1. Ja = i√
2
(εσ,−iςε)aA′ς

BςJA
′
ςBς

y²: Ja = iς√
2
(σ,−iς)A

′
ςAς

a JA′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a (−ςεA′ςB′ς )J
B′ςAς = i√

2
(εσ,−iςε)aA′ς

BςJA
′
ςBς

íØ3.5.2.


i√
2
(εσ,−iςε)aA′ς⊗

Bς � Sem(ς) = 1√
2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
i√
2
(σε,−iςε)aA′ς⊗Bς � S∗em(ς) = 1√

2

[ −i 0 0 i
−1 0 0 −1
0 i i 0
0 −ς ς 0

]

íØ3.5.3.

 iς√
2
σAςBςας

= i√
2
[εσ]AςBςας

→ i√
2
(εσ,−iςε)Aς⊗Bςας

� Sem(ς)

iς√
2
σαςAςBς = i√

2
[σε]AςBςας

→ i√
2
(σε,−iςε)αςAςBς � S

∗
em(ς)

íØ3.5.4.


Γας

kς (1) � Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
Γkς

ας (1) � S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

] Γας kς (1) � S∗m(1)

Γkςας (1) � STm(1)

íØ3.5.5. Sem(ς) = 1√
2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, S+

em(ς) = 1√
2

[−i −1 0 0
0 0 i −ς
0 0 i ς
i −1 0 0

]
, Sem(ς)S+

em(ς) = S+
em(ς)Sem(ς) = I4

íØ3.5.6. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+

m(1) = 1√
2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

3.6 >^|þ�^þ'X�L�C�

íØ3.6.1.
ψας = iς√

2
σAςBςας

ψAςBς [⇔]Ψ̂(1, ς) = Sem(±ς)ψ̂(1, ς)

[m] [m]

ψAςBς = iς√
2
σαςAςBςψας [⇔]ψ̂(1, ς) = S+

em(±ς)Ψ̂(1, ς)

[⇔]


ψας = iς√

2
σαςAςBςψ

AςBς [⇔]Ψ̂∗(1,−ς) = S∗em(∓ς)ψ̂∗(1,−ς)

[m] [m]

ψAςBς = iς√
2
σAςBςας

ψας [⇔]ψ̂∗(1,−ς) = STem(∓ς)Ψ̂∗(1,−ς)

[m]

íØ3.6.2.
ψας = Γkςας (1)ψkς [⇔]Ψ(1, ς) = Sm(1)ψ(1, ς)

[m] [m]

ψkς = Γαςkς (1)ψας [⇔]ψ(1, ς) = S+
m(1)Ψ(1, ς)

[⇔]


ψας = Γαςkς (1)ψkς [⇔]Ψ∗(1,−ς) = S∗m(1)ψ∗(1,−ς)

[m] [m]

ψkς = Γkςας (1)ψας [⇔]ψ∗(1,−ς) = STm(1)Ψ∗(1,−ς)

3.7 >^|�^þ'X�L�C�

íØ3.7.1. J̃(1, ς) = Ĵ(1, ς) = (J1′ς 1ς , J
2′ς 1ς , J

1′ς 2ς , J
2′ς 2ς )

íØ3.7.2.


Ja = i√

2
(εσ,−iςε)aA′ς

BςJA
′
ςBς [⇔]J̃ (1) = Sem(ς)Ĵ(1, ς)

[m] [m]

JA
′
ςBς = i√

2
(σε,−iςε)aA′ςBςJa[⇔]Ĵ(1, ς) = S+

em(ς)Ĵ (1)

[m]

íØ3.7.3.


Ja = i√

2
(σε,−iςε)aA′ςBςJA′ς

Bς [⇔]Ĵ (1) = S∗em(ς)Ĵ∗(1,−ς)

[m] [m]

JA
′
ςBς = i√

2
(εσ,−iςε)aA′ς

BςJa[⇔]Ĵ∗(1,−ς) = STem(ς)Ĵ (1)

íØ3.7.4.

Ψ(1, ς) ∼ e(iω+ςε)·γ ⇔ Ψ̃(1, ς) ∼ e(iω+ςε)·R ⇔ ψ̃(1, ς) ∼ e(iω+ςε)· 1
2
σ ⊗ e(iω+ςε)· 1

2
σ ⇔ ψ(1, ς) ∼ e(iω+ςε)·σ(1)
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4 Úå|��é¡^þ�L�C�

4.1 Úå|��é¡^�

íØ4.1.1. ψAςBςCςDς = 1
4!
ψ(AςBςCςDς) ⇔ ψαςβς = 1

2!
ψ(αςβς), δ

αςβςψαςβς = 0

íØ4.1.2. JA
′
ςBςCςDς = 1

3!
JA
′
ς (BςCςDς) ⇔ (σ,−iς)aσβςJaβς = 0

4.2 Úå|��é¡^þ

½Â4.2.1. ψαςβς = Cαςβς , ψAςBςCςDς = CAςBςCςDς

½Â4.2.2. ψAςBςCςDς = ψBςAς ⇔ ψ̂(2, ς) = Sexψ̂(2, ς)

½Â4.2.3. Ψ̂(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0, |ψxςzς , ψyςzς , ψzςzς , 0, |0, 0, 0, 0]T

½Â4.2.4. ψ̂(2, ς) ≡ [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , |ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |
ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]

T

½Â4.2.5. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

½Â4.2.6. ψ(2, ς) := [ψ1ς1ς1ς1ς ,
√
C1

4ψ1ς1ς1ς2ς ,
√
C2

4ψ1ς1ς2ς2ς ,
√
C3

4ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]
T

½Â4.2.7. ¯̄ψ(2, ς) := [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]
T

½Â4.2.8. Ψ̃(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0]T

½Â4.2.9. C̃(2, ς) ≡ [Cxςxς , Cyςxς , Czςxς , 0, |Cxςyς , Cyςyς , Czςyς , 0]T

½Â4.2.10.

ψ̃(2, ς) := [(ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς ),
√
C1

3 (ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς ),
√
C2

3 (ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς ), (ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς )]
T

½Â4.2.11.

ψ̄(2, ς) := [(ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς ), (ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς ), (ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς ), (ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς )]
T

4.3 ψ(2, ς), ψ̂(2, ς)�m�'X

íØ4.3.1.


ψkς (2) = ΓAςBςCςDςkς

(2)ψAςBςCςDς [⇔]ψ(2, ς) = Γ̄( 5
2
)ψ̂(2, ς)

[m] [m]

ψkς (2) = ΓkςAςBςCςDς (2)ψAςBςCςDς [⇔]ψ∗(2,−ς) = Γ̄( 5
2
)ψ̂∗(2,−ς)

[m]

íØ4.3.2.


ψAςBςCςDς = ΓkςAςBςCςDς (2)ψkς (2)[⇔]ψ̂(2, ς) = Γ(5

2
)ψ(2, ς)

[m] [m]

ψAςBςCςDς = ΓAςBςCςDςkς
(2)ψkς (2)[⇔]ψ̂∗(2,−ς) = Γ(5

2
)ψ∗(2,−ς)

4.4 ψ̃(2, ς), ψ̂(2, ς)�m�'X

½Â4.4.1.


ψAς lς (2) := ΓBςCςDςlς

( 3
2
)ψAςBςCςDς ⇔ ψ̃(2, ς) = [Iw+1 ⊗ Γ̄(2)]ψ̂(2, ς)

m m

ψAς lς (2) = ΓlςBςCςDς (
3
2
)ψAςBςCςDς ⇔ ψ̃∗(2,−ς) = [Iw+1 ⊗ Γ̄(2)]ψ̂∗(2,−ς)

[m]

íØ4.4.1.


ψAςBςCςDς = ΓlςBςCςDς (

3
2
)ψAς lς (2)[⇔]ψ̂(2, ς) = [Iw+1 ⊗ Γ(2)]ψ̃(2, ς)

[m] [m]

ψAςBςCςDς = ΓBςCςDςlς
( 3

2
)ψAς lς (2)[⇔]ψ̂∗(2,−ς) = [Iw+1 ⊗ Γ(2)]ψ̃∗(2,−ς)
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4.5 ψ(2, ς), ψ̃(2, ς)�m�'X

íØ4.5.1.


ψkς (2) = NAς lς

kς
(2)ψAς lς (2)[⇔]ψ(2, ς) = N̄(2)ψ̃(2, ς)

[m] [m]

ψkς (2) = Nkς
Aς lς

(2)ψAς lς (2)[⇔]ψ∗(2,−ς) = N̄(2)ψ̃∗(2,−ς)

[m]

íØ4.5.2.


ψAς lς (2) = Nkς

Aς lς
(2)ψkς (2)[⇔]ψ̃(2, ς) = N(2)ψ(2, ς)

[m] [m]

ψAς lς (2) = NAς lς
kς

(2)ψkς (2)[⇔]ψ̃∗(2,−ς) = N(2)ψ∗(2,−ς)

4.6 Úå|þ�^þ'X�L�C�

íØ4.6.1.


ψαςβς = ( iς√

2
)2σAςBςας

σCςDςβς
ψAςBςCςDς [⇔]Ψ̂(2, ς) = Sem(±ς)⊗ Sem(±ς)ψ̂(2, ς)

[m] [m]

ψAςBςCςDς = ( iς√
2
)2σαςAςBςσ

βς
CςDς

ψαςβς [⇔]ψ̂(2, ς) = S+
em(±ς)⊗ S+

em(±ς)Ψ̂(2, ς)

[m]

íØ4.6.2.


ψαςβς = ( iς√

2
)2σαςAςBςσ

βς
CςDς

ψAςBςCςDς [⇔]Ψ̂∗(2,−ς) = S∗em(∓ς)⊗ S∗em(∓ς)ψ̂∗(2,−ς)

[m] [m]

ψAςBςCςDς = ( iς√
2
)2σAςBςας

σCςDςβς
ψαςβς [⇔]ψ̂∗(2,−ς) = STem(∓ς)⊗ STem(∓ς)Ψ̂∗(2,−ς)

4.7 Úå|�^þ'X�L�C�

½Â4.7.1. Ĵ (2, ς) ≡ [Jxxς , Jyxς , Jzxς , Jπxς , |Jxyς , Jyyς , Jzyς , Jπyς , |Jxzς , Jyzς , Jzzς , Jπzς , |0, 0, 0, 0]T

½Â4.7.2. Ĵ(2, ς) ≡ [J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς , J

1′ς 2ς1ς1ς , J
2′ς 2ς1ς1ς , |J1′ς 1ς2ς1ς , J

2′ς 1ς2ς1ς , J
1′ς 2ς2ς1ς , J

2′ς 2ς2ς1ς , |
J1′ς 1ς1ς2ς , J

2′ς 1ς1ς2ς , J
1′ς 2ς1ς2ς , J

2′ς 2ς1ς2ς , |J1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς , J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς , ]

T

½Â4.7.3. J̃ (2, ς) ≡ [Jxxς , Jyxς , Jzxς , Jπxς , |Jxyς , Jyyς , Jzyς , Jπyς ]T

½Â4.7.4.

J̃(2, ς) := [(J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς ),

√
C1

3 (J1′ς 1ς1ς2ς , J
2′ς 1ς1ς2ς ),

√
C2

3 (J1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς ), (J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς )]

T

½Â4.7.5.

J̄(2, ς) := [(J1′ς 1ς1ς1ς , J
2′ς 1ς1ς1ς ), (J

1′ς 1ς1ς2ς , J
2′ς 1ς1ς2ς ), (J

1′ς 1ς2ς2ς , J
2′ς 1ς2ς2ς ), (J

1′ς 2ς2ς2ς , J
2′ς 2ς2ς2ς )]

T

íØ4.7.1.


Jaβς = ( iς√

2
)2ς(εσ,−iςε)aA′ς

BςσCςDςβς
JA
′
ςBςCςDς [⇔]Ĵ (2) = Sem(ς)⊗ Sem(±ς)Ĵ(2, ς)

[m] [m]

JA
′
ςBςCςDς = ( iς√

2
)2ς(σε,−iςε)aA′ςBςσ

βς
CςDς

Jaβς [⇔]Ĵ(2, ς) = S+
em(ς)⊗ S+

em(±ς)Ĵ (2)

[m]

íØ4.7.2.


Jaβς = ( iς√

2
)2ς(σε,−iςε)aA′ςBςσ

βς
CςDς

JA′ς
BςCςDς [⇔]Ĵ (2) = S∗em(ς)⊗ S∗em(±ς)Ĵ∗(2,−ς)

[m] [m]

JA′ς
BςCςDς = ( iς√

2
)2ς(εσ,−iςε)aA′ς

BςσCςDςβς
Jaβς [⇔]Ĵ∗(2,−ς) = STem(ς)⊗ STem(±ς)Ĵ (2)
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4.8 L�C�m'X

íØ4.8.1. Ψ̂(2, ς) = Sem(±ς)⊗ Sem(±ς)ψ̂(2, ς)[⇔]Ψ̃(2, ς) = Sem(±ς)⊗ Sem( 1
2
)ψ̄(2, ς)[⇔]Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)

íØ4.8.2. Ĵ (2) = Sem(ς)⊗ Sem(±ς)Ĵ(2, ς)[⇔]J̃ (2) = Sem(ς)⊗ Sem( 1
2
)J̄(2, ς)

íØ4.8.3. Sem( 1
2
) = 1√

2

[
−i i

1 1

]
, S+

em( 1
2
) = 1√

2

[
i 1

−i 1

]

4.9 XJ�qC�

½Â4.9.1. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

íØ4.9.1. Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)

Sm(2) = − 1
2



−1 0 2 0 −1

−i 0 0 0 i

0 2 0 −2 0

1 0 2 0 1

0 2i 0 2i 0


, S−m(2) = − 1

2



−1 2i 0 1 0

0 0 1 0 −i
1 0 0 1 0

0 0 −1 0 −i
−1 −2i 0 1 0


(6.1a)

Gm = Sm(2)τ(2)S−m(2) Sm(2)S−m(2) = S−m(2)Sm(2) = I (6.1b)

Gm = {



0 0 0 0 0

0 0 −i 0 0

0 i 0 0 0

0 0 0 0 −2i

i 0 0 2i 0


,



0 0 2i 0 0

0 0 0 0 i

−2i 0 0 −i 0

0 0 0 0 0

0 −i 0 0 0


,



0 −2i 0 0 0

i 0 0 −i 0

0 0 0 0 −i
0 2i 0 0 0

0 0 i 0 0


} (6.1c)

íØ4.9.2.



[Gm,−2iς]a∂aΨ = 0

∂xΨ1 + ∂yΨ2 + ∂zΨ3 = 0

∂xΨ2 + ∂yΨ4 + ∂zΨ5 = 0

∂xΨ3 + ∂yΨ5 − ∂z(Ψ1 + Ψ4) = 0

⇔

[Gm,−2iς]a∂aΨ = 0

∇ · ~ψβς = 0

4.10 XJL�C�

íØ4.10.1. Ψim(2, ς) ≡ −
√

2[ψyςxς ,− 1
2
(ψxςxς − ψyςyς ), ψzςyς , ςψzςxς ,

√
3

2
(ψxςxς + ψyςyς )]T

íØ4.10.2. Ψim(2, ς) = Sim(2, ς)ψ(2, ς)

Sim(2, ς) = 1√
2



i 0 0 0 −i
−1 0 0 0 −1

0 −i 0 −i 0

0 −ς 0 ς 0

0 0 −
√

2 0 0


, S+

im(2, ς) = 1√
2



−i −1 0 0 0

0 0 i −ς 0

0 0 0 0 −
√

2

0 0 i ς 0

i −1 0 0 0


(6.2)

Gim(ς) = Sim(2, ς)σ(2)S+
im(2, ς) Sim(2, ς)S+

im(2, ς) = S+
im(2, ς)Sim(2, ς) = I (6.3)

Gim(ς) = {



0 0 0 −iς 0

0 0 −i 0 0

0 i 0 0 i
√

3

iς 0 0 0 0

0 0 −i
√

3 0 0


,



0 0 i 0 0

0 0 0 −iς 0

−i 0 0 0 0

0 iς 0 0 −iς
√

3

0 0 0 iς
√

3 0


,



0 −2i 0 0 0

2i 0 0 0 0

0 0 0 iς 0

0 0 −iς 0 0

0 0 0 0 0


} (6.4)

133



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 16Ù ~êØCÜþ�L�C�

Gim(+) = {



0 0 0 −i 0

0 0 −i 0 0

0 i 0 0 i
√

3

i 0 0 0 0

0 0 −i
√

3 0 0


,



0 0 i 0 0

0 0 0 −i 0

−i 0 0 0 0

0 i 0 0 −i
√

3

0 0 0 i
√

3 0


,



0 −2i 0 0 0

2i 0 0 0 0

0 0 0 i 0

0 0 −i 0 0

0 0 0 0 0


} (6.5)

íØ4.10.3.

ς∂πΨ1 = 1
2
∂yΨ3 − ∂zΨ2 − 1

2
∂xΨ4

ς∂πΨ2 = ∂zΨ1 − 1
2
∂xΨ3 − 1

2
∂yΨ4

ς∂πΨ3 = − 1
2
∂yΨ1 + 1

2
∂zΨ4 + ∂x( 1

2
Ψ2 +

√
3

2
Ψ5)

ς∂πΨ4 = 1
2
∂xΨ1 − 1

2
∂zΨ3 + ∂y(

1
2
Ψ2 −

√
3

2
Ψ5)

ς∂πΨ5 = −
√

3
2
∂xΨ3 +

√
3

2
∂yΨ4

⇔ [Gim(+),−2iς]a∂aΨ = 0


∂x(−Ψ3 + 1√

3
Ψ5) + ∂yΨ1 + ∂zΨ4 = 0

∂xΨ1 + ∂y(Ψ2 + 1√
3
Ψ5) + ∂zΨ3 = 0

∂xΨ4 + ∂yΨ3 − 2√
3
∂zΨ5 = 0

⇔ ∇ · ~ψβς = 0

5 s-g^âf�«|þ�'X

5.1 |^þψ̂(s, ς;w), ψ̃(s, ς;w), ψ(s, ς;w)�m�ð�L�C�'X

íØ5.1.1.ψ̂(s, ς;w) ≡ Γ(s;w)ψ(s, ς;w)

ψ(s, ς;w) ≡ Γ̄(s;w)ψ̂(s, ς;w)

ψ̃(s, ς;w) ≡ N(s;w)ψ(s, ς;w)

ψ(s, ς;w) ≡ N̄(s;w)ψ̃(s, ς;w)

íØ5.1.2.ψ̂(s, ς;w) ≡ Γ(s;w)Γ̄(s;w)ψ̂(s, ς;w)

ψ(s, ς;w) ≡ Γ̄(s;w)Γ(s;w)ψ(s, ς;w)

ψ̃(s, ς;w) ≡ N(s;w)N̄(s;w)ψ̃(s, ς;w)

ψ(s, ς;w) ≡ N̄(s;w)N(s;w)ψ(s, ς;w)

íØ5.1.3.ψ̂(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1
2
;w)]ψ̃(s, ς;w)

ψ̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2
;w)]ψ̂(s, ς;w)

íØ5.1.4.ψ̂(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]ψ̂(s, ς;w)

ψ̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2
;w)][Iw+1 ⊗ Γ(s− 1

2
;w)]ψ̃(s, ς;w)

5.2 ^þĴ(s, ς;w), J̃(s, ς;w)�m�ð�L�C�'X

íØ5.2.1.Ĵ(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1
2
;w)]J̃(s, ς;w)

J̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ĵ(s, ς;w)

Ĵ(s, ς;w) ≡ [Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ĵ(s, ς;w)

J̃(s, ς;w) ≡ [Iw+1 ⊗ Γ̄(s− 1
2
;w)][Iw+1 ⊗ Γ(s− 1

2
;w)]J̃(s, ς;w)

5.3 s-g^âf�«|þ�m�C�'X

½n5.3.1. ψ(s, ς) ∼ e(iω+ςε)·σ(s) ⇔ ψ̂(s, ς) ∼ e(iω+ςε)·Ω̄(s) ⇔ ψ̃(s, ς) ∼ e(iω+ςε)·[σ(
1
2

)⊗I+I⊗σ(s− 1
2

)]

y²: ψ′(s, ς;w)

= Γ̄(s;w)ψ̂′(s, ς;w)

= Γ̄(s;w)e
i
2
ϑabΩab(s;w)ψ̂(s, ς;w)
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= Γ̄(s;w)e
i
2
ϑabΩab(s;w)Γ(s;w)ψ(s, ς;w)

= e
i
2
ϑabΓ̄(s;w)Ωab(s;w)Γ(s;w)ψ(s, ς;w)

= e
i
2
ϑabSab(s,ς;w)ψ(s, ς;w)

y²: ψ̃′(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]ψ̂′(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]e

i
2
ϑabΩab(s;w)ψ̂(s, ς;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]e

i
2
ϑabΩab(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]ψ̃(s, ς;w)

= e
i
2
ϑab[Iw+1⊗Γ̄(s− 1

2
;w)]Ωab(s;w)[Iw+1⊗Γ̄(s− 1

2
;w)]ψ̃(s, ς;w)

= e
i
2
ϑab[Sab⊗I42s−1+Iw+1⊗Sab(ς;s−

1
2

)]ψ̃(s, ς;w)

y²: ψ′(s, ς;w) = N̄(s;w)ψ̃′(s, ς;w)

= N̄(s;w)e
i
2
ϑab[Sab⊗I42s−1+Iw+1⊗Sab(ς;s−

1
2

)]ψ̃(s, ς;w)

y²: N̄(s;w)[Sab ⊗ I42s−1 + Iw+1 ⊗ Sab(ς; s− 1
2
)]N(s;w) = Sab(s, ς;w)

N̄(s;w)[Sab ⊗ I42s−1 ]N(s;w) = 1
2s
Sab(s, ς;w)

N̄(s;w)[Iw+1 ⊗ Sab(e, ς; s− 1
2
)]N(s;w) = (1− 1

2s
)Sab(s, ς;w)

5.4 ÓÚL�C�

íØ5.4.1. σ′ = SσS+ = ckσk

⇔ σ′(s;w) = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]σ(s;w)[Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]+ = ckσk(s;w)

y²: σ′ = SσS+ ⇔ σ′(s;w) = ckσk(s;w) = ckσk

⇔ (S ⊗ S ⊗ · · ⊗S)Ω(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w) = Γ(s;w)σ′(s;w)

⇔ (S ⊗ S ⊗ · · ⊗S)Ω(s;w)Γ(s;w)Γ̄(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w) = Γ(s;w)σ′(s;w)

⇔ σ′(s;w) = Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)σ(s;w)Γ̄(s;w)(S+ ⊗ S+ ⊗ · · ⊗S+)Γ(s;w)

⇔ σ′(s;w) = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]σ(s;w)[Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]+

⇔ σ′ = SσS+ = ckσk ⇔ σ′(s;w) = S′σ(s;w)S′+ = ckσk(s;w), S′ = [Γ̄(s;w)(S ⊗ S ⊗ · · ⊗S)Γ(s;w)]

6 ~^Ý
®o

6.1 g^Ý
������L�

l�é¡�©þ�� [6]g^Üþ�âÔ[C�5�Ñu§�±����AÏL��g^Ý
"

τ(s)=( 1
2



0 2s 0 0 0

1 0 2s−1 0 0

0 2 0 ·· 0

0 0 ·· 0 1

0 0 0 2s 0


, i
2



0−2s 0 0 0

1 0 −(2s−1) 0 0

0 2 0 ·· 0

0 0 ·· 0 −1

0 0 0 2s 0


,



s 0 0 0 0

0 s−1 0 0 0

0 0 ·· 0 0

0 0 0−(s−1) 0

0 0 0 0 −s


) (6.6a)

σ(s) = S(s)τ(s)S−1(s), [τας (s), τβς (s)] = iεαςβς
γςτγς (s), s = 1

2
, 1, 3

2
, 2, 5

2
, ·· (6.6b)

τ2(s) = s(s+ 1) (6.6c)

τας (s) ≺ ταςAςBς (s), ας ∼ e
(iω+ςε)·γ ,Aς ∼ e(iω+ςε)·τ(s),Bς ∼ e−(iω+ςε)·τT (s) (6.6d)

135



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 16Ù ~êØCÜþ�L�C�

�dg^Ý
�éA�Ý5Üþµε(s)ε̄(s) = ε̄(s)ε(s) = I

εAςBς (s) � ε(s) =

 0 0 0 0 (−1)0C0
n

0 0 0 (−1)1C1
n 0

0 0 (−1)2C2
n 0 0

0 ·· 0 0 0
(−1)nCnn 0 0 0 0

 , C−kn ≡ (Ckn)
−1

(6.7a)

ε̄AςBς (s) � ε̄(s) =

 0 0 0 0 (−1)nC−0
n

0 0 0 (−1)n−1C−1
n 0

0 0 (−1)n−2C−2
n 0 0

0 ·· 0 0 0
(−1)0C−nn 0 0 0 0

 (6.7b)

ε(s) = ST (s)ε(s)S(s), ε̄(s) = S−T (s)ε̄(s)S−1(s), ε̄(s) = (−1)2sS2T (s)ε(s)S2(s) (6.7c)

S(s) =


√
C0

2s 0 0 0 0

0
√
C1

2s 0 0 0

0 0
√
C2

2s 0 0

0 0 0 ·· 0

0 0 0 0
√
C2s

2s

 ,S−1(s) =


√
C−0

2s 0 0 0 0

0
√
C−1

2s 0 0 0

0 0
√
C−2

2s 0 0
0 0 0 ·· 0

0 0 0 0
√
C−2s

2s

 (6.7d)

6.2 σÓ�L�C�Ý


íØ6.2.1.

Sc(
1
2
) = 1√

2

[
i 1

i −1

]
, S+

c ( 1
2
) = 1√

2

[
−i −i
1 −1

]
, Sc(

1
2
)S+
c ( 1

2
) = S+

c ( 1
2
)Sc(

1
2
) = I, Sc(

1
2
) = kei

π
4
σy(

1
2

)ei
π
4
σz(

1
2

)

íØ6.2.2. Sc(
1
2
) = eiϕe−i

π
2
σy(

1
2

)e−i
π
2
σz(

1
2

), Sc(
1
2
) = e−iϕei

π
2
σz(

1
2

)ei
π
2
σy(

1
2

)

íØ6.2.3. Sc(
1
2
)(σx, σy, σz)S

+
c ( 1

2
) = (σy, σz, σx), S+

c ( 1
2
)(σx, σy, σz)Sc(

1
2
) = (σz, σx, σy)

íØ6.2.4. Sem( 1
2
) = 1√

2

[
−i i

1 1

]
, S+

em( 1
2
) = 1√

2

[
i 1

−i 1

]
, Sem( 1

2
)S+
em( 1

2
) = S+

em( 1
2
)Sem( 1

2
) = I

íØ6.2.5. Sem( 1
2
)(σx, σy, σz)S

+
em( 1

2
) = (−σz,−σx, σy)

íØ6.2.6. Sxy(σx, σy, σz)S
+
xy = (−σy, σx, σz), Sxy =

[
1 0

0 −i

]
, S+

xy =

[
1 0

0 i

]

6.3 σ(s)Ó�L�C�Ý


íØ6.3.1. σας (s) = [e(iω+ςε)·γ ]ας βςe
(iω+ςε)·σ(s)σβς (s)e−(iω+ςε)·σ(s),=σας kς

lς (s)´~êØCÜþ"

[⇓]

íØ6.3.2. Sc(s) = eiϕe−i
π
2
σy(s)e−i

π
2
σz(s), S+

c (s) = e−iϕei
π
2
σz(s)ei

π
2
σy(s)

íØ6.3.3. S+
c (s)[σx(s), σy(s), σz(s)]Sc(s) = [σz(s), σx(s), σy(s)]

íØ6.3.4. Sc(s)[σz(s), σx(s), σy(s)]S
+
c (s) = [σx(s), σy(s), σz(s)]

íØ6.3.5. [σx(s), σy(s), σz(s)] ' [êx, êy, êz]

6.4 >^XJL�C�Ý
Ú��Ý


íØ6.4.1. Sem(ς) = 1√
2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, S+

em(ς) = 1√
2

[−i −1 0 0
0 0 i −ς
0 0 i ς
i −1 0 0

]
, Sem(ς)S+

em(ς) = S+
em(ς)Sem(ς) = I4

íØ6.4.2. Sem(ς) = 1√
2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
, STem(ς) = 1√

2

[
i −1 0 0
0 0 −i −ς
0 0 −i ς
−i −1 0 0

]
, STem(ς)Sem(ς) =

[
0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

]
= −σy ⊗ σy

íØ6.4.3. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+

m(1) = 1√
2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

íØ6.4.4. Sex =

[
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]
, S2

ex = I, Sem(ς)Sex = Sem(−ς), SexS+
em(ς) = S+

em(−ς)

íØ6.4.5. (σ ⊗ I) = Sex(I ⊗ σ)Sex, (I ⊗ σ) = Sex(σ ⊗ I)Sex

íØ6.4.6. σ−ς = Sem(ς)(σ ⊗ I)S+
em(ς), σ+ς = Sem(ς)(I ⊗ σ)S+

em(ς), γ = Sm(1)σ(1)S−m(1)
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6.5 ÚåXJL�C�

½Â6.5.1. Ψim(2, ς) := Sim(2, ς)ψ(2, ς)

íØ6.5.1. Ψim(2, ς) = −
√

2[ψyςxς ,− 1
2
(ψxςxς − ψyςyς ), ψzςyς , ςψzςxς ,

√
3

2
(ψxςxς + ψyςyς )]T

Sim(2, ς) = 1√
2



i 0 0 0 −i
−1 0 0 0 −1

0 −i 0 −i 0

0 −ς 0 ς 0

0 0 −
√

2 0 0


, S+

im(2, ς) = 1√
2



−i −1 0 0 0

0 0 i −ς 0

0 0 0 0 −
√

2

0 0 i ς 0

i −1 0 0 0


(6.8)

Gim(ς) = Sim(2, ς)σ(2)S+
im(2, ς) Sim(2, ς)S+

im(2, ς) = S+
im(2, ς)Sim(2, ς) = I (6.9)

Gim(ς) = {



0 0 0 −iς 0

0 0 −i 0 0

0 i 0 0 i
√

3

iς 0 0 0 0

0 0 −i
√

3 0 0


,



0 0 i 0 0

0 0 0 −iς 0

−i 0 0 0 0

0 iς 0 0 −iς
√

3

0 0 0 iς
√

3 0


,



0 −2i 0 0 0

2i 0 0 0 0

0 0 0 iς 0

0 0 −iς 0 0

0 0 0 0 0


} (6.10)

6.6 ÚåXJ�qC�Ý


½Â6.6.1. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]
T

íØ6.6.1. Ψ(2, ς) = Sm(2)̄̄ψ(2, ς)

Sm(2) = − 1
2



−1 0 2 0 −1

−i 0 0 0 i

0 2 0 −2 0

1 0 2 0 1

0 2i 0 2i 0


, S−m(2) = − 1

2



−1 2i 0 1 0

0 0 1 0 −i
1 0 0 1 0

0 0 −1 0 −i
−1 −2i 0 1 0


(6.11a)

Gm = Sm(2)τ(2)S−m(2) Sm(2)S−m(2) = S−m(2)Sm(2) = I (6.11b)

Gm = {



0 0 0 0 0

0 0 −i 0 0

0 i 0 0 0

0 0 0 0 −2i

i 0 0 2i 0


,



0 0 2i 0 0

0 0 0 0 i

−2i 0 0 −i 0

0 0 0 0 0

0 −i 0 0 0


,



0 −2i 0 0 0

i 0 0 −i 0

0 0 0 0 −i
0 2i 0 0 0

0 0 i 0 0


} (6.11c)

6.7 �é¡^þ^�Ý


T (s) =



1 0 0 0 0

0 τ 0 0 0

0 0 ·· 0 0

0 0 0 τ 0

0 0 0 0 1


, 2s− 1�τ, τ = 1

2

[
1 1

1 1

]
, τn = τ, Tn(s) = T (s) (6.12a)

�é¡^þ^� : ψ̃ = T (s)ψ̃(aquê�.B^� [5]Ú��^� [6]) (6.12b)
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g·µãµ�ÙJÑ
>^|�§�õ«�dLã/ª§¿î�y²
§��m��d5"

1 A^~êÜþ½Â>^| [8]��«^þ

1.1 >^|r�²;£ã

>^Üþ:Fab =


0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

 ,éóÜþ: ∗ Fab =


0 −iEz iEy Bx

iEz 0 −iEx By

−iEy iEx 0 Bz

−Bx −By −Bz 0

 (7.1)

1.2 >^|r�E¥þ£ã

1�«½Â§�Ùæ^1�«½Â"

½Â1.2.1. >^|E¥þ1�«½Âψας := i
2
σabςαςFab = iς(E − iςB)ας = (iςE +B)ας

1�«½Â§�¡>^|üÕþfz�Ù!æ^1�«½Â"

½Â1.2.2. >^|E¥þ1�«½ÂΨας := ς
2
√

2
σabςαςFab = 1√

2
(E − iςB)ας

1n«½Â§�¡B-Gþfz�Ù!æ^1n«½Â"

½Â1.2.3. >^|E¥þ1n«½Âψας := − 1
2
√

2
σabςαςFab = − ς√

2
(E − iςB)ας

±�k�m�ÜÚ�¤1�«½Â§�¡þfzÏ^PenroseÚB-Gé´5K´æ^1n«½Â�"

1.3 >^|r�Ä�5�

íØ1.3.1. 1
2
(Fab − ς ∗ Fab) = i

2
σαςςabψας

y²: Fab = −Fba
⇔ Fab = 1

2
SabcdF

cd, ∗Fab := 1
2
εabcdF

cd

⇔ Fab − ς ∗ Fab = 1
2
(Sabcd − ςεabcd)F cd

⇔ Fab − ς ∗ Fab = − 1
2
σαςςabσςαςcdF

cd

⇔ Fab − ς ∗ Fab = iσαςςabψας

⇔ 1
2
(Fab − ς ∗ Fab) = i

2
σαςςabψας

íØ1.3.2. ψας = i
2
σabςας

1
2
(Fab − ς ∗ Fab)

íØ1.3.3. ψας = − i
2
ςσabςας ∗ Fab

íØ1.3.4. σabςας (Fab + ς ∗ Fab) = 0

íØ1.3.5. Fab − ς ∗ Fab = − 1
4
σαςςabσ

cd
ςας

(Fcd − ς ∗ Fcd)

íØ1.3.6. Fab = i
2
(σα

′

−abψα′ + σα+abψα), ∗Fab = i
2
(σα

′

−abψα′ − σα+abψα)

y²: Fab − ς ∗ Fab = iσαςςabψας

⇔ Fab − ∗Fab = iσα+abψα, Fab + ∗Fab = iσα
′

−abψα′

⇔ Fab = i
2
(σα

′

−abψα′ + σα+abψα), ∗Fab = i
2
(σα

′

−abψα′ − σα+abψα)

⇔ Fab = i
2
(σα

′

−abψα′ + σα+abψα)

⇔ ∗Fab = i
2
(σα

′

−abψα′ − σα+abψα)

íØ1.3.7. Fab = −Fba ⇔ Fab = i
2
(σα

′

−abψα′ + σα+abψα)
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1.4 >^|r�1
2
-^þ£ã [1, 2]

½Â1.4.1. >^| 1
2
-^þÜþ: ψAςBς := iς√

2
σαςAςBςψας = iς√

2
SabAςBςFab

íØ1.4.1. ψAςBς = iς√
2
σαςAςBςψας ⇔ ψας = iς√

2
σAςBςας

ψAςBς

íØ1.4.2. ψAςBς = ψBςAς

íØ1.4.3. ψAςBς = −i√
2
SabAςBς ∗ Fab

íØ1.4.4. 1
2
(Fab − ς ∗ Fab) = iς√

2
Sab

AςBςψAςBς ⇔ ψAςBς = iς√
2
SabAςBς

1
2
(Fab − ς ∗ Fab)

íØ1.4.5. Fab − ς ∗ Fab = − 1
2
Sab

AςBςScdAςBς (Fcd − ς ∗ Fcd)

íØ1.4.6. Fab = iς√
2
(Sab

A′B′ψA′B′ + Sab
ABψAB), ∗Fab = iς√

2
(Sab

A′B′ψA′B′ − SabABψAB)

íØ1.4.7. Fab = −Fba ⇔ Fab = iς√
2
(Sab

A′B′ψA′B′ + Sab
ABψAB)

(ÜíØ1.3.6Ú(1.259), (1.260) ª��PenroseéAP{µ

íØ1.4.8. Fab
P
= 1√

2
(ψA′B′εAB + ψABεA′B′), ∗Fab

P
= 1√

2
(ψA′B′εAB − ψABεA′B′)

1.5 >^|r�1-^þ£ã

½Â1.5.1. >^|1-^þψkς (1) := ΓAςBςkς
(1)ψAςBς = Γαςkς (1)ψας , ψ

kς (1) := ΓkςAςBς (1)ψAςBς = Γkςας (1)ψας

íØ1.5.1. ψAςBς = ΓkςAςBς (1)ψkς (1), ψας = Γkςας (1)ψkς (1)

íØ1.5.2. ψAςBς = ΓAςBςkς
(1)ψkς (1), ψας = Γαςkς (1)ψkς (1)

líØ1.231��µ[Γkςας (1)]∗ ' Γαςkς (1)

íØ1.5.3. ΓAςBςkς
(1) ' ΓkςAςBς (1) � {

[
1 0
0 0

]
, 1√

2

[
0 1
1 0

]
,
[

0 0
0 1

]
} = { 1

2
(σz + I), 1√

2
σx,

1
2
(−σz + I)}

(Üþª�(1.231)ª��µ

íØ1.5.4. Γkςας (1) � 1√
2

[
i −1 0

0 0 −i
√

2
−i −1 0

]
,Γας kς (1) � 1√

2

[
−i 0 i
−1 0 −1

0 i
√

2 0

]
1.6 >^|�1

2
-^þ£ã [1, 2]

½Â1.6.1. >^| 1
2
-^þÜþJAςA′ς := −iς√

2
(σ, iς)aAςA′ςJa, J

A′ςAς := iς√
2
(σ,−iς)A

′
ςAς

a Ja

PenroseP{: Ja
P
= JAA′ , J

a P
= JA

′A

2 >^|�§�õ«�dLã/ª

2.1 >^|5�nØ�IO£ã

Fuv = ∂uAv − ∂vAu (7.2)

5�C�:ψ → U(θ)ψ,U(θ) = eigθ, ψ�>Ög

Au → U(θ)AuU
−1(θ) + i

g
[∂uU(θ)]U−1(θ) = Au − ∂uθ

(7.3)

íØ2.1.1. Duψ → UDuψ,Du = ∂u + igAu

y²: Duψ = (∂u + igAu)ψ → [∂u + UigAuU
−1 − (∂uU)U−1](Uψ)

⇔ Duψ → [∂u(Uψ) + UigAuψ − (∂uU)ψ]

⇔ Duψ → U(∂u + igAu)ψ

⇔ Duψ → UDuψ,Du = ∂u + igAu

íØ2.1.2. Fuv → UFuvU
−1 = Fuv

íØ2.1.3. DwFuv → UDwFuvU
−1 = DwFuv, Dw = ∂w + ig[Aw, ] = ∂w
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2.2 >^|�§�²;/ª∇ · ~E = ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = ~J + ∂t ~E
⇔

∂aFab = −Jb, ∂a ∗ Fab ≡ 0

Fab = ∂aAb − ∂bAa
(7.4)

2.3 >^|�§�E¥þLã/ª

E¥þÜþ/ªµ

½n2.3.1. ∂aFab = −Jb ⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb;Fab = ∂aAb − ∂bAa, Ψ̃ας =
[
ψας=

i
2
σ
ας
ςabF

ab

0

]
y²: ∂aFab = −Jb
⇔ ∂aFab = −Jb, ∂a ∗ Fab ≡ 0

⇔ ∂a(Fab − ς ∗ Fab) = −Jb
⇔ ∂a(iσαςςabψας ) = −Jb, ας = 1, 2, 3

⇔ ∂a[(σς ,−iς)ας |abΨ̃ας ] = iJb, ας = 1, 2, 3, 4

⇔ ∂a[(σ−ς ,−iς)a|bας Ψ̃ας ] = iJb, ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)a|bας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4

E¥þÝ
/ªµ

íØ2.3.1. (σ−ς ,−iς)abας∂aΨ̃ας = iJb ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

L�C�µ

íØ2.3.2. (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ ⇔ (σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)

2.4 >^|�§�1
2
-^þLã/ª

1
2
-^þPenroseÄ��I/ª [1, 2]µ

½n2.4.1. (σ−ς ,−iς)abας∂aΨ̃ας = iJb ⇔ ∇A
′
ςAςψAςBς = −ς√

2
JA
′
ςBς ,∇A

′
ςAς = iς√

2
(σ,−iς)A

′
ςAς

a ∂a

y²: (σ−ς ,−iς)abας∂aΨ̃ας = iJb

⇔ ∂a(iσαςςabψας ) = −Jb
⇔ ∂a(iσαςςab · iς√2

σAςBςας
ψAςBς ) = −Jb

⇔ iSab
AςBς∂aψAςBς = −ς√

2
Jb

⇔ ( ς
2
δabε

AςBς + iSab
AςBς )∂aψAςBς = −ς√

2
Jb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b ∂aψAςBς = −1√
2
Jb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς∂
aψAςBς = −1√

2
Jb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a ∂aψAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A′ςAςψAςBς = −ς√
2
JA
′
ςBς ,∇A

′
ςAς = iς√

2
(σ,−iς)A

′
ςAς

a ∂a

1
2
-^þÜþ/ªµ

íØ2.4.1. ∇A′ςAςψAςBς = −ς√
2
JA
′
ςBς ⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBς = iJA
′
ςBς

1
2
-^þÝ
/ªµ

íØ2.4.2. (σ,−iς)A
′
ςAς

a ∂aψAςBς = iJA
′
ςBς ⇔ (σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)

1
2
-^þ�Ý
/ªµ

íØ2.4.3. (σ,−iς)A
′
ςAς

a ∂aψAςBς = iJA
′
ςBς ⇔ (σ,−iς)a∂a[ψ] = i[J ]

140



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 17Ù >^|�§�#Lã

1
2
-g^ÜþLã/ª:(y²3�±�)

íØ2.4.4. (σ,−iς)A
′
ςAς

a DaψAςBς = iJA
′
ςBς ⇔ [∂a + iSab(1, ς)∂

b]kς
lςψlς (1, ς) = Jakς (1, ς)

íØ2.4.5.

∂aFab = −Jb

∂a ∗ Fab ≡ 0
⇔ [∂a + iSab(1, ς)∂

b]kς
lςψlς (1, ς) = Jakς (1, ς)

2.5 ßÿ

½n2.5.1. ∂a ∗ Fab = 0⇔ Fab = ∂aAb − ∂bAa ⇔ ∂a ∗ Fab ≡ 0

½n2.5.2. ∂aFab = −Jb, ∂a ∗ Fab = 0⇔ ∂aFab = −Jb, Fab = ∂aAb − ∂bAa

2.6 >^|�§ [8]�g^ÜþLã/ª

>^|�g^ÜþÝ
µSab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(7.5)

½n2.6.1. (∂a + iSab∂
b)βς γςψ

γς (1, ς) = −iσβςςabJb, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

�«�*y{Xeµ

y²: (∂a + iSab∂
b)βς γςψ

γς = −iσβςςabJb, Sab = iσαςςabγας

⇔



(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ
γς = −iσβςςxbJb

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γς = −iσβςςybJb

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γς = −iσβςςzbJb

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γς = −iσβςςπbJb

⇔




∂x ∂y ∂z

−∂y ∂x −ς∂π

−∂z ς∂π ∂x



ψxς

ψyς

ψzς

 =


ςJπ

Jz

−Jy

 ,


∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y



ψxς

ψyς

ψzς

 =


−Jz

ςJπ

Jx



∂z −ς∂π −∂x

ς∂π ∂z −∂y

∂x ∂y ∂z



ψxς

ψyς

ψzς

 =


Jy

−Jx

ςJπ

 , i∂πΨ(1, ς) = ςγ · ∇Ψ(1, ς)− iς ~J

⇔

i∂πΨ(1, ς) = iς∇×Ψ(1, ς)− iς ~J

∇ ·Ψ(1, ς) = ςJπ

⇔

i∂πΨ(1, ς) = ςγ · ∇Ψ(1, ς)− iς ~J

∇ ·Ψ(1, ς) = ςJπ

⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ

íØ2.6.1. (∂a + iSab∂
b)ψ(1, ς) = i(σ−ς , iς)aJ, Sab = iσαςςabγας

,�«�)Û�Ä��y{Xeµ

y²: (∂a + iSab∂
b)βς γςψ

γς = −iσβςςabJb, Sab = iσαςςabγας

⇔ σβςςa
cσςγςcb∂

bψγς = −iσβςςabJb

⇔ σβςςacσ
cb
ςγς
∂bψ

γς = −iσβςςabJb

⇔ σςadβς
σβςςacσ

cb
ςγς
∂bψ

γς = −iσςadβς
σβςςabJ

b

⇔ σdbςγς∂bψ
γς = −iJd

⇔ σabςας∂aψ
ας = iJb, ας = 1, 2, 3

⇔ (σ−ς ,−iς)abας∂aΨ̃ας = iJb, ας = 1, 2, 3, 4
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d�§(3.3.2)���du>^|�§§§Ò´>^|�§�g^ÜþLã/ª"

Ún2.6.1. Jβςa = −iσβςςabJb ⇔



Jzςy = −Jyςz = −ςJxςπ = Jx

Jxςz = −Jzςx = −ςJyςπ = Jy

Jyςx = −Jxςy = −ςJzςπ = Jz

Jxςx = Jyςy = Jzzς = ςJπ

Ðm=�y²"±þg^�§´'uAÏ��§@oéu����q¬N�Qº�we¡�½n"

½n2.6.2. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ, Jβςa = −iσβςςabJb

y²: (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας

⇔



(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ
γς = Jxβς

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γς = Jβςy

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γς = Jzβς

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γς = Jβςπ

⇔




∂x ∂y ∂z

−∂y ∂x −ς∂π

−∂z ς∂π ∂x



ψxς

ψyς

ψzς

 =


Jxςx
Jyςx
Jzςx

⇔

∇ ·Ψ(1, ς) = Jxςx
[∇×Ψ(1, ς)]zς − ς∂πψzς (1, ς) = Jyςx
−[∇×Ψ(1, ς)]yς + ς∂πψ

yς (1, ς) = Jzςx
∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y



ψxς

ψyς

ψzς

 =


Jxςy
Jyςy
Jzςy

⇔

−[∇×Ψ(1, ς)]zς + ς∂πψ

zς (1, ς) = Jxςy
∇ ·Ψ(1, ς) = Jyςy
[∇×Ψ(1, ς)]xς − ς∂πψxς (1, ς) = Jzςy

∂z −ς∂π −∂x

ς∂π ∂z −∂y

∂x ∂y ∂z



ψxς

ψyς

ψzς

 =


Jxςz
Jyςz
Jzςz

⇔


[∇×Ψ(1, ς)]yς − ς∂πψyς (1, ς) = Jxςz
−[∇×Ψ(1, ς)]xς + ς∂πψ

xς (1, ς) = Jyςz
∇ ·Ψ(1, ς) = Jzςz

∂πΨ(1, ς) + iςγ · ∇ψ = Jπ ⇔ ∂πΨ(1, ς)− ς∇×Ψ(1, ς) = Jπ

⇔



Jzςy = −Jyςz = −ςJxςπ := Jx

Jxςz = −Jzςx = −ςJyςπ := Jy

Jyςx = −Jxςy = −ςJzςπ := Jz

Jxςx = Jyςy = Jzzς := ςJπ

∂πΨ(1, ς)− ς∇×Ψ(1, ς) = i ~J

∇ ·Ψ(1, ς) = ςJπ

⇔ (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ, Jβςa = −iσβςςabJb

,�«�)Û�Ä��y{Xeµ

½n2.6.3. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας ⇔ Jβςa = σβςςabσ
bc
ςγς
∂cψ

γς

y²: (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcb∂

bψγς = Jβςa
⇔ Jβςa = σβςςabσ

bc
ςας
∂cψ

ας
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⇔



Jzςy = −Jyςz = −ςJxςπ = iσxbςας∂bψ
ας

Jxςz = −Jzςx = −ςJyςπ = iσybςας∂bψ
ας

Jyςx = −Jxςy = −ςJzςπ = iσzbςας∂bψ
ας

Jxςx = Jyςy = Jzςz = iςσπbςας∂bψ
ας

ù�½nL²dg^�§�É��½��§Ø´�¿�§�kc�½n£ã���/âk)§Ù¦�/�Ã

)"

íØ2.6.2. (∂a + iSab∂
b)βς γςψ

γς = Jβςa , Sab = iσαςςabγαςk)⇔ Jβςa = −iσβςςabJb,∃Jb

2.7 >^|�§�²;©l/ª

íØ2.7.1. (σ−ς ,−iς)a∂aΨ̃(1, ς) = iJ ⇔ (γ,−iς)a∂aΨ(1, ς) = i ~J, iς∇ ·Ψ(1, ς) = iJπ

íØ2.7.2. S := 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

]

íØ2.7.3. 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

][
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]
1√
2

[√
2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

]
= 1√

2

[
0 1 0 −ς
1 0 1 0
0 1 0 ς
−ς 0 ς 0

]

íØ2.7.4. 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

]
i

[
0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

]
1√
2

[√
2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

]
= i√

2

[
0 −1 0 ς
1 0 −1 0
0 1 0 ς
−ς 0 −ς 0

]

íØ2.7.5. 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −ς
√

1 ς
√

1 0

][
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

]
1√
2

[√
2 0 0 0

0
√

1 0 −ς
√

1

0
√

1 0 ς
√

1

0 0
√

2 0

]
=

[
1 0 0 0
0 0 0 ς
0 0 −1 0
0 ς 0 0

]
íØ2.7.6.

(σ ⊗ I,−iς)a∂aψ̃(1, ς) = iJ̃(1, ς)
S⇔

[σ(1),−iς]a∂aψ(1, ς) = iN̄(1)J̃(1, ς)

iς∇ · Sm(1)ψ(1, ς) = iJπ


[
N̄(1)J̃(1,ς)

Jπ

]
= SJ̃(1, ς)[

ψ(1,ς)
0

]
= Sψ̃(1, ς)

íØ2.7.7. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+

m(1) = 1√
2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

íØ2.7.8.

[σ(1),−iς]a∂aψ(1, ς) = iN̄(1)J̃(1, ς)

iς∇ · Sm(1)ψ(1, ς) = iJπ

Sm(1)⇔

(γ,−iς)a∂aΨ(1, ς) = i ~J, ~J = Sm(1)N̄(1)J̃(1, ς)

iς∇ ·Ψ(1, ς) = iJπ,Ψ(1, ς) = Sm(1)N̄(1)ψ̃(1, ς)
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1 A^~êÜþ½ÂYang-Mills| [8]��«^þ
g·µãµ�ÙJÑ
Yang-Mills|�§�õ«�dLã/ª§¿î�y²
§��m��d5"

1.1 Yang-Mills|r�²;£ã

>^Üþ:F σab =


0 Bσ

z −Bσ
y −iEσ

x

−Bσ
z 0 Bσ

x −iEσ
y

Bσ
y −Bσ

x 0 −iEσ
z

iEσ
x iEσ

y iEσ
z 0

 ,éóÜþ: ∗ F σab =


0 −iEσ

z iEσ
y Bσ

x

iEσ
z 0 −iEσ

x Bσ
y

−iEσ
y iEσ

x 0 Bσ
z

−Bσ
x −Bσ

y −Bσ
z 0

 (8.1)

1.2 Yang-Mills|r�E¥þ£ã

½Â1.2.1. Yang-Mills|E¥þψσας := i
2
σabςαςF

σ
ab = iς(E − iςB)σας = (iςE +B)σας

íØ1.2.1. 1
2
(F σab − ς ∗ F σab) = i

2
σαςςabψ

σ
ας

y²: F σab = −F σba
⇔ F σab = 1

2
SabcdF

cd, ∗F σab := 1
2
εabcdF

cd

⇔ F σab − ς ∗ F σab = 1
2
(Sabcd − ςεabcd)F cd

⇔ F σab − ς ∗ F σab = − 1
2
σαςςabσςαςcdF

cd

⇔ F σab − ς ∗ F σab = iσαςςabψ
σ
ας

⇔ 1
2
(F σab − ς ∗ F σab) = i

2
σαςςabψ

σ
ας

íØ1.2.2. ψσας = i
2
σabςας

1
2
(F σab − ς ∗ F σab)

íØ1.2.3. ψσας = − i
2
ςσabςας ∗ F

σ
ab

íØ1.2.4. σabςας (F
σ
ab + ς ∗ F σab) = 0

íØ1.2.5. F σab − ς ∗ F σab = − 1
4
σαςςabσ

cd
ςας

(F σcd − ς ∗ F σcd)

íØ1.2.6. F σab = i
2
(σα

′

−abψ
σ
α′ + σα+abψ

σ
α), ∗F σab = i

2
(σα

′

−abψ
σ
α′ − σα+abψσα)

y²: F σab − ς ∗ F σab = iσαςςabψ
σ
ας

⇔ F σab − ∗F σab = iσα+abψ
σ
α, F

σ
ab + ∗F σab = iσα

′

−abψ
σ
α′

⇔ F σab = i
2
(σα

′

−abψ
σ
α′ + σα+abψ

σ
α), ∗F σab = i

2
(σα

′

−abψ
σ
α′ − σα+abψσα)

⇔ F σab = i
2
(σα

′

−abψ
σ
α′ + σα+abψ

σ
α)

⇔ ∗F σab = i
2
(σα

′

−abψ
σ
α′ − σα+abψσα)

íØ1.2.7. F σab = −F σba ⇔ F σab = i
2
(σα

′

−abψ
σ
α′ + σα+abψ

σ
α)

1.3 Yang-Mills|r�1
2
-^þ£ã [1, 2]

½Â1.3.1. Yang-Mills| 1
2
-^þÜþ: ψσAςBς := iς√

2
σαςAςBςψ

σ
ας

= iς√
2
SabAςBςF

σ
ab

íØ1.3.1. ψσAςBς = iς√
2
σαςAςBςψ

σ
ας
⇔ ψσας = iς√

2
σAςBςας

ψσAςBς

íØ1.3.2. ψσAςBς = ψσBςAς

íØ1.3.3. ψσAςBς = −i√
2
SabAςBς ∗ F σab

íØ1.3.4. 1
2
(F σab − ς ∗ F σab) = iς√

2
Sab

AςBςψσAςBς ⇔ ψσAςBς = iς√
2
SabAςBς

1
2
(F σab − ς ∗ F σab)
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íØ1.3.5. F σab − ς ∗ F σab = − 1
2
Sab

AςBςScdAςBς (F
σ
cd − ς ∗ F σcd)

íØ1.3.6. F σab = iς√
2
(Sab

A′B′ψσA′B′ + Sab
ABψσAB), ∗F σab = iς√

2
(Sab

A′B′ψσA′B′ − SabABψσAB)

íØ1.3.7. F σab = −F σba ⇔ F σab = iς√
2
(Sab

A′B′ψσA′B′ + Sab
ABψσAB)

(ÜíØ1.3.6Ú(1.259), (1.260) ª��PenroseéAP{ [1, 2]µ

íØ1.3.8. F σab
P
= 1√

2
(ψσA′B′εAB + ψσABεA′B′), ∗F σab

P
= 1√

2
(ψσA′B′εAB − ψσABεA′B′)

1.4 Yang-Mills|r�1-^þ£ã

½Â1.4.1. Yang-Mills|1-^þψσkς (1) := ΓAςBςkς
(1)ψσAςBς = Γαςkς (1)ψσας

íØ1.4.1. ψσAςBς = ΓkςAςBς (1)ψσkς (1), ψσας = Γkςας (1)ψσkς (1)

1.5 Yang-Mills|�1
2
-^þ£ã [1, 2]

½Â1.5.1. Yang-Mills| 1
2
-^þÜþJA

′
ςAςσ := iς√

2
(σ,−iς)A

′
ςAς

a Jaσ, JσAςA′ς := −iς√
2

(σ, iς)aAςA′ςJ
σ
a

PenroseP{: Jaσ
P
= JA

′Aσ, Ja
P
= JσAA′

2 Yang-Mills|�§�õ«�dLã/ª

2.1 Yang-MillsnØ�IO£ãF σuvTσ = ∂uA
σ
vTσ − ∂vAσuTσ + ig[AτuTτ , A

ρ
vTρ]

[Tτ , Tρ] = ifστρTσ, c
σTσ = 0⇔ cσ = 0

(8.2)

5�C�:ψ → U(θ)ψ,U(θ) = eigθ
σTσ , ψ�YMÖg

AσuTσ → U(θ)AσuTσU
−1(θ) + i

g
[∂uU(θ)]U−1(θ)

(8.3)

íØ2.1.1. Duψ → UDuψ,Du = ∂u + igAσuTσ

y²: Duψ = (∂u + igAσuTσ)ψ → [∂u + UigAσuTσU
−1 − (∂uU)U−1](Uψ)

⇔ Duψ → [∂u(Uψ) + UigAσuTσψ − (∂uU)ψ]

⇔ Duψ → U(∂u + igAσuTσ)ψ

⇔ Duψ → UDuψ,Du = ∂u + igAσuTσ

Ún2.1.1. ∂u(U−1) = −U−1∂u(U)U−1

y²: ∂u(UU−1) = ∂u(I)

⇔ ∂u(U)U−1 + U∂u(U−1) = 0

⇔ U∂u(U−1) = −∂u(U)U−1

⇔ ∂u(U−1) = −U−1∂u(U)U−1

íØ2.1.2. F σuvTσ → UF σuvTσU
−1

y²: F σuvTσ = ∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ]

→ ∂u[UAσvTσU
−1 + i

g
(∂vU)U−1]− ∂v[UAσuTσU−1 + i

g
(∂uU)U−1]

+ ig[UAρuTρU
−1 + i

g
(∂uU)U−1, UAτvTτU

−1 + i
g
(∂vU)U−1]

⇔ F σuvTσ → U(∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ])U−1

⇔ F σuvTσ → UF σuvTσU
−1

íØ2.1.3. DwF
σ
uvTσ → UDwF

σ
uvTσU

−1, Dw = ∇w + ig[AσwTσ, ]
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y²: DwF
σ
uvTσ = ∂wF

σ
uvTσ + ig[AρwTρ, F

τ
uvTτ ]

→ ∂w(UF σuvTσU
−1) + ig[UAρwTρU

−1 + i
g
(∂wU)U−1, UF τuvTτU

−1]

⇔ DwF
σ
uvTσ → U(∂wF

σ
uvTσ + ig[AρwTρ, F

τ
uvTτ ])U−1

⇔ DwF
σ
uvTσ → UDwF

σ
uvTσU

−1

íØ2.1.4. DwF
σ
uv = ∇wF σuv − gfσρτAρwF τuv

íØ2.1.5. DwF
σ
uv = ∇wF σuv + igAρw(−ifρστ )F τuv

íØ2.1.6. DwFuv = [∇w + igAρw(−ifρ)]Fuv, Dw = ∇w + igAρw(−ifρ)

2.2 Yang-MillsnØ�©þ£ã

íØ2.2.1. F σuvTσ = ∂uA
σ
vTσ − ∂vAσuTσ + ig[AρuTρ, A

τ
vTτ ]⇔ F σuv = ∂uA

σ
v − ∂vAσu − gfσρτAρuAτv

íØ2.2.2.

F σuvTσ = (∂u + igAρuTρ)A
σ
vTσ − (∂v + igAρvTρ)A

σ
uTσ ⇔ Fuv = [∂u + 1

2
igAρu(−ifρ)]Av − [∂v + 1

2
igAρv(−ifρ)]Au

íØ2.2.3. 5�C�:δψ = igθσTσψ, δAu = igθρ(−ifρ)Au − ∂uθ

íØ2.2.4. δFuv = igθρ(−ifρ)Fuv

2.3 Yang-Mills�§�Ie£ã

½Â2.3.1. F σab := euae
v
bF

σ
uv, A

σ
a := euaA

σ
u

Yang-Mills�§�Ie£ã

DaF σab = −Jσb , Da ∗ F σab ≡ 0 (8.4)

2.4 Yang-Mills|�§�²;/ª∇d · ~Eσ = ρσ,∇d × ~Eσ = −Dt
~Bσ

∇d · ~Bσ = 0,∇d × ~Bσ = ~Jσ +Dt
~Eσ

⇔ DaF σab = −Jσb , Da ∗ F σab ≡ 0 (8.5)

2.5 Yang-Mills|�§�E¥þLã/ª

E¥þÜþ/ªµ

½n2.5.1. DaF σab = −Jσb ⇔ (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb ;F σab = DaAb −DbAa, Ψ̃

αςσ =
[
ψαςσ=

i
2
σ
ας
ςabF

abσ

0

]
y²: DaF σab = −Jσb
⇔ DaF σab = −Jσb , Da ∗ F σab ≡ 0

⇔ Da(F σab − ς ∗ F σab) = −Jσb
⇔ Da(iσαςςabψ

σ
ας

) = −Jbσ, ας = 1, 2, 3

⇔ Da[(σς ,−iς)ας |abΨ̃αςσ] = iJσb , ας = 1, 2, 3, 4

⇔ Da[(σ−ς ,−iς)a|bας Ψ̃σ
ας

] = iJσb , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb , ας = 1, 2, 3, 4

E¥þÝ
/ªµ

íØ2.5.1. (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb ⇔ (σ−ς ,−iς)aDaΨ̃

σ(1, ς) = iJσ

L�C�µ

íØ2.5.2. (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJσ ⇔ (σ ⊗ I,−iς)aDaΨ̃

σ(1, ς) = iJ̃σ(1, ς)
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2.6 Yang-Mills|�§�1
2
-^þLã/ª

1
2
-^þPenroseÄ��I/ª [1, 2]µ

½n2.6.1. (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb ⇔ ∇

A′ςAς
d ψσAςBς = −ς√

2
JA
′
ςBς

σ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

y²: (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb

⇔ Da(iσαςςabψ
σ
ας

) = −Jσb
⇔ Da(iσαςςab · iς√2

σAςBςας
ψσAςBς ) = −Jσb

⇔ iSab
AςBςDaψσAςBς = −ς√

2
Jσb

⇔ ( ς
2
δabε

AςBς + iSab
AςBς )DaψσAςBς = −ς√

2
Jσb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b DaψσAςBς = −1√
2
Jσb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ςD
aψσAςBς = −1√

2
Jσb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a DaψσAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A
′
ςAς

d ψσAςBς = −ς√
2
JA
′
ςBς

σ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

1
2
-^þÜþ/ªµ

íØ2.6.1. ∇A
′
ςAς

d ψσAςBς = −ς√
2
JA
′
ςBς

σ ⇔ (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ

1
2
-^þÝ
/ªµ

íØ2.6.2. (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ ⇔ (σ ⊗ I,−iς)aDaΨ̃
σ(1, ς) = iJ̃σ(1, ς)

1
2
-^þ�Ý
/ªµ

íØ2.6.3. (σ,−iς)A
′
ςAς

a Daψ
σ
AςBς

= iJA
′
ςBς

σ ⇔ (σ,−iς)aDa[ψ]σ = i[J ]σ

1
2
-g^ÜþLã/ª:(y²3�±�)

íØ2.6.4. (σ,−iς)A
′
ςAς

a DaψσAςBς = iJA
′
ςBς

σ ⇔ [∂a + iSab(1, ς)∂
b]kς

lςψσlς (1, ς) = Jσakς (1, ς)

íØ2.6.5.

∂aF σab = −Jσb
∂a ∗ F σab ≡ 0

⇔ [∂a + iSab(1, ς)∂
b]kς

lςψσlς (1, ς) = Jσakς (1, ς)

2.7 ßÿ

½n2.7.1. Da ∗ F σab = 0⇔ F σab = DaAb −DbAa ⇔ Da ∗ F σab ≡ 0

½n2.7.2. DaF σab = −Jσb , Da ∗ F σab = 0⇔ DaF σab = −Jσb , F σab = DaAb −DbAa

2.8 Yang-Mills|�§ [8]�g^ÜþLã/ª

Yang-Mills|�g^ÜþÝ
µSab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(8.6)

½n2.8.1. (Da + iSabD
b)βς γςψ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJσ

�«�*y{Xeµ

y²: (Da + iSabD
b)βς γςψ

γςσ = −iσβςςabJbσ, Sab = iσαςςabγας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ
γςσ = −iσβςςxbJbσ

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςσ = −iσβςςybJbσ

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςσ = −iσβςςzbJbσ

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςσ = −iσβςςπbJbσ
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx



ψxςσ

ψyςσ

ψzςσ

 =


ςJπσ

Jzσ

−Jyσ

 ,


Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy



ψxςσ

ψyςσ

ψzςσ

 =


−Jzσ

ςJπσ

Jxσ



Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz



ψxςσ

ψyςσ

ψzςσ

 =


Jyσ

−Jxσ

ςJπσ

 , iDπΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− iς ~Jσ

⇔

iDπΨσ(1, ς) = iς∇d ×Ψσ(1, ς)− iς ~Jσ

∇d ·Ψσ(1, ς) = ςJπσ

⇔

iDπΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− iς ~Jσ

∇d ·Ψσ(1, ς) = ςJπσ

⇔ (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJ

íØ2.8.1. (∂a + iSab∂
b)ψσ(1, ς) = i(σ−ς , iς)aJ

σ, Sab = iσαςςabγας

,�«�)Û�Ä��y{Xeµ

y²: (Da + iSabD
b)βς γςψ

γςσ = −iσβςςabJbσ, Sab = iσαςςabγας

⇔ σβςςa
cσςγςcbD

bψγςσ = −iσβςςabJbσ

⇔ σβςςacσ
cb
ςγς
Dbψ

γςσ = −iσβςςabJbσ

⇔ σςadβς
σβςςacσ

cb
ςγς
Dbψ

γςσ = −iσςadβς
σβςςabJ

bσ

⇔ σdbςγςDbψ
γςσ = −iJdσ

⇔ σabςαςDaψ
αςσ = iJbσ, ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaΨ̃
αςσ = iJσb , ας = 1, 2, 3, 4

d�§(3.3.2)���duYang-Mills|�§§§Ò´Yang-Mills|�§�g^ÜþLã/ª"

Ún2.8.1. Jβςσa = −iσβςςabJbσ ⇔



Jzςσy = −Jyςσz = −ςJxςσπ = Jxσ

Jxςσz = −Jzςσx = −ςJyςσπ = Jyσ

Jyςσx = −Jxςσy = −ςJzςσπ = Jzσ

Jxςσx = Jyςσy = Jzςσz = ςJπσ

Ðm=�y²"±þg^�§´'uAÏ��§@oéu����q¬N�Qº�we¡�½n"

½n2.8.2. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJσ, Jβςσa = −iσβςςabJbσ

y²: (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ
γςσ = Jβςσx

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςσ = Jβςσy

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςσ = Jβςσz

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςσ = Jβςσπ
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx



ψxςσ

ψyςσ

ψzςσ

 =


Jxςσx

Jyςσx
Jzςσx

⇔

∇d ·Ψσ(1, ς) = Jxςσx

[∇d ×Ψσ(1, ς)]zςσ − ςDπψ
zςσ(1, ς) = Jyςσx

−[∇d ×Ψσ(1, ς)]yςσ + ςDπψ
yςσ(1, ς) = Jzςσx

Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy



ψxςσ

ψyςσ

ψzςσ

 =


Jxςσy

Jyςσy
Jzςσy

⇔

−[∇d ×Ψσ(1, ς)]zςσ + ςDπψ

zςσ(1, ς) = Jxςσy

∇d ·Ψσ(1, ς) = Jyςσy
[∇d ×Ψσ(1, ς)]xςσ − ςDπψ

xςσ(1, ς) = Jzςσy
Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz



ψxςσ

ψyςσ

ψzςσ

 =


Jxςσz

Jyςσz
Jzςσz

⇔


[∇d ×Ψσ(1, ς)]yςσ − ςDπψ
yςσ(1, ς) = Jxςσz

−[∇d ×Ψσ(1, ς)]xςσ + ςDπψ
xςσ(1, ς) = Jyςσz

∇d ·Ψσ(1, ς) = Jzςσz
DπΨσ(1, ς) + iςγ · ∇dψσ = Jσπ ⇔ DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = Jσπ

⇔



Jzςσy = −Jyςσz = −ςJxςσπ := Jxσ

Jxςσz = −Jzςσx = −ςJyςσπ := Jyσ

Jyςσx = −Jxςσy = −ςJzςσπ := Jzσ

Jxςσx = Jyςσy = Jzςσz := ςJπσ

DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = i ~Jσ

∇d ·Ψσ(1, ς) = −iJπσ

⇔ (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJσ, Jβςσa = −iσβςςabJbσ

,�«�)Û�Ä��y{Xeµ

½n2.8.3. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας ⇔ Jβςσa = σβςςabσ
bc
ςγς
Dcψ

γςσ

y²: (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcbD

bψγςσ = Jβςσa

⇔ Jβςσa = σβςςabσ
bc
ςας
Dcψ

αςσ

⇔



Jzςσy = −Jyςσz = −ςJxςσπ = iσxbςαςDbψ
αςσ

Jxςσz = −Jzςσx = −ςJyςσπ = iσybςαςDbψ
αςσ

Jyςσx = −Jxςσy = −ςJzςσπ = iσzbςαςDbψ
αςσ

Jxςσx = Jyςσy = Jzςσz = iςσπbςαςDbψ
αςσ

ù�½nL²dg^�§�É��½��§Ø´�¿�§�kc�½n£ã���/âk)§Ù¦�/�Ã

)"

íØ2.8.2. (Da + iSabD
b)βς γςψ

γςσ = Jβςσa , Sab = iσαςςabγαςk)⇔ Jβςσa = −iσβςςabJbσ,∃Jbσ

2.9 Yang-Mills|�§�²;©l/ª

íØ2.9.1. (σ−ς ,−iς)aDaΨ̃
σ(1, ς) = iJσ ⇔ (γ,−iς)aDaΨ

σ(1, ς) = i ~Jσ,∇d ·Ψσ(1, ς) = ςJσπς
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g·µãµ�ÙJÑ
Úå|�§�õ«�dLã/ª§¿î�y²
§��m��d5"

1 Úå| [12–15]Ônþ��«£ã

1.1 Úå| [12–15]Ônþ�²;£ã

1.1.1 Úå|�ÇÜþ

ÇÜþ�é¡5�:

�é¡5µRabcd = −Rbacd, Rabcd = −Rabdc (9.1)

é¡5µRabcd = Rcdab (9.2)

Ó�é¡5µRabcd +Radbc +Racdb = 0 (9.3)

1.1.2 Úå|�pÛÜþÚIþÇ

½Â1.1.1. pÛÜþRab := gcdR
cadb, Ra∗b := gcdR

ca(∗db) ≡ 0,IþÇR := gabR
ab = Rab

ab

íØ1.1.1. Rabcd +Radbc +Racdb = 0⇒ Ra∗b = 0

y²: Rabcd +Radbc +Racdb = 0

⇒ εebcd(R
abcd +Radbc +Racdb) = 0

⇒ εebcdR
abcd + εedbcR

adbc + εecdbR
acdb = 0

⇒ 3εebcdR
abcd = 0

⇒ gcdR
ca(∗db) = 0

⇒ Ra∗b = 0

1.1.3 Úå|�	�Üþ

½Â1.1.2. Cabcd := Rabcd + 1
2
ga[dRc]b + 1

2
gb[cRd]a + 1

6
ga[cgd]bR

	�Üþ�é¡5�:

�é¡5µCabcd = −Cbacd, Cabcd = −Cabdc (9.4)

é¡5µCabcd = Ccdab (9.5)

Ó�é¡5µCabcd + Cadbc + Cacdb = 0 (9.6)

íØ1.1.2. Rabcd = Cabcd − 1
2
ga[dRc]b − 1

2
gb[cRd]a − 1

6
ga[cgd]bR

íØ1.1.3. Cab = gcdC
cadb = 0, Ca∗b = gcdC

ca(∗db) = 0

1.2 Úå|Ônþ�Yang-Mills£ã [7]

1.2.1 Úå|ÇÜþ�Yang-Mills£ã

½Â1.2.1. Úå|�YMÇÜþµF abας := i
2
σαςςcdR

abcd

�ì>^|�/�ín§k±e��aq�(Ø"

íØ1.2.1. 1
2
[Rabcd − ςRab(∗cd)] = i

2
σcdςαςF

abας

íØ1.2.2. F abας = − iς
2
σαςςcdR

ab(∗cd)

íØ1.2.3. σαςςcd[R
abcd + ςRab(∗cd)] = 0

150



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 19Ù Úå|�§�#Lã

íØ1.2.4. F abας = i
2
σαςςcd

1
2
[Rabcd − ςRab(∗cd)]

íØ1.2.5. Rabcd − ςRab(∗cd) = − 1
4
σcdςαςσ

ας
ςef (Rabef − ςRab(∗ef))

íØ1.2.6. Rabcd = i
2
(σcd−α′F

abα′ + σcd+αF
abα), Rab(∗cd) = i

2
(σcd−α′F

abα′ − σcd+αF abα)

ØÓu>^|�/§Úå|�k±eØÓ�(Ø"

íØ1.2.7. Rab = − i
2
(Fα

′
σ−α′ + Fασ+α)ab, 0 = Ra∗b = − i

2
(Fα

′
σ−α′ − Fασ+α)ab

íØ1.2.8. Rab = −i(Fα′σ−α′)ab = −i(Fασ+α)ab, Fα
′
σ−α′ = Fασ+α

íØ1.2.9. Rab = −i(Fαςσςας )ab, Fα
′
ςσ−ςα′ς = Fαςσςας

íØ1.2.10. R = iσabςαςFab
ας

1.2.2 Úå|	�Üþ�Yang-Mills£ã

½Â1.2.2. Úå|�YM	�ÜþµCabας := i
2
σαςςcdC

abcd

�ìÇÜþ�/�ín§k±e��aq�(Ø"

íØ1.2.11. 1
2
[Cabcd − ςCab(∗cd)] = i

2
σcdςαςC

abας

íØ1.2.12. Cabας = − iς
2
σαςςcdC

ab(∗cd)

íØ1.2.13. σαςςcd[C
abcd + ςCab(∗cd)] = 0

íØ1.2.14. Cabας = i
2
σαςςcd

1
2
[Cabcd − ςCab(∗cd)]

íØ1.2.15. Cabcd − ςCab(∗cd) = − 1
4
σcdςαςσ

ας
ςef (Cabef − ςCab(∗ef))

íØ1.2.16. Cabcd = i
2
(σcd−α′C

abα′ + σcd+αC
abα), Cab(∗cd) = i

2
(σcd−α′C

abα′ − σcd+αCabα)

ØÓuÇÜþ�/§	�Üþ�k±eØÓ�(Ø"

íØ1.2.17. 0 = Cab = − i
2
(Fα

′
σ−α′ + Fασ+α)ab, 0 = Ca∗b = − i

2
(Fα

′
σ−α′ − Fασ+α)ab

íØ1.2.18. Cα
′
σ−α′ = Cασ+α = 0, Cα

′
ςσ−ςα′ς = Cαςσςας = 0

íØ1.2.19. C = iσabςαςC
ας
ab = 0

ÇÜþÚ	�Üþ�m�éXµ

íØ1.2.20.

Rabcd = Cabcd − 1
2
ga[dRc]b − 1

2
gb[cRd]a − 1

6
ga[cgd]bR⇒ F abας = Cabας + i

2
σαςaς c

Rcb − i
2
σαςbς cR

ca − i
6
σαςabς R

íØ1.2.21. Cabας = F abας − 1
2
(σ
αςc[a
ς σ

b]d
ςβς

+ 1
3
σαςabς σcdςβς )F

βς
cd

1.3 Úå|ÇÜþ�Ashtekar5�Lã [39]

1.3.1 O�

X,Y´��Iee�¢o�¥þ½Üþ"

Ún1.3.1. X∗a′ς = ηaςa′ςXaς , X
∗
a′ςb
′
ς

= ηaςa′ς η
bς
b′ς
Xaςbς , X

∗
a′ςb
′
ςc
′
ς

= ηaςa′ς η
bς
b′ς
ηcςc′ςXaςbςcς · · ·

Ún1.3.2. X∗a′ςY
∗a′ς = XaςY

aς , X∗a′ςb′ςY
∗a′ςb

′
ς = XaςbςY

aςbς , X∗a′ςb′ςc′ςY
∗a′ςb

′
ςc
′
ς = XaςbςcςY

aςbςcς , · · ·
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1.3.2 Úå|ÇÜþ�Ashtekar5�Lã [39]

Úå|ÇÜþRuv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d (9.7)

½Â1.3.1. Ú\AshtekarCþ [39]Aαςu := i
2
σαςςcdω

cd
u

íØ1.3.1. [Aαςu ]∗ = A
∗α′ς
u′ = ηuu′A

α′ς
u

y²: [Aαςu ]∗ = i
2
σ
α′ς
ςc′d′ω

∗
u′
c′d′ = ηuu′

i
2
σ
α′ς
−ςcdω

cd
u = ηuu′A

α′ς
u

íØ1.3.2. [Fαςuv ]∗ = F
∗α′ς
u′v′ = ηuu′η

v
v′F

α′ς
uv

y²: [Fαςuv ]∗ = F
∗α′ς
u′v′ = i

2
σ
α′ς
ςc′d′R

∗
u′v′

c′d′ = i
2
ηuu′η

v
v′σ

α′ς
−ςcdRuv

cd = ηuu′η
v
v′F

α′ς
uv

íØ1.3.3. ωce[uωv]e
d = − i

2
(εα

′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςας
Aβςu A

γς
v )

y²: ωce[uωv]e
d = ωceu ωve

d − ωcev ωued

⇔ ωce[uωv]e
d = δef

i
2
(σce−ςα′ςA

α′ς
u + σceςαςA

ας
u ) i

2
(σfd−ςβ′ςA

β′ς
v + σfdςβςA

βς
v )

− δef i2(σce−ςα′ςA
α′ς
v + σceςαςA

ας
v ) i

2
(σfd−ςβ′ςA

β′ς
u + σfdςβςA

βς
u )

⇔ ωce[uωv]e
d = − 1

4
δef (σce−ς[α′ςσ

fd
−ςβ′ς ]

A
α′ς
u A

β′ς
v + σceς[αςσ

fd
−ςβ′ς ]

Aαςu A
β′ς
v

+ σce−ς[α′ςσ
fd
ςβς ]

A
α′ς
u Aβςv + σceς[αςσ

fd
ςβς ]

Aαςu A
βς
v )

⇔ ωce[uωv]e
d = − 1

4
(2iεα′ςβ′ς

γ′ςσcd−ςγ′ςA
α′ς
u A

β′ς
v + 0 + 0 + 2iεαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ ωce[uωv]e
d = − i

2
(εα′ςβ′ς

γ′ςσcd−ςγ′ςA
α′ς
u A

β′ς
v + εαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ ωce[uωv]e
d = − i

2
(εα

′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςας
Aβςu A

γς
v )

íØ1.3.4. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔

Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

y²: Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d

⇔ Ruv
cd = i

2
(σcd−ςα′ς∂uA

α′ς
v + σcdςας∂uA

ας
v )− i

2
(σcd−ςα′ς∂vA

α′ς
u + σcdςας∂vA

ας
u )

− i
2
(εα

′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςας
Aβςu A

γς
v )

⇔ i
2
(σcd−ςα′ςF

α′ς
uv + σcdςαςF

ας
uv ) = i

2
σcd−ςα′ς (∂[uAv]

α′ς − εα′ς β′ςγ′ςA
β′ς
u A

γ′ς
v ) + i

2
σcdςας (∂[uAv]

ας − εας βςγςAβςu Aγςv )

⇔

Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

íØ1.3.5. i
2
σαςςcdω

ce
[uωv]e

d = −εας βςγςAβςu Aγςv

y²: ωce[uωv]e
d = − i

2
(εα

′
ς β′ςγ

′
ς
σcd−ςα′ςA

β′ς
u A

γ′ς
v + εας βςγςσ

cd
ςας
Aβςu A

γς
v )

⇒ i
2
σρςςcdω

ce
[uωv]e

d = 1
4
σρςςcd(εα′ςβ′ς

γ′ςσcd−ςγ′ςA
α′ς
u A

β′ς
v + εαςβς

γςσcdςγςA
ας
u A

βς
v )

⇔ i
2
σρςςcdω

ce
[uωv]e

d = 0− εαςβς γςδρς γςAαςu Aβςv
⇔ i

2
σαςςcdω

ce
[uωv]e

d = −εας βςγςAβςu Aγςv

íØ1.3.6. Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv ⇔ F

α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

y²: Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

⇔ [Fαςuv ]∗ = F
∗α′ς
u′v′ = ∂u′A

∗α′ς
v′ − ∂v′A

∗α′ς
u′ − εα

′
ς β′ςγ

′
ς
A
∗β′ς
u′ A

∗γ′ς
v′

⇔ F
∗α′ς
u′v′ = ηuu′η

v
v′(∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v )

⇔ ηuu′η
v
v′F

α′ς
uv = ηuu′η

v
v′(∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v )

⇔ F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v

íØ1.3.7. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔ Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

íØ1.3.8. Ruv
cd = ∂uω

cd
v − ∂vωcdu + ωce[uωv]e

d ⇔ F
α′ς
uv = ∂uA

α′ς
v − ∂vA

α′ς
u − εα

′
ς β′ςγ

′
ς
A
β′ς
u A

γ′ς
v
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1.4 Úå|Ônþ�EÜþ£ã

1.4.1 Úå|�EÜþ

½Â1.4.1.

ÇEÜþψαςβκ := i
2
σαςςabF

abβκ = i
2
σαςςab

i
2
σβκκcdR

abcd

	�EÜþCαςβκ := i
2
σαςςabC

abβκ = i
2
σαςςab

i
2
σβκκcdC

abcd

íØ1.4.1. ψαςβκ = Cαςβκ − 1
2
ςκσαςςacσ

βκc
κ bR

ab + 1
3
ςκδςκδ

αςβκR

y²: ψαςβκ := 1
2
σαςςabF

abβκ

⇒ ψαςβκ = i
2
σαςςab(C

abβκ + i
2
σβκaκ cR

cb − i
2
σβκbκ cR

ca − i
6
σβκabκ R)

⇒ ψαςβκ = Cαςβκ + 1
2
σαςςabσ

βκb
κ cR

ca − 1
3
δςκδ

αςβκR

⇒ ψαςβκ = Cαςβκ + 1
2
σαςςacσ

βκc
κ bR

ab − 1
3
δςκδ

αςβκR

íØ1.4.2. ψαςβς = Cαςβς + 1
2
σαςςacσ

βςc
ς b

Rab − 1
3
δαςβςR

íØ1.4.3. ψαςβς = Cαςβς + 1
6
δαςβςR

y²: ψαςβς = Cαςβς + 1
2
σαςςacσ

βςc
ς b

Rab − 1
3
δαςβςR

⇔ ψαςβς = Cαςβς + 1
2
(δαςβςδab + iεαςβςγςσ

γς
ςab)R

ab − 1
3
δαςβςR

⇔ ψαςβς = Cαςβς + 1
6
δαςβςR

íØ1.4.4. 1
2
(F abβκ − ς ∗ F abβκ) = i

2
σabςαςψ

αςβκ

íØ1.4.5. ψαςβκ = i
2
σαςςab

1
2
(F abβκ − ς ∗ F abβκ)

íØ1.4.6. ψαςβκ = − i
2
ςσαςςab ∗ F abβκ

íØ1.4.7. σαςςab(F
abβκ + ς ∗ F abβκ) = 0

íØ1.4.8. F abβκ − ς ∗ F abβκ = − 1
4
σabςαςσ

ας
ςcd(F

cdβκ − ς ∗ F cdβκ)

íØ1.4.9. F abβκ = i
2
(σab−α′ψ

α′βκ + σab+αψ
αβκ), ∗F abβκ = i

2
(σab−α′ψ

α′βκ − σab+αψ
αβκ)

íØ1.4.10. ψαςβκ = − 1
4
σαςςabσ

βκ
κcdR

abcd = 1
4
κσαςςabσ

βκ
κcdR

ab(∗cd) = 1
4
ςσαςςabσ

βκ
κcdR

(∗ab)(∗cd) = − 1
4
ςκσαςςabσ

βκ
κcdR

(∗ab)cd

1.4.2 Úå|�EÜþψαςβκ�5�

íØ1.4.11. ψαςβκ = ψβκας

y²: Rabcd = Rcdab

⇒ − 1
4
σαςςabσ

βκ
κcdR

abcd = − 1
4
σαςςabσ

βκ
κcdR

cdab

⇒ ψαςβκ = ψβκας

íØ1.4.12. ψxςxς + ψyςyς + ψzςzς = 1
2
R

y²: σαςςabσςαςcd = −(Sabcd − ςεabcd)
⇒ − 1

4
σαςςabσςαςcdR

abcd = 1
4
(Sabcd − ςεabcd)Rabcd

⇒ − 1
4
σαςςabσςαςcdR

abcd = 1
2
(Rab

ab − ςR∗abab)
⇒ ψxςxς + ψyςyς + ψzςzς = 1

2
(Rab

ab − ςR∗abab)
⇒ ψxςxς + ψyςyς + ψzςzς = 1

2
R

íØ1.4.13. Cαςβς = ψαςβς − 1
3
δαςβςψγς γς

íØ1.4.14. ψα
′
ςβ
′
κ = (ψαςβκ)∗

y²: ψαςβκ = − 1
4
σαςςabσ

βκ
κcdR

abcd

⇔ (ψαςβκ)∗ = − 1
4
(σαςςabσ

βκ
κcdR

abcd)∗ = − 1
4
σ
α′ς
ςa′b′σ

β′κ
κc′d′η

a′

a η
b′

b η
c′

c η
d′

d R
abcd

⇔ (ψαςβκ)∗ = − 1
4
σ
α′ς
−ςabσ

β′κ
−κcdR

abcd

⇔ ψα
′
ςβ
′
κ = (ψαςβκ)∗
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1.4.3 Úå|ÇÜþ�Ðm

íØ1.4.15. Rabcd = − 1
4
(σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β + σab+ασ
cd
+βψ

αβ)

y²: Rabcd = i
2
(σcd−β′F

abβ′ + σcd+βF
abβ)

⇔ Rabcd = − 1
4
[σcd−β′(σ

ab
−α′ψ

α′β′ + σab+αψ
αβ′) + σcd+β(σab−α′ψ

α′β + σab+αψ
αβ)]

⇔ Rabcd = − 1
4
(σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β + σab+ασ
cd
+βψ

αβ)

íØ1.4.16. Rab(∗cd) = − 1
4
(σab−α′σ

cd
−β′ψ

α′β′ + σab+ασ
cd
−β′ψ

αβ′ − σab−α′σcd+βψα
′β − σab+ασ

cd
+βψ

αβ)

íØ1.4.17. R(∗ab)cd = − 1
4
(σab−α′σ

cd
−β′ψ

α′β′ − σab+ασ
cd
−β′ψ

αβ′ + σab−α′σ
cd
+βψ

α′β − σab+ασ
cd
+βψ

αβ)

íØ1.4.18. R(∗ab)(∗cd) = − 1
4
(σab−α′σ

cd
−β′ψ

α′β′ − σab+ασ
cd
−β′ψ

αβ′ − σab−α′σcd+βψα
′β + σab+ασ

cd
+βψ

αβ)

íØ1.4.19. Rab = 1
4
δabR+ 1

2
(σ+ασ−β′)

abψαβ
′

= 1
4
δabR− δcdSacABSdbC′D′ψABC

′D′

y²: Rab = 1
4
(σ−α′σ−β′ψ

α′β′ + σ+ασ−β′ψ
αβ′ + σ−α′σ+βψ

α′β + σ+ασ+βψ
αβ)ab

⇔ Rab = 1
8
({σ−α′ , σ−β′}ψα

′β′ + 2{σ+α, σ−β′}ψαβ
′
+ {σ+α, σ+β}ψαβ)ab)

⇔ Rab = 1
8
(R+ 4σ+ασ−β′ψ

αβ′ +R)ab

⇔ Rab = 1
4
δabR+ 1

2
(σ+ασ−β′)

abψαβ
′

= 1
4
δabR− δcdSacABSdbC′D′ψABC

′D′

íØ1.4.20. 1
4
(σα+σ

β′

− )ab(σ+ρσ−σ′)
ab = δαρδ

β′
σ′

íØ1.4.21. ψαςβ
′
ς = 1

2
σαςςacσ

β′ςc
−ς bR

ab = 1
2
(σαςς σ

β′ς
−ς)abR

ab

����y²§Ø�6�«þ�½Â

íØ1.4.22. ψαβ
′

= 1
2
(σα+σ

β′

− )abR
ab ⇔ Rab = 1

4
δabR+ 1

2
(σ+ασ−β′)

abψαβ
′

y²: ψαβ
′

= 1
2
(σα+σ

β′

− )abR
ab

⇔ 1
2
(σ+ασ−β′)

abψαβ
′

= 1
4
(σ+ασ−β′)

ab(σα+σ
β′

− )cdR
cd

⇔ 1
2
(σ+ασ−β′)

abψαβ
′

= 1
4
(σae+ασ−β′e

b)(σα+cfσ
β′f
− d

)Rcd

⇔ 1
2
(σ+ασ−β′)

a
bψ

αβ′ = 1
4
(σae+ασ

αcf
+ )(σ−β′ebσ

β′

− fd)Rc
d

⇔ 1
2
(σ+ασ−β′)

a
bψ

αβ′ = 1
4
(Saecf − εaecf )(Sebfd + εebfd)Rc

d

⇔ 1
2
(σ+ασ−β′)

a
bψ

αβ′ = 1
4
(2δacδbd + 2δadδb

c − δabδcd)Rcd

⇔ 1
2
(σ+ασ−β′)

a
bψ

αβ′ = 1
4
(4Rab − δabR)

⇔ Rab = 1
4
δabR+ 1

2
(σ+ασ−β′)

abψαβ
′

½n1.4.1. Rab;b ≡ 1
2
R;a ⇔ (σ+ασ−β′)

abDbψ
αβ′ ≡ 1

2
R;a

y²: Rab;b ≡ 1
2
R;a

⇔ [ 1
4
δabR+ 1

2
(σ+ασ−β′)

abψαβ
′
];b ≡ 1

2
R;a

⇔ (σ+ασ−β′)
abDbψ

αβ′ ≡ 1
2
R;a

1.4.4 Úå|ÇÜþ�Ü¤

íØ1.4.23. Rabcd +Rab(∗cd) +R(∗ab)cd +R(∗ab)(∗cd) = iσab−α′iσ
cd
−β′ψ

α′β′

íØ1.4.24. Rabcd +Rab(∗cd) −R(∗ab)cd −R(∗ab)(∗cd) = iσab+αiσ
cd
−β′ψ

αβ′

íØ1.4.25. Rabcd −Rab(∗cd) +R(∗ab)cd −R(∗ab)(∗cd) = iσab−α′iσ
cd
+βψ

α′β

íØ1.4.26. Rabcd −Rab(∗cd) −R(∗ab)cd +R(∗ab)(∗cd) = iσab+αiσ
cd
+βψ

αβ

Ú�£ãµ

íØ1.4.27. Rabcd − κRab(∗cd) − ςR(∗ab)cd + ςκR(∗ab)(∗cd) = iσabςας iσ
cd
κβκ

ψαςβκ
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1.4.5 Úå|	�Üþ�Ðm

íØ1.4.28. 0 = Cab = 1
4
δabC + 1

2
(σ+ασ−β′)

abCαβ
′ ⇒ Cαβ

′
= 0, Cα

′β = 0

íØ1.4.29. Cabcd = − 1
4
(σab−α′σ

cd
−β′C

α′β′ + σab+ασ
cd
+βC

αβ), Cα
′β′ = (Cαβ)∗

íØ1.4.30. C(∗ab)cd = Cab(∗cd), Cabcd = C(∗ab)(∗cd)

1.4.6 Úå|�EÜþ£ã

½Â1.4.2. Úå|^þJαςa := i
2
σαςςcdJa

cd

�ì>^|�/�ín§k±e��aq�(Ø"

íØ1.4.31. [Jαςa ]∗ = J
∗α′ς
a′ = ηaa′J

α′ς
a

íØ1.4.32. 1
2
(Ja

cd − ς ∗ Jacd) = i
2
σcdςαςJ

ας
a

íØ1.4.33. Jαςa = − i
2
ςσαςςcd ∗ Ja

cd

íØ1.4.34. σαςςcd(Ja
cd + ς ∗ Jacd) = 0

íØ1.4.35. Jαςa = i
2
ςσαςςcd

1
2
(Ja

cd − ς ∗ Jacd)

íØ1.4.36. Ja
cd − ς ∗ Jacd = − 1

4
σcdςαςσ

ας
ςef (Ja

ef − ς ∗ Jaef )

íØ1.4.37. Ja
cd = i

2
(σcd−α′J

α′

a + σcd+αJ
α
a ), ∗Jacd = i

2
(σcd−α′J

α′

a − σcd+αJαa )

íØ1.4.38. Ja
cd = −Jadc ⇔ Ja

cd = i
2
(σcd−α′J

α′

a + σcd+αJ
ας
a )

1.5 Úå|Ônþ�1
2
-^þ£ã [1, 2]

1.5.1 Úå|�Ç^þ [1, 2]

½Â1.5.1. ÚåÇ^þ:

ψAςBςCκDκ := iς√
2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ = iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

F abβκ = iς√
2
Sab

AςBς iκ√
2
Scd

CκDκRabcd

íØ1.5.1. ψαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκψ

AςBςCκDκ

íØ1.5.2. ψAςBςCςDς = CAςBςCςDς + 1
12

(εAςCςεBςDς − εAςDςεCςBς )R

y²: ψαςβς = Cαςβς + 1
6
δαςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12
σAςBςας

σCςDςβς
δαςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12
σAςBςας

σαςCςDςR

⇔ ψAςBςCςDς = CAςBςCςDς + 1
12

(εAςCςεBςDς − εAςDςεCςBς )R

íØ1.5.3. ψαςβκ = ψβκας ⇔ ψAςBςCκDκ = ψBςAςCκDκ , ψAςBςCκDκ = ψAςBςDκCκ , ψAςBςCκDκ = ψCκDκAςBς

íØ1.5.4. ψαςβς = ψβςας ⇔



ψ1ς1ς1ς1ς

ψ1ς1ς1ς2ς = ψ1ς1ς2ς1ς = ψ1ς2ς1ς1ς = ψ2ς1ς1ς1ς

ψ1ς1ς2ς2ς = ψ2ς2ς1ς1ς , ψ1ς2ς1ς2ς = ψ1ς2ς2ς1ς = ψ2ς1ς1ς2ς = ψ2ς1ς2ς1ς

ψ1ς2ς2ς2ς = ψ2ς1ς2ς2ς = ψ2ς2ς1ς2ς = ψ2ς2ς2ς1ς

ψ2ς2ς2ς2ς

íØ1.5.5. ψAςBςAςBς = (−ς)εAςCς (−ς)εBςDςψAςBςCςDς = 2(ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς )

íØ1.5.6. ψAςBςAςBς = δαςβςψ
αςβς = 1

2
R
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y²: ψAςBςCκDκ := iς√
2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ

⇒ ψAςBςAςBς = − 1
2
σAςBςας

σβςAςBςψ
αςβς

⇒ ψAςBςAςBς = δαςβςψ
αςβς

íØ1.5.7. CAςBςCςDς = ψAςBςCςDς − 1
6
(εAςCςεBςDς − εAςDςεCςBς )ψEςFςEςFς

íØ1.5.8. ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς = 1
4
R

íØ1.5.9. ψAςBςCςDς��é¡^þ⇔ ψαςβς�Ã,é¡Üþ,=ψαςβς = ψβςας , ψxςxς + ψyςyς + ψzςzς = 0

1.5.2 Úå|�YMÇÜþFαςab��å^�

½n1.5.1.

ψαςβς = ψβςας

ψxςxς + ψyςyς + ψzςzς = 1
2
R

⇔



F yςyz − ςF yςxπ = F xςzx − ςF xςyπ
F zςzx − ςF zςyπ = F yςxy − ςF yςzπ
F xςxy − ςF xςzπ = F zςyz − ςF zςxπ
F xςyz − ςF xςxπ + F yςzx − ςF yςyπ + F zςxy − ςF zςzπ = R

y²: ψxςyς = ψyςxς

⇔ σxςςcdF
cdyς = σyςςcdF

cdxς

⇔ F yςyz − ςF yςxπ = F xςzx − ςF xςyπ

y²: ψyςzς = ψzςyς

⇔ σyςςcdF
cdzς = σzςςcdF

cdyς

⇔ F zςzx − ςF zςyπ = F yςxy − ςF yςzπ

y²: ψzςxς = ψxςzς

⇔ σzςςcdF
cdxς = σxςςcdF

cdzς

⇔ F xςxy − ςF xςzπ = F zςyz − ςF zςxπ

y²: ψxςxς + ψyςyς + ψzςzς = 1
2
R

⇔ i
2
[σxςςcdF

cdxς + σyςςcdF
cdyς + σzςςcdF

cdzς ] = 1
2
R

⇔ F xςyz − ςF xςxπ + F yςzx − ςF yςyπ + F zςxy − ςF zςzπ = R

1.5.3 Úå|AshtekarCþAαςu ��å^�

½n1.5.2.



F yςyz − ςF yςxπ = F xςzx − ςF xςyπ
F zςzx − ςF zςyπ = F yςxy − ςF yςzπ
F xςxy − ςF xςzπ = F zςyz − ςF zςxπ
F xςyz − ςF xςxπ + F yςzx − ςF yςyπ
+F zςxy − ςF zςzπ = R

⇔



Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

(∂yA
yς
z − ∂zAyςy −A

[zς
y A

xς ]
z )− ς(∂xAyςπ − ∂πAyςx −A

[zς
x A

xς ]
π )

= (∂zA
xς
x − ∂xAxςz −A

[yς
z A

zς ]
x )− ς(∂yAxςπ − ∂πAxςy −A

[yς
y A

zς ]
π )

(∂zA
zς
x − ∂xAzςz −A

[xς
z A

yς ]
x )− ς(∂yAzςπ − ∂πAzςy −A

[xς
y A

yς ]
π )

= (∂xA
yς
y − ∂yAyςx −A

[zς
x A

xς ]
y )− ς(∂zAyςπ − ∂πAyςz −A

[zς
z A

xς ]
π )

(∂xA
xς
y − ∂yAxςx −A

[yς
x A

zς ]
y )− ς(∂zAxςπ − ∂πAxςz −A

[yς
z A

zς ]
π )

= (∂yA
zς
z − ∂zAzςy −A

[xς
y A

yς ]
z )− ς(∂xAzςπ − ∂πAzςx −A

[xς
x A

yς ]
π )

(∂yA
xς
z − ∂zAxςy −A

[yς
y A

zς ]
z )− ς(∂xAxςπ − ∂πAxςx −A

[yς
x A

zς ]
π )

+(∂zA
yς
x − ∂xAyςz −A

[zς
z A

xς ]
x )− ς(∂yAyςπ − ∂πAyςy −A

[zς
y A

xς ]
π )

+(∂xA
zς
y − ∂yAzςx −A

[xς
x A

yς ]
y )− ς(∂zAzςπ − ∂πAzςz −A

[xς
z A

yς ]
π ) = R

Úå|AshtekarCþAαςu �5�^�µ∂
uAαςu = 0, Aαςπ = 0
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1.5.4 Úå|�	�^þ [1, 2]

½Â1.5.2. Úå	�^þ:

CAςBςCκDκ := iς√
2
σAςBςας

iκ√
2
σCκDκβκ

Cαςβκ = iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

Cabβκ = iς√
2
Sab

AςBς iκ√
2
Scd

CκDκCabcd

íØ1.5.10. Cαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκC

AςBςCκDκ

íØ1.5.11. C = 0

íØ1.5.12. Cαβ
′

= 0, Cα
′β = 0⇔ CABC

′D′ = 0, CA
′B′CD = 0

íØ1.5.13. Cαςβκ = Cβκας ⇔ CAςBςCκDκ = CBςAςCκDκ , CAςBςCκDκ = CAςBςDκCκ , CAςBςCκDκ = CCκDκAςBς

íØ1.5.14. Cαςβς = Cβςας ⇔



C1ς1ς1ς1ς

C1ς1ς1ς2ς = C1ς1ς2ς1ς = C1ς2ς1ς1ς = C2ς1ς1ς1ς

C1ς1ς2ς2ς = C2ς2ς1ς1ς , C1ς2ς1ς2ς = C1ς2ς2ς1ς = C2ς1ς1ς2ς = C2ς1ς2ς1ς

C1ς2ς2ς2ς = C2ς1ς2ς2ς = C2ς2ς1ς2ς = C2ς2ς2ς1ς

C2ς2ς2ς2ς

íØ1.5.15. CAςBςAςBς = (−ς)εAςCς (−ς)εBςDςCAςBςCςDς = 2(C1ς2ς1ς2ς − C1ς1ς2ς2ς )

íØ1.5.16. CAςBςAςBς = δαςβςC
αςβς = 0

íØ1.5.17. C1ς2ς1ς2ς − C1ς1ς2ς2ς = 0

íØ1.5.18. δαςβςC
αςβς = 0⇔ σαςσβςC

αςβς = 0⇔ (σ,−iς)αςσβς C̃αςβς = 0

íØ1.5.19. Cαςβς = Cβςας , Cxςxς + Cyςyς + Czςzς = 0

íØ1.5.20. CAςBςCςDς´�é¡^þ

1.5.5 Úå|�	�2-^þ

½Â1.5.3. Ckς := ΓkςAςBςCςDς (2)CAςBςCςDς , Ckς := ΓAςBςCςDςkς
(2)CAςBςCςDς

íØ1.5.21. CAςBςCςDς = ΓAςBςCςDςkς
(2)Ckς , CAςBςCςDς = ΓkςAςBςCςDς (2)Ckς

íØ1.5.22. Cαςβς = Γαςβςkς
(2)Ckς , Ckς = Γkςαςβς (2)Cαςβς

1.5.6 Úå|�¥þ-^þ£ã [1, 2]

½Â1.5.4. Úå|^þJAςBςa := iς√
2
σAςBςας

Jαςa = iς√
2
Scd

AςBςJa
cd

�ì>^|�/�ín§k±e��aq�(Ø"

íØ1.5.23. JAςBςa = JBςAςa

íØ1.5.24. JAςBςa := iς√
2
σAςBςας

Jαςa ⇔ Jαςa = iς√
2
σαςAςBςJ

AςBς
a

íØ1.5.25. 1
2
(Ja

cd − ς ∗ Jacd) = iς√
2
ScdAςBςJ

AςBς
a ⇔ JAςBςa = iς√

2
Scd

AςBς 1
2
(Ja

cd − ς ∗ Jacd)

íØ1.5.26. JAςBςa = −i√
2
Scd

AςBς ∗ Jacd

íØ1.5.27. Ja
cd − ς ∗ Jacd = − 1

2
ScdAςBςSef

AςBς (Ja
ef − ς ∗ Jaef )

íØ1.5.28. Ja
cd = i√

2
(ScdA

′B′JaA′B′ + ScdABJa
AB), ∗Jacd = i√

2
(ScdA

′B′JaA′B′ − ScdABJaAB)

íØ1.5.29. Ja
cd = −Jadc ⇔ Ja

cd = i√
2
(ScdA

′B′JaA′B′ + ScdABJa
AB)
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1.5.7 Úå|� 1
2
-^þ£ã [1, 2]

½Â1.5.5. Úå|^þJA′ς
BςCκDκ := ςεBςAς −iς√

2
(σ, iς)aAςA′ςJ

CκDκ
a

íØ1.5.30. JA′ς
BςCκDκ = ςεBςAς −iς√

2
(σ, iς)aAςA′ς

iκ√
2
σCκDκακ

Jαςa = ςεBςAς −iς√
2

(σ, iς)aAςA′ς
iκ√

2
Scd

CκDκJa
cd

íØ1.5.31. Ja
CκDκ = iς√

2
(σ,−iς)A

′
ςAς

a (−ς)εAςBςJA′ς
BςCκDκ

íØ1.5.32. JA′ς
BςCκDκ = JA′ς

BςDκCκ

íØ1.5.33. JA′ς
BςCςDς = ς

2
εBςAς (σ, iς)aAςA′ςσ

CςDς
ας

Jαςa = ς
2
εBςAς (σ, iς)aAςA′ςScd

CςDςJa
cd

íØ1.5.34. Jαςa = iς√
2
(σ,−iς)A

′
ςAς

a (−ς)εAςBς iς√2
σαςCςDςJA′ς

BςCςDς = ς
2
(σ,−iς)A

′
ςAς

a εAςBςσ
ας
CςDς

JA′ς
BςCςDς

íØ1.5.35. JA′ς
BςCςDς = JA′ς

BςDςCς ⇔



J1′ς
1ς1ς1ς

J1′ς
1ς1ς2ς = J1′ς

1ς2ς1ς , J1′ς
2ς1ς2ς = J1′ς

2ς2ς1ς

J2′ς
1ς1ς2ς = J2′ς

1ς2ς1ς , J2′ς
2ς1ς2ς = J2′ς

2ς2ς1ς

J2′ς
2ς2ς2ς

íØ1.5.36. JA′ς
1ς2ςDς = JA′ς

2ς1ςDς ⇔

ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

y²: JA′ς
1ς2ςDς = JA′ς

2ς1ςDς

⇔ ς
2
ε1ςAς (σ, iς)aAςA′ςσ

2ςDς
ας

Jαςa = ς
2
ε2ςAς (σ, iς)aAςA′ςσ

1ςDς
ας

Jαςa

⇔ ε1ς2ς (σ, iς)a2ςA′ςσ
2ςDς
ας

Jαςa = ε2ς1ς (σ, iς)a1ςA′ςσ
1ςDς
ας

Jαςa

⇔ (σ, iς)a2ςA′ςσ
Dς2ς
ας

Jαςa = −(σ, iς)a1ςA′ςσ
Dς1ς
ας

Jαςa

⇔ [σDς1ςας
(σ, iς)a1ςA′ς + σDς2ςας

(σ, iς)a2ςA′ς ]J
ας
a = 0

⇔ σDςAςας
(σ, iς)aAςA′ςJ

ας
a = 0

⇔ σαςDς
Aς (σ, iς)aAςA′ςJ

ας
a = 0

⇔ σας (σ, iς)
aJαςa = 0

⇔ (σ, iς)TaσTαςJ
ας
a = 0

⇔ σy(σ, iς)
Taσyσyσ

T
ας
σyJ

ας
a = 0

⇔ (σ,−iς)aσαςJαςa = 0

⇔ (Jxςx + Jyςy + Jzςz )I + i(−ςJxςπ + Jzςy − Jyςz )σx + i(−ςJyςπ + Jxςz − Jzςx )σy + i(−ςJzςπ + Jyςx − Jxςy )σz = 0

⇔

ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

íØ1.5.37. [(σ,−iς)aσας ]Jαςa = 0⇔

ςJxςπ = Jzςy − Jyςz , ςJyςπ = Jxςz − Jzςx , ςJzςπ = Jyςx − Jxςy
Jxςx + Jyςy + Jzςz = 0

íØ1.5.38. JA′ς
BςCςDς'u�IBςCςDς�é¡⇔ [(σ,−iς)aσας ]Jαςa = 0

íØ1.5.39. JA′ς
BςCςDς'u�IBςCςDς�é¡⇔ [(σ,−iς)aScd( 1

2
, ς)]Ja

cd = 0

2 Úå|.SÛð�ª��«Lã/ª

2.1 Úå|�§�²;Lã/ª

2.1.1 ÃLÚå|�.SÛð�ª [12–15]

.SÛð�ªµRabcd;e +Rabde;c +Rabec;d ≡ 0 (9.8)
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íØ2.1.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ R(∗ab)cd
;a ≡ 0

y²: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ εfcde(R
abcd;e +Rabde;c +Rabec;d) ≡ 0

⇒ 3εfcdeR
abcd;e ≡ 0

⇒ Rab(∗cd)
;d ≡ 0

⇒ R(∗ab)cd
;a ≡ 0

íØ2.1.2. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Rabcd;a ≡ −Rb[c;d]

y²: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a −Rbd;c +Rbc;d ≡ 0

⇒ Rabcd;a = Rbd;c −Rbc;d

⇒ Rcdba;a ≡ Rb[c;d]

⇒ Rabcd;a ≡ −Rb[c;d]

íØ2.1.3. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ (Rab − 1
2
gabR);b ≡ 0

y²: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a ≡ −Rb[c;d]

⇒ Rac;a ≡ R;c −Rac;a
⇒ Rac;a ≡ 1

2
R;c

⇒ (Rab − 1
2
gabR);b ≡ 0

2.1.2 Úå|�§²;/ªRabcd;e +Rabde;c +Rabec;d ≡ 0

Rab − 1
2
gabR+ Λgab = −8πGT ab

⇔

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0, (Rab − 1

2
gabR);b ≡ 0

Rab − 1
2
gabR+ Λgab = −8πGT ab

(9.9)

2.2 Úå|.SÛð�ª�Yang-Mills/ª

2.2.1 Úå�Yang-Mills5�nØ)º [50–53]

½Â2.2.1. θας (ς) := i
2
σαςςabϑ

ab = −i(iω + ςε)ας

íØ2.2.1. i
2
ϑabSab(s, ς) = iθαςσας (s) = (iω + ςε) · σ(s), i

2
ωu

abSab(s, ς) = iAαςu σας (s)

�5Ã'5µ

Ún2.2.1. ccdScd = 0⇔ ccd = 0

Ún2.2.2. [ωu
cd( i

2
Scd), ωv

ef ( i
2
Sef )] = ω[u

ceωv]e
d( i

2
Scd)

y²: [ωu
cdiScd, ωv

ef iSef ] = ωu
cdωv

ef [iScd, iSef ]

⇔ [ωu
cdiScd, ωv

ef iSef ] = ωu
cdωv

ef [δcf iSde − δceiSdf + δdeiScf − δdf iSce]
⇔ [ωu

cdiScd, ωv
ef iSef ] = 4ωu

ceωve
diScd

⇔ [ωu
cdiScd, ωv

ef iSef ] = 2ω[u
ceωv]e

diScd

⇔ [ωu
cd( i

2
Scd), ωv

ef ( i
2
Sef )] = ω[u

ceωv]e
d( i

2
Scd)

íØ2.2.2. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd( i

2
Scd) = ∂uωv

cd( i
2
Scd)− ∂vωucd( i2Scd) + [ωu

cd( i
2
Scd), ωv

ef ( i
2
Sef )]

íØ2.2.3. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
<cd> = ∂uωv

<cd> − ∂vωu<cd> + [ωu
<cd>, ωv

<ef>]
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íØ2.2.4. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd i

2
Scd(s, ς) = ∂uωv

cd i
2
Scd(s, ς)− ∂vωucd i2Scd(s, ς) + [ωu

cd i
2
Scd(s, ς), ωv

ef i
2
Sef (s, ς)]

íØ2.2.5. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Fαςuv σας (s) = ∂uA
ας
v σας (s)− ∂vAαςu σας (s) + i[Aβςu σβς (s), A

γς
v σγς (s)]

íØ2.2.6. i
2
ωu

abSab(s, ς)→ U(θ) i
2
ωu

abSab(s, ς)U
−1(θ) + [∂uU(θ)]U−1(θ)

⇔ Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ)− i[∂uU(θ)]U−1(θ)

íØ2.2.7. i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ [σας (s), σβς (s)] = iεαςβς

γςσγς (s)

y²: i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ 1

16
σabςαςσ

cd
ςβς

[iSab(s, ς), iScd(s, ς)] = 1
16
σabςαςσ

cd
ςβς

[δadiSbc(s, ς)− δaciSbd(s, ς) + δbciSad(s, ς)− δbdiSac(s, ς)]
⇔ [σας (s), σβς (s)] = 1

16
σabςαςσ

cd
ςβς

[δadiSbc(s, ς)− δaciSbd(s, ς) + δbciSad(s, ς)− δbdiSac(s, ς)]
⇔ [σας (s), σβς (s)] = 1

4
σabςαςσ

cd
ςβς
δadiSbc(s, ς)

⇔ [σας (s), σβς (s)] = 1
4
[δαςβςδ

bc + iεαςβς
γςσςγς

bc(s)]iSbc(s, ς)

⇔ [σας (s), σβς (s)] = iεαςβς
γςσγς (s)

2.2.2 Úå|.SÛð�ª�Yang-Mills©þ/ª

íØ2.2.8. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

Ún2.2.3. DaFαςab = −Jαςb ⇔ DaF
α′ς
ab = −Jα

′
ς

b

y²: DaFαςab = −Jαςb
⇔ (DaFαςab )∗ = −(Jαςb )∗

⇔ ηa
′

c D
c(ηaa′η

b
b′F

α′ς
ab ) = −ηbb′J

α′ς
b

⇔ ηbb′D
a(F

α′ς
ab ) = −ηbb′J

α′ς
b

⇔ Da(F
α′ς
ab ) = −Jα

′
ς

b

Ún2.2.4. Da ∗ Fαςab ≡ 0⇔ Da ∗ Fα
′
ς

ab ≡ 0

y²: Da ∗ Fαςab ≡ 0

⇔ (Da ∗ Fαςab )∗ ≡ 0

⇔ ηa
′

c D
c(ηaa′η

b
b′ ∗ F

α′ς
ab ) ≡ 0

⇔ ηbb′D
a ∗ Fα

′
ς

ab ≡ 0

⇔ Da ∗ Fα
′
ς

ab ≡ 0

½n2.2.1.

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

DaFαςab ≡ −J
ας
b , Jbας := i

2
σαςςcdR

b[c;d]

Da ∗ Fαςab ≡ 0

y²:

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

Rab
cd;a ≡ −Rb[c;d]

R∗ab
cd;a ≡ 0

⇔

 i
2
(σ−ςα′ς

cdF
α′ς
ab + σcdςαςF

ας
ab );a ≡ − i

2
(σ−ςα′ς

cdJ
α′ς
b + σcdςαςJ

ας
b )

i
2
(σ−ςα′ς

cd ∗ Fα
′
ς

ab + σcdςας ∗ F
ας
ab );a ≡ 0
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⇔

DaFαςab ≡ −J
ας
b , DaF

α′ς
ab ≡ −J

ας
b

Da ∗ Fαςab ≡ 0, Da ∗ Fα
′
ς

ab ≡ 0

⇔

DaFαςab ≡ −J
ας
b , Jbας = i

2
σαςςcdR

b[c;d]

Da ∗ Fαςab ≡ 0

½n2.2.2.

DaFαςab ≡ −J
ας
b

Da ∗ Fαςab ≡ 0
⇔

∇uF uvας − εας βςγςAβςu F uvγς ≡ −Jvας∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

2.2.3 .SÛð�ªYang-MillsnØ�Ý
£ã

1!.SÛð�ªYang-MillsnØ���Ý
£ã
Ruv

cd i
2
Scd = ∂uωv

cd i
2
Scd − ∂vωucd i2Scd + [ωu

cd i
2
Scd, ωv

ef i
2
Sef ]

i[Sab, Scd] = δadSbc − δacSbd + δbcSad − δbdSac

cabSab = 0, cab = −cba ⇔ cab = 0

(9.10)

5�C�:ψ → U(θ)ψ,U(θ) = e
i
2
ϑabSab

i
2
ωu

abSab → U(θ) i
2
ωu

abSabU
−1(θ)− [∂uU(θ)]U−1(θ)

(9.11)

íØ2.2.9. Duψ → U(θ)Duψ,Du = ∂u + i
2
ωu

cdScd

íØ2.2.10. Ruv
cd i

2
Scd → U(θ)Ruv

cd i
2
ScdU

−1(θ)

íØ2.2.11. DwRuv
cd i

2
Scd → U(θ)DwRuv

cd i
2
ScdU

−1(θ), Dw = ∇w + [ i
2
ωw

cdScd, ]

.SÛð�ª�5��§/ª:

íØ2.2.12.

∇uRuvcd i2Scd + [ i
2
ωu

cdScd, R
uvcd i

2
Scd] = 0

∇uR(∗uv)cd i
2
Scd + [ i

2
ωu

cdScd, R
(∗uv)cd i

2
Scd] ≡ 0

5��§:

íØ2.2.13.

∇uRuv<cd> + [ωu
<cd>, Ruv<cd>] ≡ −Ru<c;d>

∇uR∗uv<cd> + [ωu
<cd>, R∗uv<cd>] ≡ 0

⇔

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

2!.SÛð�ªYang-MillsnØ�AÏÝ
£ã
Ruv

cd i
2
Scd(s, ς) = ∂uωv

cd i
2
Scd(s, ς)− ∂vωucd i2Scd(s, ς) + [ωu

cd i
2
Scd(s, ς), ωv

ef i
2
Sef (s, ς)]

i[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)

cabiSab(s, ς) = 0, cab = −cba ⇔ cab = 0

(9.12)

5�C�:ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = e
i
2
ϑabSab(s,ς)

i
2
ωu

abSab(s, ς)→ U(θ) i
2
ωu

abSab(s, ς)U
−1(θ)− [∂uU(θ)]U−1(θ)

(9.13)

íØ2.2.14. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u + i
2
ωu

cdScd(s, ς)

íØ2.2.15. Ruv
cd i

2
Scd(s, ς)→ U(θ)Ruv

cd i
2
Scd(s, ς)U

−1(θ)

íØ2.2.16. DwRuv
cd i

2
Scd(s, ς)→ UDwRuv

cd i
2
Scd(s, ς)U

−1, Dw = ∇w + [ i
2
ωw

cdScd(s, ς), ]

.SÛð�ª�5��§/ª:
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íØ2.2.17.

∇uRuvcd i2Scd(s, ς) + [ i
2
ωu

cdScd(s, ς), R
uvcd i

2
Scd(s, ς)] ≡ −Rv[c;d] i

2
Scd(s, ς)

∇uR(∗uv)cd i
2
Scd(s, ς) + [ i

2
ωu

cdScd(s, ς), R
(∗uv)cd i

2
Scd(s, ς)] ≡ 0

⇔

∇uF uvας − εας βςγςAβςu F uvγς ≡ −Jvας∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

3!.SÛð�ªYang-MillsnØ�IOÝ
£ãFαςuv σας (s) = ∂uA
ας
v σας (s)− ∂vAαςu σας (s) + i[Aβςu σβς (s), A

γς
v σγς (s)]

[σβς (s), σγς (s)] = iεβςγς
αςσας (s), c

αςσας (s) = 0⇔ cας = 0
(9.14)

5�C�:ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = eiθ
αςσας (s) = e

i
2
ϑabSab(s,ς) = e(iω+ςε)·σ(s)

Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

(9.15)

±þÒ´g = 1ÚT = σ(s)�IOYang-MillsnØ§¤±k±eaq�(Ø"

íØ2.2.18. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u + iAαςu σας (s) = ∂u + i
2
ωu

cdScd(s, ς)

íØ2.2.19. Fαςuv σας (s)→ U(θ)Fαςuv σας (s)U
−1(θ)

íØ2.2.20. DwF
ας
uv σας (s)→ UDwF

ας
uv σας (s)U

−1, Dw = ∇w + [iAw
αςσας (s), ]

.SÛð�ª�5��§/ª:

íØ2.2.21.∇uF uvαςσας (s) + [iAαςu σας (s), F
uvβςσβς (s)] ≡ −Jvαςσας (s)

∇uF ∗uvαςσας (s) + [iAαςu σας (s), F
∗uvβςσβς (s)] ≡ 0

⇔

∇uF uvας − εας βςγςAβςu F uvγς ≡ −Jvας∇uF ∗uvας − εας βςγςAβςu F ∗uvγς ≡ 0

.SÛð�ª�5��§Ý
/ª:

íØ2.2.22.∇uF uv + i[Au, F
uv] ≡ −Jv, Au := Aαςu σας (s)

∇uF ∗uv + i[Au, F
∗uv] ≡ 0, F uv := F uvαςσας (s)

⇔

DaFαςab ≡ −J
ας
b

Da ∗ Fαςab ≡ 0
⇔

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

2.2.4 Úå|Yang-MillsnØ�©þ£ã

½n2.2.3. Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

⇔ δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας

⇔ δAu = iθαςγαςAu − ∂uθ

y²: Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

⇔

½n2.2.4. δAαςu = εας βςγςθ
βςAγςu − ∂uθας ⇔ δωu

ab = ϑacωu
cb − ωuacϑcb − ∂uϑab

y²: δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας

⇔ Aαςu σας (s)→ U(θ)Aαςu σας (s)U
−1(θ) + i[∂uU(θ)]U−1(θ)

⇔ [− 1
2
ωu

abiSab(s, ς)]→ U(θ)[− 1
2
ωu

abiSab(s, ς)]U
−1(θ) + [∂uU(θ)]U−1(θ)

⇔ [ i
2
ωu

abSab(s, ς)]→ U(θ)[ i
2
ωu

abSab(s, ς)]U
−1(θ)− [∂uU(θ)]U−1(θ)

⇔ [ i
2
ωu

abSab(s, ς)]→ 1
2
(ωu

ab − ∂uϑab)iSab(s, ς) + 1
4
ϑabωu

cd[iSab(s, ς), iScd(s, ς)]

⇔ [ i
2
ωu

abSab(s, ς)]→ 1
2
(ωu

ab − ∂uϑab)iSab(s, ς) + 1
2
(ϑacωu

cb − ωuacϑcb)iSab(s, ς)
⇔ ωu

ab → ωu
ab + ϑacωu

cb − ωuacϑcb − ∂uϑab

⇔ δωu
ab = ϑacωu

cb − ωuacϑcb − ∂uϑab
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íØ2.2.23. 5�C�:

δψ(s, ς) = iθαςσας (s)ψ(s, ς)

δAαςu = iθβς (−iεβςας γς )Aγςu − ∂uθας

íØ2.2.24. δFαςuv = iθβς (−iεβςας γς )F γςuv , δF
[ας ]
uv = iθβςγβςF

[ας ]
uv = (iω + ςε) · γF [ας ]

uv

íØ2.2.25. δωabu = i
2
(σab−ςα′ςδA

α′ς
u + σabςαςδA

ας
u )

2.2.5 .SÛð�ª�a>^|�§/ª∇d · ~Eβκ ≡ ρβκ ,∇d × ~Eβκ ≡ −Dt
~Bβκ

∇d · ~Bβκ ≡ 0,∇d × ~Bβκ ≡ ~Jβκ +Dt
~Eβκ

⇔

DuF βκuv ≡ −Jβκv
Du ∗ F βκuv ≡ 0

(9.16)

íØ2.2.26. F βκuv = ∂uA
βκ
v − ∂vAβκu − εβκγκδκAγκu Aδκv ⇔ Da ∗ F βκab ≡ 0;F βκab = euae

v
bF

βκ
uv

2.3 .SÛð�ª�E¥þLã/ª

E¥þÜþ/ªµ

½n2.3.1. DaF βκab ≡ −J
βκ
b ⇔ (σ−ς ,−iς)abαςDaΨ̃

αςβκ ≡ iJβκb ;F βκab = euae
v
bF

βκ
uv , Ψ̃

αςβκ =
[
ψαςβκ=

i
2
σ
ας
ςabF

abβκ

0

]
y²: DaF βκab ≡ −J

βκ
b

⇔ DaF βκab ≡ −J
βκ
b , Da ∗ F βκab ≡ 0

⇔ Da(F βκab − ς ∗ F
βκ
ab ) ≡ −Jβκb

⇔ Da(iσαςςabψ
βκ
ας

) ≡ −Jbβκ , ας = 1, 2, 3

⇔ Da[(σς ,−iς)ας |abΨ̃αςβκ ] ≡ iJβκb , ας = 1, 2, 3, 4

⇔ Da[(σ−ς ,−iς)a|bας Ψ̃βκ
ας

] ≡ iJβκb , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abαςDaΨ̃
αςβκ ≡ iJβκb , ας = 1, 2, 3, 4

E¥þÝ
/ªµ

íØ2.3.1. (σ−ς ,−iς)abαςDaΨ̃
αςβκ ≡ iJβκb ⇔ (σ−ς ,−iς)aDaΨ̃

βκ(1, ς) ≡ iJβκ

E¥þ�Ý
/ªµ

íØ2.3.2. (σ−ς ,−iς)abαςDaΨ̃
αςβκ ≡ iJβκb ⇔ (σ−ς ,−iς)aDa[Ψ̃(1, ς)] ≡ i[J ]

L�C�µ

íØ2.3.3. (σ−ς ,−iς)aDaΨ̃
βκ(1, ς) ≡ iJβκ ⇔ (σ ⊗ I,−iς)aDaψ̃

βκ(1, ς) ≡ iJ̃βκ(1, ς)

íØ2.3.4. (σ−ς ,−iς)aDaΨ̃
βκ(1, ς) ≡ iJβκ ⇔ (σ ⊗ I,−iς)aDa[ψ̃(1, ς)] ≡ i[J̃ ]

2.4 .SÛð�ª�1
2
-^þLã/ª [1, 2]

1
2
-^þPenroseÄ��I/ªµ

½n2.4.1. (σ−ς ,−iς)abαςDaΨ̃
αςβκ ≡ iJβκb ⇔ ∇

A′ςAς
d ψβκAςBς ≡

−ς√
2
JA
′
ςBς

βκ ,∇A
′
ςAς

d = iς√
2
(σ,−iς)A

′
ςAς

a Da

y²: (σ−ς ,−iς)abαςDaΨ̃
αςβκ ≡ iJβκb

⇔ Da(iσαςςabψ
βκ
ας

) ≡ −Jβκb
⇔ Da(iσαςςab · iς√2

σAςBςας
ψβκAςBς ) ≡ −J

βκ
b

⇔ iSab
AςBςDaψβκAςBς ≡

−ς√
2
Jβκb

⇔ ( ς
2
δabε

AςBς + iSab
AςBς )DaψβκAςBς ≡

−ς√
2
Jβκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b DaψβκAςBς ≡
−1√

2
Jβκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ςD
aψβκAςBς ≡

−1√
2
Jβκb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a DaψβκAςBς ≡
−ς√

2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ,∇A
′
ςAς

d ≡ iς√
2
(σ,−iς)A

′
ςAς

a Da

163



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 19Ù Úå|�§�#Lã

1
2
-^þÜþ/ªµ

íØ2.4.1. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ

1
2
-^þÝ
/ªµ

íØ2.4.2. (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ ⇔ (σ ⊗ I,−iς)aDaψ̃βκ(1, ς) ≡ iJ̃βκ(1, ς)

1
2
-^þ�Ý
/ªµ

íØ2.4.3. (σ,−iς)A
′
ςAς

a DaψβκAςBς ≡ iJ
A′ςBς

βκ ⇔ (σ,−iς)aDa[ψ]βκ ≡ i[J ]βκ

2.5 .SÛð�ª��1
2
-^þLã/ª

íØ2.5.1. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ ∇A
′
ςAς

d ψAςBςCκDκ ≡ −ς√
2
JA
′
ςBςCκDκ

íØ2.5.2. ∇A
′
ςAς

d ψβςAςBς ≡
−ς√

2
JA
′
ςBς

βς ⇔ ∇A
′
ςAς

d ψAςBςCςDς ≡ −ς√
2
JA
′
ςBςCςDς

íØ2.5.3. ∇A
′
ςAς

d ψβκAςBς ≡
−ς√

2
JA
′
ςBς

βκ ⇔ (σ,−iς)A
′
ςAς

a DaψAςBςCκDκ ≡ iJA
′
ςBςCκDκ

íØ2.5.4. ∇A
′
ςAς

d ψβςAςBς ≡
−ς√

2
JA
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaψAςBςCςDς ≡ iJA
′
ςBςCςDς

±en�íØ�y²3�±�

íØ2.5.5. (σ,−iς)A
′
ςAς

a DaψAςBςCςDς ≡ iJA
′
ςBςCςDς , R = 0⇔ [2Da + iSab(2, ς)D

b]kς
lςψlς (2, ς) = Jakς (2, ς)

íØ2.5.6.

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0, R = 0

⇔ [2Da + iSab(2, ς)D
b]kς

lςψlς (2, ς) = Jakς (2, ς)

íØ2.5.7.

(σ−ς ,−iς)abαςDaΨ̃
αςβς ≡ iJβςb

ψαςβς = ψβςας , ψας
ας = 0, (σ,−iς)aσβςJβςa = 0

⇔ (σ ⊗ I4,−iς)aDaψ̃(2, ς) = iJ̃(2, ς)

2.6 ßÿ

½n2.6.1. Da ∗ F βκab = 0⇔ F βκab ⇔ Da ∗ F βκab ≡ 0

½n2.6.2. DaF βκab = −Jβκb , Da ∗ F βκab = 0⇔ DaF βκab = −Jβκb , F βκab

2.7 .SÛð�ª [8]�g^ÜþLã/ª

Úå|�g^ÜþÝ
µSab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(9.17)

½n2.7.1. (Da + iSabD
b)βς γςψ

γςδκ(1, ς) ≡ −iσβςςabJbδκ , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃
δκ(1, ς) ≡ iJδκ

�«�*y{Xeµ

y²: (Da + iSabD
b)βς γςψ

γςδκ ≡ −iσβςςabJbδκ , Sab = iσαςςabγας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ
γςδκ ≡ −iσβςςxbJbδκ

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςδκ ≡ −iσβςςybJbδκ

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςδκ ≡ −iσβςςzbJbδκ

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςδκ ≡ −iσβςςπbJbδκ
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx



ψxςδκ

ψyςδκ

ψzςδκ

 ≡

ςJπδκ

Jzδκ

−Jyδκ

 ,


Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy



ψxςδκ

ψyςδκ

ψzςδκ

 ≡

−Jzδκ

ςJπδκ

Jxδκ



Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz



ψxςδκ

ψyςδκ

ψzςδκ

 ≡

Jyδκ

−Jxδκ

ςJπδκ

 , iDπΨδκ(1, ς) ≡ ςγ · ∇dΨδκ(1, ς)− iς ~Jδκ

⇔

iDπΨδκ(1, ς) ≡ iς∇d ×Ψδκ(1, ς)− iς ~Jδκ

∇d ·Ψδκ(1, ς) ≡ ςJπδκ

⇔

iDπΨδκ(1, ς) ≡ ςγ · ∇dΨδκ(1, ς)− iς ~Jδκ

∇d ·Ψδκ(1, ς) ≡ ςJπδκ

⇔ (σ−ς ,−iς)aDaΨ̃
δκ(1, ς) ≡ iJ

íØ2.7.1. (∂a + iSab∂
b)ψδκ(1, ς) = i(σ−ς , iς)aJ

δκ , Sab = iσαςςabγας

,�«�)Û�Ä��y{Xeµ

y²: (Da + iSabD
b)βς γςψ

γςδκ ≡ −iσβςςabJbδκ , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcbD

bψγςδκ ≡ −iσβςςabJbδκ

⇔ σβςςacσ
cb
ςγς
Dbψ

γςδκ ≡ −iσβςςabJbδκ

⇔ σςadβς
σβςςacσ

cb
ςγς
Dbψ

γςδκ ≡ −iσςadβς
σβςςabJ

bδκ

⇔ σdbςγςDbψ
γςδκ ≡ −iJdδκ

⇔ σabςαςDaψ
αςδκ ≡ iJbδκ , ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaΨ̃
αςδκ ≡ iJδκb , ας = 1, 2, 3, 4

d�§(3.3.2)Ò´.SÛð�ª�g^ÜþLã/ª"

Ún2.7.1. Jβςδκa = −iσβςςabJbδκ ⇔



Jzςδκy = −Jyςδκz = −ςJxςδκπ = Jxδκ

Jxςδκz = −Jzςδκx = −ςJyςδκπ = Jyδκ

Jyςδκx = −Jxςδκy = −ςJzςδκπ = Jzδκ

Jxςδκx = Jyςδκy = Jzςδκz = ςJπδκ

Ðm=�y²"±þg^�§´'uAÏ��§@oéu����q¬N�Qº�we¡�½n"

½n2.7.2.

(Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaΨ̃
δκ(1, ς) = iJδκ , Jβςδκa = −iσβςςabJbδκ

y²: (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςψ
γςδκ = Jβςδκx

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςψ
γςδκ = Jβςδκy

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςψ
γςδκ = Jβςδκz

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςψ

γςδκ = Jβςδκπ
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx



ψxςδκ

ψyςδκ

ψzςδκ

 =


Jxςδκx

Jyςδκx

Jzςδκx

⇔

∇d ·Ψδκ(1, ς) = Jxςδκx

[∇d ×Ψδκ(1, ς)]zςδκ − ςDπψ
zςδκ(1, ς) = Jyςδκx

−[∇d ×Ψδκ(1, ς)]yςδκ + ςDπψ
yςδκ(1, ς) = Jzςδκx

Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy



ψxςδκ

ψyςδκ

ψzςδκ

 =


Jxςδκy

Jyςδκy

Jzςδκy

⇔

−[∇d ×Ψδκ(1, ς)]zςδκ + ςDπψ

zςδκ(1, ς) = Jxςδκy

∇d ·Ψδκ(1, ς) = Jyςδκy

[∇d ×Ψδκ(1, ς)]xςδκ − ςDπψ
xςδκ(1, ς) = Jzςδκy

Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz



ψxςδκ

ψyςδκ

ψzςδκ

 =


Jxςδκz

Jyςδκz

Jzςδκz

⇔


[∇d ×Ψδκ(1, ς)]yςδκ − ςDπψ
yςδκ(1, ς) = Jxςδκz

−[∇d ×Ψδκ(1, ς)]xςδκ + ςDπψ
xςδκ(1, ς) = Jyςδκz

∇d ·Ψδκ(1, ς) = Jzςδκz

DπΨδκ(1, ς) + iςγ · ∇dψδκ = Jδκπ ⇔ DπΨδκ(1, ς)− ς∇d ×Ψδκ(1, ς) = Jδκπ

⇔



Jzςδκy = −Jyςδκz = −ςJxςδκπ := Jxδκ

Jxςδκz = −Jzςδκx = −ςJyςδκπ := Jyδκ

Jyςδκx = −Jxςδκy = −ςJzςδκπ := Jzδκ

Jxςδκx = Jyςδκy = Jzςδκz := ςJπδκ

DπΨδκ(1, ς)− ς∇d ×Ψδκ(1, ς) = i ~Jδκ

∇d ·Ψδκ(1, ς) = −iJπδκ

⇔ (σ−ς ,−iς)aDaΨ̃
δκ(1, ς) = iJδκ , Jβςδκa = −iσβςςabJbδκ

,�«�)Û�Ä��y{Xeµ

½n2.7.3. (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας ⇔ Jβςδκa = σβςςab(σ
bc
ςγς
Dcψ

γςδκ)

y²: (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcbD

bψγςδκ = Jβςδκa

⇔ Jβςδκa = σβςςab(σ
bc
ςας
Dcψ

αςδκ)

ù�½nL²dg^�§�É��½��§Ø´�¿�§�kc�½n£ã���/âk)§Ù¦�/�Ã

)"

íØ2.7.2. (Da + iSabD
b)βς γςψ

γςδκ = Jβςδκa , Sab = iσαςςabγαςk)⇔ Jβςδκa = −iσβςςabJbδκ ,∃Jbδκ

2.8 .SÛð�ª�	�Lã/ª

2.8.1 Úå|	�Üþ÷v�²;.SÛð�ª [15]

½Â2.8.1. Cabcd ≡ Rabcd + 1
2
ga[dRc]b + 1

2
gb[cRd]a + 1

6
ga[cgd]bR

íØ2.8.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Cabcd;a ≡ − 1
2
Rb[c;d] + 1

12
gb[cR;d]

y²: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a ≡ −Rb[c;d], Rba;a ≡ 1
2
R;b

⇒ Cabcd;a ≡ Rabcd;a + 1
2
ga[dRc]b;a + 1

2
gb[cRd]a

;a + 1
6
ga[cgd]bR;a

⇒ Cabcd;a ≡ −Rb[c;d] + 1
2
Rb[c;d] + 1

4
gb[cR;d] − 1

6
gb[cR;d]

⇔ Cabcd;a ≡ − 1
2
Rb[c;d] + 1

12
gb[cR;d]

íØ2.8.2. C(∗ab)cd ≡ R(∗ab)cd + 1
2
εabe[cRd]

e + 1
6
εabcdR

.SÛð�ª�	�Üþ/ª:
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íØ2.8.3.

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

Cabcd;a ≡ −Rb[c;d] + 1
2
ga[dR

c]b
;a + 1

2
gb[cR

d]a
;a + 1

6
ga[cgd]bR;a

C(∗ab)cd
;a ≡ 1

2
εabe[cRd]

e;a + 1
6
εabcdR;a

íØ2.8.4.

Cabcd;a ≡ − 1
2
Rb[c;d] + 1

12
gb[cR;d]

C(∗ab)cd
;a ≡ 1

2
εabe[cRd]

e;a + 1
6
εabcdR;a

2.8.2 .SÛð�ª�WeylE¥þLã/ª

½Â2.8.2. C̃αςβς (1, ς) ≡ [Cαςβς , 0βς ]

½n2.8.1. DaF βςab ≡ −J
βς
b ⇔ (σ−ς ,−iς)abαςDaC̃

αςβς ≡ i i
2
σβςςcd(R

[c;d]
b − 1

6
δ

[c
b R

;d])

y²: DaF βςab ≡ −J
βς
b

⇔ Da(iσ
ab
ςας
ψαςβς ) ≡ −Jbβς , ας = 1, 2, 3

⇔ Da[σ
ab
ςας

(Cαςβς + 1
6
δαςβςR)] ≡ iJbβς , ας = 1, 2, 3

⇔ Da(σ
ab
ςας
Cαςβς ) ≡ − 1

2
σβςςcdR

b[c;d] − 1
6
σabςαςδ

αςβςR;a, ας = 1, 2, 3

⇔ Da(σ
ab
ςας
Cαςβς ) ≡ − 1

2
σβςςcdR

b[c;d] + 1
6
σβςςcdδ

b[cR;d], ας = 1, 2, 3

⇔ (σ−ς ,−iς)abαςDaC̃
αςβς ≡ i i

2
σβςςcd(R

[c;d]
b − 1

6
δ

[c
b R

;d]), ας = 1, 2, 3, 4

½Â2.8.3. J̄bcd ≡ Rb[c;d] − 1
6
gb[cR;d], J̄bβς ≡ i

2
σβςςcdJ̄

bcd

2.8.3 .SÛð�ª�WeylE¥þÝ
Lã/ª

E¥þÝ
/ªµ

íØ2.8.5. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (σ−ς ,−iς)aDaΨ̃

βς (1, ς) ≡ iJβς

E¥þ�Ý
/ªµ

íØ2.8.6. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (σ−ς ,−iς)aDa[C̃(1, ς)] ≡ i[J̄ ]

L�C�µ

íØ2.8.7. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I,−iς)aDac̃

βς (1, ς) ≡ i ˜̄Jβς (1, ς)

íØ2.8.8. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I,−iς)aDa[c̃(1, ς)] ≡ i[ ˜̄J ]

2.8.4 .SÛð�ª� 1
2
-	�^þLã/ª [1, 2]

1
2
-^þPenroseÄ��I/ªµ

½n2.8.2. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ ∇

A′ςAς
d CβςAςBς ≡

−ς√
2
J̄A
′
ςBς

βς

1
2
-^þÜþ/ªµ

íØ2.8.9. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς

1
2
-^þÝ
/ªµ

íØ2.8.10. (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς ⇔ (σ ⊗ I,−iς)aDaC̃βς (1, ς) ≡ i ˜̄Jβς (1, ς)

1
2
-^þ�Ý
/ªµ

íØ2.8.11. (σ,−iς)A
′
ςAς

a DaCβςAςBς ≡ iJ̄
A′ςBς

βς ⇔ (σ,−iς)aDa[C]βς ≡ i[J̄ ]βς

2.8.5 .SÛð�ª�� 1
2
-	�^þLã/ª

íØ2.8.12. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ ∇A
′
ςAς

d CAςBςCςDς ≡ −ς√
2
J̄A
′
ςBςCςDς

íØ2.8.13. ∇A
′
ςAς

d CβςAςBς ≡
−ς√

2
J̄A
′
ςBς

βς ⇔ (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς

167



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 19Ù Úå|�§�#Lã

2.8.6 .SÛð�ª [8]�g^Üþ	�Lã/ª

½n2.8.3. (Da + iSabD
b)βς γςC

γςδς (1, ς) ≡ −iσβςςabJ̄bδς , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaC̃
δς (1, ς) ≡ iJ̄δς

d�§(2.8.3)Ò´.SÛð�ª�g^Üþ	�Lã/ª"

½n2.8.4.

(Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaC̃
δς (1, ς) = iJ̄δς , J̄βςδςa = −iσβςςabJ̄bδς

ù�½nL²dg^�§�É��½��§Ø´�¿�§�kc�½n£ã���/âk)§Ù¦�/�Ã

)"

íØ2.8.14. (Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγας ⇔ J̄βςδςa = σβςςab(σ
bc
ςγς
DcC

γςδς )

íØ2.8.15. (Da + iSabD
b)βς γςC

γςδς = J̄βςδςa , Sab = iσαςςabγαςk)⇔ J̄βςδςa = −iσβςςabJ̄bδς ,∃J̄bδς

2.8.7 .SÛð�ª��g^Üþ	�Lã/ª

íØ2.8.16. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς ⇔ [2Da + iSab(2, ς)D

b]kς
lςclς (2, ς) ≡ Jakς (2, ς)

íØ2.8.17. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄A
′
ςBςCςDς ⇔ (σ ⊗ I4,−iς)aDac̃(2, ς) ≡ iJ̃(2, ς)

±þü�·K�y²±�Ù!¬Öþ§3dÑ�"

íØ2.8.18. (σ−ς ,−iς)aDaC̃
βς (1, ς) ≡ iJ̄βς ⇔ (σ ⊗ I4,−iς)aDac̃(2, ς) ≡ iJ̃(2, ς)

2.9 .SÛð�ª�²;©l/ª

íØ2.9.1. (σ−ς ,−iς)aDaΨ̃
βς (1, ς) = iJβς ⇔ (γ,−iς)aDaΨ

βς (1, ς) = i ~Jβς , iς∇d ·Ψβς (1, ς) = iJβςπς

íØ2.9.2.

(σ−ς ,−iς)aDaΨ̃
βς (1, ς) = iJβς

ψαςβς = ψβςας , ψας
ας = 0, (σ,−iς)aσβςJβςa = 0

⇔

( 1
2
Gm,−iς)aDaΨ(2, ς) = i ~J (2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς

íØ2.9.3.

( 1
2
Gm,−iς)aDaΨ(2, ς) = i ~J (2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς

⇔

[ 1
2
σ(2),−iς]aDaψ(2, ς) = i ~J(2, ς)

iς∇d ·Ψβς (1, ς) = iJβςπς

íØ2.9.4.

[σ(s),−isς]aDaψ(s, ς) = is ~J(s, ς)

iς∇d ·Ψlς (1, ς) = iJ lςπς

⇔

[ 1
s
σ(s),−iς]aDaψ(s, ς) = i ~J(s, ς)

iς∇d ·Ψlς (1, ς) = iJ lςπς

íØ2.9.5.

S = 1√
4



√
4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

0
√

3/2i −
√

1/2i 0 0 −
√

1/2i
√

3/2i 0

0 −
√

3/2
√

1/2 0 0 −
√

1/2
√

3/2 0

0 0 0 −
√

2i
√

2i 0 0 0

 , S
+ = 1√

4



√
4 0 0 0 0 0 0 0

0
√

1 0 0 0 −
√

3/2i −
√

3/2 0

0
√

3 0 0 0
√

1/2i
√

1/2 0

0 0
√

2 0 0 0 0
√

2i

0 0
√

2 0 0 0 0 −
√

2i

0 0 0
√

3 0
√

1/2i −
√

1/2 0

0 0 0
√

1 0 −
√

3/2i
√

3/2 0

0 0 0 0
√

4 0 0 0


íØ2.9.6.

(σ ⊗ I4,−iς)a∂aψ̃(2, ς) = iJ̃(2, ς)
S⇔

[σ(2),−iς]a∂aψ(2, ς) = iN̄(2)J̃(2, ς)

iς∇ · Slςm(2)Sim(2,+)ψ(2, ς) = iJ lςπ , J
lς
π � Jπ


[
N̄(2)J̃(2,ς)

Jπ

]
= SJ̃(2, ς)[

ψ(2,ς)
03

]
= Sψ̃(2, ς)

íØ2.9.7. Slςim(2) = (

[
0 0 −1 0

1√
3

1 0 0 0 0
0 0 0 1 0

]
,

[
1 0 0 0

1√
3

0 1 0 0 0
0 0 1 0 0

]
,

[
0 0 0 1 0
0 0 1 0 0

0 0 0 0 − 2√
3

]
)

íØ2.9.8.[σ(2),−iς]a∂aψ(2, ς) = iN̄(2)J̃(2, ς)

iς∇ · Slςm(2)Sim(2,+)ψ(2, ς) = iJ lςπ

Sim(2,+)⇔

( 1
2
Gim(+),−iς)a∂aΨ(2, ς) = i ~J (2), ~J (2) = Sim(2,+)N̄(2)J̃(2, ς)

iς∇ · Slςm(2)Ψ(2, ς) = iJ lςπ ,Ψ(2, ς) = Sim(2,+)N̄(2)ψ̃(2, ς)
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íØ2.9.9.

(σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)
S⇔

[σ(s),−iς]a∂aψ(s, ς) = iN̄(s)J̃(s, ς)

iς∇ · Slς (s)ψ(s, ς) = iJ lςπ , J
lς
π � Jπ


[
N̄(s)J̃(s,ς)

Jπ

]
= SJ̃(s, ς)[

ψ(s,ς)
0

]
= Sψ̃(s, ς)

2.10 .SÛð�ª�AÏa>^|Lã/ª

2.10.1 .SÛð�ª�V>^|Lã/ª???

íØ2.10.1. (σ,−iς)A
′
ςAς

a DaCAςBςCςDς ≡ iJ̄
A′ς
BςCςDς

⇔ (σ,−iς)A
′
ςAς

a DaCAς lς (
3
2
) ≡ iJ̄A

′
ς

lς
( 3

2
)

íØ2.10.2. (σ,−iς)A
′
ςAς

a DaCAς lς (
3
2
) ≡ iJ̄A

′
ς

lς
( 3

2
)⇔ (σ−ς ⊗ I,−iς)aDaC̃(2, ς) ≡ iJ̃ (2, ς)

±þ�¡@��§/ªþ��uü�Ó�k>ÖÚ^Ö�>^|�§§¿�÷vâÔ[�C§L�ÃLÚå

|§ÚEinstein�§¤á�ÄÃ'"¤±é>^|��
©ÛEâ�±^3d§l�±��Úå��
5�"

½Â2.10.1. Ω(ς) = (

[
0 0

−σςy σςx

]
,

[
σςy −σςx
0 0

]
,

[
0 −i
i 0

]
)

íØ2.10.3. C̃(2, ς) ∼ e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

y²: Λ[C̃(2, ς)] = Sem(ς)⊗ Sem( 1
2
)e(iω+ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(
3
2

)S+
em(ς)⊗ S+

em( 1
2
)

= e(iω+ςε)·[R⊗I4+Ω(ς)] = e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

íØ2.10.4. J̃ (2, ς) ∼ e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)

y²: Λ[J̃ (2, ς)] = Sem(ς)⊗ Sem( 1
2
)e(iω−ςε)·σ(

1
2

) ⊗ e(iω+ςε)·σ(
3
2

)S+
em(ς)⊗ S+

em( 1
2
)

= e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)

2.10.2 .SÛð�ª�AÏa>^|Lã/ª

íØ2.10.5. JA
′
ςBςCςDς'u�IBςCςDς�é¡⇔ [(σ,−iς)aσας ]Jαςa = 0

íØ2.10.6. Xας
l = 0⇔ Xας

a = 0; [(σ,−iς)aσας ]Xας
a = 0, l = x, y, z

íØ2.10.7. (σ−ς ,−iς)abαςDaC̃
αςβς ≡ iJ̄βςb ⇔ (γ,−iς)alαςDaC

αςβς ≡ iJ̄βςl

±þ�C�§L²3,«AÏ�¹e(γ,−iς)aLyÑ,«�C5"���C�§±PauliÝ
�Ä:?1�

E§d�§%^1fg^Ý
�E
�����C��§§ù´·1�g��ù���¹"�¤±¬ÑyXd�

�¹§´|Ú��é¡5���"

3 Úå|�ÔnYang-Mills5��§

3.1 Einstein�§ [12]ÚÚå|Yang-Mills5��§

Einstein�§µRab − 1
2
gabR+ Λgab = −8πGT ab (9.18)

íØ3.1.1. Rab − 1
2
gabR+ Λgab = −8πGT ab ⇔ T ab;b = 0

y²: Rab − 1
2
gabR+ Λgab = −8πGT ab

⇒ (Rab − 1
2
gabR+ Λgab); b = −8πGT ab; b

⇒ 0 = −8πGT ab; b

⇒ T ab;b = 0

íØ3.1.2. Rab − 1
2
gabR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2
gabT ) + Λgab

y²: Rab − 1
2
gabR+ Λgab = −8πGT ab → R = 8πGT + 4Λ

⇔ Rab − 1
2
gab(8πGT + 4Λ) + Λgab = −8πGT ab

⇔ Rab = −8πG(T ab − 1
2
gabT ) + Λgab → R = 8πGT + 4Λ
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íØ3.1.3.

Rab − 1
2
gabR+ Λgab = −8πGT ab

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0

⇔

Rab − 1
2
gabR+ Λgab = −8πGT ab

Rabcd;a = 8πG(T b[c;d] − 1
2
gb[cT ;d]), R(∗ab)cd

;a ≡ 0

íØ3.1.4.


Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

Jbcd ≡ −8πG(T b[c;d] − 1
2
gb[cT ;d])

⇔


DaFαςab = −Jbας

Da ∗ Fαςab ≡ 0

Jbας ≡ 1
2
ςσαςςcdJ

bcd, Jbcd ≡ −8πG(T b[c;d] − 1
2
gb[cT ;d])

íØ3.1.5.

Rab − 1
2
gabR+ Λgab = −8πGT ab

Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒

Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

⇔

DaFαςab = −Jbας

Da ∗ Fαςab ≡ 0

íØ3.1.6.

DaFαςab = −Jbας

Da ∗ Fαςab ≡ 0
⇔

DaF
[ας ]
ab = −Jb[ας ]

Da ∗ F [ας ]
ab ≡ 0

3.2 Úå|Yang-Mills5��§�^þLã/ª

��òEinstein�§Rab = −8πG(T ab − 1
2
gabT ) + Λgab�\.SÛð�ª��«Lã/ª��§¿ò

�A�ð�Ò���Ò§=���Úå|ÔnYang-Mills5��§��«Lã/ª§/ªþ�.SÛð�ª

��«Lã/ª����§Ø2E�Ñ"l��þù§Úå|Yang-Mills5��§�´Úå|�ð�ª§

�Einstein�§¤á�ÄÃ'§�ý�£ãÔn�´Einstein�§§�kòEinstein�§A^uÚå|5�ð

�ª���§Úå|Yang-Mills5��§âý��kÔn�Úå�§d��Úå|Yang-Mills5��§â

¤���ý��Ôn�§"¤±ù�:��ØÓu>^|ÚYang-Mills|�/§>^|ÚYang-Mills|�5�

�§Ø�´ð�ª§��£ãý��Ôn"

3.3 g·µã

¯¢þ§>^|ÚÚå|Ñ�±8(�Yang-Mills|�/§�σ���´>^|¶�σ = βκ�´Úå|¶

�σ�õ�i1�§�±£ã����/"σQ�±�SÜ�I��±�	Ü�I§$�´üa�I�·Ü§¤

±Yang-Mills|êÆ/ªþ®´é����/
"

4 2Â�éØEinstein�§ [12–15]��dÝ
/ª

4.1 O�

íØ4.1.1. Rab = ς(Fαςσςας )
ab, (Fα

′
ςσ−ςα′ς )

ab = −(Fαςσςας )
ab, Fας ab = Fab

ας , R = −ςσςας abFab
ας

íØ4.1.2. Rab = −i(Fαςσςας )ab, Fα
′
ςσ−ςα′ς = Fαςσςας

íØ4.1.3. R = iσabςαςFab
ας

íØ4.1.4. Rab − 1
2
gabR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2
gabT ) + Λgab

½Â4.1.1. T̄ ab := 8πG(T ab − 1
2
gabT )− Λgab, T̄ b ≡ [T̄ b

x , T̄
b
y , T̄

b
z , T̄

b
π ]T

½Â4.1.2. Fab(2, ς) ≡ [F xςab , F
yς
ab , F

zς
ab , 0ab]

T , Fab(2, ς) ≡ F [ας ]
ab ,R = [R, 0]

½Â4.1.3. Au(ς) ≡ [Axςu , A
yς
u , A

zς
u , 0u]T = A

[ας ]
u (ς),Ja(ς) ≡ [Jxςa , J

yς
a , J

zς
a , 0a]

T = J
[ας ]
a

íØ4.1.5. Fαςuv = ∂uA
ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

⇔ Fuv(ς) = ∂uAv(ς)− ∂vAu(ς) + iATu (ς)RAv(ς) = [∂u + i
2
ATu (ς)R]Av(ς)− [∂v + i

2
ATv (ς)R]Au(ς)

4.2 Einstein�§��dÝ
/ª

íØ4.2.1. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ (σ−ς ,−iς)aFab(2, ς) = iT̄ b
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y²: Rab = −8πG(T ab − 1
2
gabT ) + Λgab

⇔ (Fαςσςας )
ab = −iT̄ ab

⇔ (σςαςF
ας )ab = −iT̄ ab

⇔ [(σς ,−iς)αςFας ]ab = −iT̄ ab

⇔ (σς ,−iς)ας acF cbας = −iT̄ b
a

⇔ (σς ,−iς)ας caF cbας = iT̄ b
a

⇔ (σ−ς ,−iς)caαςF cbας = iT̄ b
a

⇔ (σ−ς ,−iς)acαςF abας = iT̄ b
c

⇔ (σ−ς ,−iς)aFab(2, ς) = iT̄ b

íØ4.2.2. Rab = 1
4
δabR+ 1

2
(σςαςσ−ςβ′ς )

abψαςβ
′
ς

íØ4.2.3. Rab = −T̄ab ⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2
δbT̄

y²: Rab = −T̄ab
⇔ iς(Ra

b − 1
2
δbaR) = −iς(T̄ b

a − 1
2
δbaT̄ )

⇔ iς
2

(2Ra
b − 1

2
δbaR− 1

2
δbaR) = −iς(T̄ b

a − 1
2
δbaT̄ )

⇔ iς
2

(σαςςacσ
β′ςcb
−ς ψβ′ςας − δ

αςβςδbaψαςβς ) = −iς(T̄ b
a − 1

2
δbaT̄ )

⇔ σαςςac
iς
2

(σ
β′ςcb
−ς ψβ′ςας − σ

βςcb
ς ψβςας ) = −iς(T̄ b

a − 1
2
δbaT̄ )

⇔ σαςςac ∗ F cbας = −iς(T̄ b
a − 1

2
δbaT̄ )

⇔ (σς ,−iς)ας ac ∗ F cbας = −iς(T̄ b
a − 1

2
δbaT̄ )

⇔ (σς ,−iς)ας ca ∗ F cbας = iς(T̄ b
a − 1

2
δbaT̄ )

⇔ (σ−ς ,−iς)caας ∗ F cbας = iς(T̄ b
a − 1

2
δbaT̄ )

⇔ (σ−ς ,−iς)acας ∗ F abας = iς(T̄ b
c − 1

2
δbcT̄ )

⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2
δbT̄

íØ4.2.4. (σ−ς ,−iς)aFab(2, ς) = iT̄ b ⇔ (σ−ς ,−iς)a ∗ Fab(2, ς) = iςT̄ b − iς
2
δbT̄

g·µãµùp��
�é{©{'�Ñ�Einstein�§�d�^þ�§§�©k¿g"

íØ4.2.5.

DaFαςab ≡ −Jbας

Da ∗ Fαςab ≡ 0
⇔

DaFab(2, ς) ≡ −J̄ b(ς)

Da ∗ Fab(2, ς) ≡ 0

íØ4.2.6.

Rab − 1
2
gabR+ Λgab = −8πGT ab

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0

⇔

Einstein�§: (σ−ς ,−iς)aFab(2, ς) = −iT̄ b

.SÛð�ª: DaFab(2, ς) ≡ −J̄ b(ς), Da ∗ Fab(2, ς) ≡ 0

íØ4.2.7. (σ−ς ,−iς)aFab(2, ς) = iT̄ b, (σ−ς ,−iς)aAa(ς) = 0(5�^�)

⇔ (σ−ς ,−iς)aeuaevb [∂u + iATu (ς)R]Av(ς) = iT̄b, (σ−ς ,−iς)aAa(ς) = 0

4.3 Einstein�§�d�$���êg^Üþ#/ª

íØ4.3.1. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ [δab + iSab(γ, ς)]F

bc(2, ς) = −iσ[βς ]
ςab T̄

bc = i(σ−ς , iς)aT̄
c

íØ4.3.2. Rab = −8πG(T ab − 1
2
gabT ) + Λgab

⇔ [δab + iSab(γ, ς)] ∗ F bc(2, ς) = −iςσ[βς ]
ςab (T̄ bc − 1

2
δbcT̄ ) = iς(σ−ς , iς)a(T̄

c − 1
2
δ[b]cT̄ )
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1 A^~êÜþ½ÂÚå�f| [8]��«^þ
g·µãµ�ÙJÑ
Úå�f|�§�õ«�dLã/ª§¿î�y²
§��m��d5"

1.1 Úå�fnØ�|r£ã

½Â1.1.1. Fuv(
3
2
, ς) := Duψv(ς)−Dvψu(ς)

íØ1.1.1. Fuv(
3
2
, ς) = (∂u + i

2
σαςA

ας
u )ψv(ς)− (∂v + i

2
σαςA

ας
v )ψu(ς)

y²: Fuv(
3
2
, ς) := Duψv(ς)−Dvψu(ς)

= [∂uψv(ς) + Γλuvψλ(ς) + i
2
Aαςu σαςψv(ς)]− [∂vψu(ς) + Γλvuψλ(ς) + i

2
Aαςv σαςψu(ς)]

= ∂uψv(ς)− ∂vψu(ς) + i
2
σας [A

ας
u ψv(ς)−Aαςv ψu(ς)]

= (∂u + i
2
σαςA

ας
u )ψv(ς)− (∂v + i

2
σαςA

ας
v )ψu(ς)

íØ1.1.2. δψu(ς) = iθαςσας (
1
2
)ψu(ς), δFuv(

3
2
, ς) = iθαςσας (

1
2
)Fuv(

3
2
, ς)

�Úå|é'µ

íØ1.1.3. Fuv(2, ς) = (∂u + i
2
γαςA

ας
u )ψv(ς)− (∂v + i

2
γαςA

ας
v )ψu(ς)

y²: Fuv(2, ς) := D̃uAv(ς)− D̃vAu(ς)

= [∂uAv(ς) + ΓλuvAλ(ς) + i
2
Aαςu γαςAv(ς)]− [∂vAu(ς) + ΓλvuAλ(ς) + i

2
Aαςv γαςAu(ς)]

= ∂uAv(ς)− ∂vAu(ς) + i
2
γας [A

ας
u Av(ς)−Aαςv Au(ς)]

= (∂u + i
2
γαςA

ας
u )Av(ς)− (∂v + i

2
γαςA

ας
v )Au(ς)

íØ1.1.4. Fuv(2, ς) = (∂u + i
2
γαςA

ας
u )Av(ς)− (∂v + i

2
γαςA

ας
v )Au(ς)⇔ Fαςuv = ∂uA

ας
v − ∂vAαςu − εας βςγςAβςu Aγςv

íØ1.1.5. δAu(ς) = iθαςγαςAu − ∂uθ, δFuv(2, ς) = iθαςγαςFuv(2, ς)

1.2 Úå�f|r�²;£ã

FZκab =


0 BZκ

z −BZκ
y −iEZκ

x

−BZκ
z 0 BZκ

x −iEZκ
y

BZκ
y −BZκ

x 0 −iEZκ
z

iEZκ
x iEZκ

y iEZκ
z 0

 , ∗FZκab =


0 −iEZκ

z iEZκ
y BZκ

x

iEZκ
z 0 −iEZκ

x BZκ
y

−iEZκ
y iEZκ

x 0 BZκ
z

−BZκ
x −BZκ

y −BZκ
z 0

 (10.1)

(σ, iς)a(σ,−iς)bF ab( 3
2
, ς) = 0, (σ, iς)a(σ,−iς)b ∗ F ab( 3

2
, ς) = 0 (10.2)

1.3 Úå�f|r�E¥þ£ã

½Â1.3.1. Úå�f|E¥þψZκας := i
2
σabςαςF

Zκ
ab = iς(E − iςB)Zκας = (iςE +B)Zκας

íØ1.3.1. 1
2
(FZκab − ς ∗ F

Zκ
ab ) = i

2
σαςςabψ

Zκ
ας

y²: FZκab = −FZκba
⇔ FZκab = 1

2
SabcdF

cd, ∗FZκab := 1
2
εabcdF

cd

⇔ FZκab − ς ∗ F
Zκ
ab = 1

2
(Sabcd − ςεabcd)F cd

⇔ FZκab − ς ∗ F
Zκ
ab = − 1

2
σαςςabσςαςcdF

cd

⇔ FZκab − ς ∗ F
Zκ
ab = iσαςςabψ

Zκ
ας

⇔ 1
2
(FZκab − ς ∗ F

Zκ
ab ) = i

2
σαςςabψ

Zκ
ας

íØ1.3.2. ψZκας = i
2
σabςας

1
2
(FZκab − ς ∗ F

Zκ
ab )
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íØ1.3.3. ψZκας = − i
2
ςσabςας ∗ F

Zκ
ab

íØ1.3.4. σabςας (F
Zκ
ab + ς ∗ FZκab ) = 0

íØ1.3.5. FZκab − ς ∗ F
Zκ
ab = − 1

4
σαςςabσ

cd
ςας

(FZκcd − ς ∗ F
Zκ
cd )

íØ1.3.6. FZκab = i
2
(σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α ), ∗FZκab = i

2
(σα

′

−abψ
Zκ
α′ − σα+abψZκα )

y²: FZκab − ς ∗ F
Zκ
ab = iσαςςabψ

Zκ
ας

⇔ FZκab − ∗F
Zκ
ab = iσα+abψ

Zκ
α , FZκab + ∗FZκab = iσα

′

−abψ
Zκ
α′

⇔ FZκab = i
2
(σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α ), ∗FZκab = i

2
(σα

′

−abψ
Zκ
α′ − σα+abψZκα )

⇔ FZκab = i
2
(σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α )

⇔ ∗FZκab = i
2
(σα

′

−abψ
Zκ
α′ − σα+abψZκα )

íØ1.3.7. FZκab = −FZκba ⇔ FZκab = i
2
(σα

′

−abψ
Zκ
α′ + σα+abψ

Zκ
α )

íØ1.3.8. (σ, iς)a(σ,−iς)bF ab(ς) = 0⇔ σαςψ
ας [Zς ] = 0

1.4 Úå�f|r�1
2
-^þ£ã [1, 2]

½Â1.4.1. Úå�f| 1
2
-^þÜþ: ψZκAςBς := iς√

2
σαςAςBςψ

Zκ
ας

= iς√
2
SabAςBςF

Zκ
ab

íØ1.4.1. ψZκAςBς = iς√
2
σαςAςBςψ

Zκ
ας
⇔ ψZκας = iς√

2
σAςBςας

ψZκAςBς

íØ1.4.2. ψZκAςBς = ψZκBςAς

íØ1.4.3. ψZκAςBς = −i√
2
SabAςBς ∗ F

Zκ
ab

íØ1.4.4. 1
2
(FZκab − ς ∗ F

Zκ
ab ) = iς√

2
Sab

AςBςψZκAςBς ⇔ ψZκAςBς = iς√
2
SabAςBς

1
2
(FZκab − ς ∗ F

Zκ
ab )

íØ1.4.5. FZκab − ς ∗ F
Zκ
ab = − 1

2
Sab

AςBςScdAςBς (F
Zκ
cd − ς ∗ F

Zκ
cd )

íØ1.4.6. FZκab = iς√
2
(Sab

A′B′ψZκA′B′ + Sab
ABψZκAB), ∗FZκab = iς√

2
(Sab

A′B′ψZκA′B′ − SabABψ
Zκ
AB)

íØ1.4.7. FZκab = −FZκba ⇔ FZκab = iς√
2
(Sab

A′B′ψZκA′B′ + Sab
ABψZκAB)

(ÜíØ1.3.6Ú(1.259), (1.260) ª��PenroseéAP{ [1, 2]µ

íØ1.4.8. FZκab
P
= 1√

2
(ψZκA′B′εAB + ψZκABεA′B′), ∗F

Zκ
ab

P
= 1√

2
(ψZκA′B′εAB − ψ

Zκ
ABεA′B′)

íØ1.4.9. (σ, iς)a(σ,−iς)bF ab(ς) = 0⇔ σαςψ
ας [Zς ] = 0⇔ ψAςBςCς = 1

3!
ψ(AςBςCς)

1.5 Úå�f|r�1-^þ£ã

½Â1.5.1. Úå�f|1-^þψZκkς (1) := ΓAςBςkς
(1)ψZκAςBς = Γαςkς (1)ψZκας

íØ1.5.1. ψZκAςBς = ΓkςAςBς (1)ψZκkς (1), ψZκας = Γkςας (1)ψZκkς (1)

1.6 Úå�f|�1
2
-^þ£ã [1, 2]

½Â1.6.1. Úå�f| 1
2
-^þÜþJA

′
ςAςZκ := iς√

2
(σ,−iς)A

′
ςAς

a JaZκ , JZκAςA′ς := −iς√
2

(σ, iς)aAςA′ςJ
Zκ
a

PenroseP{: JaZκ
P
= JA

′AZκ , JZκa
P
= JZκAA′
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1.7 Úå�f|�é¡5^�y²

íØ1.7.1. ψAςBςCς = ψAςCςBς ⇔ (σ, iς)a(σ,−iς)bF ab(ς) = 0

y²: ψAςBςCς = ψAςCςBς

⇔ εBςCςψ
AςBςCς = 0

⇔ − 1√
2
ςεBςCς iSab

AςBςF abCς = 0

⇔ εBςCς iSab
Aς
Dς ε̄

DςBςF abCς = 0

⇔ iSab
Aς
Dςδ

Dς
CςF

abCς = 0

⇔ iSab
Aς
CςF

abCς = 0

⇔ 1
4
(σ, iς)[a(σ,−iς)b]F ab[Cς ] = 0

⇔ (σ, iς)a(σ,−iς)bF ab[Cς ] = 0

⇔ (σ, iς)a(σ,−iς)bF ab( 3
2
, ς) = 0

íØ1.7.2. ψAςBςCς = 1
3!
ψ(AςBςCς) ⇔ (σ, iς)a(σ,−iς)bF ab( 3

2
, ς) = 0⇔ (σ, iς)a(σ,−iς)b ∗ F ab( 3

2
, ς) = 0

íØ1.7.3. JA′ς
BςCς = JA′ς

CςBς ⇔ (σ,−iς)aJa(ς) = 0

y²: JA′ς
BςCς = JA′ς

CςBς

⇔ εBςCςJA′ς
BςCς = 0

⇔ εBςCς
1√
2
(σ,−iς)aA′ςAς ε̄

AςBςJa
Cς = 0

⇔ (σ,−iς)aA′ςAςδ
Aς
CςJa

Cς = 0

⇔ (σ,−iς)aA′ςCςJa
Cς = 0

⇔ (σ,−iς)aJa[Cς ] = 0

⇔ (σ,−iς)aJa(ς) = 0

2 ²"��¥Penrose.Úå�f|�§�õ«�dLã/ª

2.1 Úå�f�§�Ie£ã

½Â2.1.1. FZκab := euae
v
bF

Zκ
uv , ψ

Zκ
a := euaψ

Zκ
u

Úå�f�§�Ie£ã

∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0 (10.3)

2.2 Úå�f|�§�²;/ª∇ · ~EZκ = ρZκ ,∇× ~EZκ = −∂t ~BZκ

∇ · ~BZκ = 0,∇× ~BZκ = ~JZκ + ∂t ~E
Zκ

⇔ ∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0 (10.4)

2.3 Úå�f|�§�E¥þLã/ª

E¥þÜþ/ªµ

½n2.3.1. ∂aFZκab = −JZκb ⇔ (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ;FZκab = ∂aAb − ∂bAa, Ψ̃αςσ =
[
ψαςσ=

i
2
σ
ας
ςabF

abσ

0

]
y²: ∂aFZκab = −JZκb
⇔ ∂aFZκab = −JZκb , ∂a ∗ FZκab ≡ 0

⇔ ∂a(FZκab − ς ∗ F
Zκ
ab ) = −JZκb

⇔ ∂a(iσαςςabψ
Zκ
ας

) = −Jbσ, ας = 1, 2, 3

⇔ ∂a[(σς ,−iς)ας |abΨ̃αςσ] = iJZκb , ας = 1, 2, 3, 4

⇔ ∂a[(σ−ς ,−iς)a|bας Ψ̃Zκ
ας

] = iJZκb , ας = 1, 2, 3, 4

⇔ (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb , ας = 1, 2, 3, 4
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E¥þÝ
/ªµ

íØ2.3.1. (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ

L�C�µ

íØ2.3.2. (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ ⇔ (σ ⊗ I,−iς)a∂aΨ̃Zκ(1, ς) = iJ̃Zκ(1, ς)

2.4 Úå�f|�§�1
2
-^þLã/ª [1, 2]

1
2
-^þPenroseÄ��I/ªµ

½n2.4.1. (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb ⇔ ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

σ,∇A′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a ∂a

y²: (σ−ς ,−iς)abας∂aΨ̃αςσ = iJZκb

⇔ ∂a(iσαςςabψ
Zκ
ας

) = −JZκb
⇔ ∂a(iσαςςab · iς√2

σAςBςας
ψZκAςBς ) = −JZκb

⇔ iSab
AςBς∂aψZκAςBς = −ς√

2
JZκb

⇔ ( ς
2
δabε

AςBς + iSab
AςBς )∂aψZκAςBς = −ς√

2
JZκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς ·
iς√
2
(σ,−iς)B

′
ςBς

b ∂aψZκAςBς = −1√
2
JZκb

⇔ iς√
2
(σ,−iς)A

′
ςAς

a εA′ςB′ς∂
aψZκAςBς = −1√

2
JZκb · −iς√2

(σ, iς)bB′ςBς

⇔ iς√
2
(σ,−iς)A

′
ςAς

a ∂aψZκAςBς = −ς√
2
ςεA

′
ςB
′
ςJB′ςBς

⇔ ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

σ,∇A′ςAς = iς√
2
(σ,−iς)A

′
ςAς

a ∂a

1
2
-^þÜþ/ªµ

íØ2.4.1. ∇A′ςAςψZκAςBς = −ς√
2
JA
′
ςBς

Zκ ⇔ (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ

1
2
-^þÝ
/ªµ

íØ2.4.2. (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ ⇔ (σ ⊗ I,−iς)a∂aΨ̃Zκ(1, ς) = iJ̃Zκ(1, ς)

1
2
-^þ�Ý
/ªµ

íØ2.4.3. (σ,−iς)A
′
ςAς

a ∂aψ
Zκ
AςBς

= iJA
′
ςBς

Zκ ⇔ (σ,−iς)a∂a[ψ]Zκ = i[J ]Zκ

2.5 Úå�f|�§��1
2
-^þLã/ª

íØ2.5.1. ∇A′ςAςψZςAςBς = −ς√
2
JA
′
ςBς

Zς ⇔ ∇A′ςAς∂aψAςBςCς = −ς√
2
JA
′
ςBςCς

íØ2.5.2. ∇A′ςAςψZςAςBς = −ς√
2
JA
′
ςBς

Zς ⇔ (σ,−iς)A
′
ςAς

a ∂aψAςBςCς = iJA
′
ςBςCς

2.6 �é¡�§(2Â�Cí2)

íØ2.6.1.(σ,−iς)A
′
ςAς

a DaψAςBςCς = iJA
′
ςBςCς

ψAςBςCς = 1
3!
ψ(AςBςCς), J

A′ςBςCς = 1
2!
JA
′
ς (BςCς)

⇔

DaFab
[Cς ] = −Jb[Cς ], Da ∗ Fab[Cς ] ≡ 0

(σ, iς)a(σ,−iς)bF ab[Cς ] = 0, (σ,−iς)aJa[Cς ] = 0

±eü�íØ�y²3�±�

íØ2.6.2.(σ,−iς)A
′
ςAς

a DaψAςBςCς = iJA
′
ςBςCς

ψAςBςCς = 1
3!
ψ(AςBςCς), J

A′ςBςCς = 1
2!
JA
′
ς (BςCς)

⇔ [ 3
2
Da + iSab(

3
2
, ς)Db]kς

lς ( 3
2
, ς)ψlς = Jakς ( 3

2
, ς)

íØ2.6.3.DaFab
[Cς ] = −Jb[Cς ], Da ∗ Fab[Cς ] ≡ 0

(σ, iς)a(σ,−iς)bF ab[Cς ] = 0, (σ,−iς)aJa[Cς ] = 0
⇔ [ 3

2
Da + iSab(

3
2
, ς)Db]kς

lς ( 3
2
, ς)ψlς = Jakς ( 3

2
, ς)
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2.7 ßÿ

½n2.7.1. ∂a ∗ FZκab = 0⇔ FZκab = ∂aA
Zκ
b − ∂bAZκa ⇔ ∂a ∗ FZκab ≡ 0

½n2.7.2. ∂aFZκab = −JZκb , ∂a ∗ FZκab = 0⇔ ∂aFZκab = −JZκb , FZκab = ∂aA
Zκ
b − ∂bAZκa

2.8 Úå�f|�§ [8]�g^ÜþLã/ª

Úå�f|�g^ÜþÝ
µSab = iσαςςabγας �

[
0 γz −γy −ςγx
−γz 0 γx −ςγy
γy −γx 0 −ςγz
ςγx ςγy ςγz 0

]
(10.5)

½n2.8.1. (∂a + iSab∂
b)βς γςψ

γςZκ(1, ς) = −iσβςςabJbZκ , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ

�«�*y{Xeµ

y²: (∂a + iSab∂
b)βς γςψ

γςZκ = −iσβςςabJbZκ , Sab = iσαςςabγας

⇔



(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ
γςZκ = −iσβςςxbJbZκ

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γςZκ = −iσβςςybJbZκ

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γςZκ = −iσβςςzbJbZκ

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γςZκ = −iσβςςπbJbZκ

⇔




∂x ∂y ∂z

−∂y ∂x −ς∂π

−∂z ς∂π ∂x



ψxςZκ

ψyςZκ

ψzςZκ

 =


ςJπZκ

JzZκ

−JyZκ

 ,


∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y



ψxςZκ

ψyςZκ

ψzςZκ

 =


−JzZκ

ςJπZκ

JxZκ



∂z −ς∂π −∂x

ς∂π ∂z −∂y

∂x ∂y ∂z



ψxςZκ

ψyςZκ

ψzςZκ

 =


JyZκ

−JxZκ

ςJπZκ

 , i∂πΨZκ(1, ς) = ςγ · ∇ΨZκ(1, ς)− iς ~JZκ

⇔

i∂πΨZκ(1, ς) = iς∇×ΨZκ(1, ς)− iς ~JZκ

∇ ·ΨZκ(1, ς) = ςJπZκ

⇔

i∂πΨZκ(1, ς) = ςγ · ∇ΨZκ(1, ς)− iς ~JZκ

∇ ·ΨZκ(1, ς) = ςJπZκ

⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ

íØ2.8.1. (∂a + iSab∂
b)ψZκ(1, ς) = i(σ−ς , iς)aJ

Zκ , Sab = iσαςςabγας

,�«�)Û�Ä��y{Xeµ

y²: (∂a + iSab∂
b)βς γςψ

γςZκ = −iσβςςabJbZκ , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcb∂

bψγςZκ = −iσβςςabJbZκ

⇔ σβςςacσ
cb
ςγς
∂bψ

γςZκ = −iσβςςabJbZκ

⇔ σςadβς
σβςςacσ

cb
ςγς
∂bψ

γςZκ = −iσςadβς
σβςςabJ

bZκ

⇔ σdbςγς∂bψ
γςZκ = −iJdZκ

⇔ σabςας∂aψ
αςZκ = iJbZκ , ας = 1, 2, 3

⇔ (σ−ς ,−iς)abας∂aΨ̃αςZκ = iJZκb , ας = 1, 2, 3, 4

d�§(3.3.2)���duÚå�f|�§§§Ò´Úå�f|�§�g^ÜþLã/ª"
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Ún2.8.1. JβςZκa = −iσβςςabJbZκ ⇔



JzςZκy = −JyςZκz = −ςJxςZκπ = JxZκ

JxςZκz = −JzςZκx = −ςJyςZκπ = JyZκ

JyςZκx = −JxςZκy = −ςJzςZκπ = JzZκ

JxςZκx = JyςZκy = JzςZκz = ςJπZκ

Ðm=�y²"±þg^�§´'uAÏ��§@oéu����q¬N�Qº�we¡�½n"

½n2.8.2. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας ⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ , JβςZκa = −iσβςςabJbZκ

y²: (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας

⇔



(∂x + iγz∂y − iγy∂z − iςγx∂π)βς γςψ
γςZκ = JβςZκx

(∂y + iγx∂z − iγz∂x − iςγy∂π)βς γςψ
γςZκ = JβςZκy

(∂z + iγy∂x − iγx∂y − iςγz∂π)βς γςψ
γςZκ = JβςZκz

(∂π + iςγx∂x + iςγy∂y + iςγz∂z)
βς
γςψ

γςZκ = JβςZκπ

⇔




∂x ∂y ∂z

−∂y ∂x −ς∂π

−∂z ς∂π ∂x



ψxςZκ

ψyςZκ

ψzςZκ

 =


JxςZκx

JyςZκx

JzςZκx

⇔

∇ ·ΨZκ(1, ς) = JxςZκx

[∇×ΨZκ(1, ς)]zςZκ − ς∂πψzςZκ(1, ς) = JyςZκx

−[∇×ΨZκ(1, ς)]yςZκ + ς∂πψ
yςZκ(1, ς) = JzςZκx

∂y −∂x ς∂π

∂x ∂y ∂z

−ς∂π −∂z ∂y



ψxςZκ

ψyςZκ

ψzςZκ

 =


JxςZκy

JyςZκy

JzςZκy

⇔

−[∇×ΨZκ(1, ς)]zςZκ + ς∂πψ

zςZκ(1, ς) = JxςZκy

∇ ·ΨZκ(1, ς) = JyςZκy

[∇×ΨZκ(1, ς)]xςZκ − ς∂πψxςZκ(1, ς) = JzςZκy
∂z −ς∂π −∂x

ς∂π ∂z −∂y

∂x ∂y ∂z



ψxςZκ

ψyςZκ

ψzςZκ

 =


JxςZκz

JyςZκz

JzςZκz

⇔


[∇×ΨZκ(1, ς)]yςZκ − ς∂πψyςZκ(1, ς) = JxςZκz

−[∇×ΨZκ(1, ς)]xςZκ + ς∂πψ
xςZκ(1, ς) = JyςZκz

∇ ·ΨZκ(1, ς) = JzςZκz

∂πΨZκ(1, ς) + iςγ · ∇ψZκ = JZκπ ⇔ ∂πΨZκ(1, ς)− ς∇×ΨZκ(1, ς) = JZκπ

⇔



JzςZκy = −JyςZκz = −ςJxςZκπ := JxZκ

JxςZκz = −JzςZκx = −ςJyςZκπ := JyZκ

JyςZκx = −JxςZκy = −ςJzςZκπ := JzZκ

JxςZκx = JyςZκy = JzςZκz := ςJπZκ

∂πΨZκ(1, ς)− ς∇×ΨZκ(1, ς) = i ~JZκ

∇ ·ΨZκ(1, ς) = −iJπZκ

⇔ (σ−ς ,−iς)a∂aΨ̃Zκ(1, ς) = iJZκ , JβςZκa = −iσβςςabJbZκ

,�«�)Û�Ä��y{Xeµ

½n2.8.3. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας ⇔ JβςZκa = σβςςabσ
bc
ςγς
∂cψ

γςZκ

y²: (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγας

⇔ σβςςa
cσςγςcb∂

bψγςZκ = JβςZκa

⇔ JβςZκa = σβςςabσ
bc
ςας
∂cψ

αςZκ

⇔



JzςZκy = −JyςZκz = −ςJxςZκπ = iσxbςας∂bψ
αςZκ

JxςZκz = −JzςZκx = −ςJyςZκπ = iσybςας∂bψ
αςZκ

JyςZκx = −JxςZκy = −ςJzςZκπ = iσzbςας∂bψ
αςZκ

JxςZκx = JyςZκy = JzςZκz = iςσπbςας∂bψ
αςZκ
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ù�½nL²dg^�§�É��½��§Ø´�¿�§�kc�½n£ã���/âk)§Ù¦�/�Ã

)"

íØ2.8.2. (∂a + iSab∂
b)βς γςψ

γςZκ = JβςZκa , Sab = iσαςςabγαςk)⇔ JβςZκa = −iσβςςabJbZκ ,∃JbZκ

3 Rarita-Schwinger�§�©Û [21]

3.1 O�

Rarita-Schwinger.¼þµLRS = −ψ̄aεabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς)

Ún3.1.1. εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

y²: εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0

⇔ εabcdγ5(ς)γd(ς)Dbψc(e, ς) + 1
2
mεabcdγ5(ς)γc(ς)γd(ς)ψb(e, ς) = 0

|^úªµεabcdγ5(ς)γd(ς) = 2iSab(e, ς)γc(ς)− γ[a(ς)δb]c, εabcdS
cd(e, ς) = −2γ5(ς)iSab(e, ς)

⇔ [2iSab(e, ς)γc(ς)− γ[a(ς)δb]c]D
bψc(e, ς)−mγ5(ς)iSab(e, ς)ψ

b(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

Ún3.1.2. εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0

⇒

m[γa(ς)D
a][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)D
a][γb(ς)ψ

b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψ
a(e, ς)] = 0

y²: εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇒


[γa(ς)D

a][γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m][Daψa(e, ς)]− [γa(ς)D

a]Dcψ
c(e, ς)

−DaDa[γc(ς)ψ
c(e, ς)] = 0

4[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m][γa(ς)ψa(e, ς)]− 4Dcψ

c(e, ς)− [γa(ς)Da][γc(ς)ψ
c(e, ς)] = 0

⇔

m[γa(ς)D
a][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)D
a][γb(ς)ψ

b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψ
a(e, ς)] = 0

⇔ γa(ς)ψ
a(e, ς) = 0, Daψ

a(e, ς) = 0

Ún3.1.3.

m[γa(ς)D
a][γb(ς)ψ

b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)D
a][γb(ς)ψ

b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψ
a(e, ς)] = 0

⇔

γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0,m 6= 0

Daψ
a(e, ς) = [γa(ς)D

a][γb(ς)ψ
b(e, ς)] = 0,m = 0

3.2 k�þRarita-Schwinger�§��d/ª

íØ3.2.1. εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0,m 6= 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψ

a(e, ς) = 0, Daψ
a(e, ς) = 0,m 6= 0

y²: εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψ

a(e, ς) = 0, Daψ
a(e, ς) = 0

íØ3.2.2. [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψ

a(e, ς) = 0, Daψ
a(e, ς) = 0,m 6= 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψ

a(e, ς) = 0,m 6= 0

�(Øµ

½n3.2.1. εabcdγ5(ς)γd(ς)[Db + 1
2
mγb(ς)]ψc(e, ς) = 0⇔ [γb(ς)D

b +m]ψa(e, ς) = 0, γa(ς)ψ
a(e, ς) = 0;m 6= 0
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3.3 Ã�þRarita-Schwinger�§��d/ª

íØ3.3.1. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)D
a][γb(ς)ψ

b(e, ς)]

y²: εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b]ψa(ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)D
a][γb(ς)ψ

b(e, ς)]

íØ3.3.2. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0⇒ Daψ

a(e, ς) = [γa(ς)D
a][γb(ς)ψ

b(e, ς)],

íØ3.3.3. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

⇒ [γb(ς)D
b]ψa(e, ς) = Da[γb(ς)ψ

b(e, ς)]

⇒ γa(ς)γb(ς)D
bψa(e, ς) = [γa(ς)D

a][γb(ς)ψ
b(e, ς)]

⇒ [2δab − γb(ς)γa(ς)]Dbψa(e, ς) = [γa(ς)D
a][γb(ς)ψ

b(e, ς)]

⇒ Daψ
a(e, ς) = [γa(ς)D

a][γb(ς)ψ
b(e, ς)],

íØ3.3.4. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)D
a][γb(ς)ψ

b(e, ς)]

⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

íØ3.3.5. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

�(Øµ

½n3.3.1. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γa(ς)F
ab(e, ς) = 0, F ab(e, ς) ≡ Daψb(e, ς)−Dbψa(e, ς)

íØ3.3.6. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0, γa(ς)ψ
a(e, ς) = 0(5�^�)

⇔ γb(ς)D
bψa(e, ς) = 0, γa(ς)ψ

a(e, ς) = 0

3.4 Weyl.R-S�§��d/ª

íØ3.4.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0, Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

íØ3.4.2. (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0⇒ Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

íØ3.4.3. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0

�(Øµ

½n3.4.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)aF ab( 3
2
, ς) = 0, F ab( 3

2
, ς) := Daψb(ς)−Dbψa(ς)

íØ3.4.4. Fuv(
3
2
, ς) ≡ Duψv(ς)−Dvψu(ς)⇔ Fuv(

3
2
, ς) = (∂u + i

2
σαςA

ας
u )ψv(ς)− (∂v + i

2
σαςA

ας
v )ψu(ς)

íØ3.4.5. εabcd(σ,−iς)dDbψc(ς) = 0, (σ,−iς)aψa(ς) = 0⇔ (σ,−iς)bDbψa(ς) = 0, (σ,−iς)aψa(ς) = 0

3.5 Weyl.R-S�§�d�$���êg^Üþ#/ª

íØ3.5.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ [ 1
2
δab + iSab(ς)]F

bc( 3
2
, ς) = 0, F bc( 3

2
, ς) ≡ Dbψc(ς)−Dcψb(ς)

4 �§�é'

4.1 Weyl.Úå�f�§ÚPenrose.Úå�f�§�é'

Weyl.R-S�§ : (σ,−iς)aF ab( 3
2
, ς) = 0↔ Penrose.R-S�§ : ∂aF

ab( 3
2
, ς) = −Jb(ς) (10.6)

Fuv(
3
2
, ς) ≡ (∂u + i

2
Aαςu σας )ψv(ς)− (∂v + i

2
Aαςv σας )ψu(ς) (10.7)

/ªþ��u(σ,−iς)a ↔ ∂a,Úå|�/ÚÚå�f�/üö/ªþ��©�q"

4.2 Úå|Einstein�§ÚÚå|5��§�é'

Úå|Einstein�§ : (σ−ς ,−iς)aFab(2, ς) = ςT̄ b ↔Úå|5��§ : DaFab(2, ς) = −J b(ς) (10.8)

Fuv(2, ς) = (∂u + i
2
Aαςu Rας )Av(ς)− (∂v + i

2
Aαςv Rας )Au(ς) (10.9)

/ªþ��u(σ−ς ,−iς)a ↔ Da
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g·µãµ3dÙ¥·ÕáM#/JÑ
�«�#�âf�§Lã/ªµg^�§§d�§��^g^Úg

^ÜþÝ
�E§¿5¿�g^ÜþÓ��´|þ�AL«�C�Ý
§¤±d�§Ôn¿Â�©²(§�±�

ââf|þC�5Æ{ü��/�Ñ�A�âf�§§§�(£ã
¥�f!>^|!Yang-Mills |Ú>f�

²;�§§¿uyÙÃ�þL«���du�é¡�Penrose^þ�§§�,§'Penrose^þ�§�2�§�

±£ã�õÔn�§"·UY|^g^Lãù�g�§?�Ú��
�(£ãEinsteinÚå|ÚÚå�f�$�

��êg^�§"3±þù
g^Lã/ª¥�±ég,/Ú\��Iþ|§lí2��
���k¿g��

§µm'.g^�§§3Iþ|�"�§gdâf�±�3§3Iþ|Ø�"�§gdâfØ�3"dIþ|�

�^Ò�m'��§��âf��)��«§ùÒ�âf��)��«Jø
�«#�ÔnÅ�"

1 g^¥þWa�£ã

1.1 g^¥þWa,Wa(s, ς)½Â

sg^ÜþÝ
µS(ab)(s, ς) =

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
(11.1)

½Â1.1.1. Wa := −i ∗Mabp
b = −i

2
εabcdM

bcpd

½Â1.1.2. Wa(s, ς) := −i ∗Mab(s, ς)p
b,Mab(s, ς) = Lab + Sab(s, ς)

5�1.1.1. Wap
a = 0,Wa(s, ς)p

a = 0

`²g^¥þ�Äþ��§��kn�Õá©þ"

5�1.1.2. ∗Labpb = 0

y²: ∗Labpb = 1
2
εabcd(x

cpd − xdpc)pb = εabcdx
cpdpb = εabcdx

cpbpd = 0

`²;��Äþég^¥þÃ�z§Ïke¡�(Ø"

íØ1.1.1.

Wa = −i ∗ Sabpb

Wa(s, ς) = −i ∗ Sab(s, ς)pb = iςSab(s, ς)p
b

1.2 g^¥þWa(s, ς)�5�

5�1.2.1. Wa(s, ς)W
a(s, ς) = m2s(s+ 1),m2 = −papa

y²: Wa(s, ς)W
a(s, ς) = [iςSab(s, ς)p

b][iςSac(s, ς)pc]

⇔Wa(s, ς)W
a(s, ς) = −paSca(s, ς)Scb(s, ς)pb

⇔Wa(s, ς)W
a(s, ς) = paSac(s, ς)S

c
b(s, ς)p

b

⇔Wa(s, ς)W
a(s, ς) = −pas(s+ 1)δabp

b

⇔Wa(s, ς)W
a(s, ς) = −s(s+ 1)pap

a

⇔Wa(s, ς)W
a(s, ς) = m2s(s+ 1),m2 = −papa

|^Sab�~êÜþ5��±y²±e��(Øµ

5�1.2.2. WaW
a = m2s(s+ 1),m2 = −papa 6= 0

y²: WaW
a = [−i ∗ Sabpb][−i ∗ Sabpb]

= −[∗Sab(0, 0, 0, im)b][∗Sab(0, 0, 0, im)b]

= −[∗Saπip][∗Saπip]
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= m2 ∗ Saπ ∗ Saπ

= −m2(S2
xy + S2

yz + S2
zx)

= m2s(s+ 1)

5�1.2.3. WaW
a = p2s(s+ 1)− p2(S2

xπ + S2
yπ + S2

xy),m
2 = −papa = 0

y²: WaW
a = [−i ∗ Sabpb][−i ∗ Sabpb]

= −[∗Sab(0, 0, p, ip)b][∗Sab(0, 0, p, ip)b]
= −[∗Sazp][∗Sazp]− [∗Saπip][∗Saπip]
= −p2 ∗ Saz ∗ Saz − p2 ∗ Saπ ∗ Saπ

= p2(S2
xπ + S2

yπ + S2
xy)− p2(S2

xy + S2
yz + S2

zx)

= p2s(s+ 1)− p2(S2
xπ + S2

yπ + S2
xy)

5�1.2.4. Wa(s, ς)W
a(s, ς) = 0,m2 = −papa = 0

5�1.2.5. [Wa(s, ς),Wb(s, ς)] = ς[Wa(s, ς)pb −Wb(s, ς)pa]−m2Sab(s, ς)

5�1.2.6. ~W (s, ς) = −iςσ(s)× ~p− iσ(s)pπ,Wπ(s, ς) = iσ(s) · ~p

5�1.2.7. ~W (s, ς)× ~W (s, ς) = ς ~W (s, ς)× ~p+ im2σ(s)

5�1.2.8. [σ(s), iς]aW
a(s, ς) = −is(s+ 1)pπ

1.3 g^¥þWa(s, ς)3AÏ�IX¥�5�

k�þâfWa(s, ς)g^¥þ3�Ä�IX¥�5�µ

5�1.3.1. ~W (s, ς) = mσ(s),Wπ(s, ς) = 0 for ~p = 0

Ã�þâfWa(s, ς)g^¥þ3$Ä���IX¥�5�µ

5�1.3.2.

Wx(s, ς) = [σx(s)− iςσy(s)]p,Wy(s, ς) = [σy(s) + iςσx(s)]p

Wz(s, ς) = σz(s)p,Wπ(s, ς) = iσz(s)p
for

m = 0, px = py = 0

pz = −ipπ = p > 0

íØ1.3.1. [Mab, pcp
c] = 0, [Lab, pcp

c] = 0, [Sab, pcp
c] = 0, [pa, pcp

c] = 0, [pa,Wb] = 0

1.4 g^¥þWa(s, ς)Úpa, Sab(s, ς)�é´'X

é´'Xµ

i[Sab(s, ς), Scd(s, ς)] = gadSbc(s, ς)− gacSbd(s, ς) + gbcSad(s, ς)− gbdSac(s, ς)

[Wa(s, ς),Wb(s, ς)] = ς[Wa(s, ς)pb +Wb(s, ς)pa + iSab(s, ς)pcp
c]

[Wa(s, ς), Sbc(s, ς)] = gacWb(s, ς)− gabWc(s, ς)− iSac(s, ς)pb + iSab(s, ς)pc

[pa,Wb(s, ς)] = 0, [pa, Sbc(s, ς)] = 0, [pa, pb] = 0

(11.2)

1.5 k�þâf$\4+�kÜ��f [9]

5�1.5.1. Wa(s, ς)W
a(s, ς) = m2s(s+ 1), pap

a = −m2, paW
a(s, ς) = 0

1.6 Ã�þâf$\4+�kÜ��f [9]

5�1.6.1. Wa(s, ς)W
a(s, ς) = 0, pap

a = 0, paW
a(s, ς) = 0
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1.7 g^ÜþSab(s, ς)�Ú�£ã

Sab(s, ς)·^u?Û�«©þ/ª"

tr[Sab(s, ς)Scd(s, ς)] = − 2
3
s(s+ 1

2
)(s+ 1)σαςςabσςαςcd (11.3)

tr[Sab(s,−ς)Scd(s,−ς)] = − 2
3
s(s+ 1

2
)(s+ 1)σ

α′ς
−ςabσ−ςα′ςcd (11.4)

Sac(s, ς)S
c
b(s, ς) = −s(s+ 1)δab, Sac(s,−ς)Scb(s,−ς) = −s(s+ 1)δab (11.5)

σ2(s) = 1
4
Sab(s, ς)S

ab(s, ς) = 1
4
Sab(s,−ς)Sab(s,−ς) = s(s+ 1) (11.6)

2 g^�§��E

2.1 dg^þ���E��#âf�§

dg^þ���EXeâf�§

[(s+ φ)Da + iSabD
b]ψ = Ja (11.7)

ψ�âf��^þ,s�âfg^,Sab�âfg^Üþ,φ�Iþ|,Ja�^þ,Da��C�ê"

2.2 #âf�§�5�

s-g^Ý
µ Sab(s, ς) = iσαςςabσας (s) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]

½n2.2.1. [(s+ φ)∂a + iSab(s, ς)∂
b]ψ = 0⇒ φ = 0½φ = −(2s+ 1)½σ(s) · ∇ψ = 0, ∂πψ = 0

y²: [(s+ φ)∂a + iSab(s, ς)∂
b]ψ = 0

⇔



[(s+ φ)∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = 0

[(s+ φ)∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = 0

[(s+ φ)∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = 0

[(s+ φ)∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = 0

⇒

[(s+ 1 + φ)σ(s) · ∇ − iςσ2(s)∂π]ψ = 0

[(s+ φ)∂π + iςσ · ∇]ψ = 0

⇔

σ(s) · ∇ψ = iς(s+ φ)∂πψ

[(s+ φ)(s+ 1 + φ)− s(s+ 1)]∂πψ = 0

⇔ φ = 0½φ = −(2s+ 1)½σ(s) · ∇ψ = 0, ∂πψ = 0

½n2.2.2. [s∂a + iSab∂
b]ψ = 0⇒ ∂a∂

aψ = 0

y²: [s∂a + iSab∂
b]ψ = 0

⇒ ∂a[s∂a + iSab∂
b]ψ = 0

⇔ [s∂a∂
a + iSab∂

a∂b]ψ = 0

⇔ [s∂a∂
a + 0]ψ = 0

⇔ ∂a∂
aψ = 0

=d�§£ã�´Ã�þâf"

½n2.2.3.

�φ 6= 0�, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0Ã²¡Å)

�φ = 0�, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0k²¡Å)

y²: Ï�d�§£ã�´Ã�þâf§Ïdo�±ÀJâf$Ä���z§d�pa = (0, 0, p, ip),K

[(s+ φ)pa + iSab(s, ς)p
b]ψ(s, ς) = 0
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⇔



[(s+ φ)px + iσz(s)py − iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[(s+ φ)py + iσx(s)pz − iσz(s)px − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz + iσy(s)px − iσx(s)py − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσx(s)px + iςσy(s)py + iςσz(s)pz]ψ(s, ς) = 0

⇔



[−iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[iσx(s)pz − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσz(s)pz]ψ(s, ς) = 0

⇔

[σx(s)− iςσy(s)]pψ(s, ς) = 0⇔ ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

[(s+ φ) + ςσz(s)]pψ(s, ς) = 0

⇔

ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

φψ−ςs(s, ς) = 0

⇔


�φ 6= 0�, ψ(s, ς) = 0,=¤kg^©þ��0

�φ = 0�, ψ(s, ς) = [1
2
(ς − 1)ψs, 0, · · · , 0, 1

2
(ς + 1)ψ−s]

T eip·x

=− ςsg^©þ�±Ø�0,Ù{©þ��0

⇔

�φ 6= 0�, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0Ã²¡Å)

�φ = 0�, [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0k²¡Å)

=d�§¥�φkaqm'��^"

íØ2.2.1. [s∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0k²¡Å)ψ(s, ς) = [1

2
(ς − 1)ψs, 0, · · · , 0, 1

2
(ς + 1)ψ−s]

T eip·x

2.3 g^�§�½Â

½Â2.3.1. [sDa + iSabD
b]ψ = Ja¡�g^�§"

íØ2.3.1. (sδab + iSab)D
bψ = Ja

2.4 g^�§��«�dLã

íØ2.4.1. [sP̂a + ςŴa(s, ς)]ψ(s, ς) = −iJa(s, ς), P̂a := −i∂a, Ŵa(s, ς) := ςSab(s, ς)∂
b

=g^�§�±w�ÄþÚg^¥þ'Xû½��§"

½n2.4.1. [s∂a + iSab(s, ς)∂
b]ψ = 0⇔ [sςp̂a + Ŵa(s, ς)]ψ(s, ς) = 0⇔ Ŵa(s, ς)ψ(s, ς) = −sςp̂aψ(s, ς)

2.5 m'.g^�§�½Â

½Â2.5.1. [(s+ φ)Da + iSabD
b]ψ = Ja¡�m'.g^�§, φ¡�m'.Iþ|"

íØ2.5.1. [(s+ φ)δab + iSab]D
bψ = Ja

2.6 m'.g^�§��«�dLã

íØ2.6.1. [(s+ φ)p̂a + ςŴa(s, ς)]ψ(s, ς) = −iJa(s, ς)

=m'.g^�§�±w�ÄþÚg^¥þ'Xû½��§"
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3 �«âfg^�§

3.1 ¥�f [6]g^�§

¥�fg^Ý
µSab(ς) = i
2
σαςςabσας � 1

2

[
0 σz −σy −ςσx
−σz 0 σx −ςσy
σy −σx 0 −ςσz
ςσx ςσy ςσz 0

]
(11.8)

½n3.1.1. [ 1
2
Da + iSab(ς)D

b]ψ( 1
2
, ς) = 0⇔ (σ,−iς)aDaψ( 1

2
, ς) = 0

3.2 ?¿N+1���¥�>f [5]g^�§

?¿n=N+1���¥�>fg^�§:

½n3.2.1. [ 1
2
(Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4
[γa, γb]⇔ (γaDa +m)ψ = 0

y²: [ 1
2
(Da +mγa) + iSabD

b]ψ = 0, Sab = − i
4
[γa, γb]

⇔ [(2iSab + δab)D
b + γam]ψ = 0, Sab = − i

4
[γa, γb]

⇔ [ 1
2
([γa, γb] + {γa, γb})Db + γam]ψ = 0

⇔ γa(γbD
b +m)ψ = 0

⇔ (γaD
a +m)ψ = 0

⇔ (γaDa +m)ψ = 0

4���¥�>fg^�§:

íØ3.2.1. { 1
2
[Da +mγa(ς)] + iSab(e, ς)D

b}ψ(e, ς) = 0⇔ [γa(ς)Da +m]ψ(e, ς) = 0

3.3 Yang-Mills| [7]g^�§

½n3.3.1. (Da + iSabD
b)βς γςΨ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας

⇔ (σ−ς ,−iς)aDaψ̃
σ(1, ς) = iJ̃ σ(1, ς)

½n3.3.2. (Da + iSabD
b)βς γςψ

γςσ(1, ς) = −iσβςςabJbσ, Sab = iσαςςabγας ⇔ (σ−ς ,−iς)aDaψ̃
σ(1, ς) = iJσ

3.4 s-g^âf�g^�§µ�é¡5Penrose�§ [1, 2]

3.4.1 s-g^�§

s-g^Ý
µSab(s, ς) = iσαςςabσας (s) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
(11.9)

½n3.4.1.



∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)

y²: ∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

, ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a DaψAςBςCς · · ·︸ ︷︷ ︸

2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a ΓkςAςBςCς · · ·︸ ︷︷ ︸

2s

(s)Daψkς (s) = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a Nkς

Aς lς
(s)ΓlςBςCς · · ·︸ ︷︷ ︸

2s−1

(s− 1
2
)Daψkς (s) = iJA

′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ,−iς)A
′
ςAς
a Nkς

Aς lς
(s)Daψkς (s) = iJA

′
ς lς (s− 1

2
)

⇔ NZς lς
jς

(s)(σ, iς)aZςA′ς (σ,−iς)
A′ςAς
b Nkς

Aς lς
(s)Dbψkς (s) = iNZς lς

jς
(s)(σ, iς)aZςA′ςJ

A′ς lς (s− 1
2
)
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⇔ NZς lς
jς

(s)[δabδZς
Aς + 2iSabZς

Aς ( 1
2
, ς)]Nkς

Aς lς
(s)Dbψkς (s) = iNZς lς

jς
(s)(σ, iς)aZςA′ςJ

A′ς lς (s− 1
2
)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = is(σ, iς)aAςA′ςN
Aς lς
jς

(s)JA
′
ς lς (s− 1

2
)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = isδab(σ, iς)
b
AςA

′
ς
Γ

2s︷ ︸︸ ︷
AςBςCς · · ·
jς

(s)JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s) = −
√

2ςsZalςA′ςjς (s, ς)J
A′ς lς (s− 1

2
)

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s), ψ(s, ς) ≺ ψkς (s), J̃(s) ≺ JA′ς lς (s− 1

2
)

lþ��§s-g^�§Ò´�é¡5Penrose�§�g^ÜþLã/ª"

íØ3.4.1. (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

y²: (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)

⇔ (σ ⊗ I22s−1 ,−iς)aΓ(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1
2
)]J̃(s, ς)

⇔ (σ ⊗ I22s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2
)]N(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1

2
)]J̃(s, ς)

⇔ [Iw+1 ⊗ Γ(s− 1
2
)](σ ⊗ I2s,−iς)aN(s)Daψ(s, ς) = i[I ⊗ Γ(s− 1

2
)]J̃(s, ς)

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

íØ3.4.2. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

y²: [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ [sδabI2s+1 + iSab(s, ς)]D
bψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ Zb(s, ς)D
bψ(s, ς) = −ς√

2
J̃(s, ς)

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

íØ3.4.3.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

íØ3.4.4. [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇒ Ja(s, ς) = 2s

2s+1
Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

y²: [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = Ja(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = 1

2s+1
Za(s, ς)Ja(s, ς)

⇒ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = 1

2s+1
2sZ̄a(s, ς)Zb(s, ς)Jb(s, ς)

⇒ Ja(s, ς) = 2s
2s+1

Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

íØ3.4.5. [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)Ã)⇔ Ja(s, ς) 6= 2s

2s+1
Z̄a(s, ς)Zb(s, ς)Jb(s, ς)

3.4.2 ØÓ�g^�§�m��d5(I�õ)

½n3.4.2. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ [(s− l)Da + iSab(s− l, ς)Db]ψ

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς) = −

√
2ςsZ̄a(s− l, ς)J̃

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς)

l = 0, 1
2
, 1, · · · , s+é¡5^�

3.4.3 Ja(s, ς)�5�

íØ3.4.6. Ja(s, ς) = 2s
2s+1

Z̄a(s, ς)Zb(s, ς)Jb(s, ς)⇔ ∃J̃(s, ς), Ja(s, ς) = −
√

2ςsZ̄a(s, ς)J̃(s, ς)

íØ3.4.7. Ja(s, ς) = 2s
2s+1

Z̄a(s, ς)Zb(s, ς)Jb(s, ς)⇔ Ja(s, ς) = 1
s+1

iSab(s, ς)Jb(s, ς)
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íØ3.4.8. Ja(s, ς) = 1
s+1

iSab(s, ς)Jb(s, ς)⇔

(s+ 1)J = −iσ(s)× J− iςσ(s)Jπ

σ(s) · J + iς(s+ 1)Jπ = 0

5�3.4.1. σ(s) · [σ(s)× J] = iσ(s) · J

íØ3.4.9. (s+ 1)J = −iσ(s)× J− iςσ(s)Jπ ⇒ σ(s) · J + iς(s+ 1)Jπ = 0

íØ3.4.10. Ja(s, ς) = 1
s+1

iSab(s, ς)Jb(s, ς)⇔ (s+ 1)J = −iσ(s)× J− iςσ(s)Jπ

3.4.4 Ã�þs-g^âf�Ú^Ý

½Â3.4.1. s-g^âf�Ú^Ý : P(s) := σ(s)·~p
|~p|

íØ3.4.11. [s∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0⇒ [σ(s),−isς]a∂aϕ(s, ς) = 0, ∂a∂aϕ(s, ς) = 0

íØ3.4.12.

(~p 2 − E2)ψ(s, ς) = 0

σ(s) · ~pψ(s, ς) = −sςEψ(s, ς)
⇒P(s)ψ(s, ς) = σ(s)·~p

|~p | ψ(s, ς) =

−sςψ(s, ς), E = |~p |

sςψ(s, ς), E = −|~p |

lþ��§Ã�þs-g^âfÚ^Ý����U´±s§vkÙ§�"

3.5 s-g^�§��«�d/ª

íØ3.5.1. [s∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja ⇔ [s∂a + iΩab(s)∂

b]Γ(s)ψ(x; s) = Γ(s)Ja
⇔ {s∂a + i[Sab(

1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]∂b}N(s)ψ(x; s) = N(s)Ja

y²: [s∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja

⇔ Γ(s)[s∂a + iSab(s, ς)∂
b]ψ(x; s) = Γ(s)Ja

⇔ [s∂a + iΩab(s)∂
b]Γ(s)ψ(x; s) = Γ(s)Ja

y²: [s∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja

⇔ N(s)[s∂a + iSab(s, ς)∂
b]ψ(x; s) = N(s)Ja

⇔ {s∂a + i[Sab(
1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]∂b}N(s)ψ(x; s) = N(s)Ja

3.6 óê���¥s-g^âf�g^�§µóê����é¡5Penrose�§ [1, 2]�ºº

3.6.1 óê���¥�s-g^�§

Ún3.6.1. ?(Γ,−iς)A
′
ςAς
a (Γ, iς)a

BςB
′
ς

= 2δAςBς δ
A′ς
B′ς

Ún3.6.2. (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)NBςmς

kς
(s;n)(Γ, iς)a

BςB
′
ς

= 2(1 + n
2s

)δ
A′ς
B′ς
δmςlς

½n3.6.1.



∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς;n)Db]ψ(s, ς;n) = −
√

2ςsZ̄a(s, ς)J̃(s;n)

y²: ∇A′ςAςψAςBςCς · · ·︸ ︷︷ ︸
2s

= −ς√
2
JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

, ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a DaψAςBςCς · · ·︸ ︷︷ ︸

2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a ΓkςAςBςCς · · ·︸ ︷︷ ︸

2s

(s;n)Daψkς (s;n) = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)ΓlςBςCς · · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;n)Daψkς (s;n) = iJA

′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ (Γ,−iς)A
′
ςAς
a Nkς

Aς lς
(s;n)Daψkς (s;n) = iJA

′
ς lς (s− 1

2
;n)
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⇔ NZς lς
jς

(s;n)(Γ, iς)aZςA′ς (Γ,−iς)
A′ςAς
b Nkς

Aς lς
(s;n)Dbψkς (s;n) = iNZς lς

jς
(s;n)(Γ, iς)aZςA′ςJ

A′ς lς (s− 1
2
;n)

⇔ NZς lς
jς

(s;n)[δabδZς
Aς + 2iSabZς

Aς ( 1
2
, ς)]Nkς

Aς lς
(s;n)Dbψkς (s;n) = iNZς lς

jς
(s;n)(Γ, iς)aZςA′ςJ

A′ς lς (s− 1
2
;n)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = is(Γ, iς)aAςA′ςN
Aς lς
jς

(s;n)JA
′
ς lς (s− 1

2
;n)

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = isδab(Γ, iς)
b
AςA

′
ς
Γ

2s︷ ︸︸ ︷
AςBςCς · · ·
jς

(s;n)JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

⇔ [sδabδjς
kς + iSabjς

kς (s, ς)]Dbψkς (s;n) = −
√

2ςsZalςA′ςjς (s, ς;n)JA
′
ς lς (s− 1

2
;n)

⇔

[sDa + iSab(s, ς;n)Db]ψ(s, ς;n) = −
√

2ςsZ̄a(s, ς;n)J̃(s;n)

ψ(s, ς) ≺ ψkς (s;n), J̃(s;n) ≺ JA′ς lς (s− 1
2
;n)

lþ��§s-g^�§Ò´�é¡5Penrose�§�g^ÜþLã/ª"

3.7 2Âg^�§

½n3.7.1. (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇔ (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)

y²: (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇔ (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aΓ(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1
2
;w)]J̃(s, ς;w)

⇔ (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1

2
;w)]J̃(s, ς;w)

⇔ [Iw+1 ⊗ Γ(s− 1
2
;w)](σ〈w〉 ⊗ IC2s−1

2s−1+w
,−iς)aN(s;w)Daψ(s, ς;w) = i[Iw+1 ⊗ Γ(s− 1

2
;w)]J̃(s, ς;w)

⇔ (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)

½n3.7.2. (σ〈w〉 ⊗ I(w+1)2s−1 ,−iς)aDaψ̂(s, ς;w) = iĴ(s, ς;w)

⇒

[sDa + iSab(s, ς;w)Db]ψ(s, ς;w) = isN̄(s;w)(σ〈w〉 ⊗ IC2s−1
2s−1+w

, iς)aJ̃(s, ς;w)

[σ(s;w),−isς]aDaψ(s, ς;w) = isN̄(s;w)J̃(s, ς;w)

y²: (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)bDbψ̃(s, ς;w) = iJ̃(s, ς;w)

⇒ N̄(s;w)(σ〈w〉⊗IC2s−1
2s−1+w

, iς)a(σ〈w〉⊗IC2s−1
2s−1+w

,−iς)bN(s;w)Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉⊗IC2s−1
2s−1+w

, iς)aJ̃(s, ς;w)

⇔ N̄(s;w)[δab + 2iSab(
1
2
, ς;w)⊗ IC2s−1

2s−1+w
]N(s;w)Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉 ⊗ IC2s−1

2s−1+w
, iς)aJ̃(s, ς;w)

⇔ [δab + i
s
Sab(s, ς;w)]Dbψ(s, ς;w) = iN̄(s;w)(σ〈w〉 ⊗ IC2s−1

2s−1+w
, iς)aJ̃(s, ς;w)

⇔ [sDa + iSab(s, ς;w)Db]ψ(s, ς;w) = isN̄(s;w)(σ〈w〉 ⊗ IC2s−1
2s−1+w

, iς)aJ̃(s, ς;w)

y²: (σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aDaψ̃(s, ς;w) = iJ̃(s, ς;w)

⇒ N̄(s;w)(σ〈w〉 ⊗ IC2s−1
2s−1+w

,−iς)aN(s;w)Daψ(s, ς;w) = iN̄(s;w)J̃(s, ς;w)

⇔ [ 1
s
σ(s;w),−iς]aDaψ(s, ς;w) = iN̄(s;w)J̃(s, ς;w)

⇔ [σ(s;w),−isς]aDaψ(s, ς;w) = isN̄(s;w)J̃(s, ς;w)

4 m'.g^�§

4.1 m'.Ã¥�fg^�§

½n4.1.1. [( 1
2

+ φ)Da + iSab(ς)D
b]ψ( 1

2
, ς) = 0

⇔


(σ,−iς)aDaψ( 1

2
, ς) = 0, φ = 0

σxDxψ( 1
2
, ς) = σyDyψ( 1

2
, ς) = σzDzψ( 1

2
, ς) = −iςDπψ( 1

2
, ς), φ = −2

ψ( 1
2
, ς) =~ê), φ 6= 0,−2

y²: [( 1
2

+ φ)Da + iSab(ς)D
b]ψ( 1

2
, ς) = 0

⇔ [ 1
2
Da + iSab(ς)D

b]ψ( 1
2
, ς) = −φDaψ( 1

2
, ς)

⇔ σa[
1
2
Da + iSab(ς)D

b]ψ( 1
2
, ς) = −(σ,−iς)aφDaψ( 1

2
, ς)

⇔ (σ,−iς)bDbψ( 1
2
, ς) = −2φ(σ,−iς)aDaψ( 1

2
, ς)
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⇔ (σ,−iς)aDaψ( 1
2
, ς) = −2φσxDxψ( 1

2
, ς) = −2φσyDyψ( 1

2
, ς) = −2φσzDzψ( 1

2
, ς) = −2φ(−iς)Dπψ( 1

2
, ς)

⇔


(σ,−iς)aDaψ( 1

2
, ς) = 0, φ = 0

σxDxψ( 1
2
, ς) = σyDyψ( 1

2
, ς) = σzDzψ( 1

2
, ς) = −iςDπψ( 1

2
, ς), φ = −2

Daψ( 1
2
, ς) = 0, φ 6= 0,−2

íØ4.1.1. [( 1
2

+ φ)∂a + iSab(ς)∂
b]ψ( 1

2
, ς) = 0

⇔


(σ,−iς)a∂aψ( 1

2
, ς) = 0, φ = 0

σx∂xψ( 1
2
, ς) = σy∂yψ( 1

2
, ς) = σz∂zψ( 1

2
, ς) = −iς∂πψ( 1

2
, ς), φ = −2

ψ( 1
2
, ς) =~ê), φ 6= 0,−2

íØ4.1.2. σx∂xψ( 1
2
, ς) = σy∂yψ( 1

2
, ς) = σz∂zψ( 1

2
, ς) = −iς∂πψ( 1

2
, ς)

⇒ ψ( 1
2
, ς) = ω0 + (xσx + yσy + zσz + iςπ)π0 ⇔ ψAς (

1
2
, ς) = ωAς + xa(σ, iς)

a
AςA′ς

πA
′
ς

⇔ (σ∗, iς)aA′ς(Aς∂aωBς) = 0

±þ(Ø�´PenroseÛþ [2, 3]�Ý�'X"

4.2 m'.Ã>^|g^�§

½n4.2.1. [(1 + φ)Da + iSabD
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας

⇔



(σ−ς ,−iς)aDaψ̃(1, ς) = 0, φ = 0−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = −3

DaΨbς = 0, φ 6= 0,−3

y²: [(1 + φ)Da + iSabD
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας

⇔ (Da + iSabD
b)βς γςΨ

γς (1, ς) = −φDaΨ
βς (1, ς)

⇔ (σ−ς ,−iς)aDaψ̃(1, ς) = iJ̃ (1, ς),−φDaΨ
βς (1, ς) = −iσβςςabJb

⇔



(σ−ς ,−iς)aDaψ̃(1, ς) = 0, φ = 0−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = −3

DaΨbς = 0, φ 6= 0,−3

íØ4.2.1. [(1 + φ)∂a + iSab∂
b]βς γςΨ

γς (1, ς) = 0, Sab = iσαςςabγας

⇔



(σ−ς ,−iς)a∂aψ̃(1, ς) = 0, φ = 0−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

, φ = −3

Ψας =~ê), φ 6= 0,−3

íØ4.2.2.

−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

⇒ Ψας (1, ς) = xaσαςςabC
b

4.3 ?¿N+1���¥�¥þ|g^�§9ÙÃm'.g^�§

?¿N+1���¥�¥þ|g^�§

½n4.3.1. (Daδcd + SabcdD
b)Ad = Xac ⇔ Xab = DaAb −DbAa + δabDcA

c
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y²: (Daδcd + SabcdD
b)Ad = Xac

⇔ [Daδcd + (δacδbd − δadδbc)Db]Ad = Xac

⇔ DaAc + δacDbA
b −DcAa = Xac

⇔ DaAb −DbAa + δabDcA
c = Xab

⇔ Xab = DaAb −DbAa + δabDcA
c

íØ4.3.1. (Daδcd + SabcdD
b)Ad = 0⇔ DaAb −DbAa = 0, DaA

a = 0

íØ4.3.2. (∂aδcd + Sabcd∂
b)Ad = 0⇔ ∂aAb − ∂bAa = 0, ∂aA

a = 0⇔ ∂a∂aφ = 0, Aa = ∂aφ

?¿N+1���¥�Ã¥þ|m'.g^�§

íØ4.3.3. [(1 + φ)Daδcd + Sabcd∂
b]Ad = 0⇔



DaAb −DbAa = 0, DaA
a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

y²: [(1 + φ)Daδcd + SabcdD
b]Ad = 0

⇔ (Daδcd + SabcdD
b)Ad = −φDaAc

⇔ −φDaAb = DaAb −DbAa + δabDcA
c

⇔ −φDaAa = DcA
c,−φ(DaAb 6=a +DbAa 6=b) = 0, (2 + φ)(DaAb −DbAa) = 0

⇔

−φDaAa = DcA
c, (4 + φ)DaA

a = 0

−φ(DaAb 6=a +DbAa 6=b) = 0, (2 + φ)(DaAb −DbAa) = 0

⇔



DaAb −DbAa = 0, DaA
a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

íØ4.3.4. [(1 + φ)∂aδcd + Sabcd∂
b]Ad = 0⇔



∂aAb − ∂bAa = 0, ∂aA
a = 0, φ = 0

∂aAb + ∂bAa = 0, φ = −2

∂aAb 6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ, φ = −4

Aa =~ê), φ 6= 0,−2,−4

íØ4.3.5. ∂aAb 6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ ⇒ Aa = kxa

4.4 ?¿N+1���¥Iþ|�5

Iþ|�5µ

íØ4.4.1. (∂aδcd + Sabcd∂
b)∂dφ = m2φδac ⇔ (∂a∂a −m2)φ = 0

y²: (∂aδcd + Sabcd∂
b)∂dφ = m2φδac

⇔ [∂aδcd + (δacδbd − δadδbc)∂b]∂dφ = m2φδac

⇔ (∂b∂b −m2)δacφ = 0

⇔ (∂a∂a −m2)φ = 0
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4.5 ?¿N+1���¥�Ãm'.>fg^�§

?¿n=N+1���¥�Ãm'.>fg^�§:

½n4.5.1. [( 1
2

+ φ)(Da +mγa) + iSabD
b]ψ = 0, Sab = − i

4
[γa, γb]⇔ (γaDa +m)ψ = −2φγbDbψ

y²: [( 1
2

+ φ)(Da +mγa) + iSabD
b]ψ = 0, Sab = − i

4
[γa, γb]

⇔ [ 1
2
(Da +mγa) + iSabD

b]ψ = −φDaψ, Sab = − i
4
[γa, γb]

⇔ [(2iSab + δab)Db + γam]ψ = −2φDaψ, Sab = − i
4
[γa, γb]

⇔ [ 1
2
([γa, γb] + {γa, γb})Db + γam]ψ = −2φDaψ

⇔ γa(γbD
b +m)ψ = −2φDaψ

⇔ (γbD
b +m)ψ = −2φγaDaψ

⇔ (γaDa +m)ψ = −2φγbDbψ

íØ4.5.1. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0

⇔



ψ = 0, φ = −n
2
,m 6= 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ = −(n+ 2φ)−1mψ,φ 6= −n
2
,m 6= 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ, φ = −n
2
,m = 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ = 0, φ 6= −n
2
,m = 0

íØ4.5.2. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0⇒



ψ = 0, φ = −n
2
,m 6= 0

ψ = 0, φ 6= −n
2
,m 6= 0

ψ = xaγaλ, φ = −n
2
,m = 0

ψ =~ê), φ 6= −n
2
,m = 0

4.6 s-g^âf�Ãm'.g^�§

íØ4.6.1. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇒ (2s+ 1 + φ)Za(s, ς)D

aψ(s, ς) = Za(s, ς)Ja(s, ς)

y²: [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)− φDaψ(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = Ja(s, ς)− φDaψ(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = Za(s, ς)Ja(s, ς)− φ

2s+1
Za(s, ς)Daψ(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)D
aψ(s, ς) = Za(s, ς)Ja(s, ς)

íØ4.6.2. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇒ (2s+ 1 + φ)Za(s, ς)D

aψ(s, ς) = 0

y²: [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −φDaψ(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)D
bψ(s, ς) = −φDaψ(s, ς)

⇒ Zb(s, ς)D
bψ(s, ς) = −φ

2s+1
Za(s, ς)Daψ(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)D
aψ(s, ς) = 0

íØ4.6.3. [(s+ φ)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇔


(σ ⊗ I2s,−iς)aDaψ̃(s, ς) = 0, φ = 0

Daψ(s, ς) = Z̄a(s, ς)J̃(s, ς), φ = −(2s+ 1)

Daψ(s, ς) = 0, φ 6= 0,−(2s+ 1)

íØ4.6.4. [−(s+ 1)Da + iSab(s, ς)D
b]ψ(s, ς) = 0⇔ Daψ(s, ς) = Z̄a(s, ς)J̃(s, ς),∀J̃(s, ς)

íØ4.6.5. [−(s+ 1)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0⇐ ψ(s, ς) = xaZ̄a(s, ς)J̃(s, ς)
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íØ4.6.6. [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0

⇒


�φ = 0�, (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = 0,k²¡Å),L�âf�)

�φ = −(2s+ 1)�, ψ(s, ς) = xaZ̄a(s, ς)J̃(s, ς),Ã²¡Å),òz�L����)

�φ 6= 0,−(2s+ 1)�, ψ(s, ς) =~ê),�k~ê),òz�L�J��)

4.7 s-g^âfm'.g^�§��«�d/ª

íØ4.7.1. [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja ⇔ [(s+ φ)∂a + iΩab(s)∂

b]Γ(s)ψ(x; s) = Γ(s)Ja
⇔ {(s+ φ)∂a + i[Sab(

1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]∂b}N(s)ψ(x; s) = N(s)Ja

y²: [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja

⇔ Γ(s)[(s+ φ)∂a + iSab(s, ς)∂
b]ψ(x; s) = Γ(s)Ja

⇔ [(s+ φ)∂a + iΩab(s)∂
b]Γ(s)ψ(x; s) = Γ(s)Ja

y²: [(s+ φ)∂a + iSab(s, ς)∂
b]ψ(x; s) = Ja

⇔ N(s)[(s+ φ)∂a + iSab(s, ς)∂
b]ψ(x; s) = N(s)Ja

⇔ {(s+ φ)∂a + i[Sab(
1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]∂b}N(s)ψ(x; s) = N(s)Ja

5 $���ê�g^�§#/ª

5.1 $���ê�sg^�§

½Â5.1.1. $���ê�g^�§: [sδab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃

c(s, ς)

½n5.1.1. [sδab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃

c(s, ς)⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)

y²: [sδabI2s+1 + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃

c(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)ψ
bc(s, ς) = −

√
2ςsZ̄a(s, ς)J̃

c(s, ς)

⇔ Zb(s, ς)ψbc(s, ς) = −ς√
2
J̃c(s, ς)

⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)

5.2 $���ê�s = 1
2
g^�§µÚå�f�§

g^s = 1
2
�/§=Weyl.Úå�f�§�Ý
/ª:

íØ5.2.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)aψab(ς) = 0, ψab(ς) ≡ Daψb(ς)−Dbψa(ς)

íØ5.2.2. εabcd(σ,−iς)dDbψc(ς) = 0⇔ [ 1
2
δab + iSab(ς)]ψ

bc(ς) = 0, ψbc(ς) ≡ Dbψc(ς)−Dcψb(ς)

5.3 $���ê�s = 1g^�§µEinstein�§

g^s = 1�/§=Einstein�§�Ý
/ª:

íØ5.3.1. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ (σ−ς ,−iς)aFab(ς) = iT̄ b

íØ5.3.2. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ (σ ⊗ I,−iς)aψ̃ab(1, ς) = iJ̃b

ψ̃bc(1, ς) = S+
em(ς)Fbc(ς), J̃c = S+

em(ς)T̄ c

íØ5.3.3. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ [δab + iSab(1, ς)]ψ

bc(1, ς) = −
√

2ςZ̄a(1, ς)J̃
c(1, ς)

ψbc(1, ς) = N̄(1)S+
em(ς)Fbc(ς), J̃c = S+

em(ς)T̄ c

lþ¡íØÏLL�C��±����XeíØ§���±UXe�ªy²"

íØ5.3.4. Rab = −8πG(T ab − 1
2
gabT ) + Λgab ⇔ [δab + iSab(γ, ς)]F

bc(2, ς) = −iσ[βς ]
ςab T̄

bc
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5.4 $���ê�s−g^�§��«�d/ª
íØ5.4.1. [sδab + iSab(s, ς)]ψ

bc(x; s) = Jac ⇔ [sδab + iSab(s, ς)]Γ(s)ψbc(x; s) = Γ(s)Jac

⇔ {sδab + i[Sab(
1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]}N(s)ψbc(x; s) = N(s)Jac

5.5 $���ê�m'.g^�§#/ª

½Â5.5.1. $���ê�m'.g^�§: [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = Jac(s, ς)

íØ5.5.1. [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0⇒ (2s+ 1 + φ)Za(s, ς)ψ

ab(s, ς) = 0

y²: [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0

⇔ [sδab + iSab(s, ς)]ψ
bc(s, ς) = −φψac(s, ς)

⇔ 2sZ̄a(s, ς)Zb(s, ς)ψ
bc(s, ς) = −φψac(s, ς)

⇒ Zb(s, ς)ψ
bc(s, ς) = −φ

2s+1
Za(s, ς)ψa

c(s, ς)

⇒ (2s+ 1 + φ)Za(s, ς)ψ
ab(s, ς) = 0

íØ5.5.2. [(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = 0⇔


Za(s, ς)ψab(s, ς) = 0, φ = 0

ψab(s, ς) = Z̄a(s, ς)J̃b(s, ς), φ = −(2s+ 1)

ψab(s, ς) = 0, φ 6= 0,−(2s+ 1)

íØ5.5.3.

[−(s+ 1)δab + iSab(s, ς)]ψ
bc(s, ς) = 0

ψab(s, ς) + ψba(s, ς) = 0
⇔

ψab(s, ς) = Z̄a(s, ς)J̃b(s, ς)

Z̄a(s, ς)J̃b(s, ς) + Z̄b(s, ς)J̃a(s, ς) = 0

5.6 $���ê�s−g^m'.�§��«�d/ª
íØ5.6.1. [(s+ φ)δab + iSab(s, ς)]ψ

bc(x; s) = Jac ⇔ [(s+ φ)δab + iSab(s, ς)]Γ(s)ψbc(x; s) = Γ(s)Jac

⇔ {(s+ φ)δab + i[Sab(
1
2
, ς)⊗ I2s + I ⊗ Sab(s− 1

2
, ς)]}N(s)ψbc(x; s) = N(s)Jac

5.7 ü«g^�§�é'

$���ê�g^�§:

[sδab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςZ̄a(s, ς)J̃

c(s, ς)⇔ (σ ⊗ I2s,−iς)aψ̃ab(s, ς) = iJ̃b(s, ς)

g^�§:

[sδab + iSab(s, ς)]D
bψ(s, ς) = −

√
2ςZ̄a(s, ς)J̃(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

5.8 ü«m'.g^�§�é'

$���ê�m'.g^�§:

[(s+ φ)δab + iSab(s, ς)]ψ
bc(s, ς) = −

√
2ςZ̄a(s, ς)J̃

c(s, ς)

m'.g^�§:

[(s+ φ)δab + iSab(s, ς)]D
bψ(s, ς) = −

√
2ςZ̄a(s, ς)J̃(s, ς)

5.9 ßÿµ��#�Ôn�§

íØ5.9.1. Za(s, ς)D
aψ(s, ς)−m2Ã(s, ς) = J̃(s, ς), ψ(s, ς) = Z̄a(s, ς)D

aÃ(s, ς)

Ú\5�^����§µ

íØ5.9.2. Za(s, ς)D
aψ(s, ς)−m2Ã(s, ς) = J̃(s, ς), N(s)ψ(s, ς) = (σ ⊗ I2s, iς)aD

aÃ(s, ς)

5.10 �å�§�wªL«

íØ5.10.1. O(1) = 1√
2
{
[
−1 0 1

]
, i
[
−1 0 −1

]
,
[

0
√

2 0

]
}

íØ5.10.2. O(1)S+
m(1) = {

[
i 0 0

]
,
[

0 i 0

]
,
[

0 0 i

]
}
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íØ5.10.3. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+

m(1) = 1√
2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

íØ5.10.4. [γ · ∇]γΨ = ∇Ψ[⇔]O(1)S+
m(1) · ∇Ψ = 0[⇔]∇ ·Ψ = 0

íØ5.10.5. Ox(s) = −
√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄1ς (s)− N̄2ς (s− 1

2
)N̄2ς (s)]

= 1
2

−
√

2s·(2s−1) 0
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0
√

2s·(2s−1)


íØ5.10.6. Oy(s) = −i

√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄1ς (s) + N̄2ς (s− 1

2
)N̄2ς (s)]

= i
2

−
√

2s·(2s−1) 0 −
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0 −
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0 −
√

2s·(2s−1)


íØ5.10.7. Oz(s) =

√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄2ς (s) + N̄2ς (s− 1

2
)N̄1ς (s)]

=

 0
√

1·(2s−1) 0 0 0 0

0 0
√

2·(2s−2) 0 0 0

0 0 0 ··· 0 0

0 0 0 0
√

(2s−1)·1 0

 , N̄1ς (s− 1
2
)N̄2ς (s) = N̄2ς (s− 1

2
)N̄1ς (s)

σ(s) = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2s

0 0 0 A2s 0

 , i
2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2s

0 0 0 A2s 0

 ,[ s 0 0 0 0
0 s−1 0 0 0
0 0 ··· 0 0
0 0 0 −(s−1) 0
0 0 0 0 −s

]
) (11.10a)

An =
√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;σ(s) ≺ σας kς lς (s) ' σα′ς
k′ς
l′ς

(s) (11.10b)

σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1), σ+(s) = σ(s), s = 1
2
, 1, 3

2
, 2, · · · (11.10c)

íØ5.10.8.

O(s) · ∇ = 1
2

−
√

2s·(2s−1)(∂x+i∂y) 2
√

1·(2s−1)∂z
√

2·1(∂x−i∂y) 0 0 0

0 −
√

(2s−1)·(2s−2)(∂x+i∂y) 2
√

2·(2s−2)∂z
√

3·2(∂x−i∂y) 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1(∂x+i∂y) 2
√

(2s−1)·1∂z
√

2s·(2s−1)(∂x−i∂y)



íØ5.10.9.

Oας (s) = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·σ(s−1)Oβς (s)e−(iω+ςε)·σ(s)

O+α′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·σ(s)O+β′ς (s)e−(iω−ςε)·σ(s−1)

Ún5.10.1. N(s)N̄(s) +X(s)X̄(s) = I4s, Za(s, ς) := iς√
2
(σ ⊗ I2s,−iς)aN(s), N̄(s)σ( 1

2
)⊗ I2sX(s) = 1

2s
O+(s)

íØ5.10.10. iO+(s)X̄(s) = −[
√

2ςsZ̄(s, ς) + iσ(s)N̄(s, ς)]

y²: iO+(s)X̄(s)

= isN̄(s)σ ⊗ I2sX(s)X̄(s) = isN̄(s)σ ⊗ I2s[1−N(s)N̄(s)]

= isN̄(s)σ ⊗ I2s − iσ(s)N̄(s, ς) = −[
√

2ςsZ̄(s, ς) + iσ(s)N̄(s, ς)]

6 σ(s)Lãg^�§

6.1 g^�§�1�«�d/ª

s-g^Ý
µSab(s, ς) = iσαςςabσας (s) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
(11.11)

½n6.1.1. [s∂a + iSab(s, ς)∂
b]ψ(x) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς), O(s) · ∇ψ(x) = isX̄(s)J̃(s, ς)
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y²: [s∂a + iSab(s, ς)∂
b]ψ(x) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

(?1L�C���§|^
�¡5p?L�C�Eâ6Ù!�y²")

⇔ σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς), O(s) · ∇ψ(x) = isX̄(s)J̃(s, ς)

6.2 g^�§�1�«�d/ª

íØ6.2.1. [sδab + iSab(s, ς)]∂
bψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

5�6.2.1. [σ(s), iς(s+ 1)]aZ̄a(s, ς) = 0, Za(s, ς)[σ(s),−iς(s+ 1)]a = 0

Ún6.2.1.
[s∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = −

√
2ςsZ̄x(s, ς)J̃(s, ς)

[s∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = −
√

2ςsZ̄y(s, ς)J̃(s, ς)

[s∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = −
√

2ςsZ̄z(s, ς)J̃(s, ς)

⇒ [s∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = −
√

2ςsZ̄π(s, ς)J̃(s, ς)

y²:
[s∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = −

√
2ςsZ̄x(s, ς)J̃(s, ς)

[s∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = −
√

2ςsZ̄y(s, ς)J̃(s, ς)

[s∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = −
√

2ςsZ̄z(s, ς)J̃(s, ς)
⇒

[sσx(s)∂x + iσx(s)σz(s)∂y − iσx(s)σy(s)∂z − iςσ2
x(s)∂π]ψ = −

√
2ςsσx(s)Z̄x(s, ς)J̃(s, ς)

[sσy(s)∂y + iσy(s)σx(s)∂z − iσy(s)σz(s)∂x − iςσ2
y(s)∂π]ψ = −

√
2ςsσy(s)Z̄y(s, ς)J̃(s, ς)

[sσz(s)∂z + iσz(s)σy(s)∂x − iσz(s)σx(s)∂y − iςσ2
z(s)∂π]ψ = −

√
2ςsσz(s)Z̄z(s, ς)J̃(s, ς)

⇒
[(s+ 1)σx(s)∂x + (s+ 1)σy(s)∂y + (s+ 1)σz(s)∂z − iςσ2(s)∂π]ψ = −

√
2ςsσ(s) · Z̄(s, ς)J̃(s, ς)

⇔
[s∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = − is

√
2

s+1
σ(s) · Z̄(s, ς)J̃(s, ς) = −

√
2ςsZ̄π(s, ς)J̃(s, ς)

½n6.2.1. [s∂a + iSab(s, ς)∂
b]ψ(x) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ s∇ψ(x)− [iσ(s)×∇+ ςσ(s)∂t]ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔ s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

y²: [s∂a + iSab(s, ς)∂
b]ψ(x) = −

√
2ςsZ̄a(s, ς)J̃(s, ς)

⇔ (s∂a + i

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
ab

∂b)ψ(x) = −
√

2ςsZ̄a(s, ς)J̃(s, ς)

⇔

[s∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = −
√

2ςsZ̄x(s, ς)J̃(s, ς)

[s∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = −
√

2ςsZ̄y(s, ς)J̃(s, ς)

[s∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = −
√

2ςsZ̄z(s, ς)J̃(s, ς)

[s∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = −
√

2ςsZ̄π(s, ς)J̃(s, ς)
⇔

[s∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = −
√

2ςsZ̄x(s, ς)J̃(s, ς)

[s∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = −
√

2ςsZ̄y(s, ς)J̃(s, ς)

[s∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = −
√

2ςsZ̄z(s, ς)J̃(s, ς)

⇔ s∇ψ(x)− [iσ(s)×∇+ ςσ(s)∂t]ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔ (|^
�¡Ù!�úªµiσ(s;w)×∇ = [σ(s;w) · ∇, σ(s;w)])

s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)
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6.3 g^�§�1n«�d/ª

Ún6.3.1. s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇒ σ(s) · ∇ψ(x)− sς∂tψ(x) = −s
√

2ς
s+1

σ(s) · Z̄(s, ς)J̃(s, ς) = is
√

2Z̄π(s, ς)J̃(s, ς) = isN̄(s, ς)J̃(s, ς)

y²: s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇒ sσ(s) · ∇ψ(x)− σ(s) · {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}}ψ(x) = −
√

2ςsσ(s) · Z̄(s, ς)J̃(s, ς)

⇔ sσ(s) · ∇ψ(x)− {−σ2(s)[σ(s) · ∇] + σ(s) · [σ(s) · ∇]σ(s) + ςσ2(s)∂t}ψ(x) = −
√

2ςsσ(s) · Z̄(s, ς)J̃(s, ς)

|^�¡Ù!�úªµσ(s;w) · ~p = σ2(s;w)[σ(s;w) · ~p]− σ(s;w) · [σ(s;w) · ~p]σ(s;w)

⇔ (s+ 1)σ(s) · ∇ψ(x)− ςσ2(s)∂tψ(x) = −
√

2ςsσ(s) · Z̄(s, ς)J̃(s, ς)

⇔ σ(s) · ∇ψ(x)− sς∂tψ(x) = −s
√

2ς
s+1

σ(s) · Z̄(s, ς)J̃(s, ς) = is
√

2Z̄π(s, ς)J̃(s, ς) = isN̄(s, ς)J̃(s, ς)

½n6.3.1. s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {s[σ(s) · ∇, σ(s)] + σ(s)[σ(s) · ∇]}ψ(x) = isO+(s)X̄(s)J̃(s, ς)

y²: s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {s[σ(s) · ∇, σ(s)] + ςsσ(s)∂t}ψ(x) = −
√

2ςs2Z̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {s[σ(s) · ∇, σ(s)] + σ(s)[σ(s) · ∇]}ψ(x) = −[
√

2ςsZ̄(s, ς) + iσ(s)N̄(s, ς)]sJ̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {s[σ(s) · ∇, σ(s)] + σ(s)[σ(s) · ∇]}ψ(x) = isO+(s)X̄(s)J̃(s, ς)

6.4 g^�§�1o«�d/ª

½n6.4.1. s∇ψ(x)− [iσ(s)×∇+ ςσ(s)∂t]ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {isσ(s)×∇+ σ(s)[σ(s) · ∇]}ψ(x) = isO+(s)X̄(s)J̃(s, ς)

y²: s∇ψ(x)− [iσ(s)×∇+ ςσ(s)∂t]ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔ s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s∇ψ(x)− {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s∇ψ(x)− [iσ(s)×∇+ ςσ(s)∂t]ψ(x) = −
√

2ςsZ̄(s, ς)J̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {isσ(s)×∇+ σ(s)[σ(s) · ∇]}ψ(x) = −[
√

2ςsZ̄(s, ς) + iN̄(s, ς)]sJ̃(s, ς)

⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s, ς)J̃(s, ς)

s2∇ψ(x)− {isσ(s)×∇+ σ(s)[σ(s) · ∇]}ψ(x) = isO+(s)X̄(s)J̃(s, ς)

6.5 g^�§�1Ê«�d/ª

½Â6.5.1. D :=


√

1(2s−1) 0 0 0 0 0

0
√

2(2s−2) 0 0 0 0

0 0
√

3(2s−3) 0 0 0
··· ··· ··· ··· ··· ···
0 0 0 0 0

√
(2s−1)1

 , O+
z (s) =

[
0
D
0

]
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Ún6.5.1. {s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)⇔ O(s) · ∇ψ = isX̄(s)J̃(s, ς)

y²: {s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς), An =

√
n ·
√

2s+ 1− n, n = 1, 2, · · · , 2s;
⇔ {s2∂z + is[σy(s)∂x − σx(s)∂y]− [σ2

z(s)∂z + σz(s)σx(s)∂x + σz(s)σy(s)∂y]}ψ = is
2
O+
z (s)X̄(s)J̃(s, ς)

⇔ {[s2 − σ2
z(s)]∂z + [isσy(s)− σz(s)σx(s)]∂x − [isσx(s) + σz(s)σy(s)]∂y}ψ = isO+

z (s)X̄(s)J̃(s, ς)

⇔ {[s2 − σ2
z(s)]∂z + [− 1

2

 0 −sA1 0 0 0
sA1 0 −sA2 0 0

0 sA2 0 ··· 0
0 0 ··· 0 −sA2s

0 0 0 sA2s 0

− 1
2

 0 sA1 0 0 0
(s−1)A1 0 (s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 −(s−1)A2s

0 0 0 −sA2s 0

]∂x

− [ i
2

 0 sA1 0 0 0
sA1 0 sA2 0 0

0 sA2 0 ··· 0
0 0 ··· 0 sA2s

0 0 0 sA2s 0

+ i
2

 0 −sA1 0 0 0
(s−1)A1 0 −(s−1)A2 0 0

0 (s−2)A2 0 ··· 0
0 0 ··· 0 (s−1)A2s

0 0 0 −sA2s 0

]∂y}ψ = isO+
z (s)X̄(s)J̃(s, ς)

⇔

{[s2−

 s2 0 0 0 0
0 (s−1)2 0 0 0
0 0 ··· 0 0
0 0 0 (s−1)2 0

0 0 0 0 s2

]∂z− 1
2

 0 −0A1 0 0 0
(2s−1)A1 0 −1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 −(2s−1)A2s

0 0 0 0A2s 0

 ∂x− i
2

 0 0A1 0 0 0
(2s−1)A1 0 1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 (2s−1)A2s

0 0 0 0A2s 0

 ∂y}ψ
= is

[
0
D
0

]
X̄(s)J̃(s, ς)

⇔

{

 0(2s) 0 0 0 0
0 1(2s−1) 0 0 0
0 0 2(2s−2) 0 0
0 0 0 1(2s−1) 0
0 0 0 0 0(2s)

 ∂z− 1
2

 0 −0A1 0 0 0
(2s−1)A1 0 −1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 −(2s−1)A2s

0 0 0 0A2s 0

 ∂x− i
2

 0 0A1 0 0 0
(2s−1)A1 0 1A2 0 0

0 (2s−2)A2 0 ··· 0
0 0 ··· 0 (2s−1)A2s

0 0 0 0A2s 0

 ∂y}ψ
= isO+

z (s)X̄(s)J̃(s, ς)

⇔
0(2s)2∂z 0A1(∂x−i∂y) 0 0 0 0

−(2s−1)A1(∂x+i∂y) 1(2s−1)2∂z 1A2(∂x−i∂y) 0 0 0

0 −(2s−2)A2(∂x+i∂y) 2(2s−2)2∂z 2A3(∂x−i∂y) 0 0

0 0 −(2s−3)A3(∂x+i∂y) 3(2s−3)2∂z 3A4(∂x−i∂y) 0
··· ··· ··· ··· ··· ··· ···
0 0 0 −(1)A2s−1(∂x+i∂y) 1(2s−1)2∂z (2s−1)A2s(∂x−i∂y)

0 0 0 0 −0A2s(∂x+i∂y) 0(2s)2∂z

ψ = 2isDX̄(s)J̃(s, ς)

⇔

D


−
√

(2s−1)(2s)(∂x+i∂y) 2
√

1(2s−1)∂z
√

1·2(∂x−i∂y) 0 0 0

0 −
√

(2s−1)(2s−2)(∂x+i∂y) 2
√

2(2s−2)∂z
√

2·3(∂x−i∂y) 0 0

0 0 −
√

(2s−2)(2s−3)(∂x+i∂y) 2
√

3(2s−3)∂z
√

3·4(∂x−i∂y) 0
··· ··· ··· ··· ··· ··· ···
0 0 0 −

√
1·2(∂x+i∂y) 2

√
(2s−1)1∂z

√
(2s−1)(2s)(∂x−i∂y)

ψ
= 2isDX̄(s)J̃(s, ς)

⇔
−
√

(2s−1)(2s)(∂x+i∂y) 2
√

1(2s−1)∂z
√

1·2(∂x−i∂y) 0 0 0

0 −
√

(2s−1)(2s−2)(∂x+i∂y) 2
√

2(2s−2)∂z
√

2·3(∂x−i∂y) 0 0

0 0 −
√

(2s−2)(2s−3)(∂x+i∂y) 2
√

3(2s−3)∂z
√

3·4(∂x−i∂y) 0
··· ··· ··· ··· ··· ··· ···
0 0 0 −

√
1·2(∂x+i∂y) 2

√
(2s−1)1∂z

√
(2s−1)(2s)(∂x−i∂y)

ψ
= 2isX̄(s)J̃(s, ς)⇔ O(s) · ∇ψ = isX̄(s)J̃(s, ς)

íØ6.5.1.σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

O(s) · ∇ψ(x) = isX̄(s)J̃(s, ς)
⇔

σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

6.6 g^�§�18«�d/ª

íØ6.6.1. Sc(s) = e−i
π
2
σy(s)e−i

π
2
σz(s), S+

c (s) = ei
π
2
σz(s)ei

π
2
σy(s)

íØ6.6.2. S+
c (s)[σx(s), σy(s), σz(s)]Sc(s) = [σz(s), σx(s), σy(s)]

íØ6.6.3. ei~ω·γ = 1 + sinω

[
0 ω̂z −ω̂y
−ω̂z 0 ω̂x
ω̂y −ω̂x 0

]
+ (1− cosω)

[
ω̂2
x−1 ω̂xω̂y ω̂xω̂z

ω̂yω̂x ω̂2
y−1 ω̂yω̂z

ω̂zω̂x ω̂zω̂y ω̂2
z−1

]

Ún6.6.1. ∇ = [e−i
π
2
γy(s)e−i

π
2
γz(s)]∇′ =

[
∂z′
∂x′
∂y′

]
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y²: ∇ = [e−i
π
2
γy(s)e−i

π
2
γz(s)]∇′

=

[
cos(−π

2
) 0 − sin(−π

2
)

0 1 0

sin(−π
2

) 0 cos(−π
2

)

][
cos(−π

2
) sin(−π

2
) 0

− sin(−π
2

) cos(−π
2

) 0

0 0 1

]
∇′

=
[

0 0 1
0 1 0
−1 0 0

] [
0 −1 0
1 0 0
0 0 1

]
∇′ =

[
0 0 1
1 0 0
0 1 0

]
∇′ =

[
∂z′
∂x′
∂y′

]
Ún6.6.2. σx′ = σx, σy′ = σy, σz′ = σz

Ún6.6.3. S+
c (s)σ(s)Sc(s) · ∇ = σ(s) · ∇′,∇′ = [ei

π
2
γz(s)ei

π
2
γy(s)]∇

Ún6.6.4.S+
c (s)N̄(s)J̃(s, ς) = N̄(s)J̃ ′(s, ς), ei

π
2

[σy(
1
2

)⊗I2s+I⊗σy(s− 1
2

)]J̃(s, ς)

S+
c (s)O+

z (s)X̄(s)J̃(s, ς) = O+
y (s)X̄(s)J̃ ′(s, ς), J̃ ′(s, ς) = ei

π
2

[σz(
1
2

)⊗I2s+I⊗σz(s− 1
2

)]ei
π
2

[σy(
1
2

)⊗I2s+I⊗σy(s− 1
2

)]J̃(s, ς)

½n6.6.1.σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

⇔σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂y + s[σy(s), σ(s) · ∇]− σy(s)[σ(s) · ∇]}ψ = isO+
y (s)X̄(s)J̃(s, ς)

y²:σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

⇔
S+
c (s)σ(s)Sc(s) · ∇S+

c (s)ψ(x)− sς∂tS+
c (s)ψ(x) = isS+

c (s)N̄(s)J̃(s, ς)

{s2∂z + s[S+
c (s)σz(s)Sc(s), S

+
c (s)σ(s)Sc(s) · ∇]− S+

c (s)σz(s)Sc(s)[S
+
c (s)σ(s)Sc(s) · ∇]}S+

c (s)ψ(x)

= isS+
c (s)O+

z (s)X̄(s)J̃(s, ς)
⇔
σ(s) · ∇′ψ′(x′)− sς∂tψ′(x′) = isS+

c (s)N̄(s)J̃(s, ς)

{s2∂y′ + s[σy′(s), σ(s) · ∇′]− σy′(s)[σ(s) · ∇′]}ψ′(x′) = isS+
c (s)O+

z (s)X̄(s)J̃(s, ς)

∇′ = [ei
π
2
γz(s)ei

π
2
γy(s)]∇, ψ′(x′) = S+

c (s)ψ(x)
⇔
σ(s) · ∇′ψ′(x′)− sς∂tψ′(x′) = isN̄(s)J̃ ′(s, ς)

{s2∂y′ + s[σy′(s), σ(s) · ∇′]− σy′(s)[σ(s) · ∇′]}ψ′(x′) = isO+
y′(s)X̄(s)J̃ ′(s, ς)

∇′ = [ei
π
2
γz(s)ei

π
2
γy(s)]∇, ψ′(x′) = S+

c (s)ψ(x), J̃ ′(s, ς) = ei
π
2

[σz(
1
2

)⊗I2s+I⊗σz(s− 1
2

)]ei
π
2

[σy(
1
2

)⊗I2s+I⊗σy(s− 1
2

)]J̃(s, ς)

y²:σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

⇔σ(s) · ∇′ψ′(x′)− sς∂tψ′(x′) = isN̄(s)J̃ ′(s, ς)

O(s) · ∇′ψ′(x′) = isX̄(s)J̃ ′(s, ς)
⇔σ(s) · ∇′ψ′(x′)− sς∂tψ′(x′) = isN̄(s)J̃ ′(s, ς)

{s2∂z′ + s[σz′(s), σ(s) · ∇′]− σz′(s)[σ(s) · ∇′]}ψ′(x′) = isO+
z′(s)X̄(s)J̃ ′(s, ς)

6.7 g^�§�18«�d/ª®o

þ!½n|^�m^=�C5Úõ�~êØCÜþ?1
î��y²§�ÑÙ¥��·K�y²§Ù§�/��

aqy²§Ø2�ã§(Ø®oXeµ
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½n6.7.1.σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂x + s[σx(s), σ(s) · ∇]− σx(s)[σ(s) · ∇]}ψ = isO+
x (s)X̄(s)J̃(s, ς)

⇔σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂y + s[σy(s), σ(s) · ∇]− σy(s)[σ(s) · ∇]}ψ = isO+
y (s)X̄(s)J̃(s, ς)

⇔σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

⇔σ(s) · ∇ψ(x)− sς∂tψ(x) = isN̄(s)J̃(s, ς)

O(s) · ∇ψ(x) = isX̄(s)J̃(s, ς)

6.8 g^�§�õ«�d/ª�(

½n6.8.1.

[s∂a + iSab(s, ς)∂
b]ψ = −

√
2ςsZ̄a(s, ς)J̃(s, ς) [⇔] {s∇+ [σ(s), σ(s) · ∇]− ςσ(s)∂t}ψ = −

√
2ςsZ̄(s, ς)J̃(s, ς)

[m] [m]

[s∇−iσ(s)×∇−ςσ(s)∂t]ψ = −
√

2ςsZ̄(s, ς)J̃(s, ς)[⇔]

σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

{s2∇− isσ(s)×∇− σ(s)[σ(s) · ∇]}ψ = isO+(s)X̄(s)J̃(s, ς)

[m] [m]σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

{s2∇+ s[σ(s), σ(s) · ∇]− σ(s)[σ(s) · ∇]}ψ = isO+(s)X̄(s)J̃(s, ς)
[⇔](σ ⊗ I2s,−iς)a∂aN(s)ψ = iJ̃(s, ς)

[m] [m]σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

{s2∂x + s[σx(s), σ(s) · ∇]− σx(s)[σ(s) · ∇]}ψ = isO+
x (s)X̄(s)J̃(s, ς)

[⇔]

σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

O(s) · ∇ψ = isX̄(s)J̃(s, ς)

[m] [m]σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

{s2∂y + s[σy(s), σ(s) · ∇]− σy(s)[σ(s) · ∇]}ψ = isO+
y (s)X̄(s)J̃(s, ς)

[⇔]

σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

O(s) · ∇ψ = isX̄(s)J̃(s, ς)

[m] [m]σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ = isO+
z (s)X̄(s)J̃(s, ς)

[⇔]

σ(s) · ∇ψ − sς∂tψ = isN̄(s)J̃(s, ς)

O(s) · ∇ψ = isX̄(s)J̃(s, ς)

6.9 >^|�§�,�«�d/ª

1�«½Â§�Ùæ^1�«½Â"

½Â6.9.1. >^|E¥þ1�«½Âψας := i
2
σabςαςFab = iς(E − iςB)ας = (iςE +B)ας

½n6.9.1. iςγ∂tψ(x) = (i∇+ γ ×∇)ψ(x) + σ−ςJ, J = Je − iςJm

⇔

γ∂t ~E = −(i∇+ γ ×∇) ~B − σ−ςJe

γ∂t ~B = (i∇+ γ ×∇) ~E + ςσ−ςJm
⇔

∇ · ~E = ρe,∇× ~E = − ~Jm − ∂t ~B

∇ · ~B = ρm,∇× ~B = ~Je + ∂t ~E

y²: iςγ∂tψ(x) = (i∇+ γ ×∇)ψ(x) + σ−ςJ

⇔ iςγ∂t( ~E − iς ~B) = (i∇+ γ ×∇)( ~E − iς ~B)− iςσ−ςJ
⇔ iςγ∂t ~E + γ∂t ~B = (i∇+ γ ×∇) ~E − iς(i∇+ γ ×∇) ~B − iςσ−ςJe + ςσ−ςJm

⇔

γ∂t ~E = −(i∇+ γ ×∇) ~B − σ−ςJe

γ∂t ~B = (i∇+ γ ×∇) ~E + ςσ−ςJm
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⇔

∇ · ~E = ρe,∇× ~E = − ~Jm − ∂t ~B

∇ · ~B = ρm,∇× ~B = ~Je + ∂t ~E

7 σ(s)LãÃg^�§

7.1 Ãg^�§�õ«�d/ª�(

½n7.1.1.

[s∂a + iSab(s, ς)∂
b]ψ(x) = 0 [⇔] (σ ⊗ I2s,−iς)a∂aN(s)ψ(x) = 0

[m] [m]

s∇ψ(x) = [iσ(s)×∇+ ςσ(s)∂t]ψ(x) [⇔]

σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = isσ(s)×∇+ σ(s)[σ(s) · ∇]ψ(x)

[m] [m]

s∇ψ(x) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(x)[⇔]

σ(s) · ∇ψ(x) = sς∂tψ(x)

s2∇ψ(x) = {s[σ(s) · ∇, σ(s)] + σ(s)[σ(s) · ∇]}ψ(x)

[m] [m]σ(s) · ∇ψ(x) = sς∂tψ(x)

{s2∂x + s[σx(s), σ(s) · ∇]− σx(s)[σ(s) · ∇]}ψ(x) = 0
[⇔]

σ(s) · ∇ψ(x) = sς∂tψ(x)

{s2∂y + s[σy(s), σ(s) · ∇]− σy(s)[σ(s) · ∇]}ψ(x) = 0

[m] [m]σ(s) · ∇ψ(x) = sς∂tψ(x)

{s2∂z + s[σz(s), σ(s) · ∇]− σz(s)[σ(s) · ∇]}ψ(x) = 0
[⇔]σ(s) · ∇ψ(x) = sς∂tψ(x), O(s) · ∇ψ(x) = 0

7.2 Ãg^�§��
AÏ5�

Ún7.2.1. s∇ψ(~r, t) = [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)⇒ [ 1
s
σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

y²: s∇ψ(~r, t) = [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)

⇒ sσ(s) · ∇ψ(~r, t) = σ(s) · [iσ(s)×∇+ ςσ(s)∂t]ψ(~r, t)

⇔ s[σ(s) · ∇]ψ(~r, t) = −[σ(s) · ∇]ψ(~r, t) + ςσ2(s)∂tψ(~r, t)

⇔ (s+ 1)[σ(s) · ∇]ψ(~r, t) = ςs(s+ 1)∂tψ(~r, t)

⇔ [ 1
s
σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

Ún7.2.2. s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)
s6=1⇒ [ 1

s
σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

y²: s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)

⇒ sσ(s) · ∇ψ(~r, t) = σ(s) · [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)

⇔ s[σ(s) · ∇]ψ(~r, t) = σ(s) · [σ(s) · ∇]σ(s)ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)

⇔ s[σ(s) · ∇]ψ(~r, t) = [σ2(s)− 1][σ(s) · ∇]ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)

⇔ (s+ 1)[σ(s) · ∇]ψ(~r, t) = σ2(s)[σ(s) · ∇]ψ(~r, t)− ς(s− 1)σ2(s)∂tψ(~r, t)

⇔ (s− 1)[σ(s) · ∇]ψ(~r, t) = ς(s− 1)s∂tψ(~r, t)

⇐s6=1⇒ [ 1
s
σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

íØ7.2.1.

s∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)
s6=1⇔ s∇ψ(~r, t) = [σ(s) · ∇ − ς(s− 1)∂t]σ(s)ψ(~r, t)

s∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)
s=1⇒ s∇ψ(~r, t) = [σ(s) · ∇]σ(s)ψ(~r, t)

íØ7.2.2. ∇ψ(~r, t) = {[σ(s) · ∇, σ(s)] + ςσ(s)∂t}ψ(~r, t)
s=1⇒

∇ψ(~r, t) = [σ(s) · ∇]σ(s)ψ(~r, t)

[σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

íØ7.2.3. [σ(s) · ∇̂]nσ(s)ψ(~r, t) = [σ(s) · ∇̂]n−1∇̂ψ(~r, t), s = 1
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Ún7.2.3.


s2∇ψ(~r, t) = {isσ(s)×∇+ σ(s)[σ(s) · ∇]}ψ(~r, t)⇒ ∇2ψ(~r, t) = [ 1

s
σ(s) · ∇]2ψ(~r, t)

m

s2∇ψ(~r, t) = {s[σ(s) · ∇, σ(s)] + σ(s)[σ(s) · ∇]}ψ(~r, t)⇒ ∇2ψ(~r, t) = [ 1
s
σ(s) · ∇]2ψ(~r, t)

7.3 g^�§{ü©Û

½n7.3.1.
s∇ψ(x) = [iσ(s)×∇+ ςσ(s)∂t]ψ(x)

∇ψ(x) = (iσ ×∇+ ςσ∂t)ψ(x)

∇ψ(x) = (iγ ×∇+ ςγ∂t)ψ(x) + iσ−ςJ


iςσ(s)∂tψ(x) = [is∇+ σ(s)×∇]ψ(x)

iςσ∂tψ(x) = (i∇+ σ ×∇)ψ(x)

iςγ∂tψ(x) = (i∇+ γ ×∇)ψ(x) + σ−ςJ

7.4 �g^�§�>^L�/ª

½n7.4.1. ψ(x;n) := iςE(n) +B(n), γ(n)´XJn-g^Ý
"

iςγ(n)∂tψ(x;n) = [i∇+ γ(n)×∇]ψ(x;n)⇔

γ(n)∂tE(n) = −[i∇+ γ(n)×∇]B(n)

γ(n)∂tB(n) = [i∇+ γ(n)×∇]E(n)

7.5 g^�§��íØ

½n7.5.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0[⇔]


[ 1
s
σ(s) · ∇]ψ(~r, t) = ς∂tψ(~r, t)

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [s∇̂+ ς(s− 1)∂̂tσ(s)]ψ(~r, t)

∇̂ := −i∇√
−∇2 , ∇̂2 = 1, ∂̂t := −i∂t√

−∇2 ' −1

[⇔]


[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n](ς∂̂t)

n−1∇̂+ (s− 1)n(ς∂̂t)
nσ(s)}ψ(~r, t)

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

s
σ(s) · ∇̂]n}ψ(~r, t)

[ 1
s
σ(s) · ∇]nψ(~r, t) = ςn∂nt ψ(~r, t),∇2nψ(~r, t) = [ 1

s
σ(s) · ∇]2nψ(~r, t) = ∂2n

t ψ(~r, t), n ≥ 1

y²:

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [e1∇̂+ d1σ(s)]ψ(~r, t), e1 = s, d1 = ς(s− 1)∂̂t

· ·
[σ(s) · ∇̂]n−1σ(s)ψ(~r, t) = [en−1∇̂+ dn−1σ(s)]ψ(~r, t)

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = [en∇̂+ dnσ(s)]ψ(~r, t)

· ·
[σ(s) · ∇̂]nσ(s)ψ(~r, t)

= [σ(s) · ∇̂][en−1p̂+ dn−1σ(s)]ψ(~r, t) = [(−sςen−1 + dn−1
1 e1)∇̂+ dn−1d1σ(s)]ψ(~r, t)

en = en−1sς∂̂t + e1d
n−1
1

dn = dn−1d1

e1 = s, d1 = ς(s− 1)∂̂t

⇔

en = s[sn − (s− 1)n](ς∂̂t)
n−1

dn = dn1 = (s− 1)n(ς∂̂t)
n

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n](ς∂̂t)
n−1∇̂+ (s− 1)n(ς∂̂t)

nσ(s)}ψ(~r, t)

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

s
σ(s) · ∇̂]n}ψ(~r, t), n ≥ 1

íØ7.5.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0

[⇒]

σα(s)[σ(s) · ∇̂]nσα(s)ψ = s[sn+1 + (s− 1)n](ς∂̂t)
n(~r, t)

σα(s)[σ(s) · ∇̂]nσα(s)ψ(~r, t) = s[sn+1 + (s− 1)n][ 1
s
σ(s) · ∇̂]nψ(~r, t)

½n7.5.2. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
s
σ(s) · ∇̂]}ψ(~r, t)

[⇔]

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

s
σ(s) · ∇̂]n}ψ(~r, t)

[ 1
s
σ(s) · ∇̂]2nψ(~r, t) = ψ(~r, t), n ≥ 1
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y²:

[σ(s) · ∇̂]σ(s)ψ(~r, t) = [e1∇̂+ d1σ(s)]ψ(~r, t), e1 = s, d1 = (s− 1)[ 1
s
σ(s) · ∇̂]

· ·
[σ(s) · ∇̂]n−1σ(s)ψ(~r, t) = [en−1∇̂+ dn−1σ(s)]ψ(~r, t)

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = [en∇̂+ dnσ(s)]ψ(~r, t)

· ·
[σ(s) · ∇̂]nσ(s)ψ(~r, t)

= [σ(s) · ∇̂][en−1p̂+ dn−1σ(s)]ψ(~r, t) = [(en−1s[
1
s
σ(s) · ∇̂] + e1d

n−1
1 )∇̂+ dn−1d1σ(s)]ψ(~r, t)

en = en−1s[
1
s
σ(s) · ∇̂] + e1d

n−1
1

dn = dn−1d1

e1 = s, d1 = (s− 1)[ 1
s
σ(s) · ∇̂]

⇔

en = s[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]n−1

dn = dn1 = (s− 1)n[ 1
s
σ(s) · ∇̂]n

[σ(s) · ∇̂]nσ(s)ψ(~r, t) = {s[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]n−1∇̂+ (s− 1)nσ(s)[ 1

s
σ(s) · ∇̂]n}ψ(~r, t), n ≥ 1

íØ7.5.2. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
s
σ(s) · ∇̂]}ψ(~r, t)

[⇒]σα(s)[σ(s) · ∇̂]nσα(s)ψ(~r, t) = s[sn+1 + (s− 1)n][ 1
s
σ(s) · ∇̂]nψ(~r, t), n ≥ 1

íØ7.5.3. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
s
σ(s) · ∇̂]}ψ(~r, t)

[⇒]

σ(s)× {[σ(s) · ∇̂]σ(s)}ψ(~r, t) = i{−s2[ 1
s
σ(s) · ∇̂]σ(s) + (s2 + s− 1)σ(s)[ 1

s
σ(s) · ∇̂]}ψ(~r, t)

σ(s) · {σ(s)× {[σ(s) · ∇̂]σ(s)}}ψ(~r, t) = i[s2 + s− 1][σ(s) · ∇̂]ψ(~r, t)

íØ7.5.4. [σ(s) · ∇̂]σ(s)ψ(~r, t) = {s∇̂+ (s− 1)σ(s)[ 1
s
σ(s) · ∇̂]}ψ(~r, t)

[⇒]


σ(s)× {[σ(s) · ∇̂]nσ(s)}ψ(~r, t)

= i{−s2[sn − (s− 1)n][ 1
s
σ(s) · ∇̂]σ(s)[ 1

s
σ(s) · ∇̂]n−1 + [sn+2 − (s+ 1)(s− 1)n+1]σ(s)[ 1

s
σ(s) · ∇̂]n}ψ(~r, t)

σ(s) · {σ(s)× {[σ(s) · ∇̂]nσ(s)}}ψ(~r, t) = is[sn+1 + (s− 1)n][ 1
s
σ(s) · ∇̂]nψ(~r, t), n ≥ 1
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g·µãµ�ÙéPenrose�§?1
�¡�\�©Û§�ÑPenrose^þ�§�dug^�§§·Ü£�

Ã�þâf§¿uyPenroseÛþ�§Ò´m'.g^�§���AÏ)"

1 ?¿g^�é¡Penrose�§ [1, 2]�#Lã

1.1 ?¿g^�é¡Penrose�§��^þ�d/ª

½n1.1.1.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς

ψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

Zς

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς

⇔



σαςςabD
aψαςβς · · ·︸ ︷︷ ︸

n

Zς = iJbβςγς · · ·︸ ︷︷ ︸
n

Zς

ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!
ψ(αςβς · · · )︸ ︷︷ ︸

n

Zς

Jbβςγς · · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!

Jb(βςγς · · · )︸ ︷︷ ︸
n

Zς

δαςβςψαςβς · · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)aσαςJaαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

σαςψαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0, (σ,−iς)aJaαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

½n1.1.2.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς

ψAςBςCς · · ·︸ ︷︷ ︸
2n

Zς = 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

Zς

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς = 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

Zς

⇔



(σ−ς ,−iς)abαςDaΨαςβς · · ·︸ ︷︷ ︸
n

Zς = iJbβςγς · · ·︸ ︷︷ ︸
n

Zς

Ψαςβς · · ·︸ ︷︷ ︸
n

Zς = 1
n!

Ψ(αςβς · · · )︸ ︷︷ ︸
n

Zς

Jbβςγς · · ·︸ ︷︷ ︸
n

Zς = 1
(n−1)!

Jb(βςγς · · · )︸ ︷︷ ︸
n

Zς

δαςβςΨαςβς · · ·︸ ︷︷ ︸
n

Zς = 0, (σ,−iς)a(σ, iς)αςJaαςβς · · ·︸ ︷︷ ︸
n

Zς = 0

(σ,−iς)αςΨαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0, (σ,−iς)aJaαςβς · · ·︸ ︷︷ ︸
n

[Zς ] = 0

½n1.1.3.

(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

⇔



σαςςabD
aψαςβς · · ·︸ ︷︷ ︸

n

= iJbβςγς · · ·︸ ︷︷ ︸
n

ψαςβς · · ·︸ ︷︷ ︸
n

= 1
n!
ψ(αςβς · · · )︸ ︷︷ ︸

n

, Jbβςγς · · ·︸ ︷︷ ︸
n

= 1
(n−1)!

Jb(βςγς · · · )︸ ︷︷ ︸
n

δαςβςψαςβς · · ·︸ ︷︷ ︸
n

= 0, (σ,−iς)aσαςJaαςβς · · ·︸ ︷︷ ︸
n

= 0

½n1.1.4.

(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

⇔



(σ−ς ,−iς)abαςDaΨαςβς · · ·︸ ︷︷ ︸
n

= iJbβςγς · · ·︸ ︷︷ ︸
n

Ψαςβς · · ·︸ ︷︷ ︸
n

= 1
n!

Ψ(αςβς · · · )︸ ︷︷ ︸
n

, Jbβςγς · · ·︸ ︷︷ ︸
n

= 1
(n−1)!

Jb(βςγς · · · )︸ ︷︷ ︸
n

δαςβςΨαςβς · · ·︸ ︷︷ ︸
n

= 0, (σ,−iς)a(σ, iς)αςJaαςβς · · ·︸ ︷︷ ︸
n

= 0
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1.2 ?¿g^�é¡Penrose�§�Ý
�d/ª

½n1.2.1.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)

ò©þU�¤Ý
Ò�±��±þ½n"

½n1.2.2. (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

Ðm�KP{�§¿�nÒ�±��±þ½n"

íØ1.2.1.
(σ,−iς)A

′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2n

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

ψAςBςCς · · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2n

, JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

= 1
(2n−1)!

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2n−1

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = iJ̃(s, ς)

½n1.2.3. (σ ⊗ I22n−1 ,−iς)aDaψ̂(n, ς) = iĴ(n, ς)⇔ (σ−ς ⊗ I4n−1 ,−iς)aDaΨ̂(n, ς) = iĴ (n, ς)

���L�C�Ò�±��±þ½n"

½n1.2.4. (σ ⊗ I2n,−iς)aDaψ̃(n, ς) = iJ̃(n, ς)⇔ (σ−ς ⊗ In,−iς)aDaΨ̃(n, ς) = iJ̃ (n, ς)

éun = 1, 2���L�C�Ò�±��±þ½n,éun > 2y²±�Öþ"

1.3 ?¿g^�é¡Penrose�§�g^�§/ª

½n1.3.1.



(σ,−iς)A
′
ςAς

a DaψAςBςCς · · ·︸ ︷︷ ︸
2s

= iJA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

ψAςBςCς · · ·︸ ︷︷ ︸
2s

= 1
(2s)!

ψ(AςBςCς · · · )︸ ︷︷ ︸
2s

JA
′
ς
BςCς · · ·︸ ︷︷ ︸

2s−1

= 1
(2s−1)!

JA
′
ς
(BςCς · · · )︸ ︷︷ ︸

2s−1

⇔ [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)

2 Ûþ�§�#Lã

2.1 PenroseÛþ�§ [2, 3]

∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0,∇A′ς(AςωBς)(
1
2
) = 0 (12.1)

íØ2.1.1. ∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0⇔ (σ∗, iς)aA′ς(Aς∂aωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0

íØ2.1.2. ∇A′ς(AςωBςCςDς · · · )︸ ︷︷ ︸
2s

(s) = 0⇔ (σ∗, iς)aA′ς(AςΓ
kς
BςCςDς · · ·︸ ︷︷ ︸

2s

)(s)∂aωkς (s) = 0

2.2 aÛþ�§��d/ª

∇A′ς(AςωBς)CςDς · · ·︸ ︷︷ ︸
2s

(s) = 0, ωBςCςDς · · ·︸ ︷︷ ︸
2s

(s) = 1
(2s)!

ω(BςCςDς · · · )︸ ︷︷ ︸
2s

(s) (12.2)

íØ2.2.1. ∇A′ς(AςωBς)CςDς · · ·︸ ︷︷ ︸
2s

(s) = 0, ωBςCςDς · · ·︸ ︷︷ ︸
2s

(s) = 1
(2s)!

ω(BςCςDς · · · )︸ ︷︷ ︸
2s

(s)⇔ ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0

íØ2.2.2. ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0⇔ (σ∗, iς)aA′ς(AςN
kς
Bς)lς

(s)∂aψkς (s) = 0
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íØ2.2.3. ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0⇔ [−(s+ 1)∂a + iSab(s, ς)∂
b]ψ(s) = 0

y²: ∇A′ς (Aς
Nkς
Bς )lς

(s)ωkς (s) = 0

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s)̊π
A′ς
lς

(s),∀π̊A
′
ς

lς
(s)

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s)̊π
A′ς
lς

(s), π̊
A′ς
lς

(s) = s
2s+1

Nkς
Aς lς

(s)(σ,−iς)A
′
ςAς
a ∂aωkς (s)

⇔ ∂aωkς (s) = (σ, iς)aAςA′ςN
Aς lς
kς

(s) s
2s+1

Nmς
Bς lς

(s)(σ,−iς)A
′
ςBς

b ∂bωmς (s)

⇔ (2s+ 1)∂aωkς (s) = NAς lς
kς

(s)s(δabδAς
Bς + 2iSabAς

Bς )Nmς
Bς lς

(s)∂bωmς (s)

⇔ (s+ 1)∂aωkς (s) = iSabkς
mς (s)∂bωmς (s)

⇔ [−(s+ 1)∂a + iSab(s, ς)∂
b]ω(s, ς) = 0

íØ2.2.4. ∇A′ς(AςωBς)(
1
2
) = 0⇔ [− 3

2
∂a + iSab(

1
2
, ς)∂b]ω( 1

2
) = 0

2.3 aÛþ�§�)

íØ2.3.1. ∇A′ς(AςN
kς
Bς)lς

(s)ωkς (s) = 0⇔ ωkς (s) = ω̊kς (s) + xa(σ, iς)
a
AςA′ς

NAς lς
kς

(s)̊π
A′ς
lς

(s)

íØ2.3.2. ∇A′ς(AςωBς)(
1
2
) = 0⇔ ωAς (

1
2
) = ω̊Aς (

1
2
) + xa(σ, iς)

a
AςA′ς

π̊A
′
ς ( 1

2
)

2.4 m'.g^�§�aÛþ�§�'X

íØ2.4.1.

[(s+ φ)∂a + iSab(s, ς)∂
b]ψ(s, ς) = 0⇒


âf)µ(σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = 0, φ = 0

aÛþ)µψ(s, ς) = ψ̊0(s, ς) + xaZ̄a(s, ς)J̃0(s, ς), φ = −(2s+ 1)

ý�)µψ(s, ς) =~ê, φ 6= 0,−(2s+ 1)
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g·µãµ�ÙéBargmann-Wigner�§?1
�¡�\�©Û"3²"��¥î�y²
Bargmann-

Wigner�§3��êg^�/�duRarita-Schwinger�§§3�êg^�/�duKlein-Gordon�§§�

«
Bargmann-Wigner�§���ÔnSº"ÏLé'ïÄ§uyBargmann-Wigner�§�·Ü£�k�

þâf§Penrose^þ�§½g^�§�·Ü£�Ã�þâf"

1 Bargmann-Wigner�§

1.1 Bargmann-Wigner�§ [18]

[γa(ς)Da +m]κς
λςψλςµςηςξς · ·ζς︸ ︷︷ ︸

2s

= Jκςµςηςξς · ·ζς︸ ︷︷ ︸
2s

, ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2s

�é¡, Jκςµςηςξς · ·ζς︸ ︷︷ ︸
2s

Øκς	�é¡ (13.1)

2 ��Ý
��Ðm

2.1 ��Ý
���|ÄÐm

��Ý
���|Ä:Γa(ς) = {σ, iς}

5�2.1.1. xaΓa(ς) = 0⇒ xa = 0

y²: xaΓa(ς) = 0

⇒ xa(σ, iς)a = 0

⇒ {xa(σ, iς)a, (σ,−iς)b} = 0

⇒ xa(2δab) = 0

⇒ xa = 0

íØ2.1.1. xaΓa(ς) = 0⇔ xa = 0

5�2.1.2. X = 1
2
tr[Γa(−ς)X]Γa(ς),∀X ∈��Ý


y²: X = X11

[
1 0

0 0

]
+X12

[
0 1

0 0

]
+X21

[
0 0

1 0

]
+X22

[
0 0

0 1

]
,∀X ∈��Ý


⇔ X = 1
2
[X11(I + σz) +X12(σx + iσy) +X21(σx − iσy) +X22(I − σz)],∀X ∈��Ý


⇔ X = 1
2
(X12 +X21)σx + i

2
(X12 −X21)σy + 1

2
(X11 −X22)σz − iς 1

2
(X11 +X22)iςI, ∀X ∈��Ý


⇔ X = 1
2
tr[Γa(−ς)X]Γa(ς),∀X ∈��Ý


íØ2.1.2. X = xaΓa(ς), x
a = tr[Γa(−ς)X],∀X ∈��Ý


��Ý
��Ä5�:

��5µΓa(−ς)Γa(ς) = I, tr[Γa(−ς)Γb(ς)] = 2δab (13.2)

�5Ã'5µxaΓa(ς) = 0⇔ xa = 0 (13.3)

��5µX = xaΓa,∀X ∈��Ý
 (13.4)

Ðm��5µX = xaΓa ⇔ xa = 1
2
tr[Γa(−ς)X],∀X ∈��Ý
 (13.5)

2.2 ��Ý
é¡Ú�é¡ÄÐm

��Ý
é¡Ú�é¡Ä:Γa(ς)ε = {σ, iς}ε, [Γa(ς)ε]
T = {σ,−iς}ε, σε´é¡Ä,iςε´�é¡Ä"

5�2.2.1. xaΓa(ς)ε = 0⇔ xa = 0

5�2.2.2. X = 1
2
tr[ε̄Γa(−ς)X]Γa(ς)ε,∀X ∈��Ý
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y²: Xε̄ = 1
2
tr[Γa(−ς)Xε̄]Γa(ς),∀X ∈��Ý


⇔ X = 1
2
tr[Γa(−ς)Xε̄]Γa(ς)ε,∀X ∈��Ý


⇔ X = 1
2
tr[εε̄Γa(−ς)Xε̄]Γa(ς)ε, ∀X ∈��Ý


⇔ X = 1
2
tr[ε̄Γa(−ς)X]Γa(ς)ε, ∀X ∈��Ý


3 o�Ý
��Ðm

3.1 o�Ý
V�|ÄÐm

5�3.1.1. X = 1
4
tr[Γa(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X

y²: X = 1
2

[
tr[Γa(−ς)X11]Γa(ς) tr[Γa(−ς)X12]Γa(ς)

tr[Γa(−ς)X21]Γa(ς) tr[Γa(−ς)X22]Γa(ς)

]
,∀X

⇔ X = 1
2
Γa(ς)⊗

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
,∀X

⇔ X = 1
4
tr{Γb(−ς)

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
}Γa(ς)⊗ Γb(ς),∀X

⇔ X = 1
4
tr[Γa(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X

íØ3.1.1. tr{Γb(−ς)

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
} = tr[Γa(−ς)⊗ Γb(−ς)X]

3.2 >Ö�ÝÝ
C [5, 10]

½Â3.2.1. C̄γa(ς)C = −γTa (ς), CT = −C,C+ = C̄

íØ3.2.1. γa(ς)C = [γa(ς)C]T

y²: γa(ς)C = CC̄γa(ς)C = −CγTa (ς) = CTγTa (ς) = [γa(ς)C]T

íØ3.2.2. C̄γa(ς) = [C̄γa(ς)]
T

y²: C̄γa(ς) = C̄γa(ς)CC̄ = −γTa (ς)C̄ = −[C∗γa(ς)]
T = [C̄γa(ς)]

T

íØ3.2.3. Sab(e, ς)C = [Sab(e, ς)C]T

y²: Sab(e, ς)C = − i
4
[γa(ς)γb(ς)− γb(ς)γa(ς)]C

= − i
4
[CC̄γa(ς)CC̄γb(ς)C − CC̄γb(ς)CC̄γa(ς)C]

= − i
4
C[γTa (ς)γTb (ς)− γTb (ς)γTa (ς)] = −− i

4
CT [γb(ς)γa(ς)− γa(ς)γb(ς)]T

= CTSTab(e, ς) = [Sab(e, ς)C]T

íØ3.2.4. C̄Sab(e, ς) = [C̄Sab(e, ς)]
T

y²: C̄Sab(e, ς) = − i
4
C̄[γa(ς)γb(ς)− γb(ς)γa(ς)]

= − i
4
[C̄γa(ς)CC̄γb(ς)CC̄ − C̄γb(ς)CC̄γa(ς)CC̄]

= − i
4
[γTa (ς)γTb (ς)− γTb (ς)γTa (ς)]C̄ = i

4
[γb(ς)γa(ς)− γa(ς)γb(ς)]T C̄T

= STab(e, ς)C̄
T = [C̄Sab(e, ς)]

T

íØ3.2.5. C̄γ5(ς)C = γT5 (ς)

y²: C̄γ5(ς)C = C̄γx(ς)γy(ς)γz(ς)γπ(ς)C

= C̄γx(ς)CC̄γy(ς)CC̄γz(ς)CC̄γπ(ς)C

= γTx (ς)γTy (ς)γTz (ς)γTπ (ς) = [γπ(ς)γz(ς)γy(ς)γx(ς)]T = γT5 (ς)
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íØ3.2.6. C = −CT , C̄ = −C̄T ,

íØ3.2.7. γ5(ς)C = −[γ5(ς)C]T , C̄γ5(ς) = −[C̄γ5(ς)]T

íØ3.2.8. γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T

y²: γ5(ς)γa(ς)C = CC̄γ5(ς)CC̄γa(ς)C = −CγT5 (ς)γTa (ς)

= CTγT5 (ς)γTa (ς) = [γa(ς)γ5(ς)C]T = −[γ5(ς)γa(ς)C]T

íØ3.2.9. C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]
T

y²: C̄γ5(ς)γa(ς) = C̄γ5(ς)CC̄γa(ς)CC̄ = −γT5 (ς)γTa (ς)C̄

= γT5 (ς)γTa (ς)C̄T = [C̄γa(ς)γ5(ς)]T = −[C̄γ5(ς)γa(ς)]
T

o(µ

é¡Ä : γa(ς)C = [γa(ς)C]T , C̄γa(ς) = [C̄γa(ς)]
T , Sab(e, ς)C = [Sab(e, ς)C]T , C̄Sab(e, ς) = [C̄Sab(e, ς)]

T

�é¡Ä : C = −CT , C̄ = −C̄T , γ5(ς)C = −[γ5(ς)C]T , , C̄γ5(ς) = −[C̄γ5(ς)]T ,

γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T , C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]
T

3.3 AÏL�e).�Ý
 [5, 10]

�AÏL��).�Ý
µ[γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
�[Ðmµ

[γa(ς), γ5(ς)] = [(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
[γa(ς), γ5(ς)]γ5(ς) = −iς[(σx ⊗ σx, σy ⊗ σx, σz ⊗ σx, ςI ⊗ σy), iςI ⊗ I]

Sab(e, ς) = − i
4
[γa(ς), γb(ς)] = 1

2


0 σz ⊗ I −σy ⊗ I −ςσx ⊗ σz

−σz ⊗ I 0 σx ⊗ I −ςσy ⊗ σz
σy ⊗ I −σx ⊗ I 0 −ςσz ⊗ σz
ςσx ⊗ σz ςσy ⊗ σz ςσz ⊗ σz 0


AÏL�e�>Ö�ÝÝ
C = γy(ς)γπ(ς)

3.4 o�Ý
).�Ä [5, 10]Ðm

o�Ý
).���Ä: ΓA(ς) = [γa(ς), 2Sab(e, ς),−I4,−iγa(ς)γ5(ς),−γ5(ς)]

5�3.4.1. X = [imγa(ς)A
a + Sab(e, ς)F

ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1
4
trX

Φ = − 1
4
tr[γ5(ς)X]

,

imAa = 1
4
tr[γa(ς)X]

imAa = 1
4
tr[γa(ς)γ5(ς)X]

, F ab = 1
2
tr[Sab(e, ς)X]

y²: X = 1
4
tr[Γa(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X

⇔ X = [imγa(ς)A
a − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀XimAi = iς

4
tr[Γi(−ς)⊗ Γx(−ς)X] = 1

4
tr[γi(ς)γ5(ς)X]

imAπ = i
4
tr[Γπ(−ς)⊗ Γx(−ς)X] = 1

4
tr[γπ(ς)X]imAi = 1

4
tr[Γi(−ς)⊗ Γy(−ς)X] = 1

4
tr[γi(ς)X]

imAπ = ς
4
tr[Γπ(−ς)⊗ Γy(−ς)X] = 1

4
tr[γπ(ς)γ5(ς)X]F iπ = −F πi = − ς

4
tr[Γi(−ς)⊗ Γz(−ς)X] = − i

2
tr[Siπ(e, ς)X]

Φ = − i
4
tr[Γπ(−ς)⊗ Γz(−ς)X] = − 1

4
tr[γ5(ς)X]

F yz = −F zy = iς
4
tr[Γx(−ς)⊗ Γπ(−ς)X] = − i

2
tr[Syz(e, ς)X]

F zx = −F xz = iς
4
tr[Γy(−ς)⊗ Γπ(−ς)X] = − i

2
tr[Szx(e, ς)X]

F xy = −F yx = iς
4
tr[Γz(−ς)⊗ Γπ(−ς)X] = − i

2
tr[Sxy(e, ς)X]

φ = 1
4
tr[Γπ(−ς)⊗ Γπ(−ς)X] = − 1

4
trX
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⇔ X = [imγa(ς)A
a + Sab(e, ς)F

ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1
4
trX

Φ = − 1
4
tr[γ5(ς)X]

,

imAa = 1
4
tr[γa(ς)X]

imAa = 1
4
tr[γa(ς)γ5(ς)X]

, F ab = 1
2
tr[Sab(e, ς)X]

íØ3.4.1. X = [imγa(ς)A
a + Sab(e, ς)F

ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X
⇔ X = [imγa(ς)A

a + Sab(e, ς)F
ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1

4
trX

Φ = − 1
4
tr[γ5(ς)X]

,

imAa = 1
4
tr[γa(ς)X]

imAa = 1
4
tr[γa(ς)γ5(ς)X]

, F ab = 1
2
tr[Sab(e, ς)X]

3.5 o�Ý
é¡Ú�é¡ÄÐm

o�Ý
é¡Ú�é¡Ä: ΓA(ς) = [γa(ς), 2Sab(e, ς), | − I4,−iγa(ς)γ5(ς),−γ5(ς)]C

5�3.5.1. X = [imγa(ς)CA
a + Sab(e, ς)CF

ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

F ab = 1
2
tr[C̄Sab(e, ς)X],

imAa = 1
4
tr[C̄γa(ς)X]

imAa = − 1
4
tr[C̄γa(ς)γ5(ς)X]

,

φ = − 1
4
tr[C̄X]

Φ = − 1
4
tr[C̄γ5(ς)X]

y²: XC̄ = 1
4
tr[Γa(−ς)⊗ Γb(−ς)XC̄]Γa(ς)⊗ Γb(ς),∀X

⇔ XC̄ = [imγa(ς)A
a + Sab(e, ς)F

ab]− [φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]φ = − 1
4
tr[XC̄]

Φ = − 1
4
tr[γ5(ς)XC̄]

,

imAa = 1
4
tr[γa(ς)XC̄]

imAa = 1
4
tr[γa(ς)γ5(ς)XC̄]

, F ab = 1
2
tr[Sab(e, ς)XC̄]

⇔ X = [imγa(ς)CA
a + Sab(e, ς)CF

ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F ab = 1
2
tr[C̄Sab(e, ς)X],

imAa = 1
4
tr[C̄γa(ς)X]

imAa = 1
4
tr[C̄γa(ς)γ5(ς)X]

,

φ = − 1
4
tr[C̄X]

Φ = − 1
4
tr[C̄γ5(ς)X]

íØ3.5.1. X = [imγa(ς)CA
a − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

⇔ X = [imγa(ς)CA
a − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

iF ab = 1
2
tr[C̄Sab(e, ς)X],

imAa = 1
4
tr[C̄γa(ς)X]

imAa = 1
4
tr[C̄γa(ς)γ5(ς)X]

,

φ = − 1
4
tr[C̄X]

Φ = − 1
4
tr[C̄γ5(ς)X]

3.6 é¡o�Ý
Ðm

o�Ý
é¡Ä: ΓA(ς) = [γa(ς), 2Sab(e, ς)]C, C̄γa(ς)C = −γTa (ς), CT = C̄ = −C,C+(ς) = C̄

5�3.6.1. G = imγa(ς)CA
a + Sab(e, ς)CF

ab, G = GT , F ab = tr[C̄Sab(e, ς)G], imAa = 1
4
tr[C̄γa(ς)G]

y²: G = [imγa(ς)CA
a + Sab(e, ς)CF

ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F ab = 1
2
tr[C̄Sab(e, ς)G], G = GT ,

imAa = 1
4
tr[C̄γa(ς)G]

imAa = 1
4
tr[C̄γa(ς)γ5(ς)G] = 0

,

φ = − 1
4
tr[C̄G] = 0

Φ = − 1
4
tr[C̄γ5(ς)G] = 0

⇔ G = imγa(ς)CA
a + Sab(e, ς)CF

ab, G = GT , F ab = 1
2
tr[C̄Sab(e, ς)G], imAa = 1

4
tr[C̄γa(ς)G]

4 g^-1�Bargmann-Wigner�§ [18]

4.1 k�þg^-1�Bargmann-Wigner�§�©Û

Ún4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔

i(DbFab
σ +m2Aa

σ) = 1
4
tr[C̄γa(ς)J[κςµς ]

σ],m[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2
tr[C̄Sab(e, ς)J[κςµς ]

σ]

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ], 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ]
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y²: [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔ imγc(ς)γa(ς)DcAa
σ + γc(ς)Sab(e, ς)DcFab

σ + im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄

⇔ im[δca + 2iSca(e, ς)]DcAa
σ − i

2
[εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ

+ im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄,

⇔ im[DaAa
σ + 2iSab(e, ς)DaAb

σ]− i
2
[εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ

+ im2γa(ς)Aa
σ +mSab(e, ς)Fab

σ = J[κςµς ]
σC̄

⇔ i(DbFab
σ +m2Aa

σ)γa(ς)C +m[Fab
σ − (DaAb

σ −DbAa
σ)]Sab(e, ς)C

+ imDaAa
σC + iDb∗Fabσγ5(ς)γa(ς)C = J[κςµς ]

σ

⇔

i(DbFab
σ +m2Aa

σ) = 1
4
tr[C̄γa(ς)J[κςµς ]

σ],m[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2
tr[C̄Sab(e, ς)J[κςµς ]

σ]

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ], 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ]

Ún4.1.2.



i(DbFab
σ +m2Aa

σ) = 1
4
tr[C̄γa(ς)J[κςµς ]

σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2
tr[C̄Sab(e, ς)J[κςµς ]

σ] = 0

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ] = 0, 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ]

iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ] = 0

⇔

DbFab
σ +m2Aa

σ = Ja
σ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

J[κςµς ]
σ = −iJaσγa(ς)C

y²:



i(DbFab
σ +m2Aa

σ) = 1
4
tr[C̄γa(ς)J[κςµς ]

σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2
tr[C̄Sab(e, ς)J[κςµς ]

σ] = 0

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ] = 0, 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ]

iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ] = 0

⇔


i(DbFab

σ +m2Aa
σ) = 1

4
tr[C̄γa(ς)J[κςµς ]

σ], Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

J[κςµς ]
σ =

 0 J [1ς2ς ]σ

J [2ς1ς ]σ 0

 , 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ] = 0

⇔


i(DbFab

σ +m2Aa
σ) = 1

4
tr[C̄γa(ς)J[κςµς ]

σ], J[κςµς ]
σ =

 0 Ja
σΓa(ς)ε̄

Ja
σΓa(−ς)ε̄ 0


Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

⇔

DbFab
σ +m2Aa

σ = Ja
σ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

J[κςµς ]
σ = −iJaσγa(ς)C

íØ4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = −iJaσγa(ς)C
⇔ DbFab

σ +m2Aa
σ = −Jaσ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

íØ4.1.2. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = −iJaσγa(ς)C

⇔

[γc(ς)Dc +m][imγa(ς)C − 2Sab(e, ς)CDb]Aa
σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

íØ4.1.3.

[γc(ς)Dc +m][imγa(ς)C − 2Sab(e, ς)CDb]Aa
σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

⇔ DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0
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íØ4.1.4.

[γc(ς)∂c +m][imγa(ς)C − 2Sab(e, ς)C∂b]Aa
σ = −iJaσγa(ς)C

Fab
σ = ∂aAb

σ − ∂bAaσ

⇔ ∂bFab
σ +m2Aa

σ = −Jaσ, Fabσ = ∂aAb
σ − ∂bAaσ, ∂aJaσ = 0

íØ4.1.5.

[γc(ς)Dc +m]ψ[λςµς ]
σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = imγa(ς)CAa

σ + Sab(e, ς)CFab
σ
⇔


[γc(ς)Dc +m]ψ[λςµς ]

σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

Fab
σ = DaAb

σ −DbAa
σ

íØ4.1.6.

[γc(ς)Dc +m]ψ[λςµς ]
σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ
⇔

[γc(ς)Dc +m]ψ[λςµς ]
σ = −iJaσγa(ς)C

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

íØ4.1.7.

[γc(ς)Dc +m]ψ[λςµς ]
σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ

⇔

DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)CDb]Aa

σ

íØ4.1.8.

[γc(ς)∂c +m]ψ[λςµς ]
σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ

⇔

∂bFab
σ +m2Aa

σ = −Jaσ, ∂aJaσ = 0, Fab
σ = ∂aAb

σ − ∂bAaσ

ψ[λςµς ]
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]Aa

σ

4.2 k�þg^-1�Bargmann-Wigner�§

½n4.2.1.

[γc(ς)∂c +m]ψ[λς ]µς
σ = −iJaσγa(ς)C

ψλςµς
σ = ψµςλς

σ
⇔


(−∂b∂b +m2)Aa

σ = −Jaσ

∂aAa
σ = 0, ∂aJa

σ = 0

ψλςµς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAa

σ

4.3 Ã�þg^-1�Bargmann-Wigner�§�©Û

Ún4.3.1. [γc(ς)Dc +m][imγa(ς)CAa
σ + Sab(e, ς)CFab

σ] = J[κςµς ]
σ,

⇔

i(DbFab
σ +m2Aa

σ) = 1
4
tr[C̄γa(ς)J[κςµς ]

σ],m[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2
tr[C̄Sab(e, ς)J[κςµς ]

σ]

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ], 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ]

y²: γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = J[κςµς ]

σ

⇔ imγc(ς)γa(ς)DcAa
σ + γc(ς)Sab(e, ς)DcFab

σ = J[κςµς ]
σC̄

⇔ im[δca + 2iSca(e, ς)]DcAa
σ − i

2
[εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ = J[κςµς ]
σC̄

⇔ im[DaAa
σ + 2iSab(e, ς)DaAb

σ]− i
2
[εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ = J[κςµς ]
σC̄

⇔ iDbFab
σγa(ς)C + im[(DaAb

σ −DbAa
σ)]Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = J[κςµς ]
σ

⇔

iDbFab
σ = 1

4
tr[C̄γa(ς)J[κςµς ]

σ],−m(DaAb
σ −DbAa

σ) = 1
2
tr[C̄Sab(e, ς)J[κςµς ]

σ]

imDaAa
σ = 1

4
tr[C̄J[κςµς ]

σ], 0 = 1
4
tr[C̄γ5(ς)J[κςµς ]

σ], iDb∗Fabσ = 1
4
tr[C̄γa(ς)γ5(ς)J[κςµς ]

σ]

4.4 Ã�þg^-1�Bargmann-Wigner�§

íØ4.4.1. γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = −iJaσγa(ς)C

⇔ DbFab
σ = −Jaσ, Db∗Fabσ = 0, DaAb

σ −DbAa
σ = 0, DaAa

σ = 0

210



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 113Ù Bargmann-Wigner�§�©Û

y²: γc(ς)Dc[imγ
a(ς)CAa

σ + Sab(e, ς)CFab
σ] = −iJaσγa(ς)C

⇔ iDbFab
σγa(ς)C −m(DaAb

σ −DbAa
σ)Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = −iJaσγa(ς)C
⇔ DbFab

σ = −Jaσ, Db∗Fabσ = 0, DaAb
σ −DbAa

σ = 0, DaAa
σ = 0

íØ4.4.2. γc(ς)∂c[imγ
a(ς)CAa + Sab(e, ς)CFab] = −iJaγa(ς)C

⇔ ∂bFab = −Ja, ∂b ∗ Fab = 0, ∂a∂aφ = 0, Aa = ∂aφ

3Ã�þ�/§duFab
σ, Aa

σ���pÕá§Ã{���{'!�k¿Â�(Ø§�kõ{��§§w�ö

Y�YØ
{'§�Ã{g,/�pg^�/í2"¤±Bargmann-Wigner�§q�Ø�·Ü£�Ã�þâ

f§�·Ü£�Ã�þâf�´Penrose^þ�§ [1, 2](g^�§)"

5 g^-3
2, 2�Bargmann-Wigner�§ [18]

5.1 k�þg^-3
2
�Bargmann-Wigner�§�©Û

íØ5.1.1. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄ψλς [µςης ]
σ] = 0

⇒ [imγa(ς)− 2Sab(e, ς)Db]Aa[ης ]
σ = 0

íØ5.1.2. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇒ [imγa(ς) + 2Sab(e, ς)Db]Aa[ης ]
σ = 0

íØ5.1.3. ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης

σ tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0,

⇒ [imγa(ς)γc(ς) + 2Sab(e, ς)γc(ς)Db]Aa[ης ]
σ = 0

íØ5.1.4.

ψλςµςηςσ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

tr[C̄ψλς [µςης ]
σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]

σ] = 0

⇔

ψλςµςηςσ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

γa(ς)Aa[ης ]
σ = 0, DaAa[ης ]

σ = 0

íØ5.1.5. ψλςµςης
σ = ψλςηςµς

σ

⇔ tr[C̄ψλς [µςης ]
σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]

σ] = 0, tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0

íØ5.1.6.

ψλςµςηςσ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

ψλςµςης
σ = ψλςηςµς

σ

⇔

ψλςµςηςσ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

íØ5.1.7.

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

γa(ς)Aa[ης ]ξς
σ = 0

⇔

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

y²: Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ, γa(ς)Aa[ης ]ξς
σ = 0

⇔

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

im[δab + 2iSab(e, ς)]Aab
σ − iγd(ς)γ5(ς)εabzd∂zAab

σ + iγz(ς)(δab∂zAab
σ − ∂aAazσ) = 0

⇔

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

δabAab
σ = 0, Aab

σ −Abaσ = 0, (ς)εabzd∂zAab
σ = 0, (δab∂zAab

σ − ∂aAazσ) = 0

⇔

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0
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5.2 ���¥k�þg^-3
2
�Bargmann-Wigner�§

Ún5.2.1. [γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0⇒ DaAa[ης ]
σ = 0

y²: [γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ γa(ς)[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ γa(ς)γb(ς)DbAa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ [γa(ς)γb(ς) + γb(ς)γa(ς)− γb(ς)γa(ς)]DbAa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇒ 2δabDbAa[ης ]
σ − γb(ς)Db[γ

a(ς)Aa[ης ]
σ] = 0, γa(ς)Aa[ης ]

σ = 0

⇒ DaAa[ης ]
σ = 0

Ún5.2.2. [γb(ς)∂b +m]Aa[ης ]
σ = 0⇒ (∂b∂

b −m2)Aa[ης ]
σ = 0

y²: [γb(ς)∂b +m]Aa[ης ]
σ = 0

⇒ [γb(ς)∂b −m][γb(ς)∂b +m]Aa[ης ]
σ = 0

⇒ [γb(ς)γc(ς)∂b∂c −m2]Aa[ης ]
σ = 0

⇒ {[δbc + 2iSab(e, ς)]∂b∂c −m2}Aa[ης ]
σ = 0

⇒ (∂b∂
b −m2)Aa[ης ]

σ = 0

½n5.2.1.

[γa(ς)Da +m]κς
λςψ[λςµς ]ης

σ = −iJaης
σγa(ς)C

ψλςµςης
σØσ	�é¡

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

y²: [γa(ς)Da +m]κς
λςψ[λςµς ]ης

σ = −iJaης
σγa(ς)C,ψλςµςης

σØσ	�é¡

⇔

[γa(ς)Da +m]κς
λςψλςµςης

σ = −iJaης
σγa(ς)C,ψλςµςης

σ = ψµςλςης
σ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0, tr[C̄ψλς [µςης ]

σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇔

[γa(ς)Da +m]κς
λςψλςµςης

σ = −iJaης
σγa(ς)C,ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]
σ] = 0, tr[C̄ψλς [µςης ]

σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]
σ] = 0

⇔

[γa(ς)Da +m]κς
λςψλςµςης

σ = −iJaης
σγa(ς)C,ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, DaAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ, DaAaης

σ = 0

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, DaAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)CDb]λςµςAaης
σ

DbFabης
σ +m2Aaης

σ = −Jaης
σ, Db∗Fabης

σ = 0, Fabης
σ = DaAbης

σ −DbAaης
σ

[γb(ς)Db +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, γa(ς)Ja[ης ]
σ = 0

3���¥�§ØU?�Ú{z§¤±Ã{���{'�k¿Â�(Ø"
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5.3 ²"��¥k�þg^-3
2
�Bargmann-Wigner�§���¦?

½n5.3.1.

[γa(ς)∂a +m]κς
λςψ[λςµς ]ης

σ = −iJaης
σγa(ς)C

ψλςµςης
σØσ	�é¡

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = 0, Jaης
σ = 0, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

y²:

[γa(ς)∂a +m]κς
λςψ[λςµς ]ης

σ = −iJaης
σγa(ς)C

ψλςµςης
σØσ	�é¡

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = −Jaης
σ, ∂b∗Fabης

σ = 0, Fabης
σ = ∂aAbης

σ − ∂bAaης
σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = −Jaης
σ, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0, ∂aAa[ης ]
σ = 0

⇔


ψλςµςης

σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης
σ

∂bFabης
σ +m2Aaης

σ = 0, Jaης
σ = 0, Fabης

σ = ∂aAbης
σ − ∂bAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

�éu����/§3²"��¥�§?�Ú��
{z§��
�{'�k¿Â�(Ø§�§��gT

5�gÄ�¦�7L�"(???)"

5.4 ²"��¥k�þg^-3
2
�Bargmann-Wigner�§ [19]

½n5.4.1.

[γa(ς)∂a +m]ψ[λς ]µςης
σ = 0

ψλςµςης
σØσ	�é¡

⇔

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

y²:

[γa(ς)∂a +m]ψ[λς ]µςης
σ = 0

ψλςµςης
σØσ	�é¡

⇔


[γa(ς)∂a +m]ψ[λς ]µςης

σ = 0

ψλςµςης
σ = ψµςλςης

σ

ψλςµςης
σ = ψλςηςµς

σ

⇔


(−∂b∂b +m2)Aaης

σ = 0, ∂aAaης
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

ψλςµςης
σ = ψλςηςµς

σ

⇔


(−∂b∂b +m2)Aaης

σ = 0, ∂aAaης
σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

⇔

[γb(ς)∂b +m]Aa[ης ]
σ = 0, γa(ς)Aa[ης ]

σ = 0

ψλςµςης
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaης

σ
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5.5 ²"��¥k�þg^-2�Bargmann-Wigner�§

½n5.5.1.

[γa(ς)∂a +m]ψ[λς ]µςηςξς
σ = 0

ψλςµςηςξς
σØ

σ
	�é¡

⇔

(−∂d∂d +m2)Aab
σ = 0, δabAab

σ = 0, Aab
σ = Aba

σ, ∂aAab
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sac(e, ς)C∂c]λςµς [imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab
σ

y²:

[γa(ς)∂a +m]ψ[λς ]µςηςξς
σ = 0

ψλςµςηςξς
σØ

σ
	�é¡

⇔


[γa(ς)∂a +m]ψ[λς ]µςηςξς

σ = 0

ψλςµςηςξς
σØξς

σ	�é¡

ψλςµςηςξς
σ = ψλςµςξςης

σ

⇔


[γb(ς)∂b +m]Aa[ης ]ξς

σ = 0, γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

ψλςµςηςξς
σ = ψλςµςξςης

σ

⇔


[γb(ς)∂b +m]Aa[ης ]ξς

σ = 0, Aaηςξς
σ = Aaξςης

σ

γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔



(−∂d∂d +m2)Aab
σ = 0, ∂bAab

σ = 0

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

γa(ς)Aa[ης ]ξς
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔



(−∂d∂d +m2)Aab
σ = 0, ∂bAab

σ = 0

Aaηςξς
σ = [imγb(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab

σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµςAaηςξς

σ

⇔

(−∂d∂d +m2)Aab
σ = 0, δabAab

σ = 0, Aab
σ = Aba

σ, ∂aAab
σ = 0

ψλςµςηςξς
σ = [imγa(ς)C − 2Sab(e, ς)C∂b]λςµς [imγ

b(ς)C − 2Sbz(e, ς)C∂z]ηςξςAab
σ

íØ5.5.1.

[γa(ς)∂a +m]κς
λςXaλςµςX

b
ηςξς

Aab
σ = 0

XaλςµςX
b
ηςξς

Aab
σ = XaλςηςX

b
µςξς

Aab
σ

⇔

(−∂d∂d +m2)Aab
σ = 0

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

íØ5.5.2. XaλςµςX
b
ηςξς

Aab = XaµςηςX
b
λςξς

Aab ⇔???

6 ²"��¥?¿g^âf�Bargmann-Wigner�§

6.1 ²"��¥k�þg^s = n�Bargmann-Wigner�§ [18, 20,23]

½Â6.1.1. Xa := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa := [imγa(ς)− 2Sab(e, ς)∂b]C
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½n6.1.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n

σ = 0

ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸
2n

σØ
σ
	�é¡

⇔



(−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0, Aabc · ·︸ ︷︷ ︸
n

σØ
σ
	�é¡

δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

σ

íØ6.1.1.


[γa(ς)∂a +m]

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

σ = 0⇔ (−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0

Aabc · ·︸ ︷︷ ︸
n

σ = 1
n!
A{abc · ·}︸ ︷︷ ︸

n

σ, δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

6.2 ²"��¥k�þg^s = n+ 1
2
�Bargmann-Wigner�§ [18, 20,21]

½n6.2.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n+1

σ = 0

ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σØ
σ
	�é¡

⇔



[γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0, Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σØζς

σ	�é¡

δabAabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ

íØ6.2.1.


[γa(ς)∂a +m]

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0⇔ [γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 1

n!
A{abc · ·}︸ ︷︷ ︸

n

[ζς ]
σ, δabAabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

æ^êÆ8B{¿$^s = 3
2
Ús = 2�ínE|�N´¿î�y²��±þü�½n§e¡m©y²"

6.3 ^êÆ8B{î�y²±þü�½n

y²: æ^êÆ8B{�åy²±þü�½n"

1�Úµs = 1/2�¤áµ

[γa(ς)∂a +m]ψ[λς ]
σ = 0

ψλς
σØ

σ
	�é¡

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
0

[λς ]
σ = 0, Aab · ·︸ ︷︷ ︸

0

ης
σØλς

σ	�é¡

δabAab · ·︸ ︷︷ ︸
0

[λς ]
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

0

[λς ]
σ = 0

ψλς
σ = Aab · ·︸ ︷︷ ︸

0

λς
σ

1�Úµb�s = n− 1/2�¤áµ


[γa(ς)∂a +m]ψ[λς ]µς · ·ης︸ ︷︷ ︸

2n−1

σ = 0

ψλςµς · ·ης︸ ︷︷ ︸
2n−1

σØ
σ
	�é¡

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ης
σØης

σ	�é¡

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]
σ = 0

ψλςµς · ·ης︸ ︷︷ ︸
2n−1

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ης
σ

1nÚs = n�§

1µ


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξς︸ ︷︷ ︸

2n

σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σØσ	�é¡
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⇔


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξς︸ ︷︷ ︸

2n

σ = 0, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σØξς
σ	�é¡

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ = ψλςµς · ·ξςης︸ ︷︷ ︸
2n

σ

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ηςξς
σØηςξς

σ	�é¡

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ, ψλςµς · ·ηςξς︸ ︷︷ ︸

2n

σ = ψλςµς · ·ξςης︸ ︷︷ ︸
2n

σ

⇔



[γd(ς)∂d +m]Aab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, Aab · ·︸ ︷︷ ︸

n−1

ηςξς
σØηςξς

σ	�é¡

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = Aab · ·︸ ︷︷ ︸

n−1

ξςης
σ, ψλςµς · ·ηςξς︸ ︷︷ ︸

2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σØηςξς

σ	�é¡

δabAab · ·︸ ︷︷ ︸
n−1

[ης ]ξς
σ = 0, γa(ς)Aab · ·︸ ︷︷ ︸

n−1

[ης ]ξς
σ = 0, ∂cAab · ·c︸ ︷︷ ︸

n

σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = XcηςξςAab · ·c︸ ︷︷ ︸

n

σ, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, ∂cAab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σØηςξς

σ	�é¡

δabAab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·c︸ ︷︷ ︸
n

σ = Acb · ·a︸ ︷︷ ︸
n

σ, ∂aAab · ·c︸ ︷︷ ︸
n

σ = 0

Aab · ·︸ ︷︷ ︸
n−1

ηςξς
σ = XcηςξςAab · ·c︸ ︷︷ ︸

n

σ, ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n−1︷ ︸︸ ︷
Xaλςµς · ·Aa · ·︸︷︷︸

n−1

ηςξς
σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

σ = 0, Aab · ·c︸ ︷︷ ︸
n

σØσ	�é¡

δabAab · ·c︸ ︷︷ ︸
n

σ = 0, ∂aAab · ·c︸ ︷︷ ︸
n

σ = 0

ψλςµς · ·ηςξς︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς

Aa · ·c︸ ︷︷ ︸
n

σ

1nÚs = n+ 1/2�§

2µ


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ = 0

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σØσ	�é¡

⇔


[γa(ς)∂a +m]ψ[λς ]µς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σØζς
σ	�é¡

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ = ψλςµς · ·ηςζςξς︸ ︷︷ ︸
2n+1

σ
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⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σØζς

σ	�é¡

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, ∂aAab · ·c︸ ︷︷ ︸

n

ζς
σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς

Aa · ·c︸ ︷︷ ︸
n

ζς
σ

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ = ψλςµς · ·ηςζςξς︸ ︷︷ ︸
2n+1

σ

⇔



(−∂d∂d +m2)Aab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σØζς

σ	�é¡

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, ∂aAab · ·c︸ ︷︷ ︸

n

ζς
σ = 0, ψλςµς · ·ηςξςζς︸ ︷︷ ︸

2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς

Aa · ·c︸ ︷︷ ︸
n

ζς
σ

[γd(ς)∂d +m]Aab · ·c︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa(ς)Aab · ·c︸ ︷︷ ︸

n

[ζς ]
σ = 0

⇔



[γd(ς)∂d +m]Aab · ·c︸ ︷︷ ︸
n

[ζς ]
σ = 0, Aab · ·c︸ ︷︷ ︸

n

ζς
σØζς

σ	�é¡

δabAab · ·c︸ ︷︷ ︸
n

ζς
σ = 0, γa(ς)Aab · ·c︸ ︷︷ ︸

n

[ζς ]
σ = 0

ψλςµς · ·ηςξςζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
Xaλςµς · ·X

c
ηςξς

Aa · ·c︸ ︷︷ ︸
n

ζς
σ

dÚy²
s = nÚs = n+ 1/2�·KÑ¤á"

1oÚµ�â±þ8B{ín§·K¤á§±þü�½nÓ��y"

6.4 ék�þg^�Bargmann-Wigner�§�µã

lþ��§3²"��¥Bargmann-Wigner�§3��êg^�/�duRarita-Schwinger�§ [21]§

3�êg^�/�duKlein-Gordon�§ [23]§�«
Bargmann-Wigner�§��´L�ÔnSº"�XJ

�Ä����§¿ØU��ù��d(J§�k÷v�½^���âU¤á§¿��kg^�s = 1
2
Ús =

1âU��§éug^�s = 3
2
½±þ§�§S3gT5�¦�7L�"",	3���¥§du2Â�

C�ê���3��ù��d(ØØ2¤á§ù��¹ØXPenrose^þ�§½g^�§�5�Ð"o�5`§

Penrose^þ�§½g^�§�·Ü£�Ã�þâf§Bargmann-Wigner�§�·Ü£�k�þâf"

6.5 Bargmann-Wignerg^�§/ª

 ~�é¥þ�Iµ(m>´Penrose{P{§^
P
=L«")

iς√
2

(σ,−iς)A
′
ςAς

a δab
−iς√

2
(σ, iς)bBςB′ς = δAςBς δ

A′ς
B′ς

δab
P
= δABδ

A′

B′ (13.6)

iς√
2

(σ,−iς)A
′
ςAς

a δab
iς√

2
(σ,−iς)B

′
ςBς

b = εABεA
′B′ δab

P
= εABεA

′B′ (13.7)

−iς√
2

(σ, iς)aAςA′ςδab
−iς√

2
(σ, iς)bBςB′ς = εAςBςεA′ςB′ς δab

P
= εABεA′B′ (13.8)

Ún6.5.1. γaλς
µς

=
[

0 −i(σ,iς)a
i(σ,−iς)a 0

]
=

[
0aAςBς −i(σ,iς)a

AςB′ς

i(σ,−iς)
A′ςBς
a 0

A′ςB
′
ς

a

]
6.6 Bargmann-Wignerg^�§/ª

½Â6.6.1.

Sabjς kς (e, s) := 2sNλς lς
jς

(s, 3)Sabλς
µς (e, ς)Nkς

µς lς
(s, 3)

Zakςρς lς
(s, 3) := γaρς

λςNkς
λς lς

(s, 3), Z̄ρς lςajς
(s, 3) := Nλς lς

jς
(s, 3)γaλς

ρς

Ún6.6.1. Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3) = 1
s
[sδa

bδjς
kς + iSa

b
jς
kς (e, s)]
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y²: Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3)

= Nλς lς
jς

(s, 3)γaλς
ρςγbρς

µςNkς
µς lς

(s, 3)

= Nλς lς
jς

(s, 3)(γaγ
b)λς

µςNkς
µς lς

(s, 3)

= Nλς lς
jς

(s, 3)[δa
b + 2iSa

b(e, ς)]λς
µςNkς

µς lς
(s, 3)

= δa
bδjς

kς +Nλς lς
jς

(s, 3)2iSa
b
λς
µς (e, ς)Nkς

µς lς
(s, 3)

= 1
s
[sδa

bδjς
kς + iSa

b
jς
kς (e, s)]

y²: Zakςρ′ς l
′
ς
(s, 3)Z̄ρς lςakς

(s, 3)

= γaρ′ς
λ′ςNkς

λ′ς l
′
ς
(s, 3)Nλς lς

kς
(s, 3)γaλς

ρς

= γaρ′ς
λ′ςγaλς

ρςNkς
λ′ς l
′
ς
(s, 3)Nλς lς

kς
(s, 3)

½n6.6.1. (γa∂a +m)ρς
λςψλςµςης · ·︸ ︷︷ ︸

2s

= 0⇒

[γa(s)∂a + sm]ψ(e, s) = 0

[s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

y²: (γa∂a +m)ρς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2s

= 0

⇔ (γa∂a +m)ρς
λςΓkςλςµςης · ·︸ ︷︷ ︸

2s

(s, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)Γlςµςης · ·︸ ︷︷ ︸

2s−1

(s− 1
2
, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇒ Nρς lς
jς

(s, 3)(γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇔ [γa(s)∂a + sm]jς
kςψkς (e, s) = 0

⇔ [γa(s)∂a + sm]ψ(e, s) = 0

y²: (γa∂a +m)ρς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2s

= 0

⇔ (γa∂a +m)ρς
λςΓkςλςµςης · ·︸ ︷︷ ︸

2s

(s, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)Γlςµςης · ·︸ ︷︷ ︸

2s−1

(s− 1
2
, 3)ψkς (e, s) = 0

⇔ (γa∂a +m)ρς
λςNkς

λς lς
(s, 3)ψkς (e, s) = 0

⇔ γaρς
λςNkς

λς lς
(s, 3)∂aψkς (e, s) = −mNkς

ρς lς
(s, 3)ψkς (e, s)

⇔ Zakςρς lς
(s, 3)∂aψkς (e, s) = −mNkς

ρς lς
(s, 3)ψkς (e, s)

⇒ Z̄ρς lςajς
(s, 3)Zbkςρς lς

(s, 3)∂bψkς (e, s) = −mZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [sδabδjς
kς + iSabjς

kς (e, s)]∂bψkς (e, s) = −smZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [s∂a + iSab(e, s)∂
b]jς

kςψkς (e, s) = −smZ̄ρς lςajς
(s, 3)Nkς

ρς lς
(s, 3)ψkς (e, s)

⇔ [s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

íØ6.6.1.

[γa(s)∂a + sm]ψ(e, s) = 0

[s∂a + iSab(e, s)∂
b]ψ(e, s) = −mγa(s)ψ(e, s)

⇔

[γa(s)∂a + sm]ψ(e, s) = 0

1
s
γa(s)γb(s)∂

bψ(e, s) = [sδab + iSab(e, s)]∂
bψ(e, s)

7 �é¡5�Dirac�§ [5]

7.1 k�þ�é¡5Dirac�§�©Û

½n7.1.1. [γc(ς)∂c +m]F[λςµς ] = J, Fλςµς = −Fµςλς

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C
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y²: [γa(ς)∂a +m]F[λςµς ] = J, Fλςµς = −Fµςλς

⇔

[γb(ς)∂b +m]F[λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[γb(ς)∂b +m][Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[γb(ς)∂b +m][φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

mφ+ γa(ς)∂
aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)Φ = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

mφ+ γa(ς)∂
aφ− 2mSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)(Φ + i∂aA

a) = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

mγ5(ς)φ− γa(ς)γ5(ς)∂aφ− 2mSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ) +m(Φ + i∂aA

a) = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

7.2 Ã�þ�é¡5Dirac�§�©Û

½n7.2.1. γc(ς)∂cF[λςµς ] = J, Fλςµς = −Fµςλς

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)∂aΦ]C + [im∂aA

a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

y²: γa(ς)∂aF[λςµς ] = J, Fλςµς = −Fµςλς

⇔

γb(ς)∂bF[λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γb(ς)∂b[Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γb(ς)∂b[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γa(ς)∂aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γa(ς)∂aφ− 2mSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ + imγ5(ς)∂aA
a = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

−γa(ς)γ5(ς)∂aφ− 2mSab(e, ς)∂
aAb − γa(ς)∂aΦ + im∂aA

a = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)∂aΦ]C + [im∂aA

a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C
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7.3 k�þ�Iþ|�§

½n7.3.1.

[γa(ς)∂a +m]F[λςµς ] = j
m
γ5(ς)C

Fλςµς = −Fµςλς
⇔

(−∂a∂a +m2)Φ = −j

F = 1
m

[γa(ς)∂a −m]γ5(ς)CΦ

y²:

[γa(ς)∂a +m]F[λςµς ] = j
m
γ5(ς)C

Fλςµς = −Fµςλς

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = − j
m
C

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa, (im2Aa + ∂aΦ) = 0, φ = 0, ∂aφ = 0

m2(Φ + i∂aA
a) = −j

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂a∂a +m2)Φ = −j

Aa = im−2∂aΦ, φ = 0

F = 1
m

[γa(ς)∂a −m]γ5(ς)CΦ

⇔

(−∂a∂a +m2)Φ = −j

F = 1
m

[γa(ς)∂a −m]γ5(ς)CΦ

íØ7.3.1. [γa(ς)∂a +m][γa(ς)∂a −m]γ5(ς)CΦ = jγ5(ς)C ⇔ (−∂a∂a +m2)Φ = −j

7.4 Ã�þ�Iþ|�§

íØ7.4.1. γa(ς)∂a[γ
b(ς)∂bγ5(ς)CΦ] = jγ5(ς)C ⇔ γa(ς)∂a[γ

b(ς)∂bCΦ] = jC ⇔ ∂a∂aΦ = j

íØ7.4.2. γa(ς)∂
a[γ5(ς)CΦ] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂

a[CΦ] = γa(ς)CJ
a ⇔ ∂aΦ = Ja

7.5 k�þ�¥þ|�§

½n7.5.1.

[γa(ς)∂a +m]F[λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς
⇔

(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa

y²:

[γa(ς)∂a +m]F[λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς

⇔

[−2mSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = iγa(ς)CJ
a

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0, ∂aφ = 0

(im2Aa + ∂aΦ) = −iJa

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂b∂b +m2)Aa = −Ja

∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0

F = i[∂a −mγa(ς)]γ5(ς)CAa

⇔

(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa
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íØ7.5.1. [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

y²: [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ −2mSab(e, ς)∂
aAb − iγa(ς)(m2Aa − ∂a∂bAb) = iγa(ς)J

a

⇔ −∂a∂bAb +m2Aa = −Ja, ∂aAb = ∂bAa

⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

7.6 Ã�þ�¥þ|�§

íØ7.6.1. γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ ∂b∂bA

a = Ja, ∂aAb = ∂bAa, ∂aA
a = 0

y²: γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ [−2mSab(e, ς)∂
aAb + iγa(ς)∂

a∂bA
b] + im∂aA

a = iγa(ς)J
a

⇔ ∂a∂bA
b = Ja, ∂aAb = ∂bAa, ∂aA

a = 0

⇔ ∂b∂bA
a = Ja, ∂aAb = ∂bAa, ∂aA

a = 0

íØ7.6.2. γa(ς)∂
a[γ5(ς)C∂bA

b] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂
a[C∂bA

b] = γa(ς)CJ
a ⇔ ∂a∂bA

b = Ja

íØ7.6.3. γb(ς)∂
b[γa(ς)γ5(ς)CAa] = γ5(ς)[jC + JabSab(e, ς)]

⇔ γb(ς)∂
b[γa(ς)CAa] = jC + JabSab(e, ς)

⇔ ∂aAb − ∂bAa = Jab, ∂aA
a = j
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�#�

âfÍÜnØ"

1 p?L�C�E|

1.1 L�C��~êØCÜþ

½n1.1.1. ψ′ = Sψ ⇒ Λ(ψ′) = SΛ(ψ)S−1 ⇔ S = Λ(ψ′)SΛ−1(ψ)⇔ S−1 = Λ(ψ)S−1Λ−1(ψ′)

¤±L�C�Ò´����~êØCÜþ"�¤©þ/ªXeµ

íØ1.1.1. ψ′α
′

= Sα
′
αψ

α, ψα = S−1α
α′ψ

α′

1.2 L�C�S̃(s)Ú~êÝ
Σ(s)�Ú\9Ù5�

1.2.1 L�C�Ý
S̃(s)�Ú\

½Â1.2.1. S̃(s) :=
[
N̄(s)

X̄(s)

]
, S̃+(s) = [N(s), X(s)]

íØ1.2.1.

S̃+(s)S̃(s) = I4s ⇔ N(s)N̄(s) +X(s)X̄(s) = I4s

S̃(s)S̃+(s) = I4s ⇔ N̄(s)N(s) = I2s+1, X̄(s)X(s) = I2s−1, N̄(s)X(s) = 0, X̄(s)N(s) = 0

íØ1.2.2.

S̃(s)[σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)] =

[
σ(s) 0

0 σ(s−1)

]
S̃(s)

[σ( 1
2
)⊗ I2s + I ⊗ σ(s− 1

2
)]S̃+(s) = S̃+(s)

[
σ(s) 0

0 σ(s−1)

]
íØ1.2.3. S̃(s)[σ( 1

2
)⊗ I2s + I ⊗ σ(s− 1

2
)]S̃+(s) =

[
σ(s) 0

0 σ(s−1)

]

íØ1.2.4. S̃(s) = 1√
2s



√
2s 0 0 0 0 0 0 0 0 0

0
√

1
√

2s−1 0 0 0 0 0 0 0

0 0 0
√

2
√

2s−2 0 0 0 0 0
0 0 0 0 0 ··· ··· 0 0 0
0 0 0 0 0 0 0

√
2s−1

√
1 0

0 0 0 0 0 0 0 0 0
√

2s

0 −
√

2s−1
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2s−2
√

2 0 0 0 0 0
0 0 0 0 0 ··· ··· 0 0 0
0 0 0 0 0 0 0 −

√
1
√

2s−1 0


=

[
N1ς (s)tN2ς (s)√

1− 1
2s
·N̄2ς (s− 1

2
)t[−N̄1ς (s− 1

2
)]

]

íØ1.2.5. S̃+(s) = 1√
2s



√
2s 0 0 0 0 0 0 0 0 0

0
√

1 0 0 0 0 −
√

2s−1 0 0 0

0
√

2s−1 0 0 0 0
√

1 0 0 0

0 0
√

2 0 0 0 0 −
√

2s−2 0 0

0 0
√

2s−2 0 0 0 0
√

2 0 0
0 0 0 ··· 0 0 0 0 ··· 0
0 0 0 ··· 0 0 0 0 ··· 0
0 0 0 0

√
2s−1 0 0 0 0 −

√
1

0 0 0 0
√

1 0 0 0 0
√

2s−1

0 0 0 0 0
√

2s 0 0 0 0


1.2.2 L�C�Ý
S̃(s)�A�äNL«

íØ1.2.6.

S̃( 1
2
, 1, ··) =

[√
1 0

0
√

1

]
, 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

]
, 1√

3


√

3 0 0 0 0 0

0
√

1
√

2 0 0 0

0 0 0
√

2
√

1 0

0 0 0 0 0
√

3

0 −
√

2
√

1 0 0 0

0 0 0 −
√

1
√

2 0

 , 1√
4



√
4 0 0 0 0 0 0 0

0
√

1
√

3 0 0 0 0 0

0 0 0
√

2
√

2 0 0 0

0 0 0 0 0
√

3
√

1 0

0 0 0 0 0 0 0
√

4

0 −
√

3
√

1 0 0 0 0 0

0 0 0 −
√

2
√

2 0 0 0

0 0 0 0 0 −
√

1
√

3 0

 , · · ·
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íØ1.2.7.

S̃+( 1
2
, 1, ··) =

[√
1 0

0
√

1

]
, 1√

2

[√
2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

]
, 1√

3


√

3 0 0 0 0 0

0
√

1 0 0 −
√

2 0

0
√

2 0 0
√

1 0

0 0
√

2 0 0 −
√

1

0 0
√

1 0 0
√

2

0 0 0
√

3 0 0

 , 1√
4



√
4 0 0 0 0 0 0 0

0
√

1 0 0 0 −
√

3 0 0

0
√

3 0 0 0
√

1 0 0

0 0
√

2 0 0 0 −
√

2 0

0 0
√

2 0 0 0
√

2 0

0 0 0
√

3 0 0 0 −
√

1

0 0 0
√

1 0 0 0
√

3

0 0 0 0
√

4 0 0 0

 , · · ·

1.2.3 ~êÝ
O(s)�Ú\9äNL«

½Â1.2.2.

XAς lς
mς

(s)σαςAς
Bς ( 1

2
)Nnς

Bς lς
(s) := 1

2s
Oας

mς
nς (s)⇔ XAς (s)σαςAς

Bς ( 1
2
)N̄Bς (s) = 1

2s
O(s)

X̄(s)σ( 1
2
)⊗ I2sN(s) = 1

2s
O(s)⇔ N̄(s)σ( 1

2
)⊗ I2sX(s) = 1

2s
O+(s)

íØ1.2.8.

Oας (s) = [e(iω+ςε)·γ ]ας
βςe(iω+ςε)·σ(s−1)Oβς (s)e−(iω+ςε)·σ(s)

O+α′ς (s) = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·σ(s)O+β′ς (s)e−(iω−ςε)·σ(s−1)

½n1.2.1.

O+(s) ·O(s) = s(2s− 1)I2s+1, O(s) ·O+(s) = s(2s+ 1)I2s−1

O(s) · σ(s) = σ(s− 1) ·O(s), σ(s) ·O+(s) = O+(s) · σ(s− 1)

y²: S̃(s)σ( 1
2
)⊗ I2sS̃

+(s) · S̃(s)σ( 1
2
)⊗ I2sS̃

+(s) = 1
2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
· 1

2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
⇔ 3

4
= 1

4s2

[
σ2(s) +O+(s) ·O(s) σ(s) ·O+(s)−O+(s) · σ(s− 1)

O(s) · σ(s)− σ(s− 1) ·O(s) O(s) ·O+(s) + σ2(s− 1)

]

⇔

O+(s) ·O(s) = s(2s− 1)I2s+1, O(s) ·O+(s) = s(2s+ 1)I2s−1

O(s) · σ(s) = σ(s− 1) ·O(s), σ(s) ·O+(s) = O+(s) · σ(s− 1)

íØ1.2.9. Ox(s) = −
√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄1ς (s)− N̄2ς (s− 1

2
)N̄2ς (s)]

= 1
2

−
√

2s·(2s−1) 0
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0
√

2s·(2s−1)


íØ1.2.10. Oy(s) = −i

√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄1ς (s) + N̄2ς (s− 1

2
)N̄2ς (s)]

= i
2

−
√

2s·(2s−1) 0 −
√

2·1 0 0 0

0 −
√

(2s−1)·(2s−2) 0 −
√

3·2 0 0

0 0 ··· 0 ··· 0

0 0 0 −
√

2·1 0 −
√

2s·(2s−1)


íØ1.2.11. Oz(s) =

√
s(s− 1

2
)[N̄1ς (s− 1

2
)N̄2ς (s) + N̄2ς (s− 1

2
)N̄1ς (s)]

=

 0
√

1·(2s−1) 0 0 0 0

0 0
√

2·(2s−2) 0 0 0

0 0 0 ··· 0 0

0 0 0 0
√

(2s−1)·1 0

 , N̄1ς (s− 1
2
)N̄2ς (s) = N̄2ς (s− 1

2
)N̄1ς (s)

íØ1.2.12. O(2) = 1
2

[
−
√

4·3 0
√

2·1 0 0

0 −
√

3·2 0
√

3·2 0

0 0 −
√

2·1 0
√

4·3

]
, i

2

[
−
√

4·3 0 −
√

2·1 0 0

0 −
√

3·2 0 −
√

3·2 0

0 0 −
√

2·1 0 −
√

4·3

]
,

[
0
√

1·3 0 0 0

0 0
√

2·2 0 0

0 0 0
√

3·1 0

]
1.2.4 ~êÝ
Σ(s)�Ú\9äNL«

½Â1.2.3. Σ(s) := S̃(s)σ( 1
2
)⊗ I2sS̃

+(s) = 1
2s

[
σ(s) O+(s)
O(s) −σ(s−1)

]
, S̃(s) =

[
N̄(s)

X̄(s)

]
íØ1.2.13. Σ(1) = 1

4
{

[
0

√
1·2 0 −

√
2·1√

1·2 0
√

2·1 0

0
√

2·1 0
√

2·1
−
√

2·1 0
√

2·1 0

]
, i

[
0 −

√
1·2 0

√
2·1√

1·2 0 −
√

2·1 0

0
√

2·1 0
√

2·1
−
√

2·1 0 −
√

2·1 0

]
,

[
2 0 0 0
0 0 0 2

√
1·1

0 0 −2 0

0 2
√

1·1 0 0

]
}

íØ1.2.14. O(1) = 1
2
{
[
−
√

2·1 0
√

2·1

]
, i
[
−
√

2·1 0 −
√

2·1

]
,
[

0 2
√

1·1 0

]
}
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íØ1.2.15. Σ( 3
2
)

= 1
6
{


0

√
1·3 0 0 −

√
3·2 0√

1·3 0
√

2·2 0 0 −
√

2·1
0

√
2·2 0

√
3·1

√
2·1 0

0 0
√

3·1 0 0
√

3·2
−
√

3·2 0
√

2·1 0 0 −
√

1·1
0 −

√
2·1 0

√
3·2 −

√
1·1 0

 , i


0 −
√

1·3 0 0
√

3·2 0√
1·3 0 −

√
2·2 0 0

√
2·1

0
√

2·2 0 −
√

3·1
√

2·1 0

0 0
√

3·1 0 0
√

3·2
−
√

3·2 0 −
√

2·1 0 0
√

1·1
0 −

√
2·1 0 −

√
3·2 −

√
1·1 0

 ,


3 0 0 0 0 0
0 1 0 0 2

√
1·2 0

0 0 −1 0 0 2
√

2·1
0 0 0 3 0 0
0 2
√

1·2 0 0 −1 0

0 0 2
√

2·1 0 0 1

}
íØ1.2.16.

Σ(2) = 1
8
{


0

√
1·4 0 0 0 −

√
4·3 0 0√

1·4 0
√

2·3 0 0 0 −
√

3·2 0

0
√

2·3 0
√

3·2 0
√

2·1 0 −
√

2·1
0 0

√
3·2 0

√
4·1 0

√
3·2 0

0 0 0
√

4·1 0 0 0
√

4·3
−
√

4·3 0
√

2·1 0 0 0 −
√

1·2 0

0 −
√

3·2 0
√

3·2 0 −
√

1·2 0 −
√

2·1
0 0 −

√
2·1 0

√
4·3 0 −

√
2·1 0

 , i


0 −
√

1·4 0 0 0
√

4·3 0 0√
1·4 0 −

√
2·3 0 0 0

√
3·2 0

0
√

2·3 0 −
√

3·2 0
√

2·1 0
√

2·1
0 0

√
3·2 0 −

√
4·1 0

√
3·2 0

0 0 0
√

4·1 0 0 0
√

4·3
−
√

4·3 0 −
√

2·1 0 0 0
√

1·2 0

0 −
√

3·2 0 −
√

3·2 0 −
√

1·2 0
√

2·1
0 0 −

√
2·1 0 −

√
4·3 0 −

√
2·1 0



,


4 0 0 0 0 0 0 0
0 2 0 0 0 2

√
1·3 0 0

0 0 0 0 0 0 2
√

2·2 0

0 0 0 −2 0 0 0 2
√

3·1
0 0 0 0 −4 0 0 0

0 2
√

1·3 0 0 0 −2 0 0

0 0 2
√

2·2 0 0 0 0 0

0 0 0 2
√

3·1 0 0 0 2

}

1.2.5 Ã�þâf��d©l�§

½n1.2.2. (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)⇔

[ 1
s
σ(s),−iς]a∂aψ(s, ς) = iN̄(s)J̃(s, ς)

1
s
O(s) · ∇ψ(s, ς) = iX̄(s)J̃(s, ς)

íØ1.2.17. ψ(s, ς) = N̄(s)ψ̃(s, ς), 02s−1 = X̄(s)ψ̃(s, ς)

1.3 L�C�Ý
Ŝ(s)�Ú\

½Â1.3.1. Ŝ(s) =
[
S̃(s) 0

0 I4s−4s

]
I ⊗ Ŝ(s− 1

2
), S̃(s) =

[
N̄(s)

X̄(s)

]

íØ1.3.1. Ŝ(s = 1
2
, 1, 3

2
, 2, · · · ) = I,

[
N̄(1)

X̄(1)

]
,

 N̄(
3
2

)[I⊗N̄(1)]

X̄(
3
2

)[I⊗N̄(1)]

I⊗X̄(1)

 ,

N̄(2)[I⊗[N̄(

3
2

)[I⊗N̄(1)]]]

X̄(2)[I⊗[N̄(
3
2

)[I⊗N̄(1)]]]

I⊗[X̄(
3
2

)[I⊗N̄(1)]]

I⊗I⊗X̄(1)

 , · · ·

íØ1.3.2. Ŝ(s = 1
2
, 1, 3

2
, 2, · · · ) = I,

[
N̄(1)[I⊗Γ̄(

1
2

)]

X̄(1)[I⊗Γ̄(
1
2

)]

]
,

 N̄(
3
2

)[I⊗Γ̄(1)]

X̄(
3
2

)[I⊗Γ̄(1)]

I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]

 ,


N̄(2)[I⊗Γ̄(
3
2

)]

X̄(2)[I⊗Γ̄(
3
2

)]

I⊗[X̄(
3
2

)[I⊗Γ̄(1)]

I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]

 , · · ·

íØ1.3.3. Ŝ(s = 1
2
, 1, 3

2
, 2, · · · ) = I,

[
Γ̄(1)

X̄(1)[I⊗Γ̄(
1
2

)]

]
,

 Γ̄(
3
2

)

X̄(
3
2

)[I⊗Γ̄(1)]

I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]

 ,


Γ̄(2)

X̄(2)[I⊗Γ̄(
3
2

)]

I⊗[X̄(
3
2

)[I⊗Γ̄(1)]

I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]

 , · · ·

íØ1.3.4. Ŝ(s) =


Γ̄(s)

X̄(s)[I⊗Γ̄(s− 1
2

)]

I⊗[X̄(s− 1
2

)[I⊗Γ̄(s− 3
2

)]]
···

(I⊗)2s−3[X̄(
3
2

)[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2

)]]

 , Ŝ(s)Ŝ+(s) = Ŝ+(s)Ŝ(s) = I4s

íØ1.3.5. Ŝ+(s) = [Γ(s), [I ⊗ Γ(s)]X(s− 1
2
), I ⊗ [[I ⊗ Γ(s− 1

2
)]X(s− 3

2
)], · · · , I ⊗ · · · I ⊗ [[I ⊗ Γ( 1

2
)]X(1)]]

íØ1.3.6. Γ̄(s)Γ(s) = I2s+1, Γ̄(s) · I4k ⊗ {[I ⊗ Γ(s− 1
2
− k)]X(s− k)} = 0; k = 0, 1

2
, 1, · · · , s− 1

íØ1.3.7. Ŝ(s)[σ( 1
2
)⊗ I22s−1 ]Ŝ+(s) = 1

2s

[
σ(s) O+(s) 0
O(s) −σ(s−1) 0

0 0 2sσ⊗I(22s−1−2s)

]
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1.3.1 L�C�Ý
Ŝ(s)�A�äNL«

íØ1.3.8. Ŝ( 1
2
) = I, Ŝ+( 1

2
) = I

íØ1.3.9. Ŝ(1) = 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

]
, Ŝ+(1) = 1√

2

[√
2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

]

íØ1.3.10. Ŝ( 3
2
) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2
√

2 0
√

2 0 0 0

0 0 0
√

2 0
√

2
√

2 0

0 0 0 0 0 0 0
√

6

0 −
√

4
√

1 0
√

1 0 0 0

0 0 0 −
√

1 0 −
√

1
√

4 0

0 0 −
√

3 0
√

3 0 0 0

0 0 0 −
√

3 0
√

3 0 0

 , Ŝ+( 3
2
) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2 0 0 −
√

4 0 0 0

0
√

2 0 0
√

1 0 −
√

3 0

0 0
√

2 0 0 −
√

1 0 −
√

3

0
√

2 0 0
√

1 0
√

3 0

0 0
√

2 0 0 −
√

1 0
√

3

0 0
√

2 0 0
√

4 0 0

0 0 0
√

6 0 0 0 0



íØ1.3.11. Ŝ(2) = 1√
12



√
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
√

3
√

3 0
√

3 0 0 0
√

3 0 0 0 0 0 0 0

0 0 0
√

2 0
√

2
√

2 0 0
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0
√

3 0 0 0
√

3 0
√

3
√

3 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
√

12

0 −
√

9
√

1 0
√

1 0 0 0
√

1 0 0 0 0 0 0 0

0 0 0 −
√

2 0 −
√

2
√

2 0 0 −
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0 −
√

1 0 0 0 −
√

1 0 −
√

1
√

9 0

0 0 −
√

8 0
√

2 0 0 0
√

2 0 0 0 0 0 0 0

0 0 0 −
√

8 0
√

2 0 0 0
√

2 0 0 0 0 0 0

0 0 0 0 0 0 −
√

2 0 0 0 −
√

2 0
√

8 0 0 0

0 0 0 0 0 0 0 −
√

2 0 0 0 −
√

2 0
√

8 0 0

0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0 0 0

0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0 0

0 0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0 0

0 0 0 0 0 0 0 −
√

6 0 0 0
√

6 0 0 0 0



íØ1.3.12. Ŝ+(2) = 1√
12



√
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

9 0 0 0 0 0 0 0 0 0 0

0
√

3 0 0 0
√

1 0 0 −
√

8 0 0 0 0 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0 −
√

8 0 0 0 0 0 0

0
√

3 0 0 0
√

1 0 0
√

2 0 0 0 −
√

6 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0
√

2 0 0 0 −
√

6 0 0

0 0
√

2 0 0 0
√

2 0 0 0 −
√

2 0 0 0 −
√

6 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0 −
√

2 0 0 0 −
√

6

0
√

3 0 0 0
√

1 0 0
√

2 0 0 0
√

6 0 0 0

0 0
√

2 0 0 0 −
√

2 0 0
√

2 0 0 0
√

6 0 0

0 0
√

2 0 0 0
√

2 0 0 0 −
√

2 0 0 0
√

6 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0 −
√

2 0 0 0
√

6

0 0
√

2 0 0 0
√

2 0 0 0
√

8 0 0 0 0 0

0 0 0
√

3 0 0 0 −
√

1 0 0 0
√

8 0 0 0 0

0 0 0
√

3 0 0 0
√

9 0 0 0 0 0 0 0 0

0 0 0 0
√

12 0 0 0 0 0 0 0 0 0 0 0


íØ1.3.13. X̄(s = 1, 3

2
, 2)Γ̄(s = 1, 3

2
, 2, · · · )

= 1√
2

[
0 −
√

1
√

1 0

]
, 1√

6

[
0 −2 1 0 1 0 0 0
0 0 0 −1 0 −1 2 0

]
, 1√

12

[
0 −3

√
1 0

√
1 0 0 0

√
1 0 0 0 0 0 0 0

0 0 0 −
√

2 0 −
√

2
√

2 0 0 −
√

2
√

2 0
√

2 0 0 0

0 0 0 0 0 0 0 −
√

1 0 0 0 −
√

1 0 −
√

1 3 0

]
1.4 'uL�C�Ý
Ŝ(s)����½n9Ùy²

½Â1.4.1. π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1); s′ ≥ 0, s− s′ ≥ 1

Ún1.4.1. Ŝ(s)Ω(s = 1, 3
2
, 2)Ŝ+(s) =

[
σ(1) 0

0 σ(0)

]
,

 σ(
3
2

) 0 0

0 σ(
1
2

) 0

0 0 σ(
1
2

)

 ,

σ(2) 0 0 0

0 σ(1) 0 0

0 0 σ(
1
2

)⊗I+I⊗σ(
1
2

) 0

0 0 0 σ(
1
2

)⊗I+I⊗σ(
1
2

)


½n1.4.1.

Ŝ(s)Ω(s) =


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)

 Ŝ(s)[⇔]Ω(s)Ŝ+(s) = Ŝ+(s)


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)


y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1�¤áµŜ(1)Ω(1) =
[
σ(1) 0

0 σ(0)

]
Ŝ(1)

1�Úµb�s′ = s− 1
2
�¤áµ

225



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 114Ù p?L�C�Eâ

Ŝ(s− 1
2
)Ω(s− 1

2
) =


σ(s− 1

2
) 0 0 0 0 0

0 π(s− 1
2
,0) 0 0 0 0

0 0 π(s− 1
2
,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s− 1
2
,s− 1

2
− 3

2
) 0

0 0 0 0 0 π(s− 1
2
,s− 1

2
−1)

 Ŝ(s− 1
2
)

1nÚµs′ = s�§Ŝ(s)Ω(s) =
[
S̃(s) 0

0 I4s−4s

]
[I ⊗ Ŝ(s− 1

2
)][σ( 1

2
)⊗ I22s−1 + I ⊗ Ω(s− 1

2
)]

=
[
S̃(s) 0

0 I4s−4s

]
{σ( 1

2
)⊗ [I22s−1 Ŝ(s)] + {I ⊗ [Ŝ(s− 1

2
)Ω(s− 1

2
)]}}

=
[
S̃(s) 0

0 I4s−4s

]
[σ( 1

2
)⊗ I22s−1 + I ⊗


σ(s− 1

2
) 0 0 0 0 0

0 π(s− 1
2
,0) 0 0 0 0

0 0 π(s− 1
2
,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s− 1
2
,s− 1

2
− 3

2
) 0

0 0 0 0 0 π(s− 1
2
,s− 1

2
−1)

][I ⊗ Ŝ(s− 1
2
)]

=
[
S̃(s) 0

0 I4s−4s

]
[


σ(

1
2

)⊗I2s+I⊗σ(s− 1
2

) 0 0 0 0 0

0 π(s,
1
2

) 0 0 0 0

0 0 π(s,
3
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)

][I ⊗ Ŝ(s− 1
2
)]

=


S̃(s)[σ(

1
2

)⊗I2s+I⊗σ(s− 1
2

)] 0 0 0 0 0

0 π(s,
1
2

) 0 0 0 0

0 0 π(s,
3
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)

 [I ⊗ Ŝ(s− 1
2
)]

=


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)

[ S̃(s) 0
0 I4s−4s

]
[I ⊗ Ŝ(s− 1

2
)]

=


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)

 Ŝ(s)

dÚy²
s′ = s�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ1.4.1. Ŝ(s)Ω(s)Ŝ+(s) =


σ(s) 0 0 0 0 0

0 π(s,0) 0 0 0 0

0 0 π(s,
1
2

) 0 0 0

0 0 0 ··· 0 0

0 0 0 0 π(s,s− 3
2

) 0

0 0 0 0 0 π(s,s−1)


ªuî�y²
±þ�(Ø§�c��
~êØCÜþ�E,5�B�±�t��§Xeµ

íØ1.4.2.Γ̄(s)Ω(s) = σ(s)Γ̄(s),Ω(s)Γ(s) = Γ(s)σ(s)

X̄(s)[I ⊗ Γ̄(s− 1
2
)]Ω(s) = σ(s− 1)X̄(s)[I ⊗ Γ̄(s− 1

2
)],Ω(s)[I ⊗ Γ(s− 1

2
)]X(s) = [I ⊗ Γ(s− 1

2
)]X(s)σ(s− 1)

íØ1.4.3.I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1
2
)]}Ω(s) = Ω(s− 1)I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1

2
)]}

Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1
2
)]X(1)} = I4s−1 ⊗ {[I ⊗ Γ( 1

2
)]X(1)}Ω(s− 1)

íØ1.4.4.I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1
2
− k)]}Ω(s) = π(s, k)I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1

2
− k)]}

Ω(s)I4k ⊗ {[I ⊗ Γ(s− 1
2
− k)]X(s− k)} = I4k ⊗ {[I ⊗ Γ(s− 1

2
− k)]X(s− k)}π(s, k)
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íØ1.4.5.

σ(s) = Γ̄(s)Ω(s)Γ(s)

σ(s− 1) = X̄(s)[I ⊗ Γ̄(s− 1
2
)]Ω(s)[I ⊗ Γ(s− 1

2
)]X(s)

Ω(s− 1) = I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1
2
)]}Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1

2
)]X(1)}

π(s, k) = I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− 1
2
− k)]}Ω(s)I4k ⊗ {[I ⊗ Γ(s− 1

2
− k)]X(s− k)}

1.5 ~êÝ
π(s, s′)�L�C�

íØ1.5.1. π(s, s′) = Ω(s′ − 1
2
)⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1

2
)⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]

y²: π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1)

= [Ω(s′ − 1
2
)⊗ I + I22s′−1 ⊗ σ( 1

2
)]⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1)

= Ω(s′ − 1
2
)⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1

2
)⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]

íØ1.5.2. [I22s′−1 ⊗ S̃(s− s′ − 1
2
)]π(s, s′) =

[
π(s,s′− 1

2
) 0

0 π(s−1,s′− 1
2

)

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2
)]; s′ ≥ 1

2
, s− s′ ≥ 3

2

y²: [I22s′−1 ⊗ S̃(s− s′ − 1
2
)]π(s, s′)

= [I22s′−1 ⊗ S̃(s− s′ − 1
2
)]{Ω(s′ − 1

2
)⊗ I4(s−s′)−2 + I22s′−1 ⊗ [σ( 1

2
)⊗ I2(s−s′)−1 + I ⊗ σ(s− s′ − 1)]}

= {Ω(s′ − 1
2
)⊗ I4(s−s′)−2 + I22s′−1 ⊗

[
σ(s−s′− 1

2
) 0

0 σ(s−s′− 3
2

)

]
}[I22s′−1 ⊗ S̃(s− s′ − 1

2
)]

=

[
Ω(s′− 1

2
)⊗I2(s−s′)+I22s′−1⊗σ(s−s′− 1

2
) 0

0 Ω(s′− 1
2

)⊗I2(s−s′)−2+I
22s′−1⊗σ(s−s′− 3

2
)

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2
)]

=

[
π(s,s′− 1

2
) 0

0 π(s−1,s′− 1
2

)

]
[I22s′−1 ⊗ S̃(s− s′ − 1

2
)]

|^±þín�ES��±��±eíØµ

íØ1.5.3. I22s′−2 ⊗ {
[
S̃(s−s′) 0

0 S̃(s−s′−1)

]
[I ⊗ S̃(s− s′ − 1

2
)]}π(s, s′); s′ ≥ 1, s− s′ ≥ 2

=

[
π(s,s′−1) 0 0 0

0 π(s−1,s′−1) 0 0

0 0 π(s−1,s′−1) 0

0 0 0 π(s−2,s′−1)

]
I22s′−2 ⊗ {

[
S̃(s−s′) 0

0 S̃(s−s′−1)

]
[I ⊗ S̃(s− s′ − 1

2
)]}

íØ1.5.4.

I22s′−3 ⊗ {


 S̃(s−s′+ 1

2
) 0

0 S̃(s−s′− 1
2

)

[I⊗S̃(s−s′)] 0

0

 S̃(s−s′− 1
2

) 0

0 S̃(s−s′− 3
2

)

[I⊗S̃(s−s′−1)]

 [I ⊗ I ⊗ S̃(s− s′ − 1
2
)]}π(s, s′)

=



 π(s,s′− 3
2

) 0

0 π(s−1,s′− 3
2

)

 0 0 0

0

 π(s−1,s′− 3
2

) 0

0 π(s−2,s′− 3
2

)

 0 0

0 0

 π(s−1,s′− 3
2

) 0

0 π(s−2,s′− 3
2

)

 0

0 0 0

 π(s−2,s′− 3
2

) 0

0 π(s−3,s′− 3
2

)





I22s′−3 ⊗ {


 S̃(s−s′+ 1

2
) 0

0 S̃(s−s′− 1
2

)

[I⊗S̃(s−s′)] 0

0

 S̃(s−s′− 1
2

) 0

0 S̃(s−s′− 3
2

)

[I⊗S̃(s−s′−1)]

 [I ⊗ I ⊗ S̃(s− s′ − 1
2
)]}

; s′ ≥ 3
2
, s− s′ ≥ 5

2

1.6 ~êÝ
π(s, s′)�L�C���/ª

íØ1.6.1. {I22s′−1 ⊗
[

[I20⊗N̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 1
2

)]

]
}π(s, s′) = [π(s, s′ − 1

2
)⊕ π(s− 1, s′ − 1

2
)]{I22s′−1 ⊗

[
[I20⊗N̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2

)]

]
}

; s′ ≥ 1
2
, s− s′ ≥ 3

2
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íØ1.6.2. {I22s′−2 ⊗


[I20 N̄(s−s′)][I21⊗N̄(s−s′− 1

2
)]

[I20 X̄(s−s′)][I21⊗N̄(s−s′− 1
2

)]

[I20 N̄(s−s′−1)][I21⊗X̄(s−s′− 1
2

)]

[I20 X̄(s−s′−1)][I21⊗X̄(s−s′− 1
2

)]

}π(s, s′); s′ ≥ 1, s− s′ ≥ 2

= {[π(s, s′ − 1)⊕ π(s− 1, s′ − 1)]⊕ [π(s− 1, s′ − 1)⊕ π(s− 2, s′ − 1)]}{I22s′−2 ⊗


[I20 N̄(s−s′)][I21⊗N̄(s−s′− 1

2
)]

[I20 X̄(s−s′)][I21⊗N̄(s−s′− 1
2

)]

[I20 N̄(s−s′−1)][I21⊗X̄(s−s′− 1
2

)]

[I20 X̄(s−s′−1)][I21⊗X̄(s−s′− 1
2

)]

}
íØ1.6.3.

{I22s′−3 ⊗



[I20⊗N̄(s−s′+ 1
2

)][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′+ 1
2

)][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 1
2

)][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 1
2

)][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 1
2

)][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 1
2

)][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 3
2

)][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 3
2

)][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]


}π(s, s′); s′ ≥ 3

2
, s− s′ ≥ 5

2

= {[π(s, s′ − 3
2
)⊕ π(s− 1, s′ − 3

2
)]⊕ [π(s− 1, s′ − 3

2
)⊕ π(s− 2, s′ − 3

2
)]⊗ I ⊕ [π(s− 2, s′ − 3

2
)⊕ π(s− 3, s′ − 3

2
)]}

{I22s′−3 ⊗



[I20⊗N̄(s−s′+ 1
2

)][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′+ 1
2

)][I21⊗N̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 1
2

)][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 1
2

)][I21⊗X̄(s−s′)][I22⊗N̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 1
2

)][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 1
2

)][I21⊗N̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗N̄(s−s′− 3
2

)][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]

[I20⊗X̄(s−s′− 3
2

)][I21⊗X̄(s−s′−1)][I22⊗X̄(s−s′− 1
2

)]


}

íØ1.6.4. s′ ≥ l+1
2
, s− s′ ≥ l+3

2

{I22s′−l−1 ⊗



[I20⊗N̄(s−s′− 1
2

+
l
2

)][I21⊗N̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2

+
l
2

)][I21⊗N̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗N̄(s−s′− 1
2

+
l−2
2

)][I21⊗X̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2

+
l−2
2

)][I21⊗X̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

······
[I20⊗N̄(s−s′− 1

2
− l−2

2
)][I21⊗N̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2
− l−2

2
)][I21⊗N̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗N̄(s−s′− 1
2
− l

2
)][I21⊗X̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2
− l

2
)][I21⊗X̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]


}π(s, s′)

= {[π(s, s′− l+1
2

)⊕π(s−1, s′− l+1
2

)]⊕[π(s−1, s′− l+1
2

)⊕π(s−2, s′− l+1
2

)]⊗I⊕[π(s−l, s′− l+1
2

)⊕π(s−l−1, s′− l+1
2

)]}

{I22s′−l−1 ⊗



[I20⊗N̄(s−s′− 1
2

+
l
2

)][I21⊗N̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2

+
l
2

)][I21⊗N̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗N̄(s−s′− 1
2

+
l−2
2

)][I21⊗X̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2

+
l−2
2

)][I21⊗X̄(s−s′+ l−2
2

)]··[I
2l−1⊗N̄(s−s′)][I

2l
⊗N̄(s−s′− 1

2
)]

······
[I20⊗N̄(s−s′− 1

2
− l−2

2
)][I21⊗N̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2
− l−2

2
)][I21⊗N̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗N̄(s−s′− 1
2
− l

2
)][I21⊗X̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]

[I20⊗X̄(s−s′− 1
2
− l

2
)][I21⊗X̄(s−s′− l

2
)]··[I

2l−1⊗X̄(s−s′−1)][I
2l
⊗X̄(s−s′− 1

2
)]


}

1.7 L�C�Ý
S(s)�Ú\Ú5�

íØ1.7.1. Ŝ(s) =


Γ̄(s)

X̄(s)[I⊗Γ̄(s− 1
2

)]

I⊗[X̄(s− 1
2

)[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2

)[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2

)]]

 =


S̃(s)I⊗Γ̄(s− 1

2
)

I⊗[X̄(s− 1
2

)[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2

)[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2

)]]
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íØ1.7.2. S(s) =


I⊗Γ̄(s− 1

2
)

I⊗[X̄(s− 1
2

)[I⊗Γ̄(s−1)]]
···

(I⊗)2s−3[X̄(
3
2

)[I⊗Γ̄(1)]]

(I⊗)2s−2[X̄(1)[I⊗Γ̄(
1
2

)]]

 = I ⊗ Ŝ(s− 1
2
), S(s)S+(s) = S+(s)S(s) = I4s

íØ1.7.3. S(s)Ω(s)S+(s) =
σ(

1
2

)⊗I2s+I⊗σ(s− 1
2

) 0 0 0 0 0

0 Ω(
1
2

)⊗I2s−2+I⊗σ(s− 3
2

) 0 0 0 0

0 0 Ω(1)⊗I2s−3+[I⊗]2σ(s−2) 0 0 0
0 0 0 ··· 0 0

0 0 0 0 Ω(s− 3
2

)⊗I2+[I⊗]2s−1σ(
1
2

) 0

0 0 0 0 0 Ω(s−1)+[I⊗]2s−2σ(0)


½Â1.7.1. π(s, s′) := Ω(s′)⊗ I2(s−s′)−1 + I4s′ ⊗ σ(s− s′ − 1); s′ ≥ 0, s− s′ ≥ 1

íØ1.7.4. S(s)(σ( 1
2
)⊗ I22s−1)S+(s) = σ( 1

2
)⊗ I22s−1

íØ1.7.5. (σ ⊗ I22s−1 ,−iς)a∂aϕ̂(s, ς) = iK̂(s, ς)⇔ (σ ⊗ I22s−1 ,−iς)a∂aS(s)ϕ̂(s, ς) = iS(s)K̂(s, ς)

íØ1.7.6. (σ ⊗ I22s−1 ,−iς)a∂aψ̂(s, ς) = iĴ(s, ς)⇔

(σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

(σ ⊗ I22s−1−2s,−iς)a∂ao(s, ς) = io(s, ς)

íØ1.7.7. (σ ⊗ I22s−1 ,−iς)a∂aψ̂(s, ς) = iĴ(s, ς)⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

1.8 Úåf�L�C�

íØ1.8.1. Ŝ0(2) =



N̄(2)[I⊗Γ̄(
3
2

)]

X̄(2)[I⊗Γ̄(
3
2

)]

N̄(1){I⊗[X̄(
3
2

)[I⊗Γ̄(1)]}

X̄(1){I⊗[X̄(
3
2

)[I⊗Γ̄(1)]}

N̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]}

X̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]}


=

 S̃(2)[I⊗Γ̄(
3
2

)]

S̃(1){I⊗[X̄(
3
2

)[I⊗Γ̄(1)]}

S̃(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]}

 =

[
S̃(2) 0 0

0 S̃(1) 0

0 0 S̃(1)

]
[I ⊗ Ŝ( 3

2
)]

½n1.8.1. Ŝ0(2)Ω(2)Ŝ+
0 (2) =


σ(2) 0 0 0 0 0

0 σ(1) 0 0 0 0
0 0 σ(1) 0 0 0
0 0 0 σ(0) 0 0
0 0 0 0 σ(1) 0
0 0 0 0 0 σ(0)

 , Ŝ0(s)[σ( 1
2
)⊗ I8]Ŝ+

0 (s) =

[
Σ(2) 0 0

0 Σ(1) 0
0 0 Σ(1)

]

íØ1.8.2. [σ ⊗ I8,−iς]a∂aϕ̂(2, ς) = iK̂(2, ς)⇔


[2Σ(2),−iς]a∂aϕ̃(2, ς) = iK̃(2, ς)

[2Σ(1),−iς]a∂aϕ̃(1, ς) = iK̃(1, ς)

[2Σ(1′),−iς]a∂aϕ̃(1′, ς) = iK̃(1′, ς)

½n1.8.2. S0(2) =



N̄(2)[I⊗Γ̄(
3
2

)]

X̄(2)[I⊗Γ̄(
3
2

)]

N̄(1){I⊗[X̄(
3
2

)[I⊗Γ̄(1)]}

N̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]}

X̄(1){I⊗[X̄(
3
2

)[I⊗Γ̄(1)]}

X̄(1){I⊗I⊗[X̄(1)[I⊗Γ̄(
1
2

)]]}


, S0(2)Ω(2)S+

0 (2) =


σ(2) 0 0 0 0 0

0 σ(1) 0 0 0 0
0 0 σ(1) 0 0 0
0 0 0 σ(1) 0 0
0 0 0 0 σ(0) 0
0 0 0 0 0 σ(0)



1.9 ~êÝ
π(s, s′)��\©Û

íØ1.9.1.

π(s, 0) := σ(s− 1), s ≥ 1;π(1, 0) = 0

π(s, 1
2
) := σ( 1

2
)⊗ I2(s−1) + I ⊗ σ(s− 1− 1

2
), s ≥ 3

2
;π( 3

2
, 1

2
) = σ( 1

2
), π(2, 1

2
) = π(2, 1) = Ω(1)

π(s, s− 1) := Ω(s− 1), s ≥ 1

π(s, s′) := φ, s− s′ ≤ 1
2

Ω(s) = π(s+ 1, s) = π(s+ 1, s− 1
2
), s ≥ 1

2
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íØ1.9.2. Ω(s) = π(s+ 1, s) = π(s+ 1, s− 1
2
), s ≥ 1

2

→ [π(s+ 1, s− 1)⊕ π(s, s− 1)], s ≥ 1

→ [π(s+ 1, s− 3
2
)⊕ π(s, s− 3

2
)]⊕ [π(s, s− 3

2
)], s ≥ 3

2

→ [π(s+ 1, s− 2)⊕ π(s, s− 2)]⊕ [π(s, s− 2)⊕ π(s− 1, s− 2)]2, s ≥ 2

→ [π(s+ 1, s− 5
2
)⊕ π(s, s− 5

2
)]⊕ [π(s, s− 5

2
)⊕ π(s− 1, s− 5

2
)]3 ⊕ [π(s− 1, s− 5

2
)]2, s ≥ 5

2

→ [π(s+ 1, s− 3)⊕ π(s, s− 3)]⊕ [π(s, s− 3)⊕ π(s− 1, s− 3)]4 ⊕ [π(s− 1, s− 3)⊕ π(s− 2, s− 3)]5, s ≥ 3

→ · · · · · ·

g·µãµ��U±þ�{§?Û��Ω(s)Ñ�±ÏLL�C�äN©)¤õ�üg^���Ú§ù�¯K

�Kþ�´�.)û
"¢S$^�I��
O�§òäN�L�C�wª/�Ñ5±B¦^"Ó���E5/

y²
Ω(s)(¢��düg^�|¤§vkõ{¤©"Ω(s)Ø¬Ó��¹ÀÚÚ¤�g^�§§L�
��ÀÚ

½¤�õ�"¿�§H{
p$ÀÚ½¤�g^�§Ø�pg^�	���¹eÙ§g^�þkõ�P{�"

1.10 õ�g^�§

½Â1.10.1. [(S+
√

[SΩ(s)S+]2 + 1
4
S − 1

2
)∂a + iSab(Ω(s), ς)∂b]Ψ(x) = 0, ∂a∂aΨ(x) = 0;

Ω(s)× Ω(s) = iΩ(s), SΩ(s)S+ = σ(s)⊕ σ(s− 1)⊕ · · · ⊕ σ( 1
2
)|σ(0)

íØ1.10.1.
{S̃+(s)[sI2s+1 ⊕ (s− 1)I2s−1]S̃(s)∂a + iSab(π(s+ 1, 1

2
), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0

{[s− 1 +N(s)N̄(s)]∂a + iSab(π(s+ 1, 1
2
), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0

{[s−X(s)X̄(s)]∂a + iSab(π(s+ 1, 1
2
), ς)∂b}Ψ(x) = 0, ∂a∂aΨ(x) = 0

1.11 g^s = 2�L�C�5��

íØ1.11.1.

S(1⊗ 1) = 1√
6



√
6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

0 0
√

2 0 −
√

2 0
√

2 0 0

 , S
+(1⊗ 1) = 1√

6



√
6 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

3 0 0 0

0 0
√

1 0 0 0 −
√

3 0
√

2

0
√

3 0 0 0
√

3 0 0 0

0 0
√

4 0 0 0 0 0 −
√

2

0 0 0
√

3 0 0 0 −
√

3 0

0 0
√

1 0 0 0
√

3 0
√

2

0 0 0
√

3 0 0 0
√

3 0

0 0 0 0
√

6 0 0 0 0


íØ1.11.2. 1√

3
[I3 ⊗

[
−
√

2 −1

−1
√

2

]
][σ(1)⊗ I] 1√

3
[I3 ⊗

[
−
√

2 −1

−1
√

2

]
] = σ(1)⊗ I

½n1.11.1. S(1⊗ 1)[σ(1)⊗ I3 + I3 ⊗ σ(1)]S+(1⊗ 1) =

[
σ(2) 0 0

0 σ(1) 0
0 0 σ(0)

]

íØ1.11.3. 1√
6


√

6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

 [σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√
6



√
6 0 0 0 0

0
√

3 0 0 0

0 0
√

1 0 0

0
√

3 0 0 0

0 0
√

4 0 0

0 0 0
√

3 0

0 0
√

1 0 0

0 0 0
√

3 0

0 0 0 0
√

6

 = σ(2)

íØ1.11.4. 1√
6

[
0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

]
[σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√

6


0 0 0
−
√

3 0 0

0 −
√

3 0√
3 0 0

0 0 0
0 0 −

√
3

0
√

3 0

0 0
√

3
0 0 0

 = σ(1)

íØ1.11.5. 1√
6

[
0 0
√

2 0 −
√

2 0
√

2 0 0

]
[σ(1)⊗ I3 + I3 ⊗ σ(1)] 1√

6


0
0√
2

0
−
√

2
0√
2

0
0

 = σ(0)
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1.12 g^s = 2�L�C�5��

½n1.12.1. S(1⊗ 1)[σ(1)⊗ I3]S+(1⊗ 1) = 1
2

 σ(2)
1√
3
O+(2) 0

1√
3
O(2) σ(1)

2√
3

0+(2)

0
2√
3

0(2) σ(0)

 , 0(2) = {
[
−1 0 1

]
, i
[
−1 0 −1

]
,
[

0
√

2 0

]
}

1.13 ����L�C�5�(ßÿ)

½Â1.13.1. S(s1 ⊗ s2 · · · ⊗ sn)[σ(s1)⊗ I∗ + I2s1+1 ⊗ σ(s2)⊗ I∗ + · · · ]S+(s1 ⊗ s2 · · · ⊗ sn) =?

íØ1.13.1. S̃(s) := S[ 1
2
⊗ (s− 1

2
)], Ŝ(s)? := S[( 1

2
)1 ⊗ ( 1

2
)2 · · · ⊗ ( 1

2
)2s]

2 p?L�C��ÔnA^

2.1 ���#.ÍÜnØ

2.1.1 s-g^âf�#.ÍÜnØ

íØ2.1.1.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

[ 1
s
σ(s),−iς]a∂aψ(s, ς) = − 1

s
O+(s) · ∇ψ(s− 1, ς) + iN̄(s)J(s, ς)

[ 1
s
σ(s− 1), iς]a∂aψ(s− 1, ς) = 1

s
O(s) · ∇ψ(s, ς)− iX̄(s)J(s, ς)

íØ2.1.2.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς) = 0

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

 1
s
O+(s) · ∇ψ(s− 1, ς) = iN̄(s)J(s, ς)

[ 1
s
σ(s− 1), iς]a∂aψ(s− 1, ς) = −iX̄(s)J(s, ς)

íØ2.1.3.
(σ ⊗ I2s,−iς)a∂aϕ(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς) = 0

S(s)⇔

[ 1
s
σ(s),−iς]a∂aψ(s, ς) = iN̄(s)J(s, ς)

1
s
O(s) · ∇ψ(s, ς) = iX̄(s)J(s, ς)

2.1.2 $���ês-g^âf�#.ÍÜnØ

íØ2.1.4.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

[ 1
s
σ(s),−iς]aψab(s, ς) = − 1

s
O+
i (s)ψib(s− 1, ς) + iN̄(s)J(s, ς)

[ 1
s
σ(s− 1), iς]aψ

ab(s− 1, ς) = 1
s
Oi(s)ψ

ib(s, ς)− iX̄(s)J(s, ς)

íØ2.1.5.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς) = 0

ψ(s− 1, ς) = X̄(s)ϕ(s, ς)

S(s)⇔

 1
s
O+
i (s)ψib(s− 1, ς) = iN̄(s)J(s, ς)

[ 1
s
σ(s− 1), iς]aψ

ab(s− 1, ς) = −iX̄(s)J(s, ς)

íØ2.1.6.
(σ ⊗ I4,−iς)aϕab(s, ς) = iJ(s, ς)

ψ(s, ς) = N̄(s)ϕ(s, ς)

ψ(s− 1, ς) = X̄(s)ϕ(s, ς) = 0

S(s)⇔

[ 1
s
σ(s),−iς]aψab(s, ς) = iN̄(s)J(s, ς)

1
s
Oi(s)ψ

ib(s, ς) = iX̄(s)J(s, ς)
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2.2 äN�#.ÍÜnØ

2.2.1 Úå�fÚ¥�f�#.ÍÜnØ

íØ2.2.1.
[ 2
3
σ( 3

2
),−iς]a∂aψ( 3

2
, ς) = − 2

3
O+( 3

2
) · ∇ψ( 1

2
, ς)

[− 2
3
σ( 1

2
),−iς]a∂aψ( 1

2
, ς) = − 2

3
O( 3

2
) · ∇ψ( 3

2
, ς)

[2σ( 1
2
),−iς]a∂aψ( 1

2
, ς) = 0

⇔


iς∂πψ( 1

2
, ς) = 1

2
O( 3

2
) · ∇ψ( 3

2
, ς)

iς∂πψ( 3
2
, ς) = 2

3
σ( 3

2
) · ∇ψ( 3

2
, ς) + 2

3
O+( 3

2
) · ∇ψ( 1

2
, ς)

4σ( 1
2
) · ∇ψ( 1

2
, ς)−O( 3

2
) · ∇ψ( 3

2
, ς) = 0

2.2.2 Úåf!1fÚIþ|#.ÍÜnØ

íØ2.2.2.

[ 1
2
σ(2),−iς]a∂aψ(2, ς) = − 1

2
O+(2) · ∇ψ(1, ς) + iN̄(2)J(2, ς)

[− 1
2
σ(1),−iς]a∂aψ(1, ς) = − 1

2
O(2) · ∇ψ(2, ς) + iX̄(2)J(2, ς)

[σ(1),−iς]a∂aψ(1, ς) = −O+(1) · ∇φ+ iN̄(1)J(1, ς)

[−σ(0),−iς]a∂aφ = −O(1) · ∇ψ(1, ς) + iX̄(1)J(1, ς)

íØ2.2.3.

[ 1
2
σ(2),−iς]a∂aψ(2, ς) = − 1

2
O+(2) · ∇ψ(1, ς)

[− 1
2
σ(1),−iς]a∂aψ(1, ς) = − 1

2
O(2) · ∇ψ(2, ς)

[σ(1),−iς]a∂aψ(1, ς) = −O+(1) · ∇φ

[−σ(0),−iς]a∂aφ = −O(1) · ∇ψ(1, ς)

⇔



iς∂πφ = O(1) · ∇ψ(1, ς)

iς∂πψ(1, ς) = 1
3
O+(1) · ∇φ+ 1

3
O(2) · ∇ψ(2, ς)

iς∂πψ(2, ς) = 1
2
σ(2) · ∇ψ(2, ς) + 1

2
O+(2) · ∇ψ(1, ς)

2O+(1) · ∇φ+ 3σ(1) · ∇ψ(1, ς)−O(2) · ∇ψ(2, ς) = 0

2.2.3 Úåf!1fÚIþ|#.ÍÜ�g^�§

íØ2.2.4. {∂a + iSab[σ(1), ς]∂b} ⊗ I3ψ(1⊗ 1, ς) = 0

⇔


{2∂a + iSab[σ(2), ς]∂b}ψ(2, ς) + iSab[

1√
3
O+(2), ς]∂bψ(1, ς) = 0

iSab[
1√
3
O(2), ς]∂bψ(2, ς) + {2∂a + iSab[σ(1), ς]∂b}ψ(1, ς) + iSab[

2√
3
0+(2), ς]∂bψ(0, ς) = 0

iSab[
2√
3
0(2), ς]∂bψ(1, ς) + {2∂a + iSab[σ(0), ς]∂b}ψ(0, ς) = 0

2.2.4 ��åP1f�nØ

íØ2.2.5. Ã²¡Å)£Z¶¤(σ ⊗ I4,−iς)a∂aϕ(2, ς) = 0

ψ(2, ς) = 0
⇔

O+(2) · ∇ψ(1, ς) = 0

[σ(1), 2iς]a∂aψ(1, ς) = 0
⇔

O+(2)S+
m(1) · ∇Ψ(1, ς) = 0

(γ, 2iς)a∂aΨ(1, ς) = 0

2.2.5 ��í2�#ÚånØ

íØ2.2.6.
(σ ⊗ I4,−iς)aϕab(2, ς) = iJ(2, ς)

ψ(2, ς) = N̄(2)ϕ(2, ς)

ψ(1, ς) = X̄(2)ϕ(2, ς)

S(2)⇔

[ 1
2
σ(2),−iς]aψab(2, ς) = − 1

2
O+
i (2)ψib(1, ς) + iN̄(2)J(2, ς)

[ 1
2
σ(1), iς]aψ

ab(1, ς) = 1
2
Oi(2)ψib(2, ς)− iX̄(2)J(2, ς)
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g·µãµ3�Ù·éâÔ[C��
[��\�©Û§�«
Ä�âf��:X�m�,«�d'X"A

O´��
�«~�g^âfâÔ[C��õ�ªL«§�±��«g^âfÔn�ïÄJø
q���©k^

�êÆóä"�5µù�Ù®²|^
��Ù�Ü©(Ø§�Ø�¤Ì�Øy§Ad`²"

1 3+1����âÔ[+L« [9, 13]

1.1 $\4+L« [9]

$\4+)¤�Mab, paé´'Xµ

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (15.1)[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0
(15.2)

$\4+)¤�Lab, Sab, paé´'Xµ[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0
(15.3)

[Sab, Scd] = −i(gadSbc − gacSbd + gbcSad − gbdSac) (15.4)

[Sab, Lcd] = 0, [Sab, pc] = 0 (15.5)

1.2 lg^Üþ¥J�¥þ ~X, ~Y ,~a,~b

½Â1.2.1. Xi ≡ 1
2
εijkSjk, Yi ≡ Sπi, ai ≡ 1

2
(Xi + Yi), bi ≡ 1

2
(Xi − Yi), gab := δab

5�1.2.1. εijkεlmn = δilδjmδkn + δinδjlδkm + δimδjnδkl − δilδjnδkm − δimδjlδkn − δinδjmδkl
εijkε

k
lm = δilδjm − δimδjl, εijkεjkl = 2δil

íØ1.2.1. Xi = 1
2
εijkSjk ⇔ Sij = εijkX

k

1.3 âÔ[+L«'X·K���y²

½n1.3.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Xi, X l] = iεilkX
k

y²: [Xi, X l] = [ 1
2
εijkSjk,

1
2
εlmnSmn]

= 1
4
εijkεlmn[Sjk, Smn]

= −i 1
4
εijkεlmn(gjnSkm − gjmSkn + gkmSjn − gknSjm)

= −i 1
4
εijkεlmn(2gjnSkm + 2gkmSjn)

= − i
2
(εijkεlmjSkm − εijkεlnkSjn)

= − i
2
(εikjεlnkSjn − εijkεlnkSjn)

= iεijkεlnkSjn

= (δilδjn − δinδjl)Sjn
= iSil = iεilkX

k

½n1.3.2. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Yi, Yj ] = iεij
kXk

y²: [Yi, Yj ] = [Sπi, Sπj ]

= [Siπ, Sjπ]

= −i(giπSπj − gijSππ + gπjSiπ − gππSij)
= iSij = iεij

kXk

233



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 115Ù âÔ[C���\©Û

½n1.3.3. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇒ [Xi, Yl] = iεil
k
Yk

y²: [Xi, Yl] = [1
2
εijkSjk, Sπl]

= − 1
2
εijk[Sjk, Slπ]

= i
2
εijk(gjπSkl − gjlSkπ + gklSjπ − gkπSjl)

= i
2
εijk(−gjlSkπ + gklSjπ)

= iεijkgklSjπ = iεil
k
Yk

íØ1.3.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac
⇒ [Xi, Xj ] = iεij

kXk, [Yi, Yj ] = iεij
kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij

kYk

1.4 âÔ[+L«'X·K���y²

½n1.4.1. [Xi, X l] = iεilkX
k ⇒ i[Sij , Slm] = gimSjl − gilSjm + gjlSim − gjmSil

y²: i[Sij , Slm] = i[εijkX
k, εlmnX

n]

= iεijkεlmn[Xk, Xn] = −εijkεlmnεknhXh = −εijkεlmnSkn

= −(δilδjmδkn + δinδjlδkm + δimδjnδkl − δilδjnδkm − δimδjlδkn − δinδjmδkl)Skn

= −(δinδjlδkm + δimδjnδkl − δilδjnδkm − δinδjmδkl)Skn

= −(δjlSmi + δimS
lj − δilSmj − δjmSli)

= δimSjl − δilSjm + δjlSim − δjmSil
= gimSjl − gilSjm + gjlSim − gjmSil

½n1.4.2. [Xi, Yj ] = iεij
kYk ⇒ i[Sij , Sπl] = gilSjπ − giπSjl + gjπSil − gjlSiπ

y²: i[Sij , Sπl] = i[εijkX
k, Yl]

= iεijk[X
k, Y l] = −εijkεklmY m

= −(δilδjm − δimδjl)Sπm = δilSjπ − δjlSiπ
= δilSjπ − δiπSjl + δjπSil − δjlSiπ
= gilSjπ − giπSjl + gjπSil − gjlSiπ

½n1.4.3. [Yi, Yj ] = iεij
kXk ⇒ i[Sπi, Sπj ] = gπjSiπ − gππSij + giπSπj − gijSππ

y²: i[Sπi, Sπj ] = i[Yi, Yj ]

= −εijkXk = −Sij
= δπjSiπ − δππSij + δiπSπj − δijSππ
= gπjSiπ − gππSij + giπSπj − gijSππ

íØ1.4.1. [Xi, Xj ] = iεij
kXk, [Yi, Yj ] = iεij

kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij
kYk

⇒ i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac

1.5 âÔ[+L«'X·K�nÜ(Ø

íØ1.5.1. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac
⇔ [Xi, Xj ] = iεij

kXk, [Yi, Yj ] = iεij
kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij

kYk

íØ1.5.2. [Xi, Xj ] = iεij
kXk, [Yi, Yj ] = iεij

kXk, [Xi, Yj ] = i[Yi, Yj ] = iεij
kYk

⇔ ~X × ~X = i ~X, ~Y × ~Y = i ~X, ~X × ~Y = i~Y , [Xi, Yi] = 0

⇔ ~a× ~a = i~a,~b×~b = i~b, [ai, bj ] = 0

íØ1.5.3. i[Sab, Scd] = gadSbc − gacSbd + gbcSad − gbdSac ⇔ ~a× ~a = i~a,~b×~b = i~b, [ai, bj ] = 0

âÔ[�C�©):

íØ1.5.4. e
i
2
εabSab = eiω·

~X+ε·~Y = e(iω+ε)·~ae(iω−ε)·~b
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2 üâf��éØâÔ[íÄC�

2.1 �I�âÔ[C� [24–26]

�½µO3O′¥��Ý�~v, v 6= 1§O′3O¥��Ý�−~v§d�½Ð?´�±�*£ã$Äâf"
�I9Ù�I�©��éØâÔ[íÄC����/ªµ

½Â2.1.1.

∇′ = ∇− γv~v∂t + (γv − 1)~v/v2(~v · ∇)

∂t′ = γv(∂t − ~v · ∇), γv ≡ (1− v2)−
1
2

½Â2.1.2.

~r′ = ~r + γv~vt+ (γv − 1)(~v · ~r)~v/v2

t′ = γv(t+ ~v · ~r), γv ≡ (1− v2)−
1
2

d~r′ = d~r + γv~vdt+ (γv − 1)(~v · d~r)~v/v2

dt′ = γv(dt+ ~v · d~r)

±þC�´��dÂ�éØ��Ä:§,���C�´¥þ^=C�"

íØ2.1.1. ~r′
2
− t′2 = ~r2 − t2 =ØCþ, d~r′

2
− dt′2 = d~r2 − dt2 =ØCþ

½Â2.1.3. L~v :=

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
, L~vL−~v = L−~vL~v = I

íØ2.1.2. L~v

[
~0

i

]
= e−ln[γv(1+v)]v̂·L

[
~0

i

]
=

[
γv~v

iγv

]
, L~v

[
~0

im

]
= e−ln[γv(1+v)]v̂·L

[
~0

im

]
=

[
~p

iE

]
Ún2.1.1. (~v ·R)2 + (~v · L)2 = ~v2

íØ2.1.3.

L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = γv(1− ~v · L)− γv−1

v2 (~v ·R)2, L~vL−~v = L−~vL~v = I

íØ2.1.4. X ′ = L~vdX,X ≡

[
~r

it

]
, X ′ ≡

[
~r′

it′

]
; dX ′ = L~vdX, dX ≡

[
d~r

idt

]
, dX ′ ≡

[
d~r′

idt′

]

2.2 �ÝÜ¤úª

íØ2.2.1. ~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

íØ2.2.2. 1− ~u′2 = (1−~u2)(1−~v2)
(1+~v·~u)2

íØ2.2.3.

γu′~u′ = γu~u+ γv~vγu + (γv − 1)[~v · (γu~u)]~v/v2

γu′ = γv[γu + ~v · (γu~u)]
⇔

[
γu′ ~u′

iγu′

]
= L~v

[
γu~u

iγu

]

2.3 k�þâfoÄþ�âÔ[íÄC�

k�þüâfµm0 6= 0, u 6= 1, u′ 6= 1

½Â2.3.1. E ≡ m0(1− u2)−
1
2 , E′ ≡ m0(1− u′2)−

1
2 , ~p ≡ E~u, ~p′ ≡ E′~u′

�±l�I�âÔ[íÄC�Ñu§í���e¡�UþÄþ�âÔ[íÄC�"

íØ2.3.1.

~p′ = ~p+ γvE~v + (γv − 1)(~v · ~p)~v/v2

E′ = γv(E + ~v · ~p)
⇔

[
~p′

iE′

]
= L~v

[
~p

iE

]

íØ2.3.2. ~p′
2
− E′2 = ~p2 − E2 = −m2

0 =ØCþ

2.4 ØÓ�Ýë�Xm�§ÝâÔ[C�ß�

ß�2.4.1.
$ÄXÄU-�:X²ÄÄU = E′k − E′k0 =

∑
i

(γvEi −m0)− (γv − 1)
∑
i

Ei = 3
2
NkBT

′

·�XÄU-�:X²ÄÄU = Ek − Ek0 =
∑
i

(Ei −m0)− 0 = 3
2
NkBT

⇒ T ′ = T
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2.5 Ã�þâfoÄþ�âÔ[íÄC�

Ã�þâfµm0 = 0, u = 1, u′ = 1

½Â2.5.1. ~p ≡ E~u, ~p′ ≡ E′~u′

éuÃ�þâfl�I�âÔ[íÄC�Ñu§Ã{î�í���UþÄþ�âÔ[íÄC�§��±¦�þÃ

��Cu"��"~p′ = ~p+ γvE~v + (γv − 1)(~v · ~p)~v/v2

E′ = γv(E + ~v · ~p)
,

[
~p′

iE′

]
= L~v

[
~p

iE

]
(15.6)

íØ2.5.1. ~p′
2
− E′2 = ~p2 − E2 = 0 =ØCþ

2.6 üâf	å�âÔ[íÄC�

½Â2.6.1. ~F ≡ dp
dt
, ~F ′ ≡ dp′

dt′
, ~f ≡ ~F√

1−u2 , ~f
′ ≡ ~F ′√

1−u′2

íØ2.6.1. ~a′ = [~a+ (γv − 1)(~v · ~a)~v/v2]/[γ2
v(1 + ~v · ~u)2]− [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2](~v · ~a)/[γ2

v(1 + ~v · ~u)3]

íØ2.6.2. ~F ′ = [~F + γv(~u · ~F )~v + (γv − 1)(~v · ~F )~v/v2]/[γv(1 + ~v · ~u)]

íØ2.6.3. ~u′ · ~F ′ = γv(~u · ~F + ~v · ~F )/[γv(1 + ~v · ~u)] = ~v+~u
1+~v·~u · ~F

íØ2.6.4.

~f ′ = ~f + γv(~u · ~f)~v + (γv − 1)(~v · ~f)~v/v2

~u′ · ~f ′ = γv(~u · ~f + ~v · ~f) = γv(~u+ ~v) · ~f
⇔

[
~f ′

i~u′ · ~f ′

]
= L~v

[
~f

i~u · ~f

]

íØ2.6.5. ~f ′
2
− (~u′ · ~f ′)2 = ~f2 − (~u · ~f)2 =ØCþ

2.7 üâf	å�2Â�éØC�'Xb�

½Â2.7.1. ~a ≡ d~u
dt
, ~a′ ≡ d~u′

dt′
, ~g ≡ d~v

dt

½Â2.7.2.

~a′ = [~a+ (γv − 1)(~v · ~a)~v/v2]/[γ2
v(1 + ~v · ~u)2]− [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2](~v · ~a)/[γ2

v(1 + ~v · ~u)3]+

[γv~g + (γv − 1)(~g · ~u)~v/v2 + (γv − 1)(~v · ~u)~g/v2 − 2(γv − 1)(~v · ~u)(~v · ~g)~v/v4 + γ3
v(~v · ~g)(~v · ~u)~v/v2]/[γ2

v(1 + ~v · ~u)2]

−[~u+ γv~v + (γv − 1)(~v · ~u)~v/v2][(~g · ~u) + γ2
v(1 + ~v · ~u)(~v · ~g)]/[γ2

v(1 + ~v · ~u)3]

~F ′ = [~F + γv(~u · ~F )~v + (γv − 1)(~v · ~F )~v/v2

+γvE~g + γ3
v(~v · ~g)E~v + (γv − 1)(~g · ~p)~v/v2 + (γv − 1)(~v · ~p)~g/v2

+γ3
v(~v · ~g)(~v · ~p)~v/v2 − 2(γv − 1)(~v · ~g)(~v · ~p)~v/v4]/[γv(1 + ~v · ~u)]

3 õâf�:X��éØâÔ[C�

3.1 õâf�:X�âÔ[íÄC�


~P (v) =

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) =
∑
i

γv(Ei + ~v · ~pi)
⇔

[
~P (v)

iH(~v)

]
=
∑
i

L~v

[
~pi

iEi

]
= L~v


∑
i

~pi

i
∑
i

Ei

 (15.7)
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3.2 ØÓ�Ýë�X�:Xm�âÔ[íÄC�

ØÓ�Ýë�X�:Xm�âÔ[íÄC�µ
~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

~P (~u′) = ~P (~u) + γvH(~u)~v + (γv − 1)[~v · ~P (~u)]~v/v2

H(~u′) = γv[H(~u) + ~v · ~P (~u)]

⇔



γu′ ~u′
iγu′

 = L~v

γu~u
iγu


 ~P (u′)

iH(~u′)

 = L~v

 ~P (u)

iH(~u)

 (15.8)

íØ3.2.1. ~P 2(~u′)−H2(~u′) = ~P 2(~u)−H2(~u) = −M2
0 =ØCþ

ØÓ�%�Ý�:Xm	å�âÔ[íÄC�µ

½Â3.2.1. ~f(~u) ≡ ~F (~u)√
1−u2 , ~f

′(~u′) ≡ ~F ′(~u′)√
1−u′2 ,

~f(~u) = dP (~u)
dτ

, ~f ′(~u′) = dP ′(~u′)
dτ

Ún3.2.1.
dH(~u)
dτ
≡ ~u · dP (~u)

dτ

íØ3.2.2.

~f ′(~u′) = ~f(~u) + γv[~u · ~f(~u)]~v + (γv − 1)[~v · ~f(~u)]~v/v2

~u′ · ~f ′(~u′) = γv[~u · ~f(~u) + ~v · ~f(~u)] = γv(~u+ ~v) · ~f(~u)
⇔

[
~f ′(~u′)

i~u′ · ~f ′(~u′)

]
= L~v

[
~f(~u)

i~u · ~f(~u)

]

íØ3.2.3. ~f ′
2
(~u′)− [~u′ · ~f ′(~u′)]2 = ~f2(~u)− [~u · ~f(~u)]2 =ØCþ

3.3 Ä�:XíÄC��·�:X

Ún3.3.1. |
∑
i

~pi/
∑
i

Ei| ≤ 1,�Òk�=�~pi = Ei~1�¤á"

½Â3.3.1. Ä�:X : |
∑
i

~pi/
∑
i

Ei| 6= 0,·�:X : |
∑
i

~pi/
∑
i

Ei| = 0

k�þÄ�:X�·�:X�âÔ[íÄC�µ

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) =

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2] = 0

M0 = H(~v) =
∑
i

γv(Ei + ~v · ~pi) =
∑
i

Ei/γv
(15.9)

3.4 ·�:XíÄC��Ä�:X

·�:XíÄC��Ä�:Xµ

∑
i

~pi/
∑
i

Ei = 0⇒


H(~v) = γv

∑
i

Ei = M,M ≡ γvM0,M0 ≡
∑
i

Ei

~P (~v) = γv~v
∑
i

Ei = M~v
(15.10)

±þ'Xª�Ôn¿Â´µ�±ò�:X�����âf§�T�:X�$Ä�§�±�����âf�$Ä§

¿��âf��ÎÜ�éØ5Æ"¿�T�:X�%·���oUÒ´T�:X���·��þ§�%$Ä�o

UþÒ´����éØÄ�þ"Ïd�:X���±�����âf§�L5§��±@�Ä�âfÒ´���

:X§J:´k�p�^��:X´Ä�kXd�(Øº´Ä�±Ud�¢é�p�^\���å§¿��#�

Ônº

3.5 ü��õ1fX�âÔ[íÄC�

ü��õ1fX�âÔ[íÄC�µ

~pi = Ei~1, ~1′ = [~1 + γv~v + (γv − 1)(~v ·~1)~v/v2]/[γv(1 + ~v ·~1)] (15.11)

⇒



~P (~v) =
∑
i

[Ei~1 + γvEi~v + (γv − 1)(~v ·~1)Ei~v/v
2] =

∑
i

γvEi(1 + ~v ·~1)~1′

H(~v) =
∑
i

γvEi(1 + ~v ·~1)

~P 2(~v)−H2(~v) = −M2
0 ,M0 =

∑
i

Ei
√

1− 1′2 = 0

(15.12)
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3.6 �:X�Ê··��þúª

nÜ±þ(Ø§�±��±eÊ·�·��þúªµ

M0 =
∑
i

Ei

√
1− (

∑
i

~pi/
∑
i

Ei)2 =

√
(
∑
i

Ei)2 − (
∑
i

~pi)2 =

√∑
i,j

(EiEj − ~pi · ~pj) (15.13)

{zPÒ��þúªµM0 =
√∑

(EiEj − ~pi · ~pj)

3.7 �p�^�:X³U�âÔ[íÄC�b�

�p�^Ä�:X³UG�b�µ
~P (~0) = (

∑
k

~pk/
∑
k

Ek)
1
2

∑
i 6=j

Vij

H(~0) = 1
2

∑
i6=j

Vij
(15.14)

�p�^Ä�:X³U�âÔ[íÄC�µ

~P (~v) = ~P (~0) + γvH(~0)~v + (γv − 1)[~v · ~P (~0)]~v/v2 =

∑
i6=j

Vij∑
k

2Ek

∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) = γv[H(~0) + ~v · ~P (~0)] =

∑
i6=j

Vij∑
k

2Ek

∑
i

γv(Ei + ~v · ~pi)

~P 2(~v)−H2(~v) = ~P 2(~0)−H2(~0) = −M2
V 0

(15.15)

�p�^·�:X³U�âÔ[íÄC�µ

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) = ~0

H(~v) =
∑
i 6=j

Vij
√

1− v2 ≡MV 0

(15.16)

�p�^�:X³U��þúªµMV 0 = ( 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)

3.8 õâf�p�^�:X�âÔ[íÄC�

�p�^�:X�âÔ[íÄC�µ

íØ3.8.1.


~P (v) = 1∑

k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) = 1∑
k

2Ek
(
∑
k

2Ek +
∑
i6=j

Vij)
∑
i

γv(Ei + ~v · ~pi)

y²:

~P (v) =
∑
i

[~pi + γvEi~v+ (γv− 1)(~v · ~pi)~v/v2] + 1
2

∑
i,j

{Vij(
∑
k

~pk/
∑
k

Ek) + γvVij~v+ (γv− 1)[~v · (Vij
∑
k

~pk/
∑
k

Ek)]~v/v
2}

= 1∑
k

2Ek
{
∑
k

2Ek
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2] +
∑
i6=j

Vij
∑
k

{~pk + γvEk~v + (γv − 1)[~v · (~pk)]~v/v2}}

= 1∑
k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

[~pi + γvEi~v + (γv − 1)(~v · ~pi)~v/v2]

H(~v) =
∑
i

γv(Ei + ~v · ~pi) + 1
2

∑
i,j

γv[Vij + ~v · (Vij
∑
k

~pk/
∑
k

Ek)] = 1∑
k

2Ek
(
∑
k

2Ek +
∑
i 6=j

Vij)
∑
i

γv(Ei + ~v · ~pi)

�p�^Ä�:X�·�:X�âÔ[íÄC�µ

~v = −
∑
i

~pi/
∑
i

Ei 6= ~1⇒


~P (~v) = ~0

H(~v) = (
∑
k

Ek + 1
2

∑
i 6=j

Vij)
√

1− v2 ≡M0

(15.17)

�p�^�:X��þúªµM0 = (
∑
i

Ei + 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)
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3.9 ØÓ�%�Ý�p�^�:Xm�âÔ[íÄC�

ØÓ�%�Ý�p�^�:Xm�âÔ[íÄC�µ

~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

H(~u′) = γv[H(~u) + ~v · ~P (~u)]

~P (~u′) = ~P (~u) + γvH(~u)~v + (γv − 1)[~v · ~P (~u)]~v/v2

~P 2(~u′)−H2(~u′) = ~P 2(~u)−H2(~u) = −M2
0

(15.18)

ØÓ�%�Ý�p�^�:X	å�âÔ[íÄC�µ~f ′(~u′) = ~f(~u) + γv[~u · ~f(~u)]~v + (γv − 1)[~v · ~f(~u)]~v/v2

~u′ · ~f ′(~u′) = γv[~u · ~f(~u) + ~v · ~f(~u)] = γv(~u+ ~v) · ~f(~u)
(15.19)

3.10 �p�^�:X�Ê··��þúª

nÜ±þ(Ø§�±��±eÊ·�·��þúªµ

M0 = (
∑
i

Ei + 1
2

∑
i 6=j

Vij)
√∑

i,j

(EiEj − ~pi · ~pj)/
∑
i,j

(EiEj)

3.11 ��f�Ê··��þúª(�%X)???

M0 =
[
√
M2+~p2

M+
√
m2+~p2

m+V (~rM ,~rm)]
√

(
√
M2+~p2

M+
√
m2+~p2

m)2−(~pM+~pm)2

√
M2+~p2

M+
√
m2+~p2

m

M0 = [M +m+ V (~rM0, ~rm0)]

M +m = [
√
M2 + ~p2 +

√
m2 + ~p2 + V (~rM , ~rm)]

V (~rM , ~rm) = M +m− (
√
M2 + ~p2 +

√
m2 + ~p2)

4 �«^þ�âÔ[íÄC�

4.1 �é¡ÜþÚ>^^þ�âÔ[C�5Æ [24–26]

üâf��ÄþÜþÚ>^Üþ�âÔ[C�5Æµ

½n4.1.1.
F ab = −F ba, F ′ = L~vFL

T
~v , F =

[
0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

]

F ′ = γv

 0 (Bz+~v×~E)z −(By+~v×~E)y −i(~E−~v× ~B)x

−(Bz+~v×~E)z 0 (Bx+~v×~E)x −i(~E−~v× ~B)y

(By+~v×~E)y −(Bx+~v×~E)x 0 −i(~E−~v× ~B)z

i(~E−~v× ~B)x i(~E−~v× ~B)y i(~E−~v× ~B)z 0

− γv−1
v2

 0 (~v· ~B)vz −(~v· ~B)vy −i(~v·~E)vx

−(~v· ~B)vz 0 (~v· ~B)vx −i(~v·~E)vy

(~v· ~B)vy −(~v· ~B)vx 0 −i(~v·~E)vz

i(~v·~E)vx i(~v·~E)vy i(~v·~E)vz 0


y²:

L~vF = (

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
)

[
0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

]

=

[ γvvxEx Bz+γvvxEy −By+γvvxEz −iEx
−Bz+γvvyEx γvvyEy Bx+γvvyEz −iEy
By+γvvzEx −Bx+γvvzEy γvvzEz −iEz
iγv(~E−~v× ~B)x iγv(~E−~v× ~B)y iγv(~E−~v× ~B)z γv~v·~E

]
+ γv−1

v2

−vx(~v× ~B)x −vx(~v× ~B)y −vx(~v× ~B)z −ivx~v·~E
−vy(~v× ~B)x −vy(~v× ~B)y −vy(~v× ~B)z −ivy~v·~E
−vz(~v× ~B)x −vz(~v× ~B)y −vz(~v× ~B)z −ivz~v·~E

0 0 0 0


F ′ = L~vFL

T
~v

= (

[ γvvxEx Bz+γvvxEy −By+γvvxEz −iEx
−Bz+γvvyEx γvvyEy Bx+γvvyEz −iEy
By+γvvzEx −Bx+γvvzEy γvvzEz −iEz
iγv(~E−~v× ~B)x iγv(~E−~v× ~B)y iγv(~E−~v× ~B)z γv~v·~E

]
+ γv−1

v2

−vx(~v× ~B)x −vx(~v× ~B)y −vx(~v× ~B)z −ivx~v·~E
−vy(~v× ~B)x −vy(~v× ~B)y −vy(~v× ~B)z −ivy~v·~E
−vz(~v× ~B)x −vz(~v× ~B)y −vz(~v× ~B)z −ivz~v·~E

0 0 0 0

)

(

[
1 0 0 iγvvx
0 1 0 iγvvy
0 0 1 iγvvz

−iγvvx −iγvvy −iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
)

=

 0 Bz+γv(~v×~E)z −By−γv(~v×~E)y iγ2
vvx~v·~E−iγv(~E−~v× ~B)x

−Bz−γv(~v×~E)z 0 Bx+γv(~v×~E)x iγ2
vvy~v·~E−iγv(~E−~v× ~B)y

By+γv(~v×~E)y −Bx−γv(~v×~E)x 0 iγ2
vvz~v·~E−iγv(~E−~v× ~B)z

−iγ2
vvx~v·~E+iγv(~E−~v× ~B)x −iγ2

vvy~v·~E+iγv(~E−~v× ~B)y −iγ2
vvz~v·~E+iγv(~E−~v× ~B)z γ2

v~v·(~v× ~B)=0
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+ γv−1
v2

 vx(~v× ~B)x+γvvxvx~v·~E vy(~v× ~B)x+γvvxvy~v·~E vz(~v× ~B)x+γvvxvz~v·~E 0

vx(~v× ~B)y+γvvyvx~v·~E vy(~v× ~B)y+γvvyvy~v·~E vz(~v× ~B)y+γvvyvz~v·~E 0

vx(~v× ~B)z+γvvzvx~v·~E vy(~v× ~B)z+γvvzvy~v·~E vz(~v× ~B)z+γvvzvz~v·~E 0

iγvvx~v·~E iγvvy~v·~E iγvvz~v·~E 0


+ γv−1

v2

−vx(~v× ~B)x−γvvxvx~v·~E −vx(~v× ~B)y−γvvxvy~v·~E −vx(~v× ~B)z−γvvxvz~v·~E −iγvvx~v·~E
−vy(~v× ~B)x−γvvyvx~v·~E −vy(~v× ~B)y−γvvyvy~v·~E −vy(~v× ~B)z−γvvyvz~v·~E −iγvvy~v·~E
−vz(~v× ~B)x−γvvzvx~v·~E −vz(~v× ~B)y−γvvzvy~v·~E −vz(~v× ~B)z−γvvzvz~v·~E −iγvvz~v·~E

0 0 0 0


+ (γv−1

v2 )2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
=

 0 Bz+γv(~v×~E)z −By−γv(~v×~E)y iγ2
vvx~v·~E−iγv(~E−~v× ~B)x

−Bz−γv(~v×~E)z 0 Bx+γv(~v×~E)x iγ2
vvy~v·~E−iγv(~E−~v× ~B)y

By+γv(~v×~E)y −Bx−γv(~v×~E)x 0 iγ2
vvz~v·~E−iγv(~E−~v× ~B)z

−iγ2
vvx~v·~E+iγv(~E−~v× ~B)x −iγ2

vvy~v·~E+iγv(~E−~v× ~B)y −iγ2
vvz~v·~E+iγv(~E−~v× ~B)z γ2

v~v·(~v× ~B)=0


− γv−1

v2

 0 ~v×(~v× ~B)z −~v×(~v× ~B)y iγvvx~v·~E
−~v×(~v× ~B)z 0 ~v×(~v× ~B)x iγvvy~v·~E
~v×(~v× ~B)y −~v×(~v× ~B)x 0 iγvvz~v·~E
−iγvvx~v·~E −iγvvy~v·~E −iγvvz~v·~E 0


= γv

 0 (Bz+~v×~E)z −(By+~v×~E)y −i(~E−~v× ~B)x

−(Bz+~v×~E)z 0 (Bx+~v×~E)x −i(~E−~v× ~B)y

(By+~v×~E)y −(Bx+~v×~E)x 0 −i(~E−~v× ~B)z

i(~E−~v× ~B)x i(~E−~v× ~B)y i(~E−~v× ~B)z 0

− γv−1
v2

 0 (~v· ~B)vz −(~v· ~B)vy −i(~v·~E)vx

−(~v· ~B)vz 0 (~v· ~B)vx −i(~v·~E)vy

(~v· ~B)vy −(~v· ~B)vx 0 −i(~v·~E)vz

i(~v·~E)vx i(~v·~E)vy i(~v·~E)vz 0



íØ4.1.1. ~E′ = γv( ~E − ~v × ~B)− (γv − 1)(~v · ~E)~v/v2, ~B′ = γv( ~B + ~v × ~E)− (γv − 1)(~v · ~B)~v/v2

íØ4.1.2. ~ϕ′ς = γv(~ϕς − iς~v × ~ϕς)− (γv − 1)(~v · ~ϕς)~v/v2, ψας := i
2
σαςςabF

ab = −iς( ~E − iς ~B) := ~ϕς

íØ4.1.3. ~ϕ′ς = Rς~v ~ϕς , Rς~v ≡ γv − ςγv
[

0 −ivz ivy
ivz 0 −ivx
−ivy ivx 0

]
− γv−1

v2

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
íØ4.1.4. Rς~v = 1− ςγv~v · γ + γv−1

v2 (~v · γ)2, Rς~vR−ς~v = R−ς~vRς~v = I

Ún4.1.1. [1 + γv−1
v2 (~v · γ)2]2 = 1 + γ2

v(~v · γ)2

íØ4.1.5.

[
~E′

~B′

]
=

[
1+

γv−1
v2 (~v·γ)2 −iςγv~v·γ

iςγv~v·γ 1+
γv−1
v2 (~v·γ)2

] [
~E

~B

]
,

[
1+

γv−1
v2 (~v·γ)2 −iςγv~v·γ

iςγv~v·γ 1+
γv−1
v2 (~v·γ)2

] [
1+

γv−1
v2 (~v·γ)2 iςγv~v·γ

−iςγv~v·γ 1+
γv−1
v2 (~v·γ)2

]
= I6

íØ4.1.6.

 ~E′ + i ~B′ = e(iω−ε)·γ( ~E + i ~B)

~E′ − i ~B′ = e(iω+ε)·γ( ~E − i ~B)
⇔

2 ~E′ = [e(iω−ε)·γ + e(iω+ε)·γ ] ~E + i[e(iω−ε)·γ − e(iω+ε)·γ ] ~B

2 ~B′ = [e(iω−ε)·γ + e(iω+ε)·γ ] ~B − i[e(iω−ε)·γ − e(iω+ε)·γ ] ~E

íØ4.1.7.

[
~E′

~B′

]
= 1

2

[
[e(iω−ε)·γ+e(iω+ε)·γ ] i[e(iω−ε)·γ−e(iω+ε)·γ ]

−i[e(iω−ε)·γ−e(iω+ε)·γ ] [e(iω−ε)·γ+e(iω+ε)·γ ]

] [
~E

~B

]
4.2 �ÄþC�5Æ

5�4.2.1. Mab = xapb − xbpa,M ′ = L~vMLT~v ,
~J = ~B = ~r × ~p, ~W = ~E = t~p− ~rE

5�4.2.2. Mab = xapb − xbpa,M ′ = L~vMLT~v ,
~J = ~B = ~r × ~p, ~W = ~E = r~p− ~rE

íØ4.2.1.

 ~W ′ = γv( ~W − ~v × ~J)− (γv − 1)(~v · ~W )~v/v2

~J ′ = γv( ~J + ~v × ~W )− (γv − 1)(~v · ~J)~v/v2

4.3 l1f^þC�5Æßÿ��^þ�C�5Æ

íØ4.3.1.

~ϕ′ς = γv(~ϕς − iς~v × ~ϕς)− (γv − 1)(~v · ~ϕς)~v/v2

(~ϕς , 0) = Sem(κ)ψς ⊗ ψς → ~ϕς = 1√
2
(ψ2

ς1 − ψ2
ς2, iψ

2
ς1 + iψ2

ς2,−2ψς1ψς2)

íØ4.3.2. Λ(ψ2
ς1, ψ

2
ς2, ψς1ψς2) = 1

2

[
1 −i 0
−1 −i 0
0 0 −1

]
(γv − ςγv

[
0 −ivz ivy
ivz 0 −ivx
−ivy ivx 0

]
− γv−1

v2

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
)
[

1 −1 0
i i 0
0 0 −2

]
ßÿ+ínµ

íØ4.3.3. Λ(ψ2
ς1, ψ

2
ς2, ψς1ψς2) =

[
(γ+1−ςγvz)2/[2(γ+1)] [γ(vx−ivy)]2/[2(γ+1)] −iςvy
[γ(vx+ivy)]2/[2(γ+1)] (γ+1+ςγvz)2/[2(γ+1)] iςvx

iςvy −iςvx 1

]
⇐ Λς~v(ψς1, ψς2) = 1√

2(γ+1)

[
γ+1−ςγvz −γς(vx−ivy)

−ςγ(vx+ivy) γ+1+ςγvz

]
= 1√

2(γ+1)
(1 + γ − ςγ~v · σ)
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4.4 l^þC�5Æí�1f^þ�C�5Æ

íØ4.4.1. Λς~v ⊗ Λς~v = γ+1
2
− 1

2
ςγ~v · (σ ⊗ I + I ⊗ σ) + γv−1

2v2 (~v · σ)⊗ (~v · σ)

íØ4.4.2. Rς~v = Sem(κ)Λς~v ⊗ Λς~vS
+
em(κ) = γv+1

2
− ςγv~v ·R+ γv−1

2v2 (~v · σ+)(~v · σ−)

= 1− ςγv~v ·R+ γv−1
v2 (~v ·R)2 =

[ γv 0 0 0
0 γv 0 0
0 0 γv 0
0 0 0 1

]
− ςγv

[
0 −ivz ivy 0
ivz 0 −ivx 0
−ivy ivx 0 0

0 0 0 0

]
− γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]

íØ4.4.3. (~v · σ+)(~v · σ−) = −2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
+ v2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

]

íØ4.4.4. (~v ·R)2 = −

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
+ v2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

]
, (~v · γ)2 = −

[ vxvx vxvy vxvz
vyvx vyvy vyvz
vzvx vzvy vzvz

]
+ v2

íØ4.4.5. (~v · σ+)(~v · σ−) = 2(~v ·R)2 − v2 = v2 − 2(~v · L)2

íØ4.4.6. (~v ·R)(~v · L) = (~v · L)(~v ·R), (~v ·R)2 + (~v · L)2 = v2

4.5 l^þC�5Æí�¥þ�C�5Æ

½Â4.5.1. L~v ≡

[
1 0 0 −iγvvx
0 1 0 −iγvvy
0 0 1 −iγvvz

iγvvx iγvvy iγvvz γv

]
+ γv−1

v2

[
vxvx vxvy vxvz 0
vyvx vyvy vyvz 0
vzvx vzvy vzvz 0

0 0 0 0

]
= γv(1− ~v · L)− γv−1

v2 (~v ·R)2

íØ4.5.1.

Λς~v ⊗Λ−ς~v = 1
2(γv+1)

(1 + γv − ςγv~v · σ)⊗ (1 + γv + ςγv~v · σ) = γv+1
2
− 1

2
ςγv~v · (σ⊗ I − I ⊗ σ)− γv−1

2v2 (~v · σ)⊗ (~v · σ)

íØ4.5.2.

L−κς~v = Sem(κ)Λς~v ⊗ Λ−ς~vS
+
em(κ) = γv+1

2
+ κςγv~v · L− γv−1

2v2 (~v · σ+)(~v · σ−) = γv(1 + κς~v · L)− γv−1
v2 (~v ·R)2

4.6 âÔ[íÄC��(

^þ�âÔ[íÄC�µ

íØ4.6.1. Λς~v = e−
1
2
ςln[γv(1+v)]v̂·σ = 1√

2(γv+1)
(1 + γv − ςγv~v · σ), ε ∼ −v,Aς ∼ e(iω+ςε)·σ(s)

).�^þ�âÔ[íÄC�µ

íØ4.6.2. Dς~v = e−
1
2
ςln[γv(1+v)]v̂·σ⊗σz = 1√

2(γv+1)
(1 + γv − ςγv~v · σ ⊗ σz), Dς~v = Λς~v ⊕ Λ−ς~v

¥þ�âÔ[íÄC�µ

íØ4.6.3. L−κς~v = γv(1 + κς~v · L)− γv−1
v2 (~v ·R)2, L−κς~v = Sem(κ)Λς~v ⊗ Λ−ς~vS

+
em(κ)

>^^þÚ�Äþ�âÔ[íÄC�µ

íØ4.6.4. Rς~v = 1− ςγv~v ·R+ γv−1
v2 (~v ·R)2, Rς~v = Sem(κ)Λς~v ⊗ Λς~vS

+
em(κ)

s-^þ�âÔ[íÄC�µ

íØ4.6.5. Λς~v(s) = P̄(s+ 1
2
)

2s︷ ︸︸ ︷
Λς~v ⊗ · · · ⊗ Λς~v P(s+ 1

2
),Λς~v = 1√

2(γv+1)
(1 + γv − ςγv~v · σ)

5 �«g^âfâÔ[C��õ�ªL«
±þæ^�´�¡!�*!ßÿ��{§e¡òæ^�)Û!�î�!�k^nÚ�XÚ�©Û�í��

{§�����!�Ê·�(Ø"
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5.1 êÆO�

5.1.1 ½Â

½Â5.1.1. e(s, n, σ) ≡ (
n−1︷ ︸︸ ︷

I ⊗ · · · ⊗ I⊗σ
2s−n︷ ︸︸ ︷

⊗I ⊗ · · · ⊗ I)

½Â5.1.2. Ω̂(s) ≡ Ω̂(s, 1, σ) ≡
2s∑
n=1

e(s, n, σ),Ω(s) ≡ 1
2
Ω̂(s, 1, σ)

Ω̂(s, 1, ~ϑ · σ) ≡
2s∑
n=1

e(s, n, ~ϑ · σ) = ~ϑ · Ω̂(s, 1, σ)

Ω̂(s, 2, ~ϑ · σ) ≡ 1
2!

1,2s∑
i6=j

e(s, i, ~ϑ · σ)e(s, j, ~ϑ · σ)

Ω̂(s, n, ~ϑ · σ) ≡ 1
n!

1,2s∑
i1 6=i2···6=in

e(s, i1, ~ϑ · σ)e(s, i2, ~ϑ · σ) · · · e(s, in, ~ϑ · σ),

5.1.2 �5�

5�5.1.1. Ω̂(s, 2, ~ϑ · σ) = 1
2
Ω̂2(s, 1, ~ϑ · σ)− s~ϑ2

5�5.1.2. Ω̂(s ≤ 2, n, ~ϑ · σ) = 1
n!

Ω̂n(s, 1, ~ϑ · σ)u(n− 1)

− 1
n!

(
2sCn−2

2s−1

Cn−2
2s

)[C2
n(n− 2)!]~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 2)− 1

n!
(

2sCn−3
2s−1

Cn−2
2s

)[C3
n(n− 3)!]~ϑ2Ω̂(s, n− 2, ~ϑ · σ)u(n− 3) + · · ·

= 1
n!

Ω̂n(s, 1, ~ϑ ·σ)u(n−1)− [s− 1
2
(n−2)]~ϑ2Ω̂(s, n−2, ~ϑ ·σ)u(n−2)− 1

6
(n−2)~ϑ2Ω̂(s, n−2, ~ϑ ·σ)u(n−3)− 5

3
~ϑ4δn,4

5.1.3 âÔ[)¤�Ý
5� [24]

5�5.1.3. ~ϑ2 = 0⇒ (~ϑ · σ)2 = 0, (~ϑ · γ)2 = 0, (~ϑ ·R)2 = 0, (~ϑ · L)2 = 0

5�5.1.4. ~ϑ2 = 0⇒ [~ϑ · (σ ⊗ I + I ⊗ σ)]2 = 0, (~ϑ · σ)⊗ (~ϑ · σ) = 0

5�5.1.5. ~ϑ2 = 0⇒ [~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]2 = 0

5�5.1.6. ~ϑ2 = 0⇒ [~ϑ · Ω̂(s)]2 = 0, [~ϑ · Ω(s)]2 = 0, [~ϑ · σ(s)]2 = 0

5�5.1.7. ~ϑ2 = 1⇒ (~ϑ · σ)3 = ~ϑ · σ, (~ϑ · γ)3 = ~ϑ · γ, (~ϑ ·R)3 = ~ϑ ·R, (~ϑ · L)3 = ~ϑ · L

5.2 õ�ªÐm��½n(ªuî�z
2023.09.15)

½n5.2.1. (a1 + a2 + · · ·+ am)n =
∑

(
∑
k

ik)=n

n!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

½Â5.2.1. < k1, k2, · · · , km >= 1
m!
ak1

{1a
k2
2 · · · akmm}; k1 ≥ k2 ≥ · · · ≥ km ≥ 0, k1 + k2 + · · ·+ km = n

½Â5.2.2. < (n1; l1), (n2; l2), · · · , (nk; lk) >:=<

l1︷ ︸︸ ︷
n1, · · · , n1,

l2︷ ︸︸ ︷
n2, · · · , n2, · · · ,

lk︷ ︸︸ ︷
nk, · · · , nk >

n1 > n2 > · · · > nk ≥ 0, l1, l2, · · · , lk ≥ 1; l1 + l2 + · · ·+ lk = m,n1l1 + n2l2 + · · ·+ nklk = n

íØ5.2.1. < (n1; l1), (n2; l2), · · · , (nk; lk) >= 1
m!

(an1

{1 · ·a
n1

l1
)(an2

l1+1 · ·a
n2

l1+l2
) · · · (ankl1+··+lk−1+1 · ·a

nk
l1+··+lk})

= 1
m!

(l1!an1

{|1 · ·a
n1

l1|)(l2!an2

|l1+1 · ·a
n2

l1+l2|) · · · (lk!a
nk
|l1+··+lk−1+1 · ·a

nk
l1+··+lk|})

= l1!l2!···lk!
m!

(an1

{|1 · ·a
n1

l1|)(a
n2

|l1+1 · ·a
n2

l1+l2|) · · · (a
nk
|l1+··+lk−1+1 · ·a

nk
l1+··+lk|})

½n5.2.2. (a1 + a2 + · · ·+ am)n =
∑

i1··+im=n

n!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

m!
l1!l2!···lk!

< (n1; l1), (n2; l2), · · · , (nk; lk) >
n1 > n2 > · · · > nk ≥ 0, l1, l2, · · · , lk ≥ 1; l1 + l2 + · · ·+ lk = m,n1l1 + n2l2 + · · ·+ nklk = n

y²: (a1 + a2 + · · ·+ am)n =
∑

i1··+im=n

n!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

(an1

{|1 · ·a
n1

l1|)(a
n2

|l1+1 · ·a
n2

l1+l2|) · · · (a
nk
|l1+··+lk−1+1 · ·a

nk
l1+··+lk|})

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

m!
l1!l2!···lk!

< (n1; l1), (n2; l2), · · · , (nk; lk) >
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5.2.1 ~fµ��ªÐm

5�5.2.1. (a1 + a2)2 =
∑

2!
i1!i2!

ai11 a
i2
2

= 2!
2!0!

(a2
1a

0
2 + a0

1a
2
2) + 2!

1!1!
(a1

1a
1
2)

= 2!
2!0!

2!
1!1!

< 2, 0 > + 2!
1!1!

2!
2!
< 1, 1 >,< 2, 0 >:= 1!1!

2!
(a2

1a
0
2 + a0

1a
2
2), < 1, 1 >:= 2!

2!
(a1

1a
1
2)

= 2 < 2, 0 > +2 < 1, 1 >

5�5.2.2. (a1 + a2)3 =
∑

3!
i1!i2!

ai11 a
i2
2

= 3!
3!0!

2!
1!1!

< 3, 0 > + 3!
2!1!

2!
1!1!

< 2, 1 >,< 3, 0 >:= 1!
2!

(a3
1a

0
2 + a0

1a
3
2), < 2, 1 >:= 1!1!

2!
(a2

1a
1
2 + a1

1a
2
2)

= 2 < 3, 0 > +6 < 2, 1 >

5�5.2.3. (a1 + a2)4 =
∑

4!
i1!i2!

ai11 a
i2
2

= 4!
4!0!

2!
1!1!

< 4, 0 > + 4!
3!1!

2!
1!1!

< 3, 1 > + 4!
2!2!

2!
2!
< 2, 2 >

= 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >

5.2.2 ~fµn�ªÐm

5�5.2.4. (a1 + a2 + a3)2 =
∑

2!
i1!i2!i3!

ai11 a
i2
2 a

i3
3

= 2!
2!0!0!

3!
1!2!

< 2, 0, 0 > + 2!
1!1!0!

3!
2!1!

< 1, 1, 0 >

= 3 < 2, 0, 0 > +6 < 1, 1, 0 >

5�5.2.5. (a1 + a2 + a3)3 =
∑

3!
i1!i2!i3!

ai11 a
i2
2 a

i3
3

= 3!
3!0!0!

3!
1!2!

< 3, 0, 0 > + 3!
2!1!0!

3!
1!1!1!

< 2, 1, 0 > + 3!
1!1!1!

3!
3!
< 1, 1, 1 >

= 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >

5�5.2.6. (a1 + a2 + a3)4 =
∑

4!
i1!i2!i3!

ai11 a
i2
2 a

i3
3

= 4!
4!0!0!

3!
1!2!

< 4, 0, 0 > + 4!
3!1!0!

3!
1!1!1!

< 3, 1, 0 > + 4!
2!2!0!

3!
2!1!

< 2, 2, 0 > + 4!
2!1!1!

3!
1!2!

< 2, 1, 1 >

= 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0 > +36 < 2, 1, 1 >

5.2.3 ~fµo�ªÐm

5�5.2.7. (a1 + a2 + a3 + a4)2 =
∑

2!
i1!i2!i3!i4!

ai11 a
i2
2 a

i3
3 a

i4
4

= 2!
2!0!0!0!

4!
1!3!

< 2, 0, 0, 0 > + 2!
1!1!0!0!

4!
2!2!

< 1, 1, 0, 0 >

= 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >

5�5.2.8. (a1 + a2 + a3 + a4)3 =
∑

3!
i1!i2!i3!i4!

ai11 a
i2
2 a

i3
3 a

i4
4

= 3!
3!0!0!0!

4!
1!3!

< 3, 0, 0, 0 > + 3!
2!1!0!0!

4!
1!1!2!

< 2, 1, 0, 0 > + 3!
1!1!1!0!

4!
3!1!

< 1, 1, 1, 0 >

= 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >

5�5.2.9. (a1 + a2 + a3 + a4)4 =
∑

4!
i1!i2!i3!i4!

ai11 a
i2
2 a

i3
3 a

i4
4

= 4!
4!0!0!0!

4!
1!3!

< 4, 0, 0, 0 > + 4!
3!1!0!0!

4!
1!1!2!

< 3, 1, 0, 0 > + 4!
2!2!0!0!

4!
2!2!

< 2, 2, 0, 0 >

+ 4!
2!1!1!0!

4!
1!2!1!

< 2, 1, 1, 0 > + 4!
1!1!1!1!

4!
4!
< 1, 1, 1, 1 >

= 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2 > +144 < 2, 1, 1, 0 > +24 < 1, 1, 1, 1 >

5�5.2.10. (a1 + a2 + a3 + a4)5 =
∑

5!
i1!i2!i3!i4!

ai11 a
i2
2 a

i3
3 a

i4
4

= 5!
5!0!0!0!

4!
1!3!

< 5, 0, 0, 0 > + 5!
4!1!0!0!

4!
1!1!2!

< 4, 1, 0, 0 > + 5!
3!2!0!0!

4!
1!1!2!

< 3, 2, 0, 0 >

+ 5!
3!1!1!0!

4!
1!2!1!

< 3, 1, 1, 0 > + 5!
2!2!1!0!

4!
2!1!1!

< 2, 2, 1, 0 > + 5!
2!1!1!1!

4!
1!3!

< 2, 1, 1, 1 >

= 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 < 2, 2, 1, 0 > +240 < 2, 1, 1, 1 >

5.2.4 ~fµÊ�ªÐm

½n5.2.3. (a1 + a2 + · · ·+ am)n

=
∑

n!
(n1!)l1 (n2!)l2 ···(nk!)lk

m!
l1!l2!···lk!(m−l1−···−lk)!

< (n1; l1), (n2; l2), · · · , (nk; lk) >
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5�5.2.11. (a1 + a2 + a3 + a4 + a5)2 =
∑

2!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 2!
2!0!4

5!
1!4!

< 2, 0, 0, 0, 0 > + 2!
1!20!3

5!
2!3!

< 1, 1, 0, 0, 0 >

= 5 < 2, 0, 0, 0 > +20 < 1, 1, 0, 0, 0 >

5�5.2.12. (a1 + a2 + a3 + a4 + a5)3 =
∑

3!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 3!
3!0!4

5!
1!4!

< 3, 0, 0, 0, 0 > + 3!
2!1!0!3

5!
1!1!3!

< 2, 1, 0, 0, 0 > + 3!
1!30!2

5!
3!2!

< 1, 1, 1, 0 >

= 5 < 3, 0, 0, 0, 0 > +60 < 2, 1, 0, 0, 0 > +60 < 1, 1, 1, 0, 0 >

5�5.2.13. (a1 + a2 + a3 + a4 + a5)4 =
∑

4!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 4!
4!0!4

5!
1!4!

< 4, 0, 0, 0, 0 > + 4!
3!1!0!3

5!
1!1!3!

< 3, 1, 0, 0, 0 > + 4!
2!20!3

5!
2!3!

< 2, 2, 0, 0, 0 >

+ 4!
2!1!20!2

5!
1!2!2!

< 2, 1, 1, 0, 0 > + 4!
1!40!

5!
4!1!

< 1, 1, 1, 1, 0 >

= 5 < 4, 0, 0, 0, 0 > +80 < 3, 1, 0, 0, 0 > +60 < 2, 2, 0 > +360 < 2, 1, 1, 0, 0 > +120 < 1, 1, 1, 1, 0 >

5�5.2.14. (a1 + a2 + a3 + a4 + a5)5 =
∑

5!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 5!
5!0!4

5!
1!4!

< 5, 0, 0, 0, 0 > + 5!
4!1!0!3

5!
1!1!3!

< 4, 1, 0, 0, 0 > + 5!
3!2!0!3

5!
1!1!3!

< 3, 2, 0, 0, 0 >

+ 5!
3!1!20!2

5!
1!2!2!

< 3, 1, 1, 0, 0 > + 5!
2!21!0!2

5!
2!1!2!

< 2, 2, 1, 0, 0 > + 5!
2!1!30!

5!
1!3!1!

< 2, 1, 1, 1, 0 > + 5!
1!5

5!
5!
< 1, 1, 1, 1, 1 >

= 5 < 5, 0, 0, 0, 0 > +100 < 4, 1, 0, 0, 0 > +200 < 3, 2, 0, 0, 0 > +600 < 3, 1, 1, 0, 0 > +900 < 2, 2, 1, 0, 0 > +1200 <

2, 1, 1, 1, 0 > +120 < 1, 1, 1, 1, 1 >

5.3 8�z�å^�e�õ�ªÐm

5.3.1 8�z�å^�e���ªÐm

½Â5.3.1. [ai, aj ] = 0, a2
i = 1, < 1, 0 >= 1

2
(a1 + a2)

5�5.3.1. (a1 + a2)2 = 2 < 2, 0 > +2 < 1, 1 >= 2 < 0, 0 > +2 < 1, 1 >= 2 + 2 < 1, 1 >

íØ5.3.1. < 1, 1 >= 1
2
(a1 + a2)2 − 1

5�5.3.2. (a1 + a2)3 = 2 < 3, 0 > +6 < 2, 1 >= 2 < 1, 0 > +6 < 0, 1 >= 8 < 1, 0 >

íØ5.3.2. (a1 + a2)3 = 4(a1 + a2), 23 = 4 · 21, 03 = 4 · 01

íØ5.3.3. [ 1
2
(a1 + a2)]3 = [ 1

2
(a1 + a2)]

5�5.3.3.

(a1 + a2)4 = 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >= 2 < 0, 0 > +8 < 1, 1 > +6 < 0, 0 >= 8 + 8 < 1, 1 >

íØ5.3.4. (a1 + a2)4 = 4(a1 + a2)2

5.3.2 8�z�å^�e�n�ªÐm

½Â5.3.2. [ai, aj ] = 0, a2
i = 1, < 1, 0, 0 >= 1

3
(a1 + a2 + a3)

íØ5.3.5. 3!
1!2!

< 1, 0, 0 >= (a1 + a2 + a3)

5�5.3.4. (a1 + a2 + a3)2 = 3 < 2, 0, 0 > +6 < 1, 1, 0 >= 3 < 0, 0, 0 > +6 < 1, 1, 0 >= 3 + 6 < 1, 1, 0 >

íØ5.3.6. 3!
2!1!

< 1, 1, 0 >= 1
2
(a1 + a2 + a3)2 − 3

2

5�5.3.5. (a1 + a2 + a3)3 = 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >

= 3 < 1, 0, 0 > +18 < 0, 1, 0 > +6 < 1, 1, 1 >= 21 < 1, 0, 0 > +6 < 1, 1, 1 >

íØ5.3.7. 3!
3!
< 1, 1, 1 >= 1

6
(a1 + a2 + a3)3 − 7

6
(a1 + a2 + a3)

5�5.3.6. (a1 + a2 + a3)4 = 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0, 0 > +36 < 2, 1, 1 >

= 3 < 0, 0, 0 > +24 < 1, 1, 0 > +18 < 0, 0, 0 > +36 < 0, 1, 1 >= 21 + 60 < 1, 1, 0 >

íØ5.3.8. (a1 + a2 + a3)4 = 10(a1 + a2 + a3)2 − 9, 34 = 10 · 32 − 9, 14 = 10 · 12 − 9

íØ5.3.9. [ 1
2
(a1 + a2 + a3)]4 = 5

2
[ 1
2
(a1 + a2 + a3)]2 − 9

16
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5.3.3 8�z�å^�e�o�ªÐm

½Â5.3.3. [ai, aj ] = 0, a2
i = 1, < 1, 0, 0, 0 >= 1

4
(a1 + a2 + a3 + a4)

íØ5.3.10. 4!
1!3!

< 1, 0, 0, 0 >= (a1 + a2 + a3 + a4)

5�5.3.7. (a1 + a2 + a3 + a4)2 = 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 4 < 0, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 4 + 12 <

1, 1, 0, 0 >

íØ5.3.11. 4!
2!2!

< 1, 1, 0, 0 >= 1
2
(a1 + a2 + a3 + a4)2 − 2

5�5.3.8. (a1 + a2 + a3 + a4)3 = 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >

= 4 < 1, 0, 0, 0 > +36 < 0, 1, 0, 0 > +24 < 1, 1, 1, 0 >= 40 < 1, 0, 0, 0 > +24 < 1, 1, 1, 0 >

íØ5.3.12. 4!
3!1!

< 1, 1, 1, 0 >= 1
6
(a1 + a2 + a3 + a4)3 − 5

3
(a1 + a2 + a3 + a4)

5�5.3.9. (a1 + a2 + a3 + a4)4 = 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2, 0, 0 > +144 < 2, 1, 1, 0 > +24 <

1, 1, 1, 1 >

= 4 < 0, 0, 0, 0 > +48 < 1, 1, 0, 0 > +36 < 0, 0, 0, 0 > +144 < 0, 1, 1, 0 > +24 < 1, 1, 1, 1 >= 40 + 192 < 1, 1 >

+24 < 1, 1, 1, 1 >

íØ5.3.13. 4!
4!
< 1, 1, 1, 1 >= 1

24
(a1 + a2 + a3 + a4)4 − 2

3
(a1 + a2 + a3 + a4)2 + 1

5�5.3.10. (a1 + a2 + a3 + a4)5

= 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 < 2, 2, 1, 0 > +240 < 2, 1, 1, 1 >=

4 < 1, 0, 0, 0 > +60 < 0, 1, 0, 0 > +120 < 1, 0, 0, 0 > +240 < 1, 1, 1, 0 > +360 < 0, 0, 1, 0 > +240 < 0, 1, 1, 1 >=

544 < 1, 0, 0, 0 > +480 < 1, 1, 1, 0 >

5�5.3.11. (a1 + a2 + a3 + a4)5 = 20(a1 + a2 + a3 + a4)3 − 64(a1 + a2 + a3 + a4)

45 = 20 · 43 − 64 · 41, 25 = 20 · 23 − 64 · 21, 05 = 20 · 03 − 64 · 01

íØ5.3.14. [ 1
2
(a1 + a2 + a3 + a4)]5 = 5[ 1

2
(a1 + a2 + a3 + a4)]3 − 4[ 1

2
(a1 + a2 + a3 + a4)]

5.3.4 ÎÒ{z~fµ5�ªÐm

½Â5.3.4. [ai, aj ] = 0, a2
i = 1, < 1, 04 >= 1

5
(a1 + a2 + a3 + a4 + a5)

íØ5.3.15. 5!
1!4!

< 1, 04 >= (a1 + a2 + a3 + a4 + a5)

5�5.3.12. (a1 + a2 + a3 + · · ·+ a5)2 =
∑

2!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 2!
2!

5!
1!4!

< 2, 04 > + 2!
1!1!

5!
2!3!

< 12, 03 >

= 5 < 2, 04 > +5(5− 1) < 12, 03 >
1
= 5 + 2! < 12, 03 >+

íØ5.3.16. < 12, 03 >+= 1
2!

[< 1, 04 >
2
+ −5]

5�5.3.13. (a1 + a2 + a3 + · · ·+ a5)3 =
∑

3!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 3!
3!

5!
1!4!

< 3, 04 > + 3!
2!1!

5!
1!1!3!

< 2, 1, 03 > + 3!
1!1!1!

5!
3!2!

< 13, 02 >

= 5 < 3, 04 > +60 < 2, 1, 03 > +60 < 13, 02 >
1
= 65 < 1, 04 > +60 < 13, 02 >
1
= 13 < 1, 04 >+ +3! < 13, 02 >+

íØ5.3.17. < 13, 02 >+= 1
3!

[< 1, 04 >
3
+ −13 < 1, 04 >+]
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5�5.3.14. (a1 + a2 + a3 + · · ·+ a5)4 =
∑

4!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 4!
4!

5!
1!4!

< 4, 04 > + 4!
3!1!

5!
1!1!3!

< 3, 1, 03 > + 4!
2!2!

5!
2!3!

< 22, 03 >

+ 4!
2!1!1!

5!
1!2!2!

< 2, 12, 02 > + 4!
1!1!1!1!

5!
4!1!

< 14, 0 >

= 5 < 4, 04 > +80 < 3, 1, 03 > +60 < 22, 03 > +360 < 2, 12, 02 > +120 < 14, 0 >
1
= 65 + 440 < 12, 03 > +120 < 14, 0 >
1
= 65 + 44 < 12, 03 >+ +4! < 14, 0 >+

íØ5.3.18. < 14, 0 >+= 1
4!

[< 1, 04 >
4
+ −22 < 1, 04 >

2
+ +45]

5�5.3.15. (a1 + a2 + a3 + · · ·+ a5)5 =
∑

5!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 5!
5!

5!
1!4!

< 5, 04 > + 5!
4!1!

5!
1!1!3!

< 4, 1, 03 > + 5!
3!2!

5!
1!1!3!

< 3, 2, 03 >

+ 5!
3!1!1!

5!
1!2!2!

< 3, 12, 02 > + 5!
2!2!1!

5!
2!1!2!

< 22, 1, 02 >

+ 5!
2!1!1!1!

5!
1!3!1!

< 2, 13, 0 > + 5!
1!1!1!1!1!

5!
5!
< 15 >

= 5 < 5, 04 > +100 < 4, 1, 03 > +200 < 3, 2, 03 > +600 < 3, 12, 02 > +900 < 22, 1, 02 > +1200 < 2, 13, 0 >

+120 < 15 >
1
= 1205 < 1, 04 > +1800 < 13, 02 > +120 < 15 >
1
= 241 < 1, 04 >+ +180 < 13, 02 >+ +5! < 15 >+

íØ5.3.19. < 15 >+= 1
5!

[< 1, 04 >
5
+ −30 < 1, 04 >

3
+ +149 < 1, 04 >+]

5�5.3.16. (a1 + a2 + a3 + · · ·+ a5)6 =
∑

6!
i1!i2!i3!i4!i5!

ai11 a
i2
2 a

i3
3 a

i4
4 a

i5
5

= 6!
6!

5!
1!4!

< 6, 04 > + 6!
5!1!

5!
1!1!3!

< 5, 1, 03 > + 6!
4!2!

5!
1!1!3!

< 4, 2, 03 > + 6!
4!1!1!

5!
1!2!2!

< 4, 12, 02 >

+ 6!
3!3!

5!
2!3!

< 32, 03 > + 6!
3!2!1!

5!
1!1!1!2!

< 3, 2, 1, 02 > + 6!
3!1!1!1!

5!
1!3!1!

< 3, 13, 0 >

+ 6!
2!2!2!

5!
3!2!

< 23, 02 > + 6!
2!2!1!1!

5!
2!2!1!

< 22, 12, 0 > + 6!
2!1!1!1!1!

5!
1!4!0!

< 2, 14 >

= 5 + 120 < 12, 03 > +300 + 900 < 12, 03 >

+ 200 < 12, 03 > +3600 < 12, 03 > +2400 < 14, 0 >

+ 900 + 5400 < 12, 03 > +1800 < 14, 0 >

= 1205 + 10220 < 12, 03 > +4200 < 14, 0 >

= 1205 + 10220 1
C2

5
< 12, 03 >+ +4200 1

C4
5
< 14, 0 >+

= 1205 + 1022 < 12, 03 >+ +840 < 14, 0 >+

= 1205 + 1022 1
2!

[< 1, 04 >
2
+ −5] + 840 1

4!
[< 1, 04 >

4
+ −22 < 1, 04 >

2
+ +45]

íØ5.3.20.

< 1, 04 >
6
+= 35 < 1, 04 >

4
+ −259 < 1, 04 >

2
+ +225

56 = 35 · 54 − 259 · 52 + 225

36 = 35 · 34 − 259 · 32 + 225

16 = 35 · 14 − 259 · 12 + 225

< 1, 05 >
7
+= 56 < 1, 05 >

5
+ −784 < 1, 05 >

3
+ +2304 < 1, 05 >

1
+

5.3.5 ~fµm�ªÐm(?�Ú{zÎÒ)

5�5.3.17. (a1 + a2 + a3 + · · ·+ am)2 =
∑

2!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

= 2!
2!

m!
1!(m−1)!

< 2 > + 2!
1!1!

m!
2!(m−2)!

< 1, 1 >

= m < 2 > +m(m− 1) < 1, 1 >
1
= m+m(m− 1) < 1, 1 >

1
= m+ 2! < 1, 1 >+

íØ5.3.21. < 1, 1 >+= 1
2!

[Ω̂2(m)−m]

5�5.3.18. (a1 + a2 + a3 + · · ·+ am)3 =
∑

3!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

= 3!
3!

m!
1!(m−1)!

< 3 > + 3!
2!1!

m!
1!1!(m−2)!

< 2, 1 > + 3!
1!1!1!

m!
3!(m−3)!

< 1, 1, 1 >
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= m < 3 > +3m(m− 1) < 2, 1 > +m(m− 1)(m− 2) < 1, 1, 1 >
1
= [m+ 3m(m− 1)] < 1 > +m(m− 1)(m− 2) < 1, 1, 1 >
1
= (3m− 2) < 1 >+ +3! < 1, 1, 1 >+

íØ5.3.22. < 1, 1, 1 >+= 1
3!

[Ω̂3(m)− (3m− 2)Ω̂(m)]

5�5.3.19. (a1 + a2 + a3 + · · ·+ am)4 =
∑

4!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

= 4!
4!

m!
1!(m−1)!

< 4 > + 4!
3!1!

m!
1!1!(m−2)!

< 3, 1 > + 4!
2!2!

m!
2!(m−2)!

< 2, 2 >

+ 4!
2!1!1!

m!
1!2!(m−3)!

< 2, 1, 1 > + 4!
1!1!1!1!

m!
4!(m−4)!

< 1, 1, 1, 1 >

= m < 4 > +4m(m− 1) < 3, 1 > +3m(m− 1) < 2, 2 >

+ 6m(m− 1)(m− 2) < 2, 1, 1 > +m(m− 1)(m− 2)(m− 3) < 1, 1, 1, 1 >
1
= [m+ 3m(m− 1)] + [4m(m− 1) + 6m(m− 1)(m− 2)] < 1, 1 > +m(m− 1)(m− 2)(m− 3) < 1, 1, 1, 1 >
1
= m(3m− 2) + 4(3m− 4) < 1, 1 >+ +4! < 1, 1, 1, 1 >+

íØ5.3.23. < 1, 1, 1, 1 >+= 1
4!

[Ω̂4(m)− 2(3m− 4)Ω̂2(m) + 3m(m− 2)]

5�5.3.20. (a1 + a2 + a3 + · · ·+ am)5 =
∑

5!
i1!i2!···im!

ai11 a
i2
2 · · · aimm

= 5!
5!

m!
1!(m−1)!

< 5 > + 5!
4!1!

m!
1!1!(m−2)!

< 4, 1 > + 5!
3!2!

m!
1!1!(m−2)!

< 3, 2 >

+ 5!
3!1!1!

m!
1!2!(m−3)!

< 3, 1, 1 > + 5!
2!2!1!

m!
2!1!(m−3)!

< 2, 2, 1 >

+ 5!
2!1!1!1!

m!
1!3!(m−4)!

< 2, 1, 1, 1 > + 5!
1!1!1!1!1!

m!
5!(m−5)!

< 1, 1, 1, 1, 1 >

= m < 5 > +5m(m− 1) < 4, 1 > +10m(m− 1) < 3, 2 >

+ 10m(m− 1)(m− 2) < 3, 1, 1 > +15m(m− 1)(m− 2) < 2, 2, 1 >

+ 10m(m− 1)(m− 2)(m− 3) < 2, 1, 1, 1 > +m(m− 1)(m− 2)(m− 3)(m− 4) < 1, 1, 1, 1, 1 >
1
= m[1 + 15(m− 1)2] < 1 > +10m(m− 1)(m− 2)2 < 1, 1, 1 >

+m(m− 1)(m− 2)(m− 3)(m− 4) < 1, 1, 1, 1, 1 >
1
= [1 + 15(m− 1)2] < 1 >+ +3!10(m− 2) < 1, 1, 1 >+ +5! < 1, 1, 1, 1, 1 >+

íØ5.3.24. < 1, 1, 1, 1, 1 >+= 1
5!

[Ω̂5(m)− 10(m− 2)Ω̂3(m) + (15m2 − 50m+ 24)Ω̂(m)]

5.3.6 ?Ø

íØ5.3.25.

< 1, 0m−1 >+= 1
1!
< 1, 0m−1 >+' C1

m

< 12, 0m−2 >+= 1
2!

[< 1, 0m−1 >
2
+ −m] ' C2

m

< 13, 0m−3 >+= 1
3!

[< 1, 0m−1 >
3
+ −(3m− 2) < 1, 0m−1 >+] ' C3

m

< 14, 0m−4 >+= 1
4!

[< 1, 0m−1 >
4
+ −2(3m− 4) < 1, 0m−1 >

2
+ +3m(m− 2)] ' C4

m

< 15, 0m−5 >+= 1
5!

[< 1, 0m−1 >
5
+ −10(m− 2) < 1, 0m−1 >

3
+ +(15m2 − 50m+ 24) < 1, 0m−1 >+] ' C5

m

íØ5.3.26.

< 1, 0m−1 >+= 1
1!

[C0
1 < 1, 0m−1 >+ −(C2

1m− 2C3
1 )] ' C1

m

< 12, 0m−2 >+= 1
2!

[C0
2 < 1, 0m−1 >

2
+ −(C2

2m− 2C3
2 )] ' C2

m

< 13, 0m−3 >+= 1
3!

[C0
3 < 1, 0m−1 >

3
+ −(C2

3m− 2C3
3 ) < 1, 0m−1 >+] ' C3

m

< 14, 0m−4 >+= 1
4!

[C0
4 < 1, 0m−1 >

4
+ −(C2

4m− 2C3
4 ) < 1, 0m−1 >

2
+ +3m(m− 2)] ' C4

m

< 15, 0m−5 >+= 1
5!

[C0
5 < 1, 0m−1 >

5
+ −(C2

5m− 2C3
5 ) < 1, 0m−1 >

3
+ +(15m2 − 50m+ 24) < 1, 0m−1 >+] ' C5

m

��Ïªººº§ù´e�ÚI�ô��JK"k���§10.5

5�5.3.21.

<>1
+= 01

< 1 >2
+= 12 < 1 >+
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< 1, 0 >3
+= 22 < 1, 0 >1

+

< 1, 02 >
4
+= C2

5 < 1, 02 >
2
+ −(1232)

< 1, 03 >
5
+= C3

6 < 1, 03 >
3
+ −(2242) < 1, 03 >

1
+

< 1, 04 >
6
+= C4

7 < 1, 04 >
4
+ −259 < 1, 04 >

2
+ +(1 · 3 · 5)2

< 1, 05 >
7
+= C5

8 < 1, 05 >
5
+ −784 < 1, 05 >

3
+ +(2 · 4 · 6)2 < 1, 05 >

1
+

< 1, 06 >
8
+= C6

9 < 1, 06 >
6
+ −1974 < 1, 06 >

4
+ +12916 < 1, 06 >

2
+ −(1 · 3 · 5 · 7)2

< 1, 07 >
9
+= C7

10 < 1, 07 >
7
+ − < 1, 07 >

5
+ + < 1, 07 >

3
+ −(2 · 4 · 6 · 8)2 < 1, 07 >

1
+

1974 = 1232 + 3252 + 5272 + 7212 + 1252 + 3272, 12916 = 325272 + 527212 + 123252 + 123272

5�5.3.22.

<>1
+= 01

< 1 >2
+= 12 < 1 >+

< 1, 0 >3
+= 22 < 1, 0 >1

+

< 1, 02 >
4
+= (12 + 32) < 1, 02 >

2
+ −(1232)

< 1, 03 >
5
+= (22 + 42) < 1, 03 >

3
+ −(2242) < 1, 03 >

1
+

< 1, 04 >
6
+= (12 + 32 + 52) < 1, 04 >

4
+ −(1232 + 3252 + 5212) < 1, 04 >

2
+ +(123252)

< 1, 05 >
7
+= (22 + 42 + 62) < 1, 05 >

5
+ −(2242 + 4262 + 6222) < 1, 05 >

3
+ +(224262) < 1, 05 >

1
+

< 1, 06 >
8
+= C1

{12,32,52,72} < 1, 06 >
6
+ −C2

{12,32,52,72} < 1, 06 >
4
+ +C3

{12,32,52,72} < 1, 06 >
2
+ −C4

{12,32,52,72}

< 1, 07 >
9
+= C1

{22,42,62,82} < 1, 07 >
7
+ −C2

{22,42,62,82} < 1, 07 >
5
+ +C3

{22,42,62,82} < 1, 07 >
3
+ −C4

{22,42,62,82} < 1, 07 >
1
+

< 1, 0m−1 >
m+1
+ =

[(m+1)/2]∑
i=1

(−1)i−1Ci{m2,(m−2)2,··· ,(m%2)2} < 1, 0m−1 >
m+1−2i
+

½n5.3.1.
[(m+1)/2]∑

i=0

(−1)iCi{m2,(m−2)2,··· ,(m%2)2} < 1, 0m−1 >
m+1−2i
+ = 0

5.4 g,ê©

½Â5.4.1. < n− l, (l) >:=< n− l,≥ (l) >

íØ5.4.1. (n) = {< n >,< n− 1, (1) >,< n− 2, (2) >, · · · , < 2, (n− 2) >,< 1, (n− 1) >}Ã�'é§J�Ïª"

íØ5.4.2.

(1) = {< 1 >}

(2) = {< 2 >;< 1, (1) >} = {< 2 >;< 1, 1 >}

(3) = {< 3 >;< 2, (1) >;< 1, (2) >} = {< 3 >;< 2, 1 >;< 1, 1, 1 >}

(4) = {< 4 >;< 3, (1) >;< 2, (2) >;< 1, (3) >} = {< 4 >,< 3, 1 >;< 2, 2 >,< 2, 1, 1 >;< 1, 1, 1, 1 >}

(5) = {< 5 >;< 4, (1) >;< 3, (2) >;< 2, (3) >;< 1, (4) >}

= {< 5 >;< 4, 1 >;< 3, 2 >,< 3, 1, 1 >;< 2, 2, 1 >,< 2, 1, 1, 1 >;< 1, 1, 1, 1, 1 >}

(6) = {< 6 >;< 5, (1) >;< 4, (2) >;< 3, (3) >;< 2, (4) >;< 1, (5) >}

= {< 6 >;< 5, 1 >;< 4, 2 >,< 4, 1, 1 >;

< 3, 3 >,< 3, 2, 1 >,< 3, 1, 1, 1 >;< 2, 2, 2 >,< 2, 2, 1, 1 >,< 2, 1, 1, 1, 1 >;< 1, 1, 1, 1, 1, 1 >}

(7) = {< 7 >;< 6, (1) >;< 5, (2) >;< 4, (3) >;< 3, (4) >;< 2, (5) >;< 1, (6) >}

= {< 7 >;< 6, 1 >;< 5, 2 >,< 5, 1, 1 >;< 4, 3 >,< 4, 2, 1 >,< 4, 1, 1, 1 >

;< 3, 3, 1 >,< 3, 2, 2 >,< 3, 2, 1, 1 >,< 3, 1, 1, 1, 1 >

;< 2, 2, 2, 1 >,< 2, 2, 1, 1, 1 >,< 2, 1, 1, 1, 1, 1 >;< 1, 1, 1, 1, 1, 1, 1 >}

· · ·
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5.5 ²�"�å^�e�õ�ªÐm

5.5.1 ²�"�å^�e���ªÐm

½Â5.5.1. [ai, aj ] = 0, a2
i = 0, < 1, 0 >= 1

2
(a1 + a2)

5�5.5.1. (a1 + a2)2 = 2 < 2, 0 > +2 < 1, 1 >= 2 < 1, 1 >

íØ5.5.1. < 1, 1 >= 1
2
(a1 + a2)2

5�5.5.2. (a1 + a2)3 = 2 < 3, 0 > +6 < 2, 1 >= 0

5�5.5.3. (a1 + a2)4 = 2 < 4, 0 > +8 < 3, 1 > +6 < 2, 2 >= 0

5.5.2 ²�"�å^�e�n�ªÐm

½Â5.5.2. [ai, aj ] = 0, a2
i = 0, < 1, 0, 0 >= 1

3
(a1 + a2 + a3)

íØ5.5.2. 3!
1!2!

< 1, 0, 0 >= (a1 + a2 + a3)

5�5.5.4. (a1 + a2 + a3)2 = 3 < 2, 0, 0 > +6 < 1, 1, 0 >= 6 < 1, 1, 0 >

íØ5.5.3. 3!
2!1!

< 1, 1, 0 >= 1
2
(a1 + a2 + a3)2

5�5.5.5. (a1 + a2 + a3)3 = 3 < 3, 0, 0 > +18 < 2, 1, 0 > +6 < 1, 1, 1 >= 6 < 1, 1, 1 >

íØ5.5.4. 3!
3!
< 1, 1, 1 >= 1

6
(a1 + a2 + a3)3

5�5.5.6. (a1 + a2 + a3)4 = 3 < 4, 0, 0 > +24 < 3, 1, 0 > +18 < 2, 2, 0, 0 > +36 < 2, 1, 1 >= 0

5.5.3 ²�"�å^�e�o�ªÐm

½Â5.5.3. [ai, aj ] = 0, a2
i = 0, < 1, 0, 0, 0 >= 1

4
(a1 + a2 + a3 + a4)

íØ5.5.5. 4!
1!3!

< 1, 0, 0, 0 >= (a1 + a2 + a3 + a4)

5�5.5.7. (a1 + a2 + a3 + a4)2 = 4 < 2, 0, 0, 0 > +12 < 1, 1, 0, 0 >= 12 < 1, 1, 0, 0 >

íØ5.5.6. 4!
2!2!

< 1, 1, 0, 0 >= 1
2
(a1 + a2 + a3 + a4)2

5�5.5.8. (a1 + a2 + a3 + a4)3 = 4 < 3, 0, 0, 0 > +36 < 2, 1, 0, 0 > +24 < 1, 1, 1, 0 >= 24 < 1, 1, 1, 0 >

íØ5.5.7. 4!
3!1!

< 1, 1, 1, 0 >= 1
6
(a1 + a2 + a3 + a4)3

5�5.5.9. (a1 + a2 + a3 + a4)4 = 4 < 4, 0, 0, 0 > +48 < 3, 1, 0, 0 > +36 < 2, 2, 0, 0 > +144 < 2, 1, 1, 0 > +24 <

1, 1, 1, 1 >= 24 < 1, 1, 1, 1 >

íØ5.5.8. 4!
4!
< 1, 1, 1, 1 >= 1

24
(a1 + a2 + a3 + a4)4

5�5.5.10. (a1 + a2 + a3 + a4)5 = 4 < 5, 0, 0, 0 > +60 < 4, 1, 0, 0 > +120 < 3, 2, 0, 0 > +240 < 3, 1, 1, 0 > +360 <

2, 2, 1, 0 > +240 < 2, 1, 1, 1 >= 0

5.6 �äN���¦{

5.6.1 �g�5�

5�5.6.1. (~ϑ · σ)⊗ (~ϑ · σ) = 1
2
[~ϑ · (σ ⊗ I + I ⊗ σ)]2 − ~ϑ2

5�5.6.2. (~ϑ · σ)⊗ (−~ϑ∗ · σ) + (−~ϑ∗ · σ)⊗ (~ϑ · σ) = [~ϑ · σ ⊗ I + (−~ϑ∗) · I ⊗ σ]2 − ~ϑ2 − (−~ϑ∗) · (−~ϑ∗)

5�5.6.3. (~ϑ · σ)⊗ (~ϑ · σ)⊗ I + (~ϑ · σ)⊗ I ⊗ (~ϑ · σ) + I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
2
[~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]2 − 3

2
~ϑ2

5�5.6.4. (~ϑ · σ)⊗ (~ϑ · σ)⊗ I ⊗ I + (~ϑ · σ)⊗ I ⊗ (~ϑ · σ)⊗ I + I ⊗ (~ϑ · σ)⊗ I ⊗ (~ϑ · σ)

+ I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)⊗ I + I ⊗ (~ϑ · σ)⊗ I ⊗ (~ϑ · σ) + I ⊗ I ⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
2
[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ]2 − 2~ϑ2
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5.6.2 ng�5�

5�5.6.5. (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
6
[~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]3 − 7

6
~ϑ2[~ϑ · (σ ⊗ I ⊗ I + I ⊗ σ ⊗ I + I ⊗ I ⊗ σ)]

5.6.3 og�5�

5�5.6.6. (~ϑ·σ)⊗(~ϑ·σ)⊗(~ϑ·σ)⊗I+(~ϑ·σ)⊗(~ϑ·σ)⊗I⊗(~ϑ·σ)+(~ϑ·σ)⊗I⊗(~ϑ·σ)⊗(~ϑ·σ)+I⊗(~ϑ·σ)⊗(~ϑ·σ)⊗(~ϑ·σ)

= 1
6
[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]3

− 5
3
~ϑ2[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]

5�5.6.7. (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)⊗ (~ϑ · σ)

= 1
24

[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]4

− 2
3
~ϑ2[~ϑ · (σ ⊗ I ⊗ I ⊗ I + I ⊗ σ ⊗ I ⊗ I + I ⊗ I ⊗ σ ⊗ I + I ⊗ I ⊗ I ⊗ σ)]2 + ~ϑ4

5.7 ¥�f^þ�âÔ[C�

5.7.1 êÆO�

½Â5.7.1. coshθ := eθ+e−θ

2
∼ cosθ, sinhθ := eθ−e−θ

2
∼ isinθ, tanhθ = sinhθ

coshθ
∼ itanθ

5�5.7.1.

cosh2 − sinh2θ = 1

cosh(−θ) = coshθ, sinh(−θ) = −sinhθ

5�5.7.2.

cosh(α+ β) = coshαcoshβ + sinhαsinhβ

cosh(α− β) = coshαcoshβ − sinhαsinhβ
sinh(α+ β) = sinhαcoshβ + coshαsinhβ

sinh(α− β) = sinhαcoshβ − coshαsinhβ

5�5.7.3.

coshα+ coshβ = 2coshα+β
2
coshα−β

2

coshα− coshβ = 2sinhα+β
2
sinhα−β

2

sinhα+ sinhβ = 2sinhα+β
2
coshα−β

2

sinhα− sinhβ = 2coshα+β
2
sinhα−β

2

5�5.7.4.

cosh(2α) = 2cosh2α− 1, sinh(2α) = 2sinhαcoshα

cosh2 α
2

= coshα+1
2

, sinh2 α
2

= coshα−1
2

5.7.2 ¥�f^þ�âÔ[C�

íØ5.7.1.

e
~ϑ·σ

2 = cosh 1
2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ, ~ϑ2 6= 0

e
~ϑ·σ

2 = 1 + ~ϑ · σ
2
, ~ϑ2 = 0, ~ϑ = i~ω + ς~ε

½Â5.7.2. v := |~v|, c := cosh 1
2

√
~ϑ2, s :=

sinh
1
2

√
~ϑ2

√
~ϑ2

, c2 − s2~ϑ2 ≡ 1

íØ5.7.2. e
~ϑ·σ(

1
2

) = cosh 1
2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ ≡ c+ s~ϑ · σ

íØ5.7.3. Λς~v = e−ςln[γv(1+v)]v̂·σ(
1
2

) = 1√
2(γv+1)

(1 + γv − ςγv~v · σ), c = (1+γv)√
2(γv+1)

, s = − ςγv√
2(γv+1)

íØ5.7.4. Λς~v = e−ςln[γv(1+v)]v̂·σ(
1
2

) = 1√
2(γv+1)

[1 + γv − 2ςγvvv̂ · σ( 1
2
)]
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5.7.3 >f^þ�âÔ[C�

íØ5.7.5. Dς~v = e−ςln[γv(1+v)]v̂·( i
2
~γγ4) = 1√

2(γv+1)
[1 + γv − iςγv~v · ~γγ4]

5.8 1f^þâÔ[C��õ�ªL«

5.8.1 1f^þ���âÔ[C��õ�ªL«

½n5.8.1. e
~ϑ·Ω(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

y²: e
~ϑ·Ω(1) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c2 + cs[~ϑ · Ω̂(1)] + s2[Ω̂(1, 2, ~ϑ · σ)]

= c2 + cs[~ϑ · Ω̂(1)] + s2{ 1
2
[~ϑ · Ω̂(1)]2 − ~ϑ2}

= (c2 − s2~ϑ2) + cs[~ϑ · Ω̂(1)] + 1
2
s2[~ϑ · Ω̂(1)]2

= 1 + 2cs[~ϑ · Ω(1)] + 2s2[~ϑ · Ω(1)]2

= 1 + sinh
√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

íØ5.8.1.



e
~ϑ·Ω(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω(1)]2

e
~ϑ·σ(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · σ(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · σ(1)]2

e
~ϑ·R = 1 + sinh

√
~ϑ2√

~ϑ2
(~ϑ ·R) + cosh

√
~ϑ2−1

~ϑ2
(~ϑ ·R)2

e
~ϑ·γ = 1 + sinh

√
~ϑ2√

~ϑ2
(~ϑ · γ) + cosh

√
~ϑ2−1

~ϑ2
(~ϑ · γ)2

5.8.2 1f^þ�âÔ[íÄC��õ�ªL«

íØ5.8.2. ε = ln[γv(1 + v)]⇔ sinhε = γvv ⇔ coshε = γv, sinhε = γvv

íØ5.8.3. Rς~v =



e−ςln[γv(1+v)]v̂·Ω(1) = 1− ςγvv[v̂ · Ω(1)] + (γv − 1)[v̂ · Ω(1)]2

e−ςln[γv(1+v)]v̂·σ(1) = 1− ςγvv[v̂ · σ(1)] + (γv − 1)[v̂ · σ(1)]2

e−ςln[γv(1+v)]v̂·R = 1− ςγvv(v̂ ·R) + (γv − 1)(v̂ ·R)2

e−ςln[γv(1+v)]v̂·γ = 1− ςγvv(v̂ · γ) + (γv − 1)(v̂ · γ)2

5.9 Úå�f^þâÔ[C��õ�ªL«

5.9.1 Úå�f^þ���âÔ[C��õ�ªL«

½n5.9.1. e
~ϑ·Ω(

3
2

) = cosh 1
2

√
~ϑ2(1− 1

2
sinh2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6
sinh2 1

2

√
~ϑ2][~ϑ · Ω( 3

2
)]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω( 3
2
)]2 + 4

3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · Ω( 3
2
)]3

y²: e
~ϑ·Ω(

3
2

) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c3 + c2s[~ϑ · Ω̂( 3
2
)] + cs2[Ω̂( 3

2
, 2, ~ϑ · σ)] + s3[Ω̂( 3

2
, 3, ~ϑ · σ)]

= c3 + c2s[~ϑ · Ω̂( 3
2
)] + cs2{ 1

2
[~ϑ · Ω̂( 3

2
)]2 − 3

2
~ϑ2}+ s3{ 1

6
[~ϑ · Ω̂( 3

2
)]3 − 7

6
~ϑ2[~ϑ · Ω̂( 3

2
)]}

= c(c2 − 3
2
s2~ϑ2) + s(c2 − 7

6
s2~ϑ2)[~ϑ · Ω̂(s)] + 1

2
cs2[~ϑ · Ω̂( 3

2
)]2 + 1

6
cs3[~ϑ · Ω̂( 3

2
)]3

= c(1− 1
2
s2~ϑ2) + s(1− 1

6
s2~ϑ2)[~ϑ · Ω̂( 3

2
)] + 1

2
cs2[~ϑ · Ω̂( 3

2
)]2 + 1

6
cs3[~ϑ · Ω̂( 3

2
)]3

= c(1− 1
2
s2~ϑ2) + 2s(1− 1

6
s2~ϑ2)[~ϑ · Ω( 3

2
)] + 2cs2[~ϑ · Ω( 3

2
)]2 + 4

3
cs3[~ϑ · Ω( 3

2
)]3

= cosh 1
2

√
~ϑ2(1− 1

2
sinh2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6
sinh2 1

2

√
~ϑ2][~ϑ · Ω( 3

2
)]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω( 3
2
)]2 + 4

3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · Ω( 3
2
)]3
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íØ5.9.1. e
~ϑ·[σ(

1
2

)⊗I3+I⊗σ(1)]

= cosh 1
2

√
~ϑ2(1− 1

2
sinh2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6
sinh2 1

2

√
~ϑ2]{~ϑ · [σ( 1

2
)⊗ I3 + I ⊗ σ(1)]}

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2{~ϑ · [σ( 1
2
)⊗ I3 + I ⊗ σ(1)]}2 + 4

3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)3{~ϑ · [σ( 1
2
)⊗ I3 + I ⊗ σ(1)]}3

íØ5.9.2. e
~ϑ·σ(

3
2

) = cosh 1
2

√
~ϑ2(1− 1

2
sinh2 1

2

√
~ϑ2) + 2

sinh
1
2

√
~ϑ2

√
~ϑ2

[1− 1
6
sinh2 1

2

√
~ϑ2][~ϑ · σ( 3

2
)]

+ 2cosh 1
2

√
~ϑ2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · σ( 3
2
)]2 + 4

3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)3[~ϑ · σ( 3
2
)]3

5.9.2 Úå�f^þ�âÔ[íÄC��õ�ªL«

íØ5.9.3. e−ςln[γv(1+v)]v̂·Ω(
3
2

) = (γv+1)√
2(γv+1)

(1− γv−1
4

)− 2ςγvv√
2(γv+1)

(1− γv−1
12

)[v̂ · Ω( 3
2
)]

+ γ2
v−1√

2(γv+1)
[v̂ · Ω( 3

2
)]2 − 1

3
2ςγvv(γv−1)√

2(γv+1)
[v̂ · Ω( 3

2
)]3

íØ5.9.4.

Λς~v(
3
2
) =

e−ςln[γv(1+v)]v̂·Ω(
3
2

) = 1√
2(γv+1)

[1 + γv − 2ςγv~v · Ω( 3
2
)] + γv−1√

2(γv+1)
[1 + γv − 2

3
ςγv~v · Ω( 3

2
)]{[v̂ · Ω( 3

2
)]2 − 1

4
}

e−ςln[γv(1+v)]v̂·σ(
3
2

) = 1√
2(γv+1)

[1 + γv − 2ςγv~v · σ( 3
2
)] + γv−1√

2(γv+1)
[1 + γv − 2

3
ςγv~v · σ( 3

2
)]{[v̂ · σ( 3

2
)]2 − 1

4
}

5.10 Úåf^þâÔ[C��õ�ªL«

5.10.1 Úåf^þ���âÔ[C��õ�ªL«

½n5.10.1. e
~ϑ·Ω(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω(2)]2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω(2)]3 + 2
3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω(2)]4

y²: e
~ϑ·Ω(2) = (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)⊗ (c+ s~ϑ · σ)

= c4 + c3s[~ϑ · Ω̂(2)] + c2s2[Ω̂(2, 2, ~ϑ · σ)] + cs3[Ω̂(2, 3, ~ϑ · σ)] + s4[Ω̂(2, 4, ~ϑ · σ)]

= c4 + c3s[~ϑ · Ω̂(2)] + c2s2{ 1
2
[~ϑ · Ω̂(2)]2 − 2~ϑ2}

+ cs3{ 1
6
[~ϑ · Ω̂(2)]3 − 5

3
~ϑ2[~ϑ · Ω̂(2)]}+ s4{ 1

24
[~ϑ · Ω̂(2)]4 − 2

3
~ϑ2[~ϑ · Ω̂(2)]2 + ~ϑ4}

= (c2 − s2~ϑ2)2 + cs(c2 − 5
3
s2~ϑ2)[~ϑ · Ω̂(2)] + 1

2
s2(c2 − 4

3
s2~ϑ2)[~ϑ · Ω̂(2)]2 + 1

6
cs3[~ϑ · Ω̂(2)]3 + 1

24
s4[~ϑ · Ω̂(2)]4

= 1 + cs(1− 2
3
s2~ϑ2)[~ϑ · Ω̂(2)] + 1

2
s2(1− 1

3
s2~ϑ2)[~ϑ · Ω̂(2)]2 + 1

6
cs3[~ϑ · Ω̂(2)]3 + 1

24
s4[~ϑ · Ω̂(2)]4

= 1 + 2cs(1− 2
3
s2~ϑ2)[~ϑ · Ω(2)] + 2s2(1− 1

3
s2~ϑ2)[~ϑ · Ω(2)]2 + 4

3
cs3[~ϑ · Ω(2)]3 + 2

3
s4[~ϑ · Ω(2)]4

= 1 + ( sinh
√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω(2)]2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω(2)]3 + 2
3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω(2)]4

íØ5.10.1. e
~ϑ·[σ(

1
2

)⊗I4+I⊗σ(
3
2

)] = 1 + ( sinh
√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2){~ϑ · [σ( 1

2
)⊗ I4 + I ⊗ σ( 3

2
)]}

+ 2(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2){~ϑ · [σ( 1

2
)⊗ I4 + I ⊗ σ( 3

2
)]}2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2{~ϑ · [σ( 1
2
)⊗ I4 + I ⊗ σ( 3

2
)]}3 + 2

3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4{~ϑ · [σ( 1
2
)⊗ I4 + I ⊗ σ( 3

2
)]}4

íØ5.10.2. e
~ϑ·σ(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2)[~ϑ · σ(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2)[~ϑ · σ(2)]2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · σ(2)]3 + 2
3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · σ(2)]4
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íØ5.10.3. e
~ϑ·Gm = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2)[~ϑ ·Gm] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2)[~ϑ ·Gm]2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ ·Gm]3 + 2
3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ ·Gm]4

5.10.2 Úåf^þ�âÔ[íÄC��õ�ªL«

íØ5.10.4. e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγv(1− γv−1
3

)[~v · Ω(2)] + γv−1
v2 (1− γv−1

6
)[~v · Ω(2)]2

− 1
3
ςγv(γv−1)

v2 [~v · Ω(2)]3 + 1
6

(γv−1)2

v4 [~v · Ω(2)]4

íØ5.10.5.

Λς~v(2) =



e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγvv[v̂ · Ω(2)] + (γv − 1)[v̂ · Ω(2)]2

+ 1
3
(γv − 1){−ςγvv[v̂ · Ω(2)] + 1

2
(γv − 1)[v̂ · Ω(2)]2}{[v̂ · Ω(2)]2 − 1}

e−ςln[γv(1+v)]v̂·σ(2) = 1− ςγvv[v̂ · σ(2)] + (γv − 1)[v̂ · σ(2)]2

+ 1
3
(γv − 1){−ςγvv[v̂ · σ(2)] + 1

2
(γv − 1)[v̂ · σ(2)]2}{[v̂ · σ(2)]2 − 1}

íØ5.10.6. Rς~v(2) = e−ςln[γv(1+v)]v̂·Gm = 1− ςγvv[v̂ ·Gm] + (γv − 1)[v̂ ·Gm]2

+ 1
3
(γv − 1){−ςγvv[v̂ ·Gm] + 1

2
(γv − 1)[v̂ ·Gm]2}{[v̂ ·Gm]2 − 1}

5.11 s^þâÔ[C��õ�ªÚ�L«

íØ5.11.1. e
~ϑ·Ω(s) =

2s︷ ︸︸ ︷
e
~ϑ·σ(

1
2

) ⊗ · · · ⊗ e
~ϑ·σ(

1
2

)

íØ5.11.2.

e
~ϑ·σ(s) = Γ̄(s)e

~ϑ·Ω(s)Γ(s)

e
~ϑ·σ(s−1) = X̄(s)[I ⊗ Γ̄(s− 1

2
)]e

~ϑ·Ω(s)[I ⊗ Γ(s− 1
2
)]X(s)

e
~ϑ·[σ 1

2
⊗I2s+I⊗σ(s− 1

2
)] = [I ⊗ Γ̄(s− 1

2
)]e

~ϑ·Ω(s)[I ⊗ Γ(s− 1
2
)]

e
~ϑ·Ω(s−1) = I4s−1 ⊗ {X̄(1)[I ⊗ Γ̄( 1

2
)]}e~ϑ·Ω(s)I4s−1 ⊗ {[I ⊗ Γ( 1

2
)]X(1)}

e
~ϑ·π(s,k) = I4k ⊗ {X̄(s− k)[I ⊗ Γ̄(s− k − 1

2
)]}e~ϑ·Ω(s)I4k ⊗ {[I ⊗ Γ(s− k − 1

2
)]X(s− k)}

íØ5.11.3.

[~ϑ · Ω(s)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s)]2s+1−2k, [~ϑ · σ(s)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s)]2s+1−2k

[~ϑ · Ω(s− 1)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s− 1)]2s+1−2k, [~ϑ · σ(s− 1)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s− 1)]2s+1−2k

[~ϑ · Ω(s− 2)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω(s− 2)]2s+1−2k, [~ϑ · σ(s− 2)]2s+1 =
[s+1/2]∑
k=1

Xk(s)[~ϑ · σ(s− 2)]2s+1−2k

· · ·

[~ϑ · Ω( 1
2
|0)]2s+1 =

[s+1/2]∑
k=1

Xk(s)[~ϑ · Ω( 1
2
|0)]2s+1−2k, [~ϑ · σ( 1

2
|0)]2s+1 =

[s+1/2]∑
k=1

Xk(s)[~ϑ · σ( 1
2
|0)]2s+1−2k

íØ5.11.4.

e
~ϑ·Ω(s) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s)]k, e
~ϑ·σ(s) =

2s∑
k=0

Ak(s)[~ϑ · σ(s)]k

e
~ϑ·Ω(s−1) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s− 1)]k, e
~ϑ·σ(s−1) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− 1)]k

e
~ϑ·Ω(s−2) =

2s∑
k=0

Ak(s)[~ϑ · Ω(s− 2)]k, e
~ϑ·σ(s−2) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− 2)]k

· · ·

e
~ϑ·Ω(

1
2
|0) =

2s∑
k=0

Ak(s)[~ϑ · Ω( 1
2
|0)]k, e

~ϑ·σ(
1
2
|0) =

2s∑
k=0

Ak(s)[~ϑ · σ( 1
2
|0)]k

=oÑ/ùk±e�`{§��þ´±þíØ�¿g§��!(Ø´�î�y²�"
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íØ5.11.5.e
~ϑ·Ω(n), e

~ϑ·Ω(n−1), · · · , e~ϑ·Ω(1), e
~ϑ·Ω(0)

e
~ϑ·σ(n), e

~ϑ·σ(n−1), · · · , e~ϑ·σ(1), e
~ϑ·σ(0)

�ÐmXê = e
~ϑ·Ω(n)�ÐmXêe

~ϑ·Ω(n+
1
2

), e
~ϑ·Ω(n− 1

2
), · · · , e~ϑ·Ω(

3
2

), e
~ϑ·Ω(

1
2

)

e
~ϑ·σ(n+

1
2

), e
~ϑ·σ(n− 1

2
), · · · , e~ϑ·σ(

3
2

), e
~ϑ·σ(

1
2

)
�ÐmXê = e

~ϑ·Ω(n+
1
2

)�ÐmXê

íØ5.11.6. ei2πω̂·σ(s) = (−1)2s

íØ5.11.7. ~ϑ2 = 0

⇒ [~ϑ · Ω(s)]2s+1 = 0, e
~ϑ·Ω(s) =

2s∑
n=0

1
n!

[~ϑ · Ω(s)]n ⇒ [~ϑ · σ(s)]2s+1 = 0, e
~ϑ·σ(s) =

2s∑
n=0

1
n!

[~ϑ · σ(s)]n

ß�5.11.1. e
~ϑ·σ(s)|~ϑ2=0 =< e

~ϑ·σ(s) >~ϑ2→0???

5.12 s^þ�âÔ[íÄC��õ�ªL«ººº

íØ5.12.1. Rς~v(n) = e−ςln[γv(1+v)]v̂·σ(n) =
2n∑
k=0

fk(v)[v̂ · σ(n)]k

⇒


Rς~v(l) = e−ςln[γv(1+v)]v̂·σ(l) =

2n∑
k=0

fk(v)[v̂ · σ(l)]k, f0(v) = 1, 0 ≤ l ≤ n

Rς~v(l + 1
2
) = e−ςln[γv(1+v)]v̂·σ(l) =

2n∑
k=0

fk(
v
2
)[2v̂ · σ(l + 1

2
)]k =

2n∑
k=0

2kfk(
v
2
)[v̂ · σ(l + 1

2
)]k, 0 ≤ l + 1

2
≤ n

íØ5.12.2. Rς~v(n+ 1
2
) = e−ςln[γv(1+v)]v̂·σ(n+

1
2

) =
2n+1∑
k=0

gk(v)[v̂ · σ(n+ 1
2
)]k

⇒


Rς~v(l) = e−ςln[γv(1+v)]v̂·σ(l) =

2n+1∑
k=0

gk(2v)[ 1
2
v̂ · σ(l)]k =

2n+1∑
k=0

2−kgk(2v)[v̂ · σ(l)]k, f0(v) = 1, 0 ≤ l ≤ n+ 1
2

Rς~v(l + 1
2
) = e−ςln[γv(1+v)]v̂·σ(l+

1
2

) =
2n+1∑
k=0

gk(v)[v̂ · σ(l + 1
2
)]k, 0 ≤ l + 1

2
≤ n+ 1

2

5.13 ¥þâÔ[C��õ�ªL«

íØ5.13.1. Λ(1, ε) = (c+ sε · σ)⊗ (c− sε · σ)

= c2 + cs[ε · (σ ⊗ I − I ⊗ σ)]− s2[ε · ()2]

= c2 + cs[ε · (σ ⊗ I − I ⊗ σ)]− s2{ 1
2
[ε · Ω̂(1)]2 − ε · ε}

= (c2 + s2ε · ε) + cs[ε · (σ ⊗ I − I ⊗ σ)]− 1
2
s2[ε · Ω̂(1)]2

= (c2 + s2ε · ε) + 2cs[ε · 1
2
(σ ⊗ I − I ⊗ σ)]− 2s2[ε · Ω(1)]2

= cosh
√
ε · ε+ sinh

√
ε·ε√

ε·ε [ε · 1
2
(σ ⊗ I − I ⊗ σ)]− cosh

√
ε·ε−1

ε·ε [ε · Ω(1)]2

íØ5.13.2. L(ε) = eε·L = cosh
√
ε · ε+ sinh

√
ε·ε√

ε·ε ε · L− cosh
√
ε·ε−1

ε·ε (ε ·R)2 = 1 + sinh
√
ε·ε√

ε·ε (ε · L) + cosh
√
ε·ε−1

ε·ε (ε · L)2

íØ5.13.3. Λ(1, iω) = (c+ isω · σ)⊗ (c+ isω · σ)

= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2[iω · ()2]

= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2{ 1
2
[iω · Ω̂(1)]2 − iω · iω}

= c2 + cs[iω · (σ ⊗ I + I ⊗ σ)] + s2{ 1
2
[iω · Ω̂(1)]2 − iω · iω}

= 1 + sinh
√
iω·iω√

iω·iω [iω · 1
2
(σ ⊗ I + I ⊗ σ)] + cosh

√
iω·iω−1

iω·iω [iω · Ω(1)]2

= 1 + i sinh
√
ω·ω√

ω·ω [ω · 1
2
(σ ⊗ I + I ⊗ σ)] + cos

√
ω·ω−1
ω·ω [ω · Ω(1)]2

íØ5.13.4. R(iω) = L(iω) = eiω·R = 1 + i sin
√
ω·ω√

ω·ω (ω ·R) + cos
√
ω·ω−1
ω·ω (ω ·R)2

íØ5.13.5. R3(iω) = L3(iω) = eiω·γ = 1 + i sin
√
ω·ω√

ω·ω (ω · γ) + cos
√
ω·ω−1
ω·ω (ω · γ)2

íØ5.13.6. eiω·R+ςε·L = 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

(~ϑ ·σ+)(~ϑ∗ ·σ−)− 1
2

sinh a−i sin b
a−ib (~ϑ∗ ·σ−) + 1

2
sinh a+i sin b

a+ib
(~ϑ ·σ+)
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y²: eiω·R+ςε·L,
√
~ϑ2 := a+ ib

= eiω·
1
2

(σ++σ−)+ςε· 1
2

(σ+−σ−) = e(iω+ςε)· 1
2
σ++(iω−ςε)· 1

2
σ−

= e(iω+ςε)· 1
2
σ+e(iω−ςε)· 1

2
σ− = e

~ϑ· 1
2
σ+e−

~ϑ∗· 1
2
σ−

= (cosh 1
2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ+)(cosh 1
2

√
~ϑ∗2 − sinh

1
2

√
~ϑ∗2√

~ϑ∗2
~ϑ∗ · σ−)

= cosh 1
2

√
~ϑ2 cosh 1

2

√
~ϑ∗2 − (

sinh
1
2

√
~ϑ2

√
~ϑ2

)(
sinh

1
2

√
~ϑ∗2√

~ϑ∗2
)(~ϑ · σ+)(~ϑ∗ · σ−)

− cosh 1
2

√
~ϑ2

sinh
1
2

√
~ϑ∗2√

~ϑ∗2
(~ϑ∗ · σ−) + cosh 1

2

√
~ϑ∗2

sinh
1
2

√
~ϑ2

√
~ϑ2

(~ϑ · σ+)

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

(~ϑ · σ+)(~ϑ∗ · σ−)− 1
2

sinh a−i sin b
a−ib (~ϑ∗ · σ−) + 1

2
sinh a+i sin b

a+ib
(~ϑ · σ+)

=


1
2
(cosh a+ 1)− 1

2
cosh a−1

a2 (ε · σ+)(ε · σ−)− 1
2

sinh a
a

(ε · σ−) + 1
2

sinh a
a

(ε · σ+); a =
√
ε · ε, b = 0

1
2
(1 + cos b)− 1

2
1−cos b
b2

(ω · σ+)(ω · σ−) + 1
2

sin b
b

(iω · σ−) + 1
2

sin b
b

(iω · σ+); a = 0, b =
√
ω · ω

???; a 6= 0, b 6= 0

=


1 + sinh a

a
(ε · L) + cosh a−1

a2 (ε · L)2; a =
√
ε · ε, b = 0

1 + i sin b
b

(ω ·R) + cos b−1
b2

(ω ·R)2; a = 0, b =
√
ω · ω

???; a 6= 0, b 6= 0

5.14 ¥þâÔ[C�õ�ªL«���Ðm

½n5.14.1. eiω·R+ςε·L = 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

(~ϑ ·σ+)(~ϑ∗ ·σ−)− 1
2

sinh a−i sin b
a−ib (~ϑ∗ ·σ−) + 1

2
sinh a+i sin b

a+ib
(~ϑ ·σ+)

= 1
2
(cosh a+ cos b) + 1

2
cosh a−cos b
a2+b2

(ω2 − ε2) + (a sinh a+b sin b)
a2+b2

(iω ·R+ ςε · L) + (b sinh a−a sin b)
a2+b2

(ω · L− iςε ·R)

− cosh a−cos b
a2+b2

[(ω ·R)2 − (ε · L)2 − iς(ω ·R)(ε · L) + iς(ω · L)(ε ·R)]

y²: eiω·R+ςε·L = 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

(~ϑ · σ+)(~ϑ∗ · σ−)− 1
2

sinh a−i sin b
a−ib (~ϑ∗ · σ−) + 1

2
sinh a+i sin b

a+ib
(~ϑ · σ+)

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(iω + ςε) · σ+][(−iω + ςε) · σ−]

− 1
2

sinh a−i sin b
a−ib [(−iω + ςε) · σ−] + 1

2
sinh a+i sin b

a+ib
[(iω + ςε) · σ+]

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(ω · σ+)(ω · σ−) + (ε · σ+)(ε · σ−) + iς(ω · σ+)(ε · σ−)− iς(ε · σ+)(ω · σ−)]

+ 1
2

sinh a−i sin b
a−ib [(iω − ςε) · σ−] + 1

2
sinh a+i sin b

a+ib
[(iω + ςε) · σ+]

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(ω ·R)2 − (ω · L)2 + (ε ·R)2 − (ε · L)2 + iς(ω · σ+)(ε · σ−)− iς(ε · σ+)(ω · σ−)]

+ 1
2

(a+ib)(sinh a−i sin b)
a2+b2

[(iω − ςε) · σ−] + 1
2

(a−ib)(sinh a+i sin b)
a2+b2

[(iω + ςε) · σ+]

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(ω ·R)2 − (ω · L)2 + (ε ·R)2 − (ε · L)2 + iς(ω · σ+)(ε · σ−)− iς(ε · σ+)(ω · σ−)]

+ 1
2

(a sinh a+b sin b)+i(b sinh a−a sin b)
a2+b2

[(iω − ςε) · σ−] + 1
2

(a sinh a+b sin b)−i(b sinh a−a sin b)
a2+b2

[(iω + ςε) · σ+]

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(ω ·R)2 − (ω · L)2 + (ε ·R)2 − (ε · L)2 + iς(ω · σ+)(ε · σ−)− iς(ε · σ+)(ω · σ−)]

+ 1
2

(a sinh a+b sin b)+i(b sinh a−a sin b)
a2+b2

(iω · σ−) + 1
2

(a sinh a+b sin b)−i(b sinh a−a sin b)
a2+b2

(iω · σ+)

− 1
2

(a sinh a+b sin b)+i(b sinh a−a sin b)
a2+b2

(ςε · σ−) + 1
2

(a sinh a+b sin b)−i(b sinh a−a sin b)
a2+b2

(ςε · σ+)

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[(ω ·R)2 − (ω · L)2 + (ε ·R)2 − (ε · L)2 + iς(ω · σ+)(ε · σ−)− iς(ε · σ+)(ω · σ−)]

+ (a sinh a+b sin b)
a2+b2

(iω ·R+ ςε · L) + (b sinh a−a sin b)
a2+b2

(ω · L− iςε ·R)

= 1
2
(cosh a+ cos b)− 1

2
cosh a−cos b
a2+b2

[2(ω ·R)2 − ω2 + ε2 − 2(ε · L)2 − 2iς(ω ·R)(ε · L) + 2iς(ω · L)(ε ·R)]

+ (a sinh a+b sin b)
a2+b2

(iω ·R+ ςε · L) + (b sinh a−a sin b)
a2+b2

(ω · L− iςε ·R)

= 1
2
(cosh a+ cos b) + 1

2
cosh a−cos b
a2+b2

(ω2 − ε2)− cosh a−cos b
a2+b2

[(ω ·R)2 − (ε · L)2 − iς(ω ·R)(ε · L) + iς(ω · L)(ε ·R)]

+ (a sinh a+b sin b)
a2+b2

(iω ·R+ ςε · L) + (b sinh a−a sin b)
a2+b2

(ω · L− iςε ·R)

5.15 ?¿$Ä>Ö�>^| [24]

5.15.1 �m�IÚí´ 

íØ5.15.1. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r′ = γv(r + ~v · ~r)

íØ5.15.2. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r̂′ = [r̂ + γv~v + (γv − 1)(~v · r̂)~v/v2]/[γv(1 + ~v · r̂)]
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íØ5.15.3. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇔

~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2

r′ = γv(r + ~v · ~r), ~r′
2
− r′2 = ~r2 − r2 = 0

íØ5.15.4.

~r = ~r0 + γv~vr0 + (γv − 1)(~v · ~r0)~v/v2

r = γv(r0 + ~v · ~r0)

 ~A = ~A0 + γv~vφ0 + (γv − 1)(~v · ~A0)~v/v2 = eγv~v
4πε0r0

= e~v
4πε0(r−~v·~r)

φ = γv(φ0 + ~v · ~A0) = eγv
4πε0r0

= e
4πε0(r−~v·~r)

5.15.2  �ê©Û

íØ5.15.5. t = t′ +R(t′), R(t′) =
√

[x′(t′)− x]2 + [y′(t′)− y]2 + [z′(t′)− z]2

íØ5.15.6. ∂x¹Âµt, y, z�½ØC, xCz§�x�t′÷v'Xªt = t′ +R(t′)

⇒

∂x = ∂t′

∂x
∂t′

0 = ∂t′

∂x
+ ∂R(t′)

∂t′
∂t′

∂x

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂x

∂t′
Rx(t′)

R(t′)
= −1

∂t′

∂x
= − R̂x(t′)

1−~v(t′)·R̂(t′)
, ∂x = − R̂x(t′)

1−~v(t′)·R̂(t′)
∂t′ |x

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂x(t′)
vx − v2(t′)

~v(t′) · ∂x ~R(t′) = vx + v2(t′)R̂x(t′)

1−~v(t′)·R̂(t′)

íØ5.15.7. ∂y¹Âµx, t, z�½ØC, yCz§�y�t′÷v'Xªt = t′ +R(t′)

⇒

∂y = ∂t′

∂y
∂t′

0 = ∂t′

∂y
+ ∂R(t′)

∂t′
∂t′

∂y

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂y

∂t′
Ry(t′)

R(t′)
= −1

∂t′

∂y
= − R̂y(t′)

1−~v(t′)·R̂(t′)
, ∂y = − R̂y(t′)

1−~v(t′)·R̂(t′)
∂t′ |y

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂y(t′)
vy − v2(t′)

~v(t′) · ∂y ~R(t′) = vy + v2(t′)R̂y(t′)

1−~v(t′)·R̂(t′)

íØ5.15.8. ∂z¹Âµx, y, t�½ØC, zCz§�z�t′÷v'Xªt = t′ +R(t′)

⇒

∂z = ∂t′

∂z
∂t′

0 = ∂t′

∂z
+ ∂R(t′)

∂t′
∂t′

∂z

⇒


∂R(t′)
∂t′

= −
~v(t′)·~R(t′)− ∂z

∂t′
Rz(t′)

R(t′)
= −1

∂t′

∂z
= − R̂z(t′)

1−~v(t′)·R̂(t′)
, ∂z = − R̂z(t′)

1−~v(t′)·R̂(t′)
∂t′ |z

⇒

~v(t′) · ∂t′ ~R(t′) = − 1−~v(t′)·R̂(t′)

R̂z(t′)
vz − v2(t′)

~v(t′) · ∂z ~R(t′) = vz + v2(t′)R̂z(t′)

1−~v(t′)·R̂(t′)

íØ5.15.9. ∂t¹Âµx, y, z�½ØC, tCz§�t�t′÷v'Xªt = t′ +R(t′)

⇒

∂t = ∂t′

∂t
∂t′

1 = ∂t′

∂t
+ ∂R(t′)

∂t′
∂t′

∂t

⇒


∂t′

∂t
= 1

1−~v(t′)·R̂(t′)
, ∂t = 1

1−~v(t′)·R̂(t′)
∂t′ |t

∂R(t′)
∂t′

= −~v(t′)·~R(t′)
R(t′)

⇒

~v(t′) · ∂t′ ~R(t′) = −v2(t′)

~v(t′) · ∂t ~R(t′) = − v2(t′)

1−~v(t′)·R̂(t′)

íØ5.15.10.

 ~A(t, ~r) = e~v(t′)

4πε0[R(t′)−~v·~R(t′)]

φ(t, ~r) = e

4πε0[R(t′)−~v(t′)·~R(t′)]

íØ5.15.11.

 ~E(t, ~r) = −∇φ(t, ~r)− ∂t ~A(t, ~r) = e[~R(t′)−R(t′)~v(t′)]

4πε0γ2
v [R(t′)−~v(t′)·~R(t′)]3

+ e~R(t′)×[~R(t′)−R(t′)~v(t′)]×~̇v(t′)

4πε0[R(t′)−~v(t′)·~R(t′)]3

~B(t, ~r) = ∇× ~A(t, ~r) =
~R(t′)×~E(t,~r)

R(t′)

íØ5.15.12.

 ~E(t, ~r) = e

4πε0γ2
v [R(t′)−~v(t′)·~R(t′)]3

{ 1
γ2
v
[~R(t′)−R(t′)~v(t′)] + ~R(t′)× [~R(t′)−R(t′)~v(t′)]× ~̇v(t′)}

~B(t, ~r) =
~R(t′)×~E(t,~r)

R(t′)
, t = t′ +R(t′), R(t′) =

√
[x′(t′)− x]2 + [y′(t′)− y]2 + [z′(t′)− z]2
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5.15.3 1f�UþÄþ�í´¥þ'�

íØ5.15.13.

~p′ = ~p+ γv~vp+ (γv − 1)(~v · ~p)~v/v2

p′ = γv(p+ ~v · ~p), ~p′
2
− p′2 = ~p2

0 − p2
0 = 0

~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2

r′ = γv(r + ~v · ~r), ~r′
2
− r′2 = ~r2 − r2 = 0

5.16 g^¥þ�C�5Æ [24]

íØ5.16.1.

~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

S0(~v) = γv(~v · ~s)
⇒ ~v · ~S(~v) = γv~v · ~s = S0(~v)

íØ5.16.2.

~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

S0(~v) = γv(~v · ~s)
⇔

~S(~v) = ~s+ (γv − 1)(~v · ~s)~v/v2

~v · ~S(~v) = γv(~v · ~s)

íØ5.16.3.


~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

~S(~u′) = ~S(~u) + γv~v[~u · ~S(~u)] + (γv − 1)[~v · ~S(~u)]~v/v2

~u′ · ~S(~u′) = γv[~u · ~S(~u) + ~v · ~S(~u)]

⇔

[
~S(~u′)

i~u′ · ~S(~u′)

]
= L~v

[
~S(~u)

i~u · ~S(~u)

]

g^�C�5Æ�å�C�5Æaq"

5.17 Ã�þâf��ÄþC�5Æ

íØ5.17.1. ~r′ = ~r + γv~vr + (γv − 1)(~v · ~r)~v/v2 ⇒ r′ = γv(r + ~v · ~r)

íØ5.17.2. ~p′ = ~p+ γv~vp+ (γv − 1)(~v · ~p)~v/v2 ⇒ p′ = γv(p+ ~v · ~p)

íØ5.17.3. Mab = rapb − rbpa =

[
0 (~r×~p)z −(~r×~p)y −i(rpx−xp)

−(~r×~p)z 0 (~r×~p)x −i(rpy−yp)
(~r×~p)y −(~r×~p)x 0 −i(rpz−zp)

i(xp−rpx) i(yp−rpy) i(zp−rpz) 0

]

íØ5.17.4. ~J = ~r × ~p, ~W = r~p− p~r

5.18 �:X��ÄþC�5Æ

íØ5.18.1. Mab = rapb − rbpa =

[
0 (~r×~p)z −(~r×~p)y −i(rpx−xp)

−(~r×~p)z 0 (~r×~p)x −i(rpy−yp)
(~r×~p)y −(~r×~p)x 0 −i(rpz−zp)

i(xp−rpx) i(yp−rpy) i(zp−rpz) 0

]

íØ5.18.2. ~J =
∑
i

(~ri × ~pi), ~W =
∑
i

(ri~pi − pi~ri)

íØ5.18.3. ~u′ = [~u+ γv~v + (γv − 1)(~v · ~u)~v/v2]/[γv(1 + ~v · ~u)]

¥�f�g^

íØ5.18.4. s(ν) =
∫
ν+(~0)σyσν(~0)dx4

1f�g^

íØ5.18.5. s(γ) = Ψ(~0)TγΨ(~0)

>f�g^

íØ5.18.6. s(e) = ψ̄(~0)γeψ(~0)

5.19 ��B�+ [40]

5.19.1 k�þâf��+

íØ5.19.1. L~vΛ[SO(3)]

[
~0

im

]
=

[
γm~v

iγm

]
=

[
~p

iE

]
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íØ5.19.2. Lp ≡ L~vΛ[SO(3)]

íØ5.19.3. Lpp0 = p, LΛpp0 = Λp = ΛLpp0

íØ5.19.4. p0 = L−1
ΛpΛLpp0

íØ5.19.5. W (Λ, p) ≡ L−1
ΛpΛLp = Λ−1

2 [SO(3)]L−1
ΛvΛL~vΛ1[SO(3)] = Λ3[SO(3)]

íØ5.19.6. U(Λ, p) ≡ U−1
Λp UΛUp = U−1(Λ2[SO(3)])U−1

Λv UΛU~vU(Λ1[SO(3)])

5.19.2 Ã�þâf��+

íØ5.19.7. LpΛ[E(2)]

[
0
0
p0

ip0

]
= p :=

[
~p

ip

]

íØ5.19.8. L̃p ≡ LpΛ[E(2)]

íØ5.19.9. L̃p

[
0
0
p0

ip0

]
=

[
~p

ip

]
, LΛp

[
0
0
p0

ip0

]
= Λ

[
~p

ip

]
= ΛL̃p

[
0
0
p0

ip0

]

íØ5.19.10.

[
0
0
p0

ip0

]
= L̃−1

ΛpΛL̃p

[
0
0
p0

ip0

]
íØ5.19.11. W (Λ, p) ≡ L̃−1

ΛpΛL̃p = Λ−1
2 [E(2)]L−1

ΛpΛLpΛ1[E(2)] = Λ3[E(2)]

íØ5.19.12. U(Λ, p) ≡ Ũ−1
Λp UΛŨp = U−1(Λ2[SO(3)])U−1

Λp UΛUpU(Λ1[SO(3)])

6 [σ(s) · p̂]2s+l$�Ðm�ß�
�Ø©¤k(ØÑ�6u�!�ß�§���!ß�¤á§K�¡Ù!�(Ø�Ü¤á"

6.1 [σ(s) · p̂]2s+1(∀p̂, ∀s ≥ 1
2
)$�Ðm�ß�9ÙíØ

ß�6.1.1. [Ω(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[Ω(s) · p̂]2s+1−2k,∀p̂,∀s ≥ 1
2

íØ6.1.1. [Ω(s) · p̂]2s+2 =
[s+1/2]∑
k=1

Xk(s)[Ω(s) · p̂]2s+2−2k,∀p̂,∀s ≥ 1
2

íØ6.1.2. [Ω(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[Ω(s) · p̂]2s+2−l%2−2k,∀p̂,∀s ≥ 1

2

6.2 [σ(s) · p̂]2s+l(∀p̂,∀s ≥ 1
2
)$�Ðm��dß�

ß�6.2.1. [Ω(s) · p̂]2s+l =
2s∑
k=0

Bl
k(s)[Ω(s) · p̂]k,∀p̂, ∀s ≥ 1

2

íØ6.2.1. X2l+1
k (s) = X2l+2

k (s), B2l+1
k (s) = B2l+2

k+1 (s), Bl
k(s) = 0

íØ6.2.2. 0 = B2l+1
2s−2k(s), 0 = B2l+2

2s+1−2k(s); 0 ≤ k ≤ [s+ 1/2], s ≥ 1
2

íØ6.2.3. X2l+1
k (s) = B2l+1

2s+1−2k(s), X
2l+2
k (s) = B2l+2

2s+2−2k(s), X
2l+1
k (s) = X2l+2

k (s); 1 ≤ k ≤ [s+ 1/2], s ≥ 1
2

7 [σ(s) · p̂]2s+l$�Ðm�1�«){
7.1 [σ(s) · p̂]2s+l$�Ðm�1�«){(|^���Ý
?1¦))

½n7.1.1. [σ(s) · p̂]2s+l =
2s∑
k=0

Bl
k(s)[σ(s) · p̂]k ⇒

2s∑
k=0

Bl
k(s)h

k = h2s+l;h = s, ··,−s
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y²: [σ(s) · p̂]2s+l =
2s∑
k=0

Bl
k(s)[σ(s) · p̂]k;∀p̂, ∀s ≥ 1

2

⇒ [σ(s) · p̂z]2s+l =
2s∑
k=0

Bl
k(s)[σ(s) · p̂z]k; p̂z = (0, 0, 1)

⇔ σ2s+l
z (s) =

2s∑
k=0

Bl
k(s)σ

k
z (s); p̂z = (0, 0, 1), h = s, ··,−s

⇔
2s∑
k=0

Bl
k(s)h

k = h2s+l;h = s, ··,−s

íØ7.1.1. [σ(s) · p̂]2s+l = 1
(2s)!

2s∑
i=0

−s∑
h=s

(−1)i+s+hC2s−i
{−s,··h··,s}C

s+h
2s h2s+l[σ(s) · p̂]i

y²:
2s∑
k=0

Bl
k(s)h

k = h2s+l;h = s, ··,−s

⇔

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s


 Bl0(s)

Bl1(s)
···

Bl2s−1(s)

Bl2s(s)

 =

 (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1


⇔

 Bl0(s)

Bl1(s)
···

Bl2s−1(s)

Bl2s(s)

 =

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1  (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1



⇔

 Bl0(s)

Bl1(s)
···

Bl2s−1(s)

Bl2s(s)

 = (−1)2s

(2s)!


(−1)0C2s

{··s−0··}C
0
2s ·· (−1)jC2s

{··s−j··}C
j
2s ·· (−1)2sC2s

{··0−s··}C
2s
2s

(−1)1C2s−1

{··s−0··}
C0

2s ·· (−1)1+jC2s−1

{··s−j··}
Cj2s ·· (−1)1+2sC2s−1

{··0−s··}
C2s

2s

·· ·· ·· ·· ··
(−1)iC2s−i

{··s−0··}
C0

2s ·· (−1)i+jC2s−i
{··s−j··}

Cj2s ·· (−1)i+2sC2s−i
{··0−s··}

C2s
2s

·· ·· ·· ·· ··
(−1)2s−1C1

{··s−0··}C
0
2s ·· (−1)2s−1+jC1

{··s−j··}C
j
2s ·· (−1)4s−1C1

{··0−s··}C
2s
2s

(−1)2sC0
{··s−0··}C

0
2s ·· (−1)2s+jC0

{··s−j··}C
j
2s ·· (−1)4sC0

{··0−s··}C
2s
2s




(s)2s+l

(s−1)2s+l

··
(s−j)2s+l

··
(1−s)2s+l

(−s)2s+l


⇔ Bl

i = (−1)2s

(2s)!

2s∑
j=0

(−1)i+jC2s−i
{−s,··s−j··,s}C

j
2s(s− j)2s+l; 0 ≤ i ≤ 2s

⇒ [σ(s) · p̂]2s+l =
2s∑
k=0

Bl
k(s)[σ(s) · p̂]k = 1

(2s)!

2s∑
k=0

−s∑
h=s

(−1)k+s+hC2s−k
{−s,··h··,s}C

s+h
2s h2s+l[σ(s) · p̂]k

7.2 [σ(s) · p̂]2s+l$�Ðm1�«){�íØ
Ún7.2.1. Cl{−s,··,−h,··,s} ≡ (−1)lCl{−s,··,h,··,s}, C

2k−1

{−s,··h··,s} + hC2k−2

{−s,··h··,s} = C2k−1
{−s,··,s} = 0

íØ7.2.1. s ≥ 1
2
, l ≥ 0

[σ(s) · p̂]2s+2l+1 = 1
(2s)!

2s∑
i=0

−s∑
h=s

(−1)i+s+hC2s−i
{−s,··h··,s}C

s+h
2s h2s+2l+1[σ(s) · p̂]i

[σ(s) · p̂]2s+2l+2 = 1
(2s)!

2s∑
i=0

−s∑
h=s

(−1)i+s+hC2s−i
{−s,··h··,s}C

s+h
2s h2s+2l+2[σ(s) · p̂]i

íØ7.2.2. s ≥ 1
2
, l ≥ 0

B2l+1
2s−2k(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+hC2k
{−s,··h··,s}C

s+h
2s h2s+2l+1 ≡ 0; 0 ≤ k ≤ [s]

B2l+2
2s+1−2k(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+h+1C2k−1

{−s,··h··,s}C
s+h
2s h2s+2l+2 ≡ 0; 1 ≤ k ≤ [s+ 1/2]

X2l+1
k (s) = B2l+1

2s+1−2k(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+h+1C2k−1

{−s,··h··,s}C
s+h
2s h2s+2l+1; 1 ≤ k ≤ [s+ 1/2]

X2l+2
k (s) = B2l+2

2s+2−2k(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+h+2C2k−2

{−s,··h··,s}C
s+h
2s h2s+2l+2; 1 ≤ k ≤ [s+ 1/2]

íØ7.2.3. X2l+1
k (s) ≡ X2l+2

k (s)⇔
−s∑
h=s

(−1)s+hCs+h2s h2s+2l+1(C2k−1

{−s,··h··,s} + hC2k−2

{−s,··h··,s}) ≡ 0

íØ7.2.4. s ≥ 1
2
, l ≥ 0

X2l+1
1 (s) = B2l+1

2s−1(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+hCs+h2s h2s+2l+2

X2l+2
1 (s) = B2l+2

2s (s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+hCs+h2s h2s+2l+2
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íØ7.2.5.
Xk(s) = X1

k(s) = B1
2s+1−2k(s) = (−1)2s+1

(2s)!

−s∑
h=s

(−1)s+hC2k−1

{−s,··h··,s}C
s+h
2s h2s+1

X1(s) = X1
1 (s) = B1

2s−1(s) = (−1)2s

(2s)!

−s∑
h=s

(−1)s+hCs+h2s h2s+2

íØ7.2.6.
[σ(s) · p̂]2s+2l+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+1C2k−1

{−s,··h··,s}C
s+h
2s h2s+2l+1[σ(s) · p̂]2s+1−2k

[σ(s) · p̂]2s+2l+2 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+2C2k−2

{−s,··h··,s}C
s+h
2s h2s+2l+2[σ(s) · p̂]2s+2−2k

íØ7.2.7. [σ(s) · p̂]2s+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+1C2k−1

{−s,··h··,s}C
s+h
2s h2s+1[σ(s) · p̂]2s+1−2k

8 [σ(s) · p̂]2s+2l+1$�Ðm�1�«){

8.1 [σ(s) · p̂]2s+2l+1�$�ÐmªXê�§�,�«î�y²�{

½n8.1.1. [σ(s) · p̂]2s+2l+1 =
[s+

1
2

]∑
k=1

X2l+1
k (s)[σ(s) · p̂]2s+1−2k ⇒

[s+1/2]∑
k=1

X2l+1
k (s)h2s+1−2k = h2s+1;h = s, ··, 1

2
|1

y²: [σ(s) · p̂]2s+2l+1 =
[s+

1
2

]∑
k=1

X2l+1
k (s)[σ(s) · p̂]2s+1−2k

⇒ λ+(s, h)[σ(s) · p̂]2s+2l+1λ(s, h) =
[s+

1
2

]∑
k=1

X2l+1
k (s)λ+(s, h)[σ(s) · p̂]2s+1−2kλ(s, h), h = s, · · · ,−s

⇒ h2s+2l+1 =
[s+

1
2

]∑
k=1

X2l+1
k (s)h2s+1−2k, h = s, · · · ,−s

⇒
[s+1/2]∑
k=1

X2l+1
k (s)h2s+1−2k = h2s+2l+1;h = s, ··, 1

2
|1

íØ8.1.1. [σ(s) · p̂]2s+2l+1 =
[s+

1
2

]∑
k=1

X2l+1
k (s)[σ(s) · p̂]2s+1−2k =

[s−1/2]∑
k=0

X2l+1
[s+1/2]−k(s)[σ(s) · p̂]2k+(2s+1)%2

íØ8.1.2. [σ(n− 1
2
) · p̂]2n+2l =

n−1∑
k=0

X2l+1
n−k (n− 1

2
)[σ(n− 1

2
) · p̂]2k, [σ(n) · p̂]2n+2l+1 =

n−1∑
k=0

X2l+1
n−k (n)[σ(n) · p̂]2k+1

8.2 [σ(s) · p̂]2s+2l+1$�Ðm�1�«){(�|^���Ý
?1¦))

íØ8.2.1. X2l+1
k (s) = (−1)2s+k

(2s)!

−s∑
h=s

(−1)s+h+1Ck−1

{(1/2|1)2,··,h2,··,s2}
Cs+h2s h2s+2l+2; 1 ≤ k ≤ [s+ 1

2
]

y²:
[s+1/2]∑
k=1

X2l+1
k (s)h2s+1−2k = h2s+2l+1;h = s, ··, 1

2
|1

⇔

[
s0 s2 ··· s2[s−1/2]

(s−1)0 (s−1)2 ··· (s−1)2[s−1/2]

··· ··· ··· ···
(s−[s−1/2])0 (s−[s−1/2])2 ··· (s−[s−1/2])2[s−1/2]

]X2l+1
[s+1/2]

(s)

X2l+1
[s−1/2]

(s)

···
X2l+1

1 (s)

 =

[
s2[s+1/2]+2l

(s−1)2[s+1/2]+2l

···
(s−[s−1/2])2[s+1/2]+2l

]

⇔

X2l+1
[s+1/2]

(s)

X2l+1
[s−1/2]

(s)

···
X2l+1

1 (s)

 =

[
s0 s2 ··· s2[s−1/2]

(s−1)0 (s−1)2 ··· (s−1)2[s−1/2]

··· ··· ··· ···
(s−[s−1/2])0 (s−[s−1/2])2 ··· (s−[s−1/2])2[s−1/2]

]−1 [
s2[s+1/2]+2l

(s−1)2[s+1/2]+2l

···
(s−[s−1/2])2[s+1/2]+2l

]

⇔ X2l+1
[s+1/2]−i(s) =

[s−1/2]∑
j=0

Cj2sC
[s−1/2]−i
{(s−[s−1/2])2,··,(s−j)2,··,s2}

(s−j)2[s+1/2]+2l

(−1)[s−1/2]+i+j(2s)!

(2s−[s−1/2]−1−j)!(2s−2j)
([s−1/2]−j)! ; 0 ≤ i ≤ [s− 1

2
]

⇔ X2l+1
[s+1/2]−i(s) =

[s−1/2]∑
j=0

2Cj2sC
[s−1/2]−i
{(s−[s−1/2])2,··,(s−j)2,··,s2}

(s−j)2s+2l+2

(−1)[s−1/2]+i+j(2s)!
; 0 ≤ i ≤ [s− 1

2
]

⇔ X2l+1
k (s) =

[s−1/2]∑
j=0

2Cj2sC
k−1

{(s−[s−1/2])2,··,(s−j)2,··,s2}
(s−j)2s+2l+2

(−1)k−1+j(2s)!
; 1 ≤ k ≤ [s+ 1

2
]

⇔ X2l+1
k (s) = (−1)2s+k

(2s)!

−s∑
h=s

(−1)s+h+1Ck−1

{(1/2|1)2,··,h2,··,s2}
Cs+h2s h2s+2l+2; 1 ≤ k ≤ [s+ 1

2
]
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íØ8.2.2. [σ(s) · p̂]2s+2l+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+k−1Ck−1

{(1/2|1)2,··,h2,··,s2}
Cs+h2s h2s+2l+2[σ(s) · p̂]2s+1−2k

íØ8.2.3. [σ(s) · p̂]2s+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+k−1Ck−1

{(1/2|1)2,··,h2,··,s2}
Cs+h2s h2s+2[σ(s) · p̂]2s+1−2k

9 [σ(s) · p̂]2s+1$�Ðm�1n«){

9.1 [σ(s) · p̂]2s+l(∀p̂,∀s ≥ 1
2
)�$�Ðm

Ún9.1.1.

[σ(s) · p̂]n = N̄(s)[I ⊗ Γ̄(s− 1
2
)][Ω(s) · p̂]n[I ⊗ Γ(s− 1

2
)]N(s)

[σ(s− 1) · p̂]n = X̄(s)[I ⊗ Γ̄(s− 1
2
)][Ω(s) · p̂]n[I ⊗ Γ(s− 1

2
)]X(s)

½n9.1.1. [Ω(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[Ω(s) · p̂]2s+2−l%2−2k;∀p̂, s ≥ 1

2
, l ≥ 1

⇒ [σ(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[σ(s) · p̂]2s+2−l%2−2k, [σ(s− 1) · p̂]2s+l =

[s+1/2]∑
k=1

X l
k(s)[σ(s− 1) · p̂]2s+2−l%2−2k

y²: [Ω(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[Ω(s) · p̂]2s+2−l%2−2k

⇒ N̄(s)[I ⊗ Γ̄(s− 1
2
)][Ω(s) · p̂]2s+1[I ⊗ Γ(s− 1

2
)]N(s)

=
[s+1/2]∑
k=1

X l
k(s)N̄(s)[I ⊗ Γ̄(s− 1

2
)][Ω(s) · p̂]2s+2−l%2−2k[I ⊗ Γ(s− 1

2
)]N(s)

⇔ [σ(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[σ(s) · p̂]2s+2−l%2−2k

y²: [Ω(s) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[Ω(s) · p̂]2s+2−l%2−2k

⇒ X̄(s)[I ⊗ Γ̄(s− 1
2
)][Ω(s) · p̂]2s+1[I ⊗ Γ(s− 1

2
)]X(s)

=
[s+1/2]∑
k=1

X l
k(s)X̄(s)[I ⊗ Γ̄(s− 1

2
)][Ω(s) · p̂]2s+2−l%2−2k[I ⊗ Γ(s− 1

2
)]X(s)

⇔ [σ(s− 1) · p̂]2s+l =
[s+1/2]∑
k=1

X l
k(s)[σ(s− 1) · p̂]2s+2−l%2−2k

íØ9.1.1. s ≥ 1
2
, l ≥ 0

[σ(s) · p̂]2s+2l+1 =
[s+1/2]∑
k=1

X2l+1
k (s)[σ(s) · p̂]2s+1−2k

[σ(s− 1) · p̂]2s+2l+1 =
[s+1/2]∑
k=1

X2l+1
k (s)[σ(s− 1) · p̂]2s+1−2k

[σ(s) · p̂]2s+2l+2 =
[s+1/2]∑
k=1

X2l+2
k (s)[σ(s) · p̂]2s+2−2k

[σ(s− 1) · p̂]2s+2l+2 =
[s+1/2]∑
k=1

X2l+2
k (s)[σ(s− 1) · p̂]2s+2−2k

9.2 ÐmXêXk(s)�4í'X

½Â9.2.1. Ck{a1,a2,··· ,an} :=U|Ü5ÆÀÑk�a�¦§¿r¤k¦È��Ü\å5, C0
{a1,a2,··· ,an} := 1

½Â9.2.2. X2l+1
[s+3/2](s) := 0; s ≥ 1

2
, l ≥ 0

Ún9.2.1. X1
1 (s) = (−1)2s

−s∑
h=s

(−1)s+hCs+h2s h2s+2 =
2s∑
j=0

(−1)jCj2s(s− j)2s+2 = (2s)!
4
C3

2s+2

y²: (1− x1 · ·xk)2s =
2s∑
j=0

(−1)jCj2s(x1 · ·xk)j , 0 ≤ k ≤ 2s

⇒ ∂x1
· ·∂xk(1− x1 · ·xk)2s = ∂x1

· ·∂xk
2s∑
j=0

(−1)jCj2s(x1 · ·xk)j , 0 ≤ k ≤ 2s
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⇒


2s∑
j=0

(−1)jCj2sj
k = 0, 0 ≤ k ≤ 2s− 1,

2s∑
j=0

(−1)jCj2sj
2s = (−1)2s(2s)!

2s∑
j=0

(−1)jCj2sj
2s+1 = (−1)2s(2s)!C2

2s+1,
2s∑
j=0

(−1)jCj2sj
2s+2 = (−1)2s(2s)!(C3

2s+2 + 3C4
2s+2)

y²: X1
1 (s) =

2s∑
j=0

(−1)jCj2s(s− j)2s+2 =
2s∑
j=0

(−1)jCj2s
2s+2∑
k=0

(−1)kCk2s+2s
2s+2−kjk

=
2s+2∑
k=0

(−1)kCk2s+2s
2s+2−k

2s∑
j=0

(−1)jCj2sj
k =

2s+2∑
k=2s

(−1)kCk2s+2s
2s+2−k

2s∑
j=0

(−1)jCj2sj
k

= (−1)2ss2C2
2s+2

2s∑
j=0

(−1)jCj2sj
2s + (−1)2s+1s1C1

2s+2

2s∑
j=0

(−1)jCj2sj
2s+1 + (−1)2s+2s0C0

2s+2

2s∑
j=0

(−1)jCj2sj
2s+2

= (−1)2ss2C2
2s+2(−1)2s(2s)! + (−1)2s+1sC1

2s+2(−1)2s(2s)!C2
2s+1 + (−1)2s+2(−1)2s(2s)!(C3

2s+2 + 3C4
2s+2)

= s2C2
2s+2(2s)!− sC1

2s+2(2s)!C2
2s+1 + (2s)!(C3

2s+2 + 3C4
2s+2) = (2s)!

4
C3

2s+2

Ún9.2.2. s ≥ 1
2
, l ≥ 1

X2l−1
1 (s) = (−1)2s

−s∑
h=s

(−1)s+hCs+h2s h2s+2l = (−1)2ss2s+2l
2s∑
j=0

(−1)jCj2s
2l∑
k=0

(−s)−kC2s+k
2s+2lj

2s+k

y²: X2l−1
1 (s) =

2s∑
j=0

(−1)jCj2s(s− j)2s+2l = (−1)2s
−s∑
h=s

(−1)s+hCs+h2s h2s+2l

=
2s∑
j=0

(−1)jCj2s
2s+2l∑
k=0

(−1)kCk2s+2ls
2s+2l−kjk =

2s+2l∑
k=0

(−1)kCk2s+2ls
2s+2l−k

2s∑
j=0

(−1)jCj2sj
k

=
2s+2l∑
k=2s

(−1)kCk2s+2ls
2s+2l−k

2s∑
j=0

(−1)jCj2sj
k =

2l∑
k=0

(−1)2s+kC2s+k
2s+2ls

2s+2l−k
2s∑
j=0

(−1)jCj2sj
2s+k

= (−1)2ss2s+2l
2l∑
k=0

(−s)−kC2s+k
2s+2l

2s∑
j=0

(−1)jCj2sj
2s+k = (−1)2ss2s+2l

2s∑
j=0

(−1)jCj2s
2l∑
k=0

(−s)−kC2s+k
2s+2lj

2s+k

Ún9.2.3. [σ(s) · p̂]2s+2l+3 =
[s+1/2]∑
k=1

[X2l+1
1 (s)X1

k(s) +X2l+1
k+1 (s)][σ(s) · p̂]2s+1−2k; s ≥ 1

2
, l ≥ 0

y²: [σ(s) · p̂]2s+2l+3 =
[s+1/2]∑
k=1

X2l+1
k (s)[σ(s) · p̂]2s+3−2k

= X2l+1
1 (s)[σ(s) · p̂]2s+1 +

[s−1/2]∑
k=1

X2l+1
k+1 (s)[σ(s) · p̂]2s+1−2k

=
[s+1/2]∑
k=1

X2l+1
1 (s)X1

k(s)[σ(s) · p̂]2s+1−2k +
[s−1/2]∑
k=1

X2l+1
k+1 (s)[σ(s) · p̂]2s+1−2k

=
[s+1/2]∑
k=1

[X2l+1
1 (s)X1

k(s) +X2l+1
k+1 (s)][σ(s) · p̂]2s+1−2k

íØ9.2.1. X2l+3
k (s) = X2l+1

1 (s)X1
k(s) +X2l+1

k+1 (s); s ≥ 1
2
, l ≥ 0, k = 1, ··, [s+ 1/2]

½n9.2.1. [σ(s) · p̂]2s+2l+3 =
[s+3/2]∑
k=1

X2l+1
k (s+ 1)[σ(s) · p̂]2s+3−2k

⇔ X2l+1
k+1 (s+ 1) = [X2l+1

1 (s)−X2l+1
1 (s+ 1)]X1

k(s) +X2l+1
k+1 (s); s ≥ 1

2
, l ≥ 0, k = 1, ··, [s+ 1/2]

y²: [σ(s) · p̂]2s+2l+3 =
[s+3/2]∑
k=1

X2l+1
k (s+ 1)[σ(s) · p̂]2s+3−2k

⇔ [σ(s) · p̂]2s+2l+3 = X2l+1
1 (s+ 1)[σ(s) · p̂]2s+1 +

[s+3/2]∑
k=2

X2l+1
k (s+ 1)[σ(s) · p̂]2s+3−2k

⇔ [σ(s) · p̂]2s+2l+3 = X2l+1
1 (s+ 1)[σ(s) · p̂]2s+1 +

[s+1/2]∑
k=1

X2l+1
k+1 (s+ 1)[σ(s) · p̂]2s+1−2k

⇔
[s+1/2]∑
k=1

X2l+1
k+1 (s+ 1)[σ(s) · p̂]2s+1−2k = [σ(s) · p̂]2s+2l+3 −X2l+1

1 (s+ 1)[σ(s) · p̂]2s+1

=
[s+1/2]∑
k=1

[X2l+1
1 (s)X1

k(s) +X2l+1
k+1 (s)][σ(s) · p̂]2s+1−2k −X2l+1

1 (s+ 1)
[s+1/2]∑
k=1

X1
k(s)[σ(s) · p̂]2s+1−2k
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=
[s+1/2]∑
k=1

{[X2l+1
1 (s)−X2l+1

1 (s+ 1)]X1
k(s) +X2l+1

k+1 (s)}[σ(s) · p̂]2s+1−2k

⇔ X2l+1
k+1 (s+ 1) = [X2l+1

1 (s)−X2l+1
1 (s+ 1)]X1

k(s) +X2l+1
k+1 (s), k = 1, ··, [s+ 1/2]

⇒ X1
k+1(s+ 1) = X1

k+1(s)− (s+ 1)2X1
k(s), k = 1, ··, [s+ 1/2]

íØ9.2.2. X1
k+1(s+ 1) = X1

k+1(s)− (s+ 1)2X1
k(s); s ≥ 1

2
, k = 1, ··, [s+ 1/2]

9.3 ÐmXêX1
k(s)�î�¦)

íØ9.3.1.X1
k+1(s+ 1) = X1

k+1(s)− (s+ 1)2X1
k(s), s ≥ 1

2

X1
1 (s) = 1

4
C3

2s+2, X
1
[s+3/2](s) := 0, k = 1, ··, [s+ 1/2]

⇒

X1
k(s) = −(−1)kCk{(s−[s−1/2])2,··· ,(s−1)2,s2}

s ≥ 1
2
, k = 1, ··, [s+ 1/2]

y²: æ^êÆ8B{y²d½n"

1�Úµi = 1�¤áµ

X1
1 ( 1

2
) = −(−1)1C1

{(1/2)2}, X
1
1 (1) = −(−1)1C1

{12}

1�Úµb�s′ = s�¤áµ

X1
k(s) = −(−1)kCk{(1/2)2|12,··· ,(s−1)2,s2}, k = 1, ··, [s+ 1/2]

1nÚµi = n+ 1�§k = 1, ··, [s+ 1/2]

X1
k+1(s+ 1) = X1

k+1(s)− (s+ 1)2X1
k(s) = −(−1)k+1Ck+1

{(1/2)2|12,··· ,(s−1)2,s2} + (s+ 1)2(−1)kCk{(1/2)2|12,··· ,(s−1)2,s2}

⇔ X1
k+1(s+ 1) = −(−1)k+1[Ck+1

{(1/2)2|12,··· ,(s−1)2,s2} + (s+ 1)2Ck{(1/2)2|12,··· ,(s−1)2,s2}], k = 1, ··, [s+ 1/2]

⇔ X1
k+1(s+ 1) = −(−1)k+1Ck+1

{(1/2)2|12,··· ,s2,(s+1)2}, k = 1, ··, [s+ 1/2]

⇒ X1
k(s+ 1) = −(−1)kCk+1

{(1/2)2|12,··· ,s2,(s+1)2}, k = 1, ··, [s+ 3/2]

dÚy²
s′ = s+ 1�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ9.3.2.X1
k+1(s+ 1) = X1

k+1(s)− (s+ 1)2X1
k(s), s ≥ 1

2

X1
1 (s) = 1

4
C3

2s+2, X
1
[s+3/2](s) := 0, k = 1, ··, [s+ 1/2]

⇔

X1
k(s) = −(−1)kCk{(s−[s−1/2])2,··· ,(s−1)2,s2}

s ≥ 1
2
, k = 1, ··, [s+ 1/2]

íØ9.3.3. X1
1/2|1(s)
···

X1
[s−1/2](s)

X1
[s+1/2](s)

 = −

 (−1)−1[C1
{(1/2|1)2,··· ,s2}]

(−1)−2[C2
{(1/2|1)2,··· ,s2}]

···
(−1)−[s+1/2][C

[s+1/2]

{(1/2|1)2,··· ,s2}
]

 [⇔]

X1
[s+1/2](s)

X1
[s−1/2](s)
···

X1
1/2|1(s)

 = −

 (−1)−[s+1/2][C
[s+1/2]

{(1/2|1)2,··· ,s2}
]

(−1)−[s−1/2][C
[s−1/2]

{(1/2|1)2,··· ,s2}
]

···
(−1)−1[C1

{(1/2|1)2,··· ,s2}]


íØ9.3.4. [σ(s) · p̂]2s+1 =

[s+1/2]∑
k=1

(−1)k−1Ck{(1/2|1)2,··· ,s2}[σ(s) · p̂]2s+1−2k

íØ9.3.5. X3
k(s) = (−1)k−1[C1

{(s−[s−1/2])2,··· ,s2}C
k
{(s−[s−1/2])2,··· ,s2} − C

k+1
{(s−[s−1/2])2,··· ,s2}]; k = 1, ··, [s+ 1/2]

9.4 [σ(s) · p̂]2s+1n«$�Ðmª�Ñ�ð�ª

íØ9.4.1.

[σ(s) · p̂]2s+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+1C2k−1

{−s,··h··,s}C
s+h
2s h2s+1[σ(s) · p̂]2s+1−2k

[σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

(−1)k−1Ck{(1/2|1)2,··· ,s2}[σ(s) · p̂]2s+1−2k

[σ(s) · p̂]2s+1 = (−1)2s

(2s)!

[s+1/2]∑
k=1

−s∑
h=s

(−1)s+h+k−1Ck−1

{(1/2|1)2,··,h2,··,s2}
Cs+h2s h2s+2[σ(s) · p̂]2s+1−2k

íØ9.4.2. Ck{(1/2|1)2,··· ,s2} ≡
−s∑
h=s

(−1)3s+h+kC2k−1

{−s,··h··,s}
Cs+h2s h2s+1

(2s)!
≡
−s∑
h=s

(−1)3s+hCk−1

{(1/2|1)2,··h2··,s2}
Cs+h2s h2s+2

(2s)!
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10 e
~ϑ·σ(s)�õ�ªÐm

10.1 e
~ϑ·σ(s)õ�ªÐmXê�¦)

½n10.1.1.

e
~ϑ·σ(s) =

2s∑
k=0

Ak(s,
√
~ϑ2)[~ϑ · σ(s)]k, ~ϑ =

√
~ϑ2ϑ̂, ϑ̂2 = 1⇒ eh

√
~ϑ2

=
2s∑
k=0

Ak(s,
√
~ϑ2)[h

√
~ϑ2]k;h = s, ··,−s

y²: e
~ϑ·σ(s) =

2s∑
k=0

Ak(s,
√
~ϑ2)[~ϑ · σ(s)]k, ~ϑ =

√
~ϑ2ϑ̂, ϑ̂2 = 1(

√
~ϑ2k±ü��,?���=�§(ØÑ��)

⇒ λ+(s, h)e
~ϑ·σ(s)λ(s, h) =

2s∑
k=0

Ak(s)λ
+(s, h)[~ϑ · σ(s)]kλ(s, h);h = s, ··,−s

⇔ eh
√
~ϑ2

=
2s∑
k=0

Ak(s)[h
√
~ϑ2]k;h = s, ··,−s

⇔

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s




(
√
~ϑ2)0A0(s)

(
√
~ϑ2)1A1(s)
···

(
√
~ϑ2)2s−1A2s−1(s)

(
√
~ϑ2)2sA2s(s)

 =


es
√
~ϑ2

e(s−1)
√
~ϑ2

···
e(1−s)

√
~ϑ2

e(−s)
√
~ϑ2



⇔


A0(s,
√
~ϑ2)

A1(s,
√
~ϑ2)

···
A2s−1(s,

√
~ϑ2)

A2s(s,
√
~ϑ2)

 =

 (
√
~ϑ2)−0 0 ··· 0

0 (
√
~ϑ2)−1 ··· 0

··· ··· ··· ···
0 0 ··· (

√
~ϑ2)−2s

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

−1


es
√
~ϑ2

e(s−1)
√
~ϑ2

···
e(1−s)

√
~ϑ2

e(−s)
√
~ϑ2



⇔


A0(s,
√
~ϑ2)

A1(s,
√
~ϑ2)

···
A2s−1(s,

√
~ϑ2)

A2s(s,
√
~ϑ2)

 = (−1)2s

(2s)!

 (
√
~ϑ2)−0 0 ··· 0

0 (
√
~ϑ2)−1 ··· 0

··· ··· ··· ···
0 0 ··· (

√
~ϑ2)−2s




(−1)0C2s
{··s−0··}C

0
2s (−1)1C2s

{··s−1··}C
1
2s ·· (−1)jC2s

{··s−j··}C
j
2s ·· (−1)2sC2s

{··0−s··}C
2s
2s

(−1)1C2s−1

{··s−0··}
C0

2s (−1)2C2s−1

{··s−1··}
C1

2s ·· (−1)1+jC2s−1

{··s−j··}
Cj2s ·· (−1)1+2sC2s−1

{··0−s··}
C2s

2s

·· ·· ·· ·· ·· ··
(−1)iC2s−i

{··s−0··}
C0

2s (−1)i+1C2s−i
{··s−1··}

C1
2s ·· (−1)i+jC2s−i

{··s−j··}
Cj2s ·· (−1)i+2sC2s−i

{··0−s··}
C2s

2s

·· ·· ·· ·· ·· ··
(−1)2s−1C1

{··s−0··}C
0
2s (−1)2sC1

{··s−1··}C
1
2s ·· (−1)2s−1+jC1

{··s−j··}C
j
2s ·· (−1)4s−1C1

{··0−s··}C
2s
2s

(−1)2sC0
{··s−0··}C

0
2s (−1)2s+1C0

{··s−1··}C
1
2s ·· (−1)2s+jC0

{··s−j··}C
j
2s ·· (−1)4sC0

{··0−s··}C
2s
2s




es
√
~ϑ2

e(s−1)
√
~ϑ2

··
e(s−j)

√
~ϑ2

··
e(1−s)

√
~ϑ2

e(−s)
√
~ϑ2


⇔ Ai(s,

√
~ϑ2) = (−1)2s

(2s)!(
√
~ϑ2)i

2s∑
j=0

(−1)i+jC2s−i
{··s−j··}C

j
2se

(s−j)
√
~ϑ2

= (−1)k

(2s)!(
√
~ϑ2)k

−s∑
h=s

(−1)s+hC2s−k
{−s,··h··,s}C

s+h
2s eh

√
~ϑ2

íØ10.1.1. e
~ϑ·σ(s) =

2s∑
k=0

[
−s∑
h=s

(−1)s+h+k

(2s)!
C2s−k
{−s,··h··,s}C

s+h
2s eh

√
~ϑ2

][
~ϑ√
~ϑ2
· σ(s)]k

íØ10.1.2. eσ(s)·p̂ =
2s∑
k=0

[
−s∑
h=s

(−1)s+h+k

(2s)!
C2s−k
{−s,··h··,s}C

s+h
2s eh][σ(s)·p̂]k, eσz(s) =

2s∑
k=0

[
−s∑
h=s

(−1)s+h+k

(2s)!
C2s−k
{−s,··h··,s}C

s+h
2s eh][σz(s)]

k

10.2 [σ(s) · p̂]2s+l, e~ϑ·σ(s)$�Ðm��(

½Â10.2.1. C(k, h) := (−1)s+h+k

(2s)!
C2s−k
{−s,··h··,s}C

s+h
2s

íØ10.2.1. e
~ϑ·σ(s) =

2s∑
k=0

[
−s∑
h=s

C(k, h)eh
√
~ϑ2

][
~ϑ·σ(s)√

~ϑ2
]k, [~ϑ · σ(s)]2s+l =

2s∑
k=0

[
−s∑
h=s

C(k, h)(h
√
~ϑ2)2s+l][

~ϑ·σ(s)√
~ϑ2

]k

íØ10.2.2. eσ(s)·p̂ =
2s∑
k=0

[
−s∑
h=s

C(k, h)eh][σ(s) · p̂]k, [σ(s) · p̂]2s+l =
2s∑
k=0

[
−s∑
h=s

C(k, h)h2s+l][σ(s) · p̂]k

11 [σ(s) · p̂]2s+2l+1ÐmXê�Ó�5

½n11.0.1. [σ(s) · p̂]2s+2l+3 =
[s+3/2]∑
k=1

X2l+1
k (s+ 1)[σ(s) · p̂]2s+3−2k

⇔ X2l+1
k+1 (s+ 1) = [X2l+1

1 (s)−X2l+1
1 (s+ 1)]X2l+1

k (s) +X2l+1
k+1 (s); s ≥ 1

2
, l ≥ 0, k = 1, ··, [s+ 1/2]
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11.1 z2s+2l+1ÐmXê�Ó�5

½Â11.1.1. X2l+1
k (s) := 0, k < 1|k > [s+ 1

2
]

½Â11.1.2. Xk(s) := (−1)k+1Ck{(s−[s−1/2])2,··· ,s2}, k = 1, 2, ··, [s+ 1
2
]

Ún11.1.1. z2s+2l−1 =
[s−1/2]∑
k=1

X2l+1
k (s− 1)z2s−1−2k

⇒ z2s+2l+1 =
[s−1/2]∑
k=1

[X2l+1
1 (s− 1)X1

k(s− 1) +X2l+1
k+1 (s− 1)]z2s−1−2k

y²: z2s+2l+1 =
[s−1/2]∑
k=1

X2l+1
k (s− 1)z2s+1−2k

= X2l+1
1 (s− 1)z2s−1 +

[s−3/2]∑
k=1

X2l+1
k+1 (s− 1)z2s−1−2k

=
[s−1/2]∑
k=1

X2l+1
1 (s− 1)X1

k(s− 1)z2s−1−2k +
[s−3/2]∑
k=1

X2l+1
k+1 (s− 1)z2s−1−2k

=
[s−1/2]∑
k=1

[X2l+1
1 (s− 1)X1

k(s− 1) +X2l+1
k+1 (s− 1)]z2s−1−2k

½n11.1.1. z2s+2l−1 =
[s−1/2]∑
k=1

X2l+1
k (s− 1)z2s−1−2k ⇒ z2s+2l+1 =

[s+1/2]∑
k=1

X2l+1
k (s)z2s+1−2k

y²: X2l+1
k+1 (s) = [X2l+1

1 (s− 1)−X2l+1
1 (s)]X1

k(s− 1) +X2l+1
k+1 (s− 1), k = 1, ··, [s− 1]

⇒
[s−1/2]∑
k=1

{[X2l+1
1 (s− 1)−X2l+1

1 (s)]X1
k(s− 1) +X2l+1

k+1 (s− 1)}z2s−1−2k =
[s−1/2]∑
k=1

X2l+1
k+1 (s)z2s−1−2k

⇔
[s−1/2]∑
k=1

[X2l+1
1 (s− 1)X1

k(s− 1) +X2l+1
k+1 (s− 1)]z2s−1−2k −

[s−1/2]∑
k=1

X2l+1
1 (s)X1

k(s− 1)z2s−1−2k

=
[s−1/2]∑
k=1

X2l+1
k+1 (s)z2s−1−2k

⇔ z2s+2l+1 −X2l+1
1 (s)

[s−1/2]∑
k=1

X1
k(s− 1)z2s−1−2k =

[s−1/2]∑
k=1

X2l+1
k+1 (s)z2s−1−2k

⇔ z2s+2l+1 −X2l+1
1 (s)z2s−1 =

[s−1/2]∑
k=1

X2l+1
k+1 (s)z2s−1−2k

⇔ z2s+2l+1 = X2l+1
1 (s)z2s−1 +

[s+1/2]∑
k=2

X2l+1
k (s)z2s+1−2k

⇔ z2s+2l+1 =
[s+1/2]∑
k=1

X2l+1
k (s)z2s+1−2k

íØ11.1.1. s ≥ 1
2
, n ≥ 0, l ≥ 0

z2s+2l+1 =
[s+1/2]∑
k=1

X2l+1
k (s)z2s+1−2k ⇒ z2(s+n)+2l+1 =

[(s+n)+1/2]∑
k=1

X2l+1
k (s+ n)z2(s+n)+1−2k

z2s+1 =
[s+1/2]∑
k=1

X1
k(s)z2s+1−2k ⇒ z2(s+n)+1 =

[(s+n)+1/2]∑
k=1

X1
k(s+ n)z2(s+n)+1−2k

11.2 [σ(1
2
) · p̂], [σ(1) · p̂], 1÷v�Ó�5�

íØ11.2.1. n ≥ 1

[σ( 1
2
) · p̂]2+2l =

1∑
k=1

X2l+1
k ( 1

2
)[σ( 1

2
) · p̂]2−2k, X2l+1

1 ( 1
2
) = 1

4l+1 ⇒ [σ( 1
2
) · p̂]2n+2l =

n∑
k=1

X2l+1
k (n− 1

2
)[σ( 1

2
) · p̂]2n−2k

[σ(1) · p̂]3+2l =
1∑
k=1

X2l+1
k (1)[σ(1) · p̂]3−2k, X2l+1

1 (1) = 1⇒ [σ(1) · p̂]2n+2l+1 =
n∑
k=1

X2l+1
k (n)[σ(1) · p̂]2n+1−2k

[2σ( 1
2
) · p̂]3+2l =

1∑
k=1

X2l+1
k (1)[2σ( 1

2
) · p̂]3−2k, X2l+1

1 (1) = 1⇒ [2σ( 1
2
) · p̂]2n+2l+1 =

n∑
k=1

X2l+1
k (n)[2σ( 1

2
) · p̂]2n+1−2k
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íØ11.2.2. n ≥ 1
( 1

2
)2+2l =

1∑
k=1

X2l+1
k ( 1

2
)( 1

2
)2−2k, X2l+1

1 ( 1
2
) = 1

4l+1 ⇒ ( 1
2
)2n+2l =

n∑
k=1

X2l+1
k (n− 1

2
)( 1

2
)2n−2k ⇔

n∑
k=1

4kX2l+1
k (n− 1

2
) = 1

4l

13+2l =
1∑
k=1

X2l+1
k (1)13−2k, X2l+1

1 (1) = 1⇒ 12n+2l+1 =
n∑
k=1

X2l+1
k (n)12n+1−2k ⇔

n∑
k=1

X2l+1
k (n) = 1

11.3 z2s+2l+2ÐmXê�Ó�5

½Â11.3.1. Xk(s) := (−1)k+1Ck{(s−[s−1/2])2,··· ,s2}, k = 1, 2, ··, [s+ 1
2
]

Ún11.3.1. z2s+2l =
[s−1/2]∑
k=1

X2l+2
k (s− 1)z2s−2k

⇒ z2s+2l+2 =
[s−1/2]∑
k=1

[X2l+2
1 (s− 1)X2

k(s− 1) +X2l+2
k+1 (s− 1)]z2s−2k

y²: z2s+2l+2 =
[s−1/2]∑
k=1

X2l+2
k (s− 1)z2s+2−2k

= X2l+2
1 (s− 1)z2s +

[s−3/2]∑
k=1

X2l+2
k+1 (s− 1)z2s−2k

=
[s−1/2]∑
k=1

X2l+2
1 (s− 1)X2

k(s− 1)z2s−2k +
[s−3/2]∑
k=1

X2l+2
k+1 (s− 1)z2s−2k

=
[s−1/2]∑
k=1

[X2l+2
1 (s− 1)X2

k(s− 1) +X2l+2
k+1 (s− 1)]z2s−2k

½n11.3.1. z2s+2l =
[s−1/2]∑
k=1

X2l+2
k (s− 1)z2s−2k ⇒ z2s+2l+2 =

[s+1/2]∑
k=1

X2l+2
k (s)z2s+2−2k

y²: X2l+2
k+1 (s) = [X2l+2

1 (s− 1)−X2l+2
1 (s)]X2

k(s− 1) +X2l+2
k+1 (s− 1), k = 1, ··, [s− 1/2]

⇒
[s−1/2]∑
k=1

{[X2l+2
1 (s− 1)−X2l+2

1 (s)]X2
k(s− 1) +X2l+2

k+1 (s− 1)}z2s−2k =
[s−1/2]∑
k=1

X2l+2
k+1 (s)z2s−2k

⇔
[s−1/2]∑
k=1

[X2l+2
1 (s− 1)X2

k(s− 1) +X2l+2
k+1 (s− 1)]z2s−2k −

[s−1/2]∑
k=1

X2l+2
1 (s)X2

k(s− 1)z2s−2k =
[s−1/2]∑
k=1

X2l+2
k+1 (s)z2s−2k

⇔ z2s+2l+2 −X2l+2
1 (s)

[s−1/2]∑
k=1

X2
k(s− 1)z2s−2k +

[s−1/2]∑
k=1

X2l+2
k+1 (s)z2s−2k

⇔ z2s+2l+2 = X2l+2
1 (s)z2s +

[s+1/2]∑
k=2

X2l+2
k (s)z2s+2−2k

⇔ z2s+2l+2 =
[s+1/2]∑
k=1

X2l+2
k+1 (s)z2s+2−2k

íØ11.3.1. s ≥ 1
2
, n ≥ 0, l ≥ 0

z2s+2l+2 =
[s+1/2]∑
k=1

X2l+2
k (s)z2s+2−2k ⇒ z2(s+n)+2l+2 =

[(s+n)+1/2]∑
k=1

X2l+2
k (s+ n)z2(s+n)+2−2k

z2s+2 =
[s+1/2]∑
k=1

X2
k(s)z2s+2−2k ⇒ z2(s+n)+2 =

[(s+n)+1/2]∑
k=1

X2
k(s+ n)z2(s+n)+2−2k

11.4 z2s+lÐmXê�Ó�5

11.5 [σ(1
2
) · p̂], [σ(1) · p̂]÷v�Ó�5�

íØ11.5.1. n ≥ 1

[σ( 1
2
) · p̂]3+2l =

1∑
k=1

X2l+2
k ( 1

2
)[σ( 1

2
) · p̂]3−2k, X2l+2

1 ( 1
2
) = 1

4l+1 ⇒ [σ( 1
2
) · p̂]2n+2l+1 =

n∑
k=1

X2l+2
k (n− 1

2
)[σ( 1

2
) · p̂]2n+1−2k

[ 1
2
σ(1) · p̂]3+2l =

1∑
k=1

X2l+2
k ( 1

2
)[ 1

2
σ(1) · p̂]3−2k, X2l+2

1 ( 1
2
) = 1

4l+1 ⇒ [ 1
2
σ(1) · p̂]2n+2l+1 =

n∑
k=1

X2l+2
k (n− 1

2
)[ 1

2
σ(1) · p̂]2n+1−2k

[σ(1) · p̂]4+2l =
1∑
k=1

X2l+2
k (1)[σ(1) · p̂]4−2k, X2l+2

1 (1) = 1⇒ [σ(1) · p̂]2n+2l+2 =
n∑
k=1

X2l+2
k (n)[σ(1) · p̂]2n+2−2k

[2σ( 1
2
) · p̂]4+2l =

1∑
k=1

X2l+2
k (1)[2σ( 1

2
) · p̂]4−2k, X2l+2

1 (1) = 1⇒ [2σ( 1
2
) · p̂]2n+2l+2 =

n∑
k=1

X2l+2
k (n)[2σ( 1

2
) · p̂]2n+2−2k
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íØ11.5.2. n ≥ 1

( 1
2
)3+2l =

1∑
k=1

X2l+1
k ( 1

2
)( 1

2
)3−2k, X2l+2

1 ( 1
2
) = 1

4l+1 ⇒ ( 1
2
)2n+2l+1 =

n∑
k=1

X2l+2
k (n− 1

2
)( 1

2
)2n+1−2k

⇔
n∑
k=1

4kX2l+2
k (n− 1

2
) = 1

4l

14+2l =
1∑
k=1

X2l+1
k (1)14−2k, X2l+2

1 (1) = 1⇒ 12n+2l+2 =
n∑
k=1

X2l+2
k (n)12n+2−2k ⇔

n∑
k=1

X2l+2
k (n) = 1

11.6 [σ(s) · p̂]2s+1ÐmXê�Ó�5

íØ11.6.1.

[σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k[⇒][σ(s) · p̂]2(s+l)+1 =
[(s+l)+1/2]∑

k=1

Xk(s+ l)[σ(s) · p̂]2(s+l)+1−2k, l ≥ 0

íØ11.6.2. [σ(s− l) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− l) · p̂]2s+1−2k; 0 ≤ l ≤ [s], s ≥ 1
2

11.7 [σ(s) · p̂]2s+2ÐmXê�Ó�5

íØ11.7.1.

[σ(s) · p̂]2s+2 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+2−2k[⇒][σ(s) · p̂]2(s+l)+2 =
[(s+l)+1/2]∑

k=1

Xk(s+ l)[σ(s) · p̂]2(s+l)+2−2k, l ≥ 0

íØ11.7.2. [σ(s− l) · p̂]2s+2 =
[s+1/2]∑
k=1

Xk(s)[σ(s− l) · p̂]2s+2−2k; 0 ≤ l ≤ [s], s ≥ 1
2

íØ11.7.3.


[σ( 1

2
) · p̂]2n =

n∑
k=1

Xk(n− 1
2
)[σ( 1

2
) · p̂]2n−2k, [ 1

2
σ(1) · p̂]2n+1 =

n∑
k=1

Xk(n− 1
2
)[ 1

2
σ(1) · p̂]2n+1−2k, n ≥ 1

[2σ( 1
2
) · p̂]2n+1 =

n∑
k=1

Xk(n)[2σ( 1
2
) · p̂]2n+1−2k, [σ(1) · p̂]2n+1 =

n∑
k=1

Xk(n)[σ(1) · p̂]2n+1−2k, n ≥ 1

12 e
~ϑ·σ(s)$�ÐmXê�Ó�5

12.1 ���½n9ÙíØ

½n12.1.1. z2s+l =
2s∑
k=0

Bl
k(s)z

k, l ≥ 1⇒ eρz =
2s∑
k=0

Ak(s, ρ)(ρz)k, Ak(s, ρ) := 1
k!

+
+∞∑
l=1

ρ2s+l−k

(2s+l)!
Bl
k(s)

y²: z2s+l =
2s∑
k=0

Bl
k(s)z

k, l ≥ 1

⇒ eρz =
+∞∑
k=0

ρk

k!
zk =

2s∑
k=0

ρk

k!
zk +

+∞∑
k=2s+1

ρk

k!
zk

=
2s∑
k=0

ρk

k!
zk +

+∞∑
k=1

ρ2s+l

(2s+l)!
z2s+l =

2s∑
k=0

ρk

k!
zk +

+∞∑
l=1

ρ2s+l

(2s+l)!

2s∑
k=0

Bl
k(s)z

k

=
2s∑
k=0

[ 1
k!

+
+∞∑
l=1

ρ2s+l−k

(2s+l)!
Bl
k(s)](ρz)

k =
2s∑
k=0

Ak(s, ρ)(ρz)k, Ak(s, ρ) := 1
k!

+
+∞∑
l=1

ρ2s+l−k

(2s+l)!
Bl
k(s)

12.2 e
~ϑ·σ(s)$�ÐmXê�Ó�5

íØ12.2.1. e
~ϑ·σ(s) =

2s∑
k=0

Ak(s,
√
~ϑ2)[~ϑ · σ(s)]k, Ak(s,

√
~ϑ2) = 1

k!
+

+∞∑
l=1

(
√
~ϑ2)2s+l−k

(2s+l)!
Bl
k(s); s ≥ 1

2

íØ12.2.2. [σ(s− s′) · p̂]2s+l =
[s+1/2]∑
k=1

Bl
k(s)[σ(s− s′) · p̂]k, l ≥ 1

íØ12.2.3. e
~ϑ·σ(s−s′) =

2s∑
k=0

Ak(s,
√
~ϑ2)[~ϑ · σ(s− s′)]k, Ak(s,

√
~ϑ2) = 1

k!
+

+∞∑
l=1

(
√
~ϑ2)2s+l−k

(2s+l)!
Bl
k(s); 0 ≤ s′ ≤ s− 1

2
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12.3 e
~ϑ·σ(n−1

2
)õ�ªÐmXê�m�'X

½n12.3.1. e
~ϑ·σ(

1
2

) =
2n−1∑
k=0

Ak(n− 1
2
,
√
~ϑ2)[~ϑ · σ( 1

2
)]k;n ≥ 1

íØ12.3.1.


e

1
2

√
~ϑ2

=
2n−1∑
k=0

Ak(n− 1
2
,
√
~ϑ2)

2k
[
√
~ϑ2]k

e−
1
2

√
~ϑ2

=
2n−1∑
k=0

Ak(n− 1
2
,
√
~ϑ2)

2k
[−
√
~ϑ2]k

⇔


cosh

√
~ϑ2

2
=

n−1∑
i=0

A2i(n−
1
2
,
√
~ϑ2)

22i [
√
~ϑ2]2i

sinh

√
~ϑ2

2
=

n−1∑
i=0

A2i+1(n− 1
2
,
√
~ϑ2)

22i+1 [
√
~ϑ2]2i+1

12.4 e
~ϑ·σ(n)õ�ªÐmXê�m�'X

½n12.4.1. e
~ϑ·σ(1) =

2n∑
k=0

Ak(n,
√
~ϑ2)[~ϑ · σ(1)]k, e

~ϑ·σ =
2s∑
k=0

Ak(n,
√
~ϑ2)(~ϑ · σ)k;n ≥ 1

íØ12.4.1.


e
√
~ϑ2

=
2n∑
k=0

Ak(n,
√
~ϑ2)[

√
~ϑ2]k

A0(n) = 1

e−
√
~ϑ2

=
2n∑
k=0

Ak(n,
√
~ϑ2)[−

√
~ϑ2]k

⇔


cosh

√
~ϑ2 =

n∑
i=0

A2i(n,
√
~ϑ2)[

√
~ϑ2]2i

A0(n) = 1

sinh
√
~ϑ2 =

n−1∑
i=0

A2i+1(n,
√
~ϑ2)[

√
~ϑ2]2i+1

íØ12.4.2.


e
√
~ϑ2

=
2n∑
k=0

Ak(n,
√
~ϑ2)[

√
~ϑ2]k

e−
√
~ϑ2

=
2n∑
k=0

Ak(n,
√
~ϑ2)[−

√
~ϑ2]k

⇔


cosh

√
~ϑ2 =

n∑
i=0

A2i(n,
√
~ϑ2)[

√
~ϑ2]2i

sinh
√
~ϑ2 =

n−1∑
i=0

A2i+1(n,
√
~ϑ2)[

√
~ϑ2]2i+1

12.5 e
~ϑ·σ(s)�VÐmXê���5

½n12.5.1. lim
s→+∞

Ak(s,
√
~ϑ2) = 1

k!
, e
~ϑ·σ(s) =

+∞∑
k=0

1
k!

[~ϑ · σ(s)]k

13 [σ(s) · p̂]2s+1$�Ðm��«�y

13.1 [σ(s) · p̂]2s+1�«$�ÐmXê

íØ13.1.1.


(n− 1

2
)0 (n− 1

2
)2 ··· (n− 1

2
)2n−4 (n− 1

2
)2n−2

(n− 3
2

)0 (n− 3
2

)2 ··· (n− 3
2

)2n−4 (n− 3
2

)2n−2

··· ··· ··· ··· ···
(
3
2

)0 (
3
2

)2 ··· (
3
2

)2n−4 (
3
2

)2n−2

(
1
2

)0 (
1
2

)2 ··· (
1
2

)2n−4 (
1
2

)2n−2


Xn(n− 1

2
)

···
X2(n− 1

2
)

X1(n− 1
2

)

 =


(n− 1

2
)2n

(n− 3
2

)2n

···
(
3
2

)2n

(
1
2

)2n

 ,
Xn(n− 1

2
)

···
X2(n− 1

2
)

X1(n− 1
2

)

 = −

 (−1)−n[Cn{(1/2)2,··· ,(n−1/2)2}]

···
(−1)−2[C2

{(1/2)2,··· ,(n−1/2)2}]

(−1)−1[C1
{(1/2)2,··· ,(n−1/2)2}]




(n− 1
2

)2n−2 (n− 1
2

)2n−4 ··· (n− 1
2

)2 (n− 1
2

)0

(n− 3
2

)2n−2 (n− 3
2

)2n−4 ··· (n− 3
2

)2 (n− 3
2

)0

··· ··· ··· ··· ···
(
3
2

)2n−2 (
3
2

)2n−4 ··· (
3
2

)2 (
3
2

)0

(
1
2

)2n−2 (
1
2

)2n−4 ··· (
1
2

)2 (
1
2

)0


 X1(n− 1

2
)

X2(n− 1
2

)
···

Xn(n− 1
2

)

 =


(n− 1

2
)2n

(n− 3
2

)2n

···
(
3
2

)2n

(
1
2

)2n

 ,
 X1(n− 1

2
)

X2(n− 1
2

)
···

Xn(n− 1
2

)

 = −

 (−1)−1[C1
{(1/2)2,··· ,(n−1/2)2}]

(−1)−2[C2
{(1/2)2,··· ,(n−1/2)2}]

···
(−1)−n[Cn{(1/2)2,··· ,(n−1/2)2}]


íØ13.1.2.

 n0 n2 ··· n2n−4 n2n−2

(n−1)0 (n−1)2 ··· (n−1)2n−4 (n−1)2n−2

··· ··· ··· ··· ···
20 22 ··· 22n−4 22n−2

10 12 ··· 12n−4 12n−2

[Xn(n)
···

X2(n)
X1(n)

]
=

 n2n

(n−1)2n

···
22n

12n

 ,[Xn(n)
···

X2(n)
X1(n)

]
= −

 (−1)−n[Cn{12,22,··· ,n2}]

···
(−1)−2[C2

{12,22,··· ,n2}]

(−1)−1[C1
{12,22,··· ,n2}]


 n2n−2 n2n−4 ··· n2 n0

(n−1)2n−2 (n−1)2n−4 ··· (n−1)2 (n−1)0

··· ··· ··· ··· ···
22n−2 22n−4 ··· 22 20

12n−2 12n−4 ··· 12 10

[ X1(n)
X2(n)
···

Xn(n)

]
=

 n2n

(n−1)2n

···
22n

12n

 ,[ X1(n)
X2(n)
···

Xn(n)

]
= −

 (−1)−1[C1
{12,22,··· ,n2}]

(−1)−2[C2
{12,22,··· ,n2}]

···
(−1)−n[Cn{12,22,··· ,n2}]


íØ13.1.3.
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 s0 s2 ··· s2[s−1/2]

(s−1)0 (s−1)2 ··· (s−1)2[s−1/2]

··· ··· ··· ···
(
1
2
|1)0 (

1
2
|1)2 ··· (

1
2
|1)2[s−1/2]

X[s+1/2](s)

X[s−1/2](s)
···

X2(s)
X1(s)

 =

 s2[s+1/2]

(s−1)2[s+1/2]

···
(
1
2
|1)2[s+1/2]

 ,
X[s+1/2](s)

X[s−1/2](s)
···

X2(s)
X1(s)

 = −


(−1)−[s+1/2][C

[s+1/2]

{(1/2|1)2,··· ,s2}
]

(−1)−[s−1/2][C
[s−1/2]

{(1/2|1)2,··· ,s2}
]

···
(−1)−2[C2

{(1/2|1)2,··· ,s2}]

(−1)−1[C1
{(1/2|1)2,··· ,s2}]


 s2[s−1/2] ··· s2 s0

(s−1)2[s−1/2] ··· (s−1)2 (s−1)0

··· ··· ··· ···
(
1
2
|1)2[s−1/2] ··· (

1
2
|1)2 (

1
2
|1)0

 X1(s)
X2(s)
···

X[s−1/2](s)

X[s+1/2](s)

 =

 s2[s+1/2]

(s−1)2[s+1/2]

···
(
1
2
|1)2[s+1/2]

 ,
 X1(s)

X2(s)
···

X[s−1/2](s)

X[s+1/2](s)

 = −


(−1)−1[C1

{(1/2|1)2,··· ,s2}]

(−1)−2[C2
{(1/2|1)2,··· ,s2}]

···
(−1)−[s−1/2][C

[s−1/2]

{(1/2|1)2,··· ,s2}
]

(−1)−[s+1/2][C
[s+1/2]

{(1/2|1)2,··· ,s2}
]


íØ13.1.4.

 (2n−1)2n−2 (2n−1)2n−4 ··· (2n−1)2 (2n−1)0

(2n−3)2n−2 (2n−3)2n−4 ··· (2n−3)2 (2n−3)0

··· ··· ··· ··· ···
32n−2 32n−4 ··· 32 30

12n−2 12n−4 ··· 12 10


 41X1(n− 1

2
)

42X2(n− 1
2

)
···

4nXn(n− 1
2

)

 =

 (2n−1)2n

(2n−3)2n

···
32n

12n

 ,
 41X1(n− 1

2
)

42X2(n− 1
2

)
···

4nXn(n− 1
2

)

 = −

 (−1)1[C1
{12,32,··· ,(2n−1)2}]

(−1)2[C2
{12,32,··· ,(2n−1)2}]

···
(−1)n[Cn{12,32,··· ,(2n−1)2}]


 (2n)2n−2 (2n)2n−4 ··· (2n)2 (2n)0

(2n−2)2n−2 (2n−2)2n−4 ··· (2n−2)2 (2n−2)0

··· ··· ··· ··· ···
42n−2 42n−4 ··· 42 40

22n−2 22n−4 ··· 22 20

[ 41X1(n)

42X2(n)
···

4nXn(n)

]
=

 (2n)2n

(2n−2)2n

···
42n

22n

 ,[ 41X1(n)

42X2(n)
···

4nXn(n)

]
= −

 (−1)1[C1
{22,42,··· ,(2n)2}]

(−1)2[C2
{22,42,··· ,(2n)2}]

···
(−1)n[Cn{22,42,··· ,(2n)2}]


íØ13.1.5.[

(2s)2[s−1/2] ··· (2s)2 (2s)0

(2s−2)2[s−1/2] ··· (2s−2)2 (2s−2)0

··· ··· ··· ···
(1|2)2[s−1/2] ··· (1|2)2 (1|2)0

][
41X1(s)

42X2(s)
···

4[s+1/2]X[s+1/2](s)

]
=

[
(2s)2[s+1/2]

(2s−2)2[s+1/2]

···
(1|2)2[s+1/2]

]
,

[
41X1(s)

42X2(s)
···

4[s+1/2]X[s+1/2](s)

]
= −

 (−1)1[C1
{(1|2)2,··· ,(2s)2}]

(−1)2[C2
{(1|2)2,··· ,(2s)2}]

···
(−1)[s+1/2][C

[s+1/2]

{(1|2)2,··· ,(2s)2}
]


13.2 [σ(s) · p̂]2s+1$�ÐmXê�1o«){

½n13.2.1. [σ(s) · p̂]2s+1 =
2s∑
k=0

Bk(s)[σ(s) · p̂]k = −
2s∑
k=0

(2s− k)%2(−1)[s+1/2]−[k/2]C
[s+1/2]−[k/2]
{(1/2|1)2,··· ,s2}[σ(s) · p̂]k

y²:
2s∑
k=0

Bk(s)h
k = h2s+1, h = s, · · · ,−s

⇒

 s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 =

 (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1


⇔ 1

2

[
1 0 ··· 0 1
0 1 ··· 1 0
··· ··· ··· ··· ···
0 1 ··· −1 0
1 0 ··· 0 −1

] s0 s1 ··· s2s−1 s2s

(s−1)0 (s−1)1 ··· (s−1)2s−1 (s−1)2s

··· ··· ··· ··· ···
(1−s)0 (1−s)1 ··· (1−s)2s−1 (1−s)2s

(−s)0 (−s)1 ··· (−s)2s−1 (−s)2s

 B0(s)
B1(s)
···

B2s−1(s)
B2s(s)

 = 1
2

[
1 0 ··· 0 1
0 1 ··· 1 0
··· ··· ··· ··· ···
0 1 ··· −1 0
1 0 ··· 0 −1

] (s)2s+1

(s−1)2s+1

···
(1−s)2s+1

(−s)2s+1



⇔


s0 0 s2 0 ··· 1

2
[1+(−1)2s]s2s

(s−1)0 0 (s−1)2 0 ··· 1
2

[1+(−1)2s](s−1)2s

··· ··· ··· ··· ··· ···
0 (s−1)1 0 (s−1)3 ··· 1

2
[1−(−1)2s](s−1)2s

0 s1 0 s3 ··· 1
2

[1−(−1)2s]s2s


 B0(s)

B1(s)
···

B2s−1(s)
B2s(s)

 =


1
2

[1+(−1)2s+1]s2s+1

1
2

[1+(−1)2s+1](s−1)2s+1

···
1
2

[1−(−1)2s+1](s−1)2s+1

1
2

[1−(−1)2s+1]s2s+1



⇔

 s0 s2 ··· s2[s] 0 0 ··· 0
(s−1)0 (s−1)2 ··· (s−1)2[s] 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 (s−1)1 (s−1)3 ··· (s−1)2[s−1/2]+1

0 0 ··· 0 s1 s3 ··· s2[s−1/2]+1




B0(s)
B2(s)
···

B2[s](s)

B1(s)
B3(s)
···

B2[s−1/2]+1(s)

 =


1
2

[1+(−1)2s+1]s2s+1

1
2

[1+(−1)2s+1](s−1)2s+1

···
1
2

[1−(−1)2s+1](s−1)2s+1

1
2

[1−(−1)2s+1]s2s+1



⇔




n0 n2 ··· n2n 0 0 ··· 0

(n−1)0 (n−1)2 ··· (n−1)2n 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ···
10 12 ··· 12n 0 0 ··· 0

00=1 02 ··· 02n 01 03 ··· 02n−1

0 0 ··· 0 11 13 ··· 12n−1

··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 (n−1)1 (n−1)3 ··· (n−1)2n−1

0 0 ··· 0 n1 n3 ··· n2n−1




B0(n)
B2(n)
···

B2n(n)
B1(n)
B3(n)
···

B2n−1(s)

 =


0
0
···
0

02n+1

12n+1

···
(n−1)2n+1

n2n+1




(n− 1
2

)0 (n− 1
2

)2 ··· (n− 1
2

)2n−2 0 0 ··· 0

(n− 3
2

)0 (n− 3
2

)2 ··· (n− 3
2

)2n−2 0 0 ··· 0
··· ··· ··· ··· ··· ··· ··· ···

(
1
2

)0 (
1
2

)2 ··· (
1
2

)2n−2 0 0 ··· 0

0 0 ··· 0 (
1
2

)1 (
1
2

)3 ··· (
1
2

)2n−1

··· ··· ··· ··· ··· ··· ··· ···
0 0 ··· 0 (n− 3

2
)1 (n− 3

2
)3 ··· (n− 3

2
)2n−1

0 0 ··· 0 (n− 1
2

)1 (n− 1
2

)3 ··· (n− 1
2

)2n−1





B0(n− 1
2

)

B2(n− 1
2

)
···

B2n−2(n− 1
2

)

B1(n− 1
2

)

B3(n− 1
2

)
···

B2n−1(n− 1
2

)


=


(n− 1

2
)2n

(n− 3
2

)2n

···
(
1
2

)2n

0
···
0
0
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⇔




(n− 1

2
)0 (n− 1

2
)2 ··· (n− 1

2
)2n−2

(n− 3
2

)0 (n− 3
2

)2 ··· (n− 3
2

)2n−2

··· ··· ··· ··· ···
(
3
2

)0 (
3
2

)2 ··· (
3
2

)2n−2

(
1
2

)0 (
1
2

)2 ··· (
1
2

)2n−2




B0(n− 1
2

)

B2(n− 1
2

)
···

B2n−4(n− 1
2

)

B2n−2(n− 1
2

)

 =


(n− 1

2
)2n

(n− 3
2

)2n

···
(
3
2

)2n

(
1
2

)2n


 n0 n2 ··· n2n−2

(n−1)0 (n−1)2 ··· (n−1)2n−2

··· ··· ··· ···
20 22 ··· 22n−2

10 12 ··· 12n−2

 B1(n)
B3(n)
···

B2n−3(s)
B2n−1(s)

 =

 n2n

(n−1)2n

···
22n

12n




B0(n− 1
2

)

B1(n− 1
2

)

B2(n− 1
2

)

B3(n− 1
2

)
···

B2n−1(n− 1
2

)

B2n(n− 1
2

)


= −



(−1)n[Cn{(1/2)2,··· ,(n−1/2)2}]

0
(−1)n−1[Cn−1

{(1/2)2,··· ,(n−1/2)2}
]

0
···

(−1)2[C2
{(1/2)2,··· ,(n−1/2)2}]

0
(−1)1[C1

{(1/2)2,··· ,(n−1/2)2}]

0

 ,


B0(n)
B1(n)
B2(n)
B3(n)
···

B2n−3(n)
B2n−2(n)
B2n−1(n)
B2n(n)

 = −



0
(−1)n[Cn{12,22,··· ,n2}]

0
(−1)n−1[Cn−1

{12,22,··· ,n2}
]

0
···

(−1)2[C2
{12,22,··· ,n2}]

0
(−1)1[C1

{12,22,··· ,n2}]

0



⇔


B0(s)
B1(s)
···

Bk(s)
···

B2s−1(s)
B2s(s)

 = −


(2s)%2(−1)[s+1/2][C

[s+1/2]

{(1/2|1)2,··· ,s2}
]

(2s−1)%2(−1)[s+1/2][C
[s+1/2]

{(1/2|1)2,··· ,s2}
]

···
(2s−k)%2(−1)[s+1/2]−[k/2]C

[s+1/2]−[k/2]

{(1/2|1)2,··· ,s2}
···

(1)%2(−1)1[C1
{(1/2|1)2,··· ,s2}]

(0)%2(−1)1[C1
{(1/2|1)2,··· ,s2}]

 , Bk(s) = −(2s− k)%2(−1)[s+1/2]−[k/2]C
[s+1/2]−[k/2]
{(1/2|1)2,··· ,s2}

⇒ [σ(s) · p̂]2s+1 =
2s∑
k=0

Bk(s)[σ(s) · p̂]k = −
2s∑
k=0

(2s− k)%2(−1)[s+1/2]−[k/2]C
[s+1/2]−[k/2]
{(1/2|1)2,··· ,s2}[σ(s) · p̂]k

13.3 ÐmXê¦)�'�

íØ13.3.1.

[
(
1
2

)0 (
1
2

)1

(− 1
2

)0 (− 1
2

)1

]−1

= 1
2

[
1 1
2 −2

]
íØ13.3.2.

[
10 11 12

00 01 02

(−1)0 (−1)1 (−1)2

]−1

= 1
2!

[
0 2 0
1 0 −1
1 −2 1

]

íØ13.3.3.


(
3
2

)0 (
3
2

)1 (
3
2

)2 (
3
2

)3

(
1
2

)0 (
1
2

)1 (
1
2

)2 (
1
2

)3

(− 1
2

)0 (− 1
2

)1 (− 1
2

)2 (− 1
2

)3

(− 3
2

)0 (− 3
2

)1 (− 3
2

)2 (− 3
2

)3


−1

=


− 1

16
9
16

9
16
− 1

16

− 1
24

9
8
− 9

8
1
24

1
4
− 1

4
− 1

4
1
4

1
6
− 1

2
1
2
− 1

6



íØ13.3.4.

 20 21 22 23 24

10 11 12 13 14

00 01 02 03 04

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4

−1

= 1
4!

[
0 0 24 0 0
−2 16 0 −16 2
−1 16 −30 16 −1
2 −4 0 4 −2
1 −4 6 −4 1

]
=


0 0 1 0 0

− 1
12

2
3

0 − 2
3

1
12

− 1
24

2
3
− 5

4
2
3
− 1

24
1
12
− 1

6
0

1
6
− 1

12
1
24
− 1

6
1
4
− 1

6
1
24



íØ13.3.5.



(
5
2

)0 (
5
2

)1 (
5
2

)2 (
5
2

)3 (
5
2

)4 (
5
2

)5

(
3
2

)0 (
3
2

)1 (
3
2

)2 (
3
2

)3 (
3
2

)4 (
3
2

)5

(
1
2

)0 (
1
2

)1 (
1
2

)2 (
1
2

)3 (
1
2

)4 (
1
2

)5

(− 1
2

)0 (− 1
2

)1 (− 1
2

)2 (− 1
2

)3 (− 1
2

)4 (− 1
2

)5

(− 3
2

)0 (− 3
2

)1 (− 3
2

)2 (− 3
2

)3 (− 3
2

)4 (− 3
2

)5

(− 5
2

)0 (− 5
2

)1 (− 5
2

)2 (− 5
2

)3 (− 5
2

)4 (− 5
2

)5



−1

= 1
96


9
8
− 75

8
225
4

225
4
− 75

8
9
8

9
20
− 25

4
225
2
− 225

2
25
4
− 9

20
−5 39 −34 −34 39 −5
−2 26 −68 68 −26 2
2 −6 4 4 −6 2
4
5
−4 −8 8 4 − 4

5



íØ13.3.6.


30 31 32 33 34 35 36

20 21 22 23 24 25 26

10 11 12 13 14 15 16

00 01 02 03 04 05 06

(−1)0 (−1)1 (−1)2 (−1)3 (−1)4 (−1)5 (−1)6

(−2)0 (−2)1 (−2)2 (−2)3 (−2)4 (−2)5 (−2)6

(−3)0 (−3)1 (−3)2 (−3)3 (−3)4 (−3)5 (−3)6


−1

=



0 0 0 1 0 0 0
1
60

− 9
60

3
4

0 − 3
4

9
60

− 1
60

1
80

− 7
60

41
48

− 3
2

41
48

− 7
60

1
80

− 1
48

1
6
− 13

48
0

13
48

− 1
6

1
48

− 1
72

1
8

− 3
8

19
36

− 3
8

1
8

− 1
72

1
240

− 1
60

1
48

0 − 1
48

1
60

− 1
240

1
720

− 1
120

1
48
− 1

36
1
48
− 1

120
1

720


íØ13.3.7.

[
s0 s2

(s−1)0 (s−1)2

]−1

= − 1
2s−1

[
(s−1)2 −s2
−1 1

]
270
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íØ13.3.8.[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]−1

= − 1
2(2s−1)(2s−2)(2s−3)

[
−(s−1)2(s−2)2(2s−3) s2(s−2)22(2s−2) −s2(s−1)2(2s−1)

[(s−1)2+(s−2)2](2s−3) −[s2+(s−2)2]2(2s−2) [s2+(s−1)2](2s−1)
−(2s−3) 2(2s−2) −(2s−1)

]
íØ13.3.9. det

[
s0 s2

(s−1)0 (s−1)2

]
= −(2s− 1),det

[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]
= −2(2s− 1)(2s− 2)(2s− 3)

det

[
s0 s2 s4 s6

(s−1)0 (s−1)2 (s−1)4 (s−1)6

(s−2)0 (s−2)2 (s−2)4 (s−2)6

(s−3)0 (s−3)2 (s−3)4 (s−3)6

]
= 12(2s− 3)(2s− 1)(2s− 2)(2s− 3)(2s− 4)(2s− 5)

íØ13.3.10.[
sk sk+2 sk+4

(s−1)k (s−1)k+2 (s−1)k+4

(s−2)k (s−2)k+2 (s−2)k+4

]−1

=

[
s0 s2 s4

(s−1)0 (s−1)2 (s−1)4

(s−2)0 (s−2)2 (s−2)4

]−1 [
s−k 0 0

0 (s−1)−k 0

0 0 (s−2)−k

]
13.4 [σ(s) · p̂]2s+1$�Ðm�A~�y

½Â13.4.1. a2
i = 1

5�13.4.1. (a1)2 = 1, [σ( 1
2
) · p̂]4 = 1

4

5�13.4.2. (a1 + a2)3 = 4(a1 + a2), [σ(1) · p̂]3 = [σ(1) · p̂]

íØ13.4.1.[
32 30

12 10

]
Y =

[
34

14

]
⇔ Y = 1

8

[
10 −12

−30 32

] [
34

14

]
=
[

10
−9

]
=
[

12+32

−1232

]
5�13.4.3. (a1 + a2 + a3)4 = 10(a1 + a2 + a3)2 − 9, [σ( 3

2
) · p̂]4 = 5

2
[σ( 3

2
) · p̂]2 − 9

16

íØ13.4.2.[
42 40

22 20

]
Y =

[
44

24

]
⇔ Y = 1

12

[
20 22

−40 42

] [
44

24

]
=
[

20
−64

]
=
[

22+42

−2242

]
5�13.4.4. (a1 +a2 +a3 +a4)5 = 20(a1 +a2 +a3 +a4)3− 64(a1 +a2 +a3 +a4), [σ(2) · p̂]5 = 5[σ(2) · p̂]3− 4[σ(2) · p̂]

íØ13.4.3.[
54 52 50

34 32 30

14 12 10

]
Y =

[
56

36

16

]
⇔ Y = 1

384

[
1 −3 2
−10 78 −68

9 −75 450

] [
56

36

16

]
=
[

35
−259
225

]
=

[
12+32+52

−(1232+3252+5212)

123252

]

5�13.4.5.

(a1 + a2 + · ·+a5)6 = 35(a1 + a2 + · ·+a5)4 − 259(a1 + a2 + · ·+a5)2 + 225

[σ( 5
2
) · p̂]6 = 35

4
[σ( 5

2
) · p̂]4 − 259

16
[σ( 5

2
) · p̂]2 + 225

64

íØ13.4.4.[
64 62 60

44 42 40

24 22 20

]
Y =

[
66

46

26

]
⇔ Y = 1

7680

[
12 −32 20
−240 1280 −1040
768 −4608 11520

] [
66

46

26

]
=
[

56
−784
482

]
=

[
22+42+62

−(2242+4262+6222)

224262

]

5�13.4.6.

(a1 + a2 + · ·+a6)7 = 56(a1 + a2 + · ·+a5)5 − 784(a1 + a2 + · ·+a5)3 + 2304(a1 + a2 + · ·+a5)

[σ(3) · p̂]7 = 14[σ(3) · p̂]5 − 49[σ(3) · p̂]3 + 36[σ(3) · p̂]

íØ13.4.5.[
32 30

12 10

]−1

= 1
8

[
10 −30

−12 32

]
,
[

42 40

22 20

]−1

= 1
12

[
20 −40

−22 42

]
[

54 52 50

34 32 30

14 12 10

]−1

= 1
384

[
1 −3 2
−10 78 −68

9 −75 450

]
,

[
64 62 60

44 42 40

24 22 20

]−1

= 1
7680

[
12 −32 20
−240 1280 −1040
768 −4608 11520

]
5�13.4.7. (a1 +a2 + · ·+a7)8 = 84(a1 +a2 + · ·+a5)6− 1974(a1 +a2 + · ·+a5)4 + 12916(a1 +a2 + · ·+a5)2− 11025

84 = C6
9 = 12 + 32 + 52 + 72, 1974 = 1232 + 3252 + 5272 + 7212 + 1252 + 3272

12916 = 325272 + 527212 + 123252 + 123272, 11025 = 12325272

[σ( 7
2
) · p̂]8 = 21[σ( 7

2
) · p̂]6 − 987

8
[σ( 7

2
) · p̂]4 + 3229

16
[σ( 7

2
) · p̂]2 − 11025

256

5�13.4.8. (a1 + a2 + · ·+a8)9

= 120(a1 + a2 + · ·+a8)7 − 4368(a1 + a2 + · ·+a8)5 + 52480(a1 + a2 + · ·+a8)3 − 147456(a1 + a2 + · ·+a8)

120 = C7
10 = 22 + 42 + 62 + 82, 4368 = 2242 + 4262 + 6282 + 8222 + 2262 + 4282

52480 = 426282 + 628222 + 224262 + 224282, 147456 = 22426282

[σ(4) · p̂]9 = 30[σ(4) · p̂]7 − 273[σ(4) · p̂]5 + 820[σ(4) · p̂]3 − 576[σ(4) · p̂]
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13.5 [σ(s) · ~p]2s+1+m$�ÐmXê�m�'X

½Â13.5.1. Xk(s) := 0, k < 1|k > [s+ 1/2]

5�13.5.1. [σ(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s) · p̂]2s+1−2k, n := [s+ 1/2]

5�13.5.2. [σ(s) · p̂]2s+2 =
n∑
k=1

Xk(s)[σ(s) · p̂]2s+2−2k

5�13.5.3. [σ(s) · p̂]2s+3 =
n∑
k=1

Xk(s)[σ(s) · p̂]2s+3−2k

= X1(s)[σ(s) · p̂]2s+1 +
n−1∑
k=1

Xk+1(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

X1(s)Xk(s)[σ(s) · p̂]2s+1−2k +
n−1∑
k=1

Xk+1(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

[X1(s)Xk(s) +Xk+1(s)][σ(s) · p̂]2s+1−2k

5�13.5.4. [σ(s) · p̂]2n+5

=
n∑
k=1

[X1(s)Xk(s) +Xk+1(s)][σ(s) · p̂]2s+3−2k

= [X2
1 (s) +X2(s)][σ(s) · p̂]2s+1 +

n∑
k=1

[X1(s)Xk+1(s) +Xk+2(s)][σ(s) · p̂]2s+3−2k

=
[s+1/2]∑
k=1

[X2
1 (s) +X2(s)]Xk(s)[σ(s) · p̂]2s+1−2k +

n∑
k=1

[X1(s)Xk+1(s) +Xk+2(s)][σ(s) · p̂]2s+1−2k

=
n∑
k=1

{[X2
1 (s) +X2(s)]Xk(s) +X1(s)Xk+1(s) +Xk+2(s)}[σ(s) · p̂]2s+1−2k

5�13.5.5. [σ(s) · p̂]2n+7

=
n∑
k=1

[σ(s) · p̂]2s+1−2k

{[X3
1 (s) + 2X1(s)X2(s) +X3(s)]Xk(s) + [X2

1 (s) +X2(s)]Xk+1(s) +X1(s)Xk+2(s) +Xk+3(n)}

5�13.5.6. [σ(s) · p̂]2n+9

=
n∑
k=1

[σ(s) · p̂]2s+1−2k

{[X4
1 (s) + 3X2

1 (s)X2(s) + 2X1(s)X3(s) +X2
2 (s) +X4(s)]Xk(s)

+ [X3
1 (s) + 2X1(s)X2(s) +X3(s)]Xk+1(s) + [X2

1 (s) +X2(s)]Xk+2(s) +X1(s)Xk+3(s) +Xk+4(n)}

5�13.5.7. [σ(s) · p̂]2s+1+2m

=
n∑
k=1

m∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
i=1

iri

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}u(n− k − l)Xk+l(s)[σ(s) · p̂]2s+1−2k

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
i=1

iri

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)[σ(s) · p̂]2s+1−2k

5�13.5.8. [σ(s) · ~p]2s+1+2m

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
j=1

jrj

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)(~p

2)k+m[σ(s) · ~p]2s+1−2k

5�13.5.9. [σ(s) · ~p]2s+2+2m

=
n∑
k=1

m|(n−k)∑
l=0

{(l + 1−m)Xm−l
1 (s) +

=m−l∑
n∑
j=1

jrj

n∑
i=1

ri[X
r1
1 (s)Xr1

2 (s) · ·Xrn
n (s)]}Xk+l(s)(~p

2)k+m[σ(s) · ~p]2s+2−2k

5�13.5.10. [σ( 1
2
) · ~p]2+2m = X1+m

1 ( 1
2
)(~p2)1+m[σ( 1

2
) · ~p]0, [σ( 1

2
) · ~p]3+2m = X1+m

1 ( 1
2
)(~p2)1+m[σ( 1

2
) · ~p]1

5�13.5.11. [σ(1) · ~p]3+2m = X1+m
1 (1)(~p2)1+m[σ(1) · ~p]1, [σ(1) · ~p]4+2m = X1+m

1 (1)(~p2)1+m[σ(1) · ~p]2
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13.6 äN¦)�y

íØ13.6.1. [σ( 1
2
) · p̂]2 = (−1)2

1!

0∑
l=0

−1/2∑
h=1/2

(−1)1/2+hC2l+1

{··h··}C
1/2+h
1 h2[σ( 1

2
) · p̂]−2l = 1

4

íØ13.6.2. [σ(1) · p̂]3 = (−1)3

2!

0∑
l=0

−1∑
h=1

(−1)1+hC2l+1

{··h··}C
1+h
2 h3[σ(1) · p̂]1−2l = [σ(1) · p̂]

íØ13.6.3. [σ( 3
2
) · p̂]4 = (−1)4

3!

1∑
l=0

−3/2∑
h=3/2

(−1)3/2+hC2l+1

{··h··}C
3/2+h
3 h4[σ( 3

2
) · p̂]2−2l

= 2
3!

[( 3
2
)5 − 3( 1

2
)5][σ( 3

2
) · p̂]2 + 2

3!
[− 3

8
( 3

2
)4 + 27

8
( 1

2
)4] = 5

2
[σ( 3

2
) · p̂]2 − 9

16

íØ13.6.4. [σ(2) · p̂]5 = (−1)5

4!

1∑
l=0

−2∑
h=2

(−1)2+hC2l+1

{··h··}C
2+h
4 h5[σ(2) · p̂]3−2l

= 2
4!

(26 − 4)[σ( 3
2
) · p̂]3 + 2

4!
(−26 + 16)[σ( 3

2
) · p̂] = 5[σ( 3

2
) · p̂]3 − 4[σ( 3

2
) · p̂]

íØ13.6.5. [σ( 5
2
) · p̂]6 = (−1)6

5!

2∑
l=0

−5/2∑
h=5/2

(−1)5/2+hC2l+1

{··h··}C
5/2+h
5 h6[σ( 5

2
) · p̂]4−2l

= 2
5!

[( 5
2
)7 − 5( 3

2
)7 + 10( 1

2
)7][σ( 5

2
) · p̂]4 + 2

5!
[( 5

2
)6 − 5( 3

2
)6 + 10( 1

2
)6][σ( 5

2
) · p̂]2 + 2

5!
[( 5

2
)5 − 5( 3

2
)5 + 10( 1

2
)5]( 1

2
)2( 3

2
)2( 5

2
)2

= 35
4

[σ( 5
2
) · p̂]4+???[σ( 5

2
) · p̂]2 + 225

64

13.7 ínL§�În

Äkk±eß�§�±|^õ�ªÐm½nÚg,ê©��ª\±y²§��3$��/��
î�y

²§���/E´ß�§ý�v�î�y²�´ù�ß�§Ù§þ�î�\±y²"

ß�13.7.1. [Ω(s) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[Ω(s) · p̂]2s+1−2k,∀p̂,∀s ≥ 1
2

k
±þß��§�´�±ÏL�5�ê�{��¦ÑXk(s)¶�´ÏL±þínî���4í'X§¿�

±��î�)ÑXê§?1��'é�±���X�ð�ª"±eü�Ó�5�íØ§�´�±l±þß�ÚX

ê��ínÑ5¶�´�±lp?L�C�Eâín§�ØUäNí�Xê"

íØ13.7.1. [σ(s− l) · p̂]2s+1 =
[s+1/2]∑
k=1

Xk(s)[σ(s− l) · p̂]2s+1−2k, l = 0, 1, · · · , [s]

íØ13.7.2. e
~ϑ·σ(s−l) =

2s∑
k=0

Ak(s)[~ϑ · σ(s− l)]k, l = 0, 1, · · · , [s]
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g·µãµ�
?�ÚïÄ��g^âf�ÔnSN§3�Ù!¥·ÕguÐ
g^�ê�êÆ�{§¿

±σ(s;w)× σ(s;w) = iσ(s;w)���cJ^�§?1
���êÆ©Û§�ïÄ�«g^âfJø
q��#�

êÆóä"

1 g^-ü ¥þ�Î�Ä��ê5�

1.1 σ(s;w)�Ä�cJ5�

½Â1.1.1. σ(s;w)× σ(s;w) = iσ(s;w), σ(s; 1) := σ(s), σ2(s; 1) = σ2(s) = s(s+ 1)

Ún1.1.1. σ(s;w)× σ(s;w) = iσ(s;w)⇒ [σk(s;w), σ2(s;w)] = 0; k = x, y, z

y²: [σx(s;w), σ2(s;w)]

= [σx(s;w), σ2
x(s;w) + σ2

y(s;w) + σ2
z(s;w)]

= [σx(s;w), σ2
y(s;w)] + [σx(s;w), σ2

z(s;w)]

= [σx(s;w)σ2
y(s;w)− σ2

y(s;w)σx(s;w)] + [σx(s;w)σ2
z(s;w)− σ2

z(s;w)σx(s;w)]

= [σx(s;w)σ2
y(s;w)− σy(s;w)σx(s;w)σy(s;w) + σy(s;w)σx(s;w)σy(s;w)− σ2

y(s;w)σx(s;w)]

+ [σx(s;w)σ2
z(s;w)− σz(s;w)σx(s;w)σz(s;w) + σz(s;w)σx(s;w)σz(s;w)− σ2

z(s;w)σx(s;w)]

= [σx(s;w)σy(s;w)− σy(s;w)σx(s;w)]σy(s;w) + σy(s;w)[σx(s;w)σy(s;w)− σy(s;w)σx(s;w)]

+ [σx(s;w)σz(s;w)− σz(s;w)σx(s;w)]σz(s;w) + σz(s;w)[σx(s;w)σz(s;w)− σz(s;w)σx(s;w)]

= [σx(s;w), σy(s;w)]σy(s;w) + σy(s;w)[σx(s;w), σy(s;w)]

+ [σx(s;w), σz(s;w)]σz(s;w) + σz(s;w)[σx(s;w), σz(s;w)]

= iσz(s;w)σy(s;w) + iσy(s;w)σz(s;w)

− iσy(s;w)σz(s;w)− iσz(s;w)σy(s;w)

= 0

1.2 σ(s;w), ~p�Ä�$�5K

5�1.2.1.

σ(s;w)× ~p = [σ(s;w), iσ(s;w) · ~p] = i{σ(s;w)[σ(s;w) · ~p]− [σ(s;w) · ~p]σ(s;w)}

~p× σ(s;w) = −[σ(s;w), iσ(s;w) · ~p] = i{[σ(s;w) · ~p]σ(s;w)− σ(s;w)[σ(s;w) · ~p]}

5�1.2.2.

σ(s;w)× ~p = −~p× σ(s;w)

σ(s;w)× σ(s;w) = iσ(s;w)

σ(s;w) · ~p = ~p · σ(s;w)

[σ(s;w), σ2(s;w)] = 0


[σ(s;w)× ~p] · ~p = 0

σ(s;w) · [σ(s;w)× ~p] = iσ(s;w) · ~p

[~p× σ(s;w)] · σ(s;w) = iσ(s;w) · ~p

5�1.2.3. σ(s;w) · ~p = σ2(s;w)[σ(s;w) · ~p]− σ(s;w) · [σ(s;w) · ~p]σ(s;w)

5�1.2.4.



[σ(s;w)× ~p]× ~p = [σ(s;w) · ~p]~p− σ(s;w)(~p · ~p)

σ(s;w)× [σ(s;w)× ~p] = [σ(s;w) · ~p]σ(s;w)− σ2(s;w)~p

[~p× σ(s;w)]× σ(s;w) = σ(s;w)[σ(s;w) · ~p]− σ2(s;w)~p

σ(s;w)× {σ(s;w)× [σ(s;w)× ~p]} = σ(s;w)× {[σ(s;w) · ~p]σ(s;w)} − σ(s;w)× ~pσ2(s;w)

5�1.2.5.


{[σ(s;w)× ~p]× ~p} · ~p = 0

{σ(s;w)× [σ(s;w)× ~p]} · σ(s;w) = 0

σ(s;w) · {[~p× σ(s;w)]× σ(s;w)} = 0


~p · {[σ(s;w)× ~p]× ~p} = 0

σ(s;w) · {σ(s;w)× [σ(s;w)× ~p]} = −σ(s;w) · ~p

{[~p× σ(s;w)]× σ(s;w)} · σ(s;w) = −σ(s;w) · ~p
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5�1.2.6.



{[σ(s;w)× ~p]× ~p} · σ(s;w) = [σ(s;w) · ~p]2 − σ2(s;w)~p2

σ(s;w) · {[σ(s;w)× ~p]× ~p} = [σ(s;w) · ~p]2 − σ2(s;w)~p2

{σ(s;w)× [σ(s;w)× ~p]} · ~p = [σ(s;w) · ~p]2 − σ2(s;w)~p2

~p · {[~p× σ(s;w)]× σ(s;w)} = [σ(s;w) · ~p]2 − σ2(s;w)~p2

−[σ(s;w)× ~p] · [σ(s;w)× ~p] = [σ(s;w) · ~p]2 − σ2(s;w)~p2

=======================================

5�1.2.7.



[σ(s;w)× ~p]× [σ(s;w)× ~p] = i[σ(s;w) · ~p]~p

{[σ(s;w)× ~p]× [σ(s;w)× ~p]} · ~p = i[σ(s;w) · ~p]~p2

σ(s;w) · {[σ(s;w)× ~p]× [σ(s;w)× ~p]} = i[σ(s;w) · ~p]2

{[σ(s;w)× ~p]× [σ(s;w)× ~p]} · σ(s;w) = i[σ(s;w) · ~p]2

5�1.2.8.



[σ(s;w)× ~p]× {[σ(s;w)× ~p]× [σ(s;w)× ~p]} = i{[σ(s;w)× ~p]× ~p}[σ(s;w) · ~p]

{[σ(s;w)× ~p]× [σ(s;w)× ~p]} × [σ(s;w)× ~p] = −i[σ(s;w) · ~p]{[σ(s;w)× ~p]× ~p}

[σ(s;w)× ~p] · {[σ(s;w)× ~p]× [σ(s;w)× ~p]} = 0

{[σ(s;w)× ~p]× [σ(s;w)× ~p]} · [σ(s;w)× ~p] = 0

5�1.2.9.


{[σ(s;w)× p̂]× p̂} × ~p = −σ(s;w)× p̂

i2k−1p̂ · {σ(s;w)× {σ(s;w)[×p̂|]2k−1}} = i{[σ(s;w) · p̂]2 − σ2(s;w)}

i2kp̂ · {σ(s;w)× {σ(s;w)[×p̂|]2k}} = iσ(s;w) · p̂

2 Ä�Ðmª

2.1 σ(s;w)[| × p̂]nÚin[p̂× |]nσ(s;w)�ü«Ðmª

2.1.1 inσ(s;w)[| × p̂]nÚin[p̂× |]nσ(s;w)�{üÐmªÚÏ�úª

5�2.1.1. σ(s;w)[| × p̂]1 = σ(s;w)× p̂, σ(s;w)[| × p̂]2 = [σ(s;w) · p̂]p̂− σ(s;w), σ(s;w)[| × p̂]3 = −σ(s;w)× p̂

½n2.1.1. k ≥ 1

inσ(s;w)[| × p̂]n =

iσ(s;w)× p̂, n = 2k − 1

σ(s;w)− [σ(s;w) · p̂]p̂, n = 2k
, in[p̂× |]nσ(s;w) =

ip̂× σ(s;w), n = 2k − 1

σ(s;w)− [σ(s;w) · p̂]p̂, n = 2k

íØ2.1.1. σ(s;w)[| × p̂]n = (−1)n[p̂× |]nσ(s;w), σ(s;w)[| × p̂]n| · p̂ = (−1)np̂ · |[p̂× |]nσ(s;w) = 0, n ≥ 1

íØ2.1.2. k ≥ 1

inσ(s;w) · {σ(s;w)[| × p̂]n} = i−n{[p̂× |]nσ(s;w)} · σ(s;w) =

−σ(s;w) · p̂, n = 2k − 1

−{[σ(s;w) · p̂]2 − σ2(s;w)}, n = 2k

íØ2.1.3. n ≥ 1

inσ(s;w) · {σ(s;w)[| × p̂]n} = i−n{[p̂× |]nσ(s;w)} · σ(s;w) = −{[σ(s;w) · p̂]2−n%2 − (1− n%2)σ2(s;w)}

íØ2.1.4. inσ(s;w)[| × p̂]n| · p̂ = inp̂ · |[p̂× |]nσ(s;w) = 0, n ≥ 1

íØ2.1.5. σ(s;w)[| × p̂]2k−1 = (−1)k+1σ(s;w)× p̂, σ(s;w)[| × p̂]2k = (−1)k+1{[σ(s;w) · p̂]p̂− σ(s;w)}

⇒

i2kp̂ · {σ(s;w)× {σ(s;w)[| × p̂]2k−1}} = −{[σ(s;w) · p̂]2 − σ2(s;w)}

i2k+1p̂ · {σ(s;w)× {σ(s;w)[| × p̂]2k}} = −σ(s;w) · p̂
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2.1.2 σ(s;w)[| × p̂]nÚin[p̂× |]nσ(s;w)�a��ªÐm

5�2.1.2. σ(s;w)× p̂ = [σ(s;w), iσ(s;w) · p̂] = i{σ(s;w)[σ(s;w) · p̂]− [σ(s;w) · p̂]σ(s;w)}
= i{σ(s;w)A+Bσ(s;w)}

5�2.1.3. σ(s;w)| × p̂× p̂ = i2{σ(s;w)[σ(s;w) · p̂]2 − 2[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + [σ(s;w) · p̂]2σ(s;w)}
= i2[σ(s;w)A2 + 2Bσ(s;w)A+B2σ(s;w)] ' i2[σ

1
2 (s;w)A+Bσ

1
2 (s;w)]2B[]A

½n2.1.2. σ(s;w)[| × p̂]n = in
n∑
k=0

ckn[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n−k, n ≥ 1

y²: æ^êÆ8B{y²µ

1�Úµi = 1�¤á§=σ(s;w)[| × p̂]1 = i1
1∑
k=0

ck1 [−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]1−k

1�Úµb�i = n�¤á§=σ(s;w)[| × p̂]n = in
n∑
k=0

ckn[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n−k

1nÚµi = n+ 1�

σ(s;w)[| × p̂]n+1 = σ(s;w)[| × p̂]n| × p̂
= in

n∑
k=0

ckn[−σ(s;w) · p̂]k[σ(s;w)× p̂][σ(s;w) · p̂]n−k

= in+1
n∑
k=0

ckn[−σ(s;w) · p̂]k{σ(s;w)[σ(s;w) · p̂]− [σ(s;w) · p̂]σ(s;w)}[σ(s;w) · p̂]n−k

= in+1
n∑
k=0

ckn[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k + in+1
n∑
k=0

ckn[−σ(s;w) · p̂]k+1σ(s;w)[σ(s;w) · p̂]n−k

= in+1
n∑
k=0

ckn[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k + in+1
n+1∑
k=1

ck−1
n [−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k

= in+1
n+1∑
k=0

ckn[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k + in+1
n+1∑
k=0

ck−1
n [−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k

= in+1
n+1∑
k=0

(ckn + ck−1
n )[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k

= in+1
n+1∑
k=0

ckn+1[−σ(s;w) · p̂]kσ(s;w)[σ(s;w) · p̂]n+1−k

dÚy²
i = n+ 1�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ2.1.6.


inσ(s;w)[| × p̂]n =

n∑
k=0

ckn[σ(s;w) · p̂]kσ(s;w)[−σ(s;w) · p̂]n−k, n ≥ 0

in[p̂× |]nσ(s;w) =
n∑
k=0

ckn[−σ(s;w) · p̂]n−kσ(s;w)[σ(s;w) · p̂]k, n ≥ 0

2.2 [σ(s;w) · p̂]nσ(s;w)Úσ(s;w)[σ(s;w) · p̂]n�4íúª
½n2.2.1.

[σ(s;w) · p̂]nσ(s;w) = inσ(s;w)[| × p̂]n −
n−1∑
k=0

ckn[σ(s;w) · p̂]kσ(s;w)[−σ(s;w) · p̂]n−k, n ≥ 0

σ(s;w)[σ(s;w) · p̂]n = in[p̂× |]nσ(s;w)−
n−1∑
k=0

ckn[−σ(s;w) · p̂]n−kσ(s;w)[σ(s;w) · p̂]k, n ≥ 0

íØ2.2.1.

σα(s;w)[σ(s;w) · p̂]nσα(s;w)

= inσ(s;w) · {σ(s;w)[| × p̂]n} −
n−1∑
k=0

cknσ
α(s;w)[σ(s;w) · p̂]kσα(s;w)[−σ(s;w) · p̂]n−k, n ≥ 0

σα(s;w)[σ(s;w) · p̂]nσα(s;w)

= in{[p̂× |]nσ(s;w)} · σ(s;w)−
n−1∑
k=0

ckn[−σ(s;w) · p̂]n−kσα(s;w)[σ(s;w) · p̂]kσα(s;w), n ≥ 0
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íØ2.2.2.

σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}

= inσ(s;w)× {σ(s;w)[| × p̂]n} −
n−1∑
k=0

cknσ(s;w)× {[σ(s;w) · p̂]kσ(s;w)}[−σ(s;w) · p̂]n−k, n ≥ 0

{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w)

= in{[p̂× |]nσ(s;w)} × σ(s;w)−
n−1∑
k=0

ckn[−σ(s;w) · p̂]n−k{σ(s;w)[σ(s;w) · p̂]k} × σ(s;w), n ≥ 0

íØ2.2.3. X(n) = O(n)−
n−1∑
k=0

cknX(k)[−σ(s;w) · p̂]n−k, n ≥ 0

2.3 i−n[σ(s;w)× |]np̂Úi−np̂[| × σ(s;w)]n�Ï�úª

2.3.1 i−n[σ(s;w)× |]np̂�Ï�úª

5�2.3.1.

i−0[σ(s;w)× |]0p̂ = p̂

i−1[σ(s;w)× |]1p̂ = {σ(s;w)[σ(s;w) · p̂]− [σ(s;w) · p̂]σ(s;w)}

i−2[σ(s;w)× |]2p̂ = −[σ(s;w) · p̂]σ(s;w) + σ2(s;w)p̂

i−3[σ(s;w)× |]3p̂ = −[1− σ2(s;w)]σ(s;w)[σ(s;w) · p̂]− [1 + σ2(s;w)][σ(s;w) · p̂]σ(s;w) + σ2(s;w)p̂

i−4[σ(s;w)× |]4p̂ = −[2− σ2(s;w)]σ(s;w)[σ(s;w) · p̂]− [1 + 2σ2(s;w)][σ(s;w) · p̂]σ(s;w) + [1 + σ2(s;w)]σ2(s;w)p̂

i−5[σ(s;w)× |]5p̂

= −[3− σ4(s;w)]σ(s;w)[σ(s;w) · p̂]− [1 + 3σ2(s;w) + σ4(s;w)][σ(s;w) · p̂]σ(s;w) + [1 + 2σ2(s;w)]σ2(s;w)p̂

5�2.3.2.
p̂ · |[σ(s;w)× |]2p̂ = [σ(s;w) · p̂]2 − σ2(s;w)

p̂ · |[σ(s;w)× |]3p̂ = 2i[σ(s;w) · p̂]2 − iσ2(s;w)

p̂ · |[σ(s;w)× |]4p̂ = i2[3 + σ2(s;w)][σ(s;w) · p̂]2 − i2[1 + σ2(s;w)]σ2(s;w)

½n2.3.1.
i−n[σ(s;w)× |]np̂ = an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− cn(w)σ2(s;w)p̂

an+1(w) = an(w) + bn(w)− cn(w)σ2(s;w), bn+1(w) = bn(w) + cn(w)σ2(s;w), cn+1(w) = bn(w), n ≥ 0

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w); a1(w) = 1, b1(w) = −1, c1(w) = 0

y²: æ^êÆ8B{y²µ

1�Úµi = 0�¤á§=i−0[σ(s;w)× |]0p̂ = a0(w)σ(s;w)[σ(s;w) · p̂] + b0(w)[σ(s;w) · p̂]σ(s;w)− c0σ
2(s;w)p̂

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w)

1�Úµb�i = n�¤á§=

i−n[σ(s;w)× |]np̂ = an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− cn(w)σ2(s;w)p̂

1nÚµi = n+ 1�

i−(n+1)[σ(s;w)× |]n+1p̂

= an(w)σ(s;w)[σ(s;w) · p̂]− ibn(w)σ(s;w)× |[σ(s;w) · p̂]σ(s;w) + icn(w)σ(s;w)× σ2(s;w)p̂

= an(w)σ(s;w)[σ(s;w) · p̂] + bn(w){σ(s;w)[σ(s;w) · p̂] + [σ(s;w) · p̂]σ(s;w)− σ2(s;w)p̂} − cn(w){σ(s;w)[σ(s;w) ·
p̂]− [σ(s;w) · p̂]σ(s;w)}σ2(s;w)

= [an(w) + bn(w)− cn(w)σ2(s;w)]σ(s;w)[σ(s;w) · p̂] + [bn(w) + cn(w)σ2(s;w)][σ(s;w) · p̂]σ(s;w)− bn(w)σ2(s;w)p̂

= an+1(w)σ(s;w)[σ(s;w) · p̂] + bn+1(w)[σ(s;w) · p̂]σ(s;w)− cn+1(w)σ2(s;w)p̂

dÚy²
i = n+ 1�¤á"

277



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 116Ù g^�ê�êÆ©Û

1oÚµ��Xe4í'Xan+1(w) = an(w) + bn(w)− cn(w)σ2(s;w), bn+1(w) = bn(w) + cn(w)σ2(s;w), cn+1(w) = bn(w)

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w); a1(w) = 1, b1(w) = −1, c1(w) = 0

1ÊÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ2.3.1. i−n[σ(s;w)× |]np̂ = an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− bn−1(w)σ2(s;w)p̂, n ≥ 0

íØ2.3.2. i−np̂ · {[σ(s;w)× |]np̂} = −kn(w)[σ(s;w) · p̂]2 + bn−1(w)σ2(s;w), n ≥ 0, kn(w) = −[an(w) + bn(w)]

2.3.2 i−n[σ(s)× |]np̂�Ï�úª

Ún2.3.1.an+1(1) = an(1) + bn(1)− cn(1)σ2(s), bn+1(1) = bn(1) + cn(1)σ2(s), cn+1(1) = bn(1)

a0(1) = 0, b0(1) = 0, c0 = −σ−2(s); a1(1) = 1, b1(1) = −1, c1(1) = 0
⇒an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)

bn(1) = − (s+1)n−(−s)n
2s+1

, cn(1) = − (s+1)n−1−(−s)n−1

2s+1
, n ≥ 0

Ún2.3.2. −(2s+ 1) = [(s+ 1)4 − (−s)4]− 2[(s+ 1)3 − (−s)3]

½n2.3.2.
i−n[σ(s)× |]np̂ = an(1)σ(s)[σ(s) · p̂] + bn(1)[σ(s) · p̂]σ(s)− cn(1)σ2(s)p̂

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn(1) = − (s+1)n−(−s)n
2s+1

, cn(1) = − (s+1)n−1−(−s)n−1

2s+1
, n ≥ 0

íØ2.3.3.i−n[σ(s)× |]np̂ = an(1)σ(s)[σ(s) · p̂] + bn(1)[σ(s) · p̂]σ(s)− bn−1(1)σ2(s)p̂, n ≥ 0

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

íØ2.3.4.i−np̂ · {[σ(s)× |]np̂} = −kn(1)[σ(s) · p̂]2 + bn−1(1)σ2(s), n ≥ 0

kn(1) = −[an(1) + bn(1)] = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1)

, bn−1(1) = − (s+1)n−1−(−s)n−1

2s+1

2.3.3 i−np̂[| × σ(s;w)]n�Ï�úª

½n2.3.3.
i−np̂[| × σ(s;w)]n = an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− cn(w)σ2(s;w)p̂

an+1(w) = an(w) + bn(w)− cn(w)σ2(s;w), bn+1(w) = bn(w) + cn(w)σ2(s;w), cn+1(w) = bn(w), n ≥ 0

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w); a1(w) = 1, b1(w) = −1, c1(w) = 0

y²: æ^êÆ8B{y²µ

1�Úµi = 0�¤á§=i−0p̂[| × σ(s;w)]0 = a0(w)[σ(s;w) · p̂]σ(s;w) + b0(w)σ(s;w)[σ(s;w) · p̂]− c0σ
2(s;w)p̂

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w)

1�Úµb�i = n�¤á§=

i−np̂[| × σ(s;w)]n = an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− cn(w)σ2(s;w)p̂

1nÚµi = n+ 1�

i−(n+1)p̂[| × σ(s;w)]n+1

= an(w)[σ(s;w) · p̂]σ(s;w)− ibn(w)σ(s;w)[σ(s;w) · p̂]| × σ(s;w) + icn(w)p̂× σ(s;w)σ2(s;w)

= an(w)[σ(s;w) · p̂]σ(s;w) + bn(w){[σ(s;w) · p̂]σ(s;w) + σ(s;w)[σ(s;w) · p̂]− σ2(s;w)p̂}

278



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 116Ù g^�ê�êÆ©Û

− cn(w){[σ(s;w) · p̂]σ(s;w)− σ(s;w)[σ(s;w) · p̂]}σ2(s;w)

= [an(w) + bn(w)− cn(w)σ2(s;w)][σ(s;w) · p̂]σ(s;w) + [bn(w) + cn(w)σ2(s;w)]σ(s;w)[σ(s;w) · p̂]− bn(w)σ2(s;w)p̂

= an+1(w)[σ(s;w) · p̂]σ(s;w) + bn+1(w)σ(s;w)[σ(s;w) · p̂]− cn+1(w)σ2(s;w)p̂

dÚy²
i = n+ 1�¤á"

1oÚµ��Xe4í'Xan+1(w) = an(w) + bn(w)− cn(w)σ2(s;w), bn+1(w) = bn(w) + cn(w)σ2(s;w), cn+1(w) = bn(w)

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w); a1(w) = 1, b1(w) = −1, c1(w) = 0

1ÊÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ2.3.5. i−np̂[| × σ(s;w)]n = an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− bn−1(w)σ2(s;w)p̂, n ≥ 0

íØ2.3.6. i−n{p̂[| × σ(s;w)]n} · p̂ = −kn(w)[σ(s;w) · p̂]2 + bn−1(w)σ2(s;w), n ≥ 0, kn(w) = −[an(w) + bn(w)]

íØ2.3.7. p̂ · {[σ(s;w)× |]np̂} = {p̂[| × σ(s;w)]n} · p̂, n ≥ 0

2.3.4 i−np̂[| × σ(s)]n�Ï�úª

½n2.3.4.
i−np̂[| × σ(s)]n = an(1)[σ(s) · p̂]σ(s) + bn(1)σ(s)[σ(s) · p̂]− cn(1)σ2(s)p̂

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn(1) = − (s+1)n−(−s)n
2s+1

, cn(1) = − (s+1)n−1−(−s)n−1

2s+1
, n ≥ 0

íØ2.3.8.i−np̂[| × σ(s)]n = an(1)[σ(s) · p̂]σ(s) + bn(1)σ(s)[σ(s) · p̂]− bn−1(1)σ2(s)p̂, n ≥ 0

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

íØ2.3.9.i−n{p̂[| × σ(s)]n} · p̂ = −kn(1)[σ(s) · p̂]2 + bn−1(1)σ2(s), n ≥ 0

kn(1) = −[an(1) + bn(1)] = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1)

, bn−1(1) = − (s+1)n−1−(−s)n−1

2s+1

íØ2.3.10. p̂ · {[σ(s)× |]np̂} = {p̂[| × σ(s)]n} · p̂, n ≥ 0

2.3.5 ���/�ëê4í'X®o

íØ2.3.11.
an+1(w) = an(w) + bn(w)− cn(w)σ2(s;w), bn+1(w) = bn(w) + cn(w)σ2(s;w), cn+1(w) = bn(w)

a0(w) = 0, b0(w) = 0, c0 = −σ−2(s;w); a1(w) = 1, b1(w) = −1, c1(w) = 0; a2(w) = 0, b2(w) = −1, c2(w) = −1

kn(w) = −[an(w) + bn(w)]

2.3.6 w = 1�/�ëê4í'X®o

íØ2.3.12.an+1(1) = an(1) + bn(1)− cn(1)σ2(s), bn+1(1) = bn(1) + cn(1)σ2(s), cn+1(1) = bn(1)

a0(1) = 0, b0(1) = 0, c0 = −σ−2(s); a1(1) = 1, b1(1) = −1, c1(1) = 0; a2(1) = 0, b2(1) = −1, c2(1) = −1
⇒an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)

s(2s+1)(s+1)
, bn(1) = − (s+1)n−(−s)n

2s+1
, cn(1) = − (s+1)n−1−(−s)n−1

2s+1

kn(1) = −[an(1) + bn(1)] = (s+1)n+1−(−s)n+1−(2s+1)
s(2s+1)(s+1)

, cn(1)− [an(1) + bn(1)] = (s+1)n−(−s)n−(2s+1)
s(2s+1)(s+1)

, n ≥ 0
⇒σ2(s)an(1) = −bn+2(1) + 2bn+1(1) + 1, σ2(s)kn(1) = −bn+1(1)− 1, cn(1) = bn−1(1), kn+1 = kn(1)− bn(1)

bn(1) = − (s+1)n−(−s)n
2s+1

, σ2(s)[cn(1)− an(1)− bn(1)] = −bn(1)− 1, n ≥ 0
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2.3.7 w = 1�/eëê½Â��*Ð

½n2.3.5. bn+1(1) = bn(1) + bn−1(1)σ2(s), b0(1) = 0, b−1(1) = −σ−2(s)⇔ bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

y²: bn+1(1) = bn(1) + bn−1(1)σ2(s), b0(1) = 0, b−1 = −σ−2(s);n ∈ Z
⇔ bn+1(1) + sbn(1) = (s+ 1)[bn(1) + sbn−1(1)], b0(1) = 0, b−1 = −σ−2(s);n ∈ Z
⇔ bn(1) + sbn−1(1) = (s+ 1)n[b0(1) + sb−1(1)], b0(1) = 0, b−1(1) = −σ−2(s);n ∈ Z
⇔ bn(1) + sbn−1(1) = −(s+ 1)n−1, b0(1) = 0, b−1(1) = −σ−2(s);n ∈ Z
⇔

bn(1)− (−s)bn−1(1) = −(s+ 1)n−1(−s)0

(−s)bn−1(1)− (−s)2bn−2(1) = −(s+ 1)n−2(−s)

(−s)2bn−2(1)− (−s)3bn−3(1) = −(s+ 1)n−3(−s)2

· · · · ··

(−s)n−1b1(1)− (−s)nb0(1) = −(s+ 1)0(−s)n−1

(−s)nb0(1)− (−s)n+1b−1(1) = −(s+ 1)−1(−s)n

(−s)n+1b−1(1)− (−s)n+2b−2(1) = −(s+ 1)−2(−s)n+1

· · · · ··

(−s)n−l−2bl+2 − (−s)n−l−1bl+1(1) = −(s+ 1)l+1(−s)n−l−2

(−s)n−l−1bl+1(1)− (−s)n−lbl(1) = −(s+ 1)l(−s)n−l−1

, b0(1) = 0, b−1(1) = −σ−2(s);n ≥ 0, l ≤ −1

⇔
bn(1)− (−s)nb0(1) = −(s+ 1)n−1

n−1∑
i=0

( −s
s+1

)i

(−s)nb0(1)− (−s)n−lbl(1) = −(s+ 1)n−1( −s
s+1

)n
−l−1∑
i=0

( −s
s+1

)i
, b0(1) = 0;n ≥ 1, l ≤ −1

⇔
bn(1)− (−s)nb0(1) = −(s+ 1)n−1

n−1∑
i=0

( −s
s+1

)i

(−s)lb0(1)− bl(1) = − (−s)l
s+1

−l−1∑
i=0

( −s
s+1

)i
, b0(1) = 0;n ≥ 1, l ≤ −1

⇔ bn(1) = − (s+1)n−(−s)n
2s+1

, bl(1) = − (s+1)l−(−s)l
2s+1

, b0(1) = 0;n ≥ 1, l ≤ −1

⇔ bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

½n2.3.6. n ∈ Zan+1(1) = an(1) + bn(1)− bn−1(1)σ2(s), a0(1) = 0

bn(1) = − (s+1)n−(−s)n
2s+1

⇔

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn(1) = − (s+1)n−(−s)n
2s+1

y²:

an+1(1) = an(1) + bn(1)− bn−1(1)σ2(s), a0(1) = 0

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

an+1(1) = an(1) + bn(1)− bn−1(1)σ2(s), bn+1(1) = bn(1) + bn−1(1)σ2(s)

a0(1) = 0, b0(1) = 0, b−1(1) = −σ−2(s)
;n ∈ Z

⇔

[an+1(1) + bn+1(1)]− [an(1) + bn(1)] = bn(1), bn+1(1) = bn(1) + bn−1(1)σ2(s)

a0(1) + b0(1) = 0, b0(1) = 0, b−1(1) = −σ−2(s)
;n ∈ Z

⇔


an(1) =

n−1∑
i=0

bi(1)− bn(1), al(1) =
0∑
i=l

bi(1)− bl(1);n ≥ 1, l ≤ 0

bn+1(1) = bn(1) + bn−1(1)σ2(s), b0(1) = 0, b−1(1) = −σ−2(s);n ∈ Z
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⇔


an(1) =

n−1∑
i=0

bi(1)− bn(1), al(1) = −
0∑
i=l

bi(1)− bl(1);n ≥ 1, l ≤ 0

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔


an(1) = −

n−1∑
i=0

(s+1)i−(−s)i
2s+1

+ (s+1)n−(−s)n
2s+1

;n ≥ 1

al(1) =
0∑
i=l

(s+1)i−(−s)i
2s+1

+ (s+1)l−(−s)l
2s+1

; l ≤ 0

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔



an(1) = −
n−1∑
i=0

(s+1)i

2s+1
+
n−1∑
i=0

(−s)i
2s+1

+ (s+1)n−(−s)n
2s+1

= [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

;n ≥ 1

al(1) =
0∑
i=l

(s+1)i

2s+1
−

0∑
i=l

(−s)i
2s+1

+ (s+1)l−(−s)l
2s+1

= 1
2s+1

1−(
1
s+1

)−l+1

1− 1
s+1

− 1
2s+1

1−(
1
−s )−l+1

1− 1
−s

+ (s+1)l−(−s)l
2s+1

= s+1−(s+1)l

s(2s+1)
− s+(−s)l

(2s+1)(s+1)
+ (s+1)l−(−s)l

2s+1
= (s+1)2−(s+1)l+1

s(2s+1)(s+1)
− s2−(−s)l+1

s(2s+1)(s+1)
+ s(s+1)l+1+(s+1)(−s)l+1

s(2s+1)(s+1)

= [(s+1)l+2−(−s)l+2]−2[(s+1)l+1−(−s)l+1]+(2s+1)
s(2s+1)(s+1)

; l ≤ 0

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

σ2(s)an(1) = −bn+2(1) + 2bn+1(1) + 1

bn(1) = − (s+1)n−(−s)n
2s+1

;n ∈ Z

⇔

σ2(s)an(1) = −bn+2(1) + 2bn+1(1) + 1

bn+1(1) = bn(1) + bn−1(1)σ2(s), b0(1) = 0, b−1(1) = −σ−2(s)
;n ∈ Z

íØ2.3.13. n ∈ Z
an+1(1) = an(1) + bn(1)− bn−1(1)σ2(s)

bn+1(1) = bn(1) + bn−1(1)σ2(s)

a0(1) = 0, b0(1) = 0, b−1(1) = −σ−2(s)

⇔


σ2(s)an(1) = −bn+2(1) + 2bn+1(1) + 1

bn+1(1) = bn(1) + bn−1(1)σ2(s)

b0(1) = 0, b−1(1) = −σ−2(s)

2.3.8 ���/eëê4í'X©Û(ß�)

ß�2.3.1.

σ2(s;w) = (s1 ⊕ s2 ⊕ · · ⊕sn)(s1 ⊕ s2 ⊕ · · ⊕sn + 1) = Ŝ(s;w)[Ŝ(s;w) + 1]

[σx(s;w), (s1 ⊕ s2 ⊕ · · ⊕sn)] = [σx(s;w), Ŝ(s;w)] = 0, Ŝ(s;w) := (s1 ⊕ s2 ⊕ · · ⊕sn)

XJ±þß�¤á§Kþ�!(Ø�Ü¤á§��ò©1�n)��AÝ
�_=�§e¡�´�ÑA�~f?

1
î��y²§Ù§þ�Xd?1§3dÑ�§Ø2Ðm"XJ±þß�Ø¤á§Këêan, bn, cn�k4í'

X�^§Ã{)Û/¦Ñ§���U�¤Ù§Ù!�/ª§=�3ëêan, bn, cn�k/ª§Ã{?�ÚÐm"

½n2.3.7. bn+1(w) = bn(w) + bn−1(w)σ2(ŝ), b0(w) = 0, b1(w) = −1⇔ bn(w) = [(−ŝ)n − (ŝ+ 1)n](2ŝ+ 1)−1;n ≥ 0

y²: bn+1(w) = bn(w) + bn−1(w)σ2(ŝ), b0(w) = 0, b1(w) = −1;n ∈ Z
⇔ bn+1(w) + ŝbn(w) = (ŝ+ 1)[bn(w) + ŝbn−1(w)], b0(w) = 0, b1(w) = −1;n ∈ Z
⇔ bn(w) + ŝbn−1(w) = (ŝ+ 1)n−1[b1(w) + ŝb0(w)], b0(w) = 0, b1(w) = −1;n ∈ Z
⇔ bn(w) + ŝbn−1(w) = −(ŝ+ 1)n−1, b0(w) = 0, b1(w) = −1;n ∈ Z

⇔



bn(w)− (−ŝ)bn−1(w) = −(ŝ+ 1)n−1(−ŝ)0

(−ŝ)bn−1(w)− (−ŝ)2bn−2(w) = −(ŝ+ 1)n−2(−ŝ)

(−ŝ)2bn−2(w)− (−ŝ)3bn−3(w) = −(ŝ+ 1)n−3(−ŝ)2

· · · · ··

(−ŝ)n−1b1(w)− (−ŝ)nb0(w) = −(ŝ+ 1)0(−ŝ)n−1

, b0(w) = 0, b−1(w) = −σ−2(ŝ);n ≥ 0, l ≤ −1
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⇔ bn(w)− (−ŝ)nb0(w) = −(ŝ+ 1)n−1
n−1∑
i=0

[−ŝ(ŝ+ 1)−1]i, b0(w) = 0;n ≥ 1, l ≤ −1

⇔ bn(w) = [(−ŝ)n − (ŝ+ 1)n](2ŝ+ 1)−1;n ≥ 0

íØ2.3.14.
n∑
k=0

bk = {[(−ŝ)n+2 − (ŝ+ 1)n+2] + 2ŝ+ 1}[ŝ(2ŝ+ 1)(ŝ+ 1)]−1

½n2.3.8.an+2(w) = an+1(w) + bn+1(w)− bn(w)σ2(ŝ), a0(w) = 0, a1(w) = 1

bn(w) = [(−ŝ)n − (ŝ+ 1)n](2ŝ+ 1)−1, n ≥ 0
⇔an(w) = {[(ŝ+ 1)n+2 − (−ŝ)n+2]− 2[(ŝ+ 1)n+1 − (−ŝ)n+1] + (2ŝ+ 1)}[ŝ(2ŝ+ 1)(ŝ+ 1)]−1

bn(w) = [(−ŝ)n − (ŝ+ 1)n](2ŝ+ 1)−1, n ≥ 0

y²: an+2(w) = an+1(w) + bn+1(w)− bn(w)σ2(ŝ), a0(w) = 0, a1(w) = 1

⇔
an(w)− an−1(w) = bn−1(w)− bn−2(w)σ2(ŝ)

· · ·

a2(w)− a1(w) = b1(w)− b0(w)σ2(ŝ)

⇔ an(w) = a1(w) +
n−1∑
i=1

bi(w)−
n−2∑
j=0

bj(w)σ2(ŝ), n ≥ 2

⇔ an(w) = 1 + {[(−ŝ)n+1 − (ŝ+ 1)n+1] + 2ŝ+ 1}[ŝ(2ŝ+ 1)(ŝ+ 1)]−1 − {[(−ŝ)n − (ŝ+ 1)n] + 2ŝ+ 1}[(2ŝ+ 1)]−1

⇔ an(w) = {[(ŝ+ 1)n+2 − (−ŝ)n+2]− 2[(ŝ+ 1)n+1 − (−ŝ)n+1] + (2ŝ+ 1)}[ŝ(2ŝ+ 1)(ŝ+ 1)]−1

íØ2.3.15.
an+2(w) = an+1(w) + bn+1(w)− bn(w)σ2(ŝ)

bn+2(w) = bn+1(w) + bn(w)σ2(ŝ)

a0(w) = 0, b0(w) = 0; a1(w) = 1, b1(w) = −1

⇔


σ2(ŝ)an(w) = −bn+2(w) + 2bn+1(w) + 1

bn+2(w) = bn+1(w) + bn(w)σ2(ŝ)

b0(w) = 0, b1(w) = −1

;n ≥ 0

2.3.9 il−n{[σ(s;w)× |]np̂}[| × p̂]l�Ï�úª

íØ2.3.16.
il−n{[σ(s;w)× |]np̂}[| × p̂]l = an(w)ilσ(s;w)[| × p̂]l[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]ilσ(s;w)[| × p̂]l

=

−an(w)σ(s;w)[σ(s;w) · p̂]2 + [an(w)− bn(w)][σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]2σ(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]2p̂+ an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w), l = 2k

íØ2.3.17.il−n{[σ(s;w)× |]np̂}[| × p̂]l| · σ(s;w) =

[2an(w) + bn(w)][σ(s;w) · p̂]2 − an(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + {[(an(w) + bn(w)]σ2(s;w)− an(w)}[σ(s;w) · p̂], l = 2k

íØ2.3.18.il−nσ(s;w) · |{[σ(s;w)× |]np̂}[| × p̂]l =

−[an(w) + 2bn(w)][σ(s;w) · p̂]2 + bn(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + {[(an(w) + bn(w)]σ2(s;w)− bn(w)}[σ(s;w) · p̂], l = 2k

íØ2.3.19. il−np̂ · |{[σ(s;w)× |]np̂}[| × p̂]l = 0, n ≥ 0, l ≥ 1

2.3.10 il−n[p̂× |]l{p̂[| × σ(s;w)]n}�Ï�úª

íØ2.3.20. il−n[p̂× |]l{p̂[| × σ(s;w)]n}
= an(w)[σ(s;w) · p̂]il[p̂× |]lσ(s;w) + bn(w)il[p̂× |]lσ(s;w)[σ(s;w) · p̂]− cn(w)σ2(s;w)p̂

=

−an(w)[σ(s;w) · p̂]2σ(s;w) + [an(w)− bn(w)][σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + bn(w)σ(s;w)[σ(s;w) · p̂]2, l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]2p̂+ an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂], l = 2k
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íØ2.3.21. il−nσ(s;w) · |[p̂× |]l{p̂[| × σ(s;w)]n}

=

[2an(w) + bn(w)][σ(s;w) · p̂]2 − an(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + {[(an(w) + bn(w)]σ2(s;w)− an(w)}[σ(s;w) · p̂], l = 2k

íØ2.3.22. il−n[p̂× |]l{p̂[| × σ(s;w)]n}| · σ(s;w)

=

−[an(w) + 2bn(w)][σ(s;w) · p̂]2 + bn(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + {[(an(w) + bn(w)]σ2(s;w)− bn(w)}[σ(s;w) · p̂], l = 2k

íØ2.3.23. il−np̂ · |[p̂× |]l{p̂[| × σ(s;w)]n} = 0, n ≥ 0, l ≥ 1

íØ2.3.24.il−n{[σ(s;w)× |]np̂}[| × p̂]l| · σ(s;w) = il−nσ(s;w) · |[p̂× |]l{p̂[| × σ(s;w)]n}

il−nσ(s;w) · |{[σ(s;w)× |]np̂}[| × p̂]l = il−n[p̂× |]l{p̂[| × σ(s;w)]n}| · σ(s;w)

2.3.11 il−n{[σ(s)× |]np̂}[| × p̂]l�Ï�úª

íØ2.3.25.

il−n{[σ(s)× |]np̂}[| × p̂]l = an(1)ilσ(s)[| × p̂]l[σ(s) · p̂] + bn(1)[σ(s) · p̂]ilσ(s)[| × p̂]l

=

−an(1)σ(s)[σ(s) · p̂]2 + [an(1)− bn(1)][σ(s) · p̂]σ(s)[σ(s) · p̂] + bn(1)[σ(s) · p̂]2σ(s), l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]2p̂+ an(1)σ(s)[σ(s) · p̂] + bn(1)[σ(s) · p̂]σ(s), l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1

íØ2.3.26.
il−n{[σ(s)× |]np̂}[| × p̂]l| · σ(s) =

[2an(1) + bn(1)][σ(s) · p̂]2 − an(1)σ2(s), l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]3 + {[(an(1) + bn(1)]σ2(s)− an(1)}[σ(s) · p̂], l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1

íØ2.3.27.
il−nσ(s) · |{[σ(s)× |]np̂}[| × p̂]l =

−[an(1) + 2bn(1)][σ(s) · p̂]2 + bn(1)σ2(s), l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]3 + {[(an(1) + bn(1)]σ2(s)− bn(1)}[σ(s) · p̂], l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1

íØ2.3.28. il−np̂ · |{[σ(s)× |]np̂}[| × p̂]l = 0, n ≥ 0, l ≥ 1

2.3.12 il−n[p̂× |]l{p̂[| × σ(s)]n}�Ï�úª

íØ2.3.29.

il−n[p̂× |]l{p̂[| × σ(s)]n} = an(1)[σ(s) · p̂]il[p̂× |]lσ(s) + bn(1)il[p̂× |]lσ(s)[σ(s) · p̂]− cn(1)σ2(s)p̂

=

−an(1)[σ(s) · p̂]2σ(s) + [an(1)− bn(1)][σ(s) · p̂]σ(s)[σ(s) · p̂] + bn(1)σ(s)[σ(s) · p̂]2, l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]2p̂+ an(1)[σ(s) · p̂]σ(s) + bn(1)σ(s)[σ(s) · p̂], l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1

íØ2.3.30.
il−nσ(s) · |[p̂× |]l{p̂[| × σ(s)]n} =

[2an(1) + bn(1)][σ(s) · p̂]2 − an(1)σ2(s), l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]3 + {[(an(1) + bn(1)]σ2(s)− an(1)}[σ(s) · p̂], l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1

íØ2.3.31.
il−n[p̂× |]l{p̂[| × σ(s)]n}| · σ(s) =

−[an(1) + 2bn(1)][σ(s) · p̂]2 + bn(1)σ2(s), l = 2k − 1

−[an(1) + bn(1)][σ(s) · p̂]3 + {[(an(1) + bn(1)]σ2(s)− bn(1)}[σ(s) · p̂], l = 2k

an(1) = [(s+1)n+2−(−s)n+2]−2[(s+1)n+1−(−s)n+1]+(2s+1)
s(2s+1)(s+1)

, bn(1) = − (s+1)n−(−s)n
2s+1

, n ≥ 0, l ≥ 1
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íØ2.3.32. il−np̂ · |[p̂× |]l{p̂[| × σ(s)]n} = 0, n ≥ 0, l ≥ 1

íØ2.3.33.

il−n{[σ(s)× |]np̂}[| × p̂]l| · σ(s) = il−nσ(s) · |[p̂× |]l{p̂[| × σ(s)]n}

il−nσ(s) · |{[σ(s)× |]np̂}[| × p̂]l = il−n[p̂× |]l{p̂[| × σ(s)]n}| · σ(s)

3 üaÄ�g^EÜ�Î�Ï�úª

3.1 σα(s;w)[σ(s;w) · p̂]nσα(s;w)�Ï�úª

3.1.1 σα(s;w)[σ(s;w) · p̂]nσα(s;w)Ï�úª�Á&Úß�

íØ3.1.1. σ(s;w) · {[σ(s;w) · p̂]nσ(s;w)}

= −{[σ(s;w) · p̂]2−n%2 − (1− n%2)σ2(s;w)} −
n−1∑
k=0

ckn{σ(s;w) · {[σ(s;w) · p̂]kσ(s;w)}}[−σ(s;w) · p̂]n−k

5�3.1.1.

σ(s;w) · {[σ(s;w) · p̂]0σ(s;w)} = σ2(s;w)

σ(s;w) · {[σ(s;w) · p̂]1σ(s;w)} = [σ2(s;w)− 1][σ(s;w) · p̂]

σ(s;w) · {[σ(s;w) · p̂]2σ(s;w)} = [σ2(s;w)− 3][σ(s;w) · p̂]2 + σ2(s;w)

σ(s;w) · {[σ(s;w) · p̂]3σ(s;w)} = [σ2(s;w)− 6][σ(s;w) · p̂]3 + [3σ2(s;w)− 1]σ(s;w) · p̂

σ(s;w) · {[σ(s;w) · p̂]4σ(s;w)} = [σ2(s;w)− 10][σ(s;w) · p̂]4 + [6σ2(s;w)− 5][σ(s;w) · p̂]2 + σ2(s;w)

5�3.1.2.

σ(s;w) · {[σ(s;w) · p̂]5σ(s;w)} = [σ2(s;w)− 15][σ(s;w) · p̂]5 + [10σ2(s;w)− 15][σ(s;w) · p̂]3

+[5σ2(s;w)− 1][σ(s;w) · p̂]

σ(s;w) · {[σ(s;w) · p̂]6σ(s;w)} = [σ2(s;w)− 21][σ(s;w) · p̂]6 + [15σ2(s;w)− 35][σ(s;w) · p̂]4

+[15σ2(s;w)− 7][σ(s;w) · p̂]2 + σ2(s;w)

σ(s;w) · {[σ(s;w) · p̂]7σ(s;w)} = [σ2(s;w)− 28][σ(s;w) · p̂]7 + [21σ2(s;w)− 70][σ(s;w) · p̂]5

+[35σ2(s;w)− 28][σ(s;w) · p̂]2 + [7σ2(s;w)− 1][σ(s;w) · p̂]

ß�3.1.1. σα(s;w)[σ(s;w) · p̂]nσα(s;w) =
[n/2]∑
k=0

[c2k
n σ

2(s;w)− c2(k+1)
n+1 ][σ(s;w) · p̂]n−2k, n ≥ 0

3.1.2 σα(s;w)[σ(s;w) · p̂]nσα(s;w)Ï�úª�k'Ún9Ùy²

Ún3.1.1.
n∑

l=2k

(−1)n−lcln+1C
2k
l = c2k

n+1,
n∑

l=2k+1

(−1)n−lcln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 − δn,2k+1

Ún3.1.2.
n∑
l=0

[l/2]∑
k=0

A(k, l) =
[n/2]∑
k=0

n∑
l=2k

A(k, l)

½n3.1.1.
[(n+1)/2]∑
k=0

[c2k
n+1σ

2(s;w)− C2(k+1)
n+2 ][σ(s;w) · p̂]n+1−2k = −[σ(s;w) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s;w)

+
[n/2]∑
k=0

n∑
l=2k

(−1)n−lcln+1[C2k
l σ

2(s;w)− C2(k+1)
l+1 ][σ(s;w) · p̂]n+1−2k

y²:
[n/2]∑
k=0

n∑
l=2k

(−1)n−lcln+1[C2k
l σ

2(s;w)− C2(k+1)
l+1 ][σ(s;w) · p̂]n+1−2k

=
[n/2]∑
k=0

[c2k
n+1σ

2(s;w)− C2(k+1)
n+2 ][σ(s;w) · p̂]n+1−2k + [σ(s;w) · p̂]2−(n+1)%2

=
[(n+1)/2]∑
k=0

[c2k
n+1σ

2(s;w)− C2(k+1)
n+2 ][σ(s;w) · p̂]n+1−2k + [σ(s;w) · p̂]2−(n+1)%2 + [1− (n+ 1)%2]σ2(s;w)
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3.1.3 σα(s;w)[σ(s;w) · p̂]nσα(s;w)Ï�úª�êÆ8B{y²

½n3.1.2. σα(s;w)[σ(s;w) · p̂]nσα(s;w) =
[n/2]∑
k=0

[c2k
n σ

2(s;w)− c2(k+1)
n+1 ][σ(s;w) · p̂]n−2k, n ≥ 0

y²:

æ^êÆ8B{y²d½n"

1�Úµi = 0�¤áµσα(s;w)[σ(s;w) · p̂]0σα(s;w) =
[0/2]∑
k=0

[C2k
0 σ2(s;w)− C2(k+1)

0+1 ][σ(s;w) · p̂]0−2k

1�Úµb�i <= n�¤áµσα(s;w)[σ(s;w) · p̂]iσα(s;w) =
[i/2]∑
k=0

[C2k
i σ

2(s;w)− C2(k+1)
i+1 ][σ(s;w) · p̂]i−2k, 0 ≤ i ≤ n

1nÚµi = n+ 1�§σ(s;w) · {[σ(s;w) · p̂]n+1σ(s;w)}
= −{[σ(s;w) · p̂]2−(n+1)%2 − [1− (n+ 1)%2]σ2(s;w)} −

n∑
l=0

cln+1{σ(s;w) · {[σ(s;w) · p̂]lσ(s;w)}}[−σ(s;w) · p̂]n+1−l

= −{[σ(s;w) · p̂]2−(n+1)%2− [1− (n+ 1)%2]σ2(s;w)}−
n∑
l=0

cln+1

[l/2]∑
k=0

[C2k
l σ

2(s;w)−C2(k+1)
l+1 ][σ(s;w) · p̂]l−2k[−σ(s;w) ·

p̂]n+1−l

= −{[σ(s;w) · p̂]2−(n+1)%2− [1−(n+1)%2]σ2(s;w)}−
n∑
l=0

[l/2]∑
k=0

(−1)n+1−lcln+1[C2k
l σ

2(s;w)−C2(k+1)
l+1 ][σ(s;w) · p̂]n+1−2k

= −{[σ(s;w)·p̂]2−(n+1)%2−[1−(n+1)%2]σ2(s;w)}−
n∑
l=0

[n/2]∑
k=0

(−1)n+1−lcln+1[C2k
l σ

2(s;w)−C2(k+1)
l+1 ][σ(s;w)·p̂]n+1−2k

= −{[σ(s;w)·p̂]2−(n+1)%2−[1−(n+1)%2]σ2(s;w)}−
[n/2]∑
k=0

n∑
l=0

(−1)n+1−lcln+1[C2k
l σ

2(s;w)−C2(k+1)
l+1 ][σ(s;w)·p̂]n+1−2k

= −{[σ(s;w) · p̂]2−(n+1)%2− [1−(n+1)%2]σ2(s;w)}+
[n/2]∑
k=0

n∑
l=2k

(−1)n−lcln+1[C2k
l σ

2(s;w)−C2(k+1)
l+1 ][σ(s;w) · p̂]n+1−2k

=
[(n+1)/2]∑
k=0

[c2k
n+1σ

2(s;w)− C2(k+1)
n+2 ][σ(s;w) · p̂]n+1−2k

dÚy²
i = n+ 1�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

3.1.4 σα(s;w)[σ(s;w) · p̂]nσα(s;w)�Ï�úª�íØ

Ún3.1.3.
[n/2]∑
k=0

sn−2k[c2k
n σ

2(s;w)− c2(k+1)
n+1 ] = s[sn+1 + (s− 1)n]

íØ3.1.2. σα(s;w)[σ(s;w) · p̂]nσα(s;w)λ(p̂,−sς) = s[sn+1 + (s− 1)n][−ς]nλ(p̂,−sς)

íØ3.1.3. [ 1
s
σ(s;w) · ∇̂]2ψ = ψ ⇒ σα(s;w)[σ(s;w) · ∇̂]nσα(s;w)ψ = s[sn+1 + (s− 1)n][ 1

s
σ(s;w) · ∇̂]nψ

3.2 i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}�Ï�úª
3.2.1 i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}�Ï�úªÁ&

5�3.2.1.σ(s;w)× p̂ = [σ(s;w), iσ(s;w) · p̂] = i{σ(s;w)[σ(s;w) · p̂]− [σ(s;w) · p̂]σ(s;w)}

p̂× σ(s;w) = −[σ(s;w), iσ(s;w) · p̂] = i{[σ(s;w) · p̂]σ(s;w)− σ(s;w)[σ(s;w) · p̂]}

5�3.2.2.
inσ(s;w)[| × p̂]n =

iσ(s;w)× p̂, n = 2k − 1

−{[σ(s;w) · p̂]p̂− σ(s;w)}, n = 2k
, k ≥ 1

in[p̂× |]nσ(s;w) =

ip̂× σ(s;w), n = 2k − 1

−{[σ(s;w) · p̂]p̂− σ(s;w)}, n = 2k
, k ≥ 1
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5�3.2.3.
inσ(s;w)× {σ(s;w)[| × p̂]n} =

i{[σ(s;w) · p̂]σ(s;w)− σ2(s;w)p̂}, n = 2k − 1

−[σ(s;w)× p̂][σ(s;w) · p̂] + iσ(s;w), n = 2k
, k ≥ 1

ini−1σ(s;w)× {σ(s;w)[| × p̂]n} =

[σ(s;w) · p̂]σ(s;w)− σ2(s;w)p̂, n = 2k − 1

−σ(s;w)[σ(s;w) · p̂]2 + [σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + σ(s;w), n = 2k
, k ≥ 1

íØ3.2.1. i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}

= ini−1σ(s;w)× {σ(s;w)[| × p̂]n} −
n−1∑
k=0

ckn{i−1σ(s;w)× {[σ(s;w) · p̂]kσ(s;w)}}[−σ(s;w) · p̂]n−k

⇒



i−1σ(s;w)× {[σ(s;w) · p̂]0σ(s;w)} = σ(s;w)

i−1σ(s;w)× {[σ(s;w) · p̂]1σ(s;w)} = [σ(s;w) · p̂]σ(s;w) + σ(s;w)[σ(s;w) · p̂]− σ2(s;w)p̂

i−1σ(s;w)× {[σ(s;w) · p̂]2σ(s;w)} = 3[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]− 2σ2(s;w)p̂[σ(s;w) · p̂] + σ(s;w)

i−1σ(s;w)× {[σ(s;w) · p̂]3σ(s;w)} = 6[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]2 + [σ(s;w) · p̂]σ(s;w)

−2σ(s;w)[σ(s;w) · p̂]3 − 3σ2(s;w)p̂[σ(s;w) · p̂]2 + 3σ(s;w)[σ(s;w) · p̂]− σ2(s;w)p̂

i−1σ(s;w)× {[σ(s;w) · p̂]4σ(s;w)} = [σ(s;w) · p̂]σ(s;w){10[σ(s;w) · p̂]2 + 5}[σ(s;w) · p̂]

+σ(s;w){−5[σ(s;w) · p̂]4 + 5[σ(s;w) · p̂]2 + 1} − σ2(s;w)p̂{4[σ(s;w) · p̂]2 + 4}[σ(s;w) · p̂]1

ß�3.2.1. i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}, n ≥ 0

= [σ(s;w) · p̂]σ(s;w)
[(n−1)/2]∑
k=0

(c2k+1
n + c2k+2

n )[σ(s;w) · p̂]n−2k−1 + σ(s;w)
[n/2]∑
k=0

(c2k
n − c2k+2

n )[σ(s;w) · p̂]n−2k

− σ2(s;w)p̂
[(n−1)/2]∑
k=0

c2k+1
n [σ(s;w) · p̂]n−2k−1

3.2.2 i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}Ï�úª�êÆ8B{y²

½n3.2.1. i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}, n ≥ 0

=
[n/2]∑
k=0

{(c2k+1
n + c2k+2

n )[σ(s;w) · p̂]σ(s;w) + (c2k
n − c2k+2

n )σ(s;w)[σ(s;w) · p̂]− c2k+1
n σ2(s;w)p̂}[σ(s;w) · p̂]n−2k−1

y²: æ^êÆ8B{y²d½n"

1�Úµi = 0�¤áµ

i−1σ(s;w)× {[σ(s;w) · p̂]0σ(s;w)}

=
[0/2]∑
k=0

{(C2k+1
0 +C2k+2

0 )[σ(s;w) · p̂]σ(s;w) + (C2k
0 −C2k+2

0 )σ(s;w)[σ(s;w) · p̂]−C2k+1
0 σ2(s;w)p̂}[σ(s;w) · p̂]0−2k−1

1�Úµb�0 ≤ l ≤ n�¤áµ
i−1σ(s;w)× {[σ(s;w) · p̂]lσ(s;w)}

=
[l/2]∑
k=0

{(C2k+1
i + C2k+2

i )[σ(s;w) · p̂]σ(s;w) + (C2k
i − C2k+2

i )σ(s;w)[σ(s;w) · p̂]− C2k+1
i σ2(s;w)p̂}[σ(s;w) · p̂]i−2k−1

1nÚµi = n+ 1�§i−1σ(s;w)× {[σ(s;w) · p̂]n+1σ(s;w)}
= in+1i−1σ(s;w)× {σ(s;w)[| × p̂]n+1} −

n∑
l=0

cln+1{i−1σ(s;w)× {[σ(s;w) · p̂]lσ(s;w)}}[−σ(s;w) · p̂]n+1−l

= in+1i−1σ(s;w)× {σ(s;w)[| × p̂]n+1} −
n∑
l=0

cln+1

[l/2]∑
k=0

{(C2k+1
l + C2k+2

l )[σ(s;w) · p̂]σ(s;w)

+ (C2k
l − C2k+2

l )σ(s;w)[σ(s;w) · p̂]− C2k+1
l σ2(s;w)p̂}[σ(s;w) · p̂]l−2k−1[−σ(s;w) · p̂]n+1−l

= in+1i−1σ(s;w)× {σ(s;w)[| × p̂]n+1}+
n∑
l=0

[l/2]∑
k=0

(−1)n−lcln+1{(C2k+1
l + C2k+2

l )[σ(s;w) · p̂]σ(s;w)

+ (C2k
l − C2k+2

l )σ(s;w)[σ(s;w) · p̂]− C2k+1
l σ2(s;w)p̂}[σ(s;w) · p̂]n−2k

= in+1i−1σ(s;w)× {σ(s;w)[| × p̂]n+1}+
[n/2]∑
k=0

n∑
l=2k

(−1)n−lcln+1{(C2k+1
l + C2k+2

l )[σ(s;w) · p̂]σ(s;w)

+ (C2k
l − C2k+2

l )σ(s;w)[σ(s;w) · p̂]− C2k+1
l σ2(s;w)p̂}[σ(s;w) · p̂]n−2k
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=
[(n+1)/2]∑
k=0

{(c2k+1
n+1 + c2k+2

n+1 )[σ(s;w) · p̂]σ(s;w) + (c2k
n+1 − c2k+2

n+1 )σ(s;w)[σ(s;w) · p̂]− c2k+1
n+1 σ

2(s;w)p̂}[σ(s;w) · p̂]n−2k

dÚy²
i = n+ 1�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

3.2.3 i−1{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w)Ï�úª�8B{y²

½n3.2.2. i−1{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w), n ≥ 0

= {
[(n−1)/2]∑
k=0

(c2k+1
n + c2k+2

n )[σ(s;w) · p̂]n−2k−1}σ(s;w)[σ(s;w) · p̂] + {
[n/2]∑
k=0

(c2k
n − c2k+2

n )[σ(s;w) · p̂]n−2k}σ(s;w)

− {
[(n−1)/2]∑
k=0

c2k+1
n [σ(s;w) · p̂]n−2k−1}σ2(s;w)p̂

½n3.2.3. i−1{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w), n ≥ 0

=
[n/2]∑
k=0

[σ(s;w) · p̂]n−2k−1{(c2k+1
n + c2k+2

n )σ(s;w)[σ(s;w) · p̂] + (c2k
n − c2k+2

n )[σ(s;w) · p̂]σ(s;w)− c2k+1
n σ2(s;w)p̂}

y²: æ^êÆ8B{y²d½n"

1�Úµi = 0�¤áµ

i−1{σ(s;w)[σ(s;w) · p̂]0} × σ(s;w)

=
[0/2]∑
k=0

[σ(s;w) · p̂]0−2k−1{(C2k+1
0 +C2k+2

0 )σ(s;w)[σ(s;w) · p̂] + (C2k
0 −C2k+2

0 )[σ(s;w) · p̂]σ(s;w)−C2k+1
0 σ2(s;w)p̂}

1�Úµb�0 ≤ l ≤ n�¤áµ
i−1{σ(s;w)[σ(s;w) · p̂]l} × σ(s;w)

=
[l/2]∑
k=0

[σ(s;w) · p̂]i−2k−1{(C2k+1
i + C2k+2

i )σ(s;w)[σ(s;w) · p̂] + (C2k
i − C2k+2

i )[σ(s;w) · p̂]σ(s;w)− C2k+1
i σ2(s;w)p̂}

1nÚµi = n+ 1�§i−1{σ(s;w)[σ(s;w) · p̂]n+1} × σ(s;w)

= in+1i−1{[p̂× |]n+1σ(s;w)} × σ(s;w)−
n∑
l=0

cln+1[−σ(s;w) · p̂]n+1−l{i−1σ(s;w)[σ(s;w) · p̂]l} × σ(s;w)

= in+1i−1{[p̂× |]n+1σ(s;w)} × σ(s;w)−
n∑
l=0

cln+1

[l/2]∑
k=0

[−σ(s;w) · p̂]n+1−l[σ(s;w) · p̂]l−2k−1

{(C2k+1
l + C2k+2

l )σ(s;w)[σ(s;w) · p̂] + (C2k
l − C2k+2

l )[σ(s;w) · p̂]σ(s;w)− C2k+1
l σ2(s;w)p̂}

= in+1i−1{[p̂× |]n+1σ(s;w)} × σ(s;w) +
n∑
l=0

[l/2]∑
k=0

[σ(s;w) · p̂]n−2k(−1)n−lcln+1

{(C2k+1
l + C2k+2

l )σ(s;w)[σ(s;w) · p̂] + (C2k
l − C2k+2

l )[σ(s;w) · p̂]σ(s;w)− C2k+1
l σ2(s;w)p̂}

= in+1i−1{[p̂× |]n+1σ(s;w)} × σ(s;w) +
[n/2]∑
k=0

n∑
l=2k

[σ(s;w) · p̂]n−2k(−1)n−lcln+1

{(C2k+1
l + C2k+2

l )σ(s;w)[σ(s;w) · p̂] + (C2k
l − C2k+2

l )[σ(s;w) · p̂]σ(s;w)− C2k+1
l σ2(s;w)p̂}

=
[(n+1)/2]∑
k=0

[σ(s;w) · p̂]n−2k{(c2k+1
n+1 + c2k+2

n+1 )σ(s;w)[σ(s;w) · p̂] + (c2k
n+1 − c2k+2

n+1 )[σ(s;w) · p̂]σ(s;w)− c2k+1
n+1 σ

2(s;w)p̂}

dÚy²
i = n+ 1�¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

3.2.4 i−1p̂ · |σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}�Ï�úª

íØ3.2.2. i−1p̂ · |σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)} =
(n+1)/2∑
k=0

[c2k+1
n+1 − c2k−1

n σ2(s;w)][σ(s;w) · p̂]n+1−2k, n ≥ 0

y²: i−1p̂ · |σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)} = i−1{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w)| · p̂

=
[n/2]∑
k=0

{(c2k+1
n + c2k+2

n )[σ(s;w) · p̂]2 + (c2k
n − c2k+2

n )[σ(s;w) · p̂]2 − c2k+1
n σ2(s;w)}[σ(s;w) · p̂]n−2k−1

=
[n/2]∑
k=0

{(c2k+1
n + c2k+2

n ) + (c2k
n − c2k+2

n )}[σ(s;w) · p̂]n+1−2k −
[n/2]∑
k=0

c2k+1
n σ2(s;w)[σ(s;w) · p̂]n−1−2k

=
[n/2]∑
k=0

c2k+1
n+1 [σ(s;w) · p̂]n+1−2k −

[n/2]+1∑
k=1

c2k−1
n σ2(s;w)[σ(s;w) · p̂]n+1−2k

287



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 116Ù g^�ê�êÆ©Û

=
[(n+1)/2]∑
k=0

c2k+1
n+1 [σ(s;w) · p̂]n+1−2k −

[(n−1)/2]+1∑
k=0

c2k−1
n σ2(s;w)[σ(s;w) · p̂]n+1−2k

=
[(n+1)/2]∑
k=0

[c2k+1
n+1 − c2k−1

n σ2(s;w)][σ(s;w) · p̂]n+1−2k

4 E,g^EÜ�Î�Ï�úª

4.1 i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) Úi−nσ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n �Ï�úª

4.1.1 i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)�Ï�úª

5�4.1.1.

i−0[σ(s;w)× |]0{[σ(s;w) · p̂]σ(s;w)} = [σ(s;w) · p̂]σ(s;w)

i−1[σ(s;w)× |]1{[σ(s;w) · p̂]σ(s;w)} = σ(s;w)[σ(s;w) · p̂] + [σ(s;w) · p̂]σ(s;w)− σ2(s;w)p̂

i−2[σ(s;w)× |]2[σ(s;w) · p̂]σ(s;w) = [2− σ2(s;w)]σ(s;w)[σ(s;w) · p̂] + [1 + σ2(s;w)][σ(s;w) · p̂]σ(s;w)− σ2(s;w)p̂

i−3[σ(s;w)× |]3[σ(s;w) · p̂]σ(s;w)

= [3− σ2(s;w)]σ(s;w)[σ(s;w) · p̂] + [1 + 2σ2(s;w)][σ(s;w) · p̂]σ(s;w)− [1 + σ2(s;w)]σ2(s;w)p̂

i−4[σ(s;w)× |]4[σ(s;w) · p̂]σ(s;w)

= [4− σ4(s;w)]σ(s;w)[σ(s;w) · p̂] + [1 + 3σ2(s;w) + σ4(s;w)][σ(s;w) · p̂]σ(s;w)− [1 + 2σ2(s;w)]σ2(s;w)p̂

5�4.1.2.i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = σ(s;w)[σ(s;w) · p̂]− i−(n+1)[σ(s;w)× |]n+1p̂

i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = [σ(s;w) · p̂]2 − i−(n+1)p̂ · |[σ(s;w)× |]n+1p̂

y²: i−(n+1)[σ(s;w)× |]n+1p̂

= i−n[σ(s;w)× |]ni−1σ(s;w)× p̂
= i−n[σ(s;w)× |]n{σ(s;w)[σ(s;w) · p̂]− [σ(s;w) · p̂]σ(s;w)}
= σ(s;w)[σ(s;w) · p̂]− i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)

⇒ i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = σ(s;w)[σ(s;w) · p̂]− i−(n+1)[σ(s;w)× |]n+1p̂

íØ4.1.1. i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)

= [1− an+1(w)]σ(s;w)[σ(s;w) · p̂]− bn+1(w)[σ(s;w) · p̂]σ(s;w) + cn+1(w)σ2(s;w)p̂

íØ4.1.2. i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)

= [1− an+1(w)]σ(s;w)[σ(s;w) · p̂]− bn+1(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.3. i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = [1− an+1(w)− bn+1(w)][σ(s;w) · p̂]2 + cn+1(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.4. i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = [1− an(w)− 2bn(w)][σ(s;w) · p̂]2 + bn(w)σ2(s;w)p̂, n ≥ 0

4.1.2 i−nσ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n�Ï�úª

5�4.1.3.i−nσ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n = [σ(s;w) · p̂]σ(s;w)− i−(n+1)p̂[| × σ(s;w)]n+1

i−np̂ · |σ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n = [σ(s;w) · p̂]2 − i−(n+1)p̂[| × σ(s;w)]n+1| · p̂

y²: i−(n+1)p̂[| × σ(s;w)]n+1

= i−1p̂× σ(s;w)][| × σ(s;w)]ni−n

= {[σ(s;w) · p̂]σ(s;w)− σ(s;w)[σ(s;w) · p̂]}[| × σ(s;w)]ni−n

= [σ(s;w) · p̂]σ(s;w)− i−nσ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n

⇒ i−nσ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n = [σ(s;w) · p̂]σ(s;w)− i−(n+1)p̂[| × σ(s;w)]n+1
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íØ4.1.5. i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)

= [1− an+1(w)][σ(s;w) · p̂]σ(s;w)− bn+1(w)σ(s;w)[σ(s;w) · p̂] + cn+1(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.6. i−n[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w)

= [1− an+1(w)][σ(s;w) · p̂]σ(s;w)− bn+1(w)σ(s;w)[σ(s;w) · p̂] + bn(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.7. i−np̂ · |σ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n = [1− an+1(w)− bn+1(w)][σ(s;w) · p̂]2 + cn+1(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.8. i−np̂ · |σ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n = [1− an(w)− 2bn(w)][σ(s;w) · p̂]2 + bn(w)σ2(s;w)p̂, n ≥ 0

íØ4.1.9. i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]σ(s;w) = i−np̂ · |σ(s;w)[σ(s;w) · p̂][| × σ(s;w)]n, n ≥ 0

4.2 i−n[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)Úi−nσ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n�Ï�úª

4.2.1 i−n[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)�Ï�úª

½n4.2.1. i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ(s;w)[σ(s;w) · p̂]

−[C2k+2
l+1 bn(w)+C2k+1

l σ2(s;w)bn−1(w)][σ(s;w)·p̂]σ(s;w)+[C2k+2
l+1 σ2(s;w)bn−1(w)+C2k+1

l σ4(s;w)bn−2(w)]p̂}[σ(s;w)·
p̂]l−2k−1

y²: i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}
= i−(n−1)[σ(s;w)× |]n−1i−1σ(s;w)× {[σ(s;w) · p̂]lσ(s;w)}

= i−(n−1)[σ(s;w)× |]n−1
[l/2]∑
k=0

{(C2k+1
l + C2k+2

l )[σ(s;w) · p̂]σ(s;w) + (C2k
l − C2k+2

l )σ(s;w)[σ(s;w) · p̂]

− C2k+1
l σ2(s;w)p̂}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{(C2k+1
l + C2k+2

l ){σ(s;w)[σ(s;w) · p̂]− i−n[σ(s;w)× |]np̂}+ (C2k
l − C2k+2

l )σ(s;w)[σ(s;w) · p̂]

− C2k+1
l σ2(s;w)i−(n−1)[σ(s;w)× |]n−1p̂}}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{−C2k+2
l+1 i−n[σ(s;w)× |]np̂+ C2k+1

l+1 σ(s;w)[σ(s;w) · p̂]

− C2k+1
l σ2(s;w)i−(n−1)[σ(s;w)× |]n−1p̂}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{−C2k+2
l+1 {an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− cn(w)σ2(s;w)p̂}+ C2k+1

l+1 σ(s;w)[σ(s;w) · p̂]

− C2k+1
l σ2(s;w){an−1(w)σ(s;w)[σ(s;w) · p̂] + bn−1(w)[σ(s;w) · p̂]σ(s;w)− cn−1(w)σ2(s;w)p̂}}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[−C2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w) + C2k+1
l+1 ]σ(s;w)[σ(s;w) · p̂]

+[−C2k+2
l+1 bn(w)−C2k+1

l σ2(s;w)bn−1(w)][σ(s;w)·p̂]σ(s;w)+[C2k+2
l+1 cn(w)+C2k+1

l σ2(s;w)cn−1(w)]σ2(s;w)p̂}[σ(s;w)·
p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ(s;w)[σ(s;w) · p̂]

−[C2k+2
l+1 bn(w)+C2k+1

l σ2(s;w)bn−1(w)][σ(s;w)·p̂]σ(s;w)+[C2k+2
l+1 σ2(s;w)cn(w)+C2k+1

l σ4(s;w)cn−1(w)]p̂}[σ(s;w)·
p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ(s;w)[σ(s;w) · p̂]

−[C2k+2
l+1 bn(w)+C2k+1

l σ2(s;w)bn−1(w)][σ(s;w)·p̂]σ(s;w)+[C2k+2
l+1 σ2(s;w)bn−1(w)+C2k+1

l σ4(s;w)bn−2(w)]p̂}[σ(s;w)·
p̂]l−2k−1

íØ4.2.1. i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]2

+ [C2k+2
l+1 σ2(s;w)cn(w) + C2k+1

l σ4(s;w)cn−1(w)]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 [an(w)+bn(w)]−C2k+1

l [1+bn(w)]][σ(s;w)·p̂]2+[C2k+2
l+1 σ2(s;w)cn(w)+C2k+1

l σ4(s;w)cn−1(w)]}[σ(s;w)·
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p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k
l −C2k+2

l+1 [an(w)+bn(w)]−C2k+1
l bn(w)][σ(s;w)·p̂]2+[C2k+2

l+1 σ2(s;w)bn−1(w)+C2k+1
l σ4(s;w)bn−2(w)]}[σ(s;w)·

p̂]l−2k−1

íØ4.2.2. i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 1, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l ][σ(s;w) · p̂]l+1−2k

− bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1

y²: i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]2

+ [C2k+2
l+1 σ2(s;w)cn(w) + C2k+1

l σ4(s;w)cn−1(w)]}[σ(s;w) · p̂]l−2k−1

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]2[σ(s;w) · p̂]l−2k−1

+
[(l−1)/2]∑
k=0

[C2k+2
l+1 σ2(s;w)cn(w) + C2k+1

l σ4(s;w)cn−1(w)][σ(s;w) · p̂]l−2k−1

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]l+1−2k

+
[(l+1)/2]∑
k=1

[C2k
l+1σ

2(s;w)cn(w) + C2k−1
l σ4(s;w)cn−1(w)][σ(s;w) · p̂]l+1−2k

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]l+1−2k

+
[(l+1)/2]∑
k=0

[C2k
l+1σ

2(s;w)cn(w) + C2k−1
l σ4(s;w)cn−1(w)][σ(s;w) · p̂]l+1−2k − σ2(s;w)cn(w)[σ(s;w) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l+1 −C

2k+2
l+1 [an(w)+bn(w)]−C2k+1

l σ2(s;w)[an−1(w)+bn−1(w)]+C2k
l+1σ

2(s;w)cn(w)+C2k−1
l σ4(s;w)cn−1(w)]

[σ(s;w) · p̂]l+1−2k − σ2(s;w)cn(w)[σ(s;w) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l cn+1(w) + C2k

l cn(w)]σ2(s;w) + C2k
l ]

[σ(s;w) · p̂]l+1−2k − cn(w)σ2(s;w)[σ(s;w) · p̂]l+1

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l ][σ(s;w) · p̂]l+1−2k

− bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1

íØ4.2.3. i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 0, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l ][σ(s;w) · p̂]l+1−2k

− bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1

4.2.2 i−nσ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n�Ï�úª

½n4.2.2. i−nσ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)][σ(s;w) · p̂]σ(s;w)

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)]σ(s;w)[σ(s;w) · p̂] + [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)]p̂}

y²: i−nσ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 1, l ≥ 0

= i−(n−1)i−1σ(s;w)[σ(s;w) · p̂]l × σ(s;w)[| × σ(s;w)]n−1

= i−(n−1)
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{(C2k+1
l + C2k+2

l )σ(s;w)[σ(s;w) · p̂]

+ (C2k
l − C2k+2

l )[σ(s;w) · p̂]σ(s;w)− C2k+1
l σ2(s;w)p̂}[| × σ(s;w)]n−1

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{(C2k+1
l + C2k+2

l ){[σ(s;w) · p̂]σ(s;w)− i−np̂[| × σ(s;w)]n}
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+ (C2k
l − C2k+2

l )[σ(s;w) · p̂]σ(s;w)− C2k+1
l σ2(s;w)i−(n−1)p̂[| × σ(s;w)]n−1}}

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{−C2k+2
l+1 i−np̂[| × σ(s;w)]n + C2k+1

l+1 [σ(s;w) · p̂]σ(s;w)

− C2k+1
l σ2(s;w)i−(n−1)p̂[| × σ(s;w)]n−1}

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{−C2k+2
l+1 {an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− cn(w)σ2(s;w)p̂}

+C2k+1
l+1 [σ(s;w)·p̂]σ(s;w)−C2k+1

l σ2(s;w){an−1(w)[σ(s;w)·p̂]σ(s;w)+bn−1(w)σ(s;w)[σ(s;w)·p̂]−cn−1(w)σ2(s;w)p̂}}

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)][σ(s;w) · p̂]σ(s;w)

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)]σ(s;w)[σ(s;w) · p̂] + [C2k+2
l+1 σ2(s;w)cn(w) + C2k+1

l σ4(s;w)cn−1(w)]p̂}

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)][σ(s;w) · p̂]σ(s;w)

− [C2k+2
l+1 bn(w) +C2k+1

l σ2(s;w)bn−1(w)]σ(s;w)[σ(s;w) · p̂] + [C2k+2
l+1 σ2(s;w)bn−1(w) +C2k+1

l σ4(s;w)bn−2(w)]p̂}

íØ4.2.4. i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 [an(w) + bn(w)]− C2k+1

l σ2(s;w)[an−1(w) + bn−1(w)]][σ(s;w) · p̂]2

+ [C2k+2
l+1 σ2(s;w)cn(w) + C2k+1

l σ4(s;w)cn−1(w)]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 [an(w)+bn(w)]−C2k+1

l [1+bn(w)]][σ(s;w)·p̂]2+[C2k+2
l+1 σ2(s;w)cn(w)+C2k+1

l σ4(s;w)cn−1(w)]}[σ(s;w)·

p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k
l −C2k+2

l+1 [an(w)+bn(w)]−C2k+1
l bn(w)][σ(s;w)·p̂]2+[C2k+2

l+1 σ2(s;w)bn−1(w)+C2k+1
l σ4(s;w)bn−2(w)]}[σ(s;w)·

p̂]l−2k−1

íØ4.2.5. i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 0, l ≥ 0

=
[(l+1)/2]∑
k=0

[C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l ][σ(s;w) · p̂]l+1−2k

− bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1

íØ4.2.6. i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)} = i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 0, l ≥ 0

4.2.3 i−nσ(s;w) · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, i−n{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n| · σ(s;w) �Ï�úª

½n4.2.3. i−nσ(s;w) · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)} = i−n{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n| · σ(s;w)

=
[l/2]∑
k=0

[C2k
l σ

2(s;w)− C2k+2
l+1 ][σ(s;w) · p̂]l−2k, n ≥ 1, l ≥ 0

y²: n ≥ 1, l ≥ 0

i−nσ(s;w) · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)} = i−n{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n| · σ(s;w)

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ2(s;w)[σ(s;w) · p̂]

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)]σ(s;w) · [σ(s;w) · p̂]σ(s;w)

+ [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)][σ(s;w) · p̂]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ2(s;w)[σ(s;w) · p̂]

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)][σ2(s;w)− 1][σ(s;w) · p̂]
+ [C2k+2

l+1 σ2(s;w)bn−1(w) + C2k+1
l σ4(s;w)bn−2(w)][σ(s;w) · p̂]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)− C2k+2
l+1 bn(w)− C2k+1

l σ2(s;w)bn−1(w)]σ2(s;w)

+ [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)] + [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)]}[σ(s;w) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 +C2k+2

l+1 kn(w) +C2k+1
l σ2(s;w)kn−1]σ2(s;w) + [C2k+2

l+1 bn+1(w) +C2k+1
l σ2(s;w)bn(w)]}[σ(s;w) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 σ−2(s;w)(bn+1(w)+1)−C2k+1

l (bn(w)+1)]σ2(s;w)+[C2k+2
l+1 bn+1(w)+C2k+1

l σ2(s;w)bn(w)]}[σ(s;w)·
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p̂]l−2k

=
[l/2]∑
k=0

[C2k
l σ

2(s;w)− C2k+2
l+1 ][σ(s;w) · p̂]l−2k

íØ4.2.7. i−nσ(s;w) · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)} = i−n{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n| · σ(s;w)

= σ(s;w) · [σ(s;w) · p̂]lσ(s;w) =
[l/2]∑
k=0

[C2k
l σ

2(s;w)− C2k+2
l+1 ][σ(s;w) · p̂]l−2k, n ≥ 0, l ≥ 0

4.2.4 i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}| · σ(s;w), i−nσ(s;w) · |{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n �Ï�úª

½n4.2.4. i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}| · σ(s;w) = i−nσ(s;w) · |{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n

=
[l/2]∑
k=0

[C2k
l σ

2(s;w)−C2k+2
l+2 +C2k+2

l+1 [an(w)−bn(w)]+C2k+1
l σ2(s;w)[an−1(w)−bn−1(w)]][σ(s;w) · p̂]l−2k, n ≥ 1, l ≥ 0

y²: n ≥ 1, l ≥ 0

i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}| · σ(s;w) = i−nσ(s;w) · |{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ(s;w)[σ(s;w) · p̂] · σ(s;w)

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)][σ(s;w) · p̂]σ2(s;w)

+ [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)][σ(s;w) · p̂]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)][σ2(s;w)− 1][σ(s;w) · p̂]

− [C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)]σ2(s;w)[σ(s;w) · p̂]
+ [C2k+2

l+1 σ2(s;w)bn−1(w) + C2k+1
l σ4(s;w)bn−2(w)][σ(s;w) · p̂]}[σ(s;w) · p̂]l−2k−1

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)− C2k+2
l+1 bn(w)− C2k+1

l σ2(s;w)bn−1(w)]σ2(s;w)

+[−C2k+1
l+1 +C2k+2

l+1 an(w)+C2k+1
l σ2(s;w)an−1(w)]+[C2k+2

l+1 σ2(s;w)bn−1(w)+C2k+1
l σ4(s;w)bn−2(w)]}[σ(s;w)·p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 + C2k+2

l+1 kn(w) + C2k+1
l σ2(s;w)kn−1]σ2(s;w) + [C2k+2

l+1 bn+1(w) + C2k+1
l σ2(s;w)bn(w)]

+ [−C2k+1
l+1 + C2k+2

l+1 [an(w)− bn(w)] + C2k+1
l σ2(s;w)[an−1(w)− bn−1(w)]]}[σ(s;w) · p̂]l−2k

=
[l/2]∑
k=0

{[C2k+1
l+1 −C

2k+2
l+1 σ−2(s;w)(bn+1(w) + 1)−C2k+1

l (bn(w) + 1)]σ2(s;w) + [C2k+2
l+1 bn+1(w) +C2k+1

l σ2(s;w)bn(w)]

+ [−C2k+1
l+1 + C2k+2

l+1 [an(w)− bn(w)] + C2k+1
l σ2(s;w)[an−1(w)− bn−1(w)]]}[σ(s;w) · p̂]l−2k

=
[l/2]∑
k=0

{C2k
l σ

2(s;w)−C2k+2
l+1 +[−C2k+1

l+1 +C2k+2
l+1 [an(w)−bn(w)]+C2k+1

l σ2(s;w)[an−1(w)−bn−1(w)]]}[σ(s;w) · p̂]l−2k

=
[l/2]∑
k=0

[C2k
l σ

2(s;w)− C2k+2
l+2 + C2k+2

l+1 [an(w)− bn(w)] + C2k+1
l σ2(s;w)[an−1(w)− bn−1(w)]][σ(s;w) · p̂]l−2k

5 E,g^EÜ�ÎÏ�úª�,�«Õá¦{

5.1 i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}}Ï�úª�,�«¦{
5.1.1 i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}}�Ï�úª�Á&Úß�

½Â5.1.1. A(1, n) := i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}}, A(1, 0) = σ(s;w) · p̂

íØ5.1.1. σ(s;w)[| × p̂]2k−1 = (−1)k+1σ(s;w)× p̂, σ(s;w)[| × p̂]2k = (−1)k+1[σ(s;w) · p̂]p̂− σ(s;w)

⇒

i2k−1i−1p̂ · {σ(s;w)× {σ(s;w)[| × p̂]2k−1}} = {[σ(s;w) · p̂]2 − σ2(s;w)}

i2ki−1p̂ · {σ(s;w)× {σ(s;w)[| × p̂]2k}} = σ(s;w) · p̂

íØ5.1.2. i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}}

= i−1inp̂ · {σ(s;w)× {σ(s;w)[| × p̂]n}} −
n−1∑
k=0

ckni
−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]kσ(s;w)}}[−σ(s;w) · p̂]n−k

íØ5.1.3.

A(1, n) = {[σ(s;w) · p̂]1+n%2 − (n%2)σ2(s;w)} −
n−1∑
k=0

cknA(1, k)[−σ(s;w) · p̂]n−k, A(1, 0) = −σ(s;w) · p̂
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5�5.1.1.

A(1, 0) = 1[σ(s;w) · p̂]

A(1, 1) = 2[σ(s;w) · p̂]2 − σ2(s;w)

A(1, 2) = 3[σ(s;w) · p̂]3 − [2σ2(s;w)− 1][σ(s;w) · p̂]

A(1, 3) = 4[σ(s;w) · p̂]4 − [3σ2(s;w)− 4][σ(s;w) · p̂]2 − σ2(s;w)

A(1, 4) = 5[σ(s;w) · p̂]5 − [4σ2(s;w)− 10][σ(s;w) · p̂]3 − [4σ2(s;w)− 1][σ(s;w) · p̂]1

A(1, 5) = 6[σ(s;w) · p̂]6 − [5σ2(s;w)− 20][σ(s;w) · p̂]4 − [10σ2(s;w)− 6][σ(s;w) · p̂]2 − σ2(s;w)

#�n��µ

5�5.1.2.

A(1, 0) = c1
1[σ(s;w) · p̂]

A(1, 1) = c1
2[σ(s;w) · p̂]2 − c1

1σ
2(s;w)

A(1, 2) = C1
3 [σ(s;w) · p̂]3 − [c1

2σ
2(s;w)− C3

3 ][σ(s;w) · p̂]

A(1, 3) = C1
4 [σ(s;w) · p̂]4 − [C1

3σ
2(s;w)− C3

4 ][σ(s;w) · p̂]2 − C3
3σ

2(s;w)

A(1, 4) = C1
5 [σ(s;w) · p̂]5 − [C1

4σ
2(s;w)− C3

5 ][σ(s;w) · p̂]3 − [C3
4σ

2(s;w)− C5
5 ][σ(s;w) · p̂]1

A(1, 5) = C1
6 [σ(s;w) · p̂]6 − [C1

5σ
2(s;w)− C3

6 ][σ(s;w) · p̂]4 − [C3
5σ

2(s;w)− C5
6 ][σ(s;w) · p̂]2 − C5

5σ
2(s;w)

ß�5.1.1.

A(1, n) = c1
n+1[σ(s;w) · p̂]n+1 − [c1

nσ
2(s;w)− c3

n+1][σ(s;w) · p̂]n−1 − [c3
nσ

2(s;w)− c5
n+1][σ(s;w) · p̂]n−3 + · · ·

ß�5.1.2. i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}} =
[(n+1)/2]∑
k=0

[c2k+1
n+1 − c2k−1

n σ2(s;w)][σ(s;w) · p̂]n+1−2k, n ≥ 0

e¡^êÆ8B{î�y²±þß�"

5.1.2 i−1p̂ · {σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}}�Ï�úª�êÆ8B{y²

½n5.1.1. A(1, n) =
[(n+1)/2]∑
k=0

[c2k+1
n+1 − c2k−1

n σ2(s;w)][σ(s;w) · p̂]n+1−2k, n ≥ 0

y²: A(1, n+ 1) = {[σ(s;w) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s;w)} −
n∑
l=0

cln+1A(1, l)[−σ(s;w) · p̂]n+1−l

= {[σ(s;w) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s;w)}

−
n∑
l=0

cln+1

[(l+1)/2]∑
k=0

[C2k+1
l+1 − C

2k−1
l σ2(s;w)][σ(s;w) · p̂]l+1−2k[−σ(s;w) · p̂]n+1−l

= {[σ(s;w) · p̂]1+(n+1)%2− (n+ 1)%2σ2(s;w)}−
n∑
l=0

[(l+1)/2]∑
k=0

(−1)n+1−lcln+1[C2k+1
l+1 −C

2k−1
l σ2(s;w)][σ(s;w) · p̂]n+2−2k

= {[σ(s;w) · p̂]1+(n+1)%2 − (n+ 1)%2σ2(s;w)}

−
[(n+1)/2]∑
k=0

n∑
l=2k−1|0

(−1)n+1−lcln+1[C2k+1
l+1 − C

2k−1
l σ2(s;w)][σ(s;w) · p̂]n+2−2k

= {[σ(s;w)·p̂]1+(n+1)%2−(n+1)%2σ2(s;w)}−
[(n+1)/2]∑
k=0

[σ(s;w)·p̂]n+2−2k
n∑

l=2k−1|0
(−1)n−lcln+1[C2k−1

l σ2(s;w)−C2k+1
l+1 ]

=
[(n+1)/2]∑
k=0

[c2k+1
n+1 − c2k−1

n σ2(s;w)][σ(s;w) · p̂]n+1−2k

5.2 i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w) Úi−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]nÏ�úª�,�

«¦{

5.2.1 i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)�Ï�úª

½Â5.2.1. AL(n, l) := i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w), AL(n, 0) = σ(s;w) · p̂
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íØ5.2.1.

i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)

= i−nilp̂ · |[σ(s;w)× |]nσ(s;w)[| × p̂]l −
l−1∑
k=0

Ckl i
−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]kσ(s;w)[−σ(s;w) · p̂]l−k

íØ5.2.2.

i−np̂ · |[σ(s;w)× |]ni2k−1σ(s;w)[| × p̂]2k−1

= −i−(n+1)p̂ · |[σ(s;w)× |]nσ(s;w)× p̂ = −[an+1(w) + bn+1(w)][σ(s;w) · p̂]2 + cn+1(w)σ2(s;w)

i−np̂ · |[σ(s;w)× |]ni2kσ(s;w)[| × p̂]2k

= −i−np̂ · |[σ(s;w)× |]n{[σ(s;w) · p̂]p̂− σ(s;w)} = −[an(w) + bn(w)][σ(s;w) · p̂]3 + [cn(w)σ2(s;w) + 1][σ(s;w) · p̂]

íØ5.2.3. il−n[σ(s;w)× |]nσ(s;w)[| × p̂]l

=


−an+1(w)σ(s;w)[σ(s;w) · p̂]− bn+1(w)[σ(s;w) · p̂]σ(s;w) + cn+1(w)σ2(s;w)p̂, l = 2k − 1

−an(w)σ(s;w)[σ(s;w) · p̂]2 − bn(w)[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + cn(w)σ2(s;w)p̂[σ(s;w) · p̂] + σ(s;w), l = 2k

i−n[σ(s;w)× |]np̂ = an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− cn(w)σ2(s;w)p̂

íØ5.2.4.

il−np̂ · |[σ(s;w)× |]nσ(s;w)[| × p̂]l =

−[an+1(w) + bn+1(w)][σ(s;w) · p̂]2 + cn+1(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + [1 + cn(w)σ2(s;w)][σ(s;w) · p̂], l = 2k

½n5.2.1.
AL(n, l) = il−np̂ · |[σ(s;w)× |]nσ(s;w)[| × p̂]l −

l−1∑
k=0

Ckl AL(n, k)[−σ(s;w) · p̂]l−k, AL(n, 0) = σ(s;w) · p̂

il−np̂ · |[σ(s;w)× |]nσ(s;w)[| × p̂]l =

kn+1[σ(s;w) · p̂]2 + cn+1(w)σ2(s;w), l = 2k − 1; kn(w) = −[an(w) + bn(w)]

kn(w)[σ(s;w) · p̂]3 + [1 + cn(w)σ2(s;w)][σ(s;w) · p̂], l = 2k

íØ5.2.5.

AL(n, 0) = C0
0σ(s;w) · p̂

AL(n, 1) = (c1
1kn+1 + c0

1)[σ(s;w) · p̂]2 + c1
1cn+1(w)σ2(s;w), kn+1 = −[an+1(w) + bn+1(w)]

AL(n, 2) = [c1
2kn+1 + c2

2kn(w) + c0
2][σ(s;w) · p̂]3 + {[c1

2cn+1(w) + c2
2cn(w)]σ2(s;w) + c2

2}[σ(s;w) · p̂]

AL(n, 3) = [C1
3kn+1 + C2

3kn(w) + C0
3 ][σ(s;w) · p̂]4 + {C3

3kn+1 + [C1
3cn+1(w) + C2

3cn(w)]σ2(s;w) + C2
3}[σ(s;w) · p̂]2

+C3
3cn+1(w)σ2(s;w)

AL(n, 4) = [C1
4kn+1 + C2

4kn(w) + C0
4 ][σ(s;w) · p̂]5 + {C3

4kn+1 + C4
4kn(w) + [C1

4cn+1(w) + C2
4cn(w)]σ2(s;w) + C2

4}[σ(s;w) · p̂]3

+{[(C3
4cn+1(w) + C4

4cn(w)]σ2(s;w) + C4
4}[σ(s;w) · p̂]1

½n5.2.2.

AL(n, l) = i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)

=
[(l+1)/2]∑
k=0

{C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l cn+1(w) + C2k

l cn(w)]σ2(s;w) + C2k
l }[σ(s;w) · p̂]l+1−2k

−cn(w)σ2(s;w)[σ(s;w) · p̂]l+1

kn(w) = −[an(w) + bn(w)], n ≥ 0, l ≥ 0

íØ5.2.6.
AL(n, l) = i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w)

=
[(l+1)/2]∑
k=0

{C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l }[σ(s;w) · p̂]l+1−2k

−bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1; kn(w) = −[an(w) + bn(w)], n ≥ 0, l ≥ 0

�±^êÆ8B{î�y²±þ½n§k�2Öþ"
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5.2.2 i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n�Ï�úª

½Â5.2.2. AR(n, l) := i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, AR(n, 0) = σ(s;w) · p̂

5�5.2.1. σ(s;w)[σ(s;w) · p̂]l = il[p̂× |]lσ(s;w)−
l−1∑
k=0

ckn[−σ(s;w) · p̂]l−kσ(s;w)[σ(s;w) · p̂]k

íØ5.2.7. i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n

= il−np̂ · |[p̂× |]lσ(s;w)[| × σ(s;w)]n −
l−1∑
k=0

ckn[−σ(s;w) · p̂]l−ki−np̂ · |σ(s;w)[σ(s;w) · p̂]k[| × σ(s;w)]n

íØ5.2.8. il−n[p̂× |]lσ(s;w)[| × σ(s;w)]n

=


−an+1(w)[σ(s;w) · p̂]σ(s;w)− bn+1(w)σ(s;w)[σ(s;w) · p̂] + cn+1(w)σ2(s;w)p̂, l = 2k − 1

−an(w)[σ(s;w) · p̂]2σ(s;w)− bn(w)[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + cn(w)σ2(s;w)p̂[σ(s;w) · p̂] + σ(s;w), l = 2k

i−np̂[| × σ(s;w)]n = an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− cn(w)σ2(s;w)p̂

íØ5.2.9. il−np̂·|[p̂×|]lσ(s;w)[|×σ(s;w)]n =

−[an+1(w) + bn+1(w)][σ(s;w) · p̂]2 + cn+1(w)σ2(s;w), l = 2k − 1

−[an(w) + bn(w)][σ(s;w) · p̂]3 + [1 + cn(w)σ2(s;w)][σ(s;w) · p̂], l = 2k

½n5.2.3.
AR(n, l) = il−np̂ · |[p̂× |]lσ(s;w)[| × σ(s;w)]n −

l−1∑
k=0

ckn[−σ(s;w) · p̂]l−kAR(n, k), AR(n, 0) = σ(s;w) · p̂

il−np̂ · |[p̂× |]lσ(s;w)[| × σ(s;w)]n =

kn+1[σ(s;w) · p̂]2 + cn+1(w)σ2(s;w), l = 2k − 1; kn(w) = −[an(w) + bn(w)]

kn(w)[σ(s;w) · p̂]3 + [1 + cn(w)σ2(s;w)][σ(s;w) · p̂], l = 2k

�þ!�lÑ�§ÚÐ©^����d§�k±e�Ó�)"

½n5.2.4.
AR(n, l) = i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n

=
[(l+1)/2]∑
k=0

{C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l cn+1(w) + C2k

l cn(w)]σ2(s;w) + C2k
l }[σ(s;w) · p̂]l+1−2k

−cn(w)σ2(s;w)[σ(s;w) · p̂]l+1; kn(w) = −[an(w) + bn(w)], n ≥ 0, l ≥ 0

íØ5.2.10.
AR(n, l) = i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n

=
[(l+1)/2]∑
k=0

{C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l }[σ(s;w) · p̂]l+1−2k

−bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1; kn(w) = −[an(w) + bn(w)], n ≥ 0, l ≥ 0

íØ5.2.11. AL(n, l) = AR(n, l), p̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w) = p̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 0

6 �«Ï�úª®o�(

6.1 Ä�Ï�úª�(

½n6.1.1.
inσ(s;w)[| × p̂]n =

n∑
k=0

ckn[σ(s;w) · p̂]kσ(s;w)[−σ(s;w) · p̂]n−k, n ≥ 0 =

iσ(s;w)× p̂, n = 2k − 1, k ≥ 1

σ(s;w)− [σ(s;w) · p̂]p̂, n = 2k

in[p̂× |]nσ(s;w) =
n∑
k=0

ckn[−σ(s;w) · p̂]n−kσ(s;w)[σ(s;w) · p̂]k, n ≥ 0 =

ip̂× σ(s;w), n = 2k − 1, k ≥ 1

σ(s;w)− [σ(s;w) · p̂]p̂, n = 2k

½n6.1.2.i−n[σ(s;w)× |]np̂ = an(w)σ(s;w)[σ(s;w) · p̂] + bn(w)[σ(s;w) · p̂]σ(s;w)− bn−1(w)σ2(s;w)p̂, n ≥ 0

i−np̂[| × σ(s;w)]n = an(w)[σ(s;w) · p̂]σ(s;w) + bn(w)σ(s;w)[σ(s;w) · p̂]− bn−1(w)σ2(s;w)p̂, n ≥ 0
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½n6.1.3.
[σ(s;w) · p̂]nσ(s;w) = inσ(s;w)[| × p̂]n −

n−1∑
k=0

ckn[σ(s;w) · p̂]kσ(s;w)[−σ(s;w) · p̂]n−k, n ≥ 0

σ(s;w)[σ(s;w) · p̂]n = in[p̂× |]nσ(s;w)−
n−1∑
k=0

ckn[−σ(s;w) · p̂]n−kσ(s;w)[σ(s;w) · p̂]k, n ≥ 0

6.2 Ä��¦.Ï�úª�(

½n6.2.1.

i−1σ(s;w)× {[σ(s;w) · p̂]nσ(s;w)}, n ≥ 0

=
[n/2]∑
k=0

{(c2k+1
n + c2k+2

n )[σ(s;w) · p̂]σ(s;w) + (c2k
n − c2k+2

n )σ(s;w)[σ(s;w) · p̂]− c2k+1
n σ2(s;w)p̂}[σ(s;w) · p̂]n−2k−1

i−1{σ(s;w)[σ(s;w) · p̂]n} × σ(s;w), n ≥ 0

=
[n/2]∑
k=0

[σ(s;w) · p̂]n−2k−1{(c2k+1
n + c2k+2

n )σ(s;w)[σ(s;w) · p̂] + (c2k
n − c2k+2

n )[σ(s;w) · p̂]σ(s;w)− c2k+1
n σ2(s;w)p̂}

6.3 Ä��¦.*ÐÏ�úª�(

½n6.3.1.

i−n[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)}, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)]σ(s;w)[σ(s;w) · p̂]

−[C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)][σ(s;w) · p̂]σ(s;w) + [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)]p̂}[σ(s;w) · p̂]l−2k−1

i−nσ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n, n ≥ 1, l ≥ 0

=
[l/2]∑
k=0

[σ(s;w) · p̂]l−2k−1{[C2k+1
l+1 − C

2k+2
l+1 an(w)− C2k+1

l σ2(s;w)an−1(w)][σ(s;w) · p̂]σ(s;w)

−[C2k+2
l+1 bn(w) + C2k+1

l σ2(s;w)bn−1(w)]σ(s;w)[σ(s;w) · p̂] + [C2k+2
l+1 σ2(s;w)bn−1(w) + C2k+1

l σ4(s;w)bn−2(w)]p̂}

6.4 Ä�IÈ.Ï�úª�(

½n6.4.1.

σ(s;w) · [σ(s;w) · p̂]nσ(s;w) = σ(s;w)[σ(s;w) · p̂]n · σ(s;w) =
[n/2]∑
k=0

[c2k
n σ

2(s;w)− c2k+2
n+1 ][σ(s;w) · p̂]n−2k, n ≥ 0

6.5 Ä�IÈ.*ÐÏ�úª�(

½n6.5.1. inσ(s;w)[| × p̂]n| · p̂ = inp̂ · |[p̂× |]nσ(s;w) = 0, n ≥ 1

½n6.5.2.{
i−np̂ · {[σ(s;w)× |]np̂} = i−n{p̂[| × σ(s;w)]n} · p̂ = −kn(w)[σ(s;w) · p̂]2 + bn−1(w)σ2(s;w), n ≥ 0

½n6.5.3.
AL(n, l) = i−np̂ · |[σ(s;w)× |]n[σ(s;w) · p̂]lσ(s;w) = i−np̂ · |σ(s;w)[σ(s;w) · p̂]l[| × σ(s;w)]n = AR(n, l)

=
[(l+1)/2]∑
k=0

{C2k+1
l kn+1 + C2k+2

l kn(w) + [C2k−1
l bn(w) + C2k

l bn−1(w)]σ2(s;w) + C2k
l }[σ(s;w) · p̂]l+1−2k

−bn−1(w)σ2(s;w)[σ(s;w) · p̂]l+1, n ≥ 0, l ≥ 0

½n6.5.4.
i−nσ(s;w) · |[σ(s;w)× |]n{[σ(s;w) · p̂]lσ(s;w)} = i−n{σ(s;w)[σ(s;w) · p̂]l}[| × σ(s;w)]n| · σ(s;w)

= σ(s;w) · [σ(s;w) · p̂]lσ(s;w) =
[l/2]∑
k=0

[C2k
l σ

2(s;w)− C2k+2
l+1 ][σ(s;w) · p̂]l−2k, n ≥ 0, l ≥ 0

6.6 ����«Ï�úª�&?

|^±þÄ��Ï�úª§�±'�N´/î�í�Ñ�õ!�E,��«Ï�úª§Ø2�3�Kþ�í

�(J"
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7 AÏ�Ï�úª

7.1 'uσ(s;w)��«AÏÏ�úª

5�7.1.1.

p̂ · {σ(s;w)× {[σ(s;w) · p̂]1σ(s;w)}} = 2i[σ(s;w) · p̂]2 − iσ2(s;w)

p̂ · {σ(s;w)× {[σ(s;w) · p̂]2σ(s;w)}} = 3i[σ(s;w) · p̂]2 − i[σ2(s;w)− 1][σ(s;w) · p̂]

½n7.1.1. [σ(s;w) · p̂]p̂ = −i[σ(s;w)× p̂]× [σ(s;w)× p̂]
= σ(s;w)− σ(s;w)[σ(s;w) · p̂]2 − [σ(s;w) · p̂]2σ(s;w) + 2[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]

y²: [σ(s;w) · p̂]p̂ = −i[σ(s;w)× p̂]× [σ(s;w)× p̂]
= iσ(s;w)× |[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂] + [σ(s;w) · p̂]iσ(s;w)[σ(s;w) · p̂]| × σ(s;w)

− iσ(s;w)× |[σ(s;w) · p̂]2σ(s;w) + [σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]
= {−[σ(s;w) · p̂]σ(s;w)− σ(s;w)[σ(s;w) · p̂] + σ2(s;w)p̂}[σ(s;w) · p̂]
+ [σ(s;w) · p̂]{−[σ(s;w) · p̂]σ(s;w)− σ(s;w)[σ(s;w) · p̂] + σ2(s;w)p̂}
+ 3[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]− 2σ2(s;w)p̂[σ(s;w) · p̂] + σ(s;w) + [σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]
= −{[σ(s;w) · p̂]σ(s;w) + σ(s;w)[σ(s;w) · p̂]− σ2(s;w)p̂}[σ(s;w) · p̂]
− [σ(s;w) · p̂]{[σ(s;w) · p̂]σ(s;w) + σ(s;w)[σ(s;w) · p̂]− σ2(s;w)p̂}
+ 3[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]− 2σ2(s;w)p̂[σ(s;w) · p̂] + σ(s;w) + [σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]
= σ(s;w)− σ(s;w)[σ(s;w) · p̂]2 − [σ(s;w) · p̂]2σ(s;w) + 2[σ(s;w) · p̂]σ(s;w)[σ(s;w) · p̂]

7.2 'uσ(s)��«AÏÏ�úª

5�7.2.1.

p̂ · {σ(s)× {[σ(s) · p̂]1σ(s)}} = 2i[σ(s) · p̂]2 − iσ2(s)

p̂ · {σ(s)× {[σ(s) · p̂]2σ(s)}} = 3i[σ(s) · p̂]2 − i[σ2(s)− 1][σ(s) · p̂]

½n7.2.1. [σ(s) · p̂]p̂ = −i[σ(s)× p̂]× [σ(s)× p̂] = σ(s)− σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]

7.3 'uσ(s)AÏÏ�úª�íØ

íØ7.3.1. [1− (h− h′)2]λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = δhh′hp̂

y²: λ+(p̂, h; s)[σ(s) · p̂]p̂λ(p̂, h′; s)

= λ+(p̂, h; s){σ(s)− σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]}λ(p̂, h′; s)

⇔ [1− (h− h′)2]λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = δhh′hp̂

íØ7.3.2. [σ(s) · p̂]np̂i1 p̂i2 · ·p̂in =

{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}
{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}
· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}

íØ7.3.3. [2σ · p̂]np̂i1 p̂i2 · ·p̂in = {σi1 + [σ · p̂]σi1 [σ · p̂]}{σi2 + [σ · p̂]σi2 [σ · p̂]} · ·{σin + [σ · p̂]σin [σ(s) · p̂]}

íØ7.3.4. 1
4
p̂ip̂j

= { 1
4
σi + 1

4
[σ · p̂]σi[σ · p̂]}{ 1

4
σj + 1

4
[σ · p̂]σj [σ · p̂]}

= 1
16
{σiσj + [σ · p̂]σi[σ · p̂]σj + σi[σ · p̂]σj [σ · p̂] + [σ · p̂]σiσj [σ · p̂]}

y²: λ+(p̂, h; s)[σ(s) · p̂]np̂i1 p̂i2 · ·p̂inλ(p̂, h′; s)

= λ+(p̂, h; s)

{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}
{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}λ(p̂, h′; s)
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· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}
λ(p̂, h′; s)

= λ+(p̂, h; s)

{σi1(s)− σi1(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi1(s) + 2[σ(s) · p̂]σi1(s)[σ(s) · p̂]}λ(p̂, h′; s)
−s∑
h1=s

λ(p̂, h1; s)λ+(p̂, h1; s)

{σi2(s)− σi2(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σi2(s) + 2[σ(s) · p̂]σi2(s)[σ(s) · p̂]}
−s∑
h2=s

λ(p̂, h2; s)λ+(p̂, h2; s)

· · · · · ·
{σin(s)− σin(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σin(s) + 2[σ(s) · p̂]σin(s)[σ(s) · p̂]}
λ(p̂, h′; s)

½n7.3.1. [σ(s) · p̂]p̂
= σ(s)[σ(s) · p̂]2 − [σ(s) · p̂]2σ(s) + 2[σ(s) · p̂]σ(s)[σ(s) · p̂]

= σ(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσ(s)[σ(s) · p̂]2−k

íØ7.3.5. [σ(s) · p̂]np̂i1 p̂i2 · ·p̂in =

{σi1(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσi1(s)[σ(s) · p̂]2−k}

{σi2(s)−
2∑
k=0

Ck2 [−σ(s) · p̂]kσi2(s)[σ(s) · p̂]2−k}
· · · · · ·
{σin(s)−

2∑
k=0

Ck2 [−σ(s) · p̂]kσin(s)[σ(s) · p̂]2−k}

íØ7.3.6. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς) = (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s
2
(δij − p̂ip̂j − iςεijkp̂k)]

íØ7.3.7. λ+(p̂, h; s)σi(s)[σ(s) · p̂]nσj(s)λ(p̂, h′; s) =???
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1 ü ¥þ��m^=C�

1.1 g^-1^þ��m^=C�

5�1.1.1. e
~ϑ·Ω̄(1) = 1 + sinh

√
~ϑ2√

~ϑ2
[~ϑ · Ω̄(1)] + cosh

√
~ϑ2−1

~ϑ2
[~ϑ · Ω̄(1)]2

⇒ ei~ω·γ = 1 + iω̂ · γsinω + (iω̂ · γ)2(1− cosω), ω := |~ω|

íØ1.1.1. ei~ω·γ = 1 + sinω

[
0 ω̂z −ω̂y
−ω̂z 0 ω̂x
ω̂y −ω̂x 0

]
+ (1− cosω)

[
ω̂2
x−1 ω̂xω̂y ω̂xω̂z

ω̂yω̂x ω̂2
y−1 ω̂yω̂z

ω̂zω̂x ω̂zω̂y ω̂2
z−1

]

íØ1.1.2. ei~ω·σ(1) = 1 + iω̂ · σ(1)sinω + [iω̂ · σ(1)]2(1− cosω)

1.2 ü ¥þp̂��m^=C�

½Â1.2.1. ω̂+ := 1√
2
(ω̂x + iω̂y), ω̂− := 1√

2
(ω̂x − iω̂y), p̂+ := 1√

2
(p̂x + ip̂y), p̂− := 1√

2
(p̂x − ip̂y)

½n1.2.1. p̂ = exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}
[

0
0
1

]
, 0 ≤ arccosp̂z ≤ π

y²: p̂ = ei~ω·γ
[

0
0
1

]
=
[

0
0
1

]
+ sinω

[−ω̂y
ω̂x
0

]
+ (1− cosω)

[
ω̂xω̂z
ω̂yω̂z

ω̂2
z−1

]

⇔


p̂x = −ω̂ysinω + ω̂xω̂z(1− cosω)

p̂y = ω̂xsinω + ω̂yω̂z(1− cosω)

p̂z = 1 + (ω̂2
z − 1)(1− cosω)

ω̂z=0⇒


p̂x = −ω̂ysinω

p̂y = ω̂xsinω

p̂z = cosω

⇐


ω̂x = p̂y√

1−p̂2
z

ω̂y = −p̂x√
1−p̂2

z

ω̂z = 0, 0 ≤ ω = arccosp̂z ≤ π

⇒ p̂ = exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}
[

0
0
1

]
, 0 ≤ arccosp̂z ≤ π

5�1.2.1.


ω̂ · γ ω̂z=0

= γxω̂x + γyω̂y = γxp̂y−γy p̂x√
1−p̂2

z

= (γ×p̂)z√
1−p̂2

z

~ω · γ ω̂z=0
= (γ×p̂)z√

1−p̂2
z

arccosp̂z, 0 ≤ arccosp̂z ≤ π

5�1.2.2. ei~ω·γ
ω̂z=0
= exp{i (γ×p̂)z√

1−p̂2
z

arccosp̂z} = 1 + i(γ × p̂)z − (γ × p̂)2
z/(1 + p̂z), 0 ≤ arccosp̂z ≤ π

1.3 Wigner SO(2)�+

5�1.3.1. p̂ = eiωzγz
[

0
0
1

]
=
[

0
0
1

]
1.4 ü ¥þp̂âÔ[íÄC� [26]��m^=C���d5

íØ1.4.1. p̂′ = [p̂+ γv~v + (γv − 1)(~v · p̂)~v/v2]/[γv(1 + ~v · p̂)]

íØ1.4.2. p̂ = [
[

0
0
1

]
+ γv~v + (γv − 1)(~v ·

[
0
0
1

]
)~v/v2]/[γv(1 + ~v ·

[
0
0
1

]
)] = [1 + i(γ × p̂)z − (γ × p̂)2

z/(1 + p̂z)]
[

0
0
1

]
íØ1.4.3. e−ςln[γv(1+v)]v̂·σ(s), exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}

299



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 117Ù Ú^Ý�êÆ©Û

2 Ú^Ýσ(1
2) · p̂��¼ê�©Û

2.1 Ú^Ýσ(1
2
) · p̂��¼ê�äN¦{ [41]

½Â2.1.1. σ( 1
2
) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2
, 1

2

íØ2.1.1. e
~ϑ·σ

2 = cosh 1
2

√
~ϑ2 +

sinh
1
2

√
~ϑ2

√
~ϑ2

~ϑ · σ ⇒ ei~ω·
σ
2 = cos 1

2
ω + iω̂ · σsin 1

2
ω = (1+p̂z)+i(σ×p̂)z√

2(1+p̂z)

íØ2.1.2. iω̂ · σ = i{

[
0 ω̂x

ω̂x 0

]
+

[
0 −iω̂y
iω̂y 0

]
+

[
ω̂z 0

0 −ω̂z

]
} = i

[
ω̂z

√
2ω̂−√

2ω̂+ −ω̂z

]
ω̂z=0
= i
√

2

[
0 ω̂−

ω̂+ 0

]

íØ2.1.3. ei~ω·
σ
2
ω̂z=0
= cos 1

2
ω + iω̂ · σsin 1

2
ω =

[
cos 1

2
ω i

√
2ω̂−sin

1
2
ω

i
√

2ω̂+sin
1
2
ω cos1

2
ω

]

íØ2.1.4.



λ(p̂, 1
2
) = ei~ω·σ(

1
2

)

1

0

 =

 cos 1
2
ω

i
√

2ω̂+sin
1
2
ω

 = 1√
1+p̂z

 1√
2
(1 + p̂z)

p̂+

 , λ(−p̂, 1
2
) = − p̂+√

p̂+p̂−
λ(p̂,− 1

2
)

λ(p̂,− 1
2
) = ei~ω·σ(

1
2

)

0

1

 =

i√2ω̂−sin
1
2
ω

cos 1
2
ω

 = 1√
1+p̂z

 −p̂−
1√
2
(1 + p̂z)

 , λ(−p̂,− 1
2
) = p̂−√

p̂+p̂−
λ(p̂, 1

2
)

λ(p̂, 1
2
) = iσyλ

∗(p̂,− 1
2
), λ(p̂,− 1

2
) = −iσyλ∗(p̂, 1

2
)

íØ2.1.5.



λ(p̂, 1
2
)λ+(p̂, 1

2
) = 1

2
(σ · p̂+ I) = 1

2
(σ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2
)λ+(p̂,− 1

2
) = − 1

2
(σ · p̂− I) = − 1

2
(σ, i)ap̂a

λ(p̂, 1
2
)λ+(p̂,− 1

2
) = 1

2
(σ · p̂+ I)iσy = 1

2
(σ, i)ap̂aiσy

λ(p̂,− 1
2
)λ+(p̂, 1

2
) = − 1

2
(σ · p̂+ I)iσy = − 1

2
(σ, i)ap̂aiσy

2.2 Ú^Ýσ(1
2
) · p̂��¼ê���5���5

íØ2.2.1. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ+(p̂, h) = 1,
− 1

2∑
h=

1
2

hλ(p̂, h)λ+(p̂, h) = σ( 1
2
) · p̂

2.3 Ú^Ýσ(1
2
) · p̂��¼ê�,ü�Î

½n2.3.1.
ei~ω·

σ
2 σxe

−i~ω·σ
2 = σx − p̂x (σ·p̂+σz)

(1+p̂z)

ei~ω·
σ
2 σye

−i~ω·σ
2 = σy − p̂y (σ·p̂+σz)

(1+p̂z)

ei~ω·
σ
2 σze

−i~ω·σ
2 = σ · p̂

y²: ei~ω·
σ
2 σxe

−i~ω·σ
2 = (e−i~ω·γ)x

kσk

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

σx
(1+p̂z)−i(σxp̂y−σy p̂x)√

2(1+p̂z)

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

(1+p̂z)−i(σxp̂y+σy p̂x)√
2(1+p̂z)

σx

= (1+p̂z)2−2i(1+p̂z)σy p̂x+(σxp̂y−σy p̂x)(σxp̂y+σy p̂x)

2(1+p̂z)
σx

=
(1+p̂z)2−2i(1+p̂z)σy p̂x+p̂2

y−p̂
2
x+2iσz p̂xp̂y

2(1+p̂z)
σx

= 2(1+p̂z)−2i(1+p̂z)σy p̂x−2p̂2
x+2iσz p̂xp̂y

2(1+p̂z)
σx

= (1+p̂z)(σx−p̂xσz)−p̂x(p̂xσx+p̂yσy)

(1+p̂z)

= σx+p̂zσx−p̂xσz−p̂x(σ·p̂)
(1+p̂z)

= σx − p̂x (σ·p̂+σz)
(1+p̂z)

= σx−(σ×p̂)y−p̂x(σ·p̂)
(1+p̂z)
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y²: ei~ω·
σ
2 σye

−i~ω·σ
2 = (e−i~ω·γ)y

kσk

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

σy
(1+p̂z)−i(σxp̂y−σy p̂x)√

2(1+p̂z)

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

(1+p̂z)+i(σxp̂y+σy p̂x)√
2(1+p̂z)

σy

= (1+p̂z)2+2i(1+p̂z)σxp̂y−(σxp̂y−σy p̂x)(σxp̂y+σy p̂x)

2(1+p̂z)
σy

=
(1+p̂z)2+2i(1+p̂z)σxp̂y+p̂2

x−p̂
2
y−2iσz p̂xp̂y

2(1+p̂z)
σy

=
2(1+p̂z)+2i(1+p̂z)σxp̂y−2p̂2

y−2iσz p̂xp̂y

2(1+p̂z)
σy

= (1+p̂z)(σy−p̂yσz)−p̂y(p̂xσx+p̂yσy)

(1+p̂z)

= σy+p̂zσy−p̂yσz−p̂y(σ·p̂)
(1+p̂z)

= σy − p̂y (σ·p̂+σz)
(1+p̂z)

= σy+(σ×p̂)x−p̂y(σ·p̂)
(1+p̂z)

y²: ei~ω·
σ
2 σze

−i~ω·σ
2 = (e−i~ω·γ)z

kσk

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

σz
(1+p̂z)−i(σxp̂y−σy p̂x)√

2(1+p̂z)

= (1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

(1+p̂z)+i(σxp̂y−σy p̂x)√
2(1+p̂z)

σz

= (1+p̂z)2+2i(1+p̂z)(σxp̂y−σy p̂x)−(σxp̂y−σy p̂x)2

2(1+p̂z)
σz

=
(1+p̂z)2+2i(1+p̂z)(σxp̂y−σy p̂x)−(p̂2

x+p̂2
y)

2(1+p̂z)
σz

= [p̂z + i(σxp̂y − σyp̂x)]σz

= σ · p̂

íØ2.3.1.
ei~ω·

σ
2 (σx + iσy)e

−i~ω·σ
2 = (σx + iσy)− (p̂x+ip̂y)

(1+p̂z)
(σ · p̂+ σz)

ei~ω·
σ
2 (σx − iσy)e−i~ω·

σ
2 = (σx − iσy)− (p̂x−ip̂y)

(1+p̂z)
(σ · p̂+ σz)

ei~ω·
σ
2 σze

−i~ω·σ
2 = σ · p̂

íØ2.3.2.

{[σx( 1
2
) + iσy(

1
2
)]− (p̂x+ip̂y)

(1+p̂z)
[σ( 1

2
) · p̂+ σz(

1
2
)]}λ(p̂, 1

2
) = 0

{[σx( 1
2
) + iσy(

1
2
)]− (p̂x+ip̂y)

(1+p̂z)
[σ( 1

2
) · p̂+ σz(

1
2
)]}λ(p̂,− 1

2
) = λ(p̂, 1

2
)

{[σx( 1
2
)− iσy( 1

2
)]− (p̂x−ip̂y)

(1+p̂z)
[σ( 1

2
) · p̂+ σz(

1
2
)]}λ(p̂, 1

2
) = λ(p̂,− 1

2
)

{[σx( 1
2
)− iσy( 1

2
)]− (p̂x−ip̂y)

(1+p̂z)
[σ( 1

2
) · p̂+ σz(

1
2
)]}λ(p̂,− 1

2
) = 0

2.4 Ú^Ýσ(1
2
) · p̂��¼ê�Ä�5�

5�2.4.1. λ∗(p̂,− ς
2
) ≡ −iςσyλ(p̂, ς

2
), λ+(p̂,− ς

2
) ≡ iςλT (p̂, ς

2
)σy

2.5 Ú^Ýσ(1
2
) · p̂��¼ê�E,5�

5�2.5.1. λ+(p̂,− ς
2
)(σ,−iς)aλ(p̂,− ς

2
) = −ςp̂a, λT (p̂, ς

2
)σy(σ,−iς)aλ(p̂,− ς

2
) = ip̂a

5�2.5.2. λ+(p̂,− ς
2
)(σ,−iς)aλ(p̂, ς

2
) =


p̂xp̂z−iςp̂y
p̂x−iςp̂y
p̂y p̂z+iςp̂x
p̂x−iςp̂y
−p̂x−iςp̂y

0

 , λT (p̂, ς
2
)(σ, 1)λ(p̂, ς

2
) =


ςp̂x+ip̂y

0
ςp̂xp̂z−ip̂y
p̂x−iςp̂y
p̂x−iςp̂y p̂z
p̂x−iςp̂y



5�2.5.3. λ+(p̂,− ς
2
)σiλ(p̂, ς

2
) =

 p̂xp̂z−iςp̂y
p̂x−iςp̂y
p̂y p̂z+iςp̂x
p̂x−iςp̂y
−p̂x−iςp̂y

 =


p̂xp̂z−iςp̂yδxx+iςp̂xδxy−δxz

p̂x−iςp̂y
p̂y p̂z−iςp̂yδyx+iςp̂xδyy−δyz

p̂x−iςp̂y
p̂z p̂z−iςp̂yδyx+iςp̂xδyy−δzz

p̂x−iςp̂y

 = (p̂ip̂z−δiz)−iς(p̂yδix−p̂xδiy)

p̂x−iςp̂y

5�2.5.4. λT (p̂, ς
2
)(σ, 1)λ(p̂,− ς

2
) =

[
p̂z
−iς
−p̂x
ip̂y

]
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5�2.5.5. λ(p̂,− ς
2
)λT (p̂,− ς

2
) =

[
− 1√

2
p̂− −

1
2

(ς−p̂z)

1
2

(ς+p̂z)
1√
2
p̂+

]

5�2.5.6. λ(p̂,− ς
2
)λT (p̂, ς

2
) =

[
− 1√

2
p̂− −

1
2

(ς−p̂z)

1
2

(ς+p̂z)
1√
2
p̂+

]
= i

2
(σ · p̂− ςI)σy = i

2
(σ, iς)ap̂aσy

5�2.5.7. λ(p̂,− ς
2
)λ+(p̂,− ς

2
) = − ς

2
(σ, iς)ap̂a, λ(p̂,− ς

2
)λT (p̂, ς

2
) = i

2
(σ, iς)ap̂aσy

5�2.5.8.

λ(p̂, 1
2
)λ+(p̂, 1

2
) + λ(p̂,− 1

2
)λ+(p̂,− 1

2
) = I, λ(p̂, 1

2
)λ+(p̂, 1

2
)− λ(p̂,− 1

2
)λ+(p̂,− 1

2
) = σ · p̂

λ(p̂, 1
2
)λT (p̂,− 1

2
)− λ(p̂,− 1

2
)λT (p̂, 1

2
) = iσy, λ(p̂, 1

2
)λT (p̂,− 1

2
) + λ(p̂,− 1

2
)λT (p̂, 1

2
) = iσ · p̂σy

3 Ú^Ýσ(1) · p̂��¼ê�©Û
3.1 Ú^Ýσ(1) · p̂��¼ê�äN¦{I

íØ3.1.1. σ(1) · p̂λ(p̂, h; 1) = hλ(p̂, h; 1), h = −1, 0, 1

íØ3.1.2. iω̂ · σ(1) = i{ 1√
2

[
0 ω̂x 0
ω̂x 0 ω̂x
0 ω̂x 0

]
+ i√

2

[
0 −ω̂y 0
ω̂y 0 −ω̂y
0 ω̂y 0

]
+
[
ω̂z 0 0
0 0 0
0 0 −ω̂z

]
} = i

 ω̂z
1√
2

(ω̂x−iω̂y) 0

1√
2

(ω̂x+iω̂y) 0
1√
2

(ω̂x−iω̂y)

0
1√
2

(ω̂x+iω̂y) −ω̂z


íØ3.1.3. iω̂ · σ(1) = i

[
ω̂z ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ −ω̂z

]
ω̂z=0
= i

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]

íØ3.1.4. [iω̂ · σ(1)]2 = −
[
ω̂z ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ −ω̂z

]2

= −

[ 1
2

(ω̂2
z+1) ω̂zω̂− ω̂2

−
ω̂zω̂+ 2ω̂+ω̂− −ω̂zω̂−
ω̂2

+ −ω̂zω̂+
1
2

(ω̂2
z+1)

]
ω̂z=0
= −

[
1
2

0 ω̂2
−

0 1 0

ω̂2
+ 0

1
2

]

íØ3.1.5. ei~ω·σ(1) ω̂z=0
= 1 + iω̂ · σ(1)sinω + [iω̂ · σ(1)]2(1− cosω) = 1 + isinω

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]
− (1− cosω)

[
1
2

0 ω̂2
−

0 1 0

ω̂2
+ 0

1
2

]

íØ3.1.6. ei~ω·σ(1) ω̂z=0
= 1 + isinω

[
0 ω̂− 0
ω̂+ 0 ω̂−
0 ω̂+ 0

]
− (1− cosω)

[
1
2

0 ω̂2
−

0 1 0

ω̂2
+ 0

1
2

]
=

[ 1
2

(1+cosω) iω̂−sinω −ω̂2
−(1−cosω)

iω̂+sinω cosω iω̂−sinω

−ω̂2
+(1−cosω) iω̂+sinω

1
2

(1+cosω)

]

íØ3.1.7. ei~ω·σ(1) = exp{i [σ(1)×p̂]z√
1−p̂2

z

arccosp̂z} = 1 + i[σ(1)× p̂]z − [σ(1)× p̂]2z/(1 + p̂z), 0 ≤ arccosp̂z ≤ π

íØ3.1.8. σ(1) · p̂ = ei~ω·σ(1)σz(1)e−i~ω·σ(1)

íØ3.1.9.

λ(p̂, 1; 1) = ei~ω·σ(1)
[

1
0
0

]
=

[
1
2

(1+cosω)

iω̂+sinω

−ω̂2
+(1−cosω)

]
=

[
1
2

(1+p̂z)

p̂+

p̂2
+/(1+p̂z)

]
= 1

p̂−

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
, λ(−p̂, 1; 1) = p̂+

p̂−
λ(p̂,−1; 1)

λ(p̂, 0; 1) = ei~ω·σ(1)
[

0
1
0

]
=
[
iω̂−sinω
cosω

iω̂+sinω

]
=

[
−p̂−
p̂z
p̂+

]
, λ(−p̂, 0; 1) = −λ(p̂, 0; 1)

λ(p̂,−1; 1) = ei~ω·σ(1)
[

0
0
1

]
=

[
−ω̂2
−(1−cosω)

iω̂−sinω
1
2

(1+cosω)

]
=

[
p̂2
−/(1+p̂z)

−p̂−
1
2

(1+p̂z)

]
= 1

p̂+

[ 1
2
p̂−(1−p̂z)

−p̂+p̂−
1
2
p̂+(1+p̂z)

]
, λ(−p̂,−1; 1) = p̂−

p̂+
λ(p̂, 1; 1)

3.2 Ú^Ýσ(1) · p̂��¼ê�äN¦{II

½n3.2.1. λ(p̂, h; 1) =
√
C1−h

2 Γ̄(1)

1+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

1−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

3.3 Ú^Ýσ(1) · p̂��¼ê��5���5��y
íØ3.3.1. λ+(p̂, h; 1)λ(p̂, h′; 1) = δhh′

íØ3.3.2. λ(p̂, 1; 1)λ+(p̂, 1; 1) = 1
2

 1
2

(1+cosω)2 −iω̂−sinω(1+cosω) −ω̂2
−sin

2ω

iω̂+sinω(1+cosω) sin2ω −iω̂−sinω(1−cosω)

−ω̂2
+sin

2ω iω̂+sinω(1−cosω)
1
2

(1−cosω)2
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íØ3.3.3. λ(p̂, 0; 1)λ+(p̂, 0; 1) =

 1
2
sin2ω iω̂−sinωcosω ω̂2

−sin
2ω

−iω̂+sinωcosω cos2ω −iω̂−sinωcosω

ω̂2
+sin

2ω iω̂+sinωcosω
1
2
sin2ω


íØ3.3.4. λ(p̂,−1; 1)λ+(p̂,−1; 1) = 1

2

 1
2

(1−cosω)2 iω̂−sinω(1−cosω) −ω̂2
−sin

2ω

−iω̂+sinω(1−cosω) sin2ω iω̂−sinω(1+cosω)

−ω̂2
+sin

2ω −iω̂+sinω(1+cosω)
1
2

(1+cosω)2


íØ3.3.5.

−1∑
h=1

λ(p̂, h; 1)λ+(p̂, h; 1) = 1

íØ3.3.6. λας (p̂,−ς; 1)λ+
α′ς

(p̂,−ς; 1) = 1
2
[(−1)h(2− |h|)[S+

m(1)p̂p̂TSm(1)]AςA′ς + hσk(1)AςA′ς p̂k + |h|δAςA′ς ]

3.4 Ú^Ýσ(1) · p̂��¼ê���5���5

íØ3.4.1. λ+(p̂, h; 1)λ(p̂, h′; 1) = δhh′ ,
−1∑
h=1

λ(p̂, h; 1)λ+(p̂, h; 1) = 1,
−1∑
h=1

hλ(p̂, h; 1)λ+(p̂, h; 1) = σ(1) · p̂

4 Ú^Ýγ · p̂��¼ê�©Û
4.1 Ú^Ýγ · p̂��¼ê

íØ4.1.1. Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
, S+

m(1) = 1√
2

[
−i −1 0

0 0 i
√

2
i −1 0

]
, Sm(1)S+

m(1) = S+
m(1)Sm(1) = I3

íØ4.1.2.



λ(p̂, 1; 1) = ei~ω·σ(1)
[

1
0
0

]
=

[
1
2

(1+cosω)

iω̂+sinω

−ω̂2
+(1−cosω)

]
=

[
1
2

(1+p̂z)

p̂+

p̂2
+/(1+p̂z)

]
= 1

p̂−

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
, λ(−p̂, 1; 1) = p̂+

p̂−
λ(p̂,−1; 1)

λ(p̂, 0; 1) = ei~ω·σ(1)
[

0
1
0

]
=
[
iω̂−sinω
cosω

iω̂+sinω

]
=

[
−p̂−
p̂z
p̂+

]
, λ(−p̂, 0; 1) = −λ(p̂, 0; 1)

λ(p̂,−1; 1) = ei~ω·σ(1)
[

0
0
1

]
=

[
−ω̂2
−(1−cosω)

iω̂−sinω
1
2

(1+cosω)

]
=

[
p̂2
−/(1+p̂z)

−p̂−
1
2

(1+p̂z)

]
= 1

p̂+

[ 1
2
p̂−(1−p̂z)

−p̂+p̂−
1
2
p̂+(1+p̂z)

]
, λ(−p̂,−1; 1) = p̂−

p̂+
λ(p̂, 1; 1)

íØ4.1.3. γ · p̂λm(p̂, h; 1) = hλm(p̂, h; 1), λm(p̂, h; 1) = Sm(1)λ(p̂, h; 1), h = −1, 0, 1

íØ4.1.4.



λm(p̂, 1; 1) = Sm(1)λ(p̂, 1; 1) = ei~ω·γ 1√
2

[
i
−1
0

]
= 1

2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = Sm(1)λ(p̂, 0; 1) = ei~ω·γ
[

0
0
−i

]
= −i

[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = Sm(1)λ(p̂,−1; 1) = ei~ω·γ 1√
2

[
−i
−1
0

]
= 1

2p̂+

[
−i(p̂xp̂z+ip̂y)

−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λm(p̂, 1; 1)

íØ4.1.5. γ · p̂ = ei~ω·γγze
−i~ω·γ

Ún4.1.1. λ+
m(−p̂, 1; 1)

[
−p̂z
−i
p̂x

]
= 0, λ+

m(−p̂, 1; 1)
[ i
−p̂z
p̂y

]
= 0, λ+

m(−p̂,−1; 1)
[−p̂z

i
p̂x

]
= 0, λ+

m(−p̂,−1; 1)

[
−i
−p̂z
p̂y

]
= 0

íØ4.1.6.



λm(p̂, 1; 1) = 1
2p̂−
{−ip̂x

[
−p̂z
−i
p̂x

]
− ip̂y

[
i
−p̂z
p̂y

]
}

λm(p̂, 0; 1) = −i
[
p̂x
p̂y
p̂z

]
= −ip̂

λm(p̂,−1; 1) = 1
2p̂+
{ip̂x

[
−p̂z
i
p̂x

]
+ ip̂y

[
−i
−p̂z
p̂y

]
}

íØ4.1.7.


λm(

[
0
0
1

]
, 1; 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0; 1) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1; 1) = 1√

2

[
−i
−1
0

]
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4.2 Ú^Ýγ · p̂��¼ê�Ä�5�
íØ4.2.1. λm(p̂,−1; 1) = λ∗m(p̂, 1; 1), λm(p̂, 0; 1) = −λ∗m(p̂, 0; 1), λm(p̂, 1; 1) = λ∗m(p̂,−1; 1)

íØ4.2.2.
λm(p̂,−1; 1)× λm(p̂, 0; 1) = −λm(p̂,−1; 1), λm(p̂, 0; 1)× λm(p̂, 1; 1) = −λm(p̂, 1; 1), λm(p̂, 1; 1)× λm(p̂,−1; 1) = λm(p̂, 0; 1),

λm(p̂, ς; 1) · λm(p̂, ς; 1) = 0, λm(p̂, 0; 1) · λm(p̂, ς; 1) = 0, λm(p̂, h; 1)× λm(p̂, h; 1) = 0

λm(p̂, 0; 1) · λm(p̂, 0; 1) = −1, λm(p̂, ς; 1) · λm(p̂,−ς; 1) = 1

4.3 Ú^Ýγ · p̂��¼ê���5���5

íØ4.3.1. λ+
m(p̂, h)λm(p̂, h′) = δhh′ ,

−1∑
h=1

λm(p̂, h)λ+
m(p̂, h) = 1,

−1∑
h=1

hλm(p̂, h)λ+
m(p̂, h) = γ · p̂

4.4 Ú^Ýγ · p̂��¼ê�E,5�

íØ4.4.1.



γλm(p̂, 1; 1) = 1
2p̂−

γ

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
= 1

2p̂−
{
[

0
−2(p̂+p̂−)
−i(p̂x−ip̂y p̂z)

]
,

[
2(p̂+p̂−)

0
(p̂xp̂z−ip̂y)

]
,

[
i(p̂x−ip̂y p̂z)

−1(p̂xp̂z−ip̂y)
0

]
}

γλm(p̂, 0; 1) = −iγ
[
p̂x
p̂y
p̂z

]
= {
[

0
−p̂z
p̂y

]
,

[
p̂z
0
−p̂x

]
,

[
−p̂y
p̂x
0

]
}

γλm(p̂,−1; 1) = 1
2p̂+

γ

[
−i(p̂xp̂z+ip̂y)

−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
= 1

2p̂+
{
[

0
2(p̂+p̂−)

−i(p̂x+ip̂y p̂z)

]
,

[
−2(p̂+p̂−)

0
−(p̂xp̂z+ip̂y)

]
,

[
i(p̂x−ip̂y p̂z)

1(p̂xp̂z+ip̂y)
0

]
}

íØ4.4.2.


λ+
m(p̂, 1; 1)γλm(p̂, 1; 1) = {p̂x, p̂y, p̂z} = 1 · p̂

λ+
m(p̂, 0; 1)γλm(p̂, 0; 1) = {0, 0, 0} = 0 · p̂

λ+
m(p̂,−1; 1)γλm(p̂,−1; 1) = {−p̂x,−p̂y,−p̂z} = −1 · p̂


λ+
m(−p̂, 1; 1)γλm(p̂, 1; 1) = 0

λ+
m(−p̂, 0; 1)γλm(p̂, 0; 1) = 0

λ+
m(−p̂,−1; 1)γλm(p̂,−1; 1) = 0

íØ4.4.3. λ+
m(p̂, h)γλm(p̂, h) = h{p̂x, p̂y, p̂z} = hp̂, λ+

m(−p̂, h)γλm(p̂, h) = 0, λ+
m(p̂,−h)γλm(p̂, h) = 0

íØ4.4.4. σabαςα′ςpapb = −2|~p|2λmας (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)

y²: σabαςα′ςpapb

= pαςpα′ς + ςγkαςα′ςpk|~p| − δαςα′ς |~p|
2

= pαςpα′ς + ς|~p|γkας βςpkδβςα′ς − δαςα′ς |~p|
2

= λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1)|~p|2 + ς|~p|γkας βςpk
−1∑
h=1

λmβς (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2

= λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1)|~p|2 + ς|~p|[ς|~p|λmβς (p̂, ς; 1)λ+
mα′ς

(p̂, ς; 1)− ς|~p|λmβς (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)]− δαςα′ς |~p|
2

= |~p|2
−1∑
h=1

λmας (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2 − 2|~p|2λmας (p̂,−ς; 1)λ+

mα′ς
(p̂,−ς; 1)

= −2|~p|2λmας (p̂,−ς; 1)λ+
mα′ς

(p̂,−ς; 1)

íØ4.4.5. λmας (p̂, h)λ+
mα′ς

(p̂, h) = 1
2
[(−1)h(2− |h|)p̂ας p̂α′ς + hγkαςα′ς p̂k + |h|δαςα′ς ]

íØ4.4.6.


λmας (p̂, 1; 1)λ+

mα′ς
(p̂, 1; 1) = 1

2
(−p̂ας p̂α′ς + γkαςα′ς p̂k + δαςα′ς )

λmας (p̂, 0; 1)λ+
mα′ς

(p̂, 0; 1) = p̂ας p̂α′ς

λmας (p̂,−1; 1)λ+
mα′ς

(p̂,−1; 1) = 1
2
(−p̂ας p̂α′ς − γ

k
αςα′ς

p̂k + δαςα′ς )

5 Ú^Ýσ(2) · p̂��¼ê�©Û
5.1 g^-2âÔ[C�eiω·σ(2)

íØ5.1.1. σ(2) = ( 1√
2

 0
√

2 0 0 0√
2 0

√
3 0 0

0
√

3 0
√

3 0

0 0
√

3 0
√

2

0 0 0
√

2 0

 , i√
2

 0 −
√

2 0 0 0√
2 0 −

√
3 0 0

0
√

3 0 −
√

3 0

0 0
√

3 0 −
√

2

0 0 0
√

2 0

 ,[ 2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

]
)
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íØ5.1.2. σ(2) · p̂λ(p̂, h) = hλ(p̂, s), h = −2,−1, 0, 1, 2

íØ5.1.3. e
~ϑ·Ω̄(2) = 1 + ( sinh

√
~ϑ2√

~ϑ2
)(1− 2

3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω̄(2)] + 2(

sinh
1
2

√
~ϑ2

√
~ϑ2

)2(1− 1
3
sinh2 1

2

√
~ϑ2)[~ϑ · Ω̄(2)]2

+ 2
3
( sinh

√
~ϑ2√

~ϑ2
)(
sinh

1
2

√
~ϑ2

√
~ϑ2

)2[~ϑ · Ω̄(2)]3 + 2
3
(
sinh

1
2

√
~ϑ2

√
~ϑ2

)4[~ϑ · Ω̄(2)]4

íØ5.1.4. eiω·σ(2) = 1 + isinω(1 + 2
3
sin2 ω

2
)[ω̂ · σ(2)]− 2sin2 ω

2
(1 + 1

3
sin2 ω

2
)[ω̂ · σ(2)]2 − 2

3
isinωsin2 ω

2
[ω̂ · σ(2)]3

+ 2
3
sin4 ω

2
[ω̂ · σ(2)]4

íØ5.1.5.

eiω·σ(2) = 1 + isinω[ω̂ · σ(2)]− 2sin2 ω
2
[ω̂ · σ(2)]2 + 2

3
sin2 ω

2
[isinω[ω̂ · σ(2)]− sin2 ω

2
[ω̂ · σ(2)]2][1− [ω̂ · σ(2)]2]

íØ5.1.6.

eiω·σ(1) = 1 + isinω[ω̂ · σ(1)]− 2sin2 ω
2
[ω̂ · σ(1)]2 + 2

3
sin2 ω

2
[isinω[ω̂ · σ(1)]− sin2 ω

2
[ω̂ · σ(1)]2][1− [ω̂ · σ(1)]2]

= 1 + iω̂ · σ(1)sinω + (1− cosω)[iω̂ · σ(1)]2

íØ5.1.7.

eiω·σ = 1 + isinω(ω̂ · σ)− 2sin2 ω
2
(ω̂ · σ)2 + 2

3
sin2 ω

2
[isinω(ω̂ · σ)− sin2 ω

2
(ω̂ · σ)2][1− (ω̂ · σ)2] = cosω+ isinω(ω̂ · σ)

íØ5.1.8. eiω·σ(2) = 1 + isinω[ω̂ · σ(2)]− (1− cosω)[ω̂ · σ(2)]2 + 1
6
(1− cosω)[2isinω[ω̂ · σ(2)]

− (1− cosω)[ω̂ · σ(2)]2][1− [ω̂ · σ(2)]2]

íØ5.1.9. eiω·σ(2) = 1 + [iσ(2)× p̂]z + [iσ(2)×p̂]2z
1+p̂z

+ 1
6
[2[iσ(2)× p̂]z + [iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) + [iσ(2)×p̂]2z

1+p̂z
]

íØ5.1.10. σ(2) · p̂ = ei~ω·σ(2)σz(2)e−i~ω·σ(2)

5.2 Ú^Ýσ(2) · p̂��¼ê�äN¦{I

íØ5.2.1.

[iσ(2)× p̂]z =


0 −

√
2p̂− 0 0 0√

2p̂+ 0 −
√

3p̂− 0 0

0
√

3p̂+ 0 −
√

3p̂− 0

0 0
√

3p̂+ 0 −
√

2p̂−

0 0 0
√

2p̂+ 0

 , [iσ(2)× p̂]2z =


−2p̂+p̂− 0

√
6p̂2
− 0 0

0 −5p̂+p̂− 0 3p̂2
− 0

√
6p̂2

+ 0 −6p̂+p̂− 0
√

6p̂2
−

0 3p̂2
+ 0 −5p̂+p̂− 0

0 0
√

6p̂2
+ 0 −2p̂+p̂−



íØ5.2.2. [iσ(2)× p̂]4z =


10p̂2

+p̂
2
− 0 −8

√
6p̂+p̂

3
− 0 6p̂4

−

0 34p̂2
+p̂

2
− 0 −30p̂+p̂

3
− 0

−8
√

6p̂3
+p̂− 0 48p̂2

+p̂
2
− 0 −8

√
6p̂+p̂

3
−

0 −30p̂3
+p̂− 0 34p̂2

+p̂
2
− 0

6p̂4
+ 0 −8

√
6p̂3

+p̂− 0 10p̂2
+p̂

2
−



íØ5.2.3. [iσ(2)× p̂]z + [iσ(2)×p̂]2z
1+p̂z

= 1
1+p̂z


−2p̂+p̂− −

√
2p̂−(1+p̂z)

√
6p̂2
− 0 0

√
2p̂+(1+p̂z) −5p̂+p̂− −

√
3p̂−(1+p̂z) 3p̂2

− 0
√

6p̂2
+

√
3p̂+(1+p̂z) −6p̂+p̂− −

√
3p̂−(1+p̂z)

√
6p̂2
−

0 −3p̂2
+

√
3p̂+(1+p̂z) −5p̂+p̂− −

√
2p̂−(1+p̂z)

0 0
√

6p̂2
+

√
2p̂+(1+p̂z) −2p̂+p̂−


íØ5.2.4.

1
6
[2[iσ(2)× p̂]z + [iσ(2)×p̂]2z

1+p̂z
] = 1

6
1

1+p̂z


−2p̂+p̂− −2

√
2p̂−(1+p̂z)

√
6p̂2
− 0 0

2
√

2p̂+(1+p̂z) −5p̂+p̂− −2
√

3p̂−(1+p̂z) −3p̂2
− 0

√
6p̂2

+ 2
√

3p̂+(1+p̂z) −6p̂+p̂− −2
√

3p̂−(1+p̂z)
√

6p̂2
−

0 3p̂2
+ 2

√
3p̂+(1+p̂z) −5p̂+p̂− −2

√
2p̂−(1+p̂z)

0 0
√

6p̂2
+ 2

√
2p̂+(1+p̂z) −2p̂+p̂−



íØ5.2.5. [(1− p̂z) + [iσ(2)×p̂]2z
1+p̂z

] = 1
1+p̂z


0 0

√
6p̂2
− 0 0

0 −3p̂+p̂− 0 3p̂2
− 0

√
6p̂2

+ 0 −4p̂+p̂− 0
√

6p̂2
−

0 3p̂2
+ 0 −3p̂+p̂− 0

0 0
√

6p̂2
+ 0 0


íØ5.2.6. 1

6
[2[iσ(2)× p̂]z + [iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) + [iσ(2)×p̂]2z

1+p̂z
]

= 1
(1+p̂z)2


p̂2

+p̂
2
−

√
2p̂+p̂

2
−(1+p̂z) −

√
6p̂+p̂

3
− −2

√
2p̂3
−(1+p̂z) p̂4

−

−
√

2p̂2
+p̂−(1+p̂z) 4p̂2

+p̂
2
− 2

√
3p̂+p̂

2
−(1+p̂z) −4p̂+p̂

3
− −

√
2p̂3
−(1+p̂z)

−
√

6p̂3
+p̂− −2

√
3p̂2

+p̂−(1+p̂z) 6p̂2
+p̂

2
− 2

√
3p̂+p̂

2
−(1+p̂z) −

√
6p̂+p̂

3
−√

2p̂3
+(1+p̂z) −4p̂3

+p̂− −2
√

3p̂2
+p̂−(1+p̂z) 4p̂2

+p̂
2
−

√
2p̂+p̂

2
−(1+p̂z)

p̂4
+

√
2p̂3

+(1+p̂z) −
√

6p̂3
+p̂− −

√
2p̂2

+p̂−(1+p̂z) p̂2
+p̂

2
−
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íØ5.2.7. eiω·σ(2) ωz=0
= 1 + [iσ(2)× p̂]z + [iσ(2)×p̂]2z

1+p̂z
+ 1

6
[2[iσ(2)× p̂]z + [iσ(2)×p̂]2z

1+p̂z
][(1− p̂z) + [iσ(2)×p̂]2z

1+p̂z
]

=



1
4

(1+p̂z)2 − 1√
2
p̂−(1+p̂z)

√
6

2
p̂2
− −

√
2p̂3
−/(1+p̂z) p̂4

−/(1+p̂z)2

1√
2
p̂+(1+p̂z)

1
2

(1+p̂z)(2p̂z−1) −
√

3p̂−p̂z p̂
2
−(2p̂z+1)/(1+p̂z) −

√
2p̂3
−/(1+p̂z)

√
6

2
p̂2

+

√
3p̂+p̂z

1
2

(3p̂2
z−1) −

√
3p̂−p̂z

√
6

2
p̂2
−

√
2p̂3

+/(1+p̂z) p̂2
+(2p̂z+1)/(1+p̂z)

√
3p̂+p̂z

1
2

(1+p̂z)(2p̂z−1) − 1√
2
p̂−(1+p̂z)

p̂4
+/(1+p̂z)2

√
2p̂3

+/(1+p̂z)

√
6

2
p̂2

+
1√
2
p̂+(1+p̂z)

1
4

(1+p̂z)2



íØ5.2.8. e−iω·σ(2) ωz=0
=



1
4

(1+p̂z)2 1√
2
p̂−(1+p̂z)

√
6

2
p̂2
−

√
2p̂3
−/(1+p̂z) p̂4

−/(1+p̂z)2

− 1√
2
p̂+(1+p̂z)

1
2

(1+p̂z)(2p̂z−1)
√

3p̂−p̂z p̂2
−(2p̂z+1)/(1+p̂z)

√
2p̂3
−/(1+p̂z)

√
6

2
p̂2

+ −
√

3p̂+p̂z
1
2

(3p̂2
z−1)

√
3p̂−p̂z

√
6

2
p̂2
−

−
√

2p̂3
+/(1+p̂z) p̂2

+(2p̂z+1)/(1+p̂z) −
√

3p̂+p̂z
1
2

(1+p̂z)(2p̂z−1)
1√
2
p̂−(1+p̂z)

p̂4
+/(1+p̂z)2 −

√
2p̂3

+/(1+p̂z)

√
6

2
p̂2

+ − 1√
2
p̂+(1+p̂z)

1
4

(1+p̂z)2


5.3 Ú^Ýσ(2) · p̂��¼ê
íØ5.3.1.

λ(p̂, 2; 2) :=


1
4

(1+p̂z)2

1√
2
p̂+(1+p̂z)
√

6
2
p̂2

+√
2p̂3

+/(1+p̂z)

p̂4
+/(1+p̂z)2

 , λ(p̂,−2; 2) :=


p̂4
−/(1+p̂z)2

−
√

2p̂3
−/(1+p̂z)
√

6
2
p̂2
−

− 1√
2
p̂−(1+p̂z)

1
4

(1+p̂z)2

 ,


λ(p̂, 2; 2) =
p̂2

+

p̂2
−
λ(−p̂,−2)

λ(−p̂, 2; 2) =
p̂2

+

p̂2
−
λ(p̂,−2)

λ(p̂,−2; 2) =
p̂2
−
p̂2

+
λ(−p̂, 2)

λ(−p̂,−2; 2) =
p̂2
−
p̂2

+
λ(p̂, 2)

íØ5.3.2.

λ(p̂, 1; 2) :=


− 1√

2
p̂−(1+p̂z)

1
2

(1+p̂z)(2p̂z−1)
√

3p̂+p̂z
p̂2

+(2p̂z+1)/(1+p̂z)
√

2p̂3
+/(1+p̂z)

 , λ(p̂,−1; 2) :=


−
√

2p̂3
−/(1+p̂z)

p̂2
−(2p̂z+1)/(1+p̂z)

−
√

3p̂−p̂z
1
2

(1+p̂z)(2p̂z−1)

1√
2
p̂+(1+p̂z)

 ,


λ(p̂, 1; 2) = − p̂+

p̂−
λ(−p̂,−1; 2)

λ(−p̂, 1; 2) = − p̂+

p̂−
λ(p̂,−1; 2)

λ(p̂,−1; 2) = − p̂−
p̂+
λ(−p̂, 1; 2)

λ(−p̂,−1; 2) = − p̂−
p̂+
λ(p̂, 1; 2)

íØ5.3.3.

λ(p̂, 0; 2) :=


√

6
2
p̂2
−

−
√

3p̂−p̂z
1
2

(3p̂2
z−1)

√
3p̂+p̂z√
6

2
p̂2

+

 ,
λ(p̂, 0; 2) = λ(−p̂, 0; 2)

λ(−p̂, 0; 2) = λ(p̂, 0; 2)

íØ5.3.4.

λ(p̂, 2; 2)λ+(p̂, 2; 2) =


1
4

(1+p̂z)2

1√
2
p̂+(1+p̂z)
√

6
2
p̂2

+√
2p̂3

+/(1+p̂z)

p̂4
+/(1+p̂z)2

 =


1
16

(1+p̂z)4

√
2

8
p̂−(1+p̂z)3

√
6

8
p̂2
−(1+p̂z)2

√
2

4
p̂3
−(1+p̂z)

1
4
p̂4
−

0
1
2
p̂+p̂−(1+p̂z)2

√
3

2
p̂+p̂

2
−(1+p̂z) p̂+p̂

3
−

√
2

2
p̂+p̂

4
−/(1+p̂z)

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



5.4 Ú^Ýσ(2) · p̂��¼ê�äN¦{II

½n5.4.1. λ(p̂, h; 2) =
√
C2−h

4 Γ̄(2)

2+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

2−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

5.5 Ú^Ýσ(2) · p̂��¼ê���5���5

íØ5.5.1. λ+(p̂, h; 2)λ(p̂, h′; 2) = δhh′ ,
−2∑
h=2

λ(p̂, h; 2)λ+(p̂, h; 2) = 1,
−2∑
h=2

hλ(p̂, h; 2)λ+(p̂, h; 2) = σ(2) · p̂
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6 Ú^Ýσ(s) · p̂��¼ê�©Û
6.1 Ú^Ýσ(s) · p̂��¼ê�½Â
½Â6.1.1. σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h; s), h = −s, ··, s

6.2 Ú^Ýσ(s) · p̂�z-����¼ê

½Â6.2.1. σ(s) ·
[

0
0
1

]
λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

íØ6.2.1. λ(
[

0
0
1

]
, s; s) =

[
1
0
··
0
0

]
, λ(
[

0
0
1

]
, s− 1; s) =

[
0
1
··
0
0

]
, ··, λ(

[
0
0
1

]
,−s+ 1; s) =

[
0
0
··
1
0

]
, λ(
[

0
0
1

]
,−s; s) =

[
0
0
··
0
1

]
íØ6.2.2.

λ(eiωzγz
[

0
0
1

]
, s; s) = eisωz

[
1
0
··
0
0

]
, λ(eiωzγz

[
0
0
1

]
, s− 1; s) = ei(s−1)ωz

[
0
1
··
0
0

]
, ··, λ(eiωzγz

[
0
0
1

]
,−s; s) = e−isωz

[
0
0
··
0
1

]
íØ6.2.3.

λ(eεz·Lz
[

0
0
1
i

]
, s; s) = esεz

[
1
0
··
0
0

]
, λ(eεz·Lz

[
0
0
1

]
, s− 1; s) = e(s−1)εz

[
0
1
··
0
0

]
, ··, λ(eεz·Lz

[
0
0
1

]
,−s; s) = e−sεz

[
0
0
··
0
1

]

6.3 Ú^Ýσ(s) · p̂�����¼ê

5�6.3.1.


ω̂ · σ(s)

ω̂z=0
= σx(s)ω̂x + σy(s)ω̂y = σx(s)p̂y−σy(s)p̂x√

1−p̂2
z

= [σ(s)×p̂]z√
1−p̂2

z

~ω · σ(s)
ω̂z=0
= [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z

5�6.3.2. ei~ω·σ(s) ω̂z=0
= exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}

½n6.3.1. λ(p̂, h; s) = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

y²: σ(s) ·
[

0
0
1

]
λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

⇔ exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}σ(s) · exp{i [γ×p̂]z√
1−p̂2

z

arccosp̂z}
[

0
0
1

]
exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s)

⇔ σ(s) · p̂exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s) = hexp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

⇒ λ(p̂, h; s) = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
, h; s)

6.4 Ú^Ýσ(s) · p̂��¼ê���5���5

íØ6.4.1. λ+(p̂, h; s)λ(p̂, h′; s) = δhh′ ,
−s∑
h=s

λ(p̂, h; s)λ+(p̂, h; s) = 1,
−s∑
h=s

hλ(p̂, h; s)λ+(p̂, h; s) = σ(s) · p̂

±þn�íØ�±éN´y²��"

6.5 g^âÔ[C�5��Ün5ßÿ(�Iî�z)

ß�6.5.1.


exp{−iπ [σ(s)×p̂]z√

1−p̂2
z

} = ( p̂−√
p̂+p̂−

)2σz(s)ε(s) = (−1)2sε+(s)( p̂+√
p̂+p̂−

)2σz(s)

exp{iπ [σ(s)×p̂]z√
1−p̂2

z

} = ε+(s)( p̂+√
p̂+p̂−

)2σz(s) = (−1)2s( p̂−√
p̂+p̂−

)2σz(s)ε(s)
, ei2πω̂·σ(s) = (−1)2s

íØ6.5.1. λ(−p̂, h; s) = (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s) = (−1)s+h( p̂−√
p̂+p̂−

)−2hλ(p̂,−h; s)

y²: λ(−p̂, h; s)

= exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccos(−p̂z)}λ(
[

0
0
1

]
, h; s)

= exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{−iπ [σ(s)×p̂]z√
1−p̂2

z

}λ(
[

0
0
1

]
, h; s)

= (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)
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6.6 Ú^Ýσ(s) · p̂��¼ê�5�

Ún6.6.1. λ+(
[

0
0
1

]
, h; s)σ(s)λ(

[
0
0
1

]
, h; s) = h

[
0
0
1

]
½n6.6.1. λ+(p̂, h; s)σ(s)λ(p̂, h; s) = hp̂, h = −s, ··, s

y²: λ+(p̂, h; s)σk(s)λ(p̂, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σk(s)e

i~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |klei~ω·σ(s)σl(s)e

−i~ω·σ(s)]ei~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= ei~ω·γ |klλ+(
[

0
0
1

]
, h; s)σl(s)λ(

[
0
0
1

]
, h; s)

= h{ei~ω·γ
[

0
0
1

]
}k = hp̂k

y²: λ+(p̂, h; s)σi(s)σj(s)λ(p̂, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σi(s)σj(s)e

i~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |ikei~ω·σ(s)σk(s)e

−i~ω·σ(s)][ei~ω·γ |j lei~ω·σ(s)σl(s)e
−i~ω·σ(s)]ei~ω·σ(s)λ(

[
0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)σk(s)σl(s)λ(

[
0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)σk(s)

∑
h′

[λ(
[

0
0
1

]
, h′; s)λ+(

[
0
0
1

]
, h′; s)]σl(s)λ(

[
0
0
1

]
, h; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, h; s)

σk(s)[λ(
[

0
0
1

]
, h− 1; s)λ+(

[
0
0
1

]
, h− 1; s) + λ(

[
0
0
1

]
, h; s)λ+(

[
0
0
1

]
, h; s) + λ(

[
0
0
1

]
, h+ 1; s)λ+(

[
0
0
1

]
, h+ 1; s)]σl(s)

λ(
[

0
0
1

]
, h; s)

? = h2p̂ip̂j

y²: λ+(
[

0
0
1

]
, s; s)σk(s)λ(

[
0
0
1

]
, s− 1; s)

=

[
1
0
··
0
0

]+

σk(s)

[
0
1
··
0
0

]
= 1

2

[ √
2s

−i
√

2s
0

]
k

y²: λ+(p̂, ςs; s)σi(s)σj(s)λ(p̂, ςs; s)

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, ςs; s)σk(s)[λ(

[
0
0
1

]
, ς(s− 1); s)λ+(

[
0
0
1

]
, ς(s− 1); s)

+ λ(
[

0
0
1

]
, ςs; s)λ+(

[
0
0
1

]
, ςs; s)]σl(s)λ(

[
0
0
1

]
, ςs; s)

= s2p̂ip̂j + s
2
(δij − p̂ip̂j + iςεij

kp̂k)

= s2p̂ip̂j − s
2
σabij p̂ap̂b

y²: λ+(p̂, ςs; s)σi(s)σj(s)λ(p̂,−ςs; s), s ≥ 3
2

= ei~ω·γ |ikei~ω·γ |j lλ+(
[

0
0
1

]
, ςs; s)σk(s)[λ(

[
0
0
1

]
, ς(s− 1); s)λ+(

[
0
0
1

]
, ς(s− 1); s)

+ λ(
[

0
0
1

]
, ςs; s)λ+(

[
0
0
1

]
, ςs; s)]σl(s)λ(

[
0
0
1

]
,−ςs; s)

= 0

y²: λ+(p̂,−ςs; s)σi(s)σj(s)[σ(s) · p̂]nλ(p̂,−ςs; s) = (−ς)nsns2p̂ip̂j + (−ς)nsn s
2
(δij − p̂ip̂j + iςεij

kp̂k)

íØ6.6.1. σabαςα′ςpapb = pαςpα′ς − δαςα′ς |~p|
2 − iςεkαςα′ςpk|~p|

íØ6.6.2. λ+(p̂, h; s)[σ(s), ih]aλ(p̂, h; s) = h(p̂, i)a = hp̂a, h = −s, ··, s

Ún6.6.2. λ+(
[

0
0
1

]
, h; s)σ(s)λ(

[
0
0
1

]
, h′; s) = 0, |h− h′| ≥ 2

½n6.6.2. λ+(p̂, h; s)σ(s)λ(p̂, h′; s) = 0, h, h′ = −s, ··, s; |h− h′| ≥ 2
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y²: λ+(p̂, h; s)σk(s)λ(p̂, h′; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)σk(s)e

i~ω·σ(s)λ(
[

0
0
1

]
, h′; s)

= λ+(
[

0
0
1

]
, h; s)e−i~ω·σ(s)[ei~ω·γ |klei~ω·σ(s)σl(s)e

−i~ω·σ(s)]ei~ω·σ(s)λ(
[

0
0
1

]
, h′; s)

= ei~ω·γ |klλ+(
[

0
0
1

]
, h; s)σl(s)λ(

[
0
0
1

]
, h′; s), |h− h′| ≥ 2

= ei~ω·γ |kl · 0
= 0

6.7 g^¥þ�Î���λ(p̂,−sς)
½Â6.7.1. λ(p̂,−sς) := λ(p̂,−sς; s)

½n6.7.1. [s

[
0
0
1
i

]
a

+ iSab(s, ς)

[
0
0
1
i

]b
]λ(
[

0
0
1

]
,−sς) ≡ 0[⇔][sp̂a + iSab(s, ς)p̂

b]λ(p̂,−sς) ≡ 0

½n6.7.2. [sp̂a + iSab(s, ς)p̂
b]λ(p̂,−sς) = 0[⇔]

Wa(p̂, ς; s)λ(p̂,−sς) = −sςp̂aλ(p̂,−sς)

Wa(p̂, ς; s) := −i ∗ Sab(s, ς)p̂b = iςSab(s, ς)p̂
b

5�6.7.1. Wa(p̂, ς; s) = (Ŵ (p̂, ς; s), iσ(s) · p̂), Ŵ (p̂, ς; s) = σ(s)− iςσ(s)× p̂

íØ6.7.1. Ŵ (p̂, ς; s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇒]σ(s) · p̂λ(p̂,−sς) = −sςλ(p̂,−sς)

íØ6.7.2. Ŵ (p̂, ς; s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇔]Wa(p̂, ς; s)λ(p̂,−sς) = −sςp̂aλ(p̂,−sς)

λ(p̂,−sς)´Ú^Ý�Î!o�g^¥þ�ÎÚg^¥þ�Î��Ó���§��þg^¥þ�Î®���¹

cü��Î"¤±λ(p̂,−sς)��þ�´g^¥þ�ÎŴ (p̂, ς; s)����§Ù¦ü��´§�íØ®§

�λ(p̂,−sς)�´Ã�þâf����"

6.8 g^¥þ�Î���λ(p̂,−sς)�5�
5�6.8.1. σ(s)× p̂ = [σ(s), iσ(s) · p̂]

5�6.8.2. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔]

[σ(s)− iςσ(s)× p̂]λ(p̂,−sς) = −sςp̂λ(p̂,−sς)

σ(s) · p̂λ(p̂,−sς) = −sςλ(p̂,−sς)

5�6.8.3. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔]σ( 1

2
)⊗ I2s · p̂

[
λ(p̂,−sς)

02s−1

]
= − 1

2
ς
[
λ(p̂,−sς)

02s−1

]

5�6.8.4.


[spa + iSab(s, ς)p

b]λ(p̂,−sς) = 0[⇔]− ς[σ(s) · p̂+ ς(s− 1)]σ(s)λ(p̂,−sς) = −sςp̂λ(p̂,−sς)

[m] [⇓]

[σ(s)− iςσ(s)× p̂]λ(p̂,−sς) = −sςp̂λ(p̂,−sς)[⇒][σ(s) · p̂]nλ(p̂,−sς) = (−sς)nλ(p̂,−sς)

íØ6.8.1. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0[⇔][σ(s) · p̂]σ(s)λ(p̂,−sς) = [sp̂− ς(s− 1)σ(s)]λ(p̂,−sς)

[⇔][σ(s) · p̂]nσ(s)λ(p̂,−sς) = {(−ς)n−1s[sn − (s− 1)n]p̂+ (−ς)n(s− 1)nσ(s)}λ(p̂,−sς)

y²:

[σ(s) · p̂]σ(s)λ(p̂,−sς) = [e1p̂+ d1σ(s)]λ(p̂,−sς), e1 = s, d1 = −ς(s− 1)

· ·
[σ(s) · p̂]n−1σ(s)λ(p̂,−sς) = [en−1p̂+ dn−1σ(s)]λ(p̂,−sς)
[σ(s) · p̂]nσ(s)λ(p̂,−sς) = [enp̂+ dnσ(s)]λ(p̂,−sς)
· ·
[σ(s) · p̂]nσ(s)λ(p̂,−sς)
= [σ(s) · p̂][en−1p̂+ dn−1σ(s)]λ(p̂,−sς) = [(−sςen−1 + dn−1

1 e1)p̂+ dn−1d1σ(s)]λ(p̂,−sς)

309



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 117Ù Ú^Ý�êÆ©Û
en = −sςen−1 + dn−1

1 e1

dn = dn−1d1

e1 = s, d1 = −ς(s− 1)

⇔

en = (−ς)n−1s[sn − (s− 1)n]

dn = dn1 = (−ς)n(s− 1)n

[σ(s) · p̂]nσ(s)λ(p̂,−sς) = {(−ς)n−1s[sn − (s− 1)n]p̂+ (−ς)n(s− 1)nσ(s)}λ(p̂,−sς)

íØ6.8.2. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς)
= λ+(p̂,−sς)σi(s){(−ς)n−1s[sn − (s− 1)n]p̂j + (−ς)n(s− 1)nσj(s)}λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)nλ+(p̂,−sς)σi(s)σj(s)λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)n[s2p̂ip̂j + s

2
(δij − p̂ip̂j − iςεijkp̂k)]

= (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s
2
(δij − p̂ip̂j − iςεijkp̂k)]

íØ6.8.3. λ+(p̂,−sς)[σ(s) · p̂]nσ(s)λ(p̂,−sς) = (−ςs)n+1p̂ = λ+(p̂,−sς)σ(s)[σ(s) · p̂]nλ(p̂,−sς)

6.9 Ú^Ýσ(s) · p̂���λ(p̂, h; s)©)�1
2
-g^���

½n6.9.1. λ(p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

y²: λ(p̂, h; s) = ei~ω·σ(s)λ(
[

0
0
1

]
, h; s)

= ei~ω·Γ̄(s)Ω̄(s)Γ(s)λ(
[

0
0
1

]
, h; s)

= Γ̄(s)ei~ω·Ω̄(s)Γ(s)λ(
[

0
0
1

]
, h; s)

= Γ̄(s)ei~ω·Ω̄(s)Γ(s)
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)Γ(s)Γ̄(s)ei~ω·Ω̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)ei~ω·Ω̄(s)

s+h︷ ︸︸ ︷[
1
0

]
⊗ · ·

[
1
0

]
⊗

s−h︷ ︸︸ ︷[
0
1

]
⊗ · · ⊗

[
0
1

]
=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
ei~ω·σ(

1
2

)
[

1
0

]
⊗ · · ei~ω·σ(

1
2

)
[

1
0

]
⊗

s−h︷ ︸︸ ︷
ei~ω·σ(

1
2

)
[

0
1

]
⊗ · · ⊗ei~ω·σ(

1
2

)
[

0
1

]
=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

½n6.9.2. λ(−p̂, h; s) = (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)

y²: λ(−p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(−p̂, 1

2
)⊗ · · ⊗λ(−p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(−p̂,− 1

2
)⊗ · · ⊗λ(−p̂,− 1

2
)

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−h
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−h
√
Cs+h2s Γ̄(s)

s−h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s+h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= (− p̂+√
p̂+p̂−

)s+h( p̂−√
p̂+p̂−

)s−hλ(p̂,−h; s)

= (−1)s+h( p̂+√
p̂+p̂−

)2hλ(p̂,−h; s)

íØ6.9.1. λ(−p̂,−h; s) = (−1)s−h( p̂−√
p̂+p̂−

)2hλ(p̂, h; s)
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íØ6.9.2.
λkς (p̂, h; s) =

√
Cs−h2s Γ

2s︷ ︸︸ ︷
AςBς · ·CςDς · ·
kς

(s)

s+h︷ ︸︸ ︷
λAς (p̂,

1
2
)λBς (p̂,

1
2
) · · ⊗

s−h︷ ︸︸ ︷
λCς (p̂,− 1

2
)λDς (p̂,− 1

2
) · ·

1
(2s)!

s+h︷ ︸︸ ︷
λ{Aς (p̂,

1
2
)λBς (p̂,

1
2
) · · ⊗

s−h︷ ︸︸ ︷
λCς (p̂,− 1

2
)λDς (p̂,− 1

2
) · ·} =

√
Ch−s2s ΓkςAςBς · ·CςDς · ·︸ ︷︷ ︸

2s

(s)λkς (p̂, h; s)

íØ6.9.3.
λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

íØ6.9.4.
λ(p̂,−sς) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

Γ(s)λ(p̂,−sς) =

2s︷ ︸︸ ︷
λ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

½n6.9.3. λkς (p̂,−ςh; s)λ+
k′ς

(p̂,−ςh; s) = (− i
2
)2h2sCs−h2s (− iς√

2
)s+h( iς√

2
)s−h

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

s+h︷ ︸︸ ︷
(σ, iς)aAςA′ς · ·(σ, iς)

b
BςB′ς

s−h︷ ︸︸ ︷
(σ,−iς)cCςC′ς · ·(σ,−iς)

d
DςD′ς

p̂a · ·p̂bp̂c · ·p̂d

y²: λ(p̂,−ςh; s)λ+(p̂,−ςh; s) = Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂, ς

2
)⊗ · · ⊗λ(p̂, ς

2
)

s+h︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂, ς

2
)⊗ · · ⊗λ+(p̂, ς

2
) Γ(s)

= Cs−h2s Γ̄(s)
s+h︷ ︸︸ ︷

λ(p̂,− ς
2
)λ+(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)λ+(p̂,− ς

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂, ς

2
)λ+(p̂, ς

2
)⊗ · · ⊗λ(p̂, ς

2
)λ+(p̂, ς

2
) Γ(s)

= (− ς
2
)2hCs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
(σ, iς)ap̂a ⊗ · · ⊗(σ, iς)bp̂b⊗

s−h︷ ︸︸ ︷
(σ,−iς)cp̂c ⊗ · · ⊗(σ,−iς)dp̂d Γ(s)

= (− ς
2
)2hCs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
(σ, iς)a ⊗ · · ⊗(σ, iς)b⊗

s−h︷ ︸︸ ︷
(σ,−iς)c ⊗ · · ⊗(σ,−iς)d Γ(s)p̂a · ·p̂bp̂c · ·p̂d

= (− i
2
)2h2sCs−h2s (− iς√

2
)s+h( iς√

2
)s−h

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

s+h︷ ︸︸ ︷
(σ, iς)aAςA′ς · ·(σ, iς)

b
BςB′ς

s−h︷ ︸︸ ︷
(σ,−iς)cCςC′ς · ·(σ,−iς)

d
DςD′ς

p̂a · ·p̂bp̂c · ·p̂d

6.10 A~:1-g^���λ(p̂, h; 1)©)�1
2
-g^���

Ún6.10.1.


Γας

kς (1) � Sm(1) = 1√
2

[
i 0 −i
−1 0 −1

0 −i
√

2 0

]
Γkς

ας (1) � S+
m(1) = 1√

2

[
−i −1 0

0 0 i
√

2
i −1 0

] Γας kς (1) � S∗m(1)

Γkςας (1) � STm(1)

Ún6.10.2. [Sm(1)Γ̄(1)]ας
Aς⊗Bς = 1√

2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0

]
, [Sm(1)Γ̄(1)]ας

AςBς = − 1√
2
σyσ = iς√

2
σAςBςας

½n6.10.1. λ(p̂, h; 1) =
√
C1−h

2 Γ̄(1)

1+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

1−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

íØ6.10.1.

λ(p̂,−ς; 1) = Γ̄(1)λ(p̂,− ς
2
)⊗ λ(p̂,− ς

2
) = λT (p̂,− ς

2
)Γλ(p̂,− ς

2
)

λ(p̂, 0; 1) =
√
C1

2 Γ̄(1)λ(p̂, ς
2
)⊗ λ(p̂,− ς

2
) =

√
C1

2λ
T (p̂, ς

2
)Γλ(p̂,− ς

2
)

íØ6.10.2.

λm(p̂,−ς; 1) = Sm(1)Γ̄(1)λ(p̂,− ς
2
)⊗ λ(p̂,− ς

2
) = − 1√

2
λT (p̂,− ς

2
)σyσλ(p̂,− ς

2
)

λm(p̂, 0; 1) =
√
C1

2Sm(1)Γ̄(1)λ(p̂, ς
2
)⊗ λ(p̂,− ς

2
) = −λT (p̂, ς

2
)σyσλ(p̂,− ς

2
)
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íØ6.10.3.

λkς (p̂,−ς; 1) = ΓAςBςkς
λAς (p̂,− ς

2
)λBς (p̂,− ς

2
)

λkς (p̂, 0; 1) =
√
C1

2ΓAςBςkς
λAς (p̂,

ς
2
)λBς (p̂,− ς

2
)

íØ6.10.4.

λmας (p̂,−ς; 1) = iς√
2
σAςBςας

λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) = − 1√

2
(σyσ)AςBςας

λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)

λmας (p̂, 0; 1) =
√
C1

2
iς√
2
σAςBςας

λAς (p̂,
ς
2
)λBς (p̂,− ς

2
) = −(σyσ)AςBςας

λAς (p̂,
ς
2
)λBς (p̂,− ς

2
)

6.10.1 Ú^Ý�þ,Úeü

½Â6.10.1.
Q̂(p̂, s) := exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}Q̂exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}, Q̂(s) :=

[
0 0 0 0 1
1 0 0 0 0
0 1 0 0 0
0 0 ·· 0 0
0 0 0 1 0

]
(2s+1)×(2s+1)

Q̂+(p̂, s) := exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}Q̂+(s)exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}, Q̂+(s) :=

[
0 1 0 0 0
0 0 1 0 0
0 0 0 ·· 0
0 0 0 0 1
1 0 0 0 0

]
(2s+1)×(2s+1)

íØ6.10.5. Q̂(p̂, s)Q̂+(p̂, s) = Q̂+(p̂, s)Q̂(p̂, s) = Q̂(s)Q̂+(s) = Q̂+(s)Q̂(s) = 1

íØ6.10.6.
Q̂(s)λ(

[
0
0
1

]
, h; s) = λ(

[
0
0
1

]
, h− 1; s), Q̂(s)λ(

[
0
0
1

]
,−s; s) = λ(

[
0
0
1

]
, s; s), h = s, s− 1, ··,−(s− 1)

Q̂+(s)λ(
[

0
0
1

]
, h; s) = λ(

[
0
0
1

]
, h+ 1; s), Q̂+(s)λ(

[
0
0
1

]
, s; s) = λ(

[
0
0
1

]
,−s; s), h = −s,−(s− 1), ··, s− 1

íØ6.10.7.Q̂(p̂, s)λ(p̂, h; s) = λ(p̂, h− 1; s), Q̂(p̂, s)λ(p̂,−s; s) = λ(p̂, s; s), h = s, s− 1, ··,−(s− 1)

Q̂+(p̂, s)λ(p̂, h; s) = λ(p̂, h+ 1; s), Q̂+(p̂, s)λ(p̂, s; s) = λ(p̂,−s; s), h = −s,−(s− 1), ··, s− 1

íØ6.10.8.
σ(s) · p̂Q̂(p̂, s)λ(p̂, h; s) = (h− 1)λ(p̂, h− 1; s), Q̂(p̂, s)σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h− 1; s)

σ(s) · p̂Q̂(p̂, s)λ(p̂,−s; s) = sλ(p̂, s; s), Q̂(p̂, s)σ(s) · p̂λ(p̂,−s; s) = −sλ(p̂, s; s)

h = −(s− 1), ··, s− 1, s

íØ6.10.9.
σ(s) · p̂Q̂+(p̂, s)λ(p̂, h; s) = (h+ 1)λ(p̂, h+ 1; s), Q̂+(p̂, s)σ(s) · p̂λ(p̂, h; s) = hλ(p̂, h+ 1; s)

σ(s) · p̂Q̂+(p̂, s)λ(p̂, s; s) = −sλ(p̂,−s; s), Q̂+(p̂, s)σ(s) · p̂λ(p̂, s; s) = sλ(p̂,−s; s)

h = −s,−(s− 1), ··, s− 1

íØ6.10.10.
[σ(s) · p̂, Q̂(p̂, s)]λ(p̂, h; s) = −Q̂(p̂, s)λ(p̂, h; s), [σ(s) · p̂, Q̂(p̂, s)]λ(p̂,−s; s) = 2sQ̂(p̂, s)λ(p̂,−s; s)

{σ(s) · p̂, Q̂(p̂, s)}λ(p̂, h; s) = (2h− 1)Q̂(p̂, s)λ(p̂, h; s), {σ(s) · p̂, Q̂(p̂, s)}λ(p̂,−s; s) = 0

h = −(s− 1), ··, s− 1, s

íØ6.10.11.
[σ(s) · p̂, Q̂+(p̂, s)]λ(p̂, h; s) = Q̂+(p̂, s)λ(p̂, h; s), [σ(s) · p̂, Q̂+(p̂, s)]λ(p̂, s; s) = −2Q̂+(p̂, s)λ(p̂, s; s)

{σ(s) · p̂, Q̂+(p̂, s)}λ(p̂, h; s) = (2h+ 1)Q̂+(p̂, s)λ(p̂, h; s), {σ(s) · p̂, Q̂+(p̂, s)}λ(p̂, s; s) = 0

h = −s,−(s− 1), ··, s− 1

6.11 Ú^Ý��¼ê��Îz–#êÆóä

½Â6.11.1. λ(Ô, h; s) := λ(p̂, h; s)|p̂→Ô, Ô := −i∇√
−∇2

íØ6.11.1. λ(Ô, h; s) = exp{i [σ(s)×Ô]z√
1−Ô2

z

arccosÔz}λ(
[

0
0
1

]
, h; s)
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íØ6.11.2. σ(s) · Ôλ(Ô, h; s) = hλ(Ô, s; s), h = −s, ··, s

íØ6.11.3. λ+(Ô, h; s)λ(Ô, h′; s) = δhh′ ,
−s∑
h=s

λ(Ô, h; s)λ+(Ô, h; s) = 1

íØ6.11.4. λ(−Ô, h; s) = (−1)s+|h|( Ô+

Ô−
)hλ(Ô,−h; s)

íØ6.11.5. λ+(Ô, h; s)σ(s)λ(Ô, h; s) = hÔ, h = −s, ··, s

íØ6.11.6. λ+(−Ô, h; s)σ(s)λ(Ô, h; s) = 0, λ+(Ô,−h; s)σ(s)λ(Ô, h; s) = 0, h = −s, ··, s

íØ6.11.7.


Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · = (i

√
2)2sλkς (Ô,−sς)λ+

k′ς
(Ô,−sς)

íØ6.11.8. ∂̃k{ [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}

= −{ [σ(s)×p̂]z
1−p̂2

z
}∂̃kp̂z + { [σ(s)×p̂]z p̂z

(1−p̂2
z)3/2 arccosp̂z}∂̃kp̂z + {arccosp̂z√

1−p̂2
z

}∂̃k[σ(s)× p̂]z

7 Ú^Ý��ê©Û

7.1 Ú^Ýσ(1
2
) · p̂��¼ê��ê5�

7.1.1 Ä��ê5�

íØ7.1.1.

∂̃ip = p̂i

∂̃ip̂j = p2δij−pipj
p3 = δij−p̂ip̂j

p

∂̃ip̂+ =
1√
2

(δix+iδiy)−p̂ip̂+

p
, ∂̃ip̂− =

1√
2

(δix−iδiy)−p̂ip̂−
p

∂̃i
p̂+

p̂−
= ip̂xδiy−ip̂yδix

pp̂2
−

, ∂̃i
p̂−
p̂+

= −ip̂xδiy+ip̂yδix
pp̂2

+

∂̃i
p̂+√
p̂+p̂−

= p̂−√
p̂+p̂−

ip̂xδiy−ip̂yδix
2pp̂2
−

, ∂̃i
p̂−√
p̂+p̂−

= p̂+√
p̂+p̂−

−ip̂xδiy+ip̂yδix
2pp̂2

+

7.1.2 Ú^Ýσ( 1
2
) · p̂��¼ê�ê5��

íØ7.1.2. ∂̃iλ(p̂, 1
2
) = − δiz+p̂i(2+p̂z)

2p(1+p̂z)
λ(p̂, 1

2
) + 1√

2p
√

1+p̂z

[
δiz + p̂i

δix + iδiy

]

= 1

2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]

y²: ∂̃iλ(p̂, 1
2
) = ∂̃i

1√
1+p̂z

[
1√
2
(1 + p̂z)

p̂+

]
+ 1√

1+p̂z
∂̃i

[
1√
2
(1 + p̂z)

p̂+

]

= −δiz+p̂ip̂z
2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)

p̂+

]
+ 1

p
√

1+p̂z

[
1√
2
(δiz − p̂ip̂z)

1√
2
(δix + iδiy)− p̂ip̂+

]

= 1

2p
√

1+p̂z
3 {

[
− 1√

2
(1 + p̂z)(δiz − p̂ip̂z)
−p̂+(δiz − p̂ip̂z)

]
+

[
1√
2
(δiz − p̂ip̂z)2(1 + p̂z)

[ 1√
2
(δix + iδiy)− p̂ip̂+]2(1 + p̂z)

]
}

= 1

2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) + 2(1 + p̂z)[
1√
2
(δix + iδiy)− p̂ip̂+]

]

= 1

2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]

= 1

2
√

1+p̂z
3

[
1√
2
(1 + p̂z)∂̃ip̂z

−p̂+∂̃ip̂z + 2(1 + p̂z)∂̃ip̂+

]

= 1
2
√

1+p̂z

[
1√
2
∂̃ip̂z

− p̂+

1+p̂z
∂̃ip̂z + 2∂̃ip̂+

]
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y²: ∂̃iλ(p̂, 1
2
) = −δiz+p̂ip̂z

2p(1+p̂z)
λ(p̂, 1

2
) + 1

p
√

1+p̂z

[
1√
2
(δiz − p̂ip̂z)

1√
2
(δix + iδiy)− p̂ip̂+

]

= −δiz+p̂ip̂z
2p(1+p̂z)

λ(p̂, 1
2
) + 1√

2p
√

1+p̂z

[
δiz + p̂i

δix + iδiy

]
− p̂i

p
√

1+p̂z

[
1√
2
(1 + p̂z)

p̂+

]

= [−δiz+p̂ip̂z
2p(1+p̂z)

− p̂i
p

]λ(p̂, 1
2
) + 1√

2p
√

1+p̂z

[
δiz + p̂i

δix + iδiy

]

= − δiz+p̂i(2+p̂z)
2p(1+p̂z)

λ(p̂, 1
2
) + 1√

2p
√

1+p̂z

[
δiz + p̂i

δix + iδiy

]

íØ7.1.3. ∂̃iλ(p̂,− 1
2
) = − δiz+p̂i(2+p̂z)

2p(1+p̂z)
λ(p̂,− 1

2
) + 1√

2p
√

1+p̂z

[
−δix + iδiy

δiz + p̂i

]

= 1

2p
√

1+p̂z
3

[
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]

y²: ∂̃iλ(p̂,− 1
2
) = −iσy∂̃iλ∗(p̂, 1

2
)

= − δiz+p̂i(2+p̂z)
2p(1+p̂z)

[−iσyλ∗(p̂, 1
2
)] + −iσy√

2p
√

1+p̂z

[
δiz + p̂i

δix − iδiy

]

= −iσy
2p
√

1+p̂z
3

[
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂−(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

]

= − δiz+p̂i(2+p̂z)
2p(1+p̂z)

λ(p̂,− 1
2
) + 1√

2p
√

1+p̂z

[
−δix + iδiy

δiz + p̂i

]

= 1

2p
√

1+p̂z
3

[
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]

7.1.3 Ú^Ýσ( 1
2
) · p̂��¼ê�ê5��

íØ7.1.4.

λ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) = [λ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
)]∗, λ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
) = [λ+(p̂, 1

2
)∂̃kλ(p̂, 1

2
)]∗

λ+(p̂, 1
2
)∂̃kλ(p̂,− 1

2
) = −[λ+(p̂,− 1

2
)∂̃kλ(p̂, 1

2
)]∗, λ+(p̂,− 1

2
)∂̃kλ(p̂, 1

2
) = −[λ+(p̂, 1

2
)∂̃kλ(p̂,− 1

2
)]∗

5�7.1.1.



λ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) = λ+(p̂, 1

2
)

[σk(
1
2

),σz(
1
2

)]

p(1+p̂z)
λ(p̂, 1

2
) =

−ip̂yδkx+ip̂xδky
2p(1+p̂z)

λ+(p̂,− 1
2
)∂̃kλ(p̂,− 1

2
) = λ+(p̂,− 1

2
)

[σk(
1
2

),σz(
1
2

)]

p(1+p̂z)
λ(p̂,− 1

2
) = −−ip̂yδkx+ip̂xδky

2p(1+p̂z)

λ+(−p̂, 1
2
)∂̃kλ(−p̂, 1

2
) = −λ+(−p̂, 1

2
)

[σk(
1
2

),σz(
1
2

)]

p(1−p̂z)
λ(−p̂, 1

2
) =

−ip̂yδkx+ip̂xδky
2p(1−p̂z)

λ+(−p̂,− 1
2
)∂̃kλ(−p̂,− 1

2
) = −λ+(−p̂,− 1

2
)

[σk(
1
2

),σz(
1
2

)]

p(1−p̂z)
λ(−p̂,− 1

2
) = −−ip̂yδkx+ip̂xδky

2p(1−p̂z)

λ+(p̂, h)∂zλ(p̂, h) = 0

y²: λ+(p̂,− 1
2
)∂̃iλ(p̂,− 1

2
)

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]
= λ+(p̂,− 1

2
)

[σi(
1
2

),σz(
1
2

)]

p(1+p̂z)
λ(p̂,− 1

2
) = ( ip̂y

2p
, −ip̂x

2p
, 0) =

−ip̂yδkx+ip̂xδky
2p(1+p̂z)

y²: λ+(p̂, 1
2
)∂̃iλ(p̂, 1

2
)

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

p̂−

]T [
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]
= λ+(p̂, 1

2
)

[σi(
1
2

),σz(
1
2

)]

p(1+p̂z)
λ(p̂, 1

2
) = (−ip̂y

2p
, ip̂x

2p
, 0) = −−ip̂yδkx+ip̂xδky

2p(1+p̂z)
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7.1.4 Ú^Ýσ( 1
2
) · p̂��¼ê�ê5�n

5�7.1.2.



λ+(p̂, 1
2
)∂̃iλ(p̂,− 1

2
) =

√
2p̂−p̂i+

√
2p̂−δiz−(1+p̂z)(δix−iδiy)

2p(1+p̂z)

λ+(p̂,− 1
2
)∂̃iλ(p̂, 1

2
) = −

√
2p̂+p̂i−

√
2p̂+δiz+(1+p̂z)(δix+iδiy)

2p(1+p̂z)

λ+(−p̂,− 1
2
)∂̃iλ(p̂,− 1

2
) = p̂+√

p̂+p̂−

√
2p̂−p̂i+

√
2p̂−δiz−(1+p̂z)(δix−iδiy)

2p(1+p̂z)

λ+(−p̂, 1
2
)∂̃iλ(p̂, 1

2
) = − p̂−√

p̂+p̂−

−
√

2p̂+p̂i−
√

2p̂+δiz+(1+p̂z)(δix+iδiy)

2p(1+p̂z)

y²: λ+(p̂,− 1
2
)∂̃iλ(p̂, 1

2
)

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix − p̂ip̂x) + i(δiy − p̂ip̂y)]

]

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+(δiz − p̂ip̂z) +
√

2(1 + p̂z)[(δix + iδiy)−
√

2p̂ip̂+]

]

= 1
2p(1+p̂z)2

[
−p̂+

1√
2
(1 + p̂z)

]T [
1√
2
(1 + p̂z)(δiz − p̂ip̂z)

−p̂+δiz − 2p̂ip̂+ − p̂+p̂ip̂z +
√

2(1 + p̂z)(δix + iδiy)

]

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

1√
2
(1 + p̂z)

]T [
−p̂+δiz + p̂+p̂ip̂z

−p̂+δiz − 2p̂ip̂+ − p̂+p̂ip̂z +
√

2(1 + p̂z)(δix + iδiy)

]
= −

√
2p̂+p̂i−

√
2p̂+δiz+(1+p̂z)(δix+iδiy)

2p(1+p̂z)

y²: λ+(p̂, 1
2
)∂̃iλ(p̂,− 1

2
)

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

p̂−

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − p̂ip̂x)− i(δiy − p̂ip̂y)]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

p̂−

]T [
p̂−(δiz − p̂ip̂z)−

√
2(1 + p̂z)[(δix − iδiy)−

√
2p̂ip̂−]

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

p̂−

]T [
p̂−δiz + 2p̂ip̂− + p̂ip̂−p̂z −

√
2(1 + p̂z)(δix − iδiy)

1√
2
(1 + p̂z)(δiz − p̂ip̂z)

]

= 1
2p(1+p̂z)2

[
1√
2
(1 + p̂z)

1√
2
(1 + p̂z)

]T [
p̂−δiz + 2p̂ip̂− + p̂ip̂−p̂z −

√
2(1 + p̂z)(δix − iδiy)

p̂−δiz − p̂ip̂−p̂z

]
=
√

2p̂−p̂i+
√

2p̂−δiz−(1+p̂z)(δix−iδiy)

p(1+p̂z)

7.1.5 Ú^Ýσ( 1
2
) · p̂��¼ê�ê5�o

íØ7.1.5. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ+(p̂, h) = 1,
− 1

2∑
h=

1
2

λ+(p̂, h)∂̃kλ(p̂, h) = 0

íØ7.1.6. (σ, iς)aAςA′ςpa = −2ς|~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
)

y²: (σ, iς)aAςA′ςpa

= (σ · ~p)AςBς [λBς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) + λBς (p̂, ς)λ

+
A′ς

(p̂, ς)]− ς|~p|[λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) + λAς (p̂, ς)λ

+
A′ς

(p̂, ς)]

= [−ς|~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) + ς|~p|λAς (p̂, ς)λ+

A′ς
(p̂, ς)]− ς|~p|[λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
) + λAς (p̂, ς)λ

+
A′ς

(p̂, ς)]

= −2ς|~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
)

íØ7.1.7. λAς (p̂, h)λ+
A′ς

(p̂, h) = hσkAςA′ς p̂k + 1
2
δAςA′ς

íØ7.1.8. ei~ω·
σ
2 = cos 1

2
ω + iω̂ · σsin 1

2
ω

= 1√
2
[p+ pz + i(σxpy − σypx][p2 + ppz]

−1/2

= 1√
2
[1 + p̂z + i(σ × p̂)z][1 + p̂z]

−1/2
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íØ7.1.9. ∂ze
i~ω·σ

2 =
√

1+p̂z√
2p

[1− p̂z − i(σ × p̂)z], e−i~ω·
σ
2 ∂ze

i~ω·σ
2 = −i

p
(σ × p̂)z

íØ7.1.10. λ+(p̂, h)∂zλ(p̂, h) = 0

7.1.6 Ú^Ýσ( 1
2
) · p̂��¼ê�ê5���(

5�7.1.3.



λ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) = 1

2

−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂, 1
2
)∂̃iλ(p̂,− 1

2
) = (p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

2p(1+p̂z)

λ+(p̂,− 1
2
)∂̃iλ(p̂, 1

2
) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

2p(1+p̂z)

λ+(p̂,− 1
2
)∂̃kλ(p̂,− 1

2
) = − 1

2

−ip̂yδkx+ip̂xδky
p(1+p̂z)

7.2 Ú^Ýσ(1) · p̂��¼ê�ê�5�

íØ7.2.1. λ(p̂, 1
2
) = 1√

1+p̂z

[
1√
2
(1 + p̂z)

p̂+

]
, λ(−p̂, 1

2
) = 1√

1+p̂z

[
−p̂−

1√
2
(1 + p̂z)

]

Ún7.2.1. λ(p̂, 1; 1) = Γ̄(1)λ(p̂, 1
2
)⊗ λ(p̂, 1

2
)

½n7.2.1. ∂̃iλ(p̂, 1; 1) = − δiz+p̂i(2+p̂z)
p(1+p̂z)

λ(p̂, 1; 1) + 1
p(1+p̂z)


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


y²: ∂̃iλ(p̂, 1; 1) = Γ̄(1)[∂̃iλ(p̂, 1

2
)⊗ λ(p̂, 1

2
) + λ(p̂, 1

2
)⊗ ∂̃iλ(p̂, 1

2
)]

= − δiz+p̂i(2+p̂z)
p(1+p̂z)

λ(p̂, 1; 1) + 1√
2p
√

1+p̂z
Γ̄(1)[

[
δiz + p̂i

δix + iδiy

]
⊗ λ(p̂, 1

2
) + λ(p̂, 1

2
)⊗

[
δiz + p̂i

δix + iδiy

]
]

= − δiz+p̂i(2+p̂z)
p(1+p̂z)

λ(p̂, 1; 1) +
√

2
p
√

1+p̂z
Γ̄(1)

[
δiz + p̂i

δix + iδiy

]
⊗ λ(p̂, 1

2
)

= − δiz+p̂i(2+p̂z)
p(1+p̂z)

λ(p̂, 1; 1) + 1
p(1+p̂z)

Γ̄(1)

[
δiz + p̂i

δix + iδiy

]
⊗

[
1 + p̂z

p̂x + ip̂y

]

= − δiz+p̂i(2+p̂z)
p(1+p̂z)

λ(p̂, 1; 1) + 1
p(1+p̂z)

1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

]
(δiz + p̂i)(1 + p̂z)

(δix + iδiy)(1 + p̂z)

(δiz + p̂i)(p̂x + ip̂y)

(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z)
λ(p̂, 1; 1) + 1

p(1+p̂z)


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


íØ7.2.2. λ+(p̂,−1; 1)∂̃iλ(p̂, 1; 1) = 0

y²: λ+(p̂,−1; 1)∂̃iλ(p̂, 1; 1)

= 0 + 1
p̂−

[ 1
2
p̂+(1−p̂z)

−p̂+p̂−
1
2
p̂−(1+p̂z)

]T
1

p(1+p̂z)


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= 1

2pp̂−(1+p̂z)

[
p̂+(1−p̂z)
−2p̂+p̂−
p̂−(1+p̂z)

]T 
(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= 1

2pp̂−(1+p̂z)

[
1
1
1

]T 
2p̂+p̂−p̂+(δiz + p̂i)

−
√

2p̂+p̂−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]√
2p̂+p̂−(1 + p̂z)(δix + iδiy)
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= p̂+√
2p(1+p̂z)

[
1
1
1

]T 
(p̂x + ip̂y)(δiz + p̂i)

−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(1 + p̂z)(δix + iδiy)


= 0

íØ7.2.3. λ+(p̂, 1; 1)∂̃kλ(p̂, 1; 1) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

y²: λ+(p̂, 1; 1)∂̃iλ(p̂, 1; 1)

= − δiz+p̂i(2+p̂z)
p(1+p̂z)

+ 1
p̂+

[ 1
2
p̂+(1+p̂z)

p̂+p̂−
1
2
p̂−(1−p̂z)

]T
1

p(1+p̂z)


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z)
+ 1

pp̂+(1+p̂z)

[
1
1
1

]T 
1
2
p̂+(1 + p̂z)(δiz + p̂i)(1 + p̂z)

1√
2
p̂+p̂−[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

1
2
p̂−(1− p̂z)(δix + iδiy)(p̂x + ip̂y)


= − δiz+p̂i(2+p̂z)

p(1+p̂z)
+ 1

2p(1+p̂z)

[
1
1
1

]T 
(δiz + p̂i)(1 + p̂z)

2

(p̂x − ip̂y)[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(p̂x − ip̂y)(1− p̂z)(δix + iδiy)


= − δiz+p̂i(2+p̂z)

p(1+p̂z)
+ 1

2p(1+p̂z)

[
1
1
1

]T 
(δiz + p̂i)(1 + p̂z)

2

(p̂x − ip̂y)(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(1− p̂2
z)]

(p̂x − ip̂y)(1− p̂z)(δix + iδiy)


= − δiz+p̂i(2+p̂z)

p(1+p̂z)
+ 1

p(1+p̂z)

[
1
1
1

]T 
(δiz + p̂i)(1 + p̂z)

0

(p̂x − ip̂y)(δix + iδiy)


= (p̂x−ip̂y)(δix+iδiy)+δiz p̂z−p̂i

p(1+p̂z)
= −ip̂yδix+ip̂xδiy

p(1+p̂z)

7.3 Ú^Ýσ(1) · p̂��¼ê�ê5���(
íØ7.3.1.

λ+(p̂, 1; 1)∂̃kλ(p̂, 1; 1) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 1)∂̃kλ(p̂, 0; 1) =
√

2p̂−p̂k+
√

2p̂−δkz−(1+p̂z)(δkx−iδky)√
2p(1+p̂z)

λ+(p̂, 1; 1)∂̃kλ(p̂,−1; 1) = 0

λ+(p̂, 0; 1)∂̃kλ(p̂, 0; 1) = 0

λ+(p̂,−1; 1)∂̃kλ(p̂, 1; 1) = 0

λ+(p̂,−1; 1)∂̃kλ(p̂, 0; 1) = −
√

2p̂+p̂k+
√

2p̂+δkz−(1+p̂z)(δkx+iδky)√
2p(1+p̂z)

λ+(p̂,−1; 1)∂̃kλ(p̂,−1; 1) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

7.4 Ú^Ýγ · p̂��¼ê��ê5��

Ún7.4.1. λ+
m(−p̂, 1; 1)

[
−p̂z
−i
p̂x

]
= 0, λ+

m(−p̂, 1; 1)
[ i
−p̂z
p̂y

]
= 0, λ+

m(−p̂,−1; 1)
[−p̂z

i
p̂x

]
= 0, λ+

m(−p̂,−1; 1)

[
−i
−p̂z
p̂y

]
= 0

Ún7.4.2.



∂̃kλm(p̂, 1; 1) = 1
2p−

−ip̂x(p̂kp̂z−δkz)+iδkx(p̂z−
p̂xp̂z−ip̂y
p̂x−ip̂y )+δky(1−

p̂xp̂z−ip̂y
p̂x−ip̂y )

−ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x−ip̂y p̂z
p̂x−ip̂y )+iδky(p̂z−

p̂x−ip̂y p̂z
p̂x−ip̂y )

ip̂k(p̂2
x+p̂2

y)−i(p̂x−ip̂y)(δkx+iδky)


∂̃kλm(p̂,−1; 1) = 1

2p+

 ip̂x(p̂kp̂z−δkz)−iδkx(p̂z−
p̂xp̂z+ip̂y
p̂x+ip̂y

)+δky(1−
p̂xp̂z+ip̂y
p̂x+ip̂y

)

+ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x+ip̂y p̂z
p̂x+ip̂y

)−iδky(p̂z−
p̂x+ip̂y p̂z
p̂x+ip̂y

)

−ip̂k(p̂2
x+p̂2

y)+i(p̂x+ip̂y)(δkx−iδky)
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y²: ∂̃kλm(p̂, 1; 1) = ∂̃k
1

2pp−

[
i(pxpz−ippy)

−1(ppx−ipypz)

−2i(p+p−)

]
= (2pp−∂̃k

1
2pp−

) 1
2pp−

[
i(pxpz−ippy)

−1(ppx−ipypz)

−2i(p+p−)

]
+ 1

2pp−
∂̃k

[
i(pxpz−ippy)

−1(ppx−ipypz)

−2i(p+p−)

]
= − 1

2p−
[2p̂kp̂− +

√
2(δkx − iδky)]λm(p̂, 1; 1) + 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]
= − 1

2p−
[2p̂kp̂− +

√
2(δkx − iδky)] 1

2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
+ 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]
= − 1

2p−
[p̂k + 1√

2p̂−
(δkx − iδky)]

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
+ 1

2p−

[
i(δkxp̂z+p̂xδkz−iδky−ip̂kp̂y)

−1(p̂kp̂x+δkx−iδky p̂z−ip̂yδkz)

−2i(p̂xδkx+p̂yδky)

]

= 1
2p−

−ip̂x(p̂kp̂z−δkz)+iδkx(p̂z−
p̂xp̂z−ip̂y
p̂x−ip̂y )+δky(1−

p̂xp̂z−ip̂y
p̂x−ip̂y )

−ip̂y(p̂kp̂z−δkz)−δkx(1−
p̂x−ip̂y p̂z
p̂x−ip̂y )+iδky(p̂z−

p̂x−ip̂y p̂z
p̂x−ip̂y )

ip̂k(p̂2
x+p̂2

y)−i(p̂x−ip̂y)(δkx+iδky)



íØ7.4.1.



∂̃xλm(p̂,−ς; 1) = 1
2p+ς
{iςp̂xp̂z

[
p̂x
p̂y
p̂z

]
+ iς

[
−p̂z
iς
p̂x

]
−
√

2λm(p̂,−ς; 1)}

∂̃yλm(p̂,−ς; 1) = 1
2p+
{iςp̂yp̂z

[
p̂x
p̂y
p̂z

]
+ iς

[
−iς
−p̂z
p̂y

]
− iς
√

2λm(p̂,−ς; 1)}

∂̃zλm(p̂,−ς; 1) = −iςp−ς
[
p̂x
p̂y
p̂z

]
íØ7.4.2. λ+

m(p̂,−ς; 1) = 1
2p̂−ς

[
iς(p̂xp̂z−iςp̂y)

−1(p̂x−iςp̂y p̂z)

−2iς(p̂+p̂−)

]
, λm(p̂,−ς; 1) = 1

2p̂+ς

[
−iς(p̂xp̂z+iςp̂y)

−1(p̂x+iςp̂y p̂z)

2iς(p̂+p̂−)

]
íØ7.4.3. λ+

m(p̂,−ς; 1)∂̃xλm(p̂,−ς; 1) = iςp̂y
p(1+p̂z)

, λ+
m(p̂,−ς; 1)∂̃yλm(p̂,−ς; 1) = −iςp̂x

p(1+p̂z)
, λ+

m(p̂,−ς; 1)∂̃zλm(p̂,−ς; 1) =

0

λ+
m(p̂,−ς; 1)p̂ · ∇̃λm(p̂,−ς; 1) = 0

íØ7.4.4.



λ+
m(p̂, 1; 1)∂̃kλm(p̂, 1; 1) =

−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+
m(p̂,−1; 1)∂̃kλm(p̂,−1; 1) = −−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+
m(p̂, 0; 1)∂̃kλm(p̂, 0; 1) = 0

λ+
m(p̂,−1; 1)∂̃kλm(p̂, 1; 1) = 0

λ+
m(p̂, 1; 1)∂̃kλm(p̂,−1; 1) = 0

7.5 Ú^Ýγ · p̂��¼ê��ê5��?

íØ7.5.1.



(γy∂̃z − γz∂̃y)λm(p̂,−ς; 1) = ς
2p+ς
{p̂xp̂zp̂−

[
−p̂z
iς
p̂x

]
+ i
√

2γzλm(p̂,−ς; 1)}

(γz∂̃x − γx∂̃z)λm(p̂,−ς; 1) = ς
2p+ς
{p̂yp̂zp̂−

[
−iς
−p̂z
p̂y

]
− ς
√

2γzλm(p̂,−ς; 1)}

(γx∂̃y − γy∂̃x)λm(p̂,−ς; 1) = ς
2p+ς
{p̂zp̂zp̂+

[
p̂x
p̂y
p̂z

]
− i
√

2(γx + iςγy)λm(p̂,−ς; 1)}

íØ7.5.2.


λ+
m(p̂,−ς; 1)(γx∂̃y − γy∂̃x)λm(p̂,−ς; 1) = ip̂z

p(1+p̂z)
+ i

p(1+p̂z)

λ+
m(p̂,−ς; 1)(γy∂̃z − γz∂̃y)λm(p̂,−ς; 1) = ip̂x

p(1+p̂z)

λ+
m(p̂,−ς; 1)(γz∂̃x − γx∂̃z)λm(−p̂,−ς; 1) = ip̂y

p(1+p̂z)

íØ7.5.3. λ+
m(−p̂,−ς; 1)(γi∂̃j − γj ∂̃i)λm(p̂,−ς; 1) = 0, λ+

m(p̂,−ς; 1)(γi∂̃j − γj ∂̃i)λm(−p̂,−ς; 1) = 0

íØ7.5.4.

{
∂̃kλm(p̂, 1; 1)|p̂z→1 = 0
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7.6 Ú^Ýσ(2) · p̂��¼ê�ê5���(
íØ7.6.1.

λ+(p̂, 2; 2)∂̃kλ(p̂, 2; 2) = 2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 1; 2) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂,−1; 2) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−2; 2) = −2
−ip̂yδkx+ip̂xδky

p(1+p̂z)



λ+(p̂,−2; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 1; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 2; 2)∂̃kλ(p̂,−2; 2) = 0

íØ7.6.2.

λ+(p̂, 2; 2)∂̃kλ(p̂, 2; 2) = 2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 2; 2)

= − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 2; 2) = 0

λ+(p̂,−2; 2)∂̃kλ(p̂, 2; 2) = 0



λ+(p̂, 2; 2)∂̃kλ(p̂, 1; 2) = (p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂, 1; 2)∂̃kλ(p̂, 1; 2) =
−ip̂yδkx+ip̂xδky

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 1; 2) = −
√

6
2

(p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

p(1+p̂z)

λ+(p̂,−1; 2)∂̃kλ(p̂, 1; 2) = 0

λ+(p̂,−2; 2)∂̃kλ(p̂, 1; 2) = 0

íØ7.6.3.

λ+(p̂, 2; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂, 0; 2) =
√

6
2

(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂, 0; 2)∂̃kλ(p̂, 0; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂, 0; 2) = −
√

6
2

(p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂, 0; 2) = 0

íØ7.6.4.

λ+(p̂, 2; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−1; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂,−1; 2) =
√

6
2

(p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂,−1; 2)∂̃kλ(p̂,−1; 2) = −−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−1; 2) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

p(1+p̂z)



λ+(p̂, 2; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂, 1; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂, 0; 2)∂̃kλ(p̂,−2; 2) = 0

λ+(p̂,−1; 2)∂̃kλ(p̂,−2; 2)

= (p̂i+δiz)(p̂x−ip̂y)−(1+p̂z)(δix−iδiy)

p(1+p̂z)

λ+(p̂,−2; 2)∂̃kλ(p̂,−2; 2) = −2
−ip̂yδkx+ip̂xδky

p(1+p̂z)

7.7 Ú^Ýσ(s) · p̂��¼ê�ê�5�
½n7.7.1. λ(p̂, h; s)∂̃kλ(p̂, h; s) = Cs−h2s h

−ip̂yδkx+ip̂xδky
p(1+p̂z)

, λ(−p̂, h; s)∂̃kλ(−p̂, h; s) = Cs−h2s h
−ip̂yδkx+ip̂xδky

p(1−p̂z)

íØ7.7.1.

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z)
+ (h′ − h)

√
2p̂+p̂i+

√
2p̂+δiz−(1+p̂z)(δix+iδiy)

2p(1+p̂z)
], h′ ≤ h

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z)
+ (h′ − h)

√
2p̂−p̂i+

√
2p̂−δiz−(1+p̂z)(δix−iδiy)

2p(1+p̂z)
, h′ ≥ h

λ+(−p̂,−h′; s)∂̃kλ(p̂, h; s)

= (−1)s−h
′
( p̂−√

p̂+p̂−
)2h′
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z)
+ (h′ − h)

√
2p̂+p̂i+

√
2p̂+δiz−(1+p̂z)(δix+iδiy)

2p(1+p̂z)
], h′ ≤ h

λ+(−p̂,−h′; s)∂̃kλ(p̂, h; s)

= (−1)s−h
′
( p̂−√

p̂+p̂−
)2h′
√
Cs−h

′

2s Cs−h2s [(h′ + h)
−ip̂yδkx+ip̂xδky

2p(1+p̂z)
+ (h′ − h)

√
2p̂−p̂i+

√
2p̂−δiz−(1+p̂z)(δix−iδiy)

2p(1+p̂z)
, h′ ≥ h
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7.8 Ú^Ýσ(s) · p̂��¼ê�ê�Ï^){�

Ún7.8.1. λ(p̂, s; s) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
), λ(p̂,−s; s) = Γ̄(s)

2s︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

½n7.8.1. λ+(p̂,−ςs; s)∂̃kλ(p̂,−ςs; s) = 2sλ+(p̂,− ς
2
)∂̃kλ(p̂,− ς

2
)

y²: λ+(p̂,−ςs; s)∂̃kλ(p̂,−ςs; s)

=

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
) Γ(s)Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
) Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
)λ(p̂,− ς

2
)

= 2sλ+(p̂,− ς
2
)∂̃kλ(p̂,− ς

2
)

½n7.8.2. λ+(p̂,−s; s)∂̃kλ(p̂, s; s) = 0[⇔]λ+(p̂, s; s)∂̃kλ(p̂,−s; s) = 0; s ≥ 1

y²: λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s); s ≥ 1

=

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
) Γ(s)Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂, ς

2
)⊗ · · ⊗λ(p̂, ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
) Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂, ς

2
)⊗ · · ⊗λ(p̂, ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
)

2s︷ ︸︸ ︷
∂̃kλ(p̂, ς

2
)⊗ · · ⊗λ(p̂, ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂,− ς

2
)∂̃kλ(p̂, ς

2
)⊗ · · ⊗λ+(p̂,− ς

2
)λ(p̂, ς

2
)

= 0

y²: λ+(p̂,−ςs; s)λ(p̂, ςs; s) = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0

⇔ ∂̃k[λ
+(p̂,−ςs; s)λ(p̂, ςs; s)] = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0

⇔ ∂̃kλ
+(p̂,−ςs; s)λ(p̂, ςs; s) + λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0, λ+(p̂,−ςs; s)∂̃kλ(p̂, ςs; s) = 0

⇒ ∂̃kλ
+(p̂,−ςs; s)λ(p̂, ςs; s) = 0

⇔ [∂̃kλ
+(p̂,−ςs; s)λ(p̂, ςs; s)]+ = 0

⇔ λ+(p̂, ςs; s)∂̃kλ(p̂,−ςs; s) = 0

7.9 Ú^Ýσ(s) · p̂��¼ê�ê�Ï^){�

Ún7.9.1. λ(p̂, h; s) =
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

½n7.9.1. λ+(p̂, h; s)∂̃kλ(p̂, h; s) = 2hλ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
)

y²: λ+(p̂, h; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= Cs−h2s

s+h︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(s+h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(s−h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]
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= (s+ h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2
)∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2
)λ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)

+ (s− h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)

= (s+ h)λ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) + (s− h)λ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
)

= 2hλ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
)

½n7.9.2. λ+(p̂,−h; s)∂̃kλ(p̂, h; s) = 0, |h| ≥ 1

y²: λ+(p̂,−h; s)∂̃kλ(p̂, h; s)

= [
√
Cs+h2s Γ̄(s)

s−h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s+h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= Cs−h2s

s−h︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s+h︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(s+h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(s−h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

= 0 + 0 = 0

½n7.9.3. λ+(p̂, 0;n)∂̃kλ(p̂, 0;n) = 0

y²: λ+(p̂, 0;n)∂̃kλ(p̂, 0;n)

= [
√
Cn2nΓ̄(n)

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k
√
Cn2nΓ̄(s)

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= Cn2n

n︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[n

n︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +n

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

= n[

n︷ ︸︸ ︷
λ+(p̂, 1

2
)∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2
)λ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)

+

n︷ ︸︸ ︷
λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)]

= nλ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) + nλ+(p̂,− 1

2
)∂̃kλ(p̂,− 1

2
)

= 0

½n7.9.4. λ+(p̂,− 1
2
;n+ 1

2
)∂̃kλ(p̂, 1

2
;n+ 1

2
) = (n+ 1)λ+(p̂,− 1

2
)∂̃kλ(p̂, 1

2
)

y²: λ+(p̂,− 1
2
;n+ 1

2
)∂̃kλ(p̂, 1

2
;n+ 1

2
)

= [
√
Cn2n+1Γ̄(n+ 1

2
)

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k
√
Cn2n+1Γ̄(s)

n+1︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= Cn2n+1

n︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(n+ 1)

n+1︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +n

n+1︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

= (n+ 1)[

n+1︷ ︸︸ ︷
λ+(p̂,− 1

2
)∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2
)λ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
) +0

= (n+ 1)λ+(p̂,− 1
2
)∂̃kλ(p̂, 1

2
)
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½n7.9.5. λ+(p̂, 1
2
;n+ 1

2
)∂̃kλ(p̂,− 1

2
;n+ 1

2
) = (n+ 1)λ+(p̂, 1

2
)∂̃kλ(p̂,− 1

2
)

y²: λ+(p̂, 1
2
;n+ 1

2
)∂̃kλ(p̂,− 1

2
;n+ 1

2
)

= [
√
Cn2n+1Γ̄(n+ 1

2
)

n+1︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k
√
Cn2n+1Γ̄(s)

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

= Cn2n+1

n+1︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

n︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[n

n︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(n+ 1)

n︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

= 0 + (n+ 1)

n︷ ︸︸ ︷
λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

n+1︷ ︸︸ ︷
λ+(p̂, 1

2
)∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)]

= (n+ 1)λ+(p̂, 1
2
)∂̃kλ(p̂,− 1

2
)

7.10 Ú^Ýσ(s) · p̂��¼ê�ê�Ï^){n
½n7.10.1. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) = 0, |h′ − h| ≥ 2

y²: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(s+h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(s−h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

= 0 + 0 = 0

½n7.10.2. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s+ h′)(s− h)λ+(p̂, 1
2
)∂̃kλ(p̂,− 1

2
), h′ − h = 1

y²: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(s+h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(s−h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

(s− h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

=
√
Cs−h

′

2s

√
Cs−h2s (Cs−h

′

2s )−1(s−h)

s+h︷ ︸︸ ︷
λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂, 1

2
)∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)

=
√

(s+ h′)(s− h)λ+(p̂, 1
2
)∂̃kλ(p̂,− 1

2
)

½n7.10.3. λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s− h′)(s+ h)λ+(p̂,− 1
2
)∂̃kλ(p̂, 1

2
), h′ − h = −1
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y²: λ+(p̂, h′; s)∂̃kλ(p̂, h; s)

= [
√
Cs−h

′

2s Γ̄(s)

s+h′︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]+

∂̃k

√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

[(s+h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
) +(s−h)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
∂̃kλ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)]

=
√
Cs−h

′

2s

√
Cs−h2s

s+h′︷ ︸︸ ︷
λ+(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)⊗

s−h′︷ ︸︸ ︷
λ+(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
) Γ(s)Γ̄(s)

(s+ h)

s+h︷ ︸︸ ︷
∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
)

=
√
Cs−h

′

2s

√
Cs−h2s (Cs−h

′

2s )−1(s+ h)
s+h︷ ︸︸ ︷

λ+(p̂,− 1
2
)∂̃kλ(p̂, 1

2
)⊗ · · ⊗λ+(p̂, 1

2
)λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ+(p̂,− 1

2
)λ(p̂,− 1

2
)⊗ · · ⊗λ+(p̂,− 1

2
)λ(p̂,− 1

2
)

=
√

(s− h′)(s+ h)λ+(p̂,− 1
2
)∂̃kλ(p̂, 1

2
)

7.11 Ú^Ýσ(s) · p̂��¼ê�ê5���(
½n7.11.1.

λ+(p̂, h; s)∂̃kλ(p̂, h; s) = 2hλ+(p̂, 1
2
)∂̃kλ(p̂, 1

2
) = h

−ip̂yδkx+ip̂xδky
p(1+p̂z)

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) =
√

(s+ ςh′)(s− ςh)λ+(p̂, ς
2
)∂̃kλ(p̂,− ς

2
)

= ς
√

(s+ ςh′)(s− ςh) (p̂i+δiz)(p̂x−iςp̂y)−(1+p̂z)(δix−iςδiy)

2p(1+p̂z)
, h′ − h = ς

λ+(p̂, h′; s)∂̃kλ(p̂, h; s) = 0, |h′ − h| ≥ 2

7.12 Ú^Ýσ(s) · p̂��¼ê�ê�Ï^){o
Ún7.12.1. Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

½n7.12.1. λ+(p̂, ςs; s)σ(s)∂̃kλ(p̂,−ςs; s) = 0, s ≥ 3
2

y²: λ+(p̂, ςs; s)σ(s)∂̃kλ(p̂,−ςs; s)

=

2s︷ ︸︸ ︷
λ+(p̂, ς

2
)⊗ · · ⊗λ+(p̂, ς

2
) Γ(s)[Γ̄(s)Ω(s)Γ(s)]Γ̄(s)∂̃k

2s︷ ︸︸ ︷
λ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς

2
)⊗ · · ⊗λ+(p̂, ς

2
) Γ(s)Γ̄(s)Ω(s)Γ(s)Γ̄(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς

2
)⊗ · · ⊗λ+(p̂, ς

2
) Γ(s)Γ̄(s)Ω(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 2s

2s︷ ︸︸ ︷
λ+(p̂, ς

2
)⊗ · · ⊗λ+(p̂, ς

2
) Ω(s)

2s︷ ︸︸ ︷
∂̃kλ(p̂,− ς

2
)⊗ · · ⊗λ(p̂,− ς

2
)

= 0

íØ7.12.1. λ+(p̂, ςs; s)[σi(s)∂̃j − σj(s)∂̃i]λ(p̂,−ςs; s) = 0, s ≥ 3
2

½n7.12.2. λ+(p̂,−1; 1)σ(s)∂̃kλ(p̂, 1; 1) = 0

y²: λ+(p̂,−1; s)σ(s)∂̃kλ(p̂, 1; 1)

= λ+(p̂,− 1
2
)⊗ λ+(p̂,− 1

2
)Γ(1)Γ̄(1)Ω(1)Γ(1)Γ̄(1)∂̃k[λ(p̂, 1

2
)⊗ λ(p̂, 1

2
)]

= 2sλ+(p̂,− 1
2
)⊗ λ+(p̂,− 1

2
)Γ(1)Γ̄(1)Ω(1)Γ(1)Γ̄(1)∂̃kλ(p̂, 1

2
)⊗ λ(p̂, 1

2
)

= 2λ+(p̂,− 1
2
)⊗ λ+(p̂,− 1

2
)Γ(1)Γ̄(1)Ω(1)∂̃kλ(p̂, 1

2
)⊗ λ(p̂, 1

2
)
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= 2λ+(p̂,− 1
2
)⊗ λ+(p̂,− 1

2
)Ω(1)∂̃kλ(p̂, 1

2
)⊗ λ(p̂, 1

2
)

= λ+(p̂,− 1
2
)⊗ λ+(p̂,− 1

2
)(σ ⊗ I + I ⊗ σ)∂̃kλ(p̂, 1

2
)⊗ λ(p̂, 1

2
)

= [λ+(p̂,− 1
2
)∂̃kλ(p̂, 1

2
)][λ+(p̂,− 1

2
)σλ(p̂, 1

2
)]

5�7.12.1.

λ+(p̂,− 1
2
)∂̃iλ(p̂, 1

2
) = − (p̂i+δiz)(p̂x+ip̂y)−(1+p̂z)(δix+iδiy)

2p(1+p̂z)

= −


p̂x(p̂x+ip̂y)−(1+p̂z)

2p(1+p̂z)
p̂y(p̂x+ip̂y)−i(1+p̂z)

2p(1+p̂z)
(1+p̂z)(p̂x+ip̂y)

2p(1+p̂z)

 = − 1
2p(1+p̂z)

[(p̂x + ip̂y)p̂+

[
−(1+p̂z)
−i(1+p̂z)
(p̂x+ip̂y)

]
]

λ+(p̂,− 1
2
)(σ,−iς)aλ(p̂, 1

2
) =


p̂xp̂z−ip̂y
p̂x−ip̂y
p̂y p̂z+ip̂x
p̂x−ip̂y
p̂z p̂z−1
p̂x−ip̂y

0

 = 1
p̂x−ip̂y (p̂zp̂+

[−ip̂y
ip̂x
−1
0

]
)

íØ7.12.2. λ+(p̂,−1; 1)[σi(1)∂̃j − σj(1)∂̃i]λ(p̂, 1; 1)

= [λ+(p̂,− 1
2
)∂̃jλ(p̂, 1

2
)][λ+(p̂,− 1

2
)σiλ(p̂, 1

2
)]− [λ+(p̂,− 1

2
)∂̃iλ(p̂, 1

2
)][λ+(p̂,− 1

2
)σjλ(p̂, 1

2
)]

= 0

íØ7.12.3. λ+(p̂, ςs; s)[σi(s)∂̃j − σj(s)∂̃i]λ(p̂,−ςs; s) = 0, s ≥ 1

8 Ú^Ýσ(s) · p̂�)Ûòÿ(�Iî�z)

8.1 Ú^Ýσ(1
2
) · p̂, p̂ ∈ C��¼ê�©Û

½Â8.1.1. λ̃T (p̂, 1
2
) := −iλT (p̂,− 1

2
)σy, λ̃

T (p̂,− 1
2
) := iλT (p̂, 1

2
)σy, p̂ = ~p√

~p·~p
∈ C

íØ8.1.1. λ(p̂, 1
2
) = 1√

1+p̂z

[
1√
2
(1 + p̂z)

p̂+

]
, λ(p̂,− 1

2
) = 1√

1+p̂z

[
−p̂−

1√
2
(1 + p̂z)

]
, p̂2 = 1, p̂ ∈ C

íØ8.1.2. [σ( 1
2
) · p̂]λ(p̂, 1

2
) = 1

2
λ(p̂, 1

2
), [σ( 1

2
) · p̂]λ(p̂,− 1

2
) = − 1

2
λ(p̂, 1

2
), p̂2 = 1, p̂ ∈ C

5�8.1.1. λ̃T (p̂, 1
2
) = λ+(p̂, 1

2
), λ̃T (p̂,− 1

2
) = λ+(p̂,− 1

2
), p̂ ∈ R

íØ8.1.3. λ̃T (p̂, h)λ(p̂, h′) = δhh′ ,
− 1

2∑
h=

1
2

λ(p̂, h)λ̃T (p̂, h) = 1,
− 1

2∑
h=

1
2

hλ(p̂, h)λ̃T (p̂, h) = σ( 1
2
) · p̂, p̂ ∈ C

8.2 Ú^Ýσ(s) · p̂, p̂ ∈ C��¼ê�©Û

½Â8.2.1. λ(p̂, h; s) :=
√
Cs−h2s Γ̄(s)

s+h︷ ︸︸ ︷
λ(p̂, 1

2
)⊗ · · ⊗λ(p̂, 1

2
)⊗

s−h︷ ︸︸ ︷
λ(p̂,− 1

2
)⊗ · · ⊗λ(p̂,− 1

2
), p̂ ∈ C

½Â8.2.2.

λ̃T (p̂, h; s) := (−1)h
√
Cs−h2s

s+h︷ ︸︸ ︷
λT (p̂, 1

2
)σy ⊗ · · ⊗λT (p̂, 1

2
)σy ⊗

s−h︷ ︸︸ ︷
λT (p̂,− 1

2
)σy ⊗ · · ⊗λT (p̂,− 1

2
)σy Γ(s), p̂ ∈ C

íØ8.2.1. [σ(s) · p̂]λ(p̂, h; s) = hλ(p̂, h; s), p̂2 = 1, p̂ ∈ C

5�8.2.1. λ̃T (p̂, h; s) = λ+(p̂, h; s), p̂ ∈ R

íØ8.2.2. λ̃T (p̂, h; s)λ(p̂, h′; s) = δhh′ ,
−s∑
h=s

λ(p̂, h; s)λ̃T (p̂, h; s) = 1,
−s∑
h=s

hλ(p̂, h; s)λ̃T (p̂, h; s) = σ(s) · p̂, p̂ ∈ C
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8.3 Ú^Ýσ(s) · p̂, p̂ ∈ C,©Û
½n8.3.1. ∂̃iλ(p̂, 1; 1) = 1

p(1+p̂z)
{−[δiz + p̂i(2 + p̂z)]λ(p̂, 1; 1) + [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)]λ(p̂, 1; 1)

+


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)

− [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)]λ(p̂, 1; 1)}

= 1
p(1+p̂z)

{(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− [(δiz + p̂i)(1 + p̂z) + (p̂x − ip̂y)(δix + iδiy)]

1
p̂−

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
}

= 1
p(1+p̂z)

{(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+


(δiz + p̂i)(1 + p̂z)

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− (δiz + p̂i)(1 + p̂z)

1
p̂−

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
−
√

2(δix + iδiy)

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
}

= 1
p(1+p̂z)

{(−ip̂yδix + ip̂xδiy)λ(p̂, 1; 1)

+


1
2
(δiz + p̂i)(1− p̂z)2

1√
2
[(δix + iδiy)(1 + p̂z) + (δiz + p̂i)(p̂x + ip̂y)]

(δix + iδiy)(p̂x + ip̂y)


− (δiz + p̂i)(1 + p̂z)

1
p̂−

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
−
√

2(δix + iδiy)

[ 1
2
p̂−(1+p̂z)

p̂+p̂−
1
2
p̂+(1−p̂z)

]
}
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1 #êÆóä�ïá

1.1 AÏ[�©�f�Ú\

²¡Å)b�µb�÷vÃ�þâfÔn�§�¤k²¡Å)ÑØ¹"ª)§¤±~ê)Ø´Ã�þâf�§�

²¡Å)§A,1?n"

½Â1.1.1. f(~r, t) :=
∫
~p6=0

f(~p, t)ei~p·~rd3~p

½Â1.1.2.

 1√
m2−∇2 f(~r, t) := 1

(2π)3

∫
1
E
f(~p, t)ei~p·~rd3~p,∀f(~r, t)

√
m2 −∇2f(~r, t) := 1

(2π)3

∫
Ef(~p, t)ei~p·~rd3~p, ∀f(~r, t)

√
m2 −∇2 ←→ E =

√
m2 + ~p2

½Â1.1.3.

 1√
−∇2 f(~r, t) := 1

(2π)3

∫
1
|~p|f(~p, t)ei~p·~rd3~p,∀f(~r, t)

√
−∇2f(~r, t) := 1

(2π)3

∫
|~p|f(~p, t)ei~p·~rd3~p,∀f(~r, t)

√
−∇2 ←→ |~p|

1.2 k�þAÏ[�©�f�Ä�5�

5�1.2.1.


(
√
m2 −∇2)2 = m2 −∇2, ( 1√

m2−∇2 )2 = 1
m2−∇2

√
m2 −∇2 1√

m2−∇2 = 1√
m2−∇2

√
m2 −∇2 = 1

[
√
m2 −∇2]∗ =

√
m2 −∇2, [ 1√

m2−∇2 ]∗ = 1√
m2−∇2

y²: (
√
m2 −∇2)∗f(~r, t)

= [
√
m2 −∇2f∗(~r, t)]∗

= [ 1
(2π)3

∫ √
m2 + ~p2f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫ √
m2 + ~p2f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫ √
m2 + ~p2f(~p, t)ei~p·~rd3~p

=
√
m2 −∇2f(~r, t)

y²: ( 1√
m2−∇2 )∗f(~r, t)

= [ 1√
m2−∇2 f

∗(~r, t)]∗

= [ 1
(2π)3

∫
1√

m2+~p2
f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
1√

m2+~p2
f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
1√

m2+~p2
f(~p, t)ei~p·~rd3~p

= 1√
m2−∇2 f(~r, t)

5�1.2.2. (
√
m2 −∇2)nf(~r, t) =

∫ √
m2 + ~p2

n
f(~p, t)ei~p·~rd3~p, n ∈ Z

5�1.2.3.
∫ √

m2 −∇2f(~r, t)d3~r = mf(~p = 0, t),
∫

1√
m2−∇2 f(~r, t)d3~r = 1

m
f(~p = 0, t)

5�1.2.4. (
√
m2 −∇2)nf(~r, t) =

∫ √
m2 + ~p2

n
f(~p, t)ei~p·~rd3~p, n ∈ Z

5�1.2.5.
∫
f(~r, t)(

√
m2 −∇2)ng(~r, t)d3~r =

∫
[(
√
m2 −∇2)nf(~r, t)]g(~r, t)d3~r

y²:
∫
f(~r, t)(

√
m2 −∇2)ng(~r, t)d3~r

= 1
(2π)3

∫
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫ √
m2 + ~p2

n
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫ √
m2 + ~p2

n
f(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫ √
m2 + ~p2

n
f(−p̂, t)g(~p, t)d3~p
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y²:
∫

[(
√
m2 −∇2)nf(~r, t)]g(~r, t)d3~r

= 1
(2π)3

∫ √
m2 + ~p′2

n
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫ √
m2 + ~p′2

n
f(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫ √
m2 + ~p2

n
f(−p̂, t)g(~p, t)d3~p

5�1.2.6. (
√
m2 −∇2)nδ3(~r) = 1

(2π)3

∫ √
m2 + ~p2

n
ei~p·~rd3~p = (

√
m2 −∇2)nδ3(−~r)

5�1.2.7.
∫
f(~r′, t)(

√
−∇′2)nδ3(~r − ~r′)d3~r′ = (

√
m2 −∇2)nf(~r, t)

1.3 Ã�þAÏ[�©�f�Ä�5�

5�1.3.1.


(
√
−∇2)2 = −∇2, ( 1√

−∇2 )2 = 1
−∇2

√
−∇2 1√

−∇2 = 1√
−∇2

√
−∇2 = 1

[
√
−∇2]∗ =

√
−∇2, [ 1√

−∇2 ]∗ = 1√
−∇2

y²: (
√
−∇2)∗f(~r, t)

= [
√
−∇2f∗(~r, t)]∗

= [ 1
(2π)3

∫
|~p|f∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
|~p|f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
|~p|f(~p, t)ei~p·~rd3~p

=
√
−∇2f(~r, t)

y²: ( 1√
−∇2 )∗f(~r, t)

= [ 1√
−∇2 f

∗(~r, t)]∗

= [ 1
(2π)3

∫
1
|~p|f

∗(−p̂, t)ei~p·~rd3~p]∗

= 1
(2π)3

∫
1
|~p|f(−p̂, t)e−i~p·~rd3~p

= 1
(2π)3

∫
1
|~p|f(~p, t)ei~p·~rd3~p

= 1√
−∇2 f(~r, t)

5�1.3.2. (
√
−∇2)nf(~r, t) =

∫
|~p|nf(~p, t)ei~p·~rd3~p, n ∈ Z

5�1.3.3.
∫ √
−∇2f(~r, t)d3~r = 0,

∫
1√
−∇2 f(~r, t)d3~r =ÛÉ5

5�1.3.4. (
√
−∇2)nf(~r, t) =

∫
|~p|nf(~p, t)ei~p·~rd3~p, n ∈ Z

5�1.3.5.
∫
f(~r, t)(

√
−∇2)ng(~r, t)d3~r =

∫
[(
√
−∇2)nf(~r, t)]g(~r, t)d3~r

y²:
∫
f(~r, t)(

√
−∇2)ng(~r, t)d3~r

= 1
(2π)3

∫
f(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
|~p|ng(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫
|~p|nf(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫
|~p|nf(−p̂, t)g(~p, t)d3~p

y²:
∫

[(
√
−∇2)nf(~r, t)]g(~r, t)d3~r

= 1
(2π)3

∫
|~p′|nf(~p′, t)ei~p

′·~rd3~p′ 1
(2π)3

∫
g(~p, t)ei~p·~rd3~pd3~r

= 1
(2π)3

∫
|~p′|nf(~p′, t)g(~p, t)δ3(~p′ + ~p)d3~p′d3~p

= 1
(2π)3

∫
|~p|nf(−p̂, t)g(~p, t)d3~p

5�1.3.6. (
√
−∇2)nδ3(~r) = 1

(2π)3

∫
|~p|nei~p·~rd3~p = (

√
−∇2)nδ3(−~r)

5�1.3.7.
∫
f(~r′, t)(

√
−∇′2)nδ3(~r − ~r′)d3~r′ = (

√
−∇2)nf(~r, t)
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2 o���¥Ý
ë¦,

2.1 g^Ý
ë¦,tr[σα1(s) · · ·σαn(s)]�5�

íØ2.1.1.

tr[σα′ς (s)] = 0, tr[σας (s)] = 0

tr[σα′ς (s)σβ′ς (s)] = 2
3
s(s+ 1

2
)(s+ 1)δα′ςβ′ς , tr[σ

ας (s)σβς (s)] = 2
3
s(s+ 1

2
)(s+ 1)δαςβς

2.2 �|Ý
ë¦,tr[σα1 · · · σαn ]�5�

½Â2.2.1. Aα1···αn := tr[σα1
· · ·σαn ]

5�2.2.1.

Aα1
= 0

Aα1α2
= 2δα1α2

Aα1α2α3
= 2iεα1α2α3

Aα1α2α3α4
= 2[δα1α2

δα3α4
− Sα1α2α3α4

]

Aα1α2α3α4
= 2[δα1α2

δα3α4
− δα1α3

δα2α4
+ δα1α4

δα2α3
]

Aα1···α5
= 2i[εα1α2α3

δα4α5
− εα1α2α4

δα3α5
+ εα1α2α5

δα3α4
+ εα3α4α5

δα1α2
]

½n2.2.1. Aα1···αn = iεα1α2

αAαα3···αn + δα1α2
Aα3···αn

2.3 DiracÝ
ë¦,tr[γa1 · · · γan ]���5�

½Â2.3.1. Ba1···an := tr[γa1
· · · γan ], B5

a1···an := tr[γ5γa1
· · · γan ]

5�2.3.1.

Ba1
= 0, B5

a1
= 0

Ba1a2
= 4δa1a2

, B5
a1a2

= 0

½n2.3.1.Ba1···an = εa1a2a3

aB5
aa4···an + δa1a2

Ba3···an + δa3[a2
Ba1]a4···an

B5
a1···an = εa1a2a3

aBaa4···an + δa1a2
B5
a3···an + δa3[a2

B5
a1]a4···an

2.4 DiracÝ
ë¦,tr[γa(ς)γb(ς) · · · ]�äN5�

tr[γa(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (18.1)

tr[γ5(ς)γa(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (18.2)

tr[γ5(ς)] = 0 tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)] = 0 (18.3)

tr[Sab(e, ς)] = 0 tr[γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)] = 0 (18.4)

tr[γ5(ς)Sab(e, ς)] = 0 tr[γ5(ς)γc(ς)Sab(e, ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)] = 0 (18.5)

tr[γa(ς)γb(ς)] = 4δab tr[γa(ς)γb(ς)γc(ς)γd(ς)] = 4[δabδcd − δa[cδd]b] (18.6)

tr[γ5(ς)γa(ς)γb(ς)] = 0 tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)] = 4εabcd (18.7)

tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb tr[γ5Sab(e, ς)Scd(e, ς)] = −εabcd (18.8)

tr[γa(ς)γb(ς)Scd(e, ς)] = 2iSabcd tr[γ5γa(ς)γb(ς)Scd(e, ς)] = −2iεabcd (18.9)

tr[Sab(e, ς)γc(ς)γd(ς)] = 2iSabcd tr[γ5Sab(e, ς)γc(ς)γd(ς)] = −2iεabcd (18.10)
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tr[γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = 2i{δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef} (18.11)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)Sef (e, ς)] = −2i{δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (18.12)

tr[γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{(δabδcd − Sabcd)δef − (δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef )}
(18.13)

tr[γ5(ς)γa(ς)γb(ς)γc(ς)γd(ς)γe(ς)γf (ς)] = 4{εabcdδef + δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (18.14)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δabScdef + δcdSabef + δa[cSd]bef − δb[cSd]aef − δbcSadef (18.15)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δbcεadef − {δabεcdef + δcdεabef + δa[cεd]bef − δb[cεd]aef} (18.16)

tr[γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = δadSbcef + δa[bSc]def + δd[bSc]aef (18.17)

tr[γ5(ς)γa(ς)Sbc(e, ς)γd(ς)Sef (e, ς)] = −{δadεbcef + δa[bεc]def + δd[bεc]aef} (18.18)

3 N+1=n���¥�DiracÝ
ë¦È
32023c9�5F-9�7FùnU(aâu§·ªurù�Ù!�ß�Ñ?1
î��y²§�Ù!A�¤k

�ß�ÑC¤
½n"�e�@�ß�¯¢þ��±@��î�y²
§�´Lãþk
E,®§I�?�Ú

n�ÚÎn"

3.1 N+1=n���¥DiracÝ
ë¦È����½n9ÙíØ

½n3.1.1. 1
(l−1)!

γa1
γ[a2
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal]

1
(l−1)!

γ[a1
γa2
· ·γal−1]γal = 1

l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

γ[a1
· ·γal−2

δal−1]al

y²: ©�¹y²µ

1 : ai = aj , i > j ≥ 2

0 = 1
(l−1)!

γa1
γ[a2
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal] = 0

2 : a1 6= a2 6= a3 6= ·· 6= al
1

(l−1)!
γa1

γ[a2
· ·γal−1

γal] = γa1
γa2
· ·γal−1

γal = 1
l!
γ[a1

γa2
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal]

3 : a2 6= a3 6= ·· 6= al; a1 = ai, i ≥ 2
1

(l−1)!
γa1

γ[a2
· ·γal−1

γal] = γa1
γa2
· ·γal−1

γal = 1
(l−2)!

δa1[a2
γa3
· ·γal] = 1

l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal]

y²: ©�¹y²µ

1 : ai = aj , i < j ≥ l − 1

0 = 1
(l−1)!

γ[a1
γa2
· ·γal−1]γal = 1

l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

γ[a1
· ·γal−2

δal−1]al = 0

2 : a1 6= a2 6= a3 6= ·· 6= al
1

(l−1)!
γa1

γ[a2
· ·γal−1

γal] = γa1
γa2
· ·γal−1

γal = 1
l!
γ[a1

γa2
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

γ[a1
· ·γal−2

δal−1]al

3 : a1 6= a2 6= ·· 6= al−1; al = ai, i ≤ l − 1
1

(l−1)!
γa1

γ[a2
··γal−1

γal] = γa1
γa2
··γal−1

γal = 1
(l−2)!

γ[a1
··γal−2

δal−1]al = 1
l!
γ[a1

γa2
··γal−1

γal]+
1

(l−2)!
γ[a1
··γal−2

δal−1]al

íØ3.1.1. 1
(l−2)!

γa1
γa2

γ[a3
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal] + 1

(l−3)!
γa1

δa2[a3
γa4
· ·γal]

y²: 1
(l−1)!

γa1
γ[a2
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal]

⇒ γa1
[ 1
(l−2)!

γa2
γ[a3
· ·γal−1

γal] − 1
(l−3)!

δa2[a3
γa4
· ·γal]] = 1

l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal]

⇔ 1
(l−2)!

γa1
γa2

γ[a3
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal] + 1

(l−3)!
γa1

δa2[a3
γa4
· ·γal]

⇔ 1
(l−2)!

γa1
γa2

γ[a3
· ·γal−1

γal] = 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal] + 1

(l−3)!
γa1

δa2[a3
γa4
· ·γal]

íØ3.1.2. 1
(l−k)!

γa1
· ·γakγ[ak+1

· ·γal−1
γal]

= 1
l!
γ[a1

γa2
· ·γal−1

γal] + 1
(l−2)!

δa1[a2
γa3
· ·γal] + 1

(l−3)!
γa1

δa2[a3
γa4
· ·γal] + · ·+ 1

(l−k−1)!
γa1
· ·γak−1

δak[ak+1
γak+2

· ·γal]
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íØ3.1.3. 1
4!
γ[aγbγcγd]γe = 1

5!
γ[aγbγcγdγe] + 1

3!
γ[aγbγcδd]e

γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
〈δabγ[cγd],

4!
1!1!|2!2!

〉+ 1
0!
〈δabδcd, 4!

2!|2!2!
〉

⇒ γaγbγcγdγe = 1
5!
γ[aγbγcγdγe] + 1

3!
〈δabγ[cγdγe],

5!
1!1!|2!3!

〉+ 1
1!
〈δadδbcγe, 5!

2!1!|2!2!1!
〉

y²: γaγbγcγdγe

= 1
4!
γ[aγbγcγd]γe + 1

2!
(δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)γe

+ 1
0!

(δabδcd − δacδbd + δadδbc)γe

= 1
5!
γ[aγbγcγdγe] + 1

3!
γ[aγbγcδd]e

+ 1
2!

(δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)γe

+ 1
0!

(δabδcd − δacδbd + δadδbc)γe

= 1
5!
γ[aγbγcγdγe] + 1

3!
γ[aγbγcδd]e

+ δab(
1
3!
γ[cγdγe] + 1

1!
γ[cδd]e)− δac( 1

3!
γ[bγdγe] + 1

1!
γ[bδd]e) + δad(

1
3!
γ[bγcγe] + 1

1!
γ[bδc]e) + ( 1

3!
γ[aγbγe] + 1

1!
γ[aδb]e)δcd

− ( 1
3!
γ[aγcγe] + 1

1!
γ[aδc]e)δbd + ( 1

3!
γ[aγdγe] + 1

1!
γ[aδd]e)δbc + 1

0!
(δabδcd − δacδbd + δadδbc)γe

= 1
5!
γ[aγbγcγdγe]

+ 1
3!

(γ[aγbγc]δde − γ[bγcγd]δae + γ[cγdγa]δbe − γ[dγaγb]δce)

+ 1
3!

(δabγ[cγdγe] − δacγ[bγdγe] + δadγ[bγcγe] + γ[aγbγe]δcd)− γ[aγcγe]δbd + γ[aγdγe]δbc

+ 1
1!

(δabγ[cδd]e − δacγ[bδd]e + δadγ[bδc]e + γ[aδb]eδcd − γ[aδc]eδbd + γ[aδd]eδbc) + 1
1!

(δabδcd − δacδbd + δadδbc)γe

= 1
5!
γ[aγbγcγdγe]

+ 1
3!

[(δabγ[cγdγe] − δacγ[bγdγe] + δadγ[bγcγe] − δaeγ[bγcγd])

+ (δbcγ[aγdγe] − δbdγ[aγcγe] + γ[cγdγa]δbe) + (δcdγ[aγbγe] − δceγ[dγaγb]) + (δdeγ[aγbγc])]

+ 1
1!

[(δbeδcd − δbdδce + δbcδde)γa + (−δacδde + δadδce − δaeδcd)γb
+ (δabδde − δadδbe + δaeδbd)γc + (−δabδce + δacδbe − δaeδbc)γd + (δabδcd − δacδbd + δadδbc)γe]

= 1
5!
γ[aγbγcγdγe] + 1

3!
〈δabγ[cγdγe], C

3
5 〉+ 〈 1

1!
δadδbcγe, C

1
5C

2
4/2!〉

= 1
5!
γ[aγbγcγdγe] + 1

3!
〈δabγ[cγdγe],

5!
1!1!|2!3!

〉+ 〈 1
1!
δadδbcγe,

5!
2!1!|2!2!1!

〉

5�3.1.1.

γa = 1
1!
γa

1
1!
γaγb = 1

2!
γ[aγb] + 1

0!
δab

1
2!
γaγ[bγc] = 1

3!
γ[aγbγc] + 1

1!
δa[bγc],

1
2!
γ[aγb]γc = 1

3!
γ[aγbγc] + 1

1!
γ[aδb]c

1
3!
γaγ[bγcγd] = 1

4!
γ[aγbγcγd] + 1

2!
δa[bγcγd],

1
3!
γ[aγbγc]γd = 1

4!
γ[aγbγcγd] + 1

2!
γ[aγbδc]d

1
4!
γaγ[bγcγdγe] = 1

5!
γ[aγbγcγdγe] + 1

3!
δa[bγcγdγe],

1
4!
γ[aγbγcγd]γe = 1

5!
γ[aγbγcγdγe] + 1

3!
γ[aγbγcδd]e

1
5!
γaγ[bγcγdγe]γf = 1

6!
γ[aγbγcγdγeγf ] + 1

4!
δa[bγcγdγeγf ],

1
5!
γ[aγbγcγd]γeγf = 1

6!
γ[aγbγcγdγeγf ] + 1

4!
γ[aγbγcγdδe]f

3.2 N+1=n���¥DiracÝ
ë¦È��íØ

½n3.2.1. 1
(l−1)!

γa1
γ[a2
· ·γal−1

γal] = 1
0!l!
γ[a1
· ·γal−1

γal] + 1
1!(l−2)!

∑
k1 6=1

(−1)k1δa1ak1
γ[a2
· ·γak1−1

γak1+1
· ·γal]

½n3.2.2. 1
(l−2)!

γa1
γa2

γ[a3
· ·γal−1

γal] = 1
0!l!
γ[a1
· ·γal−1

γal]

+ 1
1!(l−2)!

∑
k1 6=1

(−1)k1δa1ak1
γ[a2
· ·γak1−1

γak1+1
· ·γal] + 1

1!(l−2)!

∑
k2 6=2

(−1)k2δa2ak2
γ[a1

γa3
· ·γak2−1

γak2+1
· ·γal]

+ 1
2!(l−4)!

∑
k1,k2 6=1,2

(−1)k1+k2δa1[ak1
δak2

]a2
γ[a3
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

y²: 1
(l−2)!

γa1
γa2

γ[a3
· ·γal−1

γal]

= 1
(l−1)!

γa1
γ[a2
· ·γal−1

γal] + 1
(l−3)!

l∑
k=3

(−1)kδa2akγa1
γ[a3
· ·γak−1

γak+1
· ·γal]

= 1
l!
γ[a1
· ·γal−1

γal] + 1
(l−2)!

l∑
k=2

(−1)kδa1akγ[a2
· ·γak−1

γak+1
· ·γal]
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+ 1
(l−2)!

l∑
k=3

(−1)kδa2akγ[a1
γa3
· ·γak−1

γak+1
· ·γal] + 1

(l−4)!

l∑
k=3

(−1)kδa2ak

l∑
k′=3

(−1)k
′+u(k′−k)δa1a′k

γ[a3
· ·γak′−1

γak′+1
· ·γal]

= 1
l!
γ[a1
· ·γal−1

γal]

+ 1
(l−2)!

∑
k 6=1

(−1)kδa1akγ[a2
· ·γak−1

γak+1
· ·γal] + 1

(l−2)!

∑
k 6=2

(−1)kδa2akγ[a1
γa3
· ·γak−1

γak+1
· ·γal]

+ 1
(l−4)!

∑
k 6=1,2

∑
k′ 6=1,2,k

(−1)k+k′+u(k′−k)δa1[ak1
δak2

]a2
γ[a3
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

= 1
l!
γ[a1
· ·γal−1

γal]

+ 1
(l−2)!

∑
k1 6=1

(−1)k1δa1ak1
γ[a2
· ·γak1−1

γak1+1
· ·γal] + 1

(l−2)!

∑
k2 6=2

(−1)k2δa2ak2
γ[a1

γa3
· ·γak2−1

γak2+1
· ·γal]

+ 1
(l−4)!

∑
k2 6=1,2

∑
k1 6=1,2,k2

(−1)k1+k2+u(k2−k1)δa1[ak1
δak2

]a2
γ[a3
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

= 1
0!l!
γ[a1
· ·γal−1

γal]

+ 1
1!(l−2)!

∑
k1 6=1

(−1)k1δa1ak1
γ[a2
· ·γak1−1

γak1+1
· ·γal] + 1

1!(l−2)!

∑
k2 6=2

(−1)k2δa2ak2
γ[a1

γa3
· ·γak2−1

γak2+1
· ·γal]

+ 1
2!(l−4)!

∑
k2 6=1,2

∑
k1 6=1,2,k2

(−1)k1+k2δa1[ak1
δak2

]a2
γ[a3
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

= 1
0!l!
γ[a1
· ·γal−1

γal]

+ 1
1!(l−2)!

∑
k1 6=1

(−1)k1δa1ak1
γ[a2
· ·γak1−1

γak1+1
· ·γal] + 1

1!(l−2)!

∑
k2 6=2

(−1)k2δa2ak2
γ[a1

γa3
· ·γak2−1

γak2+1
· ·γal]

+ 1
2!(l−4)!

∑
k1,k2 6=1,2

(−1)k1+k2δa1[ak1
δak2

]a2
γ[a3
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

3.3 N+1=n���¥DiracÝ
ë¦È��ß�

ß�3.3.1. 1
(l−i)!γa1

· ·γaiγ[ai+1
· ·γal−1

γal] = 1
0!l!
γ[a1
· ·γal−1

γal]

+ 1
1!(l−2)!

=1,·,i∑
j1

j1∑
k1 6=

(−1)k1δaj1ak1
γ[a1
· ·γak1−1

γak1+1
· ·γal]

+ 1
2!(l−4)!

=1,·,i∑
j1,j2

j1,j2∑
k1,k2 6=

(−1)k1+k2δ
aj1
[ak1

δ
aj2
ak2

]γ[a1
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

+ 1
3!(l−6)!

=1,·,i∑
j1,j2,j3

j1,j2,j3∑
k1,k2,k3 6=

(−1)k1+k2+k3δ
aj1
[ak1

δ
aj2
ak2
δ
aj3
ak3

]γ[a1
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γak3−1

γak3+1
· ·γal]

+ · · · · · ·

ß�3.3.2. 1
(l−i)!γa1

· ·γal = 1
0!l!
γ[a1
· ·γal−1

γal]

+ 1
1!(l−2)!

=1,·,l∑
j1

j1∑
k1 6=

(−1)k1δaj1ak1
γ[a1
· ·γak1−1

γak1+1
· ·γal]

+ 1
2!(l−4)!

=1,·,l∑
j1,j2

j1,j2∑
k1,k2 6=

(−1)k1+k2δ
aj1
[ak1

δ
aj2
ak2

]γ[a1
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γal]

+ 1
3!(l−6)!

=1,·,l∑
j1,j2,j3

j1,j2,j3∑
k1,k2,k3 6=

(−1)k1+k2+k3δ
aj1
[ak1

δ
aj2
ak2
δ
aj3
ak3

]γ[a1
· ·γak1−1

γak1+1
· ·γak2−1

γak2+1
· ·γak3−1

γak3+1
· ·γal]

+ · · · · · ·

3.4 N+1=n���¥DiracÝ
ë¦Èß��`zLã

½Â3.4.1.

1
2!
〈δabγ[cγd],

4!
1!1!|2!2!

〉 := 1
2!

(δabγ[cγd] − δacγ[bγd] + δadγ[bγc] + γ[aγb]δcd − γ[aγc]δbd + γ[aγd]δbc)

1
0!
〈δabδcd, 4!

2!|2!2!
〉 := 1

0!
(δabδcd − δacδbd + δadδbc)

1
1!
〈δabγc, 3!

1!1!|2!1!
〉 := 1

1!
(δabγc + δbcγa − δacγb)

1
0!
〈δab, 2!

1!|2!
〉 := 1

0!
δab

5�3.4.1.
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〈δabγ[cγd],
4!

1!1!|2!2!
〉 = 1

2!
(〈δ{ab}γ[cγd],

4!
1!1!|2!2!

〉+ 〈δ[ab]γ[cγd],
4!

1!1!|2!2!
〉)

〈δabδcd, 4!
2!|2!2!

〉 = 1
2!

(〈δ{ab}δcd, 4!
2!|2!2!

〉+ 〈δ[ab]δcd,
4!

2!|2!2!
〉)

〈δabγc, 3!
1!1!|2!1!

〉 = 1
2!

(〈δ{ab}γc, 3!
1!1!|2!1!

〉+ 〈δ[ab]γc,
3!

1!1!|2!1!
〉)

〈δab, 2!
1!|2!
〉 = 1

2!
(〈δ{ab}, 2!

1!|2!
〉+ 〈δ[ab],

2!
1!|2!
〉)

ß�3.4.1.

γa = 1
1!
γa

γaγb = 1
2!
γ[aγb] + 1

0!
〈δab, 2!

1!|2!
〉

γaγbγc = 1
3!
γ[aγbγc] + 1

1!
〈δabγc, 3!

1!1!|2!1!
〉

γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
〈δabγ[cγd],

4!
1!1!|2!2!

〉+ 1
0!
〈δabδcd, 4!

2!|2!2!
〉

γaγbγcγdγe = 1
5!
γ[aγbγcγdγe] + 1

3!
〈δabγ[cγdγe],

5!
1!1!|2!3!

〉+ 1
1!
〈δadδbcγe, 5!

2!1!|2!2!1!
〉

γaγbγcγdγeγf = 1
6!
γ[aγbγcγdγeγf ] + 1

4!
〈δabγ[cγdγeγf ],

6!
1!1!|2!4!

〉+ 1
2!
〈δabδcdγ[eγf ],

6!
2!1!|2!2!2!

〉+ 1
0!
〈δabδcdδef , 6!

3!|2!2!2!
〉

γaγbγcγdγeγfγg = 1
7!
γ[aγbγcγdγeγfγg] + 1

5!
〈δabγ[cγdγeγfγg],

7!
1!1!|2!5!

〉+ 1
3!
〈δabδcdγ[eγfγg],

7!
2!1!|2!2!3!

〉

+ 1
1!
〈δabδcdδefγg, 7!

3!1!|2!2!2!1!
〉

γaγbγcγdγeγfγgγh = 1
8!
γ[aγbγcγdγeγfγgγh] + 1

6!
〈δabγ[cγdγeγfγgγh],

8!
1!1!|2!6!

〉

+ 1
4!
〈δabδcdγ[eγfγgγh],

8!
2!1!|2!2!4!

〉+ 1
2!
〈δabδcdδefγ[gγh],

8!
3!1!|2!2!2!2!

〉+ 1
0!
〈δabδcdδefδgh, 8!

4!|2!2!2!2!
〉

· · ·

·K3.4.1.

γa = 1
1!
γa

γ{aγb} = 〈{δab, 2!
1!|2!
}〉 = δ{ab}

γ{aγbγc} = 〈{δabγc, 3!
1!1!|2!1!

}〉 = δ{abγc}

γ{aγbγcγd} = 〈{δabδcd, 4!
2!|2!2!

}〉 = δ{abδcd}

γ{aγbγcγdγe} = 〈{δadδbcγe, 5!
2!1!|2!2!1!

}〉 = δ{adδbcγe}

γ{aγbγcγdγeγf} = 〈{δabδcdδef , 6!
3!|2!2!2!

}〉 = δ{abδcdδef}

γ{aγbγcγdγeγfγg} = 〈{δabδcdδefγg, 7!
3!1!|2!2!2!1!

}〉 = δ{abδcdδefγg}

γ{aγbγcγdγeγfγgγh} = 〈{δabδcdδefδgh, 8!
4!|2!2!2!2!

}〉 = δ{abδcdδefδgh}

· · ·

3.5 N+1=n���¥cA�DiracÝ
ë¦Èß���y

ß�3.5.1.

γa = 1
1!
γa

γaγb = 1
2!
γ[aγb] + 1

0!
δab

γaγbγc = 1
3!
γ[aγbγc] + 1

1!
(δabγc + δbcγa − δacγb)

γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
(δabγ[cγd] + ··) + 1

0!
(δabδcd − δacδbd + δadδbc)

γaγbγcγdγe = 1
5!
γ[aγbγcγdγe] + 1

3!
(δabγ[cγdγe] + ··) + 1

1!
(δabδcdγe + ··)

γaγbγcγdγeγf = 1
6!
γ[aγbγcγdγeγf ] + 1

4!
(δabγ[cγdγeγf ] + ··) + 1

2!
(δabδcdγ[eγf ] + ··) + 1

0!
(δabδcdδef + ··)

γaγbγcγdγeγfγg = 1
7!
γ[aγbγcγdγeγfγg] + 1

5!
(δabγ[cγdγeγfγg] + ··) + 1

3!
(δabδcdγ[eγfγg] + ··) + 1

1!
(δabδcdδefγg + ··)

· · ·

y²: γaγb = 1
2!
γ[aγb] + 1

0!
δab

⇔ γa1
γa2

= 1
2!
γ[a1

γa2] + 1
0!
δa1a2
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⇒ γa1γa2γa′1γa′2 = ( 1
2!
γ[a1γa2] + 1

0!
δa1a2)( 1

2!
γ[a′1

γa′2] + 1
0!
δa′1a′2)

⇒ tr{γa1γa2γa′1γa′2} = 2
[
n
2

]
(1!)2

2!
δ

[a1

[a′1
δ
a2]
a′2] + 2

[
n
2

]
(1!)2

0!
δa1a2δa′1a′2 = 2[

n
2

](1!)2( 1
2!
δ

[a1

[a′1
δ
a2]
a′2] + 1

0!
δa1a2δa′1a′2)

y²: γaγbγc

= 1
2
(γaγbγc − γaγcγb + 2γaδbc)

= 1
4
(γaγbγc − γbγaγc + γcγaγb − γaγcγb + 2δabγc − 2δacγb + 4γaδbc)

= 1
8
(γaγ[bγc] + γbγ[cγa] + γcγ[aγb] + 6δabγc − 6δacγb + 6γaδbc + 2γaγbγc)

⇔ γaγbγc = 1
3!
γ[aγbγc] + (δabγc + δbcγa − δacγb)

⇔ γaγbγc = 1
3!
γ[aγbγc] + (δa[bγc] + γaδbc)

y²: γaγbγc = 1
3!
γ[aγbγc] + (δa[bγc] + γaδbc)⇒

γaγ[bγc] = 1
3
γ[aγbγc] + 2δa[bγc]

γ[aγb]γc = 1
3
γ[aγbγc] + 2γ[aδb]c

y²:

γaγ[bγc] = 1
3
γ[aγbγc] + 2δa[bγc]

γ[aγb]γc = 1
3
γ[aγbγc] + 2γ[aδb]c

⇒ γa1γ[a2γa3]γ[a′1
γa′2]γa′3 = ( 1

3
γ[a1γa2γa3] + 2δa1[a2γa3])( 1

3
γ[a′1

γa′2γa′3] + 2γ[a′1
δa′2]a′3

)

⇒ tr{γa1γ[a2γa3]γ[a′1
γa′2]γa′3}

= 2
[
n
2

]
(2!)2

3!
δ

[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 4tr{δa1[a2γa3]γ[a′1

δa′2]a′3
}

= 2
[
n
2

]
(2!)2

3!
δ

[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 2

[
n
2

]
(2!)2

1!
δa1[a2δ

a3]
[a′1
δa′2]a′3

= 2[
n
2

](2!)2( 1
3!
δ

[a1

[a′1
δa2

a′2
δ
a3]
a′3] + 1

1!
δa1[a2δ

a3]
[a′1
δa′2]a′3

)

y²: γaγbγcγd = 1
3!
γaγ[bγcγd] + γa(δb[cγd] + γbδcd)

= 1
3!
γa(γbγ[cγd] + γcγ[dγb] + γdγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!2

[(γaγb − γbγa)γ[cγd] + (γaγc − γcγa)γ[dγb] + (γaγd − γdγa)γ[bγc])]

+ 1
3!

(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!2
γaγ[bγcγd] − 1

3!2
(γbγaγ[cγd] + γcγaγ[dγb] + γdγaγ[bγc])

+ 1
3!

(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!
γaγ[bγcγd] − 1

3!
[γb(

1
3!
γ[aγcγd] + δa[cγd]) + γc(

1
3!
γ[aγdγb] + δa[dγb]) + γd(

1
3!
γ[aγbγc] + δa[bγc])]

+ 1
3!3
γaγ[bγcγd] + 1

3!
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!
γ[aγbγcγd] − 1

3!
(γbδa[cγd] + γcδa[dγb] + γdδa[bγc])

+ 1
3!3
γaγ[bγcγd] + 1

3!
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + γa(δb[cγd] + γbδcd)

= 1
3!3!
γ[aγbγcγd] + 1

3
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + 2

3
γa(δb[cγd] + γbδcd) + 1

3
γaγbγcγd

= 1
3!3!
γ[aγbγcγd] + 1

3
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc]) + 1

3
(γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ 2
3
(δabδcd − δacδbd + δadδbc) + 1

3
γaγbγcγd

⇔ γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ (δabδcd − δacδbd + δadδbc)

⇔ γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
(δabγ[cγd] + ··) + (δabδcd − δacδbd + δadδbc)

y²: γaγbγcγd = 1
4!
γ[aγbγcγd] + 1

2!
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ (δabδcd − δacδbd + δadδbc)

⇒

γaγ[bγcγd] = 1
4
γ[aγbγcγd] + 3δa[bγcγd]

γ[aγbγc]γd = 1
4
γ[aγbγcγd] + 3γ[aγbδc]d

y²:γaγ[bγcγd] = 1
4
γ[aγbγcγd] + 3δa[bγcγd]

γ[aγbγc]γd = 1
4
γ[aγbγcγd] + 3γ[aγbδc]d
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⇒ γa1
γ[a2

γa3
γa4]γ[a′1

γa′2γa′3]γa′4 = ( 1
4
γ[a1

γa2
γa3

γa4] + 3δa1[a2
γa3

γa4])(
1
4
γ[a′1

γa′2γa′3γa′4] + 3γ[a′1
γa′2δa′3]a′4

)

⇒ tr{γa1γ[a2γa3γa4]γ[a′1
γa′2γa′3]γa′4} = ( 1

4
γ[a1γa2γa3γa4] + 3δa1[a2γa3γa4])( 1

4
γ[a′1

γa′2γa′3γa′4] + 3γ[a′1
γa′2δa′3]a′4

)

= 2
[
n
2

]
(3!)2

4!
δ

[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9tr{δa1[a2γa3γa4]γ[a′1

γa′2δa′3]a′4
}

= 2
[
n
2

]
(3!)2

4!
δ

[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9

4
tr{δa1[a2γ[a3γa4]]γ[[a′1

γa′2]δa′3]a′4
}

= 2
[
n
2

]
(3!)2

4!
δ

[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 9 2

[
n
2

]

2!
δa1[a2δ

[a3

[[a′1
δ
a4]]
a′2] δa′3]a′4

= 2
[
n
2

]
(3!)2

4!
δ

[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 2

[
n
2

]
(3!)2

2!
δa1[a2δa3

[a′1
δ
a4]
a′2
δa′3]a′4

= 2[
n
2

](3!)2( 1
4!
δ

[a1

[a′1
δa2

a′2
δa3

a′3
δ
a4]
a′4] + 1

2!
δa1[a2δa3

[a′1
δ
a4]
a′2
δa′3]a′4

)

g·µãµ±þDiracÝ
ë¦ÈÐm´�âcA��äNO�(J§,�8BÜnßÑ5�§��þ�v

k�î�y²§±�k�m2Öþ"±þ�,�±�ÚÚî�äN���Ñ5§��{Ø
;n§Ã{�B$

^§7L���Ð��{L«Ñ5§±B¦^"

3.6 N+1=n���¥DiracÝ
ë¦È~ê��äNO�

Ún3.6.1. γa1
γa2

γa3
γa4
�~ê�

= δa1a2
δa3a4

− δa1a3
δa2a4

+ δa1a4
δa2a3

= δa1a2
δa3a4

− δa1[a3
δa4]a2

= δa1a2
δa3a4

+ δa2[a3
δa4]a1

Ún3.6.2. γa1
γa2

γa3
γa4

γa5
γa6
�~ê�

= δa1a2
(δa3a4

δa5a6
− δa3a5

δa4a6
+ δa3a6

δa4a5
)− δa1a3

(δa2a4
δa5a6

− δa2a5
δa4a6

+ δa2a6
δa4a5

)

+ δa1a4
(δa2a3

δa5a6
− δa2a5

δa3a6
+ δa2a6

δa3a5
)− δa1a5

(δa2a3
δa4a6

− δa2a4
δa3a6

+ δa2a6
δa3a4

)

+ δa1a6
(δa2a3

δa4a5
− δa2a4

δa3a5
+ δa2a5

δa3a4
)

= δa1a2
(δa3a4

δa5a6
− δa3[a5

δa6]a4
)− δa1a3

(δa2a4
δa5a6

− δa2[a5
δa6]a4

)

+ δa1a4
(δa2a3

δa5a6
− δa2[a5

δa6]a3
)− δa1a5

(δa2a3
δa4a6

− δa2[a4
δa6]a3

)

+ δa1a6
(δa2a3

δa4a5
− δa2[a4

δa5]a3
)

Ún3.6.3. γa1
γa2

γa3
γa4

γa5
γa6

γa7
γa8
�~ê�

= δa1a2
(δa3a4

δa5a6
− δa3a5

δa4a6
+ δa3a6

δa4a5
)δa7a8

+ · · −δa1a3
(δa2a4

δa5a6
− δa2a5

δa4a6
+ δa2a6

δa4a5
)δa7a8

+ · ·
+ δa1a4

(δa2a3
δa5a6

− δa2a5
δa3a6

+ δa2a6
δa3a5

)δa7a8
+ · · −δa1a5

(δa2a3
δa4a6

− δa2a4
δa3a6

+ δa2a6
δa3a4

)δa7a8
+ · ·

+ δa1a6
(δa2a3

δa4a5
− δa2a4

δa3a5
+ δa2a5

δa3a4
)δa7a8

+ · · −δa1a7
(δa2a3

δa4a5
− δa2a4

δa3a5
+ δa2a5

δa3a4
)δa6a8

+ · ·
+ δa1a8

(δa2a3
δa4a5

− δa2a4
δa3a5

+ δa2a5
δa3a4

)δa6a7
+ · ·

= δa1a2
[δa3a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa3a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa3a6
(δa4a5

δa7a8
− δa4a7

δa5a8
+ δa4a8

δa5a7
)]

− δa1a3
[δa2a4

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa2a5
(δa4a6

δa7a8
− δa4a7

δa6a8
+ δa4a8

δa6a7
)

+ δa2a6
(δa4a5

δa7a8
− δa4a7

δa5a8
+ δa4a8

δa5a7
)]

+ δa1a4
[δa2a3

(δa5a6
δa7a8

− δa5a7
δa6a8

+ δa5a8
δa6a7

)− δa2a5
(δa3a6

δa7a8
− δa3a7

δa6a8
+ δa3a8

δa6a7
)

+ δa2a6
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)]

− δa1a5
[δa2a3

(δa4a6
δa7a8

− δa4a7
δa6a8

+ δa4a8
δa6a7

)− δa2a4
(δa3a6

δa7a8
− δa3a7

δa6a8
+ δa3a8

δa6a7
)

+ δa2a6
(δa3a4

δa7a8
− δa3a7

δa4a8
+ δa3a8

δa4a7
]

+ δa1a6
[δa2a3

(δa4a5
δa7a8

− δa4a7
δa5a8

+ δa4a8
δa5a7

)− δa2a4
(δa3a5

δa7a8
− δa3a7

δa5a8
+ δa3a8

δa5a7
)

+ δa2a5
(δa3a4

δa7a8
− δa3a7

δa4a8
+ δa3a8

δa4a7
)]

− δa1a7
[δa2a3

(δa4a5
δa6a8

− δa4a6
δa5a8

+ δa4a8
δa5a6

)− δa2a4
(δa3a5

δa6a8
− δa3a6

δa5a8
+ δa3a8

δa5a6
)

+ δa2a5
(δa3a4

δa6a8
− δa3a6

δa4a8
+ δa3a8

δa4a6
]

+ δa1a8
[δa2a3

(δa4a5
δa6a7

− δa4a6
δa5a7

+ δa4a7
δa5a6

)− δa2a4
(δa3a5

δa6a7
− δa3a6

δa5a7
+ δa3a7

δa5a6
)

+ δa2a5
(δa3a4

δa6a7
− δa3a6

δa4a7
+ δa3a7

δa4a6
)]
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4 N+1=n���DiracÝ
ë¦È��5Ú��5�y²

4.1 N+1=n���DiracÝ
ë¦È��5�y²

½Â4.1.1. {γa, γb} = 2δab; 1 ≤ a, b ≤ N + 1

Ún4.1.1. Γa1a2··al := 1
l!
γ[a1
· ·γal] = γa1

· ·γal ; a1 6= a2 6= ·· 6= al

½n4.1.1. tr{γa1
· ·γa2k+1

} = 0, k ≥ 0

y²: tr{γa1
· ·γa2k+1

} = tr{γ2
0γa1

γa2
· ·γa2k+1

}
= 1

2
tr{γ2

0γa1
γa2
· ·γa2k+1

}+ 1
2
tr{γ2

0γa1
γa2
· ·γa2k+1

}
= 1

2
tr{γ2

0γa1
γa2
· ·γa2k+1

} − 1
2
tr{γ0γa1

γa2
· ·γa2k+1

γ0} = 0

½n4.1.2. tr{ 1
l!
γ[a1
· ·γal]} = 0

y²: ©�¹y²µ

1 : tr{ 1
l!
γ[a1

γa2
· ·γal]} = 0, ai = aj

2 : a1 6= a2 6= ·· 6= al, l = 2k;

tr{ 1
l!
γ[a1

γa2
· ·γal]}

= 1
2
tr{ 1

l!
γ[a1

γa2
· ·γal]} − 1

2
tr{ 1

l!
γ[a2

γa1
· ·γal]}

= 1
2
tr{ 1

l!
γ[a1

γa2
· ·γal]} − 1

2
tr{ 1

l!
γ[a2
· ·γalγa1]} = 0

3 : a1 6= a2 6= ·· 6= al, l = 2k + 1;

tr{ 1
l!
γ[a1

γa2
· ·γal]} = tr{ 1

l!
γ2

0γ[a1
γa2
· ·γal]}

= 1
2
tr{ 1

l!
γ2

0γ[a1
γa2
· ·γal]}+ 1

2
tr{ 1

l!
γ2

0γ[a1
γa2
· ·γal]}

= 1
2
tr{ 1

l!
γ2

0γ[a1
γa2
· ·γal]} − 1

2
tr{ 1

l!
γ0γ[a1

γa2
· ·γal]γ0} = 0

íØ4.1.1. tr{γa1
· ·γal} = 0; a1 6= a2 6= ·· 6= al

y²: a1 6= a2 6= ·· 6= al

tr{γa1
· ·γal} = tr{ 1

l!
γ[a1
· ·γal]} = 0

½n4.1.3. tr{(γa1
· ·γal)(γb1 · ·γbl′ )} = 0; a1 6= a2 6= ·· 6= al; b1 6= b2 6= ·· 6= bl′ ; l 6= l′

y²: ©�¹y²µ

1 : l + l′ = 2k + 1;

tr{(γa1
· ·γal)(γb1 · ·γbl′ )} = 0

2 : l 6= l′, l + l′ = 2k;

7kü�γa½γbØÓuÙ¦¤kγÝ
§Ø��Ò´γa1
γa2
§Kkµ

tr{(γa1
γa2
· ·γal)(γb1 · ·γbl′ )}

= 1
2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )}+ 1

2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )}

= 1
2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )}+ 1

2
tr{(γa1

· ·γal)(γb1 · ·γbl′ )γa2
}

= 1
2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )}+ 1

2
tr{(γa2

γa1
· ·γal)(γb1 · ·γbl′ )}

= 1
2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )} −

1
2
tr{(γa1

γa2
· ·γal)(γb1 · ·γbl′ )}

= 0

íØ4.1.2. tr{ 1
l!
γ[a1
· ·γal] 1

l′!
γ[b1 · ·γbl′ ]} = 0, l 6= l′
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½n4.1.4.

tr{(γa1
· ·γal)(γb1 · ·γbl)} = (−1)

l(l−1)
2 δa1b1δa2b2 · ·δalbl ; a1 6= a2 6= ·· 6= al, b1 < b2 < ·· < bl, 1 ≤ l ≤ N + 1

tr{(γa1
· ·γal)(γ[b1 · ·γbl])} = (−1)

l(l−1)
2 δ

[b1
a1 δ

b2
a2
· ·δbl]al ; a1 6= a2 6= ·· 6= al, b1 < b2 < ·· < bl, 1 ≤ l ≤ N + 1

tr{ 1
l!

(γ[a1
· ·γal]) 1

l!
(γ[b1 · ·γbl])} = (−1)

l(l−1)
2 1

l!
δ

[b1
a1 δ

b2
a2
· ·δbl]al ; a1 6= a2 6= ·· 6= al, b1 < b2 < ·· < bl, 1 ≤ l ≤ N + 1

y²: ©�¹y²µ

1 : a1 < b1

tr{(γa1
· ·γal)(γb1 · ·γbl)}

= 1
2
tr{(γa1

· ·γal)(γb1 · ·γbl)}+ 1
2
tr{(γa1

· ·γal)(γb1 · ·γbl)}
= 1

2
tr{(γa1

· ·γal)(γb1 · ·γbl)} − 1
2
tr{(γa2

· ·γal)(γb1 · ·γbl)γa1
} = 0

2 : b1 < a1

tr{(γa1
· ·γal)(γb1 · ·γbl)}

= 1
2
tr{(γa1

· ·γal)(γb1 · ·γbl)}+ 1
2
tr{(γa1

· ·γal)(γb1 · ·γbl)}
= 1

2
tr{(γa1

· ·γal)(γb1 · ·γbl)} − 1
2
tr{(γa1

· ·γal)γb1(γb2 · ·γbl)} = 0

3 : a1 = b1

tr{(γa1
· ·γal)(γb1 · ·γbl)}

= il−1tr{(γa2
· ·γal)γa1

γb1(γb2 · ·γbl)}
= il−1tr{(γa2

· ·γal)(γb2 · ·γbl)}

4 :�E?1±þnÚín§��µtr{(γa1
· ·γal)(γb1 · ·γbl)} = i

l(l−1)
2 2[

n
2

]δa1b1δa2b2 · ·δalbl

4.2 N+1=n���DiracÝ
ë¦È��5®o

½n4.2.1. tr{ 1
l!

(γ[a1
· ·γal]) 1

l′!
(γ[b1 · ·γbl′ ])} = (−1)

l(l−1)
2 2[

n
2

]δ
[b1
a1 δ

b2
a2
· ·δbl]al δll′ = (−1)

l(l−1)
2 2[

n
2

]δb1[a1
δb2a2
· ·δblal]δll′

4.3 N+1=n���DiracÝ
ë¦È��5�y²

½n4.3.1. X = I∗ ⊗ C
[

Γ0

Γ1
···
Γk

]
, k = 4[n/2] − 1,∀X; (Γ0, ··,Γk) = {Γa1a2··al |a1 6= a2 6= ·· 6= al, 0 ≤ l ≤ n}

y²:

[
Γ0

Γ1
···
Γk

]
= I∗ ⊗A

[
Γ̃0

Γ̃1
···
Γ̃k

]
; (Γ̃0, ··, Γ̃k) = {[δi∗δj∗]|0 ≤ i, j ≤ n}

⇒
[

Γ0

Γ1
···
Γk

] [
Γ0

Γ1
···
Γk

]+

= I∗ ⊗A

[
Γ̃0

Γ̃1
···
Γ̃k

][
Γ̃0

Γ̃1
···
Γ̃k

]+

I∗ ⊗A+

⇔

[
Γ0Γ+

0 Γ0Γ+
1 ·· Γ0Γ+

k

Γ1Γ+
0 Γ1Γ+

1 ·· Γ1Γ+
k

·· ·· ·· ··
ΓkΓ+

0 ΓkΓ+
1 ·· ΓkΓ+

k

]
= I∗ ⊗A

[
Γ̃0Γ̃+

0 Γ̃0Γ̃+
1 ·· Γ̃0Γ̃+

k

Γ̃1Γ̃+
0 Γ̃1Γ̃+

1 ·· Γ̃1Γ̃+
k

·· ·· ·· ··
Γ̃kΓ̃+

0 Γ̃kΓ̃+
1 ·· Γ̃kΓ̃+

k

]
I∗ ⊗A+

⇒

[
tr(Γ0Γ+

0 ) tr(Γ0Γ+
1 ) ·· tr(Γ0Γ+

k )

tr(Γ1Γ+
0 ) tr(Γ1Γ+

1 ) ·· tr(Γ1Γ+
k )

·· ·· ·· ··
tr(ΓkΓ+

0 ) tr(ΓkΓ+
1 ) ·· tr(ΓkΓ+

k )

]
= I∗ ⊗A

[
tr(Γ̃0Γ̃+

0 ) tr(Γ̃0Γ̃+
1 ) ·· tr(Γ̃0Γ̃+

k )

tr(Γ̃1Γ̃+
0 ) tr(Γ̃1Γ̃+

1 ) ·· tr(Γ̃1Γ̃+
k )

·· ·· ·· ··
tr(Γ̃kΓ̃+

0 ) tr(Γ̃kΓ̃+
1 ) ·· tr(Γ̃kΓ̃+

k )

]
I∗ ⊗A+

⇒ AA+ = I

⇒

[
Γ̃0

Γ̃1
···
Γ̃k

]
= I∗ ⊗A+

[
Γ0

Γ1
···
Γk

]
⇒ X = I∗ ⊗ C̃

[
Γ̃0

Γ̃1
···
Γ̃k

]
= (I∗ ⊗ C̃)(I∗ ⊗A+)

[
Γ0

Γ1
···
Γk

]
= I∗ ⊗ C

[
Γ0

Γ1
···
Γk

]
, C = C̃A+,∀X

íØ4.3.1. X =
[n/2](2−n%2)∑

l=0

1
(l!)2Fa1··alγ

[a1 · ·γal] =
[n/2](2−n%2)∑

l=0

2−[n/2]il(l−1)

(l!)3 tr(γ[a1
· ·γal]X)γ[a1 · ·γal],∀X

½n4.3.2. 2−[n/2]
[n/2](2−n%2)∑

l=0

il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
(γ[a1 · ·γal])λµ = δλ

µ′δλ′
µ
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y²: δλ
µ′δλ′

µXµ′
λ′ = Xλ

µ,∀X

= 2−k

(0!)3Xλ′
λ′δλ

µ +
[n/2](2−n%2)∑

l=1

2−[n/2]il(l−1)

(l!)3 tr(γ[a1
· ·γal]X)λ′

λ′(γ[a1 · ·γal])λµ

= 2−k

(0!)3 δλ′
µ′Xµ′

λ′δλ
µ +

[n/2](2−n%2)∑
l=1

2−[n/2]il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
Xµ′

λ′(γ[a1 · ·γal])λµ

= [ 2−k

(0!)3 δλ′
µ′δλ

µ +
[n/2](2−n%2)∑

l=1

2−[n/2]il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
(γ[a1 · ·γal])λµ]Xµ′

λ′

⇔ 2−k

(0!)3 δλ′
µ′δλ

µ +
[n/2](2−n%2)∑

l=1

2−[n/2]il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
(γ[a1 · ·γal])λµ = δλ

µ′δλ′
µ

⇔ 2−[n/2]
[n/2](2−n%2)∑

l=0

il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
(γ[a1 · ·γal])λµ = δλ

µ′δλ′
µ

íØ4.3.2. 2−[
n
2

]
[n/2](2−n%2)∑

l=0

il(l−1)

l!
{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal])λ

µ( 1
l!
γ[a1

γa2
γa3

γa4
· ·γal−1

γal])η
ξ} = δλ

ξδη
µ

íØ4.3.3. 2−[
n
2

]
[n/2](2−n%2)∑

l=0

1
l!
{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal])+

λ
µ( 1

l!
γ[a1

γa2
γa3

γa4
· ·γal−1

γal])η
ξ} = δλ

ξδη
µ

íØ4.3.4. 2−[
n
2

]
[n/2](2−n%2)∑

l=0

1
l!
{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal])λ

µ( 1
l!
γ[a1

γa2
γa3

γa4
· ·γal−1

γal])
+
η
ξ} = δλ

ξδη
µ

íØ4.3.5. δλ′
µ′δλ

µ + σxλ′
µ′σxλ

µ + σyλ′
µ′σyλ

µ + σzλ′
µ′σzλ

µ = 2δλ
µ′δλ′

µ

y²: 2−1

(0!)3 δλ′
µ′δλ

µ +
2∑
l=1

2−1il(l−1)

(l!)3 (γ[a1
· ·γal])λ′µ

′
(γ[a1 · ·γal])λµ = δλ

µ′δλ′
µ

⇔ δλ′
µ′δλ

µ + γxλ′
µ′γxλ

µ + γyλ′
µ′γyλ

µ − 1
4
[γx, γy]λ′

µ′ [γx, γy]λ
µ = 2δλ

µ′δλ′
µ

⇔ δλ′
µ′δλ

µ + σxλ′
µ′σxλ

µ + σyλ′
µ′σyλ

µ + σzλ′
µ′σzλ

µ = 2δλ
µ′δλ′

µ

⇔ σxλ′
µ′σxλ

µ + σyλ′
µ′σyλ

µ + σzλ′
µ′σzλ

µ = 2δλ
µ′δλ′

µ − δλ′µ
′
δλ
µ = δλ

µ′δλ′
µ − ελλ′εµµ

′

4.4 N+1=n���¥DiracÝ
ë¦,5�

íØ4.4.1. tr{ 1
1!
γb1 1

1!
γa1
} = 2[

n
2

]δb1a1

tr{ 1
2!
γ[b1γb2] 1

2!
γ[a1

γa2]} = −2[
n
2

]δb1[a1
δb2a2], tr{

1
3!
γ[b1 · ·γb3] 1

3!
γ[a1
· ·γa3]} = −2[

n
2

]δb1[a1
· ·δb3a3]

tr{ 1
4!
γ[b1 · ·γb4] 1

4!
γ[a1
· ·γa4]} = 2[

n
2

]δb1[a1
· ·δb4a4], tr{

1
5!
γ[b1 · ·γb5] 1

5!
γ[a1
· ·γa5]} = 2[

n
2

]δb1[a1
· ·δb5a5]

· · ·
tr{ 1

l!
γ[a1γa2γa3γa4 · ·γal−1γal] 1

l!
γ[b1γb2γb3γb4 · ·γbl−1

γbl]} = il(l−1) 2
[
n
2

]

l!
δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

tr{ 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal]γ0 1

l!
γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = il(l+1) 2
[
n
2

]

l!
η

[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]

íØ4.4.2.

tr{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal])+ 1

l!
γ[b1γb2γb3γb4 · ·γbl−1

γbl]} = 2
[
n
2

]

l!
δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

tr{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal])+γ0 1

l!
γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = 2
[
n
2

]

l!
η

[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]

tr{( 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal]γ0)+ 1

l!
γ[b1γb2γb3γb4 · ·γbl−1

γbl]γ0} = 2
[
n
2

]

l!
δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]

íØ4.4.3.

tr{ 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal] 1

l′!
γ[b1γb2γb3γb4 · ·γbl′−1

γbl′ ]} = il(l−1) 2
[
n
2

]

l!
δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δal−1

bl−1
δ
al]
bl]
δll′

tr{ 1
l!
γ[a1γa2γa3γa4 · ·γal−1γal]γ0 1

l′!
γ[b1γb2γb3γb4 · ·γbl′−1

γbl′ ]γ0} = il(l+1) 2
[
n
2

]

l!
η

[a1

[b1
ηa2

b2
ηa3

b3
ηa4

b4
· ·ηal−1

bl−1
η
al]
bl]
δll′

4.5 N+1=n���¥DiracÝ
ë¦,k'½n�î�y²

½n4.5.1.

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

}
[⇔]

tr{γ[a1 · ·γal−1]γalγ0γ[a′1
· ·γa′l−1]γa′lγ0} = il(l+1)2[

n
2

][(l − 1)!]2{ 1
l!
η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

− 1
(l−2)!

η
[a1

[a′1
· ·ηal−2

a′l−2
δal−1]alδa′l−1]a′l

}
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y²: ©�¹y²µ

1 : ai = aj , i 6= j

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

} = 0

2 : bi = bj , i 6= j

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

} = 0

3 : a1 6= a2 6= ·· 6= al−1 6= al, a
′
1 6= a′2 6= ·· 6= a′l−1 6= a′l

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = tr{γa1γa2 · ·γal−1γalγa′1γa′2 · ·γa′l−1

γa′l} = il(l−1)2[
n
2

][(l− 1)!]2 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

= il(l−1)2[
n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

}
4 : a1 6= a2 6= ·· 6= al−1, ai = al; a

′
1 6= a′2 6= ·· 6= a′l−1 6= a′l

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

} = 0

5 : a1 6= a2 6= ·· 6= al−1 6= al; a
′
1 6= a′2 6= ·· 6= a′l−1, aj = a′l

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

} = 0

6 : a1 6= a2 6= ·· 6= al−1, ai = al; a
′
1 6= a′2 6= ·· 6= a′l−1, aj = a′l

tr{γ[a1γa2 · ·γal−1]γalγ[a′1
γa′2 · ·γa′l−1]γa′l} = i(l−2)(l−3)2[

n
2

][(l − 1)!]2 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

= il(l−1)2[
n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δ
[a1

[a′1
· ·δal−2

a′l−2
δal−1]alδa′l−1]a′l

} = 0

íØ4.5.1.

tr{γa1γ[a2 · ·γal−1γal]γa′1γ[a′2
· ·γa′l−1

γa′l]} = il(l−1)2[
n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δa1[a2δa′1[a′2
δa3

a′3
· ·δal]a′l]

}

tr{γ0γa1γ[a2 · ·γal]γ0γa′1γ[a′2
· ·γa′l]} = il(l+1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δa1[a2δa′1[a′2
δa3

a′3
· ·δal]a′l]

}

íØ4.5.2.

tr{γa1γ[a2 · ·γal−1γal]γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l−1)2[

n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δa1[a2δa3

[a′1
· ·δal]a′l−2

δa′l−1]a′l
}

tr{γ0γa1γ[a2 · ·γal−1γal]γ0γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l+1)2[

n
2

][(l − 1)!]2{ 1
l!
η

[a1

[a′1
· ·ηal]a′l]

− 1
(l−2)!

δa1[a2ηa3

[a′1
· ·ηal]a′l−2

δa′l−1]a′l
}

íØ4.5.3.

tr{γ[a1γa2 · ·γal−1]γalγa′1γ[a′2
· ·γa′l−1

γa′l]} = il(l−1)2[
n
2

][(l − 1)!]2{ 1
l!
δ

[a1

[a′1
δa2

a′2
· ·δal]a′l]

− 1
(l−2)!

δa′1[a′2
δ

[a1

a′3
· ·δal−2

a′l]
δal−1]al}

tr{γ0γa1γ[a2 · ·γal−1γal]γ0γ[a′1
γa′2 · ·γa′l−1]γa′l} = il(l+1)2[

n
2

][(l − 1)!]2{ 1
l!
η

[a1

[a′1
· ·ηal]a′l]

− 1
(l−2)!

δa′1[a′2
η

[a1

a′3
· ·ηal−2

a′l]
δal−1]al}

g·µãµ±þDiracÝ
ë¦,úª´�±ÏLcA!DiracÝ
ë¦È��'½ny²Ñ5�§���

±æ^±þ����{î�y²§"

5 N+1���¥δ¼êÈÚª�5�

5.1 N+1���¥δ¼êÈÚª��IüNÓ�¦Ú5Æ

Ún5.1.1.

1
2

a∑
b

{δa1a2δ
[a3

[b1
δ
a4]
b2] δb3b4} =

a∑
b

{δa1a2δ
[a3

b1
δ
a4]
b2
δb3b4} =

a∑
b

{δa1a2δa3

[b1
δa4

b2]δb3b4}

= 1
2
(δa1[a2δa3

[b1
δ
a4]
b2
δb3]b4 + δa1[a2δa3

[b1
δ
a4]
b4] δb2b3 − δa1[a2δa3

[b1
δ
a4]
b3] δb2b4 + δa1[a2δa3

[b3
δ
a4]
b4] δb1b2)

+ 1
2
(δa2a3δ

[a1

[b1
δ
a4]
b2
δb3]b4 + δa2a3δ

[a1

[b1
δ
a4]
b4] δb2b3 − δa2a3δ

[a1

[b1
δ
a4]
b3] δb2b4 + δa2a3δ

[a1

[b3
δ
a4]
b4] δb1b2)

− 1
2
(δa2a4δ

[a1

[b1
δ
a3]
b2
δb3]b4 + δa2a4δ

[a1

[b1
δ
a3]
b4] δb2b3 − δa2a4δ

[a1

[b1
δ
a3]
b3] δb2b4 + δa2a4δ

[a1

[b3
δ
a3]
b4] δb1b2)

+ 1
2
(δa3a4δ

[a1

[b1
δ
a2]
b2
δb3]b4 + δa3a4δ

[a1

[b1
δ
a2]
b4] δb2b3 − δa3a4δ

[a1

[b1
δ
a2]
b3] δb2b4 + δa3a4δ

[a1

[b3
δ
a2]
b4] δb1b2)

Ún5.1.2.

∑
ab

{δa1a2δb1b2} = δa1a2δb1b2 − δ
a1

[b1
δa2

b2],
∑
a

{δa1a2
δa3a4

} = δa1a2
δa3a4

− δa1[a3
δa4]a2

a∑
b

{δa1a2δa3a4δb1b2δb3b4} = (δa1a2δa3a4 − δa1[a3δa4]a2)(δb1b2δb3b4 − δb1[b3δb4]b2)∑
ab

{δa1a2δa3a4δb1b2δb3b4} = 1
0!

a∑
b

{δa1a2δa3a4δb1b2δb3b4}+ 1
2!

a∑
b

{δa1a2δ
[a3

[b1
δ
a4]
b2] δb3b4}+ 1

4!
δ

[a1

[b1
δa2

b2
δa3

b3
δ
a4]
b4]
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Ún5.1.3. γa1γa2γa3γa4γa5γa6γa7γa8γb1γb2γb3γb4γb5γb6γb7γb8

= · · ·+ 1
0!

a∑
b

{δa1a2δa3a4δa5a6δa7a8δb1b2δb3b4δb5b6δb7b8}+ 1
2!

a∑
b

{δa1a2δa3a4δa5a6δ
[a7

[b1
δ
a8]
b2] δb3b4δb5b6δb7b8}

+ 1
4!

a∑
b

{δa1a2δa3a4δ
[a5

[b1
δa6

b2
δa7

b3
δ
a8]
b4] δb5b6δb7b8}+ 1

6!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
δa7

b5
δ
a8]
b6] δb7b8}+ 1

8!
δ

[a1

[b1
δa2

b2
δa3

b3
δa4

b4
δa5

b5
δa6

b6
δa7

b7
δ
a8]
b8]

Ún5.1.4. γa1γa2γa3γa4 · ·γa2l−3γa2l−2γa2l−1γa2lγb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2l

= · · ·
+ 1

0!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δa2l−1a2lδb1b2δb3b4 · ·δb2l−3b2l−2
δb2l−1b2l}

+ 1
2!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δ
[a2l−1

[b1
δ
a2l]
b2] δb3b4 · ·δb2l−3b2l−2

δb2l−1b2l}

+ 1
4!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3

[b1
δ
a2l−2

b2
δ
a2l−1

b3
δ
a2l]
b4] · ·δb2l−3b2l−2

δb2l−1b2l}+ · ·

+ 1
(2l−2)!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
· ·δa2l−3

b2l−5
δ
a2l−2

b2l−4
δ
a2l−1

b2l−3
δ
a2l]
b2l−2]δb2l−1b2l}

+ 1
(2l)!

δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δa2l−3

b2l−3
δ
a2l−2

b2l−2
δ
a2l−1

b2l−1
δ
a2l]
b2l]

Ún5.1.5. γa1γa2γa3γa4 · ·γa2l−3γa2l−2γa2l−1γa2lγa2l+1γb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2lγ

b2l+1

= · · ·
+ 1

1!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δa2l−1a2lδ
a2l+1

b1
δb2b3δb4b5 · ·δb2l−2b2l−1

δb2lb2l+1
}

+ 1
3!

a∑
b

{δa1a2δa3a4 · ·δa2l−3a2l−2δ
[a2l−1

[b1
δa2l

b2
δ
a2l+1]

b3] δb4b5 · ·δb2l−2b2l−1
δb2lb2l+1

}

+ 1
5!

a∑
b

{δa1a2δa3a4 · ·δ[a2l−3

[b1
δ
a2l−2

b2
δ
a2l−1

b3
δa2l

b4
δ
a2l+1]

b5] · ·δb2l−2b2l−1
δb2lb2l+1

}+ · ·

+ 1
(2l−1)!

a∑
b

{δa1a2δ
[a3

[b1
δa4

b2
δa5

b3
δa6

b4
· ·δa2l−1

b2l−3
δa2l

b2l−2
δ
a2l+1]

b2l−1] δb2lb2l+1
}

+ 1
(2l+1)!

δ
[a1

[b1
δa2

b2
δa3

b3
δa4

b4
· ·δa2l−3

b2l−3
δ
a2l−2

b2l−2
δ
a2l−1

b2l−1
δa2l

b2l
δ
a2l+1]

b2l+1]

Ún5.1.6. γa1
γa2

γa3
γa4
· ·γa2l−3

γa2l−2
γa2l−1

γa2l
γb1γb2γb3γb4 · ·γb2l−3

γb2l−2
γb2l−1

γb2l

= · · ·
+ 1

0!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δa2l−1a2l

δb1b2δb3b4 · ·δb2l−3b2l−2
δb2l−1b2l}

+ 1
2!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δ[a2l−1〈b1δa2l]b2〉δb3b4 · ·δb2l−3b2l−2

δb2l−1b2l}

+ 1
4!

a∑
b

{δa1a2
δa3a4

· ·δ[a2l−3〈b1δa2l−2b2δa2l−1b3δa2l]b4〉 · ·δb2l−3b2l−2
δb2l−1b2l}+ · ·

+ 1
(2l−2)!

a∑
b

{δa1a2
δ[a3〈b1δa4b2δa5b3δa6b4 · ·δa2l−3b2l−5

δa2l−2b2l−4
δa2l−1b2l−3

δa2l]b2l−2〉δb2l−1b2l}

+ 1
(2l)!

δ[a1〈b1δa2b2δa3b3δa4b4 · ·δa2l−3b2l−3
δa2l−2b2l−2

δa2l−1b2l−1
δa2l]b2l〉

Ún5.1.7. γa1
γa2

γa3
γa4
· ·γa2l−3

γa2l−2
γa2l−1

γa2l
γa2l+1

γb1γb2γb3γb4 · ·γb2l−3
γb2l−2

γb2l−1
γb2lγb2l+1

= · · ·
+ 1

1!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δa2l−1a2l

δa2l+1b1δb2b3δb4b5 · ·δb2l−2b2l−1
δb2lb2l+1

}

+ 1
3!

a∑
b

{δa1a2
δa3a4

· ·δa2l−3a2l−2
δ[a2l−1〈b1δa2lb2δa2l+1]b3〉δb4b5 · ·δb2l−2b2l−1

δb2lb2l+1
}

+ 1
5!

a∑
b

{δa1a2
δa3a4

· ·δ[a2l−3〈b1δa2l−2b2δa2l−1b3δa2lb4δa2l+1]b5〉 · ·δb2l−2b2l−1
δb2lb2l+1

}+ · ·

+ 1
(2l−1)!

a∑
b

{δa1a2
δ[a3〈b1δa4b2δa5b3δa6b4 · ·δa2l−1b2l−3

δa2lb2l−2
δa2l+1]b2l−1〉δb2lb2l+1

}

+ 1
(2l+1)!

δ[a1〈b1δa2b2δa3b3δa4b4 · ·δa2l−3b2l−3
δa2l−2b2l−2

δa2l−1b2l−1
δa2lb2lδa2l+1]b2l+1〉

±þ�{�,®²;n
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5.2 w + 1��é¡Üþ�Ðm� ¿

5�5.2.1. A(a1a2a3a4··a2s) = Aa1(a2a3a4··a2s) +Aa2(a1a3a4··a2s) +Aa3(a1a2a4··a2s) + ··

5�5.2.2. A(a1a2a3a4··a2s) = 〈A(a1··al){al+1··a2s},
(2s)!

l!(2s−l)!〉
= 〈A(a1 · ·al1︸ ︷︷ ︸

l1

)(al1+1 · ·al1+l2︸ ︷︷ ︸
l2

)··(al1+··+ln−1+1 · ·al1+··+ln︸ ︷︷ ︸
ln

),
(2s)!

l1!l2!··ln!
〉, l1 + l2 + · ·+ln = 2s

5�5.2.3. ΓkςA1ςA2ς ··A2sς
(s;w)ΓB1ςB2ς ··B2sς

kς
(s;w) = 1

(2s)!
δ

(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!
δB1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

5�5.2.4. δb1(a1
δb2a2
δb3a3
· ·δb2sa2s)

= δb1a1
δb2(a2

δb3a3
· ·δb2sa2s)

+ δb1a2
δb2(a1

δb3a3
· ·δb2sa2s)

+ δb1a3
δb2(a1

δb3a2
· ·δb2sa2s)

+ ··

5�5.2.5. δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s+ w)δb2(a2
δb3a3
· ·δb2sa2s)

y²: δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= δa1

b1
δb1a1
δb2(a2

δb3a3
· ·δb2sa2s)

+ δa1

b1
δb1a2
δb2(a1

δb3a3
· ·δb2sa2s)

+ δa1

b1
δb1a3
δb2(a1

δb3a2
· ·δb2sa2s)

+ · ·
= nδb2(a2

δb3a3
· ·δb2sa2s)

+ δb2(a2
δb3a3
· ·δb2sa2s)

+ δb2(a3
δb3a2
· ·δb2sa2s)

+ · ·
= (2s+ w)δb2(a2

δb3a3
· ·δb2sa2s)

5�5.2.6.
δa1

b1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 1!C1
2s+wδ

b2
(a2
δb3a3
· ·δb2sa2s)

, δa1

b1
δa2

b2
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 2!C2
2s+wδ

b3
(a3
δb4a4
· ·δb2sa2s)

δa1

b1
δa2

b2
δa3

b3
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= 3!C3
2s+wδ

b4
(a4
· ·δb2sa2s)

· · · · · ·

δa1

b1
δa2

b2
· ·δa2s−1

b2s−1
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s− 1)!C2s−1
2s+wδ

b2s
a2s
, δa1

b1
δa2

b2
· ·δa2s

b2s
δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

= (2s)!C2s
2s+w

5�5.2.7.
δb1(a1

δb2a2
· ·δb2sa2s)

δa2s

b2s
= 1!C1

2s+wδ
b1
(a1
δb2a2
· ·δb2s−1

a2s−1), δb1(a1
δb2a2
· ·δb2sa2s)

δ
a2s−1

b2s−1
δa2s

b2s
= 2!C2

2s+wδ
b1
(a1
δb2a2
· ·δb2s−2

a2s−2)

δb1(a1
δb2a2
δb3a3
· ·δb2sa2s)

δ
a2s−2

b2s−2
· ·δa2s

b2s
= 3!C3

2s+wδ
b1
(a1
δb2a2
· ·δb2s−3

a2s−3) · · · · · ·

δb1(a1
δb2a2
δb3a3
· ·δb2sa2s)

δ
a2s−1

b2s−1
· ·δa2

b2
δa1

b1
= (2s− 1)!C2s−1

2s+wδ
b2s
a2s
, δb1(a1

δb2a2
δb3a3
· ·δb2sa2s)

δa2s

b2s
· ·δa2

b2
δa1

b1
= (2s)!C2s

2s+w

5.3 N+1=n���¥�é¡Üþ�Ðm� ¿

5�5.3.1. A[a1a2a3a4··an] = Aa1[a2a3a4··an] −Aa2[a1a3a4··an] +Aa3[a1a2a4··an] + ··

5�5.3.2. A[a1a2a3a4··a2s] = 〈A[a1··al][al+1··a2s],
(2s)!

l!(2s−l)!〉
= 〈A[a1 · ·al1︸ ︷︷ ︸

l1

][al1+1 · ·al1+l2︸ ︷︷ ︸
l2

]··[al1+··+ln−1+1 · ·al1+··+ln︸ ︷︷ ︸
ln

],
(2s)!

l1!l2!··ln!
〉, l1 + l2 + · ·+ln = 2s

5�5.3.3. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

5�5.3.4. δb1[a1
δb2a2
δb3a3
· ·δbnan] = δb1a1

δb2[a2
δb3a3
· ·δbnan] − δb1a2

δb2[a1
δb3a3
· ·δbnan] + δb1a3

δb2[a1
δb3a2
· ·δbnan] + ··

5�5.3.5. δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = δb2[a2

δb3a3
· ·δbnan]

y²: δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan]

= δa1

b1
δb1a1
δb2[a2

δb3a3
· ·δbnan] − δ

a1

b1
δb1a2
δb2[a1

δb3a3
· ·δbnan] + δa1

b1
δb1a3
δb2[a1

δb3a2
· ·δbnan] + · ·

= nδb2[a2
δb3a3
· ·δbnan] − δ

b2
[a2
δb3a3
· ·δbnan] + δb2[a3

δb3a2
· ·δbnan] + · ·

= δb2[a2
δb3a3
· ·δbnan]

5�5.3.6.
δa1

b1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 1!δb2[a2

δb3a3
· ·δbnan], δa1

b1
δa2

b2
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 2!δb3[a3

δb4a4
· ·δbnan]

δa1

b1
δa2

b2
δa3

b3
δb1[a1

δb2a2
δb3a3
· ·δbnan] = 3!δb4[a4

· ·δbnan] · · · · · ·

δa1

b1
δa2

b2
· ·δan−1

bn−1
δb1[a1

δb2a2
δb3a3
· ·δbnan] = (n− 1)!δbnan , δa1

b1
δa2

b2
· ·δanbn δ

b1
[a1
δb2a2
δb3a3
· ·δbnan] = n!
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5�5.3.7.
δb1(a1

δb2a2
· ·δbnan]δ

an
bn

= 1!δb1[a1
δb2a2
· ·δbn−1

an−1], δb1(a1
δb2a2
· ·δbnan]δ

an−1

bn−1
δanbn = 2!δb1[a1

δb2a2
· ·δbn−2

an−2]

δb1(a1
δb2a2
δb3a3
· ·δbnan]δ

an−2

bn−2
· ·δanbn = 3!δb1[a1

δb2a2
· ·δbn−3

an−3] · · · · · ·

δb1[a1
δb2a2
δb3a3
· ·δbnan]δ

an
bn
· ·δa2

b2
= (n− 1)!δb1a1

, δb1[a1
δb2a2
δb3a3
· ·δbnan]δ

an
bn
· ·δa2

b2
δa1

b1
= n!

6 N+1=n���¥�QÈ

6.1 N+1=n���¥QÈ�äNO�

½Â6.1.1. K := (m− γa∂a)γ0, K̃ := CKT C̄ = −γ0(m+ γa∂
a), Q := (m− γa∂a), Q̃ := (m+ γa∂

a)

5�6.1.1. Γ0Q = Q̃Γ0, QΓ0 = Γ0Q̃; Γ0QΓ0 = Q̃,Γ0Q̃Γ0 = Q

5�6.1.2.



γa1
Qγa′1Q̃ = −Γ0γa1

Q̃Γ0γa′1Q̃ = −γa1
Γ0Q̃γa′1Γ0Q̃

γa1
Qγa′1Q̃ = −γa1

QΓ0γa′1QΓ0 = γa1
Qγa′1Γ0QΓ0

γa1
Qγa′1Q̃ · ·γalQγa′lQ̃ = (−1)lγa1

Γ0Q̃γa′1Γ0Q̃ · ·γalΓ0Q̃γa′lΓ0Q̃

γa1
Qγa′1Q̃ · ·γalQγa′lQ̃ = (−1)l−1γa1

Qγa′1Γ0Qγa2
Γ0Qγa′2Γ0Q · ·γalΓ0Qγa′lΓ0QΓ0

5�6.1.3.



tr(γa1
Qγa′1Q̃) = −tr(Γ0γa1

Q̃Γ0γa′1Q̃) = −tr(γa1
Γ0Q̃γa′1Γ0Q̃)

tr(γa1
Qγa′1Q̃) = −tr(Γ0γa1

QΓ0γa′1Q) = −tr(γa1
Γ0Qγa′1Γ0Q)

tr(γa1
Qγa′1Q̃ · ·γalQγa′lQ̃) = (−1)ltr(γa1

Γ0Q̃γa′1Γ0Q̃ · ·γalΓ0Q̃γa′lΓ0Q̃)

tr(γa1
Qγa′1Q̃ · ·γalQγa′lQ̃) = (−1)ltr(γa1

Γ0Qγa′1Γ0Q · ·γalΓ0Qγa′lΓ0Q)

5�6.1.4.


tr[γaQγa′Q̃] = 8(m2δaa′ − ∂a∂a′) = 8m2(δaa′ − ∂a∂a′

m2 )

tr[γaΓ0Q̃γa′Γ0Q̃] = −8(m2δaa′ − ∂a∂a′) = −8m2(δaa′ − ∂a∂a′
m2 )

tr[γaΓ0Qγa′Γ0Q] = −8(m2δaa′ − ∂a∂a′) = −8m2(δaa′ − ∂a∂a′
m2 )

5�6.1.5.

tr[γaQ̃γa′Q̃] = tr[γaQγa′Q] = 8∂a∂a′

tr[γaΓ0Qγa′Γ0Q̃] = tr[γaΓ0Q̃γa′Γ0Q̃] = −8∂a∂a′

y²: tr[γaQγa′Q̃] = tr[γa(m− γa1
∂a1)γa′(m+ γa2

∂a2)]

= m2tr(γaγa′)− tr(γaγa1
γa′γa2

)∂a1∂a2

= 4m2δaa′ − 4(δaa1
δa′a2

− δaa′δa1a2
+ δaa2

δa1a′)∂
a1∂a2

= 4m2δaa′ − 4(2∂a∂a′ − δaa′m2)

= 8(m2δaa′ − ∂a∂a′)

y²: tr[γaQ̃γa′Q̃] = tr[γa(m+ γa1
∂a1)γa′(m+ γa2

∂a2)]

= m2tr(γaγa′) + tr(γaγa1
γa′γa2

)∂a1∂a2

= 4m2δaa′ + 4(δaa1
δa′a2

− δaa′δa1a2
+ δaa2

δa1a′)∂
a1∂a2

= 4m2δaa′ + 4(2∂a∂a′ − δaa′m2)

= 8∂a∂a′

y²: tr[γaQγa′Q] = tr[γa(m− γa1
∂a1)γa′(m− γa2

∂a2)]

= m2tr(γaγa′) + tr(γaγa1
γa′γa2

)∂a1∂a2

= 4m2δaa′ + 4(δaa1
δa′a2

− δaa′δa1a2
+ δaa2

δa1a′)∂
a1∂a2

= 4m2δaa′ + 4(2∂a∂a′ − δaa′m2)

= 8∂a∂a′

³é´5K�±l|é´5KÏLQÈO���§�Kþ�±^5î�y²Behrends-Fronsdalß�úª§

��©�¡§J±¦^§¯¢þ�´éJy²Behrends-Fronsdalß�úª"
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g·µãµ3�Ù·òÎn�«���|Üð�ª§¿?1
XÚ��nÚ*¿§��Ñ
XÚî��©Û

Úy²§l��«ÔnA^Jø
j¢�êÆÄ:"

1 2ÂÚî��ªÐm

1.1 Úî��ª��VÐm

íØ1.1.1. (1 + x)α =
∞∑
k=0

Ckαx
k, Ckα := α(α−1)··(α−k+1)

k!
;α ∈ C

y²: (1 + x)α =
∞∑
k=0

α(α−1)··(α−k+1)
k!

xk =
∞∑
k=0

Ckαx
k, Ckα := α(α−1)··(α−k+1)

k!

1.2 (1 + x)n�Ñ�|Üð�ª

½n1.2.1.
n∑
k=0

(−1)kCkn = 0

y²: (1 + x)n =
n∑
k=0

Cknx
k ⇒ (1− 1)n =

n∑
k=0

(−1)kCkn ⇔
n∑
k=0

(−1)kCkn = 0

íØ1.2.1.
n∑
k=0

(−2)kCkn = (−1)n,
n∑
k=0

(−3)kCkn = (−2)n,
n∑
k=0

(−4)kCkn = (−3)n

íØ1.2.2.
n∑
k=0

2kCkn = 3n,
n∑
k=0

3kCkn = 4n,
n∑
k=0

4kCkn = 5n

½n1.2.2.
[n/2]∑
k=0

(−1)kC2k
n = (

√
2)n cos nπ

4
,

[n/2]∑
k=0

(−1)kC2k+1
n = (

√
2)n sin nπ

4

y²: (1 + x)n =
n∑
k=0

Cknx
k ⇒ (1 + i)n =

n∑
k=0

Ckni
k

⇔
[n/2]∑
k=0

C2k
n i

2k +
[n/2]∑
k=0

C2k+1
n i2k+1 = (

√
2)nei

nπ
4

⇔
[n/2]∑
k=0

(−1)kC2k
n + i

[n/2]∑
k=0

(−1)kC2k+1
n = (

√
2)n(cos nπ

4
+ i sin nπ

4
)

⇔
[n/2]∑
k=0

(−1)kC2k
n = (

√
2)n cos nπ

4
,

[n/2]∑
k=0

(−1)kC2k+1
n = (

√
2)n sin nπ

4

1.3 p_|Üð�ª9Ùy²

Ún1.3.1.
n∑
k=0

(−1)kCknC
j
k = (−1)nδn

j

½n1.3.1.
n∑
k=0

(−1)kCknak = bn ⇔
n∑
k=0

(−1)kCknbk = an

y²:
n∑
k=0

(−1)kCknbk

=
n∑
k=0

(−1)kCkn
k∑
j=0

(−1)jCjkaj =
∞∑
k=0

∞∑
j=0

(−1)k+jCknC
j
kaj

=
∞∑
j=0

(−1)jaj
∞∑
k=0

(−1)kCknC
j
k =

∞∑
j=0

(−1)jaj
n∑
k=0

(−1)kCknC
j
k

=
∞∑
j=0

(−1)jaj(−1)nδn
j = an

��½,"
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2 |Ü¼ê�{

2.1 |Ü¼ê½Â

½Â2.1.1.
(x)(n) :=

n−1∏
k=0

(x+ k) = (x) · ·(x+ k − 1), (x)(0) := 1;n ≥ 1

(x)(n) :=
n−1∏
k=0

(x− k) = (x) · ·(x− k + 1), (x)(0) := 1;n ≥ 1

½Â2.1.2. (1+p)Fq[
a

(n)
0 , a

(n)
1 , ··· , a(n)

p

b
(n)
1 , ··· , b(n)

q

|z] :=
∞∑
n=0

a
(n)
0 a

(n)
1 ··a

(n)
p

b
(n)
1 ··b

(n)
q

zn

n!

2.2 |Ü¼ê�Ä�5�

5�2.2.1.

1.Cnx =
(x)(n)

n!

2.(x)(n) = (−1)n(−x)(n)

3.(x)(n−k) =
(x)(n)

(x−n+1)(k)

4.(x)(n) = (x+ n− 1)(n)

5.(x)(n) = (x)(k)(x+ k)(n−k)

6.(x)(n) = (x)(k)(x− k)(n−k)

7.n! = (1)(n) = (−1)n(−1)(n) = (n)(n) = (−1)(n)(−n)(n)

8.(n)m = n!
(n−m)!

, (n)m = (m+n−1)!
(n−1)!

2.3 �
�|Ü¼ê�5�9Ùy²

5�2.3.1. Ck−1 = (−1)k, Ck−1/2 = (−4)−kCk2k, C
k
0 = δ0k; k ≥ 0

5�2.3.2.
(−1)k

k+x
Ckn = 1

xCnn+x
Ck−xC

n−k
n+x ; 0 ≤ k ≤ n

y²: 1
xCnn+x

Ck−xC
n−k
n+x

= (−x)(−x−1)··(−x−k+1)
k!

(n+x)(n+x−1)··(n+x−n+k+1)
(n−k)!

n!
x(n+x)(n+x−1)··(n+x−n+1)

= (−1)k(x+k−1)··(x+1)x
k!

(n+x)(n+x−1)··(x+k+1)
(n−k)!

n!
x(n+x)(n+x−1)··(x+1)

= (−1)k (n+x)(n+x−1)··(x+k+1)
(n−k)!

(x+k)(x+k−1)··(x+1)
(x+k)k!

n!
(n+x)(n+x−1)··(x+1)

= (−1)k n!
(x+k)k!(n−k)!

= (−1)k

k+x
Ckn

e¡|^{'XÚ��AÛ?ê�{y²Xeõ�5�µ

5�2.3.3. C2k
n = (−1)kCk[n/2]

(1/2−[n/2]−δn)(k)

(1/2)(k) , δn := n%2; 0 ≤ k ≤ [n/2]

y²: t0 = C0
n = 1

tk+1

tk
= C2k+2

n

C2k
n

=
(n)(2k+2)(2k)!

(n)(2k)(2k+2)!
= (n−2k)(n−2k−1)

(2k+2)(2k+1)
= (−n/2+k)(1/2−n/2+k)

(1+k)(1/2+k)

⇒ C2k
n = tk = (1/2−n/2)(k)(−n/2)(k)

(1/2)(k)(1)(k) t0 = (−1)kCk[n/2]
(1/2−[(n+1)/2])(k)

(1/2)(k)

5�2.3.4. C2k+1
n = (−1)knCk[(n−1)/2]

(1/2−[n/2])(k)

(3/2)(k) ; 0 ≤ k ≤ [(n− 1)/2]

y²: t0 = C1
n = n

tk+1

tk
= C2k+3

n

C2k+1
n

=
(n)(2k+3)(2k+1)!

(n)(2k+1)(2k+3)!
= (n−2k−1)(n−2k−2)

(2k+3)(2k+2)
= (1/2−n/2+k)(1−n/2+k)

(3/2+k)(1+k)

⇒ C2k
n = tk = (1/2−n/2)(k)(1−n/2)(k)

(3/2)(k)(1)(k) t0 = (−1)knCk[(n−1)/2]
(1/2−[n/2])(k)

(3/2)(k)

5�2.3.5. C2k
n+k = 4−kCkn

(n+1)(k)

(1/2)(k) ; 0 ≤ k ≤ n
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y²: t0 = C0
n = 1

tk+1

tk
=

C2k+2
n+k+1

C2k
n+k

=
(n+k+1)(2k+2)(2k)!

(n+k)(2k)(2k+2)!
= (n+k+1)(n−k)

(2k+2)(2k+1)
= (n+1+k)(−n+k)

(−4)(1+k)(1/2+k)

⇒ C2k
n+k = tk = (n+1)(k)(−n)(k)

(−4)k(1/2)(k)(1)(k) t0 = 4−kCkn
(n+1)(k)

(1/2)(k)

5�2.3.6. C2k+1
n+k+1 = 4−k(n+ 1)Ckn

(n+2)(k)

(3/2)(k) ; 0 ≤ k ≤ n

y²: t0 = C1
n+1 = n+ 1

tk+1

tk
=

C2k+3
n+k+2

C2k+1
n+k+1

=
(n+k+2)(2k+3)(2k+1)!

(n+k+1)(2k+1)(2k+3)!
= (n+k+2)(n−k)

(2k+3)(2k+2)
= (n+2+k)(−n+k)

(−4)(3/2+k)(1+k)

⇒ C2k+1
n+k+1 = tk = (n+2)(k)(−n)(k)

(−4)k(3/2)(k)(1)(k) t0 = 4−k(n+ 1)Ckn
(n+2)(k)

(3/2)(k)

5�2.3.7. Ckn−k = 4kCk[n/2]
(1/2−[n/2]−δn)(k)

(−n)(k) ; 0 ≤ k ≤ [n/2]

y²: t0 = C0
n = 1

tk+1

tk
=

Ck+1
n−k−1

Ckn−k
=

(n−k−1)(k+1)k!

(n−k)(k)(k+1)!
= (n−2k)(n−2k−1)

(n−k)(k+1)
= (−4)(−n/2+k)(1/2−n/2+k)

(−n+k)(1+k)

⇒ C2k
n+k = tk = (−4)k(1/2−n/2)(k)(−n/2)(k)

(−n)(k)(1)(k) t0 = 4kCk[n/2]
(1/2−[n/2]−δn)(k)

(−n)(k)

y²: t0 = Cn2n
tk+1

tk
=

Cn2n−2k−2

Cn2n−2k
=

(2n−2k−2)(n)

(2n−2k)(n)
= (n−2k)(n−2k−1)

(2n−2k)(2n−2k−1)
= (−n/2+k)(1/2−n/2+k)

(−n+k)(1/2−n+k)

⇒ Cn2n−2k = tk = (1/2−n/2)(k)(−n/2)(k)

(1/2−n)(k)(−n)(k) t0 = (1/2−[n/2]−δn)(k)

(1/2−n)(k)

([n/2])(k)

(n)(k)
Cn2n

2.4 �|Ü¼êúª®o

5�2.4.1. Ck−n−1/2 = (−n−1/2)(−n−3/2)··(−n+1/2−k)
k!

= (−4)−k
Cn+k

2n+2kC
k
n+k

Cn2n
; k ≥ 0, n ≥ 0

5�2.4.2. Ck−n−1 = (−n−1)(−n−2)··(−n−k)
k!

= (−1)kCkn+k; k ≥ 0, n ≥ 0

5�2.4.3.

C
k
n−1/2 = (n−1/2)(n−3/2)··(n+1/2−k)

k!
= 4−k C

n
2nC

k
n

Cn−k2n−2k

, Cnn−1/2 = 4−nCn2n; 0 ≤ k ≤ n, n ≥ 1

Ckn−1/2 = (n−1/2)··(1/2)(−1/2)··(n+1/2−k)
k!

= (−1)k−n4−kCn2nC
k−n
2k−2nC

n
k ; k ≥ n, n ≥ 1

5�2.4.4. Ckn−1/2 = 4−kCn2n{
Ckn

Cn−k2n−2k

u(n− k) + (−1)k−nCk−n2k−2nC
n
k [1− u(n− k)]};n ≥ 1, k ≥ 0

5�2.4.5. Ck−1 = (−1)k, Ck−1/2 = (−4)−kCk2k, C
k
0 = δ0k; k ≥ 0

5�2.4.6. Ckn = (−1)k x+k
xCnx+n

Ck−xC
n−k
n+x ; 0 ≤ k ≤ n

5�2.4.7. C2k
n = (−1)kCk[n/2]

(1/2−[(n+1)/2])(k)

(1/2)(k) ; 0 ≤ k ≤ [n/2]

5�2.4.8. C2k+1
n = (−1)knCk[(n−1)/2]

(1/2−[n/2])(k)

(3/2)(k) ; 0 ≤ k ≤ [(n− 1)/2]

5�2.4.9. C2k
n+k = 4−kCkn

(n+1)(k)

(1/2)(k) ; 0 ≤ k ≤ n

5�2.4.10. C2k+1
n+k = 4−knCkn−1

(n+1)(k)

(3/2)(k) ; 0 ≤ k ≤ n

5�2.4.11. Ckn−k = 4kCk[n/2]
(1/2−[n/2]−δn)(k)

(−n)(k) ; 0 ≤ k ≤ [n/2]

5�2.4.12. Ckn+k = (−1)kCk−n−1; k ≥ 0, n ≥ 0
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3 ���òÈð�ª

3.1 �����òÈð�ª

½n3.1.1.
k∑
i=0

CiαC
k−i
β = Ckα+β; k ≥ 0

y²: (1 + x)α+β = (1 + x)α(1 + x)β

⇔
∞∑
k=0

Ckα+βx
k =

∞∑
i=0

Ciαx
i
∞∑
j=0

Cjβx
j

⇔
∞∑
k=0

Ckα+βx
k =

∞∑
k=0

k∑
i=0

CiαC
k−i
β xk

⇔
k∑
i=0

CiαC
k−i
β = Ckα+β

3.2 ���òÈð�ª�|Ü¼ê/ª

Ún3.2.1.
n∑
k=0

CkxC
n−k
y = Cnx+y ⇔

n∑
k=0

Ckn(−1)k (x)(k)

(y)(k) = (y−x)(n)

(y)(n)

y²:
n∑
k=0

CkxC
n−k
y = Cnx+y

⇔
n∑
k=0

Ckn(x)(k)(y)(n−k) = (x+ y)(n)

⇔
n∑
k=0

Ckn(x)(k)
(y)(n)

(y−n+1)(k) = (x+ y)(n)

(Cþ��¶x→ −x, y → y + n− 1)

⇔
n∑
k=0

Ckn(−x)(k)
(y+n−1)(n)

(y)(k) = (y − x+ n− 1)(n)

⇔
n∑
k=0

(−1)kCkn
(x)(k)(y)(n)

(y)(k) = (y − x)(n)

⇔
n∑
k=0

Ckn(−1)k (x)(k)

(y)(k) = (y−x)(n)

(y)(n)

íØ3.2.1.
n∑
k=0

Ckn(−1)k (x)(k)

(y)(k) = (y−x)(n)

(y)(n) ,
n∑
k=0

Ckn
(x)(k)

(y)(k) = (−1)n
(−x−y)(n)

(y)(n)

n∑
k=0

Ckn(−1)k
(x)(k)

(y)(k)
=

(y−x)(n)

(y)(n)
,
n∑
k=0

Ckn
(x)(k)

(y)(k)
= (−1)n (−x−y)(n)

(y)(n)

3.3 (±m,±n).���ð�ª

3.3.1 (m,n).���ð�ª

½n3.3.1.
k∑
i=0

CimC
k−i
n = Ckm+n;m,n, k ≥ 0

3.3.2 (−m− 1,−n− 1).���ð�ª

íØ3.3.1.
k∑
i=0

Ci−m−1C
k−i
−n−1 = Ck−m−n−2[⇔]

k∑
i=0

Cim+iC
k−i
n+k−i = Ckm+n+1+k;m,n, k ≥ 0

3.3.3 (−m− 1, n).���ð�ª

íØ3.3.2.
k∑
i=0

Ci−m−1C
k−i
n = Ckn−m−1[⇔]

k∑
i=0

(−1)iCim+iC
k−i
n = Ckn−m−1;n > m ≥ 0, k ≥ 0

íØ3.3.3.
k∑
i=0

Ci−m−1C
k−i
n = Ckn−m−1[⇔]

k∑
i=0

(−1)iCim+iC
k−i
n = (−1)kCkm−n+k;m ≥ n ≥ 0, k ≥ 0
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3.3.4 íØ

íØ3.3.4.
−n′∑
h′=n′

Cn
′+h′

n+h Cn
′−h′

n−h = C2n′

2n ;n ≥ n′ ≥ 0

íØ3.3.5.
−n′∑
h′=n′

Cn
′+h′

n+h′+hC
n′−h′
n−h′−h =

−n′∑
h′=n′

Cn−n
′+h

n+h′+hC
n−n′−h
n−h′−h = C2n′

2n+1;n′ − n ≤ h ≤ n− n′, n ≥ n′

íØ3.3.6.
−s′∑
h′=s′

Cs
′+h′

s+h′+hC
s′−h′
s−h′−h =

−s′∑
h′=s′

Cs−s
′+h

s+h′+hC
s−s′−h
s−h′−h = C2s′

2s+1; s′ − s ≤ h ≤ s− s′, s ≥ s′

íØ3.3.7.
−s′∑
h′=s′

Cs
′+h′

s+h′ C
s′−h′
s−h′ = C2s′

2s+1

íØ3.3.8.
−s∑
h′=s

Cs+h
′

s+h′C
s−h′
s−h′ = C2s

2s+1[⇔]
−s∑
h′=s

C0
s+h′C

0
s−h′ = C1

2s+1[⇔]
2s∑
k=0

C0
kC

0
2s−k = C1

2s+1

1−s∑
h′=s−1

Cs−1+h′

s+h′ Cs−1−h′
s−h′ = C2s−2

2s+1 [⇔]
1−s∑

h′=s−1

C1
s+h′C

1
s−h′ = C3

2s+1[⇔]
2s−1∑
k=1

C1
kC

1
2s−k = C3

2s+1

2−s∑
h′=s−2

Cs−2+h′

s+h′ Cs−2−h′
s−h′ = C2s−4

2s+1 [⇔]
2−s∑

h′=s−2

C2
s+h′C

2
s−h′ = C5

2s+1[⇔]
2s−2∑
k=2

C2
kC

2
2s−k = C5

2s+1

· · ·
l−s∑

h′=s−l
Cs−l+h

′

s+h′ Cs−l−h
′

s−h′ = C2s−2l
2s+1 [⇔]

l−s∑
h′=s−l

Cls+h′C
l
s−h′ = C2l+1

2s+1[⇔]
2s−l∑
k=l

ClkC
l
2s−k = C2l+1

2s+1

íØ3.3.9.
∑

a+b=n

CcaC
d
b = Cc+d+1

n+1 ⇒
n−l∑
k=l

ClkC
l
n−k = C2l+1

n+1

íØ3.3.10.
C2
n+h + C1

n+h−1C
1
n−h+1 + C2

n−h+2 =
−1∑
h′=1

C1+h′

(n+h′)+(h−1)C
1−h′
(n−h′)−(h−1) = C2

2n+1

C2n′

n+hC
0
n−h + C2n′−1

n+h−1C
1
n−h+1 + C2n′−2

n+h−2C
2
n−h+2 + · ·+C0

n+h−2n′C
2n′

n−h+2n′ =
−n′∑
h′=n′

Cn
′+h′

(n+h′)+(h−n′)C
n′−h′
(n−h′)−(h−n′) = C2n′

2n+1

íØ3.3.11.
−1∑
h′=1

C1+h′

(n+h′)+hC
1−h′
(n−h′)−h = C2

2n+1,
−2∑
h′=2

C2+h′

(n+h′)+hC
2−h′
(n−h′)−h = C4

2n+1,
−n′∑
h′=n′

Cn
′+h′

(n+h′)+hC
n′−h′
(n−h′)−h = C2n′

2n+1

−1∑
h′=1

C1−h′
(n−h′)+hC

1+h′

(n+h′)−h = C2
2n+1,

−2∑
h′=2

C2−h′
(n−h′)+hC

2+h′

(n+h′)−h = C4
2n+1,

−n′∑
h′=n′

Cn
′−h′

(n−h′)+hC
n′+h′

(n+h′)−h = C2n′

2n+1

3.4 (±m− 1/2,±n− 1/2).���ð�ª

3.4.1 (−m− 1/2,−n− 1/2).���ð�ª�Ñ�õ«|Üð�ª

���òÈð�ª:

½n3.4.1.
k∑
i=0

Ci−m−1/2C
k−i
−n−1/2 = Ck−m−n−1[⇔]

k∑
i=0

Cm+i
2m+2iC

n+k−i
2n+2k−2iC

i
m+iC

k−i
n+k−i = 4kCm2mC

n
2nC

k
m+n+k;m,n, k ≥ 0

íØ3.4.1. m,n, k ≥ 0
k∑
i=0

Cm+i
2m+2iC

n+k−i
2n+2k−2iC

i
m+iC

k−i
n+k−i = 4kCm2mC

n
2nC

k
m+n+k ⇔

k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k

½n3.4.2. m ≥ 0, n ≥ 0, k ≥ 0
k∑
i=0

Cm+i
2m+2iC

n+k−i
2n+2k−2iC

m
m+iC

n
n+k−i = 4kCm2mC

n
2nC

m+n
m+n+k[⇔]

k∑
i=0

CikC
m+i
m+n+k

C2m+2i
2m+2n+2k

= Cm2mC
n
2n

Cmm+n

4k

Cm+n+k
2m+2n+2k

���òÈð�ª�Ñ��X�íØ:

íØ3.4.2. m,n, k ≥ 0
k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k ⇒

k∑
i=0

(2m+2i)!
(m+i)!i!

(2m+2k−2i)!
(m+k−i)!(k−i)! = 4k(2m)!Cm2mC

k
2m+k
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íØ3.4.3. m,n, k ≥ 0
k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k ⇒

k∑
i=0

(2m+2i)!
(m+i)!i!

(2k−2i)!
(k−i)!(k−i)! = 4k (2m)!

m!
Ckm+k

íØ3.4.4. m,n, k ≥ 0
k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k ⇒

k∑
i=0

(2i)!
i!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2n)!

n!
Ckn+k

íØ3.4.5. m,n, k ≥ 0
k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k ⇒

k∑
i=0

(2i)!
i!i!

(2k−2i)!
(k−i)!(k−i)! = 4k

íØ3.4.6. m,n, k ≥ 0
k∑
i=0

(2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = 4k (2m)!(2n)!

m!n!
Ckm+n+k ⇒

k∑
i=0

(2i+1)!
i!i!

(2k−2i+1)!
(k−i)!(k−i)! = 4kC2

k+2

3.4.2 (m− 1/2, n− 1/2).���ð�ª(E,Ñ�)

½n3.4.3.
k∑
i=0

Cim−1/2C
k−i
n−1/2 = Ckm+n−1[⇔]???;m ≥ 1, n ≥ 1, k ≥ 0

3.4.3 (−m− 1/2, n− 1/2).���ð�ª(E,Ñ�)

½n3.4.4.
k∑
i=0

Ci−m−1/2C
k−i
n−1/2 = Ckn−m−1[⇔]???;m ≥ 1, n ≥ 1, k ≥ 0

3.5 (±m− 1/2,±n).���ð�ª

3.5.1 (−m− 1/2,−n− 1).���ð�ª

½n3.5.1.
k∑
i=0

Ci−m−1/2C
k−i
−n−1 = Ck−m−n−3/2[⇔]

k∑
i=0

4k−iCm+i
2m+2iC

i
m+iC

k−i
n+k−i =

Cm2mC
m+n+1+k
2m+2n+2+2kC

k
m+n+1+k

Cm+n+1
2m+2n+2

;m,n, k ≥ 0

3.5.2 (−m− 1/2, n).���ð�ª

½n3.5.2.
k∑
i=0

Ci−m−1/2C
k−i
n = Ckn−m−1/2[⇔]

k∑
i=0

(−4)k−iCm+i
2m+2iC

i
m+iC

k−i
n =

Cm2mC
m−n+k
2m−2n+2kC

k
m−n+k

Cm−n2m−2n

;m ≥ n ≥ 0, k ≥ 0

3.5.3 (m− 1/2, n).���ð�ª(E,Ñ�)

½n3.5.3.
k∑
i=0

Cim−1/2C
k−i
n = Ckm+n−1/2[⇔]???;m ≥ 1, n ≥ 0, k ≥ 0

4 n����òÈð�ª

4.1 ��n����òÈð�ª

½n4.1.1.
∑

i+j+k=r

CiαC
j
βC

k
γ = Crα+β+γ ; k ≥ 0

y²: (1 + x)α+β+γ = (1 + x)α(1 + x)β(1 + x)γ

⇔
∞∑
r=0

Crα+β+γx
r =

∞∑
i=0

Ciαx
i
∞∑
j=0

Cjβx
j
∞∑
k=0

Ckγx
k

⇔
∞∑
r=0

Crα+β+γx
r =

∞∑
r=0

∑
i+j+k=r

CiαC
j
βC

k
γx

r

⇔
∑

i+j+k=r

CiαC
j
βC

k
γ = Crα+β+γ

⇔
r∑
i=0

r−i∑
j=0

CiαC
j
βC

r−i−j
γ = Crα+β+γ

4.2 n����òÈð�ª�|Ü¼ê/ª

½n4.2.1.
n−j∑
i=0

n∑
j=0

(−1)i+j n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j) = (z−x−y)(n)

(z)(n)
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y²:
∑

i+j+k=n

CixC
j
yC

k
z =

n−j∑
i=0

n∑
j=0

CixC
j
yC

n−i−j
z = Cnx+y+z

⇔
n−j∑
i=0

n∑
j=0

n!
i!j!(n−i−j)!(x)(i)(y)(j)(z)(n−i−j) = (x+ y + z)(n)

⇔
n−j∑
i=0

n∑
j=0

n!
i!j!(n−i−j)!(x)(i)(y)(j)

(z)(n)

(z−n+1)(i+j) = (x+ y + z)(n)

(Cþ��¶x→ −x, y → y + n− 1)

⇔
n−j∑
i=0

n∑
j=0

n!
i!j!(n−i−j)!(−x)(i)(−y)(j)

(z+n−1)(n)

(z)(i+j) = (z − x− y + n− 1)(n)

⇔
n−j∑
i=0

n∑
j=0

(−1)i+j n!
i!j!(n−i−j)!

(x)(i)(y)(j)(z)(n)

(z)(i+j) = (z − x− y)(n)

⇔
n−j∑
i=0

n∑
j=0

(−1)i+j n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j) = (z−x−y)(n)

(z)(n)

íØ4.2.1.
n−j∑
i=0

n∑
j=0

(−1)i+j n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j) = (z−x−y)(n)

(z)(n) ,
n−j∑
i=0

n∑
j=0

(−1)n n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j) =
(−z−x−y)(n)

(z)(n)

n−j∑
i=0

n∑
j=0

(−1)i+j n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j)
=

(z−x−y)(n)

(z)(n)
,
n−j∑
i=0

n∑
j=0

(−1)n n!
i!j!(n−i−j)!

(x)(i)(y)(j)

(z)(i+j)
= (−z−x−y)(n)

(z)(n)

5 p����òÈð�ª

5.1 ��p����òÈð�ª

½n5.1.1.
∑

k1+··+kp=r

Ck1
α1
· ·Ckpαp = Crα1+··+αp ; k ≥ 0

y²: (1 + x)α1+··+αp = (1 + x)α1 · ·(1 + x)αp

⇔
∞∑
r=0

Crα1+··+αpx
r =

∞∑
k1=0

Ck1
α1
xk1 · ·

∞∑
kp=0

C
kp
αpx

kp

⇔
∞∑
r=0

Crα1+··+αpx
r =

∞∑
r=0

∑
k1+··+kp=r

Ck1
α1
· ·Ckpαpxr

⇔
∑

k1+··+kp=r

Ck1
α1
· ·Ckpαp = Crα1+··+αp

⇔
r−k2··−kp∑
k1=0

· ·
r−kp∑
kp−1=0

r∑
kp=0

Ck1
α1
· ·Ckpαp = Crα1+··+αp

5.2 p����òÈð�ª�|Ü¼ê/ª

½n5.2.1.
∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) = (x1−x2··−xp)(n)

(x1)(n)

y²:
∑

k1+··+kp=n

Ck1
x1
· ·Ckpxp = Crx1+··+xp

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(x1)(k1) · ·(xp)(kp) = (x1 + · ·+xp)(n)

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(x2)(k2) · ·(xp)(kp)
(x1)(n)

(x1−n+1)(n−k1) = (x1 + · ·+xp)(n)

(Cþ��¶x2 → −x2, ··, xp → −xp, x1 → x1 + n− 1)

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(−x2)(k2) · ·(−xp)(kp)
(x1+n−1)(n)

(x1)(n−k1) = (x1 − x2 · · − xp + n− 1)(n)

⇔
∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2) · ·(xp)(kp) (x1)(n)

(x1)(n−k1) = (x1 − x2 · · − xp)(n)

⇔
∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) = (x1−x2··−xp)(n)

(x1)(n)

íØ5.2.1.
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∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) = (x1−x2··−xp)(n)

(x1)(n) ,
∑

k1+··+kp=n

(−1)n n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) =
(−x1−x2··−xp)(n)

(x1)(n)∑
k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1)
=

(x1−x2··−xp)(n)

(x1)(n)
,

∑
k1+··+kp=n

(−1)n n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1)
= (−x1−x2··−xp)(n)

(x1)(n)

6 í2����òÈð�ª

6.1 ��ªV�Ðm

íØ6.1.1. (1 + x)α−l =
∞∑
k=l

Clk
Clα
Ckαx

k−l, (1 + x)α =
∞∑
k=0

Cll+k
Cll+α

Cl+kl+αx
k

y²: Clα(1 + x)α−l = 1
l!
dl

dxl
(1 + x)α =

∞∑
k=l

CkαC
l
kx

k−l =
∞∑
k=0

Cl+kα Cll+kx
k

íØ6.1.2. (1 + x)α−l1−l2 =
∞∑

k=l1+l2

C
l1
k C

l2
k−l1

C
l1
α C

l2
α−l1

Ckαx
k−l1−l2 , (1 + x)α−l1··−lm =

∞∑
k=l1+··+lm

C
l1
k ··C

lm
k−l1··−lm−1

C
l1
α ··Clmα−l1··−lm−1

Ckαx
k−l1··−lm

íØ6.1.3. (1 + x)α−l =
∞∑
k=l

C(k)Ckαx
k−l, C(α, k,~l) :=

C
l1
k ··C

lm
k−l1··−lm−1

C
l1
α ··Clmα−l1··−lm−1

, l =
m∑
i=1

li,~l := (l1, ··, lm); l1, ··, lm ≥ 0

íØ6.1.4. C(α, k,~0) = 0

íØ6.1.5. (1 + x)α−l =
∞∑
k=l

Clk
Clα
Ckαx

k−l|x=−1 ⇒
∞∑
k=0

(−1)kCkαC
l
k = (−1)lδαl;α ≥ l

íØ6.1.6. (1 + x)α−l =
∞∑
k=l

Clk
Clα
Ckαx

k−l|x=1 ⇒
∞∑
k=0

CkαC
l
k = 2α−lClα; (α ≥ l)|(α < 0)|(0 < α < l, α /∈ N)

6.2 ��ª���V�Ðm

íØ6.2.1. (1 + x)α−l =
∞∑
k=l

Clk
Clα
Ckαx

k−l, (1 + x)α =
∞∑
k=0

Cll+k
Cll+α

Cl+kl+αx
k

y²: 1
l!
dl

dxl
[xβ(1 + x)α] =

∞∑
k=l

CkαC
l
β+kx

β+k−l

= 1
l!

l∑
m=0

Cml [ d
m

dxm
(1 + x)α][ d

l−m

dxl−m
xβ]

= 1
l!

l∑
m=0

Cml (α)(m)(1 + x)α−m(β)(l−m)x
β−l+m

=
l∑

m=0

Cmα C
l−m
β xβ−l+m(1 + x)α−m

⇒
∞∑
k=l

CkαC
l
β+k =

l∑
m=0

2α−mCmα C
l−m
β

6.3 í2����òÈð�ª

½n6.3.1.
l1+k∑
i=l1

Ciα1
Ck+l1+l2−i
α2

C(α1, i,~l1)C(α2, k + l1 + l2 − i,~l2) = Ckα1+α2−l1−l2 ; k ≥ 0

y²: (1 + x)α1+α2−l1−l2 = (1 + x)α1−l1(1 + x)α2−l2

⇔
∞∑
k=0

Ckα1+α2−l1−l2x
k =

∞∑
i=l1

C(α1, i,~l1)Ciα1
xi−l1

∞∑
j=l2

C(α2, j,~l2)Cjα2
xj−l2

⇔
∞∑
k=0

Ckα1+α2−l1−l2x
k =

∞∑
k=0

l1+k∑
i=l1

C(α1, i,~l1)Ciα1
xi−l1C(α2, k + l1 + l2 − i,~l2)Ck+l1+l2−i

α2
xk+l1+l2−i−l2

⇔
∞∑
k=0

Ckα1+α2−l1−l2x
k =

∞∑
k=0

l1+k∑
i=l1

Ciα1
Ck+l1+l2−i
α2

C(α1, i,~l1)C(α2, k + l1 + l2 − i,~l2)xk

⇔
l1+k∑
i=l1

Ciα1
Ck+l1+l2−i
α2

C(α1, i,~l1)C(α2, k + l1 + l2 − i,~l2) = Ckα1+α2−l1−l2

íØ6.3.1.
l1+k∑
i=l1

Ciα1
Ck+l1−i
α2

C(α1, i,~l1) = Ckα1+α2−l1 ,
k∑
i=0

Ciα1
Ck−iα2

= Ckα1+α2
; k ≥ 0
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6.4 (1, 1)í2����òÈð�ª

Ún6.4.1. (1 + x)α =
∞∑
i=0

Cli+l
Clα+l

Ci+lα+lx
i, (1 + x)β =

∞∑
j=0

Crj+r
Crβ+r

Cj+rβ+rx
j

½n6.4.1.
k∑
i=0

Ci+lα+lC
k−i+r
β+r (Cli+lC

r
k−i+r) = Ckα+β(Clα+lC

r
β+r); k, l,m ≥ 0

y²: (1 + x)α+β = (1 + x)α(1 + x)β

⇔
∞∑
k=0

Ckα+βx
k =

∞∑
i=0

Cli+l
Clα+l

Ci+lα+lx
i
∞∑
j=0

Crj+r
Crβ+r

Cj+rβ+rx
j

⇔
∞∑
k=0

Ckα+βx
k =

∞∑
k=0

k∑
i=0

Cli+l
Clα+l

Ci+lα+l

Crk−i+r
Crβ+r

Ck−i+rβ+r xk

⇔
k∑
i=0

Ci+lα+lC
k−i+r
β+r

Cli+lC
r
k−i+r

Clα+lC
r
β+r

= Ckα+β

⇔
k∑
i=0

Ci+lα+lC
k−i+r
β+r (Cli+lC

r
k−i+r) = Ckα+β(Clα+lC

r
β+r)

íØ6.4.1.
k∑
i=0

CiαC
k−i
β (CliC

r
k−i) = Ck−l−rα+β−l−r(C

l
αC

r
β); k ≥ l + r, l, r ≥ 0

íØ6.4.2.
k∑
i=0

CiαC
k−i
β (Cli) = Ck−lα+β−l(C

l
α), k ≥ l ≥ 0;

k∑
i=0

CiαC
k−i
β (Crk−i) = Ck−rα+β−r(C

r
β), k ≥ r ≥ 0

íØ6.4.3.
∞∑
i=0

Ci+lα+l

Cli+l
Clα+l

= 2α[⇒]
∞∑
i=0

Ciα(Cli) = 2α−l(Clα); l ≥ 0

g·µã¶(Üþ¡�(Ø��§é¤k���ð�ª�>Vþ(CliC
r
k−i)§m>{üC/¿Vþ(ClαC

r
β)§ð�ª

�,¤á§(JØ2äN�Ñ§��A^=�"¯¢þ§�±UY3ü>Ã�V\aq�éA�§ð�ªE,�

±¤á§Ø2�[Ðm"ek¢SI¦�§�±U±þg´2�[í�ÙäN/ª"ÏL±þ�êÆE|§��


éõk^�|Üð�ª§eA^�ÔnïÄ¥�§�±)û�
¢SÔn¯K"

6.5 (1, 1)í2����ð�ª�|Ü¼ê/ª

íØ6.5.1.
n∑
k=0

CkxC
n−k
y (ClkC

r
n−k) = Cn−l−rx+y−l−r(C

l
xC

r
y);n ≥ l + r, l, r ≥ 0

íØ6.5.2.
n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) = (y−x)(n−r−l)(x)(l)

(y)(n−r) [(−1)lCl+rn Crl+r];n ≥ l + r, l, r ≥ 0

y²:
n∑
k=0

CkxC
n−k
y (ClkC

r
n−k) = Cn−l−rx+y−l−r(C

l
xC

r
y)

⇔
n∑
k=0

Ckn(x)(k)(y)(n−k)(C
l
kC

r
n−k) = n!

(n−l−r)!(x+ y − l − r)(n−l−r)(C
l
xC

r
y)

⇔
n∑
k=0

Ckn(x)(k)
(y)(n)

(y−n+1)(k) (ClkC
r
n−k) = n!

(n−l−r)!(x+ y − l − r)(n−l−r)(C
l
xC

r
y)

⇔
n∑
k=0

Ckn(−x)(k)
(y+n−1)(n)

(y)(k) (ClkC
r
n−k) = n!

(n−l−r)!(−x+ y + n− 1− l − r)(n−l−r)(C
l
−xC

r
y+n−1)

⇔
n∑
k=0

(−1)kCkn
(x)(k)(y)(n)

(y)(k) (ClkC
r
n−k) = n!

(n−l−r)!(y − x)(n−l−r)(Cl−xC
r
y+n−1)

⇔
n∑
k=0

Ckn(−1)k (x)(k)

(y)(k) (ClkC
r
n−k) = (y−x)(n−l−r)

(y)(n) [ n!
(n−l−r)!l!r!(−1)l(x)(l)(y + n− r)(r)]

⇔
n∑
k=0

Ckn(−1)k (x)(k)

(y)(k) (ClkC
r
n−k) = (y−x)(n−l−r)(x)(l)

(y)(n−r) [ (−1)ln!
(n−l−r)!l!r! ]

⇔
n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) = (y−x)(n−r−l)(x)(l)

(y)(n−r) [(−1)lCl+rn Crl+r]

íØ6.5.3.

350



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 119Ù �|Üð�ª9Ùy²

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) = (y−x)(n−r−l)(x)(l)

(y)(n−r) [(−1)lCl+rn Crl+r];n ≥ l + r, l, r ≥ 0

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
(ClkC

r
n−k) =

(y−x)(n−r−l)(x)(l)

(y)(n−r)
[(−1)lCl+rn Crl+r];n ≥ l + r, l, r ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k)
(ClkC

r
n−k) = (−y−x)(n−r−l)(x)(l)

(y)(n−r)
[(−1)n−r−lCl+rn Crl+r];n ≥ l + r, l, r ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

(−y−x)(n−r−l)(x)(l)

(y)(n−r) [(−1)n−r−lCl+rn Crl+r];n ≥ l + r, l, r ≥ 0

íØ6.5.4.

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (Clk) = (y−x)(n−l)(x)(l)

(y)(n) [(−1)lCln];n ≥ l ≥ 0

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
(Clk) =

(y−x)(n−l)(x)(l)

(y)(n)
[(−1)lCln];n ≥ l ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k)
(Clk) = (−y−x)(n−l)(x)(l)

(y)(n)
[(−1)n−lCln];n ≥ l ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k) (Clk) =
(−y−x)(n−l)(x)(l)

(y)(n) [(−1)n−lCln];n ≥ l ≥ 0



n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) = (y−x)(n)

(y)(n) ;n ≥ 0

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
=

(y−x)(n)

(y)(n)
;n ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k)
= (−1)n (−y−x)(n)

(y)(n)
;n ≥ 0

n∑
k=0

Ckn
(x)(k)

(y)(k) = (−1)n
(−y−x)(n)

(y)(n) ;n ≥ 0

íØ6.5.5. (−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) = (x+l)(k−l)(r+l−n)(k−l)

(y+l)(k−l)(1)(k−l) (−1)lCln
(x)(l)

(y)(l) (CllC
r
n−l);n ≥ l + r, l, r ≥ 0, l ≤ k ≤ n− r

y²: tl = (−1)lCln
(x)(l)

(y)(l) (CllC
r
n−l), l ≤ k ≤ n− r

tk+1

tk
=

(−1)k+1Ck+1
n

(x)(k+1)

(y)(k+1) (Clk+1C
r
n−k−1)

(−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k)

= (−1)(n−k)(x+k)(k+1)(n−k−r)
(k+1)(y+k)(k−l+1)(n−k)

= (x+k)(r−n+k)
(y+k)(1−l+k)

⇒ (−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) = tk = (x+l)(k−l)(r+l−n)(k−l)

(y+l)(k−l)(1)(k−l) tl

= (x+l)(k−l)(r+l−n)(k−l)

(y+l)(k−l)(1)(k−l) (−1)lCln
(x)(l)

(y)(l) (CllC
r
n−l)

7 í2�p����òÈð�ª

7.1 ��í2�p����òÈð�ª

½n7.1.1.
k+l1··+lp∑
i1+··+ip=

C(α1, i1,~l1)Ci1α1
· ·C(αp, ip,~lp)C

ip
αp = Ckα1−l1+··+αp−lp ; k ≥ 0

y²: (1 + x)

p∑
r=1

(αr−lr)
= (1 + x)α1−l1 · ·(1 + x)αp−lp

⇔
∞∑
k=0

Ckα1−l1+··+αp−lpx
k =

∞∑
i1=l1

C(α1, i1,~l1)Ci1α1
xi1−l1 · ·

∞∑
ip=l2

C(αp, ip,~lp)C
ip
αpx

ip−lp

⇔
∞∑
k=0

Ckα1−l1+··+αp−lpx
k =

∞∑
k=0

k+l1··+lp∑
i1+··+ip=

C(α1, i1,~l1)Ci1α1
xi1−l1 · ·C(αp, ip,~lp)C

ip
αpx

ip−lp

⇔
∞∑
k=0

Ckα1−l1+··+αp−lpx
k =

∞∑
k=0

k+l1··+lp∑
i1+··+ip=

C(α1, i1,~l1)Ci1α1
· ·C(αp, ip,~lp)C

ip
αpx

k

⇔
k+l1··+lp∑
i1+··+ip=

C(α1, i1,~l1)Ci1α1
· ·C(αp, ip,~lp)C

ip
αp = Ckα1−l1+··+αp−lp

7.2 (1, ··, 1)í2�p����òÈð�ª

Ún7.2.1. (1 + x)α =
∞∑
i=0

Cli+l
Clα+l

Ci+lα+lx
i, (1 + x)β =

∞∑
j=0

Crj+r
Crβ+r

Cj+rβ+rx
j

½n7.2.1.
∑

i1+··+ip=k

Ci1+l1
α1+l1

· ·Cip+lp
αp+lp

(Cl1i1+l1
· ·Clpip+lp

) = Ckα1+··+αp(C
l1
α1+l1

· ·Clpαp+lp
); k, lr ≥ 0

y²: (1 + x)α1+··+αp = (1 + x)α1 · ·(1 + x)α2

⇔
∞∑
k=0

Ckα1+··+αpx
k =

∞∑
i1=0

C
l1
i1+l1

C
l1
α1+l1

Ci1+l1
α1+l1

xi1 · ·
∞∑
ip=0

C
lp
ip+lp

C
lp
αp+lp

C
ip+lp
αp+lp

xip
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⇔
∞∑
k=0

Ckα1+··+αpx
k =

∞∑
k=0

∑
i1+··+ip=k

C
l1
i1+l1

C
l1
α1+l1

Ci1+l1
α1+l1

· ·
C
lp
ip+lp

C
lp
αp+lp

C
ip+lp
αp+lp

xk

⇔
∑

i1+··+ip=k

C
l1
i1+l1

C
l1
α1+l1

Ci1+l1
α1+l1

· ·
C
lp
ip+lp

C
lp
αp+lp

C
ip+lp
αp+lp

= Ckα1+··+αp

⇔
∑

i1+··+ip=k

Ci1+l1
α1+l1

· ·Cip+lp
αp+lp

(Cl1i1+l1
· ·Clpip+lp

) = Ckα1+··+αp(C
l1
α1+l1

· ·Clpαp+lp
)

íØ7.2.1.
∑

k1+··+kp=n

Ck1
x1
· ·Ckpxp (Cl1k1

· ·Clpkp) = C
n−l1··−lp
x1−l1··+xp−lp(C

l1
x1
· ·Clpxp);n, lr ≥ 0

7.3 (1, ··, 1)í2�p����ð�ª�|Ü¼ê/ª

íØ7.3.1.
∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) (Cl1k1
· ·Clpkp) = (x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1) [ (−1)l2+··+lpn!
(n−l1··−lp)!l1!··lp!

]

y²:
∑

k1+··+kp=n

Ck1
x1
· ·Ckpxp (Cl1k1

· ·Clpkp) = C
n−l1··−lp
x1−l1··+xp−lp(C

l1
x1
· ·Clpxp)

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(x1)(k1) · ·(xp)(kp)(C
l1
k1
· ·Clpkp) = n!

(n−l1··−lp)!
(x1 − l1 · ·+ xp − lp)(n−l1··−lp)(C

l1
x1
· ·Clpxp)

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(x1)(n)

(x1−n+1)(n−k1) (x2)(k2) · ·(xp)(kp)(C
l1
k1
· ·Clpkp) = n!

(n−l1··−lp)!
(x1− l1 · ·+xp− lp)(n−l1··−lp)(C

l1
x1
· ·Clpxp)

⇔
∑

k1+··+kp=n

n!
k1!··kp!

(x1+n−1)(n)

(x1)(n−k1) (−x2)(k2) · ·(−xp)(kp)(C
l1
k1
· ·Clpkp)

= n!
(n−l1··−lp)!

(x1 − l1 · · − xp − lp + n− 1)(n−l1··−lp)(C
l1
x1+n−1 · ·C

lp
−xp)

⇔
∑

k1+··+kp=n

(−1)n−k1n!
k1!··kp!

(x1)(n)

(x1)(n−k1) (x2)(k2) · ·(xp)(kp)(Cl1k1
· ·Clpkp)

= n!
(n−l1··−lp)!l1!··lp!

(x1 − x2 · · − xp)(n−l1··−lp)(x1 + n− 1)(l1)(−x2)(l2) · ·(−xp)(lp)

⇔
∑

k1+··+kp=n

(−1)n−k1n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) (Cl1k1
· ·Clpkp)

= (−1)l2+··+lpn!
(n−l1··−lp)!l1!··lp!

(x1−x2··−xp)(n−l1··−lp)(x1+n−l1)(l1)(x2)(l2)··(xp)(lp)

(x1)(n)

⇔
∑

k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) (Cl1k1
· ·Clpkp) = (x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1) [ (−1)l2+··+lpn!
(n−l1··−lp)!l1!··lp!

]

íØ7.3.2.

∑
k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) (Cl1k1
· ·Clpkp) = (x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1) [ (−1)l2+··+lpn!
(n−l1··−lp)!l1!··lp!

]∑
k1+··+kp=n

(−1)n−k1 n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1)
(Cl1k1

· ·Clpkp) =
(x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1)
[ (−1)l2+··+lpn!
(n−l1··−lp)!l1!··lp!

]∑
k1+··+kp=n

n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1)
(Cl1k1

· ·Clpkp) = (−x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1)
[ (−1)n−l1··−lpn!
(n−l1··−lp)!l1!··lp!

]∑
k1+··+kp=n

n!
k1!··kp!

(x2)(k2)··(xp)(kp)

(x1)(n−k1) (Cl1k1
· ·Clpkp) =

(−x1−x2··−xp)(n−l1··−lp)(x2)(l2)··(xp)(lp)

(x1)(n−l1) [ (−1)n−l1··−lpn!
(n−l1··−lp)!l1!··lp!

]

8 a���ð�ª

8.1 a���òÈð�ª

8.1.1 a���ð�ª

½n8.1.1.
k∑
i=0

(−1)iCiαC
k−i
β =

[k/2]∑
i=0

(−1)iCiαC
k−2i
β−α ; k ≥ 0

y²: (1− x2)α(1 + x)β−α = (1− x)α(1 + x)β

⇔
∞∑
i=0

(−1)iCiαx
2i
∞∑
j=0

Cjβ−αx
j =

∞∑
i=0

(−1)iCiαx
i
∞∑
j=0

Cjβx
j

⇔
∞∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α xi

∞∑
j=0

Cjβ−αx
j =

∞∑
i=0

(−1)iCiαx
i
∞∑
j=0

Cjβx
j

⇔
∞∑
k=0

k∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α Ck−iβ−αx

k =
∞∑
k=0

k∑
i=0

(−1)iCiαC
k−i
β xk

352



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 119Ù �|Üð�ª9Ùy²

⇔
k∑
i=0

(−1)iCiαC
k−i
β =

k∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α Ck−iβ−α

⇔
k∑
i=0

(−1)iCiαC
k−i
β =

[k/2]∑
i=0

(−1)iCiαC
k−2i
β−α

íØ8.1.1.
k∑
i=0

(−1)iCiαC
k−i
α = (−1)[k/2]C

[k/2]
α (1− k%2); k ≥ 0

íØ8.1.2.
n∑
k=0

(−1)kCkxC
n−k
y =

[n/2]∑
k=0

(−1)kCkxC
n−2k
y−x ;n ≥ 0

íØ8.1.3.
n∑
k=0

Ckn
(x)(k)

(y)(k) =
[n/2]∑
k=0

Ckn−k
(x)(k)

(y+x)(2k) [ n!
(n−k)!

(y+x)(n)

(y)(n) ];n ≥ 0

y²:
n∑
k=0

(−1)kCkxC
n−k
y =

[n/2]∑
k=0

(−1)kCkxC
n−2k
y−x

⇔
n∑
k=0

(−1)kCkn
(x)(k)(y)(n−k)

n!
=

[n/2]∑
k=0

(−1)kCkn−k
(x)(k)(y−x)(n−2k)

(n−k)!

⇔
n∑
k=0

(−1)k

n!
Ckn(x)(k)(y)(n−k) =

[n/2]∑
k=0

(−1)k

(n−k)!
Ckn−k(x)(k)(y − x)(n−2k)

⇔
n∑
k=0

(−1)k

n!
Ckn(x)(k)

(y)(n)

(y−n+1)(k) =
[n/2]∑
k=0

(−1)k

(n−k)!
Ckn−k(x)(k)

(y−x)(n)

(y−x−n+1)(2k)

⇔
n∑
k=0

(−1)k

n!
Ckn(−x)(k)

(y+n−1)(n)

(y)(k) =
[n/2]∑
k=0

(−1)k

(n−k)!
Ckn−k(−x)(k)

(y+n−1+x)(n)

(y+x)(2k)

⇔ (y)(n)
n∑
k=0

Ckn
n!

(x)(k)

(y)(k) = (y + x)(n)
[n/2]∑
k=0

Ckn−k
(n−k)!

(x)(k)

(y+x)(2k)

⇔
n∑
k=0

Ckn
(x)(k)

(y)(k) =
[n/2]∑
k=0

Ckn−k
(x)(k)

(y+x)(2k) [ n!
(n−k)!

(y+x)(n)

(y)(n) ]

8.2 (±m,±n).a���ð�ª

8.2.1 (n, n).a���òÈð�ª

íØ8.2.1.
k∑
i=0

(−1)iCinC
k−i
n = (−1)[k/2]C

[k/2]
n (1− k%2);n ≥ 0, k ≥ 0

8.2.2 (m,n).a���òÈð�ª

íØ8.2.2.
k∑
i=0

(−1)iCimC
k−i
n =

[k/2]∑
i=0

(−1)iCinC
k−2i
n−m;n ≥ m ≥ 0, k ≥ 0

íØ8.2.3.
k∑
i=0

(−1)iCimC
k−i
n = (−1)k

[k/2]∑
i=0

(−1)iCinC
k−2i
m−n−1+k−2i;m > n ≥ 0, k ≥ 0

8.2.3 (−n− 1,−n− 1).a���ð�ª

íØ8.2.4. n, k ≥ 0
k∑
i=0

(−1)iCi−n−1C
k−i
−n−1 = (−1)[k/2]C

[k/2]
−n−1(1− k%2)[⇔]

k∑
i=0

(−1)iCin+iC
k−i
n+k−i = C

[k/2]
n+[k/2](1− k%2)

8.2.4 (−m− 1,−n− 1).a���ð�ª

íØ8.2.5. m ≥ n ≥ 0, k ≥ 0
k∑
i=0

(−1)iCi−m−1C
k−i
−n−1 =

[k/2]∑
i=0

(−1)iCi−m−1C
k−2i
m−n[⇔]

k∑
i=0

(−1)iCim+iC
k−i
n+k−i =

[k/2]∑
i=0

Cim+iC
k−2i
m−n

íØ8.2.6. n > m ≥ 0, k ≥ 0
k∑
i=0

(−1)iCi−m−1C
k−i
−n−1 =

[k/2]∑
i=0

(−1)iCi−m−1C
k−2i
m−n[⇔]

k∑
i=0

(−1)iCim+iC
k−i
n+k−i =

[k/2]∑
i=0

Cim+iC
k−2i
n−m−1+k−2i
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8.2.5 (−m− 1, n).a���ð�ª

íØ8.2.7. m,n, k ≥ 0
k∑
i=0

(−1)iCi−m−1C
k−i
n =

[k/2]∑
i=0

(−1)iCi−m−1C
k−2i
m+n+1; k ≥ 0[⇔]

k∑
i=0

Cim+iC
k−i
n =

[k/2]∑
i=0

Cim+iC
k−2i
m+n+1

8.2.6 (n,−m− 1).a���ð�ª

½n8.2.1.
k∑
i=0

(−1)iCinC
k−i
−m−1 =

[k/2]∑
i=0

(−1)iCinC
k−2i
−n−m−1[⇔]

k∑
i=0

CinC
k−i
m+k−i =

[k/2]∑
i=0

(−1)iCinC
k−2i
n+m+k−2i;m,n, k ≥ 0

íØ8.2.8.
[n/2]∑
r=0

(−1)rCrnC
n+l
2n−2r =

n−l∑
r=0

CrnC
l
n−r(= 2n−lCln), n ≥ 0, l ≥ 0

íØ8.2.9.
[n/2]∑
r=0

(−1)rCrnC
n
2n−2r = 2n, n ≥ 0

8.3 (±m− 1/2,±n− 1/2).a���ð�ª

8.3.1 (−n− 1/2,−n− 1/2).a���òÈð�ª

½n8.3.1.
k∑
i=0

(−1)iCi−n−1/2C
k−i
−n−1/2 = (−1)[k/2](1− k%2)C

[k/2]
−n−1/2

[⇔]
k∑
i=0

(−1)iCn+i
2n+2iC

n+k−i
2n+2k−2iC

i
n+iC

k−i
n+k−i = (−4)k4−[k/2](1− k%2)Cn2nC

n+[k/2]
2n+2[k/2]C

[k/2]
n+[k/2];n, k ≥ 0

8.3.2 (−m− 1/2,−n− 1/2).a���òÈð�ª�Ñ�õ«|Üð�ª

½n8.3.2.
k∑
i=0

(−1)iCi−m−1/2C
k−i
−n−1/2 =

[k/2]∑
i=0

(−1)iCi−m−1/2C
k−2i
m−n

[⇔]
k∑
i=0

(−1)iCm+i
2m+2iC

n+k−i
2n+2k−2iC

i
m+iC

k−i
n+k−i = (−4)kCn2n

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m−n;m,n, k ≥ 0

íØ8.3.1.
k∑
i=0

(−1)iCm+i
2m+2iC

n+k−i
2n+2k−2iC

i
m+iC

k−i
n+k−i = (−4)kCn2n

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m−n;m,n, k ≥ 0

[⇔]
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = (2n)!

n!

[k/2]∑
i=0

(−1)k

4i−k
(2m+2i)!
(m+i)!i!

Ck−2i
m−n = (2m)!

m!

[k/2]∑
i=0

4k−i (2n+2i)!
(n+i)!i!

Ck−2i
n−m

[⇔]
k∑
i=0

(−1)i (2n+2i)!
(n+i)!i!

(2m+2k−2i)!
(m+k−i)!(k−i)! = (2n)!

n!

[k/2]∑
i=0

4k−i (2m+2i)!
(m+i)!i!

Ck−2i
m−n = (2m)!

m!

[k/2]∑
i=0

(−1)k

4i−k
(2n+2i)!
(n+i)!i!

Ck−2i
n−m

a���òÈð�ª�Ñ��X�íØ:

íØ8.3.2.
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = (2n)!

n!

[k/2]∑
i=0

(−1)k

4i−k
(2m+2i)!
(m+i)!i!

Ck−2i
m−n = (2m)!

m!

[k/2]∑
i=0

4k−i (2n+2i)!
(n+i)!i!

Ck−2i
n−m

⇒
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2k−2i)!
(k−i)!(k−i)! =

[k/2]∑
i=0

(−1)k

4i−k
(2m+2i)!
(m+i)!i!

Ck−2i
m = (2m)!

m!

[k/2]∑
i=0

4k−i (2i)!
i!i!

Ck−2i
m−1+k−2i

íØ8.3.3.
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = (2m)!

m!

[k/2]∑
i=0

4k−i (2n+2i)!
(n+i)!i!

Ck−2i
n−m

⇒
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2m+2k−2i)!
(m+k−i)!(k−i)! = 4[k/2] (2m)!

m!
(2m+2[k/2])!

(m+[k/2])![k/2]!
(1− k%2)

íØ8.3.4.
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = (2m)!

m!

[k/2]∑
i=0

4k−i (2n+2i)!
(n+i)!i!

Ck−2i
n−m

⇒
k∑
i=0

(−1)i (2i)!
i!i!

(2k−2i)!
(k−i)!(k−i)! = 4[k/2] (2[k/2])!

[k/2]![k/2]!
(1− k%2)

íØ8.3.5.
k∑
i=0

(−1)i (2m+2i)!
(m+i)!i!

(2n+2k−2i)!
(n+k−i)!(k−i)! = (2m)!

m!

[k/2]∑
i=0

4k−i (2n+2i)!
(n+i)!i!

Ck−2i
n−m

⇒
k∑
i=0

(−1)i (2i+1)!
i!i!

(2k−2i+1)!
(k−i)!(k−i)! = 4[k/2] ([k/2]+1)!

[k/2]![k/2]!
(1− k%2)

354



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 119Ù �|Üð�ª9Ùy²

8.3.3 (m− 1/2, n− 1/2).a���ð�ª(E,Ñ�)

8.3.4 (−m− 1/2, n− 1/2).a���ð�ª(E,Ñ�)

8.3.5 (m− 1/2,−n− 1/2).a���ð�ª(E,Ñ�)

8.4 (±m− 1/2,±n).a���ð�ª(E,Ñ�)

8.4.1 (−m− 1/2,−n− 1).a���ð�ª(E,)

íØ8.4.1. m,n, k ≥ 0
k∑
i=0

(−1)iCi−m−1/2C
k−i
−n−1 =

[k/2]∑
i=0

(−1)iCi−m−1/2C
k−2i
m−n−1/2

[⇔]
k∑
i=0

(−1)k−i4−iCm+i
2m+2iC

i
m+iC

k−i
n+k−i =

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m−n−1/2

8.4.2 (−m− 1/2, n).a���ð�ª(E,)

íØ8.4.2. m,n, k ≥ 0
k∑
i=0

(−1)iCi−m−1/2C
k−i
n =

[k/2]∑
i=0

(−1)iCi−m−1/2C
k−2i
m+n+1/2[⇔]

k∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−i
n =

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m+n+1/2

8.4.3 (m− 1/2, n).a���ð�ª(E,Ñ�)

8.4.4 (m− 1/2,−n− 1).a���ð�ª(E,Ñ�)

8.5 (±n,±m− 1/2).a���ð�ª(E,Ñ�)

8.5.1 (−n− 1,−m− 1/2).a���ð�ª(E,Ñ�)

íØ8.5.1. m,n, k ≥ 0
k∑
i=0

(−1)iCi−m−1/2C
k−i
−n−1 =

[k/2]∑
i=0

(−1)iCi−m−1/2C
k−2i
m−n−1/2

[⇔]
k∑
i=0

(−1)k−i4−iCm+i
2m+2iC

i
m+iC

k−i
n+k−i =

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m−n−1/2

8.5.2 (n,−m− 1/2).a���ð�ª(E,Ñ�)

íØ8.5.2. m,n, k ≥ 0
k∑
i=0

(−1)iCi−m−1/2C
k−i
n =

[k/2]∑
i=0

(−1)iCi−m−1/2C
k−2i
m+n+1/2[⇔]

k∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−i
n =

[k/2]∑
i=0

4−iCm+i
2m+2iC

i
m+iC

k−2i
m+n+1/2

8.5.3 (n,m− 1/2).a���ð�ª(E,Ñ�)

8.5.4 (−n− 1,m− 1/2).a���ð�ª(E,Ñ�)

9 í2�a���ð�ª

9.1 í2�a���òÈð�ª

9.1.1 (1, 1)í2�a���ð�ª

Ún9.1.1. (1 + x)α =
∞∑
i=0

Cli+l
Clα+l

Ci+lα+lx
i, (1 + x)β =

∞∑
j=0

Crj+r
Crβ+r

Cj+rβ+rx
j

½n9.1.1.
k∑
i=0

(−1)iCi+lα+lC
k−i+r
β+r (Cli+lC

r
k−i+r) =

[k/2]∑
i=0

(−1)iCiαC
k−2i
β−α (Clα+lC

r
β+r); k, l, r ≥ 0

y²: (1− x2)α(1 + x)β−α = (1− x)α(1 + x)β

⇔
∞∑
i=0

(−1)iCiαx
2i
∞∑
j=0

Cjβ−αx
j =

∞∑
i=0

(−1)i
Cli+l
Clα+l

Ci+lα+lx
i
∞∑
j=0

Crj+r
Crβ+r

Cj+rβ+rx
j

⇔
∞∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α xi

∞∑
j=0

Cjβ−αx
j =

∞∑
k=0

k∑
i=0

(−1)i
Cli+l
Clα+l

Ci+lα+l

Crk−i+r
Crβ+r

Ck−i+rβ+r xk

⇔
∞∑
k=0

k∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α Ck−iβ−αx

k =
∞∑
k=0

k∑
i=0

(−1)iCi+lα+lC
k−i+r
β+r

Cli+l
Clα+l

Crk−i+r
Crβ+r

xk
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⇔
k∑
i=0

(−1)iCi+lα+lC
k−i+r
β+r

Cli+lC
r
k−i+r

Clα+lC
r
β+r

=
k∑
i=0

(−1)[i/2](1− i%2)C
[i/2]
α Ck−iβ−α

⇔
k∑
i=0

(−1)iCi+lα+lC
k−i+r
β+r

Cli+lC
r
k−i+r

Clα+lC
r
β+r

=
[k/2]∑
i=0

(−1)iCiαC
k−2i
β−α

⇔
k∑
i=0

(−1)iCi+lα+lC
k−i+r
β+r (Cli+lC

r
k−i+r) =

[k/2]∑
i=0

(−1)iCiαC
k−2i
β−α (Clα+lC

r
β+r)

íØ9.1.1.
k∑
i=0

(−1)i−lCiαC
k−i
β (CliC

r
k−i) =

[(k−l−r)/2]∑
i=0

(−1)iCiα−lC
k−l−r−2i
β−α+l−r (ClαC

r
β); k ≥ l + r, l, r ≥ 0

íØ9.1.2.
k∑
i=0

(−1)i−lCiαC
k−i
β (Cli) =

[(k−l)/2]∑
i=0

(−1)iCiα−lC
k−l−2i
β−α+l (Clα); k ≥ l ≥ 0

íØ9.1.3.
k∑
i=0

(−1)iCiαC
k−i
β (Crk−i) =

[(k−r)/2]∑
i=0

(−1)iCiαC
k−r−2i
β−α−r (Crβ); k ≥ r ≥ 0

íØ9.1.4.
k∑
i=0

(−1)i−lCiαC
k−i
α (CliC

r
k−i) =

[(k−l−r)/2]∑
i=0

(−1)iCiα−lC
k−l−r−2i
l−r (ClαC

r
α); k ≥ l + r, l, r ≥ 0

g·µã¶(Üþ¡�(Ø��§é¤ka���ð�ª�>Vþ(CliC
r
k−i)§m>{üC/¿Vþ(ClαC

r
β)§ð�

ª��,¤á§(JØ2äN�Ñ§��A^=�"¯¢þ§�±UY3ü>Ã�V\aq�éA�§ð�ªE

,�±¤á§Ø2�[Ðm"ek¢SI¦�§�±U±þg´2�[í�ÙäN/ª"ÏL±þ�êÆE|§

��
éõk^�|Üð�ª§eA^�ÔnïÄ¥�§�±)û�
¢SÔn¯K"

9.2 (1, 1)í2�a���ð�ª�|Ü¼ê/ª

Ún9.2.1.
n∑
k=0

(−1)kCkxC
n−k
y (ClkC

r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkx−lC
n−l−r−2k
y−x+l−r (ClxC

r
y);n ≥ l + r, l, r ≥ 0

íØ9.2.1.
n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

Ckn−k−l−r
(x)(k+l)

(y+x+2l)(2k) [ n!
(n−k)!

Cl+rn−kC
r
l+r

(y+x+2l)(n−r−l)

(y)(n−r) ]

y²:
n∑
k=0

(−1)kCkxC
n−k
y (ClkC

r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkx−lC
n−l−r−2k
y−x+l−r (ClxC

r
y)

⇔
n∑
k=0

(−1)kCkn
(x)(k)(y)(n−k)

n!
(ClkC

r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkn−k−l−r
(x−l)(k)(y−x+l−r)(n−l−r−2k)

(n−k−l−r)! (ClxC
r
y)

⇔
n∑
k=0

(−1)k

n!
Ckn(x)(k)(y)(n−k)(C

l
kC

r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkn−k−l−r
(n−k−l−r)! (x− l)(k)(y − x+ l − r)(n−l−r−2k)(C

l
xC

r
y)

⇔
n∑
k=0

(−1)k

n!
Ckn(x)(k)

(y)(n)

(y−n+1)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkn−k−l−r
(n−k−l−r)! (x− l)(k)

(y−x+l−r)(n−l−r)
(y−x+2l−n+1)(2k) (ClxC

r
y)

⇔
n∑
k=0

(−1)k

n!
Ckn(−x)(k)

(y+n−1)(n)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)k+lCkn−k−l−r
(n−k−l−r)! (−x− l)(k)

(y+x+l−r+n−1)(n−l−r)
(y+x+2l)(2k) (Cl−xC

r
y+n−1)

⇔ (y)(n)
n∑
k=0

Ckn
n!

(x)(k)

(y)(k) (ClkC
r
n−k) = (y + x+ 2l)(n−l−r)

[(n−l−r)/2]∑
k=0

(−1)lCkn−k−l−r
(n−k−l−r)!

(x+l)(k)

(y+x+2l)(2k) (Cl−xC
r
y+n−1)

⇔
n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

n!Ckn−k−l−r
l!r!(n−k−l−r)!

(x+l)(k)(x)(l)(y+n−1)(r)

(y+x+2l)(2k)

(y+x+2l)(n−l−r)

(y)(n)

⇔
n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

n!Ckn−k−l−r
l!r!(n−k−l−r)!

(x)(k+l)(y+n−r)(r)

(y+x+2l)(2k)

(y+x+2l)(n−l−r)

(y)(n)

⇔
n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

Ckn−k−l−r
(x)(k+l)

(y+x+2l)(2k) [ n!
(n−k−l−r)!l!r!

(y+x+2l)(n−r−l)

(y)(n−r) ]

⇔
n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

Ckn−k−l−r
(x)(k+l)

(y+x+2l)(2k) [ n!
(n−k)!

Cl+rn−kC
r
l+r

(y+x+2l)(n−r−l)

(y)(n−r) ]

íØ9.2.2.
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n∑
k=0

Ckn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

Ckn−k−l−r
(x)(k+l)

(y+x+2l)(2k) [ n!
(n−k)!

Cl+rn−kC
r
l+r

(y+x+2l)(n−r−l)

(y)(n−r) ]

n∑
k=0

Ckn
(x)(k)

(y)(k)
(ClkC

r
n−k) =

[(n−l−r)/2]∑
k=0

Ckn−k−l−r
(x)(k+l)

(y+x−2l)(2k)
[(−1)k n!

(n−k)!
Cl+rn−kC

r
l+r

(y+x−2l)(n−r−l)
(y)(n−r)

]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (ClkC
r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)kCkn−k−l−r
(x)(k+l)

(y−x+2l)(2k) [(−1)n−r n!
(n−k)!

Cl+rn−kC
r
l+r

(−y+x−2l)(n−r−l)
(y)(n−r) ]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
(ClkC

r
n−k) =

[(n−l−r)/2]∑
k=0

(−1)kCkn−k−l−r
(x)(k+l)

(y−x−2l)(2k) [(−1)n−k−r n!
(n−k)!

Cl+rn−kC
r
l+r

(−y+x+2l)(n−r−l)

(y)(n−r)
]

íØ9.2.3.

n∑
k=0

Ckn
(x)(k)

(y)(k) (Clk) =
[(n−l)/2]∑
k=0

Ckn−k−l
(x)(k+l)

(y+x+2l)(2k) [ n!
(n−k)!

Cln−k
(y+x+2l)(n−l)

(y)(n) ]

n∑
k=0

Ckn
(x)(k)

(y)(k)
(Clk) =

[(n−l)/2]∑
k=0

Ckn−k−l
(x)(k+l)

(y+x−2l)(2k)
[(−1)k n!

(n−k)!
Cln−k

(y+x−2l)(n−l)
(y)(n)

]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) (Clk) =
[(n−l)/2]∑
k=0

(−1)kCkn−k−l
(x)(k+l)

(y−x+2l)(2k) [(−1)n n!
(n−k)!

Cln−k
(−y+x−2l)(n−l)

(y)(n) ]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
(Clk) =

[(n−l)/2]∑
k=0

(−1)kCkn−k−l
(x)(k+l)

(y−x−2l)(2k) [(−1)n−k n!
(n−k)!

Cln−k
(−y+x+2l)(n−l)

(y)(n)
]

íØ9.2.4.

n∑
k=0

Ckn
(x)(k)

(y)(k) =
[n/2]∑
k=0

Ckn−k
(x)(k)

(y+x)(2k) [ n!
(n−k)!

(y+x)(n)

(y)(n) ]

n∑
k=0

Ckn
(x)(k)

(y)(k)
=

[n/2]∑
k=0

Ckn−k
(x)(k)

(y+x)(2k)
[(−1)k n!

(n−k)!

(y+x)(n)

(y)(n)
]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k) =
[n/2]∑
k=0

(−1)kCkn−k
(x)(k)

(y−x)(2k) [(−1)n n!
(n−k)!

Cln−k
(−y+x)(n)

(y)(n) ]

n∑
k=0

(−1)kCkn
(x)(k)

(y)(k)
=

[n/2]∑
k=0

(−1)kCkn−k
(x)(k)

(y−x)(2k) [(−1)n−k n!
(n−k)!

(−y+x)(n)

(y)(n)
]

10 ÝK�fß��'�|Üð�ª

Ún10.0.2. 2x arcsin x√
1−x2 =

∞∑
k=1

(2x)2k

kCk2k

10.1 kA=ê�'�2ÂÚî��ªÐm

Ún10.1.1.

g(x) := 1−(1−4x)1/2

2
=
∞∑
k=0

Ck2k
k+1

xk+1 =
∞∑
k=0

(2k)!
k!(k+1)!

xk+1

g′(x) := (1− 4x)−1/2 =
∞∑
k=0

Ck2kx
k =

∞∑
k=0

(2k)!
k!k!

xk

g′′(x) := 2(1− 4x)−3/2 =
∞∑
k=0

kCk2kx
k−1 = 2

∞∑
k=0

(2k+1)!
k!k!

xk

g′(n)(x) := (2n)!
n!

(1− 4x)−n−1/2 =
∞∑
k=0

(2k+2n)!
(k+n)!k!

xk

Ún10.1.2. (1− 4x)n−1/2 = Cn2n[
n∑
k=0

(−1)k Ckn
Cn−k2n−2k

xk +
∞∑

k=n+1

(−1)n
Ck−n2k−2n

Cnk
xk]

y²: (1− 4x)n−1/2

=
n∑
k=0

(−4)k(n−1/2)··(n+1/2−k)
k!

xk +
∞∑
l=0

(−4)n+1+l(n−1/2)··(1/2)(−1/2)··(−1/2−l)
(n+1+l)!

xn+1+l

=
n∑
k=0

(−2)k(2n−1)!!
(2n−1−2k)!!k!

xk +
∞∑
l=0

(−1)n2n+l+1(2n−1)!!(2l+1)!!
(n+1+l)!

xn+1+l

=
n∑
k=0

(−2)k(2n)!!(2n−1)!!(2n−2k)!!
(2n)!!(2n−2k)!!(2n−1−2k)!!k!

xk +
∞∑
l=0

(−1)n2n+l+1(2n)!!(2n−1)!!(2l+1)!!(2l)!!
(2n)!!(2l)!!(n+1+l)!

xn+1+l

=
n∑
k=0

(−2)k(2n)!2n−k(n−k)!
2nn!(2n−2k)!k!

xk +
∞∑
l=0

(−1)n2n+l+1(2n)!(2l+2)!
2n+l+1n!(l+1)!(n+1+l)!

xn+1+l
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=
n∑
k=0

(−1)k(2n)!(n−k)!
n!(2n−2k)!k!

xk +
∞∑

k=n+1

(−1)n(2n)!(2k−2n)!
n!(k−n)!k!

xk

= Cn2n[
n∑
k=0

(−1)k Ckn
Cn−k2n−2k

xk +
∞∑

k=n+1

(−1)n
Ck−n2k−2n

Cnk
xk]

Ún10.1.3. 1− (1− 4xy)1/2 + ln 1+(1−4xy)1/2

2
=
∞∑
k=0

(2k)!
(k+1)!(k+1)!

xk+1yk+1

y²:
∫ x

0
dx(1− 4xy)−1/2 =

∫ x
0
dx

∞∑
k=0

(2k)!
k!k!

xkyk

⇔ 1−(1−4xy)1/2

2y
=
∞∑
k=0

(2k)!
k!(k+1)!

xk+1yk

⇔
∫ y

0
dy 1−(1−4xy)1/2

2y
=
∫ y

0
dy

∞∑
k=0

(2k)!
k!(k+1)!

xk+1yk

⇔
∫ xy

0
d(xy) 1−(1−4xy)1/2

2xy
=
∫ y

0
dy

∞∑
k=0

(2k)!
k!(k+1)!

xk+1yk

⇔ −
∫ t

1
dt (1−t)t

1−t2 =
∞∑
k=0

(2k)!
(k+1)!(k+1)!

xk+1yk+1, t := (1− 4xy)1/2

⇔ 1− t+ ln 1+t
2

=
∞∑
k=0

(2k)!
(k+1)!(k+1)!

xk+1yk+1, t := (1− 4xy)1/2

íØ10.1.1. (1− 4x)−1/2 =
∞∑
k=0

(2k)!
k!k!

xk, (1− 4x)−3/2 =
∞∑
k=0

(2k+1)!
k!k!

xk, (1− 4x)−n−1/2 = n!
(2n)!

∞∑
k=0

(2k+2n)!
(k+n)!k!

xk

10.2
∑

k1+··+kl=n
Ck1

2k1
· ·Ckl

2kl
�î�¦)

½n10.2.1.
∑

k1+k2=n

Ck1

2k1
Ck2

2k2
= 22n, n ≥ 0

½n10.2.2.
∑

k1+k2+k3=n

Ck1

2k1
Ck2

2k2
Ck3

2k3
= (2n+1)!

n!n!
, n ≥ 0

y²: (1− 4x)−3/2 = (1− 4x)−1/2(1− 4x)−1/2(1− 4x)−1/2

⇔
∞∑
n=0

(2n+1)!
n!n!

xn = (
∞∑
k1=0

Ck1

2k1
xk1)(

∞∑
k2=0

Ck2

2k2
xk2)(

∞∑
k3=0

Ck3

2k3
xk3)

⇔
∞∑
n=0

(2n+1)!
n!n!

xn =
∞∑
n=0

∑
k1+k2+k3=n

Ck1

2k1
Ck2

2k2
Ck3

2k3
xn

⇔
∑

k1+k2+k3=n

Ck1

2k1
Ck2

2k2
Ck3

2k3
= (2n+1)!

n!n!

½n10.2.3.
∑

k1+··+k2l=n

Ck21

2k1
· ·Ck2l

2k2l
= 22nCnn+l−1, n ≥ 0

y²: (1− 4x)−l = [(1− 4x)−1/2]2l

⇔
∞∑
n=0

Cl−1
l−1+n(4x)n = (

∞∑
k1=0

Ck1

2k1
xk1) · ·(

∞∑
kl=0

Ck2l

2k2l
xk2l)

⇔
∞∑
n=0

22nCl−1
l−1+nx

n =
∞∑
n=0

∑
k1+··+k2l=n

Ck1

2k1
· ·Ck2l

2k2l
xn

⇔
∑

k1+··+k2l=n

Ck1

2k1
· ·Ck2l

2k2l
= 22nCnn+l−1

½n10.2.4.
∑

k1+··+k2l+1=n

Ck1

2k1
· ·Ck2l+1

2k2l+1
=

Cn+l
2n+2l

Cl2l
Cnn+l, n ≥ 0

y²: (1− 4x)−l−1/2 = [(1− 4x)−1/2]2l+1

⇔ l!
(2l)!

∞∑
n=0

(2n+2l)!
(n+l)!n!

xn = (
∞∑
k1=0

Ck1

2k1
xk1) · ·(

∞∑
kl=0

Ck2l

2k2l+1
xk2l+1)

⇔ l!
(2l)!

∞∑
n=0

(2n+2l)!
(n+l)!n!

xn =
∞∑
n=0

∑
k1+··+k2l+1=n

Ck1

2k1
· ·Ck2l+1

2k2l+1
xn

⇔
∑

k1+··+k2l+1=n

Ck1

2k1
· ·Ck2l+1

2k2l+1
= l!

(2l)!
(2n+2l)!
(n+l)!n!

=
Cn+l

2n+2l

Cl2l
Cnn+l
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10.3
n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

�î�¦)

Ún10.3.1. ∂2

∂x∂y
f(xy) = f ′(xy) + xyf ′′(xy)

Ún10.3.2. ∂2

∂x∂y
(1− 4xy)−1/2 = 2(1− 4xy)−5/2(1 + 2xy) =

∞∑
k=0

(2k+2)!
k!k!

(xy)k

y²: (1− 4xy)−1/2 =
∞∑
k=0

(2k)!
k!k!

(xy)k

⇒ ∂2

∂x∂y
(1− 4xy)−1/2 = 2(1− 4xy)−5/2(1 + 2xy)

=
∞∑
k=0

k2Ck2k(xy)k−1 =
∞∑
k=1

(2k)!
(k−1)!(k−1)!

(xy)k−1 =
∞∑
k=0

(2k+2)!
k!k!

(xy)k

½n10.3.1.
n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

= 22n(4C4
n+4 + 4C4

n+3 + C4
n+2), n ≥ 0

y²: 4(1− 4xy)−5(1 + 2xy)2 = [2(1− 4xy)−5/2(1 + 2xy)][2(1− 4xy)−5/2(1 + 2xy)]

⇔ 4(1 + 2xy)2
∞∑
n=0

C4
n+4(4xy)n = [

∞∑
k=0

(2k+2)!
k!k!

(xy)k][
∞∑
l=0

(2l+2)!
l!l!

(xy)l]

⇔
∞∑
n=0

4C4
n+4(4xy)n +

∞∑
n=0

4C4
n+4(4xy)n+1 +

∞∑
n=0

C4
n+4(4xy)n+2 =

∞∑
n=0

n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

4C4
n+4(4xy)n +

∞∑
n=1

4C4
n+3(4xy)n +

∞∑
n=2

C4
n+2(4xy)n =

∞∑
n=0

n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

4C4
n+4(4xy)n +

∞∑
n=0

4C4
n+3(4xy)n +

∞∑
n=0

C4
n+2(4xy)n =

∞∑
n=0

n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

(4C4
n+4 + 4C4

n+3 + C4
n+2)22n(xy)n =

∞∑
n=0

n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

(xy)n

⇔
n∑
k=0

(2k+2)!
k!k!

(2n−2k+2)!
(n−k)!(n−k)!

= 22n(4C4
n+4 + 4C4

n+3 + C4
n+2)

10.4
n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

�î�¦)

Ún10.4.1. ∂2

∂x∂y
(1− 4xy)−3/2 = 6(1− 4xy)−7/2(1 + 6xy) =

∞∑
k=0

(2k+3)!
k!k!

(xy)k

y²: (1− 4xy)−3/2 =
∞∑
k=0

(2k+1)!
k!k!

(xy)k

⇒ ∂2

∂x∂y
(1− 4xy)−3/2 = 6(1− 4xy)−7/2(1 + 6xy)

=
∞∑
k=1

(2k+1)!
(k−1)!(k−1)!

(xy)k−1 =
∞∑
k=0

(2k+3)!
k!k!

(xy)k

½n10.4.1.
n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

= 22n(36C6
n+6 + 108C6

n+5 + 81C6
n+4), n ≥ 0

y²: 36(1− 4xy)−7(1 + 6xy)2 = [6(1− 4xy)−7/2(1 + 6xy)][6(1− 4xy)−7/2(1 + 6xy)]

⇔ 36(1 + 6xy)2
∞∑
n=0

C6
n+6(4xy)n = [

∞∑
k=0

(2k+3)!
k!k!

(xy)k][
∞∑
l=0

(2l+3)!
l!l!

(xy)l]

⇔
∞∑
n=0

36C6
n+6(4xy)n +

∞∑
n=0

108C6
n+6(4xy)n+1 +

∞∑
n=0

81C6
n+6(4xy)n+2 =

∞∑
n=0

n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

36C6
n+6(4xy)n +

∞∑
n=1

108C6
n+5(4xy)n +

∞∑
n=2

81C6
n+4(4xy)n =

∞∑
n=0

n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

36C6
n+6(4xy)n +

∞∑
n=0

108C6
n+5(4xy)n +

∞∑
n=0

81C6
n+4(4xy)n =

∞∑
n=0

n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

(xy)n

⇔
∞∑
n=0

(36C6
n+6 + 108C6

n+5 + 81C6
n+4)22n(xy)n =

∞∑
n=0

n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

(xy)n

⇔
n∑
k=0

(2k+3)!
k!k!

(2n−2k+3)!
(n−k)!(n−k)!

= 22n(36C6
n+6 + 108C6

n+5 + 81C6
n+4)
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10.5
n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! �î�¦)

Ún10.5.1. ∂i

∂xi
∂j

∂yj
(1−4xy)−1/2 = i!j!(1−4xy)−(i+j+1/2)

i∑
r=0

(2i+2j−2r)!
(i−r)!(j−r)!(i+j−r)!r!(1−4xy)ryi−rxj−r;n ≥ 0, i ≥ 0, j ≥

0

y²: ∂i

∂xi
∂j

∂yj
(1− 4xy)−1/2

= 2j(2j − 1)!! ∂
i

∂xi
[(1− 4xy)−j−1/2xj ]

= 2j(2j − 1)!!
i∑

r=0

Cri
∂r

∂xr
[(1− 4xy)−j−1/2] ∂

i−r

∂xi−r
xj

= 2j(2j − 1)!!
i∑

r=0

Cri 2r (2j+2r−1)!!
(2j−1)!!

(1− 4xy)−j−1/2−ryr j!
(j−i+r)!x

j−i+r

=
i∑

r=0

2j+r(2j + 2r − 1)!! i!
(i−r)!r!

j!
(j−i+r)!(1− 4xy)−j−1/2−ryrxj−i+r

=
i∑

r=0

(2j+2r)!
(j+r)!

i!
(i−r)!r!

j!
(j−i+r)!(1− 4xy)−j−1/2−ryrxj−i+r

=
i∑

r=0

(2j+2i−2r)!
(j+i−r)!

i!
(i−r)!r!

j!
(j−r)!(1− 4xy)−j−1/2−i+ryi−rxj−r

= (1− 4xy)−(i+j+1/2)
i∑

r=0

(2i+2j−2r)!
(i+j−r)!

i!j!
(i−r)!(j−r)!r!(1− 4xy)ryi−rxj−r

= i!j!(1− 4xy)−(i+j+1/2)
i∑

r=0

(2i+2j−2r)!
(i−r)!(j−r)!(i+j−r)!r!(1− 4xy)rxj−ryi−r

= xjyii!j!(1− 4xy)−(i+j+1/2)
i∑

r=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r

Ún10.5.2. n ≥ 0, i ≥ 0, j ≥ 0

∂i

∂xi
∂j

∂yj
(1− 4xy)−1/2 = i!j!(1− 4xy)−(i+j+1/2)

i∑
r=0

r∑
k=0

(−4)k (2i+2j−2r)!
(i−r)!(j−r)!(i+j−r)!k!(r−k)!

yk+i−rxk+j−r

Ún10.5.3. n ≥ 0, i ≥ 0, j ≥ 0

∂i

∂xi
∂j

∂yj
(1 + 4xy)−1/2 = (−1)i+ji!j!(1 + 4xy)−(i+j+1/2)

i∑
r=0

(−1)r (2i+2j−2r)!
(i−r)!(j−r)!(i+j−r)!r!(1 + 4xy)ryi−rxj−r

Ún10.5.4. n ≥ 0, i ≥ 0, j ≥ 0

∂i

∂xi
∂j

∂yj
(1 + 4xy)−1/2 = (−1)i+ji!j!(1 + 4xy)−(i+j+1/2)

i∑
r=0

r∑
k=0

(−1)r4k (2i+2j−2r)!
(i−r)!(j−r)!(i+j−r)!k!(r−k)!

yk+i−rxk+j−r

½n10.5.1. n ≥ 0, i ≥ 0, j ≥ 0
n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! = 4n−2i−2j

i∑
r=0

j∑
r′=0

4r+r
′ (2i+2j−2r)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n

y²: (1− 4xy)−1/2 =
∞∑
k=0

(2k)!
k!k!

xkyk

⇔ ∂i

∂xi
∂j

∂yj
(1− 4xy)−1/2 = ∂i

∂xi
∂j

∂yj

∞∑
k=0

(2k)!
k!k!

xkyk

⇔ ∂i

∂xi
∂j

∂yj
(1− 4xy)−1/2 =

∞∑
k=0

(2k)!
(k−i)!(k−j)!x

k−iyk−j

⇔ [ ∂
i

∂xi
∂j

∂yj
(1− 4xy)−1/2]2 =

∞∑
k=0

(2k)!
(k−i)!(k−j)!x

k−iyk−j
∞∑
l=0

(2l)!
(l−i)!(l−j)!x

l−iyl−j

⇔ [ ∂
i

∂xi
∂j

∂yj
(1− 4xy)−1/2]2 =

∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j

⇔ (xjyii!j!)2(1− 4xy)−(2i+2j+1)[
i∑

r=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r]2 =
∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j

⇔
∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j

= (xjyii!j!)2(1− 4xy)−(2i+2j+1)[
i∑

r=0

j∑
r′=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r (2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(

1−4xy
xy

)r
′
]

= (xjyii!j!)2(1− 4xy)−(2i+2j+1)[
i∑

r=0

j∑
r′=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(

1−4xy
xy

)r+r
′
]
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= (xjyii!j!)2[
i∑

r=0

j∑
r′=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(1− 4xy)−(2i+2j−r−r′+1)(xy)−(r+r′)]

= (xjyii!j!)2
i∑

r=0

j∑
r′=0

(2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)! [

∞∑
n=0

C2i+2j−r−r′
2i+2j−r−r′+n(4xy)n](xy)−(r+r′)

= (xjyii!j!)2
∞∑
n=0

i∑
r=0

j∑
r′=0

22n (2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
2i+2j−r−r′+n(xy)n−(r+r′)

⇔
∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!(xy)n

= (i!j!)2
∞∑
n′=0

i∑
r=0

j∑
r′=0

22n′ (2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
2i+2j−r−r′+n′(xy)n

′+2i+2j−(r+r′)

= (i!j!)2
∞∑
n=0

i∑
r=0

j∑
r′=0

22(n−2i−2j+r+r′) (2i+2j−2r)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n (xy)n

⇔
n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! =

i∑
r=0

j∑
r′=0

22(n−2i−2j+r+r′) (2i+2j−2r)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n

⇔
n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! = 4n−2i−2j

i∑
r=0

j∑
r′=0

4r+r
′ (2i+2j−2r)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n

10.6
n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)! �î�¦)

Ún10.6.1. ∂i

∂xi
∂j

∂yj
(1− 4xy)−3/2 = xjyii!j!(1− 4xy)−(i+j+3/2)

i∑
r=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r; i ≥ 0, j ≥ 0

y²: ∂i

∂xi
∂j

∂yj
(1− 4xy)−3/2

= 2j(2j + 1)!! ∂
i

∂xi
[(1− 4xy)−j−3/2xj ]

= 2j(2j + 1)!!
i∑

r=0

Cri
∂r

∂xr
[(1− 4xy)−j−3/2] ∂

i−r

∂xi−r
xj

= 2j(2j + 1)!!
i∑

r=0

Cri 2r (2j+2r+1)!!
(2j+1)!!

(1− 4xy)−j−3/2−ryr j!
(j−i+r)!x

j−i+r

=
i∑

r=0

2j+r(2j + 2r + 1)!! i!
(i−r)!r!

j!
(j−i+r)!(1− 4xy)−j−3/2−ryrxj−i+r

=
i∑

r=0

(2j+2r+1)!
(j+r)!

i!
(i−r)!r!

j!
(j−i+r)!(1− 4xy)−j−3/2−ryrxj−i+r

=
i∑

r=0

(2j+2i−2r+1)!
(j+i−r)!

i!
(i−r)!r!

j!
(j−r)!(1− 4xy)−j−3/2−i+ryi−rxj−r

= (1− 4xy)−(i+j+3/2)
i∑

r=0

(2i+2j−2r+1)!
(i+j−r)!

i!j!
(i−r)!(j−r)!r!(1− 4xy)ryi−rxj−r

= i!j!(1− 4xy)−(i+j+3/2)
i∑

r=0

(2i+2j−2r+1)!
(i−r)!(j−r)!(i+j−r)!r!(1− 4xy)rxj−ryi−r

= xjyii!j!(1− 4xy)−(i+j+3/2)
i∑

r=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r

½n10.6.1.
n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)! = 4n−2i−2j

i∑
r=0

j∑
r′=0

4r+r
′ (2i+2j−2r+1)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n+2

n ≥ 0, i ≥ 0, j ≥ 0

y²: (1− 4xy)−3/2 =
∞∑
k=0

(2k+1)!
k!k!

xkyk

⇔ ∂i

∂xi
∂j

∂yj
(1− 4xy)−3/2 = ∂i

∂xi
∂j

∂yj

∞∑
k=0

(2k+1)!
k!k!

xkyk

⇔ ∂i

∂xi
∂j

∂yj
(1− 4xy)−3/2 =

∞∑
k=0

(2k+1)!
(k−i)!(k−j)!x

k−iyk−j

⇔ [ ∂
i

∂xi
∂j

∂yj
(1− 4xy)−3/2]2 =

∞∑
k=0

(2k+1)!
(k−i)!(k−j)!x

k−iyk−j
∞∑
l=0

(2l+1)!
(l−i)!(l−j)!x

l−iyl−j

⇔ [ ∂
i

∂xi
∂j

∂yj
(1− 4xy)−3/2]2 =

∞∑
n=0

n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j

⇔ (xjyii!j!)2(1− 4xy)−(2i+2j+3)[
i∑

r=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r]2 =
∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j
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⇔
∞∑
n=0

n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)!x

n−2iyn−2j

= (xjyii!j!)2(1− 4xy)−(2i+2j+3)[
i∑

r=0

j∑
r′=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!(

1−4xy
xy

)r (2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(

1−4xy
xy

)r
′
]

= (xjyii!j!)2(1− 4xy)−(2i+2j+3)[
i∑

r=0

j∑
r′=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(

1−4xy
xy

)r+r
′
]

= (xjyii!j!)2[
i∑

r=0

j∑
r′=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!(1− 4xy)−(2i+2j−r−r′+3)(xy)−(r+r′)]

= (xjyii!j!)2
i∑

r=0

j∑
r′=0

(2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)! [

∞∑
n=0

C2i+2j−r−r′
2i+2j−r−r′+n(4xy)n](xy)−(r+r′)

= (xjyii!j!)2
∞∑
n=0

i∑
r=0

j∑
r′=0

22n (2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′+2
2i+2j−r−r′+2+n(xy)n−(r+r′)

⇔
∞∑
n=0

n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)!(xy)n

= (i!j!)2
∞∑
n′=0

i∑
r=0

j∑
r′=0

22n′ (2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′+2
2i+2j−r−r′+2+n′(xy)n

′+2i+2j−(r+r′)

= (i!j!)2
∞∑
n=0

i∑
r=0

j∑
r′=0

22(n−2i−2j+r+r′) (2i+2j−2r+1)!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′+2
n+2 (xy)n

⇔
n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)! =

i∑
r=0

j∑
r′=0

22(n−2i−2j+r+r′) (2i+2j−2r+1)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n+2

⇔
n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)! = 4n−2i−2j

i∑
r=0

j∑
r′=0

4r+r
′ (2i+2j−2r+1)!i!j!
r!(i−r)!(j−r)!(i+j−r)!

(2i+2j−2r′+1)!i!j!
r′!(i−r′)!(j−r′)!(i+j−r′)!C

2i+2j−r−r′
n+2

10.7 ±þ¦)|Üð�ª�{�o(Úí2

Ún10.7.1. f(x) =
∞∑
k=0

fkx
k ⇒ ∂i11 ∂

i2
2 · ·∂imm f(x1x2 · ·xm) =

∞∑
k=0

(k!)m

i1!i2!··ım!
fkx

k−i1
1 xk−i22 · ·xk−imm

½n10.7.1.
i∑

r=0

i!j!
r!(i−r)!(j−r)!(k−i−j+r)! = k!

(k−i)!(k−j)! [⇔]
i∑

r=0

Cri C
j−r
k−i = Cjk; i ≤ i, j ≤ k

y²: (1 + xy)n =
n∑
k=0

Ckn(xy)k

⇒ ∂ix∂
j
y(1 + xy)n = ∂ix∂

j
y

n∑
k=0

Ckn(xy)k

⇔ n!
(n−j)! [∂

i
x(1 + xy)n−jxj ] =

n∑
k=0

k!k!
(k−i)!(k−j)!C

k
nx

k−iyk−j

⇔ n!
(n−j)!

i∑
r=0

Cri [∂i−rx (1 + xy)n−j ][∂rxx
j ] =

n∑
k=0

k!k!
(k−i)!(k−j)!C

k
nx

k−iyk−j

⇔ n!
(n−j)!

i∑
r=0

Cri [ (n−j)!
(n−i−j+r)!(1 + xy)n−i−j+ryi−r]( j!

(j−r)!x
j−r) =

n∑
k=0

k!k!
(k−i)!(k−j)!C

k
nx

k−iyk−j

⇔
i∑

r=0

n!i!j!
r!(i−r)!(j−r)!(n−i−j+r)!(1 + xy)n−i−j+r(xy)i+j−r =

n∑
k=0

k!k!
(k−i)!(k−j)!C

k
n(xy)k

⇔
i∑

r=0

n!i!j!
r!(i−r)!(j−r)!(n−i−j+r)!

n−i−j+r∑
k=0

Ckn−i−j+r(xy)i+j+k−r =
n∑
k=0

k!k!
(k−i)!(k−j)!C

k
n(xy)k

⇔
i∑

r=0

n∑
k=i+j−r

n!i!j!
r!(i−r)!(j−r)!(n−i−j+r)!C

k−i−j+r
n−i−j+r(xy)k =

n∑
k=0

k!k!
(k−i)!(k−j)!C

k
n(xy)k

⇔
i∑

r=0

n∑
k=0

n!i!j!
(n−k)!r!(i−r)!(j−r)!(k−i−j+r)!(xy)k =

n∑
k=0

n!k!
(n−k)!(k−i)!(k−j)!(xy)k

⇔
n∑
k=0

i∑
r=0

n!i!j!
(n−k)!r!(i−r)!(j−r)!(k−i−j+r)!(xy)k =

n∑
k=0

n!k!
(n−k)!(k−i)!(k−j)!(xy)k

⇔
i∑

r=0

i!j!
r!(i−r)!(j−r)!(k−i−j+r)! = k!

(k−i)!(k−j)!
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11 1¼ê�ê�'�|Üð�ª

11.1 Ä�1¼êÐm

Ún11.1.1. (
∞∑
i=0

aix
i)(
∞∑
j=0

bjx
j) =

∞∑
k=0

ckx
k ⇒ ck =

k∑
i=0

aibk−i, k ≥ 0

Ún11.1.2. (1 + x)n =
n∑
k=0

Cknx
k, (1− x)−n−1 =

∞∑
k=0

Cnn+kx
k, (1− x)−n−1/2 = n!

(2n)!

∞∑
k=0

(2k+2n)!
(k+n)!k!

4−kxk;n ≥ 0

11.2 1
l!
dl

dxl
(1 + x)n�Ñ�|Üð�ª

½n11.2.1.
k∑
r=0

CrnC
k−r
n−r = 2kCkn,

n∑
r=m

CrnC
m
r = 2n−mCmn ; k ≥ 0, n ≥ m ≥ 0

y²: 1
l!
dl

dxl
(1 + x)n = 1

l!
dl

dxl

n∑
r=0

Crnx
r

⇔ 1
l!
dl

dxl
(1 + x)n =

n∑
r=l

CrnC
l
rx
r−l ⇔ Cln(1 + x)n−l =

n−l∑
r=0

CrnC
l
n−rx

n−l−r

⇒ Cln2n−l =
n−l∑
r=0

CrnC
l
n−r ⇔ Cn−ln 2n−l =

n−l∑
r=0

CrnC
n−l−r
n−r ⇔

n−l∑
r=0

CrnC
n−l−r
n−r = 2n−lCn−ln

⇔
k∑
r=0

CrnC
k−r
n−r = 2kCkn ⇔

n∑
r=m

CrnC
m
r = 2n−mCmn

11.3 1
l!
dl

dxl
(1− x)−n�Ñ�|Üð�ª(ØU���	�#ÀÜ)

y²: 1
l!
dl

dxl
(1− x)−n = 1

l!
dl

dxl

∞∑
k=0

Cn−1
n−1+kx

k

⇔ Cn−1
n−1+l(1− x)−n−l =

∞∑
k=0

Cn−1
n−1+kC

l
kx

k−l

⇔ Cn−1
n−1+l

∞∑
k=0

Cn−1+l
n−1+l+kx

k =
∞∑
k=0

Cn−1
n−1+l+kC

l
k+lx

k

⇔ Cn−1
n−1+lC

n−1+l
n−1+l+k = Cn−1

n−1+l+kC
l
k+l

11.4 1
l!
dl

dxl
[xm(1 + x)n]�Ñ�|Üð�ª

½n11.4.1.
n∑
r=0

CrnC
l
m+n−r =

l∑
k=0

2n−kCl−km Ckn,
n∑
r=0

CrnC
l
l+k−r =

n∑
r=0

CrnC
l
(l+k−n)+n−r =

l∑
j=0

2n−jCl−jl+k−nC
j
n

k ≥ 0, n ≥ 0, l ≥ 0

y²: 1
l!
dl

dxl
[xm(1 + x)n] =

n∑
r=0

CrnC
l
r+mx

r+m−l

⇔
n∑
r=0

CrnC
l
m+n−rx

m+n−r−l = 1
l!
dl

dxl
[xm(1 + x)n]

⇔
n∑
r=0

CrnC
l
m+n−rx

m+n−r−l = 1
l!

l∑
k=0

Ckl
dl−k

dxl−k
xm dk

dxk
(1 + x)n

⇔
n∑
r=0

CrnC
l
m+n−rx

m+n−r−l = 1
l!

l∑
k=0

Ckl
m!

(m−l+k)!
xm−l+k n!

(n−k)!
(1 + x)n−k

⇔
n∑
r=0

CrnC
l
m+n−rx

m+n−r−l =
l∑

k=0

Cl−km Cknx
m−l+k(1 + x)n−k

⇒
n∑
r=0

CrnC
l
m+n−r =

l∑
k=0

2n−kCl−km Ckn

11.5 1
l!
dl

dxl
(1 + x)m+n�Ñ�|Üð�ª(ØU���	�#ÀÜ)

y²: 1
l!
dl

dxl
(1 + x)m+n = 1

l!
dl

dxl
[(1 + x)m(1 + x)n]

⇔ Clm+n(1 + x)m+n−l = 1
l!

l∑
k=0

Ckl
dl−k

dxl−k
(1 + x)m dk

dxk
(1 + x)n

⇔ Clm+n(1 + x)m+n−l =
l∑

k=0

Cl−km (1 + x)m−l+kCkn(1 + x)n−k
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⇔ Clm+n(1 + x)m+n−l =
l∑

k=0

Cl−km Ckn(1 + x)m+n−l

⇔
l∑

k=0

Cl−km Ckn = Clm+n

y²: 1
l!
dl

dxl
(1 + x)m+n = 1

l!
dl

dxl
[(1 + x)m(1 + x)n]

⇔
m+n∑
r=l

Crm+nC
l
rx
r−l = 1

l!

l∑
k=0

Ckl
dl−k

dxl−k
(1 + x)m dk

dxk
(1 + x)n

⇔
m+n∑
r=l

Crm+nC
l
rx
r−l = 1

l!

l∑
k=0

k!(l − k)!Ckl
m∑

i=l−k
CimC

l−k
i xi−l+k

n∑
j=k

CjnC
k
j x

j−k

⇔
m+n∑
r=l

Crm+nC
l
rx
r−l =

l∑
k=0

m∑
i=l−k

n∑
j=k

CimC
l−k
i CjnC

k
j x

i+j−l

⇔
m+n∑
r=l

Crm+nC
l
rx
r−l =

m+n∑
r=l

l∑
k=0

m∑
i=l−k

CimC
l−k
i Cr−in Ckr−ix

r−l

⇔ Crm+nC
l
r =

l∑
k=0

m∑
i=l−k

CimC
l−k
i Cr−in Ckr−i

⇔ Crm+nC
l
r =

l∑
k=0

m∑
i=0

CimC
r−i
n Cl−ki Ckr−i

⇔ Crm+nC
l
r =

m∑
i=0

CimC
r−i
n

l∑
k=0

Cl−ki Ckr−i

⇔ Crm+nC
l
r =

m∑
i=0

CimC
r−i
n Clr

⇔
m∑
i=0

CimC
r−i
n = Crm+n

11.6 1
l!
dl

dxl
(1− x)−(m+n)�Ñ�|Üð�ª(ØU���	�#ÀÜ)

y²: 1
l!
dl

dxl
(1− x)−(m+n) = 1

l!
dl

dxl
[(1− x)−m(1− x)−n]

⇔ Cm+n−1
m+n−1+l(1− x)−m−n−l = 1

l!

l∑
k=0

Ckl
dl−k

dxl−k
(1− x)−m dk

dxk
(1− x)−n

⇔ Cm+n−1
m+n−1+l(1− x)−m−n−l =

l∑
k=0

Cm−1
m−1+l−k(1− x)−m−l+kCn−1

n−1+k(1− x)−n−k

⇔ Cm+n−1
m+n−1+l(1− x)−m−n−l =

l∑
k=0

Cm−1
m−1+l−kC

n−1
n−1+k(1− x)−m−n−l

⇔
l∑

k=0

Cm−1
m−1+l−kC

n−1
n−1+k = Cm+n−1

m+n−1+l

y²: 1
l!
dl

dxl
(1− x)−(m+n) = 1

l!
dl

dxl
[(1− x)−m(1− x)−n]

⇔ 1
l!
dl

dxl

∞∑
r=0

Cm+n−1
m+n−1+rx

r = 1
l!
dl

dxl
[(
∞∑
i=0

Cm−1
m−1+ix

i)(
∞∑
j=0

Cn−1
n−1+jx

j)]

⇔
∞∑
r=0

Cm+n−1
m+n−1+rC

l
rx
r−l = 1

l!

l∑
k=0

Ckl [ d
l−k

dxl−k
(
∞∑
i=0

Cm−1
m−1+ix

i) dk

dxk
(
∞∑
j=0

Cn−1
n−1+jx

j)]

⇔
∞∑
r=0

Cm+n−1
m+n−1+rC

l
rx
r−l =

l∑
k=0

(
∞∑
i=0

Cm−1
m−1+iC

l−k
i xi−l+k)(

∞∑
j=0

Cn−1
n−1+jC

k
j x

j−k)]

⇔
∞∑
r=0

Cm+n−1
m+n−1+rC

l
rx
r−l =

∞∑
r=0

l∑
k=0

∞∑
i=0

Cm−1
m−1+iC

n−1
n−1+r−iC

l−k
i Ckr−ix

r−l

⇔ Cm+n−1
m+n−1+rC

l
r =

l∑
k=0

∞∑
i=0

Cm−1
m−1+iC

n−1
n−1+r−iC

l−k
i Ckr−i

⇔ Cm+n−1
m+n−1+rC

l
r =

∞∑
i=0

Cm−1
m−1+iC

n−1
n−1+r−i

l∑
k=0

Cl−ki Ckr−i

⇔ Cm+n−1
m+n−1+rC

l
r =

∞∑
i=0

Cm−1
m−1+iC

n−1
n−1+r−iC

l
r

⇔
r∑
i=0

Cm−1
m−1+iC

n−1
n−1+r−i = Cm+n−1

m+n−1+r
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11.7 ∂x[(1 + x)n(1− x)−l−1]�Ñ�|Üð�ª

y²: ∂x[(1 + x)n(1− x)−l−1] = ∂x[
∞∑
k=0

k∑
r=0

CrnC
l
l+k−rx

k]

⇔ n(1 + x)n−1(1− x)−l−1 + (l + 1)(1 + x)n(1− x)−l−2 =
∞∑
k=1

k∑
r=0

kCrnC
l
l+k−rx

k−1

⇔ n
∞∑
k=0

k∑
r=0

Crn−1C
l
l+k−rx

k + (l + 1)
∞∑
k=0

k∑
r=0

CrnC
l+1
l+k+1−rx

k =
∞∑
k=0

k+1∑
r=0

(k + 1)CrnC
l
l+k+1−rx

k

⇔
k∑
r=0

[nCrn−1C
l
l+k−r + (l + 1)CrnC

l+1
l+k+1−r] =

k+1∑
r=0

(k + 1)CrnC
l
l+k+1−r

⇔
k∑
r=0

(n+ l + 1 + k − 2r)CrnC
l
l+k−r = (k + 1)

k+1∑
r=0

CrnC
l
l+k+1−r

⇔
k∑
r=0

(n+ l − 2r)CrnC
l
l+k−r = (k + 1)

k+1∑
r=0

CrnC
l
l+k+1−r

⇔
k∑
r=0

(n+ l)CrnC
l
l+k−r = 2n

k∑
r=0

Crn−1C
l
l+k−r + (k + 1)

k+1∑
r=0

CrnC
l
l+k+1−r

12 �(

½n12.0.1.
k∑
i=0

CimC
k−i
n = Ckm+n

½n12.0.2.
k∑
i=0

Cmm+iC
n
n+k−i = Cm+n+1

m+n+1+k

½n12.0.3. Ckm−n =
k∑
i=0

(−1)k−iCimC
n−1
n−1+k−i

½n12.0.4.
k∑
i=0

4k−iCn−1
n−1+k−i

Cm+i
2m+2iC

m
m+i

Cm2m
=

Cm+n+k
2m+2n+2kC

m+n
m+n+k

Cm+n
2m+2n

½n12.0.5.
k∑
i=0

Cm+i
2m+2iC

n+k−i
2n+2k−2iC

m
m+iC

n
n+k−i = 4kCm2mC

n
2nC

m+n
m+n+k[⇔]

k∑
i=0

CikC
m+i
m+n+k

C2m+2i
2m+2n+2k

= Cm2mC
n
2n

Cmm+n

4k

Cm+n+k
2m+2n+2k

½n12.0.6.
2k∑
i=0

(−1)iCinC
2k−i
n = (−1)kCkn,

2k+1∑
i=0

(−1)iCinC
2k+1−i
n = 0

½n12.0.7.
2k∑
i=0

(−1)iCn−1
n−1+iC

n−1
n−1+2k−i = Cn−1

n−1+k,
2k+1∑
i=0

(−1)iCn−1
n−1+iC

n−1
n+2k−i = 0

½n12.0.8.
2k∑
i=0

(−1)i (2n+2i)!
(n+i)!i!

(2n+4k−2i)!
(n+2k−i)!(2k−i)! = 4k (2n+2k)!

(n+k)!k!
,

2k+1∑
i=0

(−1)i (2n+2i)!
(n+i)!i!

(2n+4k+2−2i)!
(n+2k+1−i)!(2k+1−i)! = 0

½n12.0.9.
[k/2]∑
r=0

(−1)rCrnC
n
n+k−2r =

k∑
r=0

Crn;
[k/2]∑
r=0

(−1)rCrnC
n
n+k−2r = 2n, k ≥ n;

[n/2]∑
r=0

(−1)rCrnC
n
2n−2r = 2n, n ≥ 0

½n12.0.10.
k∑
r=0

CrnC
k−r
n−r = 2kCkn,

n∑
r=m

CrnC
m
r = 2n−mCmn

13 ∂xl · ·∂x1(x1 · ·xk + α)2s�'�|Üð�ª

13.1 ∂xl · ·∂x1(x1 · ·xk + α)2s�Ï�Ðmª

½n13.1.1. ∂xl · ·∂x1
(x1 · ·xk + α)2s =

l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl) , 1 ≤ l < k

a(i, l + 1) = ia(i, l) + a(i− 1, l), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

y²: ∂xl · ·∂x1
(x1 · ·xk + α)2s =

l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl) , 1 ≤ l < k

⇒ ∂xl+1
∂xl · ·∂x1

(x1 · ·xk + α)2s = ∂xl+1

l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl)
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=
l∑
i=1

(2s)!
(2s−i−1)!

a(i, l; s)(x1 · ·xk + α)2s−i−1 (x1··xk)i+1

(x1··xl+1)
+

l∑
i=1

(2s)!
(2s−i)! ia(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)

=
l+1∑
i=2

(2s)!
(2s−i)!a(i− 1, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)
+

l∑
i=1

(2s)!
(2s−i)! ia(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)

= (2s)!
(2s−l−1)!

a(l, l; s)(x1 · ·xk + α)2s−l−1 (x1··xk)l+1

(x1··xl+1)
+ (2s)!

(2s−1)!
a(1, l; s)(x1 · ·xk + α)2s−1 (x1··xk)

(x1··xl+1)

+
l∑
i=2

(2s)!
(2s−i)!a(i− 1, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)
+

l∑
i=2

(2s)!
(2s−i)! ia(i, l; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)

= (2s)!
(2s−l−1)!

a(l, l; s)(x1 · ·xk + α)2s−l−1 (x1··xk)l+1

(x1··xl+1)
+ (2s)!

(2s−1)!
a(1, l; s)(x1 · ·xk + α)2s−1 (x1··xk)

(x1··xl+1)

+
l∑
i=2

(2s)!
(2s−i)! [a(i− 1, l; s) + ia(i, l; s)](x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)

=
l+1∑
i=1

(2s)!
(2s−i)!a(i, l + 1; s)(x1 · ·xk + α)2s−i (x1··xk)i

(x1··xl+1)
, 2 ≤ l + 1 ≤ k

⇒ a(l + 1, l + 1; s) = a(l, l; s) = 1, a(1, l + 1; s) = a(1, l; s) = 1

a(i, l + 1; s) = ia(i, l; s) + a(i− 1, l; s), 2 ≤ i ≤ l
⇔ a(i, l + 1) = ia(i, l) + a(i− 1, l), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

13.2 ∂xl · ·∂x1(x1 · ·xk + α)2sÐmXê�¦)

íØ13.2.1. 1 ≤ i ≤ l + 1

a(i, l + 1) = a(0, l − i+ 1) +
i∑

j=1

ja(j, l − i+ j), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0

y²: a(i, l + 1) = ia(i, l) + a(i− 1, l), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

⇔ a(i, l + 1)− a(i− 1, l) = ia(i, l), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

⇒ a(i, l+1)−a(0, l−i+1) =
i−1∑
j=0

(i−j)a(i−j, l−j), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l+1, l) := 0; 1 ≤ i ≤ l+1

⇔ a(i, l+1) = a(0, l−i+1)+
i∑

j=1

ja(j, l−i+j), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l+1, l) := 0; 1 ≤ i ≤ l+1

íØ13.2.2. a(l, l + 1) = C2
l+1, a(l − 1, l) = C2

l

y²: a(l, l + 1) = a(0, 1) +
l∑

j=1

ja(j, j), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

⇒ a(l, l + 1) =
l∑

j=1

j = C2
l+1

íØ13.2.3. a(l − 1, l + 1) = C3
l+1 + 3C4

l+1, a(l − 2, l) = C3
l + 3C4

l

y²: a(l − 1, l + 1) = a(0, 2) +
l−1∑
j=1

ja(j, j + 1), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

⇒ a(l − 1, l + 1) =
l−1∑
j=1

jC2
j+1 = C3

l+1 + 3C4
l+1

íØ13.2.4. a(l − 2, l + 1) = C4
l+1 + 10C5

l+1 + 15C6
l+1

y²: a(l − 2, l + 1) = a(0, 3) +
l−2∑
j=1

ja(j, j + 2), a(l, l) = 1, a(1, l) = 1, a(0, l 6= 0) := 0, a(l + 1, l) := 0; 1 ≤ i ≤ l + 1

⇒ a(l − 2, l + 1) =
l−2∑
j=1

j(C3
j+2 + 3C4

j+2) =
l−2∑
j=1

(4C4
j+2 + C3

j+2 + 15C5
j+2 + 6C4

j+2) =
l−2∑
j=1

(C3
j+2 + 10C4

j+2 + 15C5
j+2)

⇒ a(l − 2, l + 1) = C4
l+1 + 10C5

l+1 + 15C6
l+1 = C0

4C
4
l+1 + C2

5C
5
l+1 + C4

6C
6
l+1
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13.3 ∂xl · ·∂x1(x1 · ·xk − 1)2s�Ñ��X�|Üð�ª

íØ13.3.1.

2s∑
n=0

(−1)nCn2sn
l = 0, 0 ≤ l ≤ 2s− 1

2s∑
n=0

(−1)nCn2sn
2s = (−1)2s(2s)!, l = 2s

2s∑
n=0

(−1)nCn2sn
2s+1 = (−1)2s(2s)!C2

2s+1, l = 2s+ 1

2s∑
n=0

(−1)nCn2sn
2s+2 = (−1)2s(2s)!(C3

2s+2 + 3C4
2s+2), l = 2s+ 2

2s∑
n=0

(−1)nCn2sn
2s+3 = (−1)2s(2s)!(C4

2s+3 + 10C5
2s+3 + 15C6

2s+3), l = 2s+ 3

y²: (1− x1 · ·xk)2s =
2s∑
i=0

(−1)iCi2s(x1 · ·xk)i

⇒ ∂x1
· ·∂xl(1− x1 · ·xk)2s = ∂x1

· ·∂xl
2s∑
i=0

(−1)iCi2s(x1 · ·xk)i

⇔
2s∑
i=1

(−1)iilCi2s
(x1··xk)i

(x1··xl) = (−1)2s
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk − 1)2s−i (x1··xk)i

(x1··xl)

⇒
2s∑
i=1

(−1)iilCi2s
(x1··xk)i

(x1··xl) |x1,··,xk=1 = (−1)2s
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk − 1)2s−i (x1··xk)i

(x1··xl) |x1,··,xk=1

⇔
2s∑
i=1

(−1)iilCi2s = (−1)2s
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk − 1)2s−i (x1··xk)i

(x1··xl) |x1,··,xk=1

⇒

2s∑
n=0

(−1)nCn2sn
l = 0, 0 ≤ l ≤ 2s− 1

2s∑
n=0

(−1)nCn2sn
2s = (−1)2s(2s)!, l = 2s

2s∑
n=0

(−1)nCn2sn
2s+1 = (−1)2s(2s)!C2

2s+1, l = 2s+ 1

2s∑
n=0

(−1)nCn2sn
2s+2 = (−1)2s(2s)!(C3

2s+2 + 3C4
2s+2), l = 2s+ 2

2s∑
n=0

(−1)nCn2sn
2s+3 = (−1)2s(2s)!(C4

2s+3 + 10C5
2s+3 + 15C6

2s+3), l = 2s+ 3

íØ13.3.2.
2s∑
n=0

(−1)nCn2s(s− n)2s = (2s)!

y²:
2s∑
n=0

(−1)nCn2s(s− n)2s =
2s∑
n=0

(−1)nCn2s
2s∑
k=0

(−1)kCk2ss
2s−knk

=
2s∑
k=0

(−1)kCk2ss
2s−k

2s∑
n=0

(−1)nCn2sn
k

=
2s∑
k=2s

(−1)kCk2ss
2s−k

2s∑
n=0

(−1)nCn2sn
k

= (−1)2sC0
2s

2s∑
n=0

(−1)nCn2sn
2s

= (−1)2s(−1)2s(2s)! = (2s)!

íØ13.3.3.
2s∑
n=0

(−1)nCn2s(s− n)2s+1 = 0

y²:
2s∑
n=0

(−1)nCn2s(s− n)2s+1 =
2s∑
n=0

(−1)nCn2s
2s+1∑
k=0

(−1)kCk2s+1s
2s+1−knk

=
2s+1∑
k=0

(−1)kCk2s+1s
2s+1−k

2s∑
n=0

(−1)nCn2sn
k

=
2s+1∑
k=2s

(−1)kCk2s+1s
2s+1−k

2s∑
n=0

(−1)nCn2sn
k
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= (−1)2ss1C1
2s+1

2s∑
n=0

(−1)nCn2sn
2s + (−1)2s+1s0C0

2s+1

2s∑
n=0

(−1)nCn2sn
2s+1

= (−1)2ss1C1
2s+1(−1)2s(2s)! + (−1)2s+1(−1)2s(2s)!C2

2s+1

= s1C1
2s+1(2s)!− (2s)!C2

2s+1 = 0

íØ13.3.4.
2s∑
n=0

(−1)nCn2s(s− n)2s+2 = (2s)!
4
C3

2s+2

y²:
2s∑
n=0

(−1)nCn2s(s− n)2s+2 =
2s∑
n=0

(−1)nCn2s
2s+2∑
k=0

(−1)kCk2s+2s
2s+2−knk

=
2s+2∑
k=0

(−1)kCk2s+2s
2s+2−k

2s∑
n=0

(−1)nCn2sn
k

=
2s+2∑
k=2s

(−1)kCk2s+2s
2s+2−k

2s∑
n=0

(−1)nCn2sn
k

= (−1)2ss2C2
2s+2

2s∑
n=0

(−1)nCn2sn
2s + (−1)2s+1s1C1

2s+2

2s∑
n=0

(−1)nCn2sn
2s+1 + (−1)2s+2s0C0

2s+2

2s∑
n=0

(−1)nCn2sn
2s+2

= (−1)2ss2C2
2s+2(−1)2s(2s)! + (−1)2s+1sC1

2s+2(−1)2s(2s)!C2
2s+1 + (−1)2s+2(−1)2s(2s)!(C3

2s+2 + 3C4
2s+2)

= s2C2
2s+2(2s)!− sC1

2s+2(2s)!C2
2s+1 + (2s)!(C3

2s+2 + 3C4
2s+2) = (2s)!

4
C3

2s+2

íØ13.3.5.

−s∑
h=s

(−1)s+hCs+h2s hl = 0, 0 ≤ l ≤ 2s− 1

−s∑
h=s

(−1)s+hCs+h2s h2s = (−1)2s(2s)!

−s∑
h=s

(−1)s+hCs+h2s h2s+1 = 0

−s∑
h=s

(−1)s+hCs+h2s h2s+2 = (−1)2s(2s)!
4

C3
2s+2

−s∑
h=s

(−1)s+hCs+h2s h2s+2j+1 = 0



−s∑
h=s

(−1)s+hCs+h2s (s+ h)l = 0, 0 ≤ l ≤ 2s− 1

−s∑
h=s

(−1)s+hCs+h2s (s+ h)2s = (−1)2s(2s)!

−s∑
h=s

(−1)s+hCs+h2s (s+ h)2s+1 = (−1)2s(2s)!C2
2s+1

−s∑
h=s

(−1)s+hCs+h2s (s+ h)2s+2 = (−1)2s(2s)!(C3
2s+2 + 3C4

2s+2)

−s∑
h=s

(−1)s+hCs+h2s (s+ h)2s+3 = (−1)2s(2s)!(C4
2s+3 + 10C5

2s+3 + 15C6
2s+3)

íØ13.3.6.

−s∑
h=s

(−1)s−hCs−h2s hl = 0, 0 ≤ l ≤ 2s− 1

−s∑
h=s

(−1)s−hCs−h2s h2s = (2s)!

−s∑
h=s

(−1)s−hCs−h2s h2s+1 = 0

−s∑
h=s

(−1)s−hCs−h2s h2s+2 = (2s)!
4
C3

2s+2

−s∑
h=s

(−1)s−hCs−h2s h2s+2j+1 = 0



−s∑
h=s

(−1)s−hCs−h2s (s− h)l = 0, 0 ≤ l ≤ 2s− 1

−s∑
h=s

(−1)s−hCs−h2s (s− h)2s = (−1)2s(2s)!

−s∑
h=s

(−1)s−hCs−h2s (s− h)2s+1 = (−1)2s(2s)!C2
2s+1

−s∑
h=s

(−1)s−hCs−h2s (s− h)2s+2 = (−1)2s(2s)!(C3
2s+2 + 3C4

2s+2)

−s∑
h=s

(−1)s−hCs−h2s (s− h)2s+3 = (−1)2s(2s)!(C4
2s+3 + 10C5

2s+3 + 15C6
2s+3)

13.4 ∂xl · ·∂x1(x1 · ·xk + 1)2s�Ñ��X�|Üð�ª

y²: (1 + x1 · ·xk)2s =
2s∑
i=0

Ci2s(x1 · ·xk)i

⇒ ∂x1
· ·∂xl(1 + x1 · ·xk)2s = ∂x1

· ·∂xl
2s∑
j=0

Ci2s(x1 · ·xk)i

⇔
2s∑
i=1

ilCi2s
(x1··xk)i

(x1··xl) =
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk + 1)2s−i (x1··xk)i

(x1··xl)

⇒
2s∑
i=1

ilCi2s
(x1··xk)i

(x1··xl) |x1,··,xk=1 =
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)(x1 · ·xk + 1)2s−i (x1··xk)i

(x1··xl) |x1,··,xk=1

⇔
2s∑
i=1

ilCi2s =
l∑
i=1

(2s)!
(2s−i)!a(i, l; s)22s−i

⇔
2s∑
n=1

nlCn2s =
l∑

n=1

a(n, l; s) (2s)!
(2s−n)!

22s−n
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⇔
2s∑
n=0

nlCn2s =
l∑

n=0

a(n, l; s) (2s)!
(2s−n)!

22s−n

⇔
2s∑
n=0

nlCn2s =
l∑

n=0

22s−na(n,l;s)
n!

Cn2s

14 A�{ü�|Üð�ª

14.1 Ä:O�

íØ14.1.1.
n∑
k=1

k = 1
2!
n(n+ 1),

n∑
k=1

k3 = [ 1
2!
n(n+ 1)]2

n∑
k=1

k2 = 1
3!
n(n+ 1)(2n+ 1),

n∑
k=1

k4 = 1
5!

2n(2n+ 1)(2n+ 2)(3n2 + 3n− 1)

14.2
n∑
l=r

(−1)n−lC l
n+1C

r
l ,

n∑
l=r

(−1)n−lC l
n+1C

r+1
l+1 |Üð�ª9Ùy²(1�8Ù)

5�14.2.1. Cmn = Cm−1
n−1 + Cmn−1

½n14.2.1.
n∑
l=r

(−1)n−lCln+1C
r
l = Crn+1;n ≥ r ≥ 0

y²:
n∑
l=r

(−1)n−lCln+1C
r
l = Crn+1

⇔
n−r∑
l=0

(−1)lCn−ln+1C
r
n−l = Crn+1

⇔
n−r∑
l=0

(−1)l 1
(l+1)!(n−l−r)! = 1

(n+1−r)!

⇔
n−r∑
l=0

(−1)l (n+1−r)!
(l+1)!(n−l−r)! = 1

⇔
n−r∑
l=0

(−1)lCl+1
n+1−r = 1

⇔
n+1−r∑
l=0

(−1)lCln+1−r = 0

⇔ [1 + (−1)]n+1−r = 0

½n14.2.2.
n∑
l=r

(−1)n−lCln+1C
r+1
l+1 = Cr+1

n+2 − δnr;n ≥ r ≥ 0

y²:
n∑
l=r

(−1)n−lCln+1C
r+1
l+1 = Cr+1

n+2, r < n

⇔
n−r∑
l=0

(−1)lCn−ln+1C
r+1
n+1−l = Cr+1

n+2

⇔
n−r∑
l=0

(−1)l n+1−l
(l+1)!(n−l−r)! = n+2

(n+1−r)!

⇔
n−r∑
l=0

(−1)l (n+1−l)(n+1−r)!
(l+1)!(n−l−r)! = n+ 2

⇔
n−r∑
l=0

(−1)l(n+ 1− l)Cl+1
n+1−r = n+ 2

⇔
n−r∑
l=0

(−1)l+1(l + 1)Cl+1
n+1−r = −(n+ 2)

n+1−r∑
l=0

(−1)lCln+1−r

⇔
n−r∑
l=0

(−1)l+1(l + 1)Cl+1
n+1−r = 0

⇔
n+1−r∑
l=1

(−1)llCln+1−r = 0

⇔ (n+ 1− r)
n+1−r∑
l=1

(−1)lCl−1
n−r = 0
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⇔
n−r∑
l=0

(−1)lCln−r = 0

⇔ [1 + (−1)]n−r = 0

y²:
n∑
l=r

(−1)n−lCln+1C
r+1
l+1 = Cnn+1, r = n⇔

n∑
l=r

(−1)n−lCln+1C
r+1
l+1 = Cr+1

n+2 − 1, r = n

íØ14.2.1.
n∑

l=2k

(−1)n−lCln+1C
2k
l = C2k

n+1,
n∑

l=2k+1

(−1)n−lCln+1C
2k+1
l = C2k+1

n+1

n∑
l=2k

(−1)n−lCln+1C
2k+1
l+1 = C2k+1

n+2 − δn,2k,
n∑

l=2k+1

(−1)n−lcln+1C
2(k+1)
l+1 = C

2(k+1)
n+2 − δn,2k+1

íØ14.2.2.
n−r∑
l=0

(−1)n−r−lCl+rn+1C
r
l+r = Crn+1,

n−r∑
l=0

(−1)n−r−lCl+rn+1C
r+1
l+r+1 = Cr+1

n+2 − δnr
n∑
l=0

(−1)n−lCl+rn+1+rC
r
l+r = Crn+1+r,

n∑
l=0

(−1)n−lCl+rn+1+rC
r+1
l+r+1 = Cr+1

n+1+r+1 − δn+r,r

15 C l{x1,··,xn}�êÆ©Û

15.1 C l
{x1,··,xn}�½Â

½Â15.1.1. Cl{x1,x2,··· ,xn} :=U|Ü5ÆÀÑl�x�¦§¿r¤k¦È��Ü\å5, C0
{x1,x2,··· ,xn} := 1

15.2 C l
{x1,··,xn}�Ä�5�

5�15.2.1.

C0
{x1,··,xn} = 1

Cn{x1,··,xn} = Cn{x1,··,xn}

5�15.2.2.

C1
{x1,··,xn} = C1

{x1,··,xn}

Cn−1
{x1,··,xn} = Cn{x1,··,xn}C

1
{x−1

1 ,··,x−1
n }

5�15.2.3.

2!C2
{x1,··,xn} = (C1

{x1,··,xn})
2 − C1

{x2
1,··,x2

n}

2!Cn−2
{x1,··,xn} = Cn{x1,··,xn}[(C

1
{x−1

1 ,··,x−1
n }

)2 − C1
{x−2

1 ,··,x−2
n }

]

5�15.2.4.

3!C3
{x1,··,xn} = (C1

{x1,··,xn})
3 − 3C1

{x1,··,xn}C
1
{x2

1,··,x2
n}

+ 2C1
{x3

1,··,x3
n}

3!Cn−3
{x1,··,xn} = Cn{x1,··,xn}[(C

1
{x−1

1 ,··,x−1
n }

)3 − 3C1
{x−1

1 ,··,x−1
n }

C1
{x−2

1 ,··,x−2
n }

+ 2C1
{x−3

1 ,··,x−3
n }

]

5�15.2.5. 4!C4
{x1,··,xn} = (C1

{x1,··,xn})
4−6C1

{x2
1,··,x2

n}
(C1
{x1,··,xn})

2+3(C1
{x2

1,··,x2
n}

)2+8C1
{x3

1,··,x3
n}
C1
{x1,··,xn}−6C1

{x4
1,··,x4

n}

5�15.2.6. 5!C5
{x1,··,xn} = (C1

{x1,··,xn})
5 − 10C1

{x2
1,··,x2

n}
(C1
{x1,··,xn})

3 + 15(C1
{x2

1,··,x2
n}

)2(C1
{x1,··,xn})

+ 20C1
{x3

1,··,x3
n}

(C1
{x1,··,xn})

2 − 20C1
{x3

1,··,x3
n}

(C1
{x2

1,··,x2
n}

)− 30C1
{x4

1,··,x4
n}

(C1
{x1,··,xn}) + 24C1

{x5
1,··,x5

n}

5�15.2.7. < 1l, 0n−l >≡ 1
Cln
Cl{a1,··,an}, a

2
i := 1

15.3 C l
{x1,··,xn}�4í5�

5�15.3.1.

C1
{x1,··,xn} =

n∑
k=1

xkC
0
{xk+1,··,xn} =

n∑
k=1

C0
{x1,··,xk−1}xk

C2
{x1,··,xn} =

n−1∑
k=1

xkC
1
{xk+1,··,xn} =

n∑
k=2

C1
{x1,··,xk−1}xk

C3
{x1,··,xn} =

n−2∑
k=1

xkC
2
{xk+1,··,xn} =

n∑
k=3

C2
{x1,··,xk−1}xk · · ·

Cl{x1,··,xn} =
n−l+1∑
k=1

xkC
l−1
{xk+1,··,xn} =

n∑
k=l

Cl−1
{x1,··,xk−1}xk · · ·

Cn{x1,··,xn} =
1∑
k=1

xkC
n−1
{xk+1,··,xn} =

n∑
k=n

Cn−1
{x1,··,xk−1}xk
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y²: C3
{x1,··,xn}

= 1
2
x1[(C1

{x2,··,xn})
2 − C1

{x2
2,··,x2

n}
] + 1

2
x2[(C1

{x3,··,xn})
2 − C1

{x2
3,··,x2

n}
]

+ 1
2
x3[(C1

{x4,··,xn})
2 − C1

{x2
4,··,x2

n}
] + · · ·+ 1

2
xn−2[(C1

{xn−1,xn})
2 − C1

{x2
n−1,x

2
n}

]

= x1C
2
{x2,··,xn} + x2C

2
{x3,··,xn} + x3C

2
{x4,··,xn} + · · ·+ xn−2C

2
{xn−1,xn}

=
n−2∑
k=1

xkC
2
{xk+1,··,xn} =

n∑
k=3

C2
{x1,··,xk−1}xk

5�15.3.2. C3
{x1,··,xn} = 1

2

n−2∑
k=1

xk[(C
1
{x1,··,xn} − C

1
{x1,··,xk})

2 − (C1
{x2

1,··,x2
n}
− C1

{x2
1,··,x2

k}
)]

15.4 Ck
{x1,··,xn}�"Ö5�

5�15.4.1. Ck{x1,··,xi··,xn} = Ck{x1,··,xi··,xn} + xiC
k−1
{x1,··,xi··,xn}

5�15.4.2. C2
{(k+1)2,··,n2} = 1

2
[(C1
{12,··,n2} − C1

{12,··,k2})
2 − (C1

{14,··,n4} − C1
{14,··,k4})]

15.5 Ck
{x1,x2,··· ,xn}�©)5�

5�15.5.1. Ck{x1,x2,··· ,xn} = C1
{x1}C

k−1
{x2,··· ,xn} + C0

{x1}C
k
{x2,··· ,xn}

5�15.5.2. Ck{x1,x2,··· ,xn} = C2
{x1,x2}C

k−2
{x3,··· ,xn} + C1

{x1,x2}C
k−1
{x3,··· ,xn}) + C0

{x1,x2}C
k
{x3,··· ,xn}

5�15.5.3. Ck{x1,x2,··· ,xn} =
l∑
i=0

Ci{x1,x2,··· ,xl}C
k−i
{xl+1,··· ,xn}

5�15.5.4. Ci0{x1,x2,··· ,xl0}
=

l1∑
i1=0

l2∑
i2=0

Ci2{x1,x2,··· ,xl2}
Ci1−i2{xl2+1,··· ,xl1}

Ci0−i1{xl1+1,··· ,xl0}

5�15.5.5. Ci0{x1,x2,··· ,xl0}
=

l1∑
i1=0

l2∑
i2=0

· · ·
l3∑
i3=0

Ci3{x1,x2,··· ,xl3}
Ci2−i3{xl3+1,x2,··· ,xl2}

Ci1−i2{xl2+1,··· ,xl1}
Ci0−i1{xl1+1,··· ,xl0}

5�15.5.6. Ci0{x1,x2,··· ,xl0}
=

l1∑
i1=0

l2∑
i2=0

· · ·
lr∑
ir=0

Cir{x1,x2,··· ,xlr}
· · ·Ci2−i3{xl3+1,x2,··· ,xl2}

Ci1−i2{xl2+1,··· ,xl1}
Ci0−i1{xl1+1,··· ,xl0}

15.6
n∏
k=1

(x− xk)�5�

íØ15.6.1.
n∏
k=1

(x− xk) ≡
n∑
k=0

(−1)n−kCn−k{x1,··,xn}x
k

íØ15.6.2.
n∑
k=0

(−1)n−kCn−k{x1,··,xn}x
k
i ≡ 0; i = 1, ··, n

íØ15.6.3.
n∑
k=0

(−1)n−kCn−k{x1,··,xn}kx
k−1
i ≡

n∏
k=1( 6=i)

(xi − xk)

íØ15.6.4.
n∑
k=0

(−1)n−kCn−k{x1,··,xn}k(k − 1)xk−2
i ≡ 2[

n∑
j=1(6=i)

(xi − xj)−1][
n∏

k=1(6=i)
(xi − xk)]

16 g,ên�gëYÚ

16.1 Ëã|êBk

5�16.1.1.
n∑
k=1

kp = 1
p+1

p∑
k=0

(−1)kCkp+1Bkn
p+1−k, Bk = δk0 − 1

k+1

k−1∑
j=0

Cjk+1Bj ,
z

ez−1
=
∞∑
k=0

Bk
zk

k!

B0 = 1, B1 = − 1
2
, B2 = 1

6
, B4 = − 1

30
, B6 = 1

42
, B8 = − 1

30
, B10 = 5

66
, B2k+1 = 0(k ≥ 1)
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16.2 g,ê�«ëYÚ

5�16.2.1.

n∑
k=1

k0 = 1
1
n1

n∑
k=1

k1 = 1
2
n2 + 1

2
n1 = 1

2
n(n+ 1) = C2

n+1

n∑
k=1

k2 = 1
3
n3 + 1

2
n2 + 1

6
n = 1

6
n(n+ 1)(2n+ 1) = 1

4
C3

2n+2

n∑
k=1

k3 = 1
4
n4 + 1

2
n3 + 1

4
n2

n∑
k=1

k4 = 1
5
n5 + 1

2
n4 + 1

3
n3 − 1

30
n = 1

20
C3

2n+2(3n2 + 3n− 1)

n∑
k=1

k5 = 1
6
n6 + 1

2
n5 + 5

12
n4 − 1

12
n2



n∑
k=1

k6 = 1
7
n7 + 1

2
n6 + 1

2
n5 − 1

6
n3 + 1

42
n

n∑
k=1

k7 = 1
8
n8 + 1

2
n7 + 7

12
n6 − 7

24
n4 + 1

12
n2

n∑
k=1

k8 = 1
9
n9 + 1

2
n8 + 2

3
n7 − 7

15
n5 + 2

9
n3 − 1

30
n

n∑
k=1

k9 = 1
10
n10 + 1

2
n9 + 3

4
n8 − 7

10
n6 + 1

2
n4 − 3

20
n2

n∑
k=1

k10 = 1
11
n11 + 1

2
n10 + 5

6
n9 − n7 + n5 − 1

2
n3 + 5

66
n

n∑
k=1

kp = 1
p+1

kp+1 +
p∑
k=1

Ck−1
p

(−1)kBk
k

np+1−k

y²:
n∑
k=0

k8 = 1
9

8∑
k=0

(−1)kCk9Bkn
9−k

= 1
9
(C0

9B0n
9 − C1

9B1n
8 + C2

9B2n
7 + C4

9B4n
5 + C6

9B6n
3 + C8

9B8n
1)

= 1
9
(C0

9n
9 + 1

2
C1

9n
8 + 1

6
C2

9n
7 − 1

30
C4

9n
5 + 1

42
C6

9n
3 − 1

30
C8

9n
1)

= 1
9
(n9 + 9

2
n8 + 6n7 − 21

5
n5 + 2n3 − 3

10
n1)

= 1
90
n(10n8 + 45n7 + 60n6 − 42n4 + 20n2 − 3)

= 1
90
n(n+ 1)[10n7 + 35n6 + 25n4(n− 1)− 17n2(n− 1) + 3(n− 1)]

= 1
90
n(n+ 1)(2n+ 1)(5n6 + 15n5 + 5n4 − 15n3 − n2 + 9n− 3)

= 1
9
n9 + 1

2
n8 + 2

3
n7 − 7

15
n5 + 2

9
n3 − 1

30
n

16.3 g,ê�«ëYmäÚ

íØ16.3.1.
2 + 4 + · ·+2n = n(n+ 1) = 2C2

n+1

22 + 42 + · ·+(2n)2 = 2
3
n(n+ 1)(2n+ 1) = C3

2n+2

24 + 44 + · ·+(2n)4 = 8
15
n(n+ 1)(2n+ 1)(3n2 + 3n− 1) = 4

5
C3

2n+2(3n2 + 3n− 1)

íØ16.3.2.
2 + 4 + · ·+2n = n(n+ 1) = 2C2

n+1

22 + 42 + · ·+(2n)2 = 2
3
n(n+ 1)(2n+ 1) = C3

2n+2

24 + 44 + · ·+(2n)4 = 8
15
n(n+ 1)(2n+ 1)(3n2 + 3n− 1) = 4

5
C3

2n+2(3n2 + 3n− 1)

íØ16.3.3.
1 + 3 + · ·+(2n− 1) = n2

12 + 32 + · ·+(2n− 1)2 = 1
3
n(2n− 1)(2n+ 1) = C3

2n+1

14 + 34 + · ·+(2n− 1)4 = 1
15
n(2n− 1)(2n+ 1)(12n2 − 7) = 1

5
C3

2n+1(12n2 − 7)

17 C l{12,22,··,n2}�êÆ©Û

17.1 C l
{12,22,··,n2}�¦)

5�17.1.1. C1
{12,22,··,n2} = 1

4
C3

2n+2

5�17.1.2. C2
{12,22,··,n2} = 1

4!
C5

2n+2(5n+ 6)

y²: 2C2
{12,··,n2}

= (C1
{12,··,n2})

2 − C1
{14,··,n4}

= 1
16

(C3
2n+2)2 − 1

20
C3

2n+2(3n2 + 3n− 1)

= 1
16

(C3
2n+2)2 − 1

20
C3

2n+2(6C2
n+1 − 1)
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Ún17.1.1. C3
{12,··,n2} =

n∑
k=3

C2
{12,··,(k−1)2}k

2 =
n∑
k=3

1
4!
C5

2k(5k + 1)k2

½n17.1.1. C3
{12,22,··,n2} = 1

144
C7

2n+2(35n2 + 91n+ 60)

y²: C3
{12,22,··,(n+1)2} =

n+1∑
k=3

1
4!
C5

2k(5k + 1)k2

= 1
4!5!

n+1∑
k=3

2k(2k − 1)(2k − 2)(2k − 3)(2k − 4)(5k + 1)k2

= 1
4!5!

n∑
k=2

(2k + 2)(2k + 1)(2k)(2k − 1)(2k − 2)(5k + 6)(k + 1)2

= 1
5!3

n∑
k=2

(k + 1)(2k + 1)k(2k − 1)(k − 1)(5k + 6)(k + 1)2

= 1
5!3

n∑
k=2

k(4k2 − 1)(k2 − 1)(5k + 6)(k + 1)2

= 1
5!3

n∑
k=2

k(4k4 − 5k2 + 1)(5k + 6)(k + 1)2

= 1
5!3

n∑
k=2

k[(20k5 − 25k3 + 5k) + (24k4 − 30k2 + 6)](k + 1)2

= 1
5!3

n∑
k=2

(20k5 + 24k4 − 25k3 − 30k2 + 5k + 6)(k3 + 2k2 + k)

= 1
5!3

n∑
k=2

[(20k8 + 24k7 − 25k6 − 30k5 + 5k4 + 6k3)

+ (40k7 + 48k6 − 50k5 − 60k4 + 10k3 + 12k2)

+ (20k6 + 24k5 − 25k4 − 30k3 + 5k2 + 6k)

= 1
5!3

n∑
k=2

(20k8 + 64k7 + 43k6 − 56k5 − 80k4 − 14k3 + 17k2 + 6k)

= 1
5!3

n∑
k=1

(20k8 + 64k7 + 43k6 − 56k5 − 80k4 − 14k3 + 17k2 + 6k)

= 1
5!3

n∑
k=1

(20k8 + 64k7 + 43k6 − 56k5 − 80k4 − 14k3 + 17k2 + 6k)

= 1
5!3

[+20( 1
9
n9 + 1

2
n8 + 2

3
n7 − 7

15
n5 + 2

9
n3 − 1

30
n)

+ 64( 1
8
n8 + 1

2
n7 + 7

12
n6 − 7

24
n4 + 1

12
n2)

+ 43( 1
7
n7 + 1

2
n6 + 1

2
n5 − 1

6
n3 + 1

42
n)

− 56( 1
6
n6 + 1

2
n5 + 5

12
n4 − 1

12
n2)

− 80( 1
5
n5 + 1

2
n4 + 1

3
n3 − 1

30
n)

− 14( 1
4
n4 + 1

2
n3 + 1

4
n2)

+ 17( 1
3
n3 + 1

2
n2 + 1

6
n)

+ 6( 1
2
n2 + 1

2
n1)]

= 1
5!3

[ 20
9
n9 + 18n8 + 1081

21
n7 + 99

2
n6 − 191

6
n5 − 171

2
n4 − 553

18
n3 + 18n2 + 62

7
n]

= 1
5!378

n(280n8 + 2268n7 + 6486n6 + 6237n5 − 4011n4 − 10773n3 − 3871n2 + 2268n+ 1116)

= 1
5!378

n[280n6(n2 − 1) + 2268n5(n2 − 1) + 6766n4(n2 − 1) + 8505n3(n2 − 1) + 2755n2(n2 − 1)− 2268n(n2 − 1)

− 1116(n2 − 1)]

= 1
5!378

n(n2 − 1)(280n6 + 2268n5 + 6766n4 + 8505n3 + 2755n2 − 2268n− 1116)

= 1
5!378

n(n2 − 1)[280n4(n2 − 1
4
) + 2268n3(n2 − 1

4
) + 6836n2(n2 − 1

4
) + 9072n(n2 − 1

4
) + 4464(n2 − 1

4
)]

= 1
5!378

n(n2 − 1)(n2 − 1
4
)(280n4 + 2268n3 + 6836n2 + 9072n+ 4464)

= 1
5!378

n(n2 − 1)(n2 − 1
4
)[280n3(n+ 2) + 1708n2(n+ 2) + 3420n(n+ 2) + 2232(n+ 2)]

= 1
5!378

n(n2 − 1)(n2 − 1
4
)(n+ 2)(280n3 + 1708n2 + 3420n+ 2232)

= 1
5!378

n(n2 − 1)(n2 − 1
4
)(n+ 2)[280n2(n+ 3

2
) + 1288n(n+ 3

2
) + 1488(n+ 3

2
)]

= 1
5!378

n(n2 − 1)(n2 − 1
4
)(n+ 2)(n+ 3

2
)(280n2 + 1288n+ 1488)

= 8
5!378

n(n2 − 1)(n2 − 1
4
)(n+ 2)(n+ 3

2
)(35n2 + 161n+ 186)
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= 1
5!378(16)

(2n− 2)(2n− 1)2n(2n+ 1)(2n+ 2)(2n+ 3)(2n+ 4)(35n2 + 161n+ 186)

íØ17.1.1. Cn{12,22,··,n2} = (n!)2

17.2 C l
{22,42,··,(2n)2}�¦)

íØ17.2.1. C0
{22,42,··,(2n)2} = 1

íØ17.2.2. C1
{22,42,··,(2n)2} = C3

2n+2

íØ17.2.3. C2
{22,42,··,(2n)2} = 1

3
C5

2n+2(10n+ 12)

íØ17.2.4. C3
{22,42··,(2n)2} = 1

9
C7

2n+2(140n2 + 364n+ 240)

íØ17.2.5. Cn{22,42,··,(2n)2} = [(2n)!!]2 = 22n(n!)2

17.3 C l
{12,32,··,(2n−1)2}�¦)

íØ17.3.1. C0
{12,32··,(2n−1)2} = 1

íØ17.3.2. C1
{12,32··,(2n−1)2} = C3

2n+1

½n17.3.1. C2
{12,32··,(2n−1)2} = 1

3
C5

2n+1(10n+ 7)

y²: C2
{12,32··,(2n−1)2}

= 1
2
{[C1
{12,32··,(2n−1)2}]

2 − C1
{14,34··,(2n−1)4}}

= 1
2
[(C3

2n+1)2 − 1
5
C3

2n+1(12n2 − 7)]

= 1
3
C5

2n+1[5(2n+ 1) + 2]

½n17.3.2. C3
{12,32··,(2n−1)2} = 1

9
C7

2n+1(140n2 + 224n+ 93)

y²: C3
{12,32··,(2n−1)2}

=
n∑
k=3

C2
{12,32··,(2k−3)2}(2k − 1)2

=
n∑
k=3

1
3
C5

2k−1(10k − 3)(2k − 1)2

=
n∑
k=3

( 1
5!3

(2k − 1)3(2k − 2)(2k − 3)(2k − 4)(2k − 5)(10k − 3))

= 8
9
C7

2n+1(17.5n2 + 28n+ 11.625)

= 1
9
C7

2n+1(140n2 + 224n+ 93)

íØ17.3.3. Cn{12,32··,(2n−1)2} = [(2n− 1)!!]2

17.4 �«Ä�5��(

5�17.4.1. C0
{12,32··,(2n−1)2} = 1, C0

{22,42,··,(2n)2} = 1, C0
{12,22,··,n2} = 1

5�17.4.2. C1
{12,32··,(2n−1)2} = C3

2n+1, C
1
{22,42,··,(2n)2} = C3

2n+2, C
1
{12,22,··,n2} = 1

4
C3

2n+2

5�17.4.3. C2
{12,22,··,n2} = 1

4!
C5

2n+2(5n+ 6), C3
{12,22,··,n2} = 1

144
C7

2n+2(35n2 + 91n+ 60)

5�17.4.4. C2
{12,32··,(2n−1)2} = 1

3
C5

2n+1[5(2n+ 1) + 2], C2
{22,42,··,(2n)2} = 1

3
C5

2n+2[5(2n+ 2) + 2]

5�17.4.5. C3
{12,32··,(2n−1)2} = 1

9
C7

2n+1(140n2 + 224n+ 93), C3
{22,42··,(2n)2} = 1

9
C7

2n+2(140n2 + 364n+ 240)

5�17.4.6. Cn{12,32··,(2n−1)2} = [(2n− 1)!!]2, Cn{22,42,··,(2n)2} = [(2n)!!]2 = 22n(n!)2, Cn{12,22,··,n2} = (n!)2

5�17.4.7. Cn−k{12,32··,(2n−1)2} = Ck{1−2,3−2··,(2n−1)−2}C
n
{12,32··,(2n−1)2}

5�17.4.8. Cn−k{22,42,··,(2n)2} = Ck{2−2,4−2,··,(2n)−2}C
n
{22,42,··,(2n)2}

5�17.4.9. Cn−k{12,22··,n2} = Ck{1−2,2−2··,n−2}C
n
{12,22··,n2}

5�17.4.10. Ck{22,42,··,(2n)2} = 4kCk{12,22,··,n2}
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17.5 C l
{12,22,··,n2}�ß�(dÛÜ���Ü)

ß�17.5.1. Cl{12,22,··,n2} = C2l+1
2n+2[

l−1∑
k=0

ak(l)n
k]

Ún17.5.1. (l+0)0 (l+0)1 ·· (l+0)l−2 (l+0)l−1

(l+1)0 (l+1)1 ·· (l+1)l−2 (l+1)l−1

·· ·· ·· ·· ··
(2l−2)0 (2l−2)1 ·· (2l−2)l−2 (2l−2)l−1

(2l−1)0 (2l−1)1 ·· (2l−1)l−2 (2l−1)l−1


−1

ij

=
Cl−1−i
{l,··(l+j)··,2l−1}

Cjl−1

(−1)i+j(l−1)!
; i, j = 0, 1, ··, l − 1

íØ17.5.1.

 (l+0)0 (l+0)1 ·· (l+0)l−2 (l+0)l−1

(l+1)0 (l+1)1 ·· (l+1)l−2 (l+1)l−1

·· ·· ·· ·· ··
(2l−2)0 (2l−2)1 ·· (2l−2)l−2 (2l−2)l−1

(2l−1)0 (2l−1)1 ·· (2l−1)l−2 (2l−1)l−1


 a0(l)

a1(l)
··

al−2(l)
al−1(l)

 =



Cl{12,··,(l+0)2}

C2l+1
2l+2

Cl{12,··,(l+1)2}

C2l+1
2l+4
··

Cl{12,··,(2l−2)2}

C2l+1
4l−2

Cl{12,··,(2l−1)2}

C2l+1
4l


íØ17.5.2.

 a0(l)
a1(l)
··

al−2(l)
al−1(l)

 =

 (l+0)0 (l+0)1 ·· (l+0)l−2 (l+0)l−1

(l+1)0 (l+1)1 ·· (l+1)l−2 (l+1)l−1

·· ·· ·· ·· ··
(2l−2)0 (2l−2)1 ·· (2l−2)l−2 (2l−2)l−1

(2l−1)0 (2l−1)1 ·· (2l−1)l−2 (2l−1)l−1


−1



Cl{12,··,(l+0)2}

C2l+1
2l+2

Cl{12,··,(l+1)2}

C2l+1
2l+4
··

Cl{12,··,(2l−2)2}

C2l+1
4l−2

Cl{12,··,(2l−1)2}

C2l+1
4l


17.6 C l

{12,32,··,(2n−1)2}�ß�(dÛÜ���Ü)

ß�17.6.1. Cl{12,32,··,(2n−1)2} = C2l+1
2n+1[

l−1∑
k=0

bk(l)n
k]

íØ17.6.1.

 (l+0)0 (l+0)1 ·· (l+0)l−2 (l+0)l−1

(l+1)0 (l+1)1 ·· (l+1)l−2 (l+1)l−1

·· ·· ·· ·· ··
(2l−2)0 (2l−2)1 ·· (2l−2)l−2 (2l−2)l−1

(2l−1)0 (2l−1)1 ·· (2l−1)l−2 (2l−1)l−1


 b0(l)

b1(l)
··

bl−2(l)
bl−1(l)

 =



{12,32,··,(2l−1)2}
C2l+1

2l+1

{12,32,··,(2l+1)2}
C2l+1

2l+3
··

{12,32,··,(4l−5)2}
C2l+1

4l−3

Cl{12,··,(4l−3)2}

C2l+1
4l−1


íØ17.6.2.

 b0(l)
b1(l)
··

bl−2(l)
bl−1(l)

 =

 (l+0)0 (l+0)1 ·· (l+0)l−2 (l+0)l−1

(l+1)0 (l+1)1 ·· (l+1)l−2 (l+1)l−1

·· ·· ·· ·· ··
(2l−2)0 (2l−2)1 ·· (2l−2)l−2 (2l−2)l−1

(2l−1)0 (2l−1)1 ·· (2l−1)l−2 (2l−1)l−1


−1



{12,32,··,(2l−1)2}
C2l+1

2l+1

{12,32,··,(2l+1)2}
C2l+1

2l+3
··

{12,32,··,(4l−5)2}
C2l+1

4l−3

Cl{12,··,(4l−3)2}

C2l+1
4l−1


18 C l{1,2,··,n}�êÆ©Û

18.1 C l
{1,2,··,n}�¦)

5�18.1.1. C1
{1,2,··,n} = C2

n+1

5�18.1.2. C2
{1,2,··,n} = 1

4
C3
n+1(3n+ 2)
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y²: C2
{1,2,··,n}

= 1
2
[(C1
{1,2,··,n})

2 − C1
{12,22··,n2}]

= 1
2
[(C2

n+1)2 − 1
4
C3

2n+2]

= 1
4
C3
n+1(3n+ 2)

5�18.1.3. C3
{1,2,··,n} = C4

n+1C
2
n+1

y²: C3
{1,2,··,n} =

n∑
k=3

C2
{1,··,k−1}k

=
n∑
k=3

1
4
C3
k(3k − 1)k

= 1
24

n∑
k=3

(3k − 1)k2(k − 1)(k − 2)

= 1
48

(n− 2)(n− 1)n2(n+ 1)2

= 1
2
C4
n+1(n2 + n) = C4

n+1C
2
n+1

5�18.1.4. C4
{1,2,··,n} = 1

48
C5
n+1(15n3 + 15n2 − 10n− 8)

y²: C4
{1,2,··,n} =

n∑
k=4

C3
{1,··,k−1}k =

n∑
k=4

1
2
C4
k(k2 − k)k

= 1
48

n∑
k=4

(k2 − k)k2(k − 1)(k − 2)(k − 3)

= 1
5!48

(n− 3)(n− 2)(n− 1)n(n+ 1)(15n3 + 15n2 − 10n− 8)

= 1
48
C5
n+1(15n3 + 15n2 − 10n− 8)

5�18.1.5. C5
{1,2,··,n} = 1

8
C6
n+1C

2
n+1(3n2 − n− 6)

y²: C5
{1,2,··,n} =

n∑
k=5

C4
{1,··,k−1}k

=
n∑
k=5

1
48
C5
k(15(k − 1)3 + 15(k − 1)2 − 10(k − 1)− 8)k

= 1
5!48

n∑
k=5

(15(k − 1)3 + 15(k − 1)2 − 10(k − 1)− 8)k2(k − 1)(k − 2)(k − 3)(k − 4)

= 1
6!16

(n− 4)(n− 3)(n− 2)(n− 1)n2(n+ 1)2(3n2 − n− 6)

= 1
16
C6
n+1n(n+ 1)(3n2 − n− 6)

= 1
8
C6
n+1C

2
n+1(3n2 − n− 6)

5�18.1.6. C6
{1,2,··,n} = 1

576
C7
n+1(63n5 − 315n3 − 224n2 + 140n+ 96)

y²: C6
{1,2,··,n} =

n∑
k=6

C5
{1,··,k−1}k

=
n∑
k=6

1
8
C6
kC

2
k(3(k − 1)2 − (k − 1)− 6)k

= 1
6!16

n∑
k=6

(k − 5)(k − 4)(k − 3)(k − 2)(k − 1)2(k)2(3(k − 1)2 − (k − 1)− 6)k

= 1
7!576

(n− 5)(n− 4)(n− 3)(n− 2)(n− 1)n(n+ 1)(63n5 − 315n3 − 224n2 + 140n+ 96)

= 1
576
C7
n+1(63n5 − 315n3 − 224n2 + 140n+ 96)

18.2 C l
{−s,··,s}�5�

5�18.2.1. Cl{−n,··,0,··,n} = Cl{−n,··,0,··,n}, C
l
{−n,··,0,··,n} = (−1)lCl{−n,··,0,··,n}; 0 ≤ l ≤ 2n+ 1

5�18.2.2. C0
{−s,··,s} = 1, C2k+1

{−s,··,s} = 0; 0 ≤ k ≤ [s]

5�18.2.3. 2!C2
{−s,··,s} = −C1

{(−s)2,··,s2} = −2C1
{(1/2|1)2,··,s2}

5�18.2.4. 4!C4
{−s,··,s} = 3(C1

{(−s)2,··,s2})
2 − 6C1

{(−s)4,··,s4} = 12(C1
{(1/2|1)2,··,s2})

2 − 12C1
{(1/2|1)4,··,s4}
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18.3 C l
{−s,··,s}�¦)

5�18.3.1. Cl{−s,··,s} = (−1)lCl{−s,··,s}, C
2k+1
{−s,··,s} = 0; 0 ≤ l ≤ 2s+ 1, 0 ≤ k ≤ [s]

5�18.3.2. C1
{−s,··,s} = 0, C1

{(−s)2,(1−s)2,··,(s−1)2,s2} = 1
2
C3

2s+2

5�18.3.3. C1
{−s,··,h,··,s} = −h,C1

{(−s)2,(1−s)2,··,h2,··,(s−1)2,s2}
= 1

2
C3

2s+2 − h2

5�18.3.4. C2
{−s,··,s} = − 1

4
C3

2s+2

y²: C2
{−s,··,s}

= 1
2
[(C1
{−s,··,s})

2 − C1
{(−s)2,(1−s)2,··,(s−1)2,s2}]

= − 1
2
C1
{(−s)2,(1−s)2,··,(s−1)2,s2}

= − 1
4
C3

2s+2

5�18.3.5. C2
{−s,··,h,··,s} = h2 − 1

4
C3

2s+2

y²: C2
{−s,··,h,··,s}

= 1
2
[(C1
{−s,··,h,··,s})

2 − C1
{(−s)2,(1−s)2,··,h2,··,(s−1)2,s2}

]

= h2 − 1
2
C1
{(−s)2,(1−s)2,··,(s−1)2,s2}

= h2 − 1
4
C3

2s+2

íØ18.3.1. Cl{x1,··,xn} =
n−l+1∑
k=1

xkC
l−1
{xk+1,··,xn} =

n∑
k=l

Cl−1
{x1,··,xk−1}xk

⇒ Cl{xs,··,x−s} =
s−l+1∑
h=−s

xhC
l−1
{xh+1,··,xs} =

s∑
h=l−s−1

Cl−1
{x−s,··,xh−1}xh

⇒ Cl{s,s−1,··,1−s,−s} =
s−l+1∑
h=−s

hCl−1
{h+1,··,s} =

s∑
h=l−s−1

Cl−1
{−s,··,h−1}h

5�18.3.6. C1
{−s,··,h−1} = − (s+h)(s−h+1)

2

y²: C1
{−s,··,h−1}

= −(s+ h)(s+ 1) + (s+h)(s+h+1)
2

= − (s+h)(s−h+1)
2

Ún18.3.1. Cl{−s,··,−h,··,s} ≡ (−1)lCl{−s,··,h,··,s}, C
2k−1

{−s,··h··,s} + hC2k−2

{−s,··h··,s} = C2k−1
{−s,··,s} = 0

5�18.3.7. C1
{(−s)2,··,(h−1)2} = [ 1

6
(s+ h+ 1)(2s+ 2h+ 1)− (s+ 1)h](s+ h)

y²: C1
{(−s)2,··,(h−1)2}

=
h−1∑
h′=−s

h′2 =
s+h∑
k=1

(k − s− 1)2 =
s+h∑
k=1

[k2 + (s+ 1)2 − 2(s+ 1)k]

= 1
6
(s+ h)(s+ h+ 1)(2s+ 2h+ 1) + (s+ 1)2(s+ h)− (s+ 1)(s+ h)(s+ h+ 1)

= [ 1
6
(s+ h+ 1)(2s+ 2h+ 1)− (s+ 1)h](s+ h)

5�18.3.8. C2
{−s,··,h−1} = 1

4!
{3(s+ h)4 − (12s+ 10)(s+ h)3 + (12s2 + 24s+ 9)(s+ h)2 − (12s2 + 12s+ 2)(s+ h)}

y²: C2
{−s,··,h−1}

= 1
2
[(C1
{−s,··,h−1})

2 − C1
{(−s)2,··,(h−1)2}]

= 1
2
[(− (s+h)(s−h+1)

2
)2 − [ 1

6
(s+ h+ 1)(2s+ 2h+ 1)− (s+ 1)h](s+ h)]

= 1
24

(s+ h)[3(s+ h)(s− h+ 1)2 − (2s+ 2h+ 2)(2s+ 2h+ 1) + 12(s+ 1)h]

= 1
24

(s+ h)[3(s+ h)(s+ h− 2s− 1)2 − 4(s+ h)2 − 6(s+ h)− 2 + 12(s+ 1)(s+ h)− 12s(s+ 1)]

= 1
24

(s+ h){(s+ h)[3(s+ h− 2s− 1)2 − 4(s+ h)− 6 + 12(s+ 1)]− 12s(s+ 1)− 2}
= 1

24
(s+ h){(s+ h)[3(s+ h)2 − (s+ h)(12s+ 10) + 3(4s2 + 8s+ 3)]− 12s(s+ 1)− 2}

= 1
24

(s+ h){(s+ h)[(s+ h)[3(s+ h)− (12s+ 10)] + 3(4s2 + 8s+ 3)]− 12s(s+ 1)− 2}
= 1

4!
{3(s+ h)4 − (12s+ 10)(s+ h)3 + (12s2 + 24s+ 9)(s+ h)2 − (12s2 + 12s+ 2)(s+ h)}
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5�18.3.9. C3
{−s,··,s} = 0

y²: C3
{−s,··,s} =

s−2∑
h=−s

hC2
{h+1,··,s} =

s∑
h=2−s

C2
{−s,··,h−1}h

=
s∑

h=2−s

1
4!
{3(s+ h)4 − (12s+ 10)(s+ h)3 + (12s2 + 24s+ 9)(s+ h)2 − (12s2 + 12s+ 2)(s+ h)}h

=
2s∑
k=2

1
4!
{3(k)4 − (12s+ 10)(k)3 + (12s2 + 24s+ 9)(k)2 − (12s2 + 12s+ 2)(k)}(k − s) = 0

19 �«Ï�úª�Ñ�ð�ª(®�î�y²)

19.1 m(s, n;n− 2l)�Ñ�ð�ª

íØ19.1.1. m(s, n;n− 2[n/2] + 2i) = 2n−2[n/2]+2i

2n
1
2s

(2sC
n−2[n/2]+2i
n − Cn−2[n/2]+2i−1

n )

≡ 1
2s

[n/2]∑
j=0

(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)

(2s)!(k−j)!(s−j)n−2[n/2] [(2s− j)(s− j − 1/2)n − j(s− j + 1/2)n]

19.2 n(s, n;n− 2l)�Ñ�ð�ª

íØ19.2.1.
c(s, 2k; 2i) = (−1)i+k

k∑
l=0

2k∑
m=0

(−1)l+m2(s−l)Cm2kC
l−m
2s−2kC

k−i
{··(s−l)2··}

(2s−1−k−l)!

22k(2s)!(k−l)!

c(s, 2k + 1; 2i+ 1) = (−1)i+k
k∑
l=0

2k+1∑
m=0

(−1)l+m2Cm2k+1C
l−m
2s−2k−1C

k−i
{··(s−l)2··}

(2s−1−k−l)!

22k+1(2s)!(k−l)!

íØ19.2.2.
c(s, n; i) =

n∑
j=1

c(s− 1
2
, n− 1; j − 1)n(s, j; i), n ≥ 1

c(s, 0; 0) = 1, n(s, n; i < 0|i > n) := 0, c(s, n; i < 0|i > n) := 0

íØ19.2.3.

n(s, n;n− 2[n/2] + 2i) = 2n−2[n/2]+2i

2n
1
2s

(C
n−2[n/2]+2i−1
n−1 − 2sC

n−2[n/2]+2i
n−1 )

≡ 1
4s

[n/2]∑
j=0

(−1)k+i+jCj2sC
k−i
{s2,··,(s−j)2,··,(s−k)2}

(2s−k−1−j)!(2s−2j)

(2s)!(k−j)!(s−j)n−2[n/2] [(2s− j)(s− j − 1/2)n−1 − j(s− j + 1/2)n−1]

19.3 c(s, n;n)�Ñ�ð�ªA~

íØ19.3.1.
c(s, 2k; 2k) =

k∑
l=0

2(s−l)(2s−1−k−l)!
22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡

(2s−2k)!
(2s)!

, s > k

c(s, 2k + 1; 2k + 1) =
k∑
l=0

2(2s−1−k−l)!
22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡

(2s−2k−1)!
(2s)!

, s ≥ k

íØ19.3.2.
k∑
l=0

(s−l)(2s−1−k−l)!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡ 22k−1(2s− 2k)!

k∑
l=0

(2s−1−k−l)!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡ 22k(2s− 2k − 1)!

íØ19.3.3.
k∑
l=0

(s−l)[2(s−l)−(k−l)−1]!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡ 22k−1(2s− 2k)!

k∑
l=0

[2(s−l)−(k−l)−1]!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡ 22k(2s− 2k − 1)!

378



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 119Ù �|Üð�ª9Ùy²

19.4 c(s, n;n− 2)�Ñ�ð�ªA~

Ún19.4.1.

2s∑
k=1

k2 = 8
3
s(s+ 1

2
)(s+ 1

4
) = 1

4
C3

4s+2

[s]∑
k=1

(2k)2 = C3
2[s]+2,

[s+1/2]∑
k=1

(2k − 1)2 = C3
2[s+1/2]+1

C1
{s2,··,(s−l)2,··,(s−k)2}

= 1
4
C1
{(2s)2,··,(2s−2l)2,··,(2s−2k)2}

= 1
4
(C3

2s+2 − C3
2s−2k)

íØ19.4.1.
k∑
l=0

(s−l)3(2s−1−k−l)!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡ 22k−2(2s− 2k)![(C3

2k − sC2
2k) + 1

2
(C3

2s+2 − C3
2s−2k)]

k∑
l=0

(s−l)2(2s−1−k−l)!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡ 22k−1(2s− 2k − 1)![(C3

2k+1 − sC2
2k+1) + 1

2
(C3

2s+2 − C3
2s−2k)]

y²:
c(s, 2k; 2k − 2) = −

k∑
l=0

2(s−l)C1

{s2,··,(s−l)2,··,(s−k)2}
(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k

c(s, 2k + 1; 2k − 1) = −
k∑
l=0

2C1

{s2,··,(s−l)2,··,(s−k)2}
(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1

⇔
c(s, 2k; 2k − 2) = −

k∑
l=0

(s−l)[C3
2s+2−C

3
2s−2k−(2s−2l)2](2s−1−k−l)!

22k+1(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡

(2s−2k)!
(2s)!2

(C3
2k − sC2

2k)

c(s, 2k + 1; 2k − 1) = −
k∑
l=0

[C3
2s+2−C

3
2s−2k−(2s−2l)2](2s−1−k−l)!

22k+2(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡

(2s−2k−1)!
(2s)!2

(C3
2k+1 − sC2

2k+1)

⇔
k∑
l=0

(s−l)3(2s−1−k−l)!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡ 22k−2(2s− 2k)![(C3

2k − sC2
2k) + 1

2
(C3

2s+2 − C3
2s−2k)]

k∑
l=0

(s−l)2(2s−1−k−l)!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡ 22k−1(2s− 2k − 1)![(C3

2k+1 − sC2
2k+1) + 1

2
(C3

2s+2 − C3
2s−2k)]

íØ19.4.2.
k∑
l=0

(s−l)3[2(s−l)−(k−l)−1]!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k ≡ 22k−2(2s− 2k)![(C3

2k − sC2
2k) + 1

2
(C3

2s+2 − C3
2s−2k)]

k∑
l=0

(s−l)2[2(s−l)−(k−l)−1]!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 ≡ 22k−1(2s− 2k − 1)![(C3

2k+1 − sC2
2k+1) + 1

2
(C3

2s+2 − C3
2s−2k)]

19.5 c(s, n;n− 4)�Ñ�ð�ªA~

Ún19.5.1. c(s, n;n− 4) = (2s−n)!
(2s)!2

[2s(s− 1)C4
n + (−5s+ 3)C5

n + 5C6
n], n ≥ 0

íØ19.5.1. c(s, 2k; 2k − 4) =
k∑
l=0

2(s−l)C2

{s2,··,(s−l)2,··,(s−k)2}
(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k

≡ (2s−2k)!
(2s)!2

[2s(s− 1)C4
2k + (−5s+ 3)C5

2k + 5C6
2k]

íØ19.5.2. c(s, 2k + 1; 2k − 3) =
k∑
l=0

2C2

{s2,··,(s−l)2,··,(s−k)2}
(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1

≡ (2s−2k−1)!
(2s)!2

[2s(s− 1)C4
2k+1 + (−5s+ 3)C5

2k+1 + 5C6
2k+1]

19.6 c(s, n;n− 2l)�Ñ�ð�ª(5u1nÙ)

íØ19.6.1. Ck{s,s−1,··,1−s,−s} ≡
(2s)!

(−2)k

[k/2]∑
l=0

Ck−2l
2s 22lc(s, 2s− k + 2l; 2s− k)

20 �«Ï�úª�Ñð�ª��y

20.1 c(s, n;n− 2l)�Ñð�ª��y

íØ20.1.1.
c(s, 2k; 2k) = (−1)k+k

k∑
l=0

2(s−l)Ck−k
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k

c(s, 2k + 1; 2k + 1) = (−1)k+k
k∑
l=0

2Ck−k
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1
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íØ20.1.2.

c(s, 2k + 1; 2k + 1) = (−1)k+k
k∑
l=0

2Ck−k
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1

=
k∑
l=0

2(2s−1−k−l)!
22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1

=
1∑
l=0

2(2s−1−1−l)!
22+1(2s)!(1−l)!

2+1∑
h=0

(−1)l+hCh2+1C
l−h
2s−2−1

=
1∑
l=0

2(2s−2−l)!
23(2s)!

3∑
h=0

(−1)l+hCh3C
l−h
2s−3

= (2s−2)!
22(2s)!

3∑
h=0

(−1)hCh3C
−h
2s−3 + (2s−3)!

22(2s)!

3∑
h=0

(−1)1+hCh3C
1−h
2s−3

íØ20.1.3.

c(s, 2k; 2k) = (−1)k+k
k∑
l=0

2(s−l)Ck−k
{s2,··,(s−l)2,··,(s−k)2}

(2s−1−k−l)!

22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k

=
k∑
l=0

2(s−l)(2s−1−k−l)!
22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k

=
1∑
l=0

2(s−l)(2s−1−1−l)!
22(2s)!(1−l)!

2∑
h=0

(−1)l+hCh2C
l−h
2s−2

=
1∑
l=0

2(s−l)(2s−1−1−l)!
22(2s)!

2∑
h=0

(−1)l+hCh2C
l−h
2s−2

= 2s(2s−2)!
22(2s)!

2∑
h=0

(−1)hCh2C
−h
2s−2 + 2(s−1)(2s−3)!

22(2s)!

2∑
h=0

(−1)1+hCh2C
1−h
2s−2

íØ20.1.4.

c(s, 2k; 2k) =
k∑
l=0

2(s−l)(2s−1−k−l)!
22k(2s)!(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k = (2s−2k)!

(2s)!

c(s, 2k + 1; 2k + 1) =
k∑
l=0

2(2s−1−k−l)!
22k+1(2s)!(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 = (2s−2k−1)!

(2s)!

íØ20.1.5.

c(s, 2k; 2k) =
k∑
l=0

2(s−l)(2s−1−k−l)!
(k−l)!

2k∑
h=0

(−1)l+hCh2kC
l−h
2s−2k = 22k(2s− 2k)!

c(s, 2k + 1; 2k + 1) =
k∑
l=0

(2s−1−k−l)!
(k−l)!

2k+1∑
h=0

(−1)l+hCh2k+1C
l−h
2s−2k−1 = 22k(2s− 2k − 1)!

21 �«Û¹�ð�ª(Ônþ�±¦^§�êÆþE´ß�)

21.1 1�að�ª

·K21.1.1. Bi(n) = 1
(2n)!

2n∑
j=0

(−1)i+jC2n−i
{··n−j··}C

j
2n(n− j)2n+1 ≡ − 1

2
[1− (−1)2n−i](−1)[

i
2

]−n[C
n−[

i
2

]

{12,22,··,(n−1)2,n2}]

·K21.1.2.
B2k(n) = 1

(2n)!

2n∑
j=0

(−1)jC2n−2k

{n,··n−j··,−n}C
j
2n(n− j)2n+1 ≡ 0

B2k+1(n) = − 1
(2n)!

2n∑
j=0

(−1)jC2n−2k−1

{n,··n−j··,−n}C
j
2n(n− j)2n+1 ≡ −(−1)n−kCn−k{12,22,··,(n−1)2,n2}

·K21.1.3.
Cn−k{12,22,··,(n−1)2,n2} ≡

(−1)n−k

(2n)!

2n∑
j=0

(−1)jCj2nC
2n−2k−1

{n,··n−j··,−n}(n− j)
2n+1

Ck{12,22,··,(n−1)2,n2} ≡
(−1)k

(2n)!

2n∑
j=0

(−1)jCj2nC
2k−1

{n,··n−j··,−n}(n− j)
2n+1

·K21.1.4.
Ck{12,22,··,(n−1)2,n2} ≡

(−1)k

(2n)!

−n∑
h=n

(−1)n−hCn−h2n C2k−1

{n,··h··,−n}h
2n+1

Ck{22,42,··,(2n−2)2,(2n)2} ≡
(−4)k

(2n)!

−n∑
h=n

(−1)n−hCn−h2n C2k−1

{n,··h··,−n}h
2n+1
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íØ21.1.1. Xk(s) = (−1)2s+1

(2s)!

−s∑
h=s

(−1)s+hC2k−1

{··h··}C
s+h
2s h2s+1?⇒ Xk(s) = Xk(s− 1)− s2Xk−1(s− 1)

21.2 1�að�ªA~

íØ21.2.1. X1(s) =
[s−1/2]∑
j=0

2(−1)jCj2s(s−j)
2[s+3/2]

(2s)!(s−j)(2s)%2 ≡ (−1)2s

(2s)!

−s∑
h=s

(−1)s+hCs+h2s h2s+2? = 1
4
C3

2s+2

21.3 1�að�ª

·K21.3.1. Bi(s) = (−1)2s

(2s)!

2s∑
j=0

(−1)i+jC2s−i
{··s−j··}C

j
2s(s− j)2s+1 ≡ − 1

2
[1− (−1)2s−i](−1)[

i
2

]−[s+
1
2

][C
[s+

1
2

]−[
i
2

]

{(1/2|1)2,··,(s−1)2,s2}]

·K21.3.2.

Bi(n− 1
2
) = (−1)2n−1

(2n−1)!

2n−1∑
j=0

(−1)i+jC2n−1−i
{··n−1/2−j··}

Cj2n−1(n− 1
2
−j)2n ≡ − 1

2
[1−(−1)2n−1−i](−1)[

i
2

]−n[C
n−[

i
2

]

{(1/2)2,··,(n−1/2)2}]

·K21.3.3.
B2k−1(n− 1

2
) = 1

(2n−1)!

2n−1∑
j=0

(−1)jCj2n−1C
2n−2k

{n−1/2,··n−1/2−j··,1/2−n}
(n− 1

2
− j)2n ≡ 0

B2k(n− 1
2
) = − 1

(2n−1)!

2n−1∑
j=0

(−1)jCj2n−1C
2n−1−2k

{··n−1/2−j··}
(n− 1

2
− j)2n ≡ −(−1)n−k[Cn−k{(1/2)2,··,(n−1/2)2}]

·K21.3.4.
Cn−k{(1/2)2,··,(n−1/2)2} ≡

(−1)n−k

(2n−1)!

2n−1∑
j=0

(−1)jCj2n−1C
2n−1−2k

{n−1/2,··n−1/2−j··,1/2−n}
(n− 1

2
− j)2n

Ck{(1/2)2,··,(n−1/2)2} ≡
(−1)k

(2n−1)!

2n−1∑
j=0

(−1)jCj2n−1C
2k−1

{n−1/2,··n−1/2−j··,1/2−n}
(n− 1

2
− j)2n

·K21.3.5.
Ck{(1/2)2,··,(n−1/2)2} ≡

(−1)k

(2n−1)!

−(n−1/2)∑
h=n−1/2

(−1)n−1/2−hC
n−1/2−h
2n−1 C2k−1

{n−1/2,··h··,1/2−n}h
2n

Ck{12,32··,(2n−1)2} ≡
(−4)k

(2n−1)!

−(n−1/2)∑
h=n−1/2

(−1)n−1/2−hC
n−1/2−h
2n−1 C2k−1

{n−1/2,··h··,1/2−n}h
2n

21.4 üað�ª�(

·K21.4.1.
Ck{12,32··,(2n−1)2} ≡

2(−1)k

(2n−1)!

−(n−1/2)∑
h=n−1/2

(−1)n−1/2−hC
n−1/2−h
2n−1 C2k−1

{2n−1,··2h··,1−2n}h
2n

Ck{22,42,··,(2n−2)2,(2n)2} ≡
2(−1)k

(2n)!

−n∑
h=n

(−1)n−hCn−h2n C2k−1

{2n,··2h··,−2n}h
2n+1

22 ÝK�fß��'|ÜÆð�ª�î�y²Á&

22.1 |^���ð�ªî�y²[i = 0, j = 0]�/(¤õy²)

íØ22.1.1.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!
,
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!

y²: k ≤ n− k,
k∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)!

=
k∑
r=0

(−1)rCrk4r (2n−2r)!
k!(n−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk4rCn−r2n−2rC
k
n−r

⇒-tr = 4r (2n−2r)!
k!(n−r)!(n−k−r)! , t0 = Cn2nC

k
n

tr+1

tr
=

4r+1 (2n−2r−2)!
k!(n−r−1)!(n−k−r−1)!

4r
(2n−2r)!

k!(n−r)!(n−k−r)!
= 4(n−r)(n−k−r)

(2n−2r)(2n−2r−1)
= k−n+r

1/2−n+r

⇒ tr = (k−n)(r)

(1/2−n)(r)C
n
2nC

k
n
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⇒
k∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk
(k−n)(r)

(1/2−n)(r)C
n
2nC

k
n

= (1/2−k)(k)

(1/2−n)(k)C
n
2nC

k
n = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

y²: k ≥ n− k,
k∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)!

=
k∑
r=0

(−1)rCrk4r (2n−2r+1)!
k!(n−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk4rCn−r2n−2r+1C
k
n−r

⇒-tr = 4r (2n−2r+1)!
k!(n−r)!(n−k−r)! , t0 = (2n+1)!

k!n!(n−k)!

tr+1

tr
=

4r+1 (2n−2r−1)!
k!(n−r−1)!(n−k−r−1)!

4r
(2n−2r+1)!

k!(n−r)!(n−k−r)!
= 4(n−r)(n−k−r)

(2n−2r+1)(2n−2r)
= k−n+r
−1/2−n+r

⇒ tr = (k−n)(r)

(−1/2−n)(r)

(2n+1)!
k!n!(n−k)!

⇒
k∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk
(k−n)(r)

(−1/2−n)(r)

(2n+1)!
k!n!(n−k)!

= (−1/2−k)(k)

(−1/2−n)(k)

(2n+1)!
k!n!(n−k)!

= (2k+1)!
k!k!

(2n−2k+1)!
(n−k)!(n−k)!

22.2 |^���ð�ªî�y²[i = 1, j = 0]|[i = 0, j = 1]�/(¤õy²)

íØ22.2.1.
k|(n−k)∑
r=1

(−1)r+122r−1 (2n−2r)!
(r−1)!(n−r)!(k−r)!(n−k−r)! = (2k)!

(k−1)!k!
(2n−2k)!

(n−1−k)!(n−k)!

[⇔]
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

= (2k)!
(k−1)!k!

(2n−2k)!
(n−1−k)!(n−k)!

y²: k ≤ n− k,
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1|(n−k−1)∑

r=0

(−1)rCrk−122r+1 (2n−2r−2)!
(k−1)!(n−r−1)!(n−k−r−1)!

⇒-tr = 22r+1 (2n−2r−2)!
(k−1)!(n−r−1)!(n−k−r−1)!

, t0 = 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

tr+1

tr
=

22r+3 (2n−2r−4)!
k!(n−r−2)!(n−k−r−2)!

22r+1
(2n−2r−2)!

k!(n−r−1)!(n−k−r−1)!

= 4(n−r−1)(n−k−r−1)
(2n−2r−2)(2n−2r−3)

= k+1−n+r
3/2−n+r

⇒ tr = (k+1−n)(r)

(3/2−n)(r) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

⇒
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1|(n−k−1)∑

r=0

(−1)rCrk−1
(k+1−n)(r)

(3/2−n)(r) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

= (1/2−k)(k−1)

(3/2−n)(k−1) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

= (2k)!
(k−1)!k!

(2n−2k)!
(n−1−k)!(n−k)!

íØ22.2.2.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(r−1)!(n−r)!(n−k−r)!(k−r)! = − 2

3
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

[⇔]
k−1|(n−k−1)∑

r=0

(−1)r+122r+2 (2n−2r−1)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

= − 2
3

(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

y²: k ≥ n− k,
k−1|(n−k−1)∑

r=0

(−1)r+122r+2 (2n−2r−1)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1∑
r=0

(−1)r+1Crk−122r+2 (2n−2r−1)!
(k−1)!(n−r−1)!(n−k−r−1)!

⇒-tr = 22r+2 (2n−2r−1)!
(k−1)!(n−r−1)!(n−k−r−1)!

, t0 = −4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

tr+1

tr
=

22r+3 (2n−2r−3)!
k!(n−r−2)!(n−k−r−2)!

22r+1
(2n−2r−1)!

k!(n−r−1)!(n−k−r−1)!

= 4(n−r−1)(n−k−r−1)
(2n−2r−1)(2n−2r−2)

= k+1−n+r
1/2−n+r

⇒ tr = − (k+1−n)(r)

(1/2−n)(r) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

⇒
k−1∑
r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!
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= −
k−1∑
r=0

(−1)rCrk−1
(k+1−n)(r)

(1/2−n)(r) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

= − (−1/2−k)(k−1)

(1/2−n)(k−1) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

= − 2
3

(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!
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g·µãµ3�Ù·¿©$^o�Fp�C�E|§®à?Ø
��éØ5âf��gþfz[!"

1 Fp�©ÛE|Ú²¡Å)Ðm [42]

1.1 Å¼ê�Fp�Ðm

Ä�g�µòÅ¼êUFp�©Û����Ðm§ò�§Ú�åw�éÅ¼ê�À�^�§�����´Î

Ü�§Ú�å���²¡Å)"

½Â1.1.1. k ≡ (~k, iE), x ≡ (~r, it), d4x ≡ d3~rdt, ωk ≡
√
~k2 +m2 > 0, pa(ωk) ≡ (~k, iωk)a

½Â1.1.2.
+∞∫

~r=−∞
≡

+∞∫
rx=−∞

+∞∫
ry=−∞

+∞∫
rz=−∞

,
+∞∫

x=−∞
≡

+∞∫
rx=−∞

+∞∫
ry=−∞

+∞∫
rz=−∞

+∞∫
t=−∞

½Â1.1.3.
+∞∫

~k=−∞
≡

+∞∫
px=−∞

+∞∫
py=−∞

+∞∫
pz=−∞

,
+∞∫

k=−∞
≡

+∞∫
px=−∞

+∞∫
py=−∞

+∞∫
pz=−∞

+∞∫
E=−∞

Å¼ê�Fp�Ðm:

φ(~r, t) =
1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

Φ(~k,E)ei(
~k·~r−Et)d3~kdE,Φ(~k,E) =

1

(2π)3/2

+∞∫
~r=−∞

+∞∫
t=−∞

φ(~r, t)e−i(
~k·~r−Et)d3~rdt

Å¼ê�Fp�Ðm;n/ª:

φ(x) =
1

(2π)3/2

+∞∫
k=−∞

Φ(k)eik·xd4k ⇔ Φ(k) =
1

(2π)3/2

+∞∫
x=−∞

φ(x)e−ik·xd4x (20.1)

1.2 Å¼ê�Fp�Ðm�âÕ[�C5

½Â1.2.1. Φ(k) ≡ 1
(2π)3/2

+∞∫
x=−∞

φ(x)e−ik·xd4x,Φ′(k′) ≡ 1
(2π)3/2

+∞∫
x′=−∞

φ′(x′)e−ik
′·x′d4x′

éu±þüªêÆþ�´�¿�ü�½Â§�±k�¿�êÆ¹Â§��±D�Ù²(�Ôn¿Â§ò

cªw�3ë�XO¥�L�§�ªw�3ë�XO′¥�L�"�[/`§òxw����I3ë�XO¥�L

�§òkw�o�Äþ3ë�XO¥�L�§òφ(x)w���Å¼ê3ë�XO¥�L�§òΦ(k)w�Äþ��

mÅ¼ê3ë�XO¥�L�¶òx′w����I3ë�XO′¥�L�§òk′w�o�Äþ3ë�XO′¥�L

�§òφ′(x′)w���Å¼ê3ë�XO′¥�L�§òΦ′(k′) w�Äþ��mÅ¼ê3ë�XO′¥�L�"ë�

XO′¥�Ônþ�ë�XO¥�éAÔnþdâÔ[C��éX"3ù�éX¥k · x, d4xLy�Iþ§φ(x),Φ(k)

Ly��Cþ"

½n1.2.1. φ′(eεx) = e
i
2 ε
abSabφ(x)⇔ Φ′(eεk) = e

i
2 ε
abSabΦ(k)

y²: φ′(eεx) = e
i
2 ε
abSabφ(x)

⇔ i
(2π)3/2

+∞∫
x=−∞

φ′(eεx)e−ik·xd4x = i
(2π)3/2

+∞∫
x=−∞

e
i
2 ε
abSabφ(x)e−ik·xd4x

⇔ i
(2π)3/2

+∞∫
e−εx′=−∞

φ′(x′)e−ike
−ε·x′d4x′ = e

i
2 ε
abSabΦ(k)

⇔ i
(2π)3/2

+∞∫
x′=−∞

φ′(x′)e−ike
−ε·x′d4x′ = e

i
2 ε
abSabΦ(k)

⇔ Φ′(eεk) = e
i
2 ε
abSabΦ(k)

±þ½nL²§XJ��Å¼ê´��Cþ§@oÙFp�ÐmXê�´Óa.��Cþ§��½,"±þ

(ØlêÆþw§�du���Cþ��x′ = eεx, k′ = eεk, �÷vΦ′(eεx) = e
i
2 ε
abSabΦ(x), ù�C�Ò´âÔ[

C�"
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1.3 AÏ¼ê�âÔ[�C5

íØ1.3.1.
+∞∫

~k=−∞

1
ω
d3~k =

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ω

[δ(E − ω) + δ(E + ω)]d3~kdE =
+∞∫

~k=−∞

+∞∫
E=−∞

δ(E2 − ω2)d3~kdE(�Iþ)

������êÆE|µ 1
ω
d3~k = δ(E2 − ω2)d3~kdE§§´��Iþ"kvk����*�y{º

íØ1.3.2.
+∞∫

~k=−∞

1
2ω
d3~k =

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ω
δ(E − ω)d3~kdE =

+∞∫
~k=−∞

+∞∫
E=0

δ(E2 − ω2)d3~kdE(�Iþ)

íØ1.3.3.
+∞∫

~k=−∞

1
2ω
d3~k =

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ω
δ(E + ω)d3~kdE =

+∞∫
~k=−∞

0∫
E=−∞

δ(E2 − ω2)d3~kdE(�Iþ)

íØ1.3.4. δ(E2 − ω2) = 1
2ω

[δ(E − ω) + δ(E + ω)]

íØ1.3.5. δ(E2 − ω2)U(E) = 1
2ω
δ(E − ω), δ(E2 − ω2)U(−E) = 1

2ω
δ(E + ω)

íØ1.3.6. δ(E2 − ω2)U(E − ω) = 1
2ω
δ(E − ω), δ(E2 − ω2)U(−E − ω) = 1

2ω
δ(E + ω)

íØ1.3.7. δ(−kaka −m2)�Iþ"

íØ1.3.8. 1
ω
δ(E − ω), 1

ω
δ(E + ω)�Iþ"

íØ1.3.9. δ4(k′ − k), δ4(x′ − x)�Iþ"

íØ1.3.10. d4k, d4x, 1
ω
d3~k�Iþ"

2 âfÅð�Cþ

2.1 >6Åð�§ÚÅð�Cþ

íØ2.1.1. Q =
+∞∫

~r=−∞
ρ(~r, t0)d3~r, ∂aJ

a(~r, t) = 0⇒ Q =
+∞∫

~r=−∞

+∞∫
t=−∞

∂a[J
a(~r, t)U(t− t0)]d3~rdt

y²: Q =
+∞∫

~r=−∞
ρ(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

ρ(~r, t)δ(t− t0)d3~rdt

=
+∞∫

~r=−∞

+∞∫
t=−∞

ρ(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

Ja(~r, t)∂aU(t− t0)d3~rdt

∂aJ
a(~r,t)=0
=

+∞∫
~r=−∞

+∞∫
t=−∞

∂a[J
a(~r, t)U(t− t0)]d3~rdt

íØ2.1.2. P a =
+∞∫

~r=−∞
T a0(~r, t0)d3~r, ∂bT

ab(~r, t) = 0⇒ P a =
+∞∫

~r=−∞

+∞∫
t=−∞

∂b[T
ab(~r, t)U(t− t0)]d3~rdt,

y²: P a =
+∞∫

~r=−∞
T a0(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

T a0(~r, t)δ(t− t0)d3~rdt

=
+∞∫

~r=−∞

+∞∫
t=−∞

T a0(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

T ab(~r, t)∂bU(t− t0)d3~rdt

∂bT
ab(~r,t)=0
=

+∞∫
~r=−∞

+∞∫
t=−∞

∂b[T
ab(~r, t)U(t− t0)]d3~rdt,

íØ2.1.3. Mab =
+∞∫

~r=−∞
Jab0(~r, t0)d3~r, ∂cJ

abc(~r, t) = 0⇒Mab =
+∞∫

~r=−∞

+∞∫
t=−∞

∂c[J
abc(~r, t)U(t− t0)]d3~rdt

y²: Mab =
+∞∫

~r=−∞
Jab0(~r, t0)d3~r =

+∞∫
~r=−∞

+∞∫
t=−∞

Jab0(~r, t)δ(t− t0)d3~rdt
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=
+∞∫

~r=−∞

+∞∫
t=−∞

Jab0(~r, t)∂tU(t− t0)d3~rdt =
+∞∫

~r=−∞

+∞∫
t=−∞

Jabc(~r, t)∂cU(t− t0)d3~rdt

∂cJ
abc(~r,t)=0

=
+∞∫

~r=−∞

+∞∫
t=−∞

∂c[J
abc(~r, t)U(t− t0)]d3~rdt

êÆE|µ·ùp�Jø'��E|§¿vk�Ñ���y²"§Ë�Ö¥|^>6Åð�§!Ôn¼ê3�

mÃ¡�?�"ÚâÕ[C�eÔn�mc�ØC�A5§lþ¡·KÒ�±y²Q,P a,Mab �âÔ[�C5"

3 ��éØ5âf

3.1 EIþ|�§�²¡Å)

EIþ|�§: (∂a∂
a −m2)φ(~r, t) = 0⇔ (∇2 − ∂2

t −m2)φ(~r, t) = 0 (20.2)

½n3.1.1. (∂a∂
a −m2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

y²: (∂a∂
a −m2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(−~k2 + E2 −m2)ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2 ]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E2 − ~k2 −m2)ei(
~k·~r−Et)d3~kdE,²wâÔ[�C

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]e
i(~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]e
i(~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(~k,−ωk)ei(

~k·~r+ωkt)]d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

ùp^
�«���Ö¥ØÓ��{§æ^
o��n��Fp�Ðm§�ß/ÐyÑâfl�Ú3��

ÔnVg§âÔ[�C5�²wLyuÙ¥§¿��¹
).�¼ê)��ê#){"3y²�L§�w�
�

U)ÚKU)�©)§¿�KU)�±Uü«¹Â?1n)§�´òKU)n)��«K�þâf§�´òKU

)�´n)���þâf§ØL�n)���Å§�U)n)�\�Å"

íØ3.1.1. a′(eε[~k,E])δ(E2 − ~k2 −m2) = e
i
2 ε
abSaba(~k,E)δ(E2 − ~k2 −m2)

⇒ a′(eε[~k, ωk]) = e
i
2 ε
abSaba(~k, ωk), a

′(eε[~k,−ωk]) = e
i
2 ε
abSaba(~k,−ωk)

íØ3.1.2. a(~k,E)δ(E2 − ~k2 −m2) = 1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)], |~k| << m

≈ 1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m
)δ(E −m− ~k2

2m
) + a(~k,−m− ~k2

2m
)δ(E +m+

~k2

2m
)]

íØ3.1.3. φ(~r, t) ≈ 1
(2π)3/2

+∞∫
~k=−∞

1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m
)ei(

~k·~r− ~k2

2m t)e−imt + a(−~k,−m− ~k2

2m
)e−i(

~k·~r− ~k2

2m t)eimt]d3~k

lþ��§3��éØ4�e§EIþ|²¡Å)©¤ü���éØ5���âf§�±Ó��3"ù�±UY

©Ûe�§´Ä�±y²�!KU)ÕgÅðº
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3.2 EIþ|�§�ü���éØ5©|

½n3.2.1. (∂a∂
a −m2)φ(~r, t) = 0⇒ü�©|µ

�U)µ(i∂t + 1
2m
∇2)φ+(~r, t) = 0

KU)µ(−i∂t + 1
2m
∇2)φ−(~r, t) = 0

½n3.2.2. �U)µ(i∂t + 1
2m
∇2)φ(~r, t) = 0⇔KU)µ(−i∂t + 1

2m
∇2)φ∗(~r, t) = 0

3.3 �U)Å½��§��^þ9ÙÑt)Ò

íØ3.3.1. .¼�ÝµL = 1
2
[iφ∗(~r, t)∂tφ(~r, t)− iφ(~r, t)∂tφ

∗(~r, t)− 1
m
∇φ∗(~r, t) · ∇φ(~r, t)]

.¼�ÝµL = iφ∗(~r, t)∂tφ(~r, t) + 1
2m
φ∗(~r, t)∇2φ(~r, t)

$Ä�§µ(i∂t + 1
2m
∇2)φ(~r, t) = 0

íØ3.3.2. �KCþµπ(~r, t) = ∂L
∂φ̇

= iφ∗(~r, t)

íØ3.3.3. M�î�ÝµH = ∂L
∂φ̇
φ̇−L = − 1

2m
φ∗(~r, t)∇2φ(~r, t) = i

2m
π(~r, t)∇2φ(~r, t)

íØ3.3.4. Äþ�ÝµP = −∂L
∂φ̇
∇φ = −iφ∗(~r, t)∇φ(~r, t) = −π(~r, t)∇φ(~r, t)

íØ3.3.5. .¼�ÝµLH = π(~r, t)∂tφ(~r, t)− i
2m
π(~r, t)∇2φ(~r, t)

�KCþ�m�Ä�'Xµ

íØ3.3.6. {φ(~r′, t), φ(~r, t)}p = 0, {π(~r′, t), π(~r, t)}p = 0, {φ(~r′, t), π(~r, t)}p = δ3(~r′ − ~r)

M�î$Ä�§µ

íØ3.3.7.

φ̇(~r, t) = i
2m
∇2φ(~r, t) = {φ(~r, t), H}p

π̇(~r, t) = − i
2m
∇2π(~r, t) = {π(~r, t), H}p

AÇ6Åð�§ÚÅðÖµ

íØ3.3.8. i∂t[φ
∗(~r, t)φ(~r, t)] + 1

2m
∇ · [φ∗(~r, t)∇φ(~r, t)− φ(~r, t)∇φ∗(~r, t)] = 0

⇒ Q̇ = 0, Q =
+∞∫

~r=−∞
φ∗(~r, t)φ(~r, t)d3~r ∈ R

±þÅðþ��3§`²oAÇÅð§AÇ)ºkêÆÄ:§�Ù¢��±k,	�)º§'X>Ö"ùÒ

´êÆÚÔn�éX�«O§��²(�êÆ(Ø�±kA«Ün�Ôn)º"

3.4 �U)Å½��§�²¡Å)

Å½��§�U)©|µ

½n3.4.1. (i∂t + 1
2m
∇2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

a(~k,
~k2

2m
)ei(

~k·~r− ~k2

2m t)d3~k

y²: (i∂t + 1
2m
∇2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(E − ~k2

2m
)ei(

~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E − ~k2

2m
) = 0⇔ φ(~k,E) = a(~k,E)δ(E − ~k2

2m
) + φ0(~k,E)δ

E,
~k2

2m

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E − ~k2

2m
) + φ0(~k,E)δ

E,
~k2

2m

]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E − ~k2

2m
)ei(

~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k,
~k2

2m
)ei(

~k·~r− ~k2

2m t)d3~k

⇔ a(~k) ≡ a(~k,
~k2

2m
) = 1

(2π)3/2

+∞∫
~r=−∞

φ(~r, t)e−i(
~k·~r− ~k2

2m t)d3~r
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íØ3.4.1. φ(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k)e−i(
~k·~r− ~k2

2m t)d3~k

íØ3.4.2. H =
+∞∫

~k=−∞

~k2

2m
a∗(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka∗(~k)a(~k)d3~k,Q =
+∞∫

~k=−∞
a∗(~k)a(~k)d3~k

3.5 KU)Å½��§��^þ9ÙÑt)Ò

íØ3.5.1. .¼�ÝµL = 1
2
[−iφ∗(~r, t)∂tφ(~r, t) + iφ(~r, t)∂tφ

∗(~r, t)− 1
m
∇φ∗(~r, t) · ∇φ(~r, t)]

.¼�ÝµL = −iφ∗(~r, t)∂tφ(~r, t) + 1
2m
φ∗(~r, t)∇2φ(~r, t)

$Ä�§µ(−i∂t + 1
2m
∇2)φ(~r, t) = 0

íØ3.5.2. �KCþµπ(~r, t) = ∂L
∂φ̇

= −iφ∗(~r, t)

íØ3.5.3. M�î�ÝµH = ∂L
∂φ̇
φ̇−L = − 1

2m
φ∗(~r, t)∇2φ(~r, t) = − i

2m
π(~r, t)∇2φ(~r, t)

íØ3.5.4. Äþ�ÝµP = −∂L
∂φ̇
∇φ = iφ∗(~r, t)∇φ(~r, t) = −π(~r, t)∇φ(~r, t)

íØ3.5.5. .¼�ÝµLH = π(~r, t)∂tφ(~r, t) + i
2m
π(~r, t)∇2φ(~r, t)

�KCþ�m�Ä�'Xµ

íØ3.5.6. {φ(~r′, t), φ(~r, t)}p = 0, {π(~r′, t), π(~r, t)}p = 0, {φ(~r′, t), π(~r, t)}p = δ3(~r′ − ~r)

M�î$Ä�§µ

íØ3.5.7.

φ̇(~r, t) = − i
2m
∇2φ(~r, t) = {φ(~r, t), H}p

π̇(~r, t) = i
2m
∇2π(~r, t) = {π(~r, t), H}p

AÇ6Åð�§ÚÅðÖµ

íØ3.5.8. −i∂t[φ∗(~r, t)φ(~r, t)] + 1
2m
∇ · [φ∗(~r, t)∇φ(~r, t)− φ(~r, t)∇φ∗(~r, t)] = 0

⇒ Q̇ = 0, Q =
+∞∫

~r=−∞
φ∗(~r, t)φ(~r, t)d3~r ∈ R

±þÅðþ��3§`²oAÇÅð§AÇ)ºkêÆÄ:§�Ù¢��±k,	�)º§'X>Ö"ùÒ

´êÆÚÔn�éX�«O§��²(�êÆ(Ø�±kA«Ün�Ôn)º"

3.6 KU)Å½��§�²¡Å)

Å½��§KU)©|µ

½n3.6.1. (−i∂t + 1
2m
∇2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

a(−~k,− ~k2

2m
)e−i(

~k·~r− ~k2

2m t)d3~k

y²: (−i∂t + 1
2m
∇2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(E +
~k2

2m
)ei(

~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E +
~k2

2m
) = 0⇔ φ(~k,E) = a(~k,E)δ(E +

~k2

2m
) + φ0(~k,E)δ

E,− ~k2

2m

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E +
~k2

2m
) + φ0(~k,E)δ

E,− ~k2

2m

]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E +
~k2

2m
)ei(

~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k,− ~k2

2m
)ei(

~k·~r+ ~k2

2m t)d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

a(−~k,− ~k2

2m
)e−i(

~k·~r− ~k2

2m t)d3~k

⇔ a(~k) ≡ a(−~k,− ~k2

2m
) = 1

(2π)3/2

+∞∫
~r=−∞

φ(~r, t)ei(
~k·~r− ~k2

2m t)d3~r
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íØ3.6.1. H =
+∞∫

~k=−∞

~k2

2m
a∗(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka∗(~k)a(~k)d3~k,Q =
+∞∫

~k=−∞
a∗(~k)a(~k)d3~k

lþ��§3��éØ4�e§�Uþ©|ÚKUþ©|Å½��§�g£ã����éØ5âf§ØUÓ

�£ãü���âf§eÑy3Ó���§¥ÒC�"§Ã¿Â"¿��Uþ©|�)�ÝÒ´KUþ©|�

)§��½,§=�âf��ÝÒL��âf",	lþ¡ü�½n�y²�±wÑ§�k@�m�±��KÒ

�±Ú�Lãü�©|§/ªþ��Uþ©|��"m > 0£ã�©|§m < 0£ã�©|"éuKU)kü«

n)§�«´£ãK�þ�âf§,�«E´£ã��þ�âf§þfz���U)´�d�"

4 �!KU)Å½��§��gþfz

4.1 �!KU)Å½��§��gþfz?Ø

íØ4.1.1. H =
+∞∫

~k=−∞

~k2

2m
a+(~k)a(~k)d3~k, ~P =

+∞∫
~k=−∞

~ka+(~k)a(~k)d3~k,Q = N̂ =
+∞∫

~k=−∞
a+(~k)a(~k)d3~k

±þ'XØ�6ué´½�é´'X§�Ø�6u�U)½KU)"

½Â4.1.1. þf�§µi∂t|Ψ >= H|Ψ >, |Ψ >�þfÅ¼ê"

íØ4.1.2. −i∇|Ψ >= ~P |Ψ >

Ué´fn)µ£ã��éØ5ÀÚf

íØ4.1.3.


[φ(~r′, t), φ(~r, t)] = 0

[φ+(~r′, t), φ+(~r, t)] = 0

[φ(~r′, t), φ+(~r, t)] = δ3(~r′ − ~r)

⇔


[a(~k′), a(~k)] = 0

[a+(~k′), a+(~k)] = 0

[a(~k′), a+(~k)] = δ3(~k′ − ~k)

U�é´fn)µ£ã��éØ5¤�f

íØ4.1.4.


{φ(~r′, t), φ(~r, t)} = 0

{φ+(~r′, t), φ+(~r, t)} = 0

{φ(~r′, t), φ+(~r, t)} = δ3(~r′ − ~r)

⇔


{a(~k′), a(~k)} = 0

{a+(~k′), a+(~k)} = 0

{a(~k′), a+(~k)} = δ3(~k′ − ~k)

4.2 âf�þf£ã

½Â4.2.1. N̂ =
+∞∫

~k=−∞
a+(~k)a(~k)d3~k, P a =

+∞∫
~k=−∞

kaa+(~k)a(~k)d3~k

½Â4.2.2. e|0 >6= 0,�a(~k)|0 >= 0,∀~k,K|0 >�ý��½Ä�"

íØ4.2.1. N̂ |0 >= 0

y²: a(~k)|0 >= 0,∀~k ⇒ a+(~k)a(~k)|0 >= 0,∀~k ⇒
+∞∫

~k=−∞
a+(~k)a(~k)|0 > d3~k = 0

⇒
+∞∫

~k=−∞
a+(~k)a(~k)d3~k|0 >= 0⇒ N̂ |0 >= 0

íØ4.2.2. [< 0|0 >] > 0,8�zµ < 0|0 >= 1

5 ÀÚf�þf£ã

5.1 ÀÚf�Ä�é´'X

½Â5.1.1. [a(~k′), a(~k)] = 0, [a+(~k′), a+(~k)] = 0, [a(~k′), a+(~k)] = δ3(~k′ − ~k)

½Â5.1.2. N̂(k) ≡ a+(~k)a(~k), ka ≡ (~k, iωk), ωk ≡
~k2

2m
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5.2 ÀÚf�âfê�Î5�

íØ5.2.1. [N̂ , a(~k)] = −a(~k)

y²: [N̂ , a(~k)] =
+∞∫

~k′=−∞
[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[a+(~k′), a(~k)]a(~k′)d3~k′

=
+∞∫

~k′=−∞
−δ3(~k′ − ~k)a(~k′)d3~k′ = −a(~k)

íØ5.2.2. [N̂ , a(~k)] = −a(~k)⇔ [N̂ , a+(~k)] = a+(~k)

íØ5.2.3. [N̂ , a+(~k)a(~k)] = 0,∀~k

y²: [N̂ , a+(~k)a(~k)] = N̂a+(~k)a(~k)− a+(~k)a(~k)N̂

= N̂a+(~k)a(~k)− a+(~k)N̂a(~k) + a+(~k)N̂a(~k)− a+(~k)a(~k)N̂

= [N̂ , a+(~k)]a(~k) + a+(~k)[N̂ , a(~k)] = a+(~k)a(~k)− a+(~k)a(~k) = 0

�±^êÆ8B{y²Xe(Ø"

íØ5.2.4. [N̂ , an(~k)] = −nan(~k), [N̂ , a+n(~k)] = na+n(~k)

íØ5.2.5. [N̂ ,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

ni)
∞∏
i=1

a+ni(~ki)

íØ5.2.6. [N̂ , a+n(~k)an(~k)] = 0, [N̂ , an(~k)a+n(~k)] = 0, [N̂ , N̂n(k)] = 0, [N̂ , [a(~k)a+(~k)]n] = 0

5.3 ÀÚf�UþÄþ�Î5�

íØ5.3.1. [P a, a(~k)] = −kaa(~k)

y²: [P a, a(~k)] =
+∞∫

~k′=−∞
k′a[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
k′a[a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
k′a[a+(~k′), a(~k)]a(~k′)d3~k′

=
+∞∫

~k′=−∞
−k′aδ3(~k′ − ~k)a(~k′)d3~k′ = −~kaa(~k)

íØ5.3.2. [P a, a(~k)] = −kaa(~k)⇔ [P a, a+(~k)] = ~kaa+(~k)

íØ5.3.3. [P a, a+(~k)a(~k)] = 0,∀~k

y²: [P a, a+(~k)a(~k)] = P aa+(~k)a(~k)− a+(~k)a(~k)P a

= P aa+(~k)a(~k)− a+(~k)P aa(~k) + a+(~k)P aa(~k)− a+(~k)a(~k)P a

= [P a, a+(~k)]a(~k) + a+(~k)[P a, a(~k)] = kaa+(~k)a(~k)− kaa+(~k)a(~k) = 0

�±^êÆ8B{y²Xe(Ø"

íØ5.3.4. [P a, an(~k)] = −nkaa(~k)⇔ [P a, a+n(~k)] = nkaa+n(~k)

íØ5.3.5. [P a,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

nik
a
i )
∞∏
i=1

a+ni(~ki)

íØ5.3.6. [P a, N̂ ] = 0
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5.4 ÀÚf)����E

½Â5.4.1. a(~k, t) ≡ a(k)e−i(
~k·~r− ~k2

2m t), a+(k, t) ≡ a+(k)ei(
~k·~r− ~k2

2m t)

íØ5.4.1. ȧ(~k, t) = i[H, a(~k, t)], ȧ+(~k, t) = i[H, a+(~k, t)]

½n5.4.1. i∂t|Ψ >= H|Ψ >⇒ i∂t[a(~k, t)|Ψ >] = Ha(~k, t)|Ψ >

½n5.4.2. i∂t|Ψ >= H|Ψ >⇒ i∂t[a
+(~k, t)|Ψ >] = Ha+(~k, t)|Ψ >

5.5 ÀÚfþf���E�

íØ5.5.1. i∂t|0 >= H|0 >⇒ i∂t[
∞∏
i=1

a+ni(~ki, t)|0 >] = H
∞∏
i=1

a+ni(~ki, t)|0 >,ni = 0, 1, 2, · · · ,∞

½Â5.5.1. |n1, n2, · · · , n∞ >≡
∞∏
i=1

a+ni(~ki)|0 >,ni = 0, 1, 2, · · · ,∞

½Â5.5.2. |n1, n2, · · · , n∞, t >≡
∞∏
i=1

a+ni(~ki, t)|0 >= exp{i
∞∑
i=1

ni(~ki · ~r −
~k2
i

2m
t)}|n1, n2, · · · , n∞ >

dþf�¹ÂXeµÄþ�m�z��êÆ:~kiéA��U?§ù�U?þW¿
ni��þ�m,Äþ�~ki�

âf§ù�aq�U?�kÃ¡�"duÔnâfoê´k��§¤±éõ�U?þâfê�""ù�þf�L

«õ�âf3Äþ�m���©Ù§z�þf�âfoê´�C�"§´âfê�Î!UþÄþ�Î��Ó��

�"

íØ5.5.2.


N̂ |n1, n2, · · · , n∞, t >=

∞∑
i=1

ni|n1, n2, · · · , n∞, t >

H|n1, n2, · · · , n∞, t >=
∞∑
i=1

ni
~k2
i

2m
|n1, n2, · · · , n∞, t >

~P |n1, n2, · · · , n∞, t >=
∞∑
i=1

ni~ki|n1, n2, · · · , n∞, t >

íØ5.5.3. φ(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a(~k)e−i(
~k·~r− ~k2

2m t)d3~k, φ+(−~r,−t) = 1
(2π)3/2

+∞∫
~k=−∞

a+(~k)ei(
~k·~r− ~k2

2m t)d3~k

íØ5.5.4. i∂t|Ψ >= H|Ψ >⇒ i∂t[φ̂(−~r,−t)|Ψ >] = H[φ̂(−~r,−t)|Ψ >]

íØ5.5.5. i∂t|Ψ >= H|Ψ >⇒ i∂t[φ̂
+(−~r,−t)|Ψ >] = H[φ̂+(−~r,−t)|Ψ >]

5.6 ÀÚfþf���E�

½Â5.6.1.

|n >= [n!
+∞∫

~k=−∞
|F (~k1,~k2, · · · ,~kn)|2dn~k]−

1
2

+∞∫
~k=−∞

dn~kF (~k1,~k2, · · · ,~kn)a+(~k1)a+(~k2) · · · a+(~kn)|0 >

F (~k1,~k2, · · · ,~kn)éÀÚf�é¡§é¤�f��é¡"

½Â5.6.2. |n, t >= exp{i
n∑
i=1

(~ki · ~r −
~k2
i

2m
t)}|n >

dþf�¹ÂXeµn�âfW¿3Äþ�m¥¤k�U©Ù���·ÜÄþ�§ù�þf�âfoê´�½�"

z�âf�Äþ�U�?Û�§§´âfê�Î����§�Ø´UþÄþ�Î����"

íØ5.6.1. i∂t|0 >= H|0 >⇒ i∂t|n, t >= H|n, t >

íØ5.6.2. N̂ |n >= n|n >, N̂ |n, t >= n|n, t >,< n|n >= 1

5.7 ÀÚf�I�mÚÄþ�m�éA

íØ5.7.1. [P a, a(~k)] = −kaa(~k)⇔ [P a, φ(~r, t)] = i∂aφ(~r, t)

íØ5.7.2. [P a, a+(~k)] = kaa+(~k)⇔ [P a, φ+(~r, t)] = −i∂aφ+(~r, t)
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5.8 ÀÚfþf���35

íØ5.8.1. < 0|0 >= 1⇒ |0 >6= 0

íØ5.8.2. an(~k)a+n(~k) = a+n(~k)an(~k) + n!δn(0), n ≥ 1

íØ5.8.3.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki) =
∞∏

i=1,ni≥1

[a+ni(~k)ani(~k) + ni!δ
ni(0)]

íØ5.8.4.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki)|0 >=
∞∏

i=1,ni≥1

ni!δ
ni(0)|0 > 6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

6 ¤�f�þf£ã

6.1 ¤�f�Ä�é´'X

½Â6.1.1. {a(~k′), a(~k)} = 0, {a+(~k′), a+(~k)} = 0, {a(~k′), a+(~k)} = δ3(~k′ − ~k)

íØ6.1.1. a(~k′)a(~k) = 0, a+(~k′)a+(~k) = 0

6.2 ¤�f�âfê�Î5�

íØ6.2.1. [N̂ , a(~k)] = −a(~k)

y²: [N̂ , a(~k)] =
+∞∫

~k′=−∞
[a+(~k′)a(~k′)a(~k)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
[−a+(~k′)a(~k)a(~k′)− a(~k)a+(~k′)a(~k′)]d3~k′

=
+∞∫

~k′=−∞
−{a+(~k′), a(~k)}a(~k′)d3~k′

=
+∞∫

~k′=−∞
−δ3(~k′ − ~k)a(~k′)d3~k′ = −a(~k)

íØ6.2.2. [N̂ , a(~k)] = −a(~k)⇔ [N̂ , a+(~k)] = a+(~k)

íØ6.2.3. [N̂ , a+(~k)a(~k)] = 0,∀~k

y²: [N̂ , a+(~k)a(~k)] = N̂a+(~k)a(~k)− a+(~k)a(~k)N̂

= N̂a+(~k)a(~k)− a+(~k)N̂a(~k) + a+(~k)N̂a(~k)− a+(~k)a(~k)N̂

= [N̂ , a+(~k)]a(~k) + a+(~k)[N̂ , a(~k)] = a+(~k)a(~k)− a+(~k)a(~k) = 0

�±^êÆ8B{y²Xe(Ø"

íØ6.2.4. N̂a+(~k1)a+(~k2) · · · a+(~kn)|0 >= na+(~k1)a+(~k2) · · · a+(~kn)|0 >,∀~k1 6= ~k2 6= · · · 6= ~kn

íØ6.2.5. N̂a+(~k1)a+(~k2) · · · a+(~kn)|0 >= na+(~k1)a+(~k2) · · · a+(~kn)|0 >,∀~k1
~k2 · · ·~kn

íØ6.2.6. [N̂ , an(~k)] = −nan(~k), [N̂ , a+n(~k)] = na+n(~k), n = 0, 1

íØ6.2.7. [N̂ ,
∞∏
i=1

a+ni(~ki)] = (
∞∑
i=1

ni)
∞∏
i=1

a+ni(~ki), ni = 0, 1

íØ6.2.8. [N̂ , a+n(~k)an(~k)] = 0, [N̂ , an(~k)a+n(~k)] = 0, [N̂ , N̂n(k)] = 0, [N̂ , [a(~k)a+(~k)]n] = 0
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6.3 ¤�fþf���35

íØ6.3.1. < 0|0 >= 1⇒ |0 >6= 0

íØ6.3.2. a(~k)a+(~k) = −a+(~k)a(~k) + δ(0), n = 0, 1

íØ6.3.3.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki) =
∞∏

i=1,ni=1

[a+ni(~k)ani(~k) + ni!δ
ni(0)]

íØ6.3.4.
∞∏
i=1

ani(~ki)
∞∏
i=1

a+ni(~ki)|0 >= ±
∞∏

i=1,ni=1

ni!δ
ni(0)|0 >6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

íØ6.3.5. a+(~k1)a+(~k2) · · · a+(~kn)|0 >6= 0,∀~k1 6= ~k2 6= · · · 6= ~kn

6.4 ÓkêL�

½Â6.4.1. |n1n2 · · ·nk · · · >= |n1 > ⊗|n2 > ⊗ · · · ⊗ |nk > ⊗ · · · , < n1n2 · · ·nk · · · | = |n1n2 · · ·nk · · · >+

íØ6.4.1. |n1n2 · · ·nk · · · >= 1
n1!n2!···nk!···(a

+
1 )n1 ⊗ (a+

2 )n2 · · · ⊗ (a+
k )nk · · · |0102 · · · 0k · · · >

íØ6.4.2. ��5µ < n′1n
′
2 · · ·n′k · · · |n1n2 · · ·nk · · · >= δn′1, n1δn

′
2, n2 · · · δn′k, nk · · ·

íØ6.4.3. ��5µ
∑
|n1n2 · · ·nk · · · >< n1n2 · · ·nk · · · | = 1,

∑
|nk >< nk| = 1
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g·µãµdu�õþf|Ø�Öþvk�[ØãMajoranaâfÚ¥�f�þfz§·���vé��A

SN§�
�Öù�"Ã§û½gCÄÃí�ü�§3�Ù¥·A^âÔ[íÄC�k�Ñ
Diracâf�þf

z§,�3dÄ:þæ^aq�E|q�Ñ
MajoranaâfÚ¥�f��[þfz[!"

1 âÔ[íÄC�A^–Dirac�§²¡Å�¦) [27, 28]

1.1 ��L�eDirac^þ�âÔ[íÄC�

Dirac�§:

½Â1.1.1. (γa∂a +m)ψ = 0, γapa = γ · ~p+ γ4iE,E =
√
~p2 +m2 > 0

Dirac^þíÄC�:

íØ1.1.1. D~v = e−ln[γv(1+v)]v̂·( i
2
~γγ4) = 1+γv−iγv~v·~γγ4√

2(γv+1)
= E+m−i~p·~γγ4√

2m(E+m)
= m−iγapaγ4√

2m(E+m)

Dirac^þâÔ[íÄC�Ïf�5�

5�1.1.1. (m− iγapaγ4)+ = (m− iγapaγ4)

5�1.1.2. (m− iγapaγ4)+γ4(m− iγapaγ4) = 2m(E +m)γ4

5�1.1.3. (E +m+ i~p · ~γγ4)(E +m− i~p · ~γγ4) = 2m(E +m)

5�1.1.4. (m− iγapaγ4)+(m− iγapaγ4) = 2(E +m)(E − i~p · ~γγ4)

5�1.1.5. (m+ iγapaγ4)+(m− iγapaγ4) = 2m2 − 2E(E − i~p · ~γγ4)

1.2 ��L�eDirac�§�·�)Ú$Ä)

·�>f)

íØ1.2.1. ∂t0ψ(~0) = −imγ4ψ(~0)⇔ ψ(~0) = e−iγ4mt0ψ0,∀ψ0

Äþ~p>f)

íØ1.2.2. ψ(~p) = m−iγapaγ4√
2m(E+m)

eiγ4(~p·~r−Et)ψp =
√

E+m
2m

(1− i~p·~γγ4

E+m
)eiγ4(~p·~r−Et)ψp, ψ̄(~p)ψ(~p) = ψ̄pψp

1.3 AÏL�eDirac�§�âÔ[íÄC�Ú²¡Å)

1.3.1 AÏL�eDirac�§�âÔ[íÄC�

AÏL�: (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]

íØ1.3.1. γapa = i
[
ςE −σ·~p
σ·~p −ςE

]
, E =

√
~p2 +m2 > 0

íØ1.3.2. Sy = 1√
2

[
1 −1
1 1

]
Sy(σx, σy, σz)S

+
y = (−σz, σy, σx), S+

y (σx, σy, σz)Sy = (σz, σy,−σx)

I ⊗ Sy[(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]I ⊗ S+
y = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

I ⊗ S+
y [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σx]I ⊗ Sy = [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]

Dirac^þíÄC�

íØ1.3.3. D~v = m−iγapaγ4√
2m(E+m)

= E+m+ς~p·σ⊗σx√
2m(E+m)

= 1√
2m(E+m)

[
E+m ςσ·~p
ςσ·~p E+m

]
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1.3.2 AÏL�eDirac�§�·�)Ú$Ä)

Dirac�§:

½Â1.3.1. (γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σz)

·�>f):

íØ1.3.4. ∂t0ψ(~0) = −imγ4ψ(~0)⇔ ψ(~0) = e−iγ4mt0ψ0 =

[
ξ0e
−iςmt0

η0e
iςmt0

]
,∀ξ0, η0

Äþ~p>f):

íØ1.3.5.

ψ(~p) =
√

E+m
2m

(1− i~p·~γγ4

E+m
)eiγ4(~p·~r−Et)ψp =

√
E+m
2m

[

[
ξ(~p)

ςσ·~p
E+m

ξ(~p)

]
eiς(~p·~r−Et) +

[
ςσ·~p
E+m

η(~p)

η(~p)

]
e−iς(~p·~r−Et)],∀ξ(~p), η(~p)

1.3.3 AÏL�eDirac�§Uz-g^���Ðm�~pÄþ²¡Å)

Uz-g^���Ðm�Äþ~p>f²¡Å):

íØ1.3.6.

ψ(~p) = E+m+ς~p·σ⊗σx√
2m(E+m)

{[aς(~p, 1
2
)

[
1
0
0
0

]
+ aς(~p,− 1

2
)

[
0
1
0
0

]
]eiς(~p·~r−Et) + [b+ς (~p, 1

2
)

[
0
0
1
0

]
+ b+ς (~p,− 1

2
)

[
0
0
0
1

]
]e−iς(~p·~r−Et)}

íØ1.3.7. ψ(~p) =
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) + b+ς (~p, h)vς(~p, h)e−iς(~p·~r−Et)](3��L�e�¤á)

1.3.4 AÏL�eDirac�§g^Ä

½Â1.3.2. ξ+ = η+ :=

[
1

0

]
, ξ− = η− :=

[
0

1

]

o�g^Äµ

½Â1.3.3. uς(~p,
1
2
) ≡ E+m+ς~p·σ⊗σx√

2m(E+m)

[
1
0
0
0

]
= m−iςγapa√

2m(E+m)

[
1
0
0
0

]
=
√

E+m
2m

[
ξ+

ςσ·~p
E+m

ξ+

]

½Â1.3.4. uς(~p,− 1
2
) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
1
0
0

]
= m−iςγapa√

2m(E+m)

[
0
1
0
0

]
=
√

E+m
2m

[
ξ−

ςσ·~p
E+m

ξ−

]

½Â1.3.5. vς(~p,
1
2
) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
0
1
0

]
= m+iςγapa√

2m(E+m)

[
0
0
1
0

]
=
√

E+m
2m

[
ςσ·~p
E+m

η+

η+

]

½Â1.3.6. vς(~p,− 1
2
) = E+m+ς~p·σ⊗σx√

2m(E+m)

[
0
0
0
1

]
= m+iςγapa√

2m(E+m)

[
0
0
0
1

]
=
√

E+m
2m

[
ςσ·~p
E+m

η−

η−

]
íØ1.3.8. uς(~p, h) ≡ −ςγ5vς(~p, h), uς(~p, h) ≡ iγ2γ4γ5uς(~p,−h), vς(~p, h) ≡ iγ2γ4γ5vς(~p,−h)

íØ1.3.9. (E +m+ ς~p · σ ⊗ σx)
[
I 0
0 0

]
(E +m+ ς~p · σ ⊗ σx)+ςI ⊗ σz = (E +m)(ςm− iγapa)

íØ1.3.10. (E +m+ ς~p · σ ⊗ σx)
[

0 0
0 I

]
(E +m+ ς~p · σ ⊗ σx)+ςI ⊗ σz = (E +m)(−ςm− iγapa)

1.3.5 ��L�eDirac�§g^Ä5�

íØ1.3.11. uς(~p, h) = −ςγ5vς(~p, h), vς(~p, h) = −ςγ5uς(~p, h), h = − 1
2
, 1

2

íØ1.3.12. ūς(~p, h)uς(~p, h
′) = ςδhh′ , v̄ς(~p, h)vς(~p, h

′) = −ςδhh′ , ūς(~p, h)vς(~p, h
′) = 0, v̄ς(~p, h)uς(~p, h

′) = 0

íØ1.3.13. u+
ς (~p, h)uς(~p, h

′) = E
m
δhh′ , v

+
ς (~p, h)vς(~p, h

′) = E
m
δhh′ , u

+
ς (~p, h)vς(−~p, h′) = 0, v+

ς (~p, h)uς(−~p, h′) = 0
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íØ1.3.14.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m

,
∑
h

vς(~p, h)v̄ς(~p, h) = −ςm−iγapa
2m

íØ1.3.15.



∑
h

uς(~p, h)ūς(~p, h)− vς(~p, h)v̄ς(~p, h)] = ς∑
h

uς(~p, h)ūς(~p, h) + vς(~p, h)v̄ς(~p, h)] = −iγapa
m∑

h

uς(~p, h)u+
ς (~p, h) + vς(−~p, h)v+

ς (−~p, h)] = E
m

1.4 ��L�eDirac�§�²¡Å)

íØ1.4.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E
uς(~p, h)eiς(~p·~r−Et) + b+ς (~p, h)

√
m
E
vς(~p, h)e−iς(~p·~r−Et)]d3~p

íØ1.4.2. ψ+(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]d3~p

íØ1.4.3.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u+λς (~p, h)ψλς (~r, t)e

−iς(~p·~r−Et)d3~r

b+ς (~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
v+
ς (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
v+λς (~p, h)ψλς (~r, t)e

iς(~p·~r−Et)d3~r

íØ1.4.4.
a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
uλ
′
ς (~p, h)ψ+

λ′ς
(~r, t)eiς(~p·~r−Et)d3~r

bς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
vλ
′
ς (~p, h)ψ+

λ′ς
(~r, t)e−iς(~p·~r−Et)d3~r

1.5 ��L�eDirac�§�g^Ä9Ù5�

½Â1.5.1. ã(~p, h) :=

aς(~p, h), ς = 1

b+ς (~p, h), ς = −1
, b̃(~p, h) :=

bς(~p, h), ς = 1

a+
ς (~p, h), ς = −1

½Â1.5.2. u(~p, h) :=

u+(~p, h), ς = 1

v−(~p, h), ς = −1
, v(~p, h) :=

v+(~p, h), ς = 1

u−(~p, h), ς = −1

íØ1.5.1.

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[ã(~p, h)
√

m
E
u(~p, h)ei(~p·~r−Et) + b̃+(~p, h)

√
m
E
v(~p, h)e−i(~p·~r−Et)]d3~p

ã(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
u+(~p, h)ψ(~r, t)e−i(~p·~r−Et)d3~r

b̃+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
v+(~p, h)ψ(~r, t)ei(~p·~r−Et)d3~r

g^Ä�m�5�(3��L�e�¤á):

íØ1.5.2. ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

íØ1.5.3. u+(~p, h)u(~p, h′) = E
m
δhh′ , v

+(~p, h)v(~p, h′) = E
m
δhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

íØ1.5.4.
∑
h

u(~p, h)ū(~p, h) = m−iγapa
2m

,
∑
h

v(~p, h)v̄(~p, h) = −m−iγapa
2m

íØ1.5.5.



∑
h

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = 1∑
h

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m∑

h

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m
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1.6 ��L�eDirac�§���þfz

íØ1.6.1.


{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ςδ

3(~r − ~r′)

{ψλς (~r, t), ψλ′ς (~r
′, t)} = 0

{ψ+
λς

(~r, t), ψ+
λ′ς

(~r′, t)} = 0

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

y²: {ψλς (~r, t), ψ+
λ′ς

(~r′, t)}

= 1
(2π)3

+∞∫
~p,~p′=−∞

m
E

∑
h,h′

[uςλς (~p, h)u∗ςλ′ς (~p
′, h′)eiς(~p·~r−Et−~p

′·~r′+E′t){aς(~p, h), a+
ς (~p′, h′)}

+ vςλς (~p, h)v∗ςλ′ς (~p
′, h′)e−iς(~p·~r−Et−~p

′·~r′+E′t){b+ς (~p, h), bς(~p
′, h′)}]d3~pd3~p′

= 1
(2π)3

+∞∫
~p,~p′=−∞

m
E

∑
h,h′

[uςλς (~p, h)u∗ςλ′ς (~p
′, h′)eiς(~p·~r−Et−~p

′·~r′+E′t)δhh′δ
3(~p− ~p′)

+ vςλς (~p, h)v∗ςλ′ς (~p
′, h′)e−iς(~p·~r−Et−~p

′·~r′+E′t)δhh′δ
3(~p− ~p′)]d3~pd3~p′

= 1
(2π)3

+∞∫
~p=−∞

m
E

∑
h

[uςλς (~p, h)u∗ςλ′ς (~p, h)eiς~p·(~r−~r
′) + vςλς (~p, h)v∗ςλ′ς (~p, h)e−iς~p·(~r−~r

′)]d3~p

= 1
(2π)3

+∞∫
~p=−∞

m
E

∑
h

[uςλς (~p, h)u∗ςλ′ς (~p, h) + vςλς (−~p, h)v∗ςλ′ς (−~p, h)]eiς~p·(~r−~r
′)d3~p

= δλςλ′ς
1

(2π)3

+∞∫
~p=−∞

eiς~p·(~r−~r
′)d3~p

= δλςλ′ςδ
3(~r − ~r′)

y²: {aς(~p, h), a+
ς (~p′, h′)}

= 1
(2π)3

m
E

+∞∫
~r,~r′=−∞

u∗λς (~p, h)uλ
′
ς (~p′, h′){ψλς (~r, t), ψ+

λ′ς
(~r′, t)}e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

m
E

+∞∫
~r,~r′=−∞

u∗λς (~p, h)uλ
′
ς (~p′, h′)δλςλ′ς δ

3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= m
E
u∗λς (~p, h)uλς (~p′, h′)e−iς(E

′t−Et) 1
(2π)3

+∞∫
~r=−∞

eiς(~p
′−~p)·~r′d3~r

= m
E
u+
ς (~p, h)uς(~p

′, h′)e−iς(E
′t−Et)δ3(~p− ~p′)

= δhh′δ
3(~p− ~p′)

íØ1.6.2.


: Pu :=:

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h) + b+ς (~p, h)bς(~p, h)]d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

[a+
ς (~p, h)aς(~p, h)− b+ς (~p, h)bς(~p, h)]d3~p

ς=1
= 0

1.7 ��L�eDirac�§��C�é´5K

íØ1.7.1.


ψλς (x) = 1

(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E
uςλς (~p, h)eiςpx + b+ς (~p, h)

√
m
E
vςλς (~p, h)e−iςpx]d3~p

ψ̄λ′ς (x) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E
ūςλ′ς (~p, h)e−iςpx + bς(~p, h)

√
m
E
v̄ςλ′ς (~p, h)eiςpx]d3~p

íØ1.7.2. {ψλς (x), ψ̄λ′ς (x
′)} = i(m− γa∂a)λςλ′ς∆(x− x′)

y²: {ψλς (x), ψ̄λ′ς (x
′)} = 1

(2π)3

∫ ∑
h,h′

√
m
E

√
m
E′

[{aς(~p, h), a+
ς (~p′, h′)}uςλς (~p, h)ūςλ′ς (~p

′, h′)eiς(px−p
′x′) + {b+ς (~p, h), bς(~p

′, h′)}vςλς (~p, h)v̄ςλ′ς (~p
′, h′)e−iς(px−p

′x′)]d3~pd3~p′

= 1
(2π)3

∫ ∑
h,h′

√
m
E

√
m
E′
δhh′δ

3(~p− ~p′)[uςλς (~p, h)ūςλ′ς (~p
′, h′)eiς(px−p

′x′) + vςλς (~p, h)v̄ςλ′ς (~p
′, h′)e−iς(px−p

′x′)]d3~pd3~p′

= 1
(2π)3

∫ ∑
h

m
E

[uςλς (~p, h)ūςλ′ς (~p, h)eiςp(x−x
′) + vςλς (~p, h)v̄ςλ′ς (~p, h)e−iςp(x−x

′)]d3~p

= 1
(2π)3

∫
m
E

[
(ςm−iγapa)λςλ′ς

2m
eiςp(x−x

′) +
(−ςm−iγapa)λςλ′ς

2m
e−iςp(x−x

′)]d3~p

= 1
(2π)3

∫
1

2E
[(ςm− iγapa)λςλ′ςe

iςp(x−x′) + (−ςm− iγapa)λςλ′ςe
−iςp(x−x′)]d3~p
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= 1
(2π)3

∫
1

2E
[ς(m− γa∂a)λςλ′ςe

iςp(x−x′) − ς(m− γa∂a)λςλ′ςe
−iςp(x−x′)]d3~p

= i(m− γa∂a)λςλ′ς∆(x− x′)

íØ1.7.3. {ψλς (x), ψ̄λ′ς (x
′)} = i(m− γa∂a)λςλ′ς∆(x− x′)⇔ {ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

íØ1.7.4. {ψλς (~r, t), ψ̄λ′ς (~r
′, t)} = γ4

λςλ′ς
δ3(~r − ~r′)⇔ {ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ςδ

3(~r − ~r′)

1.8 ��L�eDirac�§�ÅðÖ

íØ1.8.1. Q =
∫
ψ+ψdr3 =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]d3~p

y²: Q =
∫
ψ+ψdr3

= 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) + b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′) + bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′) + bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]d3~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]d3~p

íØ1.8.2. H = i
∫
ψ+∂tψdr

3 = ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

y²: H = i
∫
ψ+∂tψdr

3

= i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(−iςE′)[aς(~p′, h′)
√

m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E

(−iςE′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E

(−iςE′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]d3~p

= ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

íØ1.8.3. ~P = −i
∫
ψ+∇ψdr3 = ς

∫ ∑
h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

y²: ~P = −i
∫
ψ+∇ψdr3

= −i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(iς~p′)[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E

(iς~p′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E

(iς~p)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]d3~p

= ς
∫ ∑

h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

íØ1.8.4. Pu = −i
∫
ψ+∂uψdr

3 = ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p

y²: Pu = −i
∫
ψ+∂uψdr

3

= i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(iςp′u)[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E

(iςp′u)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E

(iςp′u)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]d3~p

= ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]d3~p
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2 ¢L�eMajorana�§�²¡Å)Úþfz

2.1 î�¦)Majorana�§�²¡Å) [27]

2.1.1 ü«L�eMajorana�§üÄþ²¡Å)�m�'X

¢L�ÚDiracL�e�Majorana�§:

½Â2.1.1.

(γas∂a +m)ψs = 0, γas = (σ−ςσςy, ςσςz), ψ
∗
s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗ = −e2iθσy ⊗ σyψ, STem(ς)Sem(ς) = −σy ⊗ σy

íØ2.1.1.

ψs(~p) := eiθSem(ς)ψ(~p), ψs(~p) = ψ∗s(~p)

ψs(~0) := eiθSem(ς)ψ(~0), ψs(~0) = ψ∗s(~0)
Sem(ς) = 1√

2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −ς ς 0

]
íØ2.1.2. ψs(~p) = ψ∗s(~p)⇔ ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

íØ2.1.3. ψ(~0) =

[
ξ0e
−iςmt0

η0e
iςmt0

]
;ψ∗(~0) = −e2iθσy ⊗ σyψ(~0)⇔ η0 = −ie−2iθσyξ

∗
0 ⇔ ψ(~0) =

[
ξ0e
−iςmt0

−ie−2iθσyξ
∗
0e
iςmt0

]

íØ2.1.4. ψ(~0) =

[
ξe−iςmt0

−ie−2iθσyξ
∗eiςmt0

]
⇔ ψs(~0) = 1√

2

 i(eiθξ1e
−iςmt0−e−iθξ∗1e

iςmt0 )

−(eiθξ1e
−iςmt0+e−iθξ∗1e

iςmt0 )

−i(eiθξ2e−iςmt0−e−iθξ∗2e
iςmt0 )

−ς(eiθξ2e−iςmt0+e−iθξ∗2e
iςmt0 )

 ∈ R; ξ =

[
ξ1

ξ2

]

íØ2.1.5.


ψ(~p) = E+m+ς~p·σ⊗σx√

2m(E+m)
ψ(~0) = E+m+ς~p·σ⊗σx√

2m(E+m)

 ξ0e
iς(~p·~r−Et)

−ie−2iθσyξ
∗
0e
−iς(~p·~r−Et)


ψs(~p) = m−iγas paγs4√

2m(E+m)
ψs(~0) = m−iγas paγs4√

2m(E+m)
eiγs4(~p·~r−Et)ψs0 = ψ∗s(~p), ψs0 = eiθSem(ς)ψ0

2.1.2 DiracL�eMajorana�§�äNüÄþ²¡Å)

íØ2.1.6. ψ(~p) =
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) − e−2iθσy ⊗ σya+
ς (~p, h)u∗ς (~p, h)e−iς(~p·~r−Et)]

y²: ψ(~p) = E+m+ς~p·σ⊗σx√
2m(E+m)

ψ(~0) = E+m+ς~p·σ⊗σx√
2m(E+m)

{[aς(~p, 1
2
)

[
1
0
0
0

]
+ aς(~p,− 1

2
)

[
0
1
0
0

]
]eiς(~p·~r−Et) + [−e−2iθa+

ς (~p,− 1
2
)

[
0
0
1
0

]
+ e−2iθa+

ς (~p, 1
2
)

[
0
0
0
1

]
]e−iς(~p·~r−Et)}

= [aς(~p,
1
2
)uς(~p,

1
2
) + aς(~p,− 1

2
)uς(~p,− 1

2
)]eiς(~p·~r−Et) + e−2iθ[−a+

ς (~p,− 1
2
)vς(~p,

1
2
) + a+

ς (~p, 1
2
)vς(~p,− 1

2
)]e−iς(~p·~r−Et)

=
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) − e−2iθσy ⊗ σya+
ς (~p, h)u∗(~p, h)e−iς(~p·~r−Et)]

=
∑
h

[aς(~p, h)uς(~p, h)eiς(~p·~r−Et) + [eiθSem(ς)]+[eiθSem(ς)]∗a+
ς (~p, h)u∗(~p, h)e−iς(~p·~r−Et)]

íØ2.1.7.

u∗(~p, h) = (−1)s+
1
2σy ⊗ σyvς(~p,−h)

v∗(~p, h) = (−1)h−
1
2σy ⊗ σyuς(~p,−h)

íØ2.1.8. ψ+(~p) =

[a+
ς (~p, 1

2
)u+
ς (~p, 1

2
) + a+

ς (~p,− 1
2
)u+
ς (~p,− 1

2
)]e−iς(~p·~r−Et) + e2iθ[−aς(~p,− 1

2
)v+
ς (~p, 1

2
) + aς(~p,

1
2
)v+
ς (~p,− 1

2
)]eiς(~p·~r−Et)

2.1.3 ¢L�eMajorana�§�äNüÄþ²¡Å)

íØ2.1.9. ψs(~p) =
∑
h

[aς(~p, h)us(~p, h)eiς(~p·~r−Et) + a+
ς (~p, h)u∗s(~p, h)e−iς(~p·~r−Et)]

y²: ψs(~p) = m−iγas paγs4√
2m(E+m)

ψs(~0) = eiθSem(ς)ψ(~p)

= eiθSem(ς)[aς(~p,
1
2
)uς(~p,

1
2
)+aς(~p,− 1

2
)uς(~p,− 1

2
)]eiς(~p·~r−Et)+e−2iθ[−a+

ς (~p,− 1
2
)vς(~p,

1
2
)+a+

ς (~p, 1
2
)vς(~p,− 1

2
)]e−iς(~p·~r−Et)

= [aς(~p,
1
2
)us(~p,

1
2
) + aς(~p,− 1

2
)us(~p,− 1

2
)]eiς(~p·~r−Et) + e−2iθ[−a+

ς (~p,− 1
2
)vs(~p,

1
2
) + a+

ς (~p, 1
2
)vs(~p,− 1

2
)]e−iς(~p·~r−Et)

= m−iγas paγs4√
2m(E+m)

{[aς(~p, 1
2
)eiθ

[
i
−1
0
0

]
+aς(~p,− 1

2
)eiθ

[
0
0
−i
−ς

]
]eiς(~p·~r−Et)+e−iθ[−a+

ς (~p,− 1
2
)

[
0
0
−i
ς

]
+a+

ς (~p, 1
2
)

[ −i
−1
0
0

]
]e−iς(~p·~r−Et)}

=
∑
h

[aς(~p, h)us(~p, h)eiς(~p·~r−Et) + a+
ς (~p, h)u∗s(~p, h)e−iς(~p·~r−Et)]
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íØ2.1.10. ψ+
s (~p) =

∑
h

[a+
ς (~p, h)u+

s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)uTs (~p, h)eiς(~p·~r−Et)]

íØ2.1.11. ψ̄s(~p) =
∑
h

[a+
ς (~p, h)ūs(~p, h)e−iς(~p·~r−Et) − aς(~p, h)ū∗s(~p, h)eiς(~p·~r−Et)]

íØ2.1.12.



us(~p,
1
2
) = eiθSem(ς)uς(~p,

1
2
) = m−iγas paγs4√

2m(E+m)
eiθ
[

i
−1
0
0

]
= e2iθv∗s(~p,− 1

2
)

us(~p,− 1
2
) = eiθSem(ς)uς(~p,− 1

2
) = m−iγas paγs4√

2m(E+m)
eiθ
[

0
0
−i
−ς

]
= −e2iθv∗s(~p,

1
2
)

vs(~p,
1
2
) = eiθSem(ς)vς(~p,

1
2
) = m−iγas paγs4√

2m(E+m)
eiθ
[

0
0
−i
ς

]
= −e2iθu∗s(~p,− 1

2
)

vs(~p,− 1
2
) = eiθSem(ς)vς(~p,− 1

2
) = m−iγas paγs4√

2m(E+m)
eiθ
[

0
0
−i
ς

]
= e2iθu∗s(~p,

1
2
)

íØ2.1.13.

u∗s(~p, h) = (−1)h−
1
2 e−2iθvs(~p,−h)

v∗s(~p, h) = (−1)h+
1
2 e2iθus(~p,−h)

2.1.4 Majorana�§Ú¥�f�§üÄþ²¡Å)�m��dC�'X

íØ2.1.14.

(γa∂a +m)ψ(~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

ψ(~p) = 1√
2m(E+m)

[
(E +m)ξ0e

iς(~p·~r−Et) − ς~p · σ(ie−2iθσyξ
∗
0)e−iς(~p·~r−Et)

−(E +m)(ie−2iθσyξ
∗
0)e−iς(~p·~r−Et) + ς~p · σξ0e

iς(~p·~r−Et)

]
=

[
λ(~p)

−ie−2iθσyλ
∗(~p)

]
[m]

íØ2.1.15.

(σ,−iς)a∂aν(~p)−me−2iθσyν
∗(~p) = 0

ν(~p) = 1√
2
[λ(~p) + ie−2iθσyλ

∗(~p)] = E+m−ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) + ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

[m]

íØ2.1.16.

(σ, iς)a∂
a[−ie−2iθσyν

∗(~p)]−me−2iθσy[−ie−2iθσyν
∗(~p)]∗ = 0

− ie−2iθσyν
∗(~p) = 1√

2
[λ(~p)− ie−2iθσyλ

∗(~p)] = E+m+ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) − ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

UÚ^ÝÐm�²¡Å)µ

íØ2.1.17. ψ(~p) = [a(p,+)

 λ(p,+)

ς
√

E−m
E+m

λ(p,+)

+ a(p,−)

 λ(p,−)

−ς
√

E−m
E+m

λ(p,−)

]eiς(~p·~r−Et)

+ [b(p,+)

ς√E−m
E+m

λ(p,+)

λ(p,+)

+ b(p,−)

−ς√E−m
E+m

λ(p,−)

λ(p,−)

]e−iς(~p·~r−Et), σ·~p|~p| λ(+) = λ(+), σ·~p|~p| λ(−) = −λ(−)

2.1.5 lAÏL�Dirac�§Ñu�E²¡Å) [27]

íØ2.1.18. (γa∂a +m)ψ(~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σz), ψ∗(~p) = −e2iθσy ⊗ σyψ(~p)

íØ2.1.19. λ(~p) = ψ1(~p) = 1√
2m(E+m)

[(E +m)ξ0e
iς(~p·~r−Et) − iςe−2iθσ · ~pσyξ∗0e−iς(~p·~r−Et)]

íØ2.1.20. ψ(~p) =

[
λ(~p)

−iσye−2iθλ∗(~p)

]
, ψs(~p) = Sem(ς)

[
eiθλ(~p)

−iσy[eiθλ(~p)]∗

]
, ν(~p) = 1√

2
[λ(~p) + ie−2iθσyλ

∗(~p)]
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2.1.6 l¥�f�§Ñu�E²¡Å)

íØ2.1.21. (σ,−iς)a∂aν(~p)−me−2iθσyν
∗(~p) = 0

íØ2.1.22. ν(~p) = E+m−ς~p·σ√
2m(E+m)

1√
2
(ξ0e

iς(~p·~r−Et) + ie−2iθσyξ
∗
0e
−iς(~p·~r−Et))

íØ2.1.23. ψ(~p) = 1√
2

[
ν(~p)− ie−2iθσyν

∗(~p)

−ν(~p)− ie−2iθσyν
∗(~p)

]
, ψs(~p) = 1√

2
Sem(ς)

[
eiθν(~p)− iσy[eiθν(~p)]∗

−eiθν(~p)− iσy[eiθν(~p)]∗

]

2.2 ¢L�eMajorana�§g^Ä�5�

Majorana�§: (γas∂a +m)ψ = 0, γas = (σ−ςσςy, ςσςz), ψ
∗
s = ψs

¢L�eü�g^Ä�m�5�

5�2.2.1. ūs(~p, h)us(~p, h
′) = ςδhh′ , ūs(~p, h)u∗s(~p, h

′) = 0

5�2.2.2.
∑
h

us(~p, h)ūs(~p, h) = ςm−iγas pa
2m

5�2.2.3.


∑
h

us(~p, h)ūs(~p, h)− [
∑
h

us(~p, h)ūs(~p, h)]∗ = ς∑
h

us(~p, h)ūs(~p, h) + [
∑
h

us(~p, h)ūs(~p, h)]∗ = −iγapa
m

5�2.2.4. u+
s (~p, h)us(~p, h

′) = E
m
δhh′ , u

+
s (~p, h)u∗s(−~p, h′) = 0

5�2.2.5.
∑
h

us(~p, h)u+
s (~p, h) + [

∑
h

us(−~p, h)u+
s (−~p, h)]∗ = E

m

2.3 ¢L�eMajorana�§�²¡Å)

íØ2.3.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E
us(~p, h)eiς(~p·~r−Et) + a+

ς (~p, h)
√

m
E
u∗s(~p, h)e−iς(~p·~r−Et)]d3~p

íØ2.3.2. ∇ψ(~r, t) = iς 1
(2π)3/2

+∞∫
~p=−∞

~p
∑
h

[aς(~p, h)
√

m
E
us(~p, h)eiς(~p·~r−Et) − a+

ς (~p, h)
√

m
E
u∗s(~p, h)e−iς(~p·~r−Et)]d3~p

íØ2.3.3. ψ∗(~r, t) = ψ(~r, t)

íØ2.3.4.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u+
s (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u∗sλς (~p, h)ψλς (~r, t)e−iς(~p·~r−Et)d3~r

a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
uTs (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
usλς (~p, h)ψλς (~r, t)eiς(~p·~r−Et)d3~r

2.4 ¢L�eMajorana�§�ÅðÖ

Majorana�^þ: L = − 1
2

∫
ψ̄(γas∂a +m)ψdr3 , MajoranaM�îþ: H = 1

2

∫
ψ̄(γs · ∇+m)ψdr3

íØ2.4.1. ψ̄(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[a+
ς (~p, h)

√
m
E
ūs(~p, h)e−iς(~p·~r−Et) − aς(~p, h)

√
m
E
ū∗s(~p, h)eiς(~p·~r−Et)]d3~p

íØ2.4.2. H = i
∫
ψ+∂tψdr

3 =
∫ ∑

h

ςE[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

y²: H =
∫

[ψ̄(γs · ∇) +m]ψ]dr3 = i
∫
ψ+∂tψdr

3

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)ūs(~p, h)(m+ iςγs · ~p)us(~p, h′)− aς(~p, h)a+
ς (~p, h′)ū∗s(~p, h)(m− iςγs · ~p)u∗s(~p, h′)]d3~p

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)ūs(~p, h){2mς[
∑
s′′
u∗(~p, s′′)ū∗(~p, s′′)] + ςEγ4

s}us(~p, h′)

− aς(~p, h)a+
ς (~p, h′)ū∗s(~p, h){2mς[

∑
s′′
uς(~p, s

′′)ūς(~p, s
′′)]− ςEγ4

s}u∗s(~p, h′)]d3~p

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
s (~p, h)ςEus(~p, h

′)− aς(~p, h)a+
ς (~p, h′)uTs (~p, h)ςEu∗s(~p, h

′)]d3~p

=
∫ ∑

h

ςE[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p
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íØ2.4.3. ~P =
∫
−iψ+∇ψdr3 =

∫ ∑
h

ς~p[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

y²: ~P =
∫
−iψ+∇ψdr3

= −i 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)

√
m
E
uTs (~p, h)eiς(~p·~r−Et)](iς~p)

[aς(~p
′, h′)

√
m
E′
us′(~p

′, h′)eiς(~p
′·~r−E′t) − a+

ς (~p′, h′)
√

m
E
u∗s′(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

= −i
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
s (~p, h)(iς~p)us(~p, h

′)− aς(~p, h)a+
ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

= −i
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
s (~p, h)(iς~p)us(~p, h

′)− aς(~p, h)a+
ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h

′)]d3~p

=
∫ ∑

h

ς~p[a+
ς (~p, h)aς(~p, h)− aς(~p, h)a+

ς (~p, h)]d3~p

íØ2.4.4. Q =
∫
ψ+ψdr3 =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + aς(~p, h)a+

ς (~p, h)]d3~p

y²: Q =
∫
ψ+ψdr3

= 1
(2π)3

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
s (~p, h)e−iς(~p·~r−Et) + aς(~p, h)

√
m
E
uTs (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′
us′(~p

′, h′)eiς(~p
′·~r−E′t) + a+

ς (~p′, h′)
√

m
E
u∗s′(~p

′, h′)e−iς(~p
′·~r−E′t)]d3~p′d3~pdr3

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
s (~p, h)us(~p, h

′) + aς(~p, h)a+
ς (~p, h′)uTs (~p, h)u∗s(~p, h

′)]δ3(~p− ~p′)d3~p′d3~p

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
s (~p, h)us(~p, h

′) + aς(~p, h)a+
ς (~p, h′)uTs (~p, h)(iς~p)u∗s(~p, h

′)]d3~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + aς(~p, h)a+

ς (~p, h)]d3~p

íØ2.4.5. L = − 1
2

∫
ψ̄(γas∂a +m)ψdr3 = 0

2.5 ¢L�eMajorana�§�þfz

$^±þ(ØÚ5�§�±��Xeé´'Xµ

íØ2.5.1.

{ψλς (~r, t), ψµς (~r′, t)} = δλςµςδ
3(~r − ~r′)

ψ∗(~r, t) = ψ(~r, t)
⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

íØ2.5.2.


: H :=: 1

2

∫
iψ+∂tψdr

3 :=: 1
2

∫
[ψ̄(γs · ∇) +m]ψ]dr3 :

ς=1
=
∫ ∑

h

E(p)a+
ς (~p, h)aς(~p, h)d3~p

: ~P :=: 1
2

∫
−iψ+∇ψdr3 :

ς=1
=
∫ ∑

h

~pa+
ς (~p, h)aς(~p, h)d3~p

íØ2.5.3.


: Pu :=: 1

2

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pua
+
ς (~p, h)aς(~p, h)d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

0a+
ς (~p, h)aς(~p, h)d3~p

ς=1
= 0

íØ2.5.4. [Pu, Pv] = 0, [Q,Pu] = 0

3 ?¿L�eMajorana�§�²¡Å)Úþfz

3.1 ?¿L�eMajorana�§g^Ä�5�

?¿L�eMajorana�§: (γa∂a +m)ψ = 0, ψs = Sψ, ψ∗ = STSψ, γa = S+(σ−ςσ+ςy, ςσ+ςz)S

?¿L�eü�g^Ä�m�5�

5�3.1.1. ūς(~p, h)uς(~p, h
′) = ςδhh′ , ūς(~p, h)(S+S∗)u∗(~p, h′) = 0

5�3.1.2.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m
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5�3.1.3.


∑
h

uς(~p, h)ūς(~p, h)− [
∑
h

uς(~p, h)ūς(~p, h)]∗ = ς∑
h

uς(~p, h)ūς(~p, h) + [
∑
h

uς(~p, h)ūς(~p, h)]∗ = −iγapa
m

5�3.1.4. u+
ς (~p, h)uς(~p, h

′) = E
m
δhh′ , u

+
ς (~p, h)(S+S∗)u∗(−~p, h′) = 0

5�3.1.5.
∑
h

uς(~p, h)u+
ς (~p, h) + [

∑
h

uς(−~p, h)u+
ς (−~p, h)]∗ = E

m

3.2 ?¿L�eMajorana�§�²¡Å)

íØ3.2.1.

ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

∑
h

[aς(~p, h)
√

m
E
uς(~p, h)eiς(~p·~r−Et) + S+S∗a+

ς (~p, h)
√

m
E
u∗(~p, h)e−iς(~p·~r−Et)]d3~p

íØ3.2.2.

∇ψ(~r, t) = iς 1
(2π)3/2

+∞∫
~p=−∞

~p
∑
h

[aς(~p, h)
√

m
E
uς(~p, h)eiς(~p·~r−Et) − S+S∗a+

ς (~p, h)
√

m
E
u∗(~p, h)e−iς(~p·~r−Et)]d3~p

íØ3.2.3. ψ∗(~r, t) = STSψ(~r, t)

íØ3.2.4.
aς(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u+λς (~p, h)ψλς (~r, t)e

−iς(~p·~r−Et)d3~r

a+
ς (~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
uTς (~p, h)ψ∗(~r, t)eiς(~p·~r−Et)d3~r = 1

(2π)3/2

+∞∫
~p=−∞

√
m
E
u
λ′ς
ς (~p, h)ψ+

λ′ς
(~r, t)eiς(~p·~r−Et)d3~r

3.3 ?¿L�eMajorana�§�þfz

íØ3.3.1.

{ψλς (~r, t), ψ
+
λ′ς

(~r′, t)} = δλςλ′ςδ
3(~r − ~r′)

ψ∗(~r, t) = STSψ(~r, t)
⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

íØ3.3.2. L = − 1
2

∫
ψ̄(γas∂a +m)ψdr3 = 0

íØ3.3.3.


: H :=: 1

2

∫
iψ+∂tψdr

3 :=: 1
2

∫
[ψ̄(γs · ∇) +m]ψ]dr3 :

ς=1
=
∫ ∑

h

E(p)a+
ς (~p, h)aς(~p, h)d3~p

: ~P :=: 1
2

∫
−iψ+∇ψdr3 :

ς=1
=
∫ ∑

h

~pa+
ς (~p, h)aς(~p, h)d3~p

íØ3.3.4.


: Pu :=: 1

2

∫
−iψ+∂uψdr

3 :
ς=1
=
∫ ∑

h

pua
+
ς (~p, h)aς(~p, h)d3~p

: Q :=:
∫
ψ+ψdr3 :=

∫ ∑
h

0a+
ς (~p, h)aς(~p, h)d3~p

ς=1
= 0

íØ3.3.5. [Pu, Pv] = 0, [Q,Pu] = 0

3L�C�e§�«�)�ÎÚÙé´'X´Iþ!ØCþ"XÚUþÄþ�Î!ÅðÖ�´Iþ!ØCþ"Å

¼ê�ÎÚÙé´'X´L��Cþ"

4 Majorana�§Úk�þ¥�f�§��d'X

4.1 Majorana�§Úk�þ¥�f�§�d��K�é´'X

DiracL�eMajorana�§�é´'X

íØ4.1.1.

{ψλς (~r, t), ψ
+
λ′ς

(~r′, t)} = δλςλ′ςδ
3(~r − ~r′)

ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)
⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0
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íØ4.1.2. ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)⇔ ψ(~r, t) = 1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]

Majorana�§Ú¥�f�§�K�é´'X��dC�µ

íØ4.1.3.


{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ςδ

3(~r − ~r′)

ψ(~r, t) = 1√
2

 ν(~r, t)− ie−2iθσyν
∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

 ⇔


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

y²:
{ψλς (~r, t), ψ+

λ′ς
(~r′, t)} = δλςλ′ςδ

3(~r − ~r′)

ψ(~r, t) = 1√
2

 ν(~r, t)− ie−2iθσyν
∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)


⇔

1
2
{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t), ν

∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = δAςA′ςδ

3(~r − ~r′)
1
2
{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−ν

∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = 0

1
2
{−νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t), ν

∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = 0

1
2
{−νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−ν

∗
A′ς

(~r′, t)− e2iθ(εν)A′ς (~r
′, t)} = δAςA′ςδ

3(~r − ~r′)
⇔

{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

{νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−e
2iθ(εν)A′ς (~r

′, t)} = δAςA′ςδ
3(~r − ~r′)

{−νAς (~r, t)− e−2iθ(εν)∗Aς (~r, t),−e
2iθ(εν)A′ς (~r

′, t)} = δAςA′ςδ
3(~r − ~r′)

{νAς (~r, t) + e−2iθ(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

⇔

{νAς (~r, t), ν∗A′ς (~r
′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), (εν)A′ς (~r
′, t)} = 0

{(εν)∗Aς (~r, t), (εν)A′ς (~r
′, t)} = δAςA′ςδ

3(~r − ~r′)

{(εν)∗Aς (~r, t), ν
∗
A′ς

(~r′, t)} = 0
⇔
{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

íØ4.1.4.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

⇔


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~r − ~r′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

4.2 DiracL�eMajorana�^þÚ¥�f�^þ

Majorana.¼þ: L = − 1
2

∫
ψ̄(γa∂a +m)ψdr3 , MajoranaM�îþ: H = 1

2

∫
ψ̄(γ · ∇+m)ψdr3

íØ4.2.1. γa∂a =
[
ς∂π −iσ·∇
iσ·∇ −ς∂π

]
, γ4γa∂a =

[
∂π −iςσ·∇

−iςσ·∇ ∂π

]
, γa = (σ ⊗ σy, ςI ⊗ σz)

íØ4.2.2. ψ̄(~r, t)ψ(~r, t) = ς{ν+(~r, t)[−ie−2iθσyν
∗(~r, t)] + [ie2iθνT (~r, t)σy]ν(~r, t)}

y²: ψ̄(~r, t)ψ(~r, t) = ψ+(~r, t)γ4ψ(~r, t)

= 1
2
ς
[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

] [ν(~r, t)− ie−2iθσyν
∗(~r, t)

ν(~r, t) + ie−2iθσyν
∗(~r, t)

]
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= 1
2
ς{[ν+(~r, t) + ie2iθνT (~r, t)σy][ν(~r, t)− ie−2iθσyν

∗(~r, t)]− [ν+(~r, t)− ie2iθνT (~r, t)σy][ν(~r, t) + ie−2iθσyν
∗(~r, t)]}

= ς{ν+(~r, t)[−ie−2iθσyν
∗(~r, t)] + [ie2iθνT (~r, t)σy]ν(~r, t)}

íØ4.2.3. ψ̄(~r, t)γa∂aψ(~r, t) = iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)(σ, iς)a∂aν
∗(~r, t)]

y²: ψ̄(~r, t)γa∂aψ(~r, t) = ψ+(~r, t)γ4γa∂aψ(~r, t)

= 1
2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

] [
∂π −iςσ·∇

−iςσ·∇ ∂π

] [ ν(~r, t)− ie−2iθσyν
∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]

= 1
2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

]
∂π

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]

+ 1
2

[
ν+(~r, t) + ie2iθνT (~r, t)σy,−ν+(~r, t) + ie2iθνT (~r, t)σy

]
(−iςσ · ∇)

[
−ν(~r, t)− ie−2iθσyν

∗(~r, t)

ν(~r, t)− ie−2iθσyν
∗(~r, t)

]
= 1

2
{[ν+(~r, t) + ie2iθνT (~r, t)σy]∂π[ν(~r, t)− ie−2iθσyν

∗(~r, t)]

+ [ν+(~r, t)− ie2iθνT (~r, t)σy]∂π[ν(~r, t) + ie−2iθσyν
∗(~r, t)]}

+ 1
2
{[ν+(~r, t) + ie2iθνT (~r, t)σy](iςσ · ∇)[ν(~r, t) + ie−2iθσyν

∗(~r, t)]

+ [ν+(~r, t)− ie2iθνT (~r, t)σy](iςσ · ∇)[ν(~r, t)− ie−2iθσyν
∗(~r, t)]}

= [ν+(~r, t)∂πν(~r, t) + νT (~r, t)∂πν
∗(~r, t)] + [ν+(~r, t)(iςσ · ∇)ν(~r, t)− νT (~r, t)σy(iςσ · ∇)σyν

∗(~r, t)]

= iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)σy(σ, iς)
a∂aσyν

∗(~r, t)]

¥�f.¼þµ

íØ4.2.4. L = − 1
2

∫
ψ̄(~r, t)(γa∂a +m)ψ(~r, t)

= − 1
2
iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)[(−σ∗, iς)a∂aν∗(~r, t)−me2iθσyν(~r, t)]

y²: L = − 1
2

∫
ψ̄(~r, t)(γa∂a +m)ψ(~r, t)

= − 1
2

∫
iς[ν+(~r, t)(σ,−iς)a∂aν(~r, t)− νT (~r, t)σy(σ, iς)

a∂aσyν
∗(~r, t)]

+miς{ν+(~r, t)[−e−2iθσyν
∗(~r, t)] + [e2iθνT (~r, t)σy]ν(~r, t)}

= − 1
2
iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)σy[(σ, iς)
a∂aσyν

∗(~r, t) +me2iθσy[σyν
∗(~r, t)]∗]

= − 1
2
iς
∫
ν+(~r, t)[(σ,−iς)a∂aν(~r, t)−me−2iθσyν

∗(~r, t)]− νT (~r, t)[(−σ∗, iς)a∂aν∗(~r, t)−me2iθσyν(~r, t)]

¥�fM�îþµ

íØ4.2.5. H = 1
2

∫
ψ̄(γ · ∇+m)ψdr3

= iς 1
2

∫
[ν+(~r, t)σ · ∇ν(~r, t) + νT (~r, t)σ∗ · ∇ν∗(~r, t)]−m[e−2iθν+(~r, t)σyν

∗(~r, t)− e2iθνT (~r, t)σyν(~r, t)]dr3

¥�f�>Öµ

íØ4.2.6. Q =
∫
ψ+ψdr3 =

∫
ν+(~r, t)ν(~r, t) + νT (~r, t)ν∗(~r, t)dr3 '

∫
ν+(~r, t)ν(~r, t) + νT (~r, t)ν∗(~r, t)dr3

¥�f�UþÄþµ

íØ4.2.7. Pu = −i
∫
ψ+∂uψdr

3 = −i
∫
ν+(~r, t)∂uν(~r, t) + νT (~r, t)∂uν

∗(~r, t)dr3

íØ4.2.8. [Pu, Pv] = 0, [Q,Pu] = 0

5 k�þ¥�f�§�²¡Å)Ú��þfz [43]

5.1 k�þ¥�f�§g^Ä�5�

íØ5.1.1. (σ,−iς)a∂aν(x)−me−2iθσyν
∗(x) = 0
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íØ5.1.2.


η(~p, 1

2
) := E+m−ς~p·σ√

2m(E+m)

1

0

 = u1(~p, 1
2
)− u2(~p, 1

2
)

η(~p,− 1
2
) := E+m−ς~p·σ√

2m(E+m)

0

1

 = u1(~p,− 1
2
)− u2(~p,− 1

2
)

íØ5.1.3. η(~p, h) = u1(~p, h)− u2(~p, h), η+(~p, h)η(−~p, h′) = δhh′ , η
T (~p, h)η∗(−~p, h′) = δhh′

íØ5.1.4.


∑
h

η(~p, h)η+(~p, h) = E−ςσ·~p
m

= −ς(σ,iς)apa
m∑

h

(−1)h−
1
2 η(~p, h)η+(~p, h) = iσy

íØ5.1.5.



∑
h

[η(~p, h)η+(~p, h) + η(−~p, h)η+(−~p, h)] = 2E
m∑

h

[η∗(~p, h)ηT (~p, h) + η∗(−~p, h)ηT (−~p, h)] = 2E
m∑

h

(−1)h−
1
2 [η(~p, h)ηT (~p,−h) + η(−~p,−h)ηT (−~p, h)] = 0∑

h

(−1)h−
1
2 [η∗(~p, h)η+(~p,−h) + η∗(−~p,−h)η+(−~p, h)] = 0

íØ5.1.6. η+(~p, h)η(~p′, h′) = −(−1)h+h′ηT (−~p,−h)η∗(−~p′,−h′)

íØ5.1.7.

η+(~p, h)η(~p, h′)− (−1)h+h′ηT (~p,−h)η∗(~p,−h′) = 2E
m
δhh′

η+(~p, h)η(~p, h′) + η+(−~p, h)η(−~p, h′) = 2E
m
δhh′

íØ5.1.8.

η+(~p, h)η(−~p, h′)− (−1)h+h′ηT (~p,−h)η∗(−~p,−h′) = 0

η+(~p, h)η(−~p, h′)− η+(−~p, h)η(~p, h′) = 0

íØ5.1.9.

η+(~p, h)η(−~p,−h′)− (−1)h
′−hηT (~p,−h)η∗(−~p, h′) = 0

η+(~p, h)η(−~p,−h′)− η+(−~p, h)η(~p,−h′) = 0

5.2 lDiracL�eMajorana�§C���k�þ¥�f�§²¡Å)

íØ5.2.1. ν(~r, t) = 1
(2π)3/2

∫ √
m
2E

∑
h

E+m−ς~p·σ√
2m(E+m)

[aς(~p, h)ξ(h)eiς(~p·~r−Et) + a+
ς (~p, h)ie−2iθσyξ(h)e−iς(~p·~r−Et)]d3~p

íØ5.2.2. ν(~r, t) = 1
(2π)3/2

∫ √
m
2E

∑
h

[aς(~p, h)η(~p, h)eiς(~p·~r−Et) + (−1)h−
1
2 e−2iθa+

ς (~p, h)η(~p,−h)e−iς(~p·~r−Et)]d3~p

íØ5.2.3. aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
u+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

⇔ aς(~p, h) = 1
(2π)3/2

√
E

2m

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

y²: aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m
E
u+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

+∞∫
~p=−∞

√
m
E

[
u+

1 (~p, h), u+
2 (~p, h)

]
1√
2

[
ν(~r, t)− ie−2iθσyν

∗(~r, t)

−ν(~r, t)− ie−2iθσyν
∗(~r, t)

]
e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

∫ √
m
2E

[η+(~p, h)ν(~r, t)− ie−2iθη+(−~p, h)σyν
∗(~r, t)]e−iς(~p·~r−Et)d3~r

= 1
(2π)3/2

∫ √
m
2E

[η+(~p, h)ν(~r, t)− (−1)h−
1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

5.3 k�þ¥�f�§²¡Å)XêÚþfz^�����y

íØ5.3.1. aς(~p, h) = 1
(2π)3/2

√
E

2m

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθηT (~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r
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y²: 1
(2π)3/2

√
m
2E

∫
[η+(~p, h)ν(~r, t)− (−1)h−

1
2 e−2iθη+(−~p,−h)ν∗(~r, t)]e−iς(~p·~r−Et)d3~r

= 1
(2π)3

√
m
2E

∫
d3~rd3~p′

√
m

2E′∑
h′
η+(~p, h)[aς(~p

′, h′)η(~p′, h′)eiς(~p
′·~r−E′t) + (−1)h

′− 1
2 e−2iθa+

ς (~p′, h′)η(~p′,−h′)e−iς(~p′·~r−E′t)]e−iς(~p·~r−Et)

− (−1)h−
1
2 e−2iθηT (~p,−h)[a+

ς (~p′, h′)η∗(~p′, h′)e−iς(~p
′·~r−E′t) + (−1)h

′− 1
2 e2iθaς(~p

′, h′)η∗(~p′,−h′)eiς(~p′·~r−E′t)]e−iς(~p·~r−Et)

=
√

m
2E

∫ √
m

2E′

∑
h′

[aς(~p
′, h′)η+(~p, h)η(~p′, h′)δ3(~p− ~p′) + (−1)h−

1
2 e−2iθa+

ς (~p′, h′)η+(~p, h)η(~p′,−h′)δ3(~p+ ~p′)e2iςEt]

− (−1)h
′− 1

2 e−2iθa+
ς (~p′, h′)ηT (~p,−h)η∗(~p′, h′)δ3(~p+ ~p′)e2iςEt − (−1)h+h′aς(~p

′, h′)ηT (~p,−h)η∗(~p′,−h′)δ3(~p− ~p′)]d3~p′

= m
2E

∑
h′

[aς(~p, h
′)η+(~p, h)η(~p, h′) + (−1)h−

1
2 e−2iθa+(−~p, h′)η+(~p, h)η(−~p,−h′)e2iςEt]

− (−1)h
′− 1

2 e−2iθa+(−~p, h′)ηT (~p,−h)η∗(−~p, h′)e2iςEt − (−1)h+h′aς(~p, h
′)ηT (~p,−h)η∗(~p,−h′)]

= m
2E

∑
h′

[aς(~p, h
′)[η+(~p, h)η(~p, h′)− (−1)h+h′ηT (~p,−h)η∗(~p,−h′)]

+ (−1)h−
1
2 e2iςEte−2iθa+(−~p, h′)[η+(~p, h)η(−~p,−h′)− (−1)h

′−hηT (~p,−h)η∗(−~p, h′)]
= aς(~p, h)

íØ5.3.2. a+
ς (~p, h) = 1

(2π)3/2

√
E

2m

∫
[ηT (~p, h)ν∗(~r, t)− (−1)h−

1
2 e2iθη+(~p,−h)ν(~r, t)]eiς(~p·~r−Et)d3~r

éN´|^±þü�XêÐmª���í�Xe�Ké´'Xµ

íØ5.3.3.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νA′ς (~r
′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

⇒


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

y3�L5�|^Å¼êÐmª��í�Xe�Ké´'Xµ

íØ5.3.4.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒

{νAς (x), ν+
A′ς

(x′)} = −ς(σ, iς)a∂a∆(x− x′)

{νAς (~r, t), ν+
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

y²:

{νAς (x), ν+
A′ς

(x′)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[a+
ς (~p′, h′)η+

A′ς
(~p′, h′)e−iς(~p

′·~r′−E′t′) + e2iθaς(~p
′, h′)(−1)h

′− 1
2 η+

A′ς
(~p′,−h′)eiς(~p′·~r′−E′t′)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]{aς(~p, h), a+
ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 {a+

ς (~p, h), aς(~p
′, h)}(−1)h

′− 1
2 [e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]δhh′δ
3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 δhh′δ

3(~p− ~p′)(−1)h
′− 1

2 [e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiςp·(x−x
′) + ηAς (~p,−h)η+

A′ς
(~p,−h)e−iςp·(x−x

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)[eiςp·(x−x
′) + e−iςp·(x−x

′)]d3~p

= 1
(2π)3

∫
m
2E
−ς(σ,iς)apa

m
[eiςp·(x−x

′) + e−iςp·(x−x
′)]d3~p

= −(σ, iς)a∂a
−i

(2π)3

∫
1

2E
[eiςp·(x−x

′) − e−iςp·(x−x′)]d3~p = −ς(σ, iς)a∂a∆(x− x′)

y²:

{νAς (~r, t), ν+
A′ς

(~r′, t)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

407



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 121Ù MajoranaâfÚ¥�f�þfz

[a+
ς (~p′, h′)η+

A′ς
(~p′, h′)e−iς(~p

′·~r′−E′t) + e2iθaς(~p
′, h′)(−1)h

′− 1
2 η+

A′ς
(~p′,−h′)eiς(~p′·~r′−E′t)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]{aς(~p, h), a+
ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 {a+

ς (~p, h), aς(~p
′, h)}(−1)h

′− 1
2 [e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

[ηAς (~p, h)η+
A′ς

(~p′, h′)]δhh′δ
3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ ηAς (~p,−h)η+
A′ς

(~p′,−h′)(−1)h−
1
2 δhh′δ

3(~p− ~p′)(−1)h
′− 1

2 [e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiς~p·(~r−~r
′) + ηAς (~p,−h)η+

A′ς
(~p,−h)e−iς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

ηAς (~p, h)η+
A′ς

(~p, h)eiς~p·(~r−~r
′) + ηAς (−~p, h)η+

A′ς
(−~p, h)eiς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

[ηAς (~p, h)η+
A′ς

(~p, h) + ηAς (−~p, h)η+
A′ς

(−~p, h)]eiς~p·(~r−~r
′)d3~p

= 1
(2π)3

∫
m
2E

∑
h

[η(~p, h)η+(~p, h) + η(−~p, h)η+(−~p, h)]AςA′ςe
iς~p·(~r−~r′)d3~p

= δAςA′ςδ
3(~r − ~r′)

íØ5.3.5.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒



{νAς (x), νBς (x
′)} = iςme−2iθεAςBς∆(x− x′)

{ν+
A′ς

(x), ν+
B′ς

(x′)} = −iςme2iθεA′ςB′ς∆(x− x′)

{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

y²:

{νAς (x), νBς (x
′)}

= 1
(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[aς(~p
′, h′)ηBς (~p

′, h′)eiς(~p
′·~r′−E′t′) + e−2iθa+

ς (~p′, h′)(−1)h
′− 1

2 ηBς (~p
′,−h′)e−iς(~p′·~r′−E′t′)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]{aς(~p, h), a+

ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′){a+
ς (~p, h), aς(~p

′, h)}[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]δhh′δ3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t′)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′)δhh′δ
3(~p− ~p′)[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t′)]d3~p′d3~p

= 1
(2π)3

∫
m
2E
e−2iθ

∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h)]eiςp·(x−x

′) + (−1)h−
1
2 ηAς (~p,−h)ηBς (~p, h)e−iςp·(x−x

′)d3~p

= 1
(2π)3

∫
m
E
e−2iθ

∑
h

[hηAς (~p, h)ηBς (~p,−h)][eiςp·(x−x
′) − e−iςp·(x−x′)]d3~p

= iςmεAςBςe
−2iθ −iς

(2π)3

∫
1

2E
[eiςp·(x−x

′) − e−iςp·(x−x′)]d3~p

= iςme−2iθεAςBς∆(x− x′)

y²:

{νAς (~r, t), νBς (~r′, t)}
= 1

(2π)3

∫
m
2E

∑
h,h′
{[aς(~p, h)ηAς (~p, h)eiς(~p·~r−Et) + e−2iθa+

ς (~p, h)(−1)h−
1
2 ηAς (~p,−h)e−iς(~p·~r−Et)],

[aς(~p
′, h′)ηBς (~p

′, h′)eiς(~p
′·~r′−E′t) + e−2iθa+

ς (~p′, h′)(−1)h
′− 1

2 ηBς (~p
′,−h′)e−iς(~p′·~r′−E′t)]}d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]{aς(~p, h), a+

ς (~p′, h′)}[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′){a+
ς (~p, h), aς(~p

′, h)}[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E

∑
h,h′

(−1)h
′− 1

2 e−2iθ[ηAς (~p, h)ηBς (~p
′,−h′)]δhh′δ3(~p− ~p′)[eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)]

+ (−1)h−
1
2 e−2iθηAς (~p,−h)ηBς (~p

′, h′)δhh′δ
3(~p− ~p′)[e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)]d3~p′d3~p

= 1
(2π)3

∫
m
2E
e−2iθ

∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h)]eiς~p·(~r−~r

′) + (−1)h−
1
2 ηAς (~p,−h)ηBς (~p, h)e−iς~p·(~r−~r

′)d3~p
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= 1
(2π)3

∫
m
2E
e−2iθeiς~p·(~r−~r

′)
∑
h

(−1)h−
1
2 [ηAς (~p, h)ηBς (~p,−h) + ηAς (−~p,−h)ηBς (−~p, h)]d3~p

= 0

5.4 k�þ¥�f�§�é´5K�(

íØ5.4.1.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{ψsλς (x), ψsλ′ς (x

′)} = i[(m− γas∂a)γ4
s ]λςλ′ς∆(x− x′)

{ψsλς (~r, t), ψsλ′ς (~r
′, t)} = δλςλ′ςδ

3(~r − ~r′)

ψ∗s(~r, t) = ψs(~r, t)

íØ5.4.2.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

{ψλς (~r, t), ψ+
λ′ς

(~r′, t)} = δλςλ′ςδ
3(~r − ~r′)

ψ∗(~r, t) = −e2iθσy ⊗ σyψ(~r, t)

íØ5.4.3.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{νAς (x), ν+

A′ς
(x′)} = −ς(σ, iς)aAςA′ς∂a∆(x− x′)

{νAς (x), νBς (x
′)} = iςme−2iθεAςBς∆(x− x′)

{ν+
A′ς

(x), ν+
B′ς

(x′)} = −iςme2iθεA′ςB′ς∆(x− x′)

íØ5.4.4.
{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇔


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νBς (~r′, t)} = 0

{ν+
A′ς

(~r, t), ν+
B′ς

(~r′, t)} = 0

5.5 k�þ¥�f�§�n«�d£ã�(

5.5.1 lk�þ¥�f�§Ñu�E²¡Å)

íØ5.5.1.(σ,−iς)a∂aν(x)−me−2iθσyν
∗(x) = 0

ψ(x) = 1√
2

[
ν(x)−ie−2iθσyν

∗(x)

−ν(x)−ie−2iθσyν
∗(x)

] ⇔


(γa∂a +m)ψ(x) = 0, γa = (σ ⊗ σy, ςI ⊗ σz)

ψ∗(x) = −e2iθσy ⊗ σyψ(x)

ν(x) = 1√
2
[ψ1(x) + ie−2iθσyψ

∗
1(x)]

ν(x) = 1
(2π)3/2

∫
E+m−ς~p·σ√

2m(E+m)

1√
2
(ξ0e

iςp·x + ie−2iθσyξ
∗
0e
−iςp·x)d3~p

ψ(x) = 1
(2π)3/2

∫
E+m+ς~p·σ⊗σx√

2m(E+m)

[
ξ0e

iςp·x

−ie−2iθσyξ
∗
0e
−iςp·x

]
d3~p = 1

(2π)3/2

∫  (E+m)ξ0e
iςp·x−ς~p·σ(ie−2iθσyξ

∗
0 )e−iςp·x√

2m(E+m)

−(E+m)(ie−2iθσyξ
∗
0 )e−iςp·x+ς~p·σξ0eiςp·x√

2m(E+m)

 d3~p

ξ0 = a(~p, 1
2
)
[

1
0

]
+ a(~p,− 1

2
)
[

0
1

]
½ξ0 = a(~p,− ς

2
)λ(p̂,− ς

2
) + a(~p, ς

2
)λ(p̂, ς

2
)

6 Ã�þ¥�f�§�²¡Å)ÚþfzÐÚ(�¡Ù!¬�[Ðm)

6.1 Ã�þ¥�f�§�²¡Å)

íØ6.1.1. (σ,−iς)a∂aν(~r, t) = 0

íØ6.1.2. νAς (~r, t) =
∫
~p6=0

1
2
(1− ς σ·~p|~p| )[ξ(~p)e

iς(~p·~r−Et) + η(~p)e−iς(~p·~r−Et)]d3~p

=
∫
~p6=0

λ(p,−ς)[a+(~p)eiς(~p·~r−Et) + a+
−(~p)e−iς(~p·~r−Et)]d3~p, σ·~p|~p| λ(p,−ς) = −ςλ(p,−ς)

íØ6.1.3. ∇ν(~r, t) =
∫
~p6=0

iς~pλ(p,−ς)[a+(~p)eiς(~p·~r−Et) − a+
−(~p)e−iς(~p·~r−Et)]d3~p
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íØ6.1.4. ν+(~r, t) =
∫
~p6=0

λ+(p,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)]d3~p

íØ6.1.5. a+(~p) =
∫
λ+(p,−ς)ν(~r, t)e−iς(~p·~r−Et)d3~r, a+

−(~p) =
∫
λ+(p,−ς)ν(~r, t)eiς(~p·~r−Et)d3~r

íØ6.1.6.

L = −iς
∫
ν+(~r, t)(σ,−iς)a∂aν(~r, t)d3~r = 0

H = i
∫
ν+(~r, t)∂tν(~r, t)d3~r = iς

∫
ν+(~r, t)σ · ∇ν(~r, t)d3~r = ς

∫
E(~p)[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

~P = −i
∫
ν+(~r, t)∇ν(~r, t)d3~r = ς

∫
~p[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

Q = ς
∫
ν+(~r, t)ν(~r, t)d3~r = ς

∫
[a+

+(~p)a+(~p) + a−(~p)a+
−(~p)]d3~p

y²:

H = iς
∫
ν+(~r, t)σ · ∇ν(~r, t)d3~r = i

∫
ν+(~r, t)∂tν(~r, t)d3~r

= iς
∫
d3~rd3~pd3~p′

iςλ+(~p,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)]σ · ~p′λ(~p′,−ς)[a+(~p′)eiς(~p

′·~r−E′t) − a+
−(~p′)e−iς(~p

′·~r−E′t)]

= ς
∫
E(~p)[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

y²:

~P = −i
∫
ν+(~r, t)∇ν(~r, t)d3~r

= −i
∫
d3~rd3~pd3~p′

iς~p′λ+(~p,−ς)λ(~p′,−ς)[a+
+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)][a+(~p′)eiς(~p

′·~r−E′t) − a+
−(~p′)e−iς(~p

′·~r−E′t)]

= ς
∫
~p[a+

+(~p)a+(~p)− a−(~p)a+
−(~p)]d3~p

y²:

Q = ς
∫
ν+(~r, t)ν(~r, t)d3~r

= ς
∫
λ+(~p,−ς)λ(~p′,−ς)[a+

+(~p)e−iς(~p·~r−Et) + a−(~p)eiς(~p·~r−Et)][a+(~p′)eiς(~p
′·~r−E′t) + a+

−(~p′)e−iς(~p
′·~r−E′t)]d3~rd3~pd3~p′

= ς
∫

[a+
+(~p)a+(~p) + a−(~p)a+

−(~p)]d3~p

6.2 Ã�þ¥�f�§�þfz

íØ6.2.1.


{νAς (~r, t), ν+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{νAς (~r, t), νA′ς (~r
′, t)} = 0

{ν+
Aς

(~r, t), ν+
A′ς

(~r′, t)} = 0

⇔


{as(~p), a+

s′(~p
′)} = δhh′δ

3(~p− ~p′)

{as(~p), as′(~p′)} = 0

{a+
s (~p), a+

s′(~p
′)} = 0

íØ6.2.2.

: Pu :
ς=1
=
∫
pu[a+

+(~p)a+(~p) + a+
−(~p)a−(~p)]d3~p

: Q :
ς=1
=
∫

[a+
+(~p)a+(~p)− a+

−(~p)a−(~p)]d3~p

íØ6.2.3. Sa = εabcdSbcPd = ςPa

6.3 ¥�fWeyl�§Ñu£�DiracL�

íØ6.3.1.

(σ,−iς)a∂aν(~r, t)−me−2iθσyν
∗(~r, t) = 0⇔ (γa∂a +m)

[
ν(~r, t)

−ie−2iθσyν
∗(~r, t)

]
= 0, γa := (σ ⊗ σy, ςI ⊗ σx)

íØ6.3.2. (σ,−iς)a∂aν(~r, t) = 0⇔ γa∂a

[
ν(~r, t)

−ie−2iθσyν
∗(~r, t)

]
= 0, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

íØ6.3.3. σx = 1√
2

[
1 −1

1 1

]
σz

1√
2

[
1 1

−1 1

]
, σy = 1√

2

[
1 −1

1 1

]
σy

1√
2

[
1 1

−1 1

]
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íØ6.3.4. γa∂a

[
ν(~r, t)

0

]
= 0, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz],

íØ6.3.5.


γa∂aψM (~r, t) = 0, ψM (~r, t) = −e−2iθσy ⊗ σyψ∗M (~r, t) =

 ν(~r, t)

−ie−2iθσyν
∗(~r, t)


γa∂aψW (~r, t) = 0, ψW (~r, t) = ςγ5ψW (~r, t) =

ν(~r, t)

0

 ; (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

7 s-g^�§�²¡Å)Ú,aþfz�Y

7.1 s-g^�§�²¡Å)

½n7.1.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0, Sab(s, ς) = iσαςςabσας (s)

íØ7.1.1.

ψ(~r, t) =
∫
~p6=0

λ(p,−sς)[η(~p,−sς)eiς(~p·~r−Et) + d+(~p,−sς)e−iς(~p·~r−Et)]d3~p, σ(s)·~p
|~p| λ(p,−sς) = −sςλ(p,−sς)

7.2 s-g^�§�UþÄþ�Î

½Â7.2.1. H := iς
s

∫
ψ+(~r, t)σ(s) · ∇ψ(~r, t)d3~r ~P := −i

∫
ψ+(~r, t)∇ψ(~r, t)d3~r

7.3 s-g^�§�þfâÔ[ØC5

íØ7.3.1. [ψA(~r, t), H] = i ς
s
σ(s) · ∇ψA(~r, t)

y²: [ψA(~r, t), H]

= [ψA(~r, t), i
∫
ψ+
B(~r′, t) ς

s
σ(s) · ∇′δBCψC(~r′, t)d3~r′]

= i
∫

[ψA(~r, t), ψ+
B(~r′, t) ς

s
σ(s) · ∇′δBCψC(~r′, t)]d3~r′

= i
∫
{ψA(~r, t), ψ+

B(~r′, t)} ς
s
σ(s) · ∇′δBCψC(~r′, t)d3~r′| = i

∫
[ψA(~r, t), ψ+

B(~r′, t)] ς
s
σ(s) · ∇′δBCψC(~r′, t)d3~r′

= i
∫
δABδ

3(~r − ~r′) ς
s
σ(s) · ∇′δBCψC(~r′, t)d3~r′

= i ς
s
σ(s) · ∇ψA(~r, t)

íØ7.3.2. [ψA(~r, t), ~P ] = −i∇ψA(~r, t)

y²: [ψA(~r, t), ~P ]

= [ψA(~r, t),−i
∫
ψ+
B(~r′, t)∇δBCψC(~r′, t)d3~r′]

= −i
∫

[ψA(~r, t), ψ+
B(~r′, t)∇δBCψC(~r′, t)]d3~r′

= −i
∫
{ψA(~r, t), ψ+

B(~r′, t)}∇δBCψC(~r′, t)d3~r′| = −i
∫

[ψA(~r, t), ψ+
B(~r′, t)]∇δBCψC(~r′, t)d3~r′

= −i
∫
δABδ

3(~r − ~r′)∇δBCψC(~r′, t)d3~r′

= −i∇ψA(~r, t)

íØ7.3.3. [σ(s),−isς]a∂aψ(~r, t) = 0⇔ −i∂aψ(~r, t) = [ψ(~r, t), Pa];


[ψA(~r, t), ψ+

B(~r′, t)]± = δABδ
3(~r − ~r′)

[ψA(~r, t), ψB(~r′, t)]± = 0

[ψ+
A(~r, t), ψ+

B(~r′, t)]± = 0

7.4 s-g^�§�þfâÔ[ØC5�gU5

íØ7.4.1. [s∂a + iSab(s, ς)∂
b]ψ(~r, t) = 0

s=
1
2⇔ −i∂aψ(~r, t) = [ψ(~r, t), Pa];


{ψA(~r, t), ψ+

B(~r′, t)} = δABδ
3(~r − ~r′)

{ψA(~r, t), ψB(~r′, t)} = 0

{ψ+
A(~r, t), ψ+

B(~r′, t)} = 0

�kg^� 1
2
�§d�Yâ´gU�"¤±�k¥�fâ�±Ud�Yþfz§Ù§g^âfØUUdþfz§

¤±�üØ"
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g·µãµ3�ÙAOéIþ|üÕ�Ù?1
�[?Ø§é'²;(J<y
#þfz§ª�Ün5Ú�

(5"AO`²�:§�Ù(Øép���Iþ|Ó�¤á§�Iò4�O��N+1�=�§Ø2�ã"

1 Iþ|�²;�Kþfz�Y [27, 28,42,43]

1.1 ¢Iþ|�²;£ã

1.1.1 ¢Iþ|�.¼�ÝÚM�î�Ý

5�1.1.1. .¼�ÝµL = − 1
2
∂aφ∂

aφ− 1
2
m2φ2

5�1.1.2. UþÄþÜþ�ÝµT ab = i ∂L
∂(∂bφ)

∂aφ− igabL , T aπ = (P , iH )a, ∂bT
ab = 0

5�1.1.3. M�î�ÝµH = ∂L
∂φ̇
φ̇−L = 1

2
[φ̇2(~r, t) +∇φ(~r, t) · ∇φ(~r, t) +m2φ2(~r, t)]

5�1.1.4. Äþ�ÝµP = −∂L
∂φ̇
∇φ = −φ̇∇φ

1.1.2 ¢Iþ|�.¼�ÝÚ$Ä�§

5�1.1.5. .¼�ÝµL = − 1
2
∂aφ(~r, t)∂aφ(~r, t)− 1

2
m2φ2(~r, t), φ(~r, t) = φ∗(~r, t)

5�1.1.6. $Ä�§µ(∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

1.1.3 ¢Iþ|�M�î£ã

5�1.1.7. H = 1
2
[π2(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ2(~r, t)], π(~r, t) = φ̇(~r, t), φ(~r, t) = φ∗(~r, t)

5�1.1.8. L = π(~r, t)φ̇(~r, t)− 1
2
[π2(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ2(~r, t)], π(~r, t) = φ̇(~r, t), φ(~r, t) = φ∗(~r, t)

5�1.1.9. é´'Xµ

{φ(~r, t), π(~r, t)}p

π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p

5�1.1.10. φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

5�1.1.11. $Ä�§µ

φ̇(~r, t) = π(~r, t) = {φ(~r, t), H}p

π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p

1.1.4 ¢Iþ|�§�²¡Å) [42]

¢Iþ|�§: (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t) (22.1)

½n1.1.1. (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a∗(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

y²: (∂a∂
a −m2)φ(~r, t) = 0, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k, φ(~r, t) = φ∗(~r, t)

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a∗(~k, ωk)e

−i(~k·~r−ωkt)]d3~k, a(−~k,−ωk) = a∗(~k, ωk)

íØ1.1.1. φ+(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

a(~k, ωk)e
i(~k·~r−ωkt)d3~k, φ−(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

a∗(~k, ωk)e
−i(~k·~r−ωkt)d3~k
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1.2 ¢Iþ|�þf£ã

1.2.1 ¢Iþ|��Ké´'X

½n1.2.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

⇔


a(~k, ωk) = 1

(2π)3/2

+∞∫
p=−∞

[iφ̇(~r, t) + ωkφ(~r, t)]e−i(
~k·~r−ωkt)d3~r

a+(~k, ωk) = 1
(2π)3/2

+∞∫
p=−∞

[−iφ̇(~r, t) + ωkφ(~r, t)]ei(
~k·~r−ωkt)d3~r

y²: φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

⇔


φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

φ̇(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

−i
2

[a(~k, ωk)e
i(~k·~r−ωkt) − a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

⇔


1

(2π)3/2

+∞∫
p=−∞

φ(~r, t)e−i(
~k·~r−ωkt)d3~r = 1

2ωk
[a(~k, ωk) + a+(−~k, ωk)e2iωkt]

1
(2π)3/2

+∞∫
p=−∞

φ̇(~r, t)e−i(
~k·~r−ωkt)d3~r = −i

2
[a(~k, ωk)− a+(−~k, ωk)e2iωkt]

⇔


a(~k, ωk) = 1

(2π)3/2

+∞∫
p=−∞

[iφ̇(~r, t) + ωkφ(~r, t)]e−i(
~k·~r−ωkt)d3~r

a+(~k, ωk) = 1
(2π)3/2

+∞∫
p=−∞

[−iφ̇(~r, t) + ωkφ(~r, t)]ei(
~k·~r−ωkt)d3~r

l±þ½n�±y²��±e¢Iþâf��Ké´'X

íØ1.2.1.


[φ(~r′, t), φ(~r, t)] = 0

[φ̇(~r′, t), φ̇(~r, t)] = 0

[φ(~r′, t), φ̇(~r, t)] = iδ3(~r′ − ~r)

⇔


[a(~k′, ω′k), a(~k, ωk)] = 0

[a+(~k′, ω′k), a
+(~k, ωk)] = 0

[a(~k′, ω′k), a
+(~k, ωk)] = 2ωkδ

3(~k′ − ~k)

½Â1.2.1. a(k) ≡ 1√
2ωk

a(~k, ωk), a
+(k) ≡ 1√

2ωk
a+(~k, ωk)

íØ1.2.2. [a(k′), a(k)] = 0, [a+(k′), a+(k)] = 0, [a(k′), a+(k)] = δ3(~k′ − ~k)

1.2.2 ¢Iþ|�Uþ�ÎÚÄþ�Î

íØ1.2.3. H =
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0), H+ = H

y²: H =
+∞∫

~r=−∞

1
2
[φ̇2(~r, t) +∇φ(~r, t) · ∇φ(~r, t) +m2φ2(~r, t)]d3~r

= 1
4

+∞∫
~k=−∞

[a(~k, ωk)a
+(~k, ωk) + a+(~k, ωk)a(~k, ωk)]d

3~k

= 1
2

+∞∫
~k=−∞

ωk[a(k)a+(k) + a+(k)a(k)]d3~k =
+∞∫

~k=−∞
ωk[a

+(k)a(k) + 1
2
δ3(0)]d3~k

=
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0)

íØ1.2.4. P =
+∞∫

~k=−∞

~kN̂(k)d3~k, P+ = P
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y²: P =
+∞∫

~k=−∞
−φ̇(~r, t)∇φ(~r, t)d3~r

=
+∞∫

~k=−∞

1
4ωk

~k[a(~k, ωk)a
+(~k, ωk) + a+(~k, ωk)a(~k, ωk)]d

3~k

= 1
2

+∞∫
~k=−∞

~k[a(k)a+(k) + a+(k)a(k)]d3~k =
+∞∫

~k=−∞

~k[a+(k)a(k) + 1
2
δ3(0)]d3~k

=
+∞∫

~k=−∞

~ka+(k)a(k)d3~k =
+∞∫

~k=−∞

~kN̂(k)d3~k

íØ1.2.5. L(t) = − 1
4

+∞∫
~k=−∞

[a(~k, ωk)a(−~k, ωk)e−2iωkt + a+(~k, ωk)a
+(−~k, ωk)e2iωkt]d3~k

1.2.3 ¢Iþâf�þfnØ�(

íØ1.2.6.



φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

φ̇(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

−i
2

[a(~k, ωk)e
i(~k·~r−ωkt) − a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

∇φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

i
2ωk

~k[a(~k, ωk)e
i(~k·~r−ωkt) − a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

íØ1.2.7. H =
+∞∫

~k=−∞
ωkN̂(k)d3~k + E(0), ~P =

+∞∫
~k=−∞

~kN̂(k)d3~k, P a = (~P , iH)a, Ṗ a = 0

íØ1.2.8. [Pa, φ(~r, t)] = i∂aφ(~r, t)⇔ ∂aφ(~r, t) = i[φ(~r, t), Pa]

íØ1.2.9. φ̇(~r, t) = −i[φ(~r, t), H],
˙̇
φ(~r, t) = −i[φ̇(~r, t), H]

íØ1.2.10. φ̇(~r, t) = −i[φ(~r, t), H]⇔ ωka(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

y²: φ̇(~r, t) = −i[φ(~r, t), H]

⇔ 1
(2π)3/2

+∞∫
~k=−∞

−i
2

[a(~k, ωk)e
i(~k·~r−ωkt) − a+(~k, ωk)e

−i(~k·~r−ωkt)]d3~k

= −i
(2π)3/2

+∞∫
~k=−∞

1
2ωk
{[a(~k, ωk), H]ei(

~k·~r−ωkt) + [a+(~k, ωk), H]e−i(
~k·~r−ωkt)}d3~k

⇔ ωka(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

íØ1.2.11. φ̇(~r, t) = −i[φ(~r, t), H]⇔ a(~k, ωk) = [a(~k, ωk), H]⇔ ωka
+(~k, ωk) = −[a+(~k, ωk), H]

½Â1.2.2. a(k, t) ≡ a(k)e−iωkt

íØ1.2.12. φ̇(~r, t) = −i[φ(~r, t), H]⇔ ȧ(k, t) = −i[a(k, t), H], ȧ+(k, t) = −i[a+(k, t), H]

íØ1.2.13.

φ̇(~r, t) = π(~r, t) = {φ(~r, t), H}p̂ = −i[φ(~r, t), H]

π̇(~r, t) = ∇2φ(~r, t)−m2φ(~r, t) = {π(~r, t), H}p̂ = −i[φ̇(~r, t), H]

éuÀÚf|§²;nØ�$Ä�§ÚþfnØ��Î�§/ªþ����§�Ôn¹ÂØÓ§�±òcö

w��ö�²;4�½þf²þ"²;nØ�$Ä�§�±�¤Ñt)Ò/ª§�Ã{�¤é´f/ª(¢Sþ

�"§�$Ä�§ØÎ)¶þfnØ��Î�§Q�±�¤Ñt)Ò/ª§��±�¤é´f/ª§=�Î/ª

�Ñt)ÒÒ�ué´f"
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1.3 EIþâf�þfnØ

1.3.1 EIþ|�§�²¡Å) [42]

EIþ|�§: (∂a∂
a −m2)φ(~r, t) = 0⇔ (∇2 − ∂2

t −m2)φ(~r, t) = 0 (22.2)

½n1.3.1. (∂a∂
a −m2)φ(~r, t) = 0⇔ φ(~r, t) = 1

(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

y²: (∂a∂
a −m2)φ(~r, t) = 0⇒ 1

(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

φ(~k,E)(−~k2 + E2 −m2)ei(
~k·~r−Et)d3~kdE = 0

⇔ φ(~k,E)(E2 − ~k2 −m2) = 0⇔ φ(~k,E) = a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2

⇒ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

[a(~k,E)δ(E2 − ~k2 −m2) + φ0(~k,E)δE2,~k2+m2 ]ei(
~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

a(~k,E)δ(E2 − ~k2 −m2)ei(
~k·~r−Et)d3~kdE,²wâÔ[�C

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]e
i(~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

+∞∫
E=−∞

1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)]e
i(~k·~r−Et)d3~kdE

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(~k,−ωk)ei(

~k·~r+ωkt)]d3~k

⇔ φ(~r, t) = 1
(2π)3/2

+∞∫
~k=−∞

1
2ωk

[a(~k, ωk)e
i(~k·~r−ωkt) + a(−~k,−ωk)e−i(

~k·~r−ωkt)]d3~k

ùp^
�«���Ö¥ØÓ��{§æ^
o��n��Fp�Ðm§�ß/ÐyÑâfl�Ú3��

ÔnVg§âÔ[�C5�²wLyuÙ¥§¿��¹
).�¼ê)��ê#){"3y²�L§�w�
�

U)ÚKU)�©)§¿�KU)�±Uü«¹Â?1n)§�´òKU)n)��«K�þâf§�´òKU

)�´n)���þâf§ØL�n)���Å§�U)n)�\�Å"

íØ1.3.1. a′(eε[~k,E])δ(E2 − ~k2 −m2) = e
1
2 ε
abSaba(~k,E)δ(E2 − ~k2 −m2)

⇒ a′(eε[~k, ωk]) = e
1
2 ε
abSaba(~k, ωk), a

′(eε[~k,−ωk]) = e
1
2 ε
abSaba(~k,−ωk)

íØ1.3.2. a(~k,E)δ(E2 − ~k2 −m2) = 1
2ωk

a(~k,E)[δ(E − ωk) + δ(E + ωk)], |~k| << m

≈ 1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m
)δ(E −m− ~k2

2m
) + a(~k,−m− ~k2

2m
)δ(E +m+

~k2

2m
)]

íØ1.3.3. φ(~r, t) ≈ 1
(2π)3/2

+K∫
~k=−K

1

2(m+
~k2

2m )
[a(~k,m+

~k2

2m
)ei(

~k·~r− ~k2

2m t)e−imt + a(−~k,−m− ~k2

2m
)e−i(

~k·~r− ~k2

2m t)eimt]d3~k

lþ��§3��éØ4�e§EIþ|²¡Å)©¤ü���éØ5���âf§�±Ó��3"ù�±UY

©Ûe�§´Ä�±y²�!KU)ÕgÅðº

1.3.2 EIþ|�I�mÄ�é´'X

EIþ|�±w�ü�¢Iþ|��\§ØÓ�´ù�kSÜSO(2)é¡5§¤±�±�ÅðÖ"

½Â1.3.1. φ(~r, t) = 1√
2
[φ1(~r, t) + iφ2(~r, t)], φ+(~r, t) = 1√

2
[φ1(~r, t)− iφ2(~r, t)]

íØ1.3.4.


[φ1(~r′, t), φ1(~r, t)] = 0

[φ̇1(~r′, t), φ̇1(~r, t)] = 0

[φ1(~r′, t), φ̇1(~r, t)] = iδ3(~r′ − ~r)

,


[φ2(~r′, t), φ2(~r, t)] = 0

[φ̇2(~r′, t), φ̇2(~r, t)] = 0

[φ2(~r′, t), φ̇2(~r, t)] = iδ3(~r′ − ~r)

,


[φ1(~r′, t), φ2(~r, t)] = 0

[φ̇1(~r′, t), φ̇2(~r, t)] = 0

[φ1(~r′, t), φ̇2(~r, t)] = 0
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íØ1.3.5.


[φ(~r′, t), φ(~r, t)] = 0

[φ̇(~r′, t), φ̇(~r, t)] = 0

[φ(~r′, t), φ̇(~r, t)] = 0

,


[φ+(~r′, t), φ+(~r, t)] = 0

[φ̇+(~r′, t), φ̇+(~r, t)] = 0

[φ+(~r′, t), φ̇+(~r, t)] = 0

,


[φ(~r′, t), φ+(~r, t)] = 0

[φ̇(~r′, t), φ̇+(~r, t)] = 0

[φ(~r′, t), φ̇+(~r, t)] = iδ3(~r′ − ~r)

1.3.3 EIþ|Äþ�mÄ�é´'X

½Â1.3.2. a(k) = 1√
2
[a1(k) + ia2(k)], b(k) = 1√

2
[a1(k)− ia2(k)],

íØ1.3.6.


[a1(k′), a1(k)] = 0, [a+

1 (k′), a+
1 (k)] = 0, [a1(k′), a+

1 (k)] = δ3(~k′ − ~k)

[a2(k′), a2(k)] = 0, [a+
2 (k′), a+

2 (k)] = 0, [a2(k′), a+
2 (k)] = δ3(~k′ − ~k)

[a1(k′), a2(k)] = 0, [a+
1 (k′), a+

2 (k)] = 0, [a1(k′), a+
2 (k)] = 0

íØ1.3.7.


[a(k′), a(k)] = 0, [a+(k′), a+(k)] = 0, [a(k′), a+(k)] = δ3(~k′ − ~k)

[b(k′), b(k)] = 0, [b+(k′), b+(k)] = 0, [b(k′), b+(k)] = δ3(~k′ − ~k)

[a(k′), b(k)] = 0, [a+(k′), b+(k)] = 0, [a(k′), b+(k)] = 0

1.3.4 EIþ|ÅðÖ

íØ1.3.8. Q =
+∞∫

~k=−∞
[a+(k)a(k)− b+(k)b(k)]d3~k =

+∞∫
~k=−∞

[N̂+(k)− N̂−(k)]d3~k

y²: Q =
+∞∫

~r=−∞
[φ1(~r, t)φ̇2(~r, t)− φ2(~r, t)φ̇1(~r, t)]d3~r

⇔ Q =
+∞∫

~k=−∞

i
2ωk

[a1(~k, ωk)a
+
2 (~k, ωk)− a2(~k, ωk)a

+
1 (~k, ωk)]d

3~k

⇔ Q =
+∞∫

~k=−∞
i[a1(k)a+

2 (k)− a2(k)a+
1 (k)]d3~k

⇔ Q =
+∞∫

~k=−∞
[a+(k)a(k)− b+(k)b(k)]d3~k =

+∞∫
~k=−∞

[N̂+(k)− N̂−(k)]d3~k

íØ1.3.9. [Q,φ(~r, t)] = −φ(~r, t), [Q,φ+(~r, t)] = φ+(~r, t),

1.3.5 EIþ|UþÄþ�Î

íØ1.3.10. P a =
+∞∫

~k=−∞
ka[N̂+(k) + N̂−(k)]d3~k, [P a, φ(~r, t)] = i∂aφ(~r, t)

íØ1.3.11. [Q,P a] = 0, [N̂ , P a] = 0, [N̂ ,Q] = 0

2 Iþ|��Cþfz�Y [27, 28,42,43]

2.1 Iþ|�Åðþ

íØ2.1.1.

H =
∫

1
2
[φ̇+(~r, t)φ̇(~r, t) + ∂iφ

+(~r, t)∂iφ(~r, t) +m2φ+(~r, t)φ(~r, t)]d3~r

=
∫

1
2
[φ̇(~r, t)φ̇(~r, t) + ∂iφ(~r, t)∂iφ(~r, t) +m2φ(~r, t)φ(~r, t)]d3~r

=
∫

1
2
[φ̇(~r, t)φ̇(~r, t)− φ(~r, t)∂i∂

iφ(~r, t) +m2φ(~r, t)φ(~r, t)]d3~r

=
∫

1
2
[φ̇(~r, t)φ̇(~r, t)− φ(~r, t)∂2

t φ(~r, t)]d3~r

=
∫
{φ̇(~r, t)φ̇(~r, t)− ∂t[φ̇(~r, t)φ(~r, t)]}d3~r

íØ2.1.2. P = −
∫
φ̇(~r, t)∇φ(~r, t)d3~r

íØ2.1.3. Mij = −
∫
φ̇(~r, t)(xi∂j − xj∂i)φ(~r, t)d3~r

416



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 122Ù Iþ|�Cþfz�Y

2.2 Iþ|�§9Ù²¡Å)

½Â2.2.1. (∂a∂
a −m2)φσ(~r, t) = 0, φσ(~r, t) = φ+

σ (~r, t)

íØ2.2.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2E

[aσ(~p, 0)ei(~p·~r−Et) + a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

⇔


√

2Eaσ(~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφσ(~r, t) + iφ̇σ(~r, t)]e−i(~p·~r−Et)d3~r

√
2Ea+

σ (~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφσ(~r, t)− iφ̇σ(~r, t)]ei(~p·~r−Et)d3~r

íØ2.2.2. ∂tφ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−iE√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

íØ2.2.3. ∂iφ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

ipi√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

2.3 Iþ|êÆþ����Cé´5K

½n2.3.1.[aσ(~p, 0), a+
σ′(~p

′, 0)]± = δσδσσ′δ
3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)]± = 0, [a+

σ (~p, 0), a+
σ′(~p

′, 0)]± = 0
⇒ [φσ(x), φσ′(x

′)]± = iδσσ′∆(x− x′)

y²: [φ
(+)
σ (x), φ

+(+)
σ′ (x′)]± = [φ

(+)
σ (x), φ

(−)
σ′ (x′)]±

= 1
(2π)3

∫
[ 1√

2E
aσ(~p, 0)eipx, 1√

2E′
p′
a+
σ′(~p

′, 0)e−ip
′x′ ]±d

3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[aσ(~p, 0), a+

σ′(~p
′, 0)]±e

ipxe−ip
′x′d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
δσδσσ′δ

3(~p− ~p′)eipxe−ip′x′d3~pd3~p′

= iδσδσσ′
−i

(2π)3

∫
1

2E
eip(x−x

′)d3~p

= iδσδσσ′∆
(+)(x− x′)

y²: [φ
(−)
σ (x), φ

+(−)
σ′ (x′)]± = [φ

(−)
σ (x), φ

(+)
σ′ (x′)]±

= 1
(2π)3

∫
[ 1√

2E
a+
σ (~p, 0)e−ipx, 1√

2E′
p′
aσ′(~p

′, 0)eip
′x′ ]±d

3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[a+
σ (~p, 0), aσ′(~p

′, 0)]±e
−ipxeip

′x′d3~pd3~p′

= ± 1
(2π)3

∫
1√
2E

1√
2E′

p′
δσδσσ′δ

3(~p− ~p′)e−ipxeip′x′d3~pd3~p′

= −± iδσδσσ′ i
(2π)3

∫
1

2E
e−ip(x−x

′)d3~p

= −± iδσδσσ′∆(−)(x− x′)

y²:

[φσ(x), φσ′(x
′)]± = 1

(2π)3

∫
[ 1√

2E
[aσ(~p, 0)eipx + a+

σ (~p, 0)e−ipx, 1√
2E′

p′
[aσ′(~p

′, 0)eip
′x′ + a+

σ′(~p
′, 0)e−ip

′x′ ]±d
3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[aσ(~p, 0), a+

σ′(~p
′, 0)]±e

ipxe−ip
′x′ + [a+

σ (~p, 0), aσ′(~p
′, 0)]±e

−ipxeip
′x′}d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
[δσδσσ′δ

3(~p− ~p′)eipxe−ip′x′ ± δσδσσ′δ3(~p− ~p′)e−ipxeip′x′ ]d3~pd3~p′

= iδσδσσ′
−i

(2π)3

∫
1

2E
[eip(x−x

′) ± e−ip(x−x′)]d3~p

= iδσδσσ′ [∆
(+)(x− x′)−±∆(−)(x− x′)]

= iδσδσσ′ [(1± 1)∆(+)(x− x′)−±∆(x− x′)]

lþª��§�k1± 1 = 0�§â÷v�*ÏJ5§Ó��kδσ ≥ 0�§â÷vAÇ�K5"¤±êÆþõ«�

Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δσ = 1(XJ�¦�Iþ|m²�§Ø´1Ò�±Ú�8�

z)§�÷vé´'X"Ù¢�kü«§=δσ = 0§�÷vé´½�é´'X§Ò´²;�/"
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2.4 Iþ|Ôn��Cé´5K

½n2.4.1.

[aσ(~p, 0), a+
σ′(~p

′, 0)] = δσσ′δ
3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0, [a+

σ (~p, 0), a+
σ′(~p

′, 0)] = 0
⇒ [φσ(x), φσ′(x

′)] = iδσσ′∆(x− x′)

y²:

[φσ(x), φσ′(x
′)] = 1

(2π)3

∫
[ 1√

2E
[aσ(~p, 0)eipx + a+

σ (~p, 0)e−ipx, 1√
2E′

p′
[aσ′(~p

′, 0)eip
′x′ + a+

σ′(~p
′, 0)e−ip

′x′ ]d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[aσ(~p, 0), a+

σ′(~p
′, 0)]eipxe−ip

′x′ + [a+
σ (~p, 0), aσ′(~p

′, 0)]e−ipxeip
′x′}d3~pd3~p′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{δσσ′δ3(~p− ~p′)eipxe−ip′x′ − δσσ′δ3(~p− ~p′)e−ipxeip′x′}d3~pd3~p′

= iδσσ′
−i

(2π)3

∫
1

2E
[eip(x−x

′) − e−ip(x−x′)]d3~p

= iδσσ′∆(x− x′)

2.5 Iþ|���é´5K

íØ2.5.1. [φσ(x), φσ′(x
′)] = iδσσ′∆(x− x′)⇒

[φσ(~r, t), φ̇σ′(~r
′, t)] = iδσσ′δ

3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0

íØ2.5.2.[φσ(~r, t), φ̇σ′(~r
′, t)] = iδσσ′δ

3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0
⇒

[aσ(~p, 0), a+
σ′(~p

′, 0)] = δσσ′δ
3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0, [a+

σ (~p, 0), a+
σ′(~p

′, 0)] = 0

y²: [aσ(~p, 0), a+
σ′(~p

′, 0)]

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[Eφσ(~r, t),−iφ̇(~r′, t)] + [iφ̇(~r, t), E′p′φσ′(~r

′, t)]}e−i(~p·~r−E
′
p′ t)ei(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{Eδσσ′δ3(~r − ~r′) + E′p′δσσ′δ

3(~r − ~r′)}e−i(~p·~r−E
′
p′ t)ei(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
δσσ′

1√
2E

1√
2E′

p′
(E + E′p′)e

−i(~p−~p′·~reiE
′
p′ te−iE

′
p′ td3~r

= δσσ′
1√
2E

1√
2E′

p′
(E + E′p′)δ

3(~p− ~p′)eiE
′
p′ te−iE

′
p′ t

= δσσ′δ
3(~p− ~p′)

y²: [aσ(~p, 0), aσ′(~p
′, 0)]

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{[Eφσ(~r, t),−iφ̇(~r′, t)] + [−iφ̇(~r, t), E′p′φσ′(~r

′, t)]}e−i(~p·~r−E
′
p′ t)e−i(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
1√
2E

1√
2E′

p′
{Eδσσ′δ3(~r − ~r′)− E′p′δσσ′δ3(~r − ~r′)}e−i(~p·~r−E

′
p′ t)e−i(~p

′·~r′−E′
p′ t)d3~rd3~r′

= 1
(2π)3

∫
δσσ′

1√
2E

1√
2E′

p′
(E − E′p′)e−i(~p+~p

′)·~reiE
′
p′ te−iE

′
p′ td3~r

= δσσ′
1√
2E

1√
2E′

p′
(E − E′p′)δ3(~p+ ~p′)eiE

′
p′ teiE

′
p′ t

= 0

2.6 Iþ|é´5K�(

±þA��!�y²�Ð/¤��Ü64�§�kXe5�µ

íØ2.6.1.

[aσ(~p, 0), a+
σ′(~p

′, 0)] = δσσ′δ
3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0, [a+

σ (~p, 0), a+
σ′(~p

′, 0)] = 0
⇔

[aσ(~p), a+
σ′(~p

′)] = δσσ′δ
3(~p− ~p′)

[aσ(~p), aσ′(~p
′)] = 0, [a+

σ (~p), a+
σ′(~p

′)] = 0

m m

íØ2.6.2.

[φσ(~r, t), φ̇σ′(~r
′, t)] = iδσσ′δ

3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0, [φ̇σ(~r, t), φ̇σ′(~r

′, t)] = 0
⇔ [φσ(x), φσ′(x

′)] = iδσσ′∆(x− x′)
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2.7 üEIþ|�§9Ù²¡Å)

½Â2.7.1. (∂a∂
a −m2)φ(~r, t) = 0

íØ2.7.1. φ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2E

[b1(~p, 0)ei(~p·~r−Et) + b+2 (~p, 0)e−i(~p·~r−Et)]d3~p

⇔


√

2Eb1(~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

[Eφ(~r, t) + iφ̇(~r, t)]e−i(~p·~r−Et)d3~r

√
2Eb+2 (~p, 0) = 1

(2π)3/2

+∞∫
p=−∞

[Eφ(~r, t)− iφ̇(~r, t)]ei(~p·~r−Et)d3~r

2.8 ü�EIþ|é´5K

íØ2.8.1.



[bσ(~p, 0), b+σ (~p′, 0)] = δσσ′δ
3(~p− ~p′)

[bσ(~p, 0), bσ(~p′, 0)] = 0, [b+σ (~p, 0), b+σ (~p′, 0)] = 0

b1(~p, 0) = 1√
2
[a1(~p, 0) + ia2(~p, 0)]

b2(~p, 0) = 1√
2
[a1(~p, 0)− ia2(~p, 0)]

⇔



[bσ(~p), b+σ′(~p
′)] = δσσ′δ

3(~p− ~p′)

[bσ(~p), bσ(~p′)] = 0, [b+σ (~p), b+σ (~p′)] = 0

b1(~p) = 1√
2
[a1(~p) + ia2(~p)]

b2(~p) = 1√
2
[a1(~p)− ia2(~p)]

m m

íØ2.8.2.


[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)

[aσ(~p), aσ′(~p
′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

íØ2.8.3.


[φσ(~r, t), φ̇σ′(~r

′, t)] = iδσσ′δ
3(~r − ~r′)

[φσ(~r, t), φσ′(~r
′, t)] = 0

[φ̇σ(~r, t)φ̇σ′(~r
′, t)] = 0

⇔


[φσ(x), φσ′(x

′)] = iδσσ′∆(x− x′)

φ1(x) = 1√
2
[φ(x) + φ+(x)]

φ2(x) = 1
i
√

2
[φ(x)− φ+(x)]

m m

íØ2.8.4.



[φ(~r, t), φ̇+(~r′, t)] = iδ3(~r − ~r′)

[φ(~r, t), φ(~r′, t)] = 0, [φ+(~r, t), φ+(~r′, t)] = 0

[φ̇(~r, t), φ̇(~r′, t)] = 0, [φ̇+(~r, t), φ̇+(~r′, t)] = 0

[φ(~r, t), φ+(~r′, t)] = 0, [φ̇(~r, t), φ̇+(~r′, t)] = 0

⇔



[φ(x), φ+(x′)] = i∆(x− x′)

[φ(x), φ(x′)] = 0, [φ+(x), φ+(x′)] = 0

φ(x) = 1√
2
[φ1(x) + iφ2(x)]

φ+(x) = 1√
2
[φ1(x)− iφ2(x)]

m m

íØ2.8.5.



[ψ(~r, t), ψ̇+(~r′, t)] = 2iδ3(~r − ~r′)

[ψ(~r, t), ψ(~r′, t)] = 0, [ψ+(~r, t), ψ+(~r′, t)] = 0

[ψ̇(~r, t), ψ̇(~r′, t)] = 0, [ψ̇+(~r, t), ψ̇+(~r′, t)] = 0

[ψ(~r, t), ψ+(~r′, t)] = 0, [ψ̇(~r, t), ψ̇+(~r′, t)] = 0

⇔



[ψ(x), ψ+(x′)] = 2i∆(x− x′)

[ψ(x), ψ(x′)] = 0, [ψ+(x), ψ+(x′)] = 0

ψ(x) = φ1(x) + iφ2(x)

ψ+(x) = φ1(x)− iφ2(x)

2.9 Ã�þIþ|�ÏJ¼ê

½Â2.9.1.


∆(+)(x) := −i

(2π)3

∫
1

2|~p|e
ip·xd3~p, i∆(+)(~r, 0)↔ 1

2|~p|

∆(−)(x) := − −i
(2π)3

∫
1

2|~p|e
−ip·xd3~p,∆(−)(x) = −∆(+)(−x)

∆(x) := −i
(2π)3

∫
1

2|~p| [e
ip·x − e−ip·x}d3~p,∆(x) = ∆(+)(x) + ∆(−)(x)
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5�2.9.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t∆(x)|t=0 = 0

5�2.9.2. ∆(x− x′) := −i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)}d3~p

∂u∆(x− x′) = −∂′u∆(x− x′)

∇∆(x− x′) = −∇′∆(x− x′)

∂π∆(x− x′) = −∂′π∆(x− x′)


(
√
−∇2)n∆(x− x′) = (

√
−∇′2)n∆(x− x′)

1
(
√
−∇2)n

∆(x− x′) = 1
(
√
−∇′2)n

∆(x− x′)

∂2n
π ∆(x− x′) = ∂′2nπ ∆(x− x′)

2.10 Iþ|�é´¼ê!ÏJ¼êÚ¤ùDÂf

½Â2.10.1.
∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)


∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

íØ2.10.1.

(∂a∂
a −m2)∆(x) = 0

(∂a∂
a −m2)∆(+)(x) = 0

(∂a∂
a −m2)∆(−)(x) = 0

(∂a∂
a −m2)∆(l)(x) = 0



(∂a∂
a −m2)∆(c)(x) = δ4(x)

(∂a∂
a −m2)∆ret(x) = δ4(x)

(∂a∂
a −m2)∆adv(x) = δ4(x)

(∂a∂
a −m2)∆F (x) = iδ4(x)

3 Iþ|�«�Î�J�

3.1 Iþ|UþÄþ�Î�J�

íØ3.1.1.

H = 1
2

∫ ∑
σ

E[a+(~p, 0)a(~p, 0) + a(~p, 0)a+(~p, 0)]d3~p = 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

~P = 1
2

∫ ∑
σ

~p[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p =
∫ ∑

σ

−φ̇σ(~r, t)∇φσ(~r, t)d3~r

y²: H = 1
2

∫ ∑
σ

E[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2
{[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

{[E2
pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]

− φσ(~r, t)φσ(~r′, t)∇2[ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)] + 0}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)]δ3(~r − ~r′)− φσ(~r, t)φσ(~r′, t)∇2δ3(~r − ~r′)}d3~rd3~r′

= 1
2

∫ ∑
σ

[−∇2φσ(~r, t)φσ(~r, t) + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

[−∂i[∂iφσ(~r, t)φσ(~r, t)] + [∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

y²: ~P = 1
2

∫ ∑
σ

~p[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

~p
2E
{[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′
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= 1
4

1
(2π)3

∫ ∑
σ

~p
E
{[E2

pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

i~p[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
2

1
(2π)3

∫ ∑
σ

i~p[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]ei~p·(~r−~r
′)d3~pd3~rd3~r′

= 1
2

1
(2π)3

∫ ∑
σ

[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]∇ei~p·(~r−~r′)d3~pd3~rd3~r′

= 1
2

∫ ∑
σ

[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]∇δ3(~r − ~r′)d3~rd3~r′

= 1
2

∫ ∑
σ

[−∇φσ(~r, t)φ̇σ(~r, t) +∇φ̇σ(~r, t)φσ(~r, t)]d3~r

=
∫ ∑

σ

−φ̇σ(~r, t)∇φσ(~r, t)d3~r + 1
2

∫ ∑
σ

∇[φ̇σ(~r, t)φσ(~r, t)]d3~r

=
∫ ∑

σ

−φ̇σ(~r, t)∇φσ(~r, t)d3~r

3.2 Iþ|g^�ÎÚâfê�Î�J�

íØ3.2.1. Ŝ = 1
2

∫ ∑
σ

E[a+
σ (~p, 0)aσ(~p, 0)− aσ(~p, 0)a+

σ (~p, 0)]d3~p = i
2

∫ ∑
σ

[φσ(~r, t), φ̇σ(~r, t)]d3~r

y²: Ŝ = 1
2

∫ ∑
σ

E[a+
σ (~p, 0)aσ(~p, 0)− aσ(~p, 0)a+

σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2E
{[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

− [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E
{[E2

pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

i[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
2

∫ ∑
σ

i[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)]δ3(~r − ~r′)d3~rd3~r′

= i
2

∫ ∑
σ

[φσ(~r, t), φ̇σ(~r, t)]d3~r

íØ3.2.2. N̂ = 1
2

∫ ∑
σ

E[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p

= 1
2

∫ ∑
σ

1√
m2−∇2 [∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)]d3~r

y²: N̂ = 1
2

∫ ∑
σ

E[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p

= 1
2

1
(2π)3

∫ ∑
σ

1
2E
{[Eφσ(~r, t)− iφ̇σ(~r, t)][Eφσ(~r′, t) + iφ̇σ(~r′, t)]ei~p·(~r−~r

′)

+ [Eφσ(~r, t) + iφ̇σ(~r, t)][Eφσ(~r′, t)− iφ̇σ(~r′, t)]e−i~p·(~r−~r
′)}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E
{[E2

pφσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)]

+ iE[φσ(~r, t)φ̇σ(~r′, t)− φ̇σ(~r, t)φσ(~r′, t)][ei~p·(~r−~r
′) − e−i~p·(~r−~r′)]}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1
E
{[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)][ei~p·(~r−~r

′) + e−i~p·(~r−~r
′)]

− φσ(~r, t)φσ(~r′, t)∇2[ei~p·(~r−~r
′) + e−i~p·(~r−~r

′)] + 0}d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫ ∑
σ

1√
m2−∇2 {[m2φσ(~r, t)φσ(~r′, t) + φ̇σ(~r, t)φ̇σ(~r′, t)]δ3(~r − ~r′)− φσ(~r, t)φσ(~r′, t)∇2δ3(~r − ~r′)}d3~rd3~r′

= 1
2

∫ ∑
σ

1√
m2−∇2 [−∇2φσ(~r, t)φσ(~r, t) + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

1√
m2−∇2 [−∂i[∂iφσ(~r, t)φσ(~r, t)] + [∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

1√
m2−∇2 [∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)]d3~r

3.3 Iþ|�m�Äþ�Î�J�

½n3.3.1. Mij = −
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= − i
2

∫ ∑
σ

[a+
σ (~p, 0)(pi∂̃j − pj ∂̃i)aσ(~p, 0)− aσ(~p, 0)(pi∂̃j − pj ∂̃i)a+

σ (~p, 0)]d3~p
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y²: Mij

= −
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= −
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

−iE′√
2E′

i(ripj−rjpi)√
2E

[aσ(~p′, 0)ei(~p
′·~r−E′t) − a+

σ (~p′, 0)e−i(~p
′·~r−E′t)][aσ(~p, 0)ei(~p·~r−Et) − a+

σ (~p, 0)e−i(~p·~r−Et)]

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

E′(ripj−rjpi)
2
√
E′E

[aσ(~p′, 0)aσ(~p, 0)ei[(~p
′+~p)·~r−(E′+E)t] + a+

σ (~p′, 0)a+
σ (~p, 0)e−i[(~p

′+~p)·~r−(E′+E)t]]

−
E′(ripj−rjpi)

2
√
E′E

[aσ(~p′, 0)a+
σ (~p, 0)ei[(~p

′−~p)·~r−(E′−E)t] + a+
σ (~p′, 0)aσ(~p, 0)e−i[(~p

′−~p)·~r−(E′−E)t]]

= − 1
(2π)3

∫
d3~pd3~p′d3~r

∑
σ

−iE′
2
√
E′E

{[aσ(~p′, 0)aσ(~p, 0)e−i(E
′+E)t(pj ∂̃i − pi∂̃j)ei(~p

′+~p)·~r − a+
σ (~p′, 0)a+

σ (~p, 0)ei(E
′+E)t(pj ∂̃i − pi∂̃j)e−i(~p

′+~p)·~r]

+

[aσ(~p′, 0)a+
σ (~p, 0)e−i(E

′−E)t(pj ∂̃i − pi∂̃j)ei(~p
′−~p)·~r − a+

σ (~p′, 0)aσ(~p, 0)ei(E
′−E)t(pj ∂̃i − pi∂̃j)e−i(~p

′−~p)·~r]}
= i
∫
d3~pd3~p′

∑
σ

E′

2
√
E′E

{[aσ(~p′, 0)aσ(~p, 0)e−i(E
′+E)t(pj ∂̃i − pi∂̃j)δ3(~p+ ~p′)− a+

σ (~p′, 0)a+
σ (~p, 0)ei(E

′+E)t(pj ∂̃i − pi∂̃j)δ3(~p+ ~p′)]

+

[aσ(~p′, 0)a+
σ (~p, 0)e−i(E

′−E)t(pj ∂̃i − pi∂̃j)δ3(~p− ~p′)− a+
σ (~p′, 0)aσ(~p, 0)ei(E

′−E)t(pj ∂̃i − pi∂̃j)δ3(~p− ~p′)]}
= i

2

∫
d3~p

∑
σ

{−aσ(~p, 0)
√
Ee−iEt(∂̃i[pjaσ(−~p, 0) 1√

E
e−iEt]− ∂̃j [piaσ(−~p, 0) 1√

E
e−iEt])

+

a+
σ (~p, 0)

√
EeiEt(∂̃i[pja

+
σ (−~p, 0) 1√

E
eiEt]− ∂̃j [pia+

σ (−~p, 0) 1√
E
eiEt])

−
aσ(~p, 0)

√
Ee−iEt(∂̃i[pja

+
σ (~p, 0) 1√

E
eiEt]− ∂̃j [pia+

σ (~p, 0) 1√
E
eiEt])

+

a+
σ (~p, 0)

√
EeiEt(∂̃i[pjaσ(~p, 0) 1√

E
e−iEt]− ∂̃j [piaσ(~p, 0) 1√

E
e−iEt])}

= i
2

∫
d3~p

∑
σ

{−aσ(~p, 0)
√
Ee−iEt(pj ∂̃i − pi∂̃j)[aσ(−~p, 0) 1√

E
e−iEt]) + a+

σ (~p, 0)
√
EeiEt(pj ∂̃i − pi∂̃j)[a+

σ (−~p, 0) 1√
E
eiEt])

− aσ(~p, 0)
√
Ee−iEt(pj ∂̃i − pi∂̃j)[a+

σ (~p, 0) 1√
E
eiEt]) + a+

σ (~p, 0)
√
EeiEt(pj ∂̃i − pi∂̃j)[aσ(~p, 0) 1√

E
e−iEt])}

= i
2

∫
d3~p

∑
σ

{−aσ(~p, 0)e−2iEt(pj ∂̃i − pi∂̃j)aσ(−~p, 0) + a+
σ (~p, 0)e2iEt(pj ∂̃i − pi∂̃j)a+

σ (−~p, 0)

− aσ(~p, 0)(pj ∂̃i − pi∂̃j)a+
σ (~p, 0) + a+

σ (~p, 0)(pj ∂̃i − pi∂̃j)aσ(~p, 0)}
= − i

2

∫
d3~p

∑
σ

[a+
σ (~p, 0)(pi∂̃j − pj ∂̃i)aσ(~p, 0)− aσ(~p, 0)(pi∂̃j − pj ∂̃i)a+

σ (~p, 0)]

íØ3.3.1. ∂tφσ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−iE√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

íØ3.3.2. (ri∂j − rj∂i)φσ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

i(ripj−rjpi)√
2E

[aσ(~p, 0)ei(~p·~r−Et) − a+
σ (~p, 0)e−i(~p·~r−Et)]d3~p

íØ3.3.3.

H = 1
2

∫ ∑
σ

E[a+(~p, 0)a(~p, 0) + a(~p, 0)a+(~p, 0)]d3~p = 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

~P = 1
2

∫ ∑
σ

~p[a+
σ (~p, 0)aσ(~p, 0) + aσ(~p, 0)a+

σ (~p, 0)]d3~p =
∫ ∑

σ

−φ̇σ(~r, t)∇φσ(~r, t)d3~r

½n3.3.2. Miπ = i
∫ ∑

σ

{ 1
2
ri[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r
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3.4 é´Ú�é´úª

íØ3.4.1.

[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

íØ3.4.2.

[A, {B,C}] = {[A,B], C}+ {B, [A,C]}

[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

3.5 Iþ|�$\4�ê

íØ3.5.1.

H = 1
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

= 1
2

∫ ∑
σ

[φ̇2
σ(~r, t)− φσ(~r, t)∂2

t φσ(~r, t)]d3~r

~P =
∫ ∑

σ

−φ̇σ(~r, t)∇φσ(~r, t)d3~r

y²: [Pi(t), Pπ(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t)] + φ̇σ′(~r
′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

φ̇σ(~r, t)[∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t)] + φ̇σ′(~r
′, t)φ̇σ(~r, t)[∂iφσ(~r, t), ∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑

σ

φ̇σ(~r, t)∂iδ
3(~r − ~r′)φ̇σ(~r′, t)] + φ̇σ(~r′, t)φ̇σ(~r, t)∂iδ

3(~r − ~r′)d3~rd3~r′

= −
∫ ∑

σ

[∂iφ̇σ(~r, t)φ̇σ(~r, t) + φ̇σ(~r, t)∂iφ̇σ(~r, t)]d3~r

= −
∫ ∑

σ

∂i[φ̇σ(~r, t)φ̇σ(~r′, t)]d3~r = 0

y²:

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φσ′(~r
′, t)∂2

t φσ′(~r
′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φσ′(~r
′, t)]∂2

t φσ′(~r
′, t)] + φσ′(~r

′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂2
t φσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

[φ̇σ(~r, t), φσ′(~r
′, t)]∂iφσ(~r, t)∂2

t φσ′(~r
′, t)] + φσ′(~r

′, t)[φ̇σ(~r, t), ∂2
t φσ′(~r

′, t)]∂iφσ(~r, t)d3~rd3~r′

=
∫ ∑
σ,σ′
−δ3(~r − ~r′)∂iφσ(~r, t)∂2

t φσ′(~r
′, t)]− φσ′(~r′, t)(m2 −∇2)δ3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

=
∫ ∑
σ,σ′
−∂iφσ(~r, t)∂2

t φσ′(~r, t)− φσ′(~r, t)(m2 −∇2)∂iφσ(~r, t)d3~r

=
∫ ∑
σ,σ′
−∂iφσ(~r, t)∂2

t φσ′(~r, t)− φσ′(~r, t)∂2
t ∂iφσ(~r, t)d3~r

= −
∫ ∑
σ,σ′

∂i[φσ(~r, t)∂2
t φσ′(~r, t)]d

3~r = 0

íØ3.5.2. [Pa(t), Pb(t)] = 0

y²: [Mij(t), Pπ(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]

=
∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]

= −i
∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r

′, t)]
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= −i
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)φ̇σ(~r′, t) + φ̇σ(~r′, t)φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)d3~r

= i
∫ ∑

σ

{∂j [riφ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)]}φ̇σ(~r, t) + φ̇σ(~r, t){∂j [riφ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)]}d3~r

= i
∫ ∑

σ

{∂j [riφ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)]}φ̇σ(~r, t) + φ̇σ(~r, t)[ri∂j − rj∂i]φ̇σ(~r, t)]d3~r

= i
∫ ∑

σ

{∂j [riφ̇σ(~r, t)φ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)φ̇σ(~r, t)]}d3~r = 0

y²: [Mij(t), Pk(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂′kφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂′jφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), ∂′kφσ′(~r

′, t)]

=
∫ ∑
σ,σ′

d3~rd3~r′

φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂′kφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t), ∂′kφσ′(~r

′, t)](ri∂j − rj∂i)φσ(~r, t)

= i
∫ ∑
σ,σ′

φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)∂′kφσ′(~r′, t)− φ̇σ′(~r′, t)∂′kδ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)d3~rd3~r′

= −i
∫ ∑

σ

{∂j [riφ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)]}∂kφσ(~r, t)− ∂kφ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

= i
∫ ∑

σ

riφ̇σ(~r, t)∂j∂kφσ(~r, t)− rjφ̇σ(~r, t)∂i∂kφσ(~r, t)− φ̇σ(~r, t)∂k(ri∂j − rj∂i)φσ(~r, t)d3~r

= i
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)∂kφσ(~r, t)− φ̇σ(~r, t)∂k(ri∂j − rj∂i)φσ(~r, t)d3~r

= −i
∫ ∑

σ

φ̇σ(~r, t)[−i(ri∂j − rj∂i),−i∂k]φσ(~r, t)d3~r

= −i
∫ ∑

σ

φ̇σ(~r, t)(δik∂j − δjk∂i)φσ(~r, t)d3~r

= −i[Pi(t)δjk − Pj(t)δik]

y²: [Miπ(t), Pπ(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), φ̇σ′(~r
′, t)∂πφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′

[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), φ̇σ′(~r
′, t)]∂πφσ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂π − it∂i)φσ(~r, t), ∂πφσ′(~r

′, t)]

= −
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

= −
∫ ∑
σ,σ′

φ̇σ(~r, t)[(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)[(ri∂t + t∂i)φσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

= −
∫ ∑
σ,σ′

φ̇σ(~r, t)t[∂iφσ(~r, t), φ̇σ′(~r
′, t)]φ̇σ′(~r

′, t) + φ̇σ′(~r
′, t)φ̇σ(~r, t)t[∂iφσ(~r, t), φ̇σ′(~r

′, t)]d3~rd3~r′

3.6 Iþ|�$\4�êî�y²

íØ3.6.1.


[A,BC] = [A,B]C +B[A,C]

[BC,A] = [B,A]C +B[C,A]

[φσ(~r, t), φ̇σ′(~r
′, t)] = iδσσ′δ

3(~r − ~r′)

íØ3.6.2.

Pi =
∫ ∑

σ

−φ̇σ(~r, t)∂iφσ(~r, t)d3~r

Pπ = i
2

∫ ∑
σ

[∇φσ(~r, t)]2 + φ̇2
σ(~r, t) +m2φ2

σ(~r, t)]d3~r

½n3.6.1.

Mij = −
∫ ∑

σ

φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)d3~r

Miπ = i
∫ ∑

σ

{ 1
2
ri[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r
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= i
∫ ∑

σ

{ 1
2
[−ri∇2φσ(~r, t)φσ(~r, t)− ∂iφσ(~r, t)φσ(~r, t) + riφ̇

2
σ(~r, t) +m2riφ

2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r

= i
∫ ∑

σ

{ 1
2
[−ri∇2φσ(~r, t)φσ(~r, t) + riφ̇

2
σ(~r, t) +m2riφ

2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}d3~r

3.6.1 Ún-êÆO�

Ún3.6.1. [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2] = −2iδσσ′∇′φσ′(~r′, t) · ∇′δ3(~r − ~r′)

y²: [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2]

= 2∇′φσ′(~r′, t)[φ̇σ(~r, t),∇′φσ′(~r′, t)]
= −2iδσσ′∇′φσ′(~r′, t) · ∇′δ3(~r − ~r′)

Ún3.6.2. [φ̇σ(~r, t), φ̇2
σ′(~r

′, t)] = 0

Ún3.6.3. [φ̇σ(~r, t),m2φ2
σ′(~r

′, t)] = −2im2δσσ′φσ′(~r
′, t)δ3(~r − ~r′)

y²: [φ̇σ(~r, t), φ2
σ′(~r

′, t)]

= 2φσ′(~r
′, t)[φ̇σ(~r, t), φσ′(~r

′, t)]

= −2iδσσ′φσ′(~r
′, t)δ3(~r − ~r′)

Ún3.6.4. [φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = −2iδσσ′ [∇′φσ′(~r′, t) · ∇′ +m2φσ′(~r
′, t)]δ3(~r − ~r′)

Ún3.6.5. [φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = 2iδσσ′ φ̇σ′(~r
′, t)δ3(~r − ~r′)

Ún3.6.6. [∇φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)] = 2iδσσ′ φ̇σ′(~r
′, t)∇δ3(~r − ~r′)

3.6.2 Iþ|Äþé´5K

½n3.6.2. [Pa(t), Pb(t)] = 0

y²: [Pi(t), Pj(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)∂′jφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑

σ

[φ̇σ(~r, t)∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂′jφσ′(~r

′, t)] + φ̇σ′(~r
′, t)[φ̇σ(~r, t)∂iφσ(~r, t), ∂′jφσ′(~r

′, t)]d3~rd3~r′

=
∫ ∑

σ

φ̇σ(~r, t)[∂iφσ(~r, t), φ̇σ′(~r
′, t)]∂′jφσ′(~r

′, t)] + φ̇σ′(~r
′, t)[φ̇σ(~r, t), ∂′jφσ′(~r

′, t)]∂iφσ(~r, t)d3~rd3~r′

= i
∫ ∑

σ

φ̇σ(~r, t)∂iδ
3(~r − ~r′)∂′jφσ′(~r′, t)− φ̇σ′(~r′, t)∂′jδ3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

= −i
∫ ∑

σ

φ̇σ(~r, t)∂′iδ
3(~r − ~r′)∂′jφσ(~r′, t)− φ̇σ(~r′, t)∂jδ

3(~r − ~r′)∂iφσ(~r, t)d3~rd3~r′

= i
∫ ∑

σ

φ̇σ(~r, t)∂i∂jφσ(~r, t)− φ̇σ(~r, t)∂j∂iφσ(~r, t)d3~r = 0

y²: [Pi(t), Pπ(t)]

= − i
2

∫ ∑
σ,σ′

[φ̇σ(~r, t)∂iφσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)]d3~rd3~r′

= − i
2

∫ ∑
σ,σ′
{[φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]∂iφσ(~r, t)

+ φ̇σ(~r, t)[∂iφσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2
σ′(~r

′, t) +m2φ2
σ′(~r

′, t)]}d3~rd3~r′

= − i
2

∫ ∑
σ,σ′
{[φ̇σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]∂iφσ(~r, t) + φ̇σ(~r, t)[∂iφσ(~r, t), φ̇2

σ′(~r
′, t)]}d3~rd3~r′

= −i
∫ ∑
σ,σ′
{[φ̇σ(~r, t),∇′φσ′(~r′, t)] · ∇′φσ′(~r′, t)∂iφσ(~r, t) + [φ̇σ(~r, t), φσ′(~r

′, t)]m2φσ′(~r
′, t)∂iφσ(~r, t)

+ φ̇σ(~r, t)φ̇σ′(~r
′, t)[∂iφσ(~r, t), φ̇σ′(~r

′, t)]}d3~rd3~r′

= −i
∫ ∑
σ,σ′
{−iδσσ′∇′δ3(~r − ~r′) · ∇′φσ′(~r′, t)∂iφσ(~r, t)− iδσσ′δ3(~r − ~r′)m2φσ′(~r

′, t)∂iφσ(~r, t)

+ φ̇σ(~r, t)φ̇σ′(~r
′, t)iδσσ′∂iδ

3(~r − ~r′)}d3~rd3~r′

=
∫
{∇2φσ(~r, t)∂iφσ(~r, t)−m2φσ(~r, t)∂iφσ(~r, t)− ∂iφ̇σ(~r, t)φ̇σ(~r, t)}d3~r

=
∫
{∇φσ(~r, t)∂i · ∇φσ(~r, t)−m2φσ(~r, t)∂iφσ(~r, t)− ∂iφ̇σ(~r, t)φ̇σ(~r, t)}d3~r

= 1
2

∫
{−∂i[∇φσ(~r, t) · ∇φσ(~r, t)]−m2∂iφ

2
σ(~r, t)− ∂iφ̇2

σ(~r, t)}d3~r

= − 1
2

∫
∂i{[∇φσ(~r, t)]2 +m2φ2

σ(~r, t) + φ̇2
σ(~r, t)}d3~r = 0
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3.6.3 Iþ|�Äþé´5K

y²: [Mij(t),Mkl(t)]

=
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)(r′k∂

′
l − r′l∂′k)φσ′(~r′, t)]d3~rd3~r′

=
∫ ∑
σ,σ′

d3~rd3~r′{[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)](r′k∂

′
l − r′l∂′k)φσ′(~r′, t)

+ φ̇σ′(~r
′, t)[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), (r′k∂

′
l − r′l∂′k)φσ′(~r′, t)]}

=
∫ ∑
σ,σ′

d3~rd3~r′{φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), φ̇σ′(~r
′, t)](r′k∂

′
l − r′l∂′k)φσ′(~r′, t)

+ φ̇σ′(~r
′, t)[φ̇σ(~r, t), (r′k∂

′
l − r′l∂′k)φσ′(~r′, t)](ri∂j − rj∂i)φσ(~r, t)}

= i
∫ ∑
σ,σ′

d3~rd3~r′

{φ̇σ(~r, t)(ri∂j − rj∂i)δ3(~r − ~r′)(r′k∂′l − r′l∂′k)φσ′(~r′, t)− φ̇σ′(~r′, t)(r′k∂′l − r′l∂′k)δ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)}
= −i

∫ ∑
σ

d3~r

{{∂j [riφ̇σ(~r, t)]− ∂i[rjφ̇σ(~r, t)]}(rk∂l − rl∂k)φσ(~r, t)− {∂l[rkφ̇σ(~r, t)]− ∂k[rlφ̇σ(~r, t)]}(ri∂j − rj∂i)φσ(~r, t)}
= −i

∫ ∑
σ

φ̇σ(~r, t)[−i(ri∂j − rj∂i),−i(rk∂l − rl∂k)]φσ(~r, t)d3~r

= −i[δilMjk(t)− δikMjl(t) + δjkMil(t)− δjlMik(t)]

y²: [Mij(t),Mkπ(t)]

= i
∫ ∑
σ,σ′

[φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t), { 1
2
r′k[[∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)] + t∂′kφ̇σ′(~r

′, t)φσ′(~r
′, t)}]d3~rd3~r′

= i
∫ ∑
σ,σ′

[φ̇σ(~r, t), 1
2
r′k[[∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)] + t∂′kφ̇σ′(~r

′, t)φσ′(~r
′, t)}](ri∂j − rj∂i)φσ(~r, t)

+ φ̇σ(~r, t)[(ri∂j − rj∂i)φσ(~r, t), { 1
2
r′kφ̇

2
σ′(~r

′, t) + t∂′kφ̇σ′(~r
′, t)φσ′(~r

′, t)}]d3~rd3~r′

=
∫ ∑
σ,σ′

δσσ′ [r
′
k∇′φσ′(~r′, t) · ∇′ +m2r′kφσ′(~r

′, t) + t∂′kφ̇σ′(~r
′, t)]δ3(~r − ~r′)(ri∂j − rj∂i)φσ(~r, t)

− δσσ′ [r′kφ̇σ(~r, t)φ̇σ′(~r
′, t) + tφ̇σ(~r, t)φσ′(~r

′, t)∂′k](ri∂j − rj∂i)δ3(~r − ~r′)d3~rd3~r′

=
∫

[−∂kφσ(~r, t)− rk∇2φσ(~r, t) +m2rkφσ(~r, t) + t∂kφ̇σ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ [rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)− t(ri∂j − rj∂i)φ̇σ(~r, t)∂kφσ(~r, t)]d3~r

=
∫

[−∂kφσ(~r, t)− rk∇2φσ(~r, t) +m2rkφσ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)d3~r

=
∫

[−∂kφσ(~r, t)− rkφ̇2
σ(~r, t)](ri∂j − rj∂i)φσ(~r, t)

+ rk(ri∂j − rj∂i)φ̇σ(~r, t)φ̇σ(~r, t)d3~r

=

=
∫ ∑

σ

gjk{ 1
2
ri[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}

− gik{ 1
2
rj [∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂jφ̇σ(~r, t)φσ(~r, t)}d3~r

Mab = Lab + Sab, Lab = xapb − xbpa, gab = δab (22.3)
[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mij ,Mkπ] = −i(gjkMiπ − gikMjπ)

[Mab, pc] = −i(gbcpa − gacpb), [pa, pb] = 0

(22.4)

y²: [Miπ(t),Mjπ(t)]

= −
∫ ∑
σσ′

[{ 1
2
ri[[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t)] + t∂iφ̇σ(~r, t)φσ(~r, t)}

, { 1
2
r′j [[∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)] + t∂′jφ̇σ′(~r

′, t)φσ′(~r
′, t)}]d3~rd3~r′

= −
∫ ∑
σσ′
{ 1

4
rir
′
j [[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]

+ t2[∂iφ̇σ(~r, t)φσ(~r, t), ∂′jφ̇σ′(~r
′, t)φσ′(~r

′, t)]
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+ 1
2
rit[[∇φσ(~r, t)]2 + φ̇2

σ(~r, t) +m2φ2
σ(~r, t), ∂′jφ̇σ′(~r

′, t)φσ′(~r
′, t)]

+ 1
2
r′jt[∂iφ̇σ(~r, t)φσ(~r, t), [∇′φσ′(~r′, t)]2 + φ̇2

σ′(~r
′, t) +m2φ2

σ′(~r
′, t)]}d3~rd3~r′

= −
∫ ∑
σσ′

d3~rd3~r′

{ 1
4
rir
′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4
rir
′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

+ t2∂iφ̇σ(~r, t)[φσ(~r, t), ∂′jφ̇σ′(~r
′, t)]φσ′(~r

′, t) + t2∂′jφ̇σ′(~r
′, t)[∂iφ̇σ(~r, t), φσ′(~r

′, t)]φσ(~r, t)

+ 1
2
rit[[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), ∂′jφ̇σ′(~r
′, t)]φσ′(~r

′, t) + 1
2
rit∂

′
jφ̇σ′(~r

′, t)[φ̇2
σ(~r, t), φσ′(~r

′, t)]

+ 1
2
r′jt∂iφ̇σ(~r, t)[φσ(~r, t), φ̇2

σ′(~r
′, t)] + 1

2
r′jt[∂iφ̇σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]φσ(~r, t)}

= −
∫ ∑
σσ′

d3~rd3~r′

{ 1
4
rir
′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4
rir
′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

+ t2∂iφ̇σ(~r, t)iδσσ′∂
′
jδ

3(~r − ~r′)φσ′(~r′, t)− t2∂′jφ̇σ′(~r′, t)iδσσ′∂iδ3(~r − ~r′)φσ(~r, t)

+ rit[∇φσ(~r, t) · ∇+m2φσ(~r, t)]iδσσ′∂
′
jδ

3(~r − ~r′)φσ′(~r′, t)− rit∂′jφ̇σ′(~r′, t)φ̇σ(~r, t)iδσσ′δ
3(~r − ~r′)

+ r′jt∂iφ̇σ(~r, t)φ̇σ′(~r
′, t)iδσσ′δ

3(~r − ~r′)− r′jt[∇′φσ′(~r′, t) · ∇′ +m2φσ′(~r
′, t)]iδσσ′∂iδ

3(~r − ~r′)φσ(~r, t)}
= −

∫ ∑
σσ′

d3~rd3~r′

{ 1
4
rir
′
j [[∇φσ(~r, t)]2 +m2φ2

σ(~r, t), φ̇2
σ′(~r

′, t)]] + 1
4
rir
′
j [φ̇

2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

− it2∂iφ̇σ(~r, t)∂jφσ(~r, t) + it2∂jφ̇σ(~r, t)∂iφσ(~r, t)

− irit[∇φσ(~r, t) · ∇+m2φσ(~r, t)]∂jφσ(~r, t)− irit∂jφ̇σ(~r, t)φ̇σ(~r, t)

+ irjt∂iφ̇σ(~r, t)φ̇σ(~r, t) + irjt[∇φσ(~r, t) · ∇+m2φσ(~r, t)]∂iφσ(~r, t)}
= −

∫ ∑
σσ′

d3~rd3~r′ 1
4
rir
′
j

{[[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇2

σ′(~r
′, t)]] + [φ̇2

σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2
σ′(~r

′, t)]

= −
∫ ∑
σσ′

d3~rd3~r′ 1
4
rir
′
j

{φ̇σ′(~r′, t)[[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇σ′(~r

′, t)] + [[∇φσ(~r, t)]2 +m2φ2
σ(~r, t), φ̇σ′(~r

′, t)]φ̇σ′(~r
′, t)

+ [φ̇2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

= −
∫ ∑
σσ′

d3~rd3~r′ 1
4
rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · [∇φσ(~r, t), φ̇σ′(~r
′, t)] + 2m2φ̇σ′(~r

′, t)φσ(~r, t)[φσ(~r, t), φ̇σ′(~r
′, t)]

+ 2[∇φσ(~r, t), φ̇σ′(~r
′, t)] · ∇φσ(~r, t)φ̇σ′(~r

′, t) + 2m2[φσ(~r, t), φ̇σ′(~r
′, t)]φσ(~r, t)φ̇σ′(~r

′, t)

+ [φ̇2
σ(~r, t), [∇′φσ′(~r′, t)]2 +m2φ2

σ′(~r
′, t)]

= −
∫ ∑
σσ′

d3~rd3~r′ 1
4
rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · iδσσ′∇δ3(~r − ~r′) + 2m2φ̇σ′(~r
′, t)φσ(~r, t)iδσσ′δ

3(~r − ~r′)
+ 2iδσσ′∇δ3(~r − ~r′) · ∇φσ(~r, t)φ̇σ′(~r

′, t) + 2m2iδσσ′δ
3(~r − ~r′)φσ(~r, t)φ̇σ′(~r

′, t)

− 2φ̇σ(~r, t)∇′φσ′(~r′, t) · iδσ′σ∇′δ3(~r′ − ~r)− 2m2φ̇σ(~r, t)φσ′(~r
′, t)iδσ′σδ

3(~r′ − ~r)
− 2iδσ′σ∇′δ3(~r′ − ~r) · ∇′φσ′(~r′, t)φ̇σ(~r, t)− 2m2iδσ′σδ

3(~r′ − ~r)φσ′(~r′, t)φ̇σ(~r, t)

= −
∫ ∑
σσ′

d3~rd3~r′ 1
4
rir
′
j

{2φ̇σ′(~r′, t)∇φσ(~r, t) · iδσσ′∇δ3(~r − ~r′) + 2iδσσ′∇δ3(~r − ~r′) · ∇φσ(~r, t)φ̇σ′(~r
′, t)

− 2φ̇σ(~r, t)∇′φσ′(~r′, t) · iδσ′σ∇′δ3(~r′ − ~r)− 2iδσ′σ∇′δ3(~r′ − ~r) · ∇′φσ′(~r′, t)φ̇σ(~r, t)

= −
∫
d3~rd3~r′ 1

2

{r′jφ̇σ(~r′, t)ri∇φσ(~r, t) · i∇δ3(~r − ~r′) + i∇δ3(~r − ~r′) · ri∇φσ(~r, t)r′jφ̇σ(~r′, t)

− riφ̇σ(~r, t)r′j∇′φσ(~r′, t) · i∇′δ3(~r′ − ~r)− i∇′δ3(~r′ − ~r) · r′j∇′φσ(~r′, t)riφ̇σ(~r, t)

= −
∫
d3~rd3~r′ i

2

{∇[rjφ̇σ(~r, t)]ri · ∇φσ(~r, t) + ri∇φσ(~r, t) · ∇[rjφ̇σ(~r, t)]

−∇[riφ̇σ(~r, t)]rj · ∇φσ(~r, t)− rj∇φσ(~r, t) · ∇[riφ̇σ(~r, t)]

= −
∫
d3~r i

2

{φ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t) + (ri∂j − rj∂i)φσ(~r, t)φ̇σ(~r, t)
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= −i
∫
d3~rφ̇σ(~r, t)(ri∂j − rj∂i)φσ(~r, t)

= iMij(t)
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�Cþfz�Y"

1 >^|�§�5�³©Û [24, 26]

1.1 k�þ>^|�§�5�³£ã

½n1.1.1.



∇ · ~E = m2φ− ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = m2 ~A− ~J + ∂t ~E

∇ · ~J + ∂tρ = 0

~E = −∂t ~A−∇φ, ~B = ∇× ~A

⇔



(∇2 − ∂2
t −m2)φ = ρ

(∇2 − ∂2
t −m2) ~A = ~J

∇ · ~A+ ∂tφ = 0

~E = −∂t ~A−∇φ, ~B = ∇× ~A

1.2 >^|�§���5�³£ã

Ún1.2.1. ∇× (∇× ~A) = ∇(∇ · ~A)−∇2 ~A

Ún1.2.2. ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ ⇔ ~B = ∇× ~A,∇ · ~A = ∇2θ

��y²µ

y²: ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ

⇒ ∇× ~A = ∇×(∇× ~B)
−∇2 +∇×∇θ,∇ · ~A = ∇·(∇× ~B)

−∇2 +∇ · ∇θ
⇒ ∇× ~A = ∇(∇· ~B)−∇2 ~B

−∇2 ,∇ · ~A = ∇2θ

⇒ ~B = ∇× ~A,∇ · ~A = ∇2θ

��y²µ

y²: ~B = ∇× ~A,∇ · ~A = ∇2θ

⇒ ∇× ~B = ∇× (∇× ~A),∇ · ~B = ∇ · (∇× ~A)

⇒ ∇× ~B = ∇(∇ · ~A)−∇2 ~A,∇ · ~B = 0

⇒ ∇ · ~B = 0, ~A = ∇× ~B
−∇2 +∇θ

½n1.2.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

~A = ∇× ~B
−∇2 +∇θ, φ = ∇·~E

−∇2 − ∂tθ

⇔


∇2φ = ρ− ∂t∇2θ,∇ · ~A = ∇2θ

∇2 ~A− ∂2
t
~A = ~J +∇(∂tφ+∇2θ)

~E = −∂t ~A−∇φ, ~B = ∇× ~A

��y²µ

y²: ∇2φ = ∇2 ∇·~E
−∇2 −∇2∂tθ = −∇ · ~E −∇2∂tθ = ρ− ∂t∇2θ

y²: ∇ · ~A = ∇·∇× ~B
−∇2 +∇ · ∇θ = ∇2θ

y²: ∇2 ~A− ∂2
t
~A = (∇2 − ∂2

t )∇×
~B

−∇2 + (∇2 − ∂2
t )∇θ

= −∇× ~B + ∂t
∇×∂t ~B
∇2 + (∇2 − ∂2

t )∇θ
= −∇× ~B − ∂t∇×∇×

~E
∇2 + (∇2 − ∂2

t )∇θ
= −∇× ~B − ∂t∇(∇·~E)−∇2 ~E

∇2 + (∇2 − ∂2
t )∇θ

= −∇× ~B + ∂t ~E − ∂t∇(∇·~E)
∇2 + (∇2 − ∂2

t )∇θ
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= ~J + ∂t∇(φ+ ∂tθ) + (∇2 − ∂2
t )∇θ

= ~J +∇(∂tφ+∇2θ)

y²: ∇× ~A = ∇×∇× ~B
−∇2 +∇×∇θ = ∇(∇· ~B)−∇2 ~B

−∇2 = 0−∇2 ~B
−∇2 = ~B

y²: −∂t ~A−∇φ = ∂t
∇× ~B
∇2 − ∂t∇θ +∇∇·~E∇2 +∇∂tθ

= ∇×∂t ~B
∇2 +∇∇·~E∇2 = −∇×∇×~E∇2 +∇∇·~E∇2

= −∇(∇·~E)−∇2 ~E
∇2 + ∇(∇·~E)

∇2 = ~E

��y²µ

y²: ∇ · ~E = −∇ · ∂t ~A−∇ · ∇φ = −∂t(∇ · ~A)−∇2φ = −∂t∇2θ − ρ+ ∂t∇2θ = −ρ

y²: ∇× ~E = −∇× ∂t ~A−∇×∇φ = −∂t∇× ~A− 0 = −∂t ~B

y²: ∇ · ~B = ∇ · ∇ × ~A = 0

y²: ∇× ~B − ∂t ~E
= ∇×∇× ~A+ ∂2

t
~A+ ∂t∇φ = ∇(∇ · ~A)−∇2 ~A+ ∂2

t
~A+ ∂t∇φ

= ∇(∇2θ)−∇2 ~A+ ∂2
t
~A+∇∂tφ = −∇2 ~A+ ∂2

t
~A+∇(∂tφ+∇2θ)

= − ~J

y²: ∇×
~B

−∇2 +∇θ = ∇×∇× ~A
−∇2 +∇θ = ∇(∇· ~A)−∇2 ~A

−∇2 +∇θ = ~A+ ∇(∇2θ)
−∇2 +∇θ = ~A

y²: ∇·
~E

−∇2 − ∂tθ = ∇·(∂t ~A+∇φ)
∇2 − ∂tθ = ∂t(∇· ~A)+∇2φ)

∇2 − ∂tθ = φ+ ∂t∇2θ
∇2 − ∂tθ = φ

y²�."

íØ1.2.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 +∇θ

φ = − 1√
2

∇·(Ψ+Ψ∗)
∇2 − ∂tθ

⇔


∇2φ = ρ− ∂t∇2θ,∇ · ~A = ∇2θ

∇2 ~A− ∂2
t
~A = ~J +∇(∂tφ+∇2θ)

Ψ = −∂t ~A−∇φ− iς∇× ~A

íØ1.2.2. ~A = Ã−∇θ, φ = φ̃+ ∂tθ, Ã := ∇× ~B
−∇2 , φ̃ := ∇·~E

−∇2

�θ = 0�§B´Ë�5�¶�θ = ∂tφ
−∇2�§B´âÔ[5�"

1.3 >^|�§�Ë�5�³£ã(θ = 0)

½n1.3.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

Ã = ∇× ~B
−∇2 , φ̃ = ∇·~E

−∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃

∇2φ̃ = ρ,∇ · Ã = 0

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

íØ1.3.1.

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃

∇2φ̃ = ρ,∇ · Ã = 0
√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

íØ1.3.2.

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒



[Ãi(x), ∂t′Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∂t∆(x− x′)

[∂tÃi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∂t∆(x− x′)

[Ãi(x), (∇′ × Ã)j(x
′)] = −iεijk∂k∆(x− x′)

[(∇× Ã)i(x), Ãj(x
′)] = −iεijk∂k∆(x− x′)
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íØ1.3.3.

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒



[∂tÃi(x), ∂t′Ãj(x
′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)

[(∇× Ã)i(x), (∇′ × Ã)j(x
′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)

[∂tÃi(x), (∇′ × Ã)j(x
′)] = −iεijk∂k∂t∆(x− x′)

[(∇× Ã)i(x), ∂t′Ãj(x
′)] = iεij

k∂k∂t∆(x− x′)

½n1.3.2.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔



[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ,∇ · Ã = 0

√
2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

�©�[y²:(����)

y²: [Ãi(x), Ãj(x
′)]

= iς√
2

1
∇2

iς√
2

1
∇′2 [εi

kl∂k[Ψl(x)−Ψ+
l (x)], εj

mn∂′m[Ψn(x′)−Ψ+
n (x′)]]

= −1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m[Ψl(x)−Ψ+

l (x),Ψn(x′)−Ψ+
n (x′)]

= 1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m{[Ψl(x),Ψ+

n (x′)] + [Ψ+
l (x),Ψn(x′)]}

= 1
2

1
∇2∇′2 εi

klεj
mn∂k∂

′
m[iσabln∂a∂b∆(x− x′)− iσabnl∂′a∂′b∆(x′ − x)]

= − 1
2

1
∇4 εi

klεj
mn∂k∂m[iσabln∂a∂b + iσabnl∂a∂b]∆(x− x′)

= i
2

1
∇4 εi

klεj
mn∂k∂m[(∇2 − ∂2

π)δln − 2∂l∂n]∆(x− x′)
= i

2
1
∇4 εi

klδlnεj
mn∂k∂m(∇2 − ∂2

π)∆(x− x′)
= i 1

∇4 εi
klδlnεj

mn∂k∂m∇2∆(x− x′)
= i 1

∇2 εi
klδlnεj

mn∂k∂m∆(x− x′)
= i 1

∇2 (δijδkm − δki δmj )∂k∂m∆(x− x′)
= i 1

∇2 (δij∇2 − ∂i∂j)∆(x− x′)
= i(δij − ∂i∂j

∇2 )∆(x− x′)

{'y²µ

y²: [Ãi(x), Ãj(x
′)]

= [ (∇× ~B)i
−∇2 (x), (∇′× ~B)j

−∇′2 (x′)] = 1
∇2∇′2 [(∇× ~B)i(x), (∇′ × ~B)j(x

′)]

= 1
∇4 i(δij∇2 − ∂i∂j)∇2∆(x− x′) = i(δij − ∂i∂j

∇2 )∆(x− x′)

y²: [Ãi(x), φ̃(x′)] = [ (∇× ~B)i
−∇2 (x), ∇

′·~E
−∇′2 (x′)] = 1

∇2∇′2 [(∇× ~B)i(x),∇′ · ~E(x′)]

= 1
∇4 [εi

jk∂jBk(x),∇′ · ~E(x′)] = 1
∇4 εi

jk∂j [Bk(x),∇′ · ~E(x′)] = 0

y²: [φ̃(x), φ̃(x′)] = [∇·
~E

−∇2 (x), ∇
′·~E
−∇′2 (x′)] = 1

∇2∇′2 [∇ · ~E(x),∇′ · ~E(x′)] = 0

��y²µ

y²: [Ψi(x),Ψ+
j (x′)]

= 1
2
[−∂tÃi(x)− ∂iφ̃(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′jφ̃(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2
[−∂tÃi(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2
{[∂tÃi(x), ∂t′Ãj(x

′)] + [(∇× Ã)i(x), (∇′ × Ã)j(x
′)]− iς[∂tÃi(x), (∇′ × Ã)j(x

′)] + iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= −i(δij∇2 − ∂i∂j)∆(x− x′)− ςεijk∂k∂t∆(x− x′)
= iσabij ∂a∂b∆(x− x′)
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y²: [Ψi(x),Ψj(x
′)]

= 1
2
[−∂tÃi(x)− ∂iφ̃(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′jφ̃(x′)− iς(∇′ × Ã)j(x

′)]

= 1
2
[−∂tÃi(x)− iς(∇× Ã)i(x),−∂t′Ãj(x′)− iς(∇′ × Ã)j(x

′)]

= 1
2
{[∂tÃi(x), ∂t′Ãj(x

′)]− [(∇× Ã)i(x), (∇′ × Ã)j(x
′)] + iς[∂tÃi(x), (∇′ × Ã)j(x

′)] + iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= 0

y²: [Ψ+
i (x),Ψ+

j (x′)]

= 1
2
[−∂tÃi(x)− ∂iφ̃(x) + iς(∇× Ã)i(x),−∂t′Ãj(x′)− ∂′jφ̃(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2
[−∂tÃi(x) + iς(∇× Ã)i(x),−∂t′Ãj(x′) + iς(∇′ × Ã)j(x

′)]

= 1
2
{[∂tÃi(x), ∂t′Ãj(x

′)]− [(∇× Ã)i(x), (∇′ × Ã)j(x
′)]− iς[∂tÃi(x), (∇′ × Ã)j(x

′)]− iς[(∇× Ã)i(x), ∂t′Ãj(x
′)]}

= 0

íØ1.3.4.
[Ãi(x), Ãj(x

′)] = i(δij − ∂i∂j
∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0
√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

⇒



[Ãi(x), Ej(x
′)] = i(δij − ∂i∂j

∇2 )∂t∆(x− x′)

[Ei(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∂t∆(x− x′)

[Ãi(x), Bj(x
′)] = −iεijk∂k∆(x− x′)

[Bi(x), Ãj(x
′)] = −iεijk∂k∆(x− x′)

y²: [Bi(x), Ãj(x
′)]

= [εi
kl∂kÃl(x), Ãj(x

′)]

= iεi
kl∂k(δlj − ∂l∂j

∇2 )∆(x− x′)
= iεi

kl∂kδlj∆(x− x′)
= −iεijk∂k∆(x− x′)

y²: [Ei(x)− iςBi(x), Ãj(x
′)]

= [−i(δij − ∂i∂j
∇2 )∂t − ςεijk∂k]∆(x− x′)

= i ∂t∇2 (∂i∂j − δij∇2 + iςεij
k∂k∂t)∆(x− x′)

= iσabij ∂a∂b
∂t
∇2 ∆(x− x′)

íØ1.3.5. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

íØ1.3.6.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇒

[Ψi(x), Ãj(x
′)] = i√

2
σabij ∂a∂b

∂t
∇2 ∆(x− x′)

[Ãi(x),Ψj(x
′)] = − i√

2
σabji ∂a∂b

∂t
∇2 ∆(x− x′)

íØ1.3.7.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇒



[φ̃(x), Ã(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

[φ̃(x),Ψ(x′)] = 0, [φ̃(x),Ψ+(x′)] = 0

[Ja(x), Ã(x′)] = 0, [Ja(x), φ̃(x′)] = 0

[Ja(x),Ψ(x′)] = 0, [Ja(x),Ψ+(x′)] = 0

[Ja(x), Jb(x
′)] = 0

lþ��§>^|�§ÚË�5�³�§!�å^���Cé´'X´�N�§�I³φ̃(x)ÚJa(x)�éu>^

|´c-ê§Ø´�f"lù�¿Âþ�I³=·>|Ø�þfz§Ï�§ë�fÑØ´"
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1.4 ��>^||r�Cé´'X©Û

½n1.4.1.[∂a + iSab(γ, ς)∂
b]Ψ(x) = −iσ[βς ]

ςab J
b(x)

Ψ(x) = 1√
2
[ ~E(x)− iς ~B(x)]

⇔

∇ · ~E(x) = −ρ(x),∇× ~E(x) = −∂t ~B(x)

∇ · ~B(x) = 0,∇× ~B(x) = − ~J(x) + ∂t ~E(x)

½n1.4.2.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

Ψ(x) = 1√
2
[ ~E(x)− iς ~B(x)]

⇔



[Ei(x), Ej(x
′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)

[Bi(x), Bj(x
′)] = −i(δij∇2 − ∂i∂j)∆(x− x′)

[Ei(x), Bj(x
′)] = iεij

k∂k∂t∆(x− x′)

[Bi(x), Ej(x
′)] = −iεijk∂k∂t∆(x− x′)

íØ1.4.1.



[∇ · ~E(x), ~E(x′)] = 0

[∇ · ~B(x), ~B(x′)] = 0

[∇ · ~E(x), ~B(x′)] = 0

[∇ · ~B(x), ~E(x′)] = 0



[∇ · ~E(x),∇′ · ~E(x′)] = 0

[∇ · ~B(x),∇′ · ~B(x′)] = 0

[∇ · ~E(x),∇′ · ~B(x′)] = 0

[∇ · ~B(x),∇′ · ~E(x′)] = 0

íØ1.4.2.



[∂tEi(x)− (∇× ~B)i(x), ~E(x′)] = 0

[∂tEi(x)− (∇× ~B)i(x), ~B(x′)] = 0

[∂tBi(x) + (∇× ~E)i(x), ~E(x′)] = 0

[∂tBi(x) + (∇× ~E)i(x), ~B(x′)] = 0

íØ1.4.3.



[Ji(x), ~E(x′)] = 0, [Ji(x), ~B(x′)] = 0

[ρ(x), ~E(x′)] = 0, [ρ(x), ~B(x′)] = 0

[Ja(x), ~E(x′)] = 0, [Ja(x), ~B(x′)] = 0

[Ja(x), Jb(x
′)] = 0

íØ1.4.4.



[(∇× ~E)i(x), (∇′ × ~E)j(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[(∇× ~B)i(x), (∇′ × ~B)j(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[(∇× ~E)i(x), (∇′ × ~B)j(x
′)] = −iεijk∂k∂t∇2∆(x− x′)

[(∇× ~B)i(x), (∇′ × ~E)j(x
′)] = iεij

k∂k∂t∇2∆(x− x′)

íØ1.4.5.



[∂tEi(x), ∂t′Ej(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[∂tBi(x), ∂t′Bj(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[∂tEi(x), ∂t′Bj(x
′)] = −iεijk∂k∂t∇2∆(x− x′)

[∂tBi(x), ∂t′Ej(x
′)] = iεij

k∂k∂t∇2∆(x− x′)

íØ1.4.6.



[∂tEi(x), (∇′ × ~B)j(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[(∇× ~B)i(x), ∂t′Ej(x
′)] = i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[∂tBi(x), (∇′ × ~E)j(x
′)] = −i(δij∇2 − ∂i∂j)∇2∆(x− x′)

[(∇× ~E)i(x), ∂t′Bj(x
′)] = −i(δij∇2 − ∂i∂j)∇2∆(x− x′)
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íØ1.4.7.



[∂tEi(x), (∇′ × ~E)j(x
′)] = iεij

k∂k∂t∆(x− x′)

[(∇× ~E)i(x), ∂t′Ej(x
′)] = −iεijk∂k∂t∆(x− x′)

[∂tBi(x), (∇′ × ~B)j(x
′)] = iεij

k∂k∂t∆(x− x′)

[(∇× ~B)i(x), ∂t′Bj(x
′)] = −iεijk∂k∂t∆(x− x′)

lþ��§��>^|�§Ú�å^���Cé´'X´�N�§�Ja(x)�éu>^|´c-ê"

1.5 >^|�§�âÔ[λ-5�³£ã(θ = ∂tφ
−∇2 )kS3gñ

½n1.5.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

~A = ∇× ~B+∇∂tφ
−∇2 , φ = ∇·~E−∂2

t φ

−∇2

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0

~E = −∂t ~A−∇φ, ~B = ∇× ~A

½n1.5.2. ???


〈|∇ · ~E = −ρ|〉,∇× ~E = −∂t ~B

∇ · ~B = 0, 〈|∇ × ~B = − ~J + ∂t ~E|〉
~A = ∇× ~B+∇∂tφ

−∇2 , φ = ∇·~E−∂2
t φ

−∇2

⇔


∇ · ~E = −ρ− ∂t(∇ · ~A+ ∂tφ),∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E +∇(∇ · ~A+ ∂tφ)

〈| ~A = ∇× ~B+∇∂tφ
−∇2 |〉, φ = ∇·~E−∂2

t φ

−∇2

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

〈|∇ · ~A+ ∂tφ|〉 = 0

~E = −∂t ~A−∇φ, ~B = ∇× ~A

íØ1.5.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ

φ = − 1√
2

∇·(Ψ+Ψ∗)
∇2 + ∂2

t

∇2φ

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0
√

2Ψ = −∂t ~A−∇φ− iς∇× ~A

íØ1.5.2.

[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

φ = −iA0,
√

2Ψ = −∂t ~A−∇φ− iς∇× ~A
⇒



[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

y²: [Ψi(x),Ψj(x
′)]

= 1
2
{[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′)− iς(∇′ × ~A)j(x

′)]

= 1
2
[−∂tAi(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− iς(∇′ × ~A)j(x

′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x
′)] + iς[∂tAi(x), (∇′ × ~A)j(x

′)] + iς[(∇× ~A)i(x), ∂t′Aj(x
′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′× ~A)j(x
′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2
{iλ−1

λ

∂i∂j∇2

�+iε
− i∂i∂j + i(1 + λ−1

λ
∇2

�+iε
)∂i∂j − iλ−1

λ

∂i∂j∇2

�+iε
− iλ−1

λ

∂i∂j∇2

�+iε
}∆(x− x′)

= 0

y²: [Ψ+
i (x),Ψ+

j (x′)]

= 1
2
{[−∂tAi(x)− ∂iφ(x) + iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′) + iς(∇′ × ~A)j(x

′)]

= 1
2
[−∂tAi(x) + iς(∇× ~A)i(x),−∂t′Aj(x′) + iς(∇′ × ~A)j(x

′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x
′)]− iς[∂tAi(x), (∇′ × ~A)j(x

′)]− iς[(∇× ~A)i(x), ∂t′Aj(x
′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}
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= 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′× ~A)j(x
′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= 1

2
{iλ−1

λ

∂i∂j∇2

�+iε
− i∂i∂j + i(1 + λ−1

λ
∇2

�+iε
)∂i∂j − iλ−1

λ

∂i∂j∇2

�+iε
− iλ−1

λ

∂i∂j∇2

�+iε
}∆(x− x′)

= 0

y²: [Ψi(x),Ψ+
j (x′)]

= 1
2
{[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x),−∂t′Aj(x′)− ∂′jφ(x′) + iς(∇′ × ~A)j(x

′)]

= 1
2
[−∂tAi(x)− iς(∇× ~A)i(x),−∂t′Aj(x′) + iς(∇′ × ~A)j(x

′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= 1
2
{[∂tAi(x), ∂t′Aj(x

′)] + [(∇× ~A)i(x), (∇′ × ~A)j(x
′)]− iς[∂tAi(x), (∇′ × ~A)j(x

′)] + iς[(∇× ~A)i(x), ∂t′Aj(x
′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= [(∇× ~A)i(x), (∇′ × ~A)j(x
′)]− iς[∂tAi(x), (∇′ × ~A)j(x

′)]

+ 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′ × ~A)j(x
′)] + iς[∂tAi(x), (∇′ × ~A)j(x

′)] + iς[(∇× ~A)i(x), ∂t′Aj(x
′)]

+ [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x
′)] + [∂tAi(x), ∂′jφ(x′)]}

= [(∇× ~A)i(x), (∇′ × ~A)j(x
′)]− iς[∂tAi(x), (∇′ × ~A)j(x

′)]

+ 1
2
{[∂tAi(x), ∂t′Aj(x

′)]− [(∇× ~A)i(x), (∇′× ~A)j(x
′)] + [∂iφ(x), ∂′jφ(x′)] + [∂iφ(x), ∂t′Aj(x

′)] + [∂tAi(x), ∂′jφ(x′)]}
= [(∇× ~A)i(x), (∇′ × ~A)j(x

′)]− iς[∂tAi(x), (∇′ × ~A)j(x
′)]

= −i(δij − ∂i∂j
∇2 )∇2∆(x− x′)− ςεijk∂k∂t∆(x− x′)

= iσabij ∂a∂b∆(x− x′)

y²: [φ(x), φ(x′)] = −[A0(x), A0(x′)] = −i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

y²: [Ψi(x), φ(x′)]

= 1√
2
[−∂tAi(x)− ∂iφ(x)− iς(∇× ~A)i(x), φ(x′)]

= − 1√
2
[∂tAi(x) + ∂iφ(x), φ(x′)]

= − 1√
2
[i∂t

λ−1
λ

∂i∂t
�+iε

∆(x− x′)− i∂i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)]

= − i√
2
[λ−1
λ

∂i∇2

�+iε
− ∂i(1 + λ−1

λ
∇2

�+iε
)]∆(x− x′)

= i√
2
∂i∆(x− x′)

y²: [Ψ+
i (x), φ(x′)]

= 1√
2
[−∂tAi(x)− ∂iφ(x) + iς(∇× ~A)i(x), φ(x′)]

= − 1√
2
[∂tAi(x) + ∂iφ(x), φ(x′)]

= − 1√
2
[i∂t

λ−1
λ

∂i∂t
�+iε

∆(x− x′)− i∂i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)]

= − i√
2
[λ−1
λ

∂i∇2

�+iε
− ∂i(1 + λ−1

λ
∇2

�+iε
)]∆(x− x′)

= i√
2
∂i∆(x− x′)

íØ1.5.3.



[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

∇2 ~A− ∂2
t
~A = ~J,∇2φ− ∂2

t φ = ρ

?∇ · ~A+ ∂tφ = 0?, φ = −iA0

√
2Ψ = −∂t ~A−∇φ− iς∇× ~A

⇒



[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b, A0(x) = iφ(x)

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ, φ = − 1√

2

∇·(Ψ+Ψ∗)
∇2 + ∂2

t

∇2φ
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íØ1.5.4.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[Ψi(x), φ(x′)] = [Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

[φ(x), φ(x′)] = −i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

~A = −iς√
2

∇×(Ψ−Ψ∗)
∇2 − ∇∂t∇2 φ, φ = − 1√

2

∇·(Ψ+Ψ∗)
∇2 + ∂2

t

∇2φ

!⇒

[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

φ = −iA0

y²: [Ai(x), Aj(x
′)]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 − ∂i∂t

∇2 φ(x), −iς√
2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 − ∂′j∂t′

∇′2 φ(x′)]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 , −iς√

2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ] + [∂i∂t∇2 φ(x),

∂′j∂t′

∇′2 φ(x′)]

+ [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 ,−∂′j∂t′

∇′2 φ(x′)] + [−∂i∂t
∇2 φ(x), −iς√

2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ]

= [−iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 , −iς√

2

(∇′×[Ψ(x′)−Ψ∗(x′)])j
∇′2 ] + [∂i∂t∇2 φ(x),

∂′j∂t′

∇′2 φ(x′)]

= [ (∇× ~B)i
−∇2 , (∇′× ~B)j

−∇′2 ] + [∂i∂t∇2 φ(x),
∂′j∂t′

∇′2 φ(x′)]

= 1
∇2∇′2 [(∇× ~B)i, (∇′ × ~B)j ] + ∂i∂t

∇2

∂′j∂t′

∇′2 [φ(x), φ(x′)]

= 1
∇2∇′2 i(δij∇

2 − ∂i∂j)∇2∆(x− x′)− i∂i∂t∇2

∂′j∂t′

∇′2 (1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

= 1
∇2 i(δij∇2 − ∂i∂j)∆(x− x′)− i∂i∂j∇2 (1 + λ−1

λ
∇2

�+iε
)∆(x− x′)

= 1
∇2 iδij∇2∆(x− x′)− i∂i∂j∇2 (2 + λ−1

λ
∇2

�+iε
)∆(x− x′)

= i(δij − λ−1
λ

∂i∂j
�+iε

)∆(x− x′)− 2i∂i∂j∇2 ∆(x− x′)

y²: [Ai(x), φ(x′)]

= [ iς√
2

(∇×[Ψ(x)−Ψ∗(x)])i
∇2 − ∂i∂t

∇2 φ(x), φ(x′)]

= −[∂i∂t∇2 φ(x), φ(x′)]

= i∂i∂t∇2 (1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

= iλ−1
λ

∂i∂t
�+iε

)∆(x− x′) + i∂i∂j∇2 ∆(x− x′)

íØ1.5.5. [Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)⇔

[Ψi(x), φ(x′)] = i√
2
∂i∆(x− x′)

[Ψ+
i (x), φ(x′)] = i√

2
∂i∆(x− x′)

lþ��§>^|�§�å^���Cé´'XØ�N�§XÛÜn#ÀJ�	Ú\�φ�é´'X�)ûù

�¯Kº�,DÚ´r�å^�Øw��Î�§§��éÔn��]À§�ù��Øg,§¤±k7�Ï¦�Ü

n�³�C�Y"

1.6 âÔ[5�³ÚË�5�³ü«£ã��d=�

1.6.1 ü«5�³�§��d5

½n1.6.1.
∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

~A = Ã−∇ ∂t
∇2φ, φ = φ̃+ ∂t

∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

⇔


∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

½n1.6.2.

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

∇ · Ã = 0

~A = Ã−∇ ∂t
∇2φ, φ = φ̃+ ∂t

∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

⇔



∇2 ~A− ∂2
t
~A = ~J,∇2φ− ∂2

t φ = ρ

∇ · ~A+ ∂tφ = 0

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A
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½n1.6.3.

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

〈|∇ · Ã|〉 = 0

~A = Ã−∇ ∂t
∇2φ, φ = φ̃+ ∂t

∂t
∇2φ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

⇔



∇2 ~A− ∂2
t
~A = ~J,∇2φ− ∂2

t φ = ρ

〈|∇ · ~A+ ∂tφ|〉 = 0

Ã = ~A+∇ ∂t
∇2φ, φ̃ = φ− ∂t ∂t∇2φ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

1.6.2 ü«5�³é´'X��d5

½n1.6.4.



[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x)[φ(x), φ(x′)] = −i(1 + λ−1

λ
∇2

�+iε
)∆(x− x′)

[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔



[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

y²: [Ai(x), Aj(x
′)]

= [Ãi(x), Ãj(x
′)] + [∂i∂t∇2 φ(x),

∂′j∂
′
t

∇′2 φ(x′)]− [Ãi(x),
∂′j∂
′
t

∇′2 φ(x′)]− [∂i∂t∇2 φ(x), Ãj(x
′)]

= [Ãi(x), Ãj(x
′)] + ∂i∂t

∇2

∂′j∂
′
t

∇′2 [φ(x), φ(x′)]− ∂′j∂
′
t

∇′2 [Ãi(x), φ(x′)]− ∂i∂t
∇2 [φ(x), Ãj(x

′)]

= [Ãi(x), Ãj(x
′)]− i∂i∂t∇2

∂′j∂
′
t

∇′2 (1 + λ−1
λ

∇2

�+iε
)∆(x− x′) + i

∂′j∂
′
t

∇′2
∂i∂t
∇2 ∆(x− x′)− i∂i∂t∇2

∂′j∂
′
t

∇′2 ∆(x′ − x)

= [Ãi(x), Ãj(x
′)] + i∂i∂t∇2

∂j∂t
∇2 (1− λ−1

λ
∇2

�+iε
)∆(x− x′)

= [Ãi(x), Ãj(x
′)] + i∂i∂j∇2 (1− λ−1

λ
∇2

�+iε
)∆(x− x′)

= i(δij − λ−1
λ

∂i∂j
�+iε

)∆(x− x′)

y²: [A0(x), A0(x′)] = −[φ(x), φ(x′)] = i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

y²: [Ai(x), A0(x′)] = i[Ai(x), φ(x′)] = i[Ãi(x), φ(x′)] + i[−∂i∂t
∇2 φ(x), φ(x′)]

= ∂i∂t
∇2 ∆(x− x′)− ∂i∂t

∇2 (1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

= −λ−1
λ

∂i∂t
�+iε

∆(x− x′) = i(δiπ − λ−1
λ

∂i∂π
�+iε

)∆(x− x′)

��y²µ

y²: [φ(x), φ(x′)] = −[A0(x), A0(x′)] = −i(1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

y²: [Ãi(x), φ(x′)] = [Ai(x), φ(x′)] + [∂i∂t∇2 φ(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

y²: [φ(x), Ãi(x
′)] = [φ(x), Ai(x

′)] + [φ(x), ∂
′
i∂t′
∇2 φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

y²: [Ãi(x), Ãj(x
′)]

= [Ai(x), Aj(x
′)] + [∂i∂t∇2 φ(x),

∂′j∂
′
t

∇′2 φ(x′)] + [Ai(x),
∂′j∂
′
t

∇′2 φ(x′)] + [∂i∂t∇2 φ(x), Aj(x
′)]

= [Ai(x), Aj(x
′)] + ∂i∂t

∇2

∂′j∂
′
t

∇′2 [φ(x), φ(x′)] +
∂′j∂
′
t

∇′2 [Ai(x), φ(x′)] + ∂i∂t
∇2 [φ(x), Aj(x

′)]

= [Ai(x), Aj(x
′)]− i∂i∂t∇2

∂′j∂
′
t

∇′2 (1 + λ−1
λ

∇2

�+iε
)∆(x− x′) + i

∂′j∂t′

∇′2
λ−1
λ

∂i∂t
�+iε

∆(x− x′)− i∂i∂t∇2
λ−1
λ

∂′j∂t′

�′+iε∆(x′ − x)

= [Ai(x), Aj(x
′)]− i∂i∂j∇2 (1− λ−1

λ
∇2

�+iε
)∆(x− x′)

= [Ai(x), Aj(x
′)]− i∂i∂t∇2

∂j∂t
∇2 (1− λ−1

λ
∇2

�+iε
)∆(x− x′)

= [Ai(x), Aj(x
′)]− i∂i∂j∇2 (1− λ−1

λ
∇2

�+iε
)∆(x− x′)

= i(δij − ∂i∂j
∇2 )∆(x− x′)
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1.6.3 ü«5�³�§Úé´'Xéá���d5

íØ1.6.1.

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x)[φ(x), φ(x′)] = −i(1 + λ−1

λ
∇2

�+iε
)∆(x− x′)

[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔



∇2 ~A− ∂2
t
~A = ~J,∇2φ− ∂2

t φ = ρ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

1.6.4 5�^��é´'X�Ø�N5

íØ1.6.2.

∇ · Ã(x) = 0

[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x)

A0(x) = iφ(x)

Ø�N" ⇔



∂aAa(x) = 0

[Ai(x) + ∂i∂t
∇2 φ(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ(x) = −iA0(x)

Ø�N"

lþ��§5�^��,�é´'X�Ø�N"Ø�N5��þ5u�ÔnÚ\�φ"

1.6.5 5�^��é´'XØ�N5�)û

íØ1.6.3.


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

〈|∇ · Ã|〉 = 0

[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = [φ̃(x), φ̃(x′)] = 0

φ(x) = φ̃(x) + ∂t
∂t
∇2φ(x)

Ai(x) = Ãi(x)− ∂i∂t
∇2 φ(x), A0(x) = iφ(x)[φ(x), φ(x′)] = −i(1 + λ−1

λ
∇2

�+iε
)∆(x− x′)

[Ãi(x), φ(x′)] = −i∂i∂t∇2 ∆(x− x′), [φ̃(x), φ(x′)] = 0

⇔




∇2 ~A− ∂2

t
~A = ~J,∇2φ− ∂2

t φ = ρ

~E = −∂t ~A−∇φ, ~B = ∇× ~A

〈|∇ · ~A+ ∂tφ|〉 = 0

[Aa(x), Ab(x
′)] = i(δab − λ−1

λ
∂a∂b
�+iε

)∆(x− x′)

Ãi(x) = Ai(x) + ∂i∂t
∇2 φ(x)

φ̃(x) = φ(x)− ∂t ∂t∇2φ(x)

φ(x) = −iA0(x)

��ò5�^�Ø2w��Î�§§´w�éÔn��ÀJ§K�§Úé´'XÒ���N§Ø2Ñygñ§

Ù¥λ = 1´¤ù5�§λ =∞ ´K�5�"

2 Ë�5�e�>^|�§

2.1 Ã>^|�§�Ë�5�³£ã

íØ2.1.1.
∇ · ~E = 0,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = ∂t ~E

Ã = ∇× ~B
−∇2 = ∂t ~E

−∇2

⇔

∇2Ã− ∂2
t Ã = 0,∇ · Ã = 0

~E = −∂tÃ, ~B = ∇× Ã
⇔

∂aFab = 0, Fab = ∂aÃb − ∂bÃa

∇ · Ã = 0, Ã0 = 0

5�2.1.1. Ã(~r, t) = ∂t
−∇2

~E(~r, t)⇔ ~E(~r, t) = −∂tÃ(~r, t)

5�2.1.2. Ã(~r, t) = ∇× ~B(~r,t)
−∇2 ⇔ ~B(~r, t) = ∇× Ã(~r, t)
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2.2 Ë�5�³�âÔ[C�5�

½Â2.2.1.

∇′ = ∇− γv~v∂t + (γv − 1)~v/v2(~v · ∇)

∂t′ = γv(∂t − ~v · ∇), γv ≡ (1− v2)−
1
2

íØ2.2.1. ~E′ = γv( ~E − ~v × ~B)− (γv − 1)(~v · ~E)~v/v2, ~B′ = γv( ~B + ~v × ~E)− (γv − 1)(~v · ~B)~v/v2

íØ2.2.2. Ã′ = ∇′× ~B′
−∇′2 = − [∇−γv~v∂t+(γv−1)~v/v2(~v·∇)]×[γv( ~B+~v×~E)−(γv−1)(~v· ~B)~v/v2]

[∇−γv~v∂t+(γv−1)~v/v2(~v·∇)]2
=?

2.3 >^|�§³)�©Û�&?

½Â2.3.1. ∂aFab = 0, Fab = ∂aAb − ∂bAa

XJ����)Aa§@oAa + ∂aθ�´§�,��)"duθ�?¿5§>^|�§kÃ¡õ|�³)"�

´ùÃ¡õ�³)�éAFab �Ó��)"XJ�½5�K��ulÃ¡õ³)¥À��|)Aa§ù�³)Òv

kP{)
§¿�ù�§�|r)Fab�±��éA"�Ä)���5§éu��|r)Fab§�±d��Ø��

�³)Aa ����§�ù�Ø���³)Aa��±d��|r)Fab��(½��"ù���|r)Fab�Ø

���³)Aa ��éA§¿�ù�>^|g^�§��5�^��>^|³�§���d"

2.4 Ë�5�e>^|�§z-���³�|²¡Å)

íØ2.4.1. ∂a∂aÃ = 0,∇ · Ã = 0

⇒ Ã(|~p|
[

0
0
1

]
) = 1

(2π)3/2
−i√
2|~p|
{λm(

[
0
0
1

]
,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(
[

0
0
1

]
, 1)[a2(~p)eip·x − a+

1 (~p)e−ip·x]}

íØ2.4.2.

~E(|~p|
[

0
0
1

]
) = 1

(2π)3/2
1√
2|~p|
{|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

y²: ~E(|~p|
[

0
0
1

]
) = −∂tÃ(|~p|

[
0
0
1

]
)

= 1
(2π)3/2

1√
2|~p|
{|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

íØ2.4.3.

~B(|~p|
[

0
0
1

]
) = 1

(2π)3/2
−i√
2|~p|
{−|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

y²: ~B(|~p|
[

0
0
1

]
) = ∇× Ã(|~p|

[
0
0
1

]
)

= 1
(2π)3/2

−i√
2|~p|
{i~p× λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + i~p× λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

= 1
(2π)3/2

−i√
2|~p|
{i|~p|

[
0
0
1

]
× λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + i|~p|
[

0
0
1

]
× λm(

[
0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

= 1
(2π)3/2

−i√
2|~p|
{−|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x] + |~p|λm(
[

0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]}

íØ2.4.4.


1√
2
[ ~E(|~p|

[
0
0
1

]
)− i ~B(|~p|

[
0
0
1

]
)] = 1

(2π)3/2

√
|~p|λm(

[
0
0
1

]
,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x]

1√
2
[ ~E(|~p|

[
0
0
1

]
) + i ~B(|~p|

[
0
0
1

]
)] = 1

(2π)3/2

√
|~p|λm(

[
0
0
1

]
, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]

2.5 Ë�5�e>^|�§�³�|²¡ÅÏ)

½Â2.5.1.

a1(~p,−1) := a1(~p)

a1(~p, 1) := a+
1 (~p)

a2(~p,−1) := a2(~p)

a2(~p, 1) := a+
2 (~p)

a1(~p,−1) = a+
1 (~p, 1) = a1(~p)

a2(~p,−1) = a+
2 (~p, 1) = a2(~p)

íØ2.5.1. ∂a∂aÃ(~r, t) = 0,∇ · Ã(~r, t) = 0

⇒ Ã(~p) = 1
(2π)3/2

−i√
2|~p|
{λm(p̂,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(p̂, 1)[a2(~p)eip·x − a+
1 (~p)e−ip·x]}

íØ2.5.2.Ψ(~p, 1) = 1√
2
[ ~E(~p)− i ~B(~p)] = 1

(2π)3/2

√
|~p|λm(p̂,−1)[a1(~p)eip·x + a+

2 (~p)e−ip·x]

Ψ(~p,−1) = 1√
2
[ ~E(~p) + i ~B(~p)] = 1

(2π)3/2

√
|~p|λm(p̂, 1)[a2(~p)eip·x + a+

1 (~p)e−ip·x]
Ψ(~p,−1) = Ψ∗(~p, 1)
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íØ2.5.3.
Ã(~r, t) = 1

(2π)3/2

∫
~p 6=0

−i√
2|~p|
{λm(p̂,−1)[a1(~p)eip·x − a+

2 (~p)e−ip·x] + λm(p̂, 1)[a2(~p)eip·x − a+
1 (~p)e−ip·x]}d3~p

Ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

√
|~p|λm(~p,−ς)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p

Ã(~r, t) = 1
2
∂t[Ψ(~r,t)+Ψ+(~r,t)]

−∇2 ,Ψ(~r, t) = −∂tÃ(~r, t)− iς∇× Ã(~r, t)

2.6 Ë�5�³)��[©Û

íØ2.6.1.

˙̃A(~r, t)

= −1√
2

1
(2π)3/2

∫
~p6=0

√
|~p|{[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x + [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

∇× Ã(~r, t)

= 1√
2

1
(2π)3/2

∫
~p6=0

~p√
|~p|
× {[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x + [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

íØ2.6.2.

Ã(~r, t) = −i√
2

1
(2π)3/2

∫
~p6=0

1√
|~p|
{[λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p)]eip·x − [λm(p̂, 1)a+

1 (~p) + λm(p̂,−1)a+
2 (~p)]e−ip·x}d3~p

⇔ λm(p̂,−1)a1(~p) + λm(p̂, 1)a2(~p) = 1√
2

1
(2π)3/2

∫
{iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

⇔


a1(~p) = 1√

2
1

(2π)3/2

∫
λ+
m(p̂,−1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

a2(~p) = 1√
2

1
(2π)3/2

∫
λ+
m(p̂, 1){iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}e−ip·xd3~r

íØ2.6.3.


a+

1 (~p) = 1√
2

1
(2π)3/2

∫
λTm(p̂,−1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

a+
2 (~p) = 1√

2
1

(2π)3/2

∫
λTm(p̂, 1){−iÃ(~r, t)

√
|~p| − ˙̃A(~r, t) 1√

|~p|
}eip·xd3~r

3 lDÚË�5�þfz�Y�Ñ#�Y [27, 28,42,43]

3.1 lDÚË�5�³��é´'X��E|r���é´'X

íØ3.1.1. L = − 1
4
F uvFuv ⇒ πi = ∂L

∂̇̃Ai
= ∂tÃi + ∂iφ = −Ei, π4 = 0

l(Ãi, Ei)��KCþ���é´'Xí�±(Ψi,Ψ
+
i ) �Ä�Cþ���é´'X"

íØ3.1.2.



[Ãi(~r, t), Ej(~r
′, t)] = −i(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

[Ei(~r, t), Ãj(~r
′, t)] = i(δij − ∂i∂j

∇2 )δ3(~r − ~r′)

[Ãi(~r, t), Ãj(~r
′, t)] = 0

[Ei(~r, t), Ej(~r
′, t)] = 0

⇒


[Ψi(~r, t),Ψ

+
j (~r′, t)] = ςεij

k∂kδ
3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

y²: [Ψi(~r, t),Ψ
+
j (~r′, t)]

= − 1
2
iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)] + 1

2
iςεj

kl∂x′k [Ei(~r, t), Ãl(~r
′, t)]

= 1
2
ςεij

k(∂xk − ∂x′k)δ3(~r − ~r′)
= ςεij

k∂(xk−x′k)δ
3(~r − ~r′)

= iςγij
k∂kδ

3(~r − ~r′)
= iςγkij∂kδ

3(~r − ~r′)

y²: [Ψ+
i (~r, t),Ψ+

j (~r′, t)]

= 1
2
iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)] + 1

2
iςεj

kl∂x′k [Ei(~r, t), Ãl(~r
′, t)]

= − 1
2
ςεij

k(∂xk + ∂x′k)δ3(~r − ~r′)
= 0
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y²: [Ψi(~r, t),Ψj(~r
′, t)]

= − 1
2
iςεi

kl∂xk [Ãl(~r, t), Ej(~r
′, t)]− 1

2
iςεj

kl∂x′k [Ei(~r, t), Ãl(~r
′, t)]

= 1
2
ςεij

k(∂xk + ∂x′k)δ3(~r − ~r′)
= 0

3.2 3Ë�5�e³é´'X�E|r�Cé´'X��d5

íØ3.2.1.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

⇔ [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

y²: [Ãi(x), Ãj(x
′)]

= 1
2

∂t
−∇2

∂t′
−∇′2 [ψi(x) + ψ+

i (x), ψj(x
′) + ψ+

j (x′)]

= 1
2

∂t
−∇2

∂t′
−∇′2 {[ψi(x), ψ+

j (x′)] + [ψ+
i (x), ψj(x

′)]}
= 1

2
∂t
−∇2

∂t′
−∇′2 {[ψi(x), ψ+

j (x′)]− [ψj(x
′), ψ+

i (x)]}
= 1

2
∂t
−∇2

∂t′
−∇′2 {iσ

ab
ij ∂a∂b∆(x− x′)− [iσabji ∂

′
a∂
′
b∆(x′ − x)]}

= 1
2

∂t
−∇2

−∂t
−∇2 {iσabij ∂a∂b∆(x− x′) + [iσabji ∂a∂b∆(x− x′)]}

= − 1
2

∂2
t

∇4 {−i[ 1
2
(∇2 − ∂2

π)δij − ςεijk∂k∂π − ∂i∂j ]− i[ 1
2
(∇2 − ∂2

π)δji − ςεjik∂k∂π − ∂j∂i]}∆(x− x′)
= i 1

∇2 [ 1
2
(∇2 − ∂2

π)δij − ∂i∂j ]∆(x− x′)
= i 1

∇2 [∇2δij − ∂i∂j ]∆(x− x′)
= i(δij − ∂i∂j

∇2 )∆(x− x′)

��y²µ

y²: [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψi(x),Ψ+

j (x′)]

= i
2
[−i∂πÃi(x) + iςεi

kl∂kÃl(x),−i∂′πÃj(x′)− iςεjmn∂′mÃn(x′)]

= 1
2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− ςεjmn(δin − ∂i∂n

∇2 )∂π∂m∆(x− x′) + ςεi
kl(δlj − ∂l∂j

∇2 )∂k∂π∆(x− x′)
+ εi

kl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
= 1

2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− 2ςεij

k∂k∂π∆(x− x′) + (δijδ
km − δmi δkj )∂k∂m∆(x− x′)]

= 1
2
[(−∂2

πδij − ∂i∂j)∆(x− x′)− 2ςεij
k∂k∂π∆(x− x′) + (δij∇2 − ∂i∂j)∆(x− x′)]

= [ 1
2
(∇2 − ∂2

π)δij − ςεijk∂k∂π − ∂i∂j ]∆(x− x′)
= −σabij ∂a∂b∆(x− x′)

y²: [Ãi(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψi(x),Ψj(x

′)]

= i
2
[−i∂πÃi(x) + iςεi

kl∂kÃl(x),−i∂′πÃj(x′) + iςεj
mn∂′mÃn(x′)]

= 1
2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′) + ςεj

mn(δin − ∂i∂n
∇2 )∂π∂m∆(x− x′) + ςεi

kl(δlj − ∂l∂j
∇2 )∂k∂π∆(x− x′)

− εikl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
= 1

2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− (δijδ

km − δmi δkj )∂k∂m∆(x− x′)]
= 1

2
[(−∂2

πδij − ∂i∂j)∆(x− x′)− (δij∇2 − ∂i∂j)∆(x− x′)]
= − 1

2
δij(∇2 + ∂2

π)∆(x− x′)
= 0

y²: [Ãi(x), Ãj(x
′)] = −i(δij − ∂i∂j

∇2 )∆(x− x′)
⇒ i[Ψ+

i (x),Ψ+
j (x′)]

= i
2
[−i∂πÃi(x)− iςεikl∂kÃl(x),−i∂′πÃj(x′)− iςεjmn∂′mÃn(x′)]

= 1
2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− ςεjmn(δin − ∂i∂n

∇2 )∂π∂m∆(x− x′)− ςεikl(δlj − ∂l∂j
∇2 )∂k∂π∆(x− x′)

− εikl(δln − ∂l∂n
∇2 )εj

mn∂k∂m∆(x− x′)]
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= 1
2
[−∂2

π(δij − ∂i∂j
∇2 )∆(x− x′)− (δijδ

km − δmi δkj )∂k∂m∆(x− x′)]
= 1

2
[(−∂2

πδij − ∂i∂j)∆(x− x′)− (δij∇2 − ∂i∂j)∆(x− x′)]
= − 1

2
δij(∇2 + ∂2

π)∆(x− x′)
= 0

íØ3.2.2. [Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)⇒ [Ãi(~r, t),
˙̃Aj(~r

′, t)] = i(δij − ∂i∂j
∇2 )δ3(x− x′)

3.3 lDÚþfz�Y��E|rΨ(~r, t)L��UþÄþ�Î

±(Ψi,Ψ
+
i )�Ä�CþL��UþÄþ�Î"

íØ3.3.1.
H = 1

2
( ~E2 + ~B2) = 1

2
[Ψ+(~r, t)Ψ(~r, t) + ΨT (~r, t)Ψ∗(~r, t)] = 1

2
δij{Ψi(~r, t),Ψ

+
j (~r, t)} = Ψ+(~r, t)Ψ(~r, t)

~P = ~E × ~B = − 1
2
ς[Ψ+(~r, t)γΨ(~r, t)−ΨT (~r, t)γΨ∗(~r, t)] = ς

2
γij{Ψi(~r, t),Ψ

+
j (~r, t)}

~M = ~r × ( ~E × ~B) = 1
2
iς[{Ψk(~r, t), x

jΨ+
j (~r, t)} − {xiΨi(~r, t),Ψ

+
k (~r, t)}]

y²: ~M = ~r × ( ~E × ~B)

= 1
2
iςεk

lmxlεm
ij{Ψi(~r, t),Ψ

+
j (~r, t)}

= 1
2
iς(δk

iδlj − δkjδli)xl{Ψi(~r, t),Ψ
+
j (~r, t)}

= 1
2
iς[{Ψk(~r, t), x

jΨ+
j (~r, t)} − {xiΨi(~r, t),Ψ

+
k (~r, t)}]

y²: ~M = ~r × ( ~E × ~B) = ~E(~r · ~B)− (~r · ~E) ~B

= −iςεklmxlεmijΨ+
i (~r, t)Ψj(~r, t)

= −iς(δkiδlj − δkjδli)xlΨ+
i (~r, t)Ψj(~r, t)

= −iς[Ψ+
k (~r, t)xjΨj(~r, t)− xiΨ+

i (~r, t)Ψk(~r, t)]

íØ3.3.2.

H = 1
2
δij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r =

∫
Ψ+(~r, t)Ψ(~r, t)d3~r

~P = ς
2
γij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r, Pa = ς

2
(γ,−iς)ija

∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

3.4 lDÚþfz�Y��E|rΨ(~r, t)�Î�$Ä�§

l(Ãi, Ei)��KCþ��Î$Ä�§í�±(Ψi,Ψ
+
i ) �Ä�Cþ��Î$Ä�§"

íØ3.4.1.


˙̃A(~r, t) = −i[Ã(~r, t), H]

Ė(~r, t) = −i[E(~r, t), H]
⇒

Ψ̇(~r, t) = −i[Ψ(~r, t), H]

Ψ̇+(~r, t) = −i[Ψ+(~r, t), H]

3.5 E|rΨ(~r, t)�Îüz�§Ú�å�§

íØ3.5.1.[Ψi(~r, t),Ψ
+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0, [Ψ+

i (~r, t),Ψ+
j (~r′, t)] = 0

⇒

[Ψ(~r, t), H] = iςγk∂kΨ(~r, t)

[Ψi(~r, t), Pj ] = −i∂jΨi(~r, t) + iδij∇ ·Ψ(~r, t)

y²: [Ψi(~r, t), H]

= [Ψi(~r, t),
1
2
δjl
∫
{Ψj(~r

′, t),Ψ+
l (~r′, t)}d3~r′]

= 1
2
δjl
∫

[Ψi(~r, t), {Ψj(~r
′, t),Ψ+

l (~r′, t)}]d3~r′

= 1
2
δjl
∫
{Ψj(~r

′, t), [Ψi(~r, t),Ψ
+
l (~r′, t)]}+ {Ψ+

l (~r′, t), [Ψi(~r, t),Ψj(~r
′, t)]}d3~r′

= 1
2
δjl
∫

[{Ψj(~r
′, t), iςγkil∂kδ

3(~r − ~r′)}+ 0]d3~r′

= iςγki
j∂kΨj(~r, t)

� iςγk∂kΨ(~r, t)
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y²: [Ψi(~r, t), ~P ]

= [Ψi(~r, t),
ς
2
γjl
∫
{Ψj(~r

′, t),Ψ+
l (~r′, t)}d3~r′]

= ς
2
γjl
∫

[Ψi(~r, t), {Ψj(~r
′, t),Ψ+

l (~r′, t)}]d3~r′

= ς
2
γjl
∫
{Ψj(~r

′, t), [Ψi(~r, t),Ψ
+
l (~r′, t)]}+ {Ψ+

l (~r′, t), [Ψi(~r, t),Ψj(~r
′, t)]}d3~r′

= ς
2
γjl
∫

[{Ψj(~r
′, t), iςγkil∂kδ

3(~r − ~r′)}+ 0]d3~r′

= iγjlγkil∂kΨj(~r, t) � −i(γ · ∇)γψ(~r, t)

≺ −i(δnkδji − δniδjk)∂kΨj(~r, t)

= −i∂nΨi(~r, t) + iδni∇ ·Ψ(~r, t)

íØ3.5.2. [ψi(~r, t), Pj ] = −i∂jψi(~r, t) + iS+
m(1)ij∇ · [Sm(1)ψ(~r, t)]

íØ3.5.3. dd�±��(½UþÄþ�Î�Xê(γ,−iς)a∂aΨ(~r, t) = 0

∇ ·Ψ(~r, t) = 0
⇔


Ψ̇(~r, t) = −i[Ψ(~r, t), H]

∂iΨ(~r, t) = i[Ψ(~r, t), Pi]

[Pa,Ψ(~r, t)] = i∂aΨ(~r, t)

;


[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

íØ3.5.4.

[∂a + iSab(γ, ς)∂
b]Ψ = 0⇔ [Pa,Ψ(~r, t)] = i∂aΨ(~r, t);

[Ψi(~r, t),Ψ
+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0, [Ψ+

i (~r, t),Ψ+
j (~r′, t)] = 0

íØ3.5.5. >^|�å�é´'XgU:[Ψi(~r, t),Ψ
+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0, [Ψ+

i (~r, t),Ψ+
j (~r′, t)] = 0

⇒

∇ ·Ψ(~r, t) = 0

∇ ·Ψ+(~r, t) = 0

íØ3.5.6. [Pa,Ψ(~r, t)] = Sab(γ, ς)∂
bΨ(~r, t)

3.6 E|rΨ(~r, t)�Î�þfIÈ�§(´Ä�Ä�?)

½Â3.6.1. 〈η|Ψ̇(~r, t) + i[Ψ(~r, t), H]|ϕ〉 = 0, 〈η|∇ ·Ψ(~r, t)|ϕ〉 = 0

½Â3.6.2. 〈η|∂aΨ(~r, t)− i[Ψ(~r, t), Pa]|ϕ〉 = 0⇔ 〈η|[Pa,Ψ(~r, t)]− i∂aΨ(~r, t)|ϕ〉 = 0

§kü�)§�)�´�Î�§Ψ̇(~r, t) = −i[Ψ(~r, t), H],∇ ·Ψ(~r, t)| = 0û½�)",��)´é¤kÔn�Ñ´

§�ý���)µ〈η|Ψ(~r, t)|ϕ〉 = 0§¤±Üå5Ò´���Fp�Ðm)"

3.7 E|rUþÄþ�Î�FockL«

UþÄþ�Îµ

íØ3.7.1.


H = 1

2
δij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r = 1

2

∫
~p6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

~P = ς
2
γij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r = 1

2

∫
~p6=0

~p[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

y²:

H = 1
2
δij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

= 1
(2π)3

1
2
δij

∫
~p,~p′ 6=0

d3~pd3~p′d3~rλmi(~p,−ς)λ+
mj(~p

′,−ς)

{
√
|~p|[a1(~p,−ς)eiς(~p·~r−Et) + a+

2 (~p,−ς)e−iς(~p·~r−Et)],
√
|~p′|[a+

1 (~p′,−ς)e−iς(~p′·~r−E′t) + a2(~p′,−ς)eiς(~p′·~r−E′t)]}
= 1

2

∫
~p,~p′ 6=0

λ+
m(~p,−ς)λm(~p,−ς)δ3(~p− ~p′)|~p|[{a1(~p,−ς), a+

1 (~p,−ς)}+ {a+
2 (~p,−ς), a2(~p,−ς)}] +

λ+
m(−~p,−ς)λm(~p,−ς)δ3(~p+ ~p′)|~p|[{a1(~p,−ς), d(−~p,−ς)}e−2iςEt + {a+

2 (~p,−ς), c+(−~p,−ς)}e2iςEt]d3~pd3~p′

= 1
2

∫
~p6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a+

2 (~p,−ς), a2(~p,−ς)}+ 0]d3~p

= 1
2

∫
~p6=0

|~p|[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p
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y²:

Pk = ς
2
γk

ij
∫
{Ψi(~r, t),Ψ

+
j (~r, t)}d3~r

= 1
(2π)3

ς
2
γk

ij
∫

~p,~p′ 6=0

d3~pd3~p′d3~rλmi(~p,−ς)λ+
mj(~p

′,−ς)

{{
√
|~p|[a1(~p,−ς)eiς(~p·~r−Et) + a+

2 (~p,−ς)e−iς(~p·~r−Et)], {
√
|~p′|[a+

1 (~p′,−ς)e−iς(~p′·~r−E′t) + a2(~p′,−ς)eiς(~p′·~r−E′t)]}
= − ς

2

∫
~p,~p′ 6=0

λ+
m(~p,−ς)γkλm(~p,−ς)|~p|δ3(~p− ~p′)[{a1(~p,−ς), a+

1 (~p,−ς)}+ {a+
2 (~p,−ς), a2(~p,−ς)}] +

λ+
m(−~p,−ς)γkλm(~p,−ς)|~p|δ3(~p+ ~p′)[{a1(~p,−ς), d(−~p,−ς)}e−2iςEt + {a+

2 (~p,−ς), c+(−~p,−ς)}e2iςEt]d3~pd3~p′

= − ς
2

∫
~p 6=0

−ς~pk[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a+

2 (~p,−ς), a2(~p,−ς)}] + 0d3~p

= 1
2

∫
~p6=0

~pk[{a1(~p,−ς), a+
1 (~p,−ς)}+ {a2(~p,−ς), a+

2 (~p,−ς)}]d3~p

3.8 E|rΨ(~r, t)�Î�Focké´'X

íØ3.8.1.
[Ψi(~r, t),Ψ

+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

[Ψi(~r, t),Ψj(~r
′, t)] = 0

[Ψ+
i (~r, t),Ψ+

j (~r′, t)] = 0

⇔



[a1(~p,−ς), a+
1 (~p′,−ς)] = ςδ3(~p− ~p′)

[a2(~p,−ς), a+
2 (~p′,−ς)] = ςδ3(~p− ~p′)

[a1(~p,−ς), a1(~p′,−ς)] = 0, [a2(~p,−ς), a2(~p′,−ς)] = 0

[a1(~p,−ς), a2(~p′,−ς)] = 0, [a1(~p,−ς), a+
2 (~p′,−ς)] = 0

íØ3.8.2. [a1(~p,−ς), a+
1 (~p′,−ς)] = ςδ3(~p− ~p′)

y²: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+i
m (~p,−ς)Ψi(~r, t)e

−iς(~p·~r−Et), λjm(~p′,−ς)Ψ+
j (~r′, t)eiς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)[Ψi(~r, t),Ψ

+
j (~r′, t)]e−iς(~p·~r−Et)eiς(~p

′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij∂kδ3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkijiςp′ke−iς(~p·~r−Et)eiς(~p

′·~r−E′t)d3~r

= − 1
|~p|λ

+i
m (~p,−ς)λjm(~p, h′)γkijpkδ

3(~p− ~p′)
= −λ+

m(~p,−ς)γ
kpk
|~p| λm(~p,−ς)δ3(~p− ~p′)

= ςλ+
m(~p,−ς)λm(~p,−ς)δ3(~p− ~p′)

= ςδ3(~p− ~p′)

íØ3.8.3. [a+
2 (~p,−ς), a2(~p′,−ς)] = −ςδ3(~p− ~p′)

y²: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+i
m (~p,−ς)Ψi(~r, t)e

iς(~p·~r−Et), λjm(~p′,−ς)Ψ+
j (~r′, t)e−iς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)[Ψi(~r, t),Ψ

+
j (~r′, t)]eiς(~p·~r−Et)e−iς(~p

′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij∂kδ3(~r − ~r′)eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+i
m (~p,−ς)λjm(~p′,−ς)γkij(−iςp′k)eiς(~p·~r−Et)e−iς(~p

′·~r−E′t)d3~r

= 1
|~p|λ

+i
m (~p,−ς)λjm(~p, h′)γkijpkδ

3(~p− ~p′)
= λ+

m(~p,−ς)γ
kpk
|~p| λm(~p, h′)δ3(~p− ~p′)

= −ςλ+
m(~p,−ς)λm(~p, h′)δ3(~p− ~p′)

= −ςδ3(~p− ~p′)

íØ3.8.4. [Ψi(~r, t),Ψ
+
j (~r′, t)] = iςγkij∂kδ

3(~r − ~r′)

y²: [Ψi(~r, t),Ψ
+
j (~r′, t)]

= 1
(2π)3

∫
~p6=0

d3~pd3~p′λmi(~p,−ς)λ+
mj(~p

′,−ς)
√
|~p||~p′|
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{[a1(~p,−ς), a+
1 (~p′,−ς)]eiς(~p·~r−Et)e−iς(~p′·~r′−E′t) + [a+

2 (~p,−ς), a2(~p′,−ς)]e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)}
= 1

(2π)3

∫
λmi(~p,−ς)λ+

mj(~p
′,−ς)[ςδ3(~p− ~p′)eiς~p·(~r−~r′) − ςδ3(~p− ~p′)e−iς~p·(~r−~r′)]}d3~pd3~p′

= 1
(2π)3

∫
λmi(~p,−ς)λ+

mj(~p,−ς)ς|~p|[eiς~p·(~r−~r
′) − e−iς~p·(~r−~r′)]}d3~p

= − 1
(2π)3

∫
[(−ς|~p|)λmi(~p,−ς)λ+

mj(~p,−ς) + (ς|~p|)λmi(−~p,−ς)λ+
mj(−~p,−ς)]eiς~p·(~r−~r

′)}d3~p

= − 1
(2π)3

∫
[(−ς|~p|)λmi(~p,−ς)λ+

mj(~p,−ς) + (0|~p|)λmi(~p, ς)λ+
mj(~p, ς) + (ς|~p|)λmi(~p, ς)λ+

mj(~p, ς)]e
iς~p·(~r−~r′)}d3~p

= − 1
(2π)3

∫
γki

lpk
∑
h

λml(~p, h)λ+
mj(~p, h)eiς~p·(~r−~r

′)d3~p

= 1
(2π)3

∫
iςγki

liςpkδlje
iς~p·(~r−~r′)d3~p

= iςγkij∂kδ
3(~r − ~r′)

3.9 �5zUþÄþ�Î�FockL«

íØ3.9.1. : H :=
∫ ∑

σ

|~p|a+
σ (~p)aσ(~p)d3~p, : ~P :=

∫ ∑
σ

~pa+
σ (~p)aσ(~p)d3~p, : Pa :=

∫ ∑
σ

paa
+
σ (~p)aσ(~p)d3~p

íØ3.9.2. aσ(~p, ς)|ϕ〉 = 0, aσ(~p, 0)|ϕ〉 = 0,∀ϕ ∈ Phys

4 þf>ÄåÆ�|�Y

4.1 >^�p�^�|Lã�Y

½n4.1.1.

[Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0, [Ψ+

α′ς
(x),Ψ+

β′ς
(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψ = −iσ[βς ]

ςab J
b

Ã = −iς√
2

∇×(Ψ−Ψ∗)
∇2 , φ̃ = − 1√

2

∇·(Ψ+Ψ∗)
∇2

⇔



[Ãi(x), Ãj(x
′)] = i(δij − ∂i∂j

∇2 )∆(x− x′)

[Ãi(x), φ̃(x′)] = 0, [φ̃(x), φ̃(x′)] = 0

∇2Ã− ∂2
t Ã = ~J + ∂t∇φ̃,∇2φ̃ = ρ,∇ · Ã = 0

√
2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

íØ4.1.1. L = −
∫
ψ̄(γa∂a +m)ψdr3, H =

∫
ψ̄(γ · ∇+m)ψdr3

íØ4.1.2. L = −
∫
ψ̄[γa(∂a − ieAa) +m]ψdr3 = −

∫
ψ̄(γa∂a +m)ψdr3 +

∫
ieψ̄γaAaψdr

3

íØ4.1.3. H =
∫
ψ̄[γ · (∇− ieÃ) + γ4eφ̃+m]ψdr3 =

∫
ψ̄(γ · ∇+m)ψdr3 −

∫
ieψ̄γaAaψdr

3

íØ4.1.4. Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= − eς√
2

∫
ψ̄ γ·[∇×(Ψ−Ψ∗)]

∇2 ψdr3 − e√
2

∫
ψ̄ γ4[∇·(Ψ+Ψ∗)]

∇2 ψdr3 +
∫
ieψ̄ γa∂a∂tφ

∇2 ψdr3

½n4.1.2. Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= −ie
∫

ψ̄√
−∇2 (~γ · ∂t ~E) ψ√

−∇2 dr
3 + e2

∫
ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2 dr

3 +
∫
∂a[ieψ̄γ

aψ(∂tφ∇2 )]dr3

y²: Hi = −Li = −
∫
ieψ̄γaAaψdr

3

= − eς√
2

∫
ψ̄ ~γ·[∇×(Ψ−Ψ∗)]

∇2 ψdr3 − e√
2

∫
ψ̄ γ4[∇·(Ψ+Ψ∗)]

∇2 ψdr3 +
∫
ieψ̄ γa∂a∂tφ

∇2 ψdr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)−

√
2 ~J]

∇2 ψdr3 + e
∫
ψ̄ γ4ρ
∇2 ψdr

3 +
∫
ieψ̄ γa∂a∂tφ

∇2 ψdr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 − ie
∫
ψ̄γaψ( Ja∇2 )dr3 +

∫
ieψ̄γaψ∂a(

∂tφ
∇2 )dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 +
∫
Ja 1
∇2Jadr

3 −
∫
∂a[J

a(∂tφ∇2 )]dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 −
∫

Ja√
−∇2

Ja√
−∇2 dr

3 −
∫
∂a[J

a(∂tφ∇2 )]dr3

= ie√
2

∫
ψ̄ ~γ·[∂t(Ψ+Ψ∗)]

∇2 ψdr3 + e2
∫

ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2 dr

3 +
∫
∂a[ieψ̄γ

aψ(∂tφ∇2 )]dr3

= ie
∫
ψ̄ ∂t(~γ·~E)

∇2 ψdr3 + e2
∫

ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2 dr

3 +
∫
∂a[ieψ̄γ

aψ(∂tφ∇2 )]dr3

= −ie
∫

ψ̄√
−∇2 (~γ · ∂t ~E) ψ̄√

−∇2 dr
3 + e2

∫
ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2 dr

3 +
∫
∂a[ieψ̄γ

aψ(∂tφ∇2 )]dr3

±þ½nr�C5Ú��C5!Ë�5�ÚâÕ[5�Ú�Lã3�å
§�©{©"cÙ1��²w£ã

>f�m�ü½g�^U§�u""Ó����±U|þ?1�6Ðm§ÃL^>^³Ðm§ù���ÐmL

§Ñ´Ôn�§vk�ÔnÏ�§�5�Ã'"´Äù��±;mÃ¡�ºÃL2�zº�I?�Ú&¢"1

n�´��©�§�±�K(?)§d��©�©!{©§§´âÕ[�C5��æ§�´Ú�£ã�'��¤3"
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4.2 >^�p�^�|Lã�SÝ


íØ4.2.1. U(t, t0) = 1− i
t∫
t0

Hi(t1)U(t1, t0)dt1, S = U(+∞,−∞) = Texp{−i
+∞∫
−∞

Hi(t)dt}

íØ4.2.2. S = U(+∞,−∞) = Texp{−i
+∞∫
−∞

Hi(t)dt}

= Texp{−i
+∞∫
−∞

[−ie ψ̄√
−∇2 (~γ · ∂t ~E) ψ√

−∇2 + e2 ψ̄γaψ√
−∇2

ψ̄γaψ√
−∇2 ]dx4}
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g·µãµ3�Ù·A^c¡Ù!Má�êÆóäÚ~êØCÜþ©Û§é�«Ã�þg^âfU�Ó!Ú

��#�Cþfz§ª¤õ?1
þfz"

1 �#��Cþfz§ª

1.1 #þfz§ª

1!Äk�â~êØCÜþ©Û§Ünßÿ���Cé´5K"

2!�â�*ÏJ5�nÚüØK��KAÇ��~âf§?�Ú(½Ün��Cé´5K"

3!�â����Cé´5K§?�Ú��4�L��é´5K"

4!�âþf|Ø¥UþÄþ�ÊH4�L«§�íÑUþÄþ�Î§¿�y§�´Ä´ý��UþÄþ§?�

Ú(½g^L«§�ÄþL«"

5!�âUþ�Î§#���²;�§/ª���þf�Î�§§¿�yþf$\4�ê´Ä¤á"

6!�Ä�p�^§?1Ñ�Ý
O��§¿�¢�é'"

7!�p��mí2§�unØí2

8!XÛ^|DÂf�O³DÂf

9!runØw�³nØ§@oÙéA�|nØ´�oº

10!U)ûÃ¡�¯KØº

11!²;²¡Å)�þf²¡Å)�«O§�Ø�3��v-u��«O§�UÛ¹Ôn�uyº

2 Ã�þEIþ|�Cþfz�Y [27, 28,42,43]

2.1 EIþ|�§9Ù²¡Å)

½Â2.1.1. ∂a∂
aψ(~r, t) = 0

íØ2.1.1. ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

|~p|−
1
2λ(p̂, 0)[a1(~p, 0)eip·x + a+

2 (~p, 0)e−ip·x]d3~p

⇔



|~p|−
1
2 a1(~p, 0) = 1

(2π)3/2

+∞∫
p=−∞

λ+(p̂, 0)[φ(~r, t) + i
|~p| φ̇(~r, t)]e−ip·xd3~r

|~p|−
1
2 a+

2 (~p, 0) = 1
(2π)3/2

+∞∫
p=−∞

λ+(p̂, 0)[φ(~r, t)− i
|~p| φ̇(~r, t)]eip·xd3~r

λ(p̂, 0) := 1√
2
,Γ(0) := λ(p̂, 0)λ+(p̂, 0) = 1

2
, λ+(p̂, 0)λ(p̂, 0) = 1

2

½Â2.1.2. ½ÂÝK�f:P̂ (0) := 2λ(p̂, 0)λ+(p̂, 0) = 1

2.2 EIþ|�C~êØCÜþΓ(0)�5�

½Â2.2.1. λ(p̂, 0) := 1√
2
,Γ(0) := λ(p̂, 0)λ+(p̂, 0) = 1

2
, λ+(p̂, 0)λ(p̂, 0) = 1

2

2.3 EIþ|êÆþ����Cé´5K

½n2.3.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)]± = δσδσσ′δ

3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)]± = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)]± = 0

⇒



[ψ(x), ψ+(x′)]±

= i2Γ(0)[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]

[ψ(x), ψ(x′)]± = 0

[ψ+(x), ψ+(x′)]± = 0

y²: [ψ(+)(x), ψ(+)+(x′)]±

= 1
(2π)3

∫
|~p|−

1
2 |~p′|−

1
2λ(p̂, 0)λ+(p̂′, 0)[a1(~p, 0), a+

1 (~p′, 0)]±e
i~p·(x−x′)d3~pd3~p′
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= 1
(2π)3

∫
|~p|−1δ1λ(p̂, 0)λ+(p̂, 0)δ3(~p− ~p′)ei~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
|~p|−1δ1λ(p̂, 0)λ+(p̂, 0)ei~p·(x−x

′)d3~p

= i 1
(2π)3

∫
δ1
−i
2|~p|2Γ(0)eip·(x−x

′)d3~p

= iδ12Γ(0)∆(+)(x− x′)

y²: [ψ(−)(x), ψ(−)+(x′)]±

= 1
(2π)3

∫
|~p|−

1
2 |~p′|−

1
2λ(p̂, 0)λ+(p̂, 0)[a+

2 (~p, 0), a2(~p′, 0)]±e
−i~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
|~p|−1δ2λ(p̂, 0)λ+(p̂, 0)δ3(~p− ~p′)e−i~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
|~p|−1δ2λ(p̂, 0)λ+(p̂, 0)e−i~p·(x−x

′)d3~p

= −± i 1
(2π)3

∫
δ2

i
2|~p|2Γ(0)e−ip·(x−x

′)d3~p

= −± iδ22Γ(0)∆(−)(x− x′)

y²: [ψ(x), ψ+(x′)]±

= [ψ(+)(x), ψ(+)+(x′)]± + [ψ(−)(x), ψ(−)+(x′)]±

= iδ12Γ(0)∆(+)(x− x′)−±iδ22Γ(0)∆(−)(x− x′)
= i2Γ(0)[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= i2Γ(0)[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]

lþª��§�kδ1 ± δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆ

þl«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷vé´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"

2.4 EIþ|Ôn��Cé´5K

½n2.4.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇒


[ψ(x), ψ+(x′)] = i2Γ(0)∆(x− x′)

[ψ(x), ψ(x′)] = 0

[ψ+(x), ψ+(x′)] = 0

íØ2.4.1.
[aσ(~p, 0), a+

σ′(~p
′, 0)] = δσσ′δ

3(~p− ~p′)

[aσ(~p, 0), aσ′(~p
′, 0)] = 0

[a+
σ (~p, 0), a+

σ′(~p
′, 0)] = 0

⇒


[ψ(+)(x), ψ(+)+(x′)] = i2Γ(0)∆(+)(x− x′)

[ψ(−)(x), ψ(−)+(x′)] = i2Γ(0)∆(−)(x− x′)

[ψ(+)(x), ψ(−)+(x′)] = 0

íØ2.4.2.
[ψ(x), ψ+(x′)] = i2Γ(0)∆(x− x′)

[ψ(x), ψ(x′)] = 0

[ψ+(x), ψ+(x′)] = 0

⇒


[ψ(~r, t), ψ+(~r′, t)] = 0

[ψ(~r, t), ψ(~r′, t)] = 0

[ψ+(x), ψ+(~r′, t)] = 0

2.5 EIþ|�é´¼ê!ÏJ¼êÚ¤ùDÂf

½Â2.5.1.


∆(+)(x) := −i

(2π)3

∫
1

2|~p|e
ip·xd3~p, i∆(+)(~r, 0)↔ 1

2|~p|

∆(−)(x) := − −i
(2π)3

∫
1

2|~p|e
−ip·xd3~p,∆(−)(x) = −∆(+)(−x)

∆(x) := −i
(2π)3

∫
1

2|~p| [e
ip·x − e−ip·x}d3~p,∆(x) = ∆(+)(x) + ∆(−)(x)

5�2.5.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t∆(x)|t=0 = 0
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5�2.5.2. ∆(x− x′) := −i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)}d3~p

∂u∆(x− x′) = −∂′u∆(x− x′)

∇∆(x− x′) = −∇′∆(x− x′)

∂π∆(x− x′) = −∂′π∆(x− x′)


(
√
−∇2)n∆(x− x′) = (

√
−∇′2)n∆(x− x′)

1
(
√
−∇2)n

∆(x− x′) = 1
(
√
−∇′2)n

∆(x− x′)

∂2n
π ∆(x− x′) = ∂′2nπ ∆(x− x′)

½Â2.5.2.

∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x) = 1
(2π)4

∫
∆F (p)eipxd4p

∆F (p) = −i
p2−iε

∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

íØ2.5.1.

∂a∂
a∆(x) = 0

∂a∂
a∆(+)(x) = 0

∂a∂
a∆(−)(x) = 0

∂a∂
a∆(l)(x) = 0



∂a∂
a∆(c)(x) = δ4(x)

∂a∂
a∆ret(x) = δ4(x)

∂a∂
a∆adv(x) = δ4(x)

∂a∂
a∆F (x) = iδ4(x)

íØ2.5.2. ∆(x)∂tδ(t) = −∂t∆(x)δ(t) = δ4(x)

y²:
∫
f(t)∆(x)∂tδ(t)dt = −∂t[f(t)∆(x)]|t=0 = f(0)δ3(~r)

y²:
∫
f(t)∂t∆(x)δ(t)dt = f(t)∂t∆(x)|t=0 = −f(0)δ3(~r)

íØ2.5.3. ∂2
t [θ(t)∆(x)] = −δ4(x) + θ(t)∂2

t∆(x)

y²: ∂2
t [θ(t)∆(x)]

= ∂t[∂tθ(t)∆(x) + θ(t)∂t∆(x)]

= ∂2
t θ(t)∆(x) + 2∂tθ(t)∂t∆(x) + θ(t)∂2

t∆(x)

= ∂tδ(t)∆(x) + 2δ(t)∂t∆(x) + θ(t)∂2
t∆(x)

= δ(t)∂t∆(x) + θ(t)∂2
t∆(x)

= −δ4(x) + θ(t)∂2
t∆(x)

íØ2.5.4. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n ∇2l∂n−2l−1

t δ4(x)

y²:
∫
f(t)∆(x)∂nt δ(t)dt

= (−1)n∂nt [f(t)∆(x)]t=0 = f(0)δ3(~r)

= (−1)n
n∑
k=0

Ckn∂
n−k
t f(t)∂kt ∆(x)|t=0 = f(0)δ3(~r)

= (−1)n
[(n−1)/2]∑

l=0

C2l+1
n ∂n−2l−1

t f(t)∂2l+1
t ∆(x)|t=0

= (−1)n+1
[(n−1)/2]∑

l=0

C2l+1
n ∂n−2l−1

t f(t)|t=0∇2lδ3(~r)

= (−1)n+1
[(n−1)/2]∑

l=0

C2l+1
n ∇2lδ3(~r)

∫
∂n−2l−1
t f(t)δ(t)dt
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=
[(n−1)/2]∑

l=0

C2l+1
n ∇2lδ3(~r)

∫
f(t)∂n−2l−1

t δ(t)dt

=
∫
f(t)

[(n−1)/2]∑
l=0

C2l+1
n ∇2l∂n−2l−1

t δ4(x)dt

íØ2.5.5. ∆(x)∂2
t δ(t) = 2∂tδ

4(x)

íØ2.5.6. ∆(x)∂3
t δ(t) = 3∂2

t δ
4(x) +∇2δ4(x)

2.6 EIþ|UþÄþ�Î�J�

íØ2.6.1. H =
∫
|~p|[a+

1 (~p, 0)a1(~p, 0) + a2(~p, 0)a+
2 (~p, 0)]d3~p = i

∫
ψ+(~r, t)∂tψ(~r, t)d3~r

y²: H =
∫
|~p|[a+

1 (~p, 0)a1(~p, 0) + a2(~p, 0)a+
2 (~p, 0)]d3~p

= 1
(2π)3

∫
[λ(p̂, 0)ψ+(~r′, t)eip·x

′
λ+(p̂, 0)ψ(~r, t)e−ip·x + λ(p̂, 0)ψ+(~r′, t)e−ip·x

′
λ+(p̂, 0)ψ(~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
λ+(p̂, 0)λ(p̂, 0)ψ+(~r′, t)ψ(~r, t)[e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
ψ+(~r′, t)ψ(~r, t)[e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

2.7 EIþ|�$\4é¡5

íØ2.7.1. P̂a(0) =
∫
ψ+(~r, t)P̂aiψ̇(~r, t)d3~r,Mab(n) =

∫
ψ+(~r, t)M̂abiψ̇(~r, t)d3~r

Ún2.7.1. [ψ̇kς (~r, t), ψ
+
lς

(~r′, t)] = −iδkς lςδ3(~r − ~r′)

½n2.7.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ+(~r, t)(ra∂b − rb∂a)iψ̇(~r, t), ψ+(~r′, t)(r′c∂

′
d − r′d∂′c)iψ̇(~r′, t)]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[ψ+

kς
(~r, t)(ra∂b − rb∂a)ψ̇lς (~r, t), ψ+

k′ς
(~r′, t)(r′c∂

′
d − r′d∂′c)ψ̇l′ς (~r

′, t)]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)[(ra∂b − rb∂a)ψ̇lς (~r, t), ψ+
k′ς

(~r′, t)](r′c∂
′
d − r′d∂′c)ψ̇l′ς (~r

′, t)

+ ψ+
k′ς

(~r′, t)[ψ+
kς

(~r, t), (r′c∂
′
d − r′d∂′c)ψ̇l′ς (~r

′, t)](ra∂b − rb∂a)ψ̇lς (~r, t)}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ςδ
3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ̇l′ς (~r

′, t)

− ψ+
k′ς

(~r′, t)(r′c∂
′
d − r′d∂′c)(−i)δl′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)ψ̇lς (~r, t)}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂
′
b − rb∂′a)(−i)δlςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ̇l′ς (~r
′, t)

− ψ+
k′ς

(~r′, t)(r′c∂d − r′d∂c)(−i)δl′ςkςδ
3(~r − ~r′)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= δkς lςδk
′
ς l
′
ς

∫
d3~r

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς (rc∂d − rd∂c)ψ̇l′ς (~r, t)
− ψ+

k′ς
(~r, t)(rc∂d − rd∂c)(−i)δl′ςkς (ra∂b − rb∂a)ψ̇lς (~r, t)}

= −
∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)](−i)ψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, L̂cd]iψ̇(~r, t)d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ+(~r, t)(ra∂b − rb∂a)iψ̇(~r, t), ψ+(~r′, t)∂′ciψ̇(~r′, t)]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[ψ+

kς
(~r, t)(ra∂b − rb∂a)ψ̇lς (~r, t), ψ+

k′ς
(~r′, t)∂′cψ̇l′ς (~r

′, t)]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)[(ra∂b − rb∂a)ψ̇lς (~r, t), ψ+
k′ς

(~r′, t)]∂′cψ̇l′ς (~r
′, t) + ψ+

k′ς
(~r′, t)[ψ+

kς
(~r, t), ∂′cψ̇l′ς (~r

′, t)](ra∂b − rb∂a)ψ̇lς (~r, t)}
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= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ςδ
3(~r − ~r′)∂′cψ̇l′ς (~r

′, t)

− ψ+
k′ς

(~r′, t)∂′c(−i)δl′ςkςδ
3(~r′ − ~r)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ+
kς

(~r, t)(ra∂
′
b − rb∂′a)(−i)δlςk′ςδ

3(~r − ~r′)∂′cψ̇l′ς (~r
′, t)

− ψ+
k′ς

(~r′, t)∂c(−i)δl′ςkςδ
3(~r − ~r′)(ra∂b − rb∂a)ψ̇lς (~r, t)}

= δkς lςδk
′
ς l
′
ς

∫
d3~r

{ψ+
kς

(~r, t)(ra∂b − rb∂a)(−i)δlςk′ς∂cψ̇l′ς (~r, t)− ψ
+
k′ς

(~r, t)∂c(−i)δl′ςkς (ra∂b − rb∂a)ψ̇lς (~r, t)}
= −

∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i∂′c](−i)ψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, P̂c]iψ̇(~r, t)d3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ψ+(~r, t)∂aiψ̇(~r, t), ψ+(~r′, t)∂′biψ̇(~r′, t)]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
[ψ+
kς

(~r, t)∂aψ̇lς (~r, t), ψ
+
k′ς

(~r′, t)∂′bψ̇l′ς (~r
′, t)]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′{ψ+

kς
(~r, t)[∂aψ̇lς (~r, t), ψ

+
k′ς

(~r′, t)]∂′bψ̇l′ς (~r
′, t) + ψ+

k′ς
(~r′, t)[ψ+

kς
(~r, t), ∂′bψ̇l′ς (~r

′, t)]∂aψ̇lς (~r, t)}
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(−i)δlςk′ς∂aδ
3(~r − ~r′)∂′bψ̇l′ς (~r

′, t)− ψ+
k′ς

(~r′, t)(−i)δl′ςkς∂
′
bδ

3(~r′ − ~r)∂aψ̇lς (~r, t)}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ+
kς

(~r, t)(−i)δlςk′ς∂
′
aδ

3(~r − ~r′)∂′bψ̇l′ς (~r
′, t)− ψ+

k′ς
(~r′, t)(−i)δl′ςkς∂bδ

3(~r − ~r′)∂aψ̇lς (~r, t)}
=
∫
{ψ+

kς
(~r, t)(−i)δkς l′ς∂a∂bψ̇l′ς (~r, t)− ψ

+
k′ς

(~r, t)(−i)δk′ς lς∂b∂a
ψlς (~r,t)√
−∇2 }d3~r

=
∫
ψ+(~r, t)(∂a∂b − ∂b∂a)(−i)ψ̇(~r, t)d3~r

= −
∫
ψ+(~r, t)(∂a∂b − ∂b∂a)iψ̇(~r, t)d3~r

=
∫
ψ+(~r, t)[P̂a, P̂b]iψ̇(~r, t)d3~r = 0

3 ¥�f|�Cþfz�Y

3.1 ¥�fg^�Î�§9Ù²¡Å)

½n3.1.1. [ 1
2
∂a + iSab(

1
2
, ς)∂b]ψ(x) = 0⇔ (σ,−iς)a∂aψ(x) = 0

íØ3.1.1.


ψ(~r, t) = 1

(2π)3/2

∫
λ(p̂,− ς

2
)[a1(~p,− ς

2
)eip·x + a+

2 (~p,− ς
2
)e−ip·x]d3~p

a1(~p,− ς
2
) = 1

(2π)3/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,− ς
2
)ψ̇(~r, t)e−ip·xd3~r

a+
2 (~p,− ς

2
) = 1

(2π)3/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,− ς
2
)ψ̇(~r, t)eip·xd3~r

½Â3.1.1. ÝK�f:P̂AςA′ς (
1
2
, ς) := λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
), P̂ 2( 1

2
, ς) = P̂ ( 1

2
, ς), P̂+( 1

2
, ς) = P̂ ( 1

2
, ς)

3.2 ¥�fg^�Î�§²¡Å)�âÔ[C�

íØ3.2.1. Λ~v = e−ςln[γv(1+v)]v̂·σ(
1
2

) = 1√
2(1+γv)

[1 + γv − γvvv̂ · σ] = 1√
2(1+γv)

[
1 + γv(1− vz) −γvvx + iγvvy

−γvvx − iγvvy 1 + γv(1 + vz)

]

íØ3.2.2. L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = γv(1− ~v · L)− γv−1

v2 (~v ·R)2

íØ3.2.3. ψ′(L~vx) = 1
(2π)3/2

∫
Λ~vλ(p̂,− ς

2
)[a1(~p,− ς

2
)eiL~vp·L~vx + a+

2 (~p,− ς
2
)e−iL~vp·L~vx]d3~p

íØ3.2.4. L~vp =,Λ~vλ(p̂,− ς
2
) = λ(L~vp̂,− ς

2
)

íØ3.2.5.

[
γu′ ~u′

iγu′

]
= L~v

[
γu~u

iγu

]
,

[
~p′

iE′

]
= L~v

[
~p

iE

]
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íØ3.2.6. λ(p̂, 1
2
) = 1√

2
√

1+p̂z

[
1 + p̂z

p̂x + ip̂y

]
, λ(p̂,− 1

2
) = 1√

2
√

1+p̂z

[
−p̂x + ip̂y

1 + p̂z

]
y²: Λ−~vλ(p̂, 1

2
)

= 1√
2(1+p̂z)

Λ−~v

[
1 + p̂z

p̂x + ip̂y

]
= 1√

2(1+ûz)
Λ−~v

[
1 + ûz

ûx + iûy

]

= 1√
2(1+ûz)

1√
2(1+γv)

[
1 + γv(1 + vz) γvvx − iγvvy
γvvx + iγvvy 1 + γv(1− vz)

][
1 + ûz

ûx + iûy

]

= 1

2
√

(1+ûz)(1+γv)

[
[1 + γv(1 + vz)](1 + ûz) + (γvvx − iγvvy)(ûx + iûy)

(γvvx + iγvvy)(1 + ûz) + [1 + γv(1− vz)](ûx + iûy)

]

= 1

2
√

(1+ûz)(1+γv)

[
(1 + γv)(1 + ûz) + γv[vz + i(~v × û)z + ~v · û]

(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}

]
íØ3.2.7. û′ = [û+ γv~v + (γv − 1)(~v · û)~v/v2]/[γv(1 + ~v · û)]

íØ3.2.8. p̂′ = [p̂+ γv~v + (γv − 1)(~v · p̂)~v/v2]/[γv(1 + ~v · p̂)]

íØ3.2.9. 1 + û′z = 1 + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v
2]/[γv(1 + ~v · û)]

íØ3.2.10. û′x + iû′y = {(ûx + iûy) + γv(vx + ivy) + (γv − 1)(~v · û)(vx + ivy)/v
2}/[γv(1 + ~v · û)]

íØ3.2.11.

{(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{γv(1 + ~v · û) + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v

2]}
= {(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{γv(1 + ~v · û) + [ûz + γv~vz + (γv − 1)(~v · û)~vz/v

2]}
= {(1 + γv)(ûx + iûy) + γv{(vx + ivy) + i[(~v × û)x + i(~v × û)y]}}
{1 + ûz + γv(1 + ~v · û)− 1 + γv~vz + (γv − 1)(~v · û)~vz/v

2}
= {(1 + γv)(ûx + iûy) + γvv{(v̂x + iv̂y) + i[(v̂ × û)x + i(v̂ × û)y]}}
{1 + ûz + γv(1 + ~v · û)− 1 + γvvv̂z + (γv − 1)(v̂ · û)v̂z}

íØ3.2.12. {(1 + γv)(1 + ûz) + γv[vz + i(~v × û)z + ~v · û]}
{(ûx + iûy) + γv(vx + ivy) + (γv − 1)(~v · û)(vx + ivy)/v

2}
= {(1 + γv)(1 + ûz) + γvv[v̂z + i(v̂ × û)z + v̂ · û]}
{(ûx + iûy) + γvv(v̂x + iv̂y) + (γv − 1)(v̂ · û)(v̂x + iv̂y)}
=

íØ3.2.13.

[(1 + γv)(ûx + iûy)− γvv(ûx + iûy)]{γv(1 + vûz) + [ûz + γvv + (γv − 1)ûz)]}
= (1 + γv − γvv)(ûx + iûy)[γv(1 + vûz) + γv(v + ûz)]

= (1 + γv − γvv)(ûx + iûy)γv(1 + v)(1 + ûz)

= (1 + γv + γvv)(1 + ûz)(ûx + iûy)

íØ3.2.14. [(1 + γv)(1 + ûz) + γvv(1 + ûz)](ûx + iûy)

= (1 + γv + γvv)(1 + ûz)(ûx + iûy)

3.3 ¥�f|�C~êØCÜþ�5�

íØ3.3.1.

ΓaAςA′ς (
1
2
) := −iς√

2
(σ, iς)aAςA′ς

ΓπAςA′ς (
1
2
) = ( 1√

2
)1δAςA′ς

ΓiAςA′ς (
1
2
) = −iς( 1√

2
)12σi( 1

2
)AςA′ς
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Ún3.3.1. ΓaAςA′ςpa = i
√

2|~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
), λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
) = − ς

2
(σ, iς)aAςA′ς p̂a

y²: ΓaAςA′ςpa

= ( 1√
2
)1i{−2ς[σ( 1

2
) · ~p]AςBς [λBς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
) + λBς (p̂, ς)λ

+
A′ς

(p̂, ς)] + |~p|[λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
)

+ λAς (p̂, ς)λ
+
A′ς

(p̂, ς)]}
= ( 1√

2
)1i{[|~p|λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)− |~p|λAς (p̂, ς)λ+

A′ς
(p̂, ς)] + |~p|[λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
) + λAς (p̂, ς)λ

+
A′ς

(p̂, ς)]}
= i
√

2|~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
)

íØ3.3.2. |~p|λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) = −ς

2
(σ, iς)aAςA′ς~pa

íØ3.3.3. ÝK�f:P̂AςA′ς (
1
2
, ς) = − i√

2
ΓaAςA′ς p̂a → −

1√
2
ΓaAςA′ς ∂̂a

3.4 ¥�f|êÆþ����Cé´5K

½n3.4.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = δσδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒



[ψAς (x), ψ+
A′ς

(x′)]±

= −i
√

2ΓaAςA′ς∂a[(δ1 −±δ2)∆(+ς)(x− x′)± δ2∆(x− x′)]

[ψAς (x), ψBς (x
′)]± = 0

[ψ+
A′ς

(x), ψ+
B′ς

(x′)]± = 0

y²: [ψ
(+)
Aς

(x), ψ
(+)+
A′ς

(x′)]±

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂′,− ς
2
)[a1(~p,− ς

2
), a+

1 (~p′,− ς
2
)]±e

i(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
δ1λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
δ1λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)eip·(x−x

′)d3~p

= −i 1
(2π)3

∫
δ1

1
2|~p|

√
2ΓaAςA′ςpae

ip·(x−x′)d3~p

= − 1
(2π)3

∫
δ1

1
2|~p|

√
2ΓaAςA′ς∂ae

ip·(x−x′)d3~p

= −i
√

2δ1ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
ip·(x−x′)d3~p

= −i
√

2δ1ΓaAςA′ς∂a∆
(+)(x− x′)

y²: [ψ
(−)
Aς

(x), ψ
(−)+
A′ς

(x′)]±

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)[a+

2 (~p,− ς
2
), a2(~p′,− ς

2
)]±e

−i(p·x−p′·x′)d3~pd3~p′

= ± 1
(2π)3

∫
δ2λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
δ2λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)e−ip·(x−x

′)d3~p

= −± i 1
(2π)3

∫
δ2

1
2|~p|

√
2ΓaAςA′ςpae

−ip·(x−x′)d3~p

= ± 1
(2π)3

∫
δ2

1
2|~p|

√
2ΓaAςA′ς∂ae

−ip·(x−x′)d3~p

= ±i
√

2δ2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
−ip·(x−x′)d3~p

= −± i
√

2δ2ΓaAςA′ς∂a∆
(−)(x− x′)

y²: [ψAς (x), ψ+
A′ς

(x′)]±

= [ψ
(+)
Aς

(x), ψ
(+)+
A′ς

(x′)]± + [ψ
(−)
Aς

(x), ψ
(−)+
A′ς

(x′)]±

= −i
√

2ΓaAςA′ς∂a[δ1∆(+ς)(x− x′)± δ2∆(−ς)(x− x′)]
= −i

√
2ΓaAςA′ς∂a[(δ1 −±δ2)∆(+ς)(x− x′)± δ2∆(x− x′)]

lþª��§�kδ1 − ±δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆþ

l«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷v�é´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"
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3.5 ¥�f|Ôn��C�é´5K

½n3.5.1.
{aσ(~p,− ς

2
), a+

σ′(~p
′,− ς

2
)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− ς
2
), aσ′(~p

′,− ς
2
)} = 0

{a+
σ (~p,− ς

2
), a+

σ′(~p
′,− ς

2
)] = 0

⇒


{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

y²: {ψAς (x), ψ+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂′,− ς
2
){{a1(~p,− ς

2
), a+

1 (~p′,− ς
2
)}ei(p·x−p′·x′) + {a+

2 (~p,− ς
2
), a2(~p′,− ς

2
)}e−ip·(x−x′)}d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)[δ3(~p− ~p′)eip·(x−x′) + δ3(~p− ~p′)e−ip·(x−x′)]}d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)[eip·(x−x

′) + e−ip·(x−x
′)}d3~p

= −i 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ςpa[e

ip·(x−x′) + e−ip·(x−x
′)]d3~p

= − 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ς∂a[e

ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i
√

2ΓaAςA′ς∂a∆(x− x′)

½n3.5.2.
{aσ(~p,− ς

2
), a+

σ′(~p
′,− ς

2
)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− ς
2
), aσ′(~p

′,− ς
2
)} = 0

{a+
σ (~p,− ς

2
), a+

σ′(~p
′,− ς

2
)] = 0

⇒


{ψ(τ)

Aς
(x), ψ

(κ)+
A′ς

(x′)} = −i
√

2δτκΓaAςA′ς∂a∆
(τ)(x− x′)

{ψ(τ)
Aς

(x), ψ
(κ)
Bς

(x′)} = 0

{ψ(τ)+
A′ς

(x), ψ
(κ)+
B′ς

(x′)} = 0

y²: {ψ(+)
Aς

(x), ψ
(+)+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂′,− ς
2
){a1(~p,− ς

2
), a+

1 (~p′,− ς
2
)}ei(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)δ3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)eip·(x−x

′)d3~p

= −i 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ςpae

ip·(x−x′)d3~p

= − 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ς∂ae

ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a∆
(+)(x− x′)

y²: {ψ(−)
Aς

(x), ψ
(−)+
A′ς

(x′)}
= 1

(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂′,− ς
2
){a+

2 (~p,− ς
2
), a2(~p′,− ς

2
)}ei(p·x−p′·x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)δ3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)e−ip·(x−x

′)d3~p

= −i 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ςpae

−ip·(x−x′)d3~p

= 1
(2π)3

∫
1

2|~p|

√
2ΓaAςA′ς∂ae

−ip·(x−x′)d3~p

= i
√

2ΓaAςA′ς∂a
−i

(2π)3

∫
1

2|~p|e
−ip·(x−x′)d3~p

= −i
√

2ΓaAςA′ς∂a∆
(−)(x− x′)

3.6 ¥�f|����é´5K

íØ3.6.1.
{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇒



{ψAς (~r, t), ψ+
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

{ψ̇Aς (~r, t), ψ+
A′ς

(~r′, t)} = (σ · ∇)AςA′ςδ
3(~r − ~r′)

{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0
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y²: {ψAς (x), ψ+
A′ς

(x′)} = −i
√

2ΓaAςA′ς∂a∆(x− x′)
⇒ {ψAς (~r, t), ψ+

A′ς
(~r′, t)} = −i

√
2ΓπAςA′ς∂π∆(x− x′)|t=t′

⇔ {ψAς (~r, t), ψ+
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

íØ3.6.2.
{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

⇒


{aσ(~p,− ς

2
), a+

σ′(~p
′,− ς

2
)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− ς
2
), aσ′(~p

′,− ς
2
)} = 0

{a+
σ (~p,− ς

2
), a+

σ′(~p
′,− ς

2
)] = 0

y²: {a1(~p,− ς
2
), a+

1 (~p′,− ς
2
)}

= 1
(2π)3

∫
{λ+Aς (p̂,− ς

2
)ψAς (~r, t)e

−i(~p·~r−Et), λA
′
ς (p̂′,− ς

2
)ψ+

A′ς
(~r′, t)ei(~p

′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2
)λA

′
ς (p̂′,− ς

2
){ψAς (~r, t), ψ+

A′ς
(~r′, t)}e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2
)λA

′
ς (p̂′,− ς

2
)δAςA′ςδ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+(p̂,− ς

2
)λ(p̂′,− ς

2
)e−i(~p·~r−Et)ei(~p

′·~r−E′t)d3~r

= λ+(p̂,− ς
2
)λ(p̂,− ς

2
)δ3(~p− ~p′)

= δ3(~p− ~p′)

y²: {a+
2 (~p,− ς

2
), a2(~p′,− ς

2
)}

= 1
(2π)3

∫
{λ+Aς (p̂,− ς

2
)ψAς (~r, t)e

i(~p·~r−Et), λA
′
ς (p̂′,− ς

2
)ψ+

A′ς
(~r′, t)e−i(~p

′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2
)λA

′
ς (p̂′,− ς

2
){ψAς (~r, t), ψ+

A′ς
(~r′, t)}ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+Aς (p̂,− ς

2
)λA

′
ς (p̂′,− ς

2
)δAςA′ςδ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

∫
λ+(p̂,− ς

2
)λ(p̂′,− ς

2
)ei(~p·~r−Et)e−i(~p

′·~r−E′t)d3~r

= λ+(p̂,− ς
2
)λ(p̂,− ς

2
)δ3(~p− ~p′)

= δ3(~p− ~p′)

3.7 ¥�f|�é´5K�(

±þA��!�y²�Ð/¤��Ü64�§�kXe5�µ

íØ3.7.1.


{aσ(~p,− ς

2
), a+

σ′(~p
′,− ς

2
)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− ς
2
), aσ′(~p

′,− ς
2
)} = 0

{a+
σ (~p,− ς

2
), a+

σ′(~p
′,− ς

2
)] = 0

⇔


{aσ(~p), a+

σ′(~p
′)} = δσσ′δ

3(~p− ~p′)

{aσ(~p), aσ′(~p
′)} = 0

{a+
σ (~p), a+

σ′(~p
′)] = 0

m m

íØ3.7.2.


{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇔


{ψAς (~r, t), ψ+

A′ς
(~r′, t)} = δAςA′ςδ

3(~r − ~r′)

{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

3.8 ¥�f|�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ3.8.1.

∆AςA′ς
( 1

2
;x) := −

√
2ΓaAςA′ς∂a∆(x)

∆
(+)
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

(+)(x)

∆
(−)
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

(−)(x)

∆
(l)
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

(l)(x)
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íØ3.8.2.

∆
(c)
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

(c)(x)− i
√

2ΓπAςA′ςδ(t)∆(x) = −
√

2ΓaAςA′ς∂a∆
(c)(x)

∆ret
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

ret(x)− i
√

2ΓπAςA′ςδ(t)∆(x) = −
√

2ΓaAςA′ς∂a∆
ret(x)

∆adv
AςA′ς

( 1
2
;x) := −

√
2ΓaAςA′ς∂a∆

adv(x)− i
√

2ΓπAςA′ςδ(t)∆(x) = −
√

2ΓaAςA′ς∂a∆
adv(x)

∆FAςA′ς
( 1

2
;x) := −

√
2ΓaAςA′ς∂a∆F (x) +

√
2ΓπAςA′ςδ(t)∆(x) = −

√
2ΓaAςA′ς∂a∆F (x)

= i∆
(c)
AςA′ς

( 1
2
;x) = 1

(2π)4

∫
∆FAςA′ς

( 1
2
; p)eipxd4p,∆FAςA′ς

( 1
2
; p) =

−
√

2Γa
AςA′ς

pa

p2−iε =
iς(σ,iς)a

AςA′ς
pa

p2−iε

íØ3.8.3.

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(+)( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(−)( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(l)( 1

2
;x) = 0



[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(c)( 1

2
;x) = −ς[σ( 1

2
), i 1

2
ς]aδ(t)∆( 1

2
;x)|t=0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆ret( 1

2
;x) = −ς[σ( 1

2
), i 1

2
ς]aδ(t)∆( 1

2
;x)|t=0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆adv( 1

2
;x) = −ς[σ( 1

2
), i 1

2
ς]aδ(t)∆( 1

2
;x)|t=0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆F ( 1

2
;x) = −iς[σ( 1

2
), i 1

2
ς]aδ(t)∆( 1

2
;x)|t=0

m m

íØ3.8.4.

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(+)( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(−)( 1

2
;x) = 0

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(l)( 1

2
;x) = 0



[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆(c)( 1

2
;x) = − 1√

2
Γaδ

4(x)

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆ret( 1

2
;x) = − 1√

2
Γaδ

4(x)

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆adv( 1

2
;x) = − 1√

2
Γaδ

4(x)

[ 1
2
∂a + iSab(

1
2
, ς)∂b]∆F ( 1

2
;x) = −i 1√

2
Γaδ

4(x)

m m

íØ3.8.5.

(σ,−iς)a∂a∆( 1
2
;x) = 0

(σ,−iς)a∂a∆(+)( 1
2
;x) = 0

(σ,−iς)a∂a∆(−)( 1
2
;x) = 0

(σ,−iς)a∂a∆(l)( 1
2
;x) = 0



(σ,−iς)a∂a∆(c)( 1
2
;x) = iςδ4(x)

(σ,−iς)a∂a∆ret( 1
2
;x) = iςδ4(x)

(σ,−iς)a∂a∆adv( 1
2
;x) = iςδ4(x)

(σ,−iς)a∂a∆F ( 1
2
;x) = −ςδ4(x)

3.9 ¥�f|UþÄþ�Î�J�

íØ3.9.1. H =
∫
|~p|[a+

1 (~p,− ς
2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r = i

∫
ψ+(~r, t)∂tψ(~r, t)d3~r

y²: H =
∫
|~p|[a+

1 (~p,− ς
2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

= 1
(2π)3

∫
|~p|[λA

′
ς

m (p̂,− ς
2
)ψ+

A′ς
(~r′, t)eip·x

′
λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

−ip·x

− λA
′
ς

m (p̂,− ς
2
)ψ+

A′ς
(~r′, t)e−ip·x

′
λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
|~p|λ+Aς

m (p̂,− ς
2
)λ
A′ς
m (p̂,− ς

2
)ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(i
√

2)−1(Γa)
A′ςAςpaψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= iς
∫
ψ+
A′ς

(~r, t)(σ · ∇)A
′
ςAςψAς (~r, t)d

3~r

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r

= i
∫
ψ+(~r, t)∂tψ(~r, t)d3~r

íØ3.9.2. ~P =
∫
~p[a+

1 (~p,− ς
2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p = −i

∫
ψ+(~r, t)∇ψ(~r, t)d3~r

y²: ~P =
∫
~p[a+

1 (~p,− ς
2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

= 1
(2π)3

∫
~p[λ

A′ς
m (p̂,− ς

2
)ψ+

A′ς
(~r′, t)eip·x

′
λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

−ip·x

− λA
′
ς

m (p̂,− ς
2
)ψ+

A′ς
(~r′, t)e−ip·x

′
λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

ip·x]d3~pd3~rd3~r′

456



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 124Ù Ã�þâf��Cþfz�Y

= 1
(2π)3

∫
~pλ+Aς

m (p̂,− ς
2
)λ
A′ς
m (p̂,− ς

2
)ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂
|~p|(i
√

2)−1(Γa)
A′ςAςpaψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
2

∫
~pδA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= − 1
(2π)3

∫
~pδA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)e

i~p·(~r−~r′)d3~pd3~rd3~r′

= i 1
(2π)3

∫
δA
′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)∇ei~p·(~r−~r

′)d3~pd3~rd3~r′

= i
∫
δA
′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)∇δ3(~r − ~r′)d3~rd3~r′

= −i
∫
ψ+(~r, t)∇ψ(~r, t)d3~r

íØ3.9.3. P a =
∫
pa[a+

1 (~p,− ς
2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p = −i

∫
ψ+(~r, t)∂aψ(~r, t)d3~r

3.10 ¥�f|�fê�Î�J�

íØ3.10.1. Q =
∫

[a+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p =

∫
ψ+(~r, t)ψ(~r, t)d3~r

y²: Q =
∫

[a+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

= 1
(2π)3

∫
λA
′
ς (p̂,− ς

2
)λ+Aς (p̂,− ς

2
)ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
(Γa)A

′
ςAς p̂aψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
( i√

2
)1δA

′
ςAςψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫
ψ+(~r′, t)ψ(~r, t)δ3(~r − ~r′)d3~rd3~r′

=
∫
ψ+(~r, t)ψ(~r, t)d3~r

3.11 ¥�f|âfê�Î�J�

íØ3.11.1. N =
∫

[a+
1 (~p,− ς

2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p =

∫
ψ+(~r, t) i∂t√

−∇2ψ(~r, t)d3~r

y²: N =
∫

[a+
1 (~p,− ς

2
)a1(~p,− ς

2
)− a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

= 1
(2π)3

∫
λA
′
ς (p̂,− ς

2
)λ+Aς (p̂,− ς

2
)ψ+

A′ς
(~r′, t)ψAς (~r, t)[e

−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
(Γa)A

′
ςAς p̂aψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

1
i
√

2

∫
[−iς( 1√

2
)1(σi)A

′
ςAς p̂i]ψ

+
A′ς

(~r′, t)ψAς (~r, t)[e
−ip·(~r−~r′) − eip·(~r−~r′)]d3~pd3~rd3~r′

= −ς 1
(2π)3

∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)(σ · p̂)A
′
ςAςe−ip·(~r−~r

′)d3~pd3~rd3~r′

= −i 1
(2π)3

∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)
(σ·∇)A

′
ςAς

√
−∇2 e−ip·(~r−~r

′)d3~pd3~rd3~r′

= −iς
∫
ψ+
A′ς

(~r′, t)ψAς (~r, t)
(σ·∇)A

′
ςAς

√
−∇2 δ3(~r − ~r′)d3~rd3~r′

= iς
∫
ψ+
A′ς

(~r, t) (σ·∇)A
′
ςAς

√
−∇2 ψAς (~r, t)d

3~r

= iς
∫
ψ+(~r, t) σ·∇√

−∇2ψ(~r, t)d3~r

=
∫
ψ+(~r, t) i∂t√

−∇2ψ(~r, t)d3~r

3.12 ¥�f|�Äþ�Î�J�

3.12.1 ¥�f|�m;��Äþ�Î

½n3.12.1. Lij = −i
∫
ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r

= i
∫
{a+

1 (~p,− ς
2
)(pj∂pi − pi∂pj )a1(~p,− ς

2
) + a2(~p,− ς

2
)(pj∂pi − pi∂pj )a+

2 (~p,− ς
2
)}d3~p

y²: L
(+ς)
ij = −i

∫
ψ(+ς)+(~r, t)(ri∂j − rj∂i)ψ(+ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][(ri∂j − rj∂i)eiς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )eiς(~p−~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )δ3(~p− ~p′)d3~pd3~p′

= i
∫

[λ+(p̂,− ς
2
)a+

1 (~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−iς|~p|t]d3~p

= i
∫

[λ+(p̂,− ς
2
)a+

1 (~p,− ς
2
)eiς|~p|t]λ(p̂,− ς

2
)e−iς|~p|t(pj∂pi − pi∂pj )a1(~p,− ς

2
)d3~p

= i
∫
a+

1 (~p,− ς
2
)(pj∂pi − pi∂pj )a1(~p,− ς

2
)d3~p+ i

∫
a+

1 (~p,− ς
2
)a1(~p,− ς

2
)pi
−ipyδjx+ipxδjy

2p(1+p̂z)
d3~p

457
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y²: L
(−ς)
ij = −i

∫
ψ(−ς)+(~r, t)(ri∂j − rj∂i)ψ(−ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][(ri∂j − rj∂i)e−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][(ri∂j − rj∂i)e−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )e−iς(~p−~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )δ3(~p− ~p′)d3~pd3~p′

= i
∫

[λ+(p̂,− ς
2
)a2(~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)eiς|~p|t]d3~p

= i
∫

[λ+(p̂,− ς
2
)a2(~p,− ς

2
)e−iς|~p|t]λ(p̂,− ς

2
)eiς|~p|t(pj∂pi − pi∂pj )a+

2 (~p,− ς
2
)d3~p

= i
∫
a2(~p,− ς

2
)(pj∂pi − pi∂pj )a+

2 (~p,− ς
2
)d3~p

y²: L
(+−ς)
ij = −i

∫
ψ(+ς)+(~r, t)(ri∂j − rj∂i)ψ(−ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a2(~p,− ς

2
)eiς|~p|t][(ri∂j − rj∂i)e−iς(~p+~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][(ri∂j − rj∂i)e−iς(~p+~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )e−iς(~p+~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )δ3(~p+ ~p′)d3~pd3~p′

= i
∫

[λ+(−p̂,− ς
2
)a+

1 (−~p,− ς
2
)eiς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)eiς|~p|t]d3~p

= i
∫

[λ+(−p̂,− ς
2
)a+

1 (−~p,− ς
2
)eiς|~p|t]λ(p̂,− ς

2
)eiς|~p|t(pj∂pi − pi∂pj )a+

2 (~p,− ς
2
)d3~p

= 0

y²: L
(−+ς)
ij = −i

∫
ψ(−ς)+(~r, t)(ri∂j − rj∂i)ψ(+ς)(~r, t)d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][(ri∂j − rj∂i)eiς(~p+~p

′)·~r]d3~pd3~p′d3~r

= −i 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][(ri∂j − rj∂i)eiς(~p+~p

′)·~r]d3~pd3~p′d3~r

= −i
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )eiς(~p+~p

′)·~rd3~pd3~p′

= −i
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )δ3(~p+ ~p′)d3~pd3~p′

= i
∫

[λ+(−p̂,− ς
2
)a2(−~p,− ς

2
)e−iς|~p|t](pj∂pi − pi∂pj )[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−iς|~p|t]d3~p

= i
∫

[λ+(−p̂,− ς
2
)a2(−~p,− ς

2
)e−iς|~p|t]λ(p̂,− ς

2
)e−iς|~p|t(pj∂pi − pi∂pj )a1(~p,− ς

2
)d3~p

= 0

y²: Lij = −i
∫
ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r

= −i 1
(2π)3/2

∫
d3~pd3~p′d3~r

λ+(p̂′,− ς
2
)λ(p̂,− ς

2
)[a+

1 (~p′,− ς
2
)e−iςp

′·x + a2(~p′,− ς
2
)eiςp

′·x](ri∂j − rj∂i)[a1(~p,− ς
2
)eiςp·x + a+

2 (~p,− ς
2
)e−iςp·x]

= L
(+ς)
ij + L

(−ς)
ij + L

(+−ς)
ij + L

(−+ς)
ij

= i
∫
{a+

1 (~p,− ς
2
)(pj∂pi − pi∂pj )a1(~p,− ς

2
) + a2(~p,− ς

2
)(pj∂pi − pi∂pj )a+

2 (~p,− ς
2
)}d3~p

íØ3.12.1.
∫

(pj∂pi − pi∂pj )[a+
1 (~p,− ς

2
)a1(~p,− ς

2
)]d3~p = 0,

∫
(pj∂pi − pi∂pj )[a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p = 0

3.12.2 ¥�f|�m;��Äþ�Î

½n3.12.2. Liπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= −
∫
a+

1 (~p,− ς
2
)∂pi{|~p|a1(~p,− ς

2
)}+ a2(~p,− ς

2
)∂pi{|~p|a+

2 (~p,− ς
2
)}d3~p

y²: L
(+ς)
iπ = −i

∫
ψ(+ς)+(~r, t)[ri∂π − it∂i]ψ(+ς)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][iςrie

iς(~p−~p′)·~r]d3~pd3~p′d3~r

− iςt
∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][iςrie

iς(~p−~p′)·~r]d3~pd3~p′d3~r

− iςt
∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t]∂pie

iς(~p−~p′)·~rd3~pd3~p′ − iςt
∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t]∂piδ

3(~p− ~p′)d3~pd3~p′ − iςt
∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

= −
∫

[λ+(p̂,− ς
2
)a+

1 (~p,− ς
2
)eiς|~p|t]∂pi [|~p|λ(p̂,− ς

2
)a1(~p,− ς

2
)e−iς|~p|t]d3~p− iςt

∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

458
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= −
∫
a+

1 (~p,− ς
2
)(∂pi |~p| − iςtpi)a1(~p,− ς

2
)d3~p− iςt

∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

= −
∫
a+

1 (~p,− ς
2
)∂pi{|~p|a1(~p,− ς

2
)}d3~p

y²: L
(−ς)
iπ = −i

∫
ψ(−ς)+(~r, t)[ri∂π − it∂i]ψ(−ς)(~r, t)d3~r

= i
∫
ψ(−ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r − it[−i
∫
ψ(−ς)+(~r, t)∂iψ

(−ς)(~r, t)d3~r]

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][−iςrie−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

+ iςt
∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][−iςrie−iς(~p−~p

′)·~r]d3~pd3~p′d3~r

+ iςt
∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t]∂pie

iς(~p−~p′)·~rd3~pd3~p′ + iςt
∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t]∂piδ

3(~p− ~p′)d3~pd3~p′ + iςt
∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

= −
∫

[λ+(p̂,− ς
2
)a2(~p,− ς

2
)e−iς|~p|t]∂pi [|~p|λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)eiς|~p|t]d3~p+ iςt

∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

= −
∫
a2(~p,− ς

2
)(∂pi |~p|+ iςtpi)a+

2 (~p,− ς
2
)d3~p+ iςt

∫
pia2(~p,− ς

2
)a+

2 (~p,− ς
2
)d3~p

= −
∫
a2(~p,− ς

2
)∂pi{|~p|a+

2 (~p,− ς
2
)}d3~p

y²: L
(+−ς)
iπ = −i

∫
ψ(+ς)+(~r, t)[ri∂π − it∂i]ψ(−ς)(~r, t)d3~r

= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r − it[−i
∫
ψ(+ς)+(~r, t)∂iψ

(−ς)(~r, t)d3~r]

= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r + 0

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][−iςrie−iς(~p+~p

′)·~r]d3~pd3~p′d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t][−iςrie−iς(~p+~p

′)·~r]d3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t]∂pie

iς(~p+~p′)·~rd3~pd3~p′

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)eiς|~p

′|t][|~p|λ(p̂,− ς
2
)a+

2 (~p,− ς
2
)eiς|~p|t]∂piδ

3(~p+ ~p′)d3~pd3~p′

= −
∫

[λ+(−p̂,− ς
2
)a+

1 (−~p,− ς
2
)eiς|~p|t]∂pi [|~p|λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)eiς|~p|t]d3~p

= 0

y²: L
(−+ς)
iπ = −i

∫
ψ(−ς)+(~r, t)[ri∂π − it∂i]ψ(+ς)(~r, t)d3~r

= i
∫
ψ(−ς)+(~r, t)rii∂tψ

(+ς)(~r, t)d3~r − it[−i
∫
ψ(−ς)+(~r, t)∂iψ

(+ς)(~r, t)d3~r]

= i
∫
ψ(+ς)+(~r, t)rii∂tψ

(−ς)(~r, t)d3~r + 0

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][iςrie

iς(~p+~p′)·~r]d3~pd3~p′d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t][iςrie

iς(~p+~p′)·~r]d3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t]∂pie

−iς(~p+~p′)·~rd3~pd3~p′

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−iς|~p

′|t][|~p|λ(p̂,− ς
2
)a1(~p,− ς

2
)e−iς|~p|t]∂piδ

3(~p+ ~p′)d3~pd3~p′

= −
∫

[λ+(−p̂,− ς
2
)a2(−~p,− ς

2
)e−iς|~p|t]∂pi [|~p|λ(p̂,− ς

2
)a1(~p,− ς

2
)e−iς|~p|t]d3~p

= 0

y²: Liπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= i
∫
ψ+(~r, t)rii∂tψ(~r, t)d3~r − it[−i

∫
ψ(+ς)+(~r, t)∂iψ

(+ς)(~r, t)d3~r]

= 1
(2π)3/2

∫
|~p|λ+(p̂′,− ς

2
)λ(p̂,− ς

2
)[a+

1 (~p′,− ς
2
)e−iςp

′·x + a2(~p′,− ς
2
)eiςp

′·x]iςri[a1(~p,− ς
2
)eiςp·x − a+

2 (~p,− ς
2
)e−iςp·x]

d3~pd3~p′d3~r − iςt
∫
pia+

1 (~p,− ς
2
)a1(~p,− ς

2
)d3~p

= L
(+ς)
iπ + L

(−ς)
iπ + L

(+−ς)
iπ + L

(−+ς)
iπ

= −
∫
a+

1 (~p,− ς
2
)∂pi{|~p|a1(~p,− ς

2
)}+ a2(~p,− ς

2
)∂pi{|~p|a+

2 (~p,− ς
2
)}d3~p

3.12.3 ¥�f|g^�Äþ�Î

½n3.12.3. Sab =
∫
ψ+(~r, t)Sab(

1
2
, ς)ψ(~r, t)d3~r = iσαςςab

∫
ψ+(~r, t)σας (

1
2
)ψ(~r, t)d3~r

= −iς
2
σαςςab

∫
p̂ας [a

+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

½n3.12.4. ŝας =
∫
ψ+(~r, t)σας (

1
2
)ψ(~r, t)d3~r = − ς

2

∫
p̂ας [a

+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p
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y²: ŝ
(+)
ας =

∫
ψ(+)+(~r, t)σαςψ

(+)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)ei|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]ei(~p−~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)ei|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]δ3(~p− ~p′)d3~pd3~p′

=
∫

[λ+(p̂,− ς
2
)a+

1 (~p,− ς
2
)ei|~p|t]σας (

1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]d3~p

= − ς
2

∫
a+

1 (~p,− ς
2
)p̂αςa1(~p,− ς

2
)d3~p

y²: ŝ
(−)
ας =

∫
ψ(−)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−i|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]e−i(~p−~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−i|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]δ3(~p− ~p′)d3~pd3~p′

=
∫

[λ+(p̂,− ς
2
)a2(~p,− ς

2
)e−i|~p|t]σας (

1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]d3~p

= − ς
2

∫
a2(~p,− ς

2
)p̂αςa

+
2 (~p,− ς

2
)d3~p

y²: ŝ
(+−)
ας =

∫
ψ(+)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a+

1 (~p′,− ς
2
)ei|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]e−i(~p+~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a+

1 (~p′,− ς
2
)ei|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]δ3(~p+ ~p′)d3~pd3~p′

=
∫

[λ+(−p̂,− ς
2
)a+

1 (−~p,− ς
2
)ei|~p|t]σας (

1
2
)[λ(p̂,− ς

2
)a+

2 (~p,− ς
2
)ei|~p|t]d3~p

6= 0

y²: ŝ
(−+)
ας =

∫
ψ(−)+(~r, t)σαςψ

(−)(~r, t)d3~r

= 1
(2π)3/2

∫
[λ+(p̂′,− ς

2
)a2(~p′,− ς

2
)e−i|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]ei(~p+~p

′)·~rd3~pd3~p′d3~r

=
∫

[λ+(p̂′,− ς
2
)a2(~p′,− ς

2
)e−i|~p

′|t]σας (
1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]δ3(~p+ ~p′)d3~pd3~p′

=
∫

[λ+(−p̂,− ς
2
)a2(−~p,− ς

2
)e−i|~p|t]σας (

1
2
)[λ(p̂,− ς

2
)a1(~p,− ς

2
)e−i|~p|t]d3~p

6= 0

y²: ŝας =
∫
ψ+(~r, t)σας (

1
2
)ψ(~r, t)d3~r

= 1
(2π)3/2

∫
d3~pd3~p′d3~r

λ+(p̂′,− ς
2
)σας (

1
2
)λ(p̂,− ς

2
)[a+

1 (~p′,− ς
2
)e−ip

′·x + a2(~p′,− ς
2
)eip

′·x][a1(~p,− ς
2
)eip·x + a+

2 (~p,− ς
2
)e−ip·x]

= ŝ
(+)
ας + ŝ

(−)
ας + ŝ

(+−)
ας + ŝ

(−+)
ας

= − ς
2

∫
p̂ας [a

+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

y²: [ŝας , ŝβς ]

=
∫
p̂ας p̂

′
βς

[[a+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)], [a+

1 (~p′,− ς
2
)a1(~p′,− ς

2
) + a2(~p′,− ς

2
)a+

2 (~p′,− ς
2
)]]d3~pd3~p′

6= 0

íØ3.12.2. [ŝας , ŝβς ] = iεαςβς
γς ŝγς

y²: [ŝας , ŝβς ] =
∫
d3~rd3~r′σας (

1
2
)A
′
ςAςσβς (

1
2
)B
′
ςBς [ψ+

A′ς
(~r, t)ψAς (~r, t), ψ

+
B′ς

(~r′, t)ψBς (~r
′, t)]

=
∫
d3~rd3~r′σας (

1
2
)A
′
ςAς (σβς )

B′ςBς

{−[ψ+
B′ς

(~r′, t), ψ+
A′ς

(~r, t)ψAς (~r, t)]ψBς (~r
′, t)− ψ+

B′ς
(~r′, t)[ψBς (~r

′, t), ψ+
A′ς

(~r, t)ψAς (~r, t)]}
=
∫
d3~rd3~r′σας (

1
2
)A
′
ςAςσβς (

1
2
)B
′
ςBς

{ψ+
A′ς

(~r, t){ψ+
B′ς

(~r′, t), ψAς (~r, t)}ψBς (~r′, t)− ψ+
B′ς

(~r′, t){ψBς (~r′, t), ψ+
A′ς

(~r, t)}ψAς (~r, t)}
=
∫
d3~rσας (

1
2
)A
′
ςAςσβς (

1
2
)B
′
ςBς{ψ+

A′ς
(~r, t)δAςB′ςψBς (~r

′, t)− ψ+
B′ς

(~r′, t)δA′ςBςψAς (~r, t)}
=
∫
d3~r{ψ+(~r, t)σας (

1
2
)σβς (

1
2
)ψ(~r′, t)− ψ+(~r′, t)σβς (

1
2
)σας (

1
2
)ψ(~r, t)}

=
∫
d3~rψ+(~r, t)[σας (

1
2
), σβς (

1
2
)]ψ(~r′, t)

= iεαςβς
γς ŝγς

nÜ±þü:§��gd|±ek:Û%�(Ø§Ôn¿Â´��âf7L¤é�)!�«"

íØ3.12.3. ŝας 6= 0
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3.13 ¥�f|�Äþ�Î�(

½Â3.13.1. ∂̃a := ∂pa , ∂̃π ≡ 1
i|~p|

íØ3.13.1. Lij = −i
∫
ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r

= −i
∫
{a+

1 (~p,− ς
2
)(pi∂pj − pj∂pi)a1(~p,− ς

2
) + a2(~p,− ς

2
)(pi∂pj − pj∂pi)a+

2 (~p,− ς
2
)}d3~p

íØ3.13.2. Liπ = −i
∫
ψ+(~r, t)[ri∂π − it∂i]ψ(~r, t)d3~r

= −i
∫
a+

1 (~p,− ς
2
)( pi
i|~p| − i|~p|∂pi)a1(~p,− ς

2
) + a2(~p,− ς

2
)( pi
i|~p| − i|~p|∂pi)a

+
2 (~p,− ς

2
)d3~p

íØ3.13.3. Sab =
∫
ψ+(~r, t)Sab(

1
2
, ς)ψ(~r, t)d3~r = i

2
σαςςab

∫
ψ+(~r, t)σαςψ(~r, t)d3~r

= −i
∫

[a+
1 (~p,− ς

2
) ς

2
σαςςabp̂αςa1(~p,− ς

2
) + a2(~p,− ς

2
) ς

2
σαςςabp̂αςa

+
2 (~p,− ς

2
)]d3~p

íØ3.13.4. M̂ab = −i(xa∂b − xb∂a) + Ŝab, M̃ab = −i(pa∂̃b − pb∂̃a) + −iς
2
σαςςabp̂ας

��±e�½n"

½n3.13.1. Mab =
∫
ψ+(~r, t)M̂abψ(~r, t)d3~r =

∫
{a+

1 (~p,− ς
2
)M̃aba1(~p,− ς

2
) + a2(~p,− ς

2
)M̃aba

+
2 (~p,− ς

2
)}d3~p

3.14 ¥�f|�5zUþÄþ�Î

íØ3.14.1. H0 = ς
∫
|~p|[a+

1 (~p,− ς
2
)a1(~p,− ς

2
) + a+

2 (~p,− ς
2
)a2(~p,− ς

2
)]d3~p

= iς
2

∫
[ψ+
A′ς

(~r, t), (σ · ∇)A
′
ςAςψAς (~r, t)]d

3~r + ς
2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

y²: H0 = ς
∫
|~p|[a+

1 (~p,− ς
2
)a1(~p,− ς

2
) + a+

2 (~p,− ς
2
)a2(~p,− ς

2
)]d3~p

= 1
(2π)3 ς

∫
|~p|[λA

′
ς

m (p̂,− ς
2
)ψ+

A′ς
(~r′, t)eiςp·x

′
λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

−iςp·x

+ λ+Aς
m (p̂,− ς

2
)ψAς (~r, t)e

iςp·xλ
A′ς
m (p̂,− ς

2
)ψ+

A′ς
(~r′, t)e−iςp·x

′
]d3~pd3~rd3~r′

= 1
(2π)3 ς

∫
|~p|λ+Aς

m (p̂,− ς
2
)λ
A′ς
m (p̂,− ς

2
)[ψ+

A′ς
(~r′, t)ψAς (~r, t)e

−iς~p·(~r−~r′) + ψAς (~r, t)ψ
+
A′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3 ς

∫
(i
√

2)−1(Γa)
A′ςAςpa[ψ+

A′ς
(~r′, t)ψAς (~r, t)e

−iς~p·(~r−~r′) + ψAς (~r, t)ψ
+
A′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= iς
2

∫
[ψ+
A′ς

(~r, t), (σ · ∇)A
′
ςAςψAς (~r, t)]d

3~r + ς
2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

= iς
∫
ψ+(~r, t)σ · ∇ψ(~r, t)d3~r + ς

2

∫
{ψ+

A′ς
(~r, t), δA

′
ςAς
√
−∇2ψAς (~r, t)}d3~r

3.15 ¥�f|�þf�§

íØ3.15.1.

[∂a + iSab(
1
2
, ς)∂b]ψ = 0⇔ [Pa, ψ(~r, t)] = i∂aψ(~r, t);

{ψA(~r, t), ψ+
B(~r′, t)} = δABδ

3(~r − ~r′)

{ψA(~r, t), ψB(~r′, t)} = 0, {ψ+
A(~r, t), ψ+

B(~r′, t)} = 0

íØ3.15.2.[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}[BC,A] = [B,A]C +B[C,A]

[BC,A] = −{B,A}C +B{C,A}

3.16 êÆÚn

Ún3.16.1.[AB,A′B′] = [AB,A′]B′ +A′[AB,B′], [AB,B′A′] = [AB,B′]A′ +B′[AB,A′]

[AB,A′B′] = {AB,A′}B′ −A′{AB,B′}, [AB,B′A′] = {AB,B′}A′ −B′{AB,A′}[A′B′, AB] = [A′, AB]B′ +A′[B′, AB]

[A′B′, AB] = −{A′, AB}B′ +A′{B′, AB}
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íØ3.16.1.[A,BC] = [A,B]C +B[A,C]

[A,BC] = {A,B}C −B{A,C}

[BC,A] = [B,A]C +B[C,A]

[BC,A] = −{B,A}C +B{C,A}

Ún3.16.2. [AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = [A,A′]BB′ +A[B,A′]B′ +A′A[B,B′] +A′[A,B′]B

Ún3.16.3. [AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = −{A,A′}BB′ +A{B,A′}B′ −A′{A,B′}B +A′A{B,B′}

Ún3.16.4. [A,A′] = [B,B′] = 0⇒ [AB,A′B′] = A[B,A′]B′ +A′[A,B′]B

Ún3.16.5. {A,A′} = {B,B′} = 0⇒ [AB,A′B′] = A{B,A′}B′ −A′{A,B′}B

íØ3.16.2.
{ψAς (x), ψ+

A′ς
(x′)} = −i

√
2ΓaAςA′ς∂a∆(x− x′)

{ψAς (x), ψBς (x
′)} = 0

{ψ+
A′ς

(x), ψ+
B′ς

(x′)} = 0

⇒



{ψAς (~r, t), ψ+
A′ς

(~r′, t)} = δAςA′ςδ
3(~r − ~r′)

{ψ̇Aς (~r, t), ψ+
A′ς

(~r′, t)} = (σ · ∇)AςA′ςδ
3(~r − ~r′)

{ψAς (~r, t), ψBς (~r′, t)} = 0

{ψ+
A′ς

(~r, t), ψ+
B′ς

(~r′, t)} = 0

3.17 ¥�f|�$\4é¡5

Ún3.17.1.



Pa = −i
∫
ψ+(~r, t)∂aψ(~r, t)d3~r =

∫
ψ+(~r, t)P̂aψ(~r, t)d3~r

Lab = −i
∫
ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t)d3~r =

∫
ψ+(~r, t)L̂abψ(~r, t)d3~r

Mab =
∫
ψ+(~r, t)[−i(ra∂b − rb∂a) + Ŝab]ψ(~r, t)d3~r =

∫
ψ+(~r, t)M̂abψ(~r, t)d3~r

M̃ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ̇(~r, t)d3~r

M̄ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ(~r, t)d3~r

½n3.17.1.


[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Sab, Scd] = −i(gadSbc − gacSbd + gbcSad − gbdSac)

[Lab, Pc] = −i(gbcPa − gacPb), [Sab, Lcd] = 0, [Sab, Pc] = 0, [Pa, Pb] = 0

[⇒]

[Mab,Mcd] = −i(gadMbc − gacMbd + gbcMad − gbdMac)

[Mab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫

[ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t), ψ+(~r′, t)(r′c∂
′
d − r′d∂′c)ψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)(r′c∂

′
d − r′d∂′c)ψB′(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t){(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)}(r′c∂′d − r′d∂′c)ψB′(~r′, t)

− ψ+
A′(~r

′, t){ψ+
A(~r, t), (r′c∂

′
d − r′d∂′c)ψB′(~r′, t)}(ra∂b − rb∂a)ψB(~r, t)}

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t)δA′B(ra∂b−rb∂a)δ3(~r−~r′)(r′c∂′d−r′d∂′c)ψB′(~r′, t)−ψ+

A′(~r
′, t)δAB′(r

′
c∂
′
d−r′d∂′c)δ3(~r−~r′)(ra∂b−rb∂a)ψB(~r, t)}

= −
∫
d3~rd3~r′

{ψ+(~r, t)(ra∂b − rb∂a)δ3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ(~r′, t)− ψ+(~r′, t)(r′c∂
′
d − r′d∂′c)δ3(~r − ~r′)(ra∂b − rb∂a)ψ(~r, t)}

=
∫
d3~rd3~r′

{ψ+(~r, t)(ra∂
′
b − rb∂′a)δ3(~r − ~r′)(r′c∂′d − r′d∂′c)ψ(~r′, t)− ψ+(~r′, t)(r′c∂d − r′d∂c)δ3(~r − ~r′)(ra∂b − rb∂a)ψ(~r, t)}

= −
∫
d3~r{ψ+(~r, t)(ra∂b − rb∂a)(rc∂d − rd∂c)ψ(~r, t)− ψ+(~r, t)(r′c∂d − rd∂c)(ra∂b − rb∂a)ψ(~r, t)}

=
∫
ψ+(~r, t)[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)[L̂ab, L̂cd]ψ(~r, t)d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)
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y²: [Lab, Pc]

= −δABδA′B′
∫

[ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t), ψ+(~r′, t)∂′cψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)∂′cψB′(~r

′, t)]d3~rd3~r′

= −δABδA′B′
∫
d3~rd3~r′

{ψ+
A(~r, t)[(ra∂b − rb∂a)ψB(~r, t), ψ+

A′(~r
′, t)]∂′cψB′(~r

′, t)− ψ+
A′(~r

′, t)[ψ+
A(~r, t), ∂′cψB′(~r

′, t)](ra∂b − rb∂a)ψB(~r, t)}
= −δABδA′B′

∫
d3~rd3~r′

{ψ+
A(~r, t)δA′B(ra∂b − rb∂a)δ3(~r − ~r′)∂′cψB′(~r′, t)− ψ+

A′(~r
′, t)δAB′∂

′
cδ

3(~r − ~r′)ψB′(~r′, t)](ra∂b − rb∂a)ψB(~r, t)}
=
∫
{ψ+

A(~r, t)δAB
′
(ra∂

′
b − rb∂′a)δ3(~r − ~r′)∂′cψB′(~r′, t)− ψ+

A′(~r
′, t)δA

′B∂cδ
3(~r − ~r′)(ra∂b − rb∂a)ψB(~r, t)}d3~rd3~r′

= −
∫
{ψ+

A(~r, t)δAB
′
(ra∂b − rb∂a)∂cψB′(~r, t)− ψ+

A′(~r, t)δ
A′B∂c(ra∂b − rb∂a)ψB(~r, t)}d3~r

=
∫
ψ+(~r, t)[L̂ab, P̂c]ψ(~r, t)d3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ψ+(~r, t)∂aψ(~r, t), ψ+(~r′, t)∂′bψ(~r′, t)]d3~rd3~r′

= −δABδA′B′
∫

[ψ+
A(~r, t)∂aψB(~r, t), ψ+

A′(~r
′, t)∂′bψB′(~r

′, t)]d3~rd3~r′

= −δABδA′B′
∫
{ψ+

A(~r, t){∂aψB(~r, t), ψ+
A′(~r

′, t)}∂′bψB′(~r′, t)− ψ+
A′(~r

′, t){ψ+
A(~r, t), ∂′bψB′(~r

′, t)}∂aψB(~r, t)}d3~rd3~r′

= −δABδA′B′
∫
{ψ+

A(~r, t)δA′B∂aδ
3(~r − ~r′)∂′bψB′(~r′, t)− ψ+

A′(~r
′, t)δAB′∂

′
bδ

3(~r − ~r′)∂aψB(~r, t)}d3~rd3~r′

= δABδA
′B′
∫
{ψ+

A(~r, t)δA′B∂
′
aδ

3(~r − ~r′)∂′bψB′(~r′, t)− ψ+
A′(~r

′, t)δAB′∂bδ
3(~r − ~r′)∂aψB(~r, t)}d3~rd3~r′

= −
∫
{ψ+

A(~r, t)δAB
′
∂a∂bψB′(~r, t)− ψ+

A′(~r, t)δ
A′B∂b∂aψB(~r, t)}d3~r

=
∫
ψ+(~r, t)[P̂a, P̂b]ψ(~r, t)d3~r = 0

y²: [Sab(t), Scd(t)]

=
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r, t)ScdC

DψD(~r′, t)]d3~rd3~r′

=
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r, t)]ScdC

DψD(~r′, t) + ψ+C(~r, t)[ψ+A(~r, t)SabA
BψB(~r, t), ScdC

DψD(~r′, t)]d3~rd3~r′

=
∫
ψ+A(~r, t){SabABψB(~r, t), ψ+C(~r, t)}ScdCDψD(~r′, t)−ψ+C(~r, t){ψ+A(~r, t), ScdC

DψD(~r′, t)}SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+A(~r, t)SabA

Cδ3(~r − ~r′)ScdCDψD(~r′, t)− ψ+C(~r, t)ScdC
Aδ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, Scd]ψ(~r, t)d3~r

= −i(gadSbc − gacSbd + gbcSad − gbdSac)

y²: [Sab(t), Lcd]

= −i
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r′, t)(r′c∂

′
d − r′d∂′c)ψC(~r′, t)]d3~rd3~r′

= −i
∫
{{ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)}(r′c∂′d − r′d∂′c)ψC(~r′, t)

− ψ+C(~r′, t){ψ+A(~r, t), (r′c∂
′
d − r′d∂′c)ψC(~r′, t)}SabABψB(~r, t)}d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r−~r′)(r′c∂′d− r′d∂′c)ψC(~r′, t)−ψ+C(~r′, t)δAC(r′c∂

′
d− r′d∂′c)δ3(~r−~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r−~r′)(r′c∂′d− r′d∂′c)ψC(~r′, t) +ψ+C(~r′, t)δAC(r′c∂d− r′d∂c)δ3(~r−~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

B(rc∂d − rd∂c)ψB(~r, t)− ψ+A(~r, t)(rc∂d − rd∂c)SabABψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, L̂cd]ψ(~r, t)d3~r = 0

y²: [Sab(t), Pc]

= −i
∫

[ψ+A(~r, t)SabA
BψB(~r, t), ψ+C(~r′, t)∂′cψC(~r′, t)]d3~rd3~r′

= −i
∫
{ψ+A(~r, t)SabA

BψB(~r, t), ψ+C(~r′, t)}∂′cψC(~r′, t)− ψ+C(~r′, t){ψ+A(~r, t), ∂′cψC(~r′, t)}SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)∂′cψC(~r′, t)− ψ+C(~r′, t)δAC∂

′
cδ

3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

BδCBδ
3(~r − ~r′)∂′cψC(~r′, t) + ψ+C(~r′, t)δAC(r′c∂d − r′d∂c)δ3(~r − ~r′)SabABψB(~r, t)d3~rd3~r′

= −i
∫
ψ+A(~r, t)SabA

B∂cψB(~r, t)− ψ+A(~r, t)∂cSabA
BψB(~r, t)d3~rd3~r′

=
∫
ψ+(~r, t)[Sab, P̂c]ψ(~r, t)d3~r = 0
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4 1f^þ|�Cþfz�Y

4.1 1f^þg^�Î�§9Ù²¡Å)

½n4.1.1. [∂a + iSab(1, ς)∂
b]ψ(x) = 0

íØ4.1.1.


ψ(~r, t) := 1

(2π)3/2

∫ √
|~p|λ(p̂,−ς)[a1(~p,−ς)eip·x + a+

2 (~p,−ς)e−ip·x]d3~p√
|~p|a1(~p,−ς) = 1

(2π)3/2

∫
λ+(p̂,−ς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−ς)ψ̇(~r, t)e−ip·xd3~r√
|~p|a+

2 (~p,−ς) = 1
(2π)3/2

∫
λ+(p̂,−ς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−ς)ψ̇(~r, t)eip·xd3~r

½Â4.1.1. ÝK�f:P̂kςk′ς (1, ς) := λkς (p̂,−ς)λ+
k′ς

(p̂,−ς), P̂ 2(1, ς) = P̂ (1, ς), P̂+(1, ς) = P̂ (1, ς)

4.2 1f^þ|�C~êØCÜþ�5�

íØ4.2.1.

Γππkςk′ς (1) = ( 1√
2
)2δkςk′ς

Γiπkςk′ς (1) = −iς( 1√
2
)2σi(1)kςk′ς

Γijkςk′ς (1) = −( 1√
2
)2[σ{i(1)σj}(1)− δij ]kςk′ς = −( 1√

2
)22 1

2!
[σ{i(1)σj}(1)− 1

2
δ{ij}]kςk′ς

Ún4.2.1. Γabkςk′ςpapb = −2|~p|2λkς (p̂,−ς)λ+
k′ς

(p̂,−ς)

y²: Γabkςk′ςpapb

= C2
2Γππkςk′ς (1)p2

π + C1
2Γiπkςk′ς (1)pipπ + C0

2Γijkςk′ς (1)pipj

= ( 1√
2
)2{−|~p|2 + 2|~p|ς[σi(1) · ~p]− 2[σi(1) · ~p]2 + |~p|2}kςk′ς

= ( 1√
2
)2|~p|2{2ς[σi(1) · p̂]− 2[σi(1) · p̂]2}kςk′ς

= ( 1√
2
)2|~p|2{2ς[σi(1) · p̂]− 2[σi(1) · p̂]2}

−1∑
h=1

λ(p̂, h)λ+(p̂, h)}kςk′ς
= −2|~p|2λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)

íØ4.2.2. ÝK�f:P̂kςk′ς (1, ς) = −Γabkςk′ς p̂ap̂b → Γabkςk′ς ∂̂a∂̂b

4.3 1f^þ|êÆþ����Cé´5K

½n4.3.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = δσδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒



[Ψkς (x),Ψ+
k′ς

(x′)]±

= iΓabkςk′ς∂a∂b[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]

[Ψkς (x),Ψβς (x
′)]± = 0

[Ψ+
k′ς

(x),Ψ+
β′ς

(x′)]± = 0

y²: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂′,−ς)

√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]±eip·(x−x
′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)|~p|δ1δ

3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)δ1|~p|eip·(x−x

′)d3~p

= −δ1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papbe
ip·(x−x′)d3~p

= iδ1Γabkςk′ς∂a∂b∆
(+)(x− x′)

y²: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(~p′,−ς)

√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]±e−ip·(x−x
′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(~p′,−ς)|~p|δ2δ

3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)δ2|~p|e−ip·(x−x

′)d3~p

= ± −δ2
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papbe
−ip·(x−x′)d3~p

= −± iδ2Γabkςk′ς∂a∂b∆
(−)(x− x′)
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y²: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= iδ1Γabkςk′ς∂a∂b∆
(+)(x− x′)−±iδ2Γabkςk′ς∂a∂b∆

(−)(x− x′)
= iΓabkςk′ς∂a∂b[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= iΓabkςk′ς∂a∂b[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]
= iΓabkςk′ς∂a∂b[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]

lþª��§�kδ1 ± δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆ

þl«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷vé´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"

4.4 1f^þ|��Cé´5K

lþ!��§kÔn¿Â�é´5KXeµ£�
�p<y§#�
y²¤

½n4.4.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

y²: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
d3~pd3~p′

λkς (p̂,−ς)λ+
k′ς

(p̂,−ς)|~p|1/2|~p′|1/2{[a1(~p,−ς), a+
1 (~p′,−ς)]eip·(x−x′) + [a+

2 (~p,−ς), a2(~p′,−ς)]e−ip·(x−x′)}
= 1

(2π)3

∫
|~p|λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)[δ3(~p− ~p′)eip·(x−x′) − δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|λkς (p̂,−ς)λ+

k′ς
(p̂,−ς)[eip·(x−x′) − e−ip·(x−x′)]d3~p

= − 1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

papb[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|Γ
ab
kςk′ς

∂a∂b[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= iΓabkςk′ς∂a∂b
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= iΓabkςk′ς∂a∂b∆(x− x′)

4.5 1f^þ|���é´5K

íØ4.5.1.


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ςδ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

íØ4.5.2.


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ςδ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

⇒


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

y²: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+kς (p̂,−ς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−ς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ∇]kςk′ςδ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ~p]kςk′ς ie

−i(~p·~r−Et)ei(~p
′·~r−E′t)d3~r

= −ς 1
|~p|λ

+kς (p̂,−ς)λk′ς (p̂,−ς)[σ(1) · ~p]kςk′ςδ
3(~p− ~p′)

= −ςλ+(p̂,−ς)σ(1)·~p
|~p| λ(p̂,−ς)δ3(~p− ~p′)

= λ+(p̂,−ς)λ(p̂,−ς)δ3(~p− ~p′)
= δ3(~p− ~p′)
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y²: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+kς (p̂,−ς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−ς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ∇]kςk′ςδ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+kς (p̂,−ς)λk′ς (~p′,−ς)[σ(1) · ~p]kςk′ς (−i)e

i(~p·~r−Et)e−i(~p
′·~r−E′t)d3~r

= ς 1
|~p|λ

+kς (p̂,−ς)λk′ς (p̂,−ς)[σ(1) · ~p]kςk′ςδ
3(~p− ~p′)

= ςλ+(p̂,−ς)σ(1)·~p
|~p| λ(p̂,−ς)δ3(~p− ~p′)

= −λ+(p̂,−ς)λ(p̂,−ς)δ3(~p− ~p′)
= −δ3(~p− ~p′)

4.6 1f^þ|�é´5K�(

±þA��!�y²�Ð/¤��Ü64�§�kXe5�µ

íØ4.6.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = δσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)

[aσ(~p), aσ′(~p
′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

íØ4.6.2.


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇔


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = iς[σ(1) · ∇]kςk′ςδ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

íØ4.6.3. σ−ς = Sem(ς)(σ ⊗ I)S+
em(ς), σ+ς = Sem(ς)(I ⊗ σ)S+

em(ς), γ = Sm(1)σ(1)S−m(1)

4.7 >^|õ«^þ/ª��dé´5K

½n4.7.1.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔



[ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ΨAςBς (x),ΨCςDς (x
′)] = 0

[Ψ+
A′ςB

′
ς
(x),Ψ+

C′ςD
′
ς
(x′)] = 0

y²: [ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= [ iς√
2
σαςAςBςΨας (x), −iς√

2
σ
α′ς
A′ςB

′
ς
Ψα′ς

(x′)]

= 1
2
σαςAςBςσ

α′ς
A′ςB

′
ς
[Ψας (x),Ψα′ς

(x′)]

= 1
2
σαςAςBςσ

α′ς
A′ςB

′
ς
iσabαςα′ς∂a∂b∆(x− x′)

= i
2
σαςAςBςσ

α′ς
A′ςB

′
ς

−iς√
2

(σ, iς)aCςC′ς
−iς√

2
(σ, iς)bDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας

∂a∂b∆(x− x′)

= − i
8
σαςAςBςσ

CςDς
ας

σ
α′ς
A′ςB

′
ς
σ
C′ςD

′
ς

α′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8
δCς{Aςδ

Dς
Bς}δ

C′ς
(A′ς
δ
D′ς
B′ς)

(σ, iς)aCςC′ς (σ, iς)
b
DςD′ς

∂a∂b∆(x− x′)
= − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)∂a∂b∆(x− x′)

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

y²: [Ψας (x),Ψ+
α′ς

(x′)]

= [ iς√
2
σAςBςας

ΨAςBς (x), −iς√
2
σ
A′ςB

′
ς

α′ς
Ψ+
A′ςB

′
ς
(x′)]

= 1
2
σAςBςας

σ
A′ςB

′
ς

α′ς
[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]
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= − i
4
σAςBςας

σ
A′ςB

′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

½n4.7.2.

[ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ΨAςBς (x),ΨCςDς (x
′)] = 0

[Ψ+
A′ςB

′
ς
(x),Ψ+

C′ςD
′
ς
(x′)] = 0

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

y²: [Ψkς (x),Ψ+
k′ς

(x′)]

= [ΓAςBςkς
(1)ΨAςBς (x),Γ

A′ςB
′
ς

k′ς
(1)Ψ+

A′ςB
′
ς
(x′)]

= ΓAςBςkς
(1)Γ

A′ςB
′
ς

k′ς
(1)[ΨAςBς (x),Ψ+

A′ςB
′
ς
(x′)]

= − i
2
ΓAςBςkς

(1)Γ
A′ςB

′
ς

k′ς
(1)(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

y²: [ΨAςBς (x),Ψ+
A′ςB

′
ς
(x′)]

= [ΓkςAςBς (1)ψkς (x),Γ
k′ς
A′ςB

′
ς
(1)ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)[ψkς (x), ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)iΓabkςk′ς∂a∂b∆(x− x′)

= − i
2
ΓkςAςBς (1)Γ

k′ς
A′ςB

′
ς
(1)ΓCςDςkς

(1)Γ
C′ςD

′
ς

k′ς
(1)(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8
δ
{Cς
Aς

δ
Dς}
Bς

δ
(C′ς
A′ς
δ
D′ς)

B′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)
= − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
B}ςB′ς)∂a∂b∆(x− x′)

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

Ún4.7.1. σabαςα′ς = Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς ,Γ
ab
kςk′ς

= Γαςkς (1)Γ
α′ς
k′ς

(1)σabαςα′ς

½n4.7.3.
[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

y²: [Ψkς (x),Ψ+
k′ς

(x′)]

= [Γαςkς (1)Ψας (x),Γ
α′ς
k′ς

(1)Ψ+
α′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)[Ψkς (x),Ψ+
k′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)iσabαςα′ς∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

y²: [Ψας (x),Ψ+
α′ς

(x′)]

= [Γkςας (1)Ψkς (x),Γ
k′ς
α′ς

(1)Ψ+
k′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)[Ψας (x),Ψ+
α′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)iΓabkςk′ς∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)
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4.8 1f^þ|�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ4.8.1.

∆kςk′ς
(1;x) := Γabkςk′ς∂a∂b∆(x)

∆
(+)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(+)(x)

∆
(−)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(−)(x)

∆
(l)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(l)(x)

íØ4.8.2.

∆
(c)
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
(c)(x) + {Γππkςk′ς [∂tδ(t) + δ(t)∂t] + 2iΓiπkςk′ςδ(t)∂i}∆(x) = Γabkςk′ς∂a∂b∆

(c)(x)− Γππkςk′ςδ
4(x)

∆ret
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
ret(x) + {Γππkςk′ς [∂tδ(t) + δ(t)∂t] + 2iΓiπkςk′ςδ(t)∂i}∆(x) = Γabkςk′ς∂a∂b∆

ret(x)− Γππkςk′ςδ
4(x)

∆adv
kςk′ς

(1;x) := Γabkςk′ς∂a∂b∆
adv(x) + {Γππkςk′ς [∂tδ(t) + δ(t)∂t] + 2iΓiπkςk′ςδ(t)∂i}∆(x) = Γabkςk′ς∂a∂b∆

adv(x)− Γππkςk′ςδ
4(x)

∆Fkςk′ς
(1;x) := Γabkςk′ς∂a∂b∆F (x) + i{Γππkςk′ς [∂tδ(t) + δ(t)∂t] + 2iΓiπkςk′ςδ(t)∂i}∆(x) = Γabkςk′ς∂a∂b∆F (x)− iΓππkςk′ςδ

4(x)

= i∆
(c)
kςk′ς

(1;x),∆Fkςk′ς
(1; p) =

iΓab
kςk′ς

papb

p2−iε + · · ·

íØ4.8.3.

[∂a + iSab(1, ς)∂
b]∆(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(+)(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(−)(1;x) = 0

[∂a + iSab(1, ς)∂
b]∆(l)(1;x) = 0



[∂a + iSab(1, ς)∂b]∆
(c)(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆
ret(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆
adv(1;x) = −ς[σ(1), iς]aδ(t)∆(1;x)|t=0

[∂a + iSab(1, ς)∂b]∆F (1;x) = −iς[σ(1), iς]aδ(t)∆(1;x)|t=0

[m] [m]

íØ4.8.4.

(σ ⊗ I,−iς)a∂aN(1)∆(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(+)(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(−)(1;x) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(l)(1;x) = 0



(σ ⊗ I,−iς)a∂aN(1)∆(c)(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆ret(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆adv(1;x) = −ςδ(t)N(1)∆(1;x)|t=0

(σ ⊗ I,−iς)a∂aN(1)∆F (1;x) = −iςδ(t)N(1)∆(1;x)|t=0

[m] [m]

íØ4.8.5.

(σ ⊗ I,−iς)a∂aN(1)∆(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(+)(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(−)(1;x)N̄(1) = 0

(σ ⊗ I,−iς)a∂aN(1)∆(l)(1;x)N̄(1) = 0



(σ ⊗ I,−iς)a∂aN(1)∆(c)(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆ret(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆adv(1;x)N̄(1) = −ςδ(t)N(1)∆(1;x)|t=0N̄(1)

(σ ⊗ I,−iς)a∂aN(1)∆F (1;x)N̄(1) = −iςδ(t)N(1)∆(1;x)|t=0N̄(1)

[⇓] [⇓]

íØ4.8.6.

[σ(1),−iς]a∂a∆(1;x) = 0

[σ(1),−iς]a∂a∆(+)(1;x) = 0

[σ(1),−iς]a∂a∆(−)(1;x) = 0

[σ(1),−iς]a∂a∆(l)(1;x) = 0



[σ(1),−iς]a∂a∆(c)(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆ret(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆adv(1;x) = −ςδ(t)∆(1;x)|t=0

[σ(1),−iς]a∂a∆F (1;x) = −iςδ(t)∆(1;x)|t=0
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4.9 1f^þ|�þf�§

íØ4.9.1.

[∂a + iSab(1, ς)∂
b]ψ = 0⇔ [Pa, ψ(~r, t)] = i∂aψ(~r, t);

[ψkς (~r, t), ψ
+
k′ς

(~r′, t)] = iςσi(1)kςk′ς∂iδ
3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

4.10 1f^þ|�$\4é¡5

íØ4.10.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

íØ4.10.2.

Γππkςk′ς (1) = ( 1√
2
)2δkςk′ς

Γiπkςk′ς (1) = −iς( 1√
2
)2σi(1)kςk′ς

Γijkςk′ς (1) = −( 1√
2
)2[σ{i(1)σj}(1)− δij ]kςk′ς = −( 1√

2
)22 1

2!
[σ{i(1)σj}(1)− 1

2
δ{ij}]kςk′ς

íØ4.10.3. Γab(1)∂a∂b∂π∆(x− x′)|t=t′ = i{Γij(1)∂i∂jδ
3(~r − ~r′)− Γππ(1)∇2δ3(~r − ~r′)} = −i[σ(1) · ∇]2δ3(~r − ~r′)

íØ4.10.4.
[ψ̇kς (x), ψ+

k′ς
(x′)] = −Γabkςk′ς∂a∂b|∂π∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[
ψ̇kς (~r,t)√

(−∇2)
,
ψ+

k′ς
(~r′,t)

√
(−∇′2)

] = −i[σ(1) · ∇̂]2δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)] = 0

íØ4.10.5.

P̂a(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r = −i
∫ ψ̇+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r = −i
∫ ψ̇+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

½n4.10.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)√

−∇2 ,
ψ+(~r′,t)√
−∇′2 (r′c∂

′
d − r′d∂′c)

iψ̇(~r′,t)√
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 [(ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ](r′c∂

′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2

+
ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2 , (r

′
c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

√
−∇′2 ](ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c){−i[σ(1) · ∇̂′]2}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂

′
b − rb∂′a){−i[σ(1) · ∇̂′]2}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂d − r′d∂c){−i[σ(1) · ∇̂]2}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~r

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς (rc∂d − rd∂c)

ψ̇l′ς
(~r,t)

√
−∇2
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−
ψ+

k′ς
(~r,t)

√
−∇2 (rc∂d − rd∂c){−i[σ(1) · ∇̂]2}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 }

= −
∫ ψ+(~r,t)√

−∇2 [−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)]{−i[σ(1) · ∇̂]2} ψ̇(~r,t)√
−∇2 d

3~r

=
∫ ψ+(~r,t)√

−∇2 [L̂ab, L̂cd]
iψ̇(~r,t)√
−∇2 d

3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)√

−∇2 ,
ψ+(~r′,t)√
−∇′2 ∂

′
c
iψ̇(~r′,t)√
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

ψ̇l′ς
(~r′,t)

√
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 [(ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ]∂′c

ψ̇l′ς
(~r′,t)

√
−∇′2 +

ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2 , ∂

′
c

ψ̇l′ς
(~r′,t)

√
−∇′2 ](ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c{−i[σ(1) · ∇̂′]2}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂

′
b − rb∂′a){−i[σ(1) · ∇̂′]2}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂c{−i[σ(1) · ∇̂]2}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~r

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a){−i[σ(1) · ∇̂]2}lςk′ς∂c

ψ̇l′ς
(~r,t)

√
−∇2 −

ψ+

k′ς
(~r,t)

√
−∇2 ∂c{−i[σ(1) · ∇̂]2}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)√
−∇2 }

= −
∫ ψ+(~r,t)√

−∇2 [−i(ra∂b − rb∂a),−i∂′c]{−i[σ(1) · ∇̂]2} ψ̇(~r,t)√
−∇2 d

3~r

=
∫ ψ+(~r,t)√

−∇2 [L̂ab, P̂c]
iψ̇(~r,t)√
−∇2 d

3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ψ
+(~r,t)√
−∇2 ∂a

iψ̇(~r,t)√
−∇2 ,

ψ+(~r′,t)√
−∇′2 ∂

′
b
iψ̇(~r′,t)√
−∇′2 ]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)
√
−∇2 ∂a

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
b

ψ̇l′ς
(~r′,t)

√
−∇′2 ]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′{ψ

+
kς

(~r,t)
√
−∇2 [∂a

ψ̇lς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ]∂′b

ψ̇l′ς
(~r′,t)

√
−∇′2 +

ψ+

k′ς
(~r′,t)

√
−∇′2 [

ψ+
kς

(~r,t)
√
−∇2 , ∂

′
b

ψ̇l′ς
(~r′,t)

√
−∇′2 ]∂a

ψ̇lς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 {−i[σ(1) · ∇̂]2}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {−i[σ(1) · ∇̂′]2}l′ςkς∂

′
bδ

3(~r′ − ~r)∂a
ψ̇lς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 {−i[σ(1) · ∇̂′]2}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {−i[σ(1) · ∇̂]2}l′ςkς∂bδ

3(~r − ~r′)∂a
ψ̇lς (~r,t)√
−∇2 }

=
∫
{ψ

+
kς

(~r,t)
√
−∇2 {−i[σ(1) · ∇̂]2}kς l′ς∂a∂b

ψ̇l′ς
(~r,t)

√
−∇2 −

ψ+

k′ς
(~r,t)

√
−∇2 {−i[σ(1) · ∇̂]2}k′ς lς∂b∂a

ψlς (~r,t)√
−∇2 }d3~r

=
∫ ψ+(~r,t)√

−∇2 (∂a∂b − ∂b∂a){−i[σ(1) · ∇̂]2} ψ̇(~r,t)√
−∇2 d

3~r

=
∫ ψ+(~r,t)√

−∇2 (∂a∂b − ∂b∂a)−iψ̇(~r,t)√
−∇2 d

3~r

=
∫ ψ+(~r,t)√

−∇2 [P̂a, P̂b]
iψ̇(~r,t)√
−∇2 d

3~r = 0

4.11 1fg^�$\4é¡5

½n4.11.1.


∇ · ~E = −ρ,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = − ~J + ∂t ~E

Ã = ∇× ~B
−∇2 , φ̃ = ∇·~E

−∇2

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃

∇2φ̃ = ρ,∇ · Ã = 0

~E = −∂tÃ−∇φ̃, ~B = ∇× Ã

470



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 124Ù Ã�þâf��Cþfz�Y

íØ4.11.1.


[∂a + iSab(γ, ς)∂

b]Ψ = −iσ[βς ]
ςab J

b

Ã = −i√
2

∇×(Ψ−Ψ∗)
∇2 , iφ̃ = −i√

2

∇·(Ψ+Ψ∗)
∇2

Fab = i
2
(σα

′

−abψα′ + σα+abψα)

⇔


∇2Ã− ∂2

t Ã = ~J + ∂t∇φ̃

∇2φ̃ = ρ,∇ · Ã = 0
√

2Ψ = −∂tÃ−∇φ̃− iς∇× Ã

½Â4.11.1. >^|E¥þψας := i
2
σabςαςFab = iς(E − iςB)ας = (iςE +B)ας

½Â4.11.2. ψα = i(E − iB)α, ψ
∗
α = ψα′ = −i(E + iB)α′

SO(4)+)¤�Ý
��©|µ

σ+ = R+ L = {
[

0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0

]
,

[
0 0 i 0
0 0 0 i
−i 0 0 0
0 −i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 i
0 0 −i 0

]
} (24.1a)

SO(4)+)¤�Ý
�K©|µ

σ− = R− L = {
[

0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 i 0
0 0 0 −i
−i 0 0 0
0 i 0 0

]
,

[
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

]
} (24.2a)

½n4.11.2. Σijπ = FiπAj − FjπAi = −i(EiAj − EjAi)
= i

2
(σα−iπψ

∗
α + σα+iπψα) −i√

2
εjlm

∂l(Ψ−Ψ∗)m

∇2 − i
2
(σα−jπψ

∗
α + σα+jπψα) −i√

2
εilm

∂l(Ψ−Ψ∗)m

∇2

= 1
2
√

2
[(−iψ∗i + iψi)εjlm − (−iψ∗j + iψj)εilm]∂

l(Ψ−Ψ∗)m

∇2

= 1
4
[(ψi − ψ∗i )εjlm − (ψj − ψ∗j )εilm]∂

l(ψ+ψ∗)m

∇2

= i(Eiεjlm − Ejεilm)∂
lBm

∇2

½n4.11.3. εkijΣijπ = εkiji(Eiεjlm − Ejεilm)∂
lBm

∇2 = −2i[
~E√
−∇2 · ∂k

~B√
−∇2 − (

~E√
−∇2 · ∇) Bk√

−∇2 ]

εαςβςγςε
γς
ρςσς = δαςρςδβςσς − δαςσςδβςρς

½n4.11.4. Lijπ = xiFkπ∂jA
k − xjFkπ∂iAk = −iEk(xi∂j − xj∂i)Ak = −iEk(xi∂j − xj∂i)εklm ∂lBm

−∇2

½n4.11.5. εkijLijπ = −iEn(xi∂j − xj∂i)εkijεnlm ∂lBm
−∇2

½n4.11.6. Σiππ = FiπAπ − FππAi = Eiφ

½n4.11.7. Liππ = xiFkπ∂πA
k − xπFkπ∂iAk − 1

2
xi ~E

2 + 1
2
xi ~B

2 = −iEk(xi∂π − xπ∂i)Ak − 1
2
xi ~E

2 + 1
2
xi ~B

2

5 >^|E|r�Cþfz#�Y
�!�¤>^L�2gé1f�Cþfz�Y#?1
�g���£ã§�B�¡Ù!¦^"

5.1 >^|�§�«�d/ª [24, 26]

½Â5.1.1. Ψας := −iς√
2
ψας = −iς√

2
i
2
σabςαςFab = −iς√

2
iς(E − iςB)ας

½Â5.1.2. Ψ := 1√
2
( ~E − iς ~B) = 1√

2
( ~E − iς∇× ~A),Ψi = 1√

2
(Ei − iςεijk∂jAk), p · x := ~p · ~r − Et

½n5.1.1.∂aFab = 0

∂a ∗ Fab = 0
⇔

∇ · ~E = 0,∇× ~E = −∂t ~B

∇ · ~B = 0,∇× ~B = ∂t ~E
⇔

(γ,−iς)a∂aΨ = 0

∇ ·Ψ = 0
⇔

[∂a + iSab(γ, ς)∂
b]Ψ = 0

Sab(γ, ς) = iσαςςabγας (s)

5.2 >^|E|rg^�§9Ù²¡Å)

½n5.2.1. [∂a + iSab(γ, ς)∂
b]Ψ(x) = 0

íØ5.2.1.


Ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

√
|~p|λm(p̂,−ς)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p√
|~p|a1(~p,−ς) = 1

(2π)3/2

∫
λ+
m(p̂,−ς)Ψ(~r, t)e−iςp·xd3~r√

|~p|a+
2 (~p,−ς) = 1

(2π)3/2

∫
λ+
m(p̂,−ς)Ψ(~r, t)eiςp·xd3~r
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íØ5.2.2. (γ,−iς)a∂a 1
(2π)3/2

∫
~p6=0

−1∑
h=1

√
|~p|λm(p̂, h)[a1(~p,−ς)eiςp·x + a+

2 (~p,−ς)e−iςp·x]d3~p = 0

∫
~p6=0

−1∑
h=1

√
|~p|(γ,−iς)apaλm(p̂, h)[a1(~p,−ς)eiςp·x − a+

2 (~p,−ς)e−iςp·x]d3~p = 0

5.3 >^|~êØCÜþσabαςα′ς�5�

l~êØCÜþ©Û��µ

íØ5.3.1.

σππαςα′ς = 1
2
δαςα′ς

σkπαςα′ς = σπkαςα′ς = − ς
2
εkαςα′ς

σklαςα′ς = 1
2
(δkαςδ

l
α′ς

+ δkα′ςδ
l
ας
− δklδαςα′ς )

íØ5.3.2. σabαςα′ς∂a∂b = ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

y²: σabαςα′ς∂a∂b = σklαςα′ς∂k∂l + 2σkπαςα′ς∂k∂π + σππαςα′ς∂π∂π

= ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 − ∂2
π)− ςεkαςα′ς∂k∂π

= ∂ας∂α′ς −
1
2
δαςα′ς (∇

2 + ∂2
t ) + iςεkαςα′ς∂k∂t

íØ5.3.3. σabαςα′ςpapb = pαςpα′ς − δαςα′ς |~p|
2 − iςεkαςα′ςpk|~p|

íØ5.3.4. σabαςα′ς∂a∂b∆(x) = (∂ας∂α′ς − δαςα′ς∇
2 + iςεkαςα′ς∂k∂t)∆(x) = −σabαςα′ςpapb∆(x)

íØ5.3.5.σab{αςα′ς}∂a∂b = 2∂ας∂α′ς − δαςα′ς (∇
2 + ∂2

t )

σab[αςα′ς ]
∂a∂b = 2iςεkαςα′ς∂k∂t = −2ς(γ · ∇)αςα′ς∂t

σab{αςα′ς}∂a∂b∆(x) = 2(∂ας∂α′ς − δαςα′ς∇
2)∆(x)

σab[αςα′ς ]
∂a∂b∆(x) = 2iςεkαςα′ς∂k∂t∆(x)

íØ5.3.6.σab{αςα′ς}papb = 2(pαςpα′ς − δαςα′ς |~p|
2)

σab[αςα′ς ]
papb = −2iςεkαςα′ςpk|~p| = 2ςγkαςα′ςpk|~p|

σab{αςα′ς}p̂ap̂b = 2(p̂ας p̂α′ς − δαςα′ς )

σab[αςα′ς ]
p̂ap̂b = −2iςεkαςα′ς p̂k = 2ςγkαςα′ς p̂k

Ún5.3.1. σabαςα′ςpapb = −2|~p|2λmας (p̂,−ς)λ+
mα′ς

(p̂,−ς)

y²: σabαςα′ςpapb

= pαςpα′ς + ςγkαςα′ςpk|~p| − δαςα′ς |~p|
2

= pαςpα′ς + ς|~p|γkας βςpkδβςα′ς − δαςα′ς |~p|
2

= λmας (p̂, 0)λ+
mα′ς

(p̂, 0)|~p|2 + ς|~p|γkας βςpk
−1∑
h=1

λmβς (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2

= λmας (p̂, 0)λ+
mα′ς

(p̂, 0)|~p|2 + ς|~p|[ς|~p|λmβς (p̂, ς)λ+
mα′ς

(p̂, ς)− ς|~p|λmβς (p̂,−ς)λ+
mα′ς

(p̂,−ς)]− δαςα′ς |~p|
2

= |~p|2
−1∑
h=1

λmας (p̂, h)λ+
mα′ς

(p̂, h)− δαςα′ς |~p|
2 − 2|~p|2λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)

= −2|~p|2λmας (p̂,−ς)λ+
mα′ς

(p̂,−ς)

±þÚnr~êØCÜþ©Û�Ú^Ý©ÛéXå5
"

íØ5.3.7.

(σabp̂ap̂b)
n = (−2)n−1σabp̂ap̂b

(σ
ab∂a∂b
∇2 )n = (−2)n−1 σ

ab∂a∂b
∇2

(p̂T p̂− 1)n = (−1)n−1(p̂T p̂− 1)

(∇
T∇
∇2 − 1)n = (−2)n−1(∇

T∇
∇2 − 1)

íØ5.3.8.

(ςγ · p̂)2n = −(p̂T p̂− 1)

(−iςγ·∇√
−∇2 )2n = −(∇

T∇
∇2 − 1)

(ςγ · p̂)2n−1 = (ςγ · p̂)

(−iςγ·∇√
−∇2 )2n−1 = (−iςγ·∇√

−∇2 )

íØ5.3.9.

(p̂T p̂− 1)(ςγ · p̂) = (ςγ · p̂)(p̂T p̂− 1) = −(ςγ · p̂)

(∇
T∇
∇2 − 1)(−iςγ·∇√

−∇2 ) = (−iςγ·∇√
−∇2 )(∇

T∇
∇2 − 1) = −(−iςγ·∇√

−∇2 )
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5.4 >^|êÆþ����Cé´5K

½n5.4.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)]± = ς

0
1δσδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)]± = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)]± = 0

⇒



[Ψας (x),Ψ+
α′ς

(x′)]±

= iς
1
0σabαςα′ς∂a∂b[δ1∆(+ς)(x− x′)−±δ2∆(−ς)(x− x′)]

[Ψας (x),Ψβς (x
′)]± = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)]± = 0

y²: [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]±eiς~p·(x−x
′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ς0

1δ1δ
3(~p− ~p′)eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς0

1δ1|~p|eiς~p·(x−x
′)d3~p

= −ς
0
1δ1

(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
iςp·(x−x′)d3~p

= iς
1
0δ1σ

ab
αςα′ς

∂a∂b∆
(+ς)(x− x′)

y²: [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]±e−iς~p·(x−x
′)d3~pd3~p′

= ± 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ς0

1δ2δ
3(~p− ~p′)e−iς~p·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς0

1δ2|~p|e−iς~p·(x−x
′)d3~p

= ±−ς
0
1δ2

(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
−iςp·(x−x′)d3~p

= −± iς1
0δ2σ

ab
αςα′ς

∂a∂b∆
(−ς)(x− x′)

y²: [Ψας (x),Ψ+
α′ς

(x′)]±

= [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]± + [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]±

= iς
1
0δ1σ

ab
αςα′ς

∂a∂b∆
(+ς)(x− x′)−±iς1

0δ2σ
ab
αςα′ς

∂a∂b∆
(−ς)(x− x′)

= iς
1
0σabαςα′ς∂a∂b[δ1∆(+ς)(x− x′)−±δ2∆(−ς)(x− x′)]

= iς
1
0σabαςα′ς∂a∂b[(δ1 ± δ2)∆(+ς)(x− x′)−±δ2∆(x− x′)]

lþª��§�kδ1 ± δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆ

þl«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷vé´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"

5.5 >^|Ôn��Cé´5K

lþ!��§kÔn¿Â�é´5KXeµ£�
�p<y§#�
y²¤

½n5.5.1.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

y²: [Ψας (x),Ψ+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

d3~pd3~p′

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|{[a1(~p,−ς), a+

1 (~p′,−ς)]eiς~p·(x−x′) + [a+
2 (~p,−ς), a2(~p′,−ς)]e−iς~p·(x−x′)}

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|[ςδ3(~p− ~p′)eiς~p·(x−x′) − ςδ3(~p− ~p′)e−iς~p·(x−x′)]}d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|[eiς~p·(x−x′) − e−iς~p·(x−x′)}d3~p

= −ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papb[e
iςp·(x−x′) − e−iςp·(x−x′)]d3~p
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= iςσabαςα′ς∂a∂b∆[ς(x− x′)]
= iσabαςα′ς∂a∂b∆(x− x′)

½n5.5.2.
[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇒


[Ψ

(τ)
ας (x),Ψ

(κ)+
α′ς

(x′)] = iδτκσabαςα′ς∂a∂b∆
(τ)(x− x′)

[Ψ
(τ)
ας (x),Ψ

(κ)
βς

(x′)] = 0

[Ψ
(τ)+
α′ς

(x),Ψ
(κ)+
β′ς

(x′)] = 0

y²: [Ψ
(+ς)
ας (x),Ψ

(+ς)+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a1(~p,−ς), a+

1 (~p′,−ς)]eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ςδ3(~p− ~p′)eiς~p·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|eiς~p·(x−x′)d3~p

= −ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
iςp·(x−x′)d3~p

= iσabαςα′ς∂a∂b∆
(+ς)(x− x′)

y²: [Ψ
(−ς)
ας (x),Ψ

(−ς)+
α′ς

(x′)]

= 1
(2π)3

∫
~p6=0

λmας (p̂,−ς)λ+
mα′ς

(~p′,−ς)
√
|~p||~p′|[a+

2 (~p,−ς), a2(~p′,−ς)]e−iς~p·(x−x′)d3~pd3~p′

= − 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(~p′,−ς)|~p|ςδ3(~p− ~p′)e−iς~p·(x−x′)d3~pd3~p′

= − 1
(2π)3

∫
λmας (p̂,−ς)λ+

mα′ς
(p̂,−ς)ς|~p|e−iς~p·(x−x′)d3~p

= ς
(2π)3

∫
1

2|~p|σ
ab
αςα′ς

papbe
−iςp·(x−x′)d3~p

= iσabαςα′ς∂a∂b∆
(−ς)(x− x′)

5.6 >^|���é´5K

íØ5.6.1.


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇒


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ
3(~r − ~r′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

y²: [Ψας (x),Ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
⇒ [Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = 2iσkπαςα′ς∂k∂π∆(x− x′)|t=t′
⇔ [Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ
3(~r − ~r′)

íØ5.6.2.


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ
3(~r − ~r′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

⇒


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

y²: [a1(~p,−ς), a+
1 (~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iς(~p·~r−Et), λ
α′ς
m (~p′,−ς)Ψ+

α′ς
(~r′, t)eiς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)]e−iς(~p·~r−Et)eiς(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς∂kδ

3(~r − ~r′)e−iς(~p·~r−Et)eiς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς iςpke

−iς(~p·~r−Et)eiς(~p
′·~r−E′t)d3~r

= − 1
|~p|λ

+ας
m (p̂,−ς)λα

′
ς
m (p̂, h′)γkαςα′ςpkδ

3(~p− ~p′)
= −λ+

m(p̂,−ς)γ
kpk
|~p| λm(p̂,−ς)δ3(~p− ~p′)

= ςλ+
m(p̂,−ς)λm(p̂,−ς)δ3(~p− ~p′)

= ςδ3(~p− ~p′)
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y²: [a+
2 (~p,−ς), a2(~p′,−ς)]

= 1
(2π)3

1√
|~p||~p′|

∫
[λ+ας
m (p̂,−ς)Ψας (~r, t)e

iς(~p·~r−Et), λ
α′ς
m (~p′,−ς)Ψ+

α′ς
(~r′, t)e−iς(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)]eiς(~p·~r−Et)e−iς(~p
′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς∂kδ

3(~r − ~r′)eiς(~p·~r−Et)e−iς(~p′·~r′−E′t)d3~rd3~r′

= iς 1
(2π)3

1√
|~p||~p′|

∫
λ+ας
m (p̂,−ς)λα

′
ς
m (~p′,−ς)γkαςα′ς (−iςpk)e

iς(~p·~r−Et)e−iς(~p
′·~r−E′t)d3~r

= 1
|~p|λ

+ας
m (p̂,−ς)λα

′
ς
m (p̂, h′)γkαςα′ςpkδ

3(~p− ~p′)
= λ+

m(p̂,−ς)γ
kpk
|~p| λm(p̂, h′)δ3(~p− ~p′)

= −ςλ+
m(p̂,−ς)λm(p̂, h′)δ3(~p− ~p′)

= −ςδ3(~p− ~p′)

5.7 >^|é´5K�(

±þA��!�y²�Ð/¤��Ü64�§�kXe5�µ

íØ5.7.1.


[aσ(~p,−ς), a+

σ′(~p
′,−ς)] = ςδσσ′δ

3(~p− ~p′)

[aσ(~p,−ς), aσ′(~p′,−ς)] = 0

[a+
σ (~p,−ς), a+

σ′(~p
′,−ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)

[aσ(~p), aσ′(~p
′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

íØ5.7.2.


[Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[Ψας (x),Ψβς (x
′)] = 0

[Ψ+
α′ς

(x),Ψ+
β′ς

(x′)] = 0

⇔


[Ψας (~r, t),Ψ

+
α′ς

(~r′, t)] = ςεkαςα′ς∂kδ
3(~r − ~r′)

[Ψας (~r, t),Ψβς (~r
′, t)] = 0

[Ψ+
α′ς

(~r, t),Ψ+
β′ς

(~r′, t)] = 0

5.8 >^|�é´¼ê!ÏJ¼êÚ¤ùDÂf(Ð��Å{3ÅÅ����KÒ)

½Â5.8.1.

[ϕ(x), ϕ(x′)] = i∆(x− x′), ϕ+(x) = ϕ(x)

∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

Nm(1) =
[
I3
0

]
, N̄m(1) = [I3, 0]



∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)

½Â5.8.2. ∆̃()(x) :=
[

∆()(x)
0

]
,∆(c)(x− x′) := i〈Tϕ(x)ϕ(x′)〉0, ~∂ := (∂x, ∂y, ∂z)

íØ5.8.1.

∆αςα′ς
(γ;x) := σabαςα′ς∂a∂b∆(x)

∆
(+)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(+)(x)

∆
(−)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(−)(x)

∆
(l)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(l)(x)



∆
(c)
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
(c)(x)− σππαςα′ςδ

4(x)

∆ret
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
ret(x)− σππαςα′ςδ

4(x)

∆adv
αςα′ς

(γ;x) := σabαςα′ς∂a∂b∆
adv(x)− σππαςα′ςδ

4(x)

∆Fαςα′ς
(γ;x) := σabαςα′ς∂a∂b∆F (x)− iσππαςα′ςδ

4(x) = i∆
(c)
αςα′ς

(γ;x)

∆Fαςα′ς
(γ;x) =

iσab
αςα′ς

papb

p2−iε + · · ·

íØ5.8.2.

[∂a + iSab(γ, ς)∂
b]∆(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(+)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(−)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆(l)(γ;x) = 0



[∂a + iSab(γ, ς)∂
b]∆(c)(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ret(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆adv(γ;x) = −ς(γ, iς)aδ(t)∆(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆F (γ;x) = −iς(γ, iς)aδ(t)∆(γ;x)|t=0
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[m] [m]

íØ5.8.3.

(σ−ς ,−iς)a∂aNm(1)∆(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(+)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(−)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆(l)(γ;x) = 0



(σ−ς ,−iς)a∂aNm(1)∆(c)(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ret(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆adv(γ;x) = −ςδ(t)Nm(1)∆(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x) = −iςδ(t)Nm(1)∆(γ;x)|t=0

[m] [m]

íØ5.8.4.

(σ−ς ,−iς)a∂aNm(1)∆(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(+)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(−)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆(l)(γ;x)N̄m(1) = 0



(σ−ς ,−iς)a∂aNm(1)∆(c)(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ret(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆adv(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x)N̄m(1) = −iςδ(t)Nm(1)∆(γ;x)|t=0N̄m(1)

[⇓] [⇓]

íØ5.8.5.

(γ,−iς)a∂a∆(γ;x) = 0

(γ,−iς)a∂a∆(+)(γ;x) = 0

(γ,−iς)a∂a∆(−)(γ;x) = 0

(γ,−iς)a∂a∆(l)(γ;x) = 0



(γ,−iς)a∂a∆(c)(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆ret(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆adv(γ;x) = −ςδ(t)∆(γ;x)|t=0

(γ,−iς)a∂a∆F (γ;x) = −iςδ(t)∆(γ;x)|t=0

5.9 >^|UþÄþ�Î�J�

íØ5.9.1. H =
∫
~p 6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p =
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

y²: H =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

σ
α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

(δα
′
ςας − p̂α′ς p̂ας )ei~p·(~r−~r′)Ψ+

α′ς
(~r′, t)Ψας (~r, t)d

3~pd3~rd3~r′

=
∫

[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]δ3(~r − ~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~rd3~r′

=
∫

Ψ+
α′ς

(~r, t)[δα
′
ςας − ∂α

′
ς ∂ας

∇2 ]Ψας (~r, t)d
3~r(|^
$Ä�§µ∇ ·Ψ(~r, t) = 0)

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

íØ5.9.2. ~P =
∫
~p6=0

~p[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p = −ς
∫

Ψ+(~r, t)γΨ(~r, t)d3~r

y²: ~P =
∫
~p6=0

~p[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

p̂[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′
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= 1
(2π)3

∫
~p6=0

p̂λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

p̂σ
α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

p̂(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= − 1
(2π)3

∫
~p 6=0

p̂ςγk
α′ςας p̂kei~p·(~r−~r

′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)ς∇(γ · ∇)α
′
ςας 1
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

=
∫

Ψ+
α′ς

(~r′, t)Ψας (~r, t)ς
∇(γ·∇)α

′
ςας

−∇2 δ3(~r − ~r′)d3~rd3~r′

= ς
∫

Ψ+(~r, t)∇(γ·∇)
−∇2 Ψ(~r, t)d3~r

= −ς
∫

Ψ+(~r, t)γΨ(~r, t)d3~r

íØ5.9.3. P a = −ς
∫

Ψ+(~r, t)(γ,−iς)aΨ(~r, t)d3~r

5.10 >^|a>Ö�Î�J�

íØ5.10.1. Q = ς
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]d3~p = iς
∫

Ψ+(~r, t) γ·∇−∇2 Ψ(~r, t)d3~r

y²: Q = ς
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς)− a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= ς 1
(2π)3

∫
~p6=0

1
|~p| [λ

α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

− λα
′
ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

1
|~p|λ

α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p|σ

α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p|(p̂

α′ς p̂ας + ςγk
α′ςας p̂k − δα′ςας )Ψ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

−1
2

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)ςγk
α′ςας p̂kΨας (~r, t)[e

−iς~p·(~r−~r′) − eiς~p·(~r−~r′)]d3~pd3~rd3~r′

= ς 1
(2π)3

∫
~p6=0

1
|~p|Ψ

+
α′ς

(~r′, t)γk
α′ςας p̂kΨας (~r, t)e

i~p·(~r−~r′)d3~pd3~rd3~r′

= −iς 1
(2π)3

∫
~p6=0

Ψ+
α′ς

(~r′, t)Ψας (~r, t)
(γ·∇)α

′
ςας

−∇2 δ3(~r − ~r′)d3~pd3~rd3~r′

= iς
∫

Ψ+(~r, t) γ·∇−∇2 Ψ(~r, t)d3~r =
∫

Ψ+(~r, t) i∂t
−∇2 Ψ(~r, t)d3~r

5.11 >^|âfê�Î�J�

íØ5.11.1. N =
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p =
∫

Ψ+(~r, t) 1√
−∇2 Ψ(~r, t)d3~r

y²: N =
∫
~p6=0

[a+
1 (~p,−ς)a1(~p,−ς) + a2(~p,−ς)a+

2 (~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

1
|~p| [λ

α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

1
|~p|λ

α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)Ψ+
α′ς

(~r′, t)Ψας (~r, t)[e
−iς~p·(~r−~r′) + eiς~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

1
|~p|σ

α′ςας
ab papbΨ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

−1
2

∫
~p6=0

1
|~p|(p̂

α′ς p̂ας + ςγk
α′ςας p̂k − δα′ςας )Ψ+

α′ς
(~r′, t)Ψας (~r, t)[e

−iς~p·(~r−~r′) + eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

1
|~p|(δ

α′ςας − p̂α′ς p̂ας )ei~p·(~r−~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~pd3~rd3~r′

=
∫

1√
−∇2 [δα

′
ςας − ∂α

′
ς ∂ας

∇2 ]δ3(~r − ~r′)Ψ+
α′ς

(~r′, t)Ψας (~r, t)d
3~rd3~r′
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=
∫

Ψ+
α′ς

(~r, t) 1√
−∇2 [δα

′
ςας − ∂α

′
ς ∂ας

∇2 ]Ψας (~r, t)d
3~r(|^
$Ä�§µ∇ ·Ψ(~r, t) = 0)

=
∫

Ψ+(~r, t) 1√
−∇2 Ψ(~r, t)d3~r

5.12 >^|UþÄþ�5z�Î

íØ5.12.1. H0 =
∫
~p 6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a+

2 (~p,−ς)a2(~p,−ς)]d3~p

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2 )Ψ(~r, t) + ΨT (~r, t)( γ·∇√
−∇2 )Ψ∗(~r, t)]d3~r

y²: H0 =
∫
~p6=0

|~p|[a+
1 (~p,−ς)a1(~p,−ς) + a+

2 (~p,−ς)a2(~p,−ς)]d3~p

= 1
(2π)3

∫
~p6=0

[λ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)eiςp·x

′
λ+ας
m (p̂,−ς)Ψας (~r, t)e

−iςp·x

+ λ+ας
m (p̂,−ς)Ψας (~r, t)e

iςp·xλ
α′ς
m (p̂,−ς)Ψ+

α′ς
(~r′, t)e−iςp·x

′
]d3~pd3~rd3~r′

= 1
(2π)3

∫
~p6=0

λ
α′ς
m (p̂,−ς)λ+ας

m (p̂,−ς)[Ψ+
α′ς

(~r′, t)Ψας (~r, t)e
−iς~p·(~r−~r′) + Ψας (~r, t)Ψ

+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

= −1
2(2π)3

∫
~p 6=0

(p̂α
′
ς p̂ας + ςγk

α′ςας p̂k − δα′ςας )[Ψ+
α′ς

(~r′, t)Ψας (~r, t)e
−iς~p·(~r−~r′) + Ψας (~r, t)Ψ

+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r

+ −1
2(2π)3

∫
~p6=0

ςγk
α′ςας p̂k[Ψ+

α′ς
(~r′, t)Ψας (~r, t)e

−iς~p·(~r−~r′) + Ψας (~r, t)Ψ
+
α′ς

(~r′, t)eiς~p·(~r−~r
′)]d3~pd3~rd3~r′

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r + −1
2

∫
i[Ψ+

α′ς
(~r, t)( γ·∇√

−∇2 )α
′
ςαςΨας (~r, t)− i[(

γ·∇√
−∇2 )α

′
ςαςΨας (~r, t)Ψ

+
α′ς

(~r, t)d3~r

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+

α′ς
(~r, t)( γ·∇√

−∇2 )α
′
ςαςΨας (~r, t) + [Ψας (~r, t)(

γ·∇√
−∇2 )αςα

′
ςΨ+

α′ς
(~r, t)d3~r

=
∫

Ψ+(~r, t)Ψ(~r, t)d3~r − i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2 )Ψ(~r, t) + ΨT (~r, t)( γ·∇√
−∇2 )Ψ∗(~r, t)]d3~r

= H −Hg

íØ5.12.2. H = H0 +Hg

Hg = i
2

∫
[Ψ+(~r, t)( γ·∇√

−∇2 )Ψ(~r, t) + ΨT (~r, t)( γ·∇√
−∇2 )Ψ∗(~r, t)]d3~r =

∫
~p6=0

|~p|[a2(~p,−ς), a+
2 (~p,−ς)]d3~p

5.13 é´Ú�é´úª

íØ5.13.1.

[A,BC] = [A,B]C +B[A,C]

[BC,A] = [B,A]C +B[C,A][AB,A′B′] = [AB,A′]B′ +A′[AB,B′] = [A,A′]BB′ +A[B,A′]B′ +A′[A,B′]B +A′A[B,B′]

[AB,A′B′] = A[B,A′B′] + [A,A′B′]B = AA′[B,B′] +A[B,A′]B′ +A′[A,B′]B + [A,A′]B′B

íØ5.13.2.

[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

íØ5.13.3.

[A, {B,C}] = {[A,B], C}+ {B, [A,C]}

[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

6 gdÃÍÜYang-Mills|�Cþfz#�Y

6.1 gdÃÍÜYang-Mills|�§�«�d/ª [24, 26]

½Â6.1.1. Ψρ
ας

:= −iς√
2
ψρας = −iς√

2
i
2
σabςαςF

ρ
ab = −iς√

2
iς(Eρ − iςBρ)ας

½Â6.1.2. Ψρ := 1√
2
( ~Eρ − iς ~Bρ) = 1√

2
( ~Eρ − iς∇× ~Aρ),Ψρ

i = 1√
2
(Eρ

i − iςεijk∂jA
ρ
k), p · x := ~p · ~r − Et

½n6.1.1.∂aF
ρ
ab = 0

∂a ∗ F ρab = 0
⇔

∇ · ~Eρ = 0,∇× ~Eρ = −∂t ~Bρ

∇ · ~Bρ = 0,∇× ~Bρ = ∂t ~E
ρ

⇔

(γ,−iς)a∂aΨρ = 0

∇ ·Ψρ = 0
⇔

[∂a + iSab(γ, ς)∂
b]Ψρ = 0

Sab(γ, ς) = iσαςςabγας (s)
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6.2 gdÃÍÜYang-Mills|E|rg^�§9Ù²¡Å)

½n6.2.1. [∂a + iSab(γ, ς)∂
b]Ψρ(x) = 0

íØ6.2.1.


Ψρ(~r, t) := 1

(2π)3/2

∫
~p6=0

√
|~p|λm(p̂,−ς)[aρ1(~p,−ς)eiςp·x + aρ+2 (~p,−ς)e−iςp·x]d3~p√

|~p|aρ1(~p,−ς) = 1
(2π)3/2

∫
λ+
m(p̂,−ς)Ψρ(~r, t)e−iςp·xd3~r√

|~p|aρ+2 (~p,−ς) = 1
(2π)3/2

∫
λ+
m(p̂,−ς)Ψρ(~r, t)eiςp·xd3~r

6.3 gdÃÍÜYang-Mills|é´5K

íØ6.3.1.


[aρσ(~p,−ς), aρ

′+
σ′ (~p′,−ς)] = ςδρρ

′
δσσ′δ

3(~p− ~p′)

[aρσ(~p,−ς), aτσ′(~p′,−ς)] = 0

[aρ
′+
σ (~p,−ς), aτ

′+
σ′ (~p′,−ς)] = 0

⇔


[aρσ(~p), aρ

′+
σ′ (~p′)] = δρρ

′
δσσ′δ

3(~p− ~p′)

[aρσ(~p), aτσ′(~p
′)] = 0

[aρ
′+
σ (~p),τ

′+
σ′ (~p′)] = 0

m m

íØ6.3.2.


[Ψρ

ας
(x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας

(x),Ψτ
βς

(x′)] = 0

[Ψρ′+
α′ς

(x),Ψτ ′+
β′ς

(x′)] = 0

⇔


[Ψρ

ας
(~r, t),Ψρ′+

α′ς
(~r′, t)] = ςδρρ

′
εkαςα′ς∂kδ

3(~r − ~r′)

[Ψρ
ας

(~r, t),Ψτ
βς

(~r′, t)] = 0

[Ψρ′+
α′ς

(~r, t),Ψτ ′+
β′ς

(~r′, t)] = 0

6.4 gdÃÍÜYang-Mills|�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ6.4.1.

∆ρρ′

αςα′ς
(γ;x) := δρρ

′
σabαςα′ς∂a∂b∆(x)

∆
ρρ′(+)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(+)(x)

∆
ρρ′(−)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(−)(x)

∆
ρρ′(l)
αςα′ς

(γ;x) := δρρ
′
σabαςα′ς∂a∂b∆

(l)(x)



∆
ρρ′(c)
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

(c)(x)− σππαςα′ςδ
4]

∆ρρ′ret
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

ret(x)− σππαςα′ςδ
4(x)]

∆ρρ′adv
αςα′ς

(γ;x) := δρρ
′
[σabαςα′ς∂a∂b∆

adv(x)− σππαςα′ςδ
4(x)]

∆ρρ′

Fαςα′ς
(γ;x) := δρρ

′
[σabαςα′ς∂a∂b∆F (x)− iσππαςα′ςδ

4(x)] = i∆
ρρ′(c)
αςα′ς

(γ;x)

∆Fαςα′ς
(γ;x) =

iδρρ
′
σab
αςα′ς

papb

p2−iε + · · ·

íØ6.4.2.

[∂a + iSab(γ, ς)∂
b]∆ρρ′(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(+)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(−)(γ;x) = 0

[∂a + iSab(γ, ς)∂
b]∆ρρ′(l)(γ;x) = 0



[∂a + iSab(γ, ς)∂
b]∆ρρ′(c)(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′ret(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′adv(γ;x) = −ς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[∂a + iSab(γ, ς)∂
b]∆ρρ′

F (γ;x) = −iς(γ, iς)aδ(t)∆ρρ′(γ;x)|t=0

[m] [m]

íØ6.4.3.

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(+)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(−)(γ;x) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(l)(γ;x) = 0



(σ−ς ,−iς)a∂aNm(1)∆ρρ′(c)(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′ret(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′adv(γ;x) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x) = −iςδ(t)Nm(1)∆ρρ′(γ;x)|t=0

[m] [m]

íØ6.4.4.

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(+)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(−)(γ;x)N̄m(1) = 0

(σ−ς ,−iς)a∂aNm(1)∆ρρ′(l)(γ;x)N̄m(1) = 0
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(σ−ς ,−iς)a∂aNm(1)∆ρρ′(c)(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ρρ′ret(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆ρρ′adv(γ;x)N̄m(1) = −ςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

(σ−ς ,−iς)a∂aNm(1)∆F (γ;x)N̄m(1) = −iςδ(t)Nm(1)∆ρρ′(γ;x)|t=0N̄m(1)

[⇓] [⇓]

íØ6.4.5.

(γ,−iς)a∂a∆ρρ′(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(+)(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(−)(γ;x) = 0

(γ,−iς)a∂a∆ρρ′(l)(γ;x) = 0



(γ,−iς)a∂a∆ρρ′(c)(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆ρρ′ret(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆ρρ′adv(γ;x) = −ςδ(t)∆ρρ′(γ;x)|t=0

(γ,−iς)a∂a∆F (γ;x) = −iςδ(t)∆ρρ′(γ;x)|t=0

6.5 gdÃÍÜYang-Mills|3Ë�5�e³é´'X�E|r�Cé´'X��d5

Ún6.5.1.∇2Ãρ − ∂2
t Ã

ρ = ~Jρ + ∂t∇φ̃ρ,∇2φ̃ρ = ρρ

√
2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0

[⇔]

[∂a + iSab(γ, ς)∂
b]Ψρ = −iσ[βς ]

ςab J
bρ

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

Ún6.5.2.
[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j

∇2 )∆(x− x′)

[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0
√

2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0

⇒


[Ψρ

ας
(x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας

(x),Ψτ
βς

(x′)] = 0, [Ψρ′+
α′ς

(x),Ψτ ′+
β′ς

(x′)] = 0

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

Ún6.5.3.
[Ψρ

ας
(x),Ψρ′+

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας

(x),Ψτ
βς

(x′)] = 0, [Ψρ′+
α′ς

(x),Ψτ ′+
β′ς

(x′)] = 0

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

⇒

[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j
∇2 )∆(x− x′)

[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0

½n6.5.1.

[Ãρi (x), Ãτj (x′)] = iδρτ (δij − ∂i∂j
∇2 )∆(x− x′)

[Ãρi (x), φ̃τ (x′)] = 0, [φ̃ρ(x), φ̃τ (x′)] = 0

∇2Ãρ − ∂2
t Ã

ρ = ~Jρ + ∂t∇φ̃ρ,∇2φ̃ρ = ρρ

√
2Ψρ = −∂tÃρ −∇φ̃ρ − iς∇× Ãρ,∇ · Ãρ = 0

[⇔]



[Ψρ
ας

(x),Ψρ′+
α′ς

(x′)] = iδρρ
′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας

(x),Ψτ
βς

(x′)] = 0, [Ψρ′+
α′ς

(x),Ψτ ′+
β′ς

(x′)] = 0

[∂a + iSab(γ, ς)∂
b]Ψρ = −iσ[βς ]

ςab J
bρ

Ãρ = −iς√
2

∇×(Ψρ−Ψ+ρ)
∇2 , φ̃ρ = − 1√

2

∇·(Ψρ+Ψ+ρ)
∇2

6.6 3λ−5�e�ÑgdÃÍÜYang-Mills|��Cé´5K

íØ6.6.1.

[Aρa(x), Aτb (x′)] = iδρτ (δab − λ−1
λ

∂a∂b
�+iε

)∆(x− x′)

φ = −iA0,
√

2Ψρ = −∂t ~Aρ −∇φρ − iς∇× ~Aρ
⇒



[Ψρ
ας

(x),Ψ+ρ′

α′ς
(x′)] = iδρρ

′
σabαςα′ς∂a∂b∆(x− x′)

[Ψρ
ας

(x),Ψτ
βς

(x′)] = 0, [Ψ+ρ′

α′ς
(x),Ψ+τ ′

β′ς
(x′)] = 0

[Ψρ
i (x), φτ (x′)] = [Ψ+ρ

i (x), φτ (x′)] = i√
2
δρτ∂i∆(x− x′)

[φρ(x), φτ (x′)] = −iδρτ (1 + λ−1
λ

∇2

�+iε
)∆(x− x′)

7 Úå�f|�Cþfz�Y

7.1 Úå�fg^�Î�§9Ù²¡Å)

½n7.1.1. [ 3
2
∂a + iSab(

3
2
, ς)∂b]ψ(x) = 0
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íØ7.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
|~p|λ(p̂,− 3

2
ς)[a1(~p,− 3

2
ς)eip·x + a+

2 (~p,− 3
2
ς)e−ip·x]d3~p

|~p|a1(~p,− 3
2
ς) = 1

(2π)3/2

∫
λ+(p̂,− 3

2
ς)ψ(~r, t)e−ip·xd3~r

|~p|a+
2 (~p,− 3

2
ς) = 1

(2π)3/2

∫
λ+(p̂,− 3

2
ς)ψ(~r, t)eip·xd3~r

½Â7.1.1. ÝK�f:P̂kςk′ς (
3
2
, ς) := λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς), P̂ 2( 3

2
, ς) = P̂ ( 3

2
, ς), P̂+( 3

2
, ς) = P̂ ( 3

2
, ς)

íØ7.1.2. H2 =
∫
|~p|[a+

1 (~p,− 3
2
ς)a1(~p,− 3

2
ς)− a2(~p,− 3

2
ς)a+

2 (~p,− 3
2
ς)]d3~p =

∫
ψ+
k′ς

(~r, t) i∂t
−∇2ψkς (~r, t)d

3~r

y²: H2 =
∫
|~p|[a+

1 (~p,− 3
2
ς)a1(~p,− 3

2
ς)− a2(~p,− 3

2
ς)a+

2 (~p,− 3
2
ς)]d3~p

= 1
(2π)3

∫
1
|~p| [λ

k′ς (p̂,− 3
2
ς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,− 3

2
ς)ψkς (~r, t)e

−ip·x

− λk′ς (p̂,− 3
2
ς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,− 3

2
ς)ψkς (~r, t)e

ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1
|~p|λ

+kς (p̂,− 3
2
ς)λk

′
ς (p̂,− 3

2
ς)ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(−2
√

2i)−1 1
|~p|4 Γabckςk′ςpapbpcψ

+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
(−2
√

2i)−1 1
|~p|4 ( 1√

2
)3 i

6
{[3|~p|3 − 2ς|~p|2[σ( 3

2
) · ~p]− 12|~p|[σ( 3

2
) · ~p]2 + 8ς[σ( 3

2
) · ~p]3}ψ+

k′ς
(~r′, t)ψkς (~r, t)

[e−i~p·(~r−~r
′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫ −1
48

1
|~p|4 {[3|~p|

3 − 2ς|~p|2[σ( 3
2
) · ~p]− 12|~p|[σ( 3

2
) · ~p]2 + 8ς[σ( 3

2
) · ~p]3}ψ+

k′ς
(~r′, t)ψkς (~r, t)

[e−i~p·(~r−~r
′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫ −1
48

1
|~p|4 {[−2ς|~p|2[σ( 3

2
) · ~p] + 8ς[σ( 3

2
) · ~p]3}ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) − ei~p·(~r−~r′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
iς
24
ψ+
k′ς

(~r′, t)ψkς (~r, t){[ 1
|~p|2 [σ( 3

2
) · ∇] + 1

|~p|4 4[σ( 3
2
) · ∇]3}[e−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= −iς
12

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){
σ(

3
2

)·∇
∇2 − 4

[σ(
3
2

)·∇]3

∇4 }δ3(~r − ~r′)d3~rd3~r′

= iς
12

∫
ψ+
k′ς

(~r, t){σ(
3
2

)·∇
∇2 − 4

[σ(
3
2

)·∇]3

∇4 }ψkς (~r, t)d3~r

= −iς
3/2

∫
ψ+
k′ς

(~r, t)
σ(

3
2

)·∇
∇2 ψkς (~r, t)d

3~r

=
∫
ψ+
k′ς

(~r, t) i∂t
−∇2ψkς (~r, t)d

3~r

7.2 Úå�f|�C~êØCÜþ�5�

íØ7.2.1.

Γπππkςk′ς
( 3

2
) = ( 1√

2
)3δkςk′ς

Γiππkςk′ς (
3
2
) = −iς( 1√

2
)3 2

3
σi( 3

2
)kςk′ς

Γijπkςk′ς (
3
2
) = −( 1√

2
)3 1

3
[σ{i( 3

2
)σj}( 3

2
)− 3

2
δij ]kςk′ς = −( 1√

2
)3 2

3
1
2!

[σ{i( 3
2
)σj}( 3

2
)− 3

4
δ{ij}]kςk′ς

Γijkkςk′ς (
3
2
) = ( 1√

2
)3 2iς

3
{σ{j( 3

2
)[σi( 3

2
)]σk}( 3

2
)− [ 1

2
σi( 3

2
)δjk + 3

2
δi{jσk}( 3

2
)]}kςk′ς

= ( 1√
2
)3 4iς

3
1
3!

[σ{i( 3
2
)σj( 3

2
)σk}( 3

2
)− 7

4
δ{ijσk}( 3

2
)]kςk′ς

íØ7.2.2. Γabc( 3
2
)∂a∂b∂c∆(x− x′)|t=t′ = i

4
√

2
{∇2 − 4[σ( 3

2
) · ∇]2}δ3(~r − ~r′)

y²: Γabc( 3
2
)∂a∂b∂c∆(x− x′)|t=t′

= i
1∑
l=0

(−1)lC2l+1
3 Γ

2−2l︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π( 3

2
)

2−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

= i[C1
3Γijπ( 3

2
)∂i∂j − C3

3Γπππ( 3
2
)∇2]δ3(~r − ~r′)

= i{−( 1√
2
)3[σ{i( 3

2
)σj}( 3

2
)− 3

2
δij ]∂i∂j − ( 1√

2
)3∇2}δ3(~r − ~r′)

= −i( 1√
2
)3{[σ{i( 3

2
)σj}( 3

2
)− 3

2
δij ]∂i∂j +∇2}δ3(~r − ~r′)

= i 1
4
√

2
{∇2 − 4[σ( 3

2
) · ∇]2}δ3(~r − ~r′)

= i
4
√

2
{∇2 − 9[ 2

3
σ( 3

2
) · ∇]2}δ3(~r − ~r′)

íØ7.2.3. Γabc( 3
2
)∂a∂b∂c∆(x− x′)|t=t′∂π∆(x− x′)|t=t′ = ς

4
√

2
{∇2 − 9[ 2

3
σ( 3

2
) · ∇]2}[ 2

3
σ( 3

2
) · ∇]δ3(~r − ~r′)

y²: Γabc( 3
2
)∂a∂b∂c∆(x− x′)|t=t′∂π∆(x− x′)|t=t′

= i
1∑
l=0

(−1)lC2l
3 Γ

3−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π( 3

2
)

3−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)
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= i[C0
3Γijk( 3

2
)∂i∂j∂k − C2

3Γiππ( 3
2
)∂i∇2]δ3(~r − ~r′)

= i[( 1√
2
)3 4iς

3
1
3!

[σ{i( 3
2
)σj( 3

2
)σk}( 3

2
)− 7

4
δ{ijσk}( 3

2
)]∂i∂j∂k + 2iς( 1√

2
)3σi( 3

2
)∂i∇2]δ3(~r − ~r′)

= i( 1√
2
)32iς{ 2

3
{[σ( 3

2
) · ∇]3 − 7

4
[σ( 3

2
) · ∇]∇2}+ [σ( 3

2
) · ∇]∇2}δ3(~r − ~r′)

= −i( 1√
2
)3 iς

3
{∇2 − 4[σ( 3

2
) · ∇]2}[σ( 3

2
) · ∇]δ3(~r − ~r′)

= ς
4
√

2
{∇2 − 9[ 2

3
σ( 3

2
) · ∇]2}[ 2

3
σ( 3

2
) · ∇]δ3(~r − ~r′)

Ún7.2.1. Γabckςk′ςpapbpc = −2
√

2i|~p|3λkς (p̂,− 3
2
ς)λ+

k′ς
(p̂,− 3

2
ς)

y²: Γabckςk′ςpapbpc

�= C3
3Γπππkςk′ς

(1)p3
π + C2

3Γiππkςk′ς (1)pip
2
π + C1

3Γijπkςk′ς (1)pipjpπ + C0
3Γijkkςk′ς (1)pipjpk

= ( 1√
2
)3[−i|~p|3 + 2iς|~p|2σ( 3

2
) · ~p− 2i|~p|[σ( 3

2
) · ~p]2 + i 3

2
|~p|3 + 4iς

3
{[σ( 3

2
) · ~p]3 − 7

4
|~p|2[σ( 3

2
) · ~p]}

= ( 1√
2
)3 i

6
[3|~p|3 − 2ς|~p|2[σ( 3

2
) · ~p]− 12|~p|[σ( 3

2
) · ~p]2 + 8ς[σ( 3

2
) · ~p]3

= ( 1√
2
)3 i

6
|~p|3[3− 2ς[σ( 3

2
) · p̂]− 12[σ( 3

2
) · p̂]2 + 8ς[σ( 3

2
) · p̂]3

= {( 1√
2
)3 i

6
|~p|3[3− 2ς[σ( 3

2
) · p̂]− 12[σ( 3

2
) · p̂]2 + 8ς[σ( 3

2
) · p̂]3}

−3/2∑
h=3/2

λ(p̂, h)λ+(p̂, h)

=≺ −2
√

2i|~p|3λkς (p̂,− 3
2
ς)λ+

k′ς
(p̂,− 3

2
ς)

íØ7.2.4. ÝK�f:P̂kςk′ς (
3
2
, ς) = i

2
√

2
Γabckςk′ς p̂ap̂bp̂c → −

1
2
√

2
Γabckςk′ς ∂̂a∂̂b∂̂c

7.3 Úå�f|êÆþ����Cé´5K

½n7.3.1.

[aσ(~p,− 3
2
ς), a+

σ′(~p
′,− 3

2
ς)]±

= δσδσσ′δ
3(~p− ~p′)

[aσ(~p,− 3
2
ς), aσ′(~p

′,− 3
2
ς)]± = 0

[a+
σ (~p,− 3

2
ς), a+

σ′(~p
′,− 3

2
ς)]± = 0

⇒



[Ψkς (x),Ψ+
k′ς

(x′)]±

= − i√
2
Γabckςk′ς∂a∂b∂c[(δ1 −±δ2)∆(+)(x− x′)± δ2∆(x− x′)]

[Ψkς (x),Ψlς (x
′)]± = 0

[Ψ+
k′ς

(x),Ψ+
l′ς

(x′)]± = 0

y²: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(~p′,− 3

2
ς)|~p||~p′|[a1(~p,− 3

2
ς), a+

1 (~p′,− 3
2
ς)]±e

ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(~p′,− 3

2
ς)|~p|2δ1δ

3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς)δ1|~p|2eip·(x−x

′)d3~p

= δ1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpce

ip·(x−x′)d3~p

= δ1
(2π)3

∫
1

2|~p|
−1√

2
Γabckςk′ς∂a∂b∂ce

ip·(x−x′)d3~p

= − i√
2
δ1Γabckςk′ς∂a∂b∂c∆

(+)(x− x′)

y²: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(~p′,− 3

2
ς)|~p||~p′|[a2(~p,− 3

2
ς), a+

2 (~p′,− 3
2
ς)]±e

−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(~p′,− 3

2
ς)|~p|2δ2δ

3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς)δ2|~p|2e−ip·(x−x

′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpce

−ip·(x−x′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1√
2
Γabckςk′ς∂a∂b∂ce

−ip·(x−x′)d3~p

= −± i√
2
δ2Γabckςk′ς∂a∂b∂c∆

(−)(x− x′)

y²: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= − i√
2
Γabckςk′ς∂a∂b∂c[δ1∆(+)(x− x′)± δ2∆(−)(x− x′)]

= − i√
2
Γabckςk′ς∂a∂b∂c[(δ1 −±δ2)∆(+)(x− x′)± δ2∆(x− x′)]
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lþª��§�kδ1 − ±δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆþ

l«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷v�é´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"

7.4 Úå�f|Ôn��C�é´5K

½n7.4.1.


{aσ(~p,− 3

2
ς), a+

σ′(~p
′,− 3

2
ς)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− 3
2
ς), aσ′(~p

′,− 3
2
ς)} = 0

{a+
σ (~p,− 3

2
ς), a+

σ′(~p
′,− 3

2
ς)] = 0

⇒


{ψkς (x), ψ+

k′ς
(x′)} = −i√

2
Γabckςk′ς∂a∂b∂c∆(x− x′)

{ψkς (x), ψlς (x
′)} = 0

{ψ+
k′ς

(x), ψ+
l′ς

(x′)} = 0

y²: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς)|~p||~p′|

{{a1(~p,− 3
2
ς), a+

1 (~p′,− 3
2
ς)}eip·(x−x′) + {a+

2 (~p,− 3
2
ς), a2(~p′,− 3

2
ς)}e−ip·(x−x′)}d3~pd3~p′

= 1
(2π)3

∫
|~p|2λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς)[δ3(~p− ~p′)eip·(x−x′) + δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|2λkς (p̂,− 3

2
ς)λ+

k′ς
(p̂,− 3

2
ς)[eip·(x−x

′) + e−ip·(x−x
′)]d3~p

= 1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ςpapbpc[e

ip·(x−x′) + e−ip·(x−x
′)]d3~p

= i 1
(2π)3

∫
1

2|~p|
i√
2
Γabckςk′ς∂a∂b∂c[e

ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i√
2
Γabckςk′ς∂a∂b∂c

−i
(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= −i√
2
Γabckςk′ς∂a∂b∂c∆(x− x′)

7.5 Úå�f|����é´5K

íØ7.5.1.
{ψkς (x), ψ+

k′ς
(x′)} = −i√

2
Γabckςk′ς∂a∂b∂c∆[(x− x′)]

{ψkς (x), ψlς (x
′)} = 0

{ψ+
k′ς

(x), ψ+
l′ς

(x′)} = 0

⇒


{ψkς (~r, t), ψ+

k′ς
(~r′, t)}

= 1
8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)

{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)} = 0

5�7.5.1.


∆∗(x) = ∆(x),∆(−x) = −∆(x), (∇2 − ∂2

t )∆(x) = 0

∂t∆(x)|t=0 = −δ3(~r), ∂k∂t∆(x)|t=0 = ∂t∂k∆(x)|t=0 = −∂kδ3(~r)

∂k∆(x)|t=0 = 0, ∂k∂l∆(x)|t=0 = 0, ∂2
t∆(x)|t=0 = 0

y²: {ψkς (~r, t), ψ+
k′ς

(~r′, t)} = −i√
2
Γabckςk′ς∂a∂b∂c∆[(x− x′)]|t=t′

= C1
3
−i√

2
Γijπkςk′ς∂i∂j∂π∆[(x− x′)]|t=t′ + −i√

2
Γπππkςk′ς

∂π∂π∂π∆[(x− x′)]|t=t′
= 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)

íØ7.5.2.
{ψkς (~r, t), ψ+

k′ς
(~r′, t)}

= 1
8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)

{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)} = 0

⇒


{aσ(~p,− 3

2
ς), a+

σ′(~p
′,− 3

2
ς)} = δσσ′δ

3(~p− ~p′)

{aσ(~p,− 3
2
ς), aσ′(~p

′,− 3
2
ς)} = 0

{a+
σ (~p,− 3

2
ς), a+

σ′(~p
′,− 3

2
ς)] = 0

y²: {a1(~p,− 3
2
ς), a+

1 (~p′,− 3
2
ς)}

= 1
(2π)3

1
|~p||~p′|

∫
{λ+kς (p̂,− 3

2
ς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,− 3

2
ς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς) 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}kςk′ςe

−i(~p·~r−Et)ei(~p
′·~r−E′t)d3~r

= 1
|~p||~p′|λ

+kς (p̂,− 3
2
ς)λk

′
ς (~p′,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}kςk′ςδ

3(~p− ~p′)
= λ+(p̂,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}λ(p̂,− 3

2
ς)δ3(~p− ~p′)

= λ+(p̂,− 3
2
ς)λ(p̂,− 3

2
ς)δ3(~p− ~p′)

= δ3(~p− ~p′)
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y²: {a+
2 (~p,− 3

2
ς), a2(~p′,− 3

2
ς)}

= 1
(2π)3

1
|~p||~p′|

∫
{λ+kς (p̂,− 3

2
ς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,− 3

2
ς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)}d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς) 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p||~p′|

∫
λ+kς (p̂,− 3

2
ς)λk

′
ς (~p′,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}kςk′ςe

i(~p·~r−Et)e−i(~p
′·~r−E′t)d3~r

= 1
|~p||~p′|λ

+kς (p̂,− 3
2
ς)λk

′
ς (~p′,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}kςk′ςδ

3(~p− ~p′)
= λ+(p̂,− 3

2
ς)−1

8
{~p2 − 4[σ( 3

2
) · ~p]2}λ(p̂,− 3

2
ς)δ3(~p− ~p′)

= λ+(p̂,− 3
2
ς)λ(p̂,− 3

2
ς)δ3(~p− ~p′)

= δ3(~p− ~p′)

7.6 Úå�f|�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ7.6.1.

∆kςk′ς
( 3

2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆(x)

∆
(+)
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(+)(x)

∆
(−)
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(−)(x)

∆
(l)
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(l)(x)

íØ7.6.2.

∆
(c)
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

(c)(x) + i√
2

2∑
n=0

inCn3 Γ

n︷ ︸︸ ︷
ij · ·

3−n︷︸︸︷
π · ·

kςk′ς
( 3

2
)

n︷ ︸︸ ︷
∂i∂j · ·

3−n∑
l=1

∂3−n−l
t δ(t)∂l−1

t ∆(x)

∆ret
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

ret(x) + i√
2

2∑
n=0

inCn3 Γ

n︷ ︸︸ ︷
ij · ·

3−n︷︸︸︷
π · ·

kςk′ς
( 3

2
)

n︷ ︸︸ ︷
∂i∂j · ·

3−n∑
l=1

∂3−n−l
t δ(t)∂l−1

t ∆(x)

∆adv
kςk′ς

( 3
2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆

adv(x) + i√
2

2∑
n=0

inCn3 Γ

n︷ ︸︸ ︷
ij · ·

3−n︷︸︸︷
π · ·

kςk′ς
( 3

2
)

n︷ ︸︸ ︷
∂i∂j · ·

3−n∑
l=1

∂3−n−l
t δ(t)∂l−1

t ∆(x)

∆Fkςk′ς
( 3

2
;x) := −1√

2
Γabckςk′ς∂a∂b∂c∆F (x) + −1√

2

2∑
n=0

inCn3 Γ

n︷ ︸︸ ︷
ij · ·

3−n︷︸︸︷
π · ·

kςk′ς
( 3

2
)

n︷ ︸︸ ︷
∂i∂j · ·

3−n∑
l=1

∂3−n−l
t δ(t)∂l−1

t ∆(x)

= i∆
(c)
kςk′ς

( 3
2
;x),∆Fkςk′ς

( 3
2
; p) = 1√

2

Γabc
kςk′ς

papbpc

p2−iε + · · ·

íØ7.6.3.

[s∂a + iSab(
3
2
, ς)∂b]∆( 3

2
;x) = 0

[s∂a + iSab(
3
2
, ς)∂b]∆(+)( 3

2
;x) = 0

[s∂a + iSab(
3
2
, ς)∂b]∆(−)( 3

2
;x) = 0

[s∂a + iSab(
3
2
, ς)∂b]∆(l)( 3

2
;x) = 0



[s∂a + iSab(
3
2
, ς)∂b]∆(c)( 3

2
;x) = −ς[σ( 3

2
), i 3

2
ς]aδ(t)∆( 3

2
;x)|t=0

[s∂a + iSab(
3
2
, ς)∂b]∆ret( 3

2
;x) = −ς[σ( 3

2
), i 3

2
ς]aδ(t)∆( 3

2
;x)|t=0

[s∂a + iSab(
3
2
, ς)∂b]∆adv( 3

2
;x) = −ς[σ( 3

2
), i 3

2
ς]aδ(t)∆( 3

2
;x)|t=0

[s∂a + iSab(
3
2
, ς)∂b]∆F ( 3

2
;x) = −iς[σ( 3

2
), i 3

2
ς]aδ(t)∆( 3

2
;x)|t=0

7.7 Úå�f�þf�§

íØ7.7.1. [ 3
2
∂a + iSab(

3
2
, ς)∂b]ψ(x) = 0⇒


ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]

∂aψ(~r, t) = i[ψ(~r, t), Pa]

½n7.7.1.
{ψkς (~r, t), ψ+

k′ς
(~r′, t)} = 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ςδ

3(~r − ~r′)

{ψkς (~r, t), ψlς (~r′, t)} = 0, {ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)} = 0

H = −iς
3/2

∫
ψ+(~r, t)

σ(
3
2

)·∇
∇2 ψ(~r, t)d3~r, ~P =

∫
ψ+(~r, t)−i∇−∇2ψ(~r, t)d3~r

⇒[ψ(~r, t), H] = −iς
3/2

1
8
{∇2 − 4[σ( 3

2
) · ∇]2}σ(

3
2

)·∇
∇2 ψ(~r, t)

[ψ(~r, t), ~P ] = 1
8
{∇2 − 4[σ( 3

2
) · ∇]2}−i∇−∇2ψ(~r, t)
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y²: [ψ(~r, t), H]

= −iς
3/2
δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)
σ(

3
2

)·∇′

∇′2 ψkς (~r
′, t)]

= −iς
3/2
δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]
σ(

3
2

)·∇′

∇′2 ψkς (~r
′, t)

= −iς
3/2
δk
′
ςkς
∫
d3~r 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}jςk′ςδ

3(~r − ~r′)σ(
3
2

)·∇′

∇′2 ψkς (~r
′, t)

= −iς
3/2

1
8
δk
′
ςkς{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ς

σ(
3
2

)·∇
∇2 ψkς (~r, t)

= −iς
3/2

1
8
{∇2 − 4[σ( 3

2
) · ∇]2}σ(

3
2

)·∇
∇2 ψ(~r, t)

y²: [ψ(~r, t), P ]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t) −i∇−∇′2ψkς (~r
′, t)]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] −i∇−∇′2ψkς (~r
′, t)

= δk
′
ςkς
∫
d3~r 1

8
{∇2 − 4[σ( 3

2
) · ∇]2}jςk′ςδ

3(~r − ~r′) −i∇−∇′2ψkς (~r
′, t)

= 1
8
δk
′
ςkς{∇2 − 4[σ( 3

2
) · ∇]2}kςk′ς

−i∇
−∇2ψkς (~r, t)

= 1
8
{∇2 − 4[σ( 3

2
) · ∇]2}−i∇−∇2ψ(~r, t)

íØ7.7.2.ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]
⇔

ψ̇(~r, t) = −ς
12
{σ( 3

2
) · ∇ − 4

∇2 [σ( 3
2
) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
8
{1− 4

∇2 [σ( 3
2
) · ∇]2}∇ψ(~r, t)

⇔

∂a∂aψ(~r, t) = 0

[σ( 3
2
),− 3

2
iς]a∂aψ(~r, t) = 0

íØ7.7.3.( 3
2
)2∇ψ = 3

2
σ( 3

2
) · ∇σ( 3

2
)ψ − 1

2
σ( 3

2
)[σ( 3

2
) · ∇]ψ

[σ( 3
2
),− 3

2
iς]a∂aψ(~r, t) = 0

⇒

∂a∂aψ(~r, t) = 0

[σ(2),− 3
2
iς]a∂aψ(~r, t) = 0

íØ7.7.4. 6
2

 3∂z
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 2∂+ −∂z
√

3∂−

0 0
√

3∂+ −3∂z

 1
2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
= 6

4

 9∂z
√

3∂− 0 0

3
√

3∂+ ∂z −2∂− 0

0 2∂+ ∂z −3
√

3∂−

0 0 −
√

3∂+ 9∂z



íØ7.7.5. − 2
2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
1
2

 3∂z
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 2∂+ −∂z
√

3∂−

0 0
√

3∂+ −3∂z

 = − 2
4

 9∂z 3
√

3∂− 0 0√
3∂+ ∂z 2∂− 0

0 −2∂+ ∂z −
√

3∂−

0 0 −3
√

3∂+ 9∂z



σ( 3
2
) = (1

2

[
0
√

3 0 0√
3 0 2 0

0 2 0
√

3

0 0
√

3 0

]
, i

2

[
0 −

√
3 0 0√

3 0 −2 0

0 2 0 −
√

3

0 0
√

3 0

]
, 1

2

[
3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

]
) (24.3)

7.8 k'Ún

Ún7.8.1. ∇2(ri∂j − rj∂i) = (ri∂j − rj∂i)∇2

Ún7.8.2. [σ(s) · ∇](ri∂j − rj∂i) = (ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]

Ún7.8.3. [σ(s) · ∇]2(ri∂j − rj∂i) = (ri∂j − rj∂i)

y²: [σ(s) · ∇]2(ri∂j − rj∂i)
= [σ(s) · ∇]{(ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]}
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]

íØ7.8.1. −i√
2
Γabc( 3

2
)∂a∂b∂c∆(x− x′)|t=t′ = 1

8
{{∇2 − 9[ 2

3
σ( 3

2
) · ∇]2}}δ3(~r − ~r′)

íØ7.8.2. −i√
2
Γabc( 3

2
)∂a∂b∂c∂π∆(x− x′)|t=t′ = 1

8
{∇2 − 9[ 2

3
σ( 3

2
) · ∇]2}[−iς 2

3
σ( 3

2
) · ∇]δ3(~r − ~r′)
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7.9 Úå�f|�$\4é¡5

Ún7.9.1.


Pa = −i

∫ ψ+(~r,t)√
−∇2 ∂a

ψ(~r,t)√
−∇2 d

3~r =
∫ ψ+(~r,t)√

−∇2 P̂a
ψ(~r,t)√
−∇2 d

3~r

Lab = −i
∫ ψ+(~r,t)√

−∇2 (ra∂b − rb∂a) ψ(~r,t)√
−∇2 d

3~r =
∫ ψ+(~r,t)√

−∇2 L̂ab
ψ(~r,t)√
−∇2 d

3~r

Mab =
∫ ψ+(~r,t)√

−∇2 [−i(ra∂b − rb∂a) + Ŝab]
ψ(~r,t)√
−∇2 d

3~r =
∫ ψ+(~r,t)√

−∇2 M̂ab
ψ(~r,t)√
−∇2 d

3~r

íØ7.9.1.

{
ψkς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 } = 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}kςk′ςδ

3(~r − ~r′), ∇̂ := −i∇√
−∇2

{ψkς (~r,t)√
−∇2 ,

ψlς (~r′,t)√
−∇′2 } = 0, {

ψ+

k′ς
(~r,t)

√
−∇2 ,

ψ+

l′ς
(~r′,t)

√
−∇′2 } = 0

½n7.9.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2 (ra∂b − rb∂a) ψ(~r,t)√

−∇2 ,
ψ+(~r′,t)√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψ(~r′,t)√
−∇′2 ]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2 ]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 {(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 }(r

′
c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2 , (r

′
c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

√
−∇′2 }(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂

′
d − r′d∂′c) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂

′
b − rb∂′a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 (r′c∂d − r′d∂c) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~r

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}lςk′ς (rc∂d − rd∂c)

ψl′ς
(~r,t)

√
−∇2

−
ψ+

k′ς
(~r,t)

√
−∇2 (rc∂d − rd∂c) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 }

=
∫ ψ+(~r,t)√

−∇2 [−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] 1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1} ψ(~r,t)√

−∇2 d
3~r

=
∫ ψ+(~r,t)√

−∇2 [L̂ab, L̂cd]
ψ(~r,t)√
−∇2 d

3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)√
−∇2 (ra∂b − rb∂a) ψ(~r,t)√

−∇2 ,
ψ+(~r′,t)√
−∇′2 ∂

′
c
ψ(~r′,t)√
−∇′2 ]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

ψl′ς
(~r′,t)

√
−∇′2 ]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 {(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 }∂

′
c

ψl′ς
(~r′,t)

√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2 , ∂

′
c

ψl′ς
(~r′,t)

√
−∇′2 }(ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}lςk′ςδ

3(~r − ~r′)∂′c
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
c

1
8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂

′
b − rb∂′a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}lςk′ςδ

3(~r − ~r′)∂′c
ψl′ς

(~r′,t)
√
−∇′2

−
ψ+

k′ς
(~r′,t)

√
−∇′2 ∂c

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψlς (~r,t)√
−∇2 }
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= −δkς lςδk′ς l′ς
∫
d3~r

{ψ
+
kς

(~r,t)
√
−∇2 (ra∂b − rb∂a) 1

8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}lςk′ς∂c

ψl′ς
(~r,t)

√
−∇2 −

ψ+

k′ς
(~r,t)

√
−∇2 ∂c

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)√
−∇2 }

=
∫ ψ+(~r,t)√

−∇2 [−i(ra∂b − rb∂a),−i∂′c] 1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1} ψ(~r,t)√

−∇2 d
3~r

=
∫ ψ+(~r,t)√

−∇2 [L̂ab, P̂c]
ψ(~r,t)√
−∇2 d

3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ψ
+(~r,t)√
−∇2 ∂a

ψ(~r,t)√
−∇2 ,

ψ+(~r′,t)√
−∇′2 ∂

′
b
ψ(~r′,t)√
−∇′2 ]d3~rd3~r′

= −δkς lςδk′ς l′ς
∫

[
ψ+
kς

(~r,t)
√
−∇2 ∂a

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 ∂

′
b

ψl′ς
(~r′,t)

√
−∇′2 ]d3~rd3~r′

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′{ψ

+
kς

(~r,t)
√
−∇2 {∂a

ψlς (~r,t)√
−∇2 ,

ψ+

k′ς
(~r′,t)

√
−∇′2 }∂

′
b

ψl′ς
(~r′,t)

√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2 {

ψ+
kς

(~r,t)
√
−∇2 , ∂

′
b

ψl′ς
(~r′,t)

√
−∇′2 }∂a

ψlς (~r,t)√
−∇2 }

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}l′ςkς∂

′
bδ

3(~r′ − ~r)∂a
ψlς (~r,t)√
−∇2 }

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)
√
−∇2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂′]2 − 1}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)
√
−∇′2 −

ψ+

k′ς
(~r′,t)

√
−∇′2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}l′ςkς∂bδ

3(~r − ~r′)∂a
ψlς (~r,t)√
−∇2 }

= −
∫
{ψ

+
kς

(~r,t)
√
−∇2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}kς l′ς∂a∂b

ψl′ς
(~r,t)

√
−∇2 −

ψ+

k′ς
(~r,t)

√
−∇2

1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1}k′ς lς∂b∂a

ψlς (~r,t)√
−∇2 }d3~r

= −
∫ ψ+(~r,t)√

−∇2 (∂a∂b − ∂b∂a) 1
8
{9[ 2

3
σ( 3

2
) · ∇̂]2 − 1} ψ(~r,t)√

−∇2 d
3~r

= −
∫ ψ+(~r,t)√

−∇2 (∂a∂b − ∂b∂a) ψ(~r,t)√
−∇2 d

3~r

=
∫ ψ+(~r,t)√

−∇2 [P̂a, P̂b]
ψ(~r,t)√
−∇2 d

3~r = 0

Ún7.9.2. [σ( 3
2
) · ∇̂]2σ( 3

2
)ψ = {2[σ( 3

2
) · ∇̂]∇̂+ 1

4
σ( 3

2
)}ψ, Sab( 3

2
) = iσαςςabσας (

3
2
)

Ún7.9.3. [σ( 3
2
) · ∇̂]2Sab(

3
2
)ψ = {2[σ( 3

2
) · ∇̂]iσαςςab∇̂ας + 1

4
Sab(

3
2
)}ψ

Ún7.9.4.
∫ ψ+(~r,t)√

−∇2 σας (
3
2
)[σ( 3

2
) · ∇̂]∇̂βς

ψ(~r,t)√
−∇2 d

3~r? =
∫ ψ+(~r,t)√

−∇2 σας (
3
2
)σβς (

3
2
) ψ(~r,t)√
−∇2 d

3~r

y²: [Sab(t), Scd(t)]

=
∫

[ψ
+kς (~r,t)√
−∇2 Sabkς

lς ( 3
2
, ς)

ψlς (~r,t)√
−∇2 ,

ψ+mς (~r′,t)√
−∇′2 Scdmς

nς ( 3
2
, ς)

ψnς (~r′,t)√
−∇′2 ]d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2 {Sabkς lς ( 3

2
, ς)

ψlς (~r,t)√
−∇2 ,

ψ+mς (~r′,t)√
−∇′2 }Scdmς

nς ( 3
2
, ς)

ψnς (~r′,t)√
−∇′2

− ψ+mς (~r′,t)√
−∇′2 {

ψ+kς (~r,t)√
−∇2 , Scdmς

nς ( 3
2
, ς)

ψnς (~r′,t)√
−∇′2 }Sabkς

lς ( 3
2
, ς)

ψlς (~r,t)√
−∇2 }d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2 Sabkς

lς ( 3
2
, ς)Scdmς

nς ( 3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇′]2

∇′2 }lςmςδ3(~r − ~r′)ψnς (~r′,t)√
−∇′2

− ψ+mς (~r′,t)√
−∇′2 Scdmς

nς ( 3
2
, ς)Sabkς

lς ( 3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇]2

∇2 }nς kςδ3(~r − ~r′)ψlς (~r,t)√
−∇2 }d3~rd3~r′

=
∫
{ψ

+kς (~r,t)√
−∇2 Sabkς

lς ( 3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇]2

∇2 }lςmςScdmςnς ( 3
2
, ς)

ψnς (~r,t)√
−∇2

− ψ+mς (~r,t)√
−∇2 Scdmς

nς ( 3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇]2

∇2 }nς kςSabkς lς ( 3
2
, ς)

ψlς (~r,t)√
−∇2 }d3~r

=
∫
{ψ

+(~r,t)√
−∇2 Sab(

3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇]2

∇2 }Scd( 3
2
, ς) ψ(~r,t)√

−∇2 −
ψ+(~r,t)√
−∇2 Scd(

3
2
, ς) 1

8
{−1 + 4

[σ(
3
2

)·∇]2

∇2 }Sab( 3
2
, ς) ψ(~r,t)√

−∇2 }d3~r

=
∫
{ψ

+(~r,t)√
−∇2 Sab(

3
2
, ς) 1

8
{−1 + 4[σ( 3

2
) · ∇̂]2}Scd( 3

2
, ς) ψ(~r,t)√

−∇2 −
ψ+(~r,t)√
−∇2 Scd(

3
2
, ς) 1

8
{−1 + 4[σ( 3

2
) · ∇̂]2}Sab( 3

2
, ς) ψ(~r,t)√

−∇2 }d3~r

=
∫
{ψ

+(~r,t)√
−∇2 Sab(

3
2
, ς)[σ( 3

2
) · ∇̂]iσαςςcd∇̂ας

ψ(~r,t)√
−∇2 −

ψ+(~r,t)√
−∇2 Scd(

3
2
, ς)[σ( 3

2
) · ∇̂]iσαςςab∇̂ας

ψ(~r,t)√
−∇2 }d3~r

? =
∫
{ψ

+(~r,t)√
−∇2 Sab(

3
2
, ς)iσαςςcdσας (

3
2
) ψ(~r,t)√
−∇2 −

ψ+(~r,t)√
−∇2 Scd(

3
2
, ς)iσαςςabσας (

3
2
) ψ(~r,t)√
−∇2 }d3~r

=
∫ ψ+(~r,t)√

−∇2 [Sab(
3
2
, ς), Scd(

3
2
, ς)] ψ(~r,t)√

−∇2 d
3~r

8 gdÃÍÜÚåf|�Cþfz�Y

8.1 Úåfg^�Î�§9Ù²¡Å)

½n8.1.1. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0
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íØ8.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
|~p|3/2λ(p̂,−2ς)[a1(~p,−2ς)eip·x + a+

2 (~p,−2ς)e−ip·x]d3~p

~p|3/2a1(~p,−2ς) = 1
(2π)3/2

∫
λ+(p̂,−2ς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−2ς)ψ̇(~r, t)e−ip·xd3~r

|~p|3/2a+
2 (~p,−2ς) = 1

(2π)3/2

∫
λ+(p̂,−2ς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−2ς)ψ̇(~r, t)eip·xd3~r

½Â8.1.1. ÝK�f:P̂kςk′ς (2, ς) := λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς), P̂ 2(2, ς) = P̂ (2, ς), P̂+(2, ς) = P̂ (2, ς)

íØ8.1.2. H2 =
∫
|~p|[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p =

∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r

y²: H2 =
∫
|~p|[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p

= 1
(2π)3

∫
1
|~p|2 [λk

′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

−ip·x

+ λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1
|~p|2λ

+kς (p̂,−2ς)λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
1

4|~p|6 4|~p|4λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς)ψ+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)Γ
abcd
kςk′ς

papbpcpd
1
|~p|6 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){( 1√
2
)4 1

3
|~p|4{0 + 4ς[σ(2) · p̂]− 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4} 1

|~p|6 [e−i~p·(~r−~r
′) +

ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
24

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){{−[σ(2) · p̂]2 + [σ(2) · p̂]4} 1
|~p|2 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · p̂]2 + [σ(2) · p̂]4} 1
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){ 1
|~p|4 [σ(2) · i~p]2 + 1

|~p|6 [σ(2) · i~p]4}ei~p·(~r−~r′)d3~pd3~rd3~r′

= 1
12

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){
[σ(2)·∇]2

∇4 − [σ(2)·∇]4

∇6 }δ3(~r − ~r′)d3~rd3~r′

= 1
12

∫
ψ+
k′ς

(~r, t){ [σ(2)·∇]2

∇4 − [σ(2)·∇]4

∇6 }ψkς (~r, t)d3~r

=
∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r

íØ8.1.3. P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p = −ς

2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

y²: P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p

= 1
(2π)3

∫
p̂
|~p|2 [λk

′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

−ip·x

+ λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−2ς)ψkς (~r, t)e

ip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂
|~p|2λ

+kς (p̂,−2ς)λk
′
ς (p̂,−2ς)ψ+

k′ς
(~r′, t)ψkς (~r, t)[e

−i~p·(~r−~r′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂

4|~p|6 4|~p|4λkς (p̂,−2ς)λ+
k′ς

(p̂,−2ς)ψ+
k′ς

(~r′, t)ψkς (~r, t)[e
−i~p·(~r−~r′) + ei~p·(~r−~r

′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)Γ
abcd
kςk′ς

papbpcpd
p̂
|~p|6 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
4

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){( 1√
2
)4 1

3
|~p|4{0 + 4ς[σ(2) · p̂]− 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4} p̂

|~p|6 [e−i~p·(~r−~r
′) +

ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= 1
12

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){ς[σ(2) · p̂]− ς[σ(2) · p̂]3} p̂
|~p|2 [e−i~p·(~r−~r

′) + ei~p·(~r−~r
′)]d3~pd3~rd3~r′

= ς
6

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){[σ(2) · p̂]− [σ(2) · p̂]3} p̂
|~p|2 e

i~p·(~r−~r′)d3~pd3~rd3~r′

= ς
6

1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · i~p] i~p|~p|4 − [σ(2) · i~p]3 i~p
|~p|6 }e

i~p·(~r−~r′)d3~pd3~rd3~r′

= ς
6

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t){−[σ(2) · ∇] ∇∇4 + [σ(2) · ∇]3 ∇∇6 }δ3(~r − ~r′)d3~rd3~r′

= ς
6

∫
ψ+
k′ς

(~r, t){−[σ(2) · ∇] ∇∇4 + [σ(2) · ∇]3 ∇∇6 }ψkς (~r, t)d3~r

= ς
2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

= −ς
2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

íØ8.1.4. Pa =
∫
pa[a

+
1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+

2 (~p,−2ς)]d3~p = −ς
2

∫
ψ+
k′ς

(~r, t) [σ(2),−i2ς]a
−∇2 ψkς (~r, t)d

3~r

íØ8.1.5. P2 =
∫
~p[a+

1 (~p,−2ς)a1(~p,−2ς) + a2(~p,−2ς)a+
2 (~p,−2ς)]d3~p = ς

2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

8.2 Úåf|�C~êØCÜþ�5�

íØ8.2.1.

Γππππkςk′ς
(2) = ( 1√

2
)4δkςk′ς
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Γiπππkςk′ς
(2) = −iς( 1√

2
)4 1

2
σi(2)kςk′ς

Γijππkςk′ς
(2) = −( 1√

2
)4 1

6
[σ{i(2)σj}(2)− 2δij ]kςk′ς = −( 1√

2
)4 1

3
1
2!

[σ{i(2)σj}(2)− δ{ij}]kςk′ς
Γijkπkςk′ς

(2) = ( 1√
2
)4 iς

6
{σ{j(2)[σi(2)]σk}(2)− [σi(2)δjk + 2δi{jσk}(2)]}kςk′ς

= ( 1√
2
)4 iς

3
1
3!
{σ{i(2)σj(2)σk}(2)− 5

2
σ{i(2)δjk}}kςk′ς

Γijklkςk′ς
(2) = ( 1√

2
)4 2

3
1
4!

[σ{i(2)σj(2)σk(2)σl}(2)− 4σ{i(2)σj(2)δkl} + 3
2
δ{ijδkl}]kςk′ς

Ún8.2.1. Γabcdkςk′ς
papbpcpd = 4|~p|4λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)

y²: Γabcdkςk′ς
papbpcpd

= C4
4Γππππkςk′ς

(1)p4
π + C3

4Γiπππkςk′ς
(1)pip

3
π + C2

4Γijππkςk′ς
(1)pipjp

2
π + C1

4Γijkπkςk′ς
(1)pipjpkpπ + C0

4Γijklkςk′ς
(1)pipjpkpl

= ( 1√
2
)4 1

3
{3|~p|4 − 6ς|~p|3[σ(2) · ~p] + 6|~p|2{[σ(2) · ~p]2 − |~p|2} − 4ς|~p|{[σ(2) · ~p]3 − 5

2
|~p|2[σ(2) · ~p]}

+ 2[[σ(2) · ~p]4 − 4|~p|2[σ(2) · ~p]2 + 3
2
|~p|4]}kςk′ς

= {( 1√
2
)4 1

3
|~p|4{0 + 4ς[σ(2) · p̂]− 2[σ(2) · p̂]2 − 4ς[σ(2) · p̂]3 + 2[σ(2) · p̂]4}

−2∑
h=2

λ(p̂, h)λ+(p̂, h)}kςk′ς
= 4|~p|4λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)

íØ8.2.2. ÝK�f:P̂kςk′ς (2, ς) = 1
4
Γabcdkςk′ς

p̂ap̂bp̂cp̂d → 1
4
Γabcdkςk′ς

∂̂a∂̂b∂̂c∂̂d

8.3 Úåf|êÆþ����Cé´5K

½n8.3.1.

[aσ(~p,−2ς), a+
σ′(~p

′,−2ς)]±

= δσδσσ′δ
3(~p− ~p′)

[aσ(~p,−2ς), aσ′(~p
′,−2ς)]± = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)]± = 0

⇒



[Ψkς (x),Ψ+
k′ς

(x′)]±

= i
2
Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]

[Ψkς (x),Ψβς (x
′)]± = 0

[Ψ+
k′ς

(x),Ψ+
β′ς

(x′)]± = 0

y²: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3/2|~p′|3/2[a1(~p,−2ς), a+

1 (~p′,−2ς)]±e
ip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3δ1δ

3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)δ1|~p|3eip·(x−x

′)d3~p

= δ1
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

papbpcpde
ip·(x−x′)d3~p

= δ1
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

∂a∂b∂c∂de
ip·(x−x′)d3~p

= i
2
δ1Γabcdkςk′ς

∂a∂b∂c∂d∆
(+)(x− x′)

y²: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3/2|~p′|3/2[a+

2 (~p,−2ς), a2(~p′,−2ς)]±e
−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(~p′,−2ς)|~p|3δ2δ

3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)δ2|~p|3e−ip·(x−x

′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

papbpcpde
−ip·(x−x′)d3~p

= ± δ2
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

∂a∂b∂c∂de
−ip·(x−x′)d3~p

= −± i
2
δ1Γabcdkςk′ς

∂a∂b∂c∂d∆
(−)(x− x′)

y²: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= i
2
Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(+)(x− x′)−±δ2∆(−)(x− x′)]
= i

2
Γabcdkςk′ς

∂a∂b∂c∂d[(δ1 ± δ2)∆(+)(x− x′)−±δ2∆(x− x′)]
= i

2
Γabcdkςk′ς

∂a∂b∂c∂d[δ1∆(x− x′)− (δ1 ± δ2)∆(−)(x− x′)]
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lþª��§�kδ1 ± δ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±êÆ

þl«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1§�÷vé´'X"Ù¢�kü«§

=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò´²;�/"

8.4 Úåf|Ôn��Cé´5K

lþ!��§kÔn¿Â�é´5KXeµ£�
�p<y§#�
y²¤

½n8.4.1.


[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = δσσ′δ

3(~p− ~p′)

[aσ(~p,−2ς), aσ′(~p
′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)] = i

2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

y²: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
d3~pd3~p′λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)|~p|3/2|~p′|3/2

{[a1(~p,−2ς), a+
1 (~p′,−2ς)]eip·(x−x

′) + [a+
2 (~p,−2ς), a2(~p′,−2ς)]e−ip·(x−x

′)}
= 1

(2π)3

∫
|~p|3λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)[δ3(~p− ~p′)eip·(x−x′) − δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|3λkς (p̂,−2ς)λ+

k′ς
(p̂,−2ς)[eip·(x−x

′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

papbpcpd[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= 1
(2π)3

∫
1

2|~p|
1
2
Γabcdkςk′ς

∂a∂b∂c∂d[e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
2
Γabcdkςk′ς

∂a∂b∂c∂d
−i

(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)

8.5 Úåf|���é´5K

íØ8.5.1.
[ψkς (x), ψ+

k′ς
(x′)] = i

2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

y²: [ψkς (~r, t), ψ
+
k′ς

(~r′, t)] = i
2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)|t=t′
= C1

4
i
2
Γijkπkςk′ς

∂i∂j∂k∂π∆(x− x′)|t=t′ + C3
4
i
2
Γiπππkςk′ς

∂i∂π∂π∂π∆(x− x′)|t=t′
= 1

6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

íØ8.5.2.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

⇒


[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = ςδσσ′δ

3(~p− ~p′)

[aσ(~p,−2ς), aσ′(~p
′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

y²: [a1(~p,−2ς), a+
1 (~p′,−2ς)]

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
[λ+kς (p̂,−2ς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−2ς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2∫

λ+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς) 1

6
{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςe

−i(~p·~r−Et)ei(~p
′·~r−E′t)d3~r

= ς 1
|~p|3/2|~p′|3/2λ

+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6
{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςδ

3(~p− ~p′)
= ςλ+(p̂,−2ς) 1

6
{[σ(2) · p̂]− [σ(2) · p̂]3]}λ(p̂,−2ς)δ3(~p− ~p′)

= λ+(p̂,−2ς)λ(p̂,−2ς)δ3(~p− ~p′)
= δ3(~p− ~p′)
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y²: [a+
2 (~p,−2ς), a2(~p′,−2ς)]

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
[λ+kς (p̂,−2ς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−2ς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
|~p|3/2|~p′|3/2∫

λ+kς (p̂,−2ς)λk
′
ς (~p′,−2ς) 1

6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)d3~rd3~r′

= ς 1
(2π)3

1
|~p|3/2|~p′|3/2

∫
λ+kς (p̂,−2ς)λk

′
ς (~p′,−2ς)−1

6
{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςe

i(~p·~r−Et)e−i(~p
′·~r−E′t)d3~r

= ς 1
|~p|3/2|~p′|3/2λ

+kς (p̂,−2ς)λk
′
ς (~p′,−2ς)−1

6
{[σ(2) · ~p]~p2 − [σ(2) · ~p]3]}kςk′ςδ

3(~p− ~p′)
= ςλ+(p̂,−2ς)−1

6
{[σ(2) · p̂]− [σ(2) · p̂]3]}λ(p̂,−2ς)δ3(~p− ~p′)

= −λ+(p̂,−2ς)λ(p̂,−2ς)δ3(~p− ~p′)
= −δ3(~p− ~p′)

8.6 Úåf|é´5K�(

±þA��!�y²�Ð/¤��Ü64�§�kXe5�µ

íØ8.6.1.
[aσ(~p,−2ς), a+

σ′(~p
′,−2ς)] = δσσ′δ

3(~p− ~p′)

[aσ(~p,−2ς), aσ′(~p
′,−2ς)] = 0

[a+
σ (~p,−2ς), a+

σ′(~p
′,−2ς)] = 0

⇔


[aσ(~p), a+

σ′(~p
′)] = δσσ′δ

3(~p− ~p′)

[aσ(~p), aσ′(~p
′)] = 0

[a+
σ (~p), a+

σ′(~p
′)] = 0

m m

íØ8.6.2.
[ψkς (x), ψ+

k′ς
(x′)] = i

2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇔


[ψkς (~r, t), ψ

+
k′ς

(~r′, t)]

= 1
6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

8.7 Úåf|�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ8.7.1.

∆kςk′ς
(2;x) := 1

2
Γabcdkςk′ς

∂a∂b∂c∂d∆(x)

∆
(+)
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
(+)(x)

∆
(−)
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
(−)(x)

∆
(l)
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
(l)(x)

íØ8.7.2.

∆
(c)
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
(c)(x)− 1

2

3∑
n=0

inCn4 Γ

n︷ ︸︸ ︷
ij · ·

4−n︷︸︸︷
π · ·

kςk′ς
(2)

n︷ ︸︸ ︷
∂i∂j · ·

4−n∑
l=1

∂4−n−l
t δ(t)∂l−1

t ∆(x)

∆ret
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
ret(x)− 1

2

3∑
n=0

inCn4 Γ

n︷ ︸︸ ︷
ij · ·

4−n︷︸︸︷
π · ·

kςk′ς
(2)

n︷ ︸︸ ︷
∂i∂j · ·

4−n∑
l=1

∂4−n−l
t δ(t)∂l−1

t ∆(x)

∆adv
kςk′ς

(2;x) := 1
2
Γabcdkςk′ς

∂a∂b∂c∂d∆
adv(x)− 1

2

3∑
n=0

inCn4 Γ

n︷ ︸︸ ︷
ij · ·

4−n︷︸︸︷
π · ·

kςk′ς
(2)

n︷ ︸︸ ︷
∂i∂j · ·

4−n∑
l=1

∂4−n−l
t δ(t)∂l−1

t ∆(x)

∆Fkςk′ς
(2;x) := 1

2
Γabcdkςk′ς

∂a∂b∂c∂d∆F (x)− i
2

3∑
n=0

inCn4 Γ

n︷ ︸︸ ︷
ij · ·

4−n︷︸︸︷
π · ·

kςk′ς
(2)

n︷ ︸︸ ︷
∂i∂j · ·

4−n∑
l=1

∂4−n−l
t δ(t)∂l−1

t ∆(x)

= i∆
(c)
kςk′ς

(2;x),∆Fkςk′ς
(2; p) = −i

2

Γabcd
kςk′ς

papbpcpd

p2−iε + · · ·

íØ8.7.3.
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[s∂a + iSab(2, ς)∂
b]∆(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(+)(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(−)(2;x) = 0

[s∂a + iSab(2, ς)∂
b]∆(l)(2;x) = 0



[s∂a + iSab(2, ς)∂
b]∆(c)(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆ret(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆adv(2;x) = −ς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

[s∂a + iSab(2, ς)∂
b]∆F (2;x) = −iς[σ(2), i2ς]aδ(t)∆(2;x)|t=0

8.8 Úåf|�þf�§

½n8.8.1.

H = 1
2

∫
{ψ+

k′ς
(~r, t),Γ(O)ψkς (~r, t)}d3~r

½n8.8.2. [ψjς (~r, t),
∫
d3~r′ψ+

k′ς
(~r′, t)Γ(O′)k

′
ςkςψkς (~r

′, t)] = 1
2
[ψjς (~r, t),

∫
d3~r′{ψ+

k′ς
(~r′, t),Γ(O′)k

′
ςkςψkς (~r

′, t)}]

y²:
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)Γ(O′)k
′
ςkςψkς (~r

′, t)]

=
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]Γ(O′)k
′
ςkςψkς (~r

′, t)]

=
∫
d3~r′Γ(O′)k

′
ςkςψkς (~r

′, t)[ψjς (~r, t), ψ
+
k′ς

(~r′, t)]

=
∫
d3~r′[ψjς (~r, t),Γ(O′)k

′
ςkςψkς (~r

′, t)ψ+
k′ς

(~r′, t)]

8.9 é´Ú�é´úª

íØ8.9.1.

[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

íØ8.9.2.

[A, {B,C}] = {[A,B], C}+ {B, [A,C]}

[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

½n8.9.1.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = 1
6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

H =
∫
ψ+
k′ς

(~r, t)
[
1
2
σ(2)·∇]2

−∇4 ψkς (~r, t)d
3~r| =

∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r, ~P = ς
2

∫
ψ+
k′ς

(~r, t)[σ(2) · ∇] ∇∇4ψkς (~r, t)d
3~r

⇒

[ψ(~r, t), H] = i
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

[ψ(~r, t), ~P ] = i
12
{ [σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 ]}∇ψ(~r, t)

y²: [ψ(~r, t), H]

=
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t){ [
1
2
σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)]

=
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)]{ [
1
2
σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)

=
∫
d3~r 1

6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ςδ

3(~r − ~r′){ [
1
2
σ(2)·∇′]2

−∇′4 }k′ςkςψkς (~r′, t)

= i
6
ς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς{

[
1
2
σ(2)·∇]2

−∇4 }k′ςkςψkς (~r, t)
= i

24
ς{− 1

∇2 [σ(2) · ∇]3 + 1
∇4 [σ(2) · ∇]5}ψ(~r, t)

= i
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

y²: [ψ(~r, t), H]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t) 1
−∇′2ψkς (~r

′, t)]

= δk
′
ςkς
∫
d3~r[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] 1
−∇′2ψkς (~r

′, t)

= δk
′
ςkς
∫
d3~r 1

6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ςδ

3(~r − ~r′) 1
−∇′2ψkς (~r

′, t)

= i
6
ςδk

′
ςkς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3}jςk′ς

1
−∇2ψkς (~r, t)

= i
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)
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y²: [ψ(~r, t), ~P ]

= ς
2
δk
′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)[σ(2) · ∇′] ∇′∇′4ψkς (~r
′, t)]

= ς
2
δk
′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)][σ(2) · ∇′] ∇′∇′4ψkς (~r
′, t)

= ς
2
δk
′
ςkς
∫
d3~r′ −1

6
iς{[σ(2) · ∇′]∇′2 − [σ(2) · ∇′]3]}jςk′ςδ

3(~r − ~r′)[σ(2) · ∇′] ∇′∇′4ψkς (~r, t)
= i

12
{[σ(2) · ∇]2∇2 − [σ(2) · ∇]4]} ∇∇4ψ(~r, t)

= i
12
{ [σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 ]}∇ψ(~r, t)

íØ8.9.3.

σ(s) · {[σ(s) · p̂]1σ(s)} = [σ2(s)− 1][σ(s) · p̂]

σ(s) · {[σ(s) · p̂]2σ(s)} = [σ2(s)− 3][σ(s) · p̂]2 + σ2(s)

σ(s) · {[σ(s) · p̂]3σ(s)}

= [σ2(s)− 6][σ(s) · p̂]3 + [3σ2(s)− 1]σ(s) · p̂

⇒


σ(2) · {[σ(2) · p̂]1σ(2)} = 5[σ(2) · p̂]

σ(2) · {[σ(2) · p̂]2σ(2)} = 3[σ(2) · p̂]2 + 6

σ(2) · {[σ(2) · p̂]3σ(2)} = 17[σ(2) · p̂]

íØ8.9.4.∇ψ(~r, t) = i[ψ(~r, t), P ]

ψ̇(~r, t) = −i[ψ(~r, t), H]
⇔

∇ψ(~r, t) = − 1
12
{ [σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 }∇ψ(~r, t)

ψ̇(~r, t) = − 1
6
ς{[σ(2) · ∇]− [σ(2)·∇]3

∇2 }ψ(~r, t)
⇔

∂a∂aψ(~r, t) = 0

[σ(2),−2iς]a∂aψ(~r, t) = 0

íØ8.9.5.

∇ψ(~r, t) = − 1
12
{ [σ(2)·∇]2

∇2 − [σ(2)·∇]4

∇4 }∇ψ(~r, t)

ψ(~r, t) =
∫
λ(p̂,−2ς)[a1(~p)ei(~p·~r−|~p|t) + a+

2 (~p)e−i(~p·~r−|~p|t)]d3~p

⇔

∇ψ(~r, t) = − 1
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

ψ(~r, t) =
∫
λ(p̂,−2ς)[a1(~p)ei(~p·~r−|~p|t) + a+

2 (~p)e−i(~p·~r−|~p|t)]d3~p

íØ8.9.6. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒

∂a∂aψ(~r, t) = 0

[σ(2),−2iς]a∂aψ(~r, t) = 0

íØ8.9.7. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒ ∂aψ(~r, t) = i[ψ(~r, t), Pa]

8.10 Úåf|�1�«þf�§

½n8.10.1.
[ψkς (~r, t), ψ

+
k′ς

(~r′, t)] = 1
6
iς{[σ(2) · ∇]∇2 − [σ(2) · ∇]3]}kςk′ςδ

3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0

H =
∫
ψ+
k′ς

(~r, t) 1
−∇2ψkς (~r, t)d

3~r, ~P = −ς
2

∫
ψ+
k′ς

(~r, t) σ(2)
−∇2ψkς (~r, t)d

3~r

⇒

[ψ(~r, t), H] = i
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

[ψ(~r, t), ~P ] = i
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

y²: [ψ(~r, t), P ]

= ς
2
σ(2)k

′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t) 1
∇′2ψkς (~r

′, t)]

= ς
2
σ(2)k

′
ςkς
∫
d3~r′[ψjς (~r, t), ψ

+
k′ς

(~r′, t)] 1
∇′2ψkς (~r

′, t)

= ς
2
σ(2)k

′
ςkς
∫
d3~r′ −1

6
iς{[σ(2) · ∇′]∇′2 − [σ(2) · ∇′]3]}jςk′ςδ

3(~r − ~r′) 1
∇′2ψkς (~r, t)

= ς
2
σ(2)k

′
ςkς 1

6
iς{[σ(2) · ∇]∇′2 − [σ(2) · ∇]3]}jςk′ς

1
∇2ψkς (~r, t)

= i
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

? = −i∇ψ(~r, t)

5�8.10.1. iσ(s)×∇ = σ(s) · ∇σ(s)− σ(s)[σ(s) · ∇], σ(s) · ∇σ(s) = iσ(s)×∇+ σ(s)[σ(s) · ∇]

íØ8.10.1. {[σ(2) · ∇]− [σ(2)·∇]3

∇2 }σ(2)

= iσ(s)×∇+ σ(s)[σ(s) · ∇]− [σ(2)·∇]2

∇2 {iσ(s)×∇+ σ(s)[σ(s) · ∇]}
= iσ(s)×∇+σ(s)[σ(s) ·∇]− [σ(2)·∇]

∇2 i{iσ(s)×∇+σ(s)[σ(s) ·∇]}×∇+ [σ(2)·∇]
∇2 {iσ(s)×∇+σ(s)[σ(s) ·∇]}[σ(s) ·∇]
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5�8.10.2.

σ(2) · ∇̂ ≡ − 1
12
σα(2){[σ(2) · ∇̂]− [σ(2) · ∇̂]3]}σα(2), [σ(2) · ∇̂]5 ≡ −4[σ(2) · ∇̂] + 5[σ(2) · ∇̂]3, ∇̂ := −i∇√

−∇2 , ∇̂2 = 1

íØ8.10.2.ψ̇(~r, t) = 1
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)
⇒ ∂2

tψ(~r, t) = ∇2ψ(~r, t)

y²:ψ̇(~r, t) = 1
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)

⇒ ∂2
tψ(~r, t) = 1

36
{[σ(2) · ∇]2 − 2 1

∇2 [σ(2) · ∇]4 + 1
∇4 [σ(2) · ∇]6}ψ(~r, t)

= 1
36
{[σ(2) · ∇]2 − 2 1

∇2 [σ(2) · ∇]4 − 4[σ(2) · ∇]2 + 5 1
∇2 [σ(2) · ∇]4}ψ(~r, t)

= − 1
12
{[σ(2) · ∇]2 − 1

∇2 [σ(2) · ∇]4}ψ(~r, t)

= ∇2ψ(~r, t)

íØ8.10.3.ψ̇(~r, t) = 1
6
ς{−[σ(2) · ∇] + 1

∇2 [σ(2) · ∇]3}ψ(~r, t)

∇ψ(~r, t) = − 1
12
{[σ(2) · ∇]− 1

∇2 [σ(2) · ∇]3]}σ(2)ψ(~r, t)
!⇒ [σ(2),−2iς]a∂aψ(~r, t) = 0

8.11 Úåf|�$\4é¡5

íØ8.11.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

íØ8.11.2.

Γππππkςk′ς
(2) = ( 1√

2
)4δkςk′ς

Γiπππkςk′ς
(2) = −iς( 1√

2
)4 1

2
σi(2)kςk′ς

Γijππkςk′ς
(2) = −( 1√

2
)4 1

6
[σ{i(2)σj}(2)− 2δij ]kςk′ς = −( 1√

2
)4 1

3
1
2!

[σ{i(2)σj}(2)− δ{ij}]kςk′ς
Γijkπkςk′ς

(2) = ( 1√
2
)4 iς

6
{σ{j(2)[σi(2)]σk}(2)− [σi(2)δjk + 2δi{jσk}(2)]}kςk′ς

= ( 1√
2
)4 iς

3
1
3!
{σ{i(2)σj(2)σk}(2)− 5

2
σ{i(2)δjk}}kςk′ς

Γijklkςk′ς
(2) = ( 1√

2
)4 2

3
1
4!

[σ{i(2)σj(2)σk(2)σl}(2)− 4σ{i(2)σj(2)δkl} + 3
2
δ{ijδkl}]kςk′ς

íØ8.11.3. Γabcd(2)∂a∂b∂c∂d∂π∆(x− x′)|t=t′

= i
2∑
l=0

(−1)lC2l
4 Γ

4−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(2)

4−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

= i{Γijkl(2)∂i∂j∂k∂lδ
3(~r − ~r′)− 6Γijππ(2)∂i∂j∇2δ3(~r − ~r′) + Γππππ(2)∇4δ3(~r − ~r′)}

= i{( 1√
2
)4 2

3
1
4!

[σ{i(2)σj(2)σk(2)σl}(2) − 4σ{i(2)σj(2)δkl} + 3
2
δ{ijδkl}]∂i∂j∂k∂lδ

3(~r − ~r′) + 6( 1√
2
)4 1

3
1
2!

[σ{i(2)σj}(2) −
δ{ij}]∂i∂j∇2δ3(~r − ~r′) + ( 1√

2
)4∇4δ3(~r − ~r′)}

= i{ 1
6
{[σ(2) · ∇]4 − 4[σ(2) · ∇]2∇2 + 3

2
∇4}δ3(~r − ~r′) + 1

2
{[σ(2) · ∇]2∇2 −∇4}δ3(~r − ~r′) + 1

4
∇4δ3(~r − ~r′)}

= i
6
{[σ(2) · ∇]4 − [σ(2) · ∇]2∇2}δ3(~r − ~r′)

íØ8.11.4.
[ψ̇kς (x), ψ+

k′ς
(x′)] = − 1

2
Γabcdkςk′ς

∂a∂b∂c∂d∂π∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = 0

⇒


[
ψ̇kς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]

= i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)] = 0, [ψ+

k′ς
(~r, t), ψ+

l′ς
(~r′, t)] = 0
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íØ8.11.5. P̂a(2) =
∫ ψ+(~r,t)
−∇2 P̂a

iψ̇(~r,t)
−∇2 d

3~r,Mab(2) =
∫ ψ+(~r,t)
−∇2 M̂ab

iψ̇(~r,t)
−∇2 d

3~r

½n8.11.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ψ

+(~r,t)
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)

−∇2 ,
ψ+(~r′,t)
−∇′2 (r′c∂

′
d − r′d∂′c)

iψ̇(~r′,t)
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 [(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ](r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2

+
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

−∇′2 ](ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂
′
d − r′d∂′c) i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 (ra∂
′
b − rb∂′a) i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 (r′c∂d − r′d∂c) i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= δkς lςδk

′
ς l
′
ς

∫
d3~r

{ψ
+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς (rc∂d − rd∂c)

ψ̇l′ς
(~r,t)

−∇2

−
ψ+

k′ς
(~r,t)

−∇2 (rc∂d − rd∂c) i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)

−∇2 }
= −

∫ ψ+(~r,t)
−∇2 [−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] i12

{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)
−∇2 d

3~r

=
∫ ψ+(~r,t)
−∇2 [L̂ab, L̂cd]

iψ̇(~r,t)
−∇2 d

3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ψ

+(~r,t)
−∇2 (ra∂b − rb∂a) iψ̇(~r,t)

−∇2 ,
ψ+(~r′,t)
−∇′2 ∂′c

iψ̇(~r′,t)
−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

−∇2 (ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ∂′c
ψ̇l′ς

(~r′,t)

−∇′2 ]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 [(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]∂′c
ψ̇l′ς

(~r′,t)

−∇′2 +
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , ∂′c
ψ̇l′ς

(~r′,t)

−∇′2 ](ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 (ra∂b − rb∂a) i
12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 ∂′c
i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2 (ra∂
′
b − rb∂′a) i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

−∇′2

−
ψ+

k′ς
(~r′,t)

−∇′2 ∂c
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

−∇2 }
= δkς lςδk

′
ς l
′
ς

∫
d3~r

{ψ
+
kς

(~r,t)

−∇2 (ra∂b − rb∂a)
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς∂c

ψ̇l′ς
(~r,t)

−∇2 −
ψ+

k′ς
(~r,t)

−∇2 ∂c
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς (ra∂b −

rb∂a)
ψ̇lς (~r,t)

−∇2 }
= −

∫ ψ+(~r,t)
−∇2 [−i(ra∂b − rb∂a),−i∂′c] i12

{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)
−∇2 d

3~r

=
∫ ψ+(~r,t)
−∇2 [L̂ab, P̂c]

iψ̇(~r,t)
−∇2 d

3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]
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= −
∫

[ψ
+(~r,t)
−∇2 ∂a

iψ̇(~r,t)
−∇2 ,

ψ+(~r′,t)
−∇′2 ∂′b

iψ̇(~r′,t)
−∇′2 ]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)

−∇2 ∂a
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ∂′b
ψ̇l′ς

(~r′,t)

−∇′2 ]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′{ψ

+
kς

(~r,t)

−∇2 [∂a
ψ̇lς (~r,t)

−∇2 ,
ψ+

k′ς
(~r′,t)

−∇′2 ]∂′b
ψ̇l′ς

(~r′,t)

−∇′2 +
ψ+

k′ς
(~r′,t)

−∇′2 [
ψ+
kς

(~r,t)

−∇2 , ∂′b
ψ̇l′ς

(~r′,t)

−∇′2 ]∂a
ψ̇lς (~r,t)

−∇2 }
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

−∇′2 −
ψ+

k′ς
(~r′,t)

−∇′2
i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}l′ςkς∂

′
bδ

3(~r′ −
~r)∂a

ψ̇lς (~r,t)

−∇2 }
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ψ
+
kς

(~r,t)

−∇2
i

12
{[σ(2) · ∇̂′]2 − [σ(2) · ∇̂′]4}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

−∇′2 −
ψ+

k′ς
(~r′,t)

−∇′2
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}l′ςkς∂bδ

3(~r −
~r′)∂a

ψ̇lς (~r,t)

−∇2 }

=
∫
{ψ

+
kς

(~r,t)

−∇2
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}kς l′ς∂a∂b

ψ̇l′ς
(~r,t)

−∇2 −
ψ+

k′ς
(~r,t)

−∇2
i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4}k′ς lς∂b∂a

ψlς (~r,t)

−∇2 }d3~r

=
∫ ψ+(~r,t)
−∇2 (∂a∂b − ∂b∂a) i

12
{[σ(2) · ∇̂]2 − [σ(2) · ∇̂]4} ψ̇(~r,t)

−∇2 d
3~r

=
∫ ψ+(~r,t)
−∇2 (∂a∂b − ∂b∂a)−iψ̇(~r,t)

−∇2 d3~r

=
∫ ψ+(~r,t)
−∇2 [P̂a, P̂b]

iψ̇(~r,t)
−∇2 d

3~r = 0
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g·µãµ3�ÙªuUÚ���ªé¤kÃ�þg^âfïá
�A�þf|Ø"ÃI��M�îþ§Ò

�±UÚ��#§ªé�«g^âf?1
þfz§�Ñ
Ú��þfzé´5KÚUþÄþ�Î/ª§�Ñ


Ü©þf$\4�ê"��Äþ�Î���Ü©¤õ§vk�.)û§EIãå"

1 �I�m¥�g^�§

1.1 s-g^�§9Ù²¡Å)

½n1.1.1. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0

íØ1.1.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

|~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r = 1

(2π)3/2

∫
i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r = 1

(2π)3/2

∫ −i
|~p|λ

+(p̂,−sς)ψ̇(~r, t)eip·xd3~r

½Â1.1.1. ÝK�f:P̂kςk′ς (s, ς) := λkς (p̂,−sς)λ+
k′ς

(p̂,−sς), P̂ 2(s, ς) = P̂ (s, ς), P̂+(s, ς) = P̂ (s, ς)

½Â1.1.2. A(~r, t) := ∂t
∇2ψ(~r, t)⇔ ψ(~r, t) = ∂tA(~r, t)

2 ~êØCÜþΓabc··kςk′ς
(s)�êÆ©Û

2.1 s-g^|�C~êØCÜþΓabc··kςk′ς
(s)�5�

5�2.1.1. Γ

2s︷ ︸︸ ︷
πππ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(iς)AςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= ( 1√
2
)2sδkςk′ς

5�2.1.2. Γ

2s︷ ︸︸ ︷
iππ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (iς)BςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −iς( 1√
2
)2s 1

s
σi(s)kςk′ς

5�2.1.3. Γ

2s︷ ︸︸ ︷
ijπ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (iς)CςC′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

= −( 1√
2
)2s 1

s(s− 1
2

)

1
2!

[σ{i(s)σj}(s)− s
2
δ{ij}]kςk′ς

5�2.1.4. Γ

2s︷ ︸︸ ︷
ijkπ · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (iς)DςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s iς

s(s− 1
2

)(s−1)

1
3!

[σ{i(s)σj(s)σk}(s) + 1−3s
2
δ{ijσk}(s)]kςk′ς

5�2.1.5. Γ

2s︷ ︸︸ ︷
ijkl · ·
kςk′ς

(s) = (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς (σ)kCςC′ς (σ)lDςD′ς · ·Γ

2s︷ ︸︸ ︷
AςBςCςDς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ςD
′
ς · ·

k′ς
(s)

= ( 1√
2
)2s 1

s(s− 1
2

)(s−1)(s− 3
2

)

1
4!

[σ{i(s)σj(s)σk(s)σl}(s) + (2− 3s)σ{i(s)σj(s)δkl} + 3
4
s(s− 1)δ{ijδkl}]kςk′ς

2.2 �'X

Ún2.2.1.
(σ · ∇)A

′
ςAςΓkςAςBς · ·︸ ︷︷ ︸

2s

(s)ψkς (~r, t) = iς∂πδ
A′ςAςΓkςAςBς · ·︸ ︷︷ ︸

2s

(s)ψkς (~r, t), [σ(s) · ∇]k
′
ςkςψkς (~r, t) = isς∂πδ

k′ςkςψkς (~r, t)

(σ · ∇)AςA′ςΓ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t) = −iς∂πδAςA

′
ςΓ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t), [σ(s) · ∇]kςk′ςψ

k′ς (~r, t) = −isς∂πδkςk′ςψ
k′ς (~r, t)
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½n2.2.1. Γ

n︷ ︸︸ ︷
ij · ·
kςk′ς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψ(~r, t) = 2−sδkςk′ς (∂π)nψk
′
ς (~r, t)

y²: Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψk
′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψk
′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(−iς∂π)AςA′ς (−iς∂π)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)ψk

′
ς (~r, t)

= 2−sδkςk′ς (−∂π)nψ(~r, t)

íØ2.2.1.


λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

½n2.2.2. Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς) = in

2s
λkς (p̂,−sς),Γ

k′ςkς
ij · ·︸ ︷︷ ︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂, sς) = in

2s
λk
′
ς (p̂, sς)

y²: Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iAςA′ς (σ)jBςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂,−sς)

= (−iς√
2

)2sΓ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

n︷ ︸︸ ︷
(σ · p̂)AςA′ς (σ · p̂)BςB′ς · ·

2s−n︷ ︸︸ ︷
(iς)PςP ′ς (iς)QςQ′ς · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2
)λB

′
ς (p̂,− ς

2
) · ·λP

′
ς (p̂,− ς

2
)λQ

′
ς (p̂,− ς

2
) · ·

= in

2s
Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·λPς (p̂,− ς

2
)λQς (p̂,− ς

2
) · ·

= in

2s
λkς (p̂,−sς)

½n2.2.3. Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λk

′
ς (p̂, sς) = (−i)n

2s
λkς (p̂, sς),Γ

k′ςkς
ij · ·︸ ︷︷ ︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂,−sς) = (−i)n

2s
λk
′
ς (p̂,−sς)

½n2.2.4. Γ
k′ςkς
ij · ·︸ ︷︷ ︸
n

π · ·π︸ ︷︷ ︸
2s−n

(s)

n︷ ︸︸ ︷
p̂ip̂j · ·λkς (p̂, sς) = in

2s
λk
′
ς (p̂, sς)

½n2.2.5.


Γ

n︷ ︸︸ ︷
ij · ·
k′ςkς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψkς (~r, t) = 2−sδk′ςkς∂
n
πψ(~r, t)

Γ

2s︷ ︸︸ ︷
abc · ·
k′ςkς

(s) := (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aA′ςAς (σ, iς)

b
B′ςBς

(σ, iς)cC′ςCς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

y²: Γ

n︷ ︸︸ ︷
ij · ·

2s−n︷ ︸︸ ︷
π · ·π

k′ςkς
(s) ∂i∂j · ·︸ ︷︷ ︸

n

ψkς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ)iA′ςAς (σ)jB′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s) ∂i∂j · ·︸ ︷︷ ︸
n

ψkς (~r, t)
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= (−iς√
2

)2s

n︷ ︸︸ ︷
(σ · ∇)A′ςAς (σ · ∇)B′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)ψkς (~r, t)

= (−iς√
2

)2s

n︷ ︸︸ ︷
(iς∂π)A′ςAς (iς∂π)B′ςBς · ·

2s−n︷ ︸︸ ︷
(iς)P ′ςPς (iς)Q′ςQς · ·Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·P

′
ςQ
′
ς · ·

k′ς
(s)Γ

2s︷ ︸︸ ︷
AςBς · ·PςQς · ·
kς

(s)ψkς (~r, t)

= 2−sδk′ςkς (∂π)nψkς (~r, t)

2.3 s-g^|�C~êØCÜþΓabc··kςk′ς
(s)��½n

Ún2.3.1. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· · = (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

y²: Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· ·

= (−iς√
2

)2s

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·Γ
2s︷ ︸︸ ︷

AςBςCς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· ·

=


(i
√

2)2sΓ

2s︷ ︸︸ ︷
1ς1ς1ς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
1
′
ς1
′
ς1
′
ς · ·

k′ς
(s) = (i

√
2)2sλkς (

[
0
0
1

]
, s)λ+

k′ς
(
[

0
0
1

]
, s), ς = −1

(i
√

2)2sΓ

2s︷ ︸︸ ︷
2ς2ς2ς · ·
kς

(s)Γ

2s︷ ︸︸ ︷
2
′
ς2
′
ς2
′
ς · ·

k′ς
(s) = (i

√
2)2sλkς (

[
0
0
1

]
,−s)λ+

k′ς
(
[

0
0
1

]
,−s), ς = 1

= (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

½n2.3.1. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

±þs = 1
2
, 1, 3

2
, 2®�y²§s > 2�áuß�§e¡^~êØCÜþ©Û{5Ú�y²§µ

y²: Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷[
0
0
1
i

]
a

[
0
0
1
i

]
b

[
0
0
1
i

]
c

· · = (i
√

2)2sλkς (
[

0
0
1

]
,−sς)λ+

k′ς
(
[

0
0
1

]
,−sς)

⇔ Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[exp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|aãexp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|bb̃exp{−i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|cc̃ · ·]
2s︷ ︸︸ ︷

p̂ãp̂b̃p̂c̃ · ·

= (i
√

2)2sexp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|kς k̃ςλk̃ς (p̂,−sς)λ
+

k̃′ς
(p̂,−sς)exp{i [σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}|k̃
′
ς k′ς

⇔ [exp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|ãaexp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|b̃bexp{i (γ×p̂)z√
1−p̂2

z

arccosp̂z}|c̃c · ·]

exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|k̃ς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)exp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}|k
′
ς
k̃′ς

2s︷ ︸︸ ︷
p̂ãp̂b̃p̂c̃ · · = (i

√
2)2sλk̃ς (p̂,−sς)λ

+

k̃′ς
(p̂,−sς)

⇔ Γ

2s︷ ︸︸ ︷
ãb̃c̃ · ·
k̃ς k̃′ς

(s)

2s︷ ︸︸ ︷
p̂ãp̂b̃p̂c̃ · · = (i

√
2)2sλk̃ς (p̂,−sς)λ

+

k̃′ς
(p̂,−sς)

⇔ Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

íØ2.3.1. ÝK�f:P̂kςk′ς (s, ς) = (i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·,Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sP̂kςk′ς (s, ς)

íØ2.3.2. Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · � Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · = (i

√
2)2sλ(p̂,−sς)λ+(p̂,−sς), s ≥ 0

íØ2.3.3. Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂,−sς) = (i

√
2)2sλ(p̂,−sς)

íØ2.3.4.


λ+kς (p̂,−sς)λkς (p̂,−sς) = 1, λ+kς (−p̂,−sς)λkς (p̂,−sς) = 0

λkς (p̂,−sς)λ+
k′ς

(p̂,−sς) = (i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·

499



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 125Ù s-g^�§��Cþfz�Y

2.4 �Îp̂a, ∂̂aÚΓabc··+ (s),Γabc··− (s)½Â�#®o

½Â2.4.1. p̂a := pa
|~p| = (p̂, i); p̂ = ~p

|~p| , p̂π = pπ
|~p| = i; p̂2 = 1, p̂2

π = i2

½Â2.4.2. ∂̂a := ∂a
i
√
−∇2 = −i∂a√

−∇2 = (−i∇,−∂t)√
−∇2 ; ∇̂ = ∇

i
√
−∇2 = −i∇√

−∇2 ; ∇̂2 = 1, ∇̂2
π = i2

íØ2.4.1. pa ' −i∂a, |~p| '
√
−∇2, p̂a ' ∂̂a, pa = |~p|p̂a, ∂a = (i

√
−∇2)∂̂a

½Â2.4.3. odd := −, even := +

½Â2.4.4.


Γ

2s︷ ︸︸ ︷
abc · ·(s) = 1 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) := 1 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 0 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

Γ

2s︷ ︸︸ ︷
abc · ·
− (s) := 0 · Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s), 1 · Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s), l = 0, ··, 2s

íØ2.4.2. Γ

2s︷ ︸︸ ︷
abc · ·(s) = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s) + Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2.5 �ÎΓabc··± (s)∂a∂b∂c · ·ÚΓabc··± (s)∂̂a∂̂b∂̂c · ·3��^�e�5�

íØ2.5.1. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·ψ =

[s]∑
l=0

C2n
2s Γ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · ·(

√
−∇2)2lψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·ψ =

[s− 1
2

]∑
l=0

C2n+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · (

√
−∇2)2l∂πψ

íØ2.5.2. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ =

[s]∑
n=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · ·ψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ =

[s− 1
2

]∑
n=0

(−1)lC2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · · ∂̂πψ

íØ2.5.3. ∂a∂aψ = 0⇒


Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ = Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ = −iΓ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ

2.6 �ÎΓabc··(s)∂a∂b∂c · ·∆(x− x′)|t=t′�5�

5�2.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
papbpc · · :=

[s− 1
2

]∑
l=0

C2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
pipj · · p2l+1

π

Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
∂a∂b∂c · · :=

[s− 1
2

]∑
l=0

C2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∂2l+1

π

íØ2.6.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)|t=t′ = i

[s− 1
2

]∑
l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1√

−∇2

[s− 1
2

]∑
l=0

(−1)lC2l+1
2s Γ

2s−2l−1︷ ︸︸ ︷
ij · ·

2l+1︷ ︸︸ ︷
π · ·π(s)

2s−2l−1︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)|t=t′ = (i

√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2 Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)
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2.7 �ÎΓabc··(s)∂a∂b∂c · ·|∂π∆(x− x′)|t=t′�5�
íØ2.7.1.

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂i∂j · · ∇2lδ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = i

[s]∑
l=0

(−1)lC2l
2sΓ

2s−2l︷ ︸︸ ︷
ij · ·

2l︷ ︸︸ ︷
π · ·π(s)

2s−2l︷ ︸︸ ︷
∂̂i∂̂j · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · ∂π∆(x− x′)|t=t′ = i(i

√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂π∆(x− x′)|t=t′ = iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

2.8 A��½n

½n2.8.1.
Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂π∆(x− x′)|t=t′ = iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2 Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

½n2.8.2.
Γ

2n︷ ︸︸ ︷
abc · ·(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂π∆(x− x′)|t=t′ = iΓ

2n︷ ︸︸ ︷
abc · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

Γ

2n+1︷ ︸︸ ︷
abc · ·(n+ 1

2
)

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·∆(x− x′)|t=t′ = 1

i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
abc · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

ß�2.8.1.

Γ

2s︷ ︸︸ ︷
ab · ·
+ (s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = 1

2
Γ

2s︷ ︸︸ ︷
ab · ·(s)

2s︷ ︸︸ ︷
p̂ap̂b · ·λ(p̂,−sς) = (i

√
2)2s

2
λ(p̂,−sς)

dß�é$g^�/®�y�(§é���/�I�î�\±y²"

íØ2.8.1.
Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ(~r, t;n) = (−2)nψ(~r, t;n)

Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ(~r, t;n+ 1

2
) = −(−2)n

√
2ψ(~r, t;n+ 1

2
)

y²: Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·ψ(~r, t;n)

= 1
(2π)3/2

∫
~p6=0

|~p|(n−
1
2

)Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2n︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(p̂,−nς)[a1(~p,−nς)eip·x + (−1)2na+

2 (~p,−nς)e−ip·x]d3~p

= 1
(2π)3/2

∫
~p6=0

|~p|(n−
1
2

)(i
√

2)2nλ(p̂,−sς)λ(p̂,−nς)[a1(~p,−nς)eip·x + a+
2 (~p,−nς)e−ip·x]d3~p

= (−2)nψ(~r, t;n)

y²: Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · ∂̂πψ(~r, t;n+ 1

2
)

= 1
(2π)3/2

∫
~p6=0

d3~p

|~p|nΓ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
p̂ap̂bp̂c · · p̂πλ(p̂,−(n+ 1

2
)ς)[a1(~p,−(n+ 1

2
)ς)eip·x − (−1)2n+1a+

2 (~p,−(n+ 1
2
)ς)e−ip·x]

= 1
(2π)3/2

∫
~p6=0

|~p|ni(i
√

2)2n+1λ(p̂,−(n+ 1
2
)ς)λ(p̂,−(n+ 1

2
)ς)[a1(~p,−(n+ 1

2
)ς)eip·x + a+

2 (~p,−(n+ 1
2
)ς)e−ip·x]d3~p

= i(i
√

2)2n+1ψ(~r, t;n+ 1
2
)
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3 s-g^|�é´5K

3.1 é´Ú�é´úª

íØ3.1.1.

[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

íØ3.1.2.

[A, {B,C}] = {[A,B], C}+ {B, [A,C]}

[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

3.2 s-g^|êÆþ����Cé´5K

½n3.2.1.

[aσ(~p,−sς), a+
σ′(~p

′,−sς)]± = δσδσσ′δ
3(~p− ~p′)

[aσ(~p,−sς), aσ′(~p′,−sς)]± = 0, [a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]± = 0

⇒


[Ψkς (x),Ψ+

k′ς
(x′)]±

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·{[δ1 ± (−1)2sδ2]∆(+)(x− x′)± (−1)2s+1δ2∆(x− x′)}

[Ψkς (x),Ψβς (x
′)]± = 0, [Ψ+

k′ς
(x),Ψ+

β′ς
(x′)]± = 0

y²: [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(~p′,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2[a1(~p,−sς), a+
1 (~p′,−sς)]±eip·(x−x

′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(~p′,−sς)|~p|2s−1δ1δ

3(~p− ~p′)eip·(x−x′)d3~pd3~p′

= 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)δ1|~p|2s−1eip·(x−x

′)d3~p

= 1
(2π)3

∫
(i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · δ1|~p|2s−1eip·(x−x

′)d3~p

= −(i
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · eip·(x−x

′)d3~p

= i−2s(
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p| i
−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · eip·(x−x

′)d3~p

= (−
√

2)−2(s−1) δ1
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · eip·(x−x

′)d3~p

= i(−
√

2)−2(s−1)δ1Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(+)(x− x′)

y²: [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= 1
(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(~p′,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2[a+
2 (~p,−sς), a2(~p′,−sς)]±e−ip·(x−x

′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(~p′,−sς)|~p|2s−1δ2δ

3(~p− ~p′)e−ip·(x−x′)d3~pd3~p′

= ± 1
(2π)3

∫
λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)δ2|~p|2s−1e−ip·(x−x

′)d3~p

= ± 1
(2π)3

∫
(i
√

2)−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · · δ2|~p|2s−1e−ip·(x−x

′)d3~p

= −± (i
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · e−ip·(x−x

′)d3~p

= ±i−2s(
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p|(−i)
−2sΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · e−ip·(x−x

′)d3~p

= ±(
√

2)−2(s−1) δ2
(2π)3

∫
1

2|~p|Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · e−ip·(x−x

′)d3~p

= −± i(
√

2)−2(s−1)δ2Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(−)(x− x′)
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y²: [Ψkς (x),Ψ+
k′ς

(x′)]±

= [Ψ
(+)
kς

(x),Ψ
(+)+
k′ς

(x′)]± + [Ψ
(−)
kς

(x),Ψ
(−)+
k′ς

(x′)]±

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·[δ1∆(+)(x− x′)± (−1)2s+1δ2∆(−)(x− x′)]

= i(−
√

2)−2(s−1)Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·{[δ1 ± (−1)2sδ2]∆(+)(x− x′)± (−1)2s+1δ2∆(x− x′)}

lþª��§�kδ1 ± (−1)−2sδ2 = 0�§â÷v�*ÏJ5§Ó��kδ1, δ2 ≥ 0�§â÷vAÇ�K5"¤±ê

Æþl«�Cé´½�é´�Y¥§ÔnþÜn��k�«µ=δ1 = δ2 = 1(XJØ´1�±8�z)§�éuÀ

Úf÷vé´'X¶éu¤�f÷v�é´'X"Ù¢�kü«§=δ1 = δ2 = 0§�÷vé´½�é´'X§Ò

´²;�/"

3.3 s-g^|Ôn��Cé´5K

½Â3.3.1. ∆kςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

íØ3.3.1. ∆(s, ς;x) = (iς)2s

22s−1 Γ̄(s)

2s︷ ︸︸ ︷
(σ, iς)a ⊗ (σ, iς)b ⊗ (σ, iς)c ⊗ ··

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)Γ(s)

íØ3.3.2. ∆(s, ς;x) = ( iς
2

)N̄(s)[(σ, iς)a ⊗ ∂a∆(s− 1
2
, ς;x)]N(s)

y²: ∆(s, ς;x) = (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·(s, ς)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

= (−1)2s

2s−1 (−iς√
2

)N̄(s)[(σ, iς)a ⊗ Γ

2s−1︷ ︸︸ ︷
bc · ·(s− 1

2
, ς)]N(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

= ( iς
2

)N̄(s)[(σ, iς)a∂a ⊗∆(s− 1
2
, ς;x)]N(s)

= ( iς
2

)N̄(s)[(σ, iς)a ⊗ ∂a∆(s− 1
2
, ς;x)]N(s)

½n3.3.1.
[aσ(~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = δσσ′δ

3(~p− ~p′)

[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0

[a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = 0

⇒


[ψkς (x), ψ+

k′ς
(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0

y²: {ψkς (x), ψ+
k′ς

(x′)}
= 1

(2π)3

∫
~p6=0

λkς (p̂,−sς)λ+
k′ς

(p̂,−sς)|~p|(2s−1)/2|~p′|(2s−1)/2

{[a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1eip·(x−x

′) + [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1e−ip·(x−x

′)}d3~pd3~p′

= 1
(2π)3

∫
|~p|2s−1λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)[δ3(~p− ~p′)eip·(x−x′) + (−1)2s+1δ3(~p− ~p′)e−ip·(x−x′)]d3~pd3~p′

= 1
(2π)3

∫
|~p|2s−1λkς (p̂,−sς)λ+

k′ς
(p̂,−sς)[eip·(x−x′) + (−1)2s+1e−ip·(x−x

′)]d3~p

= 1
(2π)3

∫
1

2|~p|
−1

(i
√

2)2(s−1) Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · ·[eip·(x−x

′) + (−1)2s+1e−ip·(x−x
′)]d3~p

= 1
(2π)3

∫
1

2|~p|
(−i)2(s−1)

(i
√

2)2(s−1) Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·[eip·(x−x

′) − e−ip·(x−x′)]d3~p

= i
(−
√

2)2(s−1) Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · −i(2π)3

∫
1

2|~p| [e
ip·(x−x′) − e−ip·(x−x′)]d3~p

= i
(−
√

2)2(s−1) Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

= i∆kςk′ς
(s;x− x′)

3.4 s-g^|���é´5K

íØ3.4.1.

∆kςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x),∆kςk′ς

(s;x)|t=0 = (−1)2s

2s−1 (i
√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r)
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íØ3.4.2.

[ψkς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 , s > 0

= i (−1)2s

2s−1 (i
√
−∇2)2s−1Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

íØ3.4.3.

[ψ̇kς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · i∂π∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψ̇kς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 , s > 0

= i (−1)2s+1

2s−1 (i
√
−∇2)2sΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s,∂̂π→i︷ ︸︸ ︷
∂̂a∂̂b∂̂c · · δ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

íØ3.4.4.

[ψkς (x), ψ+
k′ς

(x′)]−2s+1 , s ≥ 0

= i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[ψkς (x), ψlς (x
′)]−2s+1 = 0

[ψ+
k′ς

(x), ψ+
l′ς

(x′)]−2s+1 = 0

⇒



[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 = (−1)2s+1

2s−1 , s > 0

[s− 1
2

]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

íØ3.4.5.

[ψkς (~r, t), ψ
+
k′ς

(~r′, t)]−2s+1 = (−1)2s+1

2s−1 , s > 0

[s− 1
2

]∑
n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)

[ψkς (~r, t), ψlς (~r
′, t)]−2s+1 = 0

[ψ+
k′ς

(~r, t), ψ+
l′ς

(~r′, t)]−2s+1 = 0

⇒



[aσ(~p,−sς), a+
σ′(~p

′,−sς)]−2s+1

= δσσ′δ
3(~p− ~p′)

[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0

[a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = 0

y²: [a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
[λ+kς (p̂,−sς)Ψkς (~r, t)e

−i(~p·~r−Et), λk
′
ς (~p′,−sς)Ψ+

k′ς
(~r′, t)ei(~p

′·~r′−E′t)]−2s+1d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
λ+kς (p̂,−sς)λk′ς (~p′,−sς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]−2s+1e−i(~p·~r−Et)ei(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~rd3~r′ (−1)2s+1

2s−1

λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)e−i(~p·~r−Et)ei(~p′·~r′−E′t)

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~r (−1)2s+1

2s−1

i2s−1λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
pipj · · ~p2ne−i(~p·~r−Et)ei(~p

′·~r−E′t)

= (−i)2s−1

2s−1 λ+(p̂,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
p̂ip̂j · · λ(~p′,−sς)δ3(~p− ~p′)

= (−i)2s

2s−1 λ
+(p̂,−sς)Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(~p′,−sς)δ3(~p− ~p′)

= (−i)2s

2s−1
1
2
(i
√

2)2sλ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= λ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= δ3(~p− ~p′)

y²: [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
[λ+kς (p̂,−sς)Ψkς (~r, t)e

i(~p·~r−Et), λk
′
ς (~p′,−sς)Ψ+

k′ς
(~r′, t)e−i(~p

′·~r′−E′t)]−2s+1d3~rd3~r′
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= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
λ+kς (p̂,−sς)λk′ς (~p′,−sς)[Ψkς (~r, t),Ψ

+
k′ς

(~r′, t)]−2s+1ei(~p·~r−Et)e−i(~p
′·~r′−E′t)d3~rd3~r′

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~rd3~r′ (−1)2s+1

2s−1

λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
∂i∂j · · ∇2nδ3(~r − ~r′)ei(~p·~r−Et)e−i(~p′·~r′−E′t)

= 1
(2π)3

1
(|~p||~p′|)(2s−1)/2

∫
d3~r (−1)2s+1

2s−1 i

(−i)2s−1λ+kς (p̂,−sς)λk′ς (~p′,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π

kςk′ς
(s)

2s−2n−1︷ ︸︸ ︷
pipj · · ~p2nei(~p·~r−Et)e−i(~p

′·~r−E′t)

= (i)2s−1

2s−1 λ+(p̂,−sς)
[s− 1

2
]∑

n=0

(−1)nC2n+1
2s Γ

2s−2n−1︷ ︸︸ ︷
ij · ·

2n+1︷ ︸︸ ︷
π · ·π(s)

2s−2n−1︷ ︸︸ ︷
p̂ip̂j · · λ(~p′,−sς)δ3(~p− ~p′)

= − (i)2s

2s−1 ςλ
+(p̂,−sς)Γ

2s︷ ︸︸ ︷
abc · ·
− (s)

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·λ(~p′,−sς)δ3(~p− ~p′)

= − (i)2s

2s−1
1
2
(i
√

2)2sλ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= (−1)2s+1λ+(p̂,−sς)λ(p̂,−sς)δ3(~p− ~p′)
= (−1)2s+1δ3(~p− ~p′)

3.5 s-g^|�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún3.5.1. [∂nt , θ(t)]ψ(x) =
n∑
l=1

∂n−lt δ(t)∂l−1
t ψ(x), [∂nt , θ(−t)]ψ(x) = −

n∑
l=1

∂n−lt δ(t)∂l−1
t ψ(x)

y²: [∂nt , θ(t)]ψ(x) = ∂nt θ(t)ψ(x)− θ(t)∂nt ψ(x)

=
n∑
l=1

∂n−lt [∂tθ(t)]∂
l−1
t ψ(x) =

n∑
l=1

∂n−lt δ(t)∂l−1
t ψ(x)

y²: [∂nt , θ(−t)]ψ(x) = ∂nt θ(−t)ψ(x)− θ(−t)∂nt ψ(x)

=
n∑
l=1

∂n−lt [∂tθ(−t)]∂l−1
t ψ(x) = −

n∑
l=1

∂n−lt δ(t)∂l−1
t ψ(x)

Ún3.5.2. [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(+)(x)− [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

y²: [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[θ(t),

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s

2s−1

2s−1∑
n=0

Cn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[θ(t), ∂2s−n

π ]

n︷ ︸︸ ︷
∂i∂j · ·

= i2s

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[θ(t), ∂2s−n

t ]

n︷ ︸︸ ︷
∂i∂j · ·

= i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

y²: [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]

= (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)[θ(−t),
2s︷ ︸︸ ︷

∂a∂b∂c · ·]

= (−1)2s

2s−1

2s−1∑
n=0

Cn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[θ(−t), ∂2s−n

π ]

n︷ ︸︸ ︷
∂i∂j · ·
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= i2s

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)[θ(−t), ∂2s−n

t ]

n︷ ︸︸ ︷
∂i∂j · ·

= i2s

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

y²: [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(+)(x)− [θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(x)− [θ(t) + θ(−t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(−)(x)

= [θ(t), (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·]∆(x)

Ún3.5.3. [spa + iSab(s, ς)p
b]λ(p̂,−sς) = 0

y²: [spa + iSab(s, ς)p
b]λ(p̂,−sς)

= |~p|{s[exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}
[

0
0
1
i

]
]a + iSab(s, ς)[exp{i (R×p̂)z√

1−p̂2
z

arccosp̂z}
[

0
0
1
i

]
]b}

exp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}λ(
[

0
0
1

]
,−sς)

= exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}|acexp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}|~p|[s
[

0
0
1
i

]
c

+ iScd(s, ς)

[
0
0
1
i

]d
]λ(
[

0
0
1

]
,−sς)

= exp{i (R×p̂)z√
1−p̂2

z

arccosp̂z}|acexp{i [σ(2)×p̂]z√
1−p̂2

z

arccosp̂z}|~p| · 0
= 0

Ún3.5.4. [s∂a + iSab(s, ς)∂
b]jς

kς∆kςk′ς
(s;x) = 0, [s∂a + iSab(s, ς)∂

b]∆(s;x) = 0

y²: [s∂a + iSab(s, ς)∂
b]jς

kς∆kςk′ς
(s;x)

= (−1√
2
)2(s−1)[s∂a + iSab(s, ς)∂

b]jς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

= (−1√
2
)2(s−1)i2s+1 −i

(2π)3

∫
[spa + iSab(s, ς)p

b]jς
kςΓ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p| [e
ip·x − (−1)2s+1e−ip·x]d3~p

= (− 1
2
)2s−1 −1

(2π)3

∫
[spa + iSab(s, ς)p

b]jς
kςλkς (p̂,−sς)λ+

k′ς
(p̂,−sς)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p|2s+1 [eip·x − (−1)2s+1e−ip·x]d3~p

= (− 1
2
)2s−1 −1

(2π)3

∫
0 · λ+

k′ς
(p̂,−sς)

2s︷ ︸︸ ︷
papbpc · · 1

2|~p|2s+1 [eip·x − (−1)2s+1e−ip·x]d3~p

= 0

½Â3.5.1.
∆(x) = ∆(+)(x) + ∆(−)(x) = ∆ret(x)−∆adv(x)

∆(l)(x) = i[∆(−)(x)−∆(+)(x)]

∆F (x) = 〈Tϕ(x)ϕ(x′)〉0 = i∆(c)(x− x′)


∆(c)(x) = θ(t)∆(+)(x)− θ(−t)∆(−)(x)

∆ret(x) = θ(t)∆(x) = ∆(c)(x) + ∆(−)(x)

∆adv(x) = −θ(−t)∆(x) = ∆(c)(x)−∆(+)(x)

íØ3.5.1.

∆kςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x)

∆
(+)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(+)(x)

∆
(−)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(−)(x)

∆
(l)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(l)(x)
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íØ3.5.2.

∆
(c)
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(c)(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆ret
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆ret(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆adv
kςk′ς

(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆adv(x) + i2s−2

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆Fkςk′ς
(s;x) := (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆F (x) + i2s−1

2s−1

2s−1∑
n=0

inCn2sΓ

n︷ ︸︸ ︷
ij · ·

2s−n︷︸︸︷
π · ·

kςk′ς
(s)

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

= i∆
(c)
kςk′ς

(s;x)

íØ3.5.3. ∆Fkςk′ς
(s; p) = (−i)2s+1

2s−1

Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
papbpc · ·

p2−iε + · · ·

Ún3.5.5. [s∂a + iSab(s, ς)∂
b]θ(t) = −ς[σ(s), isς]aδ(t)

y²: [s∂a + iSab(s, ς)∂
b]θ(t)

= [−isδa4 + Sa4(s, ς)]δ(t) = [−isδa4 − ςσa(s)]δ(t) = −ς[σ(s), isς]aδ(t)

Ún3.5.6. 1√
−∇2 δ

3(~r) = 2∆(+)(x)|t=0 = 2∆(−)(x)|t=0

Ún3.5.7. [sDa + iSab(s, ς)D
b]ψ(s, ς) = −

√
2ςsZ̄a(s, ς)J̃(s)⇔ (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = iJ̃(s, ς)

íØ3.5.4.

[s∂a + iSab(s, ς)∂
b]∆(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(+)(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(−)(s;x) = 0

[s∂a + iSab(s, ς)∂
b]∆(l)(s;x) = 0



[s∂a + iSab(s, ς)∂
b]∆(c)(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

= −
√

2ςs[−iς√
2
N̄(s)(σ, iς)a]iςδ(t)N(s)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆ret(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆adv(s;x) = −ς[σ(s), isς]aδ(t)∆(s;x)|t=0

[s∂a + iSab(s, ς)∂
b]∆F (s;x) = −iς[σ(s), isς]aδ(t)∆(s;x)|t=0

[m] [m]

íØ3.5.5.

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(+)(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(−)(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(l)(s;x) = 0



(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(c)(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆ret(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆adv(s;x) = −ςδ(t)Γ(s)∆(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆F (s;x) = −iςδ(t)Γ(s)∆(s;x)|t=0

[m] [m]

íØ3.5.6.

(σ ⊗ I2s,−iς)a∂aN(s)∆(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(+)(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(−)(s;x) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(l)(s;x) = 0



(σ ⊗ I2s,−iς)a∂aN(s)∆(c)(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆ret(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆adv(s;x) = −ςδ(t)N(s)∆(s;x)|t=0

(σ ⊗ I2s,−iς)a∂aN(s)∆F (s;x) = −iςδ(t)N(s)∆(s;x)|t=0

[m] [m]
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íØ3.5.7.

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(+)(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(−)(s;x)Γ̄(s) = 0

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(l)(s;x)Γ̄(s) = 0



(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆(c)(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆ret(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆adv(s;x)Γ̄(s) = −ςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

(σ ⊗ I22s−1 ,−iς)a∂aΓ(s)∆F (s;x)Γ̄(s) = −iςδ(t)Γ(s)∆(s;x)|t=0Γ̄(s)

[m] [m]

íØ3.5.8.

(σ ⊗ I2s,−iς)a∂aN(s)∆(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(+)(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(−)(s;x)N̄(s) = 0

(σ ⊗ I2s,−iς)a∂aN(s)∆(l)(s;x)N̄(s) = 0



(σ ⊗ I2s,−iς)a∂aN(s)∆(c)(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆ret(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆adv(s;x)N̄(s) = −ςδ(t)N(s)∆(s;x)|t=0N̄(s)

(σ ⊗ I2s,−iς)a∂aN(s)∆F (s;x)N̄(s) = −iςδ(t)N(s)∆(s;x)|t=0N̄(s)

[⇓] [⇓]

íØ3.5.9.

[σ(s),−isς]a∂a∆(s;x) = 0

[σ(s),−isς]a∂a∆(+)(s;x) = 0

[σ(s),−isς]a∂a∆(−)(s;x) = 0

[σ(s),−isς]a∂a∆(l)(s;x) = 0



[σ(s),−isς]a∂a∆(c)(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆ret(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆adv(s;x) = −sςδ(t)∆(s;x)|t=0

[σ(s),−isς]a∂a∆F (s;x) = −isςδ(t)∆(s;x)|t=0

3.6 s-g^|UþÄþ�Î�J�

íØ3.6.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r

Ún3.6.1.

Γ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

2s−n

ψ(~r, t) = ( 1√
2
)2sδkςk′ς∂

2s−n
π ψ(~r, t),Γ

k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·ψ(~r, t) = ( 1√

2
)2sδk

′
ςkς∂2s−n

π ψ(~r, t)

Ún3.6.2. Γ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π

kςk′ς
(s) ∂i∂j · ·︸ ︷︷ ︸

2s−n

∂nπψ(~r, t) = ( 1√
2
)2sδkςk′ς∂

2s
π ψ(~r, t)

5�3.6.1.


Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
papbpc · · =

2s∑
n=0

Cn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
pipj · · pnπ

Γ

2s︷ ︸︸ ︷
abc · ·(s)

2s︷ ︸︸ ︷
∂a∂b∂c · · =

2s∑
n=0

Cn2sΓ

2s−n︷ ︸︸ ︷
ij · ·

n︷ ︸︸ ︷
π · ·π(s)

2s−n︷ ︸︸ ︷
∂i∂j · · ∂nπ

½n3.6.1.

H(s) =
∫
|~p|[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t) (i∂t)

2s

(−∇2)2s−1ψ(~r, t)d3~r

y²: H(s) =
∫
|~p|[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

= 1
(2π)3

∫
1

|~p|2s−2 [λk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)e−ip·x

+ (−1)2sλk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
1

|~p|2s−2λ
+kς (p̂,−sς)λk′ς (p̂,−sς)ψkς (~r, t)ψ+

k′ς
(~r′, t)[e−i~p·(~r−~r

′) + (−1)2sei~p·(~r−~r
′)]d3~pd3~rd3~r′

= (i
√

2)−2s 1
(2π)3

∫
1

|~p|2s−2ψ
+
k′ς

(~r′, t)Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) p̂ap̂bp̂c · ·︸ ︷︷ ︸
2s

ψkς (~r, t)[e
−i~p·(~r−~r′) + (−1)2sei~p·(~r−~r

′)]d3~pd3~rd3~r′
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= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

|~p|4s−2 Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)(papbpc · ·︸ ︷︷ ︸
2s

+ p+ap+bp+c · ·︸ ︷︷ ︸
2s

)ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

|~p|4s−2

2s∑
n=0

Cn2sΓ
k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)(

2s−n︷ ︸︸ ︷
pipj · · pnπ +

2s−n︷ ︸︸ ︷
pipj · · p+n

π )ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (
√

2)−2s
∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
1

(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[1 + (−1)n]δ3(~r − ~r′)d3~rd3~r′

= (−
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[1 + (−1)n]ψkς (~r, t)d

3~r

= (−1√
2
)2s(
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nδk

′
ςkς∂2s−n

π [1 + (−1)n]ψkς (~r, t)d
3~r

= (−1√
2
)2s(
√

2)−2s
∫
ψ+
k′ς

(~r, t) 1
(−∇2)2s−1

2s∑
n=0

Cn2s∂
n
πδ

k′ςkς∂2s−n
π [1 + (−1)n]ψkς (~r, t)d

3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) 1

(−∇2)2s−1

2s∑
n=0

Cn2s(−i∂t)n(−i∂t)2s−n[1 + (−1)n]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+
k′ς

(~r, t) (−i∂t)2s

(−∇2)2s−1

2s∑
n=0

Cn2s[1 + (−1)n]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) (−i∂t)2s

(−∇2)2s−1

2s∑
n=0

Cn2s[1 + (−1)n]ψkς (~r, t)d
3~r

=
∫
ψ+(~r, t) (i∂t)

2s

(−∇2)2s−1ψ(~r, t)d3~r

½n3.6.2.

P (s) =
∫
~p[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t)−i∇(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

y²: P (s) =
∫
~p[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

= 1
(2π)3

∫
p̂

|~p|2s−2 [λk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)eip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)e−ip·x

+ (−1)2sλk
′
ς (p̂,−sς)ψ+

k′ς
(~r′, t)e−ip·x

′
λ+kς (p̂,−sς)ψkς (~r, t)eip·x]d3~pd3~rd3~r′

= 1
(2π)3

∫
p̂

|~p|2s−2λ
+kς (p̂,−sς)λk′ς (p̂,−sς)ψkς (~r, t)ψ+

k′ς
(~r′, t)[e−i~p·(~r−~r

′) + (−1)2sei~p·(~r−~r
′)]d3~pd3~rd3~r′

= (i
√

2)−2s 1
(2π)3

∫
p̂

|~p|2s−2ψ
+
k′ς

(~r′, t)(Γ)
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s) p̂ap̂bp̂c · ·︸ ︷︷ ︸
2s

ψkς (~r, t)[e
−i~p·(~r−~r′) + (−1)2sei~p·(~r−~r

′)]d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
p̂

|~p|4s−2 Γ
k′ςkς
abc · ·︸ ︷︷ ︸

2s

(s)(papbpc · ·︸ ︷︷ ︸
2s

− p+ap+bp+c · ·︸ ︷︷ ︸
2s

)ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (−i
√

2)−2s 1
(2π)3

∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
p̂

|~p|4s−2

2s∑
n=0

Cn2sΓ
k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)(

2s−n︷ ︸︸ ︷
pipj · · pnπ −

2s−n︷ ︸︸ ︷
pipj · · p+n

π )ei~p·(~r−~r
′)d3~pd3~rd3~r′

= (
√

2)−2s
∫
ψ+
k′ς

(~r′, t)ψkς (~r, t)
∇̂

(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[(−1)n − 1]δ3(~r − ~r′)d3~rd3~r′

= (−
√

2)−2s
∫
ψ+
k′ς

(~r, t) ∇̂
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nΓ

k′ςkς
ij · ·︸ ︷︷ ︸
2s−n

π · ·π︸ ︷︷ ︸
n

(s)

2s−n︷ ︸︸ ︷
∂i∂j · ·[(−1)n − 1]ψkς (~r, t)d

3~r

= ( 1√
2
)2s(−

√
2)−2s

∫
ψ+
k′ς

(~r, t) ∇̂
(−∇2)2s−1

2s∑
n=0

Cn2s(
√
−∇2)nδk

′
ςkς∂2s−n

π [(−1)n − 1]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t) ∇̂

(−∇2)2s−1

2s∑
n=0

Cn2s
√
−∇2(−i∂t)n−1(−i∂t)2s−n[(−1)n − 1]ψkς (~r, t)d

3~r

= 1
(−2)2s

∫
ψ+
k′ς

(~r, t)−i∇(−i∂t)2s−1

(−∇2)2s−1

2s∑
n=0

Cn2s[(−1)n − 1]ψkς (~r, t)d
3~r

= 1
(−2)2s

∫
ψ+kς (~r, t)−i∇(−i∂t)2s−1

(−∇2)2s−1

2s∑
n=0

Cn2s[(−1)n − 1]ψkς (~r, t)d
3~r

=
∫
ψ+(~r, t)−i∇(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r
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½n3.6.3.

Pu(s) =
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p =

∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

3.7 s-g^|�§��«Ôn�Î

íØ3.7.1.


ψ(~r, t) := 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫
λ+(p̂,−sς)ψ(~r, t)eip·xd3~r

½n3.7.1.

Pu(s) =
∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r =
∫
pu[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p

y²: Pu(s) =
∫
ψ+(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) pu

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) pu

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

½n3.7.2. Q(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r =
∫

[a+(~p,−sς)a(~p,−sς) + (−1)2s−1b(~p,−sς)b+(~p,−sς)]d3~p

y²: Q(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

½n3.7.3. N(s) =
∫
ψ+(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψ(~r, t)d3~r =

∫
[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p

y²: N(s) =
∫
ψ+(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) 1

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p

½n3.7.4. ~S(s) =
∫
ψ+(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r =
∫
p̂[a+(~p,−sς)a(~p,−sς) + (−1)2s−1b(~p,−sς)b+(~p,−sς)]d3~p

y²: ~S(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

½n3.7.5. ~M(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψ(~r, t)d3~r =

∫
p̂[a+(~p,−sς)a(~p,−sς) + (−1)2sb(~p,−sς)b+(~p,−sς)]d3~p
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y²: ~M(s) =
∫
ψ+(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
=
∫
~p|2s−1λ+(p̂′,−sς)λ(p̂,−sς) p̂

|~p|2s−1 {[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

3.8 s-g^|UþÄþ�Î��(

½n3.8.1. [s∂a + iSab(s, ς)∂
b] ψ(x)

(
√
−∇2)[s] = 0

½n3.8.2. Pa(s) =
∫
ψ+(~r, t)−i∂a(i∂t)

2s−1

(−∇2)2s−l ψ(~r, t)d3~r

½n3.8.3. Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

∂a
ψ̇(~r,t)

(
√
−∇2)n

d3~r, Pa(n+ 1
2
) = −i

∫ ψ+(~r,t)

(
√
−∇2)n

∂a
ψ(~r,t)

(
√
−∇2)n

d3~r

½n3.8.4.

Mab(n) = i
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(xa∂b − xb∂a) + Sab(n, ς)]
ψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

[−i(xa∂b − xb∂a) + Sab(n+ 1
2
, ς)] ψ(~r,t)

(
√
−∇2)n

d3~r

3.9 s-g^|Ün�M�î.UþÄþ�Î

½n3.9.1.

Ĥ( 1
2
) = iς

1/2

∫
ψ+(~r, t)σ( 1

2
) · ∇ψ(~r, t)d3~r

Ĥ(1) =
∫
ψ+(~r, t) [σ(1)·∇]2

∇2 ψ(~r, t)d3~r

Ĥ( 3
2
) = −iς

3/2

∫
ψ+(~r, t)

σ(
3
2

)·∇
∇2 ψ(~r, t)d3~r

Ĥ(2) = (−iς
2

)2
∫
ψ+(~r, t) [σ(2)·∇]2

∇4 ψ(~r, t)d3~r



P̂ ( 1
2
) = −

∫
ψ+(~r, t)i∇ψ(~r, t)d3~r

P̂ (1) = iς
∫
ψ+(~r, t) [σ(1)·∇]i∇

∇2 ψ(~r, t)d3~r

P̂ ( 3
2
) =

∫
ψ+(~r, t) i∇∇2ψ(~r, t)d3~r

P̂ (2) = (−iς
2

)
∫
ψ+(~r, t) [σ(2)·∇]i∇

∇4 ψ(~r, t)d3~r

½n3.9.2.Ĥ(n+ 1
2
) =

∫
ψ+(~r, t)

iς
n+1/2

σ(n+
1
2

)·∇

(
√
−∇2)2n ψ(~r, t)d3~r

P̂ (n+ 1
2
) =

∫
ψ+(~r, t) −i∇

(
√
−∇2)2nψ(~r, t)d3~r

Ĥ(n) =
∫
ψ+(~r, t)

[
iς
n
σ(n)·∇]2

(
√
−∇2)2n ψ(~r, t)d3~r

P̂ (n) =
∫
ψ+(~r, t)

−i∇[
iς
n
σ(n)·∇]

(
√
−∇2)2n ψ(~r, t)d3~r

3.10 �Ñ�UþÄþ�ÎÚ�Äþ�Î

½Â3.10.1.

M̂ab(s, ς) = xaP̂b − xbP̂a + iσαςςabσας (s)δ(s− 1
2
), P̂a = −i∂a

Γab(s, ς) = xaΓb(s, ς)− xbΓa(s, ς),Γa(s, ς) := −ς[ 1
s
σ(s),−iς]a

íØ3.10.1.
Pa(n+ 1

2
) =

∫
ψ+(~r, t) −i∂a

(
√
−∇2)2nψ(~r, t)d3~r

Pa(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r


Pa(n) =

∫
ψ+(~r, t)

−i∂a[
iς
n
σ(n)·∇]

(
√
−∇2)2n ψ(~r, t)d3~r

P̂a(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

½n3.10.1.H(1) =
∫
ψ+
k′ς

(~r, t)ψkς (~r, t)d
3~r

H(2) = −
∫
ψ+
k′ς

(~r, t) 1
∇2ψkς (~r, t)d

3~r

P (1) = −ς
∫
ψ+
k′ς

(~r, t)σ(1)ψkς (~r, t)d
3~r

P (2) = ( ς
2
)
∫
ψ+
k′ς

(~r, t)σ(2)
∇2 ψkς (~r, t)d

3~r

íØ3.10.2.
Pa(n− 1

2
) =

∫
ψ+(~r, t) −i∂a

(
√
−∇2)2(n−1)ψ(~r, t)d3~r

Pa(n− 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n−1 P̂a

ψ(~r,t)

(
√
−∇2)n−1 d

3~r

Mab(n− 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n−1 M̂ab

ψ(~r,t)

(
√
−∇2)n−1 d

3~r


Pa(n) =

∫
ψ+(~r, t)

−ς[ 1
n
σ(n),−iς]a

(
√
−∇2)2(n−1) ψ(~r, t)d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n−1 Γa

ψ(~r,t)

(
√
−∇2)n−1 d

3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n−1 Γab

ψ(~r,t)

(
√
−∇2)n−1 d

3~r
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3.11 s-g^|þf�§�J�

½n3.11.1. [ψ(~r, t), H(s)] = (−1)2s

4s−1

√
−∇2[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

y²: [ψ(~r, t), H(s)] = [ψ(~r, t), i
−2s

2s−1

∫ ψ+(~r′,t)

(
√
−∇2)s−1 Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·

ψ(~r′,t)

(
√
−∇2)s−1 d

3~r′]

= i−2s

2s−1

∫
[ψ(~r, t), ψ+(~r′,t)

(
√
−∇2)s−1 ]−2s+1Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·

ψ(~r′,t)

(
√
−∇2)s−1 d

3~r′

= i−2s

2s−1

∫
i (−1)2s

2s−1 (i
√
−∇2)2s−1[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]δ3(~r − ~r′)[Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)

2s︷ ︸︸ ︷
∂̂′a∂̂

′
b∂̂
′
c · ·]

ψ(~r′,t)

(
√
−∇2)2(s−1) d

3~r′

= (−1)2s

4s−1

√
−∇2[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

½n3.11.2. [ψ(~r, t), ~P (s)] = (−1)2s

4s−1 (−i∇)[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·][Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

½n3.11.3.

???[ψ(~r, t), P (s)] = (−1)2s

4s−1

√
−∇2{[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i∇̂, iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)∂̂π→i]

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·}[Γ

2s︷ ︸︸ ︷
abc · ·
− (s)∂̂π→i

2s︷ ︸︸ ︷
∂̂a∂̂b∂̂c · ·]ψ(~r, t)

= (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p6=0

d3~p|~p|(s−
1
2

)

{{[Γ
2s︷ ︸︸ ︷
ab · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
ab · ·
+ (s)]

2s︷ ︸︸ ︷
(ςp̂, i)a(ςp̂, i)b · ·}[Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
(ςp̂, i)a(ςp̂, i)b · ·]λ(p̂,−sς)a1(~p,−sς)eip·x

+ [Γ

2s︷ ︸︸ ︷
ab · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
ab · ·
+ (s)]

2s︷ ︸︸ ︷
(−ςp̂, i)a(−ςp̂, i)b · ·}[Γ

2s︷ ︸︸ ︷
ab · ·
− (s)

2s︷ ︸︸ ︷
(−ςp̂, i)a(−ςp̂, i)b · ·]λ(p̂,−sς)a+

2 (~p,−sς)e−ip·x}

! = (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p 6=0

|{[Γ
2s︷ ︸︸ ︷

abc · ·
− (s)∇̂, iΓ

2s︷ ︸︸ ︷
abc · ·
+ (s)]

2s︷ ︸︸ ︷
p̂ap̂bp̂c · ·} 2s−1

i−2s λ(p̂,−sς)

~p|(s−
1
2

)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

= (−1)2s

4s−1

√
−∇2 1

(2π)3/2

∫
~p6=0

(∇̂, i)( 2s−1

i−2s )2λ(p̂,−sς)|~p|(s−
1
2

)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

=
√
−∇2(∇̂, i) 1

(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

=
√
−∇2(∇̂, i)ψ

= (−i∇, i
√
−∇2)ψ

3.12 é´Ú�é´úª

íØ3.12.1.

[A,BC] = [A,B]C +B[A,C], [A,CB] = [A,C]B + C[A,B]

[A,BC] = {A,B}C −B{A,C}, [A,CB] = {A,C}B − C{A,B}

íØ3.12.2.

[A, {B,C}] = {[A,B], C}+ {B, [A,C]}

[A, [B,C]] = {{A,B}, C} − {B, {A,C}}

3.13 ßÿµs-g^|�UþÄþ�ÎÚ�Äþ�Î��U�ØLã???

íØ3.13.1.

M̂ab(s, ς) = −i(xa∂b − xb∂a) + iσαςςabσας (s)

γab(s, ς) = xaγb(s, ς)− xbγa(s, ς) +
σ
ας
ςab∂ας

(
√
−∇2)2s , γa(s, ς) := −ς[ 1

s
σ(s),−iς]a

M̃ab(s, ς) = −i(pa∂̃b − pb∂̃a)− isςσαςςabp̂ας , ∂̃π ≡ 1
i|~p|

M̃ab(s, ς)? =?− i(pa∂̃b − pb∂̃a)− isςσαςςabp̂ας , ∂̃π ≡ 1
i|~p|
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íØ3.13.2.
Pa(s, ς) =

∫
~p6=0

{a+
1 (~p,−sς)paa1(~p,−sς) + (−1)2sa2(~p,−sς)paa+

2 (~p,−sς)}d3~p

Mab(s, ς) =
∫
~p6=0

{a+
1 (~p,−sς)M̃ab(s, ς)a1(~p,−sς) + (−1)2s+1a2(~p,−sς)M̃ab(s, ς)a

+
2 (~p,−sς)}d3~p

3.14 s-g^|�þf�§

íØ3.14.1. [2∂a + iSab(2, ς)∂
b]ψ(x) = 0⇒


ψ̇(~r, t) = −i[ψ(~r, t), H]

∇ψ(~r, t) = i[ψ(~r, t), ~P ]

∂aψ(~r, t) = i[ψ(~r, t), Pa]

íØ3.14.2. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0[Å|]⇔

∂a∂aψ(~r, t) = 0

[σ(s),−isς]a∂aψ(~r, t) = 0
⇔ ∂aψ(~r, t) = i[ψ(~r, t), Pa]

íØ3.14.3.


s2~pλ(p̂,−sς) = sσ(s) · ~pσ(s)λ(p̂,−sς)− (s− 1)σ(s)[σ(s) · ~p]λ(p̂,−sς)

[σ(s) · ~p+ sςp]σ(s)λ(p̂,−sς) = (s~p+ ςpσ(s)]λ(p̂,−sς)

[σ(s) · ~p+ sςp]λ(p̂,−sς) = 0

íØ3.14.4. [s∂a + iSab(s, ς)∂
b]ψ(x) = 0⇒

[σ(s) · ∇̂]nσ(s)ψ = {(ς∂̂t)n−1s[sn − (s− 1)n]∇̂+ (ς∂̂t)
n(s− 1)nσ(s)}ψ

[σ(s) · ∇̂]nσ(s)ψ = {[ 1
s
σ(s) · ∇̂]n−1s[sn − (s− 1)n]∇̂+ (s− 1)nσ(s)[ 1

s
σ(s) · ∇̂]n}ψ

σ(s) · [σ(s) · ∇̂]nσ(s)ψ = [sn+2 + s(s− 1)n][ 1
s
σ(s) · ∇̂]nψ

3.15 s-g^|�$\4é´�ê

½Â3.15.1.

M̂ab(s, ς) = xaP̂b − xbP̂a + iσαςςabσας (s), P̂a = −i∂a

Γab(s, ς) = xaΓb(s, ς)− xbΓa(s, ς),Γa(s, ς) := −ς[ 1
s
σ(s),−iς]a

ß�3.15.1.Pa(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

y²: [Pa(x), Pb(x
′)] = [

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r,
∫ ψ+(~r′,t′)

(
√
−∇′2)n

P̂b
ψ(~r′,t′)

(
√
−∇′2)n

d3~r′]

= −
∫

1
∇2n∇′2n [ψ+(~r, t)∂aψ(~r, t), ψ+(~r′, t′)∂′bψ(~r′, t′)]d3~rd3~r′

= −
∫
δkςk

′
ς δlς l

′
ς

∇2n∇′2n [ψ+
k′ς

(~r, t)∂aψkς (~r, t), ψ
+
l′ς

(~r′, t′)∂′bψlς (~r
′, t′)]d3~rd3~r′

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n

{[ψ+
k′ς

(~r, t)∂aψkς (~r, t), ψ
+
l′ς

(~r′, t′)]∂′bψlς (~r
′, t′) + ψ+

l′ς
(~r′, t′)[ψ+

k′ς
(~r, t)∂aψkς (~r, t), ∂

′
bψlς (~r

′, t′)]}

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n

{ψ+
k′ς

(~r, t){∂aψkς (~r, t), ψ+
l′ς

(~r′, t′)}∂′bψlς (~r′, t′)− ψ+
l′ς

(~r′, t′){ψ+
k′ς

(~r, t), ∂′bψlς (~r
′, t′)}∂aψkς (~r, t)}

= −
∫
d3~rd3~r′ δ

kςk
′
ς δlς l

′
ς

∇2n∇′2n
−i
22n

{ψ+
k′ς

(~r, t)∂aΓ

2n+1︷ ︸︸ ︷
cd · ·
kς l′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′)∂′bψlς (~r′, t′)− ψ+

l′ς
(~r′, t′)∂′bΓ

2n+1︷ ︸︸ ︷
cd · ·
lςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂′c∂
′
d · ·∆(x′ − x)∂aψkς (~r, t)}

=
∫
d3~rd3~r′ iδ

kςk
′
ς δlς l

′
ς

22n∇4n

{ψ+
k′ς

(~r, t)∂′bψlς (~r
′, t′)Γ

2n+1︷ ︸︸ ︷
cd · ·
kς l′ς

(n+ 1
2
)∂a

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′) + ψ+

l′ς
(~r′, t′)∂aψkς (~r, t)Γ

2n+1︷ ︸︸ ︷
cd · ·
lςk′ς

(n+ 1
2
)∂b

2n+1︷ ︸︸ ︷
∂c∂d · ·∆(x− x′)}

? = 0
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4 g^Å¼ê�Fp�C�5�(ÃI÷vg^�§)

4.1 �I-Äþ�m���éA5�

5�4.1.1.


∫
ψ+(~r, t)ψ(~r, t)d3~r =

∫
ψ+(~p, t)ψ(~p, t)d3~p =

∫
[a+

1 (~p)a1(~p) + a2(~p)a+
2 (~p)]d3~p∫

ψ+(~r, t)σ(s)ψ(~r, t)d3~r[=
∫
ψ+(~p, t)σ(s)ψ(~p, t)d3~p]

5�4.1.2.


∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r =

∫
ψ+(~p, t)p̂ψ(~p, t)d3~p∫

ψ+(~r, t)~rψ(~r, t)d3~r =
∫
ψ+(~p, t)(i∇̃)ψ(~p, t)d3~p∫

ψ+(~r, t)[σ(s) · ∇̂]ψ(~r, t)d3~r =
∫
ψ+(~p, t)[σ(s) · p̂]ψ(~p, t)d3~p

5�4.1.3.


∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂ψ(~r, t)d3~r =

∫
ψ+(~p, t)[σ(s) · p̂]p̂ψ(~p, t)d3~p∫

ψ+(~r, t)σ(s)[σ(s) · ∇̂]ψ(~r, t)d3~r =
∫
ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t)d3~p∫

ψ+(~r, t)[σ(s) · ∇̂]σ(s)ψ(~r, t)d3~r =
∫
ψ+(~p, t)[σ(s) · p̂]σ(s)ψ(~p, t)d3~p

5�4.1.4.


∫
ψ+(~r, t)riσj(s)ψ(~r, t)d3~r =

∫
ψ+(~p, t)σj(s)(i∂̃i)ψ(~p, t)d3~p∫

ψ+(~r, t)σi(s)∂jψ(~r, t)d3~r = i
∫
ψ+(~p, t)σi(s)pjψ(~p, t)d3~p

5�4.1.5.


∫
ψ+(~r, t)[riσj(s)− rjσi(s)]ψ(~r, t)d3~r = −i

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p∫

ψ+(~r, t)[σi(s)∂j − σj(s)∂i]ψ(~r, t)d3~r = i
∫
ψ+(~p, t)[σi(s)pj − σj(s)pi]ψ(~p, t)d3~p

4.2 �I-Äþ�m���éA5�

5�4.2.1.


∫
ψ+(~r, t)ri∂jψ(~r, t)d3~r =

∫
d3~pψ+(~p, t)(−δij − pj ∂̃i)ψ(~p, t)∫

ψ+(~r, t)(δij + ri∂j)ψ(~r, t)d3~r =
∫
d3~pψ+(~p, t)(−pj ∂̃i)ψ(~p, t)∫

ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r =
∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

y²:
∫
ψ+(~r, t)ri∂jψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ri∂je
i~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ipj(−i∂̃i)ei~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)pj ∂̃ie
i~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i[ψ(~p, t)pj ]e

i(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i[ψ(~p, t)pj ]δ

3(~p− ~p′)
= −

∫
d3~pψ+(~p, t)∂̃i[ψ(~p, t)pj ]

=
∫
ψ+(~p, t)(−δij − pj ∂̃i)ψ(~p, t)d3~p

5�4.2.2.
∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r = −i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)pj ∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p}

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p+

∫
ψ+(~p, t)pjσi(s)ψ(~p, t)}d3~p}

y²:
∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ri∂j [σ(s) · ∇]ei~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)ipj [iσ(s) · ~p](−i∂̃i)ei~p·~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rψ(~p, t)pj [iσ(s) · ~p]∂̃iei~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}ei(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}δ3(~p− ~p′)

= −
∫
d3~pψ+(~p, t)∂̃i{ψ(~p, t)pj [iσ(s) · ~p]}
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=
∫
ψ+(~p, t)(−δij − pj ∂̃i){[iσ(s) · ~p]ψ(~p, t)}d3~p

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p+

∫
ψ+(~p, t)pjσi(s)ψ(~p, t)}d3~p}

5�4.2.3.
∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i){[σ(s) · ~p]ψ(~p, t)}d3~p

= i{
∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p+

∫
ψ+(~p, t)[piσj(s)− pjσi(s)]ψ(~p, t)}d3~p}

5�4.2.4.∫
ψ+(~r, t)[σ(s) · ∇]{ri∂jψ(~r, t)}d3~r = −i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p}

y²:∫
ψ+(~r, t)[σ(s) · ∇]{ri∂jψ(~r, t)}d3~r

=
∫
ψ+(~r, t)σi(s)∂jψ(~r, t)d3~r +

∫
ψ+(~r, t)ri∂j [σ(s) · ∇]ψ(~r, t)d3~r

= i
∫
ψ+(~p, t)σi(s)pjψ(~p, t)d3~p− i{

∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)pj ∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p}

= −i{
∫
ψ+(~p, t)δij [σ(s) · ~p]ψ(~p, t)d3~p+

∫
ψ+(~p, t)[σ(s) · ~p]pj ∂̃iψ(~p, t)d3~p}

5�4.2.5.
∫
ψ+(~r, t)[σ(s) · ∇][(ri∂j − rj∂i)ψ(~r, t)]d3~r = i

∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

5 Äþ�m¥�g^�§9Ù5�

5.1 Äþ�m¥s-g^�§�²¡Å)

íØ5.1.1. ψ(~r, t) = 1
(2π)3/2

∫
~p6=0

ψ(~p, t)ei~p·~rd3~p, ψ(~p, t) = |~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t)+a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

y²: ψ(~r, t) := 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p 6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)ei(~p·~r−|~p|t) + a+
2 (~p,−sς)e−i(~p·~r−|~p|t)]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p 6=0

|~p|(s−
1
2

)λ(p̂,−sς)[a1(~p,−sς)e−i|~p|t)ei~p·~r + a+
2 (~p,−sς)ei|~p|t)e−i~p·~r]d3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p 6=0

|~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]ei~p·~rd3~p

⇔ ψ(~r, t) = 1
(2π)3/2

∫
~p 6=0

ψ(~p, t)ei~p·~rd3~p, ψ(~p, t) = |~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

⇔ ψ(~p, t) = 1
(2π)3/2

∫
ψ(~r, t)e−i~p·~rd3~p

íØ5.1.2. ψ(~p, t) = |~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

5.2 Äþ�m¥s-g^�§�õ«�d/ª

½n5.2.1.

[s(~p,−∂t)a + iSab(s, ς)(~p,−∂t)b]ψ(~p, t) = 0 [⇔] 1
s
σ(s) · ~pψ(~p, t) = −iς∂tψ,O(s) · ~pψ(~p, t) = 0

[m] [m]

[s~p− iσ(s)× ~p]ψ(~p, t) = −σ(s)iς∂tψ(~p, t) [⇔]

 1
s
σ(s) · ~pψ(~p, t) = −iς∂tψ(~p, t)

{s2~p− isσ(s)× ~p− σ(s)[σ(s) · ~p]}ψ(~p, t) = 0

[m] [m]

{s~p− [σ(s) · ~p, σ(s)]}ψ(~p, t) = −iςσ(s)∂tψ(~p, t)[⇔]

 1
s
σ(s) · ~pψ(~p, t) = −iς∂tψ(~p, t)

{s2~p+ (s− 1)σ(s)[σ(s) · ~p]− s[σ(s) · ~p]σ(s)}ψ(~p, t) = 0

íØ5.2.1.

σ(s) · ∇ψ(x) = sς∂tψ(x)

∇ψ(x) = [σ(s) · ∇]σ(s)ψ(x)
[⇔]

[σ(s) · ~p]ψ(~p, t) = −iς∂tψ(~p, t)

~pψ(~p, t) = [σ(s) · ~p]σ(s)ψ(~p, t)
; s = 1
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5.3 �5��

íØ5.3.1. [ 1
s
σ(s) · p̂]σ(s)ψ(~p, t) = {p̂+ (1− 1

s
)σ(s)[ 1

s
σ(s) · p̂]}ψ(~p, t)

[⇒][ 1
s
σ(s) · p̂]2σ(s)ψ(~p, t) = {s[1− (1− 1

s
)2][ 1

s
σ(s) · p̂]p̂+ (1− 1

s
)2σ(s)}ψ(~p, t)

íØ5.3.2. [ 1
s
σ(s) · p̂]σ(s)ψ(~p, t) = {p̂+ (1− 1

s
)σ(s)[ 1

s
σ(s) · p̂]}ψ(~p, t)

[⇔]

[ 1
s
σ(s) · p̂]nσ(s)ψ(~p, t) = {s[1− (1− 1

s
)n][ 1

s
σ(s) · p̂]n−1p̂+ (1− 1

s
)nσ(s)[ 1

s
σ(s) · p̂]n}ψ(~p, t)

[ 1
s
σ(s) · p̂]2nψ(~p, t) = ψ(~p, t)

[⇔]


[ 1
s
σ(s) · p̂]2k+1σ(s)ψ(~p, t) = {s[1− (1− 1

s
)2k+1]p̂+ (1− 1

s
)2k+1σ(s)[ 1

s
σ(s) · p̂]}ψ(~p, t)

[ 1
s
σ(s) · p̂]2kσ(s)ψ(~p, t) = {s[1− (1− 1

s
)2k][ 1

s
σ(s) · p̂]p̂+ (1− 1

s
)2kσ(s)}ψ(~p, t)

[ 1
s
σ(s) · p̂]2kψ(~p, t) = ψ(~p, t)

íØ5.3.3.[σ(1) · p̂]2k+1σ(1)ψ(~p, t) = [σ(1) · p̂]σ(1)ψ(~p, t) = p̂ψ(~p, t)

[σ(1) · p̂]2k+2σ(1)ψ(~p, t) = [σ(1) · p̂]2σ(1)ψ(~p, t) = [σ(1) · p̂]p̂ψ(~p, t)

5.4 �5��

½n5.4.1.ψ+(~p, t) 1
s
σ(s)[ 1

s
σ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1

s
σ(s) · p̂] 1

s
σ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t){σ( 1
2
)[σ( 1

2
) · p̂] + [σ( 1

2
) · p̂]σ( 1

2
)}ψ(~p, t) = 1

2
ψ+(~p, t)p̂ψ(~p, t)

y²: ψ+(~p, t){s2p̂+ (s− 1)σ(s)[σ(s) · p̂]− s[σ(s) · p̂]σ(s)}ψ(~p, t) = 0

⇔

ψ+(~p, t){s2p̂+ (s− 1)σ(s)[σ(s) · p̂]− s[σ(s) · p̂]σ(s)}ψ(~p, t) = 0

ψ+(~p, t){s2p̂+ (s− 1)[σ(s) · p̂]σ(s)− sσ(s)[σ(s) · p̂]}ψ(~p, t) = 0

⇔

ψ+(~p, t) 1
s
σ(s)[ 1

s
σ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1

s
σ(s) · p̂] 1

s
σ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t){σ( 1
2
)[σ( 1

2
) · p̂] + [σ( 1

2
) · p̂]σ( 1

2
)}ψ(~p, t) = 1

2
ψ+(~p, t)p̂ψ(~p, t)

½n5.4.2. [ 1
s
σ(s) · ~p]2ψ(~p, t) = ~p2ψ(~p, t) = −∂2

tψ(~p, t)

íØ5.4.1.
∫
ψ+(~r, t) 1

s
σ(s)[ 1

s
σ(s) · ∇̂]ψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

s
σ(s) · ∇̂] 1

s
σ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t){σ( 1
2
)[σ( 1

2
) · ∇̂] + [σ( 1

2
) · ∇̂]σ( 1

2
)}ψ(~r, t)d3~r =

∫
1
2
ψ+(~r, t)∇̂ψ(~r, t)d3~r

5.5 �5�n

Ún5.5.1. ψ+(~p, t)σ(s)ψ(~p, t) = (−sς)|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς)− a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

y²: ψ+(~p, t)σ(s)ψ(~p, t), s ≥ 1

= |~p|(s−
1
2

)[a+
1 (~p,−sς)λ+(p̂,−sς)ei|~p|t) + a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]

σ(s)|~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

= |~p|(2s−1)[a+
1 (~p,−sς)λ+(p̂,−sς)ei|~p|t) + a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]

σ(s)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

= (−sς)|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς)− a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

Ún5.5.2. ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t) = s2|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς) + a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

y²: ψ+(~p, t)σ(s)[σ(s) · p̂]ψ(~p, t), s ≥ 1

= |~p|(s−
1
2

)[a+
1 (~p,−sς)λ+(p̂,−sς)ei|~p|t) + a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]

σ(s)[σ(s) · p̂]|~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]
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= |~p|(2s−1)[a+
1 (~p,−sς)λ+(p̂,−sς)ei|~p|t) + a2(−~p,−sς)λ+(−p̂,−sς)e−i|~p|t)]

σ(s)[−sςa1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + sςa+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]

= s2|~p|(2s−1)[a+
1 (~p,−sς)a1(~p,−sς) + a2(−~p,−sς)a+

2 (−~p,−sς)]p̂, s ≥ 1

½n5.5.1.
ψ+(~p, t)σ(s)ψ(~p, t) = ψ+(~p, t)[σ(s) · p̂]p̂ψ(~p, t), ψ+(~p, t)σ(s)× p̂ψ(~p, t) = 0, s ≥ 1

ψ+(~p, t) 1
s
σ(s)[ 1

s
σ(s) · p̂]ψ(~p, t) = ψ+(~p, t)[ 1

s
σ(s) · p̂] 1

s
σ(s)ψ(~p, t) = ψ+(~p, t)p̂ψ(~p, t), s ≥ 1

ψ+(~p, t) 1
s
σ(s)[ 1

s
σ(s) · p̂]kψ(~p, t) = ψ+(~p, t)[ 1

s
σ(s) · p̂]k 1

s
σ(s)ψ(~p, t), s ≥ 1

íØ5.5.1.

∫
ψ+(~r, t)σ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂ψ(~r, t)d3~r,

∫
ψ+(~r, t)[σ(s)× ∇̂]ψ(~r, t)d3~r = 0, s ≥ 1∫

ψ+(~r, t) 1
s
σ(s)[ 1

s
σ(s) · ∇̂]ψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

s
σ(s) · ∇̂] 1

s
σ(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t) 1
s
σ(s)[ 1

s
σ(s) · ∇̂]kψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

s
σ(s) · ∇̂]k 1

s
σ(s)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)[ 1
s
σ(s) · ∇̂]i 1

s
σ(s)[ 1

s
σ(s) · ∇̂]jψ(~r, t)d3~r =

∫
ψ+(~r, t)[ 1

s
σ(s) · ∇̂]j 1

s
σ(s)[ 1

s
σ(s) · ∇̂]iψ(~r, t)d3~r, s ≥ 1

íØ5.5.2.
ψ+(~p, t)[ 1

s
σ(s) · p̂] 1

s
σ(s)[ 1

s
σ(s) · p̂]ψ(~p, t) = ψ+(~p, t) 1

s
σ(s)ψ(~p, t), s ≥ 1∫

ψ+(~r, t)[ 1
s
σ(s) · ∇̂] 1

s
σ(s)[ 1

s
σ(s) · ∇̂]ψ(~r, t)d3~r =

∫
ψ+(~r, t) 1

s
σ(s)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)[ 1
s
σ(s) · ∇̂]i 1

s
σ(s)[ 1

s
σ(s) · ∇̂]jψ(~r, t)d3~r =

∫
ψ+(~r, t) 1

s
σ(s)[ 1

s
σ(s) · ∇̂]i+jψ(~r, t)d3~r, s ≥ 1

6 g^Ú�Äþ�Î��«5�(÷vg^�§)

6.1 g^Å¼ê���5�

½Â6.1.1. Γ(n;m, l) := (
√
−∇2)n∂mπ

l︷ ︸︸ ︷
∂i∂j · ·, n ∈ Z;m, l ∈ N

íØ6.1.1.
∫
ψ+(~r, t)Γ(n;m, l)ψ̇(~r, t)d3~r = −

∫
ψ̇+(~r, t)Γ(n;m, l)ψ(~r, t)d3~r

íØ6.1.2.


∫
ψ+(~r, t)[σ(s) · ∇̂]∇̂Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)σ(s)Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)Γ(n;m, l)ψ(~r, t)d3~r = sς
∫
ψ+(~r, t) ∇∇2 Γ(n;m, l)ψ̇(~r, t)d3~r, s ≥ 1

íØ6.1.3.


∫
ψ+(~r, t) 1

s
σ(s)[ 1

s
σ(s) · ∇̂]Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)∇̂Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)Γ(n;m, l)ψ̇(~r, t)d3~r = sς
∫
ψ+(~r, t)∇Γ(n;m, l)ψ(~r, t)d3~r, s ≥ 1

5�6.1.1.


∫
ψ+(~r, t)[σi(s)∂j − σj(s)∂i]Γ(n;m, l)ψ(~r, t)d3~r = 0, s ≥ 1∫
ψ+(~r, t)[σi(s)∂j − σj(s)∂i]Γ(n;m, l)ψ̇(~r, t)d3~r = 0, s ≥ 1

íØ6.1.4.
∫
ψ+(~r, t)[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[σ(s) · ∇̂]kσ(s))[σ(s) · ∇̂]jΓ(n;m, l)ψ(~r, t)d3~r, s ≥ 1∫

ψ+[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψd3~r = sς
∫
ψ+[σ(s) · ∇̂]j+k ∇∇2 Γ(n;m, l)ψ̇d3~r, s ≥ 1∫

ψ+[σ(s) · ∇̂]jσ(s)[σ(s) · ∇̂]kΓ(n;m, l)ψ̇d3~r = sς
∫
ψ+[σ(s) · ∇̂]j+k∇Γ(n;m, l)ψd3~r, s ≥ 1

6.2 �Äþ�Î�5��

Ún6.2.1. ∇2(ri∂j − rj∂i) = (ri∂j − rj∂i)∇2

Ún6.2.2. [σ(s) · ∇](ri∂j − rj∂i) = (ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]

Ún6.2.3. [σ(s) · ∇]2(ri∂j − rj∂i)
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]
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y²: [σ(s) · ∇]2(ri∂j − rj∂i)
= [σ(s) · ∇]{(ri∂j − rj∂i)[σ(s) · ∇] + [σi(s)∂j − σj(s)∂i]}
= (ri∂j − rj∂i)[σ(s) · ∇]2 + [σi(s)∂j − σj(s)∂i][σ(s) · ∇] + [σ(s) · ∇][σi(s)∂j − σj(s)∂i]

5�6.2.1.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[σ(s) · ∇](ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[σ(s) · ∇](ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =
∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]Γ(n;m, l)ψ̇(~r, t)d3~r

5�6.2.2.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[σ(s) · ∇]2(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]2Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[σ(s) · ∇]2(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =
∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]2Γ(n;m, l)ψ̇(~r, t)d3~r

íØ6.2.1.
s ≥ 1, n ∈ Z, l,m ∈ N,∫
ψ+(~r, t)[ 1

s
σ(s) · ∇̂]2(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)Γ(n;m, l)ψ(~r, t)d3~r∫

ψ+(~r, t)[ 1
s
σ(s) · ∇̂]2(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r =

∫
ψ+(~r, t)(ri∂j − rj∂i)Γ(n;m, l)ψ̇(~r, t)d3~r

6.3 �Äþ�Î�5��

íØ6.3.1.


∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i){[σ(s) · ~p]ψ(~p, t)}d3~p, s ≥ 1

2∫
ψ+(~r, t)(ri∂j − rj∂i)[σ(s) · ∇]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)[σ(s) · ~p](pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p, s ≥ 1

íØ6.3.2.


∫
ψ+(~r, t)(ri∂̂j − rj ∂̂i)[σ(s) · ∇̂]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)(p̂i∂̃j − p̂j ∂̃i){[σ(s) · p̂]ψ(~p, t)}d3~p, s ≥ 1

2∫
ψ+(~r, t)(ri∂̂j − rj ∂̂i)[σ(s) · ∇̂]ψ(~r, t)d3~r = i

∫
ψ+(~p, t)[σ(s) · p̂](p̂i∂̃j − p̂j ∂̃i)ψ(~p, t)d3~p, s ≥ 1

íØ6.3.3.


∫
ψ+(~r, t)[riσj(s)− rjσi(s)]ψ(~r, t)d3~r = −i

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p∫

ψ+(~r, t)(ri∂j − rj∂i)ψ(~r, t)d3~r =
∫
ψ+(~p, t)(pi∂̃j − pj ∂̃i)ψ(~p, t)d3~p

íØ6.3.4. −i
∫
ψ+(~r, t)[ri∂j − rj∂i − σkςijσk(s)]ψ(~r, t)d3~r

= −i
∫
ψ+(~r, t)[ri∂j − rj∂i + iεij

kσk(s)]ψ(~r, t)d3~r

= −i
∫
ψ+(~r, t){ri∂j − rj∂i + [σi(s), σj(s)]}ψ(~r, t)d3~r

= −i
∫
ψ+(~p, t){pi∂̃j − pj ∂̃i + [σi(s), σj(s)]}ψ(~p, t)d3~p

6.4 �Äþ�Î�5�???

íØ6.4.1.
∫
ψ+(~r, t)riσj(s)[σ(s) · ∇]ψ(~r, t)d3~r = −

∫
ψ+(~p, t){σj(s)σi(s) + σj(s)[σ(s) · ~p]∂̃i}ψ(~p, t)d3~p

y²:
∫
ψ+(~r, t)riσj(s)[σ(s) · ∇]ψ(~r, t)d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rriσj(s)[σ(s) · ∇][ψ(~p, t)ei~p·~r]

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~rσj(s)[σ(s) · i~p]ψ(~p, t)(−i∂̃i)ei~p·~r

= − 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)∂̃i{σj(s)[σ(s) · ~p]ψ(~p, t)}ei(~p−~p′)·~r

= −
∫
d3~pd3~p′ψ+(~p′, t)∂̃i{σj(s)[σ(s) · ~p]ψ(~p, t)}δ3(~p− ~p′)

= −
∫
ψ+(~p, t)σj(s)∂̃i{[σ(s) · ~p]ψ(~p, t)}d3~p

= −
∫
ψ+(~p, t){σj(s)σi(s) + σj(s)[σ(s) · ~p]∂̃i}ψ(~p, t)d3~p

íØ6.4.2.
∫
ψ+(~r, t)[σ(s) · ∇]{riσj(s)ψ(~r, t)}d3~r = −

∫
d3~pψ+(~p, t)[σ(s) · ~p]σj(s)∂̃iψ(~p, t)
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y²:
∫
ψ+(~r, t)[σ(s) · ∇]{riσj(s)ψ(~r, t)}d3~r

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r[σ(s) · ∇][riσj(s)ψ(~p, t)ei~p·~r]

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r[σ(s) · ∇][rie
i~p·~r]σj(s)ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r{[σ(s) · ∇]ri[e
i~p·~r] + ri[σ(s) · ∇]ei~p·~r}σj(s)ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t)e−i~p

′·~r{[σi(s)σj(s)ei~p·~r] + [σ(s) · ~p][σj(s)∂̃iei~p·~r]}ψ(~p, t)

= 1
(2π)3

∫
d3~pd3~p′d3~rψ+(~p′, t){σi(s)σj(s)ψ(~p, t)− ∂̃i[σ(s) · ~pσj(s)ψ(~p, t)]}ei(~p−~p′)·~r

=
∫
d3~pψ+(~p, t){[σi(s)σj(s)]ψ(~p, t)− ∂̃i[σ(s) · ~pσj(s)ψ(~p, t)]}

= −
∫
ψ+(~p, t)[σ(s) · ~p]σj(s)∂̃iψ(~p, t)d3~p

íØ6.4.3.
∫
ψ+(~r, t)[riσj(s)− rjσi(s)][σ(s) · ∇]ψ(~r, t)d3~r =

∫
ψ+(~p, t)[σi(s)∂̃j − σj(s)∂̃i]{[σ(s) · ~p]ψ(~p, t)}d3~p∫

ψ+(~r, t)[σ(s) · ∇]{[riσj(s)− rjσi(s)]ψ(~r, t)}d3~r =
∫
ψ+(~p, t)[σ(s) · ~p][σi(s)∂̃j − σj(s)∂̃i]ψ(~p, t)d3~p

Ún6.4.1.

Ψ(~p, t) = |~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) + a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]

(γ · ~p)Ψ(~p, t) = −ς|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) − a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]

íØ6.4.4. λ+
m(−p̂,−ς)(γi∂̃j − γj ∂̃i)λm(p̂,−ς) = 0, λ+

m(p̂,−ς)(γi∂̃j − γj ∂̃i)λm(−p̂,−ς) = 0

½n6.4.1.
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)(γ · ∇)Ψ(~r, t)−Ψ+(~r, t)(γ · ∇)[(riγj − rjγi)Ψ(~r, t)]} = 0

y²:
∫
d3~r{Ψ+(~r, t)(riγj − rjγi)(γ · ∇)Ψ(~r, t)−Ψ+(~r, t)(γ · ∇)[(riγj − rjγi)Ψ(~r, t)]}

=
∫
d3~r{Ψ+(~p, t)(γi∂̃j − γj ∂̃i)[(γ · ~p)Ψ(~p, t)]−Ψ+(~p, t)(γ · ~p)(γi∂̃j − γj ∂̃i)Ψ(~p, t)}

=
∫
d3~r{Ψ+(~p, t)(γi∂̃j − γj ∂̃i)[(γ · ~p)Ψ(~p, t)]− [(γ · ~p)Ψ(~p, t)]+(γi∂̃j − γj ∂̃i)Ψ(~p, t)}

= −ς
∫
d3~r{|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t) + a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)]
(γi∂̃j − γj ∂̃i){|~p|

1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) − a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− {|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t) − a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)]}
(γi∂̃j − γj ∂̃i){|~p|

1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t) + a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}}
= 2ς

∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i){|~p|

1
2 [a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i){|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t)]}

= 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i){|~p|

1
2 [a+

2 (−~p,−ς)λm(−p̂,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i){|~p|
1
2 [a1(~p,−ς)λm(p̂,−ς)e−i|~p|t)]}

= 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)](γi∂̃j − γj ∂̃i)λm(−p̂,−ς){|~p|

1
2 [a+

2 (−~p,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)](γi∂̃j − γj ∂̃i)λm(p̂,−ς){|~p|
1
2 [a1(~p,−ς)e−i|~p|t)]}

+ 2ς
∫
d3~r|~p|

1
2 [a+

1 (~p,−ς)λ+
m(p̂,−ς)ei|~p|t)][γiλm(−p̂,−ς)∂̃j − γjλm(−p̂,−ς)∂̃i]{|~p|

1
2 [a+

2 (−~p,−ς)ei|~p|t)]}
− 2ς

∫
d3~r|~p|

1
2 [a2(−~p,−ς)λ+

m(−p̂,−ς)e−i|~p|t)][γiλm(p̂,−ς)∂̃j − γjλm(p̂,−ς)∂̃i]{|~p|
1
2 [a1(~p,−ς)e−i|~p|t)]}

= 0− 0 + 0− 0 = 0

íØ6.4.5.
∫
d3~r{ψ+(~r, t)[riσj(1)− rjσi(1)][σ(1) · ∇]ψ(~r, t)− ψ+(~r, t)[σ(1) · ∇]{[riσj(1)− rjσi(1)]ψ(~r, t)}} = 0

6.5 �Äþ�Î�5�n

íØ6.5.1. ψ+(~p, t)σi(s)[σ(s) · ~p]∂̃jψ(~p, t)?? = ψ+(~p, t)pi∂̃jψ(~p, t)

Ún6.5.1.



Pa = −i
∫
ψ+(~r, t)∂aψ(~r, t)d3~r =

∫
ψ+(~r, t)P̂aψ(~r, t)d3~r

Lab = −i
∫
ψ+(~r, t)(ra∂b − rb∂a)ψ(~r, t)d3~r =

∫
ψ+(~r, t)L̂abψ(~r, t)d3~r

Mab =
∫
ψ+(~r, t)[−i(ra∂b − rb∂a) + iσαςςabσας (s)]ψ(~r, t)d3~r =

∫
ψ+(~r, t)M̂abψ(~r, t)d3~r

M̃ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ̇(~r, t)d3~r

M̄ab = −i
∫
ψ+(~r, t)(raσb − rbσa)ψ(~r, t)d3~r
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½n6.5.1. Sab =
∫
ψ+(~r, t)Sab(

1
2
, ς)ψ(~r, t)d3~r = iσαςςab

∫
ψ+(~r, t)σας (

1
2
)ψ(~r, t)d3~r

= −iς
2
σαςςab

∫
p̂ας [a

+
1 (~p,− ς

2
)a1(~p,− ς

2
) + a2(~p,− ς

2
)a+

2 (~p,− ς
2
)]d3~p

6.6 g^�Î�5��

íØ6.6.1.


∫
ψ+(~r, t)σ(s)ψ(~r, t)d3~r = sς

∫
ψ+(~r, t) ∇∇2 ψ̇(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)σ(s)ψ̇(~r, t)d3~r = sς
∫
ψ+(~r, t)∇ψ(~r, t)d3~r, s ≥ 1

íØ6.6.2.


∫
ψ+(~r, t)Sab(s, ς)ψ(~r, t)d3~r = isςσαςςab

∫
ψ+(~r, t)

∇ας
∇2 ψ̇(~r, t)d3~r, s ≥ 1∫

ψ+(~r, t)Sab(s, ς)ψ̇(~r, t)d3~r = isςσαςςab
∫
ψ+(~r, t)∇αςψ(~r, t)d3~r, s ≥ 1

íØ6.6.3.


∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2
) ψ(~r,t)

(
√
−∇2)n

d3~r = −(n+ 1
2
)ς
∫ ψ+(~r,t)

(
√
−∇2)n+1∇ας

ψ̇(~r,t)

(
√
−∇2)n+1 , n+ 1

2
≥ 1∫ ψ+(~r,t)

(
√
−∇2)n

σας (n) iψ̇(~r,t)

(
√
−∇2)n

d3~r = nς
∫ ψ+(~r,t)

(
√
−∇2)n

∇ας
iψ(~r,t)

(
√
−∇2)n

, n ≥ 1

íØ6.6.4.


∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2
, ς) ψ(~r,t)

(
√
−∇2)n

d3~r = −(n+ 1
2
)iςσαςςab

∫ ψ+(~r,t)

(
√
−∇2)n+1∇ας

ψ̇(~r,t)

(
√
−∇2)n+1 , n+ 1

2
≥ 1∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n, ς)
iψ̇(~r,t)

(
√
−∇2)n

d3~r = niςσαςςab
∫ ψ+(~r,t)

(
√
−∇2)n

∇ας
iψ(~r,t)

(
√
−∇2)n

, n ≥ 1

6.7 g^�Î�5��

íØ6.7.1.
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]σj(s)ψ(~r, t)d3~r? =

∫
ψ+(~r, t)σi(s)σj(s)[σ(s) · ∇]ψ(~r, t)d3~r

íØ6.7.2.
∫
ψ+(~r, t)σi(s)σj(s)ψ(~r, t)d3~r =???

íØ6.7.3. [σ(s) · ∇]σ(s)ψ = {s∇+ (s− 1)σ(s)[ 1
s
σ(s) · ∇]}ψ

y²:
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]σj(s)ψ(~r, t)d3~r

=
∫
ψ+(~r, t)σi(s){s∂j + (s− 1)σj(s)[

1
s
σ(s) · ∇]}ψ(~r, t)d3~r

=
∫
ψ+(~r, t)sσi(s)∂jψ(~r, t) + ψ+(~r, t)(s− 1)σi(s)σj(s)[

1
s
σ(s) · ∇]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)s[σ(s) · ∇]∂̂i∂̂jψ(~r, t) + ψ+(~r, t)(s− 1)[s2∂̂i∂̂j + s

2
(δij − ∂̂i∂̂j + iςεij

k∂̂k∂̂t)][
1
s
σ(s) · ∇]ψ(~r, t)d3~r

=
∫
ψ+(~r, t)[s2∂̂i∂̂j + s−1

2
(δij − ∂̂i∂̂j + iςεij

k∂̂k∂̂t)][σ(s) · ∇]ψ(~r, t)d3~r

íØ6.7.4. [σ(s) · ∇]2σ(s)ψ = {(2s− 1)[σ(s) · ∇]∇+ (1− 1
s
)2σ(s)[σ(s) · ∇]2}ψ

y²:
∫
ψ+(~r, t)σi(s)[σ(s) · ∇]2σj(s)ψ(~r, t)d3~r

=
∫
ψ+(~r, t)σi(s){(2s− 1)[σ(s) · ∇]∂j + (1− 1

s
)2σj(s)[σ(s) · ∇]2}ψ(~r, t)d3~r

=
∫
ψ+(~r, t){(2s− 1)σi(s)[σ(s) · ∇]∂j + (s− 1)2σi(s)σj(s)∇2}ψ(~r, t)d3~r

=
∫
ψ+(~r, t){(2s− 1)s2∂i∂j + (s− 1)2σi(s)σj(s)∇2}ψ(~r, t)d3~r

=
∫
ψ+(~r, t){(2s− 1)s2∂i∂j + (s− 1)2[s2∂i∂j + s

2
(δij∇2 − ∂i∂j + iςεij

k∂k∂t)]ψ(~r, t)d3~r

=
∫
ψ+(~r, t){s4∂i∂j + s

2
(s− 1)2(δij∇2 − ∂i∂j + iςεij

k∂k∂t)ψ(~r, t)d3~r

y²:
∫
ψ+(~r, t)σ[i(s)[σ(s) · ∇]2σj](s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)s(s− 1)2iςεij

k∂k∂tψ(~r, t)d3~r

y²:
∫
ψ+(~r, t)σ[i(s)[σ(s) · ∇̂]2σj](s)ψ(~r, t)d3~r = (s− 1)2iεij

k
∫
ψ+(~r, t)σk(s)ψ(~r, t)d3~r

y²:
∫
ψ+(~r, t)σi(s)σj(s)ψ(~r, t)d3~r =

∫
ψ+(~r, t)[s2∂̂i∂̂j + s

2
(δij∇̂2 − ∂̂i∂̂j + iςεij

k∂̂k∂̂t)]ψ(~r, t)d3~r, s 6= 1

y²:
∫
ψ+(~r, t)σ[i(s)σj](s)ψ(~r, t)d3~r = iςs

∫
ψ+(~r, t)εij

k∂̂k∂̂tψ(~r, t)d3~r = iεij
k
∫
ψ+(~r, t)σk(s)ψ(~r, t)d3~r, s 6= 1

íØ6.7.5. ψ(~p, t) = |~p|(s−
1
2

)[a1(~p,−sς)λ(p̂,−sς)e−i|~p|t) + a+
2 (−~p,−sς)λ(−p̂,−sς)ei|~p|t)]
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6.8 g^�Î�5�n

y²:
∫ ψ+(~r,t)√

−∇2 σ[i(
3
2
, ς) 1

8
{−1 + 4[σ( 3

2
) · ∇̂]2}σj]( 3

2
, ς) ψ(~r,t)√

−∇2 d
3~r

ß�6.8.1.Pa(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
ψ(~r,t)

(
√
−∇2)n

d3~r

Mab(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
ψ(~r,t)

(
√
−∇2)n

d3~r

Pa(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

P̂a
iψ̇(~r,t)

(
√
−∇2)n

d3~r

Mab(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

M̂ab
iψ̇(~r,t)

(
√
−∇2)n

d3~r

ß�6.8.2.ŝ(n+ 1
2
) =

∫ ψ+(~r,t)

(
√
−∇2)n

σ(n+ 1
2
) ψ(~r,t)

(
√
−∇2)n

d3~r = ς(n+ 1
2
)
∫ ψ̇+(~r,t)

(
√
−∇2)n+1∇

ψ(~r,t)

(
√
−∇2)n+1 d

3~r

ŝ(n) =
∫ ψ+(~r,t)

(
√
−∇2)n

σα(n) iψ̇(~r,t)

(
√
−∇2)n

d3~r = iςn
∫ ψ+(~r,t)

(
√
−∇2)n

∇ ψ(~r,t)

(
√
−∇2)n

d3~r

7 s-g^âf�$\4é¡5

7.1 ÀÚf�$\4é¡5

Ún7.1.1.


[
ψ̇kς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

] = i
(−2)n−1 Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

[
ψkς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

] = i
(−2)n−1

−1
i
√
−∇2 Γ

2n︷ ︸︸ ︷
ef · ·
− (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′), n > 0

½n7.1.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

iψ̇(~r′,t)

(
√
−∇′2)n

]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

[(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

](r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, (r′c∂
′
d − r′d∂′c)

ψ̇l′ς
(~r′,t)

(
√
−∇′2)n

](ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c) i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂d − r′d∂c) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~r

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς (rc∂d − rd∂c)

ψ̇l′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

(rc∂d − rd∂c) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς (ra∂b − rb∂a)

ψ̇lς (~r,t)

(
√
−∇2)n

}

= −
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·} ψ̇(~r,t)

(
√
−∇2)n

d3~r
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=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, L̂cd]
iψ̇(~r,t)

(
√
−∇2)n

d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′c
iψ̇(~r′,t)

(
√
−∇′2)n

]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

[(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

]∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

](ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}lςk′ςδ

3(~r − ~r′)∂′c
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂c
i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~r

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς∂c

ψ̇l′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

∂c
i

(−2)n−1 {Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς

(ra∂b − rb∂a)
ψ̇lς (~r,t)

(
√
−∇2)n

}

= −
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i∂′c] i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·} ψ̇(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, P̂c]
iψ̇(~r,t)

(
√
−∇2)n

d3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ ψ+(~r,t)

(
√
−∇2)n

∂a
iψ̇(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′b
iψ̇(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
[
ψ+
kς

(~r,t)

(
√
−∇2)n

∂a
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′{ ψ+

kς
(~r,t)

(
√
−∇2)n

[∂a
ψ̇lς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

]∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

+
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

[
ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

]∂a
ψ̇lς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}lςk′ς∂aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}l′ςkς

∂′bδ
3(~r′ − ~r)∂a

ψ̇lς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · ·}lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψ̇l′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}l′ςkς

∂bδ
3(~r − ~r′)∂a

ψ̇lς (~r,t)

(
√
−∇2)n

}

=
∫

i
(−2)n−1 {

ψ+
kς

(~r,t)

(
√
−∇2)n

{Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}kς l

′
ς∂a∂b

ψ̇l′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

{Γ
2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·}k

′
ς lς∂b∂a

ψlς (~r,t)

(
√
−∇2)n

}d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

(∂a∂b − ∂b∂a) i
(−2)n−1 {Γ

2n︷ ︸︸ ︷
ef · ·
+ (n)

2n,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · ·} ψ̇(~r,t)

(
√
−∇2)n

d3~r
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=
∫ ψ+(~r,t)

(
√
−∇2)n

(∂a∂b − ∂b∂a) −iψ̇(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[P̂a, P̂b]
iψ̇(~r,t)

(
√
−∇2)n

d3~r = 0

7.2 ¤�f�$\4é¡5

Ún7.2.1. { ψkς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

} = i
(−2)n−1

√
2
Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

½n7.2.1.

[Lab, Lcd] = −i(gadLbc − gacLbd + gbcLad − gbdLac)

[Lab, Pc] = −i(gbcPa − gacPb), [Pa, Pb] = 0

y²: [Lab, Lcd]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) ψ(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

ψ(~r′,t)

(
√
−∇′2)n

]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

(
√
−∇′2)n

]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

{(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

}(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

{ ψ+
kς

(~r,t)

(
√
−∇2)n

, (r′c∂
′
d − r′d∂′c)

ψl′ς
(~r′,t)

(
√
−∇′2)n

}(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂
′
d − r′d∂′c) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςk′ςδ

3(~r − ~r′)(r′c∂′d − r′d∂′c)
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

(r′c∂d − r′d∂c) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~r

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςk′ς (rc∂d − rd∂c)

ψl′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

(rc∂d − rd∂c) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)

(
√
−∇2)n

}

=
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i(rc∂d − rd∂c)] i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, L̂cd]
ψ(~r,t)

(
√
−∇2)n

d3~r

= −i(gadLbc − gacLbd + gbcLad − gbdLac)

y²: [Lab, Pc]

= −
∫
d3~rd3~r′[ ψ+(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) ψ(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′c
ψ(~r′,t)

(
√
−∇′2)n

]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′[

ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
ψl′ς

(~r′,t)

(
√
−∇′2)n

]

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

{(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

}∂′c
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

{ ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′c
ψl′ς

(~r′,t)

(
√
−∇′2)n

}(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςk′ςδ

3(~r − ~r′)∂′c
ψl′ς

(~r′,t)

(
√
−∇′2)n
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−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′c
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }l′ςkςδ

3(~r′ − ~r)(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= δkς lςδk

′
ς l
′
ς

∫
d3~rd3~r′

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂
′
b − rb∂′a) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςk′ςδ

3(~r − ~r′)∂′c
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂c
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }l′ςkςδ

3(~r − ~r′)(ra∂b − rb∂a)
ψlς (~r,t)

(
√
−∇2)n

}
= −δkς lςδk′ς l′ς

∫
d3~r

{ ψ+
kς

(~r,t)

(
√
−∇2)n

(ra∂b − rb∂a) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςk′ς∂c

ψl′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

∂c
i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }l′ςkς (ra∂b − rb∂a)

ψlς (~r,t)

(
√
−∇2)n

}

=
∫ ψ+(~r,t)

(
√
−∇2)n

[−i(ra∂b − rb∂a),−i∂′c] i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[L̂ab, P̂c]
ψ(~r,t)

(
√
−∇2)n

d3~r

= −i(gbcPa − gacPb)

y²: [Pa, Pb]

= −
∫

[ ψ+(~r,t)

(
√
−∇2)n

∂a
ψ(~r,t)

(
√
−∇2)n

, ψ+(~r′,t)

(
√
−∇′2)n

∂′b
ψ(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= −δkς lςδk′ς l′ς
∫

[
ψ+
kς

(~r,t)

(
√
−∇2)n

∂a
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

∂′b
ψl′ς

(~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

= −δkς lςδk′ς l′ς∫
d3~rd3~r′{ ψ+

kς
(~r,t)

(
√
−∇2)n

{∂a
ψlς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

}∂′b
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

{ ψ+
kς

(~r,t)

(
√
−∇2)n

, ∂′b
ψl′ς

(~r′,t)

(
√
−∇′2)n

}∂a
ψlς (~r,t)

(
√
−∇2)n

}

= −δkς lςδk′ς l′ς
∫
d3~rd3~r′{ ψ+

kς
(~r,t)

(
√
−∇2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςk′ς∂aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }l′ςkς∂

′
bδ

3(~r′ − ~r)∂a
ψlς (~r,t)

(
√
−∇2)n

}

= δkς lςδk
′
ς l
′
ς

∫
d3~rd3~r′{ ψ+

kς
(~r,t)

(
√
−∇2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςk′ς∂

′
aδ

3(~r − ~r′)∂′b
ψl′ς

(~r′,t)

(
√
−∇′2)n

−
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }l′ςkς∂bδ

3(~r − ~r′)∂a
ψlς (~r,t)

(
√
−∇2)n

}

= −
∫
{ ψ+

kς
(~r,t)

(
√
−∇2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }kς l

′
ς∂a∂b

ψl′ς
(~r,t)

(
√
−∇2)n

−
ψ+

k′ς
(~r,t)

(
√
−∇2)n

i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }k

′
ς lς∂b∂a

ψlς (~r,t)

(
√
−∇2)n

}d3~r

= −
∫ ψ+(~r,t)

(
√
−∇2)n

(∂a∂b − ∂b∂a) i
(−2)n−1

√
2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

= −
∫ ψ+(~r,t)

(
√
−∇2)n

(∂a∂b − ∂b∂a) ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[P̂a, P̂b]
ψ(~r,t)

(
√
−∇2)n

d3~r = 0

524



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 125Ù s-g^�§��Cþfz�Y

7.3 ¤�fg^�$\4é¡5

Ún7.3.1.



{ ψkς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

} = i
(−2)n−1

√
2
Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

{ ψ̇kς (~r,t)

(
√
−∇2)n

,
ψ+

k′ς
(~r′,t)

(
√
−∇′2)n

} = i
(−2)n−1

√
2
(−i
√
−∇2)Γ

2n+1︷ ︸︸ ︷
ef · ·
+ (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

{ ψ̇kς (~r,t)

(
√
−∇2)n+1 ,

ψ+

k′ς
(~r′,t)

(
√
−∇′2)n+1 } = i

(−2)n−1
√

2
1

i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+ (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · δ3(~r − ~r′)

íØ7.3.1.
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2
) ψ(~r,t)

(
√
−∇2)n

d3~r = −ς(n+ 1
2
)
∫ ψ+(~r,t)

(
√
−∇2)n+1∇ας

ψ̇(~r,t)

(
√
−∇2)n+1 , n+ 1

2
≥ 1

íØ7.3.2.
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n) iψ̇(~r,t)

(
√
−∇2)n

d3~r = nς
∫ ψ+(~r,t)

(
√
−∇2)n

∇ας
iψ(~r,t)

(
√
−∇2)n

, n ≥ 1

y²: [Sab(t), Scd(t)]

=
∫

[ψ
+kς (~r,t)

(
√
−∇2)n

Sabkς
lς (n+ 1

2
, ς)

ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

Scdmς
nς (n+ 1

2
, ς)

ψnς (~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

{Sabkς lς (n+ 1
2
, ς)

ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

}Scdmςnς (n+ 1
2
, ς)

ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

{ψ
+kς (~r,t)

(
√
−∇2)n

, Scdmς
nς (n+ 1

2
, ς)

ψnς (~r′,t)

(
√
−∇′2)n

}Sabkς lς (n+ 1
2
, ς)

ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

Sabkς
lς (n+ 1

2
, ς)Scdmς

nς (n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςmςδ3(~r − ~r′) ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

Scdmς
nς (n+ 1

2
, ς)Sabkς

lς (n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςδ3(~r − ~r′) ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

Sabkς
lς (n+ 1

2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmςScdmςnς (n+ 1

2
, ς)

ψnς (~r,t)

(
√
−∇2)n

− ψ+mς (~r,t)

(
√
−∇2)n

Scdmς
nς (n+ 1

2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςSabkς lς (n+ 1

2
, ς)

ψlς (~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Scd(n+ 1

2
, ς) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

Scd(n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Sab(n+ 1

2
, ς) ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

Sab(n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Scd(n+ 1

2
, ς) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

Scd(n+ 1
2
, ς) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }Sab(n+ 1

2
, ς) ψ(~r,t)

(
√
−∇2)n

d3~r

??? =
∫ ψ+(~r,t)

(
√
−∇2)n

[Sab(n+ 1
2
, ς), Scd(n+ 1

2
, ς)] i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[Sab(n+ 1
2
, ς), Scd(n+ 1

2
, ς)] ψ(~r,t)

(
√
−∇2)n

d3~r

= −i[gadSbc(n+ 1
2
, ς)− gacSbd(n+ 1

2
, ς) + gbcSad(n+ 1

2
, ς)− gbdSac(n+ 1

2
, ς)]

y²: [σας (t), σβς (t)]

=
∫

[ψ
+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2
)
ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

σβςmς
nς (n+ 1

2
)
ψnς (~r′,t)

(
√
−∇′2)n

]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

{σας kς lς (n+ 1
2
)
ψlς (~r,t)

(
√
−∇2)n

, ψ
+mς (~r′,t)

(
√
−∇′2)n

}σβςmςnς (n+ 1
2
)
ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

{ψ
+kς (~r,t)

(
√
−∇2)n

, σβςmς
nς (n+ 1

2
)
ψnς (~r′,t)

(
√
−∇′2)n

}σας kς lς (n+ 1
2
)
ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2
)σβςmς

nς (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςmςδ3(~r − ~r′) ψnς (~r′,t)

(
√
−∇′2)n

− ψ+mς (~r′,t)

(
√
−∇′2)n

σβςmς
nς (n+ 1

2
)σας kς

lς (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςδ3(~r − ~r′) ψlς (~r,t)

(
√
−∇2)n

d3~rd3~r′
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=
∫ ψ+kς (~r,t)

(
√
−∇2)n

σας kς
lς (n+ 1

2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmςσβςmςnς (n+ 1

2
)
ψnς (~r,t)

(
√
−∇2)n

− ψ+mς (~r,t)

(
√
−∇2)n

σβςmς
nς (n+ 1

2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςσας kς lς (n+ 1

2
)
ψlς (~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σβς (n+ 1

2
) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

σβς (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σας (n+ 1

2
) ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

σας (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σβς (n+ 1

2
) ψ(~r,t)

(
√
−∇2)n

− ψ+(~r,t)

(
√
−∇2)n

σβς (n+ 1
2
) i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }σας (n+ 1

2
) ψ(~r,t)

(
√
−∇2)n

d3~r

??? =
∫ ψ+(~r,t)

(
√
−∇2)n

[σας (n+ 1
2
), σβς (n+ 1

2
)] i

(−2)n−1
√

2
{Γ

2n+1︷ ︸︸ ︷
ef · ·
− (n+ 1

2
)

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ(~r,t)

(
√
−∇2)n

d3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n

[σας (n+ 1
2
), σβς (n+ 1

2
)] ψ(~r,t)

(
√
−∇2)n

d3~r = iεαςβς
γςσγς (t)

y²: [σας (t), σβς (t)](n+ 1
2
)−2

=
∫

[ ψ+kς (~r,t)

(
√
−∇2)n+1∇αςδkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1 ,

ψ+mς (~r′,t)

(
√
−∇′2)n+1∇′βςδmς

nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1 ]d3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1 {∇αςδkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1 ,

ψ+mς (~r′,t)

(
√
−∇′2)n+1 }∇′βςδmς

nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

− ψ+mς (~r′,t)

(
√
−∇′2)n+1 {

ψ+kς (~r,t)

(
√
−∇2)n+1 ,∇′βςδmς

nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1 }∇αςδkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1 d

3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1∇′αςδkς

lς i
(−2)n−1

√
2
{ 1
i
√
−∇′2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂′π→i︷ ︸︸ ︷
∂̂′e∂̂

′
f · · }lςmςδ3(~r − ~r′)∇′βςδmς

nς ψ̇nς (~r′,t)

(
√
−∇′2)n+1

− ψ+mς (~r′,t)

(
√
−∇′2)n+1∇βςδmςnς i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kςδ3(~r − ~r′)∇αςδkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1 d

3~rd3~r′

=
∫ ψ+kς (~r,t)

(
√
−∇2)n+1∇αςδkς lς i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }lςmς∇βςδmςnς

ψ̇nς (~r,t)

(
√
−∇2)n+1

− ψ+mς (~r,t)

(
√
−∇2)n+1∇βςδmςnς i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }nς kς∇αςδkς lς

ψ̇lς (~r,t)

(
√
−∇2)n+1 d

3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1∇ας i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇βς

ψ̇(~r,t)

(
√
−∇2)n+1

− ψ+(~r,t)

(
√
−∇2)n+1∇βς i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇ας

ψ̇(~r,t)

(
√
−∇2)n+1 d

3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1∇ας i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇βς

ψ̇(~r,t)

(
√
−∇2)n+1

− ψ+(~r,t)

(
√
−∇2)n+1∇βς i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · }∇ας

ψ̇(~r,t)

(
√
−∇2)n+1 d

3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1 [∇ας ,∇βς ] i

(−2)n−1
√

2
{ 1
i
√
−∇2 Γ

2n+1︷ ︸︸ ︷
ef · ·
+

2n+1,∂̂π→i︷ ︸︸ ︷
∂̂e∂̂f · · } ψ̇(~r,t)

(
√
−∇2)n+1 d

3~r

=
∫ ψ+(~r,t)

(
√
−∇2)n+1 [∇ας ,∇βς ]

ψ̇(~r,t)

(
√
−∇2)n+1 d

3~r = 0? = iεαςβς
γςσγς (t)

íØ7.3.3. λ+(p̂,−sς)σi(s)[σ(s) · p̂]nσj(s)λ(p̂,−sς)
= λ+(p̂,−sς)σi(s){(−ς)n−1s[sn − (s− 1)n]p̂j + (−ς)n(s− 1)nσj(s)}λ(p̂,−sς)
= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)nλ+(p̂,−sς)σi(s)σj(s)λ(p̂,−sς)
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= (−ς)ns2[sn − (s− 1)n]p̂ip̂j + (−ς)n(s− 1)n[s2p̂ip̂j + s
2
(δij − p̂ip̂j − iςεijkp̂k)]

= (−ς)ns2snp̂ip̂j + (−ς)n(s− 1)n[ s
2
(δij − p̂ip̂j − iςεijkp̂k)]
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g·µãµduPenrose�é¡�§�g^�§���d§¤±Penrose�é¡�§��Cþfz�Kþ

�®¤õ�¤§�Ilg^�§�d=�L5=�"���lPenrose �é¡�§Ñu�±Jø�«�#�

){§ék�þâf��Cþfzké«�^"du�[(Ø®²dg^�§�{�Ü��§¤±e¡��

ÑPenrose�é¡�§){�°�§Ø2¦�§´g^�§�{�Ö¿"

1 Penrose�é¡�§��Cþfz

1.1 Penrose�é¡�§ [1, 2]9Ù²¡Å)

½n1.1.1.

[s∂a + iSab(s, ς)∂
b]ψ(x) = 0⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)ψkς (x)

íØ1.1.1.

ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

)ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)λkς (p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫
λ+kς (p̂,−sς)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫
λ+kς (p̂,−sς)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ψAςBςCς · ·︸ ︷︷ ︸
2s

(x)eip·xd3~r

íØ1.1.2.
λkς (p̂,−sς) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)

2s︷ ︸︸ ︷
λAς (p̂,− ς

2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)λkς (p̂,−sς) = λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

íØ1.1.3.

ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

) λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)eip·xd3~r

1.2 Penrose�é¡�§�g^Ä9Ù5�

½Â1.2.1. λAςBς ··(p̂,−sς) := λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

íØ1.2.1.

λ+Aς (p̂,− ς
2
)λAς (p̂,− ς

2
) = 1, λ+Aς (−p̂,− ς

2
)λAς (p̂,− ς

2
) = 1

λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) = − ς

2
(σ, iς)aAςA′ς p̂a

íØ1.2.2.


λ+AςBς ··(p̂,−sς)λAςBς ··(p̂,−sς) = 1, λ+AςBς ··(−p̂,−sς)λAςBς ··(p̂,−sς) = 0

λAςBς ··(p̂,−sς)λ+
A′ςB

′
ς ··

(p̂,−sς) = (− ς
2
)2s 1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

p̂ap̂b · ·
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1.3 Penrose�é¡�§��«Ôn�Î

½n1.3.1. Pu(s)

=
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

y²: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

pu
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

pu
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

pu[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p

=
∫
pu[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

½n1.3.2. Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

y²: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]d3~p

½n1.3.3. N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p

y²: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]
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=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

1
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫

[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]d3~p

½n1.3.4. ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

y²: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2sa2(~p,−sς)a+
2 (~p,−sς)]d3~p

½n1.3.5. ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

y²: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r|~p′|s−

1
2 |~p|s−

1
2

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

[a+
1 (~p′,−sς)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς)ei(~p′·~r−|~p′|t)][a1(~p,−sς)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς)e−i(~p·~r−|~p|t)]

=
∫
~p|2s−1

2s︷ ︸︸ ︷
λ+Aς (p̂′,− ς

2
)λ+Bς (p̂′,− ς

2
) · ·λAς (p̂,− ς

2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

p̂
|~p|2s−1

{[a+
1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+

2 (~p,−sς)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς)a+
2 (~p,−sς)e−2i|~p|t + a2(−~p,−sς)a1(~p,−sς)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫
p̂[a+

1 (~p,−sς)a1(~p,−sς) + (−1)2s−1a2(~p,−sς)a+
2 (~p,−sς)]d3~p

1.4 Penrose�é¡�§��Cé´5K

½n1.4.1.[ψkς (x), ψ+
k′ς

(x′)]−2s+1 = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0, s ≥ 0

⇔


[ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·})
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0
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Ún1.4.1.λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
) = − ς

2
(σ, iς)aAςA′ς p̂a

λAς (p̂,− ς
2
)λ+
A′ς

(p̂,− ς
2
)λBς (p̂,− ς

2
)λ+
B′ς

(p̂,− ς
2
) = λAς (p̂,− ς

2
)λ+
B′ς

(p̂,− ς
2
)λBς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)

⇔⇔(σ, iς)aAςA′ςpa(σ, iς)
b
BςB′ς

pb = (σ, iς)aBςA′ςpa(σ, iς)
b
AςB′ς

pb, p
apa = 0

(σ, iς)aAςA′ςpa(σ, iς)
b
BςB′ς

pb = (σ, iς)aAςB′ςpa(σ, iς)
b
BςA′ς

pb, p
apa = 0

Ún1.4.2.

(σ, iς)aAςA′ς∂a(σ, iς)
b
BςB′ς

∂b = (σ, iς)aBςA′ς∂a(σ, iς)
b
AςB′ς

∂b, ∂
a∂a = 0

(σ, iς)aAςA′ς∂a(σ, iς)
b
BςB′ς

∂b = (σ, iς)aAςB′ς∂a(σ, iς)
b
BςA′ς

∂b, ∂
a∂a = 0

���yB�±y²±þü�Ún"

íØ1.4.1. 1
[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·})
2s︷ ︸︸ ︷

papbpc · · =

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

papbpc · ·

íØ1.4.2. 1
[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′) =

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

íØ1.4.3.
[ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

íØ1.4.4. ψαςβς = iς√
2
σAςBςας

iς√
2
σCςDςβς

ψAςBςCκDκ = − 1
2
σAςBςας

σCςDςβς
ψAςBςCκDκ , [σ

AςBς
ας

]∗ = σ
A′ςB

′
ς

α′ς

Ψας := −iς√
2
i
2
σabςαςFab

íØ1.4.5. [ψαςβς , ψ
+
α′ςβ

′
ς
] = i

2
σabαςα′ςσ

cd
βςβ′ς

∂a∂b∂c∂d∆(x− x′)

y²: [ψαςβς , ψ
+
α′ςβ

′
ς
]

= 1
4
σAςBςας

σCςDςβς
σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
[ψAςBςCκDκ , ψ

+
A′ςB

′
ςC
′
κD
′
κ
]

= i
32
σAςBςας

σCςDςβς
σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

∂a∂b∂c∂d∆(x− x′)
= i

2
σabαςα′ςσ

cd
βςβ′ς

∂a∂b∂c∂d∆(x− x′)

íØ1.4.6. [ψαςβς · ·︸ ︷︷ ︸
2n

, ψ+
α
′
ςβ
′
ς · ·︸ ︷︷ ︸

2n

] = i (−1)n

2n−1 σ
ab
αςα′ς

σcdβςβ′ς · ·︸ ︷︷ ︸
n

∂a∂b∂c∂d · ·︸ ︷︷ ︸
n

∆(x− x′)

íØ1.4.7. ψαςβς = iς√
2
σAςBςας

ψAςBς , [σ
AςBς
ας

]∗ = σ
A′ςB

′
ς

α′ς

íØ1.4.8. [ψας , ψ
+
α′ς

] = i
2
σabαςα′ς∂a∂b∆(x− x′)

y²: [ψας , ψ
+
α′ς

]

= − 1
2
σAςBςας

σ
A′ςB

′
ς

α′ς
[ψAςBς , ψ

+
A′ςB

′
ς
]

= i
4
σAςBςας

σ
A′ςB

′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= −iσabαςα′ς∂a∂b∆(x− x′)

1.5 1fPenrose�é¡�§��Cþfz

½n1.5.1.

[∂a + iSab(1, ς)∂
b]ψ(x) = 0⇔ (σ,−iς)A

′
ςAς

a ∂aψAςBς (x) = 0, ψAςBς (x) = ΓkςAςBςψkς (x)
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íØ1.5.1.
ψAςBς (x) = 1

(2π)3/2

∫
~p6=0

|~p|
1
2 ΓkςAςBςλkς (p̂,−ς)[a1(~p,−ς)eip·x + a+

2 (~p,−ς)e−ip·x]d3~p

~p|
1
2 a1(~p,−ς) = 1

(2π)3/2

∫
λ+kς (p̂,−ς)ΓAςBςkς

ψAςBς (x)e−ip·xd3~r

|~p|
1
2 a+

2 (~p,−ς) = 1
(2π)3/2

∫
λ+kς (p̂,−ς)ΓAςBςkς

ψAςBς (x)eip·xd3~r

½n1.5.2.[ψkς (x), ψ+
k′ς

(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

⇔


[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)

∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

½n1.5.3. H(1) =
∫
ψ+(~r, t) [σ(1)·∇]2

∇2 ψ(~r, t)d3~r =
∫
ψ+
A′ςB

′
ς
(~r, t)Γ

A′ςB
′
ς

k′ς

[σ(1)·∇]2|k
′
ςkς

∇2 ΓAςBςkς
ψAςBς (~r, t)d

3~r

1.6 1fPenrose���§��Cé´5K

ß�1.6.1. [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)] = − i

2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′) + ikεAςBςεA′ςB′ς∆(x− x′)
[⇔][Ψας (x),Ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′), [φ(x), φ+(x′)] = i∆(x− x′), [Ψας (x), φ+(x′)] = 0

1.7 Penrose�é¡�§���þfz5K

½n1.7.1. [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

⇒ [ψAςBς · ·EςFς · ·Zς︸ ︷︷ ︸
2s

(~r, t), ψ+
A
′
ςB
′
ς · ·E

′
ςF
′
ς · ·Z

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2

]∑
k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2k︷ ︸︸ ︷
δEςE′ςδFςF ′ς · · ∇

2kδZςZ′ςδ
3(~r − ~r′)

1.8 Penrose�é¡�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún1.8.1.

[θ(t), (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·] = − i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·
n︷ ︸︸ ︷

∂i∂j · ·
2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

y²: [θ(t), (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·]

= (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·[θ(t),
2s︷ ︸︸ ︷

∂a∂b∂c · ·]

= − (iς)2s

22s−1

2s−1∑
n=0

Cn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·(iς)
2s−n[∂2s−n

π , θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= − i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·[∂
2s−n
t , θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= − i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·
n︷ ︸︸ ︷

∂i∂j · ·
2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

íØ1.8.1.
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∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x)

∆
(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(+)(x)

∆
(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(−)(x)

∆
(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(l)(x)

íØ1.8.2.

∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(c)(x)

− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = i∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆F (x)

− i2s+1

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

íØ1.8.3.

∆
(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(ret)(x)

− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆
(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(adv)(x)

− i2s

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
σiAςA′ςσ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

Ún1.8.2. ∆AςBς · ·EςFς · ·Zς︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·E

′
ςF
′
ς · ·Z

′
ς︸ ︷︷ ︸

2s

(s;x)|t=0

= i (iς)2s+1

22s−1

[s− 1
2

]∑
k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
(σ · ∇)AςA′ς (σ · ∇)BςB′ς · ·

2k+1︷ ︸︸ ︷
δEςE′ςδFςF ′ς · ·δZςZ′ς ∇

2kδ3(~r)

íØ1.8.4.

(σ ⊗ I22s−1 ,−iς)a∂a∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(σ ⊗ I22s−1 ,−iς)a∂a∆(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0
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(σ ⊗ I22s−1 ,−iς)a∂a∆(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(σ ⊗ I22s−1 ,−iς)a∂a∆(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

íØ1.8.5.

(σ,−iς)a∂a∆AςA′ς
( 1

2
;x) = 0

(σ,−iς)a∂a∆AςA′ς
( 1

2
;x) = 0

(σ,−iς)a∂a∆AςA′ς
( 1

2
;x) = 0

(σ,−iς)a∂a∆AςA′ς
( 1

2
;x) = 0



(σ,−iς)a∂a∆(c)
AςA′ς

( 1
2
;x) = iςδAςA′ςδ

4(x)

(σ,−iς)a∂a∆(ret)
AςA′ς

( 1
2
;x) = iςδAςA′ςδ

4(x)

(σ,−iς)a∂a∆(adv)
AςA′ς

( 1
2
;x) = iςδAςA′ςδ

4(x)

(σ,−iς)a∂a∆(F )
AςA′ς

( 1
2
;x) = −ςδAςA′ςδ

4(x)

2 Penrose�é¡�§²¡Å���){
g·µãµ±þÑ´lg^�§�®�(Ø�d=�L5�"e¡ò��lPenrose�é¡�§Ñu#¦

)§Jø�«#�){"

2.1 Penrose�é¡�§²¡Å���){

½n2.1.1. (σ,−iς)A
′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{AςBςCς · ·}︸ ︷︷ ︸
2s

(x)

⇔ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

) λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

y²: (σ,−iς)A
′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{AςBςCς · ·}︸ ︷︷ ︸
2s

(x)

⇒ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

λAς (p̂,− ς
2
)[aBςCς · ·︸ ︷︷ ︸

2s

(~p)eip·x + b+BςCς · ·︸ ︷︷ ︸
2s

(~p)e−ip·x]d3~p

⇒ λAς (p̂,− ς
2
)aBςCς · ·︸ ︷︷ ︸

2s−1

(~p) = 1
(2π)3/2

∫
ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r = 1
(2s)!

λ{Aς (p̂,− ς
2
)aBςCς · ·}︸ ︷︷ ︸

2s−1

(~p,−sς)

⇒ λAς (p̂,− ς
2
)aBςCς · ·︸ ︷︷ ︸

2s

(~p) = λBς (p̂,− ς
2
)aAςCς · ·︸ ︷︷ ︸

2s

(~p)

⇒ λAς (p̂,− ς
2
)[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,− ς
2
) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,
ς
2
)]

= λBς (p̂,− ς
2
)[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,− ς
2
) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,
ς
2
)]

⇒ λ+Aς (p̂,− ς
2
)λ+Bς (p̂, ς

2
)λAς (p̂,− ς

2
)[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,− ς
2
) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λBς (p̂,
ς
2
)]

= λ+Aς (p̂,− ς
2
)λ+Bς (p̂, ς

2
)λBς (p̂,− ς

2
)[aCςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,− ς
2
) + a′CςDς · ·︸ ︷︷ ︸

2s−2

(~p)λAς (p̂,
ς
2
)]

⇒ a′BςCς · ·︸ ︷︷ ︸
2s−2

(~p) = 0, λAς (p̂,− ς
2
)aBςCς · ·︸ ︷︷ ︸

2s

(~p) = λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)aCςDς · ·︸ ︷︷ ︸

2s−2

(~p) = λAς (p̂,− ς
2
)λCς (p̂,− ς

2
)aBςDς · ·︸ ︷︷ ︸

2s−2

(~p)

⇒ · ·
⇒ λAς (p̂,− ς

2
)aBςCς · ·︸ ︷︷ ︸

2s

(~p) = a(~p,−sς)λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

Ón:λAς (p̂,− ς
2
)b+BςCς · ·︸ ︷︷ ︸

2s

(~p) = b+(~p,−sς)λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

⇒ ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

) λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

|~p|(s−
1
2

)a1(~p,−sς) = a(~p,−sς), |~p|(s−
1
2

)a+
2 (~p,−sς) = b+(~p,−sς)
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⇒ (σ,−iς)A
′
ςAς

a ∂aψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ψAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{AςBςCς · ·}︸ ︷︷ ︸
2s

(x)

íØ2.1.1.
~p|(s−

1
2

)a1(~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·ψAςBςCς · ·︸ ︷︷ ︸

2s

(x)eip·xd3~r

2.2 lPenrose�é¡�§²¡Å)#y²�Cé´'X

½n2.2.1.[aσ(~p,−sς), a+
σ′(~p

′,−sς)]−2s+1 = δσσ′δ
3(~p− ~p′)

[aσ(~p,−sς), aσ′(~p′,−sς)]−2s+1 = 0, [a+
σ (~p,−sς), a+

σ′(~p
′,−sς)]−2s+1 = 0

⇔


[ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψEςFςGς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

y²: [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2
)

λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(p̂′,− ς
2
)λ+
B′ς

(p̂′,− ς
2
)λ+
C′ς

(p̂′,− ς
2
) · ·︸ ︷︷ ︸

2s

[[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x], [a+

1 (~p′,−sς)e−ip′·x′ + a2(~p′,−sς)eip′·x′ ]]−2s+1

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2
)

[λAς (p̂,− ς
2
)λ+
A′ς

(p̂′,− ς
2
)][λBς (p̂,− ς

2
)λ+
B′ς

(p̂′,− ς
2
)][λCς (p̂,− ς

2
)λ+
C′ς

(p̂′,− ς
2
)] · ·︸ ︷︷ ︸

2s

{[a1(~p,−sς), a+
1 (~p′,−sς)]−2s+1ei(p·x−p

′·x′) + [a+
2 (~p,−sς), a2(~p′,−sς)]−2s+1e−i(p·x−p

′·x′)}
⇒ [ψAςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′(|~p||~p′|)(s− 1

2
)

[λAς (p̂,− ς
2
)λ+
A′ς

(p̂′,− ς
2
)][λBς (p̂,− ς

2
)λ+
B′ς

(p̂′,− ς
2
)][λCς (p̂,− ς

2
)λ+
C′ς

(p̂′,− ς
2
)] · ·︸ ︷︷ ︸

2s

δ3(~p− ~p′)[ei(p·x−p′·x′) + (−1)2s+1e−i(p·x−p
′·x′)]

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~p [|~p|λAς (p̂,− ς

2
)λ+
A′ς

(p̂,− ς
2
)][|~p|λBς (p̂,− ς

2
)λ+
B′ς

(p̂,− ς
2
)][|~p|λCς (p̂,− ς

2
)λ+
C′ς

(p̂,− ς
2
)] · ·︸ ︷︷ ︸

2s

|~p|−1[eip·(x−x
′) + (−1)2s+1e−ip·(x−x

′)]

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~p(− ς

2
)2s (σ, iς)aAςA′ςpa(σ, iς)

b
BςB′ς

pb(σ, iς)
c
CςC′ς

pc · ·︸ ︷︷ ︸
2s

|~p|−1[eip·(x−x
′) + (−1)2s+1e−ip·(x−x

′)]

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3 2i( iς

2
)2s (σ, iς)aAςA′ς∂a(σ, iς)

b
BςB′ς

∂b(σ, iς)
c
CςC′ς

∂c · ·︸ ︷︷ ︸
2s

∫ −i
|2~p| [e

ip·(x−x′) − e−ip·(x−x′)]d3~p
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⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)

y²: [a1(~p,−sς), a+
1 (~p′,−sς)]

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

[ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·
2s︷ ︸︸ ︷

∂a∂b∂c · ·∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς · ·{
2s︷ ︸︸ ︷

∂a∂b∂c · · −i(2π)3

∫
1

2|~p0| [e
ip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)d3~rd3~r′

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

(− ς
2
)2s (σ, iς)aAςA′ςp0a(σ, iς)

b
BςB′ς

p0b(σ, iς)
c
CςC′ς

p0c · ·︸ ︷︷ ︸
2s

1
|~p0| [e

i(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

= [ 1
(2π)3 ]2

∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

λAς (p̂0,− ς
2
)λBς (p̂0,− ς

2
)λCς (p̂0,− ς

2
) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(p̂0,− ς
2
)λ+
B′ς

(p̂0,− ς
2
)λ+
C′ς

(p̂0,− ς
2
) · ·︸ ︷︷ ︸

2s
1
|~p0| [e

i(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]d3~p0d
3~rd3~r′

=
∫
|~p|−(2s−1)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂′,− ς

2
)λB

′
ς (p̂′,− ς

2
)λC

′
ς (p̂′,− ς

2
) · ·

λAς (p̂0,− ς
2
)λBς (p̂0,− ς

2
)λCς (p̂0,− ς

2
) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(p̂0,− ς
2
)λ+
B′ς

(p̂0,− ς
2
)λ+
C′ς

(p̂0,− ς
2
) · ·︸ ︷︷ ︸

2s
1
|~p0| [δ

3(~p0 − ~p)δ3(~p0 − ~p′) + (−1)2s+1e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)]d3~p0

=

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2
)λB

′
ς (p̂,− ς

2
)λC

′
ς (p̂,− ς

2
) · ·

λAς (p̂,− ς
2
)λBς (p̂,− ς

2
)λCς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(p̂,− ς
2
)λ+
B′ς

(p̂,− ς
2
)λ+
C′ς

(p̂,− ς
2
) · ·︸ ︷︷ ︸

2s

δ3(~p− ~p′)

+ (−1)2s+1e2iE0(t−t′)

2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
)λ+Cς (p̂,− ς

2
) · ·

2s︷ ︸︸ ︷
λA
′
ς (p̂,− ς

2
)λB

′
ς (p̂,− ς

2
)λC

′
ς (p̂,− ς

2
) · ·

λAς (−p̂,− ς
2
)λBς (−p̂,− ς

2
)λCς (−p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

λ+
A′ς

(−p̂,− ς
2
)λ+
B′ς

(−p̂,− ς
2
)λ+
C′ς

(−p̂,− ς
2
) · ·︸ ︷︷ ︸

2s

δ3(~p− ~p′)

= δ3(~p− ~p′) + 0 = δ3(~p− ~p′)

g·µãµ±þ�y{Ø2Äu��é´5K§��Äu�Cé´5K§wq�J
§Ù¢´�{ü
§Ï

�ØI�¦ÑE,���é´5K(ëwe�!)§=¦¦Ñ�Ju¦^§�Cé´5K��®��ék5Æ§

��±©)�g^Ä�¦È§��y²L§Ä�þ��6ug^Ä�5�§vkE,�O�"ù�y²�{�±

í2�Ù¦¤kaq�¹§l{z¤kaq�y²"Ù¦�A�é´)Ò��UÓ���{¦Ñ§Ø2�Ñ"
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g·µãµ�ÙÚe�Ù£ã�k�þEâf§��âfØÓ§êÆ��þ´E¼ê§«Ouê�.Bâ

f¶ê�.Bâf§��âf�Ó§êÆ��þ´¢¼ê§�¡Ù!¬�[?Ø"k�þâf�Yæ^�Ã�þ

âf�Y���Ú½§ky²��g^âf�/§2©OïÄg^- 1
2
, 1, 3

2
, 2 �AÏ�/"ù���ndµ�´

�Cþfz#�Y²L�c�ïÄ§oNþ®²'�²("�´ky²���/§�¡�AÏ�/ÒØI2�

y²§��éõæ���Ì§SN�;n§��±�;5uÔn"�
y²���/§7LkïÄDirac�§g

^Ä�5�§¤±�Ùc�Ü©Ì�´ïÄDirac�§g^Ä�SN§��Ü©â´��g^âf�/�y²"

�Dirac�§����Cþfz�Y�´�3�¡Ù!�ïÄ"3�ÙUÚ���ªé¤kk�þg^Eâfï

á
�A�þf|Ø"�Ã�þâf��§�ÃI��M�îþ§Ò�±UÚ��#§ªé�«k�þg^âf

?1
þfz§�Ñ
Ú��þfzé´5KÚUþÄþ�Î/ª§�Ñ
Ü©þf$\4�ê"�Ã�þâf

��§�Äþ�Î����Ü©¤õ§vk�.)û§EIãå"

1 Ä:O�Ü©

1.1 Diracg^Ä�Ú\

1.1.1 Dirac>f�§ [5]²¡Å�o�Fp�){

½n1.1.1. (γa∂a +m)ψ(~r, t) = 0

⇔


ψ(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(−~p,−E~p)e−i(~p·~r−E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (−iγapa +m)a(−~p,−E~p) = 0

y²: (γa∂a +m)ψ(~r, t) = 0

⇒ 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

(iγapa +m)ψ(~p,E)eip·xd3~pdE = 0

⇔ (iγapa +m)ψ(~p,E) = 0⇔ (iγapa −m)(iγapa +m)ψ(~p,E) = 0, (iγapa +m)ψ(~p,E) = 0

⇔ (E2 − ~p2 −m2)ψ(~p,E) = 0, (iγapa +m)ψ(~p,E) = 0

⇔ ψ(~p,E) = a(~p,E)δ(E2 − ~p2 −m2) + ψ0(~p,E)δE2,~p2+m2 , (iγapa +m)ψ(~p,E) = 0

⇒ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

[a(~p,E)δ(E2 − ~p2 −m2) + ψ0(~p,E)δE2,~p2+m2 ]eip·xd3~pdE

⇔ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

+∞∫
E=−∞

a(~p,E)δ(E2 − ~p2 −m2)eip·xd3~pdE

⇔


ψ(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(~p,−E~p)ei(~p·~r+E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (iγ · ~p+ γ4E~p +m)a(~p,−E~p) = 0

⇔


ψ(~r, t) = 1

(2π)3/2

+∞∫
~p=−∞

1
2E~p

[a(~p,E~p)e
i(~p·~r−E~pt) + a(−~p,−E~p)e−i(~p·~r−E~pt)]d3~p

(iγapa +m)a(~p,E~p) = 0, (−iγapa +m)a(−~p,−E~p) = 0

½n1.1.2. (iγapa +m)a(~p,E~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), (iγapa +m) =
[

m −ςE+σ·~p
−ςE−σ·~p m

]

⇔


a(~p,E~p) =

 mϕ(~p)

(ςE~p + σ · ~p)ϕ(~p)

 = (−iγapa +m)

ϕ(~p)

0

 = (−iγapa +m)

 0

ςE~p+σ·~p
m

ϕ(~p)


a(~p,E~p) =

(ςE~p − σ · ~p)η(~p)

mη(~p)

 = (−iγapa +m)

 0

η(~p)

 = (−iγapa +m)

 ςE~p−σ·~pm
η(~p)

0
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íØ1.1.1. (iγapa −m)a(−~p,−E~p) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), (iγapa −m) =
[

−m −ςE+σ·~p
−ςE−σ·~p −m

]

⇔


a(−~p,−E~p) =

 −mϕ(−~p)

(ςE~p + σ · ~p)ϕ(−~p)

 = (−iγapa −m)

ϕ(−~p)

0

 = (−iγapa −m)

 0

−ςE~p−σ·~p
m

ϕ(−~p)


a(−~p,−E~p) =

(ςE~p − σ · ~p)η(−~p)

−mη(−~p)

 = (−iγapa −m)

 0

η(−~p)

 = (−iγapa −m)

−ςE~p+σ·~p
m

η(−~p)

0


g·µãµlþ�±wÑDirac�§�²¡Å)kõ«�d�L�/ª"g^Ä��*À�kÐõ«§��

þkÃ�«À{§�§���þ�´L��d�§���N�C�"ÃØÀ�=��Ä§Ôn´�d���"�

À�Ð§O�Ò�B"��5¿éuÃ�þâf§±þA«L�Ø�½´�d�"

1.1.2 �8�zDiracg^Ä(·Ü?¿�þ�/)

íØ1.1.2. (γa∂a +m)ψ(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

⇔ ψ(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

1
2E

[a(~p,E)ei(~p·~r−Et) + a(−~p,−E)e−i(~p·~r−Et)]d3~p

a(~p,E) = (−iγapa +m)

[
ϕ(~p)

0

]
, a(−~p,−E) = (−iγapa −m)

[
η(~p)

0

]

γa�Ùæ^±þ�½§,k`²Ø	"

½Â1.1.1. X(~p, κ
2
) := (−iγapa +m)

[
λ(p̂, κ

2
)

0

]
, Y (~p, κ

2
) := (−iγapa −m)

[
λ(p̂, κ

2
)

0

]

íØ1.1.3. X(~p, κ
2
) = λ(p̂, κ

2
)⊗

[
m

ςE + κ|~p|

]
, Y (~p, κ

2
) = λ(p̂, κ

2
)⊗

[
−m

ςE + κ|~p|

]

1.1.3 8�zÃ�þDiracg^Ä

½Â1.1.2. X(~p, κ
2
) = Y (~p, κ

2
) := −iγapa

[
λ(p̂, κ

2
)

0

]

íØ1.1.4. X(~p, ς
2
) = Y (~p, ς

2
) = 2ς|~p|λ(p̂, κ

2
)⊗

[
0

1

]
, X(~p,− ς

2
) = Y (~p,− ς

2
) = 0

íØ1.1.5. X̄(~p, ς
2
) = Ȳ (~p, ς

2
) = λ(p̂, κ

2
)⊗

[
0

1

]
, X̄(~p,− ς

2
) = Ȳ (~p,− ς

2
) = 0

g·µãµ��^m→ 0��Ã�þ�/§¿Ø�¡§ù�´�|)§�k,�|)"¯¢þÃ�þ�/I

�#©Û"

1.1.4 Dirac>ÖÄ�½Â

½Â1.1.3. µ(~p, κ
2
) :=

√E−κς|~p|
2m

ς
√

E+κς|~p|
2m

 , ν(~p, κ
2
) :=

−√E−κς|~p|
2m

ς
√

E+κς|~p|
2m



íØ1.1.6. µ(~p, κ
2
) := 1√

2

√ m
E+κς|~p|

ς
√

E+κς|~p|
m

 , ν(~p, κ
2
) := 1√

2

−√ m
E+κς|~p|

ς
√

E+κς|~p|
m



½Â1.1.4. µ̃(~p, κ
2
) :=

√E−κς|~p|
2E

ς
√

E+κς|~p|
2E

 , ν̃(~p, κ
2
) :=

−√E−κς|~p|
2E

ς
√

E+κς|~p|
2E


íØ1.1.7. µ̃(~p, κ

2
) =

√
m
E
µ(~p, κ

2
), ν̃(~p, κ

2
) =

√
m
E
ν(~p, κ

2
)

g·µãµ�Û¡�>ÖÄ��¡�äN©Ûk'§�Nù�¡�¿ØÜ·"
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1.1.5 8�zDiracg^Ä

íØ1.1.8. u(~p, κ
2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
m

ςE + κ|~p|

]
, v(~p, κ

2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
−m

ςE + κ|~p|

]
íØ1.1.9. u(~p, κ

2
) = λ(p̂, κ

2
)⊗ µ(~p, κ

2
), v(~p, κ

2
) = λ(p̂, κ

2
)⊗ ν(~p, κ

2
)

íØ1.1.10. u(~p, h) = −ςγ5v(~p, h), v(~p, h) = −ςγ5u(~p, h), h = − 1
2
, 1

2

½n1.1.3. (iγapa +m)u(~p, h) = 0, (iγapa −m)v(~p, h) = 0, γa = (σ ⊗ σy, ςI ⊗ σx, ςI ⊗ σz)

½Â1.1.5. ũ(~p, κ
2
) :=

√
m
E
u(~p, κ

2
), ṽ(~p, κ

2
) :=

√
m
E
v(~p, κ

2
)

íØ1.1.11. ũ(~p, κ
2
) =

λ(p̂,
κ
2

)√
2E(E+κς|~p|)

⊗

[
m

ςE + κ|~p|

]
, ṽ(~p, κ

2
) =

λ(p̂,
κ
2

)√
2E(E+κς|~p|)

⊗

[
−m

ςE + κ|~p|

]

íØ1.1.12. ũ(~p, κ
2
;m = 0) =

λ(p̂,
κ
2

)√
2E(E+κς|~p|)

⊗

[
m

ςE + κ|~p|

]
, ṽ(~p, κ

2
;m = 0) =

λ(p̂,
κ
2

)√
2E(E+κς|~p|)

⊗

[
−m

ςE + κ|~p|

]
g·µãµ�Û½Âü«8�zg^Ä§�ü«ØÓ�8�z�ª�éA"q�ÛXdÀJg^ÄÌ�nd

kü:§�´©)�ü�Ä��È§�±{zéõO�¶�´Ù¥��ÄÀ�Ú^Ý§�±¿©|^�c�Ú^

Ý©Û¤J§��±��{zO�"

1.1.6 #>Ö�Î�½Â

½Â1.1.6. Q̂(~p) := iγapa
m

, q̂(~p, κ) := −ςEσx+iκ|~p|σy
m

Ún1.1.1. iγapa =
[

0 −ςE+σ·~p
−ςE−σ·~p 0

]
= −ςEI ⊗ σx + iσ · ~p⊗ σy, γa = (σ ⊗ σy, ςI ⊗ σx)

½n1.1.4. Q̂(~p)u(~p, κ
2
) = −u(~p, κ

2
), Q̂(~p)v(~p, κ

2
) = v(~p, κ

2
), q̂(~p, κ)µ(~p, κ

2
) = −µ(~p, κ

2
), q̂(~p, κ)ν(~p, κ

2
) = ν(~p, κ

2
)

y²: Q̂(~p)u(~p, κ
2
) = iγapa

m
u(~p, κ

2
)

= (−ς E
m
I ⊗ σx + i 1

m
σ · ~p⊗ σy)λ(p̂, κ

2
)⊗ µ(~p, κ

2
) = (I ⊗ −ςEσx+iκ|~p|σy

m
)(λ(p̂, κ

2
))⊗ µ(~p, κ

2
)

= −λ(p̂, κ
2
)⊗ µ(~p, κ

2
) = −u(~p, κ

2
)

y²: Q̂(~p)v(~p, κ
2
) = iγapa

m
v(~p, κ

2
)

= (−ς E
m
I ⊗ σx + i 1

m
σ · ~p⊗ σy)λ(p̂, κ

2
)⊗ ν(~p, κ

2
) = (I ⊗ −ςEσx+iκ|~p|σy

m
)(λ(p̂, κ

2
))⊗ ν(~p, κ

2
)

= λ(p̂, κ
2
)⊗ ν(~p, κ

2
) = v(~p, κ

2
)

1.1.7 Diracg^Ä´g^!Ú^ÝÚ>Ön��Î��Ó���

5�1.1.1.

σ2( 1
2
)⊗ Iu(~p, κ

2
) = 1

2
( 1

2
+ 1)u(~p, κ

2
)

σ( 1
2
) · p̂⊗ Iu(~p, κ

2
) = κ

2
u(~p, κ

2
)

Q̂(~p)u(~p, κ
2
) = −u(~p, κ

2
)

£ã>f:(s, h;Q) = (1
2
; κ

2
,−1)



σ2( 1
2
)⊗ Iv(~p, κ

2
) = 1

2
( 1

2
+ 1)v(~p, κ

2
)

σ( 1
2
) · p̂⊗ Iv(~p, κ

2
) = κ

2
v(~p, κ

2
)

Q̂(~p)v(~p, κ
2
) = v(~p, κ

2
)

£ã�>f:(s, h;Q) = (1
2
; κ

2
, 1)

1.2 o�¥þg^Ä�Ú\

1.2.1 o�¥þg^Ä

íØ1.2.1. λm(p̂,−1) = λ∗m(p̂, 1), λm(p̂, 0) = −λ∗m(p̂, 0), λm(p̂, 1) = λ∗m(p̂,−1)

½Â1.2.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m

[iEλm(~p, 0), i|~p|]a, ε̄a(~p, h) := ε+
a′(~p, h)ηa

′

a

íØ1.2.2.


λm(

[
0
0
1

]
, 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1) = 1√

2

[
−i
−1
0

]
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íØ1.2.3. εa(
[

0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m
[0, 0, E, i|~p|]a, εa(

[
0
0
|~p|

]
,−1) := 1√

2
[1,−i, 0, 0]a

íØ1.2.4. ηaa′ε
+a′(~p, κ) = −εa(~p,−κ), ηaa′ε

+a′(~p, 0) = εa(~p, 0), ηaa′ε
+a′(~p, h) = (−1)hεa(~p,−h)

½n1.2.1. ε+(~p, h)ε(~p, h′) = (E
2+p2

m2 )1−|h|δhh′ ,
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2 ,

−1∑
h=1

hε(~p, h)ε+(~p, h) = R · p̂

½n1.2.2. ε̄(~p, h)ε(~p, h′) = δhh′ ,
−1∑
h=1

εa(~p, h)ε̄b(~p, h) = δab + papb
m2 ,

−1∑
h=1

hε(~p, h)ε̄(~p, h) = R · p̂

íØ1.2.5. (R · p̂)ε(~p, h) = hε(~p, h), (R · p̂)p[a]

m
= 0;R2ε(~p, h) = 1(1 + 1)ε(~p, h)

íØ1.2.6. (L · p̂)ε(~p, κ) = 0, (L · p̂)ε(~p, 0) = −p[a]

m
, (L · p̂)p[a]

m
= −ε(~p, 0)

íØ1.2.7.

(σ+ · p̂)ε(~p, κ) = κε(~p, κ), (σ+ · p̂)ε(~p, 0) = −p[a]

m
, (σ+ · p̂)

p[a]

m
= −ε(~p, 0)

(σ− · p̂)ε(~p, κ) = κε(~p, κ), (σ− · p̂)ε(~p, 0) =
p[a]

m
, (σ− · p̂)

p[a]

m
= ε(~p, 0)

g·µãµ�ÛXdÀJg^Ä§��¡�äN©Û�'§¯¢þ·´3�¡�äN©Û¥JõÑù�(

J§,���ùp?17��k1ïÄ§l¦�¡�Ù!�±�;5uÔn��"

1.2.2 E¥þg^ÄÚo�¥þg^Ä�m�'XI

íØ1.2.8.

[R · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [R · λm(~p, 0)]ε(~p, 0) = 0, [R · λm(~p, 0)]
p[a]

m
= 0

[L · λm(~p, 0)]ε(~p, κ) = 0, [L · λm(~p, 0)]ε(~p, 0) =
ip[a]

m
, [L · λm(~p, 0)]

p[a]

m
= iε(~p, 0)

íØ1.2.9.



[R · λm(~p, 1)]ε(~p, 1) = [~0, 0], [R · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0), 0]

[R · λm(~p, 1)]ε(~p, 0) = −E
m

[λm(~p, 1), 0], [R · λm(~p, 1)]
p[a]

m
= − |~p|

m
[λm(~p, 1), 0]

[L · λm(~p, 1)]ε(~p, 1) = [~0, 0], [L · λm(~p, 1)]ε(~p,−1) = [~0, 1]

[L · λm(~p, 1)]ε(~p, 0) = − |~p|
m

[λm(~p, 1), 0], [L · λm(~p, 1)]
p[a]

m
= −E

m
[λm(~p, 1), 0]

íØ1.2.10.



[R · λm(~p,−1)]ε(~p,−1) = [~0, 0], [R · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0), 0]

[R · λm(~p,−1)]ε(~p, 0) = E
m

[λm(~p,−1), 0], [R · λm(~p,−1)]
p[a]

m
= |~p|

m
[λm(~p,−1), 0]

[L · λm(~p,−1)]ε(~p,−1) = [~0, 0], [L · λm(~p,−1)]ε(~p, 1) = [~0, 1]

[L · λm(~p,−1)]ε(~p, 0) = − |~p|
m

[λm(~p,−1), 0], [L · λm(~p,−1)]
p[a]

m
= −E

m
[λm(~p,−1), 0]

1.2.3 E¥þg^ÄÚo�¥þg^Ä�m�'XII

íØ1.2.11.

[σ+ · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ+ · λm(~p, 0)]ε(~p, 0) =
ip[a]

m
, [σ+ · λm(~p, 0)]

p[a]

m
= iε(~p, 0)

[σ− · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ− · λm(~p, 0)]ε(~p, 0) = − ip[a]

m
, [σ− · λm(~p, 0)]

p[a]

m
= −iε(~p, 0)

íØ1.2.12.



[σ+ · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ+ · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0),−1]

[σ+ · λm(~p, 1)]ε(~p, 0) = −E+|~p|
m

[λm(~p, 1), 0], [σ+ · λm(~p, 1)]
p[a]

m
= −E+|~p|

m
[λm(~p, 1), 0]

[σ− · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ− · λm(~p, 1)]ε(~p,−1) = −[λm(~p, 0), 1]

[σ− · λm(~p, 1)]ε(~p, 0) = −E−|~p|
m

[λm(~p, 1), 0], [σ− · λm(~p, 1)]
p[a]

m
= E−|~p|

m
[λm(~p, 1), 0]

íØ1.2.13.



[σ+ · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ+ · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0), 1]

[σ+ · λm(~p,−1)]ε(~p, 0) = E−|~p|
m

[λm(~p,−1), 0], [σ+ · λm(~p,−1)]
p[a]

m
= −E−|~p|

m
[λm(~p,−1), 0]

[σ− · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ− · λm(~p,−1)]ε(~p, 1) = [λm(~p, 0),−1]

[σ− · λm(~p,−1)]ε(~p, 0) = E+|~p|
m

[λm(~p,−1), 0], [σ− · λm(~p,−1)]
p[a]

m
= E+|~p|

m
[λm(~p,−1), 0]
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1.2.4 E¥þg^ÄÚo�¥þg^Ä�m�'XIII

íØ1.2.14.

[σ+ · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ+ · λm(~p, 0)]ε(~p, 0) =
ip[a]

m
, [σ+ · λm(~p, 0)]

p[a]

m
= iε(~p, 0)

[σ− · λm(~p, 0)]ε(~p, κ) = −iκε(~p, h), [σ− · λm(~p, 0)]ε(~p, 0) = − ip[a]

m
, [σ− · λm(~p, 0)]

p[a]

m
= −iε(~p, 0)

íØ1.2.15.



[σ+ · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ+ · λm(~p, 1)]ε(~p,−1) = iE+|~p|
m

[ε(~p, 0)− p[a]

m
]

[σ+ · λm(~p, 1)]ε(~p, 0) = iE+|~p|
m

ε(~p, 1), [σ+ · λm(~p, 1)]
p[a]

m
= iE+|~p|

m
ε(~p, 1)

[σ− · λm(~p, 1)]ε(~p, 1) = [~0, 0], [σ− · λm(~p, 1)]ε(~p,−1) = iE−|~p|
m

[ε(~p, 0) +
p[a]

m
]

[σ− · λm(~p, 1)]ε(~p, 0) = iE−|~p|
m

ε(~p, 1), [σ− · λm(~p, 1)]
p[a]

m
= −iE−|~p|

m
ε(~p, 1)

íØ1.2.16.



[σ+ · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ+ · λm(~p,−1)]ε(~p, 1) = −iE−|~p|
m

[ε(~p, 0) +
p[a]

m
]

[σ+ · λm(~p,−1)]ε(~p, 0) = −iE−|~p|
m

ε(~p,−1), [σ+ · λm(~p,−1)]
p[a]

m
= iE−|~p|

m
ε(~p,−1)

[σ− · λm(~p,−1)]ε(~p,−1) = [~0, 0], [σ− · λm(~p,−1)]ε(~p, 1) = −iE+|~p|
m

[ε(~p, 0)− p[a]

m
]

[σ− · λm(~p,−1)]ε(~p, 0) = −iE+|~p|
m

ε(~p,−1), [σ− · λm(~p,−1)]
p[a]

m
= −iE+|~p|

m
ε(~p,−1)

1.2.5 E¥þg^ÄÚo�¥þg^Ä�m�'XIV

íØ1.2.17.

[σab+αεb(~p, κ)]λαm(~p, 0) = −iκεa(~p, h), [σab+αεb(~p, 0)]λαm(~p, 0) = ipa

m
, [σab+α

pb
m

]λαm(~p, 0) = iεa(~p, 0)

[σab−αεb(~p, κ)]λαm(~p, 0) = −iκεa(~p, h), [σab−αεb(~p, 0)]λαm(~p, 0) = − ipa

m
, [σab−α

pb
m

]λαm(~p, 0) = −iεa(~p, 0)

íØ1.2.18.



[σab+αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab+αεb(~p,−1)]λαm(~p, 1) = iE+|~p|
m

[εa(~p, 0)− pa

m
]

[σab+αεb(~p, 0)]λαm(~p, 1) = iE+|~p|
m

εa(~p, 1), [σab+α
pb
m

]λαm(~p, 1) = iE+|~p|
m

εa(~p, 1)

[σab−αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab−αεb(~p,−1)]λαm(~p, 1) = iE−|~p|
m

[εa(~p, 0) + pa

m
]

[σab−αεb(~p, 0)]λαm(~p, 1) = iE−|~p|
m

εa(~p, 1), [σab−α
pb
m

]λαm(~p, 1) = −iE−|~p|
m

εa(~p, 1)

íØ1.2.19.



[σab+αεb(~p,−1)]λαm(~p,−1) = [~0, 0], [σab+αεb(~p, 1)]λαm(~p,−1) = −iE−|~p|
m

[εa(~p, 0) + pa

m
]

[σab+αεb(~p, 0)]λαm(~p,−1) = −iE−|~p|
m

εa(~p,−1), [σab+α
pb
m

]λαm(~p,−1) = iE−|~p|
m

εa(~p,−1)

[σab−αεb(~p,−1)]λαm(~p,−1) = [~0, 0], [σab−αεb(~p, 1)]λαm(~p,−1) = −iE+|~p|
m

[εa(~p, 0)− pa

m
]

[σab−αεb(~p, 0)]λαm(~p,−1) = −iE+|~p|
m

εa(~p,−1), [σab−α
pb
m

]λαm(~p,−1) = −iE+|~p|
m

εa(~p,−1)

1.2.6 E¥þg^ÄÚo�¥þg^Ä�m�'XV

íØ1.2.20.

[σab+αεb(~p, 1)]λαm(~p, 0) = −iεa(~p, 1), [σab+αεb(~p, 0)]λαm(~p, 0) = ipa

m
, [σab+αεb(~p,−1)]λαm(~p, 0) = iεa(~p,−1)

[σab+αεb(~p, 1)]λαm(~p, 1) = [~0, 0], [σab+αεb(~p, 0)]λαm(~p, 1) = iE+|~p|
m

εa(~p, 1)

[σab+αεb(~p,−1)]λαm(~p, 1) = iE+|~p|
m

[εa(~p, 0)− pa

m
]

[σab+αεb(~p, 1)]λαm(~p,−1) = −iE−|~p|
m

[εa(~p, 0) + pa

m
], [σab+αεb(~p, 0)]λαm(~p,−1) = −iE−|~p|

m
εa(~p,−1)

[σab+αεb(~p,−1)]λαm(~p,−1) = [~0, 0]

íØ1.2.21.
−1∑

h,h′=1

[σab+αεb(~p, h)]λαm(~p, h′){[σa′b′+α′εb′(~p, h)]λα
′

m (~p, h′)}+

=
−1∑
h=1

[σab+αεb(~p, h)]δαα
′{[σa′b′+α′εb′(~p, h)]}+

= −δαα′σab+ασ
a′b′

+α′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)
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= −(−δaa′δbb′ + δab
′
δba
′
+ εaba

′b′)
−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= 3δaa
′ −

−1∑
h=1

εa
′
(~p, h)ε+a(~p, h) = 3δaa

′ −
−1∑
h=1

εa(~p, h)ε+a′(~p, h)

íØ1.2.22.
−1∑

h,h′=1

[σab−αεb(~p, h)]λαm(~p, h′){[σa′b′−α′εb′(~p, h)]λα
′

m (~p, h′)}+

=
−1∑
h=1

[σab−αεb(~p, h)]δαα
′{[σa′b′−α′εb′(~p, h)]}+

= −δαα′σab−ασa
′b′

−α′
−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= −(−δaa′δbb′ + δab
′
δba
′ − εaba′b′)

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= 3δaa
′ −

−1∑
h=1

εa
′
(~p, h)ε+a(~p, h) = 3δaa

′ −
−1∑
h=1

εa(~p, h)ε+a′(~p, h)

1.3 Diracg^Ä�êÆ©Û

1.3.1 ��g^Ä�m��d'X

5�1.3.1.

λ∗(p̂,−κ
2
) = −iκσyλ(p̂, κ

2
), λ+(p̂,−κ

2
) = iκλT (p̂, κ

2
)σy

λ(p̂, κ
2
) = iκσyλ

∗(p̂,−κ
2
), λT (p̂, κ

2
) = −iκλ+(p̂,−κ

2
)σy

5�1.3.2.

µ∗(~p,−κ
2
) = ςσxµ(~p, κ

2
), µ+(~p,−κ

2
) = ςµT (~p, κ

2
)σx

ν∗(~p,−κ
2
) = −ςσxν(~p, κ

2
), ν+(~p,−κ

2
) = −ςνT (~p, κ

2
)σx

5�1.3.3.

µ(~p, κ
2
) = ςσxµ

∗(~p,−κ
2
), µT (~p, κ

2
) = ςµ+(~p,−κ

2
)σx

ν(~p, κ
2
) = −ςσxν∗(~p,−κ

2
), νT (~p, κ

2
) = −ςν+(~p,−κ

2
)σx

1.3.2 Diracg^Ä�m��d'X

5�1.3.4.

u(~p, κ
2
) = iκςσy ⊗ σxu∗(~p,−κ

2
) = κγ2γ5u

∗(~p,−κ
2
)

v(~p, κ
2
) = −iκςσy ⊗ σxv∗(~p,−κ

2
) = −κγ2γ5v

∗(~p,−κ
2
)

5�1.3.5.

u∗(~p,−κ
2
) = −iκςσy ⊗ σxu(~p, κ

2
) = −κγ2γ5u(~p, κ

2
)

v∗(~p,−κ
2
) = iκςσy ⊗ σxv(~p, κ

2
) = κγ2γ5v(~p, κ

2
)

5�1.3.6.

u+(~p,−κ
2
) = iκςuT (~p, κ

2
)σy ⊗ σx = κuT (~p, κ

2
)γ2γ5

v+(~p,−κ
2
) = −iκςvT (~p, κ

2
)σy ⊗ σx = −iκvT (~p, κ

2
)γ2γ5

5�1.3.7.

uT (~p, κ
2
) = −iκςu+(~p,−κ

2
)σy ⊗ σx = −κu+(~p,−κ

2
)γ2γ5

vT (~p, κ
2
) = iκςv+(~p,−κ

2
)σy ⊗ σx = κv+(~p,−κ

2
)γ2γ5

1.3.3 Diracg^Ä���5©Û

íØ1.3.1.

µ(~p, κ
2
)µ+(~p,−κ

2
) = 1

2m

[
m ςE−κ|~p|

ςE+κ|~p| m

]
= 1

2
(I + ς E

m
σx − iκ |~p|m σy)

µ(~p, κ
2
)µ+(~p, κ

2
) = ς

2m

[
ςE−κ|~p| m

m ςE+κ|~p|

]
= ς

2
(I + ς E

m
σx − iκ |~p|m σy)σx

íØ1.3.2.

u(~p, κ
2
)u+(~p,−κ

2
) = 1

4
[κ(σ · p̂+ I)iσy]⊗ (I + ς E

m
σx − iκ |~p|m σy)

u(~p, κ
2
)u+(~p, κ

2
) = 1

4
[(κσ · p̂+ I)⊗ (I + ς E

m
σx − iκ |~p|m σy)](ςI ⊗ σx)
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íØ1.3.3.
−1/2∑
h=1/2

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = I4,
−1/2∑
h=1/2

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m

íØ1.3.4.
−1/2∑
h=1/2

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m

1.3.4 Dirac�§OÝK�f [5]

½Â1.3.1. Λ+( 1
2
) :=

−1/2∑
h=1/2

u(~p, h)u+(~p, h) = (m−iγapa)γ4

2m
,Λ−( 1

2
) :=

−1/2∑
h=1/2

v(~p, h)v+(~p, h) = (−m−iγapa)γ4

2m

1.3.5 ��g^Ä���5�

½Â1.3.2. p̂a := (p̂, i)

5�1.3.8.
λ+(p̂, κ

2
)(σ, iκ)aλ(p̂, κ

2
) = κp̂a

µ+(~p, κ
2
)(σ, I)aµ(~p, κ

2
) = 1

m
(ςm, 0,−κς|~p|, E)a

ν+(~p, κ
2
)(σ, I)aν(~p, κ

2
) = 1

m
(−ςm, 0,−κς|~p|, E)a


λ+(p̂,−κ

2
)(σ, iκ)aλ(p̂, κ

2
) = −iκ

√
2[λm(p̂, κ), 0]a

µ+(~p,−κ
2
)(σ, I)aµ(~p, κ

2
) = 1

m
(ςE,−iκ|~p|, 0,m)a

ν+(~p,−κ
2
)(σ, I)aν(~p, κ

2
) = 1

m
(−ςE, iκ|~p|, 0,m)a

1.3.6 Diracg^Ä���5�

5�1.3.9.

u+(~p, κ
2
)[(σ, iκ)a ⊗ σx]u(~p, κ

2
) = −v+(~p, κ

2
)[(σ, iκ)a ⊗ σx]v(~p, κ

2
) = κςp̂a

u+(~p, κ
2
)[(σ, iκ)a ⊗ σy]u(~p, κ

2
) = v+(~p, κ

2
)[(σ, iκ)a ⊗ σy]v(~p, κ

2
) = 0

u+(~p, κ
2
)[(σ, iκ)a ⊗ σz]u(~p, κ

2
) = v+(~p, κ

2
)[(σ, iκ)a ⊗ σz]v(~p, κ

2
) = − ςpa

m

u+(~p, κ
2
)[(σ, iκ)a ⊗ I]u(~p, κ

2
) = v+(~p, κ

2
)[(σ, iκ)a ⊗ I]v(~p, κ

2
) = κEp̂a

m

5�1.3.10.

u+(~p,−κ
2
)[(σ, iκ)a ⊗ σx]u(~p, κ

2
) = −v+(~p,−κ

2
)[(σ, iκ)a ⊗ σx]v(~p, κ

2
) = −κς

√
2E
m
εa(~p, κ)

u+(~p,−κ
2
)[(σ, iκ)a ⊗ σy]u(~p, κ

2
) = −v+(~p,−κ

2
)[(σ, iκ)a ⊗ σy]v(~p, κ

2
) = i

√
2 |~p|
m
εa(~p, κ)

u+(~p,−κ
2
)[(σ, iκ)a ⊗ σz]u(~p, κ

2
) = v+(~p,−κ

2
)[(σ, iκ)a ⊗ σz]v(~p, κ

2
) = 0

u+(~p,−κ
2
)[(σ, iκ)a ⊗ I]u(~p, κ

2
) = v+(~p,−κ

2
)[(σ, iκ)a ⊗ I]v(~p, κ

2
) = −κ

√
2εa(~p, κ)

íØ1.3.5.
ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

u+(~p, h)u(~p, h′) = E
m
δhh′ , v

+(~p, h)v(~p, h′) = E
m
δhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

Λ+(~p, 1
2
) :=

−1/2∑
h=1/2

u(~p, h)ū(~p, h) = m−iγapa
2m

,Λ−(~p, 1
2
) :=

−1/2∑
h=1/2

v(~p, h)v̄(~p, h) = −m−iγapa
2m

1.3.7 Diracg^Ä5�íØI

5�1.3.11.

u+(~p, κ
2
)γau(~p, κ

2
) = −v+(~p, κ

2
)γav(~p, κ

2
) = (~0, I)

u+(~p, κ
2
)γiγju(~p, κ

2
) = v+(~p, κ

2
)γiγjv(~p, κ

2
) = E

m
(δij + iκεijkp̂

k)

u+(~p, κ
2
)γ4γau(~p, κ

2
) = v+(~p, κ

2
)γ4γav(~p, κ

2
) = −ipa

m

u+(~p, κ
2
)γaγ4u(~p, κ

2
) = v+(~p, κ

2
)γaγ4v(~p, κ

2
) = ip

∗
a

m

u+(~p, κ
2
)γ4γ5u(~p, κ

2
) = v+(~p, κ

2
)γ4γ5v(~p, κ

2
) = 0

5�1.3.12.u+(~p, κ
2
)γau(~p, κ

2
) = −v+(~p, κ

2
)γav(~p, κ

2
) = (~0, I)

u+(~p,−κ
2
)γau(~p, κ

2
) = −v+(~p,−κ

2
)γav(~p, κ

2
) = i

√
2 |~p|
m
εa(~p, κ)
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1.3.8 Diracg^Ä5�íØII

5�1.3.13.

ū(~p, κ
2
)u(~p, κ

2
) = −v̄(~p, κ

2
)v(~p, κ

2
) = I

ū(~p, κ
2
)γau(~p, κ

2
) = v̄(~p, κ

2
)γav(~p, κ

2
) = −ipa

m

ū(~p, κ
2
)γiγju(~p, κ

2
) = −v̄(~p, κ

2
)γiγjv(~p, κ

2
) = δij + iκεijkp̂

k

ū(~p, κ
2
)γ4γau(~p, κ

2
) = −v̄(~p, κ

2
)γ4γav(~p, κ

2
) = (~0, I)

ū(~p, κ
2
)γaγ4u(~p, κ

2
) = −v̄(~p, κ

2
)γaγ4v(~p, κ

2
) = (~0, I)

5�1.3.14.

ū(~p, κ
2
)u(~p, κ

2
) = −v̄(~p, κ

2
)v(~p, κ

2
) = I

ū(~p, κ
2
)γau(~p, κ

2
) = v̄(~p, κ

2
)γav(~p, κ

2
) = −ipa

m

ū(~p, κ
2
)γaγbu(~p, κ

2
) = −v̄(~p, κ

2
)γaγbv(~p, κ

2
) = δab + iκεabc4p̂

c

ū(~p, κ
2
)Sab(e, ς)u(~p, κ

2
) = −v̄(~p, κ

2
)Sab(e, ς)v(~p, κ

2
) = κ

2
εabc4p̂

c

1.4 Diracg^Ä�o�¥þÄ�m'X�©Û

1.4.1 Diracg^Äu(~p, κ
2
)�o�¥þÄεa(~p, h)�m��dC�

½Â1.4.1. Xa = [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) = i[mγa(ς)− 2Sab(e, ς)p

b]C

5�1.4.1.
u+(~p,−κ

2
)Xa(p)u∗(~p,−κ

2
) = 2

√
2E

2

m
ε+
a (~p,−κ)

u+(~p,−κ
2
)imγaCu

∗(~p,−κ
2
) =
√

2mε+
a (~p,−κ)

u+(~p,−κ
2
)[−2iSab(e, ς)p

b]Cu∗(~p,−κ
2
) =
√

2E
2+~p2

m
ε+
a (~p,−κ)

y²: u+(~p,−κ
2
)imγaCu

∗(~p,−κ
2
)

= −iκςu+(~p,−κ
2
)imγaCσy ⊗ σxu(~p, κ

2
)

= κu+(~p,−κ
2
)mγa(I ⊗ σy)u(~p, κ

2
)

= −i
√

2[mλm(~p, κ), 0]a

= −
√

2mεa(~p, κ) =
√

2mε+
a (~p, κ)

y²: u+(~p,−κ
2
)[−2iSab(e, ς)p

b]Cu∗(~p,−κ
2
)

= −iκςu+(~p,−κ
2
)[−2iSab(e, ς)p

b]Cσy ⊗ σxu(~p, κ
2
)

= κu+(~p,−κ
2
)iγaγbp

b(I ⊗ σy)u(~p, κ
2
)

= [κ
√

2 |~p|
m
εijkp

jλkm(~p, κ)− i
√

2E
2

m
λm(~p, κ), 0]a

= [iκ
√

2 ~p
2

m
εijkλ

j
m(~p, 0)λkm(~p, κ)− i

√
2E

2

m
λm(~p, κ), 0]a

= −i
√

2 ~p
2

m
[λm(~p, κ), 0]a − i

√
2E

2

m
[λm(~p, κ), 0]a

= −i
√

2E
2+~p2

m
[λm(~p, κ), 0]a = −

√
2E

2+~p2

m
εa(~p, κ) =

√
2E

2+~p2

m
ε+
a (~p, κ)

y²: u+(~p,−κ
2
)Xa(p)u∗(~p,−κ

2
)

= u+(~p,−κ
2
)i[mγa(ς)− 2Sab(e, ς)p

b]Cu∗(~p,−κ
2
)

= −iκςu+(~p,−κ
2
)i[mγa(ς)− 2Sab(e, ς)p

b]Cσy ⊗ σxu(~p, κ
2
)

= κu+(~p,−κ
2
)[mγa(ς) + iγaγbp

b](I ⊗ σy)u(~p, κ
2
)

= −i
√

2[mλm(p̂, κ), 0]a + κ
√

2 |~p|
m
εijkp

jλkm(p̂, κ)− i
√

2E
2

m
λm(p̂, κ)

= −i
√

2[mλm(p̂, κ), 0]a + iκ
√

2 ~p
2

m
εijkλ

j
m(p̂, 0)λkm(p̂, κ)− i

√
2E

2

m
λm(p̂, κ)

= −i
√

2[mλm(p̂, κ), 0]a − i
√

2 ~p
2

m
[λm(p̂, κ), 0]a − i

√
2E

2

m
[λm(p̂, κ), 0]a

= −i2
√

2E
2

m
[λm(p̂, κ), 0]a = −2

√
2E

2

m
εa(~p, κ) = 2

√
2E

2

m
ε+
a (~p, κ)
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íØ1.4.1.ε+
a (~p, κ) = i√

2
u+(~p, κ

2
)γaCu

∗(~p, κ
2
) = m

2
√

2E2u
+(~p, κ

2
)Xa(p)u∗(~p, κ2 )

εa(~p, κ) = − i√
2
uT (~p, κ

2
)C̄γau(~p, κ

2
) = m

2
√

2E2u
T (~p, κ

2
)X+

a (p)u(~p, κ
2
)

íØ1.4.2.ε+a(~p, κ) = i√
2
U+λςµς (~p, κ)(γaC)λςµς = m

2
√

2E2U
+λςµς (~p, κ)Xaλςµς (p)

εa(~p, κ) = − i√
2
(C̄γa)

λςµςUλςµς (~p, κ) = m
2
√

2E2X+λςµς
a (p)Uλςµς (~p, κ)

5�1.4.2. u+(~p, κ
2
)Xa(p)u∗(~p,−κ

2
) = 2iE[λm(p̂, 0), 0]

y²: u+(~p, κ
2
)Xa(p)u∗(~p,−κ

2
)

= u+(~p, κ
2
)i[mγa(ς)− 2Sab(e, ς)p

b]Cu∗(~p,−κ
2
)

= −iκςu+(~p, κ
2
)i[mγa(ς)− 2Sab(e, ς)p

b]Cσy ⊗ σxu(~p, κ
2
)

= κu+(~p, κ
2
)[mγa(ς) + iγaγbp

b](I ⊗ σy)u(~p, κ
2
)

= (Ep̂,−i|~p|) + (Ep̂, i|~p|)
= (2Ep̂, 0) = 2iE[λm(p̂, 0), 0]

íØ1.4.3. u+(~p, κ
2
)imγaCu

∗(~p,−κ
2
) = mε+

a (~p, 0), u+(~p, κ
2
)[−2iSab(e, ς)p

bC]u∗(~p,−κ
2
) = mεa(~p, 0)

íØ1.4.4. u+(~p, κ
2
)Xa(p)u∗(~p,−κ

2
) = [2Ep̂, 0], u+(~p, κ

2
)Xa(−p)u∗(~p,−κ

2
) = [0,−2i|~p|]

íØ1.4.5.ε+
a (~p, 0) = iu+(~p, κ

2
)γaCu

∗(~p,−κ
2
), [iλm(p̂, 0), 0]a = 1

2E
u+(~p, κ

2
)Xa(p)u∗(~p,−κ

2
)

εa(~p, 0) = −iuT (~p,−κ
2
)C̄γau(~p, κ

2
), [iλm(p̂, 0), 0]a = 1

2E
uT (~p,−κ

2
)X+

a (p)u(~p, κ
2
)

íØ1.4.6.ε+
a (~p, 0) = i√

2
U+λςµς (~p, 0)(γaC)λςµς , [iλm(p̂, 0), 0]a = 1

2
√

2E
U+λςµς (~p, 0)Xaλςµς (p)

εa(~p, 0) = − i√
2
(C̄γa)

λςµςUλςµς (~p, 0), [iλm(p̂, 0), 0]a = 1
2
√

2E
X+λςµς
a (p)Uλςµς (~p, 0)

íØ1.4.7.ε+a(~p, h) = i√
2
U+λςµς (~p, h)(γaC)λςµς , [−iλ+

m(p̂, h), 0]a = (m
E

)|h| 1
2
√

2E
U+λςµς (~p, h)Xaλςµς (p)

εa(~p, h) = − i√
2
(C̄γa)

λςµςUλςµς (~p, h), [iλm(p̂, h), 0]a = (m
E

)|h| 1
2
√

2E
X+λςµς
a (p)Uλςµς (~p, h)

íØ1.4.8.λ+
m(p̂, h) = (m

E
)|h| i

2
√

2E
U+λςµς (~p, h)Xλςµς (p)

λm(p̂, h) = −(m
E

)|h| i
2
√

2E
X+λςµς (p)Uλςµς (~p, h)

0 = (m
E

)|h| i
2
√

2E
U+λςµς (~p, h)Xπλςµς (p)

0 = −(m
E

)|h| i
2
√

2E
X+λςµς
π (p)Uλςµς (~p, h)

íØ1.4.9.0 = U+λςµς (~p, 0)Xλςµς (−p)

0 = X+λςµς (−p)Uλςµς (~p, 0)

|~p| = i
2
√

2
U+λςµς (~p, 0)Xπλςµς (−p)

|~p| = − i
2
√

2
X+λςµς
π (−p)Uλςµς (~p, 0)

1.4.2 Diracg^Äv(~p, κ
2
)�o�¥þÄεa(~p, h)�m��dC�

5�1.4.3.
v+(p̂,−κ

2
)Xa(−p)v∗(~p,−κ

2
) = −2

√
2E

2

m
ε+
a (~p,−κ)

v+(p̂,−κ
2
)imγa(ς)Cv

∗(~p,−κ
2
) = −

√
2mε+

a (~p,−κ)

v+(p̂,−κ
2
)2iSab(e, ς)p

bCv∗(~p,−κ
2
) = −

√
2E

2+~p2

m
ε+
a (~p,−κ)

y²: v+(p̂,−κ
2
)imγa(ς)Cv

∗(~p,−κ
2
)

= iκςv+(p̂,−κ
2
)imγa(ς)Cσy ⊗ σxv(~p, κ

2
)

= −κv+(p̂,−κ
2
)mγa(ς)(I ⊗ σy)v(~p, κ

2
)

= i
√

2[mλm(p̂, κ), 0]a =
√

2mεa(~p, κ) = −
√

2mε+
a (~p,−κ)
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y²: v+(p̂,−κ
2
)2iSab(e, ς)p

bCv∗(~p,−κ
2
)

= iκςv+(p̂,−κ
2
)2iSab(e, ς)p

bCσy ⊗ σxv(~p, κ
2
)

= −κv+(p̂,−κ
2
)[−iγaγbpb](I ⊗ σy)v(~p, κ

2
)

= −κ
√

2 |~p|
m
εijkp

jλkm(p̂, κ) + i
√

2E
2

m
λm(p̂, κ)

= −iκ
√

2 ~p
2

m
εijkλ

j
m(p̂, 0)λkm(p̂, κ) + i

√
2E

2

m
λm(p̂, κ)

= +i
√

2 ~p
2

m
λm(p̂, κ) + i

√
2E

2

m
λm(p̂, κ)

= i
√

2E
2+~p2

m
[λm(p̂, κ), 0]a =

√
2E

2+~p2

m
εa(~p, κ) = −

√
2E

2+~p2

m
ε+
a (~p,−κ)

y²: v+(p̂,−κ
2
)Xa(−p)v∗(~p,−κ

2
)

= v+(p̂,−κ
2
)i[mγa(ς) + 2Sab(e, ς)p

b]Cv∗(~p,−κ
2
)

= iκςv+(p̂,−κ
2
)i[mγa(ς) + 2Sab(e, ς)p

b]Cσy ⊗ σxv(~p, κ
2
)

= −κv+(p̂,−κ
2
)[mγa(ς)− iγaγbpb](I ⊗ σy)v(~p, κ

2
)

= i
√

2[mλm(p̂, κ), 0]a − κ
√

2 |~p|
m
εijkp

jλkm(p̂, κ) + i
√

2E
2

m
λm(p̂, κ)

= i
√

2[mλm(p̂, κ), 0]a − iκ
√

2 ~p
2

m
εijkλ

j
m(p̂, 0)λkm(p̂, κ) + i

√
2E

2

m
λm(p̂, κ)

= i
√

2[mλm(p̂, κ), 0]a + i
√

2 ~p
2

m
λm(p̂, κ) + i

√
2E

2

m
λm(p̂, κ)

= i2
√

2E
2

m
[λm(p̂, κ), 0]a = 2

√
2E

2

m
εa(~p, κ) = −2

√
2E

2

m
ε+
a (~p,−κ)

íØ1.4.10.−ε+
a (~p, κ) = i√

2
v+(p̂, κ

2
)γaCv

∗(~p, κ
2
) = m

2
√

2E2 v
+(p̂, κ

2
)Xa(p)v∗(~p, κ2 )

−εa(~p, κ) = − i√
2
vT (~p, κ

2
)C̄γav(~p, κ

2
) = m

2
√

2E2 v
T (~p, κ

2
)X+

a (p)v(~p, κ
2
)

íØ1.4.11.−ε+a(~p, κ) = i√
2
V +λςµς (~p, κ)(γaC)λςµς = m

2
√

2E2V
+λςµς (~p, κ)Xaλςµς (−p)

−εa(~p, κ) = − i√
2
(C̄γa)

λςµςVλςµς (~p, κ) = m
2
√

2E2X+λςµς
a (−p)Vλςµς (~p, κ)

5�1.4.4. v+(p̂, κ
2
)Xa(−p)v∗(~p,−κ

2
) = −2iE[λm(p̂, 0), 0]a

y²: v+(p̂, κ
2
)Xa(−p)v∗(~p,−κ

2
)

= v+(p̂, κ
2
)i[mγa(ς) + 2Sab(e, ς)p

b]Cv∗(~p,−κ
2
)

= iκςv+(p̂, κ
2
)i[mγa(ς) + 2Sab(e, ς)p

b]Cσy ⊗ σxv(~p, κ
2
)

= −κv+(p̂, κ
2
)[mγa(ς)− iγaγbpb](I ⊗ σy)v(~p, κ

2
)

= −[Ep̂,−i|~p|]− [Ep̂, i|~p|]
= −2iE[λm(p̂, 0), 0]a

íØ1.4.12. v+(p̂, κ
2
)imγaCv

∗(~p,−κ
2
) = −mε+

a (~p, 0), v+(p̂, κ
2
)[2iSab(e, ς)p

bC]v∗(~p,−κ
2
) = −mεa(~p, 0)

íØ1.4.13. v+(p̂, κ
2
)Xa(−p)v∗(~p,−κ

2
) = −[2Ep̂, 0], v+(p̂, κ

2
)Xa(p)v∗(~p,−κ

2
) = −[0,−2i|~p|]

íØ1.4.14.−ε+
a (~p, 0) = iv+(p̂, κ

2
)γaCv

∗(~p,−κ
2
),−[iλm(p̂, 0), 0]a = 1

2E
v+(p̂, κ

2
)Xa(−p)v∗(~p,−κ

2
)

−εa(~p, 0) = −ivT (~p,−κ
2
)C̄γav(~p, κ

2
),−[iλm(p̂, 0), 0]a = 1

2E
vT (~p,−κ

2
)X+

a (−p)v(~p, κ
2
)

íØ1.4.15.−ε+
a (~p, 0) = i√

2
V +λςµς (~p, 0)(γaC)λςµς ,−[iλm(p̂, 0), 0]a = 1

2
√

2E
V +λςµς (~p, 0)Xaλςµς (−p)

−εa(~p, 0) = − i√
2
(C̄γa)

λςµςVλςµς (~p, 0),−[iλm(p̂, 0), 0]a = 1
2
√

2E
X+λςµς
a (−p)Vλςµς (~p, 0)

íØ1.4.16.−ε+a(~p, h) = i√
2
V +λςµς (~p, h)(γaC)λςµς ,−[−iλ+

m(p̂, h), 0]a = (m
E

)|h| 1
2
√

2E
V +λςµς (~p, h)Xaλςµς (−p)

−εa(~p, h) = − i√
2
(C̄γa)

λςµςVλςµς (~p, h),−[iλm(p̂, h), 0]a = (m
E

)|h| 1
2
√

2E
X+λςµς
a (−p)Vλςµς (~p, h)
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íØ1.4.17.−λ+
m(p̂, h) = (m

E
)|h| i

2
√

2E
V +λςµς (~p, h)Xλςµς (−p)

−λm(p̂, h) = −(m
E

)|h| i
2
√

2E
X+λςµς (−p)Vλςµς (~p, h)

0 = (m
E

)|h| i
2
√

2E
V +λςµς (~p, h)Xπλςµς (−p)

0 = −(m
E

)|h| i
2
√

2E
X+λςµς
π (−p)Vλςµς (~p, h)

íØ1.4.18.0 = V +λςµς (~p, 0)Xλςµς (p)

0 = X+λςµς (p)Vλςµς (~p, 0)

−|~p| = i
2
√

2
V +λςµς (~p, 0)Xπλςµς (p)

−|~p| = − i
2
√

2
X+λςµς
π (p)Vλςµς (~p, 0)

1.4.3 Diracg^Ä�o�¥þÄ�m�{©'X

5�1.4.5. [σ · λm(p̂, κ
2
)]λ(p̂, κ

2
) = 0, [σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = −iκ

√
2λ(p̂,−κ

2
), [σ · λm(p̂, 0)]λ(p̂, κ

2
) = −iκλ(p̂, κ

2
)

y²: λ+(p̂, κ
2
)(σ, iκ)aλ(p̂, κ

2
) = κp̂a, λ

+(p̂,−κ
2
)(σ, iκ)aλ(p̂, κ

2
) = −iκ

√
2[λm(p̂, κ), 0]a

⇒ λ+(p̂, κ
2
)σkλ(p̂, κ

2
) = κp̂k, λ

+(p̂,−κ
2
)σkλ(p̂, κ

2
) = −iκ

√
2λmk(p̂,

κ
2
)

⇒ λ+(p̂, κ
2
)[σ · λm(p̂, κ

2
)]λ(p̂, κ

2
) = 0, λ+(p̂,−κ

2
)[σ · λm(p̂, κ

2
)]λ(p̂, κ

2
) = 0

⇒ λ(p̂, κ
2
)λ+(p̂, κ

2
)[σ · λm(p̂, κ

2
)]λ(p̂, κ

2
) = 0, λ(p̂,−κ

2
)λ+(p̂,−κ

2
)[σ · λm(p̂, κ

2
)]λ(p̂, κ

2
) = 0

⇒ [λ(p̂, κ
2
)λ+(p̂, κ

2
) + λ(p̂,−κ

2
)λ+(p̂,−κ

2
)][σ · λm(p̂, κ

2
)]λ(p̂, κ

2
) = 0

⇒ [σ · λm(p̂, κ
2
)]λ(p̂, κ

2
) = 0

y²: λ+(p̂, κ
2
)(σ, iκ)aλ(p̂, κ

2
) = κp̂a, λ

+(p̂,−κ
2
)(σ, iκ)aλ(p̂, κ

2
) = −iκ

√
2[λm(p̂, κ), 0]a

⇒ λ+(p̂, κ
2
)σkλ(p̂, κ

2
) = κp̂k, λ

+(p̂,−κ
2
)σkλ(p̂, κ

2
) = −iκ

√
2λmk(p̂,

κ
2
)

⇒ λ+(p̂, κ
2
)[σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = 0, λ+(p̂,−κ

2
)[σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = −iκ

√
2

⇒ λ(p̂, κ
2
)λ+(p̂,−κ

2
)[σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = 0, λ(p̂,−κ

2
)λ+(p̂,−κ

2
)[σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = −iκ

√
2λ(p̂,−κ

2
)

⇒ [λ(p̂, κ
2
)λ+(p̂, κ

2
) + λ(p̂,−κ

2
)λ+(p̂,−κ

2
)][σ · λm(p̂,−κ

2
)]λ(p̂, κ

2
) = −iκ

√
2λ(p̂,−κ

2
)

⇒ [σ · λm(p̂,−κ
2
)]λ(p̂, κ

2
) = −iκ

√
2λ(p̂,−κ

2
)

5�1.4.6.

[γ · λm(p̂, κ)]u(~p, κ
2
) = 0, [γ · λm(p̂,−κ)]u(~p, κ

2
) = −κ

√
2γ5u(~p,−κ

2
)

[γ · λm(p̂, 0)]u(~p, κ
2
) = −iκ(I ⊗ σy)u(~p, κ

2
)

[γ · λm(p̂, κ)]v(~p, κ
2
) = 0, [γ · λm(p̂,−κ)]v(~p, κ

2
) = κ

√
2γ5v(~p,−κ

2
)

[γ · λm(p̂, 0)]v(~p, κ
2
) = −iκ(I ⊗ σy)v(~p, κ

2
)

5�1.4.7.[γaεa(~p, κ)]u(~p, κ
2
) = 0, [γaεa(~p,−κ)]u(~p, κ

2
) = −iκ

√
2γ5u(~p,−κ

2
), [γaεa(~p, 0)]u(~p, κ

2
) = −iκγ5u(~p, κ

2
)

[γaεa(~p, κ)]v(~p, κ
2
) = 0, [γaεa(~p,−κ)]v(~p, κ

2
) = iκ

√
2γ5v(~p,−κ

2
), [γaεa(~p, 0)]v(~p, κ

2
) = iκγ5v(~p, κ

2
)

1.5 ��Bargmann-Wignerg^Ä�o�¥þÄ�m�'X

1.5.1 ��Bargmann-Wignerg^Ä©)�o�¥þÄ

½n1.5.1. Uλςµς (~p, h) = 1
2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃a(~p, h)

y²: 1
2
√

2m
Xaλςµς (p)εa(~p, κ)

= 1
2
√

2m
Xa(p)εa(~p, κ) = iς

2
√

2m
X(p) · λm(~p, κ)

= −ς
2
√

2m
{mγ − i

2
[γapa, γ]}C · λm(~p, κ)

= −ς
2
√

2m
{mγj − i

2
[γip

i + γ4iE, γj ]}Cλjm(~p, κ)

= −ς
2
√

2m
[(m+ Eγ4)γj + εijkp

iσk ⊗ I]Cλjm(~p, κ)

= iς
2
√

2m
[i(m+ Eγ4)σjσyλ

j
m(~p, κ)⊗ σx − iκ|~p|σjσyλjm(~p, κ)⊗ σz]

= − 1√
2
σjσyλ

j
m(~p, κ)⊗ ς

2m
[(mσx + ςE)− κ|~p|σz]

= λ(p̂, ς
2
)λT (p̂, ς

2
)⊗ µ(~p, κ

2
)µT (~p, κ

2
)
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= u(~p, κ
2
)uT (~p, κ

2
)

= Uλςµς (~p, κ)

y²: 1
2
√

2m
Xaλςµς (p)εa(~p, 0)

= 1
2
√

2m
Xa(p)εa(~p, 0) = iς

2
√

2m
X(p) · E

m
λm(~p, 0) + iς

2
√

2m
Xπ(p) |~p|

m

= −ς
2
√

2m
{mγ − i

2
[γapa, γ]}C · E

m
λm(~p, 0) + −ς

2
√

2m
(mγ4 − iγjpjγ4)C |~p|

m

= −ς
2
√

2m
{mγj − i

2
[γip

i + γ4iE, γj ]}C E
m
λjm(~p, 0) + 1

2
√

2m
(m− iγipi)γ2

|~p|
m

= −ς
2
√

2m
[(m+ Eγ4)γj + εijkp

iσk ⊗ I]C E
m
λjm(~p, 0) + 1

2
√

2m
(mσy ⊗ σy − iσiσypi ⊗ I) |~p|

m

= −ς
2
√

2m
(m+ Eγ4)σjσy

E
m
λjm(~p, 0)⊗ σx + 1

2
√

2m
(mσy ⊗ σy − iσiσypi ⊗ I) |~p|

m

= − 1√
2
σjσyλ

j
m(~p, 0)⊗ ς

2
(E
m
σx + ς E

2−~p2

m2 ) + 1
2
√

2

|~p|
m
σy ⊗ σy

= − 1
2
√

2
[σjσyλ

j
m(~p, 0)⊗ (ς E

m
σx + I)− |~p|

m
σy ⊗ σy]

= Uλςµς (~p, 0)

y²: U(~p, 0) = 1√
2
[u(~p, κ

2
)uT (~p,−κ

2
) + u(~p,−κ

2
)uT (~p, κ

2
)]

= 1√
2
[λ(p̂, κ

2
)λT (p̂,−κ

2
)⊗ µ(~p, κ

2
)µT (~p,−κ

2
) + λ(p̂,−κ

2
)λT (p̂, κ

2
)⊗ µ(~p,−κ

2
)µT (~p, κ

2
)]

= 1√
2
[ i
2
(σ · p̂+ κI)σy ⊗ 1

2
(I + ς E

m
σx − iκ |~p|m σy) + i

2
(σ · p̂− κI)σy ⊗ 1

2
(I + ς E

m
σx − iκ |~p|m σy)

= i
4
√

2
[(σ · p̂+ κI)σy ⊗ (I + ς E

m
σx − iκ |~p|m σy) + (σ · p̂− κI)σy ⊗ (I + ς E

m
σx + iκ |~p|

m
σy)

= i
2
√

2
[(σσy · p̂)⊗ (I + ς E

m
σx) + σy ⊗ (−i |~p|

m
σy)

= − 1
2
√

2
{[σσy · λ(p̂, 0)]⊗ (I + ς E

m
σx)− |~p|

m
σy ⊗ σy}

1.5.2 Diracg^Ä�o�¥þÄ�dC�'X��(�n^

íØ1.5.1.Uλςµς (~p, h) = 1
2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = − 1

2
√

2m
Xaλςµς (−p)εa(~p, h)

εa(~p, h) = − i√
2
(C̄γa)

λςµςUλςµς (~p, h) = i√
2
(C̄γa)

λςµςVλςµς (~p, h)

íØ1.5.2.Uλςµς (~p, h) = − i
4m

Xaλςµς (p)(C̄γa)
λ′ςµ
′
ςUλ′ςµ′ς (p̂, h), Vλςµς (~p, h) = − i

4m
Xaλςµς (−p)(C̄γa)

λ′ςµ
′
ςVλ′ςµ′ς (p̂, h)

εa(~p, h) = − i
4m

(C̄γa)
λςµςXbλςµς (p)εb(~p, h) = − i

4m
(C̄γa)

λςµςXbλςµς (−p)εb(~p, h)

íØ1.5.3.[iλm(p̂, h), 0]a = (m
E

)|h| 1
2
√

2E
X+λςµς
a (p)Uλςµς (~p, h) = −(m

E
)|h| 1

2
√

2E
X+λςµς
a (−p)Vλςµς (~p, h)

[iλm(p̂, h), 0]a = (m
E

)|h| 1
8mE

X+λςµς
a (p)Xbλςµς (p)εb(~p, h) = (m

E
)|h| 1

8mE
X+λςµς
a (−p)Xbλςµς (−p)εb(~p, h)

íØ1.5.4.X+λςµς
π (p)Uλςµς (~p, h) = X+λςµς

π (−p)Vλςµς (~p, h) = 0

λm(p̂, h) = −(m
E

)|h| i
2
√

2E
X+λςµς (p)Uλςµς (~p, h) = (m

E
)|h| i

2
√

2E
X+λςµς (−p)Vλςµς (~p, h)

íØ1.5.5.X+λςµς (−p)Uλςµς (~p, 0) = X+λςµς (p)Vλςµς (~p, 0) = 0

− i
2
√

2
X+λςµς
π (−p)Uλςµς (~p, 0) = i

2
√

2
X+λςµς
π (p)Vλςµς (~p, 0) = |~p|

½n1.5.2. (C̄γa)
λςµςXbλςµς (p) = (C̄γa)

λςµςXbλςµς (−p) = 4imδba

½n1.5.3. X+λςµς
a (p)Xbλςµς (p) = X+λςµς

a (−p)Xbλςµς (−p) = 8E2δab − 4pap
+
b

y²: X+λςµς
a (p)Xbλςµς (p)

= tr[Xa(p)Xb(p)]
= tr{C̄[mγa − 2Sac(e, ς)p

+c][mγb − 2Sbd(e, ς)p
d]C}

= tr{[mγa − 2Sac(e, ς)p
+c][mγb − 2Sbd(e, ς)p

d]}
= m2tr(γaγb) + 4tr[Sac(e, ς)Sbd(e, ς)p

+cpd]
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= 4m2δab + 4(δabδdc − δadδbc)p+cpd

= 4m2δab + 4(δabp
+
c p

c − pap+
b )

= 8E2δab − 4pap
+
b

íØ1.5.6. X+λςµς
a (p)Xbλςµς (p) = X+λςµς

a (−p)Xbλςµς (−p) = 8E2δba − 4pap
+b

ß�1.5.1. − i
4m

Xaλςµς (p)(C̄γa)
λ′ςµ
′
ς = − i

4m
Xaλςµς (−p)(C̄γa)

λ′ςµ
′
ς = 1

(2!)2 δ
(λ′ς
{λςδ

µ′ς)

µς}

1.5.3 k�þg^-1âfOÝK�f©)�DiracOÝK�f

½n1.5.4.
Λ+(~p, 1) :=

−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h) = 1

(2!)2 Λ+{λς(λ′ς (~p,
1
2
)Λ+µς}µ′ς)(~p,

1
2
)

Λ−(~p, 1) :=
−1∑
h=1

Vλςµς (~p, h)V +
λ′ςµ
′
ς
(~p, h) = 1

(2!)2 Λ−{λς(λ′ς (~p,
1
2
)Λ−µς}µ′ς)(~p,

1
2
)

y²: Λ+(~p, 1) :=
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

=

uλς (~p,
1
2
)uµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)u+
µ′ς

(~p, 1
2
)

+ 1
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)][u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ uλς (~p,− 1
2
)uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)u+
µ′ς

(~p,− 1
2
)

=
1
4
{[uλς (~p, 1

2
)uµς (~p,

1
2
) + uµς (~p,

1
2
)uλς (~p,

1
2
)][u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p, 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p, 1
2
)]

+ [uλς (~p,
1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)][u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ [uλς (~p,
1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)][u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ [uλς (~p,− 1
2
)uµς (~p,− 1

2
) + uµς (~p,− 1

2
)uλς (~p,− 1

2
)][u+

λ′ς
(~p,− 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]}

=
1
4
{uλς (~p, 1

2
)u+
λ′ς

(~p, 1
2
)[uµς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ uλς (~p,
1
2
)u+
µ′ς

(~p, 1
2
)[uµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ uµς (~p,
1
2
)u+
λ′ς

(~p, 1
2
)[uλς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ uµς (~p,
1
2
)u+
µ′ς

(~p, 1
2
)[uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λς

(~p,− 1
2
)]

+ [uµς (~p,
1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)

+ [uµς (~p,
1
2
)u+
λ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)

+ [uλς (~p,
1
2
)u+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)

+ [uλς (~p,
1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)

=
1
4
{[uλς (~p, 1

2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][uµς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ [uλς (~p,
1
2
)u+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)][uµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ [uµς (~p,
1
2
)u+
λ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][uλς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ [uµς (~p,
1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)][uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

= 1
4
[Λ+λςλ′ς

(~p, 1
2
)Λ+µςµ′ς

(~p, 1
2
) + Λ+λςµ′ς

(~p, 1
2
)Λ+µςλ′ς

(~p, 1
2
) + Λ+µςλ′ς

(~p, 1
2
)Λ+λςµ′ς

(~p, 1
2
) + Λ+µςµ′ς

(~p, 1
2
)λ+λςλ′ς

(~p, 1
2
)}

= 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2
)Λ+µς}µ′ς)(~p,

1
2
)

1.5.4 )Ûy²���½n

½n1.5.5. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

y²: Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p)

= Xaλςµς (p)
−1∑
h=1

εa(~p, h)ε+
a′(~p, h)X+a′

λ′ςµ
′
ς
(p)
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= 8m2
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

= 8m2 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2
)Λ+µς}µ′ς)(~p,

1
2
)

= 1
2
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

1.6 Dirac�§��C�é´5K

1.6.1 Dirac�§9Ù©l/ª [5, 6]

½Â1.6.1. γa = (σ ⊗ σy, ςI ⊗ σx),−γaγ4 = iς(σ ⊗ σz, iς), γ4γa = iς(σ ⊗ σz,−iς), γ4 ≺ γ4
λςλ′ς

, γ4 ≺ γ
λ′ςλς
4

íØ1.6.1. (γa∂a +m)ψλς (x) = 0⇔ [(σ ⊗ σz,−iς)a∂a − imI ⊗ σx]ψ(x) = 0

íØ1.6.2.

(γa∂a +m)κς
λςψλς (x) = 0

ψλς (x) = [λAς (x), ηA
′
ς (x)]T

⇔

(σ,−iς)A
′
ςAς

a ∂aλAς (x) = imηA
′
ς (x)

(σ, iς)aAςA′ς∂aη
A′ς (x) = −imλAς (x)

1.6.2 Dirac�§��C�é´5K

íØ1.6.3.

{ψλς (x), ψ̄µς (x′)} = i(m− γa∂a)λςµς∆(x− x′)⇔ {ψλς (x), ψ+
λ′ς

(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

íØ1.6.4.

{ψλς (x), ψ+
λ′ς

(x′)} = i[(m− γa∂a)γ4]λςλ′ς∆(x− x′)

{ψλς (x), ψλ′ς (x
′)} = 0, {ψ+

λς
(x), ψ+

λ′ς
(x′)} = 0

ψλς (x) = [λAς (x), ηA
′
ς (x)]T

γa = (σ ⊗ σy, ςI ⊗ σx)

Sab(e, ς) = − i
4
[γa, γb] = Sab(ς)⊕ Sab(−ς)

Sab(ς) = i
2
σαςςabσας = − i

4
(σ, iς)[a(σ,−iς)b]

⇔



{λAς (x), λ+
A′ς

(x′)} = −ς(σ, iς)aAςA′ς∂a∆(x− x′)

{ηA′ς (x), ηAς+ (x′)} = ς(σ,−iς)A
′
ςAς

a ∂a∆(x− x′)

{λAς (x), ηBς+ (x′)} = iςmδAς
Bς∆(x− x′)

{ηA′ς (x), λ+
B′ς

(x′)} = iςmδA
′
ςB′ς

∆(x− x′)

{λAς (x), λBς (x
′)} = 0, {ηA′ς (x), ηB

′
ς (x′)} = 0

{λ+
A′ς

(x), λ+
B′ς

(x′)} = 0, {ηAς+ (x), ηBς+ (x′)} = 0

{λAς (x), ηA
′
ς (x′)} = 0, {λ+

A′ς
(x), ηAς+ (x′)} = 0

±þSN´Ä:Ü©§ÙínÚ(Ø·^u¤kÙ!§AO´·^u±eÙ!Úe�Ù"

2 Bargmann-Wigner�§ [18]�g^ÄÚ²¡Å)

2.1 Dirac�§g^Ä�2Â��ª½n9ÙíØ

½n2.1.1.
−s∑
h=s

Cs−h2s u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

u+
(λ′ς

(~p, 1
2
)u+
µ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

s+h

· · u+
σ′ς

(~p,− 1
2
)u+
τ ′ς)

(~p,− 1
2
)︸ ︷︷ ︸

s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{λς (~p, h)u+
(λ′ς

(~p, h)

−1/2∑
h=1/2

uµς (~p, h)u+
µ′ς

(~p, h) · ·
−1/2∑
h=1/2

uσς (~p, h)u+
σ′ς

(~p, h)]

−1/2∑
h=1/2

uτς}(~p, h)u+
τ ′ς)

(~p, h)]

íØ2.1.1.
−s∑
h=s

Cs−h2s u{1ς (~p,
1
2
)u1ς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · u1ς (~p,− 1
2
)u1ς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

u+
(1′ς

(~p, 1
2
)u+

1′ς
(~p, 1

2
) · ·︸ ︷︷ ︸

s+h

· · u+
1′ς

(~p,− 1
2
)u+

1′ς)
(~p,− 1

2
)︸ ︷︷ ︸

s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{1ς (~p, h)u+
(1′ς

(~p, h)

−1/2∑
h=1/2

u1ς (~p, h)u+
1′ς

(~p, h) · ·
−1/2∑
h=1/2

u1ς (~p, h)u+
1′ς

(~p, h)]

−1/2∑
h=1/2

u1ς}(~p, h)u+
1′ς)

(~p, h)]

⇔
−s∑
h=s

Cs−h2s [u1ς (~p,
1
2
)u+

1ς
(~p, 1

2
)]s+h[u1ς (~p,− 1

2
)u+

(1′ς
(~p,− 1

2
)]s−h = [u1ς (~p,

1
2
)u+

1′ς
(~p, 1

2
) + u1ς (~p,− 1

2
)u+

1′ς
(~p,− 1

2
)]2s
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íØ2.1.2.
−s∑
h=s

Cs−h2s u{2ς (~p,
1
2
)u2ς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · u2ς (~p,− 1
2
)u2ς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

u+
(2′ς

(~p, 1
2
)u+

2′ς
(~p, 1

2
) · ·︸ ︷︷ ︸

s+h

· · u+
2′ς

(~p,− 1
2
)u+

2′ς)
(~p,− 1

2
)︸ ︷︷ ︸

s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{2ς (~p, h)u+
(2′ς

(~p, h)

−1/2∑
h=1/2

u2ς (~p, h)u+
2′ς

(~p, h) · ·
−1/2∑
h=1/2

u2ς (~p, h)u+
2′ς

(~p, h)]

−1/2∑
h=1/2

u2ς}(~p, h)u+
2′ς)

(~p, h)]

⇔
−s∑
h=s

Cs−h2s [u2ς (~p,
1
2
)u+

2ς
(~p, 1

2
)]s+h[u2ς (~p,− 1

2
)u+

(2′ς
(~p,− 1

2
)]s−h = [u2ς (~p,

1
2
)u+

2′ς
(~p, 1

2
) + u2ς (~p,− 1

2
)u+

2′ς
(~p,− 1

2
)]2s

±þü�íØ�ÐÒ´��ªÐm½n"

Ún2.1.1.

[uλς (~p,
1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][uµς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

6=
[uµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][uλς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

Ún2.1.2.

[vλς (~p,
1
2
)v+
λ′ς

(~p, 1
2
) + vλς (~p,− 1

2
)v+
λ′ς

(~p,− 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p, 1
2
) + vµς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)]

6=
[vµς (~p,

1
2
)v+
λ′ς

(~p, 1
2
) + vµς (~p,− 1

2
)v+
λ′ς

(~p,− 1
2
)][vλς (~p,

1
2
)v+
µ′ς

(~p, 1
2
) + vλς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)]

íØ2.1.3.

Λ+λςλ′ς
(~p, 1

2
)Λ+µςµ′ς

(~p, 1
2
) 6= Λ+µςλ′ς

(~p, 1
2
)Λ+λςµ′ς

(~p, 1
2
)

Λ−λςλ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) 6= Λ−µςλ′ς (~p,

1
2
)Λ−λςµ′ς (~p,

1
2
)

íØ2.1.4.
1

[(2s)!]2
Λ+{λς(λ′ς (~p,

1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·Λ+τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

6= Λ+λςλ′ς
(~p, 1

2
)Λ+µςµ′ς

(~p, 1
2
) · ·Λ+τςτ ′ς

(~p, 1
2
)︸ ︷︷ ︸

2s

1
[(2s)!]2

Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·Λ−τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

6= Λ−λςλ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·Λ−τςτ ′ς (~p,

1
2
)︸ ︷︷ ︸

2s

2.2 Bargmann-Wigner�§²¡Å)�Üníÿ(�Ù!�¡ò¬�Ñî��y²)

½n2.2.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es− 1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s v{λς (~p,

1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

íØ2.2.1.
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

íØ2.2.2. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es− 1
2 [a(~p, h)Ũλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Ṽλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p
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a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)Ũ+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)Ṽ +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

g·µãµ±þ�L�ª�Ã�þâf�²¡Å)/ª�©�q§¤±ÔnÆ��þ´kÚ�Lã�§��

5¿Ã�þâf�²¡Å)ØUÏL±þk�þâf�²¡Å)ÏLm → 0 ��§ù`²Ã�þâf�k�þ

âfk���«O"

2.3 ¢L�eBargmann-Wigner�§�²¡Å)

½n2.3.1. (γas∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

√
m2s

E
[a(~p, h)Usλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x − (−1)s+hς2sb+(~p,−h)U+
sλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)e−ip·x]d3~p

Usλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2
)usµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2
)usτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h
Vsλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = −(−1)s−hς2sU+
sλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h)

íØ2.3.1.
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
m2s

E
U+

2s︷ ︸︸ ︷
λςµς · ·τς

s (~p, h)ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2s

E
U

2s︷ ︸︸ ︷
λςµς · ·τς
s (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

2.4 Bargmann-Wigner�§�g^Ä

½Â2.4.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

v{λς (~p,
1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

½Â2.4.2.
Ũλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

ũ{λς (~p,
1
2
)ũµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · ũσς (~p,− 1
2
)ũτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

Ṽλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

ṽ{λς (~p,
1
2
)ṽµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · ṽσς (~p,− 1
2
)ṽτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

íØ2.4.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
Ch−s2s [uλς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς (~p,− 1

2
)︸ ︷︷ ︸

s−h

+ · ·]

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
√
Ch−s2s [vλς (~p,

1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2
)vτς (~p,− 1

2
)︸ ︷︷ ︸

s−h

+ · ·]

íØ2.4.2. u(~p, h) = −ςγ5v(~p, h), v(~p, h) = −ςγ5u(~p, h), h = − 1
2
, 1

2

íØ2.4.3.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)
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2.5 Bargmann-Wigner�§�ü«g^Ä�m�'X

íØ2.5.1.


U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s+hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h)

V +
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s−hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · ·Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h)

y²: U+
λςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s u+

{λς (~p,
1
2
)u+
µς

(~p, 1
2
) · ·︸ ︷︷ ︸

s+h

· · u+
σς

(~p,− 1
2
)u+
τς}(~p,−

1
2
)︸ ︷︷ ︸

s−h

= (−1)s+hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · · 1

(2s)!

√
Cs−h2s v{λς (~p,− 1

2
)vµς (~p,− 1

2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p, 1
2
)vτς}(~p,

1
2
)︸ ︷︷ ︸

s−h

= (−1)s+hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h)

íØ2.5.2.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h) = (−1)s−hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · ·V +

λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h) = (−1)s+hς2s

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

íØ2.5.3.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−h) = (−1)s−hς2s

2s︷ ︸︸ ︷
(Cγ4)⊗ (Cγ4) · ·V +

λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h) = (−1)s+hς2s

2s︷ ︸︸ ︷
(Cγ4)⊗ (Cγ4) · ·U+

λςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

2.6 Bargmann-Wigner�§g^Ä���5�(�±��wÑ5)

íØ2.6.1.
Ū

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = δhh′ , Ū

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = 0

V̄

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = δhh′ , V̄

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = 0

íØ2.6.2.
U+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = (E
m

)2sδhh′ , U
+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(−~p, h′) = 0

V +

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h′) = (E
m

)2sδhh′ , V
+

2s︷ ︸︸ ︷
λςµς · ·σςτς (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(−~p, h′) = 0

3 Bargmann-Wigner�§g^Ä�4í'X

3.1 Bargmann-Wigner�§g^Ä4í'X(qÞÁ&{)

½n3.1.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)

= 1√
Cl2s+1

[
√
Cl−1

2s Uλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)uτς (~p,− 1
2
) +

√
Cl2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)uτς (~p, 1
2
)]

y²:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
)
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= 1√
(2s+1)!(2s+1)!(0)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2s+1

· · uρς (~p,− 1
2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

0

= uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2s+1

= Cφ
uλς (~p,

1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,
1
2
)

= 1√
C0

2s+1

C0
2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s)uτς (~p,
1
2
)

y²:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s− 1
2
)

= 1√
(2s+1)!(2s)!(1)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

· · uρς (~p,− 1
2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

1

= 1√
(2s+1)!(2s)!(1)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2s+1

= 1√
C1

2s+1

{[Cφ
uλς (~p,

1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,− 1
2
) + C

(~p,− 1
2

)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,
1
2
)]}

= 1√
C1

2s+1

[
√
C0

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s)uτς (~p,− 1
2
) +

√
C1

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 1)uτς (~p,
1
2
)]

y²:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s− 3
2
)

= 1√
(2s+1)!(2s−1)!(2)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2s−1

· · uρς (~p,− 1
2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2

= 1√
(2s+1)!(2s−1)!(2)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1

C
(~p,− 1

2
),(~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1

[C
(~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,− 1
2
) + C

(~p,− 1
2

),(~p,− 1
2

)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,
1
2
)]

= 1√
C2

2s+1

[
√
C1

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 1)uτς (~p,− 1
2
) +

√
C2

2sUλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− 2)uτς (~p,
1
2
)]

y²:

Uλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)

= 1√
(2s+1)!(2s+1−l)!(l)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2s+1−l

· · uρς (~p,− 1
2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

l

= 1√
(2s+1)!(2s−l+1)!(l)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2s+1

= 1√
Cl2s+1

C

l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1
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[C

l−1︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,− 1
2
) + C

l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uρς (~p, 1

2
)uσς (~p,

1
2
)︸ ︷︷ ︸

2s

uτς (~p,
1
2
)]

= 1√
Cl2s+1

[
√
Cl−1

2s Uλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)uτς (~p,− 1
2
) +

√
Cl2sUλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)uτς (~p, 1
2
)]

½n3.1.2. Vλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)

= 1√
Cl2s+1

[
√
Cl−1

2s Vλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)vτς (~p,− 1
2
) +

√
Cl2sVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)vτς (~p, 1
2
)]

y²:

Vλςµς · ·ρςσςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)

= 1√
(2s+1)!(2s+1−l)!(l)!

v{λς (~p,
1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

2s+1−l

· · vρς (~p,− 1
2
)vσς (~p,− 1

2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

l

= 1√
(2s+1)!(2s−l+1)!(l)!

v{λς (~p,
1
2
)vµς (~p,

1
2
) · ·vρς (~p, 1

2
)vσς (~p,− 1

2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

2s+1

= 1√
Cl2s+1

C

l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

vλς (~p,
1
2
)vµς (~p,

1
2
) · ·vρς (~p, 1

2
)vσς (~p,

1
2
)vτς (~p,

1
2
)︸ ︷︷ ︸

2s+1

= 1√
C2

2s+1

[C

l−1︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

vλς (~p,
1
2
)vµς (~p,

1
2
) · ·vρς (~p, 1

2
)vσς (~p,

1
2
)︸ ︷︷ ︸

2s

vτς (~p,− 1
2
) + C

l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

vλς (~p,
1
2
)vµς (~p,

1
2
) · ·vρς (~p, 1

2
)vσς (~p,

1
2
)︸ ︷︷ ︸

2s

vτς (~p,
1
2
)]

= 1√
Cl2s+1

[
√
Cl−1

2s Vλςµς · ·ρςσς︸ ︷︷ ︸
2s

(~p, s− l + 1)vτς (~p,− 1
2
) +

√
Cl2sVλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)vτς (~p, 1
2
)]

3.2 Bargmann-Wigner�§U-g^Ä�©)(|ÜÆ�{)

½n3.2.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

y²: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h u{λς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

(s−s′)+(h−h′)

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

(s−s′)−(h−h′)

u(λ′ς
(~p, 1

2
)uµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

(s′+h′)

· · uσ′ς (~p,−
1
2
)uτ ′ς)(~p,−

1
2
)︸ ︷︷ ︸

(s′−h′)

= 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[2(s− s′)]![(s− s′) + (h− h′)]![(s− s′)− (h− h′)]!Uλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)√
(2s′)!(s′ + h′)!(s′ − h′)!Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p, h′)

=

√
[2(s−s′)]!

√
(2s′)!√

(2s)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[(s−s′)+(h−h′)]![(s−s′)−(h−h′)]!

√
(s′+h′)!(s′−h′)!√

(s+h)!(s−h)!
Uλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

=
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

íØ3.2.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)
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íØ3.2.2. Uλςµς · ·ηςξςσςτς︸ ︷︷ ︸
2n

(~p, h) =

√
C2
n+h√
C2

2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h− 1)Uσςτς (~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h)Uσςτς (~p, 0) +

√
C2
n−h√
C2

2n

Uλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h+ 1)Uσςτς (~p,−1)

íØ3.2.3. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′)

=
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)uτς (~p,− 1

2
)

3.3 Bargmann-Wigner�§V-g^Ä�©)(|ÜÆ�{)

½n3.3.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

y²: Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h v{λς (~p,

1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

(s−s′)+(h−h′)

· · vσς (~p,− 1
2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

(s−s′)−(h−h′)

v(λ′ς
(~p, 1

2
)vµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

(s′+h′)

· · vσ′ς (~p,−
1
2
)vτ ′ς)(~p,−

1
2
)︸ ︷︷ ︸

(s′−h′)

= 1√
(2s)!(s+h)!(s−h)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[2(s− s′)]![(s− s′) + (h− h′)]![(s− s′)− (h− h′)]!Vλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)√
(2s′)!(s′ + h′)!(s′ − h′)!Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p, h′)

=

√
[2(s−s′)]!

√
(2s′)!√

(2s)!

−s′∑
h′=s′

Cs
′+h′

s+h Cs
′−h′
s−h

√
[(s−s′)+(h−h′)]![(s−s′)−(h−h′)]!

√
(s′+h′)!(s′−h′)!√

(s+h)!(s−h)!
Vλςµς · ·σςτς︸ ︷︷ ︸

2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

=
−s′∑
h′=s′

√
Cs
′+h′
s+h Cs

′−h′
s−h√

C2s′
2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p, h′)

íØ3.3.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Vλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

íØ3.3.2. Vλςµς · ·ηςξςσςτς︸ ︷︷ ︸
2n

(~p, h) =

√
C2
n+h√
C2

2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h− 1)Vσςτς (~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h)Vσςτς (~p, 0) +

√
C2
n−h√
C2

2n

Vλςµς · ·ηςξς︸ ︷︷ ︸
2n−2

(~p, h+ 1)Vσςτς (~p,−1)

íØ3.3.3. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Vλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Vτς (~p, h′)

=
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)vτς (~p,

1
2
) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)vτς (~p,− 1

2
)

3.4 Bargmann-Wigner�§g^Ä�Ü¤

íØ3.4.1.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′

íØ3.4.2.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Vλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)V̄

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′
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3.5 Bargmann-Wigner�§g^ÄÜ¤�íØ

íØ3.5.1.


Uλςµς · ·σςτς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
− l)u+τς (~p,− 1

2
) =

√
l√

2s+1
E
m
Uλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l + 1)

Uλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)u+τς (~p, 1

2
) =

√
2s+1−l√
2s+1

E
m
Uλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)

íØ3.5.2.


Vλςµς · ·σςτς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
− l)v+τς (~p,− 1

2
) =

√
l√

2s+1
E
m
Vλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l + 1)

Vλςµς · ·σςτς︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
− l)v+τς (~p, 1

2
) =

√
2s+1−l√
2s+1

E
m
Vλςµς · ·ρςσς︸ ︷︷ ︸

2s

(~p, s− l)

4 Bargmann-Wigner�§�OÝK�f

4.1 Bargmann-Wigner�§OÝK�f�½ÂÚ5�

½Â4.1.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
−s∑
h=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h)

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
−s∑
h=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h)

íØ4.1.1.

Λ±λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2

Λ±{λς(λ′ς (~p,
1
2
)Λ±µςµ′ς (~p,

1
2
) · ·Λ±τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

lé¡�I2Â��ª½nB�±����±þíØ"

íØ4.1.2.

−s∑
h=s

(−1)s−hUλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h)

= ς2s

[(2s)!]2
(Λ+C̄γ4){λς(λ′ς (~p,

1
2
)(Λ+C̄γ4)µςµ′ς (~p,

1
2
) · ·(Λ+C̄γ4)τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s
−s∑
h=s

(−1)s+hVλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h)

= ς2s

[(2s)!]2
(Λ−C̄γ4){λς(λ′ς (~p,

1
2
)(Λ−C̄γ4)µςµ′ς (~p,

1
2
) · ·(Λ−C̄γ4)τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

íØ4.1.3.
Λ±λς · ·︸ ︷︷ ︸

2n1

µς · ·︸ ︷︷ ︸
2n2

··τς · ·︸ ︷︷ ︸
2nk

λ
′
ς · ·︸ ︷︷ ︸

2n1

µ
′
ς · ·︸ ︷︷ ︸

2n2

··τ ′ς · ·︸ ︷︷ ︸
2nk

(~p, s) = 1
[(2s)!]2

Λ±{λς · ·︸ ︷︷ ︸
2n1

(λ′ς · ·︸ ︷︷ ︸
2n1

(~p, n1)Λ±µς · ·︸ ︷︷ ︸
2n2

µ
′
ς · ·︸ ︷︷ ︸

2n2

(~p, n2) · ·Λ± τς · ·︸ ︷︷ ︸
2nk

} τ ′ς · ·︸ ︷︷ ︸
2nk

)(~p, nk)

s = n1 + n2 + · ·+nk

íØ4.1.4.

Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n)

= 1
[(2n)!]2

Λ±{λς(λ′ς (~p,
1
2
)Λ±µςµ′ς (~p,

1
2
) · ·})︸ ︷︷ ︸

2n

= 1
(2
√

2m)2n

1
[(2n)!]2

Xa{λςµς (±p) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(±p) · ·)︸ ︷︷ ︸
n

Λmaa′(~p, 1) · ·︸ ︷︷ ︸
n

íØ4.1.5.

Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n) = 1
(2m)2n

1
[(2n)!]2

[(±m− iγapa)γ4]{λς(λ′ς [(±m− iγ
bpb)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

= 1
(2
√

2m)2n

1
[(2n)!]2

Xa{λςµς (±p) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(±p) · ·)︸ ︷︷ ︸
n

(ηaa′ +
pap

+

a′
m2 ) · ·︸ ︷︷ ︸

n
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íØ4.1.6.

−s∑
h=s

(−1)s−hUλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h) = 1
(2m)2s

ς2s

[(2s)!]2
[(m− iγapa)C]{λς(λ′ς [(m− iγ

bpb)C]µςµ′ς · ·})︸ ︷︷ ︸
2s

−s∑
h=s

(−1)s+hVλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h) = 1
(2m)2s

ς2s

[(2s)!]2
[(−m− iγapa)C]{λς(λ′ς [(−m− iγ

bpb)C]µςµ′ς · ·})︸ ︷︷ ︸
2s

4.2 Bargmann-Wigner�§ý��üaÝK�f

½Â4.2.1. Λ̃±λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) := (m
E

)2sΛ±λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)

½Â4.2.2. Λ̄±λςµς · ·︸ ︷︷ ︸
2s

2s︷ ︸︸ ︷
ηςξς · ·(~p, s) := Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)

2s︷ ︸︸ ︷
γ4
λ′ς

ηςγ4
µ′ς

ξς · ·

4.3 Bargmann-Wigner�§OÝK�f�4í'X(î�y²)

½n4.3.1.
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1

−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

y²:
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Ūλ′ςµ′ς · ·︸ ︷︷ ︸
2s1

(~p, h− h′)

= Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′);−s− s′ ≤ h ≤ s+ s′,−s′ ≤ h′ ≤ s′

⇒
−s−s′∑
h=s+s′

−s′∑
h′=s′

Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Ūλ′ςµ′ς · ·︸ ︷︷ ︸
2s

(~p, h− h′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s′∑
h′=s′

−s−s′−h′∑
h′′=s+s′−h′

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s′∑
h′=s′

−s∑
h′′=s

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

−s′∑
h′=s′

Cs
′+h′
s+s′+h′+h′′C

s′−h′
s+s′−h′−h′′

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

C2s′
2(s+s′)+1

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)
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=
−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h′′=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h′′)

= 2s+1
2s+2s′+1

−s−s′∑
h=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

⇔
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1

−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)Ūλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)Ū

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

½n4.3.2.
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)

= 2s+1
2s+2s′+1

(m
E

)4s′
−s−s′∑
h′′=s+s′

[Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′

(~p, h′′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

ρ
′
ςσ
′
ς · ·︸ ︷︷ ︸

2s′

(~p, h′′)]
−s′∑
h′=s′

[U

2s′︷ ︸︸ ︷
ρ
′
ςσ
′
ς · ·(~p, h′)U+

2s′︷ ︸︸ ︷
ρςσς · ·(~p, h′)]

g·µãµ��ß�²Lõc�ªuq��
î��y²§ü�3uéu��AÏ|ÜÆúª�|^"

4.4 Bargmann-Wigner�§OÝK�f�m�'X

½n4.4.1.


Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) = 2s+1
2s+2

(m
E

)2Λ±λςµς · ·τς︸ ︷︷ ︸
2s+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
)Λ

τ ′ςτς
± (~p, 1

2
)

Λ±λςµς · ·τς︸ ︷︷ ︸
2s+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
) = 1

[(2s+1)!]2
Λ± {λςµς · ·︸ ︷︷ ︸

2s

(λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)Λ±τς}τ ′ς)(~p,
1
2
)

½n4.4.2.


Λ±λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s) = 2s+1
2(s+l)+1

(m
E

)4lΛ±λςµς · ·ρς · ·τς︸ ︷︷ ︸
2(s+l)

λ
′
ςµ
′
ς · ·ρ

′
ς · ·τ

′
ς︸ ︷︷ ︸

2(s+l)

(~p, s+ l)Λ

2l︷ ︸︸ ︷
ρ
′
ς · ·τ

′
ς

2l︷ ︸︸ ︷
ρς · ·τς

± (~p, l)

Λ±λςµς · ·τς︸ ︷︷ ︸
2(s+l)

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2(s+l)

(~p, s+ l) = 1
[2(s+l)]!2

Λ± {λςµς · ·︸ ︷︷ ︸
2s

(λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)Λ± ρς · ·τς}︸ ︷︷ ︸
2l

ρ
′
ς · ·τ

′
ς)︸ ︷︷ ︸

2l

(~p, l)

5 Bargmann-Wigner�§�é´5K

5.1 Bargmann-Wigner�§��Cé´5K

½n5.1.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

⇒



[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x− x′)

[ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x− x′)

[rest]−2s+1 = 0

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s
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[[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, [a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ + b(~p′, h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]ei(p·x−p
′·x′) +Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−i(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p−~p′)ei(p·x−p′·x′) +(−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p−~p′)e−i(p·x−p′·x′)]

= 1
(2π)3

∫
d3~pm

2s

E
[
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′) + (−1)2s+1

−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
[Λ+λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
[ 1
[(2s)!]2

Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2

Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ

4]{λς(λ′ς [(−m+ γb∂b)γ
4]µςµ′ς · ·}) e

−ip·(x−x′)}

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E
[[eip·(x−x

′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

y²: [ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x, a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
[Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]ei(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)ei(p·x−p′·x′)

= 1
(2π)3

∫
d3~pm

2s

E

−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
Λ+λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
1

[(2s)!]2
Λ+{λς(λ′ς (~p,

1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E
eip·(x−x

′)
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= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(+)(x− x′)

y²: [ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, b(~p′, h′)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−i(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
(−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p− ~p′)e−i(p·x−p′·x′)

= 1
(2π)3

∫
d3~pm

2s

E
(−1)2s+1

−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
(−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
(−1)2s+1 1

[(2s)!]2
Λ−{λς(λ′ς (~p,

1
2
)Λ−µςµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)

= 1
(2π)3

∫
d3~pm

2s

E
(−1)2s+1 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ

4]{λς(λ′ς [(−m+ γb∂b)γ
4]µςµ′ς · ·}) e

−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

i
(2π)3

∫
d3~p 1

2E
e−ip·(x−x

′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(−)(x− x′)

5.2 Bargmann-Wigner�§�Cé´5K���ín

½n5.2.1.
[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[rest]−2s+1 = 0

⇒ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

e¡�ÑA�Ì�é´)Ò��[y²L§"

y²: [a(~p, h), a+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)
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i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x−p

′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x−p

′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0+p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= δ3(~p− ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e2iE(t−t′)}

= δ3(~p− ~p′)(
−s∑
h0=s

δhh0
δh′h0

+ 0)

= δhh′δ
3(~p− ~p′)

y²: [b+(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}ei(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)ei(p·x−p

′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)ei(p·x−p

′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s
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V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)}

= δ3(~p− ~p′)(m
E

)4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e−2iE(t−t′) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0)}

= (−1)2s+1δ3(~p− ~p′)(0 +
−s∑
h0=s

δhh0
δh′h0

)

= (−1)2s+1δhh′δ
3(~p− ~p′)

y²: [a(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x+p′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x+p′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x+p′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−iE0t
′
δ3(~p0 − ~p)δ3(~p0 + ~p′)
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+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)eiE0tδ3(~p0 + ~p)δ3(~p0 − ~p′)}

= δ3(~p+ ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′, h0)e2iE(t−t′)}

= 0 + 0 = 0

g·µãµ±þ�y{aquPenrose�§�/§Ø2Äu��é´5K§��Äu�Cé´5K?1O

�§wq�J
§Ù¢�´�{ü
§Ï���é´5KØN´�Ñ§=¦�Ñ
�Ju¦^§�Cé´5

K��®��ék5Æ§��±©)�g^Ä�¦È§lC�{ü
"��y²L§Ä�þ��6ug^Ä

�5�§vkpJÝ�E,O�"±þ�Ñ
�J�n�é´)Ò�y²§Ù¦�A�é´)Ò�N´yÑ§

Ø2�[�Ñ"¯¢þ§��é´5K´�Cé´5K�A~§¤±��é´5K�y{��±æ^±þ�y

{(�t = t′=�)"

5.3 Bargmann-Wigner�§�Cé´5K��(

(Ü±þü!�y²§B��±e��½n"

½n5.3.1.
[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[rest]−2s+1 = 0

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

½n5.3.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2sΛ+λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(−i∂, s)

5.4 Bargmann-Wigner�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún5.4.1.

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

=
2s∑
n=0

Cn2s

n︷ ︸︸ ︷
[−(γa∂a)γ

4]{λς(λ′ς [−(γb∂b)γ
4]µςµ′ς · ·

2s−n︷ ︸︸ ︷
[mγ4]ηςη′ς [mγ

4]ξςξ′ς · ·})

=
2s∑
n=0

(−1)nm2s−nCn2s

n︷ ︸︸ ︷
(γaγ4){λς(λ′ς (γ

bγ4)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

Ún5.4.2.

2s︷ ︸︸ ︷
[θ(t), [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})]−

2s+1

=
2s∑
n=0

(−1)nm2s−nCn2s[θ(t),

n︷ ︸︸ ︷
(γaγ4){λς(λ′ς (γ

bγ4)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

=
2s∑
n=0

(−1)nm2s−nCn2s
n−1∑
l=0

Cln

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[θ(t), ∂

2s−n
t ]

l︷ ︸︸ ︷
∂i∂j · ·

=
2s∑
n=0

n−1∑
l=0

(−1)nm2s−nCn2sC
l
n

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})[θ(t), ∂

2s−n
t ]

l︷ ︸︸ ︷
∂i∂j · ·

= −
2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t

íØ5.4.1.
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∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x)

∆
(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(+)(x)

∆
(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(−)(x)

∆
(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(l)(x)

íØ5.4.2.

∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(c)(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

∆
(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆F (x)

−i 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

= i∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

íØ5.4.3.

∆ret
λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆ret(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

∆adv
λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆adv(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ4)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

Ún5.4.3. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δ4(x)

íØ5.4.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂n−l−2−2r

t δ4(x)

Ún5.4.4. ∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

= −i
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

· · δτς}τ ′ς)](m
2 −∇2)lδ3(~r)

íØ5.4.5.
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(γa∂a +m)κς
λς∆λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0



(γa∂a +m)κς
λς∆

(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆ret

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆adv

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ4δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆

(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = γ4δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

íØ5.4.6.

(γa∂a +m)κς
λς∆λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(+)
λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(−)
λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(l)
λςλ′ς

( 1
2
;x) = 0



(γa∂a +m)κς
λς∆

(c)
λςλ′ς

( 1
2
;x) = −γ4

κςλ′ς
δ4(x)

(γa∂a +m)κς
λς∆ret

λςλ′ς
( 1

2
;x) = −γ4

κςλ′ς
δ4(x)

(γa∂a +m)κς
λς∆adv

λςλ′ς
( 1

2
;x) = −γ4

κςλ′ς
δ4(x)

(γa∂a +m)κς
λς∆

(F )
λςλ′ς

( 1
2
;x) = −iγ4

κςλ′ς
δ4(x)

5.5 �©lL�eBargmann-Wigner�§��Cþfz5K��íØ

½Â5.5.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

= 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψλςµς · ·︸ ︷︷ ︸
2s

= ΓKςλςµς · ·︸ ︷︷ ︸
2s

ψKς (s)

íØ5.5.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

y²:

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇔ [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 , γa = (σ ⊗ σy, ςI ⊗ σx)

= i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
[−imI ⊗ σ(x) + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σ(x) + (σ ⊗ σz, iς)b∂b]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

⇔ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

5.6 Bargmann-Wigner�§é´5Kü«£ã��d5y²

Ún5.6.1. 2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

Ún5.6.2. 2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

½n5.6.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)
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⇔
[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

y²:

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

= i
22n−1[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

= i
24n−1[(2n)!]2

{[(m− γa∂a)γ4]{{λς((λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)} · ·})︸ ︷︷ ︸
n

∆(x− x′)

= i
23n−1[(2n)!]2

Xa{λςµς (x)Xbηςξς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηaa′ −
∂a∂

+

a′
m2 ][ηbb′ −

∂b∂
+

b′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i
23n−1(n!)2[(2n)!]2

Xa{λςµς (x)Xbηςξς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ] · ·})︸ ︷︷ ︸

n

∆(x− x′)

½n5.6.2.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

y²:

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

= i
24n[(2n+1)!]2

{[(m− γa∂a)γ4]{{λς((λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)} · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς)∆(x− x′)

= i
23n[(2n+1)!]2

Xa{λςµς (x)Xbηςξς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ4]τς}τ ′ς) [η{a(a′ −
∂{a∂

+

(a′

m2 ][ηbb′ −
∂b∂

+

b′
m2 ] · ·})︸ ︷︷ ︸

n

∆(x− x′)

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

5.7 k�þÀÚfé´5K�(

½n5.7.1. n ≥ 0

[a(~p, h;n), a+(~p′, h′;n)] = δhh′δ
3(~p− ~p′), [b(~p, h;n), b+(~p′, h′;n)] = δhh′δ

3(~p− ~p′), [rest] = 0

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′), [rest] = 0

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′), [rest] = 0
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5.8 k�þ¤�f�é´5K�(

½n5.8.1. n ≥ 0

{a(~p, h;n+ 1
2
), a+(~p′, h′;n+ 1

2
)} = δhh′δ

3(~p− ~p′), {b(~p, h;n+ 1
2
), b+(~p′, h′;n+ 1

2
)} = δhh′δ

3(~p− ~p′), {rest} = 0

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′), {rest} = 0

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′), {rest} = 0

6 Bargmann-Wigner�§ [18]�«þf�Î�J�

6.1 Bargmann-Wigner�§���é´5K

½n6.1.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es− 1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

½n6.1.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= 1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·[(m− γ

b∂b)γ
4]τς}τ ′ς) ∆(x− x′)|t=t′

= 1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 − ~γγ4 · ∇){λς(λ′ς (mγ

4 − ~γγ4 · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

= 1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · · δτς}τ ′ς)](m
2 −∇2)lδ3(~r − ~r′)

6.2 Bargmann-Wigner�§Uþ�Î�J�

Ún6.2.1.

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

=
2s∑
l=0

Cl2sE
l

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})

Ún6.2.2.

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

=
2s∑
l=0

(−1)lCl2sE
l

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})
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Ún6.2.3.
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

+

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

= 2
[s]∑
l=0

C2l
2sE

2l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})

Ún6.2.4.
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

−
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p)− E]µςµ′ς · ·})

= 2
[s− 1

2
]∑

l=0

C2l+1
2s E2l+1

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})

½n6.2.1.

H(s) =
∫ −s∑
h=s

E[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

y²:
∫ −s∑
h=s

E[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)ei~p·(~r−~r

′) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(−~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
d3~rd3~r′d3~p m2s

E4s−2ψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

(2m)2s[(2s)!]2

{

2s︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·}) +

2s︷ ︸︸ ︷
[(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µςµ′ς · ·})}e

i~p·(~r−~r′)

= 1
22s[(2s)!]2

1
(2π)3

∫
d3~rd3~r′d3~pψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−2

{
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

+

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)− E]µςµ′ς · ·})}e
i~p·(~r−~r′)

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−2

[s]∑
l=0

C2l
2sE

2l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s]∑
l=0

C2l
2s

1
(E2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)
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[s]∑
l=0

C2l
2s

1
(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s]∑
l=0

C2l
2s

1
(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) δ
3(~r − ~r′)d3~rd3~r′

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·}) ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

2s−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)λςλ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

(i∂t)
2s−2l

(m2−∇2)2s−1−l

2s−2l︷ ︸︸ ︷
δλςλ′ςδµςµ′ς · ·

2l︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s]∑
l=0

C2l
2s

(i∂t)
2s−2l

(m2−∇2)2s−1−l

2s︷ ︸︸ ︷
δλςλ′ςδµςµ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

[s]∑
l=0

C2l
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−2l

(m2−∇2)2s−1−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
22s−1

[s]∑
l=0

C2l
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

½n6.2.2.

H(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) 1

(m2−∇2)n−1ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)d3~r,H(n+ 1
2
) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) i∂t

(m2−∇2)n
ψλςµς · ·︸ ︷︷ ︸

2n+1

(~r, t)d3~r

6.3 Bargmann-Wigner�§Äþ�Î�J�

½n6.3.1.

P (s) =
∫ −s∑
h=s

~p[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∇(i∂t)

2s−1

(m2−∇2)2s−lψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

y²:
∫ −s∑
h=s

~p[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)ei~p·(~r−~r

′) + (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

−s∑
h=s

[U

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U+

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h)− (−1)2sV

2s︷ ︸︸ ︷
λςµς · ·(−~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
d3~rd3~r′d3~p m2s

E4s−1 ~pψ
+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

(2m)2s[(2s)!]2

{

2s︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})−

2s︷ ︸︸ ︷
[(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µςµ′ς · ·})}e

i~p·(~r−~r′)

= 1
22s[(2s)!]2

1
(2π)3

∫
d3~rd3~r′d3~pψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−1 ~p
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{
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p) + E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p) + E]µςµ′ς · ·})

−
2s︷ ︸︸ ︷

[(mγ4 + iγ4~γ · ~p)− E]{λς(λ′ς [(mγ
4 + iγ4~γ · ~p)− E]µςµ′ς · ·})}e

i~p·(~r−~r′)

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t) 1

E4s−1 ~p

[s− 1
2

]∑
l=0

C2l+1
2s E2l+1

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2

]∑
l=0

C2l+1
2s

~p
(E2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p){λς(λ′ς (mγ

4 + iγ4~γ · ~p)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

1
(2π)3

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇
(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇
(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·}) δ
3(~r − ~r′)d3~rd3~r′

= 1
22s−1[(2s)!]2

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l+1︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·}) ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)λςλ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
(m2−∇2)2s−1−l

2l+1︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇(i∂t)
2s−2l−1

(m2−∇2)2s−1−l

2s−2l−1︷ ︸︸ ︷
δλςλ′ςδµςµ′ς · ·

2l+1︷ ︸︸ ︷
δρςρ′ςδτςτ ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)

[s− 1
2

]∑
l=0

C2l+1
2s

−i∇(i∂t)
2s−2l−1

(m2−∇2)2s−1−l

2s︷ ︸︸ ︷
δλςλ′ςδµςµ′ς · ·ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)d3~r

= 1
22s−1

[s− 1
2

]∑
l=0

C2l+1
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∇(i∂t)

2s−2l−1

(m2−∇2)2s−1−l ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
22s−1

[s− 1
2

]∑
l=0

C2l+1
2s

∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

½n6.3.2.

P (n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) (−i∇)(i∂t)

(m2−∇2)n
ψλςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r, P (n+ 1
2
) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) −i∇

(m2−∇2)n
ψλςµς · ·︸ ︷︷ ︸

2n+1

(~r, t)d3~r

6.4 Bargmann-Wigner�§UþÄþ�Î��(

½n6.4.1. Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r
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6.5 Bargmann-Wigner�§��«Ôn�Î

½n6.5.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

y²: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es− 1
2
√

m
E

2s puE
2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

pu[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(m
E

)2spu

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

½n6.5.2.

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

y²: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es− 1
2
√

m
E

2s E2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(m
E

)2s

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2s−1b(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2s−1e2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}
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=
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

½n6.5.3.

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

y²: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es− 1
2
√

m
E

2s E2s

E4s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(m
E

)2s

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

½n6.5.4.

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

y²: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es− 1
2
√

m
E

2s p̂E2s−1

(E2)2s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

p̂[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2sb+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(m
E

)2sp̂

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2sb(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2se2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}
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=
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

½n6.5.5.

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

y²: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
h′
E′s−

1
2
√

m
E′

2s
[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]d3~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
h

Es− 1
2
√

m
E

2s p̂E2s

E4s−1 [a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~pd3~r

= 1
(2π)3

∫ ∑
h,h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

p̂[a+(~p′, h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)e−i(~p

′·~r−E′t) + b(~p′, h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′, h′)ei(~p

′·~r−E′t)]

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + (−1)2s−1b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p′d3~pd3~r

=
∫
d3~p′d3~p

∑
h,h′

(m
E

)2sp̂

{δ3(~p− ~p′)[a+(~p, h′)a(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h) + (−1)2s−1b(~p, h′)b+(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]

+ δ3(~p+ ~p′)[(−1)2s−1e2iEta+(−~p, h′)b+(~p, h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)

+ e−2iEtb(~p, h′)a(~p, h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p, h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)]}

=
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

6.6 Bargmann-Wigner�§�þf�§

½n6.6.1.


(γa∂a +m)κς

λςψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 0

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

⇒ −i∂uψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), Pu]

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), Pu(s)]

= [ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)−i∂u(i∂t)
2s−1

(m2−∇2)2s−1ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~r′, t)]−2s+1
−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

=
∫

1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′)−i∂u(i∂t)
2s−1

(m2−∇2)2s−l ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

= 1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]
−i∂u(i∂t)

2s−1

(m2−∇2)2s−l−1ψ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)

= 1
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

C2l+1
2s (i∂t)

2s−2l−1 −i∂u(i∂t)
2s−1

(m2−∇2)2s−l−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)
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= 1
22s−1

[s− 1
2

]∑
l=0

C2l+1
2s

−i∂u(i∂t)
4s−2

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)

= −i∂uψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)

6.7 Bargmann-Wigner�§ÀÚfUþÄþ�Î

½n6.7.1.

Pu(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) −i∂u(i∂t)

(m2−∇2)n
ψλςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r, Pu(n+ 1
2
) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) −i∂u

(m2−∇2)n
ψλςµς · ·︸ ︷︷ ︸

2n+1

(~r, t)d3~r

½n6.7.2.



Pu(n) =
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇,iγ4(~γ·∇+m)]γ4(~γ·∇+m)

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r

=
∫
ψ+

2n︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇γ4(~γ·∇+m),i(m2−∇2)]

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n

(~r, t)d3~r

Pu(n+ 1
2
) =

∫
ψ+

2n+1︷ ︸︸ ︷
λςµς · ·(~r, t) [−i∇,iγ4(~γ·∇+m)]

(m2−∇2)n λς
ηςψηςµς · ·︸ ︷︷ ︸

2n+1

(~r, t)d3~r

6.8 Bargmann-Wigner�§�ÀÚfþf�§

½n6.8.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2n

(~r, t) = 0⇒ −i∂uψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), Pu(n)]

y²: [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), H]

= [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)]d3~r′

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)] 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

=
∫

1
22n−1

1
[(2n)!]2

[n− 1
2

]∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′) 1
(m2−∇′2)n−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r′, t)d3~r′

= 1
22n−1

1
[(2n)!]2

[n− 1
2

]∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]
1

(m2−∇2)n−l−1ψ

2n︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~r, t)

= i∂tψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

y²: [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), P ]

= [ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t),
∫
ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′]

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)]d3~r′

=
∫

[ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~r′, t)]−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′
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=
∫

1
22n−1

1
[(2n)!]2

[n− 1
2

]∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]

(m2 −∇2)lδ3(~r − ~r′)−i∇
′γ4(~γ·∇′+m)

(m2−∇′2)n
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r′, t)d3~r′

= 1
22n−1

1
[(2n)!]2

[n− 1
2

]∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς (mγ

4 + γ4~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·})]
−i∇γ4(~γ·∇+m)

(m2−∇2)n−l
λ′ς η′ς

ψ

2n︷ ︸︸ ︷
η
′
ςµ
′
ς · ·(~r, t)

= −i∇ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)
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g·µãµ�Ù�¤³��Ý£ãk�þEâf§Eâf��âfØÓ§êÆ��þ´E¼ê§«Ouê�

.Bâf¶ê�.Bâf§��âf�Ó§êÆ��þ´¢¼ê§�¡Ù!¬�[?Ø"k�þâf�Yæ^�

Ã�þâf�Y���Ú½§ky²��g^âf�/§2©OïÄg^- 1
2
, 1, 3

2
, 2 �AÏ�/"ù���ndµ

�´�Cþfz#�Y²L�c�ïÄ§oNþ®²'�²("�´ky²���/§�¡�AÏ�/ÒØI2

�y²§��éõæ���Ì§SN�;n§��±�;5uÔn"3�ÙUÚ���ªé¤kk�þg^Eâ

fïá
�A³�þf|Ø"�Ã�þâf��§�ÃI��M�îþ§Ò�±UÚ��#§ªé�«k�þg

^âf?1
þfz§�Ñ
Ú��þfz³é´5KÚUþÄþ�Î/ª§�Ñ
Ü©þf$\4�ê"�Ã

�þâf��§�Äþ�Î����Ü©¤õ§vk�.)û§EIãå"

1 Klein-Gordon�§�é´5K

1.1 k�þg^-n�Bargmann-Wigner�§�duKlein-Gordon�§ [18, 20,23]

½Â1.1.1. Xa = [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) = i[mγa(ς)− 2Sab(e, ς)p

b]C

½n1.1.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(x)�é¡
⇔



(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0

δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x)�é¡

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aab · ·︸ ︷︷ ︸

n

(x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

En− 1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

g·µãµr�g�²¡Å)�\±þü��d��§§¿|^Fá�©þ��5B�N´��±eü�í

Ø"ùÐ'þ¡��§´÷*(�§e¡��§´�*(�§´êÆ�f"

íØ1.1.1.

(iγapa +m)U[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)�é¡, εab · ·︸ ︷︷ ︸
n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0

paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

εab · ·︸ ︷︷ ︸
n

(~p, h)

íØ1.1.2.

(−iγapa +m)V[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 0

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)�é¡, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0

paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς

(−p) · ·︸ ︷︷ ︸
n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)
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1.2 Bargmann-Wigner�§ÀÚg^Ä©)�g^-1Ä

y²:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n)

= 1√
(2n)!(2n)!(0)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

0

= uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

= 1√
(n!n!0!

( 1
2
√

2m
)nXaλςµς (p) · ·X

d
σςτς

(p)︸ ︷︷ ︸
n

ε{a(~p, 1) · ·εd}(~p, 1)︸ ︷︷ ︸
n

= 1

n!
√
C0

2n

( 1
2
√

2m
)nXaλςµς (p) · ·X

d
σςτς

(p)︸ ︷︷ ︸
n

√
20C0

nC
0
n−0 ε{a(~p, 1) · ·εd}(~p, 1)︸ ︷︷ ︸

n

y²:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 1)

= 1√
(2n)!(2n−1)!(1)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n−1

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

1

= 1√
(2n)!(2n−1)!(1)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2n

= 1√
C1

2n

{[uλς (~p, 1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,− 1

2
)︸ ︷︷ ︸

2n

+uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p,− 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

]

+ · ·
+ [uλς (~p,

1
2
)uµς (~p,− 1

2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

+uλς (~p,− 1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

]}

= 1√
C1
n

[Uλςµς (~p, 1)Uηςξς (~p, 1) · ·Uσςτς (~p, 0)︸ ︷︷ ︸
n

+Uλςµς (~p, 1)Uηςξς (~p, 0) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+ · ·+Uλςµς (~p, 0)Uηςξς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1√
n!(n−1)!1!

( 1
2
√

2m
)nXaλςµς (p)X

b
ηςξς

(p) · ·Xdσςτς (p)︸ ︷︷ ︸
n

ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p, 0)︸ ︷︷ ︸
n

= 1

n!
√
C1

2n

( 1
2
√

2m
)nXaλςµς (p)X

b
ηςξς

(p) · ·Xdσςτς (p)︸ ︷︷ ︸
n

√
21C1

nC
0
n−1 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p, 0)︸ ︷︷ ︸

n

y²:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2)

= 1√
(2n)!(2n−2)!(2)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n−2

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2

= 1√
(2n)!(2n−2)!(2)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2n

= 1√
C2

2n

C
(~p,− 1

2
),(~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C2

2n

[C
(~p,− 1

2
)(~p,− 1

2
)1,3,5,··

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

+ C
(~p,− 1

2
),(~p,− 1

2
)|rest

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

]

= 1√
C2

2n

[
√

20C
(~p,−1)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+
√

22C
(~p,0),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1

n!
√
C2

2n

( 1
2
√

2m
)nXaλςµς (p)X

b
ηςξς

(p) · ·Xdσςτς (p)︸ ︷︷ ︸
n

[
√

20C0
nC

1
n−0 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 1)εd}(~p,−1)︸ ︷︷ ︸

n

+
√

22C2
nC

0
n−2 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 0)εd}(~p, 0)︸ ︷︷ ︸

n

]
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y²:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 3)

= 1√
(2n)!(2n−3)!(3)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n−3

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

3

= 1√
(2n)!(2n−3)!(3)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·uης (~p, 1

2
)uξς (~p,− 1

2
)uσς (~p,− 1

2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2n

= 1√
C3

2n

C
(~p,− 1

2
),(~p,− 1

2
),(~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C3

2n

[C
(~p,− 1

2
)(~p,− 1

2
)1,3,5,··,(~p,−

1
2

)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

+ C
(~p,− 1

2
),(~p,− 1

2
),(~p,− 1

2
)|rest

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

]

= 1√
C3

2n

[
√

2P
(~p,−1),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

+
√

23C
(~p,0),(~p,0),(~p,0)

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

]

= 1

n!
√
C3

2n

( 1
2
√

2m
)nXaλςµς (p)X

b
ηςξς

(p) · ·Xdσςτς (p)︸ ︷︷ ︸
n

[
√

21C1
nC

1
n−1 ε{a(~p, 1)εb(~p, 1) · ·εc(~p, 0)εd}(~p,−1)︸ ︷︷ ︸

n

+
√

23C3
nC

0
n−3 ε{a(~p, 1)εb(~p, 0) · ·εc(~p, 0)εd}(~p, 0)︸ ︷︷ ︸

n

]

���/:

½n1.2.1.

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k) = 1

n!
√
C2k

2n

( 1
2
√

2m
)n

k|(n−k)∑
l=0

√
22lC2l

n C
k−l
n−2l X

a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k − 1) = 1

n!
√
C2k+1

2n

( 1
2
√

2m
)n

k|(n−1−k)∑
l=0

√
22l+1C2l+1

n Ck−ln−2l−1 X
a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

y²:

Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k)

= 1√
(2n)!(2n−2k)!(2k)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n−2k

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2k

= 1√
C2k

2n

C

2k︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C2k

2n

k|(n−k)∑
l=0

C

2k−2l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
) |D1,3,··

2l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
) |S1,3,··

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C2k

2n

k|(n−k)∑
l=0

√
22lC

k−l︷ ︸︸ ︷
(~p,−1), ··, (~p,−1) |D1,3,··

2l︷ ︸︸ ︷
(~p, 0), ··, (~p, 0) |S1,3,··

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

= 1

n!
√
C2k

2n

( 1
2
√

2m
)n

k|(n−k)∑
l=0

√
22lC2l

n C
k−l
n−2l X

a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

y²:
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Uλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p, n− 2k − 1)

= 1√
(2n)!(2n−2k−1)!(2k+1)!

u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

2n−2k−1

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

2k+1

= 1√
C2k+1

2n

C

2k+1︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
)

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C2k+1

2n

k|(n−1−k)∑
l=0

C

2k−2l︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
) |D1,3,··

2l+1︷ ︸︸ ︷
(~p,− 1

2
), ··, (~p,− 1

2
) |S1,3,··

uλς (~p,
1
2
)uµς (~p,

1
2
) · ·uσς (~p, 1

2
)uτς (~p,

1
2
)︸ ︷︷ ︸

2n

= 1√
C2k+1

2n

k|(n−1−k)∑
l=0

√
22l+1C

k−l︷ ︸︸ ︷
(~p,−1), ··, (~p,−1) |D1,3,··

2l+1︷ ︸︸ ︷
(~p, 0), ··, (~p, 0) |S1,3,··

Uλςµς (~p, 1) · ·Uσςτς (~p, 1)︸ ︷︷ ︸
n

= 1

n!
√
C2k+1

2n

( 1
2
√

2m
)n

k|(n−1−k)∑
l=0

√
22l+1C2l+1

n Ck−ln−2l−1 X
a1

λςµς
(p)Xa2

ηςξς
(p) · ·Xanσςτς (p)︸ ︷︷ ︸
n

ε{a1
(~p,−1) · ·εak−l(~p,−1)|εak−l+1

(~p, 0) · ·εak(~p, 0)|εak+1
(~p, 1) · ·εan}(~p, 1)

1.3 Klein-Gordon�§g^Ä�©)

½n1.3.1. εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)εc · ·d︸ ︷︷ ︸
n′

(~p, h′)

y²: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

⇒ 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·(C̄γb)σςτς (C̄γc)λ
′
ςµ
′
ς · ·(C̄γd)σ

′
ςτ
′
ς Uλςµς · ·σςτςλ′ςµ

′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2n

(~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·(C̄γb)σςτς (C̄γc)λ
′
ςµ
′
ς · ·(C̄γd)σ

′
ςτ
′
ς

−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

Uλςµς · ·σςτς︸ ︷︷ ︸
2(n−n′)

(~p, h− h′)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2n′

(~p, h′)

⇔ εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)εc · ·d︸ ︷︷ ︸
n′

(~p, h′)

íØ1.3.1.

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

½n1.3.2.

εa1··an(~p, h) =

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn);h1 := h−
n∑
i=2

hi

y²: εa1a2··an(~p, h) =
−1∑
hn=1

√
C1+hn
n+h C1−hn

n−h√
C2

2n

εa1a2··an−1
(~p, h− hn)εan(~p, hn)

=
−1∑
hn=1

√
C1+hn
n+h C1−hn

n−h√
C2

2n

−1∑
hn−1=1

√
C

1+hn−1
(n−1)+(h−hn)

C
1−hn−1
(n−1)−(h−hn)√

C2
2(n−1)

εa1a2··an−2
(~p, h− hn − hn−1)εan−1

(~p, hn−1)εan(~p, hn)

=

√
2!2!(2n−4)!√

(2n)!

−1∑
hn=1

−1∑
hn−1=1

√
(n+h)!√

(1+hn)!(1+hn−1)![(n+h)−(1+hn)−(1+hn−1)]!

√
(n−h)!√

(1−hn)!(1−hn−1)![(n−h)−(1−hn)−(1−hn−1)]!

εa1a2··an−2
(~p, h− hn − hn−1)εan−1

(~p, hn−1)εan(~p, hn)

=

√
(2!)n√
(2n)!

−1∑
hn=1

−1∑
hn−1=1

· ·
−1∑
h2=1

εa1
(~p, h− hn − hn−1 · · − h2)εa2

(~p, h2) · ·εan−1
(~p, hn−1)εan(~p, hn)

√
(n+h)!√

(1+hn)!(1+hn−1)!··(1+h2)![(n+h)−(1+hn)−(1+hn−1)··−(1+h2)]!

√
(n−h)!√

(1−hn)!(1−hn−1)!··(1−h2)![(n−h)−(1−hn)−(1−hn−1)··−(1−h2)]!
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=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑

hn−1=1

−1∑
hn=1

εa1
(~p, h1)εa2

(~p, h2) · ·εan−1
(~p, hn−1)εan(~p, hn)

√
(n+h)!√

(1+h1)!(1+h2)!··(1+hn−1)!(1+hn)!

√
(n−h)!√

(1−h1)!(1−h2)!··(1−hn−1)!(1−hn)!
;h1 := h−

n∑
i=2

hi

=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn);h1 := h−
n∑
i=2

hi

íØ1.3.2. εa1··an(~p, h);h1 := h−
n∑
i=2

hi

=

√
(2!)n√
(2n)!

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1) · ·εan(~p, hn)[δ(h1 − 1) + δ(h1) + δ(h1 + 1)]

=

√
(2!)n√
(2n)!

−1∑
h1=1

−1∑
h2=1

· ·
−1∑
hn=1

√
(n+h)!√

(1+h1)!··(1+hn)!

√
(n−h)!√

(1−h1)!··(1−hn)!
εa1

(~p, h1)εa2
(~p, h2) · ·εan(~p, hn)δ(h−

n∑
i=1

hi)

1.4 êÆ8B{î�y²Klein-Gordon�§g^Ä���©)

½n1.4.1.
εa · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ
εa · ·b · ·c · ·︸ ︷︷ ︸

1

(~p, 1− 2k) = 1√
C2k

2

min(k,1−k)∑
i=0

2i

(1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
1

(~p, 1− 2k − 1) = 1√
C2k+1

2

min(k,1−1−k)∑
i=0

2i
√

2
(1−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

1�Úµb�n′ = n− 1�¤áµ
εa · ·b · ·c · ·︸ ︷︷ ︸

n−1

(~p, (n− 1)− 2k) = 1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2k − 1) = 1√
C2k+1

2n−2

min(k,n−1−1−k)∑
i=0

2i
√

2
(n−1−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

1nÚµn′ = n�§1µ

n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h− 1)εd}(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h)εd}(~p, 0) +

√
C2
n−h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h+ 1)εd}(~p,−1)

⇒ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2k)εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2(k − 1)− 1)εd}(~p, 0) +

√
C2

2k√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2(k − 1))εd}(~p,−1)

⇔ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k)

=

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−1−k+1)∑
i=0

2i
√

2
(n−1−k+1−i−1)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k+1−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p, 0)

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−1−k+1)∑
i=0

2i

(n−1−k+1−i)!(2i)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k+1−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

581



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

nεa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p, 0)

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+2

εc}(~p,−1)︸ ︷︷ ︸
k−1−i

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) =

√
C2

2n−2k√
C2

2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C1

2n−2kC
1
2k√

C2
2n

1√
C2k−1

2n−2

min(k,n−k)∑
i=1

2i−1
√

2
(n−k−i)!(2i−1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C2

2k√
C2

2n

1√
C2k−2

2n−2

min(k−1,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−1−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= n√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ εa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

Ónn′ = n�§2µ

n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h− 1)εd}(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h)εd}(~p, 0) +

√
C2
n−h√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, h+ 1)εd}(~p,−1)

⇒ n!εa · ·b · ·cd︸ ︷︷ ︸
n

(~p, n− 2k − 1)

=

√
C2
n+n−2k−1√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n − 1) − 2k − 1)εd}(~p, 1) +

√
C1
n+n−2k−1C

1
n−n+2k+1√

C2
2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n − 1) − 2k)εd}(~p, 0) +

√
C2
n−n+2k+1√
C2

2n

ε{a · ·b · ·c︸ ︷︷ ︸
n−1

(~p, (n− 1)− 2(k − 1)− 1)εd}(~p,−1)

=

√
C2
n+n−2k−1√
C2

2n

1√
C2k+1

2n−2

min(k,n−1−1−k)∑
i=0

2i
√

2
(n−1−k−i−1)!(2i+1)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 1)

+

√
C1
n+n−2k−1C

1
n−n+2k+1√

C2
2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc)(~p,−1)︸ ︷︷ ︸
k−i

εd}(~p, 0)

+

√
C2
n−n+2k+1√
C2

2n

1√
C2k−1

2n−2

min(k−1,n−1−1−k+1)∑
i=0

2i
√

2
(n−1−k+1−i−1)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k+1−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc)(~p,−1)︸ ︷︷ ︸
k−1−i

εd}(~p,−1)

⇔ nεa · ·b · ·c︸ ︷︷ ︸
n

(~p, n− 2k − 1)

=

√
C2

2n−2k−1√
C2

2n

1√
C2k+1

2n−2

min(k,n−2−k)∑
i=0

2i
√

2
(n−2−k−i)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i
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+

√
C1

2n−2k−1C
1
2k+1√

C2
2n

1√
C2k

2n−2

min(k,n−1−k)∑
i=0

2i

(n−1−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

+

√
C2

2k+1√
C2

2n

1√
C2k−1

2n−2

min(k−1,n−1−k)∑
i=0

2i
√

2
(n−1−k−i)!(2i+1)!(k−1−i)! ε{(a(~p, 1) · ·︸ ︷︷ ︸

n−1−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= n√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

⇔ εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

±c�´��ú!ßÿ!Á&Ú�y��
ù�½n§��ücõ(2019-2022)·ªu^êÆ8B{î

�y²
±þ½n§w5�Èj±�±YØä��\g��©�§k�ÿ',���"ù���y

²Behrends-FronsdalÝK�fúªC½
Ä:"

íØ1.4.1.
ε+
a · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k) ηaa′ · ·ηbb′ · ·ηcc′ · ·︸ ︷︷ ︸
n

= (−1)n−2kεa′ · ·b′ · ·c′ · ·︸ ︷︷ ︸
n

(~p, 2k − n)

ε+
a · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k − 1) ηaa′ · ·ηbb′ · ·ηcc′ · ·︸ ︷︷ ︸
n

= (−1)n−2k−1εa′ · ·b′ · ·c′ · ·︸ ︷︷ ︸
n

(~p, 2k + 1− n)

íØ1.4.2. ε̄abc · ·︸ ︷︷ ︸
n

(~p, h) := ε+
abc · ·︸ ︷︷ ︸
n

(~p, h) ηaa′η
b
b′η

c
c′ · ·︸ ︷︷ ︸

n

= (−1)hεa′b′c′ · ·︸ ︷︷ ︸
n

(~p,−h)

1.5 Klein-Gordon�§OÝK�f�4í'X

íØ1.5.1.

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p, 1) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p, 0) =

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄c(~p,−1) =

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)

[⇒]
−(n−1)∑
h=(n−1)

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−1

(~p, h) = 2(n−1)+1
2n+1

[
−n∑
h=n

εa · ·bc︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′︸ ︷︷ ︸
n

(~p, h)][
−1∑
h′=1

εc
′
(~p, h′)ε̄c(~p, h′)]

íØ1.5.2.
−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h)

= 2(n−n′)+1
2n+1

[
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
[

−1∑
h′=1

εc
′
(~p, h′)ε̄c(~p, h′)] · ·[

−1∑
h′=1

εd
′
(~p, h′)ε̄d(~p, h′)]

íØ1.5.3.

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2(n−n′)+1
2n+1

[
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
δcc
′
· ·δdd

′

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε+
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2(n−n′)+1
2n+1

[
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε+
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)]

n′︷ ︸︸ ︷
ηcc
′
· ·ηdd

′
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½n1.5.1.

−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2n+1−2n′

2n+1
[
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)][
−n′∑
h′=n′

ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)]

y²:

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′) =

√
Cn
′+h′

n+h Cn
′−h′

n−h√
C2n′

2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)

⇒ εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄a′ · ·b′c′ · ·d′︸ ︷︷ ︸
n

(~p, h)ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′) =

Cn
′+h′

n+h Cn
′−h′

n−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− h′)

⇒
−n∑
h=n

−n′∑
h′=n′

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄a′ · ·b′c′ · ·d′︸ ︷︷ ︸
n

(~p, h)ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)

=
−n∑
h=n

−n′∑
h′=n′

Cn
′+h′

n+h Cn
′−h′

n−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− h′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− h′)

=
2n′∑
l=0

C
n′+(n′−l)
n+(n−l) C

n′−(n′−l)
n−(n−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′)

+
2n′∑
l=0

C
n′+(n′−l)
n+(n−1−l)C

n′−(n′−l)
n−(n−1−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 1)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 1)

+
2n′∑
l=0

C
n′+(n′−l)
n+(n−2−l)C

n′−(n′−l)
n−(n−2−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2)

+ · ·

+
2n′∑
l=0

C
n′+(n′−l)
n+[n−2(n−n′)−l]C

n′−(n′−l)
n−[n−2(n−n′)−l]

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2(n− n′))ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, n− n′ − 2(n− n′))

=
2n′−n∑
h=n

2n′∑
l=0

C
n′+(n′−l)
n+(h−l) C

n′−(n′−l)
n−(h−l)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− n′)

=
2n′−n∑
h=n

−n′∑
h′=n′

Cn
′+h′

n+(h−n′+h′)C
n′−h′
n−(h−n′+h′)

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h− n′)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h− n′)

=
n′−n∑

h=n−n′

−n′∑
h′=n′

Cn
′+h′

(n+h′)+hC
n′−h′
(n−h′)−h

C2n′
2n

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄a′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h)

⇒
−(n−n′)∑
h=(n−n′)

εa · ·b︸ ︷︷ ︸
n−n′

(~p, h)ε̄
a
′ · ·b′︸ ︷︷ ︸
n−n′

(~p, h) = 2n+1−2n′

2n+1
[
−n∑
h=n

εa · ·bc · ·d︸ ︷︷ ︸
n

(~p, h)ε̄
a
′ · ·b′c′ · ·d′︸ ︷︷ ︸

n

(~p, h)][
−n′∑
h′=n′

ε

n′︷ ︸︸ ︷
c
′ · ·d′(~p, h′)ε̄

n′︷ ︸︸ ︷
c · ·d(~p, h′)]

1.6 í��g^-nâfKlein-Gordon�§�²¡Å)

½n1.6.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = ( 1
2im

)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x)

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

y²: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′
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[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x, a+(~p′, h′)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)e−ip
′·x′ + b(~p′, h′)ε̃+

ab · ·︸ ︷︷ ︸
n

(~p′, h′)eip
′·x′ ]

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′

{εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)[a(~p, h), a+(~p′, h′)]eip·xe−ip
′·x′ + ε̃ab · ·︸ ︷︷ ︸

n

(~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)[b+(~p, h), b(~p′, h′)]e−ip·xeip
′·x′}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′ 1√
2nE

1√
2nE′

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p′, h′)δhh′δ(~p− ~p′)(eip·xe−ip
′·x′ − e−ip·xeip′·x′)

= i
2n−1

∫
[
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
ab · ·︸ ︷︷ ︸
n

(~p, h)]{ 1
(2π)3/2

−i
2E

[eip·(x−x
′) − e−ip·(x−x′)]d3~p}

= i
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

(−i∂, h)]
∫
{ 1

(2π)3/2
−i
2E

[eip·(x−x
′) − e−ip·(x−x′)]d3~p}

= i
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

(−i∂, h)]∆(x− x′)

1.7 g^-nâfKlein-Gordon�§g^Ä��(ß�(�Ð��{E�3)

½n1.7.1.

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

εab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς

(−p) · ·︸ ︷︷ ︸
n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

íØ1.7.1.

−n∑
h=n

Uλςµς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h) = 1
(2
√

2m)2n Xaλςµς (p)X
b
ηςξς

(p) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

−n∑
h=n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h) = 1
(2
√

2m)2n Xaλςµς (p)X
b
ηςξς

(p) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

íØ1.7.2.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Uλςµς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

½n1.7.2. εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

y²: εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

= (−ς)2n 1
(i
√

2)n

n︷ ︸︸ ︷
(γ5C̄γaγ5)λςµς (γ5C̄γbγ5)ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

= (−1)n 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

= (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)
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y²: ε+

n︷ ︸︸ ︷
ab · ·(~p, h′)εab · ·︸ ︷︷ ︸

n

(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(γaC)λ′ςµ′ς (γ

bC)η′ςξ′ς · ·U
+

2n︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·(~p, h′) 1

(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

= 1
2n

n︷ ︸︸ ︷
(γaC)λ′ςµ′ς (γ

bC)η′ςξ′ς · ·

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·U+

2n︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·(~p, h′)Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

½n1.7.3. ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)

y²: ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a)λςµς (C̄γ∗b )ηςξς · ·U+

λςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a)λςµς (C̄γ∗b )ηςξς · ·(−1)n+hς2n

4n︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2n

(~p,−h)

= (−1)n+h

(−i
√

2)n

n︷ ︸︸ ︷
(γ2C̄γ

∗
aγ2)λςµς (γ2C̄γ

∗
b γ2)ηςξς · ·Vλςµς · ·σςτς︸ ︷︷ ︸

2n

(~p,−h)

= (−1)n+h

(i
√

2)n

n︷ ︸︸ ︷
(C̄γa′η

a′

a )λςµς (C̄γb′η
b′

b )ηςξς · ·Vλςµς · ·σςτς︸ ︷︷ ︸
2n

(~p,−h)

= (−1)n+h

(i
√

2)n

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·

n︷ ︸︸ ︷
(C̄γa′)

λςµς (C̄γb′)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p,−h)

= (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)

ß�1.7.1. εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k) = (−1)nε̃a · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k)

= 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k

2n

1
n!

min(k,n−k)∑
i=0

2iC2i
n C

k−i
n−2i ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k

2n

1
n!

[
√

20C0
nC

k
n−0 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k

εb(~p, 0) · ·︸ ︷︷ ︸
0

εc}(~p,−1)︸ ︷︷ ︸
k

+
√

22C2
nC

k−1
n−2 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−1

εb(~p, 0) · ·︸ ︷︷ ︸
2

εc}(~p,−1)︸ ︷︷ ︸
k−1

+
√

24C4
nC

k−2
n−4 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−2

εb(~p, 0) · ·︸ ︷︷ ︸
4

εc}(~p,−1)︸ ︷︷ ︸
k−2

+
√

26C6
nC

k−3
n−6 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−3

εb(~p, 0) · ·︸ ︷︷ ︸
6

εc}(~p,−1)︸ ︷︷ ︸
k−3

+ · ·]

ß�1.7.2. εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = (−1)nε̃a · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1)

= 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k+1

2n

1
n!

min(k,n−k−1)∑
i=0

√
22i+1C2i+1

n Ck−in−2i−1 ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

= 1√
C2k+1

2n

1
n!

[
√

21C1
nC

k
n−1 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−1

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
k

+
√

23C3
nC

k−1
n−3 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−2

εb(~p, 0) · ·︸ ︷︷ ︸
3

εc}(~p,−1)︸ ︷︷ ︸
k−1

+
√

25C5
nC

k−2
n−5 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−3

εb(~p, 0) · ·︸ ︷︷ ︸
5

εc}(~p,−1)︸ ︷︷ ︸
k−2

+
√

27C7
nC

k−3
n−7 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−4

εb(~p, 0) · ·︸ ︷︷ ︸
7

εc}(~p,−1)︸ ︷︷ ︸
k−3

+ · ·]
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íØ1.7.3. δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

�é¡

1.8 g^-nâfKlein-Gordon�§�²¡Å)

íØ1.8.1. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

2 K-G�§g^ÄÚOÝK�f�A�~f

2.1 g^-1âfKlein-Gordon�§�OÝK�f

íØ2.1.1. ε+
a′(~p, h)ηa

′

a = (−1)hεa(~p,−h)

½n2.1.1.


−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)ηa

′

b =
−1∑
h=1

(−1)hεa(~p, h)εb(~p,−h) = δab + papb
m2

íØ2.1.2. [−εa(~p, 1)εb(~p,−1) + εa(~p, 0)εb(~p, 0)− εa(~p,−1)εb(~p, 1)] = δab + papb
m2

íØ2.1.3. paεa(~p, h) = 0

2.2 g^-1âfC-Kg^ÄÚ1-g^Ä�'X

Ún2.2.1.[σa+εa(~p, κ)]λ(p̂, κ) = 0, [σa+εa(~p,−κ)]λ(p̂, κ) = −iκ
√

2γ5u(~p,−κ
2
), [σa+εa(~p, 0)]λ(p̂, κ) = −iκγ5λ(p̂, κ)

[γaεa(~p, κ)]v(~p, κ
2
) = 0, [γaεa(~p,−κ)]v(~p, κ

2
) = iκ

√
2γ5v(~p,−κ

2
), [γaεa(~p, 0)]v(~p, κ

2
) = iκγ5v(~p, κ

2
)

2.3 g^-2âfKlein-Gordon�§�OÝK�f

5�2.3.1.

|2, 2〉 = |1〉 ⊗ |1〉;

|2, 1〉 = 1√
2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2, 0〉 = 1√
6
(| − 1〉 ⊗ |1〉+ 2|0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);

|2,−1〉 = 1√
2
(| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;

5�2.3.2.

εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

δabεab(~p, h) = 0, paεab(~p, h) = 0, εab(~p, h) = εba(~p, h)

íØ2.3.1. ε+
a′b′(~p, h)ηa

′

a η
b′

b = (−1)hεab(~p,−h)

½n2.3.1.
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3
[δ{ab} +

p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

y²:
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)

= 1
12
{12εa(~p, 1)εb(~p, 1)ε+

a′(~p, 1)ε+
b′(~p, 1)

+ 6[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)][ε+
a′(~p, 1)ε+

b′(~p, 0) + ε+
a′(~p, 0)ε+

b′(~p, 1)]

587



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

+ 2[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

[ε+
a′(~p, 1)ε+

b′(~p,−1) + ε+
a′(~p,−1)ε+

b′(~p, 1) + 2εa′(~p, 0)εb′(~p, 0)]

+ 6[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)][ε+
a (~p,−1)ε+

b (~p, 0) + ε+
a′(~p, 0)ε+

b′(~p,−1)]

+ 12εa(~p,−1)εb(~p,−1)ε+
a′(~p,−1)ε+

b′(~p,−1)}
= 1

12
{

3[εa(~p, 1)ε+
a′(~p, 1) + εa(~p, 0)ε+

a′(~p, 0) + εa(~p,−1)ε+
a′(~p,−1)][εb(~p, 1)ε+

b′(~p, 1) + εb(~p, 0)ε+
b′(~p, 0) + εb(~p,−1)ε+

b′(~p,−1)]

+

3[εa(~p, 1)ε+
b′(~p, 1) + εa(~p, 0)ε+

b′(~p, 0) + εa(~p,−1)ε+
b′(~p,−1)][εb(~p, 1)ε+

a′(~p, 1) + εb(~p, 0)ε+
a′(~p, 0) + εb(~p,−1)ε+

a′(~p,−1)]

+

3[εb(~p, 1)ε+
a′(~p, 1) + εb(~p, 0)ε+

a′(~p, 0) + εb(~p,−1)ε+
a′(~p,−1)][εa(~p, 1)ε+

b′(~p, 1) + εa(~p, 0)ε+
b′(~p, 0) + εa(~p,−1)ε+

b′(~p,−1)]

+

3[εb(~p, 1)ε+
b′(~p, 1) + εb(~p, 0)ε+

b′(~p, 0) + εb(~p,−1)ε+
b′(~p,−1)][εa(~p, 1)ε+

a′(~p, 1) + εa(~p, 0)ε+
a′(~p, 0) + εa(~p,−1)ε+

a′(~p,−1)]

−
4[−εa(~p, 1)εb(~p,−1) + εa(~p, 0)εb(~p, 0)− εa(~p,−1)εb(~p, 1)]

[−ε+
a′(~p, 1)ε+

b′(~p,−1) + ε+
a′(~p, 0)ε+

b′(~p, 0)− ε+
a′(~p,−1)ε+

b′(~p, 1)]}

= 1
4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 4

3
[δab + papb

m2 ][δa′b′ +
p+

a′p
+

b′
m2 ]}

= 1
4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3
[δ{ab} +

p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

íØ2.3.2.
−2∑
h=2

εa1a2
(~p, h)ε+

b′1b
′
2
(~p, h)η

b′1
b1
η
b′2
b2

= 1
4
{[δ{a1(b1 +

p{a1
p(b1

m2 ][δa2}b2) +
pa2}pb2)

m2 ]− 1
3
[δ{a1a2} +

p{a1
pa2}

m2 ][δ(b1b2) +
p(b1

pb2)

m2 ]}

2.4 ,�«y{

5�2.4.1.

εa1a2
(~p, 2) = εa1

(~p, 1)εa2
(~p, 1)

εa1a2
(~p, 1) = 1√

2
[εa1

(~p, 1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p, 1)]

εa1a2
(~p, 0) = 1√

6
[εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p,−1)εa2
(~p, 1) + 2εa1

(~p, 0)εa2
(~p, 0)]

εa1a2
(~p,−1) = 1√

2
[εa1

(~p,−1)εa2
(~p, 0) + εa1

(~p, 0)εa2
(~p,−1)]

εa1a2
(~p,−2) = εa1

(~p,−1)εa2
(~p,−1)

δa1a2εa1a2
(~p, h) = 0, pa1εa1a2

(~p, h) = 0, εa1a2
(~p, h) = εa2a1

(~p, h)

5�2.4.2.

εb1b2(~p, 2) = εb1(~p, 1)εb2(~p, 1)

εb1b2(~p, 1) = 1√
2
[εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]

εb1b2(~p, 0) = 1√
6
[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1) + 2εb1(~p, 0)εb2(~p, 0)]

εb1b2(~p,−1) = 1√
2
[εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

εb1b2(~p,−2) = εb1(~p,−1)εb2(~p,−1)

δb1b2εb1b2(~p, h) = 0, pb1εb1b2(~p, h) = 0, εb1b2(~p, h) = εb2b1(~p, h)

íØ2.4.1. εa(
[

0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m
[0, 0, E, i|~p|]a, εa(

[
0
0
|~p|

]
, 1) := 1√

2
[1,−i, 0, 0]a

y²:

2[εa1a2
(~p, 1)εb1b2(~p, 1) + εa1a2

(~p,−1)εb1b2(~p,−1)]

= [εa1
(~p, 1)εa2

(~p, 0) + εa1
(~p, 0)εa2

(~p, 1)][εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

+ [εa1
(~p,−1)εa2

(~p, 0) + εa1
(~p, 0)εa2

(~p,−1)][εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]

= [εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]εa1
(~p, 0)εb1(~p, 0)
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+ [εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)]εa2
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)

= Q{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)]

= −P{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1
(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)

y²:
−2∑
h=2

εa1a2
(~p, h)ε̄b1b2(~p, h) =

−2∑
h=2

(−1)hεa1a2
(~p, h)εb1b2(~p,−h)

= 1
12

{12εa1
(~p, 1)εa2

(~p, 1)εb1(~p,−1)εb2(~p,−1)

− 6[εa1
(~p, 1)εa2

(~p, 0) + εa1
(~p, 0)εa2

(~p, 1)][εb1(~p,−1)εb2(~p, 0) + εb1(~p, 0)εb2(~p,−1)]

+ 2[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1) + 2εa1
(~p, 0)εa2

(~p, 0)]

[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1) + 2εb1(~p, 0)εb2(~p, 0)]

− 6[εa1
(~p,−1)εa2

(~p, 0) + εa1
(~p, 0)εa2

(~p,−1)][εb1(~p, 1)εb2(~p, 0) + εb1(~p, 0)εb2(~p, 1)]

+ 12εa1
(~p,−1)εa2

(~p,−1)εb1(~p, 1)εb2(~p, 1)}
= 1

12

{12εa1
(~p, 1)εa2

(~p, 1)εb1(~p,−1)εb2(~p,−1) + 12εa1
(~p,−1)εa2

(~p,−1)εb1(~p, 1)εb2(~p, 1)

+ 12εa1
(~p, 0)εa2

(~p, 0)εb1(~p, 0)εb2(~p, 0)

− 4[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]

− 4εa1
(~p, 0)εa2

(~p, 0)εb1(~p, 0)εb2(~p, 0)

+ 4[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)]εb1(~p, 0)εb2(~p, 0)

+ 4[εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]εa1
(~p, 0)εa2

(~p, 0)

+ 6[εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]

− 6{[εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]εa1
(~p, 0)εb1(~p, 0)

+ [εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)]εa2
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)}}

= 1
12

{12εa1
(~p, 0)εa2

(~p, 0)εb1(~p, 0)εb2(~p, 0)

+ 6[εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)][εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]

+ 6[εa1
(~p, 1)εb2(~p,−1) + εa1

(~p,−1)εb2(~p, 1)][εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]

− 6{[εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]εa1
(~p, 0)εb1(~p, 0)

+ [εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)]εa2
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)

+ [εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]εa1
(~p, 0)εb2(~p, 0)}

−
4[−εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p, 0)εa2
(~p, 0)− εa1

(~p,−1)εa2
(~p, 1)]

[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]}
= 1

12
{

6[−εa1
(~p, 1)εb1(~p,−1) + εa1

(~p, 0)εb1(~p, 0)− εa1
(~p,−1)εb1(~p, 1)]

[−εa2
(~p, 1)εb2(~p,−1) + εa2

(~p, 0)εb2(~p, 0)− εa2
(~p,−1)εb2(~p, 1)]

+

6[−εa1
(~p, 1)εb2(~p,−1) + εa1

(~p, 0)εb2(~p, 0)− εa1
(~p,−1)εb2(~p, 1)]

[−εa2
(~p, 1)εb1(~p,−1) + εa2

(~p, 0)εb1(~p, 0)− εa2
(~p,−1)εb1(~p, 1)]

−
4[−εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p, 0)εa2
(~p, 0)− εa1

(~p,−1)εa2
(~p, 1)]
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[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]

= 1
12
{

3[−εa1
(~p, 1)εb1(~p,−1) + εa1

(~p, 0)εb1(~p, 0)− εa1
(~p,−1)εb1(~p, 1)]

[−εa2
(~p, 1)εb2(~p,−1) + εa2

(~p, 0)εb2(~p, 0)− εa2
(~p,−1)εb2(~p, 1)]

+

3[−εa2
(~p, 1)εb1(~p,−1) + εa2

(~p, 0)εb1(~p, 0)− εa2
(~p,−1)εb1(~p, 1)]

[−εa1
(~p, 1)εb2(~p,−1) + εa1

(~p, 0)εb2(~p, 0)− εa1
(~p,−1)εb2(~p, 1)]

+

3[−εa1
(~p, 1)εb2(~p,−1) + εa1

(~p, 0)εb2(~p, 0)− εa1
(~p,−1)εb2(~p, 1)]

[−εa2
(~p, 1)εb1(~p,−1) + εa2

(~p, 0)εb1(~p, 0)− εa2
(~p,−1)εb1(~p, 1)]

+

3[−εa2
(~p, 1)εb2(~p,−1) + εa2

(~p, 0)εb2(~p, 0)− εa2
(~p,−1)εb2(~p, 1)]

[−εa1
(~p, 1)εb1(~p,−1) + εa1

(~p, 0)εb1(~p, 0)− εa1
(~p,−1)εb1(~p, 1)]

−
4[−εa1

(~p, 1)εa2
(~p,−1) + εa1

(~p, 0)εa2
(~p, 0)− εa1

(~p,−1)εa2
(~p, 1)]

[−εb1(~p, 1)εb2(~p,−1) + εb1(~p, 0)εb2(~p, 0)− εb1(~p,−1)εb2(~p, 1)]

= 1
4
{[δ{a1(b1 +

p{a1
p(b1

m2 ][δa2}b2) +
pa2}pb2)

m2 ]− 1
3
[δ{a1a2} +

p{a1
pa2}

m2 ][δ(b1b2) +
p(b1

pb2)

m2 ]}

íØ2.4.2. 2[εa1a2
(~p, 1)εb1b2(~p, 1) + εa1a2

(~p,−1)εb1b2(~p,−1)]

= −P{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1
(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)

íØ2.4.3.

[εa1
(~p, 1)εb1(~p,−1) + εa1

(~p,−1)εb1(~p, 1)][εa2
(~p, 1)εb2(~p,−1) + εa2

(~p,−1)εb2(~p, 1)]

+

[εa1
(~p, 1)εb2(~p,−1) + εa1

(~p,−1)εb2(~p, 1)][εa2
(~p, 1)εb1(~p,−1) + εa2

(~p,−1)εb1(~p, 1)]

= 2[εa1
(~p, 1)εa2

(~p, 1)][εb1(~p,−1)εb2(~p,−1)] + 2[εa1
(~p,−1)εa2

(~p,−1)][εb1(~p, 1)εb2(~p, 1)]

+ [εa1
(~p, 1)εa2

(~p,−1) + εa1
(~p,−1)εa2

(~p, 1)][εb1(~p, 1)εb2(~p,−1) + εb1(~p,−1)εb2(~p, 1)]

íØ2.4.4. 2ε{a1
(~p, 1)εb1}(~p,−1)ε(a2

(~p, 1)εb2)(~p,−1) + 2ε{a1
(~p, 1)εb2}(~p,−1)ε(a2

(~p, 1)εb1)(~p,−1)

= ε{a1
(~p, 1)εa2}(~p, 1)ε{b1(~p,−1)εb2}(~p,−1) + ε{a1

(~p,−1)εa2}(~p,−1)ε{b1(~p, 1)εb2}(~p, 1)

+ 2ε{a1
(~p, 1)εa2}(~p,−1)ε{b1(~p, 1)εb2}(~p,−1)

íØ2.4.5. Q{a1(b1Qa2}b2)

= ε{a1
(~p, 1)εa2}(~p, 1)ε(b1(~p,−1)εb2)(~p,−1) + ε{a1

(~p,−1)εa2}(~p,−1)ε(b1(~p, 1)εb2)(~p, 1) + 2Qa1a2
Qb1b2

íØ2.4.6.

P{a1(b1Pa2}b2) = [Q{a1(b1 − ε{a1
(~p, 0)ε(b1(~p, 0)][Qa2}b2) − εa2}(~p, 0)εb2)(~p, 0)]

= Q{a1(b1Qa2}b2) − 2Q{a1(b1 [εa2}(~p, 0)εb2)(~p, 0)] + ε{a1
(~p, 0)εa2}(~p, 0)ε(b1(~p, 0)εb2)(~p, 0)
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2.5 g^-3âfKlein-Gordon�§�CGXêÚg^Ä

íØ2.5.1.

〈2, 2; 1, 1|2, 1; 3, 3〉 = 1

〈2, 2; 1, 0|2, 1; 3, 2〉 = 1√
3
, 〈2, 1; 1, 1|2, 1; 3, 2〉 =

√
2√
3

〈2, 2; 1,−1|2, 1; 3, 1〉 = 1√
15
, 〈2, 1; 1, 0|2, 1; 3, 1〉 =

√
8√
15
, 〈2, 0; 1, 1|2, 1; 3, 1〉 =

√
6√
15

〈2, 1; 1,−1|2, 1; 3, 0〉 = 1√
5
, 〈2, 0; 1, 0|2, 1; 3, 0〉 =

√
3√
15
, 〈2,−1; 1, 1|2, 1; 3, 0〉 = 1√

5

〈2,−2; 1, 1|2, 1; 3,−1〉 = 1√
15
, 〈2,−1; 1, 0|2, 1; 3,−1〉 =

√
8√
15
, 〈2, 0; 1,−1|2, 1; 3,−1〉 =

√
6√
15

〈2,−2; 1, 0|2, 1; 3,−2〉 = 1√
3
, 〈2,−1; 1,−1|2, 1; 3,−2〉 =

√
2√
3

〈2,−2; 1,−1|2, 1; 3,−3〉 = 1

íØ2.5.2.

εabc(~p, 3) = εab(~p, 2)εc(~p, 1) = 1
3!
ε{a(~p, 1)εb(~p, 1)εc}(~p, 1)

εabc(~p, 2) = 1√
3
εab(~p, 2)εc(~p, 0) +

√
2√
3
εab(~p, 1)εc(~p, 1) =

√
3

3!
ε{a(~p, 1)εb(~p, 1)εc}(~p, 0)

εabc(~p, 1) = 1√
15
εab(~p, 2)εc(~p,−1) +

√
8√
15
εab(~p, 1)εc(~p, 0) +

√
6√
15
εab(~p, 0)εc(~p, 1)

= 6
3!
√

15
ε{a(~p, 1)εb(~p, 0)εc}(~p, 0) + 3

3!
√

15
ε{a(~p, 1)εb(~p, 1)εc}(~p,−1)

εabc(~p, 0) = 1√
5
εab(~p, 1)εc(~p,−1) +

√
3√
5
εab(~p, 0)εc(~p, 0) + 1√

5
εab(~p,−1)εc(~p, 1)

= 6
3!
√

10
ε{a(~p, 1)εb(~p, 0)εc}(~p,−1) + 2

3!
√

10
ε{a(~p, 0)εb(~p, 0)εc}(~p, 0)

εabc(~p,−1) = 1√
15
εab(~p,−2)εc(~p, 1) +

√
8√
15
εab(~p,−1)εc(~p, 0) +

√
6√
15
εab(~p, 0)εc(~p,−1)

= 6
3!
√

15
ε{a(~p,−1)εb(~p, 0)εc}(~p, 0) + 3

3!
√

15
ε{a(~p,−1)εb(~p,−1)εc}(~p, 1)

εabc(~p,−2) = 1√
3
εab(~p,−2)εc(~p, 0) +

√
2√
3
εab(~p,−1)εc(~p,−1) =

√
3

3!
ε{a(~p,−1)εb(~p,−1)εc}(~p, 0)

εabc(~p,−3) = εab(~p,−2)εc(~p,−1) = 1
3!
ε{a(~p,−1)εb(~p,−1)εc}(~p,−1)

2.6 g^-nâfKlein-Gordon�§�OÝK�f

½Â2.6.1. ε̄a(~p, h) := ε+
a′(~p, h)ηa

′

a , ε̄ab(~p, h) := ε+
a′b′(~p, h)ηa

′

a η
b′

b , Pab := δab + papb
m2

íØ2.6.1.
−1∑
h=1

εa1
(~p, h)ε̄b1(~p, h) = Pa1b1 ,

−1∑
h=1

−|h|εa1
(~p, h)ε̄b1(~p, h) := Qa1b1 = ε{a1

(~p, 1)εb1}(~p,−1)

−2∑
h=2

εa1a2
(~p, h)ε̄b1b2(~p, h) = 1

(2!)2 [P{a1(b1Pa2}b2) − 1
3
P{a1a2}P(b1b2)]

ß�2.6.1.
−n∑
h=n

εa1a2··an(~p, h)ε̄b1b2··bn(~p, h) = 1
(n!)2

[n/2]∑
r=0

An,r[P{a1a2
P(b1b2 · ·Pa2r−1a2r

Pb2r−1b2r ][Pa2r+1b2r+1
· ·Pan}bn)]

An,r = (− 1
2
)r n!(2n−2r−1)!!
r!(n−2r)!(2n−1)!!

= (− 1
2
)r 1
r!

n(n−1)··(n−2r+1)
(2n−1)(2n−3)··(2n−2r+1)

= (−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

= (−1)rC−n2n C
r
nC

n
2n−2r

An,0 = 1, An,1 = − n(n−1)
2(2n−1)

, An,2 = n(n−1)(n−2)(n−3)
8(2n−1)(2n−3)

, · · ·

±þBehrendsÚFronsdal�EÑ5�úª [29, 30] [20]§¿vkî�/�y²§��þ�´��ß�§§´�¡

éõ�(Ø�cJ^�"I�î�y²§§�8c·��Ø�"

½Â2.6.2. Pa1a2··anb1b2··bn(n) :=
−n∑
h=n

εa1a2··an(~p, h)ε̄b1b2··bn(~p, h)

ß�2.6.2.

Pa1a2··anb1b2··bn(n) = 1
(n!)2

[n/2]∑
r=0

(− 1
2
)r 1
r!

n(n−1)··(n−2r+1)
(2n−1)(2n−3)··(2n−2r+1)

[P{a1a2
P(b1b2 · ·Pa2r−1a2r

Pb2r−1b2r ][Pa2r+1b2r+1
· ·Pan}bn)]

= 1
(2n)!

[n/2]∑
r=0

(−1)rCrnC
n
2n−2r[P{a1a2

P(b1b2 · ·Pa2r−1a2r
Pb2r−1b2r ][Pa2r+1b2r+1

· ·Pan}bn)]
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ß�2.6.3. Pa1a2··anb1b2··bn(n) = P{a1a2··an−1,(b1b2··bn−1
(n− 1)Pan}bn)

+ P{a1a2··an−1,an}(b1b2··bn−2
(n− 1)Pbn−1bn) + P{a1a2··an−2(bn,b1b2··bn−1)(n− 1)Pan−1an}

ß�2.6.4.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = n+1
2n+3

−(n+1)∑
h=n+1

−1∑
h′=1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)σc+λm(~p, h′)[εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)σc
′

+λm(~p, h′)]+

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcu(~p, h′)[εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
u(~p, h′)]+

3 Rarita-Schwinger�§��é´5K

3.1 k�þg^-n+ 1
2
�Bargmann-Wigner�§�duRarita-Schwinger�§ [18, 20,21]

½n3.1.1.
(γa∂a +m)ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x)�é¡
⇔



(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0

δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

[τς ](x)�é¡

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aab · ·︸ ︷︷ ︸

n

τς (x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−(n+1/2)∑
h=n+1/2

En
√

m
E

2n+1
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−ip·x]d3~p

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)eip·x + ε̃ab··τς (~p, h)b+(~p, h)e−ip·x]d3~p

g·µãµ�ÀÚf�/��?n§r�g�²¡Å)�\±þü��d��§§¿|^Fá�©þ��5

��N´��±eü�íØ"

íØ3.1.1.



(iγapa +m)U[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 0

Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)�é¡, εab · ·︸ ︷︷ ︸
n

τς (~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

⇔



(iγcpc +m)εab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)�é¡, δabεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0,

γaεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)

íØ3.1.2.



(−iγapa +m)V[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)�é¡, ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

= 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

⇔



(−iγcpc +m)ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)�é¡, δabε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

γaε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h) = 0

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)

= 1
(2
√

2m)n
Xaλςµς (−p)X

b
ηςξς

(−p) · ·︸ ︷︷ ︸
n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)
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íØ3.1.3. Λ−(~p, 1
2
)γ4εab · ·︸ ︷︷ ︸

n

[τς ](~p, h) = 0,Λ+(~p, 1
2
)γ4ε̃ab · ·︸ ︷︷ ︸

n

[τς ](~p, h) = 0

3.2 g^s = n+ 1
2
âfRarita-Schwinger�§�g^Ä

½n3.2.1.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

½n3.2.2.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

εab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
Xaλςµς (p)X

b
ηςξς

(p) · ·︸ ︷︷ ︸
n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

íØ3.2.1.

−(n+
1
2

)∑
h=n+

1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

= 1
(2
√

2m)2n Xaλςµς (p)X
b
ηςξς

(p) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

−(n+
1
2

)∑
h=n+

1
2

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

= 1
(2
√

2m)2n Xaλςµς (p)X
b
ηςξς

(p) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς
(p) · ·︸ ︷︷ ︸

n

−(n+
1
2

)∑
h=n+

1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

íØ3.2.2.

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−(n+
1
2

)∑
h=n+

1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

−(n+
1
2

)∑
h=n+

1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−(n+
1
2

)∑
h=n+

1
2

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)
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½n3.2.3. εab · ·︸ ︷︷ ︸
n

τς (~p, h) = −ς(−1)nγ5τς
σς ε̃ab · ·σς︸ ︷︷ ︸

n

(~p, h)

y²: εab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

τς (~p, h)

= (−ς)2n+1 1
(i
√

2)n

n︷ ︸︸ ︷
(γ5C̄γaγ5)λςµς (γ5C̄γbγ5)ηςξς · · γ5τς

σςVλςµςηςξς · ·︸ ︷︷ ︸
2n

σς (~p, h)

= −ς(−1)n 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · · γ5τς

σςVλςµςηςξς · ·︸ ︷︷ ︸
2n

σς (~p, h)

= −ς(−1)nγ5τς
σς ε̃ab · ·σς︸ ︷︷ ︸

n

(~p, h)

½n3.2.4. ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h−

1
2 (γ2γ5)τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · εab · ·︸ ︷︷ ︸

n

τς (~p,−h)

y²: ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 1

(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a′)

λςµς (C̄γ∗b′)
ηςξς · ·U+

λςµςηςξς · ·︸ ︷︷ ︸
2n

τ ′ς
(~p, h)

= 1
(−i
√

2)n

n︷ ︸︸ ︷
(C̄γ∗a′)

λςµς (C̄γ∗b′)
ηςξς · ·(−1)n+

1
2

+hς2n+1

4n+2︷ ︸︸ ︷
σy ⊗ σy · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

τ ′ς
(~p,−h)

= ς (−1)
n+

1
2

+h

(−i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
(γ2C̄γ

∗
a′γ2)λςµς (γ2C̄γ

∗
b′γ2)ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

τς (~p,−h)

= ς (−1)
n+

1
2

+h

(i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
(C̄γaη

a
a′)

λςµς (C̄γbη
b
b′)

ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸
2n

τς (~p,−h)

= ς (−1)
n+

1
2

+h

(i
√

2)n
γ2τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · ·

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

τς (~p,−h)

= ς(−1)n+
1
2

+hγ2τ ′ς
τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p,−h)

= (−1)h−
1
2 (γ2γ5)τ ′ς

τς

n︷ ︸︸ ︷
ηaa′η

b
b′ · · εab · ·︸ ︷︷ ︸

n

τς (~p,−h)

3.3 g^s = n+ 1
2
âfRarita-Schwinger�§�²¡Å)

íØ3.3.1.

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)eip·x + ε̃ab··τς (~p, h)b+(~p, h)e−ip·x]d3~p

y²: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′

{a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)e−ip·x, a+(~p′, h′)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)e−ip

′·x′ + b(~p′, h′)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)eip

′·x′}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′
e−ip·xeip

′·x′

{εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′){a(~p, h), a+(~p′, h′)}eip·xe−ip′·x′ + ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′){b+(~p, h), b(~p′, h′)}}

= 1
(2π)3/2

∫ −n∑
h,h′=n

d3~pd3~p′
√
m√

2nE

√
m√

2nE′
δhh′δ(~p− ~p′)
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[εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)eip·xe−ip

′·x′ + ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p′, h′)e−ip·xeip

′·x′ ]

= im
2n−1

∫ −n∑
h=n

{ 1
(2π)3/2

−i
2E

[εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)eip·(x−x

′) + ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)e−ip·(x−x

′)]d3~p}

= im
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)]

∫
{ 1

(2π)3/2
−i
2E

[eip·(x−x
′) − e−ip·(x−x′)]d3~p}

= im
2n−1 [

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
ab · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)]∆(x− x′)

3.4 g^-n
2
âfRarita-Schwinger�§�g^Ä

½n3.4.1.

Uλςµς · ·σςτς︸ ︷︷ ︸
2n+1

(~p, n+ 1
2
− l)

= 1√
Cl2n+1

[
√
Cl−1

2n Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)uτς (~p,− 1
2
) +

√
Cl2nUλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)uτς (~p, 1
2
)]

Vλςµς · ·σςτς︸ ︷︷ ︸
2n+1

(~p, n+ 1
2
− l)

= 1√
Cl2n+1

[
√
Cl−1

2n Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)vτς (~p,− 1
2
) +

√
Cl2nVλςµς · ·ρςσς︸ ︷︷ ︸

2n

(~p, n− l)vτς (~p, 1
2
)]

íØ3.4.1.
m
E
u+τς (~p,− 1

2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1) =
√

l
2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)

m
E
u+τς (~p, 1

2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l) =
√

2n+1−l
2n+1

Uλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l)
m
E
v+τς (~p,− 1

2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1) =
√

l
2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l + 1)

m
E
v+τς (~p, 1

2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l) =
√

2n+1−l
2n+1

Vλςµς · ·ρςσς︸ ︷︷ ︸
2n

(~p, n− l)

½n3.4.2. Λ±λςµς · ·︸ ︷︷ ︸
2n

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p, n) = 2n+1
2n+2

(m
E

)2Λ±λςµς · ·τς︸ ︷︷ ︸
2n+1

λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, n+ 1
2
)Λ

τ ′ςτς
± (~p, 1

2
)

íØ3.4.2.
εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) = 1√

Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2
) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2
)]

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2
− l) = 1√

Cl2n+1

[
√
Cl−1

2n ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)vτς (~p,− 1
2
) +

√
Cl2nε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)vτς (~p, 1
2
)]

íØ3.4.3.
m
E
u+τς (~p,− 1

2
)εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

m
E
u+τς (~p, 1

2
)εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l)
m
E
v+τς (~p,− 1

2
)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

m
E
v+τς (~p, 1

2
)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l)

½n3.4.3.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2

(m
E

)2
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2
)

y²: (m
E

)2
2n+1∑
l=0

[uτ
′
ς (~p,− 1

2
)u+τς (~p,− 1

2
) + uτ

′
ς (~p, 1

2
)u+τς (~p, 1

2
)]εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l)ε+

a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
− l)
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= (m
E

)2
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+

=
2n+1∑
l=0

[ l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1) + 2n+1−l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l)]

= 2n+2
2n+1

2n+1∑
l=1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

= 2n+2
2n+1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

y²:
2n+1∑
l=0

εab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2
− l)ε+

a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
− l)

=
2n+1∑
l=0

1
Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2
) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2
)]

[
√
Cl−1

2n εa′b′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτ ′ς (~p,−
1
2
) +

√
Cl2nεa′b′ · ·︸ ︷︷ ︸

n

(~p, n− l)uτ ′ς (~p,
1
2
)]+

?? =
2n+1∑
l=0

1
Cl2n+1

[Cl−1
2n εab · ·︸ ︷︷ ︸

n

(~p, n− l + 1)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2
)u+
τ ′ς

(~p,− 1
2
)

+
2n+1∑
l=0

1
Cl2n+1

Cl2nεab · ·︸ ︷︷ ︸
n

(~p, n− l)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n− l)uτς (~p, 1
2
)u+
τ ′ς

(~p, 1
2
)

4 R-S�§g^ÄÚOÝK�f�A�~f

4.1 g^-1âfR-Sg^ÄÚDiracg^Ä�'X

Ún4.1.1.[γaεa(~p, κ)]u(~p, κ
2
) = 0, [γaεa(~p,−κ)]u(~p, κ

2
) = −iκ

√
2γ5u(~p,−κ

2
), [γaεa(~p, 0)]u(~p, κ

2
) = −iκγ5u(~p, κ

2
)

[γaεa(~p, κ)]v(~p, κ
2
) = 0, [γaεa(~p,−κ)]v(~p, κ

2
) = iκ

√
2γ5v(~p,−κ

2
), [γaεa(~p, 0)]v(~p, κ

2
) = iκγ5v(~p, κ

2
)

5�4.1.1.u(~p, 1
2
) = − iς√

2
[γaεa(~p, 1)]v(~p,− 1

2
) = iς[γaεa(~p, 0)]v(~p, 1

2
)

u(~p,− 1
2
) = iς√

2
[γaεa(~p,−1)]v(~p, 1

2
) = −iς[γaεa(~p, 0)]v(~p,− 1

2
)v(~p, 1

2
) = iς√

2
[γaεa(~p, 1)]u(~p,− 1

2
) = −iς[γaεa(~p, 0)]u(~p, 1

2
)

v(~p,− 1
2
) = − iς√

2
[γaεa(~p,−1)]u(~p, 1

2
) = iς[γaεa(~p, 0)]u(~p,− 1

2
)

½n4.1.1.
−1/2∑
h=1/2

uτς (~p, h)u+
τ ′ς

(~p, h) = 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ−(~p, 1

2
)γa

′

−1/2∑
h=1/2

vτς (~p, h)v+
τ ′ς

(~p, h) = 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ+(~p, 1

2
)γa

′

y²:
−1/2∑
h=1/2

uτς (~p, h)u+
τ ′ς

(~p, h)

= 1
3

−2∑
h=2

{[εa(~p, h)γav(~p, 1
2
)][εa′(~p, h)γa

′
v(~p, 1

2
)]+ + [εa(~p, h)γav(~p,− 1

2
)][εa′(~p, h)γa

′
v(~p,− 1

2
)]+}

= 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ−(~p, 1

2
)γa

′

y²:
−1/2∑
h=1/2

vτς (~p, h)v+
τ ′ς

(~p, h)

= 1
3

−2∑
h=2

{[εa(~p, h)γau(~p, 1
2
)][εa′(~p, h)γa

′
u(~p, 1

2
)]+ + [εa(~p, h)γau(~p,− 1

2
)][εa′(~p, h)γa

′
u(~p,− 1

2
)]+}
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= 1
3

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)γaΛ+(~p, 1

2
)γa

′

±þ½n���y�´¤á�"

4.2 g^-2âfR-Sg^ÄÚDiracg^Ä�'X

Ún4.2.1.

εab(~p, 2)γbu(~p, 1
2
) = 0

εab(~p, 1)γbu(~p, 1
2
) = − i√

2
εa(~p, 1)γ5u(~p, 1

2
)

εab(~p, 0)γbu(~p, 1
2
) = − i√

3
[εa(~p, 1)γ5u(~p,− 1

2
) +
√

2εa(~p, 0)γ5u(~p, 1
2
)]

εab(~p,−1)γbu(~p, 1
2
) = − i√

2
[εa(~p,−1)γ5u(~p, 1

2
) +
√

2εa(~p, 0)γ5u(~p,− 1
2
)]

εab(~p,−2)γbu(~p, 1
2
) = −i

√
2εa(~p,−1)γ5u(~p,− 1

2
)

Ún4.2.2.

εab(~p, 2)γbu(~p,− 1
2
) = i

√
2εa(~p, 1)γ5u(~p, 1

2
)

εab(~p, 1)γbu(~p,− 1
2
) = i√

2
[εa(~p, 1)γ5u(~p,− 1

2
) +
√

2εa(~p, 0)γ5u(~p, 1
2
)

εab(~p, 0)γbu(~p,− 1
2
) = i√

3
[εa(~p,−1)γ5u(~p, 1

2
) +
√

2εa(~p, 0)γ5u(~p,− 1
2
)]

εab(~p,−1)γbu(~p,− 1
2
) = i√

2
εa(~p,−1)γ5u(~p,− 1

2
)

εab(~p,−2)γbu(~p,− 1
2
) = 0

Ún4.2.3.

εab(~p, 2)γbv(~p, 1
2
) = 0

εab(~p, 1)γbv(~p, 1
2
) = i√

2
εa(~p, 1)γ5v(~p, 1

2
)

εab(~p, 0)γbv(~p, 1
2
) = i√

3
[εa(~p, 1)γ5v(~p,− 1

2
) +
√

2εa(~p, 0)γ5v(~p, 1
2
)]

εab(~p,−1)γbv(~p, 1
2
) = i√

2
[εa(~p,−1)γ5v(~p, 1

2
) +
√

2εa(~p, 0)γ5v(~p,− 1
2
)]

εab(~p,−2)γbv(~p, 1
2
) = i

√
2εa(~p,−1)γ5v(~p,− 1

2
)

Ún4.2.4.

εab(~p, 2)γbv(~p,− 1
2
) = −i

√
2εa(~p, 1)γ5v(~p, 1

2
)

εab(~p, 1)γbv(~p,− 1
2
) = − i√

2
[εa(~p, 1)γ5v(~p,− 1

2
) +
√

2εa(~p, 0)γ5v(~p, 1
2
)]

εab(~p, 0)γbv(~p,− 1
2
) = − i√

3
[εa(~p,−1)γ5vu(~p, 1

2
) +
√

2εa(~p, 0)γ5v(~p,− 1
2
)]

εab(~p,−1)γbv(~p,− 1
2
) = − i√

2
εa(~p,−1)γ5v(~p,− 1

2
)

εab(~p,−2)γbv(~p,− 1
2
) = 0

4.3 g^-3
2
âfRarita-Schwinger�§�OÝK�f

5�4.3.1.

εaτς (~p,
3
2
) = εa(~p, 1)uτς (~p,

1
2
)

εaτς (~p,
1
2
) = 1√

3
[εa(~p, 1)uτς (~p,− 1

2
) +
√

2εa(~p, 0)uτς (~p,
1
2
)]

εaτς (~p,− 1
2
) = 1√

3
[εa(~p,−1)uτς (~p,

1
2
) +
√

2εa(~p, 0)uτς (~p,− 1
2
)]

εaτς (~p,− 3
2
) = εa(~p,−1)uτς (~p,− 1

2
)

γaεa[τς ](~p, h) = 0

5�4.3.2.
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ε̃aτς (~p,
3
2
) = −εa(~p, 1)vτς (~p,

1
2
)

ε̃aτς (~p,
1
2
) = − 1√

3
[εa(~p, 1)vτς (~p,− 1

2
) +
√

2εa(~p, 0)vτς (~p,
1
2
)]

ε̃aτς (~p,− 1
2
) = − 1√

3
[εa(~p,−1)vτς (~p,

1
2
) +
√

2εa(~p, 0)vτς (~p,− 1
2
)]

ε̃aτς (~p,− 3
2
) = −εa(~p,−1)vτς (~p,− 1

2
)

γaε̃a[τς ](~p, h) = 0

íØ4.3.1.

εa[τς ](~p,
3
2
) = − iς√

2
εab(~p, 2)γbv(~p,− 1

2
) = iς

√
2εa(~p, 1)γ5v(~p, 1

2
)

εa[τς ](~p,
1
2
) = −iς

√
2√
3
εab(~p, 1)γbv(~p,− 1

2
) = iςεab(~p, 0)γbv(~p, 1

2
)

εa[τς ](~p,− 1
2
) = iς

√
2√
3
εab(~p,−1)γbv(~p, 1

2
) = −iςεab(~p, 0)γbv(~p,− 1

2
)

εa[τς ](~p,− 3
2
) = iς√

2
εab(~p,−2)γbv(~p, 1

2
) = −iς

√
2εa(~p,−1)γ5v(~p,− 1

2
)

γaεa[τς ](~p, h) = 0

íØ4.3.2.

ε̃a[τς ](~p,
3
2
) = − iς√

2
εab(~p, 2)γbu(~p,− 1

2
) = iς

√
2εa(~p, 1)γ5u(~p, 1

2
)

ε̃a[τς ](~p,
1
2
) = −iς

√
2√
3
εab(~p, 1)γbu(~p,− 1

2
) = iςεab(~p, 0)γbu(~p, 1

2
)

ε̃a[τς ](~p,− 1
2
) = iς

√
2√
3
εab(~p,−1)γbu(~p, 1

2
) = −iςεab(~p, 0)γbu(~p,− 1

2
)

ε̃a[τς ](~p,− 3
2
) = iς√

2
εab(~p,−2)γbu(~p, 1

2
) = −iς

√
2εa(~p,−1)γ5u(~p,− 1

2
)

γaε̃a[τς ](~p, h) = 0

½n4.3.1.
−3/2∑
h=3/2

εa[τς ](~p, h)ε+
a′[τ ′ς ]

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2
)γb

′

−3/2∑
h=3/2

ε̃a[τς ](~p, h)ε̃+
a′[τ ′ς ]

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2
)γb

′

y²:
−3/2∑
h=3/2

εa[τς ](~p, h)ε+
a′[τ ′ς ]

(~p, h)

= 2
5

−2∑
h=2

{[εab(~p, h)γbv(~p, 1
2
)][εa′b′(~p, h)γb

′
v(~p, 1

2
)]+ + [εab(~p, h)γbv(~p,− 1

2
)][εa′b′(~p, h)γb

′
v(~p,− 1

2
)]+}

= 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2
)γb

′

y²:
−3/2∑
h=3/2

ε̃a[τς ](~p, h)ε̃+
a′[τ ′ς ]

(~p, h)

= 2
5

−2∑
h=2

{[εab(~p, h)γbu(~p, 1
2
)][εa′b′(~p, h)γb

′
u(~p, 1

2
)]+ + [εab(~p, h)γbu(~p,− 1

2
)][εa′b′(~p, h)γb

′
u(~p,− 1

2
)]+}

= 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2
)γb

′

4.4 g^-n+ 1
2
âfRarita-Schwinger�§�OÝK�fß�y²

Ún4.4.1.[γaεa(~p, κ)]u(~p, κ
2
) = 0, [γaεa(~p,−κ)]u(~p, κ

2
) = i

√
2κςv(~p,−κ

2
), [γaεa(~p, 0)]u(~p, κ

2
) = iκςv(~p, κ

2
)

[γaεa(~p, κ)]v(~p, κ
2
) = 0, [γaεa(~p,−κ)]v(~p, κ

2
) = −i

√
2κςu(~p,−κ

2
), [γaεa(~p, 0)]v(~p, κ

2
) = −iκςu(~p, κ

2
)

Ún4.4.2. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1)γcu(~p, 1
2
)

= 1√
C0

2(n+1)

1
(n+1)!

√
20C0

n+1C
0
n+1−0 ε{a(~p, 1)·︸ ︷︷ ︸

n+1

·εb(~p, 0)·︸ ︷︷ ︸
0

·εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p, 1
2
)
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= εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 1)γcu(~p, 1
2
) = 0

Ún4.4.3. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1)γcu(~p,− 1
2
)

= 1√
C0

2(n+1)

1
(n+1)!

√
20C0

n+1C
0
n+1−0 ε{a(~p, 1)·︸ ︷︷ ︸

n+1

·εb(~p, 0)·︸ ︷︷ ︸
0

·εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p,− 1
2
)

= εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 1)γcu(~p, 1
2
)

= −iς
√

2(−1)n ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p, 1
2
)

= −iς
√

2(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2
)

Ún4.4.4. εa · ·b · ·c · ·︸ ︷︷ ︸
n+1

(~p, n)γcu(~p, 1
2
)

= 1√
C1

2(n+1)

1
(n+1)!

√
21C1

n+1C
0
n ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p, 1
2
)

= 1√
n+1

[εa(~p, 1) · ·εb(~p, 1) · ·εc(~p, 0) + · ·+εa(~p, 1) · ·εb(~p, 0) · ·εc(~p, 1) + · ·+εa(~p, 0) · ·εb(~p, 1) · ·εc(~p, 1)]︸ ︷︷ ︸
n+1

γcu(~p, 1
2
)

= 1√
n+1

εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 0)γcu(~p, 1
2
)

= iς√
n+1

(−1)n ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p, 1
2
)

= iς√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2
)

Ún4.4.5. εa · ·b · ·c · ·︸ ︷︷ ︸
n+1

(~p, n)γcu(~p,− 1
2
)

= 1√
C1

2(n+1)

1
(n+1)!

√
21C1

n+1C
0
n ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
1

εc}(~p,−1)︸ ︷︷ ︸
0

γcu(~p,− 1
2
)

= 1√
n+1

[εa(~p, 1) · ·εb(~p, 1) · ·εc(~p, 0) + · ·+εa(~p, 1) · ·εb(~p, 0) · ·εc(~p, 1) + · ·+εa(~p, 0) · ·εb(~p, 1) · ·εc(~p, 1)]︸ ︷︷ ︸
n+1

γcu(~p,− 1
2
)

= 1√
n+1

{εa(~p, 1) · ·εb(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p, 0)γcu(~p,− 1
2
) + [εa(~p, 0) · ·εb(~p, 1) · ·+ · ·+εa(~p, 1) · ·εb(~p, 0) · ·]︸ ︷︷ ︸

n

εc(~p, 1)γcu(~p,− 1
2
)}

= − iς√
n+1

(−1)n{ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

v(~p,− 1
2
) +
√

2 [ε̃a(~p, 0) · ·ε̃b(~p, 1) · ·+ · ·+ε̃a(~p, 1) · ·ε̃b(~p, 0) · ·]︸ ︷︷ ︸
n

v(~p, 1
2
)}

= − iς√
n+1

(−1)n 1
n!

[
√

20C0
nC

0
n−0 ε̃{a(~p, 1) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p,− 1
2
) +
√

21C1
nC

0
n−1 ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p, 1
2
)]

= − iς
√

2n+1√
n+1

(−1)n 1√
C1

2n+1

[
√
C0

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p,− 1
2
) +

√
C1

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p, 1
2
)]

= − iς
√

2n+1√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n− 1
2
)

Ún4.4.6. εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n− 1)γcu(~p, 1
2
)

= 1√
C2

2(n+1)

1
(n+1)!

[
√

20C0
n+1C

1
n+1−0 ε{a(~p, 1) · ·︸ ︷︷ ︸

n

εb(~p, 0) · ·︸ ︷︷ ︸
0

εc}(~p,−1)︸ ︷︷ ︸
1

+
√

22C2
n+1C

0
n−1 ε{a(~p, 1) · ·︸ ︷︷ ︸

n−1

εb(~p, 0) · ·︸ ︷︷ ︸
2

εc}(~p,−1)︸ ︷︷ ︸
0

]γcu(~p, 1
2
)

= 1√
C2

2(n+1)

(−1)n[ε̃a(~p, 1) · ·ε̃b(~p, 1) · ·︸ ︷︷ ︸
n

εc(~p,−1)γcu(~p, 1
2
) +
√

2
√

21 1
(n−1)!

ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸
n

εc(~p, 0)γcu(~p, 1
2
)]

=
i
√

2(2n+1)ς√
C2

2(n+1)

(−1)n 1√
C1

2n+1
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[
√

20C0
nC

0
n−0

1
n!
ε̃{a(~p, 1) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p,− 1
2
) +
√

21C1
nC

0
n−1

1
n!
ε̃{a(~p, 0) · ·ε̃b(~p, 1) · ·}︸ ︷︷ ︸

n

v(~p, 1
2
)]

= iς
√

2√
n+1

(−1)n 1√
C1

2n+1

[
√
C0

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p,− 1
2
) +

√
C1

2nε̃a · ·b · ·︸ ︷︷ ︸
n

v(~p, 1
2
)]

= iς
√

2√
n+1

(−1)nε̃a · ·b · ·︸ ︷︷ ︸
n

[τς ](~p, n− 1
2
)

½n4.4.1.
γcu(~p, 1

2
)ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h) = −iς
√
n+1−h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2
)

γcu(~p,− 1
2
)ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h) = iς
√
n+1+h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2
)


γcv(~p, 1

2
)εa · ·bc︸ ︷︷ ︸

n+1

(~p, h) = −iς
√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2
)

γcv(~p,− 1
2
)εa · ·bc︸ ︷︷ ︸

n+1

(~p, h) = iς
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2
)

y²: γcu(~p, 1
2
)ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcu(~p, 1
2
)ε̃c(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)γcu(~p, 1
2
)ε̃c(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcu(~p, 1
2
)ε̃c(~p,−1)

= −
√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)iςv(~p, 1
2
)−
√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)i
√

2ςv(~p,− 1
2
)

= −iς
√
n+1−h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2
)

y²: γcu(~p,− 1
2
)ε̃a · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcu(~p,− 1
2
)ε̃c(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)γcu(~p,− 1
2
)ε̃c(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcu(~p,− 1
2
)ε̃c(~p,−1)

=

√
C2
n+1+h√
C2

2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h− 1)i
√

2ςv(~p, 1
2
) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

ε̃a · ·b︸ ︷︷ ︸
n

(~p, h)iςv(~p,− 1
2
)

= iς
√
n+1+h√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2
)

y²: γcv(~p, 1
2
)εa · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcv(~p, 1
2
)εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)γcv(~p, 1
2
)εc(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcv(~p, 1
2
)εc(~p,−1)

= −
√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)iςu(~p, 1
2
)−
√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)i
√

2ςu(~p,− 1
2
)

= −iς
√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h+ 1
2
)

y²: γcv(~p,− 1
2
)εa · ·bc︸ ︷︷ ︸

n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)γcv(~p,− 1
2
)εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)γcv(~p,− 1
2
)εc(~p, 0)

+

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)γcv(~p,− 1
2
)εc(~p,−1)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)i
√

2ςu(~p, 1
2
) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)iςu(~p,− 1
2
)

= iς
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, h− 1
2
)
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íØ4.4.1.

ε̃a · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcu(~p, 1
2
) = −iς

√
l√

n+1
ε̃a · ·b︸ ︷︷ ︸

n

[τς ](~p, n− l + 3
2
)

ε̃a · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcu(~p,− 1
2
) = iς

√
2n+2−l√
n+1

ε̃a · ·b︸ ︷︷ ︸
n

[τς ](~p, n− l + 1
2
)

εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcv(~p, 1
2
) = −iς

√
l√

n+1
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n− l + 3
2
)

εa · ·b · ·c︸ ︷︷ ︸
n+1

(~p, n+ 1− l)γcv(~p,− 1
2
) = iς

√
2n+2−l√
n+1

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n− l + 1
2
)

íØ4.4.2.
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

[εab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcv(~p, h′)][εa′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
v(~p, h′]+

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = n+1

2n+3

−(n+1)∑
h=n+1

−1/2∑
h′=1/2

[ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)γcu(~p, h′)][ε̃a′b′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γc
′
u(~p, h′]+

íØ4.4.3.

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 1

2
2n+2
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2
)γc

′

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 1

2
2n+2
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ+(~p, 1
2
)γc

′

4.5 g^-n+ 1
2
âfRarita-Schwinger�§g^Ä�Ü¤

íØ4.5.1.
εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) = 1√

Cl2n+1

[
√
Cl−1

2n εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)uτς (~p,− 1
2
) +

√
Cl2nεab · ·︸ ︷︷ ︸

n

(~p, n− l)uτς (~p, 1
2
)]

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, n+ 1
2
− l) = 1√

Cl2n+1

[
√
Cl−1

2n ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)vτς (~p,− 1
2
) +

√
Cl2nε̃ab · ·︸ ︷︷ ︸

n

(~p, n− l)vτς (~p, 1
2
)]

íØ4.5.2.
m
E
u+τς (~p,− 1

2
)εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

m
E
u+τς (~p, 1

2
)εab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, n− l)
m
E
v+τς (~p,− 1

2
)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl−1

2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1) =
√

l
2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l + 1)

m
E
v+τς (~p, 1

2
)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, n+ 1
2
− l) =

√
Cl2n√
Cl2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l) =
√

2n+1−l
2n+1

ε̃ab · ·︸ ︷︷ ︸
n

(~p, n− l)

íØ4.5.3. εa(~p, κ) = − i√
2
uT (~p, κ

2
)C̄γau(~p, κ

2
), εa(~p, 0) = −iuT (~p, κ

2
)C̄γau(~p, κ

2
)

íØ4.5.4. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h)

=

√
C2
n+1+h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h− 1)εc(~p, 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h)εc(~p, 0) +

√
C2
n+1−h√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, h+ 1)εc(~p,−1)

½n4.5.1. εa · ·bc︸ ︷︷ ︸
n+1

(~p, n+ 1− l)

= − i√
2
uT (~p, 1

2
)C̄γc

√
2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2
− l)− i√

2
uT (~p,− 1

2
)C̄γc

√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2
− l)

y²:

εa · ·bc︸ ︷︷ ︸
n+1

(~p, n+ 1− l)

=

√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)εc(~p, 1) +

√
C1

2n+2−lC
1
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)εc(~p, 0) +

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)εc(~p,−1)
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=

√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)[− i√
2
uT (~p, 1

2
)C̄γcu(~p, 1

2
)]

+

√
C1

2n+2−lC
1
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l){[− i
2
uT (~p,− 1

2
)C̄γcu(~p, 1

2
)] + [− i

2
uT (~p, 1

2
)C̄γcu(~p,− 1

2
)]}

+

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)[− i√
2
uT (~p,− 1

2
)C̄γcu(~p,− 1

2
)]

= − i√
2
uT (~p, 1

2
)C̄γc{

√
C2

2n+2−l√
C2

2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)u(~p, 1
2
) +

√
C1

2n+2−lC
1
l√

2C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p,− 1
2
)}

− i√
2
uT (~p,− 1

2
)C̄γc{

√
C1

2n+2−lC
1
l√

2C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p, 1
2
) +

√
C2
l√

C2
2n+2

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)u(~p,− 1
2
)}

= − i√
2
uT (~p, 1

2
)C̄γc{

√
C2

2n+2−l√
C2

2n+2

√
Cl2n+1√
Cl2n

√
Cl2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n−l)u(~p, 1
2
)+

√
C1

2n+2−lC
1
l√

2C2
2n+2

√
Cl2n+1√
Cl−1

2n

√
Cl−1

2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+1−l)u(~p,− 1
2
)}

− i√
2
uT (~p,− 1

2
)C̄γc{

√
C1

2n+2−lC
1
l√

2C2
2n+2

√
Cl−l2n+1√
Cl−1

2n

√
Cl−1

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+1−l)u(~p, 1
2
)+

√
C2
l√

C2
2n+2

√
Cl−l2n+1√
Cl−2

2n

√
Cl−2

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+2−l)u(~p,− 1
2
)}

= − i√
2
uT (~p, 1

2
)C̄γc

√
C2

2n+2−l√
C2

2n+2

√
Cl2n+1√
Cl2n

[

√
Cl2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n− l)u(~p, 1
2
) +

√
Cl−1

2n√
Cl2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p,− 1
2
)]

− i√
2
uT (~p,− 1

2
)C̄γc

√
C2
l√

C2
2n+2

√
Cl−1

2n+1√
Cl−2

2n

{
√
Cl−1

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 1− l)u(~p, 1
2
) +

√
Cl−2

2n√
Cl−1

2n+1

εa · ·b︸ ︷︷ ︸
n

(~p, n+ 2− l)u(~p,− 1
2
)}

= − i√
2
uT (~p, 1

2
)C̄γc

√
2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2
− l)− i√

2
uT (~p,− 1

2
)C̄γc

√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2
− l)

= − i√
2
uT (~p, 1

2
)γ4γ2γc

√
2n+2−l√
2n+2

εa · ·b︸ ︷︷ ︸
n

[τς ](~p, n+ 1
2
− l)− i√

2
uT (~p,− 1

2
)γ4γ2γc

√
l√

2n+2
εa · ·b︸ ︷︷ ︸

n

[τς ](~p, n+ 3
2
− l)

íØ4.5.5. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h) = − i
2
[
√
n+1+h√
n+1

uT (~p, 1
2
)C̄γcεa · ·b︸ ︷︷ ︸

n

[τς ](~p, h− 1
2
) +

√
n+1−h√
n+1

uT (~p,− 1
2
)C̄γcεa · ·b︸ ︷︷ ︸

n

[τς ](~p, h+ 1
2
)]

íØ4.5.6. εa · ·bc︸ ︷︷ ︸
n+1

(~p, h) = − i
2
[
√
n+1+h√
n+1

εa · ·b︸ ︷︷ ︸
n

τς (~p, h− 1
2
)uσς (p̂,

1
2
) +

√
n+1−h√
n+1

εa · ·b︸ ︷︷ ︸
n

τς (~p, h+ 1
2
)uσς (p̂,− 1

2
)](C̄γc)

τςσς

5 �«³OÝK�f� ~�ª

5.1 �«³OÝK�f��ª½Â

½Â5.1.1.

Λm ab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) :=
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) =
−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

Λ+m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) :=

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

Λ−m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) :=

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

5.2 �«³OÝK�f�m�'X-�{ ~�ª

½n5.2.1.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2

(m
E

)2
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2
)

−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 2n+2

2n+3
1
2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2
)γc

′

½n5.2.2.
−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+2

(m
E

)2
−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
− (~p, 1

2
)

−(n+1/2)∑
h=n+1/2

ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, h) = 2n+2

2n+3
1
2

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ+(~p, 1
2
)γc

′

602



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

íØ5.2.1.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2

)∑
h=n+

3
2

εab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)ηcc

′

y²:
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

= 2n+1
2n+2

(m
E

)2
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)Λ

τ ′ςτς
+ (~p, 1

2
)

= 2n+1
4n+6

(m
E

)2
−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)[γcΛ−(~p, 1
2
)γc

′
]τςτ ′ςΛ

τ ′ςτς
+ (~p, 1

2
)

= 2n+1
4n+6

(m
E

)2
−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)tr[γcΛ−(~p, 1
2
)γc

′
Λ+(~p, 1

2
)]

= 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

y²:
−(n+1/2)∑
h=n+1/2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 2n+2
2n+3

1
2

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)γcΛ−(~p, 1
2
)γc

′

= 2n+2
2n+3

1
2

2n+3
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γcΛ−(~p, 1
2
)γc

′
ηdd

′

= 2n+2
2n+5

2n+5
2n+4

1
2

2n+4
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γcΛ−(~p, 1
2
)γc

′
ηdd

′

= 2n+2
2n+4

1
2

2n+4
2n+5

−(n+2)∑
h=n+2

εab · ·cd︸ ︷︷ ︸
n+2

(~p, h)ε+
a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, h)γdΛ−(~p, 1
2
)γd

′
ηcc
′

= 2n+2
2n+4

−(n+3/2)∑
h=n+3/2

εab · ·c︸ ︷︷ ︸
n+1

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τς
(~p, h)ηcc

′

íØ5.2.2.

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)ηcc
′

−(n+
1
2

)∑
h=n+

1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2

)∑
h=n+

3
2

ε̃ab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)ηcc

′

íØ5.2.3.

−n∑
h=n

εa · ·︸︷︷︸
n

(~p, h)ε+
a
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

εa · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
m

−(n+
1
2

)∑
h=n+

1
2

εa · ·︸︷︷︸
n

τς (~p, h)ε+
a
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2(n+m)+2

−(n+m+
1
2

)∑
h=n+m+

1
2

εa · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
m

íØ5.2.4.

603



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

−n∑
h=n

ε̃a · ·︸︷︷︸
n

(~p, h)ε̃+
a
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

ε̃a · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
m

−(n+
1
2

)∑
h=n+

1
2

ε̃a · ·︸︷︷︸
n

τς (~p, h)ε̃+
a
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2(n+m)+2

−(n+m+
1
2

)∑
h=n+m+

1
2

ε̃a · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
m

5.3 �«³OÝK�f�{ ~�ª�#�n

½n5.3.1.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+2

(m
E

)2Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
)Λ

τ ′ςτς
± (~p, 1

2
)

Λ±m ab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2
) = 2n+2

2n+3
1
2
Λm ab · ·c︸ ︷︷ ︸

n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)γcΛ∓(~p, 1
2
)γc

′

íØ5.3.1.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+3

Λm ab · ·c︸ ︷︷ ︸
n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)ηcc
′

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 2n+2

2n+4
Λ±m ab · ·c︸ ︷︷ ︸

n+1

τς a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τ ′ς
(~p, n+ 3

2
)ηcc

′

íØ5.3.2.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1

Λm ab · ·c · ·d︸ ︷︷ ︸
n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+l+
1
2

)+1
Λ±m ab · ·c · ·d︸ ︷︷ ︸

n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2
) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
l

íØ5.3.3.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1

2(n+l+
1
2

)+1
(m
E

)2Λ±m ab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2
) ηcc

′
· ·ηdd

′︸ ︷︷ ︸
l

Λ
τ ′ςτς
± (~p, 1

2
)

Λ±m ab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+1+l)+1
1
2
Λm ab · ·c · ·de︸ ︷︷ ︸

n+1+l

a
′
b
′ · ·c′ · ·d′e′︸ ︷︷ ︸
n+1+l

(~p, n+ 1 + l) ηcc
′
· ·ηdd

′︸ ︷︷ ︸
l

γeΛ∓(~p, 1
2
)γe

′

5.4 �«³OÝK�f�m�'X-Ôn ~�ª

íØ5.4.1.

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

εab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)(ηcc
′
+ pcp+c′

m2 )

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2

)∑
h=n+

3
2

εab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)(ηcc

′
+ pcp+c′

m2 )

íØ5.4.2.

−n∑
h=n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2n+3

−(n+1)∑
h=n+1

ε̃ab · ·c︸ ︷︷ ︸
n+1

(~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, h)(ηcc
′
+ pcp+c′

m2 )

−(n+
1
2

)∑
h=n+

1
2

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = 2n+2

2n+4

−(n+
3
2

)∑
h=n+

3
2

ε̃ab · ·c︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′
b
′ · ·c′︸ ︷︷ ︸
n

τ ′ς
(~p, h)(ηcc

′
+ pcp+c′

m2 )

íØ5.4.3.

−n∑
h=n

εa · ·︸︷︷︸
n

(~p, h)ε+
a
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

εa · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) (ηcc
′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

−(n+
1
2

)∑
h=n+

1
2

εa · ·︸︷︷︸
n

τς (~p, h)ε+
a
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 2n+2
2(n+m)+2

−(n+m+
1
2

)∑
h=n+m+

1
2

εa · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) (ηcc

′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

604



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

íØ5.4.4.

−n∑
h=n

ε̃a · ·︸︷︷︸
n

(~p, h)ε̃+
a
′ · ·︸ ︷︷ ︸
n

(~p, h) = 2n+1
2(n+m)+1

−(n+m)∑
h=n+m

ε̃a · ·c · ·d︸ ︷︷ ︸
n+m

(~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸
n+m

(~p, h) (ηcc
′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

−(n+
1
2

)∑
h=n+

1
2

ε̃a · ·︸︷︷︸
n

τς (~p, h)ε̃+
a
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 2n+2
2(n+m)+2

−(n+m+
1
2

)∑
h=n+m+

1
2

ε̃a · ·c · ·d︸ ︷︷ ︸
n

τς (~p, h)ε̃+
a
′ · ·c′ · ·d′︸ ︷︷ ︸

n

τ ′ς
(~p, h) (ηcc

′
+ pcp+c′

m2 ) · ·(ηdd
′
+ pdp+d′

m2 )︸ ︷︷ ︸
m

5.5 �«³OÝK�fÔn ~�ª�#�n

½n5.5.1.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2n+3

Λm ab · ·c︸ ︷︷ ︸
n+1

a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

(~p, n+ 1)Λcc
′

m (~p, 1)

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 2n+2

2n+4
Λ±m ab · ·c︸ ︷︷ ︸

n+1

τς a
′
b
′ · ·c′︸ ︷︷ ︸
n+1

τ ′ς
(~p, n+ 3

2
)Λcc

′

m (~p, 1)

íØ5.5.1.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1

Λm ab · ·c · ·d︸ ︷︷ ︸
n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l) Λcc
′

m (~p, 1) · ·Λdd
′

m (~p, 1)︸ ︷︷ ︸
l

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+l+
1
2

)+1
Λ±m ab · ·c · ·d︸ ︷︷ ︸

n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2
) Λcc

′

m (~p, 1) · ·Λdd
′

m (~p, 1)︸ ︷︷ ︸
l

íØ5.5.2.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+2)+1

Λm ab · ·cd︸ ︷︷ ︸
n+2

a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

(~p, n+ 2)Λcdc
′d′

m (~p, 2)

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+2+
1
2

)+1
Λ±m ab · ·cd︸ ︷︷ ︸

n+2

τς a
′
b
′ · ·c′d′︸ ︷︷ ︸
n+2

τ ′ς
(~p, n+ 2 + 1

2
)Λcdc

′d′

m (~p, 2)

íØ5.5.3.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1
2(n+l)+1

Λm ab · ·c · ·d︸ ︷︷ ︸
n+l

a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

(~p, n+ l)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)

Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+l+
1
2

)+1
Λ±m ab · ·c · ·d︸ ︷︷ ︸

n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2
)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)

íØ5.5.4.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 2n+1

2(n+l+
1
2

)+1
(m
E

)2Λ±m ab · ·c · ·d︸ ︷︷ ︸
n+l

τς a
′
b
′ · ·c′ · ·d′︸ ︷︷ ︸
n+l

τ ′ς
(~p, n+ l + 1

2
)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)Λ
τ ′ςτς
± (~p, 1

2
)

Λ±m ab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2
) =

2(n+
1
2

)+1

2(n+1+l)+1
1
2
Λm ab · ·c · ·de︸ ︷︷ ︸

n+1+l

a
′
b
′ · ·c′ · ·d′e′︸ ︷︷ ︸
n+1+l

(~p, n+ 1 + l)Λ

l︷ ︸︸ ︷
c · ·d

l︷ ︸︸ ︷
c
′ · ·d′

m (~p, l)γeΛ∓(~p, 1
2
)γe

′

5.6 �«³OÝK�f�Ï^5�

5�5.6.1.
Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 1
n!

Λm {ab · ·}︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 1
n!

Λm ab · ·︸ ︷︷ ︸
n

(a
′
b
′ · ·)︸ ︷︷ ︸
n

(~p, n) = 1
(n!)2 Λm {ab · ·}︸ ︷︷ ︸

n

(a
′
b
′ · ·)︸ ︷︷ ︸
n

(~p, n)

δabΛm ab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = δa
′b′Λm ab · ·︸ ︷︷ ︸

n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 0, paΛm ab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = p+a′Λm ab · ·︸ ︷︷ ︸
n

a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, n) = 0

5�5.6.2.
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Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 1

n!
Λ±m {ab · ·}︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
)

= 1
n!

Λ±m ab · ·︸ ︷︷ ︸
n

τς (a
′
b
′ · ·)︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 1

(n!)2 Λ±m {ab · ·}︸ ︷︷ ︸
n

τς (a
′
b
′ · ·)︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
)

δabΛ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = δa

′b′Λ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 0

paΛ±m ab · ·︸ ︷︷ ︸
n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = p+a′Λ±m ab · ·︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 0

γaΛ±m ab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 0,Λ±m ab · ·︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2
)γa

′
= 0

(±iγcpc +m)Λ±m ab · ·︸ ︷︷ ︸
n

[τς ] a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, n+ 1

2
) = 0,Λ±m ab · ·︸ ︷︷ ︸

n

τς a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p, n+ 1

2
)(±iγc′p+

c′ −m) = 0

6 ³é´5K���){(�dC�{)

6.1 Ún

Ún6.1.1. Xa{λςµς (p)X
b
ηςξς}(p)[δab + papb

m2 ] = 0

6.2 ³Aabc··é´5K�C�¦{

½n6.2.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(i2m)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x), ψλςµς · ·︸ ︷︷ ︸
2n

(x) = 1
(2n)!

ψ{λςµς · ·}︸ ︷︷ ︸
2n

(x)

A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x) = 1
(−i2m)n

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·ψ+

λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x) = 1
(2n)!

ψ+
{λ′ςµ

′
ς · ·}︸ ︷︷ ︸

2n

(x)

⇒ [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i 1
25n−1m2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24n−1m2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

y²: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

= 1
(2m)2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·[ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

= 1
(2m)2n

i
23n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
25n−1m2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

606



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

= i 1
24n−1m2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

6.3 ³Aabc··τς�é´5K�C�¦{

½n6.3.1.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
(i2m)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·ψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x), ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
(2n+1)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2n+1

(x)

A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x) = 1

(−i2m)n

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·ψ+

λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x) = 1
(2n+1)!

ψ+
{λ′ςµ

′
ς · ·τς}︸ ︷︷ ︸

2n+1

(x)

⇒ {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i 1
25nm2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24nm2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

y²: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= 1
(2m)2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·{ψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i 1
25nm2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

= i 1
24nm2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

6.4 Bargmann-Wigner�é¡�§���þfz5K

½n6.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ ⊗ σz, iς)a{λς(λ′ς (σ ⊗ σz, iς)

b
µςµ′ς
· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

⇒ [ψλςµς · ·ξςης · ·τς︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·ξ

′
ςη
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2

]∑
k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
[(σ · ∇)⊗ σz]λςλ′ς [(σ · ∇)⊗ σz]µςµ′ς · ·

2k︷ ︸︸ ︷
δξςξ′ςδηςη′ς · · ∇

2kδτςτ ′ςδ
3(~r − ~r′)
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7 k�þâf�Cé´5K�o(�În

7.1 k�þÀÚf�Cé´5KÎn

½Â7.1.1.


P̂a1··ana′1··a′n(n) = 1

(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂a′1a′2 · ·P̂a2r−1a2r

P̂a′2r−1a
′
2r

n∏
i=2r+1

P̂aia′i

kr = (− 1
2
)r n!(2n−2r−1)!!
r!(n−2r)!(2n−1)!!

½Â7.1.2.


P̂a1··anb1··bn(n) = 1

(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂b1b2 · ·P̂a2r−1a2r

P̂b2r−1b2r

n∏
i=2r+1

P̂aibi

P̂a1··anb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··ana′1··a′n(n)

½n7.1.1. [Aa1a2··an(x), Āb1b2··bn(x′)] = iP̂a1a2··anb1b2··bn(n)∆(x− x′), Āb1b2··bn := η
b′1
b1
η
b′2
b2
· ·ηb

′
n

bn
A+
b′1b
′
2··b′n

[m]

½n7.1.2. [Aa1a2··an(x), A+
a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)

[m]

½n7.1.3. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
25n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xc{λςµς (x)Xdηςξς (x) · ·}︸ ︷︷ ︸
n

X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηcc′ −
∂c∂

+

c′
m2 ][ηdd′ −

∂d∂
+

d′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

½n7.1.4. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γc∂c)γ4]{λς(λ′ς [(m− γ
c∂c)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

[m]

½n7.1.5. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

½n7.1.6. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

[⇓]

½n7.1.7. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

[m]

½n7.1.8. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

³AÚ|ψ�é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³é´'XíÑ��§�

�±l|é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�þâ

f�é´5Kí��Ã�þâf��aq�é´5K§��KØ1"
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ß�7.1.1. 1
(n!)2

P (a′)∑
P (a)

[n/2]∑
r=0

(− 1
2
)r n!(2n−2r−1)!!
r!(n−2r)!(2n−1)!!

r∏
i=1

(δa2i−1a2i
− ∂a2i−1

∂a2i

m2 )(δa′2r−1a
′
2r
−

∂a′
2r−1

∂a′2r
m2 )

n∏
j=2r+1

(ηaja′j −
∂aj ∂

+

a′
j

m2 )

= 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · · [(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

7.2 k�þÀÚfé´5K�OÝK�f�m�'X

íØ7.2.1.
−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(C̄γa′)

+λ′ςµ
′
ς (C̄γb′)

+η′ςξ
′
ς · ·

−n∑
h=n

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p, h)

½n7.2.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2s
−s∑
h=s

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(−i∂, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(−i∂, h)

½n7.2.2. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(−i∂, h)

y²: [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n

i
24n−1[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

= i
22n−1

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−n∑
h=n

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(−i∂, h)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(−i∂, h)∆(x− x′)

= i
2n−1

−n∑
h=n

εab · ·︸ ︷︷ ︸
n

(−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(−i∂, h)

7.3 k�þ¤�f�C�é´5KÎn

½Â7.3.1. P̂a1··anτςa′1··a′nτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··ana′a′1··a′n(n+ 1)[γa(−m− γc∂c)γ4γa

′
]τςτ ′ς , γ

a′ = γaηa
′

a

½Â7.3.2.

P̂a1··anτςb1··bnτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··anbb1··bn(n+ 1)[γa(m+ γc∂c)γ

bγ4]τςτ ′ς

P̂a1··anτςb1··bnτ ′ς (n+ 1
2
) := η

a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··anτςa′1··a′nτ ′ς (n+ 1

2
)

íØ7.3.1. P̂a1··anτςb1··bnτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··anbb1··bn(n+ 1)[(m− γc∂c)γaγbγ4]τςτ ′ς

½n7.3.1. {Aa1a2··anτς (x), Āb1b2··bnτ ′ς (x
′)} = iP̂a1··anτςb1··bnτ ′ς (n+ 1

2
)∆(x− x′)

[m]

½n7.3.2. {Aa1a2··anτς (x), A+
a′1a
′
2··a′nτ ′ς

(x′)} = iP̂a1··anτςa′1··a′nτ ′ς (n+ 1
2
)∆(x− x′)

[m]

½n7.3.3. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i 1

m2n
1

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]
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½n7.3.4. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n
i

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

½n7.3.5. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

½n7.3.6. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n+1

∆(x− x′)

[⇓]

½n7.3.7. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

½n7.3.8. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

³AÚ|ψ��é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³�é´'XíÑ��§

��±l|�é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�

þâf�é´5Kí��Ã�þâf��aq��é´5K§��KØ1"

7.4 k�þ¤�fé´5K�OÝK�f�m�'X

íØ7.4.1.

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (~p, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h)

= 1
2n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−(n+
1
2

)∑
h=n+

1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p, h)

½n7.4.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 2im2s
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(−i∂, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, h)

½n7.4.2. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im

2n−1

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)

y²: {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n
i

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

= im
22n−1

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς (γb′C)η

′
ςξ
′
ς · ·

−(n+
1
2

)∑
h=n+

1
2

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(−i∂, h)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(−i∂, h)∆(x− x′)

= im
2n−1

−(n+
1
2

)∑
h=n+

1
2

εab · ·︸ ︷︷ ︸
n

τς (−i∂, h)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(−i∂, h)
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8 ³�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

8.1 Klein-Gordon�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ8.1.1.

∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x)

∆
(+)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(+)(x)

∆
(−)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(−)(x)

∆
(l)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(l)(x)

íØ8.1.2.

∆
(c)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(c)(x)

−
2n∑
k=0

k−1∑
l=0

ik+lm2n−k(2n)!
l!(k−l)!(2n−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

∆
(F )

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆F (x)

−i
2n∑
k=0

k−1∑
l=0

ik+lm2n−k(2n)!
l!(k−l)!(2n−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

= i∆
(c)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)

íØ8.1.3.

∆ret
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆ret(x)

−
2n∑
k=0

k−1∑
l=0

ik+lm2n−k(2n)!
l!(k−l)!(2n−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

∆adv
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) := 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γc∂c)γ4]{λς(λ′ς [(m− γ

c∂c)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆adv(x)

−
2n∑
k=0

k−1∑
l=0

ik+lm2n−k(2n)!
l!(k−l)!(2n−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

Ún8.1.1. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δ4(x)

íØ8.1.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂k−l−2−2r

t δ4(x)

Ún8.1.2. ∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0

= −i
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·

n−1∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς · ·

2l+1︷ ︸︸ ︷
· · δτς}τ ′ς)](m

2 −∇2)lδ3(~r)
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Ún8.1.3. ∂t∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0

= − 1
m2n

21−4n

[(2n)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·

n∑
l=0

[C2l
2n

2n−2l︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς · ·

2l︷ ︸︸ ︷
· · δτς}τ ′ς)](m

2 −∇2)lδ3(~r)

íØ8.1.5.

(∂c∂c −m2)∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, δab∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

(∂c∂c −m2)∆
(+)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, δab∆
(+)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆
(+)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

(∂c∂c −m2)∆
(−)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, δab∆
(−)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆
(−)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

íØ8.1.6.

(∂c∂c −m2)∆
(c)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = −δ′(t)∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0 − δ(t)∂t∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆

(c)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆
(c)

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

(∂c∂c −m2)∆
(F )

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = −iδ′(t)∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0 − iδ(t)∂t∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆

(F )

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆
(F )

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

(∂c∂c −m2)∆ret
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = −δ′(t)∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0 − δ(t)∂t∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆ret

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆ret
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

(∂c∂c −m2)∆adv
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = −δ′(t)∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0 − δ(t)∂t∆a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆adv

a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0, ∂a∆adv
a · ·︸︷︷︸
n

a
′ · ·︸ ︷︷ ︸
n

(n;x) = 0

8.2 Rarita-Schwinger�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ8.2.1.

∆a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x)

∆
(+)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(+)(x)

∆
(−)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(−)(x)

∆
(l)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(l)(x)

íØ8.2.2.

∆
(c)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(c)(x)

−
2n+1∑
k=0

k−1∑
l=0

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n+1−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

∆
(F )

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆F (x)

−i
2n+1∑
k=0

k−1∑
l=0

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n+1−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

= i∆
(c)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)
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íØ8.2.3.

∆ret
a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆ret(x)

−
2n+1∑
k=0

k−1∑
l=0

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n+1−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

∆adv
a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆adv(x)

−
2n+1∑
k=0

k−1∑
l=0

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς (γ

jγ4)µςµ′ς · ·
k−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2n+1−k︷ ︸︸ ︷

(γ4)ηςη′ς (γ
4)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂i∂j · ·

k−l∑
l′=1

∂k−l−l
′

t δ(t)∂l
′−1
t ∆(x)}

Ún8.2.1. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δ4(x)

íØ8.2.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂k−l−2−2r

t δ4(x)

íØ8.2.5.

∆
(c)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(c)(x)

+
2n+1∑
k=0

k−2∑
l=0

[(k−l−2)/2]∑
r=0

C2r+1
n−l−1

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς · ·

k−l︷ ︸︸ ︷
δρςρ′ς · ·

2n+1−k︷ ︸︸ ︷
(γ4)ηςη′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂k−l−2−2r

t δ4(x)}

∆
(F )

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆F (x)

+i
2n+1∑
k=0

k−2∑
l=0

[(k−l−2)/2]∑
r=0

C2r+1
n−l−1

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς · ·

k−l︷ ︸︸ ︷
δρςρ′ς · ·

2n+1−k︷ ︸︸ ︷
(γ4)ηςη′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂k−l−2−2r

t δ4(x)}

= i∆
(c)

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)

∆
(F )

a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(s; p) = −i 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·

2n︷ ︸︸ ︷
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})

p2+m2−iε + · · ·

íØ8.2.6.

∆ret
a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆ret(x)

+
2n+1∑
k=0

k−2∑
l=0

[(k−l−2)/2]∑
r=0

C2r+1
n−l−1

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς · ·

k−l︷ ︸︸ ︷
δρςρ′ς · ·

2n+1−k︷ ︸︸ ︷
(γ4)ηςη′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂k−l−2−2r

t δ4(x)}

∆adv
a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) := 1
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·{[(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆adv(x)

+
2n+1∑
k=0

k−2∑
l=0

[(k−l−2)/2]∑
r=0

C2r+1
n−l−1

ik+lm2n+1−k(2n+1)!
l!(k−l)!(2n+1−k)!

l︷ ︸︸ ︷
(γiγ4){λς(λ′ς · ·

k−l︷ ︸︸ ︷
δρςρ′ς · ·

2n+1−k︷ ︸︸ ︷
(γ4)ηςη′ς · ·})

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂k−l−2−2r

t δ4(x)}

Ún8.2.2. ∆a · ·τς︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)|t=0

= −i
m2n

2−4n

[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′C)λ

′
ςµ
′
ς · ·

n∑
l=0

[C2l+1
2n

2n−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇){λς(λ′ς · ·

2l+1︷ ︸︸ ︷
· · δτς}τ ′ς)](m

2 −∇2)lδ3(~r)

613



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 128Ù k�þEâf�³�Cþfz�Y

íØ8.2.7.

(γc∂c +m)∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, δab∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

(γc∂c +m)∆
(+)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, δab∆
(+)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆
(+)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

(γc∂c +m)∆
(−)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, δab∆
(−)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆
(−)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

íØ8.2.8.

(γc∂c +m)∆
(c)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = −iγ4δ(t)∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆

(c)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆
(c)

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

(γc∂c +m)∆
(F )

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = γ4δ(t)∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆

(F )

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆
(F )

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

(γc∂c +m)∆ret
a · ·[τς ]︸ ︷︷ ︸

n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = −iγ4δ(t)∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆ret

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆ret
a · ·[τς ]︸ ︷︷ ︸

n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0

(γc∂c +m)∆adv
a · ·[τς ]︸ ︷︷ ︸

n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = −iγ4δ(t)∆a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x)|t=0, δ
ab∆adv

a · ·[τς ]︸ ︷︷ ︸
n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0, γa∆adv
a · ·[τς ]︸ ︷︷ ︸

n

a
′ · ·τ ′ς︸ ︷︷ ︸
n

(n;x) = 0
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g·µãµk�þ¢âf§=ê�.Bâf§��âf�Ó§êÆ��þ���±d¢¼ê£ã§��±^

E¼ê£ã§�7L÷vê�.B^�"éuBargmann-Wigner �§½Dirac�§£ã�âf§��5`Q

�±£ã�Ö�Eâf§��±£ãØ�Ö�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�

é´)Ò§é�Ö�Eâf���"¶éØ�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.

B^�g,��§��Ø�""3±�Ù!���?ØEâf�/§���ÑÌé´5K§Ø2;�?Øê�.

Bâf�/§e���ê�.Bâf�/�þf|Ø§�I3Eâf�/\þê�.B^�=�g,��"3�

ÙUÚ���ªé¤kg^�ê�.Bâfïá
�A�þf|Ø"�Eâf��§�ÃI��M�îþ§Ò�

±UÚ��#§ªé�«k�þg^âf?1
þfz§�Ñ
Ú��|!³þfzé´5KÚUþÄþ�Î/

ª§�Ñ
Ü©þf$\4�ê"�Eâf��§�Äþ�Î����Ü©¤õ§vk�.)û§EIãå§�

Äþ�Î¯K´#þfz§ª�����)û�JK"

1 Majorana�§

1.1 ¢L�ÚDirac©lL�e�Majorana�§ [5]

½Â1.1.1.(γas∂a +m)ψs = 0, γas = (σ−κσκy, ςσκx), ψ∗s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = −e2iθσy ⊗ σyψψs = Ss(κ, θ)ψ, Ss(κ, θ) := eiθSem(κ)

STs (κ, θ)Ss(κ, θ) = e2iθSTem(κ)Sem(κ) = −e2iθσy ⊗ σy
, Sem(κ) = 1√

2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −κ κ 0

]

1.2 ¢L�ÚDirac©lL�e�Majorana^�

íØ1.2.1. ψs = ψ∗s ⇔ ψ∗ = −e2iθσy ⊗ σyψ,−σy ⊗ σy = C̄γ4

θ´N!� ëê§���0½π/2"

2 Majorana B-W�§

2.1 ¢L�ÚDirac©lL�e�Majorana B-W�§ [18]

½Â2.1.1.
(γas∂a +m)κς

λςψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 0, γas = (σ−κσκy, ςσκx), ψ∗s = ψs

(γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψ

2.2 ¢L�ÚDirac©lL�e�Majorana^�

íØ2.2.1.

ψs = ψ∗s ⇔ ψ∗ = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψ = e4siθ

2s︷ ︸︸ ︷
(C̄γ4)⊗ (C̄γ4) · ·ψ

θ´N!� ëê§���0½π/2"
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3 ©lL�eMajorana B-W�§�²¡Å)

3.1 Ún

Ún3.1.1.
−s∑
h=s

b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h) = (−1)2se−4siθ
−s∑
h=s

a+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

⇔ b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇔ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

y²:
−s∑
h=s

b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h) = (−1)2se−4siθ
−s∑
h=s

a+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

= ς2se−4siθ
−s∑
h=s

(−1)s+ha+(~p,−h)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h)

⇔ b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇔ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

Ún3.1.2.



[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[a(~p, h), a(~p′, h′)]−2s+1 = 0

[a+(~p, h), a+(~p′, h′)]−2s+1 = 0

b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)

b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

⇒



[b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′)

[b(~p, h), b(~p′, h′)]−2s+1 = 0

[b+(~p, h), b+(~p′, h′)]−2s+1 = 0

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a(~p, h), b(~p′, h′)]−2s+1 = 0

[a+(~p, h), b+(~p′, h′)]−2s+1 = 0

3.2 ©lL�eMajorana B-W�§ [18]�²¡Å)(y²�IÖþ)

½n3.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

√
m2s

E
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)eip·xd3~r

íØ3.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

√
m2s

E
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)eip·x + (−1)2se−4siθa+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · ·U+

λςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

íØ3.2.2. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, γa = (σ ⊗ σy, ςI ⊗ σx)
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ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(~r, t), ψ+
λςµς · ·︸ ︷︷ ︸

2s

(~r, t) = (−1)2se4siθ

4s︷ ︸︸ ︷
σy ⊗ · · ⊗σy ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

∫ −s∑
h=s

Es− 1
2 [a(~p, h)Ũλςµς · ·︸ ︷︷ ︸

2s

(~p, h)eip·x + (−1)2se−4siθa+(~p, h)

4s︷ ︸︸ ︷
σy ⊗ σy · · Ũ+

λςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)Ũ+

2s︷ ︸︸ ︷
λςµς · ·τς (~p, h)ψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t)e−ip·xd3~r

3.3 ©lL�eMajorana B-W�§��Cé´5K

½n3.3.1.

[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′)

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s+hδ−h,h′δ
3(~p− ~p′)

[rest]−2s+1 = 0
⇒⇒

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x, [a+(~p′, h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)e−ip
′·x′ + b(~p′, h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)eip
′·x′ ]

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
{[Uλςµς · ·︸ ︷︷ ︸

2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), a+(~p′, h′)]−2s+1ei(p·x−p
′·x′)

+ Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), b(~p′, h′)]−2s+1e−i(p·x−p
′·x′)}

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p−~p′)ei(p·x−p′·x′) +(−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δhh′δ
3(~p−~p′)e−i(p·x−p′·x′)]

= 1
(2π)3

∫
d3~pm

2s

E
[
−s∑
h=s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)eip·(x−x
′) + (−1)2s+1

−s∑
h=s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
[Λ+λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
[ 1
[(2s)!]2

Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2

Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ

4]{λς(λ′ς [(−m+ γb∂b)γ
4]µςµ′ς · ·}) e

−ip·(x−x′)}
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= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})

−i
(2π)3

∫
d3~p 1

2E
[[eip·(x−x

′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)e−ip·x

, a(~p′, h′)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h)eip
′·x′ + b+(~p′, h′)Vλ′ςµ

′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)e−ip
′·x′ ]−2s+1

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[a(~p, h), b+(~p′, h′)]−2s+1ei(p·x−p
′·x′)

+ Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)[b+(~p, h), a(~p′, h′)]−2s+1e−i(p·x−p
′·x′)

= 1
(2π)3

∫
d3~pd3~p′

−s∑
h,h′=s

√
m2s

E

√
m2s

E′
ς2se−4siθ(−1)s−hδ−h,h′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δ3(~p− ~p′)ei(p·x−p′·x′) − Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′, h′)δ3(~p− ~p′)e−i(p·x−p′·x′)]

= 1
(2π)3

∫
d3~p

−s∑
h=s

m2s

E
ς2se−4siθ

[(−1)s−hUλςµς · ·︸ ︷︷ ︸
2s

(~p, h)Vλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h)eip·(x−x
′) + (−1)2s+1(−1)s+hVλςµς · ·︸ ︷︷ ︸

2s

(~p, h)Uλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,−h)e−ip·(x−x
′)]

= 1
(2π)3

∫
d3~p

−s∑
h=s

m2s

E
e−4siθ

[ 1
[(2s)!]2

(Λ+C̄γ4){λς(λ′ς (~p,
1
2
)(Λ+C̄γ4)µςµ′ς (~p,

1
2
) · ·(Λ+C̄γ4)τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2

(Λ−C̄γ4){λς(λ′ς (~p,
1
2
)(Λ−C̄γ4)µςµ′ς (~p,

1
2
) · ·(Λ−C̄γ4)τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= e−4siθ 1
(2π)3

∫
d3~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) e
ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)C]{λς(λ′ς [(−m+ γb∂b)C]µςµ′ς · ·}) e

−ip·(x−x′)}

= e−4siθ i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·})
−i

(2π)3

∫
d3~p 1

2E
[eip·(x−x

′) − e−ip·(x−x′)]

= e−4siθ i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

íØ3.3.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0
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⇒



[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

3.4 ©lL�eMajorana B-W�§�Cé´5K���ín

½n3.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒



[a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′)

[a(~p, h), b+(~p′, h′)]−2s+1 = ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

[a+(~p, h), b(~p′, h′)]−2s+1 = −ς2se4siθ(−1)s+hδ−h,h′δ
3(~p− ~p′)

[rest]−2s+1 = 0

e¡�ÑA�Ì�é´)Ò��[y²L§"

y²: [a(~p, h), a+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x−p

′·x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x−p

′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0−p′)·x′
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+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0+p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= δ3(~p− ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e2iE(t−t′)}

= δ3(~p− ~p′)(
−s∑
h0=s

δhh0
δh′h0

+ 0)

= δhh′δ
3(~p− ~p′)

y²: [b+(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}ei(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)ei(p·x−p

′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)ei(p·x−p

′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)}

= δ3(~p− ~p′)(m
E

)4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′)
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{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p, h0)e−2iE(t−t′) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0)}

= (−1)2s+1δ3(~p− ~p′)(0 +
−s∑
h0=s

δhh0
δh′h0

)

= (−1)2s+1δhh′δ
3(~p− ~p′)

y²: [a(~p, h), b+(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}){
−i

(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)C]{λς(λ′ς [(m− iγ

bp0b)C]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x−p

′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)C]{λς(λ′ς [(−m− iγ

bp0b)C]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x−p

′·x′)}d3~rd3~r′d3~p0

= ς2se−4siθ[ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)e−i(p0+p)·xei(p0+p′)·x′}

= ς2se−4siθ
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,−h0)δ3(~p0 + ~p)δ3(~p0 + ~p′)}

= ς2se−4siθ(m
E

)4s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V +

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p, h′){

−s∑
h0=s

(−1)s−h0Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)Vλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,−h0)δ3(~p− ~p′)

+ (−1)2s+1
−s∑
h0=s

(−1)s+h0Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p, h0)Uλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,−h0)δ3(~p+ ~p′)}

= ς2se−4siθ(−1)s−hδ−h,h′δ
3(~p− ~p′)

y²: [a(~p, h), b(~p′, h′)]−2s+1

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)
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i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)d3~rd3~r′

= 1
(2π)3

∫
d3~rd3~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}){

−i
(2π)3

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x+p′·x′)

= [ 1
(2π)3 ]2

∫ √
EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

4]{λς(λ′ς [(m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x+p′·x′)d3~rd3~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

4]{λς(λ′ς [(−m− iγ
bp0b)γ

4]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x+p′·x′)}d3~rd3~r′d3~p0

= [ 1
(2π)3 ]2

∫
d3~rd3~r′d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)ei(p0−p)·xe−i(p0+p′)·x′

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
d3~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′){

−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)e−iE0t
′
δ3(~p0 − ~p)δ3(~p0 + ~p′)

+ (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0, h0)eiE0tδ3(~p0 + ~p)δ3(~p0 − ~p′)}

= δ3(~p+ ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p, h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′, h′)

{
−s∑
h0=s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p, h0) + (−1)2s+1
−s∑
h0=s

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′, h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′, h0)e2iE(t−t′)}

= 0 + 0 = 0

íØ3.4.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0
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3.5 ©lL�eMajorana B-W�§�Cé´5K��(

½n3.5.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0

3.6 ©lL�eMajorana B-W�§��Cþfz5K��íØ

½Â3.6.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

= 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψλςµς · ·︸ ︷︷ ︸
2s

= ΓKςλςµς · ·︸ ︷︷ ︸
2s

ψKς (s)

íØ3.6.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

y²:

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·}) ∆(x− x′)

⇔ [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 , γa = (σ ⊗ σy, ςI ⊗ σx)

= i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
[−imI ⊗ σ(x) + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σ(x) + (σ ⊗ σz, iς)b∂b]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1
1

[(2s)!]2

2s︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

⇔ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

íØ3.6.2.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1

e−4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψAςBςCς · ·︸ ︷︷ ︸
2s

(x), ψA′ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = ∆(x− x′)

íØ3.6.3.

[ψ+
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1

e4siθ

[(2s)!]2

2s︷ ︸︸ ︷
[C+(m− γa∂+

a )]{λς(λ′ς [C
+(m− γb∂+

b )]µςµ′ς · ·}) ∆(x− x′)

⇒ [ψ+
AςBςCς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = ∆(x− x′)

623



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 129Ù k�þ¢âf��Cþfz�Y

4 ©lL�eMajorana B-W�§é´5K�ü«�dLã

4.1 ©lL�eMajorana B-W�§��d�Cé´5K

Ún4.1.1.2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )(C̄γ4X+a′C̄γ4)λ′ςµ′ς (p) = [(m− iγapa)C]{λς(λ′ς [(m− iγ

bpb)C]µς}µ′ς)2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

2Xaλςµς (x)(ηaa′ −
∂a∂

+

a′
m2 )(C̄γ4X+a′C̄γ4)λ′ςµ′ς (x

′)∆(x− x′) = [(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µς}µ′ς)∆(x− x′)

½n4.1.1.

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

e−4niθ

[(2n)!]2
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

⇔

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

e−4niθ

[(2s)!]2
Xa{λςµς (x) · ·}︸ ︷︷ ︸

n

(C̄γ4X+a′C̄γ4)(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

½n4.1.2.

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

⇔

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

e−(4n+2)iθ

[(2n+1)!]2
[(m− γa∂a)C]{λς(λ′ς [(m− γ

b∂b)C]µςµ′ς · ·[(m− γ
c∂c)C]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= ie−(4n+2)iθ

23n[(2n+1)!]2
Xa{λςµς (x) · ·︸ ︷︷ ︸

n

(C̄γ4X+a′C̄γ4)(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γc∂c)C]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

4.2 ©lL�ek�þMajoranaÀÚfé´5K�(

½n4.2.1. n ≥ 0

[a(~p, h;n), a+(~p′, h′;n)] = δhh′δ
3(~p− ~p′), [a(~p, h;n), a(~p′, h′;n)] = 0, [a+(~p, h;n), a+(~p′, h′;n)] = 0

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1

1
[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

⇔ [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1

1
[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

624
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4.3 ©lL�ek�þMajorana¤�f�é´5K�(

½n4.3.1. n ≥ 0

{a(~p, h;n+ 1
2
), a+(~p′, h′;n+ 1

2
)} = δhh′δ

3(~p− ~p′), {rest} = 0

⇔ {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22n

1
[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·[(m− γ
c∂c)γ

4]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

⇔
{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

4.4 ©lL�eí��g^-nâfKlein-Gordon�§�²¡Å)

½n4.4.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = ( 1
2im

)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x)

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−i(~p·~r−Et)]d3~p

εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λςµς (C̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

5 ©lL�eMajorana B-W�§�«þf�Î

5.1 ©lL�eMajorana B-W�§�«�Î�J�

½n5.1.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

6 Klein-Gordon�§�é´5K

6.1 k�þg^-n�Majorana B-W�§�duKlein-Gordon�§ [18, 20,23]

½Â6.1.1. Xa ≡ [imγa(ς)− 2Sab(e, ς)∂
b]C
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½n6.1.1.


[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(x)�é¡
⇔



(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0

δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x)�é¡

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aab · ·︸ ︷︷ ︸

n

(x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

En− 1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−i(~p·~r−Et)]d3~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−i(~p·~r−Et)]d3~p

6.2 g^-nâfKlein-Gordon�§�²¡Å)

íØ6.2.1. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + (−1)nb+(~p, h)e−i(~p·~r−Et)]d3~p

íØ6.2.2. Aab··(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + e−4niθ(−1)ha+(~p,−h)e−i(~p·~r−Et)]d3~p

5�6.2.1. b+(~p, h) = ς2se−4siθ(−1)s+ha+(~p,−h)⇒ b(~p, h) = ς2se4siθ(−1)s+ha(~p,−h)

íØ6.2.3. Aab··(~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t)

y²: e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a′b′··(~p, h)[e−4niθa+(~p, h)e−i(~p·~r−Et) + (−1)ha(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

(−1)hεab··(~p,−h)[e−4niθa+(~p, h)e−i(~p·~r−Et) + (−1)ha(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p,−h)[a(~p,−h)ei(~p·~r−Et) + (−1)he−4niθa+(~p, h)e−i(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab··(~p, h)[a(~p, h)ei(~p·~r−Et) + (−1)he−4niθa+(~p,−h)e−i(~p·~r−Et)]d3~p

= Aab··(~r, t)

lþ¡(Ø��§�
�±³Aab··�¢5§ëêθ�0½π/2'�Ü·"

7 Rarita-Schwinger�§�é´5K

7.1 k�þg^-n+ 1
2
�Majorana B-W�§�duRarita-Schwinger�§ [18, 20,21]

½n7.1.1.
(γa∂a +m)ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x)�é¡
⇔



(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0

δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

[τς ](x)�é¡

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
2n

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aab · ·︸ ︷︷ ︸

n

τς (x)

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−(n+1/2)∑
h=n+1/2

En− 1
2
√

m
E

2n+1
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p, h)e−i(~p·~r−Et)]d3~p

Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)ei(~p·~r−Et) + ε̃ab··τς (~p, h)b+(~p, h)e−i(~p·~r−Et)]d3~p
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7.2 ©lL�eg^s = n+ 1
2
âfRarita-Schwinger�§�²¡Å)

íØ7.2.1. Aab··τς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[εab··τς (~p, h)a(~p, h)ei(~p·~r−Et) + ε̃ab··τς (~p, h)b+(~p, h)e−i(~p·~r−Et)]d3~p

íØ7.2.2. Aab··τς (~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab··σς (~p, h)[δτς

σςa(~p, h)ei(~p·~r−Et) + (−1)h−
1
2 e−(4n+2)iθγ5τς

σςa+(~p,−h)e−i(~p·~r−Et)]d3~p

½n7.2.1. A+
ab··τς (~r, t) = −e(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)τς τ
′
ςAa′b′··τ ′ς (~r, t) = e(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(C̄γ4)τς
τ ′ςAa′b′··τ ′ς (~r, t)

y²: −e−(4n+2)iθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)τς τ
′
ςA+

a′b′··τ ′ς
(~r, t)

= − 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · γ2τς
τ ′ςε+

a′b′··σ′ς
(~p, h)[e−(4n+2)iθδτ ′ς

σ′ςa+(~p, h)e−i(~p·~r−Et) + (−1)h−
1
2 γ5τς

σςa(~p,−h)ei(~p·~r−Et)]d3~p

= − 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab · ·︸ ︷︷ ︸

n

τ ′ς
(~p,−h)[(−1)h−

1
2 e−(4n+2)iθγ5τς

τ ′ςa+(~p, h)e−i(~p·~r−Et) − δτς τ
′
ςa(~p,−h)ei(~p·~r−Et)]d3~p

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εab · ·︸ ︷︷ ︸

n

σς (~p, h)[(−1)h−
1
2 e−(4n+2)iθγ5τς

σςa+(~p,−h)e−i(~p·~r−Et) + δτς
σςa(~p, h)ei(~p·~r−Et)]d3~p

= Aab··τς (~r, t)

lþ¡(Ø��§�
�±³Aab··τς�¢5§ëêθ�0½π/2'�Ü·§��0�{ü"

7.3 ©lL�eMajorana B-W�§���þfz5K

½n7.3.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(σ ⊗ σz, iς)a{λς(λ′ς (σ ⊗ σz, iς)

b
µςµ′ς
· ·})

2s︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

⇒ [ψλςµς · ·ξςης · ·τς︸ ︷︷ ︸
2s

(~r, t), ψ+
λ
′
ςµ
′
ς · ·ξ

′
ςη
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~r′, t)]−2s+1

= − (iς)2s+1

22s−1

[s− 1
2

]∑
k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
[(σ · ∇)⊗ σz]λςλ′ς [(σ · ∇)⊗ σz]µςµ′ς · ·

2k︷ ︸︸ ︷
δξςξ′ςδηςη′ς · · ∇

2kδτςτ ′ςδ
3(~r − ~r′)

8 ©lL�ek�þMajoranaâf�Cé´5K�o(�În

8.1 ½Â

½Â8.1.1.

Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(p;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · ·Xb1{λςµς (p)X

b2
ηςξς

(p) · ·}︸ ︷︷ ︸
n

X+b′1
(λ′ςµ

′
ς
(−p)X+b′2

η′ςξ
′
ς
(−p) · ·)︸ ︷︷ ︸

n

Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · ·Xb1{λςµς (x)Xb2ηςξς (x) · ·}︸ ︷︷ ︸

n

X+b′1
(λ′ςµ

′
ς
(x′)X+b′2

η′ςξ
′
ς
(x′) · ·)︸ ︷︷ ︸

n

627
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½Â8.1.2.

Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(p;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · · [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)

:=

n︷ ︸︸ ︷
(C̄γa1

)λςµς (C̄γa2
)ηςξς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς (γa′2C)η

′
ςξ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς · ·})︸ ︷︷ ︸

2n

íØ8.1.1. Γa1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) = 1
2n

Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ][ηb2b′2 −

∂b2∂
+

b′2
m2 ] · ·︸ ︷︷ ︸

n

8.2 ©lL�ek�þMajoranaÀÚf�Cé´5KÎn(�θ = 0)

½Â8.2.1. P̂a1··anτςb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··anτςa′1··a′n(n)

½n8.2.1.


[Aa1a2··an(x), A+

a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)

[Aa1a2··an(x), Ab1b2··bn(x′)] = iP̂a1a2··ana′1a′2··a′n(n)η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
∆(x− x′)

Aa1a2··an = A+
a′1a
′
2··a′n

η
a′1
a1η

a′2
a2 · ·η

a′n
an , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n8.2.2.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2
Γa1a2 · ·︸ ︷︷ ︸

n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2
Γa1a2 · ·︸ ︷︷ ︸

n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

ηa
′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n8.2.3.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2
Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2
Γ

n︷ ︸︸ ︷
c1c2 · ·

n︷ ︸︸ ︷
c
′
1c
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηc1c′1 −
∂c1∂

+

c′1
m2 ] · ·︸ ︷︷ ︸

n

η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

ηa
′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n8.2.4.



[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xa{λςµς (x) · ·}︸ ︷︷ ︸
n

Xa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n

= ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψλςµς · ·︸ ︷︷ ︸
2n

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n

,Xa = γ2X+a′γ2η
a
a′

628
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[m]

½n8.2.5.



[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n

∆(x− x′)

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2

[(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n

= ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

= ψλςµς · ·︸ ︷︷ ︸
2n

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n

[⇓]

½n8.2.6. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

[m]

½n8.2.7. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

³AÚ|ψ�é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³é´'XíÑ��§�

�±l|é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�þâ

f�é´5Kí��Ã�þâf��aq�é´5K§��KØ1"

8.3 ©lL�ek�þMajorana¤�f�C�é´5KÎn

½n8.3.1. {Aa1a2··anτς (x), A+
a′1a
′
2··a′nτ ′ς

(x′)} = iP̂a1··anτςa′1··a′nτ ′ς (n+ 1
2
)∆(x− x′)

[m]

½n8.3.2.
{Aa1a2··anτς (x), Ab1b2··bnσς (x

′)} = −iP̂a1··anτςb1··bnτ ′ς (n+ 1
2
)γ2

τ ′ς
σς∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) ηa

′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς

[m]

½n8.3.3.

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς · ·Xb1{λςµς (x) · ·︸ ︷︷ ︸

n

X+b′1
(λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), Aa′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i(im)−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς · ·

n︷ ︸︸ ︷
(C̄γa′1)λ

′
ςµ
′
ς · ·Xb1{λςµς (x) · ·︸ ︷︷ ︸

n

Xb
′
1

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [δb1b′1 −
∂b1∂b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) ηa

′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς

C̄γa = −γ2γa′Cγ2η
a′

a ,Xa = γ2X+a′γ2η
a
a′

[m]
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½n8.3.4.

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= im−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς · ·

n︷ ︸︸ ︷
(γa′1C)λ

′
ςµ
′
ς · · [(m− γa∂a)γ4]{λς(λ′ς · ·[(m− γ

c∂c)γ
4]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

{Aa1a2 · ·︸ ︷︷ ︸
n

τς (x), Aa′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i(im)−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(C̄γa1

)λςµς · ·

n︷ ︸︸ ︷
(C̄γa′1)λ

′
ςµ
′
ς · · [(m− γa∂a)C]{λς(λ′ς · ·[(m− γ

c∂c)C]τς}τ ′ς)︸ ︷︷ ︸
2n+1

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

τς (~r, t) = −A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) ηa

′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

γ2
τ ′ς
τς , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(~r, t) = −Aa1a2 · ·︸ ︷︷ ︸

n

τς (~r, t) η
a1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

γ2
τς
τ ′ς
, C̄γa = −γ2γa′Cγ2η

a′

a

[m]

½n8.3.5.

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

X+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γc∂c)γ4]τς}τ ′ς) [ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
23n[(2n+1)!]2

Xa{λςµς (x) · ·︸ ︷︷ ︸
n

Xa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[(m− γc∂c)C]τς}τ ′ς) [δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n+1

= −ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= −ψλςµς · ·︸ ︷︷ ︸
2n+1

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

,Xa = γ2X+a′γ2η
a
a′

[m]

½n8.3.6.

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2

[(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µςµ′ς · ·})︸ ︷︷ ︸
2n+1

∆(x− x′)

{ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2

[(m− γa∂a)C]{λς(λ′ς [(m− γ
b∂b)C]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

ψλςµς · ·︸ ︷︷ ︸
2n+1

= −ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

γ2
λ′ς
λς
γ2
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= −ψλςµς · ·︸ ︷︷ ︸
2n+1

γ2
λς
λ′ς
γ2
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

[⇓]

½n8.3.7. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

½n8.3.8. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

³AÚ|ψ��é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³�é´'XíÑ��§

��±l|�é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�

þâf�é´5Kí��Ã�þâf��aq��é´5K§��KØ1"

8.4 ¢L�ÚDirac©lL��Majorana�§

Ún8.4.1. Sy = 1√
2

[
1 −1
1 1

]
Sy(σx, σy, σz)S

+
y = (−σz, σy, σx), S+

y (σx, σy, σz)Sy = (σz, σy,−σx)

I ⊗ Sy[(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]I ⊗ S+
y = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

I ⊗ S+
y [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σx]I ⊗ Sy = [(σ ⊗ σy, ςI ⊗ σz),−ςI ⊗ σx]
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½Â8.4.1.(γas∂a +m)ψs = 0, γas = (σ−κσκy, ςσκz), ψ
∗
s = ψs

(γa∂a +m)ψ = 0, γa = (σ ⊗ σy, ςI ⊗ σx), ψ∗ = −e2iθσy ⊗ σyψψs = Ss(κ, θ)ψ, Ss(κ, θ) := eiθSem(κ)|(I ⊗ S+
y )

STs (κ, θ)Ss(κ, θ) = e2iθSTem(κ)Sem(κ) = −e2iθσy ⊗ σy
, Sem(κ) = 1√

2

[
i 0 0 −i
−1 0 0 −1
0 −i −i 0
0 −κ κ 0

]
, Sy = 1√

2

[
1 −1
1 1

]

9 ¢L�eBargmann-Wigner�§

9.1 ¢L�B-Wg^Ä

Ún9.1.1.

2s︷ ︸︸ ︷
Ss ⊗ Ss · ·Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

[Ssu{λς (~p,
1
2
)][Ssuµς (~p,

1
2
)] · ·︸ ︷︷ ︸

s+h

· · [Ssuσς (~p,− 1
2
)][Ssuτς}(~p,− 1

2
)]︸ ︷︷ ︸

s−h
2s︷ ︸︸ ︷

Ss ⊗ Ss · ·Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

[Ssv{λς (~p,
1
2
)][Ssvµς (~p,

1
2
)] · ·︸ ︷︷ ︸

s+h

· · [Ssvσς (~p,− 1
2
)][Ssvτς}(~p,− 1

2
)]︸ ︷︷ ︸

s−h

½Â9.1.1.
Usλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2
)usµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2
)usτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

Vsλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) := 1√
(2s)!(s+h)!(s−h)!

vs{λς (~p,
1
2
)vsµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vsσς (~p,− 1
2
)vsτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

9.2 ¢L�eB-Wg^Ä�m'X

íØ9.2.1.


Usλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Vsλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

Vsλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = (−ς)2s

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Usλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

íØ9.2.2.


U+
sλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s−hς2sVsλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

V +
sλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s+hς2sUsλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

íØ9.2.3.


U+
sλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s+h
2s︷ ︸︸ ︷

γs5 ⊗ γs5 · ·Usλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

V +
sλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = (−1)s−h
2s︷ ︸︸ ︷

γs5 ⊗ γs5 · ·Vsλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p,−h)

9.3 ¢L�eB-Wg^ÄÚ¥þÄ�m�'X

íØ9.3.1.

Usλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
[SsXa(p)STs ]λςµς [SsXb(p)STs ]ηςξς · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Usλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)

Vsλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p, h) = 1
(2
√

2m)n
[SsXa(−p)STs ]λςµς [SsXb(−p)STs ]ηςξς · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)

[⇒]ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Vsλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p, h)
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íØ9.3.2.

Usλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
[SsXa(p)STs ]λςµς [SsXb(p)STs ]ηςξς · ·︸ ︷︷ ︸

n

εs ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]εs ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Usλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

Vsλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p, h) = 1
(2
√

2m)n
[SsXa(−p)STs ]λςµς [SsXb(−p)STs ]ηςξς · ·︸ ︷︷ ︸

n

ε̃s ab · ·︸ ︷︷ ︸
n

τς (~p, h)

[⇒]ε̃s ab · ·︸ ︷︷ ︸
n

τς (~p, h) = 1
(i
√

2)n

n︷ ︸︸ ︷
(S∗s C̄γaS

+
s )λςµς (S∗s C̄γbS

+
s )ηςξς · ·Vsλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p, h)

9.4 ¢L�e¥þÄ

½n9.4.1.

ε+
ab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εa′b′ · ·︸ ︷︷ ︸
n

(~p,−h)

εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)h

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p,−h)

εab · ·︸ ︷︷ ︸
n

(~p, h) = (−1)nε̃ab · ·︸ ︷︷ ︸
n

(~p, h)



ε+
sab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h+

1
2 e−2iθγs5τ ′ς

τς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τς (~p,−h)

εsab · ·︸ ︷︷ ︸
n

τ ′ς
(~p, h) = (−1)h−

1
2 e2iθγs5τ ′ς

τς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
s a′b′ · ·︸ ︷︷ ︸

n

τς
(~p,−h)

εs ab · ·︸ ︷︷ ︸
n

τς (~p, h) = −ς(−1)nγs5τς
σς ε̃s ab · ·σς︸ ︷︷ ︸

n

(~p, h)

y²: ε+
sab · ·︸ ︷︷ ︸
n

τς
(~p, h)

= (−1)h−
1
2 (S∗sγ2γ5S

+
s )τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

= −(−1)h−
1
2 e−2iθ(S∗sS

T
s Ssγ5S

+
s )τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

= (−1)h+
1
2 e−2iθγs5τς

τ ′ς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · εs a′b′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p,−h)

9.5 ¢L�eMajorana B-W�§ [18]²¡Å)

½n9.5.1.

(γas∂a +m)κς
λςψsλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψs {λςµς · ·}︸ ︷︷ ︸
2s

(~r, t), ψ+
sλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t)

ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

√
m2s

E
[a(~p, h)Usλςµς · ·︸ ︷︷ ︸

2s

(~p, h)ei(~p·~r−Et) + a+(~p, h)U+
sλςµς · ·︸ ︷︷ ︸

2s

(~p, h)e−i(~p·~r−Et)]d3~p

Usλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1√
(2s)!(s+h)!(s−h)!

us{λς (~p,
1
2
)usµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · usσς (~p,− 1
2
)usτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2s

E
U+

2s︷ ︸︸ ︷
λςµς · ·τς

s (~p, h)ψsλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)e−i(~p·~r−Et)d3~r
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9.6 ¢L�eMajorana B-W�§�«�Î�J�

½n9.6.1.

Pu(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

Q(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

N(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψsλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~S(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψsλςµς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sa(~p, h)a+(~p, h)]d3~p

~M(s) =
∫
ψ

2s︷ ︸︸ ︷
λςµς · ·
s (~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψsλςµς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1a(~p, h)a+(~p, h)]d3~p

9.7 ¢L�eKlein-Gordon�§ÚRarita-Schwinger�§�²¡Å)

íØ9.7.1.

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + e−4niθa+(~p, h)

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

As ab · ·︸ ︷︷ ︸
n

τς (~r, t)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
[a(~p, h)εs ab · ·︸ ︷︷ ︸

n

τς (~p, h)eip·x + e−4niθa+(~p, h)

n︷ ︸︸ ︷
ηa
′

a η
b′

b · · ε+
sa
′
b
′ · ·︸ ︷︷ ︸
n

τς
(~p, h)e−ip·x]d3~p

íØ9.7.2.

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

εab · ·︸ ︷︷ ︸
n

(~p, h)[a(~p, h)ei(~p·~r−Et) + e−4niθ(−1)ha+(~p,−h)e−i(~p·~r−Et)]d3~p

As ab · ·︸ ︷︷ ︸
n

τς (x)

= 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

√
m√

2nE
εs ab · ·︸ ︷︷ ︸

n

σς (~p, h)[a(~p, h)δτς
σςeip·x + e−(4n+2)iθ(−1)h−

1
2 a+(~p,−h)γs5τς

σςe−ip·x]d3~p

íØ9.7.3.
Aab··(~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
a′b′··(~r, t), A

+
sab··(~r, t) = e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··(~r, t)

Asab··τς (~r, t) = e−4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς (~r, t), A

+
sab··τς (~r, t) = e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς (~r, t)

y²: A+
sab··τς (~r, t)

= −e(4n+2)iθ(S∗s )τς
σς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·(σy ⊗ σy)σς ξς (S+
s )ξς

ηςAsa′b′··ης (~r, t)

= e4niθ(S∗sS
T
s SsS

+
s )τς

σς

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··σς (~r, t)

= e4niθ

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς (~r, t)
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9.8 ¢L�eMajorana B-W�§�Cé´5K

íØ9.8.1.

[ψsλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γas∂a)γ4

s ]{λς(λ′ς [(m− γ
b
s∂b)γ

4
s ]µςµ′ς · ·}) ∆(x− x′)

[ψsλςµς · ·︸ ︷︷ ︸
2s

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = [ψ+
sλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = [ψsλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

ψsλςµς · ·︸ ︷︷ ︸
2s

(x) = ψ+
sλςµς · ·︸ ︷︷ ︸

2s

(x)

⇔ [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [a(~p, h), a(~p′, h′)]−2s+1 = 0, [a+(~p, h), a+(~p′, h′)]−2s+1 = 0

10 ¢L�ek�þMajoranaâf�Cé´5K�o(�În

10.1 ¢L�ek�þMajoranaÀÚf�Cé´5KÎn(�θ = 0)

½n10.1.1.


[Aa1a2··an(x), A+

a′1a
′
2··a′n

(x′)] = iP̂a1a2··ana′1a′2··a′n(n)∆(x− x′)

[Aa1a2··an(x), Ab1b2··bn(x′)] = iP̂a1a2··ana′1a′2··a′n(n)η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
∆(x− x′)

Aa1a2··an = A+
a′1a
′
2··a′n

η
a′1
a1η

a′2
a2 · ·η

a′n
an , A

+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n10.1.2.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2
Γa1a2 · ·︸ ︷︷ ︸

n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n)∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

24n−1[(2n)!]2
Γa1a2 · ·︸ ︷︷ ︸

n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x;n) η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

ηa
′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n10.1.3.



[Aa1a2 · ·︸ ︷︷ ︸
n

(x), A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2
Γ

n︷ ︸︸ ︷
b1b2 · ·

n︷ ︸︸ ︷
b
′
1b
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηb1b′1 −
∂b1∂

+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[Aa1a2 · ·︸ ︷︷ ︸
n

(x), Ab1b2 · ·︸ ︷︷ ︸
n

(x′)] = im−2n

25n−1[(2n)!]2
Γ

n︷ ︸︸ ︷
c1c2 · ·

n︷ ︸︸ ︷
c
′
1c
′
2 · ·

a1a2 · ·︸ ︷︷ ︸
n

a
′
1a
′
2 · ·︸ ︷︷ ︸
n

(x, x′;n) [ηc1c′1 −
∂c1∂

+

c′1
m2 ] · ·︸ ︷︷ ︸

n

η
a′1
b1
η
a′2
b2
· ·︸ ︷︷ ︸

n

∆(x− x′)

Aa1a2 · ·︸ ︷︷ ︸
n

= A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

ηa
′
1
a1
ηa
′
2
a2
· ·︸ ︷︷ ︸

n

, A+
a
′
1a
′
2 · ·︸ ︷︷ ︸
n

= Aa1a2 · ·︸ ︷︷ ︸
n

ηa1

a′1
ηa2

a′2
· ·︸ ︷︷ ︸

n

[m]

½n10.1.4.



[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xsa{λςµς (x) · ·}︸ ︷︷ ︸
n

Xs+a
(λ′ςµ

′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xsa{λςµς (x) · ·}︸ ︷︷ ︸
n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[ηaa′ −
∂{a∂

+

(a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

= ψsλςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n

,Xas := SsXaSTs

[m]

634



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 129Ù k�þ¢âf��Cþfz�Y

½n10.1.5.



[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xsa{λςµς (x) · ·}︸ ︷︷ ︸
n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
23n−1[(2n)!]2

Xsa{λςµς (x) · ·}︸ ︷︷ ︸
n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·)︸ ︷︷ ︸
n

[δaa′ − ∂a∂a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

= ψsλςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n

,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

½n10.1.6.



[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2

[(m− γas∂a)γ4
s ]{λς(λ′ς [(m− γ

b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

[ψsλςµς · ·︸ ︷︷ ︸
2n

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1[(2n)!]2

[(m− γas∂a)γ4
s ]{λς(λ′ς [(m− γ

b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n

, ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n

= ψsλςµς · ·︸ ︷︷ ︸
2n

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n

[⇓]

½n10.1.7. [ψAςBς · ·︸ ︷︷ ︸
2n

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1[(2n)!]2

2n︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

[m]

½n10.1.8. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2n

2n−1 Γ

2n︷ ︸︸ ︷
abc · ·
kςk′ς

(n)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

½Â10.1.1. Xa ≡ [imγa(ς)− 2Sab(e, ς)∂b]C,Xa(p) ≡ i[mγa(ς)− 2Sab(e, ς)pb]C

½Â10.1.2. Xas ≡ [imγas (ς)− 2Sabs (e, ς)∂b]Cs,Xas(p) ≡ i[mγas (ς)− 2Sabs (e, ς)pb]Cs, Cs := −γ2
sγ

4
sγ

2

³AÚ|ψ�é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³é´'XíÑ��§�

�±l|é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�þâ

f�é´5Kí��Ã�þâf��aq�é´5K§��KØ1"

10.2 ¢L�ek�þMajorana¤�f�C�é´5KÎn

½Â10.2.1. P̂sa1··anτςa′1··a′nτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··ana′a′1··a′n(n+ 1)[γas (−m− γcs∂c)γ4

sγ
a′

s ]τςτ ′ς , γ
a′

s = γas η
a′

a

½Â10.2.2.

P̂sa1··anτςb1··bnτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··anbb1··bn(n+ 1)[γas (m+ γcs∂c)γ

b
sγ

4
s ]τςτ ′ς

P̂sa1··anτςb1··bnτ ′ς (n+ 1
2
) := η

a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂sa1··anτςa′1··a′nτ ′ς (n+ 1

2
)

íØ10.2.1. P̂sa1··anτςb1··bnτ ′ς (n+ 1
2
) = n+1

2n+3
P̂aa1··anbb1··bn(n+ 1)[(m− γcs∂c)γas γbsγ4

s ]τςτ ′ς

½n10.2.1. {Asa1a2··anτς (x), A+
sa′1a

′
2··a′nτ ′ς

(x′)} = iP̂sa1··anτςa′1··a′nτ ′ς (n+ 1
2
)∆(x− x′)

[m]

½n10.2.2.


{Asa1a2··anτς (x), Asb1b2··bnτ ′ς (x

′)} = iP̂sa1··anτςb1··bnτ ′ς (n+ 1
2
)∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς

[m]

635



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 129Ù k�þ¢âf��Cþfz�Y

½n10.2.3.

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
s a′1a

′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = im−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1

)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)+λ′ςµ

′
ς · ·Xb1s {λςµς (x) · ·︸ ︷︷ ︸

n

X+b′1
s (λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηb1b′1 −

∂b1∂
+

b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), As a′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i(im)−2n

25n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1

)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)λ

′
ςµ
′
ς · ·Xb1s {λςµς (x) · ·︸ ︷︷ ︸

n

Xb
′
1
s (λ′ςµ

′
ς
(x′) · ·︸ ︷︷ ︸

n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δb1b′1 −

∂b1∂b′1
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς
S∗s C̄γ

aS+
s = γ4

sγ
a
s , Ssγ

a′CSTs = γa
′

s γ
4
s ,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

½n10.2.4.

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), A+
s a′1a

′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= im−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1

)λςµς · ·

n︷ ︸︸ ︷
(γsa′1γ

4
s )λ

′
ςµ
′
ς · · [(m− γas∂a)γ4

s ]{λς(λ′ς · ·[(m− γ
c
s∂c)γ

4
s ]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

{As a1a2 · ·︸ ︷︷ ︸
n

τς (x), As a′1a
′
2 · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}

= i(im)−2n

24n[(2n+1)!]2

n︷ ︸︸ ︷
(γ4
sγsa1

)λςµς · ·

n︷ ︸︸ ︷
(γ4
sγsa′1)λ

′
ςµ
′
ς · · [(m− γas∂a)γ4

s ]{λς(λ′ς · ·[(m− γ
c
s∂c)γ

4
s ]τς}τ ′ς)︸ ︷︷ ︸

2n+1

∆(x− x′)

Asab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·A+
sa′b′··τς , A

+
sab··τς =

n︷ ︸︸ ︷
ηa
′

a η
b′

b · ·Asa′b′··τς , S∗s C̄γaS+
s = γ4

sγ
a
s , Ssγ

a′CSTs = γa
′

s γ
4
s

[m]

½n10.2.5.

{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xsa{λςµς (x) · ·︸ ︷︷ ︸
n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηaa′ −

∂a∂
+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xsa{λςµς (x) · ·︸ ︷︷ ︸
n

Xs+a′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [ηaa′ −

∂a∂
+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

= ψsλςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

,Xas := SsXaSTs

[m]

½n10.2.6.
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{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xsa{λςµς (x) · ·︸ ︷︷ ︸
n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δaa′ − ∂a∂a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)}

= i
23n[(2n+1)!]2

Xsa{λςµς (x) · ·︸ ︷︷ ︸
n

Xsa
′

(λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[(m− γcs∂c)γ4
s ]τς}τ ′ς) [δaa′ − ∂a∂a′

m2 ] · ·︸ ︷︷ ︸
n

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

= ψsλςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

,Xas := SsXaSTs ,Xas = X+a′

s ηaa′

[m]

½n10.2.7.

{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2

[(m− γas∂a)γ4
s ]{λς(λ′ς [(m− γ

b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

{ψsλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψsλ′ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n[(2n+1)!]2

[(m− γas∂a)γ4
s ]{λς(λ′ς [(m− γ

b
s∂b)γ

4
s ]µςµ′ς · ·})︸ ︷︷ ︸

2n+1

∆(x− x′)

ψsλςµς · ·︸ ︷︷ ︸
2n+1

= ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

δ
λ′ς
λς
δ
µ′ς
µς · ·︸ ︷︷ ︸

2n+1

, ψ+
sλ′ςµ

′
ς · ·︸ ︷︷ ︸

2n+1

= ψsλςµς · ·︸ ︷︷ ︸
2n+1

δλςλ′ς δ
µς
µ′ς
· ·︸ ︷︷ ︸

2n+1

[⇓]

½n10.2.8. {ψAςBς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n[(2n+1)!]2

2n+1︷ ︸︸ ︷
(σ, iς)a{Aς(A′ς (σ, iς)

b
BςB′ς

· ·})
2n+1︷ ︸︸ ︷
∂a∂b · ·∆(x− x′)

[m]

½n10.2.9. {ψkς (x), ψ+
k′ς

(x′)} = i (−1)2n+1

2n−1/2 Γ

2n+1︷ ︸︸ ︷
abc · ·
kςk′ς

(n+ 1
2
)

2n+1︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

³AÚ|ψ��é´'XÑkü«�dLã�ª§�p�cJÚp�ÏJ"Q�±l³�é´'XíÑ��§

��±l|�é´'XíÑ��"ù`²éuk�þâf§³Ú|ü«£ã�Y´���d�"¿��±lk�

þâf�é´5Kí��Ã�þâf��aq��é´5K§��KØ1"
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k�5��£"

1 Bargmann-Wigner�§�²¡Å)

1.1 ü�íØ

íØ1.1.1.
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)uτς (~p,− 1

2
)

Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h) =

√
s+1/2+h
√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h− 1
2
)uης (~p,

1
2
) +

√
s+1/2−h
√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1
2
)uης (~p,− 1

2
)

íØ1.1.2.
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)vτς (~p,

1
2
) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)vτς (~p,− 1

2
)

Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h) =

√
s+1/2+h
√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h− 1
2
)vης (~p,

1
2
) +

√
s+1/2−h
√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1
2
)vης (~p,− 1

2
)

1.2 ü�'uU-g^Ä�Ún

Ún1.2.1.
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2
) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

y²:
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
−s∑
h=s

aης (~p, h)[
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)uτς (~p,− 1

2
)

=
−s∑
h=s

aτς (~p, h)
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)uης (~p,

1
2
) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)uης (~p,− 1

2
)

⇔
√
s+h√
2s
aης (~p, h)uτς (~p,

1
2
) +

√
s+1−h√

2s
aης (~p, h− 1)uτς (~p,− 1

2
)]

=
√
s+h√
2s
aτς (~p, h)uης (~p,

1
2
) +

√
s+1−h√

2s
aτς (~p, h− 1)uης (~p,− 1

2
),−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2
) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

Ún1.2.2.
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2
) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔

aης (~p, h) = c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
), h = −s

y²:
√
s+h√
2s
a[ης (~p, h)uτς ](~p,

1
2
) +

√
s+1−h√

2s
a[ης (~p, h− 1)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
{c+(~p, h)u[ης (~p,

1
2
) + c−(~p, h)u[ης (~p,− 1

2
) + d+(~p, h)v[ης (~p,

1
2
) + d−(~p, h)v[ης (~p,− 1

2
)}uτς ](~p, 1

2
) +

√
s+1−h√

2s

{c+(~p, h − 1)u[ης (~p,
1
2
) + c−(~p, h − 1)u[ης (~p,− 1

2
) + d+(~p, h − 1)v[ης (~p,

1
2
) + d−(~p, h − 1)v[ης (~p,− 1

2
)}uτς ](~p,− 1

2
) =

0,−(s− 1) ≤ h ≤ s
⇔ c+(~p, h)u[ης (~p,

1
2
)uτς ](~p,

1
2
) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2
)uτς ](~p,− 1

2
)

+ [c−(~p, h)−
√
s+1−h√
s+h

c+(~p, h− 1)]u[ης (~p,− 1
2
)uτς ](~p,

1
2
)
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+ d+(~p, h)v[ης (~p,
1
2
)uτς ](~p,

1
2
) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2
)uτς ](~p,− 1

2
)

+ d−(~p, h)v[ης (~p,− 1
2
)uτς ](~p,

1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)v[ης (~p,
1
2
)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔ [c−(~p, h)−
√
s+1−h√
s+h

c+(~p, h− 1)]u[ης (~p,− 1
2
)uτς ](~p,

1
2
)

+ d+(~p, h)v[ης (~p,
1
2
)uτς ](~p,

1
2
) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2
)uτς ](~p,− 1

2
)

+ d−(~p, h)v[ης (~p,− 1
2
)uτς ](~p,

1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)v[ης (~p,
1
2
)uτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔


√
s+h√
2s
c−(~p, h) =

√
s+1−h√

2s
c+(~p, h− 1),−(s− 1) ≤ h ≤ s

d+(~p, h) = 0, d−(~p, h) = 0,−s ≤ h ≤ s

⇔

aης (~p, h) = c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
), h = −s

1.3 ü�'uV-g^Ä�Ún

Ún1.3.1.
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2
) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

y²:
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔
−s∑
h=s

b+ης (~p, h)[
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)vτς (~p,

1
2
) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)vτς (~p,− 1

2
)

=
−s∑
h=s

b+τς (~p, h)
√
s+h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)vης (~p,

1
2
) +

√
s−h√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)vης (~p,− 1

2
)

⇔
√
s+h√
2s
b+ης (~p, h)vτς (~p,

1
2
) +

√
s+1−h√

2s
b+ης (~p, h− 1)vτς (~p,− 1

2
)]

=
√
s+h√
2s
b+τς (~p, h)vης (~p,

1
2
) +

√
s+1−h√

2s
b+τς (~p, h− 1)vης (~p,− 1

2
),−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2
) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

Ún1.3.2.
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2
) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔

b+ης (~p, h) = d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
), h = −s

y²:
√
s+h√
2s
b+[ης (~p, h)vτς ](~p,

1
2
) +

√
s+1−h√

2s
b+[ης (~p, h− 1)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔
√
s+h√
2s
{c+(~p, h)u[ης (~p,

1
2
) + c−(~p, h)u[ης (~p,− 1

2
) + d+(~p, h)v[ης (~p,

1
2
) + d−(~p, h)v[ης (~p,− 1

2
)}vτς ](~p, 1

2
) +

√
s+1−h√

2s

{c+(~p, h− 1)u[ης (~p,
1
2
) + c−(~p, h− 1)u[ης (~p,− 1

2
) + d+(~p, h− 1)v[ης (~p,

1
2
) + d−(~p, h− 1)v[ης (~p,− 1

2
)}vτς ](~p,− 1

2
)

= 0,−(s− 1) ≤ h ≤ s
⇔ d+(~p, h)v[ης (~p,

1
2
)vτς ](~p,

1
2
) +

√
s+1−h√
s+h

d−(~p, h− 1)v[ης (~p,− 1
2
)vτς ](~p,− 1

2
)

+ [d−(~p, h)−
√
s+1−h√
s+h

d+(~p, h− 1)]v[ης (~p,− 1
2
)vτς ](~p,

1
2
)

+ c+(~p, h)u[ης (~p,
1
2
)vτς ](~p,

1
2
) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2
)vτς ](~p,− 1

2
)

+ c−(~p, h)u[ης (~p,− 1
2
)vτς ](~p,

1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)u[ης (~p,
1
2
)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔ [d−(~p, h)−
√
s+1−h√
s+h

d+(~p, h− 1)]v[ης (~p,− 1
2
)vτς ](~p,

1
2
)

+ c+(~p, h)u[ης (~p,
1
2
)vτς ](~p,

1
2
) +

√
s+1−h√
s+h

c−(~p, h− 1)u[ης (~p,− 1
2
)vτς ](~p,− 1

2
)

+ c−(~p, h)u[ης (~p,− 1
2
)vτς ](~p,

1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)u[ης (~p,
1
2
)vτς ](~p,− 1

2
) = 0,−(s− 1) ≤ h ≤ s

⇔


√
s+h√
2s
d−(~p, h) =

√
s+1−h√

2s
d+(~p, h− 1),−(s− 1) ≤ h ≤ s

c+(~p, h) = 0, c−(~p, h) = 0,−s ≤ h ≤ s
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⇔

b+ης (~p, h) = d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
), h = −s

1.3.1 ü��½n

½n1.3.1.aης (~p, h) = c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
), h = −s

⇔
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−(s+1/2)∑

(h+1/2)=(s+1/2)

a(~p, h+ 1
2
)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)

a(~p,−s− 1
2
) := c−(~p,−s), a(~p, h+ 1

2
) :=

√
2s+1√
s+h+1

c+(~p, h),−s ≤ h ≤ s

y²:aης (~p, h) = c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
), h = −s

⇔
−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s+1∑
h=s

[c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
)]Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
)]Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)

=
−s+1∑
h=s

c+(~p, h)uης (~p,
1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s+1∑
h=s

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
)]Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)

= [
−s∑

h=s−1

c+(~p, h)uης (~p,
1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s∑

h=s−1

√
s−h√
s+h+1

c+(~p, h)uης (~p,− 1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1)]

+ [
∑
h=s

c+(~p, s)uης (~p,
1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

c−(~p,−s)uης (~p,− 1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

c+(~p, h)[
√
s+h+1√
2s+1

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)uης (~p,
1
2
) +

√
s−h√
2s+1

c+(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h+ 1)uης (~p,− 1
2
)]

+ [
∑
h=s

c+(~p, s)uης (~p,
1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

c−(~p,−s)uης (~p,− 1
2
)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

c+(~p, h)

[

√
(s+

1
2

)+(h+
1
2

)
√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, (h+ 1
2
)− 1

2
)uης (~p,

1
2
) +

√
(s+

1
2

)−(h+
1
2

)
√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, (h+ 1
2
) + 1

2
)uης (~p,− 1

2
)]

+ [c+(~p, s)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
) + c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2
)]

=
−(s−1/2)∑

(h+1/2)=(s−1/2)

√
2s+1√
s+h+1

c+(~p, h)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2
) + c+(~p, s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
)

+ c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p,−s− 1
2
)

=
−(s−1/2)∑

(h+1/2)=(s+1/2)

√
2s+1√
s+h+1

c+(~p, h)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2
) + c−(~p,−s)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2
)

=
−(s+1/2)∑

(h+1/2)=(s+1/2)

a(~p, h+ 1
2
)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)

, a(~p, h+ 1
2
) :=

√
2s+1√
s+h+1

c+(~p, h),−s ≤ h ≤ s; a(~p,−s− 1
2
) := c−(~p,−s)

½n1.3.2.

640



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 130Ù �«é¡Ú�é¡�§�²¡Å)b+ης (~p, h) = d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
), h = −s

⇔
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−(s+1/2)∑

(h+1/2)=(s+1/2)

b+(~p, h+ 1
2
)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)

b+(~p,−s− 1
2
) := d−(~p,−s), b+(~p, h+ 1

2
) :=

√
2s+1√
s+h+1

d+(~p, h),−s ≤ h ≤ s

y²:b+ης (~p, h) = d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
), h = −s

⇔
−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s+1∑
h=s

[d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
)]Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
)]Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)

=
−s+1∑
h=s

d+(~p, h)vης (~p,
1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s+1∑
h=s

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)

+
∑
h=−s

[d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
)]Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)

= [
−s∑

h=s−1

d+(~p, h)vης (~p,
1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) +
−s∑

h=s−1

√
s−h√
s+h+1

d+(~p, h)vης (~p,− 1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h+ 1)]

+ [
∑
h=s

d+(~p, s)vης (~p,
1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

d−(~p,−s)vης (~p,− 1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

d+(~p, h)[
√
s+h+1√
2s+1

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)vης (~p,
1
2
) +

√
s−h√
2s+1

d+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h+ 1)vης (~p,− 1
2
)]

+ [
∑
h=s

d+(~p, s)vης (~p,
1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, s) +
∑
h=−s

d−(~p,−s)vης (~p,− 1
2
)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p,−s)]

=
−s∑

h=s−1

√
2s+1√
s+h+1

d+(~p, h)

[

√
(s+

1
2

)+(h+
1
2

)
√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, (h+ 1
2
)− 1

2
)vης (~p,

1
2
) +

√
(s+

1
2

)−(h+
1
2

)
√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, (h+ 1
2
) + 1

2
)vης (~p,− 1

2
)]

+ [d+(~p, s)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, s+ 1
2
) + d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2
)]

=
−(s−1/2)∑

(h+1/2)=(s−1/2)

√
2s+1√
s+h+1

d+(~p, h)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2
) + d+(~p, s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, s+ 1
2
)

+ d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p,−s− 1
2
)

=
−(s−1/2)∑

(h+1/2)=(s+1/2)

√
2s+1√
s+h+1

d+(~p, h)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p, h+ 1
2
) + d−(~p,−s)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p,−s− 1
2
)

=
−(s+1/2)∑

(h+1/2)=(s+1/2)

b+(~p, h+ 1
2
)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)

, b+(~p, h+ 1
2
) :=

√
2s+1√
s+h+1

d+(~p, h),−s ≤ h ≤ s; b+(~p,−s− 1
2
) := d−(~p,−s)

1.4 ^êÆ8B{î�¦)Bargmann-Wigner�§�²¡Å)

½n1.4.1. (γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{λςµς · ·σςτς}︸ ︷︷ ︸
2s

(x)

ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[a(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h
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Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

√
Cs−h2s v{λς (~p,

1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2
)vτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1/2�¤áµ

(γa∂a +m)κς
λςψλς (x) = 0, ψλς (x) = ψλς (x)

⇔

ψλς (x) = 1
(2π)3/2

+∞∫
~p=−∞

−1/2∑
h=1/2

m1/2
√
E

[a(~p, h)Uλς (~p, h)eip·x + b+(~p, h)Vλς (~p, h)e−ip·x]d3~p

1�Úµb�s′ = s�¤áµ

(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{λςµς · ·σςτς}︸ ︷︷ ︸
2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[a(~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+(~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

1nÚµs′ = s+ 1/2�µ

(γa∂a +m)κς
λςψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 0, ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!

ψ{λςµς · ·σςτςης}︸ ︷︷ ︸
2s+1

(x)

⇔
ψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = ψλςµς · ·σςηςτς︸ ︷︷ ︸
2s+1

(x)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

=
+∞∫

~p=−∞

−s∑
h=s

ms√
E

[aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)eip·x + b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

−s∑
h=s

aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

aτς (~p, h)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

−s∑
h=s

b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−s∑
h=s

b+τς (~p, h)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p, h)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms√
E

[aης (~p, h)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)eip·x + b+ης (~p, h)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)e−ip·x]d3~p

aης (~p, h) = c+(~p, h)uης (~p,
1
2
) +

√
s+1−h√
s+h

c+(~p, h− 1)uης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

aης (~p,−s) = c+(~p,−s)uης (~p, 1
2
) + c−(~p,−s)uης (~p,− 1

2
), h = −s

b+ης (~p, h) = d+(~p, h)vης (~p,
1
2
) +

√
s+1−h√
s+h

d+(~p, h− 1)vης (~p,− 1
2
),−(s− 1) ≤ h ≤ s

b+ης (~p,−s) = d+(~p,−s)vης (~p, 1
2
) + d−(~p,−s)vης (~p,− 1

2
), h = −s

⇔
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ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−(s+1/2)∑
(h+1/2)=(s+1/2)

ms√
E

[
√
ma(~p, h+ 1

2
)Uλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)eip·x +

√
mb+(~p, h+ 1

2
)Vλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(~p, h+ 1
2
)e−ip·x]d3~p

√
ma(~p,−s− 1

2
) := c−(~p,−s),

√
ma(~p, h+ 1

2
) :=

√
2s+1√

(s+
1
2

)+(h+
1
2

)

c+(~p, h),−s ≤ h ≤ s

√
mb+(~p,−s− 1

2
) := d−(~p,−s),

√
mb+(~p, h+ 1

2
) :=

√
2s+1√

(s+
1
2

)+(h+
1
2

)

d+(~p, h),−s ≤ h ≤ s

⇔

ψλςµς · ·ης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−(s+1/2)∑
h=s+1/2

ms+1/2
√
E

[a(~p, h)Uλςµς · ·ης︸ ︷︷ ︸
2s+1

(~p, h)eip·x + b+(~p, h)Vλςµς · ·ης︸ ︷︷ ︸
2s+1

(~p, h)e−ip·x]d3~p

a(~p,−s− 1
2
) := c−(~p,−s)√

m
, a(~p, h) :=

√
2s+1√

(s+
1
2

)+h

c+(~p,h− 1
2

)
√
m

,−s+ 1
2
≤ h ≤ s+ 1

2

b+(~p,−s− 1
2
) := d−(~p,−s)√

m
, b+(~p, h) :=

√
2s+1√

(s+
1
2

)+h

d+(~p,h− 1
2

)
√
m

,−s+ 1
2
≤ h ≤ s+ 1

2

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

2 N+1���¥Bargmann-Wigner�§�²¡Å)

2.1 N+1���¥Bargmann-Wigner�§U-g^Ä�5�

2.1.1 'ué¡5^��U-g^ÄÚn

Ún2.1.1.
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔


√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

y²:
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
=2s∑

n1+··+nl
aης (~p;n1, ··, nl)[

√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; l)]

=
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)[

√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uης (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uης (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uης (~p; l)]

⇔



√
n1√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1 − 1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1 − 1, n2, ··, nl + 1)uτς ](~p; l) = 0

√
n1+1√

2s
a[ης (~p;n1 + 1, n2 − 1, ··, nl)uτς ](~p; 1) +

√
n2√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2 − 1, ··, nl + 1)uτς ](~p; l) = 0 · · · · · ·

√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl − 1)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; l) = 0

⇔


√
n1√
2s
a[ης (~p;n1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1 − 1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1 − 1, n2, ··, nl + 1)uτς ](~p; l) = 0
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⇔


√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

————————————————————

Ún2.1.2.
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k) +
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0aης (~p;n1, n2, ··, nl) =
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·

+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·

+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

y²:
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k) +
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0c(~p;n1 + 1, n2, ··, nl; 2) =
√
n2+1√
n1+1

c(~p;n1, n2 + 1, ··, nl; 1) · · ·

c(~p;n1 + 1, n2, ··, nl; l) =
√
nl+1√
n1+1

c(~p;n1, n2, ··, nl + 1; 1)c(~p; 0, n2 + 1, ··, nl; 3) =
√
n3+1√
n2+1

c(~p; 0, n2, n3 + 1, ··, nl; 2) · · ·

c(~p; 0, n2 + 1, ··, nl; l) =
√
nl+1√
n2+1

c(~p; 0, n2, ··, nl + 1; 2)c(~p; 0, 0, n3 + 1, ··, nl; 4) =
√
n4+1√
n3+1

c(~p; 0, 0, n3, n4 + 1, ··, nl; 3) · · ·

c(~p; 0, 0, n3 + 1, ··, nl; l) =
√
nl+1√
n3+1

c(~p; 0, 0, n3, n4, ··, nl + 1; 3)
· · ·{
c(~p; 0, ·, 0, nl−1 + 1, nl; l) =

√
nl+1√
nl−1+1

c(~p; 0, ··, 0, nl−1, nl + 1; l − 1)

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k), d(~p;n1, n2, ··, nl; k) = 0aης (~p;n1, n2, ··, nl) =
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
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aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·

+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·

+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

————————————————————

íØ2.1.1. aης (~p;n1, n2, ··, nl) =
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)c(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1c(~p; 0, n2, ··, nl; 3) =
√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·

c(~p; 0, n2, ··, nl; l) =
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

c(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)aης (~p;n1, n2, ··, nl) =
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·

+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·

+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

————————————————————

Ún2.1.3.c(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)
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+
∑

n2··+nl=2s

l∑
k=2

c(~p; 0, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

y²:c(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
n1 6=0∑

n1+··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)[
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2) + · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l)]

+
n1=0∑

n1+··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+ c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]

=
1≤n1≤2s∑
n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

c(~p;n1, n2, ··, nl; 1)uης (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nl≤2s∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl+1√
n1

c(~p;n1, n2, ··, nl; 1)uης (~p; l)

+
n1=0∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+ c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]
=

∑
n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)c(~p;n1, n2, ··, nl; 1)uης (~p; 1)

+
∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

c(~p;n1, n2, ··, nl; 1)uης (~p; 2) + · ·

+
∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl√

n1+1
c(~p;n1, n2, ··, nl; 1)uης (~p; l)

+
n1=0∑

n1··+nl=2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[c(~p; 0, n2, ··, nl; 2)uης (~p; 2) + · ·+c(~p; 0, n2, ··, nl; l)uης (~p; l)]

=
∑

n1··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

c(~p; 0, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

————————————————————

íØ2.1.2.c(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1c(~p; 0, n2, ··, nl; 3) =
√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·

c(~p; 0, n2, ··, nl; l) =
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

c(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)
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=
∑

n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

————————————————————

Ún2.1.4.∑
n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
∑

n1+··+nl=2s+1

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) :=
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) :=
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) :=
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nl) :=
√

2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

y²:
∑

n1··+nl=2s

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

c(~p; 0, ··, 0, nl; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
n1 6=0∑

n1+··+nl=2s+1

√
2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

+
n1=0,n2 6=0∑

n2+··+nl=2s+1

√
2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nl)

+
n1=0,n2=0,n3 6=0∑
n3+··+nl=2s+1

√
2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nl)

+ · · ·+
n1=0,··,nl−1=0,nl 6=0∑

nl=2s+1

√
2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl)

=
∑

n1+··+nl=2s+1

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)
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a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.1.2 A�íØ

íØ2.1.3. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 2) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; l)

íØ2.1.4. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl) =
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Uτς (~p; 2)

+
√
n3√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nl)Uτς (~p; 0, 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Uτς (~p; l)

íØ2.1.5. Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl) =
√
n1√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nl)Uης (~p; 1)

+
√
n2√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nl)Uης (~p; 2) + · ·+
√
nl√

2s+1
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl − 1)Uης (~p; l)

2.1.3 ���½n

½n2.1.1.∑
n1+··+nl=2s

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s

aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

=2s∑
n1··+nl

aης (~p;n1, n2, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

y²:∑
n1+··+nl=2s

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s

aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

⇔
√
n1+1√

2s
a[ης (~p;n1 + 1, n2, ··, nl)uτς ](~p; 1) +

√
n2+1√

2s
a[ης (~p;n1, n2 + 1, ··, nl)uτς ](~p; 2)

+ · ·+
√
nl+1√

2s
a[ης (~p;n1, n2, ··, nl + 1)uτς ](~p; l) = 0

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)aης (~p;n1, n2, ··, nl) =
√
n1√
n1
c(~p;n1, n2, ··, nl; 1)uης (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nl; 1)uης (~p; 2)

+ · · ·+
√
nl+1√
n1

c(~p;n1 − 1, n2, ··, nl + 1; 1)uης (~p; l), n1 ≥ 1
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aης (~p; 0, n2, ··, nl) = c(~p; 0, n2, ··, nl; 1)uης (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nl; 2)uης (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)uης (~p; 3) + · · ·

+
√
nl+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl + 1; 2)uης (~p; l), n2 ≥ 1
aης (~p; 0, 0, n3, ··, nl) = c(~p; 0, 0, n3, ··, nl; 1)uης (~p; 1) + c(~p; 0, 0, n3, ··, nl; 2)uης (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nl; 3)uης (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)uης (~p; 4) + · · ·

+
√
nl+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl + 1; 3)uης (~p; l), n3 ≥ 1
· · · · · · · · ·aης (~p; 0, ··, 0, nl) = c(~p; 0, ··, 0, nl; 1)uης (~p; 1) + c(~p; 0, ··, 0, nl; 2)uης (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nl; l − 1)uης (~p; l − 1) +
√
nl√
nl
c(~p; 0, ··, 0, nl; l)uης (~p; l), nl = 2s ≥ 1

⇔
aης (~p;n1, n2, ··, nl) =

l∑
k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

=2s∑
n1··+nl

aης (~p;n1, n2, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

a(~p;n1, n2, ··, nl) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

a(~p; 0, n2, ··, nl) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

c(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.2 N+1���¥Bargmann-Wigner�§V-g^Ä�5�

2.2.1 'ué¡5^��V-g^ÄÚn

Ún2.2.1.
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔


√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

y²:
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
=2s∑

n1+··+nl
b+ης (~p;n1, ··, nl)[

√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vτς (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vτς (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vτς (~p; l)]

=
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)[

√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vης (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vης (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vης (~p; l)]
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⇔



√
n1√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1 − 1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1 − 1, n2, ··, nl + 1)vτς ](~p; l) = 0

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2 − 1, ··, nl)vτς ](~p; 1) +

√
n2√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2 − 1, ··, nl + 1)vτς ](~p; l) = 0 · · · · · ·

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl − 1)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; l) = 0

⇔


√
n1√
2s
b+[ης (~p;n1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1 − 1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1 − 1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔


√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

————————————————————

Ún2.2.2.
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k) +
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0b+ης (~p;n1, n2, ··, nl) =
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·

+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·

+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

y²:
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k) +
l∑

k=1

c(~p;n1, n2, ··, nl; k)uης (~p; k)

√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0d(~p;n1 + 1, n2, ··, nl; 2) =
√
n2+1√
n1+1

d(~p;n1, n2 + 1, ··, nl; 1) · · ·

d(~p;n1 + 1, n2, ··, nl; l) =
√
nl+1√
n1+1

d(~p;n1, n2, ··, nl + 1; 1)
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√
n3+1√
n2+1

d(~p; 0, n2, n3 + 1, ··, nl; 2) · · ·

d(~p; 0, n2 + 1, ··, nl; l) =
√
nl+1√
n2+1

d(~p; 0, n2, ··, nl + 1; 2)d(~p; 0, 0, n3 + 1, ··, nl; 4) =
√
n4+1√
n3+1

d(~p; 0, 0, n3, n4 + 1, ··, nl; 3) · · ·

d(~p; 0, 0, n3 + 1, ··, nl; l) =
√
nl+1√
n3+1

d(~p; 0, 0, n3, n4, ··, nl + 1; 3)
· · ·{
d(~p; 0, ·, 0, nl−1 + 1, nl; l) =

√
nl+1√
nl−1+1

d(~p; 0, ··, 0, nl−1, nl + 1; l − 1)

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k), c(~p;n1, n2, ··, nl; k) = 0b+ης (~p;n1, n2, ··, nl) =
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·

+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·

+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

————————————————————

íØ2.2.1. b+ης (~p;n1, n2, ··, nl) =
l∑

k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)d(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

d(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1d(~p; 0, n2, ··, nl; 3) =
√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·

d(~p; 0, n2, ··, nl; l) =
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
d(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

d(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)b+ης (~p;n1, n2, ··, nl) =
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·

+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·

+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·
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+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

————————————————————

Ún2.2.3.d(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

d(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

d(~p; 0, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

y²:d(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

d(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
n1 6=0∑

n1+··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)[
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2) + · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l)]

+
n1=0∑

n1+··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+ d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]

=
1≤n1≤2s∑
n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

d(~p;n1, n2, ··, nl; 1)vης (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nl≤2s∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl+1√
n1

d(~p;n1, n2, ··, nl; 1)vης (~p; l)

+
n1=0∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+ d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]
=

∑
n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)d(~p;n1, n2, ··, nl; 1)vης (~p; 1)

+
∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nl)
√
n2√
n1+1

d(~p;n1, n2, ··, nl; 1)vης (~p; 2) + · ·

+
∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nl − 1)
√
nl√

n1+1
d(~p;n1, n2, ··, nl; 1)vης (~p; l)

+
n1=0∑

n1··+nl=2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)[d(~p; 0, n2, ··, nl; 2)vης (~p; 2) + · ·+d(~p; 0, n2, ··, nl; l)vης (~p; l)]

=
∑

n1··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2··+nl=2s

l∑
k=2

d(~p; 0, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)
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————————————————————

íØ2.2.2.d(~p;n1, n2, ··, nl; 2) =
√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1), n1 ≥ 1 · · ·

d(~p;n1, n2, ··, nl; l) =
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1), n1 ≥ 1d(~p; 0, n2, ··, nl; 3) =
√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2), n2 ≥ 1 · · ·

d(~p; 0, n2, ··, nl; l) =
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2), n2 ≥ 1
· · ·{
d(~p; 0, ··, 0, nl−1, nl; l) =

√
nl+1√
nl−1

d(~p; 0, ··, 0, nl−1 − 1, nl + 1; l), nl−1 ≥ 1

⇔ ∑
n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

————————————————————

Ún2.2.4.∑
n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)

=
∑

n1+··+nl=2s+1

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) :=
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) :=
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) :=
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

b+(~p; 0, 0, ··, 0, nl) :=
√

2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

y²:
∑

n1··+nl=2s

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

=
∑

n1+··+nl=2s

√
2s+1√
n1+1

d(~p;n1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nl)

+
∑

n2+··+nl=2s

√
2s+1√
n2+1

d(~p; 0, n2, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nl)

+
∑

n3+··+nl=2s

√
2s+1√
n3+1

d(~p; 0, 0, n3, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nl)

+ · · ·+
∑

nl=2s

√
2s+1√
nl+1

d(~p; 0, ··, 0, nl; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl + 1)
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=
n1 6=0∑

n1+··+nl=2s+1

√
2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

+
n1=0,n2 6=0∑

n2+··+nl=2s+1

√
2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nl)

+
n1=0,n2=0,n3 6=0∑
n3+··+nl=2s+1

√
2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nl)

+ · · ·+
n1=0,··,nl−1=0,nl 6=0∑

nl=2s+1

√
2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nl)

=
∑

n1+··+nl=2s+1

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

b+(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.2.2 A�íØ

íØ2.2.3. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)vτς (~p; 1)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)vτς (~p; 2) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)vτς (~p; l)

íØ2.2.4. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl) =
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)vτς (~p; 2)

+
√
n3√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nl)vτς (~p; 0, 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)vτς (~p; l)

íØ2.2.5. Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl) =
√
n1√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nl)vης (~p; 1)

+
√
n2√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nl)vης (~p; 2) + · ·+
√
nl√

2s+1
Vλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl − 1)vης (~p; l)

2.2.3 ���½n

½n2.2.1.∑
n1+··+nl=2s

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s

b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

=2s∑
n1··+nl

b+ης (~p;n1, n2, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

b+(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

y²:∑
n1+··+nl=2s

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
∑

n1+··+nl=2s

b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)
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⇔
√
n1+1√

2s
b+[ης (~p;n1 + 1, n2, ··, nl)vτς ](~p; 1) +

√
n2+1√

2s
b+[ης (~p;n1, n2 + 1, ··, nl)vτς ](~p; 2)

+ · ·+
√
nl+1√

2s
b+[ης (~p;n1, n2, ··, nl + 1)vτς ](~p; l) = 0

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)b+ης (~p;n1, n2, ··, nl) =
√
n1√
n1
d(~p;n1, n2, ··, nl; 1)vης (~p; 1) +

√
n2+1√
n1

d(~p;n1 − 1, n2 + 1, ··, nl; 1)vης (~p; 2)

+ · · ·+
√
nl+1√
n1

d(~p;n1 − 1, n2, ··, nl + 1; 1)vης (~p; l), n1 ≥ 1
b+ης (~p; 0, n2, ··, nl) = d(~p; 0, n2, ··, nl; 1)vης (~p; 1)

+
√
n2√
n2
d(~p; 0, n2, ··, nl; 2)vης (~p; 2) +

√
n3+1√
n2

d(~p; 0, n2 − 1, n3 + 1, ··, nl; 2)vης (~p; 3) + · · ·

+
√
nl+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl + 1; 2)vης (~p; l), n2 ≥ 1
b+ης (~p; 0, 0, n3, ··, nl) = d(~p; 0, 0, n3, ··, nl; 1)vης (~p; 1) + d(~p; 0, 0, n3, ··, nl; 2)vης (~p; 2)

+
√
n3√
n3
d(~p; 0, 0, n3, n4, ··, nl; 3)vης (~p; 3) +

√
n4+1√
n3

d(~p; 0, 0, n3 − 1, n4 + 1, ··, nl; 3)vης (~p; 4) + · · ·

+
√
nl+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl + 1; 3)vης (~p; l), n3 ≥ 1
· · · · · · · · ·b+ης (~p; 0, ··, 0, nl) = d(~p; 0, ··, 0, nl; 1)vης (~p; 1) + d(~p; 0, ··, 0, nl; 2)vης (~p; 2)

+ · · ·+ d(~p; 0, ··, 0, nl; l − 1)vης (~p; l − 1) +
√
nl√
nl
d(~p; 0, ··, 0, nl; l)vης (~p; l), nl = 2s ≥ 1

⇔
b+ης (~p;n1, n2, ··, nl) =

l∑
k=1

d(~p;n1, n2, ··, nl; k)vης (~p; k)

=2s∑
n1··+nl

b+ης (~p;n1, n2, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s+1∑
n1+··+nl

b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)

b+(~p;n1, n2, ··, nl) =
√

2s+1√
n1

d(~p;n1 − 1, n2, ··, nl; 1), n1 6= 0

b+(~p; 0, n2, ··, nl) =
√

2s+1√
n2

d(~p; 0, n2 − 1, n3, ··, nl; 2), n2 6= 0

b+(~p; 0, 0, n3, ··, nl) =
√

2s+1√
n3

d(~p; 0, 0, n3 − 1, ··, nl; 3), n3 6= 0

· · ·

b+(~p; 0, 0, ··, 0, nl) =
√

2s+1√
nl

d(~p; 0, ··, 0, nl − 1; l), nl 6= 0

2.3 ^êÆ8B{î�¦)N+1���¥Bargmann-Wigner�§�²¡Å)

½n2.3.1.

(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{λςµς · ·σςτς}︸ ︷︷ ︸
2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1/2�¤áµ

(γa∂a +m)κς
λςψλς (x) = 0, ψλς (x) = ψλς (x)

⇔
ψλς (x) = 1

(2π)3/2

+∞∫
~p=−∞

=1∑
n1+··+nl

m1/2
√
E

[a(~p;n1, ··, nl)Uλς (~p;n1, ··, nl)eip·x + b+(~p, h)Vλς (~p;n1, ··, nl)e−ip·x]d3~p

1�Úµb�s′ = s�¤áµ
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(γa∂a +m)κς
λςψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·σςτς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{λςµς · ·σςτς}︸ ︷︷ ︸
2s

(x)

⇔
ψλςµς · ·σςτς︸ ︷︷ ︸

2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

1nÚµs′ = s+ 1/2�µ

(γa∂a +m)κς
λςψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 0, ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!

ψ{λςµς · ·σςτςης}︸ ︷︷ ︸
2s+1

(x)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = ψλςµς · ·σςηςτς︸ ︷︷ ︸
2s+1

(x)

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

=
+∞∫

~p=−∞

=2s∑
n1+··+nl

ms√
E

[aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

⇔

ψλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]d3~p

=2s∑
n1+··+nl

aης (~p;n1, ··, nl)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
aτς (~p;n1, ··, nl)Uλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

=2s∑
n1+··+nl

b+ης (~p;n1, ··, nl)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, ··, nl) =
=2s∑

n1+··+nl
b+τς (~p;n1, ··, nl)Vλςµς · ·σςης︸ ︷︷ ︸

2s

(~p;n1, ··, nl)

⇔
ψλςµς · ·σςτςης︸ ︷︷ ︸

2s+1

(x) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

ms+1/2
√
E

[a(~p;n1, n2, ··, nl)Uλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)eip·x + b+(~p;n1, n2, ··, nl)Vλςµς · ·σςτςης︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nl)e−ip·x]d3~p

dÚy²
s′ = s+ 1/2�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"
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3 K-G�§²¡Å)��*){

3.1 �*){�êÆÄ:

Ún3.1.1.

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)]

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h) = aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h), ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

Ún3.1.2.
εa · ·bc︸ ︷︷ ︸

n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)],−n ≤ h ≤ n

⇔

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1), a(~p,−n; 1) = 1√
C2

2n

a(~p,−n+ 2;−1)

−n+ 1 ≤ h ≤ n− 1

y²:
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)]

ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

⇔
−n∑
h=n

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

=
−n∑
h=n

[a(~p, h; 1)εa(~p, 1) + a(~p, h; 0)εa(~p, 0) + a(~p, h;−1)εa(~p,−1)]εdb · ·︸ ︷︷ ︸
n

(~p, h)

⇔
−n∑
h=n

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]

[

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)εa(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)εa(~p, 0) +

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)εa(~p,−1)]

=
−n∑
h=n

[a(~p, h; 1)εa(~p, 1) + a(~p, h; 0)εa(~p, 0) + a(~p, h;−1)εa(~p,−1)]

[

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)εd(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)εd(~p, 0) +

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)εd(~p,−1)]

⇔

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h; 1) =
−n∑
h=n

a(~p, h; 0)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 0)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 0)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)
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−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 1) =
−n∑
h=n

a(~p, h;−1)

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h;−1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

⇔

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n∑
h=n

√
C2
n+h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h− 1)a(~p, h;−1) =
−n∑
h=n

a(~p, h; 1)

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)

−n∑
h=n

√
C2
n−h√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h+ 1)a(~p, h; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔

−n−1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1; 0) =
−n∑
h=n

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n−1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1;−1) =
−n+1∑
h=n+1

a(~p, h− 1; 1)

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n+1

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h− 1; 0) =
−n∑
h=n

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔

−n+1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1; 0) =
−n+1∑
h=n−1

a(~p, h; 1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n−1

√
C2
n+h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h+ 1;−1) =
−n+1∑
h=n−1

a(~p, h− 1; 1)

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)

−n+1∑
h=n−1

√
C2
n−h+1√
C2

2n

εb · ·︸︷︷︸
n−1

(~p, h)a(~p, h− 1; 0) =
−n+1∑
h=n−1

a(~p, h;−1)

√
C1
n+hC

1
n−h√

C2
2n

εb · ·︸︷︷︸
n−1

(~p, h)

⇔

√
C2
n+h+1√
C2

2n

a(~p, h+ 1; 0) =

√
C1
n+hC

1
n−h√

C2
2n

a(~p, h; 1)
√
C2
n+h+1√
C2

2n

a(~p, h+ 1;−1) =

√
C2
n−h+1√
C2

2n

a(~p, h− 1; 1)
√
C2
n−h+1√
C2

2n

a(~p, h− 1; 0) =

√
C1
n+hC

1
n−h√

C2
2n

a(~p, h;−1)

−n+ 1 ≤ h ≤ n− 1
⇔
a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1), a(~p,−n; 1) = 1√
C2

2n

a(~p,−n+ 2;−1)

−n+ 1 ≤ h ≤ n− 1

íØ3.1.1.
εa · ·bc︸ ︷︷ ︸

n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] =
−n∑
h=n

[aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h)],−n ≤ h ≤ n

⇔

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

a(~p, h; 1) =

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0), a(~p, h;−1) =

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)

a(~p, n;−1) = 1√
C2

2n

a(~p, n− 2; 1) = 1√
4n
a(~p, n− 1; 0), a(~p,−n; 1) = 1√

C2
2n

a(~p,−n+ 2;−1) = 1√
4n
a(~p,−n+ 1; 0)

−n+ 1 ≤ h ≤ n− 1
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⇒
−n∑
h=n

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)]

=
−n+1∑
h=n−1

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)] + [ad(~p, n)εab · ·︸ ︷︷ ︸
n

(~p, n)] + [ad(~p,−n)εab · ·︸ ︷︷ ︸
n

(~p,−n)]

=
−n+1∑
h=n−1

[a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + a(~p, n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, n)

+ [a(~p,−n; 1)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n+1∑
h=n−1

[

√
C2
n+h+1√

C1
n+hC

1
n−h

a(~p, h+ 1; 0)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) +

√
C2
n−h+1√

C1
n+hC

1
n−h

a(~p, h− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, h)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + a(~p, n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p, n)

+ [a(~p,−n; 1)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸
n

(~p,−n)

= [
−n+2∑
h=n

√
C2
n+h√

C1
n+h−1C

1
n−h+1

a(~p, h; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +
−n+1∑
h=n−1

a(~p, h; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)

+
−n∑

h=n−2

√
C2
n−h√

C1
n+h+1C

1
n−h−1

a(~p, h; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

= [
−n+2∑
h=n

√
C2
n+1+h√

C1
n+1+hC

1
n+1−h

a(~p, h; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +
−n+1∑
h=n−1

a(~p, h; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)

+
−n∑

h=n−2

√
C2
n+1−h√

C1
n+1+hC

1
n+1−h

a(~p, h; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

=
−n+2∑
h=n−2

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+
√
na(~p, n; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) +
√

2n−1
2

a(~p, n− 1; 0)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n− 2)

+ a(~p, n− 1; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n− 1) + a(~p,−n+ 1; 0)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 1)

+
√
na(~p,−n; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1) +
√

2n−1
2

a(~p,−n+ 1; 0)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 2)

+ [a(~p, n; 1)εd(~p, 1) + a(~p, n; 0)εd(~p, 0) + 1√
4n
a(~p, n− 1; 0)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p, n)

+ [ 1√
4n
a(~p,−n+ 1; 0)εd(~p, 1) + a(~p,−n; 0)εd(~p, 0) + a(~p,−n;−1)εd(~p,−1)]εab · ·︸ ︷︷ ︸

n

(~p,−n)

=
−n+2∑
h=n−2

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n− 1; 0)[
√

2n−1
2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n− 2) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n− 1) + 1√
4n
εd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p, n)]

+ a(~p,−n+ 1; 0)[ 1√
4n
εd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n)+)εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 1) +
√

2n−1
2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n+ 2)]
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+ a(~p, n; 0)[
√
nεd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n)]

+ a(~p,−n; 0)[εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n) +
√
nεd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n+1∑
h=n−1

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n; 0)[
√
nεd(~p, 1)εab · ·︸ ︷︷ ︸

n

(~p, n− 1) + εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, n)]

+ a(~p,−n; 0)[εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p,−n) +
√
nεd(~p,−1)εab · ·︸ ︷︷ ︸

n

(~p,−n+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n∑
h=n

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

+ a(~p, n; 1)εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, n) + a(~p,−n;−1)εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p,−n)

=
−n−1∑
h=n+1

a(~p, h)

[

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h) +

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1)]

a(~p, h) :=

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0),−n ≤ h ≤ n; a(~p, n+ 1) := a(~p, n; 1), a(~p,−n− 1) := a(~p,−n;−1)

=
−n−1∑
h=n+1

a(~p, h)εab · ·d︸ ︷︷ ︸
n+1

(~p, h)

a(~p, h) :=

√
C2

2n+2√
C1
n+1+hC

1
n+1−h

a(~p, h; 0),−n ≤ h ≤ n; a(~p, n+ 1) := a(~p, n; 1), a(~p,−n− 1) := a(~p,−n;−1)

εab · ·d︸ ︷︷ ︸
n+1

(~p, h) :=

√
C2
n+1+h√
C2

2n+2

εd(~p, 1)εab · ·︸ ︷︷ ︸
n

(~p, h− 1) +

√
C1
n+1+hC

1
n+1−h√

C2
2n+2

εd(~p, 0)εab · ·︸ ︷︷ ︸
n

(~p, h)

+

√
C2
n+1−h√
C2

2n+2

εd(~p,−1)εab · ·︸ ︷︷ ︸
n

(~p, h+ 1),−n− 1 ≤ h ≤ n+ 1

3.2 K-G�§²¡Å)��*){?

½n3.2.1.

(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x)�é¡⇔

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ

(−∂c∂c +m2)Aa(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0⇔
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Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)eip·x + b+(~p, h)ε̃a(~p, h)e−ip·x]d3~p

(pcpc +m2)εa(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0

(pcpc +m2)ε̃a(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0

1�Úµb�n′ = n�¤áµ

(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x)�é¡⇔

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[a(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)�é¡

1nÚµn′ = n+ 1�§

(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n+1

(x) = 0, δabAab · ·︸ ︷︷ ︸
n+1

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n+1

(x) = 0, Aab · ·︸ ︷︷ ︸
n+1

(x)�é¡

⇔
(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

d(x) = 0, δabAab · ·︸ ︷︷ ︸
n

d(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

d(x) = 0

Aab · ·︸ ︷︷ ︸
n

d(x) = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

d(x), Aab · ·︸ ︷︷ ︸
n

d(x) = Adb · ·︸ ︷︷ ︸
n

a(x)

⇔

Aab · ·︸ ︷︷ ︸
n

d(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε̃{ab · ·}︸ ︷︷ ︸

n

(~p, h)

Aab · ·︸ ︷︷ ︸
n

d(x) = Adb · ·︸ ︷︷ ︸
n

a(x), ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

b+d (~p, h) := b+(~p, h; 1)ε̃d(~p, 1) + b+(~p, h; 0)ε̃d(~p, 0) + b+(~p, h;−1)ε̃d(~p,−1)
⇔

Aab · ·︸ ︷︷ ︸
n

d(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−n∑
h=n

1√
2nE

[ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h)eip·x + b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h)e−ip·x]d3~p

(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, δabε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε̃{ab · ·}︸ ︷︷ ︸

n

(~p, h)

ad(~p, h)εab · ·︸ ︷︷ ︸
n

(~p, h) = aa(~p, h)εdb · ·︸ ︷︷ ︸
n

(~p, h), b+d (~p, h)ε̃ab · ·︸ ︷︷ ︸
n

(~p, h) = b+a (~p, h)ε̃db · ·︸ ︷︷ ︸
n

(~p, h)

ad(~p, h) := a(~p, h; 1)εd(~p, 1) + a(~p, h; 0)εd(~p, 0) + a(~p, h;−1)εd(~p,−1)

b+d (~p, h) := b+(~p, h; 1)ε̃d(~p, 1) + b+(~p, h; 0)ε̃d(~p, 0) + b+(~p, h;−1)ε̃d(~p,−1)

dÚy²
n′ = n+ 1�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

4 o���¥�é¡Üþ|�§�²¡Å)

4.1 g^-1âfKlein-Gordon�§�²¡Å)

½n4.1.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p
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½n4.1.2.

 1
2!
∂[aF bc] +mF abc = 0, ∂aF

ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

⇔

∂aF abc +mF bc = 0, 1
2!
∂[aF bc] +mF abc = 0

∂cFcab −m2Aab = 0, Fcab = 1
2!
∂[cAab];Aab := −1

m
Fab

½n4.1.3. ∂cFcab −m2Aab = 0, Fcab = 1
2!
∂[cAab] ⇔ (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

½n4.1.4. (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εab(~p, h)eip·x + b+(~p, h)ε̃ab(~p, h)e−ip·x]d3~p

y²: (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[ab(~p, h)εa(~p, h)eip·x + b+b (~p, h)ε̃a(~p, h)e−ip·x]d3~p,Aab = −Aba

⇔
−1∑
h=1

a{a(~p, h)εb}(~p, h) = 0, aa(~p, h) =
−1∑
h′=1

a(~p, h;h′)εa(~p, h
′) + c(~p, h; 0)pa

m

⇔
−1∑

h,h′=1

a(~p, h;h′)ε{a(~p, h
′)εb}(~p, h) + c(~p, h; 0) 1

m
p{aεb}(~p, h) = 0

⇔
−1∑

h,h′=1

a(~p, h;h′)ε{a(~p, h
′)εb}(~p, h) = 0, c(~p, h; 0) = 0

⇔ a(~p,−1; 1) = −a(~p, 1;−1), a(~p, 0; 1) = −a(~p, 1; 0), a(~p,−1; 0) = −a(~p, 0;−1), a(~p, h;h) = 0

⇔
−1∑
h=1

ab(~p, h)εa(~p, h) =
−1∑

h′,h=1

a(~p, h;h′)εa(~p, h)εb(~p, h
′)

= a(~p, 1; 0)ε[a(~p, 1)εb](~p, 0) + a(~p, 1;−1)ε[a(~p, 1)εb](~p,−1) + a(~p, 0;−1)ε[a(~p, 0)εb](~p,−1)

= a(1)εab(~p, 1) + a(0)εab(~p, 0) + a(−1)εab(~p,−1) =
−1∑
h=1

a(h)εab(~p, h)

a(1) =
√

2a(~p, 1; 0), a(0) =
√

2a(~p, 1;−1), a(−1) =
√

2a(~p, 0;−1)

εab(~p, 1) := 1√
2
ε[a(~p, 1)εb](~p, 0), εab(~p, 0) := 1√

2
ε[a(~p, 1)εb](~p,−1), εab(~p,−1) := 1√

2
ε[a(~p, 0)εb](~p,−1)

⇔ Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εab(~p, h)eip·x + b+(~p, h)ε̃ab(~p, h)e−ip·x]d3~p

½n4.1.5. ∂dFdabc −m2Aabc = 0, Fdabc = 1
3!
∂[dAabc] ⇔ (∂d∂d −m2)Aabc = 0, ∂aAabc = 0, Aabc = 1

3!
A[abc]

4.2 n=N+1���¥g^-1âfKlein-Gordon�§�²¡Å)

½n4.2.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

N∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

½Â4.2.1. L = {


0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−i 0 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −i 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −i ·· 0 0 0

 , ··,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 ·· −i 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 ·· 0 −i 0

}
íØ4.2.1. L~p := L~v = e−{ln[γv(1+v)]}v̂·L = 1− γv(~v · L) + γv−1

v2 (~v · L)2 = 1− 1
m

(~p · L) + 1
m(E+m)

(~p · L)2

íØ4.2.2. L~p = 1
m

[
m 0 0 −ipx
0 m 0 −ipy
0 0 m −ipz
ipx ipy ipz E

]
+ 1

m(E+m)

[
pxpx pxpy pxpz 0
pypx pypy pypz 0
pzpx pzpy pzpz 0

0 0 0 0

]

íØ4.2.3. ε(~p, h) := L~p

[
01
··
1h
··
0n

]
=

[
01
··
1h
··
0n

]
+ ph

m(E+m)

[
~p

i(E +m)

]
, εa(~p, n) := L~p

[
01
··
00
··
1n

]
= −ipa

m
;h = 1, ··, N

íØ4.2.4. paεa(~p, h) = 0, εa(~p, h)ηaa
′
ε+
a′(~p, h

′) = δhh′ ,
N∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

íØ4.2.5. L~v

[
~0

i

]
= e−ln[γv(1+v)]v̂·L

[
~0

i

]
=

[
γv~v

iγv

]
, L~v

[
~0

im

]
= e−ln[γv(1+v)]v̂·L

[
~0

im

]
=

[
~p

iE

]

½n4.2.2. − i
4
[Γi,Γj ] = Sij ⇒ Γi =?

662



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 130Ù �«é¡Ú�é¡�§�²¡Å)

íØ4.2.6.



λm(p̂, 1; 1) = Sm(1)λ(p̂, 1; 1) = ei~ω·γ 1√
2

[
i
−1
0

]
= 1

2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = Sm(1)λ(p̂, 0; 1) = ei~ω·γ
[

0
0
−i

]
= −i

[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = Sm(1)λ(p̂,−1; 1) = ei~ω·γ 1√
2

[
−i
−1
0

]
= 1

2p̂+

[
−i(p̂xp̂z+ip̂y)

−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λem(p̂, 1; 1)

íØ4.2.7. ε(~p,±1) = [L~pS
+
m(1)e−i~ω·R]ε(~p,±1; 1)

íØ4.2.8. 1
2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
= [](

[
01
··
1h
··
0n

]
+ px

m(E+m)

[
~p

i(E +m)

]
)

íØ4.2.9. (γa ⊗ σy∂a + I ⊗ σz ⊗ σy∂u + I4 ⊗ σx∂v +m)ψ = 0

⇒ (γa ⊗ σy∂a + I ⊗ σz ⊗ σyiM + I4 ⊗ σx0 +m)ψ = 0

⇒ (γa ⊗ σz∂a + I ⊗ σz ⊗ σziM +m)ψ′ = 0

4.3 n=N+1���¥g^-2âfKlein-Gordon�§�²¡Å)

½n4.3.1. (∂c∂c −m2)Aab = 0, ∂aAab = 0, Aab = −Aba

Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

N∑
h,h′=1

1√
2E

[a(~p;h, h′)ε[a(~p, h)εb](~p, h
′)eip·x + b+(~p;h, h′)ε̃[a(~p, h)ε̃b](~p, h

′)e−ip·xd3~p
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g·µãµ�Ùéu�«g^Ä?1
���êÆ©ÛÚÜ6íü§uyg^Ä�mC�'X�XêÒ´g

^ÍÜXÚ�CGXê§l�Jø
�«��¦)CGXê�#�{"ù�#�{'DÚ�g^ÍÜ����

¦)�{��*!�äN!�{ü§Ï�#�{��´�Eª�§¿�À��g^Ä'DÚ����!�ÊH!

�î>§�¦^å5��B!�k^§�Ué�.n�þfÅ�UJø�½��Ï"

1 Bargmann-Wigner�§g^Ä�#În©Û

1.1 Diracg^Ä´g^!Ú^ÝÚ>Ön��Î��Ó���

½Â1.1.1. Q̂(~p) := iγapa
m

, q̂(~p, κ) := −ςEσx+iκ|~p|σy
m

5�1.1.1.

σ2( 1
2
)⊗ Iu(~p, κ

2
) = 1

2
( 1

2
+ 1)u(~p, κ

2
)

σ( 1
2
) · p̂⊗ Iu(~p, κ

2
) = κ

2
u(~p, κ

2
)

Q̂(~p)u(~p, κ
2
) = −u(~p, κ

2
)

£ã>f:(s, h;Q) = (1
2
; κ

2
,−1)



σ2( 1
2
)⊗ Iv(~p, κ

2
) = 1

2
( 1

2
+ 1)v(~p, κ

2
)

σ( 1
2
) · p̂⊗ Iv(~p, κ

2
) = κ

2
v(~p, κ

2
)

Q̂(~p)v(~p, κ
2
) = v(~p, κ

2
)

£ã�>f:(s, h;Q) = (1
2
; κ

2
, 1)

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

1�Úµb�s′ = s− 1
2
�¤áµ

1nÚµs′ = s�µ

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

1.2 Dirac�§OÝK�fγa = (σ ⊗ σy, ςI ⊗ σx)

íØ1.2.1. µ(~p, κ
2
)µ+(~p,−κ

2
) = 1

2m

[
m ςE−κ|~p|

ςE+κ|~p| m

]
= 1

2
(I + ς E

m
σx − iκ |~p|m σy)

íØ1.2.2. µ(~p, κ
2
)µ+(~p, κ

2
) = ς

2m

[
ςE−κ|~p| m

m ςE+κ|~p|

]
= ς

2
(I + ς E

m
σx − iκ |~p|m σy)σx

íØ1.2.3. u(~p, κ
2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
m

ςE + κ|~p|

]
, v(~p, κ

2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
−m

ςE + κ|~p|

]

íØ1.2.4. u(~p, κ
2
)u+(~p, κ

2
) = 1

4
[(κσ · p̂+ I)⊗ (I + ς E

m
σx − iκ |~p|m σy)](ςI ⊗ σx), γa = (σ ⊗ σy, ςI ⊗ σx)

1.3 AÏL�γa = (σ ⊗ σy, I ⊗ σx; I ⊗ σz)e�Ag^Ä
íØ1.3.1. γa = (σ ⊗ σy, I ⊗ σx)

u(~p, κ
2
) =

λ(p̂,
κ
2

)√
2m(E+κ|~p|)

⊗

[
m

E + κ|~p|

]
, v(~p, κ

2
) =

λ(p̂,
κ
2

)√
2m(E+κ|~p|)

⊗

[
−m

E + κ|~p|

]
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1.4 g^Ä|Ü5�(γa, γ5) := [(σ ⊗ σy, I ⊗ σz),−I ⊗ σx]
íØ1.4.1.

λ(p̂, 1
2
)λ+(p̂, 1

2
) = 1

2
(σ · p̂+ I) = 1

2
(σ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2
)λ+(p̂,− 1

2
) = − 1

2
(σ · p̂− I) = − 1

2
(σ, i)ap̂a

λ(p̂, 1
2
)λ+(p̂,− 1

2
) = 1

2
(σ · p̂+ I)iσy = 1

2
(σ, i)ap̂aiσy

λ(p̂,− 1
2
)λ+(p̂, 1

2
) = − 1

2
iσy(σ · p̂+ I) = − 1

2
iσy(σ, i)

ap̂a

íØ1.4.2. u(~p, 1
2
) = 1√

2m
λ(p̂, 1

2
)⊗

[√
E+m√
E−m

]
, u(~p,− 1

2
) = 1√

2m
λ(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]
y²: u(~p, 1

2
)u+(~p, 1

2
) = 1√

2m
λ(p̂, 1

2
)⊗

[√
E+m√
E−m

]
1√
2m
λ+(p̂, 1

2
)⊗

[√
E+m√
E−m

]+

= 1
2m

[λ(p̂, 1
2
)λ+(p̂, 1

2
)]⊗ [

[√
E+m√
E−m

] [√
E+m√
E−m

]+

]

= 1
4m

(σ,−i)ap̂a ⊗ (E +mσz + |~p|σx)

y²: u(~p,− 1
2
)u+(~p,− 1

2
) = 1√

2m
λ(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]
1√
2m
λ+(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]+

= 1
2m

[λ(p̂,− 1
2
)λ+(p̂,− 1

2
)]⊗ [

[ √
E+m

−
√
E−m

] [ √
E+m

−
√
E−m

]+

]

= − 1
4m

(σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

y²: u(~p, 1
2
)u+(~p,− 1

2
) = 1√

2m
λ(p̂, 1

2
)⊗

[√
E+m√
E−m

]
1√
2m
λ+(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]+

= 1
2m

[λ(p̂, 1
2
)λ+(p̂,− 1

2
)]⊗ [

[√
E+m√
E−m

] [ √
E+m

−
√
E−m

]+

]

= 1
4m

[(σ, i)ap̂aiσy]⊗ (Eσz +m− i|~p|σy)

y²: u(~p,− 1
2
)u+(~p, 1

2
) = 1√

2m
λ(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]
1√
2m
λ+(p̂, 1

2
)⊗

[√
E+m√
E−m

]+

= 1
2m

[λ(p̂,− 1
2
)λ+(p̂, 1

2
)]⊗ [

[ √
E+m

−
√
E−m

] [√
E+m√
E−m

]+

]

= 1
2m

[λ(p̂,− 1
2
)λ+(p̂, 1

2
)]⊗ [

[ √
E+m

−
√
E−m

] [√
E+m√
E−m

]+

]

= − 1
4m

[iσy(σ, i)
ap̂a]⊗ (Eσz +m+ i|~p|σy)

======================================

y²: u(~p, 1
2
)u+(~p, 1

2
) + u(~p,− 1

2
)u+(~p,− 1

2
)

= 1
4m

(σ,−i)ap̂a ⊗ (E +mσz + |~p|σx)− 1
4m

(σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

= 1
2m

(σ · ~p⊗ σx + E +mI ⊗ σz) = (m−iγapa)γ4

2m

y²: u(~p, 1
2
)u+(~p, 1

2
)− u(~p,− 1

2
)u+(~p,− 1

2
)

= 1
4m

(σ,−i)ap̂a ⊗ (E +mσz + |~p|σx) + 1
4m

(σ, i)ap̂a ⊗ (E +mσz − |~p|σx)

= 1
2m

[σ · p̂⊗ (E +mσz) + |~p|I ⊗ σx]

= 1
2m

[i(γ · p̂)(Eγ4 −m)− |~p|]γ5

½Â1.4.1. Λ+( 1
2
) :=

−1/2∑
h=1/2

u(~p, h)u+(~p, h) = (m−iγapa)γ4

2m
,Λ−( 1

2
) :=

−1/2∑
h=1/2

v(~p, h)v+(~p, h) = (−m−iγapa)γ4

2m

íØ1.4.3. u(~p, κ
2
) = λ(p̂, κ

2
)⊗ µ(~p, κ

2
), v(~p, κ

2
) = λ(p̂, κ

2
)⊗ ν(~p, κ

2
)

1.5 ½Â-g^Ä©):s = (s− 1
2
)⊕ 1

2

½Â1.5.1. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Uτς (~p,

1
2
) +

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Uτς (~p,− 1

2
),−s ≤ h ≤ s

íØ1.5.1. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′),−s ≤ h ≤ s
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íØ1.5.2. Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Γ̂τς (h)Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uτς (~p, h
′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h′),−s ≤ h ≤ s

½Â1.5.2. Γ̂τς (h) :=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uτς (~p, h
′)[](~p, h− h′),−s ≤ h ≤ s

1.6 íØ-Uλς ··σςτς (~p, h)´g^���

½Â1.6.1. Ω(s;σ( 1
2
)⊗ I) := [σ( 1

2
)⊗ I]⊗ I42s−1 + I4 ⊗ [σ( 1

2
)⊗ I]⊗ I42s−2 + · ·+I42s−1 ⊗ [σ( 1

2
)⊗ I]

½n1.6.1. [Ω(s;σ( 1
2
)⊗ I) · p̂]Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

y²: [Ω(s;σ( 1
2
)⊗ I) · p̂]Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h)

= {Ω(s− 1
2
;σ( 1

2
)⊗ I)⊗ I4 + I42s−1 ⊗ [σ( 1

2
)⊗ I]} · p̂

[
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U⊗τς (~p,

1
2
) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U⊗τς (~p,− 1

2
)],−s ≤ h ≤ s

= [
√
s+h√
2s
hUλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U⊗τς (~p,

1
2
) +

√
s−h√
2s
hUλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U⊗τς (~p,− 1

2
)],−s ≤ h ≤ s

= hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

½n1.6.2. Ω2(s;σ( 1
2
)⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

±þ½n�±^�é¡�L�C��{�±éN´��y²? Ð�ØN´§��±^e¡Ù!�þ,Úeü�Î

�{y²(p̂z = 1â¤á)"dþ��Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) ´g^���§¤±ÐmXê´CG Xê§¢SO�(J�

L²(¢Ò´éA�CGXê"l�Jø
�«Ú�!5�!�*Ú���O�CGXê#�{"

1.7 AÏL�γa = (σ ⊗ σy, I ⊗ σz;−I ⊗ σx)eDiracg^Ä�,ü�Î

Dirac^þíÄC�:

íØ1.7.1. D~v = e−ln[γv(1+v)]v̂·( i
2
~γγ4) = 1+γv−iγv~v·~γγ4√

2(γv+1)
= E+m−i~p·~γγ4√

2m(E+m)
= m−iγapaγ4√

2m(E+m)

½n1.7.1. e−ln[γv(1+v)]v̂·( i
2
~γγ4)(σ ⊗ I)eln[γv(1+v)]v̂·( i

2
~γγ4) = 1

m(E+m)

[
E(E+m)σi−2pi(σ·~p) (E+m)[(σ·~p)σi−pi]
(E+m)[(σ·~p)σi−pi] E(E+m)σi−2pi(σ·~p)

]
y²: e−ln[γv(1+v)]v̂·( i

2
~γγ4)(σ ⊗ I)eln[γv(1+v)]v̂·( i

2
~γγ4)

= E+m−i~p·~γγ4√
2m(E+m)

(σ ⊗ I)E+m+i~p·~γγ4√
2m(E+m)

= 1√
2m(E+m)

[
E+m σ·~p
σ·~p E+m

] [
σ 0
0 σ

]
1√

2m(E+m)

[
E+m −σ·~p
−σ·~p E+m

]
= 1

2m(E+m)

[
E+m σ·~p
σ·~p E+m

] [
(E+m)σ −σ(σ·~p)
−σ(σ·~p) (E+m)σ

]
= 1

2m(E+m)

[
(E+m)2σ−(σ·~p)σ(σ·~p) (E+m)[(σ·~p)σ−σ(σ·~p)]
(E+m)[(σ·~p)σ−σ(σ·~p)] (E+m)2σ−(σ·~p)σ(σ·~p)

]
= 1

2m(E+m)

[
(E+m)2σi+~p

2σi−2pi(σ·~p) 2(E+m)[(σ·~p)σi−pi]
2(E+m)[(σ·~p)σi−pi] (E+m)2σi+~p

2σi−2pi(σ·~p)

]
= 1

m(E+m)

[
E(E+m)σi−2pi(σ·~p) (E+m)[(σ·~p)σi−pi]
(E+m)[(σ·~p)σi−pi] E(E+m)σi−2pi(σ·~p)

]
íØ1.7.2. e−ln[γv(1+v)](

i
2
~γzγ4)(σ ⊗ I)eln[γv(1+v)](

i
2
~γzγ4) =

x : E
m
σx ⊗ I + i|~p|

m
σy ⊗ σx = E

m
(−iγy + |~p|

E
γxγ5)γz

y : E
m
σy ⊗ I − i|~p|

m
σx ⊗ σx = 1

m
(iγx + |~p|

E
γyγ5)γz

z : σz ⊗ I = −iγxγy
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íØ1.7.3.
u(
[

0
0
|~p|

]
, 1

2
) = e−ln[γv(1+v)](

i
2
γzγ4)

[
1
0

]
⊗
[

1
0

]
= 1√

2m

[
1
0

]
⊗
[√

E+m√
E−m

]
u(
[

0
0
|~p|

]
,− 1

2
) = e−ln[γv(1+v)](

i
2
~γzγ4)

[
0
1

]
⊗
[

1
0

]
= 1√

2m

[
0
1

]
⊗
[ √

E+m

−
√
E−m

]

v(
[

0
0
|~p|

]
, 1

2
) = e−ln[γv(1+v)](

i
2
~γzγ4)

[
1
0

]
⊗
[

0
1

]
= 1√

2m

[
1
0

]
⊗
[√

E−m√
E+m

]
v(
[

0
0
|~p|

]
,− 1

2
) = e−ln[γv(1+v)](

i
2
~γzγ4)

[
0
1

]
⊗
[

0
1

]
= 1√

2m

[
0
1

]
⊗
[
−
√
E−m√
E+m

]
y²: u(

[
0
0
|~p|

]
, 1

2
)

= e−ln[γv(1+v)](
i
2
γzγ4)

[
1
0

]
⊗
[

1
0

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
1
0

]
⊗
[

1
0

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
1
0

]
⊗
[

1
0

]
= 1√

2m

[
1
0

]
⊗
[√

E+m√
E−m

]
y²: u(

[
0
0
|~p|

]
,− 1

2
)

= e−ln[γv(1+v)](
i
2
γzγ4)

[
0
1

]
⊗
[

1
0

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
0
1

]
⊗
[

1
0

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
0
1

]
⊗
[

1
0

]
= 1√

2m

[
0
1

]
⊗
[ √

E+m

−
√
E−m

]
y²: v(

[
0
0
|~p|

]
, 1

2
)

= e−ln[γv(1+v)](
i
2
γzγ4)

[
1
0

]
⊗
[

0
1

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
1
0

]
⊗
[

0
1

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
1
0

]
⊗
[

0
1

]
= 1√

2m

[
1
0

]
⊗
[√

E−m√
E+m

]
y²: v(

[
0
0
|~p|

]
,− 1

2
)

= e−ln[γv(1+v)](
i
2
γzγ4)

[
0
1

]
⊗
[

0
1

]
= E+m−i|~p|γzγ4√

2m(E+m)

[
0
1

]
⊗
[

0
1

]
= 1√

2m(E+m)

[
E+m σz|~p|
σz|~p| E+m

] [
0
1

]
⊗
[

0
1

]
= 1√

2m

[
0
1

]
⊗
[
−
√
E−m√
E+m

]
íØ1.7.4. ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2
~γzγ4)(σ ⊗ I)eln[γv(1+v)](

i
2
~γzγ4)e−i~ω·

σ⊗I
2 =

x : E
m

[σx( 1
2
)− p̂x

σ(
1
2

)·p̂+σz(
1
2

)

1+p̂z
]⊗ I + i|~p|

m
[σy(

1
2
)− p̂y

σ(
1
2

)·p̂+σz(
1
2

)

1+p̂z
]⊗ σx

= iE
2m

[−γyγz + p̂x
1+p̂z

( 1
2
εijkp̂iγjγk + γxγy)]− |~p|

2m
[−γzγx + p̂y

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]γ5

y : E
m

[σy(
1
2
)− p̂y

σ(
1
2

)·p̂+σz(
1
2

)

1+p̂z
]⊗ I − i|~p|

m
[σx( 1

2
)− p̂x

σ(
1
2

)·p̂+σz(
1
2

)

1+p̂z
]⊗ σx

= iE
2m

[−γzγx + p̂y
1+p̂z

( 1
2
εijkp̂iγjγk + γxγy)] + |~p|

2m
[−γyγz + p̂x

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]γ5

z : [σ( 1
2
) · p̂]⊗ I = − i

4
εijkp̂iγjγk = 1

2
εijkp̂iSjk(e,

1
2
)
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½Â1.7.1.
Ĵx(~0, 1

2
; γa) := − i

2
γyγz

Ĵy(~0,
1
2
; γa) := − i

2
γzγx

Ĵz(~0,
1
2
; γa) := − i

2
γxγy

½Â1.7.2.

x+ iy : Ĵ+(~p, 1
2
;m) := {[σx( 1

2
) + iσy(

1
2
)]− (p̂x+ip̂y)

1+p̂z
[σ( 1

2
) · p̂+ σz(

1
2
)]} ⊗ I(E

m
+ |~p|

m
⊗ σx)

= [i(γx + iγy)γz + (p̂x+ip̂y)

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]

i(E−|~p|γ5)
2m

x− iy : Ĵ−(~p, 1
2
;m) := {[σx( 1

2
)− iσy( 1

2
)]− (p̂x−ip̂y)

1+p̂z
[σ( 1

2
) · p̂+ σz(

1
2
)]}(E

m
− |~p|

m
⊗ σx)

= [−i(γx − iγy)γz + (p̂x−ip̂y)

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]

i(E+|~p|γ5)
2m

z : Ĵz(~p,
1
2
;m) := [σ( 1

2
) · p̂]⊗ I = − i

4
εijkp̂iγjγk = 1

2
εijkp̂iSjk(e,

1
2
), Q̂(~p, 1

2
;m) := iγapa

m

íØ1.7.5.u(~p, 1
2
) = ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2
~γzγ4)

[
1
0

]
⊗
[

1
0

]
= 1√

2m
λ(p̂, 1

2
)⊗

[√
E+m√
E−m

]
u(~p,− 1

2
) = ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2
~γzγ4)

[
0
1

]
⊗
[

1
0

]
= 1√

2m
λ(p̂,− 1

2
)⊗

[ √
E+m

−
√
E−m

]
v(~p, 1

2
) = ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2
~γzγ4)

[
1
0

]
⊗
[

0
1

]
= 1√

2m
λ(p̂, 1

2
)⊗

[√
E−m√
E+m

]
v(~p,− 1

2
) = ei~ω·

σ⊗I
2 e−ln[γv(1+v)](

i
2
~γzγ4)

[
0
1

]
⊗
[

0
1

]
= 1√

2m
λ(p̂,− 1

2
)⊗

[
−
√
E−m√
E+m

]
1.8 ��L�Diracg^Ä�,ü�Î

½Â1.8.1.
Ĵx(~p, 1

2
; γa) := iE

2m
[−γyγz + p̂x

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]− |~p|

2m
[−γzγx + p̂y

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]γ5

Ĵy(~p,
1
2
; γa) := iE

2m
[−γzγx + p̂y

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)] + |~p|

2m
[−γyγz + p̂x

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]γ5

Ĵz(~p,
1
2
; γa) := − i

4
εijkp̂iγjγk = 1

2
εijkp̂iSjk(e,

1
2
), Q̂(~p, 1

2
; γa) := iγapa

m

íØ1.8.1.Ĵ2
x(~p, 1

2
; γa) = 1

4
, Ĵ2
y (~p, 1

2
; γa) = 1

4
, Ĵ2
z (~p, 1

2
; γa) = 1

4

[Ĵi(~p,
1
2
; γa), Ĵj(~p,

1
2
; γa)] = εij

kĴk(~p,
1
2
; γa), Ĵ

2(~p, 1
2
; γa) = 1

2
( 1

2
+ 1)

íØ1.8.2. 1
2
δ
λ′′ς
λς

1
2
δ
µ′′ς
µς =

[ 1
2
δ
λ′ς
λς

1
2
δ
µ′ς
µς + Ĵx

λ′ς
λς

(~p, 1
2
; γa)Ĵx

µ′ς
µς (~p,

1
2
; γa) + Ĵy

λ′ς
λς

(~p, 1
2
; γa)Ĵy

µ′ς
µς

(~p, 1
2
; γa) + Ĵz

λ′ς
λς

(~p, 1
2
; γa)Ĵz

µ′ς
µς (~p,

1
2
; γa)]

[ 1
2
δ
λ′′ς
λ′ς

1
2
δ
µ′′ς
µ′ς

+ Ĵx
λ′′ς
λ′ς

(~p, 1
2
; γa)Ĵx

µ′′ς
µ′ς

(~p, 1
2
; γa) + Ĵy

λ′′ς
λ′ς

(~p, 1
2
; γa)Ĵy

µ′′ς
µ′ς

(~p, 1
2
; γa) + Ĵz

λ′′ς
λ′ς

(~p, 1
2
; γa)Ĵz

µ′′ς
µ′ς

(~p, 1
2
; γa)]

íØ1.8.3.
Ĵ+(~p, 1

2
; γa) := [i(γx + iγy)γz + p̂x+ip̂y

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]

i(E−|~p|γ5)
2m

Ĵ−(~p, 1
2
; γa) := [−i(γx − iγy)γz + p̂x−ip̂y

1+p̂z
( 1

2
εijkp̂iγjγk + γxγy)]

i(E+|~p|γ5)
2m

Ĵz(~p,
1
2
; γa) := − i

4
εijkp̂iγjγk = 1

2
εijkp̂iSjk(e,

1
2
), Q̂(~p, 1

2
; γa) := iγapa

m

íØ1.8.4.
Ĵ+(~p, 1

2
; γa)u(~p,− 1

2
) = u(~p, 1

2
); Ĵ+(~p, 1

2
; γa)u(~p, 1

2
) = 0

Ĵ−(~p, 1
2
; γa)u(~p, 1

2
) = u(~p,− 1

2
); Ĵ−(~p, 1

2
; γa)u(~p,− 1

2
) = 0

Ĵz(~p,
1
2
; γa)u(~p, h) = hu(~p, h), Q̂(~p, 1

2
; γa)u(~p, h) = u(~p, h),− 1

2
≤ h ≤ 1

2

íØ1.8.5.
Ĵ+(~p, 1

2
; γa)v(~p,− 1

2
) = v(~p, 1

2
); Ĵ+(~p, 1

2
; γa)v(~p, 1

2
) = 0

Ĵ−(~p, 1
2
; γa)v(~p, 1

2
) = v(~p,− 1

2
); Ĵ−(~p, 1

2
; γa)v(~p,− 1

2
) = 0

Ĵz(~p,
1
2
; γa)v(~p, h) = hv(~p, h), Q̂(~p, 1

2
; γa)v(~p, h) = −v(~p, h),− 1

2
≤ h ≤ 1

2
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1.9 Bargmann-Wigner�§g^Ä�,ü�Î

½Â1.9.1.
Ĵ(~p, s; γa) := Ĵ(~p, 1

2
; γa)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ I4 ⊗ Ĵ(~p, 1
2
; γa)⊗ · · ⊗I4︸ ︷︷ ︸
2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, 1
2
; γa)︸ ︷︷ ︸

2s

Q̂(~p, s; γa) := Q̂(~p, 1
2
; γa)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ I4 ⊗ Q̂(~p, 1
2
; γa)⊗ · · ⊗I4︸ ︷︷ ︸
2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Q̂(~p, 1
2
; γa)︸ ︷︷ ︸

2s

íØ1.9.1.Ĵ2
x(~p, 1

2
; γa) = 1

4
, Ĵ2
y (~p, 1

2
; γa) = 1

4
, Ĵ2
z (~p, 1

2
; γa) = 1

4
, Ĵ2(~p, 1

2
; γa) = 1

2
( 1

2
+ 1)

[Ĵi(~p, s; γa), Ĵj(~p, s; γa)] = εij
kĴk(~p, s; γa)

½n1.9.1. Ĵ+(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h+ 1)

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

Ĵ+(~p, 1
2
; γa)U⊗τς (~p, h) =

√
3
4
− h(h+ 1)U⊗τς (~p, h+ 1),− 1

2
≤ h ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

Ĵ+(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2
)(s+ 1

2
)− h(h+ 1)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h),−s+ 1
2
≤ h ≤ s− 1

2

1nÚµs′ = s�µ− s ≤ h ≤ s, Ĵ+(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ+(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]U⊗τς (~p,

1
2
) +

√
s−h√
2s

[Ĵ+(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)]U⊗τς (~p,− 1

2
)

+
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Ĵ+(~p, 1

2
; γa)U⊗τς (~p,

1
2
) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Ĵ+(~p, 1

2
; γa)U⊗τς (~p,− 1

2
)

=

√
s+h

√
(s+

1
2

)(s− 1
2

)−(h− 1
2

)(h+
1
2

)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U⊗τς (~p,

1
2
) +

√
s−h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U⊗τς (~p,

1
2
)

+

√
s−h

√
(s+

1
2

)(s− 1
2

)−(h+1− 1
2

)(h+1+
1
2

)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 3
2
)]U⊗τς (~p,− 1

2
)

=

√
(s−h)(s+h+1)

√
s+h+1

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2
)U⊗τς (~p,

1
2
) +

√
(s−h)(s+h+1)

√
s−h−1

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h+ 3
2
)U⊗τς (~p,− 1

2
)

=
√
s(s+ 1)− h(h+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h+ 1)

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

½n1.9.2. Ĵ−(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h− 1)

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

Ĵ−(~p, 1
2
; γa)U⊗τς (~p, h) =

√
3
4
− h(h− 1)U⊗τς (~p, h− 1),− 1

2
≤ h ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

Ĵ−(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2
)(s+ 1

2
)− h(h− 1)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1),−s+ 1
2
≤ h ≤ s− 1

2

1nÚµs′ = s�µ− s ≤ h ≤ s, Ĵ−(~p, s; γa)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ−(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]U⊗τς (~p,

1
2
) +

√
s−h√
2s

[Ĵ−(~p, s− 1
2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)]U⊗τς (~p,− 1

2
)
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+
√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Ĵ−(~p, 1

2
; γa)U⊗τς (~p,

1
2
)+
√
s−h√
2s
Ĵ−(~p, s− 1

2
; γa)Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Ĵ−(~p, 1

2
; γa)U⊗τς (~p,− 1

2
)

=

√
s+h

√
(s+

1
2

)(s− 1
2

)−(h−1− 1
2

)(h−1+
1
2

)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 3
2
)U⊗τς (~p,

1
2
)

+

√
s−h

√
(s+

1
2

)(s− 1
2

)−(h− 1
2

)(h+
1
2

)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]U⊗τς (~p,− 1

2
) +

√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U⊗τς (~p,− 1

2
)

=
√
s+h
√

(s+h−1)(s−h+1)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 3
2
)U⊗τς (~p,

1
2
)

+
√
s−h
√

(s+h)(s−h)
√

2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]U⊗τς (~p,− 1

2
) +

√
s+h√
2s
Uλς ⊗ · · ⊗σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U⊗τς (~p,− 1

2
)

=

√
(s+h)(s−h+1)

√
(s+h−1)

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 3
2
)U⊗τς (~p,

1
2
)

+

√
(s+h)(s−h+1)

√
s−h+1

√
2s

Uλς ⊗ · · ⊗σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2
)U⊗τς (~p,− 1

2
)

=
√
s(s+ 1)− h(h− 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h− 1)

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ1.9.2.

Ĵ+(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Q̂(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = −2sUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

íØ1.9.3.

Ĵ+(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Q̂(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = 2sVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

íØ1.9.4.

Ĵ2(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = s(s+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵ2(~p, ∗ 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4
Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h)

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Q̂(~p, ∗ 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = −Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

U{λςµς · ·}︸ ︷︷ ︸
2s

(~p, h), Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−),−s ≤ h ≤ s

íØ1.9.5.
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Ĵ2(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = s(s+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵ2(~p, ∗ 1
2
; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4
Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h)

Ĵz(~p, s; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Q̂(~p, ∗ 1
2
; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Vλςµς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

V{λςµς · ·}︸ ︷︷ ︸
2s

(~p, h), Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−),−s ≤ h ≤ s

1.10 íØ-Uλς ··σςτς (~p, h)���5

½Â1.10.1. Ū τς (~p, h′)Uτς (~p, h) = δhh′ ,− 1
2
≤ h, h′ ≤ 1

2

½n1.10.1. Ū

2s︷ ︸︸ ︷
λς · ·σςτς (~p, h′)Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = δhh′ ,−s ≤ h′, h ≤ s

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

Ūλς (~p, h′)Uλς (~p, h) = δhh′ ,− 1
2
≤ h, h′ ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h) = δhh′ ,−s+ 1
2
≤ h′, h ≤ s− 1

2

1nÚµs′ = s�µŪ

2s︷ ︸︸ ︷
λς · ·σςτς (~p, h′)Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h),−s ≤ h′, h ≤ s

= [
−1/2∑
h̄′=1/2

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄′)Ū τς (~p, h̄′)][

−1/2∑
h̄=1/2

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h̄)Uτς (~p, h̄)]

=
−1/2∑

h̄′,h̄=1/2

[

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄′)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h̄)δh̄h̄′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

Ū

2s−1︷ ︸︸ ︷
λς · ·σς (~p, h′ − h̄)Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− h̄)]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

δhh′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

]δhh′

= δhh′

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

1.11 íØ-g^Ä©):1 = 1
2
⊕ 1

2

íØ1.11.1. Uλςµς (~p, h) =
√

1+h√
2
Uλς (~p, h− 1

2
)Uµς (~p,

1
2
) +

√
1−h√

2
Uλς (~p, h+ 1

2
)Uµς (~p,− 1

2
)

=


Uλς (~p,

1
2
)Uµς (~p,

1
2
), h = 1

1√
2
U{λς (~p,

1
2
)Uµς}(~p,− 1

2
), h = 0

Uλς (~p,− 1
2
)Uµς (~p,− 1

2
), h = −1

íØ1.11.2. Uλςµς (~p, h) = Uµςλς (~p, h),−1 ≤ h ≤ 1

1.12 íØ-g^Ä©):0 = 1
2
	 1

2

íØ1.12.1. Fλςµς (~p, h) = 1√
2
u[λς (~p,

1
2
)uµς ](~p,− 1

2
), h = 0

íØ1.12.2. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς
2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = −3[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]
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y²: σ · [λ(p̂, ς
2
)λT (p̂, −ς

2
)− λ(p̂,− ς

2
)λT (p̂, ς

2
)]σT

= i
2
σ · [(σ,−iς)ap̂aσy − (σ, iς)ap̂aσy]σ

T

= σ · (iςσy)σT

= σx(iςσy)σ
T
x + σy(iςσy)σ

T
y + σz(iςσy)σ

T
z

= −3(iςσy) = −3[λ(p̂, ς
2
)λT (p̂, −ς

2
)− λ(p̂,− ς

2
)λT (p̂, ς

2
)]

íØ1.12.3.[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]2[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 0[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)] · p̂[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 0[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

½n1.12.1.
F = −[Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

F = 1√
2
[u(~p, 1

2
)uT (~p,− 1

2
)− u(~p,− 1

2
)uT (~p, 1

2
)] = −m−iγapa

2
√

2m
γ5C

εa(~p, 0; 0) := 1
i
√

2
(C̄γaγ5)λςµςFλςµς (~p, h) = pa

m

y²: −2i
√

2(−imAa) = εa(~p, 0; 0) = 1
i
√

2
(C̄γaγ5)λςµςFλςµς (~p, h)

= 1
2i

(C̄γaγ5)λςµςu[λς (~p,
1
2
)uµς ](~p,− 1

2
)

= −i(C̄γaγ5)λςµςuλς (~p,
1
2
)uµς (~p,− 1

2
)

= −iuT (~p, 1
2
)(C̄γaγ5)u(~p,− 1

2
)

= iuT (~p, 1
2
)γ2γ5γ4γau(~p,− 1

2
)

= iu+(~p,− 1
2
)γ4γau(~p,− 1

2
)

= pa
m

y²: 2i
√

2(−Φ) = 1
i
√

2
(C̄γ5)λςµςFλςµς (~p, h)

= 1
2i

(C̄γ5)λςµςu[λς (~p,
1
2
)uµς ](~p,− 1

2
)

= −i(C̄γ5)λςµςuλς (~p,
1
2
)uµς (~p,− 1

2
)

= −iuT (~p, 1
2
)(C̄γ5)u(~p,− 1

2
)

= −iuT (~p, 1
2
)γ2γ5γ4u(~p,− 1

2
)

= −iu+(~p,− 1
2
)γ4u(~p,− 1

2
)

= −i

y²: 2i
√

2(−φ) = 1
i
√

2
(C̄)λςµςFλςµς (~p, h)

= 1
2i

(C̄)λςµςu[λς (~p,
1
2
)uµς ](~p,− 1

2
)

= −i(C̄)λςµςuλς (~p,
1
2
)uµς (~p,− 1

2
)

= −iuT (~p, 1
2
)C̄u(~p,− 1

2
)

= −iuT (~p, 1
2
)γ2γ5γ4γ5u(~p,− 1

2
)

= −iu+(~p,− 1
2
)γ4γ5u(~p,− 1

2
)

= 0

y²: F = 1√
2
[u(~p, 1

2
)uT (~p,− 1

2
)− u(~p,− 1

2
)uT (~p, 1

2
)]

= 1√
2
[u(~p, 1

2
)u+(~p, 1

2
) + u(~p,− 1

2
)u+(~p,− 1

2
)]γ2γ5 = m−iγapa

2
√

2m
γ4γ2γ5

= ipa

2m
√

2
γaγ5C − 1

2
√

2
γ5C = −m−iγapa

2
√

2m
γ5C

y²: [u(~p, 1
2
)uT (~p,− 1

2
)− u(~p,− 1

2
)uT (~p, 1

2
)] = ipa

2m
γaγ5C − 1

2
γ5C

1.13 íØ-g^Ä©):s = (s− 1)⊕ 1

½n1.13.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′), s ≥ 1,−s ≤ h ≤ s
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y²: Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Uτς (~p,

1
2
) +

√
s−h√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Uτς (~p,− 1

2
)

=
√
s+h√
2s

[
√
s+h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2
) +

√
s−h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h)Uσς (~p,− 1
2
)]Uτς (~p,

1
2
)

+
√
s−h√
2s

[
√
s+h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσς (~p,
1
2
) +

√
s−h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2
)]Uτς (~p,− 1

2
)

= [
√
s+h√
2s

√
s+h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2
)Uτς (~p,

1
2
) +

√
s+h√
2s

√
s−h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h)Uσς (~p,− 1
2
)Uτς (~p,

1
2
)]

+ [
√
s−h√
2s

√
s+h√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσς (~p,
1
2
)Uτς (~p,− 1

2
) +

√
s−h√
2s

√
s−h−1√
2s−1

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2
)Uτς (~p,− 1

2
)]

=

√
C2
s+hC

0
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσς (~p,
1
2
)Uτς (~p,

1
2
) +

√
C1
s+hC

1
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h) 1√
2
U{σς (~p,

1
2
)Uτς}(~p,− 1

2
)

+

√
C0
s+hC

2
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσς (~p,− 1
2
)Uτς (~p,− 1

2
)

=

√
C2
s+hC

0
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h− 1)Uσςτς (~p, 1) +

√
C1
s+hC

1
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−2

(~p, h)Uσςτς (~p, 0)

+

√
C0
s+hC

2
s−h√

C2
2s

Uλςµς · ·︸ ︷︷ ︸
2s−1

(~p, h+ 1)Uσςτς (~p,−1)

=
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′)

íØ1.13.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Uλςµς · ·τςσς︸ ︷︷ ︸
2s

(~p, h), s ≥ 1,−s ≤ h ≤ s

1.14 íØ-g^Ä©):s+ s′ = s⊕ s′

½n1.14.1. Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h′),−s− s′ ≤ h ≤ s+ s′

y²: és′æ^êÆ8B{y²d½n"

1�Úµs′′ = 1
2
�¤áµ

Uλςµς · ·︸ ︷︷ ︸
2s

τς︸︷︷︸
1

(~p, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+1/2+h

C
1/2−h′
s+1/2−h√

C1
2(s+1/2)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)U τς︸︷︷︸
1

(~p, h′),−s− 1
2
≤ h ≤ s+ 1

2

1�Úµb�s′′ = s′ − 1
2
�¤áµ

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h) =
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1/2+h

C
s′−1/2−h′
s+s′−1/2−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h′)

− s− s′ + 1
2
≤ h ≤ s+ s′ − 1

2

1nÚµs′′ = s′�µ− s− s′ ≤ h ≤ s+ s′, Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)

=
√
s+s′+h√
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h− 1
2
)Uτς (~p,

1
2
) +

√
s+s′−h√
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·︸ ︷︷ ︸
2s′−1

(~p, h+ 1
2
)Uτς (~p,− 1

2
)

=
√
s+s′+h√
2(s+s′)

[
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1+h

C
s′−1/2−h′
s+s′−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− 1
2
− h′)Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′)]Uτς (~p,
1
2
)

+ [
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′+h C

s′−1/2−h′
s+s′−1−h√

C2s′−1

2(s+s′)−1

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h+ 1
2
− h′)Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′)]Uτς (~p,− 1
2
)

= [
−s′+1∑
h′=s′

√
Cs
′−1+h′
s+s′−1+h

Cs
′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s+s′+h√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2
)]Uτς (~p,

1
2
)
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+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−1−h′
s+s′−1−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s+s′−h√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2
)]Uτς (~p,− 1

2
)

= [
−s′+1∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′+h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2
)]Uτς (~p,

1
2
)

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′−h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2
)]Uτς (~p,− 1

2
)

= [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′+h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ − 1
2
)]Uτς (~p,

1
2
)

+ [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)
√
s′−h′√

2s′
Uρςσς · ·︸ ︷︷ ︸

2s′−1

(~p, h′ + 1
2
)]Uτς (~p,− 1

2
)

=
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′)Uρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h′),−s− s′ ≤ h ≤ s+ s′

dÚy²
s′′ = s′�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ1.14.1. −s1 − s2 ≤ h ≤ s1 + s2
Uλςµς · ·︸ ︷︷ ︸

2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s2+h2
s1+s2+hC

s2−h2
s1+s2−h√

C
2s2
2(s1+s2)

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s1+h1
s1+s2+hC

s1−h1
s1+s2−h√

C
2s1
2(s1+s2)

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

íØ1.14.2. −s1 − s2 ≤ h ≤ s1 + s2, Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

[ (2s1)!(2s2)!
(2s1+2s2)!

(s1+h1+s2+h2)!
(s1+h1)!(s2+h2)!

(s1−h1+s2−h2)!
(s1−h1)!(s2−h2)!

]1/2Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uρςσς · ·︸ ︷︷ ︸
2s2

(~p, h2)δ(h− h1 − h2)

1.15 íØ-g^Ä��Ü¤

íØ1.15.1.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Uλςµς · ·︸ ︷︷ ︸
2s

ρςσς · ·τς︸ ︷︷ ︸
2s′

(~p, h)Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′),−s− s′ ≤ h ≤ s+ s′

íØ1.15.2.

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

Uλςµς · ·︸ ︷︷ ︸
2s

(~p, h− h′) = Ū

2s′︷ ︸︸ ︷
ρςσς · ·τς (~p, h′)Uρςσς · ·τς︸ ︷︷ ︸

2s′

λςµς · ·︸ ︷︷ ︸
2s

(~p, h),−s− s′ ≤ h ≤ s+ s′

íØ1.15.3. Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1) =

√
C

2s2
2(s1+s2)√

C
s2+h2
s1+h1+s2+h2

C
s2−h2
s1−h1+s2−h2

Uλςµς · ·︸ ︷︷ ︸
2s1

ρςσς · ·︸ ︷︷ ︸
2s2

(~p, h1 + h2)Ū

2s2︷ ︸︸ ︷
ρςσς · ·(~p, h2)

íØ1.15.4.


Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h)Ū τς (~p, 1
2
) =

√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
),−s ≤ h ≤ s

Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)Ū τς (~p,− 1
2
) =

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
),−s ≤ h ≤ s

1.16 íØ-g^Ä©):s1 + s2 + s3 = s1 ⊕ s2 ⊕ s3

íØ1.16.1. −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)!

]1/2

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h− h1 − h2 − h3)
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y²: −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)!

]1/2

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

ρςσς · ·︸ ︷︷ ︸
2s3

(~p, h23)δ(h− h1 − h23)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)!

]1/2Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)δ(h− h1 − h23)

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s2)!(2s3)!
(2s2+2s3)!

(s2+h2+s3+h3)!
(s2+h2)!(s3+h3)!

(s2−h2+s3−h3)!
(s2−h2)!(s3−h3)!

]1/2Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h23 − h2 − h3)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)!

]1/2

Uλςµς · ·︸ ︷︷ ︸
2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2)Uρςσς · ·︸ ︷︷ ︸
2s3

(~p, h3)δ(h− h1 − h2 − h3)

1.17 íØ-g^Ä©):s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

íØ1.17.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~p, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~p, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~p, hn)δ(h−
n∑
i=1

hi)

1.18 ����êÆíØ

íØ1.18.1.
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
δ(h−

n∑
i=1

hi) =
[
n∑
i=1

(2si)]!

n∏
i=1

(2si)!
,−

n∑
i=1

si ≤ h ≤
n∑
i=1

si

1.19 íØ-g^Ä©):s = 1
2
⊕ 1

2
· · ⊕ 1

2

íØ1.19.1. −s ≤ h ≤ s

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h1=1/2

−1/2∑
h2=1/2

· ·
−1/2∑
hn=1/2

[ (s+h)!(s−h)!
(2s)!

]
1
2 Uλς (~p, h1)Uµς (~p, h2) · ·Uτς (~p, hn)︸ ︷︷ ︸

2s

δ(h−
n∑
i=1

hi)

íØ1.19.2. −s ≤ h ≤ s
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

íØ1.19.3. −s ≤ h ≤ s, ∀s
Uλς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Uτς (~p,

1
2
) +

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Uτς (~p,− 1

2
)

⇔
Uλςµς · ·σςτς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s u{λς (~p,

1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

1.20 íØ-Uλςµς ··σςτς (~p, h)��é¡5

½n1.20.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

U{λςµς · ·τςσς}︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
, 1�¤áµ

Uλς (~p, h) = 1
1!
Uλς (~p, h),− 1

2
≤ h ≤ 1

2
;Uλςµς (~p, h) = 1

2!
U{λςµς}(~p, h),−1 ≤ h ≤ 1

1�Úµb�s′ = s− 1
2
�¤áµ

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h) = 1
(2s−1)!

U{λςµς · ·τς}︸ ︷︷ ︸
2s−1

(~p, h),−s+ 1
2
≤ h ≤ s− 1

2
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1nÚµ1 ≤ s′ = s�µ− s ≤ h ≤ s, Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

Uλςµς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− h′)Uτς (~p, h′) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

Uλςµς · ·︸ ︷︷ ︸
2(s−1)

(~p, h− h′)Uσςτς (~p, h′)

⇒ Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s−1)!

U{λςµς · ·τς}σς︸ ︷︷ ︸
2s

(~p, h), Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

⇔ Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

U{λςµς · ·τςσς}︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

1.21 k�þs-g^âf�OÝK�f

Ún1.21.1.

Ĵ+(~p, s− 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h− 1
2
) =

√
(s− h)(s+ h)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
),−s ≤ h ≤ s

Ĵ−(~p, s− 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
) =

√
(s+ h)(s− h)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s−1

(~p, h− 1
2
),−s ≤ h ≤ s

Ĵz(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

Ĵ(s) :≺ Ĵ(~p, s; γa)

½n1.21.1. Λ+(s) = [2s+1
4s

+ 1
s
Ĵx(s− 1

2
)⊗ Ĵx( 1

2
) + 1

s
Ĵy(s− 1

2
)⊗ Ĵy( 1

2
) + 1

s
Ĵz(s− 1

2
)⊗ Ĵz( 1

2
)][Λ+(s− 1

2
)⊗ Λ+( 1

2
)]

y²: Λ+(s) ≺
−s∑
h=s

Uλς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)U+
λ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h)

=
−s∑
h=s

[
√
s+h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Uτς (~p,

1
2
) +

√
s−h√
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Uτς (~p,− 1

2
)]

[
√
s+h√
2s
U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U+

τ ′ς
(~p, 1

2
) +

√
s−h√
2s
U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U+

τ ′ς
(~p,− 1

2
)]

=
−s∑
h=s

[ s+h
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)][Uτς (~p,

1
2
)U+

τ ′ς
(~p, 1

2
)]

+
−s∑
h=s

[ s−h
2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)][Uτς (~p,− 1

2
)U+

τ ′ς
(~p,− 1

2
)]

+
−s∑
h=s

[

√
(s+h)(s−h)

2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)][Uτς (~p,

1
2
)U+

τ ′ς
(~p,− 1

2
)]

+
−s∑
h=s

[

√
(s−h)(s+h)

2s
Uλς · ·σς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)][Uτς (~p,− 1

2
)U+

τ ′ς
(~p, 1

2
)]

= [
s+

1
2

+Ĵz(s− 1
2

)

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)][Uτς (~p,

1
2
)U+

τ ′ς
(~p, 1

2
)]

+ [
s+

1
2
−Ĵz(s− 1

2
)

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)][Uτς (~p,− 1

2
)U+

τ ′ς
(~p,− 1

2
)]

+ [
Ĵ−(s− 1

2
)

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)][Uτς (~p,

1
2
)U+

τ ′ς
(~p,− 1

2
)]

+ [
Ĵ+(s− 1

2
)

2s

−s∑
h=s

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h− 1
2
)U+

λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)][Uτς (~p,− 1

2
)U+

τ ′ς
(~p, 1

2
)]
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= [
s+

1
2

+Ĵz(s− 1
2

)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2
)U+

τ ′ς
(~p, 1

2
)]

+ [
s+

1
2
−Ĵz(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2
)U+

τ ′ς
(~p,− 1

2
)]

+ [
Ĵ−(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2
)U+

τ ′ς
(~p,− 1

2
)]

+ [
Ĵ+(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2
)U+

τ ′ς
(~p, 1

2
)]

= [
s+

1
2

+Ĵz(s− 1
2

)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,
1
2
)U+

τ ′ς
(~p, 1

2
)]

+ [
Ĵ+(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Ĵ−( 1
2
)Uτς (~p,

1
2
)U+

τ ′ς
(~p, 1

2
)]

+ [
s+

1
2
−Ĵz(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Uτς (~p,− 1
2
)U+

τ ′ς
(~p,− 1

2
)]

+ [
Ĵ−(s− 1

2
)

2s

−s+1/2∑
h=s−1/2

Uλς · ·σς︸ ︷︷ ︸
2s−1

(~p, h)U+
λ
′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

(~p, h)][Ĵ+( 1
2
)Uτς (~p,− 1

2
)U+

τ ′ς
(~p,− 1

2
)]

� [ 2s+1
4s

+ 1
s
Ĵx(s− 1

2
)⊗ Ĵx( 1

2
) + 1

s
Ĵy(s− 1

2
)⊗ Ĵy( 1

2
) + 1

s
Ĵz(s− 1

2
)⊗ Ĵz( 1

2
)][Λ+(s− 1

2
)⊗ Λ+( 1

2
)]

½n1.21.2. Λ+λς · ·σςτς︸ ︷︷ ︸
2s

λ
′′
ς · ·σ

′′
ς τ
′′
ς︸ ︷︷ ︸

2s

(s)− 3
4
Λ+λς · ·σς︸ ︷︷ ︸

2s−1

λ
′′
ς · ·σ

′′
ς︸ ︷︷ ︸

2s−1

(s− 1
2
)Λ+τςτ ′′ς

( 1
2
)

= [Ĵx

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2
)Ĵx

τ ′ς
τς (

1
2
) + Ĵy

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2
)Ĵy

τ ′ς
τς

( 1
2
) + Ĵz

2s−1︷ ︸︸ ︷
λ
′
ς · ·σ

′
ς

λς · ·σς︸ ︷︷ ︸
2s−1

(s− 1
2
)Ĵz

τ ′ς
τς (

1
2
)] 1
s
Λ+λ

′
ς · ·σ

′
ς︸ ︷︷ ︸

2s−1

λ
′′
ς · ·σ

′′
ς︸ ︷︷ ︸

2s−1

(s− 1
2
)Λ+τ ′ςτ

′′
ς

( 1
2
)

1.22 k�þ1-g^âf�OÝK�f

½n1.22.1. Λ+(1) = [3
4

+ Ĵx( 1
2
)⊗ Ĵx( 1

2
) + Ĵy(

1
2
)⊗ Ĵy( 1

2
) + Ĵz(

1
2
)⊗ Ĵz( 1

2
)][Λ+( 1

2
)⊗ Λ+( 1

2
)]

íØ1.22.1. Λ+λςµςλ′′ς µ
′′
ς
(1)− 1

2
Λ+λςλ′′ς

( 1
2
)Λ+µςµ′′ς

( 1
2
) =

1
2
Λ+λςµ′′ς

( 1
2
)Λ+µςλ′′ς

( 1
2
) = [1

2
δ
λ′ς
λς

1
2
δ
µ′ς
µς + Ĵx

λ′ς
λς

( 1
2
)Ĵx

µ′ς
µς (

1
2
) + Ĵy

λ′ς
λς

( 1
2
)Ĵy

µ′ς
µς

( 1
2
) + Ĵz

λ′ς
λς

( 1
2
)Ĵz

µ′ς
µς (

1
2
)]Λ+λ′ςλ

′′
ς
( 1

2
)Λ+µ′ςµ

′′
ς
( 1

2
)

1.23 Bargmann-Wigner�§²¡Å)��fLã

½n1.23.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(x)

ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

ms√
E

−s∑
h=s

Ĵs−h− (~p,s;γa)

(s−h)!
√
Cs−h2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p, s)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p, s)e−ip·x]d3~p

ψλςµς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

+∞∫
~p=−∞

ms√
E

−s∑
h=s

Ĵs+h+ (~p,s;γa)

(s+h)!
√
Cs+h2s

[a(~p, h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,−s)eip·x + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,−s)e−ip·x]d3~p

2 Klein-Gordon�§g^Ä�#În©Û

2.1 ·�X�k�þ¥þg^Ä

íØ2.1.1. (R · p̂)ε(~p, h) = hε(~p, h), (R · p̂)p[a]

m
= 0;R2ε(~p, h) = 1(1 + 1)ε(~p, h)

íØ2.1.2.


λm(

[
0
0
1

]
, 1) = 1√

2

[
i
−1
0

]
λm(

[
0
0
1

]
, 0) =

[
0
0
−i

]
λm(

[
0
0
1

]
,−1) = 1√

2

[
−i
−1
0

]
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íØ2.1.3. εa(
[

0
0
|~p|

]
, 1) := 1√

2
[−1,−i, 0, 0]a, εa(

[
0
0
|~p|

]
, 0) := 1

m
[0, 0, E, i|~p|]a, εa(

[
0
0
|~p|

]
,−1) := 1√

2
[1,−i, 0, 0]a

íØ2.1.4. εa(~0, 1) := 1√
2
[−1,−i, 0, 0]a, εa(~0, 0) := [0, 0, 1, 0]a, εa(~0,−1) := 1√

2
[1,−i, 0, 0]a

íØ2.1.5.

(Rx + iRy)εa(~0, h) = εa(~0, h+ 1),−1 ≤ h < 1; (Rx + iRy)εa(~0, 1) = 0

(Rx − iRy)εa(~0, h) = εa(~0, h− 1),−1 < h ≤ 1; (Rx − iRy)εa(~0,−1) = 0

2.2 z¶���k�þ¥þg^Ä

íØ2.2.1.

L~v = e−ln[γv(1+v)]v̂·L = 1− γv(~v · L) + γv−1
v2 (~v · L)2 = γv(1− ~v · L)− γv−1

v2 (~v ·R)2, L~vL−~v = L−~vL~v = I

½n2.2.1. ε(
[

0
0
|~p|

]
, h) = e−ln[γv(1+v)]Lzε(~0, h)

y²: e−ln[γv(1+v)]Lzε(~0, 1) = 1
m

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
1√
2
[−1,−i, 0, 0]T = 1√

2
[−1,−i, 0, 0]T

y²: e−ln[γv(1+v)]Lzε(~0, 0) = 1
m

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
[0, 0, 1, 0]T = 1

m
[0, 0, E, i|~p|]T

y²: e−ln[γv(1+v)]Lzε(~0,−1) = 1
m

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
1√
2
[1,−i, 0, 0]T = 1√

2
[1,−i, 0, 0]T

½n2.2.2.
e−ln[γv(1+v)]LzRxe

ln[γv(1+v)]Lz = E
m
Rx − i|~p|

m
Ly

e−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lz = E

m
Ry + i|~p|

m
Lx

e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz = Rz

y²: e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz

= [1− γvvLz + (γv − 1)L2
z]Rz[1 + γvvLz + (γv − 1)L2

z]

= 1
m2 [m− |~p|Lz + (E −m)L2

z]Rz[m+ |~p|Lz + (E −m)L2
z]

= 1
m2

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

]
Rz

[m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]
= Rz

y²: e−ln[γv(1+v)]LzRxe
ln[γv(1+v)]Lz

= 1
m2

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

] [m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]
= 1

m2

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 0 0
0 0 −iE |~p|
0 im 0 0
0 0 0 0

]
= 1

m

[ 0 0 0 0
0 0 −iE |~p|
0 iE 0 0
0 −|~p| 0 0

]
= E

m
Rx − i|~p|

m
Ly

y²: e−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lz

= 1
m2

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

] [m 0 0 0
0 m 0 0
0 0 E i|~p|
0 0 −i|~p| E

]
= 1

m2

[m 0 0 0
0 m 0 0
0 0 E −i|~p|
0 0 i|~p| E

] [
0 0 iE −|~p|
0 0 0 0
−im 0 0 0

0 0 0 0

]
= 1

m

[
0 0 iE −|~p|
0 0 0 0
−iE 0 0 0
|~p| 0 0 0

]
= E

m
Ry + i|~p|

m
Lx

íØ2.2.2.
e−ln[γv(1+v)]Lz(Rx + iRy)e

ln[γv(1+v)]Lz = E
m

(Rx + iRy)− |~p|m (Lx + iLy)

e−ln[γv(1+v)]Lz(Rx − iRy)eln[γv(1+v)]Lz = E
m

(Rx − iRy) + |~p|
m

(Lx − iLy)

e−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lz = Rz
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2.3 ei~ω·RRe−i~ω·R�5�

Ún2.3.1. ei~ω·R = 1 + i(R× p̂)z − (R× p̂)2
z/(1 + p̂z) = 1 + i(Rxp̂y −Ryp̂x)− (Rxp̂y −Ryp̂x)2

z/(1 + p̂z)

= 1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)

½n2.3.1. ei~ω·RRxe
−i~ω·R = Rx − p̂x

1+p̂z
(R · p̂+Rz), e

i~ω·RRye
−i~ω·R = Ry − p̂y

1+p̂z
(R · p̂+Rz), e

i~ω·RRze
−i~ω·R = R · p̂

y²: ei~ω·RRxe
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0

]
−

[
0 0 0 0

i(1+p̂z)p̂x i(1+p̂z)p̂y −i+ip̂2
z 0

ip̂y p̂x ip̂2
y ip̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)]

= Rx − i

[
0 0 0 0

(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)− i

[
0 −p̂x(1+p̂z) −p̂xp̂y 0

0 −p̂y(1+p̂z) −p̂2
y 0

0 1−p̂2
z −(1+p̂z)p̂y 0

0 0 0 0

]
/(1 + p̂z)

+

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
i

[
0 0 0 0

(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

0 0 0 0

]
/(1 + p̂z)

2]

= Rx − i

[ 0 −p̂x(1+p̂z) −p̂xp̂y 0

(1+p̂z)p̂x 0 −p̂2
x−2p̂2

y 0

p̂y p̂x p̂2
x+2p̂2

y 0 0

0 0 0 0

]
/(1 + p̂z)− i

[ 0 0 2p̂xp̂y 0

0 0 2p̂2
y 0

−2p̂xp̂y −2p̂2
y 0 0

0 0 0 0

]
/(1 + p̂z)

= Rx − i

[
0 −p̂x(1+p̂z) p̂xp̂y 0

(1+p̂z)p̂x 0 −p̂2
x 0

−p̂xp̂y p̂2
x 0 0

0 0 0 0

]
/(1 + p̂z)

= Rx − p̂x
1+p̂z

(R · p̂+Rz)

y²: ei~ω·RRye
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 0 i 0
0 0 0 0
−i 0 0 0
0 0 0 0

]
−

[
−i(1+p̂z)p̂x −i(1+p̂z)p̂y i−ip̂2

z 0
0 0 0 0
−ip̂2

x −ip̂xp̂y −ip̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)]

= Ry − i

[
−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2

z 0
0 0 0 0
−p̂2

x −p̂xp̂y −p̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)]− i

[
p̂x(1+p̂z) 0 p̂2

x 0

p̂y(1+p̂z) 0 p̂y p̂x 0

−1+p̂2
z 0 (1+p̂z)p̂x 0

0 0 0 0

]
/(1 + p̂z)

− i

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

][
(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2

z 0
0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0
0 0 0 0

]
/(1 + p̂z)

2

= Ry − i

[
0 −(1+p̂z)p̂y 2p̂2

x+p̂2
y 0

(1+p̂z)p̂y 0 p̂xp̂y 0

−2p̂2
x−p̂

2
y −p̂xp̂y 0 0

0 0 0 0

]
/(1 + p̂z)]− i

[
0 0 −2p̂2

x 0
0 0 −2p̂xp̂y 0

2p̂2
x 2p̂xp̂y 0 0

0 0 0 0

]
/(1 + p̂z)

= Ry − i

[
0 −(1+p̂z)p̂y p̂2

y 0

(1+p̂z)p̂y 0 −p̂xp̂y 0

−p̂2
y p̂xp̂y 0 0

0 0 0 0

]
/(1 + p̂z)]

= Ry − p̂y
1+p̂z

(R · p̂+Rz)

y²: ei~ω·RRze
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0

]
−

[
−ip̂y p̂x −ip̂2

y −ip̂y(1+p̂z) 0

ip̂2
x ip̂xp̂y ip̂x(1+p̂z) 0

0 0 0 0
0 0 0 0

]
/(1 + p̂z)]

= Rz − i

[
−p̂y p̂x −p̂2

y −p̂y(1+p̂z) 0

p̂2
x p̂xp̂y p̂x(1+p̂z) 0
0 0 0 0
0 0 0 0

]
/(1 + p̂z)
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− i

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

][
p̂y p̂x p̂2

y p̂y(1+p̂z) 0

−p̂2
x −p̂xp̂y −p̂x(1+p̂z) 0

0 0 0 0
0 0 0 0

]
/(1 + p̂z)

2

= Rz − i

[
0 −p̂2

x−p̂
2
y −p̂y(1+p̂z) 0

p̂2
x+p̂2

y 0 p̂x(1+p̂z) 0

p̂y(1+p̂z) −p̂x(1+p̂z) 0 0
0 0 0 0

]
/(1 + p̂z)

= R · p̂

2.4 ei~ω·RLe−i~ω·R�5�

½n2.4.1. ei~ω·RLxe
−i~ω·R = Lx − p̂x

1+p̂z
(L · p̂+ Lz), e

i~ω·RLye
−i~ω·R = Ly − p̂y

1+p̂z
(L · p̂+ Lz), e

i~ω·RLze
−i~ω·R = L · p̂

y²: ei~ω·RLxe
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 0 0 i
0 0 0 0
0 0 0 0
−i 0 0 0

]
+ i

[ 0 0 0 0
0 0 0 0
0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

]
/(1 + p̂z)]

= Lx + i

[ 0 0 0 0
0 0 0 0
0 0 0 0
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

]
/(1 + p̂z)]− i

[
0 0 0 p̂2

x

0 0 0 p̂y p̂x
0 0 0 (1+p̂z)p̂x
0 0 0 0

]
/(1 + p̂z)]

= Lx − i

[
0 0 0 p̂2

x

0 0 0 p̂y p̂x
0 0 0 (1+p̂z)p̂x
−p̂2

x −p̂xp̂y −p̂x(1+p̂z) 0

]
/(1 + p̂z)]

= Lx − p̂x
1+p̂z

(L · p̂+ Lz)

y²: ei~ω·RLye
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 0 0 0
0 0 0 i
0 0 0 0
0 −i 0 0

]
+ i

[ 0 0 0 0
0 0 0 0
0 0 0 0

p̂y p̂x p̂
2
y p̂y(1+p̂z) 0

]
/(1 + p̂z)]

= Ly + i

[ 0 0 0 0
0 0 0 0
0 0 0 0

p̂y p̂x p̂
2
y p̂y(1+p̂z) 0

]
/(1 + p̂z)]− i

[
0 0 0 p̂xp̂y

0 0 0 p̂2
y

0 0 0 (1+p̂z)p̂y
0 0 0 0

]
/(1 + p̂z)

= Ly − i

 0 0 0 p̂xp̂y

0 0 0 p̂2
y

0 0 0 (1+p̂z)p̂y

−p̂y p̂x −p̂2
y −p̂y(1+p̂z) 0

 /(1 + p̂z)

= Ly − p̂y
1+p̂z

(L · p̂+ Lz)

y²: ei~ω·RLze
−i~ω·R

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
[1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z) 0

p̂y p̂x p̂2
y p̂y(1+p̂z) 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)]

= [1−

[
p̂2
x p̂xp̂y −p̂x(1+p̂z) 0

p̂y p̂x p̂2
y −p̂y(1+p̂z) 0

(1+p̂z)p̂x (1+p̂z)p̂y 1−p̂2
z 0

0 0 0 0

]
/(1 + p̂z)][

[
0 0 0 0
0 0 0 0
0 0 0 i
0 0 −i 0

]
+ i

[ 0 0 0 0
0 0 0 0
0 0 0 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

]
/(1 + p̂z)]

= Lz + i

[ 0 0 0 0
0 0 0 0
0 0 0 0

−(1+p̂z)p̂x −(1+p̂z)p̂y 1−p̂2
z 0

]
/(1 + p̂z)− i

[
0 0 0 −p̂x(1+p̂z)
0 0 0 −p̂y(1+p̂z)

0 0 0 1−p̂2
z

0 0 0 0

]
/(1 + p̂z)

= Lz − i

 0 0 0 −p̂x(1+p̂z)
0 0 0 −p̂y(1+p̂z)

0 0 0 1−p̂2
z

(1+p̂z)p̂x (1+p̂z)p̂y −1+p̂2
z 0

 /(1 + p̂z)

= L · p̂

2.5 ε(~p, h)�,ü�Î

½n2.5.1. ε(~p, h) = ei~ω·Re−ln[γv(1+v)]Lzε(~0, h) = [iλm(p̂, 1), 0], [E
m
iλm(p̂, 0), i|~p|

m
], [iλm(p̂,−1), 0]
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íØ2.5.1.
e−ln[γv(1+v)]LzRxe

ln[γv(1+v)]Lze−i~ω·R = E
m

[Rx − p̂x
1+p̂z

(R · p̂+Rz)]− i|~p|
m

[Ly − p̂y
1+p̂z

(L · p̂+ Lz)]

ei~ω·Re−ln[γv(1+v)]LzRye
ln[γv(1+v)]Lze−i~ω·R = E

m
[Ry − p̂y

1+p̂z
(R · p̂+Rz)] + i|~p|

m
[Lx − p̂x

1+p̂z
(L · p̂+ Lz)]

ei~ω·Re−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lze−i~ω·R = R · p̂

½Â2.5.1.
Ĵx(~p, 1;R,L) := E

m
[Rx − p̂x

1+p̂z
(R · p̂+Rz)]− i|~p|

m
[Ly − p̂y

1+p̂z
(L · p̂+ Lz)]

Ĵy(~p, 1;R,L) := E
m

[Ry − p̂y
1+p̂z

(R · p̂+Rz)] + i|~p|
m

[Lx − p̂x
1+p̂z

(L · p̂+ Lz)]

Ĵz(~p, 1;R,L) := R · p̂

íØ2.5.2. [Ĵi(~p, 1;R,L), Ĵj(~p, 1;R,L)] = εij
kĴk(~p, 1;R,L)

íØ2.5.3.

Ĵ+(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]Lz(Rx + iRy)e
ln[γv(1+v)]Lze−i~ω·R

= E
m

[(Rx + iRy)− p̂x+ip̂y
1+p̂z

(R · p̂+Rz)]− |~p|m [(Lx + iLy)− p̂x+ip̂y
1+p̂z

(L · p̂+ Lz)]

Ĵ−(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]Lz(Rx − iRy)eln[γv(1+v)]Lze−i~ω·R

= E
m

[(Rx − iRy)− p̂x−ip̂y
1+p̂z

(R · p̂+Rz)] + |~p|
m

[(Lx − iLy)− p̂x−ip̂y
1+p̂z

(L · p̂+ Lz)]

Ĵz(~p, 1;R,L) := ei~ω·Re−ln[γv(1+v)]LzRze
ln[γv(1+v)]Lze−i~ω·R = R · p̂

íØ2.5.4.
Ĵ+(~p, 1;R,L)ε(~p, h) =

√
2− h(h+ 1)ε(~p, h+ 1),−1 ≤ h ≤ 1

Ĵ−(~p, 1;R,L)ε(~p, h) =
√

2− h(h+ 1)ε(~p, h− 1),−1 ≤ h ≤ 1

Ĵz(~p, 1;R,L)ε(~p, h) = hε(~p, h),−1 ≤ h ≤ 1

2.6 ½Â-g^Ä©):n = (n− 1)⊕ 1

½Â2.6.1. −n ≤ h ≤ n
εa · ·bc︸ ︷︷ ︸

n

(~p, h) :=

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

½Â2.6.2. −n− 1
2
≤ h ≤ n+ 1

2

εab · ·︸ ︷︷ ︸
n

τς (~p, h) =

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
)

íØ2.6.1.

ε̄a · ·bc︸ ︷︷ ︸
n

(~p, h) =

√
C2
n+h√
C2

2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)ε̄c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h)ε̄c(~p, 0) +

√
C2
n−h√
C2

2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε̄c(~p,−1)

íØ2.6.2.

εa · ·bc︸ ︷︷ ︸
n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′), ε̄a · ·bc︸ ︷︷ ︸
n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n−h√

C2
2n

ε̄a · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)ε̄c(~p, h′)

2.7 íØ-εa··bc(~p, h)´g^���

½Â2.7.1. Ω(n;R) := R⊗ I4n−1 + I4 ⊗R⊗ I4n−2 + · ·+I4n−1 ⊗R

½n2.7.1. [Ω(n;R) · p̂]εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

y²: [Ω(n;R) · p̂]εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

= [Ω(n− 1;R)⊗ I4 + I4n−1 ⊗R] · p̂
[

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p,−1)]
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= [

√
C2
n+h√
C2

2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

hεa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p,−1)]

= hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

½n2.7.2. Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

±þ½n�±^�é¡�L�C��{�±éN´��y²? Ð�ØN´§��±^e¡Ù!�þ,Úeü�Î

�{y²(p̂z = 1â¤á)"dþ��εa · ·bc︸ ︷︷ ︸
n

(~p, h)´g^���§¤±ÐmXê´CG Xê§¢SO�(J�L²

(¢Ò´éA�CG Xê"l�Jø
�«5�!Ú�!�*Ú���O�CGXê#�{"

2.8 Klein-Gordon�§g^Ä�,ü�Î

½Â2.8.1.
Ĵ(~p, n;R,L) := Ĵ(~p, 1;R,L)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

n

+ I4 ⊗ Ĵ(~p, 1;R,L)⊗ · · ⊗I4︸ ︷︷ ︸
n

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, 1;R,L)︸ ︷︷ ︸
n

Q̂(~p, n;R,L) := Q̂(~p, 1;R,L)⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸
n

+ I4 ⊗ Q̂(~p, 1;R,L)⊗ · · ⊗I4︸ ︷︷ ︸
n

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Q̂(~p, 1;R,L)︸ ︷︷ ︸
n

íØ2.8.1. [Ĵi(~p, n;R,L), Ĵj(~p, n;R,L)] = εij
kĴk(~p, n;R,L)

½n2.8.1. Ĵ+(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h+ 1),−n ≤ h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ

Ĵ+(~p, 1;R,L)ε(~p, h) =
√

2− h(h+ 1)ε(~p, h+ 1),−1 ≤ h ≤ 1

1�Úµb�n′ = n− 1�¤áµ

Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h) =
√

(n− 1)n− h(h+ 1)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1),−n+ 1 ≤ h ≤ n− 1

1nÚµn′ = n�µ− n ≤ h ≤ n, Ĵ+(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)]ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)]ε⊗c(~p, 0)

+

√
C2
n−h√
C2

2n

[Ĵ+(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)]ε⊗c(~p,−1) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)Ĵ+(~p, 1
2
;R,L)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)Ĵ+(~p, 1
2
;R,L)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)Ĵ+(~p, 1
2
;R,L)ε⊗c(~p,−1)

=

√
C2
n+h

√
(n−1)n−(h−1)h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)
√

2ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h

√
(n−1)n−h(h+1)√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)
√

2ε⊗c(~p, 0)

+

√
C2
n−h

√
(n−1)n−(h+1)(h+2)√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 2)ε⊗c(~p,−1)

=

√
n(n+1)−h(h+1)

√
C2
n+h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p, 1) +

√
n(n+1)−h(h+1)

√
C1
n+h+1C

1
n−h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)ε⊗c(~p, 0)

+

√
n(n+1)−h(h+1)

√
C2
n−h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 2)ε⊗c(~p,−1)

=
√
n(n+ 1)− h(h+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h+ 1)

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"
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½n2.8.2. Ĵ−(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h− 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h− 1),−n ≤ h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ

Ĵ−(~p, 1;R,L)ε(~p, h) =
√

2− h(h− 1)ε(~p, h− 1),−1 ≤ h ≤ 1

1�Úµb�n′ = n− 1�¤áµ

Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h) =
√

(n− 1)n− h(h− 1)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1),−n+ 1 ≤ h ≤ n− 1

1nÚµn′ = n�µ− n ≤ h ≤ n, Ĵ−(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)]ε⊗c(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)]ε⊗c(~p, 0)

+

√
C2
n−h√
C2

2n

[Ĵ−(~p, n− 1;R,L)εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)]ε⊗c(~p,−1) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)Ĵ−(~p, 1
2
;R,L)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)Ĵ−(~p, 1
2
;R,L)ε⊗c(~p, 0) +

√
C2
n−h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h+ 1)Ĵ−(~p, 1
2
;R,L)ε⊗c(~p,−1)

=

√
C2
n+h

√
(n−1)n−(h−1)(h−2)√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 2)ε⊗c(~p, 1)

+

√
C1
n+hC

1
n−h

√
(n−1)n−h(h−1)√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 0) +

√
C2
n+h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)
√

2ε⊗c(~p, 0)

+

√
C2
n−h

√
(n−1)n−(h+1)h√
C2

2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p,−1) +

√
C1
n+hC

1
n−h√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)
√

2ε⊗c(~p,−1)

=

√
n(n+1)−h(h−1)

√
C2
n+h−1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 2)ε⊗c(~p, 1) +

√
n(n+1)−h(h−1)

√
C1
n+h−1C

1
n−h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h− 1)ε⊗c(~p, 0)

+

√
n(n+1)−h(h−1)

√
C2
n−h+1√

C2
2n

εa⊗ · · ⊗b︸ ︷︷ ︸
n−1

(~p, h)ε⊗c(~p,−1)

=
√
n(n+ 1)− h(h− 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~p, h− 1)

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ2.8.2. Ĵ2(~p, n;R,L)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

íØ2.8.3.

Ĵ+(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h+ 1)εa⊗ b⊗ ··︸ ︷︷ ︸

n

(~p, h+ 1),−n ≤ h ≤ n

Ĵ−(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) =
√
n(n+ 1)− h(h− 1)εa⊗ b⊗ ··︸ ︷︷ ︸

n

(~p, h− 1),−n ≤ h ≤ n

Ĵz(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = hεa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

íØ2.8.4.

Ĵ2(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = n(n+ 1)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h), Ĵ2(~p, ∗1;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = 2εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h)

Ĵz(~p, n;R,L)εa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h) = hεa⊗ b⊗ ··︸ ︷︷ ︸
n

(~p, h), Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−),−n ≤ h ≤ n

δabεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·︸ ︷︷ ︸
n

(~p, h) = 0, εab · ·︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{ab · ·}︸ ︷︷ ︸

n

(~p, h)

Ún2.8.1. (C̄γa)
λςµςXbλςµς (p) = (C̄γa)

λςµςXbλςµς (−p) = 4imδba
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½n2.8.3. Ĵ(~p, s;R,L) = 1
(i4m)n

n︷ ︸︸ ︷
(C̄γa)

λς⊗µς⊗(C̄γb)
ης⊗ξς⊗ · · Ĵ(~p, s; γa)Xa

′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

y²: Ĵ+(~p, s; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1)

⇒ 1
(i
√

2)n

n︷ ︸︸ ︷
(C̄γa)

λς⊗µς⊗(C̄γb)
ης⊗ξς⊗ · · Ĵ+(~p, s; γa)

1
(2
√

2m)n
Xa
′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

εa′b′ · ·︸ ︷︷ ︸
n

(~p, h)

=
√
s(s+ 1)− h(h+ 1)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1)

⇒ Ĵ+(~p, s;R,L) = 1
(i4m)n

n︷ ︸︸ ︷
(C̄γa)

λς⊗µς⊗(C̄γb)
ης⊗ξς⊗ · · Ĵ+(~p, s; γa)Xa

′

λ′ς⊗µ′ς⊗(p)Xb
′

η′ς⊗ξ′ς⊗(p) · ·︸ ︷︷ ︸
n

2.9 íØ-εab··c(~p, h)���5

½Â2.9.1. ε̄a(~p, h)εa(~p, h
′) = δhh′ ,−1 ≤ h′, h ≤ 1

½Â2.9.2.
−1∑
h=1

εa(~p, h)ε̄b(~p, h) = δab + papb
m2

½n2.9.1. ε̄

n︷ ︸︸ ︷
a · ·bc(~p, h′)εa · ·bc︸ ︷︷ ︸

n

(~p, h) = δhh′ ,−n ≤ h′, h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ

ε̄a(~p, h′)εa(~p, h) = δhh′ ,−1 ≤ h′, h ≤ 1

1�Úµb�n′ = n− 1�¤áµ

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′)εa · ·b︸ ︷︷ ︸

n−1

(~p, h) = δhh′ ,−n+ 1 ≤ h′, h ≤ n− 1

1nÚµn′ = n�µε̄

n︷ ︸︸ ︷
a · ·bc(~p, h′)εa · ·bc︸ ︷︷ ︸

n

(~p, h),−n ≤ h′, h ≤ n

= [

√
C2
n+h′√
C2

2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′ − 1)ε̄c(~p, 1) +

√
C1
n+h′C

1
n−h′√

C2
2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′)ε̄c(~p, 0) +

√
C2
n−h′√
C2

2n

ε̄

n−1︷ ︸︸ ︷
a · ·b(~p, h′ + 1)ε̄c(~p,−1)]

[

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

=

√
C2
n+h′√
C2

2n

√
C2
n+h√
C2

2n

δhh′ +

√
C1
n+h′C

1
n−h′√

C2
2n

√
C1
n+hC

1
n−h√

C2
2n

δhh′ +

√
C2
n−h′√
C2

2n

√
C2
n−h√
C2

2n

δhh′ = δhh′

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

2.10 íØ-paεab··c(~p, h)�"5

½Â2.10.1. paεa(~p, h) = 0,−1 ≤ h′, h ≤ 1

½n2.10.1. paεa · ·bc︸ ︷︷ ︸
n

(~p, h) = 0,−n ≤ h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1�¤áµ

paεa(~p, h) = δhh′ ,−1 ≤ h ≤ 1

1�Úµb�n′ = n− 1�¤áµ

paεa · ·b︸ ︷︷ ︸
n−1

(~p, h) = 0,−n+ 1 ≤ h ≤ n− 1
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1nÚµn′ = n�µpaεa · ·bc︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

= pa[

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

= 0 + 0 + 0 = 0

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

2.11 íØ-εab··c(~p, h)�Ã,5

½Â2.11.1. ε̄a(~p, h) = (−1)hεa(~p,−h),−1 ≤ h ≤ 1

Ún2.11.1. δabεab(~p, h) = 0,−2 ≤ h ≤ 2

y²: δabεab(~p, h),−2 ≤ h ≤ 2

= δab[

√
C2

2+h√
C2

4

εa(~p, h− 1)εb(~p, 1) +

√
C1

2+hC
1
2−h√

C2
4

εa(~p, h)εb(~p, 0) +

√
C2

2−h√
C2

4

εa(~p, h+ 1)εb(~p,−1)]

=



δabεa(~p, 1)εb(~p, 1) = 0;h = 2

δabεa(~p,−1)εb(~p,−1) = 0;h = −2

δab[

√
C2

3√
C2

4

εa(~p, 0)εb(~p, 1) +

√
C1

3C
1
1√

C2
4

εa(~p, 1)εb(~p, 0)] = 0;h = 1

δab[

√
C1

3C
1
1√

C2
4

εa(~p, 1)εb(~p, 0) +

√
C2

3√
C2

4

εa(~p, 0)εb(~p,−1)] = 0;h = −1

δab[

√
C2

2√
C2

4

εa(~p,−1)εb(~p, 1) +

√
C1

2C
1
2√

C2
4

εa(~p, 0)εb(~p, 0) +

√
C2

2√
C2

4

εa(~p, 1)εb(~p,−1)] = 0;h = 0

½n2.11.1. δabεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0, n ≥ 2,−n ≤ h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 2�¤áµ

δabεab(~p, h) = 0,−2 ≤ h ≤ 2

1�Úµb�2 ≤ n′ = n− 1�¤áµ

δabεab · ·︸ ︷︷ ︸
n−1

(~p, h) = 0,−n+ 1 ≤ h ≤ n− 1

1nÚµ3 ≤ n′ = n�µδabεab · ·c︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

= δab[

√
C2
n+h√
C2

2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)]

= 0 + 0 + 0 = 0

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

2.12 íØ-g^Ä©):2 = 1⊕ 1

íØ2.12.1. εab(~p, h) =
−1∑
h′=1

√
C1+h′

2+h C1−h′
2−h√

C2
4

εa(~p, h− h′)εb(~p, h′)

=



εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

íØ2.12.2. εab(~p, h) = εba(~p, h),−2 ≤ h ≤ 2
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2.13 íØ-g^Ä©):n = (n− 2)⊕ 2

½n2.13.1. εa · ·bc︸ ︷︷ ︸
n

(~p, h) =
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

y²: εa · ·bc︸ ︷︷ ︸
n

(~p, h)

=

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

=

√
C2
n+h√
C2

2n

εc(~p, 1)

[

√
C2
n+h−2√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 2)εb(~p, 1) +

√
C1
n+h−2C

1
n−h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 0) +

√
C2
n−h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p,−1)]

+

√
C1
n+hC

1
n−h√

C2
2n

εc(~p, 0)

[

√
C2
n+h−1√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 1) +

√
C1
n+h−1C

1
n−h−1√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 0) +

√
C2
n−h−1√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p,−1)]

+

√
C2
n−h√
C2

2n

εc(~p,−1)

[

√
C2
n+h√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 1) +

√
C1
n+hC

1
n−h−2√

C2
2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p, 0) +

√
C2
n−h−2√
C2

2n−2

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εb(~p,−1)]

= [

√
C2
n+h−2√
C2

2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)εb(~p, 1)εc(~p, 1)

+ [

√
C2
n+h−1√
C2

2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 1)εc(~p, 0) +

√
C1
n+h−2C

1
n−h√

C2
2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εb(~p, 0)εc(~p, 1)]

+ [

√
C2
n+h√

C2
2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 1)εc(~p,−1) +

√
C2
n−h√

C2
2n−2

√
C2
n+h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p,−1)εc(~p, 1)]

+

√
C1
n+h−1C

1
n−h−1√

C2
2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h)εb(~p, 0)εc(~p, 0)

+ [

√
C1
n+hC

1
n−h−2√

C2
2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p, 0)εc(~p,−1) +

√
C2
n−h−1√
C2

2n−2

√
C1
n+hC

1
n−h√

C2
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εb(~p,−1)εc(~p, 0)]

+

√
C2
n−h−2√
C2

2n−2

√
C2
n−h√
C2

2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εb(~p,−1)εc(~p,−1)]

= 1
2!

√
C4
n+hC

2
4√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h− 2)ε{b(~p, 1)εc}(~p, 1) + 1
2!

√
C4
n−hC

2
4√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h+ 2)ε{b(~p,−1)εc}(~p,−1)

+

√
C3
n+hC

1
n−hC

2
3√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h− 1)ε{b(~p, 1)εc}(~p, 0) +

√
C1
n+hC

3
n−hC

2
3√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h+ 1)ε{b(~p, 0)εc}(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 1)εc}(~p,−1) +

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 0)εc}(~p, 0)

=

√
C4
n+hC

0
n−h√

22C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)ε{b(~p, 1)εc}(~p, 1) +

√
C0
n+hC

4
n−h√

22C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)ε{b(~p,−1)εc}(~p,−1)

+

√
C3
n+hC

1
n−h√

21C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)ε{b(~p, 1)εc}(~p, 0) +

√
C1
n+hC

3
n−h√

21C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)ε{b(~p, 0)εc}(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 1)εc}(~p,−1) +

√
C2
n+hC

2
n−h√

C4
2nC

2
4

εa · ·︸︷︷︸
n−2

(~p, h)ε{b(~p, 0)εc}(~p, 0)

=

√
C4
n+hC

0
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 2)εbc(~p, 2) +

√
C0
n+hC

4
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 2)εbc(~p,−2)

+

√
C3
n+hC

1
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− 1)εbc(~p, 1) +

√
C1
n+hC

3
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h+ 1)εbc(~p,−1)

+

√
C2
n+hC

2
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h)εbc(~p, 0)
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=
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

íØ2.13.1. εa · ·bc︸ ︷︷ ︸
n

(~p, h) = εa · ·cb︸ ︷︷ ︸
n

(~p, h), n ≥ 2,−n ≤ h ≤ n

2.14 íØ-g^Ä©):n+ n′ = n⊕ n′

½n2.14.1. εa · ·︸︷︷︸
n

b · ·c︸ ︷︷ ︸
n′

(~p, h) =
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·c︸ ︷︷ ︸
n′

(~p, h′)

y²: én′æ^êÆ8B{y²d½n"

1�Úµn′′ = 1�¤áµ

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
1

(~p, h) =
−1∑
h′=1

√
C1+h′
n+1+hC

1−h′
n+1−h√

C2
2n+2

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·︸︷︷︸
1

(~p, h′),−n− 1 ≤ h ≤ n+ 1

1�Úµb�s′′ = s′ − 1
2
�¤áµ

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h) =
−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−1+h
Cn
′−1−h′

n+n′−1−h√
C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′),−n− n′ + 1 ≤ h ≤ n+ n′ + 1

1nÚµn′′ = n′�µ− n− n′ ≤ h ≤ n+ n′, εa · ·︸︷︷︸
n

b · ·c︸ ︷︷ ︸
n′

(~p, h)

=

√
C2
n+n′+h√
C2

2n+2n′
εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+n′+hC

1
n+n′−h√

C2
2n+2n′

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h)εc(~p, 0) +

√
C2
n+n′−h√
C2

2n+2n′
εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′−1

(~p, h+ 1)εc(~p,−1)

=

√
C2
n+n′+h√
C2

2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−2+h
Cn
′−1−h′

n+n′−h√
C2n′

2n+2n′
εa · ·︸︷︷︸
n

(~p, h− 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 1)

+

√
C1
n+n′+hC

1
n+n′−h√

C2
2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′−1+h
Cn
′−1−h′

n+n′−1−h√
C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+

√
C2
n+n′−h√
C2

2n+2n′

−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′+h C
n′−1−h′
n+n′−2−h√

C2n′−2

2n+2n′−2

εa · ·︸︷︷︸
n

(~p, h+ 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p,−1)

=
−n′+1∑
h′=n′−1

√
Cn
′+1+h′

n+n′+h C
n′−1−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′+1+h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 1)

+
−n′+1∑
h′=n′−1

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C1
n′+h′C

1
n′−h′√

C2
2n′

εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′+1∑
h′=n′−1

√
Cn
′−1+h′

n+n′+h C
n′+1−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′+1−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h+ 1− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p,−1)

=
−n′+2∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C2
n′+h′√
C2

2n′
ε b · ·︸︷︷︸
n′−1

(~p, h′ − 1)εc(~p, 1)

+
−n′+1∑
h′=n′−1

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C1
n′+h′C

1
n′−h′√

C2
2n′

ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′∑

h′=n′−2

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′ + 1)εc(~p,−1)

=
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C2
n′+h′√
C2

2n′
ε b · ·︸︷︷︸
n′−1

(~p, h′ − 1)εc(~p, 1)

+
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)
√
C1
n′+h′C

1
n′−h′√

C2
2n′

ε b · ·︸︷︷︸
n′−1

(~p, h′)εc(~p, 0)

+
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

√
C2
n′−h′√
C2

2n′
εa · ·︸︷︷︸
n

(~p, h− h′)ε b · ·︸︷︷︸
n′−1

(~p, h′ + 1)εc(~p,−1)

=
−n′∑
h′=n′

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·c︸ ︷︷ ︸
n′

(~p, h′)
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dÚy²
n′′ = n′�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ2.14.1. −n1 − n2 ≤ h ≤ n1 + n2
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h) =
−n1∑
h1=n1

−n2∑
h2=n2

√
C
n2+h2
n1+n2+hC

n2−h2
n1+n2−h√

C
2n2
2n1+2n2

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h) =
−n1∑
h1=n1

−n2∑
h2=n2

√
C
n1+h1
n1+n2+hC

n1−h1
n1+n2−h√

C
2n1
2n1+2n2

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

íØ2.14.2. −n1 − n2 ≤ h ≤ n1 + n2, εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

(~p, h)

=
−n1∑
h1=n1

−n2∑
h2=n2

[ (2n1)!(2n2)!
(2n1+2n2)!

(n1+h1+n2+h2)!
(n1+h1)!(n2+h2)!

(n1−h1+n2−h2)!
(n1−h1)!(n2−h2)!

]1/2εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2)δ(h− h1 − h2)

2.15 íØ-g^Ä��Ü¤

íØ2.15.1.

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′) = εa · ·︸︷︷︸
n

b · ·c︸ ︷︷ ︸
n′

(~p, h)ε̄

n′︷ ︸︸ ︷
b · ·c(~p, h′)

íØ2.15.2.

√
Cn
′+h′

n+n′+hC
n′−h′
n+n′−h√

C2n′
2n+2n′

εa · ·︸︷︷︸
n

(~p, h− h′) = ε̄

n′︷ ︸︸ ︷
b · ·c(~p, h′)εb · ·c︸ ︷︷ ︸

n′

a · ·︸︷︷︸
n

(~p, h)

2.16 íØ-g^Ä©):n1 + n2 · ·+ nn = n1 ⊕ n2 · · ⊕ nn

íØ2.16.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h)

=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1)εb · ·︸︷︷︸
n2

(~p, h2) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=1

hi)

2.17 ����êÆíØ

íØ2.17.1.
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
δ(h−

n∑
i=1

hi) =
[
n∑
i=1

(2ni)]!

n∏
i=1

(2ni)!
,−

n∑
i=1

ni ≤ h ≤
n∑
i=1

ni

2.18 íØ-g^Ä©):s = 1⊕ 1 · · ⊕ 1

íØ2.18.1. −n ≤ h ≤ n

εab · ·c︸ ︷︷ ︸
n

(~p, h) =
−1∑
h1=1

−1∑
h2=1

· ·
−1∑
hn=1

[ 2n(n+h)!(n−h)!

(2n)!
n∏
i=1

(1+hi)!
n∏
i=1

(1−hi)!
]
1
2 εa(~p, h1)εb(~p, h2) · ·εc(~p, hn)︸ ︷︷ ︸

n

δ(h−
n∑
i=1

hi)

íØ2.18.2. −n ≤ h ≤ n, ∀n
εa · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i

íØ2.18.3. −n ≤ h ≤ n, ∀n
εa · ·bc︸ ︷︷ ︸

n

(~p, h) =

√
C2
n+h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− 1)εc(~p, 1) +

√
C1
n+hC

1
n−h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h)εc(~p, 0) +

√
C2
n−h√
C2

2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h+ 1)εc(~p,−1)

⇔
εa · ·b · ·c · ·︸ ︷︷ ︸

n

(~p, n− 2k) = 1√
C2k

2n

min(k,n−k)∑
i=0

2i

(n−k−i)!(2i)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸
n−k−i

εb(~p, 0) · ·︸ ︷︷ ︸
2i

εc}(~p,−1)︸ ︷︷ ︸
k−i

εa · ·b · ·c · ·︸ ︷︷ ︸
n

(~p, n− 2k − 1) = 1√
C2k+1

2n

min(k,n−1−k)∑
i=0

2i
√

2
(n−k−i−1)!(2i+1)!(k−i)! ε{a(~p, 1) · ·︸ ︷︷ ︸

n−k−i−1

εb(~p, 0) · ·︸ ︷︷ ︸
2i+1

εc}(~p,−1)︸ ︷︷ ︸
k−i
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2.19 íØ-εab··c(~p, h)��é¡5

½n2.19.1. εab · ·c︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{ab · ·c}︸ ︷︷ ︸

n

(~p, h),−n ≤ h ≤ n

y²: æ^êÆ8B{y²d½n"

1�Úµn′ = 1, 2�¤áµ

εa(~p, h) = 1
1!
εa(~p, h),−1 ≤ h ≤ 1; εab(~p, h) = 1

2!
ε{ab}(~p, h),−2 ≤ h ≤ 2

1�Úµb�n′ = n− 1�¤áµ

εa · ·b︸ ︷︷ ︸
n−1

(~p, h) = 1
(n−1)!

ε{a · ·b}︸ ︷︷ ︸
n−1

(~p, h),−n+ 1 ≤ h ≤ n− 1

1nÚµ2 ≤ n′ = n�µ− n ≤ h ≤ n, εa · ·bc︸ ︷︷ ︸
n

(~p, h)

=
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n+h√

C2
2n

εa · ·b︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′) =
−2∑
h′=2

√
C2+h′
n+h C

2−h′
n−h√

C4
2n

εa · ·︸︷︷︸
n−2

(~p, h− h′)εbc(~p, h′)

⇒ εa · ·bc︸ ︷︷ ︸
n

(~p, h) = 1
(n−1)!

ε{a · ·b}c︸ ︷︷ ︸
n

(~p, h), εa · ·bc︸ ︷︷ ︸
n

(~p, h) = εa · ·cb︸ ︷︷ ︸
n

(~p, h),−n ≤ h ≤ n

⇔ εa · ·bc︸ ︷︷ ︸
n

(~p, h) = 1
n!
ε{a · ·bc}︸ ︷︷ ︸

n

(~p, h),−n ≤ h ≤ n

dÚy²
n′ = n�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

2.20 εab··c(~p, h)5���(

½n2.20.1.
εab · ·c︸ ︷︷ ︸

n

(~p, h) =
−1∑
h′=1

√
C1+h′
n+h C

1−h′
n+h√

C2
2n

εab · ·︸ ︷︷ ︸
n−1

(~p, h− h′)εc(~p, h′)

ε̄a(~p, h) = (−1)hεa(~p,−h), paεa(~p, h) = 0, ε̄a(~p, h)εa(~p, h
′) = δhh′ ,−1 ≤ h′, h ≤ 1

⇒
εab · ·c︸ ︷︷ ︸

n

(~p, h) = 1
n!
ε{ab · ·c}︸ ︷︷ ︸

n

(~p, h), δabεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0, paεab · ·c︸ ︷︷ ︸
n

(~p, h) = 0

ε̄

n︷ ︸︸ ︷
ab · ·c(~p, h′)εab · ·c︸ ︷︷ ︸

n

(~p, h) = δhh′ ,−n ≤ h′, h ≤ n

2.21 Klein-Gordon�§²¡Å)��fLã

½n2.21.1. (−∂c∂c +m2)Aab · ·︸ ︷︷ ︸
n

(x) = 0, δabAab · ·︸ ︷︷ ︸
n

(x) = 0, ∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x) = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2nE

−n∑
h=n

Ĵn−h− (~p,n;R,L)

(n−h)!
√
Cn−h2n

εab · ·︸ ︷︷ ︸
n

(~p, n)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

1√
2nE

−n∑
h=n

Ĵn+h
+ (~p,n;R,L)

(n+h)!
√
Cn+h

2n

εab · ·︸ ︷︷ ︸
n

(~p,−n)[a(~p, h)eip·x + (−1)nb+(~p, h)e−ip·x]d3~p

3 Rarita-Schwinger�§g^Ä�#În©Û

3.1 ½Â-g^Ä©):n+ 1
2

= n⊕ 1
2

½Â3.1.1. −n− 1
2
≤ h ≤ n+ 1

2

εab · ·︸ ︷︷ ︸
n

τς (~p, h) =

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)

íØ3.1.1. ε̄

n︷ ︸︸ ︷
ab · · τς (~p, h′)εab · ·︸ ︷︷ ︸

n

τς (~p, h) = δhh′ ,−n− 1
2
≤ h ≤ n+ 1

2

íØ3.1.2. paεab · ·︸ ︷︷ ︸
n

τς (~p, h) = 0,−n− 1
2
≤ h ≤ n+ 1

2
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íØ3.1.3. δabεab · ·︸ ︷︷ ︸
n

τς (~p, h) = 0,− 5
2
≤ h ≤ 5

2

3.2 íØ-εab··cτς (~p, h)´g^���

½n3.2.1. [Ω(n;R)⊗ I4 + I4n ⊗ Ĵ(~p, 1
2
; γa)] · p̂εa⊗ · · ⊗b︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ · · ⊗b︸ ︷︷ ︸
n

⊗τς (~p, h),−n− 1
2
≤ h ≤ n+ 1

2

ß�3.2.1. [Ω(n;R)⊗ I4 + I4n ⊗ Ĵ(~p, 1
2
; γa)]

2εa⊗ · · ⊗b︸ ︷︷ ︸
n

⊗τς (~p, h) = (n+ 1
2
)(n+ 3

2
)εa⊗ · · ⊗b︸ ︷︷ ︸

n

⊗τς (~p, h)

3.3 Rarita-Schwinger�§g^Ä�,ü�Î

½Â3.3.1. Ĵ(~p, n+ 1
2
;R,L, γa) := [Ĵ(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ(~p, 1

2
; γa)]

íØ3.3.1. [Ĵi(~p, n+ 1
2
;R,L, γa), Ĵj(~p, n+ 1

2
;R,L, γa)] = εij

kĴk(~p, n+ 1
2
;R,L, γa)

½n3.3.1.

Ĵ+(~p, n+ 1
2
;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) =
√

(n+ 1
2
)(n+ 3

2
)− h(h+ 1)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h+ 1),−n− 1
2
≤ h ≤ n+ 1

2

Ĵ−(~p, n+ 1
2
;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) =
√

(n+ 1
2
)(n+ 3

2
)− h(h− 1)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h− 1),−n− 1
2
≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2
;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h− 1),−n− 1
2
≤ h ≤ n+ 1

2

y²: −n− 1
2
≤ h ≤ n+ 1

2

Ĵ+(~p, n+ 1
2
;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵ+(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ+(~p, 1
2
; γa)][

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

= [

√
n+1/2+h
√

2n+1
Ĵ+(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
Ĵ+(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

+

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)Ĵ+(~p, 1

2
;R,L, γa)uτς (~p,− 1

2
)]

=

√
n+1/2+h

√
n(n+1)−(h− 1

2
)(h+

1
2

)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,

1
2
)

+

√
n+1/2−h

√
n(n+1)−(h+

1
2

)(h+
3
2

)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 3
2
)uτς (~p,− 1

2
)

=

√
n+1/2+(h+1)

√
(n+

1
2

)(n+
3
2

)−h(h+1)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,

1
2
)

+

√
n+1/2−(h+1)

√
(n+

1
2

)(n+
3
2

)−h(h+1)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 3
2
)uτς (~p,− 1

2
)

=
√

(n+ 1
2
)(n+ 3

2
)− h(h+ 1)εab · ·︸ ︷︷ ︸

n

τς (~p, h+ 1)

y²: −n− 1
2
≤ h ≤ n+ 1

2

Ĵ−(~p, n+ 1
2
;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵ−(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵ−(~p, 1
2
; γa)][

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

= [

√
n+1/2+h
√

2n+1
Ĵ−(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
Ĵ−(~p, n;R,L, γa)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

+

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)Ĵ−(~p, 1

2
;R,L, γa)uτς (~p,− 1

2
)]
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=

√
n+1/2+h

√
n(n+1)−(h− 1

2
)(h− 3

2
)

√
2n+1

εab · ·︸ ︷︷ ︸
n

(~p, h− 3
2
)uτς (~p,

1
2
)

+

√
n+1/2−h

√
n(n+1)−(h+

1
2

)(h− 1
2

)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,− 1

2
) +

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,− 1

2
)

=

√
n+1/2+(h−1)

√
(n+

1
2

)(n+
3
2

)−h(h−1)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 3
2
)uτς (~p,

1
2
)

+

√
n+1/2−(h−1)

√
(n+

1
2

)(n+
3
2

)−h(h−1)
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,− 1

2
)

=
√

(n+ 1
2
)(n+ 3

2
)− h(h− 1)εab · ·︸ ︷︷ ︸

n

τς (~p, h− 1)

y²: −n− 1
2
≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2
;R,L, γa)εab · ·︸ ︷︷ ︸

n

τς (~p, h)

= [Ĵz(~p, n;R,L)⊗ I4 + I4n ⊗ Ĵz(~p, 1
2
; γa)][

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

= [

√
n+1/2+h
√

2n+1
Ĵz(~p, n;R,L)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
Ĵz(~p, n;R,L)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

+ [

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)Ĵz(~p,

1
2
; γa)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)Ĵz(~p,

1
2
; γa)uτς (~p,− 1

2
)]

= [

√
n+1/2+h
√

2n+1
(h− 1

2
)εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
(h+ 1

2
)εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

+ [

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)( 1

2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)(− 1

2
)uτς (~p,− 1

2
)]

= h[

√
n+1/2+h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εab · ·︸ ︷︷ ︸

n

(~p, h+ 1
2
)uτς (~p,− 1

2
)]

= hεab · ·︸ ︷︷ ︸
n

τς (~p, h)

íØ3.3.2. Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−)

Ĵ2(~p, n+ 1
2
;R,L, γa)εa⊗ b⊗ ··︸ ︷︷ ︸

n

τς (~p, h) = (n+ 1
2
)(n+ 3

2
)εa⊗ b⊗ ··︸ ︷︷ ︸

n

τς (~p, h),−n− 1
2
≤ h ≤ n+ 1

2

Ĵz(~p, n+ 1
2
;R,L, γa)εa⊗ ··︸ ︷︷ ︸

n

⊗τς (~p, h) = hεa⊗ ··︸ ︷︷ ︸
n

⊗τς (~p, h− 1),−n− 1
2
≤ h ≤ n+ 1

2

3.4 íØ-εab··cτς (~p, h)���5

½n3.4.1. ε̄

n︷ ︸︸ ︷
a · ·bc τς (~p, h′)εa · ·bc︸ ︷︷ ︸

n

τς (~p, h) = δhh′ ,−n− 1
2
≤ h ≤ n+ 1

2

3.5 íØ-paεab··cτς (~p, h)�"5

½n3.5.1. paεa · ·bc︸ ︷︷ ︸
n

τς (~p, h) = 0, γaεa · ·bc︸ ︷︷ ︸
n

[τς ](~p, h) = 0,−n− 1
2
≤ h ≤ n+ 1

2

3.6 íØ-εab··cτς (~p, h)�Ã,5

½n3.6.1. δabεab · ·c︸ ︷︷ ︸
n

τς (~p, h) = 0, n ≥ 2,−n− 1
2
≤ h ≤ n+ 1

2

691



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 131Ù g^ÄÚCGXê�êÆ©Û

3.7 íØ-εab··cτς (~p, h)��é¡5

½n3.7.1. εab · ·c︸ ︷︷ ︸
n

τς (~p, h) = 1
n!
ε{ab · ·c}︸ ︷︷ ︸

n

τς (~p, h),−n− 1
2
≤ h ≤ n+ 1

2

3.8 íØ-g^Ä©):n+ n′ + 1
2

= n⊕ n′ + 1
2

½n3.8.1. εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′

τς (~p, h) =
−n′−1/2∑
h′=n′+1/2

√
C
n′+1/2+h′
n+n′+1/2+h

C
n′+1/2−h′
n+n′+1/2−h√

C2n′+1

2n+2n′+1

εa · ·︸︷︷︸
n

(~p, h− h′)εb · ·︸︷︷︸
n′

τς (~p, h
′)

íØ3.8.1. −n1 − n2 − 1
2
≤ h ≤ n1 + n2 + 1

2
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

τς (~p, h) =
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

√
C
n2+1/2+h2
n1+n2+1/2+h

C
n2+1/2−h2
n1+n2+1/2−h√

C
2n2+1
2n1+2n2+1

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

τς (~p, h) =
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

√
C
n1+h1
n1+n2+1/2+h

C
n1−h1
n1+n2+1/2−h√

C
2n1
2n1+2n2+1

εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)

íØ3.8.2. −n1 − n2 − 1
2
≤ h ≤ n1 + n2 + 1

2
, εa · ·︸︷︷︸

n1

b · ·︸︷︷︸
n2

τς (~p, h)

=
−n1∑
h1=n1

−n2−1/2∑
h2=n2+1/2

[ (2n1)!(2n2+1)!
(2n1+2n2+1)!

(n1+h1+n2+1/2+h2)!
(n1+h1)!(n2+1/2+h2)!

(n1−h1+n2+1/2−h2)!
(n1−h1)!(n2+1/2−h2)!

]1/2εa · ·︸︷︷︸
n1

(~p, h1)εb · ·︸︷︷︸
n2

τς (~p, h2)δ(h− h1 − h2)

3.9 íØ-g^Ä��Ü¤

íØ3.9.1. εa · ·︸︷︷︸
n

(~p, h− h′) =

√
C2n′+1

2n+2n′+1√
C
n′+1/2+h′
n+n′+1/2+h

C
n′+1/2−h′
n+n′+1/2−h

εa · ·︸︷︷︸
n

b · ·︸︷︷︸
n′

τς (~p, h)ε̄

n′︷︸︸︷
b · · τς (~p, h′)

3.10 íØ-g^Ä©):n1 + n2 · ·+ nn + 1
2

= n1 ⊕ n2 · · ⊕ nn ⊕ 1
2

íØ3.10.1. −n− 1
2
≤ h ≤ n+ 1

2
, n0 = 1

2
; εa · ·︸︷︷︸

n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

τς (~p, h)

=
−n0∑
h0=n0

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=0

(2ni)!

[
n∑
i=0

(2ni)]!

[
n∑
i=0

(ni+hi)]!

n∏
i=0

(ni+hi)!

[
n∑
i=0

(ni−hi)]!
n∏
i=0

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=0

hi)uτς (~p, h0)

y²: −n− 1
2
≤ h ≤ n+ 1

2
, n0 = 1

2

εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

τς (~p, h) =

√
n+1/2+h
√

2n+1
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h− 1
2
)uτς (~p,

1
2
) +

√
n+1/2−h
√

2n+1
εa · ·︸︷︷︸
n1

b · ·︸︷︷︸
n2

··c · ·︸︷︷︸
nn

(~p, h+ 1
2
)uτς (~p,− 1

2
)

=

√
n+1/2+h
√

2n+1

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h− 1
2
−

n∑
i=1

hi)uτς (~p,
1
2
)

+

√
n+1/2−h
√

2n+1

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h+ 1
2
−

n∑
i=1

hi)uτς (~p,− 1
2
)

=
−n0∑
h0=n0

−n1∑
h1=n1

· ·
−nn∑
hn=nn

[

n∏
i=0

(2ni)!

[
n∑
i=0

(2ni)]!

[
n∑
i=0

(ni+hi)]!

n∏
i=0

(ni+hi)!

[
n∑
i=0

(ni−hi)]!
n∏
i=0

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

n1

(~p, h1) · ·εc · ·︸︷︷︸
nn

(~p, hn)δ(h−
n∑
i=0

hi)uτς (~p, h0)

3.11 Rarita-Schwinger�§²¡Å)��fLã

½n3.11.1. s := n+ 1
2

(γc∂c +m)Aab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, δabAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ](x) = 0, Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
n!
A{ab · ·}τς︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

√
m√

2nE

−s∑
h=s

Ĵs−h− (~p,s;R,L,γa)

(s−h)!
√
Cs−h2s

[a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p, s)e
ip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p, s)e
−ip·x]d3~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)3/2

+∞∫
~p=−∞

√
m√

2nE

−s∑
h=s

Ĵs+h+ (~p,s;R,L,γa)

(s+h)!
√
Cs+h2s

[a(~p, h)εab · ·︸ ︷︷ ︸
n

τς (~p,−s)eip·x + b+(~p, h)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p,−s)e−ip·x]d3~p
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4 Penrose�§g^Ä�#În©Û

4.1 ¥�fg^Ä´g^!Ú^Ý��Ó���

5�4.1.1.

σ2( 1
2
)λ(p̂, ς

2
) = 1

2
( 1

2
+ 1)λ(p̂, ς

2
)

σ( 1
2
) · p̂λ(p̂, ς

2
) = ς

2
λ(p̂, ς

2
)

4.2 ½Â-g^Ä©):s = (s− 1
2
)⊕ 1

2

½Â4.2.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
√
s+h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2
)λCς (p̂,

1
2
) +

√
s−h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2
)λCς (p̂,− 1

2
),−s ≤ h ≤ s

íØ4.2.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h′)λCς (p̂, h′),−s ≤ h ≤ s

4.3 íØ-λAς ··BςCς (p̂, h)´g^���

½n4.3.1. [Ω(s) · p̂]λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h) = hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

y²: [Ω(s) · p̂]λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h)

= [Ω(s− 1
2
)⊗ I + I22s−1 ⊗ σ( 1

2
)] · p̂

[
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2
)λ⊗Cς (p̂,

1
2
) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2
)λ⊗Cς (p̂,− 1

2
)],−s ≤ h ≤ s

= [
√
s+h√
2s
hλAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2
)λ⊗Cς (p̂,

1
2
) +

√
s−h√
2s
hλAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2
)λ⊗Cς (p̂,− 1

2
)],−s ≤ h ≤ s

= hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

½n4.3.2. Ω2(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h) = s(s+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

±þ½n�±^�é¡�L�C��{�±éN´��y²"dþ��λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) ´g^���§¤±Ðm

Xê´CG Xê§¢SO�(J�L²(¢Ò´éA�CGXê"l�Jø
�«5�!Ú�!�*Ú���

O�CGXê#�{"

4.4 Penrose�§g^Ä�,ü�Î

½n4.4.1.
ei~ω·Ω(s)Ωx(s)e−i~ω·Ω(s) = Ωx(s)− p̂xΩ(s)·p̂+Ωz(s)

(1+p̂z)

ei~ω·Ω(s)Ωy(s)e
−i~ω·Ω(s) = Ωy(s)− p̂y Ω(s)·p̂+Ωz(s)

(1+p̂z)

ei~ω·Ω(s)Ωz(s)e
−i~ω·Ω(s) = Ω(s) · p̂

½Â4.4.1.
Ĵx(p̂,Ω(s)) := {Ωx(s)− p̂x

(1+p̂z)
[Ω(s) · p̂+ Ωz(s)]}

Ĵy(p̂,Ω(s)) := {Ωy(s)− p̂y
(1+p̂z)

[Ω(s) · p̂+ Ωz(s)]}

Ĵz(p̂,Ω(s)) := Ω(s) · p̂

íØ4.4.1.Ĵ2
x(p̂,Ω( 1

2
)) = 1

4
, Ĵ2
y (p̂,Ω( 1

2
)) = 1

4
, Ĵ2
z (p̂,Ω( 1

2
)) = 1

4

[Ĵi(p̂,Ω(s)), Ĵj(p̂,Ω(s))] = εij
kĴk(p̂,Ω(s))

íØ4.4.2.
Ĵ+(p̂,Ω(s)) := {[Ωx(s) + iΩy(s)]− (p̂x+ip̂y)

(1+p̂z)
[Ω(s) · p̂+ Ωz(s)]}

Ĵ−(p̂,Ω(s)) := {[Ωx(s)− iΩy(s)]− (p̂x−ip̂y)

(1+p̂z)
[Ω(s) · p̂+ Ωz(s)]}

Ĵz(p̂,Ω(s)) := Ω(s) · p̂
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íØ4.4.3. Ĵ(p̂,Ω(s)) := Ĵ(~p, σ( 1
2
))⊗ I4 ⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ I4 ⊗ Ĵ(~p, σ( 1
2
))⊗ · · ⊗I4︸ ︷︷ ︸

2s

+ · · ·+ I4 ⊗ · · ⊗I4 ⊗ Ĵ(~p, σ( 1
2
))︸ ︷︷ ︸

2s

½n4.4.2. Ĵ+(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h+ 1)

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

Ĵ+(~p, σ( 1
2
))λ⊗Cς (~p, h) =

√
3
4
− h(h+ 1)λ⊗Cς (~p, h+ 1),− 1

2
≤ h ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

Ĵ+(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2
)(s+ 1

2
)− h(h+ 1)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h),−s+ 1
2
≤ h ≤ s− 1

2

1nÚµs′ = s�µ− s ≤ h ≤ s, Ĵ+(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ+(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]λ⊗Cς (~p,

1
2
) +

√
s−h√
2s

[Ĵ+(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)]λ⊗Cς (~p,− 1

2
)

+
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Ĵ+(~p, σ( 1

2
))λ⊗Cς (~p,

1
2
) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Ĵ+(~p, σ( 1

2
))λ⊗Cς (~p,− 1

2
)

=

√
s+h

√
(s+

1
2

)(s− 1
2

)−(h− 1
2

)(h+
1
2

)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)λ⊗Cς (~p,

1
2
) +

√
s−h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)λ⊗Cς (~p,

1
2
)

+

√
s−h

√
(s+

1
2

)(s− 1
2

)−(h+1− 1
2

)(h+1+
1
2

)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 3
2
)]λ⊗Cς (~p,− 1

2
)

=

√
(s−h)(s+h+1)

√
s+h+1

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h+ 1
2
)λ⊗Cς (~p,

1
2
) +

√
(s−h)(s+h+1)

√
s−h−1

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h+ 3
2
)λ⊗Cς (~p,− 1

2
)

=
√
s(s+ 1)− h(h+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h+ 1)

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

½n4.4.3. Ĵ−(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h− 1)

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

Ĵ−(~p, σ( 1
2
))λ⊗Cς (~p, h) =

√
3
4
− h(h− 1)λ⊗Cς (~p, h− 1),− 1

2
≤ h ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

Ĵ−(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h) =
√

(s− 1
2
)(s+ 1

2
)− h(h− 1)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1),−s+ 1
2
≤ h ≤ s− 1

2

1nÚµs′ = s�µ− s ≤ h ≤ s, Ĵ−(p̂,Ω(s))λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(~p, h)

=
√
s+h√
2s

[Ĵ−(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]λ⊗Cς (~p,

1
2
) +

√
s−h√
2s

[Ĵ−(~p, s− 1
2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)]λ⊗Cς (~p,− 1

2
)

+
√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)Ĵ−(~p, σ( 1

2
))λ⊗Cς (~p,

1
2
)+
√
s−h√
2s
Ĵ−(~p, s− 1

2
;σ)λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)Ĵ−(~p, σ( 1

2
))λ⊗Cς (~p,− 1

2
)

=

√
s+h

√
(s+

1
2

)(s− 1
2

)−(h−1− 1
2

)(h−1+
1
2

)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 3
2
)λ⊗Cς (~p,

1
2
)

+

√
s−h

√
(s+

1
2

)(s− 1
2

)−(h− 1
2

)(h+
1
2

)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]λ⊗Cς (~p,− 1

2
) +

√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)λ⊗Cς (~p,− 1

2
)

=
√
s+h
√

(s+h−1)(s−h+1)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 3
2
)λ⊗Cς (~p,

1
2
)
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+
√
s−h
√

(s+h)(s−h)
√

2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)]λ⊗Cς (~p,− 1

2
) +

√
s+h√
2s
λAς ⊗ · · ⊗Bς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)λ⊗Cς (~p,− 1

2
)

=

√
(s+h)(s−h+1)

√
(s+h−1)

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 3
2
)λ⊗Cς (~p,

1
2
) +

√
(s+h)(s−h+1)

√
s−h+1

√
2s

λAς ⊗ · · ⊗Bς︸ ︷︷ ︸
2s−1

(~p, h− 1
2
)λ⊗Cς (~p,− 1

2
)

=
√
s(s+ 1)− h(h− 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(~p, h− 1)

dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ4.4.4.

Ĵ+(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h+ 1),−s ≤ h ≤ s

Ĵ−(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) =
√
s(s+ 1)− h(h− 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h− 1),−s ≤ h ≤ s

Ĵz(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

íØ4.4.5. Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−)

Ĵ2(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = s(s+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h), Ĵz(p̂,Ω(s))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2s

(~p, h)

Ĵ2(p̂, ∗σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h) = 3
4
λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2s

(~p, h), λAςBς · ·︸ ︷︷ ︸
2s

(~p, h) = 1
(2s)!

λ{AςBς · ·}︸ ︷︷ ︸
2s

(~p, h),−s ≤ h ≤ s

4.5 íØ-λAς ··BςCς (p̂, h)���5

½Â4.5.1. λ+Aς (p̂, h′)λAς (p̂, h) = δhh′ ,− 1
2
≤ h, h′ ≤ 1

2

½n4.5.1. λ+

2s︷ ︸︸ ︷
Aς · ·BςCς (p̂, h′)λAς · ·BςCς︸ ︷︷ ︸

2s

(p̂, h) = δhh′ ,−s ≤ h′, h ≤ s

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
�¤áµ

λ+Aς (p̂, h′)λAς (p̂, h) = δhh′ ,− 1
2
≤ h, h′ ≤ 1

2

1�Úµb�s′ = s− 1
2
�¤áµ

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h) = δhh′ ,−s+ 1
2
≤ h′, h ≤ s− 1

2

1nÚµs′ = s�µλ+

2s︷ ︸︸ ︷
Aς · ·BςCς (p̂, h′)λAς · ·BςCς︸ ︷︷ ︸

2s

(p̂, h),−s ≤ h′, h ≤ s

= [
−1/2∑
h̄′=1/2

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄′)λ+Cς (p̂, h̄′)][

−1/2∑
h̄=1/2

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h̄)λCς (p̂, h̄)]

=
−1/2∑

h̄′,h̄=1/2

[

√
C

1/2+h̄′
s+h′ C

1/2−h̄′
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄′)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− h̄)δh̄h̄′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

λ+

2s−1︷ ︸︸ ︷
Aς · ·Bς (p̂, h′ − h̄)λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− h̄)]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄

s+h′ C
1/2−h̄
s−h′√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

δhh′ ]

=
−1/2∑
h̄=1/2

[

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

√
C

1/2+h̄
s+h C

1/2−h̄
s−h√

C1
2s

]δhh′

= δhh′
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dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

4.6 íØ-g^Ä©):1 = 1
2
⊕ 1

2

íØ4.6.1. λAςBς (p̂, h) =
√

1+h√
2
λAς (p̂, h− 1

2
)λBς (p̂,

1
2
) +

√
1−h√

2
λAς (p̂, h+ 1

2
)λBς (p̂,− 1

2
)

=


λAς (p̂,

1
2
)λBς (p̂,

1
2
), h = 1

1√
2
λ{Aς (p̂,

1
2
)λBς}(p̂,− 1

2
), h = 0

λAς (p̂,− 1
2
)λBς (p̂,− 1

2
), h = −1

íØ4.6.2. λAςBς (p̂, h) = λBςAς (p̂, h),−1 ≤ h ≤ 1

5�4.6.1. λ(p̂,− ς
2
)λT (p̂, ς

2
) = i

2
(σ, iς)ap̂aσy

íØ4.6.3. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς
2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = [λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

y²: σ · [λ(p̂, ς
2
)λT (p̂, −ς

2
) + λ(p̂,− ς

2
)λT (p̂, ς

2
)]σT

= i
2
σ · [(σ,−iς)ap̂aσy + (σ, iς)ap̂aσy]σ

T

= σ · [i(σ · p̂)σy]σT

= [σxi(σ · p̂)σyσTx + σyi(σ · p̂)σyσTy + σzi(σ · p̂)σyσTz ]

= [σxi(σ · p̂)σyσTx + σyi(σ · p̂)σyσTy + σzi(σ · p̂)σyσTz ]

= i(σ · p̂)σy = [λ(p̂, ς
2
)λT (p̂, −ς

2
) + λ(p̂,− ς

2
)λT (p̂, ς

2
)]

íØ4.6.4.[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]2[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 2[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)] · p̂[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 0[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
) + λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

4.7 íØ-g^Ä©):0 = 1
2
	 1

2

íØ4.7.1. FAςBς (p̂, h) = 1√
2
λ[Aς (p̂,

1
2
)λBς ](p̂,− 1

2
), h = 0

íØ4.7.2. [(σ ⊗ I) · (I ⊗ σ)][λ(p̂, ς
2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = −3[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

y²: σ · [λ(p̂, ς
2
)λT (p̂, −ς

2
)− λ(p̂,− ς

2
)λT (p̂, ς

2
)]σT

= i
2
σ · [(σ,−iς)ap̂aσy − (σ, iς)ap̂aσy]σ

T

= σ · (iςσy)σT

= σx(iςσy)σ
T
x + σy(iςσy)σ

T
y + σz(iςσy)σ

T
z

= −3(iςσy) = −3[λ(p̂, ς
2
)λT (p̂, −ς

2
)− λ(p̂,− ς

2
)λT (p̂, ς

2
)]

íØ4.7.3.[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]2[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 0[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

[σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)] · p̂[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)] = 0[λ(p̂, ς

2
)⊗ λ(p̂, −ς

2
)− λ(p̂,− ς

2
)⊗ λ(p̂, ς

2
)]

íØ4.7.4. u(p̂, κ
2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
m

ςE + κ|~p|

]
, v(p̂, κ

2
) =

λ(p̂,
κ
2

)√
2m(E+κς|~p|)

⊗

[
−m

ςE + κ|~p|

]

4.8 íØ-g^Ä©):s = (s− 1)⊕ 1

½n4.8.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′), s ≥ 1,−s ≤ h ≤ s

696



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 131Ù g^ÄÚCGXê�êÆ©Û

y²: λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h)

=
√
s+h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h− 1
2
)λCς (p̂,

1
2
) +

√
s−h√
2s
λAς · ·Bς︸ ︷︷ ︸

2s−1

(p̂, h+ 1
2
)λCς (p̂,− 1

2
)

=
√
s+h√
2s

[
√
s+h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2
) +

√
s−h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h)λBς (p̂,− 1
2
)]λCς (p̂,

1
2
)

+
√
s−h√
2s

[
√
s+h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBς (p̂,
1
2
) +

√
s−h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2
)]λCς (p̂,− 1

2
)

= [
√
s+h√
2s

√
s+h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2
)λCς (p̂,

1
2
) +

√
s+h√
2s

√
s−h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h)λBς (p̂,− 1
2
)λCς (p̂,

1
2
)]

+ [
√
s−h√
2s

√
s+h√
2s−1

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBς (p̂,
1
2
)λCς (p̂,− 1

2
) +

√
s−h√
2s

√
s−h−1√
2s−1

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2
)λCς (p̂,− 1

2
)]

=

√
C2
s+hC

0
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBς (p̂,
1
2
)λCς (p̂,

1
2
) +

√
C1
s+hC

1
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h) 1√
2
λ{Bς (p̂,

1
2
)λCς}(p̂,− 1

2
)

+

√
C0
s+hC

2
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBς (p̂,− 1
2
)λCς (p̂,− 1

2
)

=

√
C2
s+hC

0
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h− 1)λBςCς (p̂, 1) +

√
C1
s+hC

1
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−2

(p̂, h)λBςCς (p̂, 0)

+

√
C0
s+hC

2
s−h√

C2
2s

λAς · ·︸ ︷︷ ︸
2s−1

(p̂, h+ 1)λBςCς (p̂,−1)

=
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′)

íØ4.8.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = λAς · ·CςBς︸ ︷︷ ︸
2s

(p̂, h), s ≥ 1,−s ≤ h ≤ s

4.9 íØ-g^Ä©):s+ s′ = s⊕ s′

½n4.9.1. λAς · ·︸ ︷︷ ︸
2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h) =
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h′),−s− s′ ≤ h ≤ s+ s′

y²: és′æ^êÆ8B{y²d½n"

1�Úµs′′ = 1
2
�¤áµ

λAς · ·︸ ︷︷ ︸
2s

Cς︸︷︷︸
1

(p̂, h) =
−1/2∑
h′=1/2

√
C

1/2+h′
s+1/2+h

C
1/2−h′
s+1/2−h√

C1
2(s+1/2)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λCς︸︷︷︸
1

(p̂, h′),−s− 1
2
≤ h ≤ s+ 1

2

1�Úµb�s′′ = s′ − 1
2
�¤áµ

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h) =
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1/2+h

C
s′−1/2−h′
s+s′−1/2−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·︸ ︷︷ ︸
2s′−1

(p̂, h′)

− s− s′ + 1
2
≤ h ≤ s+ s′ − 1

2

1nÚµs′′ = s′�µ− s− s′ ≤ h ≤ s+ s′, λAς · ·︸ ︷︷ ︸
2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h)

=
√
s+s′+h√
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h− 1
2
)λCς (p̂,

1
2
) +

√
s+s′−h√
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

Bς · ·︸ ︷︷ ︸
2s′−1

(p̂, h+ 1
2
)λCς (p̂,− 1

2
)

=
√
s+s′+h√
2(s+s′)

[
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′−1+h

C
s′−1/2−h′
s+s′−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− 1
2
− h′)λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′)]λCς (p̂,
1
2
)

+ [
−s′+1/2∑
h′=s′−1/2

√
C
s′−1/2+h′
s+s′+h C

s′−1/2−h′
s+s′−1−h√

C2s′−1

2(s+s′)−1

λAς · ·︸ ︷︷ ︸
2s

(p̂, h+ 1
2
− h′)λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′)]λCς (p̂,− 1
2
)

= [
−s′+1∑
h′=s′

√
Cs
′−1+h′
s+s′−1+h

Cs
′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s+s′+h√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2
)]λCς (p̂,

1
2
)

697



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 131Ù g^ÄÚCGXê�êÆ©Û

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−1−h′
s+s′−1−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s+s′−h√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2
)]λCς (p̂,− 1

2
)

= [
−s′+1∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′+h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2
)]λCς (p̂,

1
2
)

+ [
−s′∑

h′=s′−1

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′−h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2
)]λCς (p̂,− 1

2
)

= [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′+h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ − 1
2
)]λCς (p̂,

1
2
)

+ [
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)
√
s′−h′√

2s′
λBς · ·︸ ︷︷ ︸

2s′−1

(p̂, h′ + 1
2
)]λCς (p̂,− 1

2
)

=
−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′)λBς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h′),−s− s′ ≤ h ≤ s+ s′

dÚy²
s′′ = s′�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

íØ4.9.1. −s1 − s2 ≤ h ≤ s1 + s2
λAς · ·︸ ︷︷ ︸

2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s2+h2
s1+s2+hC

s2−h2
s1+s2−h√

C
2s2
2(s1+s2)

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h) =
−s1∑
h1=s1

−s2∑
h2=s2

√
C
s1+h1
s1+s2+hC

s1−h1
s1+s2−h√

C
2s1
2(s1+s2)

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

íØ4.9.2. −s1 − s2 ≤ h ≤ s1 + s2, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

[ (2s1)!(2s2)!
(2s1+2s2)!

(s1+h1+s2+h2)!
(s1+h1)!(s2+h2)!

(s1−h1+s2−h2)!
(s1−h1)!(s2−h2)!

]1/2λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)δ(h− h1 − h2)

4.10 íØ-g^Ä��Ü¤

íØ4.10.1. λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′) =

√
C2s′

2(s+s′)√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

λAς · ·︸ ︷︷ ︸
2s

Bς · ·Cς︸ ︷︷ ︸
2s′

(p̂, h)λ+

2s′︷ ︸︸ ︷
Bς · ·Cς (p̂, h′),−s− s′ ≤ h ≤ s+ s′

íØ4.10.2. λAς · ·︸ ︷︷ ︸
2s

(p̂, h− h′) =

√
C2s′

2(s+s′)√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h

λ+

2s′︷ ︸︸ ︷
Bς · ·Cς (p̂, h′)λBς · ·Cς︸ ︷︷ ︸

2s′

Aς · ·︸ ︷︷ ︸
2s

(p̂, h),−s− s′ ≤ h ≤ s+ s′

4.11 íØ-g^Ä©):s1 + s2 + s3 = s1 ⊕ s2 ⊕ s3

íØ4.11.1. −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)!

]1/2

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h− h1 − h2 − h3)

y²: −s1 − s2 − s3 ≤ h ≤ s1 + s2 + s3, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)!

]1/2

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

Cς · ·︸ ︷︷ ︸
2s3

(p̂, h23)δ(h− h1 − h23)

=
−s1∑
h1=s1

−s2−s3∑
h23=s2+s3

[ (2s1)!(2s2+2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+s3+h23)!
(s1+h1)!(s2+s3+h23)!

(s1−h1+s2+s3−h23)!
(s1−h1)!(s2+s3−h23)!

]1/2λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)δ(h− h1 − h23)
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−s2∑
h2=s2

−s3∑
h3=s3

[ (2s2)!(2s3)!
(2s2+2s3)!

(s2+h2+s3+h3)!
(s2+h2)!(s3+h3)!

(s2−h2+s3−h3)!
(s2−h2)!(s3−h3)!

]1/2λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h23 − h2 − h3)

=
−s1∑
h1=s1

−s2∑
h2=s2

−s3∑
h3=s3

[ (2s1)!(2s2)!(2s3)!
(2s1+2s2+2s3)!

(s1+h1+s2+h2+s3+h3)!
(s1+h1)!(s2+h2)!(s3+h3)!

(s1−h1+s2−h2+s3−h3)!
(s1−h1)!(s2−h2)!(s3−h3)!

]1/2

λAς · ·︸ ︷︷ ︸
2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2)λCς · ·︸ ︷︷ ︸
2s3

(p̂, h3)δ(h− h1 − h2 − h3)

4.12 íØ-g^Ä©):s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

íØ4.12.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(p̂, h)

=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(p̂, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂, h2) · ·λCς · ·︸ ︷︷ ︸
2sn

(p̂, hn)δ(h−
n∑
i=1

hi)

4.13 ����êÆíØ

íØ4.13.1.
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
δ(h−

n∑
i=1

hi) =
[
n∑
i=1

(2si)]!

n∏
i=1

(2si)!
,−

n∑
i=1

si ≤ h ≤
n∑
i=1

si

4.14 íØ-g^Ä©):s = 1
2
⊕ 1

2
· · ⊕ 1

2

íØ4.14.1. −s ≤ h ≤ s

λAςBς · ·Dς︸ ︷︷ ︸
2s

(~p, h) =
−1/2∑
h1=1/2

−1/2∑
h2=1/2

· ·
−1/2∑
hn=1/2

[ (s+h)!(s−h)!
(2s)!

]
1
2 λAς (~p, h1)λBς (~p, h2) · ·λDς (~p, hn)︸ ︷︷ ︸

2s

δ(h−
n∑
i=1

hi)

íØ4.14.2. −s ≤ h ≤ s
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s λ{Aς (~p,

1
2
)λBς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · λCς (~p,− 1
2
)λDς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

íØ4.14.3. −s ≤ h ≤ s, ∀s
λAς · ·CςDς︸ ︷︷ ︸

2s

(~p, h) =
√
s+h√
2s
λAς · ·Cς︸ ︷︷ ︸

2s−1

(~p, h− 1
2
)λDς (~p,

1
2
) +

√
s−h√
2s
λAς · ·Cς︸ ︷︷ ︸

2s−1

(~p, h+ 1
2
)λDς (~p,− 1

2
)

⇔
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p, h) = 1
(2s)!

√
Cs−h2s λ{Aς (~p,

1
2
)λBς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · λCς (~p,− 1
2
)λDς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

4.15 íØ-λAς ··BςCς (p̂, h)��é¡5

½n4.15.1. λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s)!

λ{Aς · ·BςCς}︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1
2
, 1�¤áµ

λAς (p̂, h) = 1
1!
λAς (p̂, h),− 1

2
≤ h ≤ 1

2
;λAςBς (p̂, h) = 1

2!
λ{AςBς}(p̂, h),−1 ≤ h ≤ 1

1�Úµb�s′ = s− 1
2
�¤áµ

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h) = 1
(2s−1)!

λ{Aς · ·Bς}︸ ︷︷ ︸
2s−1

(p̂, h),−s+ 1
2
≤ h ≤ s− 1

2

1nÚµ1 ≤ s′ = s�µ− s ≤ h ≤ s, λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h)

=
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λAς · ·Bς︸ ︷︷ ︸
2s−1

(p̂, h− h′)λCς (p̂, h′) =
−1∑
h′=1

√
C1+h′
s+h C1−h′

s−h√
C2

2s

λAς · ·︸ ︷︷ ︸
2(s−1)

(p̂, h− h′)λBςCς (p̂, h′)

⇒ λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s−1)!

λ{Aς · ·Bς}Cς︸ ︷︷ ︸
2s

(p̂, h), λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = λAς · ·CςBς︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s

⇔ λAς · ·BςCς︸ ︷︷ ︸
2s

(p̂, h) = 1
(2s)!

λ{Aς · ·CςBς}︸ ︷︷ ︸
2s

(p̂, h),−s ≤ h ≤ s
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dÚy²
s′ = s�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

5 g^�§g^Ä�#În©Û

5.1 ½Â-g^Ä©):s = (s− 1
2
)⊕ 1

2

½Â5.1.1. −s ≤ h ≤ s

λkς (p̂, h; s) = Γ

2s+1︷ ︸︸ ︷
Aς · ·Bς
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

[
√
s+h√
2s
λlς (p̂, h− 1

2
; s− 1

2
)λBς (p̂,

1
2
) +

√
s−h√
2s
λlς (p̂, h+ 1

2
; s− 1

2
)λBς (p̂,− 1

2
)]

íØ5.1.1. λ(p̂, h; s) = Γ

2s+1︷ ︸︸ ︷
Aς · ·Bς
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λ(p̂, h− h′; s− 1
2
)λBς (p̂, h

′),−s ≤ h ≤ s

íØ5.1.2. λ(p̂, h; s) = NAς (s)
−1/2∑
h′=1/2

√
C

1/2+h′
s+h C

1/2−h′
s−h√

C1
2s

λ(p̂, h− h′; s− 1
2
)λAς (p̂, h

′),−s ≤ h ≤ s

5.2 íØ-λ(p̂, h; s)´g^���

½n5.2.1. [σ(s) · p̂]λ(p̂, h; s) = hλ(p̂, h; s),−s ≤ h ≤ s

½n5.2.2. σ2(s)λ(p̂, h; s) = s(s+ 1)λ(p̂, h; s),−s ≤ h ≤ s

¤±λ(p̂, h; s)´g^���§¤±ÐmXê´CG Xê"

5.3 íØ-g^���λ(p̂, h; s)�,ü�Î

½n5.3.1.
ei~ω·σ(s)σx(s)e−i~ω·σ(s) = σx(s)− p̂x σ(s)·p̂+σz(s)

(1+p̂z)

ei~ω·σ(s)σy(s)e
−i~ω·σ(s) = σy(s)− p̂y σ(s)·p̂+σz(s)

(1+p̂z)

ei~ω·σ(s)σz(s)e
−i~ω·σ(s) = σ(s) · p̂

y²: ei~ω·σ(s)σi(s)e
−i~ω·σ(s) = (e−i~ω·γ)i

jσj(s)

= [1− i(γ × p̂)z − (γ × p̂)2
z/(1 + p̂z)]i

jσj(s)

= [1− i(γxp̂y − γyp̂x)− (γxp̂y − γyp̂x)2/(1 + p̂z)]i
jσj(s)

= [1− i
[

0 0 −ip̂x
0 0 −ip̂y
ip̂x ip̂y 0

]
−

[
p̂2
x p̂xp̂y 0

p̂xp̂y p̂2
y 0

0 0 p̂2
x+p̂2

y

]
/(1 + p̂z)]i

jσj(s)

= [1−

[
p̂2
x p̂xp̂y p̂x(1+p̂z)

p̂xp̂y p̂2
y p̂y(1+p̂z)

−p̂x(1+p̂z) −p̂y(1+p̂z) p̂2
x+p̂2

y

]
/(1 + p̂z)]i

jσj(s)

= σi(s)− [

[
p̂2
x p̂xp̂y p̂xp̂z+p̂x

p̂xp̂y p̂2
y p̂y p̂z+p̂y

−p̂x(1+p̂z) −p̂y(1+p̂z) (1−p̂z)(1+p̂z)

]
/(1 + p̂z)]i

jσj(s)

=

[
σx(s)−p̂x[σz(s)+σ(s)·p̂]/(1+p̂z)
σy(s)−p̂y [σz(s)+σ(s)·p̂]/(1+p̂z)

σ(s)·p̂

]
i

½Â5.3.1.
Ĵx(p̂, σ(s)) := Γ̄(s)Ĵx(p̂,Ω(s))Γ(s) = {σx(s)− p̂x

(1+p̂z)
[σ(s) · p̂+ σz(s)]}

Ĵy(p̂, σ(s)) := Γ̄(s)Ĵy(p̂,Ω(s))Γ(s) = {σy(s)− p̂y
(1+p̂z)

[σ(s) · p̂+ σz(s)]}

Ĵz(p̂, σ(s)) := Γ̄(s)Ĵz(p̂,Ω(s))Γ(s) = σ(s) · p̂

íØ5.3.1.Ĵ2
x(p̂, σ( 1

2
)) = 1

4
, Ĵ2
y (p̂, σ( 1

2
)) = 1

4
, Ĵ2
z (p̂, σ( 1

2
)) = 1

4

[Ĵi(p̂, σ(s)), Ĵj(p̂, σ(s))] = εij
kĴk(p̂, σ(s)), Ĵ2(p̂, σ(s)) = s(s+ 1)
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íØ5.3.2.
Ĵ+(p̂, σ(s)) := Γ̄(s)Ĵ+(p̂,Ω(s))Γ(s) = {[σx(s) + iσy(s)]− (p̂x+ip̂y)

(1+p̂z)
[σ(s) · p̂+ σz(s)]}

Ĵ−(p̂, σ(s)) := Γ̄(s)Ĵ−(p̂,Ω(s))Γ(s) = {[σx(s)− iσy(s)]− (p̂x−ip̂y)

(1+p̂z)
[σ(s) · p̂+ σz(s)]}

Ĵz(p̂, σ(s)) := Γ̄(s)Ĵz(p̂,Ω(s))Γ(s) = σ(s) · p̂

íØ5.3.3.
Ĵ+(p̂, σ(s))λ(~p, h; s) =

√
s(s+ 1)− h(h+ 1)λ(~p, h+ 1; s),−s ≤ h ≤ s

Ĵ−(p̂, σ(s))λ(~p, h; s) =
√
s(s+ 1)− h(h− 1)λ(~p, h− 1; s),−s ≤ h ≤ s

Ĵz(p̂, σ(s))λ(~p, h; s) = hλ(~p, h; s),−s ≤ h ≤ s

íØ5.3.4. Ĵ2 = Ĵ2
z + 1

2
(Ĵ+Ĵ− + Ĵ+Ĵ−)Ĵ2(p̂, σ(s))λ(~p, h; s) = s(s+ 1)λ(~p, h; s),−s ≤ h ≤ s

Ĵz(p̂, σ(s))λ(~p, h; s) = hλ(~p, h; s),−s ≤ h ≤ s

5.4 íØ-λAς ··BςCς (p̂, h)���5

½n5.4.1. λ+(p̂, h′; s)λ(p̂, h; s) = δhh′ ,−s ≤ h ≤ s

5.5 íØ-g^Ä©):1 = 1
2
⊕ 1

2

íØ5.5.1.

λkς (p̂, h; 1) = ΓAςBςkς
[
√

1+h√
2
λAς (p̂, h− 1

2
)λBς (p̂,

1
2
) +

√
1−h√

2
λAς (p̂, h+ 1

2
)λBς (p̂,− 1

2
)],−1 ≤ h ≤ 1

5.6 íØ-g^Ä©):s+ s′ = s⊕ s′

½n5.6.1.

λkς (p̂, h; s+ s′) = Γ

2s+2s′︷ ︸︸ ︷
Aς · ·Bς · ·
kς

ΓlςAς · ·︸ ︷︷ ︸
2s

ΓmςBς · ·︸ ︷︷ ︸
2s′

−s′∑
h′=s′

√
Cs
′+h′
s+s′+hC

s′−h′
s+s′−h√

C2s′
2(s+s′)

λlς (p̂, h− h′; s)λmς (p̂, h′; s′),−s− s′ ≤ h ≤ s+ s′

5.7 íØ-g^Ä©):s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

íØ5.7.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (p̂, h;
n∑
i=1

si) = Γ

2s1︷ ︸︸ ︷
Aς · ·

2s2︷ ︸︸ ︷
Bς · ····

2sn︷ ︸︸ ︷
Cς · ·

kς
ΓlςAς · ·︸ ︷︷ ︸

2s1

ΓmςBς · ·︸ ︷︷ ︸
2s2

· · ·ΓnςCς · ·︸ ︷︷ ︸
2sn

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λlς (p̂, h1; s1)λmς (p̂, h2; s2) · ·λnς (p̂, hn; sn)δ(h−

n∑
i=1

hi)

5.8 Ú\��#�~êØCÜþ

½Â5.8.1. Γlςmς ··nςkς
:= Γ

2s1︷ ︸︸ ︷
Aς · ·

2s2︷ ︸︸ ︷
Bς · ····

2sn︷ ︸︸ ︷
Cς · ·

kς
ΓlςAς · ·︸ ︷︷ ︸

2s1

ΓmςBς · ·︸ ︷︷ ︸
2s2

· · ·ΓnςCς · ·︸ ︷︷ ︸
2sn

íØ5.8.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (p̂, h;
n∑
i=1

si) =
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (p̂, h1; s1)λmς (p̂, h2; s2) · ·λnς (p̂, hn; sn)δ(h−
n∑
i=1

hi)

6 'ug^Ä�N�C�

6.1 ~êØCÜþ:ÄþC��duN�C�

½Â6.1.1. p̂′ = A(p̂→ p̂′)p̂, A(p̂→ p̂′) := exp{i (γ×p̂′)z√
1−p̂′2z

arccosp̂′z}exp{−i
(γ×p̂)z√

1−p̂2
z

arccosp̂z}

= [1 + i(γ × p̂′)z − (γ × p̂′)2
z/(1 + p̂′z)][1− i(γ × p̂)z − (γ × p̂)2

z/(1 + p̂z)]
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íØ6.1.1.

[σ(s) · p̂′] = [σ(s) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)σ(s) · p̂]

= exp{i [σ(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}exp{−i
[σ(s)×p̂]z√

1−p̂2
z

arccosp̂z}[σ(s) · p̂]exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [σ(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}

[Ω(s) · p̂′] = [Ω(s) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s) · p̂]

= exp{i [Ω(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}exp{−i
[Ω(s)×p̂]z√

1−p̂2
z

arccosp̂z}[Ω(s) · p̂]exp{i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [Ω(s)×p̂′]z√
1−p̂′2z

arccosp̂′z}

íØ6.1.2.

[Ω(s;σ( 1
2
)⊗ I) · p̂′] = [Ω(s;σ( 1

2
)⊗ I) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s;σ( 1

2
)⊗ I) · p̂]

= exp{i [Ω(s;σ(
1
2

)⊗I)×p̂′]z√
1−p̂′2z

arccosp̂′z}exp{−i
[Ω(s;σ(

1
2

)⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}[Ω(s;σ( 1
2
)⊗ I) · p̂]

exp{i [Ω(s;σ(
1
2

)⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i
[Ω(s;σ(

1
2

)⊗I)×p̂′]z√
1−p̂′2z

arccosp̂′z}

[Ω(s;R) · p̂′] = [Ω(s;R) ·A(p̂→ p̂′)p̂] = [A(p̂′ → p̂)Ω(s;R) · p̂]

= exp{i [Ω(s;R)×p̂′]z√
1−p̂′2z

arccosp̂′z}exp{−i
[Ω(s;R)×p̂]z√

1−p̂2
z

arccosp̂z}[Ω(s;R) · p̂]

exp{i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}exp{i [Ω(s;R)×p̂′]z√
1−p̂′2z

arccosp̂′z}

íØ6.1.3.
σ(s) · p̂ = ei~ω·σ(s)σze

−i~ω·σ(s),Ω(s) · p̂ = ei~ω·Ω(s)Ωz(s)e
−i~ω·Ω(s)

Ω(s;σ( 1
2
)⊗ I) · p̂ = ei~ω·Ω(s;σ(

1
2

)⊗I)Ωz(s;σ( 1
2
)⊗ I)e−i~ω·Ω(s;σ(

1
2

)⊗I)

Ω(s;R) · p̂ = ei~ω·Ω(s;R)Ωz(s;R)e−i~ω·Ω(s;R)

íØ6.1.4.

σ(s) · p̂ = exp{i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}σzexp{−i [σ(s)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s) · p̂ = exp{i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s)exp{−i [Ω(s)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s;σ( 1
2
)⊗ I) · p̂ = exp{i [Ω(s;σ(

1
2

)⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s;σ( 1
2
)⊗ I)exp{−i [Ω(s;σ(

1
2

)⊗I)×p̂]z√
1−p̂2

z

arccosp̂z}

Ω(s;R) · p̂ = exp{i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}Ωz(s;R)exp{−i [Ω(s;R)×p̂]z√
1−p̂2

z

arccosp̂z}

6.2 Ông^Ä©):1 = 1
2
⊕ 1

2

íØ6.2.1. λAςBς (p̂
′, p̂, h) =

√
1+h√

2
λAς (p̂

′, h− 1
2
)λBς (p̂,

1
2
) +

√
1−h√

2
λAς (p̂

′, h+ 1
2
)λBς (p̂,− 1

2
)

íØ6.2.2. λAςBς (p̂
′, p̂, h) =


λAς (p̂

′, 1
2
)λBς (p̂,

1
2
), h = 1

1√
2
λ{Aς (p̂

′, 1
2
)λBς}(p̂,− 1

2
), h = 0

λAς (p̂
′,− 1

2
)λBς (p̂,− 1

2
), h = −1

íØ6.2.3. λ(p̂′, p̂, h)é =


λ(p̂′, 1

2
)⊗ λ(p̂, 1

2
), h = 1

1√
2
[λ(p̂′, 1

2
)⊗ λ(p̂,− 1

2
) + λ(p̂′,− 1

2
)⊗ λ(p̂, 1

2
)], h = 0

λ(p̂′,− 1
2
)⊗ λ(p̂,− 1

2
), h = −1

íØ6.2.4. λ+(p̂′, p̂, h′)λ(p̂′, p̂, h) = δhh′

íØ6.2.5. λ̃(p̂′, p̂, h)Øé =


λ(p̂′, 1

2
)⊗ λ(p̂, 1

2
) + λ(p̂, 1

2
)⊗ λ(p̂′, 1

2
), h = 1

λ(p̂′, 1
2
)⊗ λ(p̂,− 1

2
) + λ(p̂,− 1

2
)⊗ λ(p̂′, 1

2
), h = 0

λ(p̂′,− 1
2
)⊗ λ(p̂,− 1

2
) + λ(p̂,− 1

2
)⊗ λ(p̂′,− 1

2
), h = −1

íØ6.2.6.{[σ( 1
2
) · p̂′]⊗ I + I ⊗ [σ( 1

2
) · p̂]}λ(p̂′, p̂, h) = hλ(p̂′, p̂, h)

{[A(p̂′ → p̂)σ( 1
2
) · p̂]⊗ I + I ⊗ [σ( 1

2
) · p̂]}λ(p̂′, p̂, h) = hλ(p̂′, p̂, h)
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íØ6.2.7.[A(p̂′ → p̂)σ( 1
2
)] · p̂λ(p̂′, h) = hλ(p̂′, h),− 1

2
≤ h ≤ 1

2

[A(p̂′ → p̂)σ( 1
2
)]2λ(p̂′, h) = 1

2
( 1

2
+ 1)λ(p̂′, h)

[σ( 1
2
) · p̂]λ(p̂, h) = hλ(p̂, h),− 1

2
≤ h ≤ 1

2

[σ( 1
2
)]2λ(p̂, h) = 1

2
( 1

2
+ 1)λ(p̂, h){[A(p̂′ → p̂)σ( 1

2
)]⊗ I} · p̂λ(p̂′, p̂, h) = h

2
λ(p̂′, p̂, h)

{[A(p̂′ → p̂)σ( 1
2
)]⊗ I}2λ(p̂′, p̂, h) = 1

2
( 1

2
+ 1)λ(p̂′, p̂, h)

{I ⊗ σ( 1
2
)} · p̂λ(p̂′, p̂, h) = h

2
λ(p̂′, p̂, h)

{I ⊗ σ( 1
2
)}2λ(p̂′, p̂, h) = 1

2
( 1

2
+ 1)λ(p̂′, p̂, h){[A(p̂′ → p̂)σ( 1

2
)]⊗ I + I ⊗ σ( 1

2
)} · p̂λ(p̂′, p̂, h) = hλ(p̂′, p̂, h),−1 ≤ h ≤ 1

{[A(p̂′ → p̂)σ( 1
2
)]⊗ I + I ⊗ σ( 1

2
)}2λ(p̂′, p̂, h) = 1(1 + 1)λ(p̂′, p̂, h)

íØ6.2.8. λ+(p̂′, p̂, h){[A(p̂′ → p̂)σ( 1
2
)]⊗ I} · {I ⊗ σ( 1

2
)}λ(p̂′, p̂, h) = 1

4
λ(p̂′, p̂, h)

íØ6.2.9. {[A(p̂′ → p̂)σ( 1
2
)]⊗ I} · {I ⊗ σ( 1

2
)}λ(p̂′, p̂, h) =?

íØ6.2.10. H = −
∑
i,j

kij [A(p̂i)σi(
1
2
)] · [A(p̂j)σj(

1
2
)]

6.3 N�C�→B-W�§g^Ä©)�z-��L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.3.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
[

0
0
p

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(
[

0
0
p

]
, h1)Uηςξς · ·︸ ︷︷ ︸

2s2

(
[

0
0
p

]
, h2) · ·Uρςσς · ·︸ ︷︷ ︸

2sn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

íØ6.3.1.


Ω2(s;σ( 1

2
)⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2
)⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

½Â6.3.2. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
[

0
0
p

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(
[

0
0
p

]
, h1)Vηςξς · ·︸ ︷︷ ︸

2s2

(
[

0
0
p

]
, h2) · ·Vρςσς · ·︸ ︷︷ ︸

2sn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

íØ6.3.2.


Ω2(s;σ( 1

2
)⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = s(s+ 1)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2
)⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h) = hVλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(
[

0
0
p

]
, h),−s ≤ h ≤ s

6.4 N�C�→B-W�§g^Ä©)�·�L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.4.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~0, h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~0, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~0, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~0, hn)δ(h−
n∑
i=1

hi)

íØ6.4.1.


Ω2(s;σ( 1

2
)⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = s(s+ 1)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2
)⊗ I)Uλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = hUλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

½Â6.4.2. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(~0, h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(~0, h1)Vηςξς · ·︸ ︷︷ ︸
2s2

(~0, h2) · ·Vρςσς · ·︸ ︷︷ ︸
2sn

(~0, hn)δ(h−
n∑
i=1

hi)
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íØ6.4.2.


Ω2(s;σ( 1

2
)⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = s(s+ 1)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

Ωz(s;σ( 1
2
)⊗ I)Vλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸

2s

(~0, h) = hVλς ⊗ · · ⊗σς ⊗ τς︸ ︷︷ ︸
2s

(~0, h),−s ≤ h ≤ s

6.5 N�C�→K-G�§g^Ä©)�z-��L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.5.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
2n1

b · ·︸︷︷︸
2n2

··c · ·︸︷︷︸
2nn

(
[

0
0
p

]
, h)

:=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

2n1

(
[

0
0
p

]
, h1)εb · ·︸︷︷︸

2n2

(
[

0
0
p

]
, h2) · ·εc · ·︸︷︷︸

2nn

(
[

0
0
p

]
, hn)δ(h−

n∑
i=1

hi)

íØ6.5.1.


Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h),−n ≤ h ≤ n

Ωz(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(
[

0
0
p

]
, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(
[

0
0
p

]
, h),−n ≤ h ≤ n

6.6 N�C�→K-G�§g^Ä©)�·�L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.6.1. −
n∑
i=1

ni ≤ h ≤
n∑
i=1

ni, εa · ·︸︷︷︸
2n1

b · ·︸︷︷︸
2n2

··c · ·︸︷︷︸
2nn

(~0, h)

:=
−n1∑
h1=n1

−n2∑
h2=n2

· ·
−nn∑
hn=nn

[

n∏
i=1

(2ni)!

[
n∑
i=1

(2ni)]!

[
n∑
i=1

(ni+hi)]!

n∏
i=1

(ni+hi)!

[
n∑
i=1

(ni−hi)]!
n∏
i=1

(ni−hi)!
]
1
2 εa · ·︸︷︷︸

2n1

(~0, h1)εb · ·︸︷︷︸
2n2

(~0, h2) · ·εc · ·︸︷︷︸
2nn

(~0, hn)δ(h−
n∑
i=1

hi)

íØ6.6.1.


Ω2(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸

n

(~0, h) = n(n+ 1)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h),−n ≤ h ≤ n

Ωz(n;R)εa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h) = hεa⊗ · · ⊗b⊗ c︸ ︷︷ ︸
n

(~0, h),−n ≤ h ≤ n

6.7 N�C�→Penrose�§g^Ä©)�z-��L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.7.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(
[

0
0
1

]
, h) :=

−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(
[

0
0
1

]
, h1)λBς · ·︸ ︷︷ ︸

2s2

(
[

0
0
1

]
, h2) · ·λCς · ·︸ ︷︷ ︸

2sn

(
[

0
0
1

]
, hn)δ(h−

n∑
i=1

hi)

íØ6.7.1.


Ω2(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h) = s(s+ 1)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h),−s ≤ h ≤ s

Ωz(s)λAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸
2s

(
[

0
0
1

]
, h) = hλAς ⊗ · · ⊗Bς ⊗ Cς︸ ︷︷ ︸

2s

(
[

0
0
1

]
, h),−s ≤ h ≤ s

6.8 N�C�→g^�§�g^Ä©)�z-��L�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn

½Â6.8.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (
[

0
0
1

]
, h;

n∑
i=1

si) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (
[

0
0
1

]
, h1; s1)λmς (

[
0
0
1

]
, h2; s2) · ·λnς (

[
0
0
1

]
, hn; sn)δ(h−

n∑
i=1

hi)

íØ6.8.1.


σ2(s)λ(

[
0
0
1

]
, h; s) = s(s+ 1)λ(

[
0
0
1

]
, h; s),−s ≤ h ≤ s

σz(s)λ(
[

0
0
1

]
, h; s) = hλ(

[
0
0
1

]
, h; s),−s ≤ h ≤ s
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7 N�C�→g^Ä©)�ý¢ÔnL�:s1 + s2 · ·+ sn = s1 ⊕ s2 · · ⊕ sn
7.1 k�þ?¿g^âf�/

½Â7.1.1.

Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) :=
n∏
i=1

[⊗exp{i [(σ(
1
2

)⊗I)×p̂i]z√
1−p̂2

iz

arccosp̂iz}E+m−i|~pi|γzγ4√
2m(E+m)

]2siUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(~0,
n∑
i=1

si;h)

Ĵ(
n∏
i=1

(~pi, si); γa) :=
n∏
i=1

[⊗exp{i [(σ(
1
2

)⊗I)×p̂i]z√
1−p̂2

iz

arccosp̂iz}E+m−i|~pi|γzγ4√
2m(E+m)

]2si

Ω(
n∑
i=1

si;σ( 1
2
)⊗ I)

n∏
i=1

[⊗E+m+i|~pi|γzγ4√
2m(E+m)

exp{−i [(σ(
1
2

)⊗I)×p̂i]z√
1−p̂2

iz

arccosp̂iz}]2si

íØ7.1.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Uλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(~pi, si);h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Uλςµς · ·︸ ︷︷ ︸

2s1

(~p1, h1)Uηςξς · ·︸ ︷︷ ︸
2s2

(~p2, h2) · ·Uρςσς · ·︸ ︷︷ ︸
2sn

(~pn, hn)δ(h−
n∑
i=1

hi)

íØ7.1.2.

Ĵ+(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h+ 1)

Ĵ−(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h− 1)

Ĵz(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

Q̂(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = −2sUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

íØ7.1.3.

Ĵ2(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵ2(~pi, ∗ 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 1
2
( 1

2
+ 1)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵz(
n∏
i=1

(~pi, si); γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hUλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Q̂(~pi, ∗ 1
2
; γa)Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = −Uλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

[Ĵα(
n∏
i=1

(~pi, si); γa), Ĵβ(
n∏
i=1

(~pi, si); γa)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, si); γa),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

íØ7.1.4. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, Vλςµς · ·︸ ︷︷ ︸
2s1

ηςξς · ·︸ ︷︷ ︸
2s2

··ρςσς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(~pi, si);h) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2Vλςµς · ·︸ ︷︷ ︸

2s1

(~p1, h1)Vηςξς · ·︸ ︷︷ ︸
2s2

(~p2, h2) · ·Vρςσς · ·︸ ︷︷ ︸
2sn

(~pn, hn)δ(h−
n∑
i=1

hi)

íØ7.1.5.
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Ĵ+(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h+ 1)

Ĵ−(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h− 1)

Ĵz(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

Q̂(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 2sVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

íØ7.1.6.

Ĵ2(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵ2(~pi, ∗ 1
2
; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = 1
2
( 1

2
+ 1)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Ĵz(
n∏
i=1

(~pi, si); γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = hVλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

Q̂(~pi, ∗ 1
2
; γa)Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(~pi, si);h) = Vλς ⊗ µς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(~pi, si);h)

[Ĵα(
n∏
i=1

(~pi, si); γa), Ĵβ(
n∏
i=1

(~pi, si); γa)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, si); γa),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

7.2 k�þ�êg^âf�/

½Â7.2.1.

εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) :=
n∏
i=1

[⊗exp{i [R×p̂i]z√
1−p̂2

iz

arccosp̂iz}m−|~pi|Lz+(Ei−m)L2
z

m
]liεa · ·︸︷︷︸

l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(~0, h)

Ĵ(
n∏
i=1

(~pi, li);R) :=
n∏
i=1

[⊗exp{i [R×p̂i]z√
1−p̂2

iz

arccosp̂iz}m−|~pi|Lz+(Ei−m)L2
z

m
]li

Ω(
n∑
i=1

li;R)
n∏
i=1

[⊗m+|~pi|Lz+(Ei−m)L2
z

m
exp{−i [R×p̂i]z√

1−p̂2
iz

arccosp̂iz}]li

íØ7.2.1. −
n∑
i=1

li ≤ h ≤
n∑
i=1

li, εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

:=
−l1∑
h1=l1

−l2∑
h2=l2

· ·
−ln∑
hn=ln

[

n∏
i=1

(2li)!

[
n∑
i=1

(2li)]!

[
n∑
i=1

(li+hi)]!

n∏
i=1

(li+hi)!

[
n∑
i=1

(li−hi)]!
n∏
i=1

(li−hi)!
]
1
2 εa · ·︸︷︷︸

l1

(~p1, h1)εb · ·︸︷︷︸
l2

(~p2, h2) · ·εc · ·︸︷︷︸
ln

(~pn, hn)δ(h−
n∑
i=1

hi)

íØ7.2.2.

Ĵ+(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) =

√
(
n∑
i=1

li)(
n∑
i=1

li + 1)− h(h+ 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h+ 1)

Ĵ−(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) =

√
(
n∑
i=1

li)(
n∑
i=1

li + 1)− h(h− 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h− 1)

Ĵz(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = hεa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h),−
n∑
i=1

li ≤ h ≤
n∑
i=1

li

íØ7.2.3.

Ĵ2(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = (
n∑
i=1

li)(
n∑
i=1

li + 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

Ĵ2(~pi, ∗1;R,L)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = 1(1 + 1)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

Ĵz(
n∏
i=1

(~pi, li);R)εa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h) = hεa · ·︸︷︷︸
l1

b · ·︸︷︷︸
l2

··c · ·︸︷︷︸
ln

(
n∏
i=1

(~pi, li);h)

[Ĵα(
n∏
i=1

(~pi, li);R), Ĵβ(
n∏
i=1

(~pi, li);R)] = εαβ
γ Ĵγ(

n∏
i=1

(~pi, li);R),−
n∑
i=1

li ≤ h ≤
n∑
i=1

li
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7.3 Ã�þ?¿g^âf�/

½Â7.3.1.
λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) :=
n∏
i=1

⊗exp{i [σ(
1
2

)×p̂i]z√
1−p̂2

iz

arccosp̂iz}λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
[

0
0
1

]
, h)

Ĵ(
n∏
i=1

(p̂i, si);σ( 1
2
)) :=

n∏
i=1

⊗exp{i [σ(
1
2

)×p̂i]z√
1−p̂2

iz

arccosp̂iz}Ω(s)
n∏
i=1

⊗exp{−i [σ(
1
2

)×p̂i]z√
1−p̂2

iz

arccosp̂iz}

íØ7.3.1. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λAς · ·︸ ︷︷ ︸
2s1

Bς · ·︸ ︷︷ ︸
2s2

··Cς · ·︸ ︷︷ ︸
2sn

(
n∏
i=1

(p̂i, si);h)

:=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2λAς · ·︸ ︷︷ ︸

2s1

(p̂1, h1)λBς · ·︸ ︷︷ ︸
2s2

(p̂2, h2) · ·λCς · ·︸ ︷︷ ︸
2sn

(p̂n, hn)δ(h−
n∑
i=1

hi)

íØ7.3.2.

Ĵ+(
n∏
i=1

(p̂i, si);σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h+ 1)

Ĵ−(
n∏
i=1

(p̂i, si);σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) =

√
(
n∑
i=1

si)(
n∑
i=1

si + 1)− h(h− 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h− 1)

Ĵz(
n∏
i=1

(p̂i, si);σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

íØ7.3.3.

Ĵ2(
n∏
i=1

(p̂i, si);σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = (
n∑
i=1

si)(
n∑
i=1

si + 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h)

Ĵ2(p̂i, ∗σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = 1
2
( 1

2
+ 1)λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h)

Ĵz(
n∏
i=1

(p̂i, si);σ( 1
2
))λAς ⊗ Bς ⊗ ··︸ ︷︷ ︸

2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h) = hλAς ⊗ Bς ⊗ ··︸ ︷︷ ︸
2(s1+··+sn)

(
n∏
i=1

(p̂i, si);h),−
n∑
i=1

si ≤ h ≤
n∑
i=1

si

[Ĵα(
n∏
i=1

(p̂i, si);σ( 1
2
)), Ĵβ(

n∏
i=1

(p̂i, si);σ( 1
2
))] = εαβ

γ Ĵγ(
n∏
i=1

(p̂i, si);σ( 1
2
))

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

íØ7.3.4. −
n∑
i=1

si ≤ h ≤
n∑
i=1

si, λkς (
n∏
i=1

(p̂i, si);h;
n∑
i=1

si) :=
−s1∑
h1=s1

−s2∑
h2=s2

· ·
−sn∑
hn=sn

[

n∏
i=1

(2si)!

[
n∑
i=1

(2si)]!

[
n∑
i=1

(si+hi)]!

n∏
i=1

(si+hi)!

[
n∑
i=1

(si−hi)]!
n∏
i=1

(si−hi)!
]
1
2 Γlςmς ··nςkς

λlς (p̂1, h1; s1)λmς (p̂2, h2; s2) · ·λnς (p̂n, hn; sn)δ(h−
n∑
i=1

hi)

7.4 g·µã

±þ�«g^Ä´éA��Äþ�/ÏLN�C��5�§Ø
�é¡5»"�	§Ù{5�E�Ü÷

v"¯¢þÙ�é¡5�E,�3§�´ÏLN�C���Ûõå5
®"��þE÷v�é¡5§�´L*

þ»"®"±þg^Ä��±ÏL�C�£��Äþ�/£AO´z-¶��¤§¤±ù�L²õâfXÚog

^���âf�ÝÃ'§��dâfSÜgdÝû½"N�C���kAÇ´ØC!ý¢�§�Ônã�Ø�½

´ý¢�§'XÄþ�UC
¶��±�«*:�d@�ÄþØC§L�UC
§�ù�Ø�*!Øg,"·�

��ucö§�g,�ÎÜÔn�*§�±@�d�L�ª¥ÄþÒ´Ôn!ý¢�Äþ§¤±d��g^Ä�

´Ôn!ý¢�g^Ä§ù
Ông^Ä´�e5Å��©Û���kå�êÆóä"±þÙ!�g^C�'X

L�
Xe���ÔnXÚµõ�ØÓg^âfEÜ¤��og^�ÔnNX§XJÛ�3v
���m§@o

§����du��pg^âf"��Ò´Å�õâfXÚ§�Å�XÚ´?u��gdXÚÚ��åPXÚ¥

m���G�§�N�«Ä�âfÒ´ÏLþfÅ�Ü¤�"ù��g^Ä®Ø2÷v�5��§§÷v#�

�§§�#��§´�o�f�Qº�±?�ÚïÄ§�NÛ¹#�ÔnSN"
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8 g^ÍÜÚCGXê���nØ [37, 44–46]

8.1 üg^���

ún8.1.1.


σ(s)× σ(s) = iσ(s), σ2(s) = s(s+ 1)

σ2(s)|s,m = s, · · · ,−s〉 = s(s+ 1)|s,m = s, · · · ,−s〉

σz(s)|s,m = s, · · · ,−s〉 = m|s,m = s, · · · ,−s〉

ún8.1.2.


Ĵk × Ĵk = iĴk

Ĵ2
k |(jk,mk)〉 = jk(jk + 1)|(jk,mk)〉

Jkz|(jk,mk)〉 = mk|(jk,mk)〉

,

Ĵk = σ(jk)

|(jk,mk)〉 ∼ e(iω+ςε)·σ(jk)

ún8.1.3. 〈(jk,m′k)|(jk,mk)〉 = δm′kmk ,
∑
mk

|(jk,mk)〉〈(jk,mk)| = 1

8.2 õg^ÍÜ���

½Â8.2.1. |(j1,m1); · · · ; (jn,mn)〉 := |(j1,m1)〉 ⊗ · · · ⊗ |(jn,mn)〉

½Â8.2.2. Ĵk := I2j1+1 ⊗ · · · ⊗ I2jk−1+1 ⊗ σ(jk)⊗ I2jk+1+1 ⊗ · · · ⊗ I2jn+1, Ĵ =
n∑
k=1

Ĵk

½Â8.2.3.

Ĵ2
k |(j1,m1); · · · ; (jn,mn)〉 = jk(jk + 1)|(j1,m1); · · · ; (jn,mn)〉

Jkz|(j1,m1); · · · ; (jn,mn)〉 = mk|(j1,m1); · · · ; (jn,mn)〉

½Â8.2.4.


Ĵ2
k |j1, j2 · · · jn; (j,m)〉 = jk(jk + 1)|j1, j2 · · · jn; (j,m)〉

Ĵ2|j1, j2 · · · jn; (j,m)〉 = j(j + 1)|j1, j2 · · · jn; (j,m)〉

Jz|j1, j2 · · · jn; (j,m)〉 = m|j1, j2 · · · jn; (j,m)〉

8.3 g^���Ðm

íØ8.3.1.


|j1, j2 · · · jn; (j,m)〉 =

∑
mk

|(j1,m1); · · · ; (jn,mn)〉〈(j1,m1); · · · ; (jn,mn)|j1, j2 · · · jn; (j,m)〉

|j1, j2; (j,m)〉 =
∑
mk

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j,m)〉

[m]

íØ8.3.2.


|(j1,m1); · · · ; (jn,mn)〉 =

∑
mk

|j1, j2 · · · jn; (j,m)〉〈j1, j2 · · · jn; (j,m)|(j1,m1); · · · ; (jn,mn)〉

|(j1,m1); (j2,m2)〉 =
∑
mk

|j1, j2; (j,m)〉〈j1, j2; (j,m)|(j1,m1); (j2,m2)〉

8.4 g^����Ý
C�

íØ8.4.1.

|j1, j2 · · · jn; (j,m)〉 = S1···n|(j1,m1); · · · ; (jn,mn)〉

|j1, j2; (j,m)〉 = S12|(j1,m1); (j2,m2)〉

[m]

íØ8.4.2.

|(j1,m1); · · · ; (jn,mn)〉 = S−1
1···n|j1, j2 · · · jn; (j,m)〉

|(j1,m1); (j2,m2)〉 = S−1
12 |j1, j2; (j,m)〉
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8.5 g^������5

íØ8.5.1.

〈(j1,m′1); · · · ; (jn,m
′
n)|(j1,m1); · · · ; (jn,mn)〉 = δm′1m1

· ·δm′nmn
〈(j1,m′1); (j2,m

′
2)|(j1,m1); (j2,m2)〉 = δm′1m1

δm′2m2

[m]

íØ8.5.2.

〈j1, j2 · · · jn; (j,m′)|j1, j2 · · · jn; (j,m)〉 = δm′m

〈j1, j2; (j,m′)|j1, j2; (j,m)〉 = δm′m

8.6 g^������5

íØ8.6.1.


∑
mk

|(j1,m1); · · · ; (jn,mn)〉〈(j1,m1); · · · ; (jn,mn)| = 1∑
mk

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)| = 1

[m]

íØ8.6.2.


∑
mk

|j1, j2 · · · jn; (j,m)〉〈j1, j2 · · · jn; (j,m)| = 1∑
mk

|j1, j2; (j,m)〉〈j1, j2; (j,m)| = 1

8.7 ü��ÄþÍÜCGXê���Racahúª

½n8.7.1. |j1, j2; (j3,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉

CGRacah = 〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1) (j1+j2−j3)!(j1−j2+j3)!(−j1+j2+j3)!
(j1+j2+j3+1)!

(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + j2 − j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!(j2 +m2 − r)!(j3 − j2 +m1 + r)!]−1

8.8 ü�âfÜ¤��âfCGXê�Racahúª

½n8.8.1. |j1, j2; (j1 + j2,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉

〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉 = δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!

}1/2

y²: 〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉
= δ(m1 +m2 −m3){ (2j1)!(2j2)!

(2j1+2j2)!
(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[(j1 −m1)!(j2 −m2)!(j2 +m2)!(j1 +m1)!]−1

= δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!

}1/2

íØ8.8.1. |n, 1; (n+ 1,m3)〉 =
−n∑

m1=n

−1∑
m2=1

|(n,m1); (1,m2)〉〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉

〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉
= δ(m1 +m2 −m3){ (2n)!2!(n+1+m3)!(n+1−m3)!

(2n+2)!(n+m1)!(n−m1)!(1+m2)!(1−m2)!
}1/2 = δ(m1 +m2 −m3){ 2!C

n−m1
2n

(1+m2)!(1−m2)!C
n+1−m3
2n+2

}1/2

íØ8.8.2.

|n, 1; (n+ 1, n+ 1)〉 =

√
C0

2n√
C0

2n+2

|(n, n); (1, 1)〉

|n, 1; (n+ 1, n)〉 =

√
C1

2n√
C1

2n+2

|(n, n− 1); (1, 1)〉+

√
2C0

2n√
C1

2n+2

|(n, n); (1, 0)〉

|n, 1; (n+ 1, n− 1)〉 =

√
C2

2n√
C2

2n+2

|(n, n− 2); (1, 1)〉+

√
2C1

2n√
C2

2n+2

|(n, n− 1); (1, 0)〉+

√
C0

2n√
C2

2n+2

|(n, n); (1,−1)〉

|n, 1; (n+ 1, n− 2)〉 =

√
C3

2n√
C3

2n+2

|(n, n− 3); (1, 1)〉+

√
2C2

2n√
C3

2n+2

|(n, n− 2); (1, 0)〉+

√
C1

2n√
C3

2n+2

|(n, n− 1); (1,−1)〉

|n, 1; (n+ 1, n+ 1− l)〉 =

√
Cl2n√
Cl2n+2

|(n, n− l); (1, 1)〉+

√
2Cl−1

2n√
Cl2n+2

|(n, n+ 1− l); (1, 0)〉+

√
Cl−2

2n√
Cl2n+2

|(n, n+ 2− l); (1,−1)〉
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8.9 ü�âfÜ¤��âfCGXê�äNLã

½n8.9.1. 〈(j1,m1); (j2,m2)|j1, j2; (j1 + j2,m3)〉 = δ(m1 +m2 −m3){ (2j1)!(2j2)!(j1+j2+m3)!(j1+j2−m3)!
(2j1+2j2)!(j1+m1)!(j1−m1)!(j2+m2)!(j2−m2)!

}1/2

= δ(m1 +m2 −m3){
C

2j1
2j1+2j2

}1/2

íØ8.9.1.

〈(j1, j1); (j2, j2)|j1, j2; (j1 + j2, j1 + j2)〉 = 1

〈(j1, j1); (j2, j2 − 1)|j1, j2; (j1 + j2, j1 + j2 − 1)〉 =
√

2j2√
2j1+2j2

〈(j1, j1 − 1); (j2, j2)|j1, j2; (j1 + j2, j1 + j2 − 1)〉 =
√

2j1√
2j1+2j2

〈(j1, j1); (j2, j2 − 2)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 =

√
2j2(2j2−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1, j1 − 1); (j2, j2 − 1)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 = 2
√

2j1j2√
(2j1+2j2)(2j1+2j2−1)

〈(j1, j1 − 2); (j2, j2)|j1, j2; (j1 + j2, j1 + j2 − 2)〉 =

√
2j1(2j1−1)√

(2j1+2j2)(2j1+2j2−1)

· · · · · · · · ·

〈(j1,−j1); (j2,−j2 + 2)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 =

√
2j2(2j2−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1 + 1); (j2,−j2 + 1)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 = 2
√

2j1j2√
(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1 + 2); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2 + 2)〉 =

√
2j1(2j1−1)√

(2j1+2j2)(2j1+2j2−1)

〈(j1,−j1); (j2,−j2 + 1)|j1, j2; (j1 + j2,−j1 − j2 + 1)〉 =
√

2j2√
2j1+2j2

〈(j1,−j1 + 1); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2 + 1)〉 =
√

2j1√
2j1+2j2

〈(j1,−j1); (j2,−j2)|j1, j2; (j1 + j2,−j1 − j2)〉 = 1

íØ8.9.2. 〈(1,m1); (1,m2)|1, 1; (2,m3)〉 = δ(m1 +m2 −m3){ 2!2!(2+m3)!(2−m3)!
4!(1+m1)!(1−m1)!(1+m2)!(1−m2)!

}1/2

íØ8.9.3.

〈(1, 1); (1, 1)|1, 1; (2, 2)〉 = 1

〈(1, 1); (1, 0)|1, 1; (2, 1)〉 = 1√
2
, 〈(1, 0); (1, 1)|1, 1; (2, 1)〉 = 1√

2

〈(1, 1); (1,−1)|1, 1; (2, 0)〉 = 1√
6
, 〈(1, 0); (1, 0)|1, 1; (2, 0)〉 = 2√

6
, 〈(1,−1); (1, 1)|1, 1; (2, 0)〉 = 1√

6

〈(1,−1); (1, 0)|1, 1; (2,−1)〉 = 1√
2
, 〈(1, 0); (1,−1)|1, 1; (2,−1)〉 = 1√

2

〈(1,−1); (1,−1)|1, 1; (2,−2)〉 = 1

íØ8.9.4. 〈(2,m1); (1,m2)|2, 1; (3,m3)〉 = δ(m1 +m2 −m3){ 4!2!(3+m3)!(3−m3)!
6!(2+m1)!(2−m1)!(1+m2)!(1−m2)!

}1/2

íØ8.9.5.

〈(2, 2); (1, 1)|2, 1; (3, 3)〉 = 1

〈(2, 2); (1, 0)|2, 1; (3, 2)〉 = 1√
3
, 〈(2, 1); (1, 1)|2, 1; (3, 2)〉 =

√
2√
3

〈(2, 2); (1,−1)|2, 1; (3, 1)〉 = 1√
15
, 〈(2, 1); (1, 0)|2, 1; (3, 1)〉 =

√
8√
15
, 〈(2, 0); (1, 1)|2, 1; (3, 1)〉 =

√
6√
15

〈(2, 1); (1,−1)|2, 1; (3, 0)〉 = 1√
5
, 〈(2, 0); (1, 0)|2, 1; (3, 0)〉 =

√
3√
15
, 〈(2,−1); (1, 1)|2, 1; (3, 0)〉 = 1√

5

〈(2,−2); (1, 1)|2, 1; (3,−1)〉 = 1√
15
, 〈(2,−1); (1, 0)|2, 1; (3,−1)〉 =

√
8√
15
, 〈(2, 0); (1,−1)|2, 1; (3,−1)〉 =

√
6√
15

〈(2,−2); (1, 0)|2, 1; (3,−2)〉 = 1√
3
, 〈(2,−1); (1,−1)|2, 1; (3,−2)〉 =

√
2√
3

〈(2,−2); (1,−1)|2, 1; (3,−3)〉 = 1
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9 õ�âfÜ¤��âf�CGXêúª [37, 44–46]

9.1 õ�1fÜ¤��âf�CGXêúª

Ún9.1.1. |(n+ 1,m3)〉 = |n, 1; (n+ 1,m3)〉 =
−n∑

m1=n

−1∑
m2=1

|(n,m1); (1,m2)〉〈(n,m1); (1,m2)|n, 1; (n+ 1,m3)〉

=
−n∑

m1=n

−1∑
m2=1

δ(m1 +m2 −m3){ (2n)!2!(n+1+m3)!(n+1−m3)!
(2n+2)!(n+m1)!(n−m1)!(1+m2)!(1−m2)!

}1/2|(n,m1); (1,m2)〉

½n9.1.1. |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n

· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2

y²: |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n

−1∑
l1=1

|(n,mn); (1, l1)〉〈(n,mn); (1, l1)|n, 1; (n+ 1,mn+1)〉

=
−n∑

mn=n

−1∑
l1=1

δ(mn + l1 −mn+1){ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!

}1/2|(n,mn); (1, l1)〉

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−1∑
l1,l2=1

|(n− 1,mn−1); (1, l2); (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)

{ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!

}1/2{ (2n−2)!2!(n+mn)!(n−mn)!
(2n)!(n−1+mn−1)!(n−1−mn−1)!(1+l2)!(1−l2)!

}1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−1∑
l1,l2=1

|(n− 1,mn−1); (1, l2); (1, l1)〉δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)δ(mn−2 + l3 −mn−1)

{ (2n)!2!(n+1+mn+1)!(n+1−mn+1)!
(2n+2)!(n+mn)!(n−mn)!(1+l1)!(1−l1)!

}1/2{ (2n−2)!2!(n+mn)!(n−mn)!
(2n)!(n−1+mn−1)!(n−1−mn−1)!(1+l2)!(1−l2)!

}1/2

{ (2n−4)!2!(n−1+mn−1)!(n−1−mn−1)!
(2n−2)!(n−2+mn−2)!(n−2−mn−2)!(1+l3)!(1−l3)!

}1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

−(n−2)∑
mn−2=n−2

−1∑
l1,l2=1

|(n− 2,mn−2); (1, l3); (1, l2); (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn)δ(mn−2 + l3 −mn−1)

{ (2n−4)!2!3

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(n−2+mn−2)!(n−2−mn−2)!
}1/2{ 1

(1+l1)!(1−l1)!(1+l2)!(1−l2)!(1+l3)!(1−l3)!
}1/2

=
−n∑

mn=n

−(n−1)∑
mn−1=n−1

· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1)δ(mn−1 + l2 −mn) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2

=
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn+1 −m1 − l1 · · − ln){ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2

íØ9.1.1. |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n

· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2

=
−1∑

l1,··,ln=1

|(1,m1); (1, l1); ··; (1, ln)〉{ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2;m1 = mn+1 −

n∑
i=1

li

=

√
(2!)n+1√
(2n+2)!

−1∑
h2=1

· ·
−1∑

hn+1=1

|(1, h1); ··; (1, hn+1)〉
√

(n+1+h)!√
(1+h1)!··(1+hn+1)!

√
(n+1−h)!√

(1−h1)!··(1−hn+1)!
;h = mn+1, h1 = h−

n+1∑
i=2

hi

y²: |
n+1︷ ︸︸ ︷

1, ··, 1; (n+ 1,mn+1)〉 =
−n∑

mn=n

· ·
−1∑

m1=1

−1∑
l1,··,ln=1

|(1,m1); (1, ln); ··; (1, l1)〉

δ(mn + l1 −mn+1) · · · δ(m1 + ln −m2){ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2

=
−1∑

l1,··,ln=1

|(1,m1); (1, l1); ··; (1, ln)〉{ 2!n+1

(2n+2)!
}1/2{ (n+1+mn+1)!(n+1−mn+1)!

(1+m1)!(1−m1)!(1+l1)!(1−l1)!··(1+ln)!(1−ln)!
}1/2;m1 = mn+1 −

n∑
i=1

li

=

√
(2!)n+1√
(2n+2)!

−1∑
h2=1

· ·
−1∑

hn+1=1

|(1, h1); ··; (1, hn+1)〉
√

(n+1+h)!√
(1+h1)!··(1+hn+1)!

√
(n+1−h)!√

(1−h1)!··(1−hn+1)!
;h = mn+1, h1 = h−

n+1∑
i=2

hi
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mn + l1 −mn+1 = 0

mn−1 + l2 −mn = 0

· · ·

m2 + ln−1 −m3 = 0

m1 + ln −m2 = 0

⇔



mn = mn+1 −
1∑
i=1

li

· · ·

m3 = mn+1 −
n−2∑
i=1

li

m2 = mn+1 −
n−1∑
i=1

li

m1 = mn+1 −
n∑
i=1

li

±þ�y²m©Ì�ÏLÞMg�ÚäN�y)û�§ü�|Ü�ÀÜk��ÿ�,�±�²x§�éJ�

�ÙÙ§²²xx/�Ñ5"�5é�
±þ'�î���{y²
§"

9.2 AÏ�/eõ��ÄþÍÜ�CGXêúª

õ��ÄþÍÜ�CGXê�Kþ�±ÏLRacahúª��E¦^��íºÐ��kAÏ�üâf�/eâ

�1"�����/RacahÚWigner@®²)û
§êÆþáu¥�JÝ§�´�E®§úªéE,§Ôn

þ¦^å5éØ�B§¤±k
�¹e#¼�B|�Lã�ª�´ék7��"

½Â9.2.1. jk+1 = n1 + · ·+nk + nk+1, jk = n2 + · ·+nk + nk+1, · · · , j2 = nk + nk+1, j1 = nk+1,

Ún9.2.1.

〈(jk−1,mk−1); (n2, l2)|jk−1, n2; (jk,mk)〉 = δ(mk−1 + lk −mk){ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!

(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!
}1/2

½n9.2.1. |j1, nk, ··, n2, n1; (j,m)〉 = |jk, n1; (j,m)〉 = |(j,m)〉

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk) · ·δ(m1 + lk −m2)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2j1)!(jk+mk)!(jk−mk)!
(2jk)!(j1+m1)!(j1−m1)!

(2n2)!··(2nk)!
(n2+l2)!(n2−l2)!··(nk+lk)!(nk−lk)!

}1/2

y²: |jk, n1; (j,m)〉 =
−jk∑

mk=jk

−n1∑
l1=n1

|(jk,mk); (n1, l1)〉〈(jk,mk); (n1, l1)|jk, n1; (j,m)〉

=
−jk∑

mk=jk

−n1∑
l1=n1

|(jk,mk); (n1, l1)〉δ(mk + l1 −m)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−n1∑
l1=n1

−n2∑
l2=n2

|(jk−1,mk−1); (n2, l2); (n1, l1)〉δ(mk + l1 −m)δ(mk−1 + l2 −mk)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!

(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!
}1/2

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−jk−2∑
mk−2=jk−2

−n1∑
l1=n1

−n2∑
l2=n2

−n3∑
l3=n3

|jk−2,mk−2; (n3, l3); (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk)δ(mk−2 + l3 −mk−1)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−1)!(2n2)!(jk+mk)!(jk−mk)!

(2jk)!(jk−1+mk−1)!(jk−1−mk−1)!(n2+l2)!(n2−l2)!
}1/2{ (2jk−2)!(2n3)!(jk−1+mk−1)!(jk−1−mk−1)!

(2jk−1)!(jk−2+mk−2)!(jk−2−mk−2)!(n3+l3)!(n3−l3)!
}1/2

=
−jk∑

mk=jk

−jk−1∑
mk−1=jk−1

−jk−2∑
mk−2=jk−2

−n1∑
l1=n1

−n2∑
l2=n2

−n3∑
l3=n3

|jk−2,mk−2; (n3, l3); (n2, l2); (n1, l1)〉
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δ(mk + l1 −m)δ(mk−1 + l2 −mk)δ(mk−2 + l3 −mk−1)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2jk−2)!(jk+mk)!(jk−mk)!

(2jk)!(jk−2+mk−2)!(jk−2−mk−2)!
(2n2)!(2n3)!

(n2+l2)!(n2−l2)!(n3+l3)!(n3−l3)!
}1/2

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n2, l2); (n1, l1)〉

δ(mk + l1 −m)δ(mk−1 + l2 −mk) · ·δ(m1 + lk −m2)

{(2j + 1) (jk+n1−j)!(jk−n1+j)!(−jk+n1+j)!
(jk+n1+j+1)!

(jk +mk)!(jk −mk)!(n1 + l1)!(n1 − l1)!(j +m)!(j −m)!}1/2

[
∑
r

(−1)r(jk + n1 − j − r)!(jk −mk − r)!(j − jk − l1 + r)!(n1 + l1 − r)!(j − n1 +mk − r)!]−1

{ (2j1)!(jk+mk)!(jk−mk)!
(2jk)!(j1+m1)!(j1−m1)!

(2n2)!··(2nk)!
(n2+l2)!(n2−l2)!··(nk+lk)!(nk−lk)!

}1/2

9.3 õ�âfÜ¤��âf�CGXêúª

½n9.3.1. |j1, nk, ··, n1; (jk+1,mk+1)〉? = |(jk+1,mk+1)〉

=
−jk∑

mk=jk

· ·
−j1∑

m1=j1

−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n1, l1)〉

δ(mk + l1−mk+1)δ(mk−1 + l2−mk) · ·δ(m1 + lk−m2){ (2j1)!(jk+1+mk+1)!(jk+1−mk+1)!

(2jk+1)!(j1+m1)!(j1−m1)!
(2n1)!··(2nk)!

(n1+l1)!(n1−l1)!··(nk+lk)!(nk−lk)!
}1/2

=
−n1∑
l1=n1

· ·
−nk∑
lk=nk

|(j1,m1); (nk, lk); ··; (n1, l1)〉{ (2j1)!(2n1)!··(2nk)!
(2jk+1)!(j1+m1)!(j1−m1)!

(jk+1+mk+1)!(jk+1−mk+1)!

(n1+l1)!(n1−l1)!··(nk+lk)!(nk−lk)!
}1/2

;m1 = mk+1 −
k∑
i=1

li



mk + l1 −mk+1 = 0

mk−1 + l2 −mk = 0

· · ·

m2 + lk−1 −m3 = 0

m1 + lk −m2 = 0

⇔



mk = mk+1 −
1∑
i=1

li

· · ·

m3 = mk+1 −
k−2∑
i=1

li

m2 = mk+1 −
k−1∑
i=1

li

m1 = mk+1 −
k∑
i=1

li

õ�1fÜ¤��âf�CGXêúª�´§���A~"

10 ü��ÄþÍÜCGXê��
A~

10.1 A~µ1
2
⊕ 1

2
= (0, 0)

½n10.1.1. |j1, j2; (j3,m3)〉 =
−j1∑

m1=j1

−j2∑
m2=j2

|(j1,m1); (j2,m2)〉〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉

CGRacah = 〈(j1,m1); (j2,m2)|j1, j2; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1) (j1+j2−j3)!(j1−j2+j3)!(−j1+j2+j3)!
(j1+j2+j3+1)!

(j1 +m1)!(j1 −m1)!(j2 +m2)!(j2 −m2)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + j2 − j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!(j2 +m2 − r)!(j3 − j2 +m1 + r)!]−1

íØ10.1.1. |j1, 1
2
; (j3,m3)〉 =

−j1∑
m1=j1

− 1
2∑

m2=
1
2

|(j1,m1); ( 1
2
,m2)〉〈(j1,m1); ( 1

2
,m2)|j1, 1

2
; (j3,m3)〉

CGRacah = 〈(j1,m1); ( 1
2
,m2)|j1, 1

2
; (j3,m3)〉 = δ(m1 +m2 −m3)

{(2j3 + 1)
(j1+

1
2
−j3)!(j1−

1
2

+j3)!(−j1+
1
2

+j3)!

(j1+
1
2

+j3+1)!
(j1 +m1)!(j1 −m1)!(j3 +m3)!(j3 −m3)!}1/2

[
∑
r

(−1)rr!(j1 + 1
2
− j3 − r)!(j1 −m1 − r)!(j3 − j1 −m2 + r)!( 1

2
+m2 − r)!(j3 − 1

2
+m1 + r)!]−1

íØ10.1.2.
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2
, 1

2
)|j1, 1

2
; (j1 + 1

2
,m3)〉 = δ(m1 + 1

2
−m3){ j1+

1
2

+m3

2j1+1
}1/2

CGRacah = 〈(j1,m1); ( 1
2
,− 1

2
)|j1, 1

2
; (j1 + 1

2
,m3)〉 = δ(m1 − 1

2
−m3){ j1+

1
2
−m3

2j1+1
}1/2CGRacah = 〈(j1,m1); ( 1

2
, 1

2
)|j1, 1

2
; (j1 − 1

2
,m3)〉 = −δ(m1 + 1

2
−m3){ j1+

1
2
−m3

2j1+1
}1/2

CGRacah = 〈(j1,m1); ( 1
2
,− 1

2
)|j1, 1

2
; (j1 − 1

2
,m3)〉 = δ(m1 − 1

2
−m3){ j1+

1
2

+m3

2j1+1
}1/2

½n10.1.2. | 1
2
, 1

2
; (0, 0)〉 =

−1/2∑
m1=1/2

−1/2∑
m2=1/2

|( 1
2
,m1); ( 1

2
,m2)〉〈( 1

2
,m1); ( 1

2
,m2)| 1

2
, 1

2
; (0, 0)〉

CGRacah = 〈( 1
2
,m1); (1

2
,m2)| 1

2
, 1

2
; (0, 0)〉 = δ(m1 +m2 − 0)

{(2 · 0 + 1)
(
1
2

+
1
2
−0)!(

1
2
− 1

2
+0)!(− 1

2
+

1
2

+0)!

(
1
2

+
1
2

+0+1)!
( 1

2
+m1)!( 1

2
−m1)!( 1

2
+m2)!( 1

2
−m2)!(0 + 0)!(0− 0)!}1/2

[
∑
r

(−1)rr!( 1
2

+ 1
2
− 0− r)!( 1

2
−m1 − r)!(0− 1

2
−m2 + r)!( 1

2
+m2 − r)!(0− 1

2
+m1 + r)!]−1

= δ(m1 +m2){ 1
2!

( 1
2

+m1)!( 1
2
−m1)!( 1

2
+m2)!( 1

2
−m2)!}1/2

[
∑
r

(−1)rr!(1− r)!( 1
2
−m1 − r)!(− 1

2
−m2 + r)!( 1

2
+m2 − r)!(− 1

2
+m1 + r)!]−1

= δ(m1 +m2) 1√
2!

( 1
2

+m1)!( 1
2
−m1)![

∑
r

(−1)rr!(1− r)![( 1
2
−m1 − r)!]2[(− 1

2
+m1 + r)!]2]−1

íØ10.1.3.〈( 1
2
, 1

2
); (1

2
,− 1

2
)| 1

2
, 1

2
; (0, 0)〉 = 1√

2

〈( 1
2
,− 1

2
); ( 1

2
, 1

2
)| 1

2
, 1

2
; (0, 0)〉 = − 1√

2

| 1
2
, 1

2
; (0, 0)〉 = 1√

2
|( 1

2
, 1

2
); ( 1

2
,− 1

2
)〉 − 1√

2
|( 1

2
,− 1

2
); ( 1

2
, 1

2
)〉

10.2 A~µ1⊕ 1 = (0, 0)

½n10.2.1. |1, 1; (0, 0)〉 =
−1∑

m1=1

−1∑
m2=1

|(1,m1); (1,m2)〉〈(1,m1); (1,m2)|1, 1; (0, 0)〉

CGRacah = 〈(1,m1); (1,m2)|1, 1; (0, 0)〉 = δ(m1 +m2 − 0)

{(2 · 0 + 1) (1+1−0)!(1−1+0)!(−1+1+0)!
(1+1+0+1)!

(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(0 + 0)!(0− 0)!}1/2

[
∑
r

(−1)rr!(1 + 1− 0− r)!(1−m1 − r)!(0− 1−m2 + r)!(1 +m2 − r)!(0− 1 +m1 + r)!]−1

= δ(m1 +m2) 1√
3
(1 +m1)!(1−m1)![

∑
r

(−1)rr!(2− r)![(1−m1 − r)!]2[(−1 +m1 + r)!]2]−1

íØ10.2.1.
〈(1, 1); (1,−1)|1, 1; (0, 0)〉 = 1√

3

〈(1, 0); (1, 0)|1, 1; (0, 0)〉 = − 1√
3

〈(1,−1); (1, 1)|1, 1; (0, 0)〉 = 1√
3

|1, 1; (0, 0)〉 = 1√
3
|(1, 1); (1,−1)〉 − 1√

3
|(1, 0); (1, 0)〉+ 1√

3
|(1,−1); (1, 1)〉

10.3 A~µ1⊕ 1 = (1, 0)

½n10.3.1. |1, 1; (1,m3)〉 =
−1∑

m1=1

−1∑
m2=1

|(1,m1); (1,m2)〉〈(1,m1); (1,m2)|1, 1; (1,m3)〉

CGRacah = 〈(1,m1); (1,m2)|1, 1; (1,m3)〉 = δ(m1 +m2 −m3)

{(2 · 1 + 1) (1+1−1)!(1−1+1)!(−1+1+1)!
(1+1+1+1)!

(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1 + 1− 1− r)!(1−m1 − r)!(1− 1−m2 + r)!(1 +m2 − r)!(1− 1 +m1 + r)!]−1

= δ(m1 +m2 −m3){ 3
4!

(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.3.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4!
(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.3.2. 〈(1,m1); (1,m2)|1, 1; (1, 0)〉
= δ(m1 +m2) 1√

8
(1 +m1)!(1−m1)![

∑
r

(−1)rr!(1− r)![(1−m1 − r)!(m1 + r)!]2]−1
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íØ10.3.3.
〈(1, 1); (1,−1)|1, 1; (1, 0)〉 = 1√

2

〈(1, 0); (1, 0)|1, 1; (1, 0)〉 = 0

〈(1,−1); (1, 1)|1, 1; (1, 0)〉 = − 1√
2

|1, 1; (1, 0)〉 = 1√
2
|(1, 1); (1,−1)〉 − 1√

2
|(1,−1); (1, 1)〉

10.4 A~µ1⊕ 1 = (1, 1)

íØ10.4.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4!
(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.4.2. 〈(1,m1); (1,m2)|1, 1; (1, 1)〉
= δ(m1 +m2 − 1){ 1

4
(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.4.3.〈(1, 1); (1, 0)|1, 1; (1, 1)〉 = 1√
2

〈(1, 0); (1, 1)|1, 1; (1, 1)〉 = − 1√
2

|1, 1; (1, 1)〉 = 1√
2
|(1, 1); (1, 0)〉 − 1√

2
|(1, 0); (1, 1)〉

10.5 A~µ1⊕ 1 = (1,−1)

íØ10.5.1. 〈(1,m1); (1,m2)|1, 1; (1,m3)〉
= δ(m1 +m2 −m3){ 3

4!
(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!(1 +m3)!(1−m3)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.5.2. 〈(1,m1); (1,m2)|1, 1; (1,−1)〉
= δ(m1 +m2 + 1){ 1

4
(1 +m1)!(1−m1)!(1 +m2)!(1−m2)!}1/2

[
∑
r

(−1)rr!(1− r)!(1−m1 − r)!(−m2 + r)!(1 +m2 − r)!(m1 + r)!]−1

íØ10.5.3.〈(1,−1); (1, 0)|1, 1; (1,−1)〉 = − 1√
2

〈(1, 0); (1,−1)|1, 1; (1,−1)〉 = 1√
2

|1, 1; (1,−1)〉 = 1√
2
|(1, 0); (1,−1)〉 − 1√

2
|(1,−1); (1, 0)〉

10.6 A~µ1⊕ 1 = (1,−1)

íØ10.6.1.
Ĵ+|s, h〉 =

√
s(s+ 1)− h(h+ 1)|s, h+ 1〉 =

√
(s− h)(s+ h+ 1)|s, h+ 1〉,−s ≤ h ≤ s

Ĵ−|s, h〉 =
√
s(s+ 1)− h(h− 1)|s, h− 1〉 =

√
(s− h+ 1)(s+ h)|s, h− 1〉,−s ≤ h ≤ s

Ĵz|s, h〉 = h|s, h− 1〉,−s ≤ h ≤ s

11 A�âf�g^ÍÜ~f

11.1 ü�>fg^�é�ÍÜL�

íØ11.1.1. é�ÍÜL�

[σ(1)⊕ σ(0)]2
[

1
0
0
0

]
= 2

[
1
0
0
0

]
, [σ(1)⊕ σ(0)]z

[
1
0
0
0

]
=

[
1
0
0
0

]
[σ(1)⊕ σ(0)]2

[
0
1
0
0

]
= 2

[
0
1
0
0

]
, [σ(1)⊕ σ(0)]z

[
0
1
0
0

]
= 0

[
0
1
0
0

]
[σ(1)⊕ σ(0)]2

[
0
0
1
0

]
= 2

[
0
0
1
0

]
, [σ(1)⊕ σ(0)]z

[
0
0
1
0

]
= −

[
0
0
1
0

]
[σ(1)⊕ σ(0)]2

[
0
0
0
1

]
= 0

[
0
0
0
1

]
, [σ(1)⊕ σ(0)]z

[
0
0
0
1

]
= 0

[
0
0
0
1

]
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11.2 ü�>fg^�©l�ÍÜL�

íØ11.2.1. ©l�ÍÜL�

[σ( 1
2
)⊗ I]2

[
1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [I ⊗ σ( 1

2
)]2
[

1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [σ( 1

2
)⊗ I]z

[
1
0
0
0

]
= 1

2

[
1
0
0
0

]
, [I ⊗ σ( 1

2
)]z

[
1
0
0
0

]
= 1

2

[
1
0
0
0

]
[σ( 1

2
)⊗ I]2

[
0
1
0
0

]
= 3

4

[
0
1
0
0

]
, [I ⊗ σ( 1

2
)]2
[

0
1
0
0

]
= 3

4

[
0
1
0
0

]
, [σ( 1

2
)⊗ I]z

[
0
1
0
0

]
= − 1

2

[
0
1
0
0

]
, [I ⊗ σ( 1

2
)]z

[
0
1
0
0

]
= 1

2

[
0
1
0
0

]
[σ( 1

2
)⊗ I]2

[
0
0
1
0

]
= 3

4

[
0
0
1
0

]
, [I ⊗ σ( 1

2
)]2
[

0
0
1
0

]
= 3

4

[
0
0
1
0

]
, [σ( 1

2
)⊗ I]z

[
0
0
1
0

]
= 1

2

[
0
0
1
0

]
, [I ⊗ σ( 1

2
)]z

[
0
0
1
0

]
= − 1

2

[
0
0
1
0

]
[σ( 1

2
)⊗ I]2

[
0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [I ⊗ σ( 1

2
)]2
[

0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [σ( 1

2
)⊗ I]z

[
0
0
0
1

]
= − 1

2

[
0
0
0
1

]
, [I ⊗ σ( 1

2
)]z

[
0
0
0
1

]
= − 1

2

[
0
0
0
1

]
11.3 ü�>fg^�©lÍÜL�

íØ11.3.1. Ŝ(1) = 1√
2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

]
, Ŝ+(1) = 1√

2

[√
2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

]

íØ11.3.2. 1√
2

[√
2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1

]
= 1√

2

[√
2 0 0 0

0
√

1
√

1 0

0 0 0
√

2

0 −
√

1
√

1 0

] [
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

] [
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

]

íØ11.3.3.

{
| 1
2
〉 =

[
1
0

]
, |−1

2
〉 =

[
0
1

] {
|1〉 =

[
1
0
0

]
, |0〉 =

[
0
1
0

]
, | − 1〉 =

[
0
0
1

]
½n11.3.1. S(1)[σ( 1

2
)⊗ I + I ⊗ σ( 1

2
)]S+(1) = σ(1)⊕ σ(0)

íØ11.3.4. ©lÍÜL�

[σ(
1
2

)⊗I]2

[I⊗σ(
1
2

)]2

[
1
0
0
0

]
= 3

4

[
1
0
0
0

]
, [σ( 1

2
)⊗ I + I ⊗ σ( 1

2
)]2
[

1
0
0
0

]
= 2

[
1
0
0
0

]
, [σ( 1

2
)⊗ I + I ⊗ σ( 1

2
)]z

[
1
0
0
0

]
=

[
1
0
0
0

]
[σ(

1
2

)⊗I]2

[I⊗σ(
1
2

)]2

 0
1√
2

1√
2

0

 = 3
4

 0
1√
2

1√
2

0

 , [σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]2

 0
1√
2

1√
2

0

 = 2

 0
1√
2

1√
2

0

 , [σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]z

 0
1√
2

1√
2

0

 = 0

[σ(
1
2

)⊗I]2

[I⊗σ(
1
2

)]2

[
0
0
0
1

]
= 3

4

[
0
0
0
1

]
, [σ( 1

2
)⊗ I + I ⊗ σ( 1

2
)]2
[

0
0
0
1

]
= 2

[
0
0
0
1

]
, [σ( 1

2
)⊗ I + I ⊗ σ( 1

2
)]z

[
0
0
0
1

]
= −

[
0
0
0
1

]
[σ(

1
2

)⊗I]2

[I⊗σ(
1
2

)]2

 0

− 1√
2

1√
2

0

 = 3
4

 0

− 1√
2

1√
2

0

 , [σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]2

 0

− 1√
2

1√
2

0

 = 0, [σ( 1
2
)⊗ I + I ⊗ σ( 1

2
)]z

 0

− 1√
2

1√
2

0

 = 0

íØ11.3.5. Ŝ+(1) = 1√
2

[√
2 0 0 0

0
√

1 0 −
√

1

0
√

1 0
√

1

0 0
√

2 0

]
⇒ |s,m〉 =



Ŝ+(1)

[
1
0
0
0

]
= |1, 1〉 = | 1

2
〉 ⊗ | 1

2
〉;

Ŝ+(1)

[
0
1
0
0

]
= |1, 0〉 = 1√

2
(|−1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ |−1

2
〉);

Ŝ+(1)

[
0
0
1
0

]
= |1,−1〉 = |−1

2
〉 ⊗ |−1

2
〉;

Ŝ+(1)

[
0
0
0
1

]
= |0, 0〉 = 1√

2
(−|−1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ |−1

2
〉);

íØ11.3.6.

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= [Ŝ+(1)⊗ I4]

[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]
= [I4 ⊗ Ŝ(1)]

[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]

íØ11.3.7.


| 1
2
〉⊗| 1

2
〉

| 1
2
〉⊗|−1

2
〉

|−1
2
〉⊗|−1

2
〉

|−1
2
〉⊗| 1

2
〉

 = 1√
2

[√
2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1

][ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
,

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= 1√

2

[√
2 0 0 0

0
√

1 0
√

1

0 0
√

2 0

0
√

1 0 −
√

1

]
| 1
2
〉⊗| 1

2
〉

| 1
2
〉⊗|−1

2
〉

|−1
2
〉⊗|−1

2
〉

|−1
2
〉⊗| 1

2
〉



íØ11.3.8.


| 1
2
〉⊗| 1

2
〉

|−1
2
〉⊗| 1

2
〉

|−1
2
〉⊗|−1

2
〉

| 1
2
〉⊗|−1

2
〉

 = 1√
2

[√
2 0 0 0

0 −
√

1 0
√

1

0 0
√

2 0

0
√

1 0
√

1

][ |1,1〉
|0,0〉
|1,−1〉
|1,0〉

]
,

[ |1,1〉
|0,0〉
|1,−1〉
|1,0〉

]
= 1√

2

[√
2 0 0 0

0 −
√

1 0
√

1

0 0
√

2 0

0
√

1 0
√

1

]
| 1
2
〉⊗| 1

2
〉

|−1
2
〉⊗| 1

2
〉

|−1
2
〉⊗|−1

2
〉

| 1
2
〉⊗|−1

2
〉
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íØ11.3.9.


| 1
2
〉⊗| 1

2
〉

|−1
2
〉⊗|−1

2
〉

| 1
2
〉⊗|−1

2
〉

|−1
2
〉⊗| 1

2
〉

 = 1√
2

[√
2 0 0 0

0
√

2 0 0

0 0
√

1
√

1

0 0
√

1 −
√

1

][ |1,1〉
|1,−1〉
|1,0〉
|0,0〉

]
,

[ |1,1〉
|1,−1〉
|1,0〉
|0,0〉

]
= 1√

2

[√
2 0 0 0

0
√

2 0 0

0 0
√

1
√

1

0 0
√

1 −
√

1

]
| 1
2
〉⊗| 1

2
〉

|−1
2
〉⊗|−1

2
〉

| 1
2
〉⊗|−1

2
〉

|−1
2
〉⊗| 1

2
〉


11.4 ü�k�þ1f�g^ÍÜL�

½n11.4.1. S(1⊗ 1)[σ(1)⊗ I3 + I3 ⊗ σ(1)]S+(1⊗ 1) = σ(2)⊕ σ(1)⊕ σ(0)

íØ11.4.1.

S(1⊗ 1) = 1√
6



√
6 0 0 0 0 0 0 0 0

0
√

3 0
√

3 0 0 0 0 0

0 0
√

1 0
√

4 0
√

1 0 0

0 0 0 0 0
√

3 0
√

3 0

0 0 0 0 0 0 0 0
√

6

0 −
√

3 0
√

3 0 0 0 0 0

0 0 −
√

3 0 0 0
√

3 0 0

0 0 0 0 0 −
√

3 0
√

3 0

0 0
√

2 0 −
√

2 0
√

2 0 0

 , S
+(1⊗ 1) = 1√

6



√
6 0 0 0 0 0 0 0 0

0
√

3 0 0 0 −
√

3 0 0 0

0 0
√

1 0 0 0 −
√

3 0
√

2

0
√

3 0 0 0
√

3 0 0 0

0 0
√

4 0 0 0 0 0 −
√

2

0 0 0
√

3 0 0 0 −
√

3 0

0 0
√

1 0 0 0
√

3 0
√

2

0 0 0
√

3 0 0 0
√

3 0

0 0 0 0
√

6 0 0 0 0


íØ11.4.2.



|2, 2〉 = |1〉 ⊗ |1〉;

|2, 1〉 = 1√
2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|2; 1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|2; 1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;{

|2; 0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;





|1〉 ⊗ |1〉 = |2, 2〉;

|0〉 ⊗ |1〉 = 1√
2
(|2, 1〉 − |1, 1〉);

| − 1〉 ⊗ |1〉 = 1√
6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

|1〉 ⊗ |0〉 = 1√
2
(|2, 1〉+ |1, 1〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);
| − 1〉 ⊗ |0〉 = 1√

2
(|2,−1〉 − |1,−1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);{

| − 1〉 ⊗ | − 1〉 = |2,−2〉;

íØ11.4.3.



|2, 2〉 = |1〉 ⊗ |1〉;

|2, 1〉 = 1√
2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|2; 1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|2; 1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;{

|2; 0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;





|1〉 ⊗ |1〉 = |2, 2〉;

|1〉 ⊗ |0〉 = 1√
2
(|2, 1〉+ |1, 1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);

| − 1〉 ⊗ | − 1〉 = |2,−2〉;
|0〉 ⊗ |1〉 = 1√

2
(|2, 1〉 − |1, 1〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);

| − 1〉 ⊗ |0〉 = 1√
2
(|2,−1〉 − |1,−1〉);{

| − 1〉 ⊗ |1〉 = 1√
6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

íØ11.4.4.
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|2, 2〉 = |1〉 ⊗ |1〉;

|2,−2〉 = | − 1〉 ⊗ | − 1〉;

|2, 1〉 = 1√
2
(|1〉 ⊗ |0〉) + |0〉 ⊗ |1〉;

|1, 1〉 = 1√
2
(|1〉 ⊗ |0〉)− |0〉 ⊗ |1〉;

|1,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉)− | − 1〉 ⊗ |0〉;

|2,−1〉 = 1√
2
(|0〉 ⊗ | − 1〉) + | − 1〉 ⊗ |0〉;

|2, 0〉 = 1√
6
(|1〉 ⊗ | − 1〉+ 2|0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉);

|1, 0〉 = 1√
2
(|1〉 ⊗ | − 1〉)− | − 1〉 ⊗ |1〉;

|0, 0〉 = 1√
3
(|1〉 ⊗ | − 1〉)− |0〉 ⊗ |0〉+ | − 1〉 ⊗ |1〉;



|1〉 ⊗ |1〉 = |2, 2〉;

| − 1〉 ⊗ | − 1〉 = |2,−2〉;

|1〉 ⊗ |0〉 = 1√
2
(|2, 1〉+ |1, 1〉);

|0〉 ⊗ |1〉 = 1√
2
(|2, 1〉 − |1, 1〉);

| − 1〉 ⊗ |0〉 = 1√
2
(|2,−1〉 − |1,−1〉);

|0〉 ⊗ | − 1〉 = 1√
2
(|2,−1〉+ |1,−1〉);

|1〉 ⊗ | − 1〉 = 1√
6
(|2, 0〉+

√
3|1, 0〉+

√
2|0, 0〉);

|0〉 ⊗ |0〉 = 1√
3
(
√

2|2, 0〉 − |0, 0〉);

| − 1〉 ⊗ |1〉 = 1√
6
(|2, 0〉 −

√
3|1, 0〉+

√
2|0, 0〉);

íØ11.4.5.

[
|2,2〉
|2,−2〉

]
=
[

1 0
0 1

] [
|1〉⊗|1〉
|−1〉⊗|−1〉

]
,
[
|1〉⊗|1〉
|−1〉⊗|−1〉

]
=
[

1 0
0 1

] [
|2,2〉
|2,−2〉

]
[ |2,1〉
|1,1〉
|1,−1〉
|2,−1〉

]
= 1√

2

[
1 1 0 0
1 −1 0 0
0 0 −1 1
0 0 1 1

] [ |1〉⊗|0〉
|0〉⊗|1〉
|−1〉⊗|0〉
|0〉⊗|−1〉

]
,

[ |1〉⊗|0〉
|0〉⊗|1〉
|−1〉⊗|0〉
|0〉⊗|−1〉

]
= 1√

2

[
1 1 0 0
1 −1 0 0
0 0 −1 1
0 0 1 1

][ |2,1〉
|1,1〉
|1,−1〉
|2,−1〉

]
[
|2,0〉
|1,0〉
|0,0〉

]
=


1√
6

2√
6

1√
6

1√
2

0 − 1√
2

1√
3
− 1√

3
1√
3

[ |1〉⊗|−1〉
|0〉⊗|0〉
|−1〉⊗|1〉

]
,

[
|1〉⊗|−1〉
|0〉⊗|0〉
|−1〉⊗|1〉

]
=


1√
6

1√
2

1√
3

2√
6

0 − 1√
3

1√
6
− 1√

2
1√
3

[ |2,0〉|1,0〉
|0,0〉

]

íØ11.4.6.

S+(1⊗ 1)⇒ |s,m〉 =





|2, 2〉 = |1〉 ⊗ |1〉;

|2, 1〉 = 1√
2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2, 0〉 = 1√
6
(| − 1〉 ⊗ |1〉+ 2|0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);

|2,−1〉 = 1√
2
(| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;
|2; 1, 1〉 = 1√

2
(−|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉);

|2; 1, 0〉 = 1√
2
(−| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);

|2; 1,−1〉 = 1√
2
(−| − 1〉 ⊗ |0〉+ |0〉 ⊗ | − 1〉);{

|2; 0, 0〉 = 1√
3
(| − 1〉 ⊗ |1〉 − |0〉 ⊗ |0〉+ |1〉 ⊗ | − 1〉);

íØ11.4.7.



|2,2〉
|2,1〉
|2,0〉
|2,−1〉
|2,−2〉
|1,1〉
|1,0〉
|1,−1〉
|0,0〉

 = [S+(1⊗ 1)⊗ I9]

[
|1〉
|0〉
|−1〉

]
⊗
[
|1〉
|0〉
|−1〉

]
= [I9 ⊗ S(1⊗ 1)]

[
|1〉
|0〉
|−1〉

]
⊗
[
|1〉
|0〉
|−1〉

]

11.5 ü�Ã�þ1f�g^ÍÜ

íØ11.5.1. é�ÍÜL�

[σ(2)⊕ σ(1)⊕ σ(0)]2


1
0
0
0
0
0
0
0
0

 = 6


1
0
0
0
0
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


1
0
0
0
0
0
0
0
0

 = 2


1
0
0
0
0
0
0
0
0



[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
1
0
0
0
0

 = 6


0
0
0
0
1
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
1
0
0
0
0

 = −2


0
0
0
0
1
0
0
0
0
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[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
1
0
0
0
0
0
0

 = 6


0
0
1
0
0
0
0
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
1
0
0
0
0
0
0

 = 0

[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
0
0
1
0
0

 = 2


0
0
0
0
0
0
1
0
0

 , [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
0
0
1
0
0

 = 0

[σ(2)⊕ σ(1)⊕ σ(0)]2


0
0
0
0
0
0
0
0
1

 = 0, [σ(2)⊕ σ(1)⊕ σ(0)]z


0
0
0
0
0
0
0
0
1

 = 0

íØ11.5.2. �é�ÍÜL�

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


1
0
0
0
0
0
0
0
0

 = 6


1
0
0
0
0
0
0
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


1
0
0
0
0
0
0
0
0

 = 2


1
0
0
0
0
0
0
0
0



[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
0
0
0
0
0
0
1

 = 6


0
0
0
0
0
0
0
0
1

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
0
0
0
0
0
0
1

 = −2


0
0
0
0
0
0
0
0
1



[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
1
0
2
0
1
0
0

 = 6


0
0
1
0
2
0
1
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
1
0
2
0
1
0
0

 = 0

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
−1
0
0
0
1
0
0

 = 2


0
0
−1
0
0
0
1
0
0

 , [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
−1
0
0
0
1
0
0

 = 0

[σ(1)⊗ I3 + I3 ⊗ σ(1)]2


0
0
1
0
−1
0
1
0
0

 = 0, [σ(1)⊗ I3 + I3 ⊗ σ(1)]z


0
0
1
0
−1
0
1
0
0

 = 0

íØ11.5.3. S+(2)⇒ |s,m〉 =




|2, 2〉 = |1〉 ⊗ |1〉;
√

1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉 = 1√

2
(| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;{
|2; 1, 0〉 = 1√

2
(−| − 1〉 ⊗ |1〉+ |1〉 ⊗ | − 1〉);

íØ11.5.4.



|1〉 ⊗ |1〉 = |2, 2〉;

| − 1〉 ⊗ |1〉) = 1√
6
|2, 0〉 − 1√

2
|2; 1, 0〉+ 1√

3
|2; 0, 0〉;

|1〉 ⊗ | − 1〉) = 1√
6
|2, 0〉+ 1√

2
|2; 1, 0〉+ 1√

3
|2; 0, 0〉;

| − 1〉 ⊗ | − 1〉 = |2,−2〉;

íØ11.5.5.




|2, 2〉 = |1〉 ⊗ |1〉ei~p·(~r1−~r2);
√

1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉 = 1√

2
(| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt)ei~p·(~r1−~r2);

|2,−2〉 = | − 1〉 ⊗ | − 1〉ei~p·(~r1−~r2);{
|2; 1, 0〉 = 1√

2
(−| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt)ei~p·(~r1−~r2);
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= [I9 ⊗ Ŝ(1)]
[
|1〉ei(~p·~r1+ςpt)

|−1〉ei(~p·~r1−ςpt)

]
⊗
[
|1〉e−i(~p·~r2+ςpt)

|−1〉e−i(~p·~r2−ςpt)

]
íØ11.5.6.


|2, 2〉 = |1〉 ⊗ |1〉;

i|2; 1, 0〉sin(2ςpt) + (
√

1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉)cos(2ςpt) = 1√

2
(| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt);

|2,−2〉 = | − 1〉 ⊗ | − 1〉;{
|2; 1, 0〉cos(2ςpt) + i(

√
1√
3
|2, 0〉+

√
2√
3
|2; 0, 0〉)sin(2ςpt) = 1√

2
(−| − 1〉 ⊗ |1〉e−2iςpt + |1〉 ⊗ | − 1〉e2iςpt);

= [I9 ⊗ Ŝ(1)]
[
|1〉eiςpt

|−1〉e−iςpt

]
⊗
[
|1〉e−iςpt

|−1〉eiςpt

]

íØ11.5.7.

 |2,2〉√
1√
3
|2,0〉+

√
2√
3
|0,0〉

|2,−2〉
|1,0〉

 = [I9 ⊗ Ŝ(1)]
[
|1〉
|−1〉

]
⊗
[
|1〉
|−1〉

]
,

[ |1,1〉
|1,0〉
|1,−1〉
|0,0〉

]
= [I4 ⊗ Ŝ(1)]

[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]

íØ11.5.8.

 |2,2〉√
1√
3
|2,0〉+

√
2√
3
|0,0〉

|2,−2〉
|1,0〉

 = [Ŝ+(1)⊗ I9]

 |1〉⊗|1〉√
1√
3
|−1〉⊗|1〉+

√
2√
3
|−1〉⊗|−1〉

|0〉⊗|0〉
|1〉⊗|−1〉

 = [I9 ⊗ Ŝ(1)]
[
|1〉
|−1〉

]
⊗
[
|1〉
|−1〉

]

11.6 n�>f�g^ÍÜ

íØ11.6.1. Ŝ( 3
2
) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2
√

2 0
√

2 0 0 0

0 0 0
√

2 0
√

2
√

2 0

0 0 0 0 0 0 0
√

6

0 −
√

4
√

1 0
√

1 0 0 0

0 0 0 −
√

1 0 −
√

1
√

4 0

0 0 −
√

3 0
√

3 0 0 0

0 0 0 −
√

3 0
√

3 0 0

 , Ŝ+( 3
2
) = 1√

6



√
6 0 0 0 0 0 0 0

0
√

2 0 0 −
√

4 0 0 0

0
√

2 0 0
√

1 0 −
√

3 0

0 0
√

2 0 0 −
√

1 0 −
√

3

0
√

2 0 0
√

1 0
√

3 0

0 0
√

2 0 0 −
√

1 0
√

3

0 0
√

2 0 0
√

4 0 0

0 0 0
√

6 0 0 0 0


íØ11.6.2. Ŝ+( 3

2
)⇒

|s,m〉 =





| 3
2
, 3

2
〉 = | 1

2
〉 ⊗ | 1

2
〉 ⊗ | 1

2
〉;

| 3
2
, 1

2
〉 = 1√

3
(|−1

2
〉 ⊗ | 1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉);

| 3
2
,− 1

2
〉 = 1√

3
(|−1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉+ |−1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉+ | 1

2
〉 ⊗ |−1

2
〉 ⊗ |−1

2
〉);

| − 3
2
,− 3

2
〉 = |−1

2
〉 ⊗ |−1

2
〉 ⊗ |−1

2
〉;| 32 ; 1

2
, 1

2
〉1 = 1√

6
(−2|−1

2
〉 ⊗ | 1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉);

| 3
2
; 1

2
,− 1

2
〉1 = 1√

6
(−|−1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉 − |−1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉+ 2| 1

2
〉 ⊗ |−1

2
〉 ⊗ |−1

2
〉);| 32 ; 1

2
, 1

2
〉2 = 1√

2
(−| 1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉+ | 1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉);

| 3
2
; 1

2
,− 1

2
〉2 = 1√

2
(−|−1

2
〉 ⊗ |−1

2
〉 ⊗ | 1

2
〉+ |−1

2
〉 ⊗ | 1

2
〉 ⊗ |−1

2
〉);

íØ11.6.3.



| 3
2
,
3
2
〉

| 3
2
,
1
2
〉

| 3
2
,
−1
2
〉

| 3
2
,
−3
2
〉

| 1
2
,
1
2
〉1

| 1
2
,
−1
2
〉1

| 1
2
,
1
2
〉2

| 1
2
,
−1
2
〉2


= [Ŝ+( 3

2
)⊗ I8]

[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]
= [I8 ⊗ Ŝ( 3

2
)]

[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]
⊗
[
| 1
2
〉

|−1
2
〉

]
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12 ØCÜþ�Î

12.1 ØCÜþ�Î

íØ12.1.1.

Ĵ2 = U(ω)Ĵ2U+(ω)⇔ U(−ω)Ĵ2U+(−ω) = Ĵ2

Ĵi = eiωR|ijU(ω)ĴjU
+(ω)⇔ U(−ω)ĴiU

+(−ω) = eiωR|ij Ĵj

Tij = eiωR|ikeiωR|j lU(ω)TklU
+(ω)⇔ U(−ω)TijU

+(−ω) = eiωR|ikeiωR|j lTkl

Ti··j = eiωR|ik · ·eiωR|j lU(ω)Tk··lU
+(ω)⇔ U(−ω)Ti··jU

+(−ω) = eiωR|ikeiωR|j lTk··l

13 ¥�¼ê

13.1 êÆO�

½Â13.1.1.


r =

√
x2 + y2 + z2

θ = arccos z√
x2+y2+z2

ϕ = arctan y
x

⇔


x = r sin θ cosϕ

y = r sin θ sinϕ

z = r cos θ

½Â13.1.2.


L̂x = −i~(y∂z − z∂y) = i~(sinϕ∂θ + cot θ cosϕ∂ϕ)

L̂y = −i~(z∂x − x∂z) = −i~(cosϕ∂θ − cot θ sinϕ∂ϕ)

L̂z = −i~(x∂y − y∂z) = −i~∂ϕ


∇2
θ,ϕ = 1

sin θ
∂θ sin θ∂θ + 1

sin2 θ
∂2
θ

∇2 = 1
r
∂2
rr + 1

r2∇2
θ,ϕ

L̂2 = −~2∇2
θ,ϕ, L̂z = −i~∂ϕ

½Â13.1.3.

Pl(ξ) = 1
2ll!

dl

dξl
(ξ2 − 1)l,−1 ≤ ξ ≤ 1

P
|m|
l (ξ) = (1− ξ2)|m|/2[ d

|m|

dξ|m|
Pl(ξ)− 1

2ll!
dl+|m|

dξl+|m|
(ξ2 − 1)l],−1 ≤ ξ ≤ 1

13.2 ¥�¼ê

½Â13.2.1.L̂2ψ = L2ψ

L̂zψ = Lzψ
⇔

L̂2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ), L̂zYlm(θ, ϕ) = mYlm(θ, ϕ)

ψ(θ, ϕ) = Ylm(θ, ϕ) := AlmP
|m|
l (cosθ)eimϕ

íØ13.2.1.L̂xYlm(θ, ϕ) = 1
2
[
√
l(l + 1)−m(m+ 1)Yl,m+1(θ, ϕ) +

√
l(l + 1)−m(m− 1)Yl,m−1(θ, ϕ)]

L̂yYlm(θ, ϕ) = − i
2
[
√
l(l + 1)−m(m+ 1)Yl,m+1(θ, ϕ)−

√
l(l + 1)−m(m− 1)Yl,m−1(θ, ϕ)]

íØ13.2.2.L̂+Ylm(θ, ϕ) =
√
l(l + 1)−m(m+ 1)Yl,m+1(θ, ϕ) =

√
(l −m)(l +m+ 1)Yl,m+1(θ, ϕ), L̂+ := L̂x + iL̂y

L̂−Ylm(θ, ϕ) =
√
l(l + 1)−m(m− 1)Yl,m−1(θ, ϕ) =

√
(l +m)(l −m+ 1)Yl,m+1(θ, ϕ), L̂− := L̂x − iL̂y

íØ13.2.3.
∫
Y ∗l′m′(θ, ϕ)Ylm(θ, ϕ)dΩ = δl′lδm′m∫
dΩ′

∑
lm

Ylm(θ, ϕ)Y ∗lm(θ′, ϕ′)|f(θ′, ϕ′)? =
∫
dΩ′δ(θ − θ′)δ(ϕ− ϕ′)|f(θ′, ϕ′)

íØ13.2.4.

[L̂2]m′m =
∫
Y ∗lm′(θ, ϕ)L̂2Ylm(θ, ϕ)dΩ =

∫
l(l + 1)Y ∗lm′(θ, ϕ)Ylm(θ, ϕ)dΩ = l(l + 1)δm′m

[L̂z]m′m =
∫
Y ∗lm′(θ, ϕ)L̂zYlm(θ, ϕ)dΩ =

∫
mY ∗lm′(θ, ϕ)Ylm(θ, ϕ)dΩ = mδm′m

[L̂x + iL̂y]m′m =
∫
Y ∗lm′(θ, ϕ)[L̂x + iL̂y]Ylm(θ, ϕ)dΩ =

√
(l −m)(l +m+ 1)δm′(m+1)

[L̂x − iL̂y]m′m =
∫
Y ∗lm′(θ, ϕ)[L̂x − iL̂y]Ylm(θ, ϕ)dΩ =

√
(l +m)(l −m+ 1)δm′(m−1)
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íØ13.2.5.
[L̂x]m′m = 1

2
[
√

(l +m′ + 1)(l −m′)δm′(m−1) +
√

(l −m′ + 1)(l +m′)δm′(m+1)]

[L̂y]m′m = i
2
[
√

(l +m′ + 1)(l −m′)δm′(m−1) −
√

(l −m′ + 1)(l +m′)δm′(m+1)]

[L̂z]m′m = m′δm′m

íØ13.2.6. An =
√
n ·
√

2l + 1− n, n = 1, 2, · · · , 2l

[L̂] = (1
2

 0 A1 0 0 0
A1 0 A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 A2l

0 0 0 A2l 0

 , i
2

 0 −A1 0 0 0
A1 0 −A2 0 0
0 A2 0 ··· 0
0 0 ··· 0 −A2l

0 0 0 A2l 0

 ,[ l 0 0 0 0
0 l−1 0 0 0
0 0 ··· 0 0
0 0 0 −(l−1) 0
0 0 0 0 −l

]
)

13.3 ���f�{ [37]

½Â13.3.1. ~J × ~J = i ~J, ~J2 = J2
x + J2

y + J2
z ; [Ji, Jj ] = εij

kJk, [ ~J
2, Ji] = 0

½Â13.3.2.


J+ := Jx + iJy, J− := Jx − iJy, Ĵ2 = 1

2
(J+J− + J+J−) + J2

z

[Jz, J+] = J+, [Jz, J−] = −J−, [J+, J−] = 2Jz

J+J− = Ĵ2 − Jz(Jz − 1), J−J+ = Ĵ2 − Jz(Jz + 1)

5�13.3.1. Ĵ2|j,m〉 = j(j + 1)|j,m〉, Jz|j,m〉 = m|j,m〉
J+|j,m〉 =

√
l(l + 1)−m(m+ 1)|j,m+ 1〉, J−|j,m〉 =

√
l(l + 1)−m(m− 1)|j,m− 1〉

)1-Å½���fµ{L̂; |l,m〉} = {−i~r ×∇;Ylm(θ, ϕ)}
)2-g^ü�µ{σ(s); |s, h〉} = {σ(s);λ(

[
0
0
1

]
, h)}

)3-).���fµ{Ĵ ; |j,m〉} = {L̂+ 1
2
σ;

[
g(~r)φ

mj
jlA

(θ,ϕ)

if(~r)φ
mj
jlB

(θ,ϕ)

]
}

)4-).�s�fµ{Ĵ ; |l, s,m〉} = {L̂+ ŝ;Ylsm(θ, ϕ)}

14 ��g^�Î��

14.1 ��üg^��Î½Â9ÙíØ

½Â14.1.1. Ĵ(s)× Ĵ(s) = iĴ(s), Ĵ2(s) := Ĵ2
x(s) + Ĵ2

y (s) + Ĵ2
z (s); Ĵ+(s) := Ĵx(s) + iĴy(s), Ĵ−(s) := Ĵx(s)− iĴy(s)

íØ14.1.1. [Ĵi(s), Ĵj(s)] = εij
kĴk(s), [Ĵ

2(s), Ĵi(s)] = 0, Ĵ2(s) := Ĵ2
x(s) + Ĵ2

y (s) + Ĵ2
z (s)

[⇔]


[Ĵz(s), Ĵ+(s)] = Ĵ+(s), [Ĵz(s), Ĵ−(s)] = −Ĵ−(s), [Ĵ+(s), Ĵ−(s)] = 2Ĵz(s)

Ĵ+(s)Ĵ−(s) = Ĵ2(s)− Ĵz(s)[Ĵz(s)− 1], Ĵ−(s)Ĵ+(s) = Ĵ2(s)− Ĵz(s)[Ĵz(s) + 1]

[Ĵ2(s), Ĵ+(s)] = 0, [Ĵ2(s), Ĵ−(s)] = 0, [Ĵ2(s), Ĵz(s)] = 0, Ĵ2(s) = 1
2
[Ĵ+(s)Ĵ−(s) + Ĵ−(s)Ĵ+(s)] + Ĵ2

z (s)

14.2 Ú^ÝhIP�üg^�9Ù,ü'X

½Â14.2.1. −s ≤ h ≤ s

Ĵ+(s)|h〉′ =
√
s+ h+ 1

√
s− h|h− 1〉′

Ĵ−(s)|h〉′ =
√
s+ h

√
s− h+ 1|h+ 1〉′

Ĵ2(s)|h〉′ = s(s+ 1)|h〉, Ĵz(s)|h〉 = h|h〉′

〈h′|h〉′ = δh′h,
−s∑
h=s

|h〉′〈h|′ = 1

[⇔]



|h〉′ =
Ĵs+h+ (s)

(s+h)!
√
Cs+h2s

| − s〉′, Ĵ2s+1
+ (s)| − s〉′ = 0

|h〉′ =
Ĵs−h− (s)

(s−h)!
√
Cs−h2s

|s〉′, Ĵ2s+1
− (s)|s〉′ = 0

Ĵ2(s)|h〉′ = s(s+ 1)|h〉′, Ĵz(s)|h〉′ = h|h〉′

〈h′|h〉′ = δh′h,
−s∑
h=s

|h〉′〈h|′ = 1

14.3 âfênIP�üg^�9Ù,ü'X

½Â14.3.1. |n〉 := |s− n〉′, |s− h〉 := |h〉′[⇔]|h〉′ := |s− h〉, |s− n〉′ := |n〉
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íØ14.3.1. 0 ≤ n ≤ 2s

Ĵ+(s)|n〉 =
√

2s+ 1− n
√
n|n− 1〉

Ĵ−(s)|n〉 =
√

2s− n
√
n+ 1|n+ 1〉

Ĵ2(s)|n〉 = s(s+ 1)|n〉, Ĵz(s)|n〉 = (s− n)|n〉

〈n′|n〉 = δn′n,
2s∑
n=0

|n〉〈n| = 1

[⇔]



|2s− n〉 =
Ĵn+(s)

n!
√
Cn2s
|2s〉, Ĵ2s+1

+ (s)|2s〉 = 0

|n〉 =
Ĵn−(s)

n!
√
Cn2s
|0〉, Ĵ2s+1

− (s)|0〉 = 0

Ĵ2(s)|n〉 = s(s+ 1)|n〉, Ĵz(s)|n〉 = (s− n)|n〉

〈n′|n〉 = δn′n,
2s∑
n=0

|n〉〈n| = 1

14.4 d�)Ú�«�Î�g^�Î—HPC� [47]

½Â14.4.1.

HPC�:

Ĵ+(s) := (
√

2s− a+a)a, Ĵ−(s) := a+(
√

2s− a+a), Ĵz(s) := s− a+a

[a, a+] = 1, [a, a] = 0, [a+, a+] = 0, a|n〉 =
√
n|n− 1〉, a+|n〉 =

√
n+ 1|n+ 1〉; 0 ≤ n ≤ 2s

íØ14.4.1. [a, a+] = 1, [a, a] = 0, [a+, a+] = 0

⇒ [Ĵz(s), Ĵ+(s)] = Ĵ+(s), [Ĵz(s), Ĵ−(s)] = −Ĵ−(s), [Ĵ+(s), Ĵ−(s)] = 2Ĵz(s)

y²: [Ĵz(s), Ĵ+(s)]

= (s− a+a)(
√

2s− a+a)a− (
√

2s− a+a)a(s− a+a)

= (s− a+a)(
√

2s− a+a)a− (
√

2s− a+a)(sa− a+aa− a)

= (s− a+a)(
√

2s− a+a)a− (
√

2s− a+a)(s− a+a)a+ (
√

2s− a+a)a

= (
√

2s− a+a)a

y²: [Ĵz(s), Ĵ−(s)]

= (s− a+a)a+(
√

2s− a+a)− a+(
√

2s− a+a)(s− a+a)

= (a+s− a+a+a− a+)(
√

2s− a+a)− a+(
√

2s− a+a)(s− a+a)

= −a+(
√

2s− a+a) + a+(s− a+a)(
√

2s− a+a)− a+(
√

2s− a+a)(s− a+a)

= −a+(
√

2s− a+a)

y²: [Ĵ+(s), Ĵ−(s)]

= (
√

2s− a+a)aa+(
√

2s− a+a)− a+(
√

2s− a+a)(
√

2s− a+a)a

= (
√

2s− a+a)(a+a+ 1)(
√

2s− a+a)− a+(2s− a+a)a

= (
√

2s− a+a)(a+a+ 1)(
√

2s− a+a)− (2sa+a− a+aa+a+ a+a)

= (a+a+ 1)(
√

2s− a+a)(
√

2s− a+a)− [a+a(2s− a+a) + a+a]

= 2s− 2a+a = 2Ĵz(s)

íØ14.4.2. 0 ≤ n ≤ 2sa|n〉 =
√
n|n− 1〉

a+|n〉 =
√
n+ 1|n+ 1〉

⇒


Ĵ+(s)|n〉 =

√
2s+ 1− n

√
n|n− 1〉

Ĵ−(s)|n〉 =
√

2s− n
√
n+ 1|n+ 1〉

Ĵ2(s)|n〉 = s(s+ 1)|n〉, Ĵz(s)|n〉 = (s− n)|n〉

y²: Ĵ−(s)|n〉 := a+(
√

2s− a+a)|n〉 = a+
√

2s− n|n〉 =
√

2s− n
√
n+ 1|n+ 1〉; 0 ≤ n ≤ 2s

y²: Ĵ+(s)|n〉 = (
√

2s− a+a)a|n〉 = (
√

2s− a+a)
√
n|n− 1〉 =

√
2s+ 1− n

√
n|n− 1〉; 0 ≤ n ≤ 2s

y²: Ĵz(s)|n〉 = (s− a+a)|n〉 = (s− n)|n〉; 0 ≤ n ≤ 2s

y²: Ĵ2(s)|n〉 = { 1
2
[Ĵ+(s)Ĵ−(s) + Ĵ−(s)Ĵ+(s)] + Ĵ2

z (s)}|n〉 = s(s+ 1)|n〉; 0 ≤ n ≤ 2s
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íØ14.4.3. 0 ≤ n ≤ 2s
Ĵ+(s) := (

√
2s− a+a)a, Ĵ−(s) := a+(

√
2s− a+a), Ĵz(s) := s− a+a

[a, a+] = 1, [a, a] = 0, [a+, a+] = 0, a|n〉 =
√
n|n− 1〉, a+|n〉 =

√
n+ 1|n+ 1〉

〈n′|n〉 = δn′n,
2s∑
n=0

|n〉〈n| = 1

⇒
[Ĵz(s), Ĵ+(s)] = Ĵ+(s), [Ĵz(s), Ĵ−(s)] = −Ĵ−(s), [Ĵ+(s), Ĵ−(s)] = 2Ĵz(s)

Ĵ+(s)|n〉 =
√

2s+ 1− n
√
n|n− 1〉, Ĵ−(s)|n〉 =

√
2s− n

√
n+ 1|n+ 1〉

Ĵ2(s)|n〉 = s(s+ 1)|n〉, Ĵz(s)|n〉 = (s− n)|n〉, 〈n′|n〉 = δn′n,
2s∑
n=0

|n〉〈n| = 1
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g·µãµ3�Ù¥·í2uÐ
�é¡�I�õ�ª½n§�þ�ÚU#�§ªÚ�þfzk�þâfJ

ø
êÆ|±§Ó�Äu{¤þBehrendsÚFronsdal�EÑ5�úª§¿(ÜgC#�(Ø§��
���©

k¿Â�ÝK�fß�"

1 õ�ª½n9Ù�é¡�Ií2

1.1 "��é¡�I��ªÐm

5�1.1.1.

(A+B)2 = A2 + 2AB +B2

(A−B)2 = A2 − 2AB +B2

(A+B)(A−B) = A2 −B2

(A−B)(A+B) = A2 −B2

½n1.1.1. (A+B)n =
n∑
i=0

CinA
iBn−i

1.2 "��é¡�Iõ�ªÐm

½n1.2.1. (A1 + · ·+Al)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1
1 An2

2 · ·An1

l , n1 + n2 + · ·+nl = n

1.3 ���é¡�I��ªÐm

5�1.3.1.

[A{a1
+B{a1

][Aa2} +Ba2}] = A{a1
Aa2} + 2A{a1

Ba2} +B{a1
Ba2}

[A{a1
−B{a1

][Aa2} −Ba2}] = A{a1
Aa2} − 2A{a1

Ba2} +B{a1
Ba2}

[A{a1
+B{a1

][Aa2} −Ba2}] = A{a1
Aa2} −B{a1

Ba2}

[A{a1
−B{a1

][Aa2} +Ba2}] = A{a1
Aa2} −B{a1

Ba2}

A{a1
Ba2} = A{a2

Ba1}, A{··ai··aj ··} = A{··aj ··ai··}

½n1.3.1. [A{a1
+B{a1

] · ·[Aan} +Ban}] =
n∑
i=0

Cin[A{a1
· ·Aai ][Bai+1

· ·Ban}]

íØ1.3.1. (Aa +Ba)
n =

n∑
i=0

CinA
i
aB

n−i
a

1.4 ���é¡�Iõ�ªÐm

½n1.4.1. [A1{a1
+ · ·+Al{a1

] · ·[A1an} + · ·+Alan}], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1

· ·A1an1
][A2an1+1

· ·A2an1+n2
] · ·[Alan1+··+nl−1+1

· ·Alan}]

íØ1.4.1. (A1a + · ·+Ala)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1
1aA

n2
2 · ·An1

la , n1 + n2 + · ·+nl = n

1.5 ���é¡�I��ªÐm

5�1.5.1.

[A{a1(b1 +B{a1(b1 ][Aa2}b2) +Ba2}b2)] = A{a1(b1Aa2}b2) + 2A{a1(b1Ba2}b2) +B{a1(b1Ba2}b2)

[A{a1(b1 −B{a1(b1 ][Aa2}b2) −Ba2}b2)] = A{a1(b1Aa2}b2) − 2A{a1(b1Ba2}b2) +B{a1(b1Ba2}b2)

[A{a1(b1 +B{a1(b1 ][Aa2}b2) −Ba2}b2)] = A{a1(b1Aa2}b2) −B{a1(b1Ba2}b2)

[A{a1(b1 −B{a1(b1 ][Aa2}b2) +Ba2}b2)] = A{a1(b1Aa2}b2) −B{a1(b1Ba2}b2)
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½n1.5.1. [A{a1(b1 +B{a1(b1 ] · ·[Aan}bn) +Ban}bn)] =
n∑
i=0

Cin[A{a1(b1 · ·Aaibi ][Bai+1bi+1
· ·Ban}bn)]

íØ1.5.1. (Aab +Bab)
n =

n∑
i=0

CinA
i
abB

n−i
ab

1.6 ���é¡�Iõ�ªÐm

½n1.6.1. [A1{a1(b1 + · ·+Al{a1(b1 ] · ·[A1an}bn) + · ·+Alan}bn)], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1(b1 · ·A1an1

bn1
][A2an1+1bn1+1

· ·A2an1+n2
bn1+n2

] · ·[Alan1+··+nl−1+1bn1+··+nl−1+1
· ·Alan}bn)

]

íØ1.6.1. (A1ab + · ·+Alab)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1

1abA
n2

2ab · ·A
nl
lab, n1 + n2 + · ·+nl = n

1.7 õ��é¡�Iõ�ªÐm

½n1.7.1. [A1{a1··(b1 + · ·+Al{a1··(b1 ] · ·[A1an}··bn) + · ·+Alan}··bn)], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1{a1··(b1 · ·A1an1

··bn1
][A2an1+1··bn1+1

· ·A2an1+n2
··bn1+n2

] · ·[Alan1+··+nl−1+1··bn1+··+nl−1+1
· ·Alan}··bn)]

íØ1.7.1. (A1a··b + · ·+Ala··b)n =
∑

n1n2··nl

n!
n1!n2!··nl!A

n1

1abA
n2

2a··b · ·A
nl
la··b, n1 + n2 + · ·+nl = n

1.8 �é¡�Iõ�ª5�

íØ1.8.1.

[A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) + 2A{a1

Ba2}A(b1Bb2) +B{a1
Ba2}A(b1Ab2)

íØ1.8.2.

[A{a1
B(b1 −B{a1

A(b1 ][Aa2}Bb2) −Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) − 2A{a1

Ba2}A(b1Bb2) +B{a1
Ba2}A(b1Ab2)

íØ1.8.3. [A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) −Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) −B{a1

Ba2}A(b1Ab2)

íØ1.8.4. [A{a1
B(b1 −B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] = A{a1
Aa2}B(b1Bb2) −B{a1

Ba2}A(b1Ab2)

½n1.8.1. [A{a1
B(b1 +B{a1

A(b1 ] · ·[Aan}Bbn) +Ban}Abn)] =
n∑
i=0

Cin[A{a1
· ·AaiBai+1

· ·Ban}][B(b1 · ·BbiAbi+1
· ·Abn)]

½n1.8.2. [A{a1
B(b1 −B{a1

A(b1 ] · ·[Aan}Bbn) −Ban}Abn)]

=
n∑
i=0

(−1)n−iCin[A{a1
· ·AaiBai+1

· ·Ban}][B(b1 · ·BbiAbi+1
· ·Abn)]

½n1.8.3. [A{a1
B(b1 +B{a1

A(b1 + C{a1
C(b1 ] · ·[Aan}Bbn) +Ban}Abn) + Can}Cbn)]

=
∑

n1n2··nl

n!
n1!n2!··nl! [A{a1

· ·Aan1
Ban1+1

· ·Bn1+n2
Can1+n2+1

· ·Can}][B(b1 · ·Bbn1
Abn1+1

· ·An1+n2
Cbn1+n2+1

· ·Cbn)]

íØ1.8.5. [A{a1
B(b1 +B{a1

A(b1 + C{a1
C(b1 ][Aa2}Bb2) +Ba2}Ab2) + Ca2}Cb2)]

= [A{a1
B(b1 +B{a1

A(b1 ][Aa2}Bb2) +Ba2}Ab2)] + 2[A{a1
B(b1 +B{a1

A(b1 ]Ca2}Cb2) + [C{a1
Ca2}][C(b1Cb2)]

= A{a1
Aa2}B(b1Bb2) +B{a1

Ba2}A(b1Ab2) + C{a1
Ca2}C(b1Cb2)

+ 2A{a1
Ba2}A(b1Bb2) + 2A{a1

Ca2}B(b1Cb2) + 2B{a1
Ca2}A(b1Cb2)

2 õ�ª½n9Ù�é¡�Ií2

2.1 ���é¡�I��ªÐm

5�2.1.1.

[A[a1
+B[a1

][Aa2] +Ba2]] = 0

[A[a1
−B[a1

][Aa2] −Ba2]] = 0

[A[a1
+B[a1

][Aa2] −Ba2]] = 2B[a1
Aa2]

[A[a1
−B[a1

][Aa2] +Ba2]] = 2A[a1
Ba2]

½n2.1.1. [A[a1
+B[a1

] · ·[Aan] +Ban]] = 0
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2.2 ���é¡�Iõ�ªÐm

½n2.2.1. [A1[a1
+ · ·+Al[a1

] · ·[A1an] + · ·+Alan]] = 0

2.3 �é¡�I��ªÐm

5�2.3.1.

[A[a1〈b1 +B[a1〈b1 ][Aa2]b2〉 +Ba2]b2〉] = A[a1〈b1Aa2]b2〉 + 2A[a1〈b1Ba2]b2〉 +B[a1〈b1Ba2]b2〉

[A[a1〈b1 −B[a1〈b1 ][Aa2]b2〉 −Ba2]b2〉] = A[a1〈b1Aa2]b2〉 − 2A[a1〈b1Ba2]b2〉 +B[a1〈b1Ba2]b2〉

[A[a1〈b1 +B[a1〈b1 ][Aa2]b2〉 −Ba2]b2〉] = A[a1〈b1Aa2]b2〉 −B[a1〈b1Ba2]b2〉

[A[a1〈b1 −B[a1〈b1 ][Aa2]b2〉 +Ba2]b2〉] = A[a1〈b1Aa2]b2〉 −B[a1〈b1Ba2]b2〉

½n2.3.1. [A[a1〈b1 +B[a1〈b1 ] · ·[Aan]bn〉 +Ban]bn〉] =
n∑
i=1

Cin[A[a1〈b1 · ·Aaibi ][Bai+1bi+1
· ·Ban]bn〉]

íØ2.3.1. [A[a1
B〈b1 +B[a1

A〈b1 + C[a1
C〈b1 ][Aa2]Bb2〉 +Ba2]Ab2〉 + Ca2]Cb2〉]

= 2A[a1
Ba2]A〈b1Bb2〉 + 2A[a1

Ca2]B〈b1Cb2〉 + 2B[a1
Ca2]A〈b1Cb2〉

2.4 �é¡�Iõ�ªÐm(��?)

½n2.4.1. [A1[a1〈b1 + · ·+Al[a1〈b1 ] · ·[A1an]bn〉 + · ·+Alan]bn〉], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1[a1〈b1 · ·A1an1

bn1
][A2an1+1bn1+1

· ·A2an1+n2
bn1+n2

] · ·[Alan1+··+nl−1+1bn1+··+nl−1+1
· ·Alan]bn〉]

½n2.4.2. óê�Iµ[A1[a1··〈b1 + · ·+Al[a1··〈b1 ] · ·[A1an]··bn〉 + · ·+Alan]··bn〉], n1 + n2 + · ·+nl = n

=
∑

n1n2··nl

n!
n1!n2!··nl! [A1[a1··〈b1 · ·A1an1

··bn1
][A2an1+1··bn1+1

· ·A2an1+n2
··bn1+n2

] · ·[Alan1+··+nl−1+1··bn1+··+nl−1+1
· ·Alan]··bn〉]

3 g^-nâfKlein-Gordon�§ [23]ÝK�f

3.1 g^-nâfKlein-Gordon�§ÝK�f�²;Lã

íØ3.1.1.
−2∑
h=2

(−1)hε{a1a2}(~p, h)ε(b1b2)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2}(~p, h)εb2)(~p,−h)]

− 1
3
[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2}(~p,−h)][

−1∑
h=1

(−1)hε(b1(~p, h)εb2)(~p,−h)]

íØ3.1.2.
−3∑
h=3

(−1)hε{a1a2a3}(~p, h)ε(b1b2b3)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2
(~p, h)εb2(~p,−h)][

−1∑
h=1

(−1)hεa3}(~p, h)εb3)(~p,−h)]

− 3
5
[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)][
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)][
−1∑
h=1

(−1)hεa3}(~p, h)εb3)(~p,−h)]

íØ3.1.3.
−4∑
h=4

(−1)hε{a1a2a3a4}(~p, h)ε(b1b2b3b4)(~p,−h)

= [
−1∑
h=1

(−1)hε{a1
(~p, h)ε(b1(~p,−h)][

−1∑
h=1

(−1)hεa2
(~p, h)εb2(~p,−h)][

−1∑
h=1

(−1)hεa3
(~p, h)εb3(~p,−h)]

[
−1∑
h=1

(−1)hεa4}(~p, h)εb4)(~p,−h)]− 6
7
[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)][
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)]

[
−1∑
h=1

(−1)hεa3
(~p, h)εb3(~p,−h)][

−1∑
h=1

(−1)hεa4}(~p, h)εb4)(~p,−h)] + 3
35

[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)]

[
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)][
−1∑
h=1

(−1)hεa3
(~p, h)εa4}(~p,−h)][

−1∑
h=1

(−1)hεb3(~p, h)εb4)(~p,−h)]
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ß�3.1.1.
−n∑
h=n

(−1)hε{a1a2··an}(~p, h)ε(b1b2··bn)(~p,−h) =
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[
−1∑
h=1

(−1)hε{a1
(~p, h)εa2

(~p,−h)][
−1∑
h=1

(−1)hε(b1(~p, h)εb2(~p,−h)] · ·

[
−1∑
h=1

(−1)hεa2r−1
(~p, h)εa2r

(~p,−h)][
−1∑
h=1

(−1)hεb2r−1
(~p, h)εb2r(~p,−h)]}

[
−1∑
h=1

(−1)hεa2r+1
(~p, h)εb2r+1

(~p,−h)] · ·[
−1∑
h=1

(−1)hεan}(~p, h)εbn}(~p,−h)]

=
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·

[Ca2r−1
Ca2r

−Aa2r−1
Ba2r

−Ba2r−1
Aa2r

][Cb2r−1
Cb2r −Ab2r−1

Bb2r −Bb2r−1
Ab2r ]}

[Ca2r+1
Cb2r+1

−Aa2r+1
Bb2r+1

−Ba2r+1
Ab2r+1

] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

±þß�´lBehrendsÚFronsdal�EÑ5�úª [29, 30]�dC/L5�§¿vkî�/�y²§��þ�´

��ß�§§´�¡éõ�(Ø�cJ^�"

3.2 g^-nâfKlein-Gordon�§ÝK�f�½ÂLã

AO(²�:§�!¦^
c¡Ù!�(Ø§,�|^§��Ñ
�ß�"

½Â3.2.1. A = ε(~p, 1), B = ε(~p,−1), C = ε(~p, 0)

íØ3.2.1. Ar,n = (− 1
2
)r n!(2n−2r−1)!!
r!(n−2r)!(2n−1)!!

= (−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

½n3.2.1. ε{a1a2··an}(~p, n− 2k)

= 1√
C2k

2n

k|(n−k)∑
i=0

(
√

2)2in!
(n−k−i)!(k−i)!(2i)! [A{a1

· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i
][Can+1−2i

· ·Can}]

½n3.2.2. ε{a1a2··an}(~p, n− 2k − 1)

= 1√
C2k+1

2n

k|(n−1−k)∑
i=0

(
√

2)2i+1n!
(n−k−i−1)!(k−i)!(2i+1)!

[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]

½n3.2.3. ε{a1a2··an}(~p, n− 2k)ε(b1b2··bn)(~p, n− 2(n− k))

= 1
C2k

2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

½n3.2.4. ε{a1a2··an}(~p, n− 2k − 1)ε(b1b2··bn)(~p, n− 2(n− 1− k)− 1)

= 1

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

½n3.2.5.
−n∑
h=n

(−1)hε{a1a2··an}(~p, h)ε(b1b2··bn)(~p,−h)

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

±þù
½n´·�<ÏL8BÁ&JÑ5�§¿®²3c¡Ù!î�y²
§�"

3.3 g^-nâfKlein-Gordon�§ÝK�f��ß�

ß�3.3.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·
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[Ca2r−1
Ca2r

−Aa2r−1
Ba2r

−Ba2r−1
Aa2r

][Cb2r−1
Cb2r −Ab2r−1

Bb2r −Bb2r−1
Ab2r ]}

[Ca2r+1
Cb2r+1

−Aa2r+1
Bb2r+1

−Ba2r+1
Ab2r+1

] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

±þß�´lBehrendsÚFronsdal�EÑ5�úª(ß�) [29, 30]Ú·�<þ!JÑ�½n�(Ü���§§

´�¡éõ�(Ø�cJ^�§éõ�/e�yÑ´�(�§8c�v���~"�XJ�î�y²§§%I

�ky²BehrendsÚFronsdal�EÑ5�úª§8c·��Ø�ù�:"�,XJdß�ÏLÙ¦�{��y

²§@oBehrendsÚFronsdal�EÑ5�úªÒ�±��î��y²"

4 lÔn�êÆÄ�µÝK�fß�
�!A,B,CØ2A�§����é´Cþ"

4.1 lg^-nâfKlein-Gordon�§ÝK�fÚÑ�êÆß�

ß�4.1.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

+ C{a1
Ca2

][A(b1Bb2 +B(b1Ab2 + C(b1Cb2 ] · ·
[Aa2r−1

Ba2r
+Ba2r−1

Aa2r
+ Ca2r−1

Ca2r
][Ab2r−1

Bb2r +Bb2r−1
Ab2r + Cb2r−1

Cb2r ]}
[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
+ Ca2r+1

Cb2r+1
] · ·[Aan}Bbn) +Ban}Abn) + Can}Cbn)]

=
n∑
k=0

1
C2k

2n

k|(n−k)∑
i,j=0

(−2)i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

1

C2k+1
2n

k|(n−1−k)∑
i,j=0

(−2)i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−i−1
][Abn−k−i · ·Abn−2i−1

][Cbn−2i
· ·Cbn)]}

±þ´����ß�§XJ§¤á§Kþ!�ß�g,¤á"

íØ4.1.1. C = 0⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

=
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)!

[A{a1
· ·Aan−kBan+1−k · ·Ban}][B(b1 · ·Bbn−kAbn+1−k · ·Abn)]

4.2 ÝK�fß����#|ÜÆð�ª

íØ4.2.1. A = 0, B = 0, C = ±1⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

= 2n

íØ4.2.2. A = ±1, B = ±1, C = 0⇒
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

=
n∑
k=0

1
2n

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)!

= 2n

íØ4.2.3.
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)!

=
n∑
k=0

Ck2kC
n−k
2n−2k = 22n,

n∑
k=0

(2k−1)!!
(2k)!!

(2n−2k−1)!!
(2n−2k)!!

= 1

4.3 ±þ|ÜÆð�ª�íØ

íØ4.3.1.
n∑
k=0

Ck2kC
n−k
2n−2k = 22n ⇔

n∑
k=0

(Ckn)2

C2k
2n

= 22n

Cn2n
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íØ4.3.2.
n∑
k=0

Ck2kC
n−k
2n−2k = 22n ⇔

n∑
k=0

Ck2kC
n−k
2n−2k

n−k+1
= 1

2
Cn+1

2n+2 ⇔
n∑
k=0

Ck2kC
n−k
2n−2k

k+1
= 1

2
Cn+1

2n+2

y²:
n∑
k=0

Ck2kC
n−k
2n−2k = 22n

⇔ 22n+2 =
n+1∑
k=0

Ck2kC
n+1−k
2n+2−2k

= Cn+1
2n+2C

0
0 +

n∑
k=0

Ck2kC
n+1−k
2n+2−2k

= Cn+1
2n+2C

0
0 +

n∑
k=0

Ck2kC
n−k
2n−2k

(2n+2−2k)(2n+1−2k)
(n+1−k)2

= Cn+1
2n+2C

0
0 +

n∑
k=0

2Ck2kC
n−k
2n−2k(2− 1

n+1−k )

= Cn+1
2n+2C

0
0 + 22n+2 −

n∑
k=0

Ck2kC
n−k
2n−2k

2
n+1−k

⇔
n∑
k=0

Ck2kC
n−k
2n−2k

2
n+1−k = Cn+1

2n+2 ⇔
n∑
k=0

Ck2kC
n−k
2n−2k

2
k+1

= Cn+1
2n+2

⇔
n∑
k=0

Ck2kC
n−k
2n−2k

n−k+1
= 1

2
Cn+1

2n+2 ⇔
n∑
k=0

Ck2kC
n−k
2n−2k

k+1
= 1

2
Cn+1

2n+2

———————————————————————————————————–

íØ4.3.3.
n∑
k=0

Ck2kC
n−k
2n−2k = 22n ⇔

n∑
k=0

Ck2kC
n−k
2n−2k

k+1
= 1

2
Cn+1

2n+2 ⇔
n∑
k=0

Ck2kC
n−k
2n−2k

(k+1)(n−k+1)
= 1

n+2
Cn+1

2n+2(kA=ê)

y²: Cn+2
2n+4 =

n+1∑
k=0

Ck2kC
n+1−k
2n+2−2k

2
k+1

= Cn+1
2n+2C

0
0

2
n+2

+
n∑
k=0

Ck2kC
n+1−k
2n+2−2k

2
k+1

= Cn+1
2n+2C

0
0

2
n+2

+
n∑
k=0

2Ck2kC
n−k
2n−2k(2− 1

n+1−k ) 1
k+1

= Cn+1
2n+2C

0
0

2
n+2

+
n∑
k=0

4Ck2kC
n−k
2n−2k

2
k+1
−

n∑
k=0

Ck2kC
n−k
2n−2k

2
n+1−k

2
k+1

= Cn+1
2n+2

2
n+2

+ 4Cn+1
2n+2 −

n∑
k=0

Ck2kC
n−k
2n−2k

2
n+1−k

2
k+1

⇔
n∑
k=0

Ck2kC
n−k
2n−2k

2
n+1−k

2
k+1

= Cn+1
2n+2

2
n+2

+ 4Cn+1
2n+2 − Cn+2

2n+4

⇔
n∑
k=0

Ck2kC
n−k
2n−2k

2
k+1

2
n−k+1

= 4
n+2

Cn+1
2n+2

⇔
n∑
k=0

Ck2kC
n−k
2n−2k

(k+1)(n−k+1)
= 1

n+2
Cn+1

2n+2(kA=ê§�½¤á¶�í§K�'·K�Ñ¤á")

———————————————————————————————————–

íØ4.3.4.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

= 2n ⇔
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n+1−2r)!

= (−1)[n/2] (n−2[n/2])
2n

C
[n/2]+1
2[n/2]+2

⇔
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n+2−2r)!

= (−1)[n/2] (n−2[n/2])
2n

C
[n/2]+1
2[n/2]+2 + (−1)[(n+1)/2] (n+1−2[(n+1)/2])

(2n+2)(2n−2)
C

[(n+1)/2]+1
2[(n+1)/2]+2

y²: 2n+1 =
[(n+1)/2]∑
r=0

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+1−2r)!

=
[n/2]∑
r=0

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+1−2r)!

+
[(n+1)/2]∑
r=[n/2]+1

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+1−2r)!

=
[n/2]∑
r=0

(−1)r (2n+2−2r)(2n+1−2r)(2n−2r)!
r!(n+1−r)(n−r)!(n+1−2r)(n−2r)!

+ (−1)[n/2]+1 (n−2[n/2])(2[n/2]+2)!
([n/2]+1)!([n/2]+1)!

=
[n/2]∑
r=0

(−1)r 2(2n+1−2r)
(n+1−2r)

(2n−2r)!
r!(n−r)!(n−2r)!

+ (−1)[n/2]+1 (n−2[n/2])(2[n/2]+2)!
([n/2]+1)!([n/2]+1)!

=
[n/2]∑
r=0

(−1)r[2 + 2n
(n+1−2r)

] (2n−2r)!
r!(n−r)!(n−2r)!

+ (−1)[n/2]+1 (n−2[n/2])(2[n/2]+2)!
([n/2]+1)!([n/2]+1)!
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= 2n+1 +
[n/2]∑
r=0

(−1)r 2n
(n+1−2r)

(2n−2r)!
r!(n−r)!(n−2r)!

+ (−1)[n/2]+1 (n−2[n/2])(2[n/2]+2)!
([n/2]+1)!([n/2]+1)!

⇔
[n/2]∑
r=0

(−1)r 2n
(n+1−2r)

(2n−2r)!
r!(n−r)!(n−2r)!

= (−1)[n/2] (n−2[n/2])(2[n/2]+2)!
([n/2]+1)!([n/2]+1)!

⇔
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n+1−2r)!

= (−1)[n/2] (n−2[n/2])(2[n/2]+2)!
2n([n/2]+1)!([n/2]+1)!

⇔
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n+1−2r)!

= (−1)[n/2] (n−2[n/2])
2n

C
[n/2]+1
2[n/2]+2

y²: (−1)[(n+1)/2] (n+1−2[(n+1)/2])
2n+2

C
[(n+1)/2]+1
2[(n+1)/2]+2

=
[(n+1)/2]∑
r=0

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+2−2r)!

=
[n/2]∑
r=0

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+2−2r)!

+
[(n+1)/2]∑
r=[n/2]+1

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+2−2r)!

=
[n/2]∑
r=0

(−1)r (2n+2−2r)!
r!(n+1−r)!(n+2−2r)!

+ (−1)[n/2]+1(n− 2[n/2])C
[n/2]+1
2[n/2]+2

=
[n/2]∑
r=0

(−1)r (2n+2−2r)(2n+1−2r)(2n−2r)!
r!(n+1−r)(n−r)!(n+2−2r)(n+1−2r)!

+ (−1)[n/2]+1(n− 2[n/2])C
[n/2]+1
2[n/2]+2

=
[n/2]∑
r=0

(−1)r[2 + 2(n−1)
(n+2−2r)

] (2n−2r)!
r!(n−r)!(n+1−2r)!

+ (−1)[n/2]+1(n− 2[n/2])C
[n/2]+1
2[n/2]+2

=
[n/2]∑
r=0

(−1)r 2(n−1)(2n−2r)!
r!(n−r)!(n+2−2r)!

+ (−1)[n/2] (n−2[n/2])
n

C
[n/2]+1
2[n/2]+2 + (−1)[n/2]+1(n− 2[n/2])C

[n/2]+1
2[n/2]+2

=
[n/2]∑
r=0

(−1)r 2(n−1)(2n−2r)!
r!(n−r)!(n+2−2r)!

− (−1)[n/2] (n−1)(n−2[n/2])
n

C
[n/2]+1
2[n/2]+2

⇔
[n/2]∑
r=0

(−1)r 2(n−1)(2n−2r)!
r!(n−r)!(n+2−2r)!

= (−1)[n/2] (n−1)(n−2[n/2])
n

C
[n/2]+1
2[n/2]+2 + (−1)[(n+1)/2] (n+1−2[(n+1)/2])

2n+2
C

[(n+1)/2]+1
2[(n+1)/2]+2

⇔
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n+2−2r)!

= (−1)[n/2] (n−2[n/2])
2n

C
[n/2]+1
2[n/2]+2 + (−1)[(n+1)/2] (n+1−2[(n+1)/2])

(2n+2)(2n−2)
C

[(n+1)/2]+1
2[(n+1)/2]+2

4.4 kA=ê

Ún4.4.1. g(x) := 1−(1−4x)1/2

2
=
∞∑
k=0

Ck2k
k+1

xk+1, g′(x) := (1− 4x)−1/2 =
∞∑
k=0

Ck2kx
k

4.5 ÝK�fß��C(2i,2j)��/

½n4.5.1.
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr {[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

+Ba2i−2l+1
Aa2i−2l+2

] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

]

Cj−lr [C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

+Bb2j−2l+1
Ab2j−2l+2

] · ·[Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C2l
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l

Bbn−2l
+Ban−2l

Abn−2l
][Can−2l+1

Cbn−2l+1
] · ·[Can}Cbn)]

= n!n!
(2n)!

≤n−i|j∑
k≥i|j

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

±þ´'u(AB +BA), CC.���ªÐm�©1¹(2i)!(2j)!��ð�ª"

íØ4.5.1.
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr 2r+l−iCj−lr 2r+l−jC2l
n−2r

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]

[C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

] · ·[Ab2r−1
Bb2r ]

[Aa2r+1
Bb2r+1

+Ba2r+1
Ab2r+1

] · ·[Aan−2l
Bbn−2l

+Ban−2l
Abn−2l

][Can−2l+1
Cbn−2l+1

] · ·[Can}Cbn)]

= n!n!
(2n)!

≤n−i|j∑
k≥i|j

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}
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íØ4.5.2. A = 1, B = 1, C = 1⇒
[n/2]∑
r=0

≤i,j,n/2−r∑
l≥0,i|j−r

(−1)r+i+j (2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr Cj−lr C2l
n−2r =

≤n−i|j∑
k≥i|j

22i+2j−n

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

íØ4.5.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r n!n!

(2n)!
(2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr 2r+l−iCj−lr 2r+l−jC2l

n−2rC
k−r−l
n−2r−2l

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]

[C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

] · ·[Ab2r−1
Bb2r ]

[Aa2r+1
Bb2r+1

] · ·[Aan+r−l−kBbn+r−l−k ][Ban+r−l−k+1
Abn+r−l−k+1

] · ·[Ban−2l
Abn−2l

][Can−2l+1
Cbn−2l+1

] · ·[Can}Cbn)]

= n!n!
(2n)!

n∑
k=0

(−2)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

⇔
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l

n−2rC
k−r−l
n−2r−2l = 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

±þ���ª´'u1k��ð�ª"

4.6 ÝK�fß��C(2i+1,2j+1)��/

½n4.6.1.
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr {[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

+Ba2i−2l+1
Aa2i−2l+2

] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

]

Cj−lr [C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

+Bb2j−2l+1
Ab2j−2l+2

] · ·[Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C2l+1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l−1

Bbn−2l−1
+Ban−2l−1

Abn−2l−1
][Can−2l

Cbn−2l
] · ·[Can}Cbn)]

= −
≤n−1−i|j∑
k≥i|j

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

±þ´'u(AB +BA), CC.���ªÐm�©1¹(2i+ 1)!(2j + 1)!��ð�ª"

íØ4.6.1.
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr 2r+l−iCj−lr 2r+l−jC2l+1
n−2r

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]

[C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

] · ·[Ab2r−1
Bb2r ]

[Aa2r+1
Bb2r+1

+Ba2r+1
Ab2r+1

] · ·[Aan−2l−1
Bbn−2l−1

+Ban−2l−1
Abn−2l−1

][Can−2l
Cbn−2l

] · ·[Can}Cbn)]

= −
≤n−1−i|j∑
k≥i|j

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

íØ4.6.2. A = 1, B = 1, C = 1⇒
[n/2]∑
r=0

≤i,j,(n−1)/2−r∑
l≥0,i|j−r

(−1)r+i+j (2n−2r)!
r!(n−r)!(n−2r)!

Ci−lr Cj−lr C2l+1
n−2r =

≤n−1−i|j∑
k≥i|j

22i+2j+2−n

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

íØ4.6.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r n!n!

(2n)!
(2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr 2r+l−iCj−lr 2r+l−jC2l+1

n−2rC
k−r−l
n−2r−2l−1

[C{a1
Ca2

] · ·[Ca2i−2l−1
Ca2i−2l

][Aa2i−2l+1
Ba2i−2l+2

] · ·[Aa2r−1
Ba2r

]

[C(b1Cb2 ] · ·[Cb2j−2l−1
Cb2j−2l

][Ab2j−2l+1
Bb2j−2l+2

] · ·[Ab2r−1
Bb2r ]

[Aa2r+1
Bb2r+1

] · ·[Aan+r−l−k−1
Bbn+r−l−k−1

][Ban+r−l−kAbn+r−l−k ] · ·[Ban−2l−1
Abn−2l−1

][Can−2l
Cbn−2l

] · ·[Can}Cbn)]

= −
n−1∑
k=0

n!n!
(2n)!

(−2)i+j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

⇔
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

±þ���ª´'u1k��ð�ª"
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4.7 �ÝK�fß��d�|ÜÆð�ª

½n4.7.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[C{a1
Ca2
−A{a1

Ba2
−B{a1

Aa2
][C(b1Cb2 −A(b1Bb2 −B(b1Ab2 ] · ·

[Ca2r−1
Ca2r

−Aa2r−1
Ba2r

−Ba2r−1
Aa2r

][Cb2r−1
Cb2r −Ab2r−1

Bb2r −Bb2r−1
Ab2r ]}

[Ca2r+1
Cb2r+1

−Aa2r+1
Bb2r+1

−Ba2r+1
Ab2r+1

] · ·[Can}Cbn) −Aan}Bbn) −Ban}Abn)]

=
n∑
k=0

(−1)n

C2k
2n

k|(n−k)∑
i,j=0

2i+jn!n!
(n−k−i)!(n−k−j)!(k−i)!(k−j)!(2i)!(2j)!

{[A{a1
· ·Aan−k−i ][Ban+1−k−i · ·Ban−2i

][Can+1−2i
· ·Can}]}{[B(b1 · ·Bbn−k−j ][Abn+1−k−j · ·Abn−2j

][Cbn+1−2j
· ·Cbn)]}

−
n−1∑
k=0

(−1)n

C2k+1
2n

k|(n−1−k)∑
i,j=0

2i+j+1n!n!
(n−k−i−1)!(n−k−j−1)!(k−i)!(k−j)!(2i+1)!(2j+1)!

{[A{a1
· ·Aan−k−i−1

][Ban−k−i · ·Ban−2i−1
][Can−2i

· ·Can}]}{[B(b1 · ·Bbn−k−j−1
][Abn−k−j · ·Abn−2j−1

][Cbn−2j
· ·Cbn)]}

⇔

[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l

n−2rC
k−r−l
n−2r−2l

= 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

XJ±þü�|ÜÆð�ª¤á§KÝK�fß�Úc!��ß�Ñg,¤á"

4.8 ÝK�f|ÜÆð�ª��d©Û

íØ4.8.1.

[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j 22r+2l(2n−2r)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j 22r+2l(2n−2r)!

(n−r)!(n−k−r−l−1)!(k−r−l)!(2l+1)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!⇔

k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−4)r 4l(2n−2r)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= (−4)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−4)r 4l(2n−2r+1)!

(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!
r!

(i−l)!(j−l)!(r+l−i)!(r+l−j)!

= (−4)i+j

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k+1)!

(n−k−i)!(n−k−j)!(n− 1→ n)

XJ±þü�|ÜÆð�ª¤á§KÝK�fß�Úc!��ß�Ñg,¤á"ù�ß�²w��
4�{

z§e�ÚÒ´�ãåy²±þü�|ÜÆð�ª§�·k�m25�ù�¯"

4.9 ÝK�f|ÜÆð�ª�î�y²Á&ººº

½n4.9.1.
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑
l≥0,(i|j)−r

] (−4)r4l(2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

y²: k ≤ n− k, i ≥ j;��§K�dO�µk′ ≤ n− k′, i′ ≥ j′, k′ = n− k, i′ = j, j′ = i
k|(n−k)∑
r=0

i|j∑
l=0

(−4)r4l (2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)!

=
j∑
l=0

k∑
r=0

(−4)r4l (2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)!
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=
j∑
l=0

4l

(i−l)!(j−l)!(2l)!

k∑
r=i−l

(−4)r (2n−2r)!
(n−r)!(n−k−r−l)!(k−r−l)!

r!
(r+l−i)!(r+l−j)!

=
j∑
l=0

4l

(i−l)!(j−l)!(2l)!

k+l−i∑
r=0

(−4)r−l+i (2n+2l−2r−2i)!
(n+l−r−i)!(n−k−r−l+l−i)!(k−r−l+l−i)!

(r−l+i)!
(r+l−i−l+i)!(r+l−j−l+i)!

=
j∑
l=0

(−1)l(−4)i

(i−l)!(j−l)!(2l)!

k−i∑
r=0

(−4)r (2n+2l−2r−2i)!
(n+l−r−i)!(n−k−r−i)!(k−r−i)!

(r−l+i)!
r!(r+i−j)!

=
j∑
l=0

(−1)l(−4)i

(i−l)!(j−l)!(2l)!(k−i)!

k−i∑
r=0

(−1)rCrk−i4
r (2n+2l−2r−2i)!

(n+l−r−i)!(n−k−r−i)!
(r−l+i)!
(r+i−j)!

⇒ tr = 4r (2n+2l−2r−2i)!
(n+l−r−i)!(n−k−r−i)!

(r−l+i)!
(r+i−j)! , t0 = (2n+2l−2i)!

(n+l−i)!(n−k−i)!
(i−l)!
(i−j)! ,

tr+1

tr
=

4r+1 (2n+2l−2r−2i−2)!
(n+l−r−i−1)!(n−k−r−i−1)!

(r−l+i+1)!
(r+i−j+1)!

4r
(2n+2l−2r−2i)!

(n+l−r−i)!(n−k−r−i)!
(r−l+i)!
(r+i−j)!

=
4

(r−l+i+1)
(r+i−j+1)

(2n+2l−2r−2i)(2n+2l−2r−2i−1)
(n+l−r−i)(n−k−r−i)

= (i−l+1+r)(i+k−n+r)
(i−j+1+r)(i+1/2−n−l+r)

⇒ tr = (i−l+1)(r)(i+k−n)(r)

(i−j+1)(r)(i+1/2−n−l)(r)

(2n+2l−2i)!
(n+l−i)!(n−k−i)!

(i−l)!
(i−j)!

½n4.9.2.
k|(n−k)∑
r=0

[
≤i,j,k−r,n−r−k∑
l≥0,(i|j)−r

] (−4)r4l(2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)! = (−4)i+j

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k+1)!

(n−k−i)!(n−k−j)!

y²: k ≤ n− k, i ≥ j;��§K�dO�µk′ ≤ n− k′, i′ ≥ j′, k′ = n− k, i′ = j, j′ = i
k|(n−k)∑
r=0

i|j∑
l=0

(−4)r4l (2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)!

=
j∑
l=0

k∑
r=0

(−4)r4l (2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(i−l)!(j−l)!(r+l−i)!(r+l−j)!

=
j∑
l=0

4l

(i−l)!(j−l)!(2l+1)!

k∑
r=i−l

(−4)r (2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!

r!
(r+l−i)!(r+l−j)!

=
j∑
l=0

4l

(i−l)!(j−l)!(2l+1)!

k+l−i∑
r=0

(−4)r−l+i (2n+2l−2r−2i+1)!
(n+l−r−i)!(n−k−r−l+l−i)!(k−r−l+l−i)!

(r−l+i)!
(r+l−i−l+i)!(r+l−j−l+i)!

=
j∑
l=0

(−1)l(−4)i

(i−l)!(j−l)!(2l+1)!

k−i∑
r=0

(−4)r (2n+2l−2r−2i+1)!
(n+l−r−i)!(n−k−r−i)!(k−r−i)!

(r−l+i)!
r!(r+i−j)!

=
j∑
l=0

(−1)l(−4)i

(i−l)!(j−l)!(2l+1)!(k−i)!

k−i∑
r=0

(−1)rCrk−i4
r (2n+2l−2r−2i+1)!

(n+l−r−i)!(n−k−r−i)!
(r−l+i)!
(r+i−j)!

⇒ tr = 4r (2n+2l−2r−2i+1)!
(n+l−r−i)!(n−k−r−i)!

(r−l+i)!
(r+i−j)! , t0 = (2n+2l−2i+1)!

(n+l−i)!(n−k−i)!
(i−l)!
(i−j)! ,

tr+1

tr
=

4r+1 (2n+2l−2r−2i−1)!
(n+l−r−i−1)!(n−k−r−i−1)!

(r−l+i+1)!
(r+i−j+1)!

4r
(2n+2l−2r−2i+1)!

(n+l−r−i)!(n−k−r−i)!
(r−l+i)!
(r+i−j)!

=
4

(r−l+i+1)
(r+i−j+1)

(2n+2l−2r−2i)(2n+2l−2r−2i+1)
(n+l−r−i)(n−k−r−i)

= (i−l+1+r)(i+k−n+r)
(i−j+1+r)(i−1/2−n−l+r)

⇒ tr = (i−l+1)(r)(i+k−n)(r)

(i−j+1)(r)(i−1/2−n−l)(r)

(2n+2l−2i+1)!
(n+l−i)!(n−k−i)!

(i−l)!
(i−j)!

4.10 ÝK�f|ÜÆð�ªA~�Á&

y²:
n∑
k=0

(2k+1)!
(k−i)!(k−j)!

(2n−2k+1)!
(n−k−i)!(n−k−j)! = (2n+2)!

(n−2i)!(n−2j)!

n∑
k=0

Ck−in−2iC
k−j
n−2j

C2k
2n+2

=
n∑
k=0

(2k + 1)(2n− 2k + 1) (2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! =?

y²:
n∑
k=0

(2k)!
(k−i)!(k−j)!

(2n−2k)!
(n−k−i)!(n−k−j)! = (2n)!

(n−2i)!(n−2j)!

n∑
k=0

Ck−in−2iC
k−j
n−2j

C2k
2n

y²:
n∑
k=0

(2k)!
(k−i)!(k−i)!

(2n−2k)!
(n−k−i)!(n−k−i)! = (2n)!

(n−2i)!(n−2i)!

n∑
k=0

(Ck−in−2i)
2

C2k
2n

———————————————————————————

y²:
2l∑
k=0

(2k)!
(k−i)!(k−i)!

(4l−2k)!
(2l−k−i)!(2l−k−i)! =?
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y²:
2l∑
k=0

(2k)!
(k−l)!(k−l)!

(4l−2k)!
(2l−k−l)!(2l−k−l)!

=
2l∑
k=0

(2k)!
(k−l)!(k−l)!

(4l−2k)!
(l−k)!(l−k)!

=
2l∑
k=0

(Ck−l0 )2

C2k
4l

(4l)!
0!0!

= (2l)!
(l−l)!(l−l)!

(4l−2l)!
(l−l)!(l−l)! = [(2l)!]2

y²:
2l∑
k=0

(2k)!
(k−l+1)!(k−l+1)!

(4l−2k)!
(2l−k−l+1)!(2l−k−l+1)!

=
2l∑
k=0

(2k)!
(k−l+1)!(k−l+1)!

(4l−2k)!
(l+1−k)!(l+1−k)!

=
2l∑
k=0

(Ck−l+1
2 )2

C2k
4l

(4l)!
2!2!

= (2l−2)!
0!0!

(2l+2)!
2!2!

+ (2l)!
1!1!

(2l)!
1!1!

+ (2l+2)!
2!2!

(2l−2)!
0!0!

y²:
2l∑
k=0

(2k)!
(k−l+2)!(k−l+2)!

(4l−2k)!
(2l−k−l+2)!(2l−k−l+2)!

=
2l∑
k=0

(2k)!
(k−l+2)!(k−l+2)!

(4l−2k)!
(l+2−k)!(l+2−k)!

=
2l∑
k=0

(Ck−l+2
4 )2

C2k
4l

(4l)!
4!4!

= (2l−4)!
0!0!

(2l+4)!
4!4!

+ (2l−2)!
1!1!

(2l+2)!
3!3!

+ (2l)!
2!2!

(2l)!
2!2!

+ (2l+2)!
3!3!

(2l−2)!
1!1!

+ (2l+4)!
4!4!

(2l−4)!
0!0!

5 ÝK�fß�äN�/LãÚ�y

5.1 ����©Û

íØ5.1.1.
[n/2]∑
r=0

[
≤i,j,k−r,n−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l

n−2rC
k−r−l
n−2r−2l = 22i+2j

(2i)!(2j)!
(2k)!

(k−i)!(k−j)!
(2n−2k)!

(n−k−i)!(n−k−j)!

íØ5.1.2. 0, i|j − r ≤ l≤ i, j, k − r, n− r − k ⇒ |i− j| ≤ r ≤ k|(n− k), i|j ≤ k ≤ n− i|j

íØ5.1.3.
[n/2]∑
r=0

[
≤i,j,k−r,n−1−r−k∑

l≥0,i|j−r
](−1)r+i+j22r+2l (2n−2r)!

r!(n−r)!(n−2r)!
Ci−lr Cj−lr C2l+1

n−2rC
k−r−l
n−2r−2l−1

= 22i+2j+1

(2i+1)!(2j+1)!
(2k+1)!

(k−i)!(k−j)!
(2n−2k−1)!

(n−k−i−1)!(n−k−j−1)!

íØ5.1.4. 0, i|j − r ≤ l≤ i, j, k − r, n− 1− r − k ⇒ |i− j| ≤ r ≤ k|(n− 1− k), i|j ≤ k ≤ n− 1− i|j

5.2 i=0,j=0�/

5.2.1 C(2i,2j)=(0,0)��/

íØ5.2.1. i = 0, j = 0⇒ l = 0, r ≤ k|(n− k), 0 ≤ k ≤ n

íØ5.2.2.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

íØ5.2.3.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

=
n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)!

[A{a1
· ·Aan−kBan+1−k · ·Ban}][B(b1 · ·Bbn−kAbn+1−k · ·Abn)]

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

íØ5.2.4.
[n/2]∑
r=0

(−1)r (2n−2r)!2n

r!(n−r)!(n−2r)!
=

n∑
k=0

(2k)!
k!k!

(2n−2k)!
(n−k)!(n−k)!

= 22n

y²:
(k+1)|(n−k−1)∑

r=0

(−4)r (2n−2r)!
r!(n−r)!(k+1−r)!(n−k−1−r)!

=
(k+1)|(n−k−1)∑

r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)!

n−k−r
k+1−r
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5.2.2 C(2i+1,2j+1)=(1,1)��/

íØ5.2.5. i = 0, j = 0⇒ l = 0, r ≤ k|(n− 1− k), 0 ≤ k ≤ n− 1

íØ5.2.6.
k|(n−1−k)∑

r=0

(−4)r (2n−2r−1)!
r!(n−1−r)!(k−r)!(n−1−k−r)! = (2k+1)!

k!k!
(2n−2k−1)!

(n−1−k)!(n−1−k)!

½n5.2.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−1

Bbn−1
+Ban−1

Abn−1
][Can}Cbn)]

=
n−1∑
k=0

2

C2k+1
2n

n!n!
(n−k−1)!(n−k−1)!k!k!1!1!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−1
][Can}]}{[B{b1 · ·Bbn−k−1

][Abn−k · ·Abn−1
][Cbn}]}

⇔
k|(n−1−k)∑

r=0

(−4)r (2n−2r−1)!
r!(n−1−r)!(k−r)!(n−1−k−r)! = (2k+1)!

k!k!
(2n−2k−1)!

(n−1−k)!(n−1−k)!

íØ5.2.7.
[n/2]∑
r=0

(−1)r (2n−2r)!(n−2r)2n−2

r!(n−r)!(n−2r)!
=

n−1∑
k=0

(2k+1)!
k!k!

(2n−2k−1)!
(n−1−k)!(n−1−k)!

= 22n−3n(n+ 1)

5.2.3 (1,1)⇒(0,0)

½n5.2.2.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!
⇒

k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

n ≥ 0, 0 ≤ k ≤ n

y²:
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!
, n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k−2)∑

r=0

(−4)r (2n−2r−3)!
r!(n−r−2)!(k−r)!(n−k−r−2)!

= (2k+1)!
k!k!

(2n−2k−3)!
(n−k−2)!(n−k−2)!

, n ≥ 2, 0 ≤ k ≤ n− 2

⇔
(k+1)|(n−k−1)∑

r=1

(−4)r−1 (2n−2r−1)!
(r−1)!(n−r−1)!(k−r+1)!(n−k−r−1)!

= (2k+1)!
k!k!

(2n−2k−3)!
(n−k−2)!(n−k−2)!

, n ≥ 2, 0 ≤ k ≤ n− 2

⇔
k|(n−k)∑
r=1

(−4)r−1 (2n−2r−1)!
(r−1)!(n−r−1)!(k−r)!(n−k−r)! = (2k−1)!

(k−1)!(k−1)!
(2n−2k−1)!

(n−k−1)!(n−k−1)!
, n ≥ 2, 1 ≤ k ≤ n− 1

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)!

, n ≥ 2, 1 ≤ k ≤ n− 1

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)!

, n ≥ 2, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2r)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = − (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)!

, n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!−(2n+1)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)!

, n ≥ 0, 0 ≤ k ≤ n

⇒ (2k+1)!
k!k!

(2n−2k+1)!
(n−k)!(n−k)!

−
k|(n−k)∑
r=0

(−4)r (2n+1)(2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2n−2k)(2k)!

k!k!
(2k)(2n−2k)!
(n−k)!(n−k)!

, n ≥ 0, 0 ≤ k ≤ n

⇔
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!
, n ≥ 0, 0 ≤ k ≤ n

5.2.4 �(

íØ5.2.8.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

= 2n,
[n/2]∑
r=0

(−1)r (2n−2r)!(n−2r)
r!(n−r)!(n−2r)!

= n(n+ 1)2n−1

íØ5.2.9.
[n/2]∑
r=0

(−1)r r(2n−2r)!
r!(n−r)!(n−2r)!

= −n(n− 1)2n−2,
[n/2]∑
r=0

(−1)r (n−r)(2n−2r)!
r!(n−r)!(n−2r)!

= n(n+ 3)2n−2

íØ5.2.10.
n∑
k=0

(2k−1)!!
(2k)!!

(2n−2k−1)!!
(2n−2k)!!

= 1,
n∑
k=0

(2k+1)!!
(2k)!!

(2n−2k+1)!!
(2n−2k)!!

= C2
n+2

íØ5.2.11.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!
,
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!
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5.3 |^���ð�ªî�y²[i = 0, j = 0]�/

íØ5.3.1.
k|(n−k)∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!
,
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! = (2k+1)!

k!k!
(2n−2k+1)!

(n−k)!(n−k)!

y²: k ≤ n− k,
k∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)!

=
k∑
r=0

(−1)rCrk4r (2n−2r)!
k!(n−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk4rCn−r2n−2rC
k
n−r

⇒-tr = 4r (2n−2r)!
k!(n−r)!(n−k−r)! , t0 = Cn2nC

k
n

tr+1

tr
=

4r+1 (2n−2r−2)!
k!(n−r−1)!(n−k−r−1)!

4r
(2n−2r)!

k!(n−r)!(n−k−r)!
= 4(n−r)(n−k−r)

(2n−2r)(2n−2r−1)
= k−n+r

1/2−n+r

⇒ tr = (k−n)(r)

(1/2−n)(r)C
n
2nC

k
n

⇒
k∑
r=0

(−4)r (2n−2r)!
r!(n−r)!(k−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk
(k−n)(r)

(1/2−n)(r)C
n
2nC

k
n

= (1/2−k)(k)

(1/2−n)(k)C
n
2nC

k
n = (2k)!

k!k!
(2n−2k)!

(n−k)!(n−k)!

y²: k ≥ n− k,
k∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)!

=
k∑
r=0

(−1)rCrk4r (2n−2r+1)!
k!(n−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk4rCn−r2n−2r+1C
k
n−r

⇒-tr = 4r (2n−2r+1)!
k!(n−r)!(n−k−r)! , t0 = (2n+1)!

k!n!(n−k)!

tr+1

tr
=

4r+1 (2n−2r−1)!
k!(n−r−1)!(n−k−r−1)!

4r
(2n−2r+1)!

k!(n−r)!(n−k−r)!
= 4(n−r)(n−k−r)

(2n−2r+1)(2n−2r)
= k−n+r
−1/2−n+r

⇒ tr = (k−n)(r)

(−1/2−n)(r)

(2n+1)!
k!n!(n−k)!

⇒
k∑
r=0

(−4)r (2n−2r+1)!
r!(n−r)!(k−r)!(n−k−r)! =

k∑
r=0

(−1)rCrk
(k−n)(r)

(−1/2−n)(r)

(2n+1)!
k!n!(n−k)!

= (−1/2−k)(k)

(−1/2−n)(k)

(2n+1)!
k!n!(n−k)!

= (2k+1)!
k!k!

(2n−2k+1)!
(n−k)!(n−k)!

5.4 i=1,j=0Úi=0,j=1�/

5.4.1 C(2i,2j)=(2,0)�ÚC(2i,2j)=(0,2)��/

íØ5.4.1. i = 1, j = 0|i = 0, j = 1⇒ l = 0, 1 ≤ r ≤ k|(n− k), 1 ≤ k ≤ n− 1

íØ5.4.2.
k|(n−k)∑
r=1

(−1)r+122r−1 (2n−2r)!
(r−1)!(n−r)!(k−r)!(n−k−r)! = (2k)!

(k−1)!k!
(2n−2k)!

(n−1−k)!(n−k)!

½n5.4.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C1
rC

0
r{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·

[Aa2r−3
Ba2r−1

+Ba2r−3
Aa2r−1

][Ab2r−3
Bb2r−1

+Bb2r−3
Ab2r−1

][Ca2r−1
Ca2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C0
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

= −
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k−1)!(n−k)!(k−1)!k!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−2
][Can−1

· ·Can}]}{[B(b1 · ·Bbn−k ][Abn+1−k · ·Abn)]}

½n5.4.2.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C0
rC

1
r{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·

[Aa2r−3
Ba2r−1

+Ba2r−3
Aa2r−1

][Ab2r−3
Bb2r−1

+Bb2r−3
Ab2r−1

][Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Cb2r−1
Cb2r ]}

C0
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

= −
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k)!(n−k−1)!k!(k−1)!

{[A{a1
· ·Aan−k ][Ban−k+1

· ·Ban ]}{[B(b1 · ·Bbn−k−1
][Abn−k · ·Abn−2)][Cbn−1

· ·Cbn}]}
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íØ5.4.3. −
[n/2]∑
r=0

(−1)r (2r)(2n−2r)!2n

r!(n−r)!(n−2r)!
=

n∑
k=0

(2k)!(2k)
k!k!

(2n−2k)!(2n−2k)
(n−k)!(n−k)!

= n(n− 1)22n−1

íØ5.4.4.
n∑
k=0

(2k)!
k!(k−1)!

(2n−2k)!
(n−k)!(n−k−1)!

= n(n− 1)22n−3

5.4.2 C(2i+1,2j+1)=(3,1)�ÚC(2i+1,2j+1)=(1,3)��/

íØ5.4.5.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!1!

r!
1!0!(r−1)!r!

= (−4)1

3!1!
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(r−1)!(n−r)!(n−k−r)!(k−r)! = − 2

3
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

½n5.4.3.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

C1
r [C{a1

Ca2
][Aa3

Ba4
+Ba3

Aa4
] · ·[Aa2r−1

Ba2r
+Ba2r−1

Aa2r
]C0
r [Ab1Bb2 +Bb1Ab2 ] · ·[Ab2r−1

Bb2r +Bb2r−1
Ab2r ]

C1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−1

Bbn−1
+Ban−1

Abn−1
][Can}Cbn)]

= −
n−2∑
k=1

(−2)2

3!1!
(2k+1)!
(k−1)!k!

(2n−2k−1)!
(n−k−2)!(n−k−1)!

{[A{a1
· ·Aan−k−2

][Ban−k−1
· ·Ban−3

][Can−2
· ·Can}]}{[B(b1 · ·Bbn−k−1

][Abn−k · ·Abn−1
][Cbn)]}

½n5.4.4.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

C0
r [Aa1

Ba2
+Ba1

Aa2
] · ·[Aa2r−1

Ba2r
+Ba2r−1

Aa2r
]C1
r [C{a1

Ca2
][Ab3Bb4 +Bb3Ab4 ] · ·[Ab2r−1

Bb2r +Bb2r−1
Ab2r ]

C1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−1

Bbn−1
+Ban−1

Abn−1
][Can}Cbn)]

= −
n−2∑
k=1

(−2)2

1!3!
(2k+1)!
k!(k−1)!

(2n−2k−1)!
(n−k−1)!(n−k−2)!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−1
][Can}]}{[B(b1 · ·Bbn−k−2

][Abn−k−1
· ·Abn−3

][Cbn−2
· ·Cbn)]}

íØ5.4.6. 3
8

[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

r(n− 2r)2n = −
n−2∑
k=1

(2k+1)!
(k−1)!k!

(2n−2k−1)!
(n−k−2)!(n−k−1)!

5.5 |^���ð�ªî�y²[i = 1, j = 0]|[i = 0, j = 1]�/

íØ5.5.1.
k|(n−k)∑
r=1

(−1)r+122r−1 (2n−2r)!
(r−1)!(n−r)!(k−r)!(n−k−r)! = (2k)!

(k−1)!k!
(2n−2k)!

(n−1−k)!(n−k)!

⇔
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

= (2k)!
(k−1)!k!

(2n−2k)!
(n−1−k)!(n−k)!

y²: k ≤ n− k,
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1|(n−k−1)∑

r=0

(−1)rCrk−122r+1 (2n−2r−2)!
(k−1)!(n−r−1)!(n−k−r−1)!

⇒-tr = 22r+1 (2n−2r−2)!
(k−1)!(n−r−1)!(n−k−r−1)!

, t0 = 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

tr+1

tr
=

22r+3 (2n−2r−4)!
k!(n−r−2)!(n−k−r−2)!

22r+1
(2n−2r−2)!

k!(n−r−1)!(n−k−r−1)!

= 4(n−r−1)(n−k−r−1)
(2n−2r−2)(2n−2r−3)

= k+1−n+r
3/2−n+r

⇒ tr = (k+1−n)(r)

(3/2−n)(r) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

⇒
k−1|(n−k−1)∑

r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1|(n−k−1)∑

r=0

(−1)rCrk−1
(k+1−n)(r)

(3/2−n)(r) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

= (1/2−k)(k−1)

(3/2−n)(k−1) 2 (2n−2)!
(k−1)!(n−1)!(n−k−1)!

= (2k)!
(k−1)!k!

(2n−2k)!
(n−1−k)!(n−k)!

íØ5.5.2.
k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(r−1)!(n−r)!(n−k−r)!(k−r)! = − 2

3
(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

⇔
k−1|(n−k−1)∑

r=0

(−1)r+122r+2 (2n−2r−1)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

= − 2
3

(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!
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y²: k ≥ n− k,
k−1|(n−k−1)∑

r=0

(−1)r+122r+2 (2n−2r−1)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

=
k−1∑
r=0

(−1)r+1Crk−122r+2 (2n−2r−1)!
(k−1)!(n−r−1)!(n−k−r−1)!

⇒-tr = 22r+2 (2n−2r−1)!
(k−1)!(n−r−1)!(n−k−r−1)!

, t0 = −4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

tr+1

tr
=

22r+3 (2n−2r−3)!
k!(n−r−2)!(n−k−r−2)!

22r+1
(2n−2r−1)!

k!(n−r−1)!(n−k−r−1)!

= 4(n−r−1)(n−k−r−1)
(2n−2r−1)(2n−2r−2)

= k+1−n+r
1/2−n+r

⇒ tr = − (k+1−n)(r)

(1/2−n)(r) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

⇒
k−1∑
r=0

(−1)r22r+1 (2n−2r−2)!
r!(n−r−1)!(k−r−1)!(n−k−r−1)!

= −
k−1∑
r=0

(−1)rCrk−1
(k+1−n)(r)

(1/2−n)(r) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

= − (−1/2−k)(k−1)

(1/2−n)(k−1) 4 (2n−1)!
(k−1)!(n−1)!(n−k−1)!

= − 2
3

(2k+1)!
(k−1)!k!

(2n−2k+1)!
(n−k−1)!(n−k)!

5.6 i=1,j=1�/

5.6.1 C(2i,2j)=(2,2)��/

íØ5.6.1. 0, i|j − r ≤ l≤ i, j, k − r, n− r − k ⇒ |i− j| ≤ r ≤ k|(n− k), 1 ≤ k ≤ n− 1

½n5.6.1.
[n/2]∑
r=0

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

{(C1
r )2{[A{a1

Ba2
+B{a1

Aa2
][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−3

Ba2r−2
+Ba2r−3

Aa2r−2
][Ab2r−3

Bb2r−2
+Bb2r−3

Ab2r−2
]

[Ca2r−1
Ca2r

][Cb2r−1
Cb2r ]}[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan}Bbn) +Ban}Abn)]

+ {[A{a1
Ba2

+B{a1
Aa2

][A(b1Bb2 +B(b1Ab2 ] · ·[Aa2r−1
Ba2r

+Ba2r−1
Aa2r

][Ab2r−1
Bb2r +Bb2r−1

Ab2r ]}
C2
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2

Bbn−2
+Ban−2

Abn−2
][Can−1

Cbn−1
Can}Cbn)]}

=
n∑
k=0

n!n!
(2n)!

(2n−2k)!(2k)!
(n−k−1)!(n−k−1)!(k−1)!(k−1)!

{[A{a1
· ·Aan−k−1

][Ban−k · ·Ban−2
][Can−1

· ·Can}]}{[B(b1 · ·Bbn−k−1
][Abn−k · ·Abn−2

][Cbn−1
· ·Cbn)]}

íØ5.6.2.
[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

[3r2 − (2n− 1)r + n(n−1)
2

]2n−2 =
n∑
k=0

(2n−2k)!(2k)!
(n−k−1)!(n−k−1)!(k−1)!(k−1)!

íØ5.6.3.
n∑
k=0

(2n−2k)!(2k)!
(n−k−1)!(n−k−1)!(k−1)!(k−1)!

5.6.2 C(2i+1,2j+1)=(3,3)��/

íØ5.6.4.
k|(n−k)∑
r=0

≤1,k−r,n−r−k∑
l≥0,1−r

(−4)r 4l(2n−2r+1)!
(n−r)!(n−k−r−l)!(k−r−l)!(2l+1)!

r!
(1−l)!(1−l)!(r+l−1)!(r+l−1)!

= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

íØ5.6.5.
k|(n−k)∑
r=0

(−4)r 40(2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!1!

r!
1!1!(r−1)!(r−1)!

+ (−4)r 41(2n−2r+1)!
(n−r)!(n−k−r−1)!(k−r−1)!3!

r!
0!0!r!r!

= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!

r2

r!
+ (−4)r 41(2n−2r+1)!

(n−r)!(n−k−r−1)!(k−r−1)!3!
1
r!

= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

(−4)r (2n−2r+1)!
(n−r)!(n−k−r)!(k−r)!

r2

r!
+ (−4)r 41(2n−2r+1)!

(n−r)!(n−k−r)!(k−r)!3!
(n−k−r)(k−r)

r!
= (−4)2

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k+1)!

(n−k−1)!(n−k−1)!

k|(n−k)∑
r=0

−(−4)r−1 (2n−2r+1)!
r!(n−r)!(n−k−r)!(k−r)! [9r

2 + 6(n− k − r)(k − r)] = (2k+1)!
(k−1)!(k−1)!

(2n−2k+1)!
(n−k−1)!(n−k−1)!

½n5.6.2.
[n/2]∑
r=0

≤1,(n−1)/2−r∑
l≥0,1−r

(−1)r n!n!
(2n)!

(2n−2r)!
r!(n−r)!(n−2r)!

C1−l
r [C{a1

Ca2
] · ·[Ca1−2l

Ca2−2l
]2r+l−1[Aa3−2l

Ba4−2l
] · ·[Aa2r−1

Ba2r
]
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C1−l
r [C(b1Cb2 ] · ·[Cb1−2l

Cb2−2l
]2r+l−1[Ab3−2l

Bb4−2l
] · ·[Ab2r−1

Bb2r ]

C2l+1
n−2r[Aa2r+1

Bb2r+1
+Ba2r+1

Ab2r+1
] · ·[Aan−2l−1

Bbn−2l−1
+Ban−2l−1

Abn−2l−1
][Can−2l

Cbn−2l
] · ·[Can}Cbn)]

= −
≤n−2∑
k≥1

n!n!
(2n)!

(−2)3

3!3!
(2k+1)!

(k−1)!(k−1)!
(2n−2k−1)!

(n−k−2)!(n−k−2)!

{[A{a1
· ·Aan−k−2

][Ban−k−1
· ·Ban−3

][Can−2
· ·Can}]}{[B(b1 · ·Bbn−k−2

][Abn−k−1
· ·Abn−3

][Cbn−2
· ·Cbn)]}

íØ5.6.6. 9
16

[n/2]∑
r=0

(−1)r (2n−2r)!
r!(n−r)!(n−2r)!

2n[r2C1
n−2r + C3

n−2r] =
n−2∑
k=1

(2k+1)!
(k−1)!(k−1)!

(2n−2k−1)!
(n−k−2)!(n−k−2)!

6 Klein-Gordon�§ÝK�f4í'X�©Û
|^Klein-Gordon n+1-ÝK�fU1-ÝK�fÐm���5Ú�un-ÝK�f¦1-ÝK�f¤k�U�

|Ü(¹�½Xê)§B�±¦Ñn+1-ÝK�f=
∑

n-ÝK�f¦1-ÝK�f�ÐmXê§�)Ø��§��k

Ã¡õ)§�Ã²(�Ôn¿Â"

½Â6.0.1.


P̂a1··anb1··bn(n) = 1

(n!)2

P (b)∑
P (a)

[n/2]∑
r=0

krP̂a1a2
P̂b1b2 · ·P̂a2r−1a2r

P̂b2r−1b2r

n∏
i=2r+1

P̂aibi

P̂a1··anb1··bn(n) := η
a′1
b1
η
a′2
b2
· ·ηa

′
n

bn
P̂a1··ana′1··a′n(n)

6.1 g^-1âfKlein-Gordon�§ÝK�f�Ä�5�

íØ6.1.1. Pa1b1 = Pb1a1
, pa1Pa1b1 = 0, Pa1c1δ

c1d1Pd1b1 = Pa1b1

íØ6.1.2.

Pa1b1 , Pa1a2
;Pb1b2 , Pa2b2 ;

Pa1b1Pa2b2 , Pa1a2
Pb1b2 ;

6.2 g^-2âfKlein-Gordon�§ÝK�f�Ä�5�

íØ6.2.1.

Pa1b1;a2b2 , Pa1a2;b1b2 ;Pa1a2;a3b1 , Pa1b1;b2b3 ;

Pa1b1;a2b2Pa3b3 , Pa1a2;b1b2Pa3b3 ;Pa1a2;a3b1Pb2b3 ;

íØ6.2.2.

Pa1a2;b1b2(2) = 1
(2!)2 {[P{a1(b1Pa2}b2)]− 1

3
[P{a1a2}P(b1b2)]} = 2

(2!)2 {Pa1b1Pa2b2 + Pa1b2Pa2b1 − 2
3
Pa1a2

Pb1b2}

Pa1b1;a2b2(2) = 2
(2!)2 {Pa1a2

Pb1b2 + Pa1b2Pa2b1 − 2
3
Pa1b1Pa2b2}

Pa1a2;a3b1(2) = 2
(2!)2 {Pa1b1Pa2a3

+ Pa1a3
Pa2b1 − 2

3
Pa1a2

Pb1a3
}

Pb1b2;b3a1
(2) = 2

(2!)2 {Pb1a1
Pb2b3 + Pb1b3Pb2a1

− 2
3
Pb1b2Pa1b3}

6.3 g^-3âfKlein-Gordon�§ÝK�f�Ä�5�

íØ6.3.1.

Pa1a2b3;b1b2a3
, Pa1a2a3;b1b2b3 ;Pa1a2b1;a3a4b2 , Pb1b2a1;b3b4a2

;Pa1a2a3;a4b1b2 , Pa1a2b4;b1b2b3 ;

Pa1a2b3;b1b2a3
Pa4b4 , Pa1a2a3;b1b2b3Pa4b4 ;Pa1a2b1;a3a4b2Pb3b4 , Pa1a2a3;a4b1b2Pb3b4 ;

6.4 g^-nâfKlein-Gordon�§ÝK�f�Ä�5�

íØ6.4.1.

Pa1··akbk+1··bn;b1··bkak+1··an ;Pa1··akbk+1··bn−1an+1;b1··bkak+1··an ;

Pa1··akbk+1··bn;b1··bkak+1··anPan+1bn+1
: (n+ 1)− [(n+ 1)/2];

Pa1··albl··bn−1;b1··bl−1al+1··an+1
Pbnbn+1

: n− [n/2];

k = n, · · · , [(n+ 1)/2], l = n, · · · , [n/2] + 1

(n+ 1)− [(n+ 1)/2] + n− [n/2] = n+ 1
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íØ6.4.2. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2

{
[(n+1)/2]∑
k=n

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1) +
[n/2]+1∑
l=n

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

íØ6.4.3.

Pa1··akbk+1··bn;b1··bkak+1··an ;Pa1··akbk+1··bn−1an+1;b1··bkak+1··an ;

Pa1··akbk+1··bn;b1··bkak+1··anPan+1bn+1
: (n+ 1)− [(n+ 1)/2];

Pa1··albl··bn−1;b1··bl−1al+1··an+1
Pbnbn+1

: n− [n/2];

k = 0, · · · , [n/2], l = 1, · · · , [(n+ 1)/2]

[n/2] + [(n− 1)/2] + 2 = n+ 1

íØ6.4.4. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2

{
[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑
j=1

AjP{a1··aj−1bj+1··bn+1;(b1··bjaj ··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

íØ6.4.5. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2

{
[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

íØ6.4.6. Pa1··an+1;b1··bn+1

= 1
[(n+1)!]2

{
0∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
1∑
l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
1∑
l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

6.5 g^-2âfKlein-Gordon�§ÝK�f�Ðm(��)

íØ6.5.1. Pa1a2b1b2(2) = 1
(2!)2 {[P{a1(b1Pa2}b2)]− 1

3
[P{a1a2}P(b1b2)]}

y²: Pa1a2;b1b2

= 1
(2!)2 {

0∑
k=0

Bk(2)P{a1··akbk+1··(b1;b1··bkak+1··a1
Pa2}b2) +

1∑
l=1

Cl(2)P{a1··albl··b0;(b1··bl−1al+1··a2}Pb1b2)}

= 1
(2!)2 {B0(2)P(b1{a1

Pa2}b2) + C1(2)P{a1a2}P(b1b2)}
⇒ B0(2) = 1, C1(2) = − 1

3

6.6 g^-3âfKlein-Gordon�§ÝK�f�Ðm(Ø��§�Ã��Ôn¿Â)

íØ6.6.1. Pa1a2a3b1b2b3(3) = 1
(3!)2 {[P{a1(b1Pa2b2Pa3}b3)]− 3

5
[P{a1a2

P(b1b2 ][Pa3}b3)]}

Ún6.6.1.
P{a1a2(b1b2(2)Pa3}b3) = {P{a1(b1Pa2b2 − 1

3
[P{a1a2

P(b1b2 ]}Pa3}b3)

P{a1(b1;a2b2(2)Pa3}b3) = 1
2
{P{a1a2

P(b1b2 + 1
3
[P{a1(b1Pa2b2 ]}Pa3}b3)

P{a1a2;a3}(b1(2)Pb2b3) = 2
3
P{a1a2

Pa3}(b1Pb2b3)

y²:
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P{a1a2;(b1b2(2)Pa3}b3) = 2
(2!)2 {P{a1(b1P{a2(b2 + P{a1(b2Pa2b1 − 2

3
Pa1a2

Pb1b2}Pa3}b3)

= {P{a1(b1Pa2b2 − 1
3
[P{a1a2

P(b1b2 ]}Pa3}b3)

P{a1(b1;a2b2(2)Pa3}b3) = 2
(2!)2 {P{a1a2

P(b1b2 + P{a1(b2Pa2b1 − 2
3
P{a1(b1Pa2b2}Pa3}b3)

= 1
2
{P{a1a2

P(b1b2 + 1
3
[P{a1(b1Pa2b2 ]}Pa3}b3)

P{a1a2;a3}(b1(2)Pb2b3) = 2
(2!)2 {P{a1(b1Pa2a3

+ P{a1a3
Pa2(b1 − 2

3
P{a1a2

P(b1a3
}Pb2b3) = 2

3
P{a1a2

P(b1b2Pa3}b3)

P(b1b2;b3){a1
(2)Pa2a3} = 2

(2!)2 {P(b1{a1
Pb2b3 + P(b1b3Pb2{a1

− 2
3
P(b1b2P{a1b3}Pa2a3} = 2

3
P{a1a2

P(b1b2Pa3}b3)

½n6.6.1. Pa1a2a3;b1b2b3(3)

= 1
(3!)2 {P{a1a2;(b1b2(2)Pa3}b3) − 2

5
P{a1a2;a3}(b1(2)Pb2b3)}

= 1
(3!)2 {6P{a1(b1;a2b2(2)Pa3}b3) − 27

5
P{a1a2;a3}(b1(2)Pb2b3)}

= 1
(3!)2 { 27

25
P{a1a2;(b1b2(2)Pa3}b3) − 12

25
P{a1(b1;a2b2(2)Pa3}b3)}

= 1
(3!)2 { 6

7
P{a1a2;(b1b2(2)Pa3}b3) + 6

7
P{a1(b1;a2b2(2)Pa3}b3) − 39

35
P{a1a2;a3}(b1(2)Pb2b3)}

= 1
(3!)2 { 6

5
P{a1a2;(b1b2(2)Pa3}b3) − 6

5
P{a1(b1;a2b2(2)Pa3}b3) + 3

5
P{a1a2;a3}(b1(2)Pb2b3)}

y²: Pa1a2a3;b1b2b3

= 1
(3!)2 {

1∑
k=0

BkP{a1··akbk+1··b2;(b1··bkak+1··a2
Pa3}b3) +

1∑
l=1

ClP{a1··al(bl··b1;b1··bl−1al+1··a3}Pb2b3)}

= 1
(3!)2 {B1(3)P{a1(b2;b1a2

Pa3}b3) +B0(3)P(b1b2;{a1a2
Pa3}b3) + C1(3)P{a1(b1;a2a3}Pb2b3)}

= 1
(3!)2 {B1(3)P{a1(b1;a2b2Pa3}b3) +B0(3)P{a1a2;(b1b2Pa3}b3) + C1(3)P{a1a2;a3}(b1Pb2b3)}

= 1
(3!)2 {B1(3) 1

2
{P{a1a2

P(b1b2 + 1
3
[P{a1(b1Pa2b2 ]}Pa3}b3) +B0(3){P{a1(b1Pa2b2 − 1

3
[P{a1a2

P(b1b2 ]}Pa3}b3)

+ C1(3) 2
3
P{a1a2

Pa3}(b1Pb2b3)}
= 1

(3!)2 {[ 1
6
B1(3) +B0(3)]P{a1(b1Pa2b2Pa3}b3) + [ 1

2
B1(3)− 1

3
B0(3) + 2

3
C1(3)]P{a1a2

P(b1b2Pa3}b3)}
⇔ [ 1

6
B1(3) +B0(3)] = 1, [ 1

2
B1(3)− 1

3
B0(3) + 2

3
C1(3)] = − 3

5

⇐ B0(3) = 1, B1(3) = 0, C1(3) = − 2
5

B0(3) = 0, B1(3) = 6, C1(3) = − 27
5

B0(3) = 27
25
, B1(3) = − 12

25
, C1(3) = 0

B0(3) = 6
7
, B1(3) = 6

7
, C1(3) = − 39

35

B0(3) = 6
5
, B1(3) = − 6

5
, C1(3) = 3

5

6.7 g^-4âfKlein-Gordon�§ÝK�f�Ðm(Ø���E,§6���)

íØ6.7.1.

Pa1a2b3;b1b2a3
, Pa1a2a3;b1b2b3 ;Pa1a2b1;a3a4b2 , Pb1b2a1;b3b4a2

;Pa1a2a3;a4b1b2 , Pa1a2b4;b1b2b3 ;

Pa1a2b3;b1b2a3
Pa4b4 , Pa1a2a3;b1b2b3Pa4b4 ;Pa1a2b1;a3a4b2Pb3b4 , Pa1a2a3;a4b1b2Pb3b4 ;

íØ6.7.2. Pa1a2a3b1b2b3(3) = 1
(3!)2 {[P{a1(b1Pa2b2Pa3}b3)]− 3

5
[P{a1a2

P(b1b2 ][Pa3}b3)]}

íØ6.7.3. Pa1a2a3a4b1b2b3b4(4)

= 1
(4!)2 {[P{a1(b1Pa2b2Pa3b3Pa4}b4)]− 6

7
[P{a1a2

P(b1b2 ][Pa3b3Pa4}b4)] + 3
35

[P{a1a2
P(b1b2Pa3a4}Pb3b4)]}

6.8 g^-nâfKlein-Gordon�§ÝK�f�Ðm(Ø���E,)

íØ6.8.1. Pa1··an+1;b1··bn+1
= 1

[(n+1)!]2
{

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

Pa1··an+1;b1··bn+1
= 1

(n+1)!
P{a1··an+1};b1··bn+1

, Pa1··an+1;b1··bn+1
= 1

(n+1)!
Pa1··an+1;(b1··bn+1)

Pa1··an+1;b1··bn+1
= Pb1··bn+1;a1··an+1

, pa1Pa1··an+1;b1··bn+1
= 0

δa1a2Pa1··an+1;b1··bn+1
= 0, δan+1bn+1Pa1··an+1;b1··bn+1

= 2n+3
2n+1

Pa1··an;b1··bn
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⇔ Pa1··an+1;b1··bn+1
= 1

[(n+1)!]2
{

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

δa1a2Pa1··an+1;b1··bn+1
= 0, δan+1bn+1Pa1··an+1;b1··bn+1

= 2n+3
2n+1

Pa1··an;b1··bn

⇔ Pa1··an+1;b1··bn+1
= 1

[(n+1)!]2
{

[n/2]∑
k=0

BkP{a1··akbk+1··bn;(b1··bkak+1··anPan+1}bn+1)

+
[(n+1)/2]∑

l=1

ClP{a1··al−1bl+1··bn+1;(b1··blal··an−1}Panan+1) +
[(n+1)/2]∑

l=1

ClP{a1··albl··bn−1;(b1··bl−1al+1··an+1}Pbnbn+1)}

7 ²£OÝK�f

7.1 g^-1Ä���5

½Â7.1.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m

[iEλm(~p, 0), i|~p|]a, εa(~p, 0; 0) := pa
m

íØ7.1.1.
−1∑
h=1

εa(~p, h)ε̄b(~p, h)− εa(~p, 0; 0)ε̄b(~p, 0; 0) = δab, ε̄a(~p, h; s) := ε+
a′(~p, h; s)ηa

′

a

ε̄a(~p, h′)εa(~p, h) = δh′h, ε̄
a(~p, 0; 0)εa(~p, 0; 0) = −1, ε̄a(~p, 0; 0)εa(~p, h) = 0, ε̄a(~p, h)εa(~p, 0; 0) = 0

íØ7.1.2.

ε̄a(~p, h
′; s′)εb(~p, h; s) = ηs′sδh′h,

0∑
s=1

−s∑
h=s

ηssεa(~p, h; s)ε̄b(~p, h; s) = δab; η11 := 1, η00 := −1, η10 := 0, η01 := 0

7.2 ��g^Ä���5ß�

ß�7.2.1.

ε̄

n︷ ︸︸ ︷
a · ·b(~p, h′; s′)εa · ·b︸ ︷︷ ︸

n

(~p, h; s) = ηs′sδh′h,
0∑

s=n

−s∑
h=s

ηssεa · ·b︸ ︷︷ ︸
n

(~p, h; s)ε̄a′ · ·b′︸ ︷︷ ︸
n

(~p, h; s) = 1
(2n)!2

n︷ ︸︸ ︷
δ{a(a′ · ·δb}b′)

Ū

2sm︷ ︸︸ ︷
λς · ·µς (~p, h′; s′)Uλς · ·µς︸ ︷︷ ︸

2sm

(~p, h; s) = ηs′sδh′h,
−sm∑
s=sm

−s∑
h=s

Uλς · ·µς︸ ︷︷ ︸
2sm

(~p, h; s)Ūλ′ς · ·µ
′
ς︸ ︷︷ ︸

2sm

(~p, h; s) = 1
(2sm)!2

2sm︷ ︸︸ ︷
δ{λς(λ′ς · ·δµς}µ′ς)

Uλς · ·µς︸ ︷︷ ︸
2sm

(~p, h;−s) := Vλς · ·µς︸ ︷︷ ︸
2sm

(~p, h; s), 0 ≤ s ≤ sm

7.3 �þß�(p���¥�$Ä)

ß�7.3.1. E2 = ~p2 + ~p2
m, (γa, γ5) := [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

7.4 êÆO�(±cÙ!�(Ø)

íØ7.4.1.
λ(p̂, κ

2
)λ+(p̂, κ

2
) = 1

2
(κσ · p̂+ I) = 1

2
(κσ,−i)ap̂a, p̂a := (p̂, i)

λ(p̂,− 1
2
)λ+(p̂,− 1

2
) = − 1

2
(σ · p̂− I) = − 1

2
(σ, i)ap̂a

λ(p̂, κ
2
)λ+(p̂,−κ

2
) = κ

2
(σ · p̂+ I)iσy = κ

2
(σ, i)ap̂aiσy

íØ7.4.2.µ(~p, κ
2
)µ+(~p,−κ

2
) = 1

2
(I + ς E

m
σx − iκ |~p|m σy)

µ(~p, κ
2
)µ+(~p, κ

2
) = ς

2
(I + ς E

m
σx − iκ |~p|m σy)σx

íØ7.4.3. u(~p, κ
2
) = λ(p̂, κ

2
)⊗ µ(~p, κ

2
), v(~p, κ

2
) = λ(p̂, κ

2
)⊗ ν(~p, κ

2
)

íØ7.4.4. u(~p, κ
2
)u+(~p, κ

2
) = 1

4
[(κσ · p̂+ I)⊗ (I + ς E

m
σx − iκ |~p|m σy)](ςI ⊗ σx)

= 1
4
(iκ~γ · p̂γ4γ5 + I4)(I4 + E

m
γ4 + κ |~p|

m
γ4γ5)γ4

= 1
4
(iκ~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − κ |~p|m )γ4
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íØ7.4.5. u(~p, κ
2
)u+(~p,−κ

2
) = 1

4
[κ(σ · p̂+ I)iσy]⊗ (I + ς E

m
σx − iκ |~p|m σy)

= 1
4
κ(i~γ · p̂γ2 − γ2γ4γ5)(I4 + E

m
γ4 + κ |~p|

m
γ4γ5)

= 1
4
κ(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − κ |~p|m )γ4γ2γ5

íØ7.4.6.
Uλςµς (~p, h) = 1

2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = − 1

2
√

2m
Xaλςµς (−p)εa(~p, h)

εa(~p, h) = − i√
2
(C̄γa)

λςµςUλςµς (p̂, h) = i√
2
(C̄γa)

λςµςVλςµς (p̂, h)

ε+
a′(~p, h) = i√

2
(γa′C)λ

′
ςµ
′
ςU+

λ′ςµ
′
ς
(p̂, h) = − i√

2
(γa′C)λ

′
ςµ
′
ςV +
λ′ςµ
′
ς
(p̂, h)

íØ7.4.7. λm(p̂,−1) = λ∗m(p̂, 1), λm(p̂, 0) = −λ∗m(p̂, 0), λm(p̂, 1) = λ∗m(p̂,−1)

½Â7.4.1. εa(~p, κ) := [iλm(~p, κ), 0]a, εa(~p, 0) := 1
m

[iEλm(~p, 0), i|~p|]a, ε̄a(~p, h) := ε+
a′(~p, h)ηa

′

a

íØ7.4.8.

λm(p̂, 1; 1) = 1
2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
, λm(−p̂, 1; 1) = p̂+

p̂−
λm(p̂,−1; 1)

λm(p̂, 0; 1) = −i
[
p̂x
p̂y
p̂z

]
= −ip̂, λm(−p̂, 0; 1) = −λm(p̂, 0; 1)

λm(p̂,−1; 1) = 1
2p̂+

[
−i(p̂xp̂z+ip̂y)

−1(p̂x+ip̂y p̂z)

2i(p̂+p̂−)

]
, λm(−p̂,−1; 1) = p̂−

p̂+
λm(p̂, 1; 1)

y²: λm(p̂, 1)λ+
m(p̂,−1) = 1

2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]
1

2p̂−

[
i(p̂xp̂z−ip̂y)

−1(p̂x−ip̂y p̂z)

−2i(p̂+p̂−)

]T
7.5 ��²£OÝK�f

½Â7.5.1.
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− h′)

Uλςµς (~p, 1) = uλς (~p,
1
2
)uµς (~p,

1
2
)

Uλςµς (~p, 0) = 1√
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)]

Uλςµς (~p,−1) = uλς (~p,− 1
2
)uµς (~p,− 1

2
)

y²:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− 2) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p,−1)

= uλς (~p,
1
2
)uµς (~p,

1
2
)u+
λ′ς

(~p,− 1
2
)u+
µ′ς

(~p,− 1
2
)

= [ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]λςλ′ς [

1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]µςµ′ς

= 1
16
{[(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]⊗ [(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]}λςλ′ςµςµ′ς

= 1
16
{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E

m
γ4 + |~p|

m
γ4γ5)⊗ (I4 − E

m
γ4 + |~p|

m
γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς

y²:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h− 1) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p,−1)

= 1√
2
uλς (~p,

1
2
)uµς (~p,

1
2
)[u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ 1√
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)]u+

λ′ς
(~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)

= 1√
2
uλς (~p,

1
2
)u+
λ′ς

(~p,− 1
2
)[uµς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ 1√
2
uµς (~p,

1
2
)u+
µ′ς

(~p,− 1
2
)[uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

= 1√
2
[ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]λςλ′ςΛ+µςµ′ς

(~p, 1
2
)

+ 1√
2
Λ+λςλ′ς

(~p, 1
2
)[ 1

4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 − |~p|m )γ4γ2γ5]µςµ′ς

y²:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h) = Uλςµς (~p, 1)U+

λ′ςµ
′
ς
(~p, 1) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p,−1)

= uλς (~p,
1
2
)uµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)u+
µ′ς

(~p, 1
2
)

+ 1
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)][u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ uλς (~p,− 1
2
)uµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)u+
µ′ς

(~p,− 1
2
)

= 1
(2!)2 Λ+{λς(λ′ς (~p,

1
2
)Λ+µς}µ′ς)(~p,

1
2
)
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y²:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h+ 1) = Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 0) + Uλςµς (~p, 0)U+

λ′ςµ
′
ς
(~p, 1)

= 1√
2
uλς (~p,− 1

2
)uµς (~p,− 1

2
)[u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p,− 1
2
) + u+

µ′ς
(~p, 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ 1√
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uµς (~p,

1
2
)uλς (~p,− 1

2
)]u+

λ′ς
(~p, 1

2
)u+
µ′ς

(~p, 1
2
)

= 1√
2
uλς (~p,− 1

2
)u+
λ′ς

(~p, 1
2
)[uµς (~p,

1
2
)u+
µ′ς

(~p, 1
2
) + uµς (~p,− 1

2
)u+
µ′ς

(~p,− 1
2
)]

+ 1√
2
uµς (~p,− 1

2
)u+
µ′ς

(~p, 1
2
)[uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

= 1√
2
[ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 + |~p|

m
)γ4γ2γ5]λςλ′ςΛ+µςµ′ς

(~p, 1
2
)

+ 1√
2
Λ+λςλ′ς

(~p, 1
2
)[ 1

4
(i~γ · p̂− γ4γ5)(γ4γ5 + E

m
γ5 − |~p|m )γ4γ2γ5]µςµ′ς

y²:
−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h+ 2) = Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 1)

= uλς (~p,− 1
2
)uµς (~p,− 1

2
)u+
λ′ς

(~p, 1
2
)u+
µ′ς

(~p, 1
2
)

= [ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 + |~p|

m
)γ4γ2γ5]λςλ′ς [

1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 + |~p|

m
)γ4γ2γ5]µςµ′ς

= 1
16
{[(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 + |~p|

m
)γ4γ2γ5]⊗ [(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5 + |~p|

m
)γ4γ2γ5]}λςλ′ςµςµ′ς

= 1
16
{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E

m
γ4 − |~p|m γ4γ5)⊗ (I4 − E

m
γ4 − |~p|m γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς

y²: Uλςµς (~p, 1)U+
λ′ςµ
′
ς
(~p,−1) + Uλςµς (~p,−1)U+

λ′ςµ
′
ς
(~p, 1)

= 2[ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5)γ4γ2γ5]λςλ′ς [

1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5)γ4γ2γ5]µςµ′ς

+ 2[ 1
4
(i~γ · p̂− γ4γ5) |~p|

m
γ4γ2γ5]λςλ′ς [

1
4
(i~γ · p̂− γ4γ5) |~p|

m
γ4γ2γ5]µςµ′ς

= 2[ 1
4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5)γ4γ2γ5]⊗ [ 1

4
(i~γ · p̂− γ4γ5)(γ4γ5 − E

m
γ5)γ4γ2γ5]λςλ′ςµςµ′ς

+ 2[ 1
4
(i~γ · p̂− γ4γ5) |~p|

m
γ4γ2γ5]⊗ [ 1

4
(i~γ · p̂− γ4γ5) |~p|

m
γ4γ2γ5]λςλ′ςµςµ′ς

= 1
8
{[(i~γ · p̂− γ4γ5)(I4 − E

m
γ4)γ2]⊗ [(i~γ · p̂− γ4γ5)(I4 − E

m
γ4)γ2]

+ [(i~γ · p̂− γ4γ5) |~p|
m
γ4γ5γ2]⊗ [(i~γ · p̂− γ4γ5) |~p|

m
γ4γ5γ2]}λςλ′ςµςµ′ς

= 1
8
{[(i~γ · p̂− γ4γ5)⊗ (i~γ · p̂− γ4γ5)][(I4 − E

m
γ4)⊗ (I4 − E

m
γ4) + ~p2

m2 (γ4γ5)⊗ (γ4γ5)][γ2 ⊗ γ2]}λςλ′ςµςµ′ς
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g·µãµéuBargmann-Wigner�§£ã�âf§��5`Q�±£ã�Ö�Eâf§��±£ãØ

�Ö�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf���"¶

éØ�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�""3�Ù

!Q?Ø
Eâf�/§�?Ø
ê�.Bâf�/§���Ñ
ü«�/e��Üé´5K"�±�Ù!��

Ø2¦�§���?ØEâf�/ÚÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.Bâf�/

�þf|Ø§�I3Eâf�/\þê�.B^�=�g,��"

1 k�þ¥þâfü«�d£ã��p=�

1.1 g^-1âf�B-W�é¡�§ÚK-G¥þ�§ü«�d£ã [18, 20,23]

½Â1.1.1. Xa(x) := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) := i[mγa(ς)− 2Sab(e, ς)p

b]C,C = γ2γ4

γa = (σ ⊗ σy, ςI ⊗ σx)

½n1.1.1.

[γa(ς)∂a +m]ψ[λςµς ] = 0, ψλςµς = ψµςλς

imAa
2

= 1
4
tr[C̄γa(ς)ψ[λςµς ]], C = γy(ς)γ4(ς)

⇔

∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa

ψλςµς = Xaλςµς (x)Aa
2

½n1.1.2. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

1.2 g^-1âfBargmann-Wigner�§ [18]�²¡Å)

½n1.2.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = 1

2!
ψ{λςµς}(~r, t)

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E
[a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~pUλςµς (~p, 1) = uλς (~p,

1
2
)uµς (~p,

1
2
), Uλςµς (~p,−1) = uλς (~p,− 1

2
)uµς (~p,− 1

2
)

Uλςµς (~p, 0) = 1√
2
[uλς (~p,

1
2
)uµς (~p,− 1

2
) + uλς (~p,− 1

2
)uµς (~p,

1
2
)]Vλςµς (~p, 1) = vλς (~p,

1
2
)vµς (~p,

1
2
), Vλςµς (~p,−1) = vλς (~p,− 1

2
)vµς (~p,− 1

2
)

Vλςµς (~p, 0) = 1√
2
[vλς (~p,

1
2
)vµς (~p,− 1

2
) + vλς (~p,− 1

2
)vµς (~p,

1
2
)]

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r

½n1.2.2. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)]

= i
8
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′) = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)[ηaa′ −

∂a∂
+

a′
m2 ]∆(x− x′)

½Â1.2.1.
Λ+λςµςλ′ςµ

′
ς
(~p, 1) :=

−1∑
h=1

Uλςµς (~p, h)U+
λ′ςµ
′
ς
(~p, h)

Λ−λςµςλ′ςµ′ς (~p, 1) :=
−1∑
h=1

Vλςµς (~p, h)V +
λ′ςµ
′
ς
(~p, h)

½n1.2.3.Λ+λςµςλ′ςµ
′
ς
(~p, 1) = 1

8m2Xaλςµς (p)Λmaa′(~p, 1)X+a′

λ′ςµ
′
ς
(p) = 1

(2!)2 Λ+{λς(λ′ς (~p,
1
2
)Λ+µς}µ′ς)(~p,

1
2
)

Λ−λςµςλ′ςµ′ς (~p, 1) = 1
8m2Xaλςµς (−p)Λmaa′(~p, 1)X+a′

λ′ςµ
′
ς
(−p) = 1

(2!)2 Λ−{λς(λ′ς (~p,
1
2
)Λ−µς}µ′ς)(~p,

1
2
)

½n1.2.4.Λ+λςµςλ′ςµ
′
ς
(~p, 1) = 1

8m2Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

16m2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ
bpb)γ

4]µς}µ′ς)

Λ−λςµςλ′ςµ′ς (~p, 1) = 1
8m2Xaλςµς (−p)(ηaa′ +

pap
+

a′
m2 )X+a′

λ′ςµ
′
ς
(−p) = 1

16m2 [(m+ iγapa)γ
4]{λς(λ′ς [(m+ iγbpb)γ

4]µς}µ′ς)
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⇓

1.3 í��g^-1âfKlein-Gordon�§ [27, 42,43]�²¡Å)

½n1.3.1. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa, Aa = 1
2im

(C̄γa)
λςµςψλςµς

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~pεa(~p, 1) = 1
i
√

2
uT (~p, 1

2
)C̄γau(~p, 1

2
), εa(~p,−1) = 1

i
√

2
uT (~p,− 1

2
)C̄γau(~p,− 1

2
)

εa(~p, 0) = 1
i
√

2
1√
2
[uT (~p, 1

2
)C̄γau(~p,− 1

2
) + uT (~p,− 1

2
)C̄γau(~p, 1

2
)]ε̃a(~p, 1) = 1

i
√

2
vT (~p, 1

2
)C̄γav(~p, 1

2
), ε̃a(~p,−1) = 1

i
√

2
vT (~p,− 1

2
)C̄γav(~p,− 1

2
)

ε̃a(~p, 0) = 1
i
√

2
1√
2
[vT (~p, 1

2
)C̄γav(~p,− 1

2
) + vT (~p,− 1

2
)C̄γav(~p, 1

2
)]

½n1.3.2. ε+(~p, h)ε(~p, h′) = (E
2+p2

m2 )1−|h|δhh′ ,
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2 ,

−1∑
h=1

hε(~p, h)ε+(~p, h) = R · p̂

Ún1.3.1. γa(ς)C =
[

0 (σ,iς)σy
(σ,−iς)σy 0

]
, C̄γa(ς) =

[
0 σy(σ,iς)a

σy(σ,−iς)a 0

]
½Â1.3.1. u+(~p, 1

2
) = −iςuT (~p, 1

2
)σy ⊗ σx, u+(~p,− 1

2
) = iςuT (~p,− 1

2
)σy ⊗ σx

5�1.3.1.
εa(~p, 1) = − i√

2
uT (~p, 1

2
)C̄γau(~p, 1

2
) = − i√

2
λT (~p, 1

2
)σy(σ, 0)aλ(~p, 1

2
) = [iλm(~p, 1), 0]a

εa(~p, 0) = −iuT (~p, 1
2
)C̄γau(~p,− 1

2
) = − i

m
λT (~p, 1

2
)σy(Eσ, i|~p|)aλ(~p,− 1

2
) = 1

m
[iEλm(~p, 0), i|~p|]a

εa(~p,−1) = − i√
2
uT (~p,− 1

2
)C̄γau(~p,− 1

2
) = − i√

2
λT (~p,− 1

2
)σy(σ, 0)aλ(~p,− 1

2
) = [iλm(~p,−1), 0]a

5�1.3.2.
ε̃a(~p, 1) = − i√

2
vT (~p, 1

2
)C̄γav(~p, 1

2
) = i√

2
λT (~p, 1

2
)σy(σ, 0)aλ(~p, 1

2
) = −[iλm(~p, 1), 0]a

ε̃a(~p, 0) = −ivT (~p, 1
2
)C̄γav(~p,− 1

2
) = i

m
λT (~p, 1

2
)σy(Eσ, i|~p|)aλ(~p,− 1

2
) = − 1

m
[iEλm(~p, 0), i|~p|]a

ε̃a(~p,−1) = − i√
2
vT (~p,− 1

2
)C̄γav(~p,− 1

2
) = i√

2
λT (~p,− 1

2
)σy(σ, 0)aλ(~p,− 1

2
) = −[iλm(~p,−1), 0]a

íØ1.3.1. ε̃a(~p, 1) = −εa(~p, 1), ε̃a(~p, 0) = −εa(~p, 0), ε̃a(~p,−1) = −εa(~p,−1)

íØ1.3.2. ∂bFab +m2Aa = 0, Fab = ∂aAb − ∂bAa, Aa = 1
2im

(C̄γa)
λςµςψλςµς

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

εa(~p, 1) = [iλm(~p, 1), 0]a, εa(~p, 0) = 1
m

[iEλm(~p, 0), i|~p|]a, εa(~p,−1) = [iλm(~p,−1), 0]a

½n1.3.3. [Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

½n1.3.4. Λmaa′(~p, 1) :=
−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

½n1.3.5. Λ±τςτ ′ς (~p,
1
2
) = 1

3
Λmaa′(~p, 1)γaΛ∓(~p, 1

2
)γa

′

⇓

1.4 2£�g^-1âfBargmann-Wigner�§ [18]�²¡Å)

½n1.4.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa(~r,t)
2

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E
[a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµς (~p, h) = 1
2
√

2m
Xaλςµς (p)εa(~p, h), Vλςµς (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃a(~p, h)

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r
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2 k�þ¥þâf�§�1n«�d£ã

2.1 k�þ¥þâfg^�§�d£ã

½n2.1.1. (∂a + iSab∂
b)βς

αςψας = i√
2
im2σabςβςAb, ψας := i√

2
i
2
σabςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

[ipaεb(~p, h)− ipbεa(~p, h)][a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E

−i√
2
σabςαςpaεb(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

2.2 k�þ¥þâf|Fab�²¡Å)ÚÝK�f

½Â2.2.1. λab(~p, h) := [ipaεb(~p, h)− ipbεa(~p, h)]

íØ2.2.1. Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

½n2.2.1.
−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h) = p[ap

+
[a′ηb]b′]

y²:
−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h)

=
−1∑
h=1

[ipaεb(~p, h)− ipbεa(~p, h)][ipa′εb′(~p, h)− ipb′εa′(~p, h)]+

= pap
+
a′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h) + pbp

+
b′

−1∑
h=1

εa(~p, h)ε+
a′(~p, h)− pap+

b′

−1∑
h=1

εb(~p, h)ε+
a′(~p, h)− pbp+

a′

−1∑
h=1

εa(~p, h)ε+
b′(~p, h)

= pap
+
a′(ηbb′ +

pbp
+

b′
m2 ) + pbp

+
b′(ηaa′ +

pap
+

a′
m2 )− pap+

b′(ηba′ +
pbp

+

a′
m2 )− pbp+

a′(ηab′ +
pap

+

b′
m2 )

= pap
+
a′ηbb′ + pbp

+
b′ηaa′ − pap

+
b′ηba′ − pbp

+
a′ηab′

= p[ap
+
[a′ηb]b′]

½n2.2.2. [Fab(x), F+
a′b′(x

′)] = −iη[a〈a′∂b]∂
+
b′〉∆(x− x′)

2.3 k�þ¥þâf|Ψας�²¡Å)ÚÝK�f

½Â2.3.1. λας (~p, h) := −i√
2
σabςαςpaεb(~p, h)

íØ2.3.1. ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λας (~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

íØ2.3.2. λας (~p, h) = −ς√
2
h|~p|λmας (~p, h)− −ς√

2
pαςε4(~p, h) + −iς√

2
Eεας (~p, h)

y²: −ςλας (~p, h) := iς√
2
σabςαςpaεb(~p, h)

= iς√
2
σijςαςpiεj(~p, h) + iς√

2
σi4ςαςpiε4(~p, h) + iς√

2
σ4j
ςας
p4εj(~p, h)

= 1√
2
h|~p|λας (~p, h)− ς√

2
ςpαςε4(~p, h) + ς√

2
ςp4εας (~p, h)

= 1√
2
h|~p|λmας (~p, h)− 1√

2
pαςε4(~p, h) + i√

2
Eεας (~p, h)

íØ2.3.3. λας (~p, κ) = 1√
2
(E − ςκ~p|)λmας (~p, κ), λας (~p, 0) = 1√

2
mλmας (~p, 0)

½n2.3.1.
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h) = −σabαςα′ςpapb

y²:
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h)

= 1
2
(E − ς~p|)2λmας (~p, 1)λ+

mα′ς
(~p, 1) + 1

2
(E + ς~p|)2λmας (~p,−1)λ+

mα′ς
(~p,−1) + 1

2
m2p̂ας p̂α′ς

= − 1
4
(E − ς|~p|)2(p̂ας p̂α′ς − δαςα′ς + iεkαςα′ς p̂k)−

1
4
(E + ς|~p|)2(p̂ας p̂α′ς − δαςα′ς − iε

k
αςα′ς

p̂k) + 1
2
m2p̂ας p̂α′ς

= −pαςpα′ς + 1
2
(E2 + ~p2)δαςα′ς − iςEε

k
αςα′ς

pk

= −σabαςα′ςpapb
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y²:
−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h)

=
−1∑
h=1

−i√
2
σabςαςpaεb(~p, h) −i√

2
σa
′b′

ςα′ς
p′+a′ ε

+
b′(~p, h)

= − 1
2
σabςαςσ

a′b′

ςα′ς
pap
′+
a′

−1∑
h=1

εb(~p, h)ε+
b′(~p, h)

= − 1
2
σabςαςσ

a′b′

ςα′ς
pap
′+
a′ (ηbb′ +

pbp
+

b′
m2 )

= − 1
2
σabςαςσ

a′b′

−ςα′ςpap
′
a′δbb′

= −σabαςα′ςpapb

½n2.3.2. [ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

2.4 k�þ¥þâf�§�1n«�d£ã�(

½n2.4.1. (∂a + iSab∂
b)βς

αςψας = i√
2
im2σabςβςAb, ψας := i√

2
i
2
σabςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

ψας (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λας (~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

½n2.4.2.



−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−1∑
h=1

λab(~p, h)λ+
a′b′(~p, h) = p[ap

+
[a′ηb]b′]

−1∑
h=1

λας (~p, h)λ+
α′ς

(~p, h) = −σabαςα′ςpapb


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Fab(x), F+
a′b′(x

′)] = −iη[a〈a′∂b]∂
+
b′〉∆(x− x′)

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

2.5 m→ 0/ªí�1f�/

½n2.5.1. (∂a + iSab∂
b)βς

αςψας → 0, ψας := i√
2
i
2
σabςαςFab, Sab := iσαςςabγας

Aa(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
εa(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p→∞

Fab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p→∞

ψας (~r, t)→ −ς
(2π)3/2

+∞∫
~p=−∞

√
|~p|λmας (~p,−ς)[a(~p,−ς)ei(~p·~r−Et) + b+(~p,−ς)e−i(~p·~r−Et)]d3~p

íØ2.5.1. εa(~p, 1) = [iλm(~p, 1), 0]a, εa(~p, 0) = 1
m

[iEλm(~p, 0), i|~p|]a →∞, εa(~p,−1) = [iλm(~p,−1), 0]a

íØ2.5.2. λας (~p,−ς)→
√

2|~p|λmας (~p,−ς), λας (~p, ς)→ 0, λας (~p, 0)→ 0

íØ2.5.3.


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)→∞

[Fab(x), F+
a′b′(x

′)] = −iη[a〈a′∂b]∂
+
b′〉∆(x− x′)

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

lþ¡�±wÑ§3m→ 0�§Aa, Fab →∞C�v¿Â§�ψαςE,k¿Â§�±g,LÞ§#�3e¡"�
,î���{E�æ^Ã�þâf��{§ùp�´/ª�í�"

íØ2.5.4. (∂a + iSab∂
b)βς

αςψας → 0

ψας (~r, t)→ −ς
(2π)3/2

+∞∫
~p=−∞

√
|~p|λmας (~p,−ς)[a(~p,−ς)ei(~p·~r−Et) + b+(~p,−ς)e−i(~p·~r−Et)]d3~p

λας (~p,−ς)λ+
α′ς

(~p,−ς) = −σabαςα′ςpapb, [ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)
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3 k�þ¥þ|�é´¼ê!ÏJ¼êÚ¤ùDÂf

3.1 'uAa(x)�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ3.1.1. [Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Ún3.1.1. [ϑ(t), (ηaa′ −
∂a∂

+

a′
m2 )]ψ(x) = [−iδ(t) (δaπ∂

+

a′−∂aδa′π′ )
m2 + δ′(t) δaπδa′π′

m2 ]ψ(x)

íØ3.1.2. [ϑ(t), (ηaa′ −
∂a∂

+

a′
m2 )]∆(x) = [−iδ(t) (δaπ∂

+

a′−∂aδa′π′ )
m2 + δ′(t) δaπδa′π′

m2 ]∆(x) = − δaπδa′π′
m2 δ4(x)

Ún3.1.2. ∆aa′(1;x)|t=0 = (ηaa′ −
∂a∂

+

a′
m2 )∆(x)|t=0[⇔]


∆kk′(1;x)|t=0 = 0,∆ππ′(1;x)|t=0 = 0

∆kπ′(1;x)|t=0 = i∂k
m2 δ

3(~r)

∆πk′(1;x)|t=0 = −i∂k′
m2 δ3(~r)

Ún3.1.3. ∂t∆aa′(1;x)|t=0 = (ηaa′ −
∂a∂

+

a′
m2 )∂t∆(x)|t=0[⇔]


∂t∆kk′(1;x)|t=0 = (∂k∂k′

m2 − δkk′)δ3(~r)

∂t∆ππ′(1;x)|t=0 = ∇2

m2 δ
3(~r)

∂t∆kπ′(1;x)|t=0 = 0, ∂t∆πk′(1;x)|t=0 = 0

íØ3.1.3.

∆aa′(1;x) := (ηaa′ −
∂a∂

+

a′
m2 )∆(x)

∆
(+)
aa′ (1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(+)(x)

∆
(−)
aa′ (1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(−)(x)

∆
(l)
aa′(1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(l)(x)

íØ3.1.4.

∆
(c)
aa′(1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(c)(x)− δaπδa′π′

m2 δ4(x)

∆
(F )
aa′ (1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(F )(x)− i δaπδa′π′

m2 δ4(x)

∆
(ret)
aa′ (1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(ret)(x)− δaπδa′π′

m2 δ4(x)

∆
(adv)
aa′ (1;x) := (ηaa′ −

∂a∂
+

a′
m2 )∆(adv)(x)− δaπδa′π′

m2 δ4(x)

íØ3.1.5.
(∂c∂c −m2)∆aa′(n;x) = 0, ∂a∆aa′(n;x) = 0

(∂c∂c −m2)∆
(+)
aa′ (n;x) = 0, ∂a∆

(+)
aa′ (n;x) = 0

(∂c∂c −m2)∆
(−)
aa′ (n;x) = 0, ∂a∆

(−)
aa′ (n;x) = 0

íØ3.1.6.

(∂c∂c −m2)∆
(c)
aa′(n;x) = −δ′(t)∆aa′(n;x)|t=0 − δ(t)∂t∆aa′(n;x)|t=0, ∂

a∆
(c)
aa′(n;x) = 0

(∂c∂c −m2)∆
(F )
aa′ (n;x) = −iδ′(t)∆aa′(n;x)|t=0 − iδ(t)∂t∆aa′(n;x)|t=0, ∂

a∆
(F )
aa′ (n;x) = 0

(∂c∂c −m2)∆
(ret)
aa′ (n;x) = −δ′(t)∆aa′(n;x)|t=0 − δ(t)∂t∆aa′(n;x)|t=0, ∂

a∆
(ret)
aa′ (n;x) = 0

(∂c∂c −m2)∆
(adv)
aa′ (n;x) = −δ′(t)∆aa′(n;x)|t=0 − δ(t)∂t∆aa′(n;x)|t=0, ∂

a∆
(adv)
aa′ (n;x) = 0

3.2 'uFab(x)�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ3.2.1. [Fab(x), F+
a′b′(x

′)] = −iη[a〈a′∂b]∂
+
b′〉∆(x− x′)

Ún3.2.1. [ϑ(t),−η[a〈a′∂b]∂
+
b′〉]ψ(x) = η[a〈a′ [−iδ(t)

(δb]π∂
+

b′〉−∂b]δb′〉π′ )
m2 + δ′(t)

δb]πδb′〉π′

m2 ]ψ(x)

Ún3.2.2. ∆aba′b′(1;x)|t=0 = −η[a〈a′∂b]∂
+
b′〉∆(x)|t=0

= −i[ηaa′(δbπ − δb′π′) + ηbb′(δaπ − δa′π′)− ηab′(δbπ − δa′π′)− ηba′(δaπ − δb′π′)]δ3(~r)
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Ún3.2.3. ∂t∆aba′b′(1;x)|t=0 = −η[a〈a′∂b]∂
+
b′〉∂t∆(x)|t=0 = η[a〈a′δb]πδb′〉π′(m

2 −∇2)δ3(~r)

íØ3.2.2.

∆aba′b′(1;x) := −η[a〈a′∂b]∂
+
b′〉∆(x)

∆
(+)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(+)(x)

∆
(−)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(−)(x)

∆
(l)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(l)(x)

íØ3.2.3.

∆
(c)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(c)(x) + η[a〈a′ [−iδ(t)
(δb]π∂

+

b′〉−∂b]δb′〉π′ )
m2 + δ′(t)

δb]πδb′〉π′

m2 ]∆(x)

∆
(F )
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(F )(x) + η[a〈a′ [−iδ(t)
(δb]π∂

+

b′〉−∂b]δb′〉π′ )
m2 + δ′(t)

δb]πδb′〉π′

m2 ]∆(x)

∆
(ret)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(ret)(x) + η[a〈a′ [−iδ(t)
(δb]π∂

+

b′〉−∂b]δb′〉π′ )
m2 + δ′(t)

δb]πδb′〉π′

m2 ]∆(x)

∆
(adv)
aba′b′(1;x) := −η[a〈a′∂b]∂

+
b′〉∆

(adv)(x) + η[a〈a′ [−iδ(t)
(δb]π∂

+

b′〉−∂b]δb′〉π′ )
m2 + δ′(t)

δb]πδb′〉π′

m2 ]∆(x)

3.3 'uψας (x)�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ3.3.1. [ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

Ún3.3.1. [ϑ(t), σabαςα′ς∂a∂b]ψ(x) = σabαςα′ς [iδ(t)(δaπ∂b + ∂aδbπ) + δ′(t)δaπδbπ]ψ(x)

Ún3.3.2. ∆αςα′ς
(1;x)|t=0 = σabαςα′ς∂a∂b∆(x)|t=0 = −iςεkαςα′ς∂kδ

3(~r)

y²: ∆αςα′ς
(1;x)|t=0 = σabαςα′ς∂a∂b∆(x)|t=0

= σiπαςα′ς∂i∂π∆(x)|t=0 + σπjαςα′ς∂π∂j∆(x)|t=0

= 2σiπαςα′ς∂i∂π∆(x)|t=0 = 2iσiπαςα′ς∂iδ
3(~r)

= −iςεkαςα′ς∂kδ
3(~r)

Ún3.3.3. ∂t∆αςα′ς
(1;x)|t=0 = σabαςα′ς∂a∂b∂t∆(x)|t=0

= − 1
2
(δkαςδ

l
α′ς

+ δkα′ςδ
l
ας
− δklδαςα′ς )∂k∂lδ

3(~r) + 1
2
δαςα′ς (m

2 −∇2)δ3(~r)

y²: ∂t∆αςα′ς
(1;x)|t=0 = σabαςα′ς∂a∂b∂t∆(x)|t=0

= σijαςα′ς∂i∂j∂t∆(x)|t=0 + σππαςα′ς∂π∂π∂t∆(x)|t=0

= −σijαςα′ς∂i∂jδ
3(~r) + σππαςα′ς (m

2 −∇2)δ3(~r)

= − 1
2
(δkαςδ

l
α′ς

+ δkα′ςδ
l
ας
− δklδαςα′ς )∂k∂lδ

3(~r) + 1
2
δαςα′ς (m

2 −∇2)δ3(~r)

íØ3.3.2.

∆αςα′ς
(1;x) := σabαςα′ς∂a∂b∆(x)

∆
(+)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(+)(x)

∆
(−)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(−)(x)

∆
(l)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(l)(x)

íØ3.3.3.

∆
(c)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(c)(x) + σabαςα′ς [iδ(t)(δaπ∂b + ∂aδbπ) + δ′(t)δaπδbπ]∆(x)

∆
(F )
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(F )(x) + σabαςα′ς [−δ(t)(δaπ∂b + ∂aδbπ) + iδ′(t)δaπδbπ]∆(x)

∆
(ret)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(ret)(x) + σabαςα′ς [iδ(t)(δaπ∂b + ∂aδbπ) + δ′(t)δaπδbπ]∆(x)

∆
(adv)
αςα′ς

(1;x) := σabαςα′ς∂a∂b∆
(adv)(x) + σabαςα′ς [iδ(t)(δaπ∂b + ∂aδbπ) + δ′(t)δaπδbπ]∆(x)
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4 k�þ¥þ|é´5Kü«Lã�d5��*y²�{
g·µãµ{ü|©�)Ûy{c�Ù®²�Ñ§@��o���ÑÙ§�y{Qº�Ïkn�µ�´·�

kUùE,�*��{y²�¶�´3ù�E,�y²L§¥§�±^B��k�þ¥þ|©)��Üé´5

K¶n´�±���1k^�ð�ª"·®²õg��ù�aq��¹§ØÓy{  I���ØÓ�êÆE

|"k
Ä�y²é{'§�wØ�[!§k��ÿ²²yÑ5
§ok
~¦§Ï�Ø�*!�Ä�¶�E

5�y²§k�{'§k�é�¡§�z�ÚÑ�±w���ÙÙ"

4.1 êÆO�

4.1.1 ~êØCÜþΓλςµςηςξς�Ú\

½Â4.1.1. Γaλςµς := [γa(ς)C]λςµς =

[
0aAςBς [(σ,iς)σy ]aAς

B′ς

[(σ,−iς)σy ]
A′ς
a Bς 0

A′ςB
′
ς

a

]
½Â4.1.2. Γabλςµςηςξς := ΓaλςµςΓ

b
ηςξς

,Γλςµςηςξς := ΓaλςµςδabΓ
b
ηςξς

5�4.1.1.

Γλςµςηςξς = Γµςλςηςξς ,Γλςµςηςξς = Γλςµςξςης ,Γλςµςηςξς = Γηςξςλςµς

Γ1ς3ς2ς4ς = Γ3ς1ς2ς4ς = Γ1ς3ς4ς2ς = Γ3ς1ς4ς2ς = 1,

Γ2ς4ς1ς3ς = Γ2ς4ς3ς1ς = Γ4ς2ς1ς3ς = Γ4ς2ς3ς1ς = 1,

Γ1ς4ς2ς3ς = Γ4ς1ς2ς3ς = Γ1ς4ς3ς2ς = Γ4ς1ς3ς2ς = −1,

Γ2ς3ς1ς4ς = Γ2ς3ς4ς1ς = Γ3ς2ς1ς4ς = Γ3ς2ς4ς1ς = −1

Γrest = 0,Γ{λςµςηςξς} = 0

5�4.1.2. Γλςµςηςξς = (−1)λς+µςu(λς + µς − 3)u(ης + ξς − 3)|ελςµςηςξς |

4.1.2 �«þ�Ý
Ðm

Ún4.1.1. γa = (σ ⊗ σy, ςI ⊗ σx) = i
[

0 −(σ,iς)
(σ,−iς) 0

]
, Sab(ς) = i

2
σαςςabσας = − i

4
(σ, iς)[a(σ,−iς)b]

Ún4.1.2. imγa(ς)C =
[

0 im(σ,iς)σy
im(σ,−iς)σy 0

]
y²: imγa(ς)C = im(σ ⊗ σy, ςI ⊗ σx)ςγy(ς)γ4(ς) = im(σ ⊗ σy, ςI ⊗ σx)(σy ⊗ σy)(I ⊗ σx)

= im(σσy ⊗ σx,−ςσy ⊗ σy) =
[

0 im(σ,iς)σy
im(σ,−iς)σy 0

]
Ún4.1.3. Sab(e, ς) =

[
Sab(ς) 0

0 Sab(−ς)

]
y²: Sab(e, ς) = − i

4
[γa(ς), γb(ς)]

= − i
4
{
[

0 −i(σ,iς)a
i(σ,−iς)a 0

] [
0 −i(σ,iς)b

i(σ,−iς)b 0

]
−
[

0 −i(σ,iς)b
i(σ,−iς)b 0

] [
0 −i(σ,iς)a

i(σ,−iς)a 0

]
}

= − i
4

[
(σ,iς)[a(σ,−iς)b] 0

0 (σ,−iς)[a(σ,iς)b]

]
=
[
Sab(ς) 0

0 Sab(−ς)

]
Ún4.1.4. −2Sab(e, ς)C∂b =

[
1
2

(σ,iς)[a(σ,−iς)b]σy∂b 0

0 − 1
2

(σ,−iς)[a(σ,iς)b]σy∂
b

]
y²: −2Sab(e, ς)C∂b = −2

[
Sab(ς)∂b 0

0 Sab(−ς)∂b

]
(σy ⊗ σy)(I ⊗ σx) = 2i

[
Sab(ς)∂bσy 0

0 −Sab(−ς)∂bσy

]
=

[
1
2

(σ,iς)[a(σ,−iς)b]σy∂b 0

0 − 1
2

(σ,−iς)[a(σ,iς)b]σy∂
b

]
íØ4.1.1. Xa =

[
2iSab(ς)σy∂

b im(σ,iς)aσy

im(σ,−iς)aσy −2iSab(−ς)σy∂b

]
=
[

2ςSabAςBς ∂b im(σ,iς)aσy

im(σ,−iς)aσy 2ςSab
A′ςB

′
ς ∂b

]
íØ4.1.2. Xa =

[
1
2

(σ,iς)[a(σ,−iς)b]σy∂b im(σ,iς)aσy

im(σ,−iς)aσy − 1
2

(σ,−iς)[a(σ,iς)b]σy∂
b

]
,X+

a =

[
− 1

2
σy(σ,iς)[a(σ,−iς)b]∂+b −imσy(σ,iς)a

−imσy(σ,−iς)a
1
2
σy(σ,−iς)[a(σ,iς)b]∂

+b

]
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íØ4.1.3. ψλςµς = Xa A
a

2
(σ, iς)aAςA′ς = [imγa(ς)C − 2Sab(e, ς)∂

bC]λςµς
Aa

2

= 1
2

[
2ςSabAςBς ∂bAa im[(σ,iς)aσy ]Aς

B′ςAa

im[(σ,−iς)aσy ]AςB′ς
Aa 2ςSab

A′ςB
′
ς ∂bAa

]
= 1

2

[
−ςSabAςBςFab im[(σ,iς)aσy ]Aς

B′ςAa

im[(σ,−iς)aσy ]AςB′ς
Aa −ςSabA

′
ςB
′
ςFab

]
=

[
ψAςBς ψAς

B′ς

ψAςB′ς
ψA
′
ςB
′
ς

]
B−G

= −ς
[

ΨAςBς ΨAς
B′ς

ΨAςB′ς
ΨA
′
ςB
′
ς

]
Two

= i√
2

[
ψAςBς ψAς

B′ς

ψAςB′ς
ψA
′
ςB
′
ς

]
One

4.1.3 ���Ún

Ún4.1.5. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

y²: [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς [ηaa′ −

∂a∂
+

a′
m2 ]X+a′

λ′ςµ
′
ς
∆(x− x′)

= i
4
{[imγa(ς)− 2Sab(e, ς)∂b]C}λςµς [ηaa′ −

∂a∂
+

a′
m2 ]{[imγa′(ς) + 2Sa

′b′(e, ς)∂′b′ ]C}+λ′ςµ′ς
∆(x− x′)
= i

4
{[imγa(ς)− 2Sab(e, ς)∂b]C}λςµς [ηaa′ −

∂a∂
+

a′
m2 ]{C+[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
′b′ ]}λ′ςµ′ς∆(x− x′)

= i
4
{[imγa(ς)− 2Sab(e, ς)∂b]C}λςµς (δaa′ −

∂a∂a′
m2 ){C+[−imγa′(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4
{[imγa(ς)− 2Sab(e, ς)∂b]ςγy(ς)γ4(ς)}λςµς

(δaa′ − ∂a∂a′
m2 ){ςγ4(ς)γy(ς)[−imγa

′
(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4
{[imγa(ς)− 2Sab(e, ς)∂b][−ςγ4(ς)γy(ς)]}λςµς

(δaa′ − ∂a∂a′
m2 ){[ςγy(−ς)γ4(−ς)][−imγa′(−ς)− 2Sa

′b′(e,−ς)∂′b′ ]}λ′ςµ′ς∆(x− x′)
= i

4
{im

[
0 (σ,iς)σy

(σ,−iς)σy 0

]
+ 2i

[
Sab(ς)σy 0

0 −Sab(−ς)σy

]
∂b}λςµς (δaa′ −

∂a∂a′
m2 )

{−im
[

0 σy(σ,−iς)
σy(σ,iς) 0

]
− 2i

[
σyS

ab(−ς) 0

0 −σySab(ς)

]
∂′b}λ′ςµ′ς∆(x− x′)

= i
4

[
2iSab(ς)σy∂b im(σ,iς)σy

im(σ,−iς)σy −2iSab(−ς)σy∂b

]
λςµς

(δaa′ − ∂a∂a′
m2 )

[
−2iσyS

a′b′ (−ς)∂′b′ −imσy(σ,−iς)
−imσy(σ,iς) 2iσyS

a′b′ (ς)∂′b′

]
λ′ςµ
′
ς

∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

4.2 k�þ¥þ|é´5Kü«Lã�d5�1�«�*y²�{

Ún4.2.1. [(m− γa∂a)γ4]{λς(λ′ς [(m− γ
b∂b)γ

4]µς}µ′ς)∆(x− x′)
= −[−imI ⊗ σx + (σ ⊗ σz, iς)a∂a]{λς(λ′ς [−imI ⊗ σx + (σ ⊗ σz, iς)b∂b]µςµ′ς∆(x− x′), γa = (σ ⊗ σy, ςI ⊗ σx)

½n4.2.1. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

8
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

= − i
8

[
(σ,iς)a

AςA′ς
∂a −imδAς

Bς

−imδA
′
ς
B′ς

−(σ,−iς)
A′ςAς
a ∂a

]
{λς(λ′ς

[
(σ,iς)b

BςB′ς
∂b −imδAς

Bς

−imδA
′
ς
B′ς
−(σ,−iς)

B′ςBς
b ∂b

]
µς}µ′ς)

∆(x− x′)

⇔ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= − i
4

[
2ςSabAςBς ∂b im[(σ,iς)σy ]aAς

B′ς

im[(σ,−iς)σy ]a
A′ς Bς 2ςSab

A′ςB
′
ς ∂b

]
λςµς

[
2ςSa

′b′
A′ςB

′
ς
∂b′ im[σy(σ,−iς)]a

′
A′ς

Bς

im[σy(σ,iς)]a′
Aς

B′ς
2ςSa′b′

AςBς ∂b
′

]
λ′ςµ
′
ς

(δaa′ − ∂a∂a′
m2 )∆(x− x′)

y²:[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)] = − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)

∂a∂b∆(x− x′) = iSacAςBςδcdS
db
A′ςB

′
ς
∂a∂b∆(x− x′)

[ψA
′
ςB
′
ς (x), ψAςBς+ (x′)] = − i

8
(σ,−iς){A

′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b ∂a∂b∆(x− x′) = iSac
A′ςB

′
ςδcdSdb

AςBς∂a∂b∆(x− x′)[ψAςBς (x), ψCςDς+ (x′)] = i
8
m2δ

(Cς
{Aςδ

Dς)
Bς}∆(x− x′) = iSacAςBςδ

d
cSdb

CςDς∂a∂
b∆(x− x′)

[ψA
′
ςB
′
ς (x), ψ+

C′ςD
′
ς
(x′)] = i

8
m2δ

{A′ς
(C′ς

δ
B′ς}
D′ς)

∆(x− x′) = iSac
A′ςB

′
ςδcdS

db
C′ςD

′
ς
∂a∂

b∆(x− x′)

[ψ
B′ς
Aς

(x),+ ψBςA′ς (x
′)] = i

4
[(σ, iς)aAςA′ς∂a(σ,−iς)

B′ςBς
b ∂b +m2δBςAς δ

B′ς
A′ς

]∆(x− x′)

= − i
4
{[(σ, iς)σy]aAςB

′
ς [σy(σ,−iς)]bA′ς

Bς∂a∂b∆(x− x′)− 2m2δBςAς δ
B′ς
A′ς
}

[ψ
A′ς
Bς

(x),+ ψAςB′ς (x
′)] = i

4
[(σ,−iς)A

′
ςAς

a ∂a(σ, iς)bBςB′ς∂b +m2δAςBς δ
A′ς
B′ς

]∆(x− x′)

= − i
4
{[(σ, iς)σy]aBςA

′
ς [σy(σ,−iς)]bB′ς

Aς∂a∂b∆(x− x′)− 2m2δAςBς δ
A′ς
B′ς
}
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′)] = − 1

4
m(σ, iς)a{AςA′ςδ

Cς
Bς}∂a∆(x− x′) = ς

2
mSabAςBς∂bδaa′ [σy(σ,−iς)]a

′
A′ς
Cς∆(x− x′)

[ψA
′
ςB
′
ς (x),+ ψAςC′ς (x′)] = 1

4
m(σ,−iς){A

′
ςAς

a δ
B′ς}
C′ς

∂a∆(x− x′) = ς
2
mSab

A′ςB
′
ς∂bδaa

′
[σy(σ, iς)]a′

Aς
C′ς

∆(x− x′)[ψ
C′ς
Aς

(x), ψ+
A′ςB

′
ς
(x′)] = − 1

4
m(σ, iς)aAς{A′ςδ

C′ς
B′ς}

∂a∆(x− x′) = ς
2
mSabA′ςB′ς∂bδaa′ [(σ,−iς)σy]

a′C′ςAς∆(x− x′)

[ψ
A′ς
Cς

(x), ψAςBς+ (x′)] = 1
4
m(σ,−iς)A

′
ς{Aς

a δ
Bς}
Cς

∂a∆(x− x′) = ς
2
mSab

AςBς∂bδaa
′
[(σ, iς)σy]a′Cς

A′ς∆(x− x′)[σy(σ,−iς)]aA′ς
Bς = [σy(σ, iς)]

aBς
A′ς
, [(σ, iς)σy]

a
Aς
B′ς = [(σ,−iς)σy]aB

′
ςAς

{[σy(σ,−iς)]aA′ς
Bς}∗ = [(σ, iς)σy]

a
Aς
B′ς , {[σy(σ, iς)]aBςA′ς}

∗ = [(σ,−iς)σy]aB
′
ςAς

íØ4.2.1. 2Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′) = [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

4.3 k�þ¥þ|é´5Kü«Lã�d5�1�«�*y²�{

Ún4.3.1.

(σ, iς)aAςA′ςδab(σ, iς)
b
BςB′ς

= −2εAςBςεA′ςB′ς

(σ,−iς)A
′
ςAς

a δab(σ,−iς)B
′
ςBς

b = −2εAςBςεA
′
ςB
′
ς

(σ, iς)aAςA′ςδ
b
a(σ,−iς)

B′ςBς
b = 2δBςAς δ

B′ς
A′ς

(σ,−iς)A
′
ςAς

a δab (σ, iς)bBςB′ς = 2δAςBς δ
A′ς
B′ς

½n4.3.1. [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)(ηaa′ −

∂a∂
+

a′
m2 )X+a′

λ′ςµ
′
ς
(x′)∆(x− x′)

=

[
1
2

(σ,iς)[a(σ,−iς)b]σy∂b im(σ,iς)aσy

im(σ,−iς)aσy − 1
2

(σ,−iς)[a(σ,iς)b]σy∂
b

]
λςµς

[
1
2
σy(σ,−iς)[a′ (σ,iς)b′]∂

b′ −imσy(σ,−iς)a′

−imσy(σ,iς)a′ − 1
2
σy(σ,iς)[a′ (σ,−iς)b′]∂

b′

]
λ′ςµ
′
ς

i
4
(δaa

′ − ∂a∂a
′

m2 )∆(x− x′)
⇔ [ψλςµς (x), ψ+

λ′ςµ
′
ς
(x′)] = i

8
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

= − i
8

[
(σ,iς)a

AςA′ς
∂a −imδAς

Bς

−imδA
′
ς
B′ς

−(σ,−iς)
A′ςAς
a ∂a

]
{λς(λ′ς

[
(σ,iς)b

BςB′ς
∂b −imδAς

Bς

−imδA
′
ς
B′ς
−(σ,−iς)

B′ςBς
b ∂b

]
µς}µ′ς)

∆(x− x′)

y²:

[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)] = i

16
{(σ, iς)[a(σ,−iς)b]σy∂b}AςBςδaa

′{σy(σ,−iς)[a′(σ, iς)b′]∂
b′}A′ςB′ς∆(x− x′)

= − i
8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)

∂a∂b∆(x− x′)

[ψA
′
ςB
′
ς (x), ψAςBς+ (x′)] = i

16
{(σ,−iς)[a(σ, iς)b]σy∂

b}A′ςB′ςδaa′{σy(σ, iς)[a′(σ,−iς)b′]∂b
′}AςBς∆(x− x′)

= − i
8
(σ,−iς){A

′
ς(Aς

a (σ,−iς)B
′
ς}Bς)

b ∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς+ (x′)] = − i
16
{(σ, iς)[a(σ,−iς)b]σy∂b}AςBςδaa

′{σy(σ, iς)[a′(σ,−iς)b′]∂b
′}CςDς∆(x− x′)

= i
8
δ

(Cς
{Aςδ

Dς)
Bς}∂

a∂a∆(x− x′)

[ψA
′
ςB
′
ς (x), ψ+

C′ςD
′
ς
(x′)] = − i

16
{(σ,−iς)[a(σ, iς)b]σy∂

b}A′ςB′ςδaa′{σy(σ,−iς)[a′(σ, iς)b′]∂
b′}C′ςD′ς∆(x− x′)

= i
8
δ
{A′ς
(C′ς

δ
B′ς}
D′ς)

∂a∂a∆(x− x′)

[ψ
B′ς
Aς

(x),+ ψBςA′ς (x
′)] = − i

4
{[(σ, iς)σy]aAςB

′
ς [σy(σ,−iς)]bA′ς

Bς∂a∂b∆(x− x′)− 2m2δBςAς δ
B′ς
A′ς
}

= i
4
[(σ, iς)aAςA′ς∂a(σ,−iς)

B′ςBς
b ∂b +m2δBςAς δ

B′ς
A′ς

]∆(x− x′)

[ψ
A′ς
Bς

(x),+ ψAςB′ς (x
′)] = − i

4
{[(σ, iς)σy]aBςA

′
ς [σy(σ,−iς)]bB′ς

Aς∂a∂b∆(x− x′)− 2m2δAςBς δ
A′ς
B′ς
}

= i
4
[(σ,−iς)A

′
ςAς

a ∂a(σ, iς)bBςB′ς∂b +m2δAςBς δ
A′ς
B′ς

]∆(x− x′)

[ψAςBς (x),+ ψCςA′ς (x
′)] = 1

8
m{(σ, iς)[a(σ,−iς)b]σy∂b}AςBςδaa′ [σy(σ,−iς)]a

′
A′ς
Cς∆(x− x′)

= − 1
4
m(σ, iς)a{AςA′ςδ

Cς
Bς}∂a∆(x− x′)

[ψA
′
ςB
′
ς (x),+ ψAςC′ς (x′)] = − 1

8
m{(σ,−iς)[a(σ, iς)b]σy∂

b}A′ςB′ςδaa′ [σy(σ, iς)]a′AςC′ς∆(x− x′)

= 1
4
m(σ,−iς){A

′
ςAς

a δ
B′ς}
C′ς

∂a∆(x− x′)
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[ψ
C′ς
Aς

(x), ψ+
A′ςB

′
ς
(x′)] = − 1

8
m{σy(σ,−iς)[a(σ, iς)b]∂

b}A′ςB′ςδ
a
a′ [(σ,−iς)σy]a

′C′ςAς∆(x− x′)

= − 1
4
m(σ, iς)aAς{A′ςδ

C′ς
B′ς}

∂a∆(x− x′)

[ψ
A′ς
Cς

(x), ψAςBς+ (x′)] = 1
8
m{σy(σ, iς)[a(σ,−iς)b]∂b}AςBςδaa

′
[(σ, iς)σy]a′Cς

A′ς∆(x− x′)

= 1
4
m(σ,−iς)A

′
ς{Aς

a δ
Bς}
Cς

∂a∆(x− x′)[σy(σ,−iς)]aA′ς
Bς = [σy(σ, iς)]

aBς
A′ς
, [(σ, iς)σy]

a
Aς
B′ς = [(σ,−iς)σy]aB

′
ςAς

{[σy(σ,−iς)]aA′ς
Bς}∗ = [(σ, iς)σy]

a
Aς
B′ς , {[σy(σ, iς)]aBςA′ς}

∗ = [(σ,−iς)σy]aB
′
ςAς

5 g^-1âfBargmann-Wigner�§�«þf�Î�J�

5.1 g^-1âfBargmann-Wigner�§ [18]���é´5K

½n5.1.1. (γa∂a +m)κς
λςψλςµς (~r, t) = 0, ψλςµς (~r, t) = 1

2!
ψ{λςµς}(~r, t)

ψλςµς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m2

E
[a(~p, h)Uλςµς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµς (~p, h)e−i(~p·~r−Et)]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3U
+λςµς (~p, h)ψλςµς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m2

E3 V
+λςµς (~p, h)ψλςµς (~r, t)e

i(~p·~r−Et)d3~r

½n5.1.2. [ψλςµς (~r, t), ψ
+
λ′ςµ
′
ς
(~r′, t)] = 1

4
[(mγ4 + γ4~γ · ∇){λς(λ′ςδµς}µ′ς)]δ

3(~r − ~r′)

y²: [ψλςµς (~r, t), ψ
+
λ′ςµ
′
ς
(~r′, t)]

= i
8
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)|t=t′

= i
8
[(mγ4 − ~γγ4 · ∇) + i∂t]{λς(λ′ς [(mγ

4 − ~γγ4 · ∇) + i∂t]µς}µ′ς)∆(x− x′)|t=t′
= i

8
[(mγ4 − ~γγ4 · ∇){λς(λ′ς i∂tδµς}µ′ς) + i∂tδ{λς(λ′ς (mγ

4 − ~γγ4 · ∇)µς}µ′ς)]∆(x− x′)|t=t′
= 1

4
[(mγ4 − ~γγ4 · ∇){λς(λ′ςδµς}µ′ς)]δ

3(~r − ~r′)
= 1

4
[(mγ4 + γ4~γ · ∇){λς(λ′ςδµς}µ′ς)]δ

3(~r − ~r′)

5.2 g^-1âfBargmann-Wigner�§Uþ�Î�J�

½n5.2.1. H =
∫ −1∑
h=1

E[a+(~p, h)a(~p, h) + b(~p, h)b+(~p, h)]d3~p =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r

y²:
∫ −1∑
h=1

E[a+(~p, h)a(~p, h) + b(~p, h)b+(~p, h)]d3~p

= 1
(2π)3

∫
m2

E2 ψ
+
λςµς

(~r, t)ψλ′ςµ′ς (~r
′, t)

−1∑
h=1

[Uλςµς (~p, h)U+λ′ςµ
′
ς (~p, h)ei~p·(~r−~r

′) + V λςµς (~p, h)V +λ′ςµ
′
ς (~p, h)e−i~p·(~r−~r

′)]d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+
λςµς

(~r, t)ψλ′ςµ′ς (~r
′, t)

−1∑
h=1

[Uλςµς (~p, h)U+λ′ςµ
′
ς (~p, h) + V λςµς (−~p, h)V +λ′ςµ

′
ς (−~p, h)]ei~p·(~r−~r

′)d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16m2 [[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς) + [(m− iγap+

a )γ4]{λς(λ′ς [(m− iγ
bp+
b )γ4]µς}µ′ς)]e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
m2

E2 ψ
+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16m2 [[(mγ4 − i~γγ4 · ~p) + E]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p) + E]µς}µ′ς)

+ [(mγ4 − i~γγ4 · ~p)− E]{λς(λ′ς [(mγ
4 − i~γγ4 · ~p)− E]µς}µ′ς)]e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

1
16E2 {[(mγ4 − i~γγ4 · ~p) + E]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p) + E]µς}µ′ς)

+ [(mγ4 − i~γγ4 · ~p)− E]{λς(λ′ς [(mγ
4 − i~γγ4 · ~p)− E]µς}µ′ς)}e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)
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1
8E2 {[(mγ4 − i~γγ4 · ~p)]{λς(λ′ς [(mγ

4 − i~γγ4 · ~p)]µς}µ′ς) + E2δ{λς(λ′ςδµς}µ′ς)}e
i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

{ 1
8E2 [(mγ4 + iγ4~γ · ~p)]{λς(λ′ς [(mγ

4 + iγ4~γ · ~p)]µς}µ′ς) + 1
2
δ{λς(λ′ςδµς}µ′ς)}e

i~p·(~r−~r′)d3~rd3~r′d3~p

= 1
2

1
(2π)3

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t)

{[(mγ4 + γ4~γ · ∇)]{λς(λ′ς [(mγ
4 + γ4~γ · ∇)]µς}µ′ς)

1
E2 e

i~p·(~r−~r′) + δ{λς(λ′ςδµς}µ′ς)e
i~p·(~r−~r′)}d3~rd3~r′d3~p

= 1
8

∫
ψ+λςµς (~r, t)ψλ

′
ςµ
′
ς (~r′, t){

[(mγ4+γ4~γ·∇)]{λς (λ′ς
[(mγ4+γ4~γ·∇)]µς}µ′ς )

m2−∇2 + δ{λς(λ′ςδµς}µ′ς)}δ
3(~r − ~r′)d3~rd3~r′

= 1
8

∫
ψ+λςµς (~r, t){

[(mγ4+γ4~γ·∇)]{λς (λ′ς
[(mγ4+γ4~γ·∇)]µς}µ′ς )

m2−∇2 + δ{λς(λ′ςδµς}µ′ς)}ψ
λ′ςµ
′
ς (~r, t)d3~r

= 1
2

∫
{ψ+λςµς (~r, t)

[(mγ4+γ4~γ·∇)]λςλ′ς
[(mγ4+γ4~γ·∇)]µςµ′ς

m2−∇2 ψλ
′
ςµ
′
ς (~r, t) + ψ+λςµς (~r, t)ψλςµς (~r, t)}d3~r

= 1
2

∫
{ψ+λςµς (~r, t) (i∂t)

2

m2−∇2ψ
λ′ςµ
′
ς (~r, t) + ψ+λςµς (~r, t)ψλςµς (~r, t)}d3~r

=
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r

½n5.2.2. H =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r =
∫
{ 1

2
F+abFab +m2A+a(~r, t)Aa(~r, t)}d3~r

y²: H =
∫
ψ+λςµς (~r, t)ψλςµς (~r, t)d

3~r

tr[Sab(e, ς)Scd(e, ς)] = Sabcd = δacδdb − δadδcb
=
∫
{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]}λςµς

A+

a′ (~r,t)

2
[imγa(ς)C − 2Sab(e, ς)C∂b]λςµς

Aa(~r,t)
2

d3~r

= 1
4

∫
tr{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ][imγ

a(ς)− 2Sab(e, ς)∂b]C}A+
a′(~r, t)Aa(~r, t)d

3~r

= 1
4

∫
{m2tr[γa

′
(ς)γa(ς)]A+

a′(~r, t)Aa(~r, t) + 4tr[Sa
′b′(e, ς)Sab(e, ς)]∂+

b′A
+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2δa

′aA+
a′(~r, t)Aa(~r, t) + Sa

′b′ab∂+
b′A

+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2δa

′aA+
a′(~r, t)Aa(~r, t) + (δa

′aδb
′b − δa′bδb′a)∂+

b′A
+
a′(~r, t)∂bAa(~r, t)}d3~r

=
∫
{m2A+a(~r, t)Aa(~r, t) + ∂+bA+a(~r, t)∂bAa(~r, t)− ∂+aA+b(~r, t)∂bAa(~r, t)}d3~r

=
∫
{ 1

2
F+abFab +m2A+a(~r, t)Aa(~r, t)}d3~r

6 k�þMajorana¥þ|(�θ = 0)

6.1 k�þMajorana¥þ|�k�þ¥þ|�é'

�Ùk�þ¥þ|�±þ(Øéuk�þMajorana¥þ|���A¤á§��\þe¡�N\^�"

½n6.1.1. ψ = γ2 ⊗ γ2ψ
∗, Aa = A+

a′η
a′

a (Fab = F+
a′b′η

a′

a η
b′

b ), b+(~p, h) = (−1)s+ha+(~p,−h)

e¡Òk�þMajorana¥þ|�k�þE¥þ|Ø����/?1�[é'?Ø"

6.2 Ø�6�§�Ñg^-1âf�«Ônþ�m�dé´5K

6.2.1 #½Â

½Â6.2.1. >^|¥þ1n«½Â
Fab := ∂aAb − ∂bAa

ψας := − 1
2
√

2
σabςαςFab = − ς√

2
(E − iςB)ας

ψAςBς := iς√
2
σαςAςBςψας ⇔ ψας = iς√

2
σAςBςας

ψAςBς

⇒


ψAςBς = −ςSabAςBςFab

Fab = 1√
2
(σ
α−ς
−ςabψα−ς + σαςςabψας )

∗Fab = ς√
2
(σ
α−ς
−ςabψα−ς − σ

ας
ςabψας )

6.3 ψλςµς�(Aa, Fab)��dé´5K

6.3.1 E|�¢|��Óé´5K

½n6.3.1.[ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), ψλςµς = ψµςλς

imAa
2

(x) = 1
4
tr{C̄γa(ς)ψ[λςµς ](x)}, iFab

2
(x) = 1

2
tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

ψ[λςµς ] = [imγa(ς)C Aa
2

+ Sab(e, ς)C Fab
2

]
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y²: m2[Aa(x), A+
a′(x

′)] = [imAa(x),−imA+
a′(x

′)]

= [ 1
2
tr[C̄γa(ς)ψ[λςµς ](x)], 1

2
tr+[C̄γa(ς)ψ[λςµς ](x

′)]]

= [ 1
2
[C̄γa(ς)]

λςµςψλςµς (x), 1
2
[γa′(ς)C]λ

′
ςµ
′
ςψ+

λ′ςµ
′
ς
(x′)]

= 1
4
[C̄γa(ς)]

λςµς [γa′(ς)C]λ
′
ςµ
′
ς [ψλςµς (x), ψλ′ςµ′ς (x

′)]

= i
16

[C̄γa(ς)]
λςµς [γa′(ς)C]λ

′
ςµ
′
ςXbλςµς (x)X+b′

λ′ςµ
′
ς
(x′)(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16
tr[C̄γa(ς)Xb(x)]tr[X+b′(x′)γa′(ς)C](ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16
tr{C̄γa(ς)[imγb(ς)− 2Sbc(e, ς)∂c]C}tr{C̄[−imγb′(ς)− 2Sb

′c′(e, ς)∂+
′c′ ]γa′(ς)C}(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16
tr{γa(ς)[imγb(ς)− 2Sbc(e, ς)∂c]}tr{[−imγb

′
(ς)− 2Sb

′c′(e, ς)∂+
′c′ ]γa′(ς)}(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= i
16
m2tr[γa(ς)γ

b(ς)]tr[γb
′
(ς)γa′(ς)](ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

= im2δbaδ
b′

a′(ηbb′ −
∂b∂

+

b′
m2 )∆(x− x′)

= i(m2ηaa′ − ∂a∂+
a′)∆(x− x′)

y²: [Fab(x), F+
a′b′(x

′)] = [iFab(x),−iF+
a′b′(x

′)]

= [tr[C̄Sab(e, ς)ψ[λςµς ](x)], tr+[C̄Sa′b′(e, ς)(ς)ψ[λςµς ](x
′)]]

= [[C̄Sab(e, ς)]
λςµςψλςµς (x), [Sa′b′(e, ς)(ς)C]λ

′
ςµ
′
ςψ+

λ′ςµ
′
ς
(x′)]

= [C̄Sab(e, ς)]
λςµς [Sa′b′(e, ς)C]λ

′
ςµ
′
ς [ψλςµς (x), ψλ′ςµ′ς (x

′)]

= i
4
[C̄Sab(e, ς)]

λςµς [Sa′b′(e, ς)C]λ
′
ςµ
′
ςXcλςµς (x)X+c′

λ′ςµ
′
ς
(x′)(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= i
4
tr[C̄Sab(e, ς)Xc(x)]tr[X+c′(x′)Sa′b′(e, ς)C](ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= i
4
tr{C̄Sab(e, ς)[imγc(ς)− 2Scd(e, ς)∂d]C}tr{C̄[−imγc′(ς)− 2Sc

′d′(e, ς)∂+
′d′ ]Sa′b′(e, ς)C}

(ηcc′ −
∂c∂

+

c′
m2 )∆(x− x′)

= i
4
tr{Sab(e, ς)[imγc(ς)− 2Scd(e, ς)∂d]}tr{[−imγc

′
(ς)− 2Sc

′d′(e, ς)∂+
′d′ ]Sa′b′(e, ς)}(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= −itr[Sab(e, ς)Scd(e, ς)]tr[Sc
′d′(e, ς)Sa′b′(e, ς)]∂d∂

+
d′(ηcc′ −

∂c∂
+

c′
m2 )∆(x− x′)

= −itr[Sab(e, ς)Scd(e, ς)]tr[Sc
′d′(e, ς)Sa′b′(e, ς)]ηcc′∂d∂

+
d′∆(x− x′)

= −iSabcdSa′b′c′d′ηcc
′
∂d∂d

′

+ ∆(x− x′)
= −i(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′)ηcc

′
∂d∂d

′

+ ∆(x− x′)
= −iη[a<a′∂b]∂

+
b′>∆(x− x′)

6.3.2 E|^�

½n6.3.2.[ψλςµς (x), ψηςξς (x
′)] = 0, [ψ+

λ′ςµ
′
ς
(x), ψ+

η′ςξ
′
ς
(x′)] = 0, , ψλςµς = ψµςλς

imAa
2

(x) = 1
4
tr{C̄γa(ς)ψ[λςµς ](x)}, iFab

2
(x) = 1

2
tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔[Aa(x), Ab(x
′)] = 0, [Fab(x), Fcd(x

′)] = 0; [A+
a′(x), A+

b′(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψ[λςµς ] = [imγa(ς)C Aa
2

+ Sab(e, ς)C Fab
2

]

6.3.3 E|���é´5K

½n6.3.3.
[ψλςµς (x), ψ+

λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[ψλςµς (x), ψηςξς (x
′)] = 0, [ψ+

λ′ςµ
′
ς
(x), ψ+

η′ςξ
′
ς
(x′)] = 0, ψλςµς = ψµςλς

imAa
2

(x) = 1
4
tr{C̄γa(ς)ψ[λςµς ](x)}, iFab

2
(x) = 1

2
tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Aa(x), Ab(x
′)] = 0, [Fab(x), Fcd(x

′)] = 0; [A+
a′(x), A+

b′(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψ[λςµς ] = [imγa(ς)C Aa
2

+ Sab(e, ς)C Fab
2

]
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6.3.4 Majorana¢|^�

½n6.3.4.
ψ = γ2ψ

+γ2, ψλςµς = ψµςλς

imAa
2

(x) = 1
4
tr{C̄γa(ς)ψ[λςµς ](x)}

iFab
2

(x) = 1
2
tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔

Aa = A+
a′η

a′

a , Fab = F+
a′b′η

a′

a η
b′

b

ψ[λςµς ] = [imγa(ς)C Aa
2

+ Sab(e, ς)C Fab
2

]

6.3.5 Majorana¢|���é´5K

½n6.3.5.

[ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
Xaλςµς (x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[ψλςµς (x), ψλ′ςµ′ς (x
′)] = i

4
Xaλςµς (x)Xa′λ′ςµ′ς (x

′)(δaa′ − ∂a∂a′
m2 )∆(x− x′)

[ψ+
λςµς

(x), ψ+
λ′ςµ
′
ς
(x′)] = i

4
X+a
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(δaa′ −

∂+
a ∂

+

a′
m2 )∆(x− x′)

ψ = γ2ψ
+γ2, ψλςµς = ψµςλς

imAa
2

(x) = 1
4
tr{C̄γa(ς)ψ[λςµς ](x)}, iFab

2
(x) = 1

2
tr{C̄Sab(e, ς)ψ[λςµς ](x)}

⇔

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′), [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[A+
a′(x), A+

b′(x
′)] = i(δa′b′ −

∂+

a′∂
+

b′
m2 )∆(x− x′), [F+

a′b′(x), F+
c′d′(x

′)] = −iδ[a′<c′∂
+
b′]∂

+
d′>∆(x− x′)

Aa = A+
a′η

a′

a , Fab = F+
a′b′η

a′

a η
b′

b

ψ[λςµς ] = [imγa(ς)C Aa
2

+ Sab(e, ς)C Fab
2

]

6.4 lAa�ÑFab�é´'X

6.4.1 E|�¢|��Óé´5K

½n6.4.1.

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

Fab := ∂aAb − ∂bAa
⇒ [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

6.4.2 E|^�

½n6.4.2.

[Aa(x), Ab(x
′)] = 0, [A+

a′(x), A+
b′(x

′)] = 0

Fab := ∂aAb − ∂bAa
⇒

[Fab(x), Fcd(x
′)] = 0

[F+
a′b′(x), F+

c′d′(x
′)] = 0

6.4.3 E|���é´5K

½n6.4.3.


[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

[Aa(x), Ab(x
′)] = 0, [A+

a′(x), A+
b′(x

′)] = 0

Fab := ∂aAb − ∂bAa

⇒

[Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

6.4.4 Majorana¢|^�

½n6.4.4. Aa = A+
a′η

a′

a , Fab := ∂aAb − ∂bAa ⇒ Fab = F+
a′b′η

a′

a η
b′

b

6.4.5 Majorana¢|���é´5K

½n6.4.5.



[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

[Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′)

[A+
a′(x), A+

b′(x
′)] = i(δa′b′ −

∂+

a′∂
+

b′
m2 )∆(x− x′)

Aa = A+
a′η

a′

a , Fab := ∂aAb − ∂bAa

⇒



[Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[F+
a′b′(x), F+

c′d′(x
′)] = −iδ[a′<c′∂

+
b′]∂

+
d′>∆(x− x′)

Fab = F+
a′b′η

a′

a η
b′

b
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6.5 ψας�Fab��dé´'X

6.5.1 E|�¢|��Óé´5K

½n6.5.1.[Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

ψας := − 1
2
√

2
σabςαςFab

⇔


[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψ+
α′−ς

(x′)] = − i
2
m2δαςα′−ς∆(x− x′)

Fab = 1√
2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

y²: [ψας (x), ψ+
α′ς

(x′)]

= [− 1
2
√

2
σabςαςFab(x), 1

2
√

2
σa
′b′

ςα′ς
F+
a′b′(x

′)]

= − 1
8
σabςαςσ

a′b′

ςα′ς
[Fab(x), F+

a′b′(x
′)]

= i
8
σabςαςσ

a′b′

ςα′ς
η[a<a′∂b]∂

+
b′>∆(x− x′)

= i
2
σabςαςσ

a′b′

ςα′ς
ηaa′∂b∂

+
b′∆(x− x′)

= i
2
σabςαςσ

a′b′

−ςα′ςδaa′∂b∂b′∆(x− x′)
= iσbb

′

αςα′ς
∂b∂b′∆(x− x′)

= iσabαςα′ς∂a∂b∆(x− x′)

6.5.2 E|^�

½n6.5.2.[Fab(x), Fcd(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψας := − 1
2
√

2
σabςαςFab

⇔

[ψας (x), ψβκ(x′)] = 0, [ψ+
α′ς

(x), ψ+
β′κ

(x′)] = 0

Fab = 1√
2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

6.5.3 E|���é´5K

½n6.5.3.
[Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂

+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = 0, [F+

a′b′(x), F+
c′d′(x

′)] = 0

ψας := − 1
2
√

2
σabςαςFab

⇔



[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψ+
α′−ς

(x′)] = − i
2
m2δαςα′−ς∆(x− x′)

[ψας (x), ψβκ(x′)] = 0, [ψ+
α′ς

(x), ψ+
β′κ

(x′)] = 0

Fab = 1√
2
(σαςςabψας + σ

α−ς
−ςabψα−ς )

½n6.5.4.
[Fab(x), A+

c′(x
′)] = −iηc′[a∂b]∆(x− x′)

[F+
a′b′(x), Ac(x

′)] = −iηc[a′∂+
b′]∆(x− x′)

[Fab(x), Ac(x
′)] = 0, [F+

a′b′(x), A+
c′(x

′)] = 0


[ψας (x), A+

c′(x
′)] = − i√

2
(σ+ς ,−iς)b|c′ας∂b∆(x− x′)

[ψ+
α′ς

(x), Ac(x
′)] = − i√

2
(σ+ς ,−iς)b|cα′ς∂b∆(x− x′)

[ψας (x), Ac(x
′)] = 0, [ψ+

α′ς
(x), A+

c′(x
′)] = 0

y²: [Fab(x), A+
c (x′)] = [∂aAb(x)− ∂bAa(x), A+

c (x′)]

= i(ηbc − ∂b∂
+
c

m2 )∂a∆(x− x′)− i(ηac − ∂a∂
+
c

m2 )∂b∆(x− x′)
= −iηc[a∂b]∆(x− x′)

y²: [ψας (x), A+
c (x′)] = i√

2
i
2
σabςας [Fab(x), A+

c (x′)]

= −i i√
2
i
2
σabςαςηc[a∂b]∆(x− x′)

= i√
2
σabςαςηca∂b∆(x− x′)

= − i√
2
(σς)ας |abηca∂b∆(x− x′), [(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας ]

= − i√
2
(σ−ς ,−iς)b|aαςηca∂b∆(x− x′)

= − i√
2
(σ+ς ,−iς)b|cας∂b∆(x− x′)
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6.5.4 E|�Ü©��é´5K

íØ6.5.1.

[Ei(~r, t), A
+
c′(~r
′, t)] = iηic′δ

3(~r − ~r′), [E+
i′ (~r, t), Ac(~r

′, t)] = iηi′cδ
3(~r − ~r′)

[Ei(~r, t), Ac(~r
′, t)] = 0, [E+

i′ (~r, t), A
+
c′(~r
′, t)] = 0

[Bi(~r, t), A
+
c′(~r
′, t)] = 0, [B+

i′ (~r, t), Ac(~r
′, t)] = 0

[Bi(~r, t), Ac(~r
′, t)] = 0, [B+

i′ (~r, t), A
+
c′(~r
′, t)] = 0

íØ6.5.2.

[Ei(~r, t), A
+
j (~r′, t)] = iδijδ

3(~r − ~r′), [E+
i (~r, t), Aj(~r

′, t)] = iδijδ
3(~r − ~r′)

[Ei(~r, t), Aj(~r
′, t)] = 0, [E+

i (~r, t), A+
j (~r′, t)] = 0

[Ei(~r, t), E
+
j (~r′, t)] = 0, [E+

i (~r, t), Ej(~r
′, t)] = 0, [Ei(~r, t), Ej(~r

′, t)] = 0, [E+
i (~r, t), E+

j (~r′, t)] = 0

[Ai(~r, t), A
+
j (~r′, t)] = 0, [A+

i (~r, t), Aj(~r
′, t)] = 0, [Ai(~r, t), Aj(~r

′, t)] = 0, [A+
i (~r, t), A+

j (~r′, t)] = 0

[⇓] [⇓]

íØ6.5.3.

[Ei(~r, t), B
+
j (~r′, t)] = −iεijk∂kδ3(~r − ~r′), [E+

i (~r, t), Bj(~r
′, t)] = −iεijk∂kδ3(~r − ~r′)

[Ei(~r, t), Bj(~r
′, t)] = 0, [E+

i (~r, t), B+
j (~r′, t)] = 0

[Bi(~r, t), B
+
j (~r′, t)] = 0, [B+

i (~r, t), Bj(~r
′, t)] = 0, [Bi(~r, t), Bj(~r

′, t)] = 0, [B+
i (~r, t), B+

j (~r′, t)] = 0

[Bi(~r, t), A
+
j (~r′, t)] = 0, [B+

i (~r, t), Aj(~r
′, t)] = 0, [Bi(~r, t), Aj(~r

′, t)] = 0, [B+
i (~r, t), A+

j (~r′, t)] = 0

6.5.5 Majorana¢|^�

½n6.5.5.Fab = F+
a′b′η

a′

a η
b′

b

ψας := − 1
2
√

2
σabςαςFab

⇔

ψα−ς (x) = −ψ+
ας

(x)

Fab = 1√
2
(σαςςabψας − σ

α′ς
−ςabψ

+
α′ς

)

6.5.6 Majorana¢|���é´5K

Ún6.5.1.

2σαςςabσ
α′ς
ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σαςςabσςαςcdσ

α′ς
ςa′b′σςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd − ςεabcd)(Sa′b′c′d′ − ςεa′b′c′d′)ηcc
′
∂d∂+d′

2σας−ςabσ
α′ς
−ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σας−ςabσ−ςαςcdσ

α′ς
−ςa′b′σ−ςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd + ςεabcd)(Sa′b′c′d′ + ςεa′b′c′d′)η
cc′∂d∂+d′

y²: = − i
2
{(σαςςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′}∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
]∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

4
{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′) + (−Sabcd − ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd

′
∂c∂+c′}

∆(x− x′)
= − i

2
[(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

2
{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′}∆(x− x′)
= − i

2
[(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η

dd′∂c∂+c′ +m2δa[cδbd]η
c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

y²: = − i
2
{(σαςςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′}∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
]∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

4
{[(−Sabcd + ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′) + (−Sabcd − ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd

′
∂c∂+c′}

∆(x− x′)
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= − i
2
[(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η

dd′∂c∂+c′ ]∆(x− x′)
= − i

2
{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′}∆(x− x′)
= − i

2
[(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η

dd′∂c∂+c′ +m2δa[cδbd]η
c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

½n6.5.6.

[Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

[Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

[F+
a′b′(x), F+

c′d′(x
′)] = −iδ[a′<c′∂

+
b′]∂

+
d′>∆(x− x′)

Fab = F+
a′b′η

a′

a η
b′

b , ψας := − 1
2
√

2
σabςαςFab

⇔



[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2
m2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2
m2δα′ςβ′ς∆(x− x′)

ψα−ς (x) = −ψ+
ας

(x), Fab = 1√
2
(σαςςabψας − σ

α′ς
−ςabψ

+
α′ς

)

y²: [ψας (x), ψβς (x
′)]

= [− 1
2
√

2
σabςαςFab(x),− 1

2
√

2
σcdςβςFcd(x

′)]

= 1
8
σabςαςσ

cd
ςβς

[Fab(x), Fcd(x
′)]

= − i
8
σabςαςσ

cd
ςβς
δ[a<c∂b]∂d>∆(x− x′)

= − i
2
σabςαςσ

cd
ςβς
δac∂b∂d∆(x− x′)

= i
2
[δbdδαςβς − σbdςγςγ

γς
αςβς ]∂b∂d∆(x− x′)

= i
2
δαςβς∂a∂

a∆(x− x′)
= i

2
m2δαςβς∆(x− x′)

y²: [ψ+
α′ς

(x), ψ+
β′ς

(x′)]

= [ 1
2
√

2
σabςα′ςF

+
ab(x), 1

2
√

2
σcdςβ′ςF

+
cd(x

′)]

= [ 1
2
√

2
σab−ςα′ςFab(x), 1

2
√

2
σcd−ςβ′ςFcd(x

′)]

= 1
8
σab−ςα′ςσ

cd
−ςβ′ς [Fab(x), Fcd(x

′)]

= − i
8
σab−ςα′ςσ

cd
−ςβ′ςδ[a<c∂b]∂d>∆(x− x′)

= − i
2
σab−ςα′ςσ

cd
−ςβ′ςδac∂b∂d∆(x− x′)

= i
2
[δbdδα′ςβ′ς − σ

bd
−ςγ′ςγ

γ′ςα′ςβ
′
ς
]∂b∂d∆(x− x′)

= i
2
δα′ςβ′ς∂a∂

a∆(x− x′)
= i

2
m2δα′ςβ′ς∆(x− x′)

y²: [ψας (x), ψ+
α′ς

(x′)]

= [− 1
2
√

2
σabςαςFab(x), 1

2
√

2
σa
′b′

ςα′ς
F+
a′b′(x

′)]

= − 1
8
σabςαςσ

a′b′

ςα′ς
[Fab(x), F+

a′b′(x
′)]

= i
8
σabςαςσ

a′b′

ςα′ς
η[a<a′∂b]∂

+
b′>∆(x− x′)

= i
2
σabςαςσ

a′b′

ςα′ς
ηaa′∂b∂

+
b′∆(x− x′)

= i
2
σabςαςσ

a′b′

−ςα′ςδaa′∂b∂b′∆(x− x′)
= iσbb

′

αςα′ς
∂b∂b′∆(x− x′)

= iσabαςα′ς∂a∂b∆(x− x′)

y²: [Fab(x), F+
a′b′(x

′)]

= [ 1√
2
(σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)),− 1√
2
(σ
α′ς
ςa′b′ψ

+
α′ς

(x′)− σας−ςa′b′ψας (x′))]

= − 1
2
{σαςςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σ

α′ς
−ςabσ

ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

− σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= − 1
2
{σαςςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)]− σας−ςa′b′σ

α′ς
−ςab[ψας (x

′), ψ+
α′ς

(x)]

− σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= − 1
2
{σαςςabσ

α′ς
ςa′b′iσ

cd
αςα′ς

∂c∂d + σας−ςa′b′σ
α′ς
−ςabiσ

cd
αςα′ς

∂′c∂
′
d − σ

ας
ςabσ

βς
−ςa′b′

i
2
m2δαςβς − σ

α′ς
−ςabσ

β′ς
ςa′b′

i
2
m2δα′ςβ′ς}∆(x− x′)

761



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 133Ù k�þ¥þâf��Cþfz�Y

= − i
2
{(σαςςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
+ σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′ − 1
2
m2(σαςςabσ

βς
ςcd + σ

α′ς
−ςabσ

β′ς
−ςcd)η

c
a′η

d
b′}∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ + σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
+ 2m2Sabcdη

c
a′η

d
b′ ]∆(x− x′)

= − i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ + σας−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ + 2m2Sabcdη
c
a′η

d
b′ ]∆(x− x′)

= − i
4
{[(−Sabcd+ςεabcd)(−Sa′b′c′d′+ςεa′b′c′d′)+(−Sabcd−ςεabcd)(−Sa′b′c′d′−ςεa′b′c′d′)]ηdd

′
∂c∂+c′+2m2Sabcdη

c
a′η

d
b′}

∆(x− x′)
= − i

2
[(SabcdSa′b′c′d′ + εabcdεa′b′c′d′)η

dd′∂c∂+c′ +m2Sabcdη
c
a′η

d
b′ ]∆(x− x′)

= − i
2
{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′ +m2(δacδbd − δadδbc)ηca′ηdb′}∆(x− x′)
= − i

2
[(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η

dd′∂c∂+c′ +m2δa[cδbd]η
c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′∂b]∂
+
b′>∆(x− x′)

½n6.5.7.

[Fab(x), A+
c′(x

′)] = −iηc′[a∂b]∆(x− x′)

[F+
a′b′(x), Ac(x

′)] = −iηc[a′∂+
b′]∆(x− x′)

[Fab(x), Ac(x
′)] = −iδc[a∂b]∆(x− x′)

[F+
a′b′(x), A+

c′(x
′)] = −iδc′[a′∂+

b′]∆(x− x′)



[ψας (x), A+
c′(x

′)] = − i√
2
(σ+ς ,−iς)b|c′ας∂b∆(x− x′)

[ψ+
α′ς

(x), Ac(x
′)] = − i√

2
(σ+ς ,−iς)b|cα′ς∂b∆(x− x′)

[ψας (x), Ac(x
′)] = − i√

2
(σ−ς ,−iς)b|cας∂b∆(x− x′)

[ψ+
α′ς

(x), A+
c′(x

′)] = − i√
2
(σ−ς ,−iς)b|c′α′ς∂b∆(x− x′)

y²: [Fab(x), Ac(x
′)] = [∂aAb(x)− ∂bAa(x), Ac(x

′)]

= i(δbc − ∂b∂c
m2 )∂a∆(x− x′)− i(δac − ∂a∂c

m2 )∂b∆(x− x′)
= −iδc[a∂b]∆(x− x′)

y²: [ψας (x), Ac(x
′)] = i√

2
i
2
σabςας [Fab(x), Ac(x

′)]

= −i i√
2
i
2
σabςαςδc[a∂b]∆(x− x′)

= i√
2
σabςαςδca∂b∆(x− x′)

= − i√
2
(σς)ας |bc∂b∆(x− x′), [(σς ,−iς)ας |ab = (σ−ς ,−iς)a|bας ]

= − i√
2
(σ−ς ,−iς)b|cας∂b∆(x− x′)

6.5.7 Majorana¢|�Ü©��é´5K

íØ6.5.4.[Ei(~r, t), A
+
c′(~r
′, t)] = iηic′δ

3(~r − ~r′), [Ei(~r, t), Ac(~r′, t)] = iδicδ
3(~r − ~r′)

[Bi(~r, t), A
+
c′(~r
′, t)] = 0, [Bi(~r, t), Ac(~r

′, t)] = 0

íØ6.5.5.[Ei(~r, t), Aj(~r
′, t)] = iδijδ

3(~r − ~r′)

[Ei(~r, t), Ej(~r
′, t)] = 0, [Ai(~r, t), Aj(~r

′, t)] = 0
[⇒]

[Ei(~r, t), Bj(~r
′, t)] = −iεijk∂kδ3(~r − ~r′)

[Bi(~r, t), Aj(~r
′, t)] = 0

6.6 ψας�ψAςBς��dé´'X

6.6.1 E|�¢|��Óé´5K

½n6.6.1.[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

ψAςBς := iς√
2
σαςAςBςψας

⇔


[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

ψας = iς√
2
σAςBςας

ψAςBς

y²: [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= [ iς√
2
σαςAςBςψας (x), −iς√

2
σ
α′ς
A′ςB

′
ς
ψα′ς (x

′)]

= 1
2
σαςAςBςσ

α′ς
A′ςB

′
ς
[ψας (x), ψα′ς (x

′)]

= 1
2
σαςAςBςσ

α′ς
A′ςB

′
ς
iσabαςα′ς∂a∂b∆(x− x′)
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= i
2
σαςAςBςσ

α′ς
A′ςB

′
ς

−iς√
2

(σ, iς)aCςC′ς
−iς√

2
(σ, iς)bDςD′ς

−iς√
2
σ
C′ςD

′
ς

α′ς

iς√
2
σCςDςας

∂a∂b∆(x− x′)

= − i
8
σαςAςBςσ

CςDς
ας

σ
α′ς
A′ςB

′
ς
σ
C′ςD

′
ς

α′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8
δCς{Aςδ

Dς
Bς}δ

C′ς
(A′ς
δ
D′ς
B′ς)

(σ, iς)aCςC′ς (σ, iς)
b
DςD′ς

∂a∂b∆(x− x′)
= − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)∂a∂b∆(x− x′)

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

y²: [ψας (x), ψ+
α′ς

(x′)]

= [ iς√
2
σAςBςας

ψAςBς (x), −iς√
2
σ
A′ςB

′
ς

α′ς
ψ+
A′ςB

′
ς
(x′)]

= 1
2
σAςBςας

σ
A′ςB

′
ς

α′ς
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
4
σAςBςας

σ
A′ςB

′
ς

α′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

6.6.2 E|^�

½n6.6.2.[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψAςBς := iς√
2
σαςAςBςψας

⇔

[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψας = iς√
2
σAςBςας

ψAςBς

6.6.3 E|���é´5K

½n6.6.3.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψAςBς := iς√
2
σαςAςBςψας

⇔



[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψας = iς√
2
σAςBςας

ψAςBς

6.6.4 Majorana¢|^�

½n6.6.4.ψα−ς (x) = −ψ+
ας

(x)

ψAςBς := iς√
2
σαςAςBςψας

⇔

ψ?? = −σyψ+σy

ψας = iς√
2
σAςBςας

ψAςBς

6.6.5 Majorana¢|���é´5K

½n6.6.5.

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2
m2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2
m2δα′ςβ′ς∆(x− x′)

ψα−ς (x) = −ψ+
ας

(x), ψAςBς := iς√
2
σαςAςBςψας

⇔



[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = i

8
m2ε{Aς(CςεBς}Dς)∆(x− x′)

[ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = i

8
m2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

ψας = iς√
2
σAςBςας

ψAςBς

6.7 ψkς�ψAςBς��dé´'X

6.7.1 E|�¢|��Óé´5K

½n6.7.1.
[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

ψkς = ΓAςBςkς
(1)ψAςBς

⇔

[ψkς (x), ψ+
k′ς

(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

ψAςBς = ΓkςAςBς (1)ψkς

763



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 133Ù k�þ¥þâf��Cþfz�Y

y²: [ψkς (x), ψ+
k′ς

(x′)]

= [ΓAςBςkς
(1)ψAςBς (x),Γ

A′ςB
′
ς

k′ς
(1)ψ+

A′ςB
′
ς
(x′)]

= ΓAςBςkς
(1)Γ

A′ςB
′
ς

k′ς
(1)[ψAςBς (x), ψ+

A′ςB
′
ς
(x′)]

= − i
2
ΓAςBςkς

(1)Γ
A′ςB

′
ς

k′ς
(1)(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

y²: [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= [ΓkςAςBς (1)ψkς (x),Γ
k′ς
A′ςB

′
ς
(1)ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)[ψkς (x), ψ+

k′ς
(x′)]

= ΓkςAςBς (1)Γ
k′ς
A′ςB

′
ς
(1)iΓabkςk′ς∂a∂b∆(x− x′)

= − i
2
ΓkςAςBς (1)Γ

k′ς
A′ςB

′
ς
(1)ΓCςDςkς

(1)Γ
C′ςD

′
ς

k′ς
(1)(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)

= − i
8
δ
{Cς
Aς

δ
Dς}
Bς

δ
(C′ς
A′ς
δ
D′ς)

B′ς
(σ, iς)aCςC′ς (σ, iς)

b
DςD′ς

∂a∂b∆(x− x′)
= − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
B}ςB′ς)∂a∂b∆(x− x′)

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

6.7.2 E|^�

½n6.7.2.[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψkς = ΓAςBςkς
(1)ψAςBς

⇔

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψAςBς = ΓkςAςBς (1)ψkς

6.7.3 E|���é´5K

½n6.7.3.

[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = 0, [ψ+

A′ςB
′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = 0

ψkς = ΓAςBςkς
(1)ψAςBς

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψAςBς = ΓkςAςBς (1)ψkς

6.7.4 Majorana¢|^�

6.7.5 Majorana¢|���é´5K

½n6.7.4.

[ψAςBς (x), ψ+
A′ςB

′
ς
(x′)]

= − i
2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

[ψAςBς (x), ψCςDς (x
′)] = i

8
m2ε{Aς(CςεBς}Dς)∆(x− x′)

[ψ+
A′ςB

′
ς
(x), ψ+

C′ςD
′
ς
(x′)] = i

8
m2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

ψkς = ΓAςBςkς
(1)ψAςBς

⇔



[ψkς (x), ψ+
k′ς

(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = i

2
m2εkς lς (1)∆(x− x′)

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = i
2
m2εk′ς l′ς (1)∆(x− x′)

ψAςBς = ΓkςAςBς (1)ψkς

6.8 ψας�ψkς��dé´'X

6.8.1 E|�¢|��Óé´5K

Ún6.8.1. σabαςα′ς = Γkςας (1)Γ
k′ς
α′ς

(1)Γabkςk′ς ,Γ
ab
kςk′ς

= Γαςkς (1)Γ
α′ς
k′ς

(1)σabαςα′ς

½n6.8.1.[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

ψkς = Γαςkς (1)ψας

⇔

[ψkς (x), ψ+
k′ς

(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

ψας = Γkςας (1)ψkς

764



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 133Ù k�þ¥þâf��Cþfz�Y

y²: [ψkς (x), ψ+
k′ς

(x′)]

= [Γαςkς (1)ψας (x),Γ
α′ς
k′ς

(1)ψ+
α′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)[ψkς (x), ψ+
k′ς

(x′)]

= Γαςkς (1)Γ
α′ς
k′ς

(1)iσabαςα′ς∂a∂b∆(x− x′)
= iΓabkςk′ς∂a∂b∆(x− x′)

y²: [ψας (x), ψ+
α′ς

(x′)]

= [Γkςας (1)ψkς (x),Γ
k′ς
α′ς

(1)ψ+
k′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)[ψας (x), ψ+
α′ς

(x′)]

= Γkςας (1)Γ
k′ς
α′ς

(1)iΓabkςk′ς∂a∂b∆(x− x′)
= iσabαςα′ς∂a∂b∆(x− x′)

6.8.2 E|^�

½n6.8.2.[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψkς = Γαςkς (1)ψας

⇔

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψας = Γkςας (1)ψkς

6.8.3 E|���é´5K

½n6.8.3.
[ψας (x), ψ+

α′ς
(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = 0, [ψ+

α′ς
(x), ψ+

β′ς
(x′)] = 0

ψkς = Γαςkς (1)ψας

⇔


[ψkς (x), ψ+

k′ς
(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)] = 0

ψας = Γkςας (1)ψkς

6.8.4 Majorana¢|^�

6.8.5 Majorana¢|���é´5K

½n6.8.4.

[ψας (x), ψ+
α′ς

(x′)] = iσabαςα′ς∂a∂b∆(x− x′)

[ψας (x), ψβς (x
′)] = i

2
m2δαςβς∆(x− x′)

[ψ+
α′ς

(x), ψ+
β′ς

(x′)] = i
2
m2δα′ςβ′ς∆(x− x′)

ψα−ς (x) = −ψ+
ας

(x), ψkς = Γαςkς (1)ψας

⇔



[ψkς (x), ψ+
k′ς

(x′)] = iΓabkςk′ς∂a∂b∆(x− x′)

[ψkς (x), ψlς (x
′)] = i

2
m2εkς lς (1)∆(x− x′)

[ψ+
k′ς

(x), ψ+
l′ς

(x′)] = i
2
m2εk′ς l′ς (1)∆(x− x′)

ψας = Γkςας (1)ψkς

6.9 k�þE¥þ|ψλςµςÚE³Aa��dé´'X

½n6.9.1. [ψAς
B′ς (x), ψ+

A′ς
Bς (x′)] = i

4
[(σ, iς)aAςA′ς (σ,−iς)

B′ςBς
b ∂a∂

b +m2δAς
BςδA′ς

B′ς ]∆(x− x′)
⇔ [ψAςB′ς (x), ψ+

A′ςBς
(x′)] = i

4
[−(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b +m2εA′ςB′ςεAςBς ]∆(x− x′)
ψ[λςµς ] = [imγa(ς)C Aa

2
+ Sab(e, ς)C Fab

2
] = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa
2

½n6.9.2.

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), ψ[λςµς ] = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aa
2

⇔ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)] = i

8
[(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µς}µ′ς)∆(x− x′)

⇒ [ψAςBς (x), ψ+
A′ςB

′
ς
(x′)] = − i

2
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

∂a∂b∆(x− x′)

6.10 g^-1 Majoranaâfl¢³Ñu�Ñ�«Ônþé´5K

±eé¢|�/â´é�"

Ún6.10.1. Fab = 1√
2
(−σα

′
ς

−ςabψ
+
α′ς

+ σαςςabψας ), ∗Fab = ς√
2
(−σα

′
ς

−ςabψ
+
α′ς
− σαςςabψας )
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½n6.10.1.

[Aa(x), A+
a′(x

′)] = i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′), A+

a′ = Aaη
a
a′ ⇔ [Aa(x), Ab(x

′)] = i(δab − ∂a∂b
m2 )∆(x− x′)

½n6.10.2. [Aa(x), Ab(x
′)] = i(δab − ∂a∂b

m2 )⇒ [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)

½n6.10.3. [Fab(x), Fcd(x
′)] = −iδ[a<c∂b]∂d>∆(x− x′)⇔ [Fab(x), F+

a′b′(x
′)] = −iη[a<a′∂b]∂b′>∆(x− x′)

½n6.10.4. [∗Fab(x), ∗F+
a′b′(x

′)] = −iη[a<a′(∂b]∂
+
b′> − 1

2
m2ηb]b′>)∆(x− x′)

y²: [∗Fab(x), ∗F+
a′b′(x

′)]

= [ 1√
2
(−σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)),− 1√
2
(−σα

′
ς

ςa′b′ψ
+
α′ς

(x′)− σας−ςa′b′ψας (x′))]

= − 1
2
{σαςςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σ

α′ς
−ςabσ

ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)] + σ
α′ς
−ςabσ

β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}
= − i

2
{[(δacδbd − δadδbc)(δa′c′δb′d′ − δa′d′δb′c′) + εabcdεa′b′c′d′ ]η

dd′∂c∂+c′ −m2(δacδbd − δadδbc)ηca′ηdb′}∆(x− x′)
= − i

2
[(δa[cδbd]δa′[c′δb′d′] + δa[a′δbb′δcc′δdd′])η

dd′∂c∂+c′ +m2δa[cδbd]η
c
a′η

d
b′ − 2m2δa[cδbd]η

c
a′η

d
b′ ]∆(x− x′)

= −iη[a<a′(∂b]∂
+
b′> − 1

2
m2ηb]b′>)∆(x− x′)

½n6.10.5. [∗Fab(x), ∗F+
a′b′(x

′)] = −iη[a<a′(∂b]∂
+
b′> − 1

2
m2ηb]b′>)∆(x− x′)

⇔ [∗Fab(x), ∗Fcd(x′)] = −iδ[a<c(∂b]∂d> − 1
2
m2δb]d>)∆(x− x′)

y²: [Fab(x), ∗F+
a′b′(x

′)]

= [ 1√
2
(σαςςabψας (x)− σα

′
ς

−ςabψ
+
α′ς

(x)), 1√
2
(σ
α′ς
ςa′b′ψ

+
α′ς

(x′) + σας−ςa′b′ψας (x
′))]

= 1
2
{σαςςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)]− σα

′
ς

−ςabσ
ας
−ςa′b′ [ψ

+
α′ς

(x), ψας (x
′)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= 1
2
{σαςςabσ

α′ς
ςa′b′ [ψας (x), ψ+

α′ς
(x′)] + σας−ςa′b′σ

α′ς
−ςab[ψας (x

′), ψ+
α′ς

(x)]

+ σαςςabσ
βς
−ςa′b′ [ψας (x), ψβς (x

′)]− σα
′
ς

−ςabσ
β′ς
ςa′b′ [ψ

+
α′ς

(x), ψ+
β′ς

(x′)]}

= 1
2
{σαςςabσ

α′ς
ςa′b′iσ

cd
αςα′ς

∂c∂d − σας−ςa′b′σ
α′ς
−ςabiσ

cd
αςα′ς

∂′c∂
′
d + σαςςabσ

βς
−ςa′b′

i
2
m2δαςβς − σ

α′ς
−ςabσ

β′ς
ςa′b′

i
2
m2δα′ςβ′ς}∆(x− x′)

= i
2
{(σαςςabσ

α′ς
ςa′b′σ

cc′

αςα′ς
− σας−ςa′b′σ

α′ς
−ςabσ

c′c
αςα′ς

)∂c∂c′ + 1
2
m2(σαςςabσ

βς
ςcd − σ

α′ς
−ςabσ

β′ς
−ςcd)η

c
a′η

d
b′}∆(x− x′)

= i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσ−ςα′ςc′d′δ

dd′ − σας−ςa′b′σ
α′ς
−ςabσςαςc′d′σ−ςα′ςcdδ

dd′)∂c∂c
′
+ 2m2ςεabcdη

c
a′η

d
b′ ]∆(x− x′)

= i
4
[(σαςςabσ

α′ς
ςa′b′σςαςcdσςα′ςc′d′ − σ

ας
−ςa′b′σ

α′ς
−ςabσ−ςαςc′d′σ−ςα′ςcd)η

dd′∂c∂+c′ + 2m2ςεabcdη
c
a′η

d
b′ ]∆(x− x′)

= i
4
{[(−Sabcd+ ςεabcd)(−Sa′b′c′d′ + ςεa′b′c′d′)− (−Sabcd− ςεabcd)(−Sa′b′c′d′ − ςεa′b′c′d′)]ηdd

′
∂c∂+c′ + 2m2ςεabcdη

c
a′η

d
b′}

∆(x− x′)
= −iς

2
[(Sabcdεa′b′c′d′ + εabcdSa′b′c′d′)η

dd′∂c∂+c′ −m2εabcdη
c
a′η

d
b′ ]∆(x− x′)

6.11 k�þMajorana¥þ|é´'X

½Â6.11.1. ψ :=
[
λ ξ
η ϕ

]
=

[
λAςBς ξAς

B′ς

ηA
′
ς Bς ϕ

A′ςB
′
ς

]
½n6.11.1.

ψ = γ2ψ
+γ2, ψ = ψT ⇔

[
λ ξ
η ϕ

]
=
[
λT ηT

ξT ϕT

]
,
[
λ∗ ξ∗

η∗ ϕ∗

]
=
[
σyϕσy −σyησy
−σyξσy σyλσy

]
,
[
λ+ η+

ξ+ ϕ+

]
=
[
σyϕσy −σyησy
−σyξσy σyλσy

]
½n6.11.2. λ+ = σyϕσy, ϕ

+ = σyλσy, η
+ = −σyησy, ξ+ = −σyξσy, ηT = ξ, λT = λ

½n6.11.3. ψ = γ2ψ
+γ2, ψ = ψT ⇔ λ+ = σyϕσy, η

+ = −σyησy, ηT = ξ, λT = λ

½n6.11.4. ψ :=
[
λ ηT

η σyλ
∗σy

]
=

[
λAςBς η∗Aς

B′ς

ηA
′
ς Bς λ

∗A′ςB
′
ς

]
λ∗A

′
ςB
′
ς = (ςεA

′
ςC
′
ς )(ςεB

′
ςD
′
ς )λ∗C′ςD′ς , η

B′ςAς = ηTAς
B′ς = η∗Aς

B′ς := (−ςεAςCς )(ςεB
′
ςD
′
ς )η∗CςD′ς
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y²:
[λAςBς (x), λ+

A′ςB
′
ς
(x′)] = − i

8
(σ, iς)a{Aς(A′ς (σ, iς)

b
Bς}B′ς)

∂a∂b∆(x− x′)

[λAςBς (x), λCςDς (x
′)] = i

8
m2ε{Aς(CςεBς}Dς)∆(x− x′)

[λ+
A′ςB

′
ς
(x), λ+

C′ςD
′
ς
(x′)] = i

8
m2ε{A′ς(C′ςεB′ς}D′ς)∆(x− x′)

[ηA
′
ςBς (x), η+Aς

B′ς
(x′)] = i

8
[(σ,−iς)A

′
ςAς

a (σ, iς)bBςB′ς∂
a∂b +m2δAςBς δ

A′ς
B′ς

]∆(x− x′)

[ηA
′
ςBς (x), ηB

′
ςAς (x

′)] = i
8
{[(σ,−iς)σy]

A′ς
a Aς [(σ,−iς)σy]

B′ς
b Bς∂

a∂b +m2εA
′
ςB
′
ςεAςBς}∆(x− x′)

[η+Aς
B′ς

(x), η+Bς
A′ς

(x′)] = i
8
{[σy(σ,−iς)]aA′ς

Aς [σy(σ,−iς)]bB′ς
Bς∂a∂b +m2εAςBςεA′ςB′ς}∆(x− x′)

[λAςBς (x), η+Cς
A′ς

(x′)] = − 1
4
m(σ, iς)a{AςA′ςδ

Cς
Bς}∂a∆(x− x′)

[λ+
A′ςB

′
ς
(x), ηC

′
ςAς (x

′)] = 1
4
m(σ, iς)a{AςA′ςδ

C′ς
B′ς}

∂a∆(x− x′)

[λAςBς (x), ηA
′
ςCς (x

′)] = i
4
m[(σ,−iς)σy]

A′ς
a {AςεBς}Cς∂

a∆(x− x′)

[λ+
A′ςB

′
ς
(x), η+Aς

C′ς
(x′)] = i

4
m[σy(σ, iς)]

Aς
a {A′ςεB′ς}C′ς∂

a∆(x− x′)

767



111nnn���oooÙÙÙ kkk���þþþÚÚÚååå���fff������CCCþþþfffzzz���YYY

g·µãµéuBargmann-Wigner�§£ã�âf§��5`Q�±£ã�Ö�Eâf§��±£ãØ

�Ö�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf���"¶

éØ�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�""3�Ù

�?ØEâf�/§�����ÑÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.Bâf�/�

þf|Ø§�I3Eâf�/\þê�.B^�=�g,��"

1 k�þÚå�fü«�d£ã��p=�

1.1 g^-3
2
âf�B-W�é¡�§ÚR-S¥þ�§ü«�d£ã [18, 20,21]

½n1.1.1.


(γa∂a +m)κς

λςψλςµςης = 0

ψλςµςης = 1
3!
ψ{λςµςης}

im
Aaης

2
= 1

4
tr[C̄γa(ς)ψλςµςης ]

⇔


[γb(ς)∂b +m]Aa[ης ] = 0

γa(ς)Aa[ης ] = 0

ψλςµςης = Xaλςµς (x)
Aaης

2

½n1.1.2. Xaλςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

λ′ςµ
′
ς
(p) = 1

2
[(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µς}µ′ς)

1.2 g^-3
2
âfBargmann-Wigner�§ [18]�²¡Å)

½n1.2.1. (γa∂a +m)κς
λςψλςµςης (~r, t) = 0, ψλςµςης (~r, t) = 1

3!
ψ{λςµςης}(~r, t)

ψλςµςης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−3/2∑
h=3/2

√
m3

E
[a(~p, h)Uλςµςης (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςης (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςης (~p,
3
2
) = uλς (~p,

1
2
)uµς (~p,

1
2
)uης (~p,

1
2
)

Uλςµςης (~p,
1
2
)

= 1√
3
[uλς (~p,− 1

2
)uµς (~p,

1
2
)uης (~p,

1
2
) + uλς (~p,

1
2
)uµς (~p,− 1

2
)uης (~p,

1
2
) + uλς (~p,

1
2
)uµς (~p,

1
2
)uης (~p,− 1

2
)]

Uλςµςης (~p,− 1
2
)

= 1√
3
[uλς (~p,

1
2
)uµς (~p,− 1

2
)uης (~p,− 1

2
) + uλς (~p,− 1

2
)uµς (~p,

1
2
)uης (~p,− 1

2
) + uλς (~p,− 1

2
)uµς (~p,− 1

2
)uης (~p,

1
2
)]

Uλςµςης (~p,− 3
2
) = uλς (~p,− 1

2
)uµς (~p,− 1

2
)uης (~p,− 1

2
)

Vλςµςης (~p,
3
2
) = vλς (~p,

1
2
)vµς (~p,

1
2
)vης (~p,

1
2
)

Vλςµςης (~p,
1
2
)

= 1√
3
[vλς (~p,− 1

2
)vµς (~p,

1
2
)vης (~p,

1
2
) + vλς (~p,

1
2
)vµς (~p,− 1

2
)vης (~p,

1
2
) + vλς (~p,

1
2
)vµς (~p,

1
2
)vης (~p,− 1

2
)]

Vλςµςης (~p,− 1
2
)

= 1√
3
[vλς (~p,

1
2
)vµς (~p,− 1

2
)vης (~p,− 1

2
) + vλς (~p,− 1

2
)vµς (~p,

1
2
)vης (~p,− 1

2
) + vλς (~p,− 1

2
)vµς (~p,− 1

2
)vης (~p,

1
2
)]

Vλςµςης (~p,− 3
2
) = vλς (~p,− 1

2
)vµς (~p,− 1

2
)vης (~p,− 1

2
)

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5U
+λςµςης (~p, h)ψλςµςης (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5 V
+λςµςης (~p, h)ψλςµςης (~r, t)e

i(~p·~r−Et)d3~r

½n1.2.2. [ψλςµςης (x), ψ+
λ′ςµ
′
ςη
′
ς
(x′)]

= i
4

1
(3!)2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς [(m− γ

c∂c)γ
4]ης}η′ς)∆(x− x′)

= i
8

1
(3!)2Xa{λςµς (x)X+a′

(λ′ςµ
′
ς
(x′)[(m− γc∂c)γ4]ης}η′ς)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

½Â1.2.1.
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Λ+λςµςηςλ′ςµ

′
ςη
′
ς
(~p, 3

2
) :=

−1∑
h=1

Uλςµςης (~p, h)U+
λ′ςµ
′
ςη
′
ς
(~p, h)

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2
) :=

−1∑
h=1

Vλςµςης (~p, h)V +
λ′ςµ
′
ςη
′
ς
(~p, h)

½n1.2.3.

Λ+λςµςηςλ′ςµ
′
ςη
′
ς
(~p, 3

2
)

= 1
8m2

1
(3!)2Xa{λςµς (p)Λmaa′(~p, 1)X+a′

(λ′ςµ
′
ς
(p)Λ+ης}η′ς)(~p,

1
2
) = 1

(3!)2 Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
)Λ+ης}η′ς)(~p,

1
2
)

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2
)

= 1
8m2

1
(3!)2Xa{λςµς (−p)Λmaa′(~p, 1)X+a′

(λ′ςµ
′
ς
(−p)Λ−ης}η′ς)(~p,

1
2
) = 1

(3!)2 Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
)Λ−ης}η′ς)(~p,

1
2
)

½n1.2.4.

Λ+λςµςηςλ′ςµ
′
ςη
′
ς
(~p, 3

2
) = 1

16m3
1

(3!)2Xa{λςµς (p)(ηaa′ +
pap

+

a′
m2 )X+a′

(λ′ςµ
′
ς
(p)[(m− iγbpb)γ4]ης}η′ς)

= 1
8m3

1
(3!)2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς [(m− iγ

bpb)γ
4]ης}η′ς)

Λ−λςµςηςλ′ςµ′ςη′ς (~p,
3
2
) = − 1

16m3
1

(3!)2Xa{λςµς (−p)(ηaa′ +
pap

+

a′
m2 )X+a′

(λ′ςµ
′
ς
(−p)[(m+ iγbpb)γ

4]ης}η′ς)

= − 1
8m3

1
(3!)2 [(m+ iγapa)γ

4]{λς(λ′ς [(m+ iγbpb)γ
4]µςµ′ς [(m+ iγbpb)γ

4]ης}η′ς)

⇓

1.3 í��g^-3
2
âfR-S�§�²¡Å)

1.3.1 í��g^- 3
2
âfR-S�§ [18]�²¡Å)

½n1.3.1. [γb(ς)∂b +m]Aa[ης ] = 0, γa(ς)Aa[ης ] = 0, Aa = 1
2im

(C̄γa)
λςµςψλςµςης

Aaης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m
2E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

εaης (~p,
3
2
) = 1

i
√

2
uT (~p, 1

2
)C̄γau(~p, 1

2
)uης (~p,

1
2
)

εaης (~p,
1
2
)

= 1
i
√

6
[uT (~p,− 1

2
)C̄γau(~p, 1

2
)uης (~p,

1
2
) + uT (~p, 1

2
)C̄γau(~p,− 1

2
)uης (~p,

1
2
) + uT (~p, 1

2
)C̄γau(~p, 1

2
)uης (~p,− 1

2
)]

εaης (~p,− 1
2
)

= 1
i
√

6
[uT (~p, 1

2
)C̄γau(~p,− 1

2
)uης (~p,− 1

2
) + uT (~p,− 1

2
)C̄γau(~p, 1

2
)uης (~p,− 1

2
) + uT (~p,− 1

2
)C̄γau(~p,− 1

2
)uης (~p,

1
2
)]

εaης (~p,− 3
2
) = 1

i
√

2
uT (~p,− 1

2
)C̄γau(~p,− 1

2
)uης (~p,− 1

2
)

ε̃aης (~p,
3
2
) = 1

i
√

2
vT (~p, 1

2
)C̄γav(~p, 1

2
)vης (~p,

1
2
)

ε̃aης (~p,
1
2
)

= 1
i
√

6
[vT (~p,− 1

2
)C̄γav(~p, 1

2
)vης (~p,

1
2
) + vT (~p, 1

2
)C̄γav(~p,− 1

2
)vης (~p,

1
2
) + vT (~p, 1

2
)C̄γav(~p, 1

2
)vης (~p,− 1

2
)]

ε̃aης (~p,− 1
2
)

= 1
i
√

6
[vT (~p, 1

2
)C̄γav(~p,− 1

2
)vης (~p,− 1

2
) + vT (~p,− 1

2
)C̄γav(~p, 1

2
)vης (~p,− 1

2
) + vT (~p,− 1

2
)C̄γav(~p,− 1

2
)vης (~p,

1
2
)]

ε̃aης (~p,− 3
2
) = 1

i
√

2
vT (~p,− 1

2
)C̄γav(~p,− 1

2
)vης (~p,− 1

2
)

Ún1.3.1. 1
2
√

2m
Uλςµςης (p̂, h)X+a

λςµς
(p) = 1

i
√

2
Uλςµςης (p̂, h)(C̄γa)λςµς = εaης (~p, h)

íØ1.3.1. [γb(ς)∂b +m]Aa[ης ] = 0, γa(ς)Aa[ης ] = 0, Aa = 1
2im

(C̄γa)
λςµςψλςµςης

Aaης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m
E

[a(~p, h)εa(~p, h)ei(~p·~r−Et) + b+(~p, h)ε̃a(~p, h)e−i(~p·~r−Et)]d3~p

εaης (~p,
3
2
) = εa(~p, 1)uης (~p,

1
2
)

εaης (~p,
1
2
) = 1√

3
[
√

2εa(~p, 0)uης (~p,
1
2
) + εa(~p, 1)uης (~p,− 1

2
)]

εaης (~p,− 1
2
) = 1√

3
[
√

2εa(~p, 0)uης (~p,− 1
2
) + εa(~p,−1)uης (~p,

1
2
)]

εaης (~p,− 3
2
) = εa(~p,−1)uης (~p,− 1

2
)

769



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 134Ù k�þÚå�f��Cþfz�Y

ε̃aης (~p,
3
2
) = −εa(~p, 1)vης (~p,

1
2
)

ε̃aης (~p,
1
2
) = − 1√

3
[
√

2εa(~p, 0)vης (~p,
1
2
) + εa(~p, 1)vης (~p,− 1

2
)]

ε̃aης (~p,− 1
2
) = − 1√

3
[
√

2εa(~p, 0)vης (~p,− 1
2
) + εa(~p,−1)vης (~p,

1
2
)]

ε̃aης (~p,− 3
2
) = −εa(~p,−1)vης (~p,− 1

2
)

1.3.2 ²;�½eg^- 3
2
âfR-S�§�é´'X�í�

½n1.3.2. {Aa1a2··anτς (x), Āb1b2··bnτ ′ς (x
′)} = iP̂a1··anτςb1··bnτ ′ς (n+ 1

2
)∆(x− x′)

Ún1.3.2.
(m− κγb∂b)(γa + κ∂a

m
) = (γa − κ∂am )(m+ κγb∂b)

(m− γb∂b)(γa + ∂a
m

) = (γa − ∂a
m

)(m+ γb∂b)

(m+ γb∂b)(γa − ∂a
m

) = (γa + ∂a
m

)(m− γb∂b)

y²: (m− κγb∂b)(γa + κ∂a
m

)

= m(γa + κ∂a
m

)− κγbγa∂b − κκγb∂b∂a
m

= m(γa + κ∂a
m

)− κ{γb, γa}∂b + κγaγ
b∂b − κκ∂am γ

b∂b

= m(γa + κ∂a
m

)− 2κδba∂b + κ(γa − κ∂am )γb∂b

= m(γa − κ∂am ) + (γa − κ∂am )κγb∂b

= (γa − κ∂am )(m+ κγb∂b)

½n1.3.3.P̂a1τςb1τ ′ς
( 3

2
) = 2

5
P̂aa1bb1(2)[(m− γc∂c)γaγbγ4]τςτ ′ς

P̂aa1bb1(2) = 1
8
{[δ{a(b −

∂{a∂(b

m2 ][δa1}b1) −
∂a1}∂b1)

m2 ]− 1
3
[δ{aa1} −

∂{a∂a1}
m2 ][δ(bb1) −

∂(b∂b1)

m2 ]}∆(x− x′)
[⇒]

P̂aτςbτ ′ς (
3
2
) = 1

2
{[(δa1b1 −

∂a1∂b1
m2 )− 1

3
(γa1
− ∂a1

m
)(γb1 +

∂b1
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

y²: P̂a1τςb1τ ′ς
( 3

2
) = 2

5
P̂aa1bb1(2)[(m− γc∂c)γaγbγ4]τςτ ′ς

= 2
5

1
8
{[δ{a(b −

∂{a∂(b

m2 ][δa1}b1) −
∂a1}∂b1)

m2 ]− 1
3
[δ{aa1} −

∂{a∂a1}
m2 ][δ(bb1) −

∂(b∂b1)

m2 ]}[(m− γc∂c)γaγbγ4]τςτ ′ς∆(x− x′)
= i

10
{[δab − ∂a∂b

m2 ][δa1b1 −
∂a1

∂b1
m2 ] + [δab1 −

∂a∂b1
m2 ][δa1b −

∂a1
∂b

m2 ]− 2
3
[δaa1

− ∂a∂a1

m2 ][δbb1 −
∂b∂b1
m2 ]}

{(m− γc∂c)γaγbγ4}τςτ ′ς∆(x− x′)
= 1

10
{(m− γc∂c)[3(δa1b1 −

∂a1∂b1
m2 ) + (γb1 +

∂b1
m

)(γa1
− γc∂c∂a1

m2 )− 2
3
(γa1

+
∂a1

m
)(γb1 −

γc∂c∂b1
m2 )]γ4}τςτ ′ς∆(x− x′)

= 1
10
{[3(δa1b1 −

∂a1
∂b1

m2 )(m− γc∂c)
+ (γb1 −

∂b1
m

)(m+ γc∂c)(γa1
− ∂a1

m
)− 2

3
(γa1
− ∂a1

m
)(m+ γc∂c)(γb1 −

∂b1
m

)]γ4}τςτ ′ς∆(x− x′)
= 1

10
{[3(δa1b1 −

∂a1
∂b1

m2 )(m− γc∂c)
+ (γb1 −

∂b1
m

)(γa1
+

∂a1

m
)(m− γc∂c)− 2

3
(γa1
− ∂a1

m
)(γb1 +

∂b1
m

)(m− γc∂c)]γ4}τςτ ′ς∆(x− x′)
= 1

10
{[3(δa1b1 −

∂a1
∂b1

m2 ) + (γb1 −
∂b1
m

)(γa1
+

∂a1

m
)− 2

3
(γa1
− ∂a1

m
)(γb1 +

∂b1
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)
= 1

10
{[3δa1b1 − 10

3

∂a1
∂b1

m2 + {γb1 , γa1
} − 5

3
γa1

γb1 − 5
3
(γa1

∂b1
m
− γb1

∂a1

m
)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

= 1
2
{[δa1b1 − 2

3

∂a1∂b1
m2 − 1

3
γa1

γb1 − 1
3
(γa1

∂b1
m
− γb1

∂a1

m
)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

= 1
2
{[(δa1b1 −

∂a1
∂b1

m2 )− 1
3
(γa1
− ∂a1

m
)(γb1 +

∂b1
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)
= 1

2
{(δa1b1 −

∂a1
∂b1

m2 )[(m− γc∂c)γ4]τςτ ′ς∆(x− x′)− 1
3
[(γa1

− ∂a1

m
)(m+ γc∂c)(γb1 −

∂b1
m

)γ4]τςτ ′ς}∆(x− x′)

íØ1.3.2. P̂aτςb′τ ′ς (
3
2
) = 1

2
{[(ηab′ −

∂a∂
+

b′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
b′ +

∂+

b′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

íØ1.3.3.
{Aaτς (x), Ābτ ′ς (x

′)} = i
2
{[(δab − ∂a∂b

m2 )− 1
3
(γa − ∂a

m
)(γb + ∂b

m
)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

{Aaτς (x), A+
a′τ ′ς

(x′)} = i
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

[Aab(x), A+
a′b′(x

′)] = i
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)
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1.3.3 OÝK�fm�p'X�é'

½n1.3.4.

Λ+maτςa′τ ′ς
(~p, 3

2
) :=

−3/2∑
h=3/2

εaτς (~p, h)ε+
a′τ ′ς

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ−(~p, 1

2
)γb

′

Λ−maτςa′τ ′ς (~p,
3
2
) :=

−3/2∑
h=3/2

ε̃aτς (~p, h)ε̃+
a′τ ′ς

(~p, h) = 2
5

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h)γbΛ+(~p, 1

2
)γb

′

Λ±τςτ ′ς (~p,
1
2
) = 1

2
Λ±maτςa′τ ′ς (~p,

3
2
)ηaa

′
,Λmaa′(~p, 1) = 3

4
(m
E

)2Λ±maτςa′τ ′ς (~p,
3
2
)Λ

τ ′ςτς
±

½n1.3.5.

−1∑
h=1

εa(~p, h)ε+
a′(~p, h) = ηaa′ +

pap
+

a′
m2

−3/2∑
h=3/2

εaτς (~p, h)ε+
a′τ ′ς

(~p, h) = {[(ηaa′ +
pap

+

a′
m2 )− 1

3
(γa − ipa

m
)(γbη

b
a′ +

ip+

a′
m

)] (m−iγcpc)γ4

2m
}τςτ ′ς∆(x− x′)

−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3
[δ{ab} +

p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

⇓

1.4 2£�g^-3
2
âfBargmann-Wigner�§ [18]�²¡Å)

½n1.4.1. (γa∂a +m)κς
λςψλςµςης (~r, t) = 0, ψλςµςης (~r, t) = [imγa(ς)C − 2Sab(e, ς)C∂b]

Aaης (~r,t)

2

ψλςµςης (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−3/2∑
h=3/2

√
m3

E
[a(~p, h)Uλςµςης (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςης (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςης (~p, h) = 1
2
√

2m
Xaλςµς (p)εaης (~p, h), Vλςµςης (~p, h) = 1

2
√

2m
Xaλςµς (−p)ε̃aης (~p, h)

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5U
+λςµςης (~p, h)ψλςµςης (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m3

E5 V
+λςµςης (~p, h)ψλςµςης (~r, t)e

i(~p·~r−Et)d3~r

1.5 g^-3
2
âf|Fabτς , ψακτς��é´'X

½n1.5.1.{Aaτς (x), A+
a′τ ′ς

(x′)} = i
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

Fabτς = ∂aAbτς − ∂bAaτς
⇒ {Fabτς (x), F+

a′b′τ ′ς
(x′)} = − i

2
[(η[a<a′ − 1

3
γ[aη

d
<a′γd)γ

cγ4]τςτ ′ς∂b]∂
+
b′>∂c∆(x− x′)

½n1.5.2.{Fabτς (x), F+
a′b′τ ′ς

(x′)} = − i
2
[(η[a<a′ − 1

3
γ[aη

d
<a′γd)γ

cγ4]τςτ ′ς∂b]∂
+
b′>∂c∆(x− x′)

ψακτς := − 1
2
√

2
σabκακFabτς

⇒ {ψακτς (x), ψ+
α′κτ

′
ς
(x′)} = i

2
[(σabακα′κ + 1

6
σaa

′

κακ
γa′γb′σ

b′b
−κακ)γcγ4]τςτ ′ς∂a∂b∂c∆(x− x′)

2 k�þÚå�f��é´¼ê!ÏJ¼êÚ¤ùDÂf

2.1 k�þÚå�f�é´¼ê7L÷v�gU^�

íØ2.1.1. {Aaτς (x), A+
a′τ ′ς

(x′)} = Γaτςa′τ ′ς (∂)∆(x− x′)
⇔ Γ+

aτςa′τ ′ς
(∂)∆(x− x′) = {Aaτς (x), A+

a′τ ′ς
(x′)}+ = {Aa′τ ′ς (x

′), A+
aτς

(x)} = Γa′τ ′ςaτς (∂
′)∆(x′ − x)

⇒ Γ+
aτςa′τ ′ς

(∂)∆(x) = −Γa′τ ′ςaτς (−∂)∆(x)

'⇒ Γ+
aτςa′τ ′ς

(∂) = −Γa′τ ′ςaτς (−∂)

íØ2.1.2. {Aaτς (x), A+
a′τ ′ς

(x′)}|t=t′ = Γaτςa′τ ′ς (∂)∆(x− x′)|t=t′
⇔ Γ+

aτςa′τ ′ς
(∂)∆(x− x′)|t=t′ = {Aaτς (x), A+

a′τ ′ς
(x′)}+|t=t′ = {Aa′τ ′ς (x

′), A+
aτς

(x)}|t′=t = Γa′τ ′ςaτς (∂
′)∆(x′ − x)|t′=t

⇒ Γ+
aτςa′τ ′ς

(∂)∆(x)|t=0 = −Γa′τ ′ςaτς (−∂)∆(x)|t=0

'⇒ Γ+
aτςa′τ ′ς

(∂) = −Γa′τ ′ςaτς (−∂)
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íØ2.1.3. {Aaτς (~r, t), A+
a′τ ′ς

(~r′, t)} = Γaτςa′τ ′ς (∇)δ3(~r − ~r′)
⇔ Γ+

aτςa′τ ′ς
(∇)δ3(~r − ~r′) = {Aaτς (~r, t), A+

a′τ ′ς
(~r′, t)}+ = {Aa′τ ′ς (~r

′, t), A+
aτς

(~r, t)} = Γa′τ ′ςaτς (∇
′)δ3(~r′ − ~r)

⇒ Γ+
aτςa′τ ′ς

(∇)δ3(~r) = Γa′τ ′ςaτς (−∇)δ3(~r)

'⇒ Γ+
aτςa′τ ′ς

(∇) = Γa′τ ′ςaτς (−∇)

Ún2.1.1. [(γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)(m− γc∂c)γ4]+ = (γa′ + ∂a′
m

)(γbη
b
a −

∂+
a

m
)(m+ γc∂c)γ

4

y²: [(γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)(m− γc∂c)γ4]+

= [(γa − ∂a
m

)(γb + ∂b
m

)(m− γc∂c)γ4]+ηba′

= [(γa − ∂a
m

)(m+ γc∂c)(γb − ∂b
m

)γ4]+ηba′

= [(m− γc∂c)(γa + ∂a
m

)(γb − ∂b
m

)γ4]+ηba′

= γ4(γb −
∂+
b

m
)(γa + ∂+

a

m
)(m− γc∂+

c )ηba′

= (−γb′ηb
′

b −
∂+
b

m
)γ4(γa + ∂+

a

m
)(m− γc∂+

c )ηba′

= (−γb′ηb
′

b −
∂+
b

m
)γ4(γa + ∂+

a

m
)(m− γc∂+

c )ηba′

= (−γb′ηb
′

b −
∂+
b

m
)(−γa′′ηa

′′

a + ∂+
a

m
)γ4(m− γc∂+

c )ηba′

= (−γb′ηb
′

b −
∂+
b

m
)(−γa′′ηa

′′

a + ∂+
a

m
)(m+ γc∂c)γ

4ηba′

= (−γa′ − ∂a′
m

)(−γa′′ηa
′′

a + ∂+
a

m
)(m+ γc∂c)γ

4

= (γa′ + ∂a′
m

)(γbη
b
a −

∂+
a

m
)(m+ γc∂c)γ

4

íØ2.1.4. [i(γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)(m− γc∂c)γ4∆(x− x′)]+ = i(γa′ −
∂′
a′
m

)(γbη
b
a + ∂′+a

m
)(m− γc∂′c)γ4∆(x′ − x)

íØ2.1.5. [i(γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)(m− γc∂c)γ4∆(x)]+ = −i(γa′ + ∂a′
m

)(γbη
b
a −

∂+
a

m
)(m+ γc∂c)γ

4∆(x)

íØ2.1.6. [i(γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)(m− γc∂c)γ4∆(x)|t=0]+ = −i(γa′ + ∂a′
m

)(γbη
b
a −

∂+
a

m
)(m+ γc∂c)γ

4∆(x)|t=0

2.2 'uθ(t)�A�Ún9ÙíØ

Ún2.2.1. [θ(t), 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς ] = · · ·

Ún2.2.2.


[(m− γc∂c)γ4]θ(t)ψ(x) = [θ(t)(m− γc∂c)γ4 + iθ′(t)]ψ(x)

(γa − ∂a
m

)θ(t)ψ(x) = [θ(t)(γa − ∂a
m

) + θ′(t) iδaπ
m

]ψ(x)

(γb + ∂b
m

)θ(t)ψ(x) = [θ(t)(γb + ∂b
m

)− θ′(t) iδbπ
m

]ψ(x)

íØ2.2.1.


[θ(t), (m− γc∂c)γ4]∆(x) = −iθ′(t)∆(x) = 0

[θ(t), (γa − ∂a
m

)]∆(x) = −θ′(t) iδaπ
m

∆(x) = 0

[θ(t), (γb + ∂b
m

)]∆(x) = θ′(t) iδbπ
m

∆(x) = 0

Ún2.2.3. (ηaa′ −
∂a∂

+

a′
m2 )θ(t)ψ(x) = [θ(t)(ηaa′ −

∂a∂
+

a′
m2 ) + iθ′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′(t) δaπδa′π′

m2 ]ψ(x)

íØ2.2.2. (ηaa′ −
∂a∂

+

a′
m2 )[(m− γc∂c)γ4]θ(t)ψ(x)

= [θ(t)(ηaa′ −
∂a∂

+

a′
m2 ) + iθ′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′(t) δaπδa′π′

m2 ](m− γc∂c)γ4ψ(x)

+ i[θ′(t)(ηaa′ −
∂a∂

+

a′
m2 ) + iθ′′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′′(t) δaπδa′π′

m2 ]ψ(x)

íØ2.2.3. (γb + ∂b
m

)[(m− γc∂c)γ4]θ(t)ψ(x)

= [θ(t)(γb + ∂b
m

)− θ′(t) iδbπ
m

](m− γc∂c)γ4ψ(x) + i[θ′(t)(γb + ∂b
m

)− θ′′(t) iδbπ
m

]ψ(x)

íØ2.2.4. (γa − ∂a
m

)(γb + ∂b
m

)[(m− γc∂c)γ4]θ(t)ψ(x)

= [θ(t)(γa − ∂a
m

) + θ′(t) iδaπ
m

](γb + ∂b
m

)(m− γc∂c)γ4ψ(x)− [θ′(t)(γa − ∂a
m

) + θ′′(t) iδaπ
m

] iδbπ
m

(m− γc∂c)γ4ψ(x)

+ i[θ′(t)(γa − ∂a
m

) + θ′′(t) iδaπ
m

](γb + ∂b
m

)ψ(x)− i[θ′′(t)(γa − ∂a
m

) + θ′′′(t) iδaπ
m

] iδbπ
m

]ψ(x)
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íØ2.2.5. [θ(t), 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}]ψ(x)

= i
6
δ(t){[(γa + 2∂a

m
) δa′π′

m
+ (γbη

b
a′ −

2∂+

a′
m

) δaπ
m

](m− γc∂c)γ4 + (γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)− 3(ηaa′ −
∂a∂

+

a′
m2 )}ψ(x)

− 1
6
δ′(t)[(γa + 2∂a

m
) δa′π′

m
+ (γbη

b
a′ −

2∂+

a′
m

) δaπ
m
− 2δaπδa′π′

m2 (m− γc∂c)γ4}ψ(x)

+ i
3
δ′′(t) δaπδa′π′

m2 ψ(x)

y²: 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}θ(t)ψ(x)

= 1
2
[θ(t)(ηaa′ −

∂a∂
+

a′
m2 ) + iθ′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′(t) δaπδa′π′

m2 ](m− γc∂c)γ4ψ(x)

+ i
2
[θ′(t)(ηaa′ −

∂a∂
+

a′
m2 ) + iθ′′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′′(t) δaπδa′π′

m2 ]ψ(x)

− 1
6
{[θ(t)(γa − ∂a

m
) + θ′(t) iδaπ

m
](γbη

b
a′ +

∂+

a′
m

)(m− γc∂c)γ4

+ 1
6
[θ′(t)(γa − ∂a

m
) + θ′′(t) iδaπ

m
]−iδa′π′

m
(m− γc∂c)γ4

− i
6
[θ′(t)(γa − ∂a

m
) + θ′′(t) iδaπ

m
](γbη

b
a′ +

∂+

a′
m

)

+ i
6
[θ′′(t)(γa − ∂a

m
) + θ′′′(t) iδaπ

m
]−iδa′π′

m
]}ψ(x)

= 1
2
θ(t)[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4ψ(x)

− i
6
θ′(t){[(γa + 2∂a

m
) δa′π′

m
+ (γbη

b
a′ −

2∂+

a′
m

) δaπ
m

](m− γc∂c)γ4 + (γa − ∂a
m

)(γbη
b
a′ +

∂+

a′
m

)− 3(ηaa′ −
∂a∂

+

a′
m2 )}ψ(x)

+ 1
6
θ′′(t)[(γa + 2∂a

m
) δa′π′

m
+ (γbη

b
a′ −

2∂+

a′
m

) δaπ
m
− 2δaπδa′π′

m2 (m− γc∂c)γ4}ψ(x)

− i
3
θ′′′(t) δaπδa′π′

m2 ψ(x)

2.3 'u∆πτςk′τ ′ς (1;x)|t=0�¦)

Ún2.3.1. ∆aτςa′τ ′ς
(1;x)|t=0 = 1

2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)|t=0

y²: ∆kτςk′τ ′ς
(1;x)|t=0

= 1
2
{[(ηkk′ −

∂k∂
+

k′
m2 )− 1

3
(γk − ∂k

m
)(γbη

b
k′ +

∂+

k′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= − 1
2
{[(ηkk′ −

∂k∂
+

k′
m2 )− 1

3
(γk − ∂k

m
)(γbη

b
k′ +

∂+

k′
m

)]γc∂cγ
4}τςτ ′ς∆(x)|t=0

= − 1
2
{[(ηkk′ −

∂k∂
+

k′
m2 )− 1

3
(γk − ∂k

m
)(γbη

b
k′ +

∂+

k′
m

)]∂π}τςτ ′ς∆(x)|t=0

= i
2
[(ηkk′ − ∂k∂k′

m2 )− 1
3
(γk − ∂k

m
)(γk′ + ∂k′

m
)]τςτ ′ς∂t∆(x)|t=0

= − i
2
[(δkk′ − ∂k∂k′

m2 )− 1
3
(γk − ∂k

m
)(γk′ + ∂k′

m
)]τςτ ′ςδ

3(~r)

y²: ∆πτςπ′τ ′ς
(1;x)|t=0

= 1
2
{[(ηππ′ −

∂π∂
+

π′
m2 )− 1

3
(γπ − ∂π

m
)(γbη

b
π′ +

∂+

π′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[(−1− ∂2

t

m2 )− 1
3
(γ4 + i∂t

m
)(−γ4 + i∂t

m
)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= − 1
3
(1 + ∂2

t

m2 )[(m− γc∂c)γ4]τςτ ′ς∆(x)|t=0

= − 1
3
(1 + ∂2

t

m2 )(−γc∂cγ4)τςτ ′ς∆(x)|t=0

= − i
3
(1 + ∂2

t

m2 )∂tδτςτ ′ς∆(x)|t=0

= i
3
δτςτ ′ς

∇2

m2 δ
3(~r)

y²: ∆kτςπ′τ ′ς
(1;x)|t=0

= 1
2
{[(ηkπ′ −

∂k∂
+

π′
m2 )− 1

3
(γk − ∂k

m
)(γbη

b
π′ +

∂+

π′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[−i∂k∂t

m2 − 1
3
(γk − ∂k

m
)(−γ4 + i∂t

m
)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[−i∂k∂t

m2 − i
3
(γk − ∂k

m
)∂t
m

+ 1
3
(γk − ∂k

m
)γ4](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[−i∂k∂t

m2 − i
3
(γk − ∂k

m
)∂t
m

](mγ4 − ~γγ4 · ∇)}τςτ ′ς∆(x)|t=0 + 1
2
[ i
3
(γk − ∂k

m
)γ4∂t]τςτ ′ς∆(x)|t=0

= 1
2
{[−i ∂k

m2 − i
3
(γk − ∂k

m
) 1
m

](mγ4 − ~γγ4 · ∇) + 1
2
[ i
3
(γk − ∂k

m
)γ4]}τςτ ′ς∂t∆(x)|t=0

= 1
2
{−i∂k

m
γ4 + [i ∂k

m2 + i
3
(γk − ∂k

m
) 1
m

]~γγ4 · ∇}τςτ ′ς∂t∆(x)|t=0

= i
2
{[−∂k

m
+ 1

3m
(γk + 2∂k

m
)~γ · ∇]γ4}τςτ ′ς∂t∆(x)|t=0

= i
2
{[∂k
m
− 1

3m
(γk + 2∂k

m
)~γ · ∇]γ4}τςτ ′ςδ

3(~r)
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y²: ∆πτςk′τ ′ς
(1;x)|t=0

= 1
2
{[(ηπk′ −

∂π∂
+

k′
m2 )− 1

3
(γπ − ∂π

m
)(γbη

b
k′ +

∂+

k′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[i∂t∂k′

m2 − 1
3
(γ4 + i∂t

m
)(γk′ + ∂k′

m
)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[i∂t∂k′

m2 − i
3
∂t
m

(γk′ + ∂k′
m

)− 1
3
γ4(γk′ + ∂k′

m
)](m− γc∂c)γ4}τςτ ′ς∆(x)|t=0

= 1
2
{[i∂t∂k′

m2 − i
3
∂t
m

(γk′ + ∂k′
m

)](m− ~γ · ∇)γ4 − i
3
γ4(γk′ + ∂k′

m
)∂t}τςτ ′ς∆(x)|t=0

= 1
2
{[i∂k′

m2 − i
3

1
m

(γk′ + ∂k′
m

)](m− ~γ · ∇)γ4 − i
3
γ4(γk′ + ∂k′

m
)}τςτ ′ς∂t∆(x)|t=0

= i
2
[∂k′
m
γ4 − ∂k′

m2~γ · ∇γ4 − 1
3
(γk′ + ∂k′

m
)γ4 + 1

3
1
m

(γk′ + ∂k′
m

)~γ · ∇γ4 − 1
3
γ4(γk′ + ∂k′

m
)]τςτ ′ς∂t∆(x)|t=0

= i
2
[∂k′
m
γ4 − 2

3
∂k′
m
γ4 + 1

3
1
m

(γk′ − 2∂k′
m

)~γ · ∇γ4]τςτ ′ς∂t∆(x)|t=0

= i
6
{[∂k′

m
+ 1

m
(γk′ − 2∂k′

m
)~γ · ∇]γ4}τςτ ′ς∂t∆(x)|t=0

= − i
6
{[∂k′

m
+ 1

m
(γk′ − 2∂k′

m
)~γ · ∇]γ4}τςτ ′ςδ

3(~r)

2.4 'u∂t∆πτςk′τ ′ς (1;x)|t=0�¦)

Ún2.4.1. ∂t∆aτςa′τ ′ς
(1;x)|t=0 = 1

2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∂t∆(x− x′)|t=0

y²: ∂t∆kτςk′τ ′ς
(1;x)|t=0 = − 1

2
{[(δkk′ − ∂k∂k′

m2 )− 1
3
(γk − ∂k

m
)(γk′ + ∂k′

m
)](m− ~γ · ∇)γ4}τςτ ′ςδ

3(~r)

2.5 'uAaτς (x)��é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ2.5.1. {Aaτς (x), A+
a′τ ′ς

(x′)} = i
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

íØ2.5.2.

∆aτςa′τ ′ς
(1;x) := 1

2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆(x)

∆
(+)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(+)(x)

∆
(−)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(−)(x)

∆
(l)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(l)(x)

íØ2.5.3.

∆
(c)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(c)(x) +

2∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(F )
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(F )(x) + i

2∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(ret)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(ret)(x) +

2∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(adv)
aτςa′τ ′ς

(1;x) := 1
2
{[(ηaa′ −

∂a∂
+

a′
m2 )− 1

3
(γa − ∂a

m
)(γbη

b
a′ +

∂+

a′
m

)](m− γc∂c)γ4}τςτ ′ς∆
(adv)(x) +

2∑
k=0

δ(k)(t)fk(∂)∆(x)

íØ2.5.4.
(γc∂c +m)∆a[τς ]a′τ ′ς

(n;x) = 0, γa∆a[τς ]a′τ ′ς
(n;x) = 0

(γc∂c +m)∆
(+)
a[τς ]a′τ ′ς

(n;x) = 0, γa∆
(+)
a[τς ]a′τ ′ς

(n;x) = 0

(γc∂c +m)∆
(−)
a[τς ]a′τ ′ς

(n;x) = 0, γa∆
(−)
a[τς ]a′τ ′ς

(n;x) = 0

íØ2.5.5.

(γc∂c +m)∆
(c)
a[τς ]a′τ ′ς

(n;x) = −iγ4δ(t)∆a[τς ]a′τ ′ς
(n;x)|t=0, γ

a∆
(c)
a[τς ]a′τ ′ς

(n;x) = 0

(γc∂c +m)∆
(F )
a[τς ]a′τ ′ς

(n;x) = γ4δ(t)∆a[τς ]a′τ ′ς
(n;x)|t=0, γ

a∆
(F )
a[τς ]a′τ ′ς

(n;x) = 0

(γc∂c +m)∆
(ret)
a[τς ]a′τ ′ς

(n;x) = −iγ4δ(t)∆a[τς ]a′τ ′ς
(n;x)|t=0, γ

a∆
(ret)
a[τς ]a′τ ′ς

(n;x) = 0

(γc∂c +m)∆
(adv)
a[τς ]a′τ ′ς

(n;x) = −iγ4δ(t)∆a[τς ]a′τ ′ς
(n;x)|t=0, γ

a∆
(adv)
a[τς ]a′τ ′ς

(n;x) = 0

2.6 k�þÚå�f|UþÄþ�Î�J�

½n2.6.1. Pu( 3
2
) =

∫
ψ+λςµςης (~r, t) −i∂u

m2−∇2ψλςµςης (~r, t)d
3~r

774



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 134Ù k�þÚå�f��Cþfz�Y

½n2.6.2. Pu( 3
2
) =

∫
[ 1
2
F+abης (~r, t) −i∂u

m2−∇2Fabης (~r, t) +m2A+aης (~r, t) −i∂u
m2−∇2Aaης (~r, t)]d

3~r

y²: Pu( 3
2
) =

∫
ψ+λςµςης (~r, t) −i∂u

m2−∇2ψλςµςης (~r, t)d
3~r

=
∫
{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]}λςµς

A
+ης
a′ (~r,t)

2
−i∂u
m2−∇2 [imγa(ς)C − 2Sab(e, ς)C∂b]λςµς

Aaης (~r,t)

2
d3~r

= 1
4

∫
tr{C̄[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂u

m2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]CAaης (~r, t)}d3~r

= 1
4

∫
tr{[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂u

m2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]Aaης (~r, t)}d3~r

= 1
4

∫
tr{[−imγa′(ς)− 2Sa

′b′(e, ς)∂+
b′ ]A

+ης
a′ (~r, t) −i∂u

m2−∇2 [imγa(ς)− 2Sab(e, ς)∂b]Aaης (~r, t)}d3~r

=
∫
m2A+aης (~r, t) −i∂u

m2−∇2Aaης (~r, t)d
3~r +

∫
Sa
′b′ab∂+

b′A
+ης
a′ (~r, t) −i∂u

m2−∇2 ∂bAaης (~r, t)}d3~r

=
∫
m2A+aης (~r, t) −i∂u

m2−∇2Aaης (~r, t)d
3~r

+ 1
4

∫
Sa
′b′ab[∂+

a′A
+ης
b′ (~r, t)− ∂+

b′A
+ης
a′ (~r, t)] −i∂u

m2−∇2 [∂aAbης (~r, t)− ∂bAaης (~r, t)]}d3~r

=
∫
m2A+aης (~r, t) −i∂u

m2−∇2Aaης (~r, t)d
3~r + 1

4

∫
(δa
′aδb

′b − δa′bδb′a)F+ης
a′b′ (~r, t) −i∂u

m2−∇2Fabης (~r, t)d
3~r

=
∫

[ 1
2
F+abης (~r, t) −i∂u

m2−∇2Fabης (~r, t) +m2A+aης (~r, t) −i∂u
m2−∇2Aaης (~r, t)]d

3~r
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g·µãµéuBargmann-Wigner�§£ã�âf§��5`Q�±£ã�Ö�Eâf§��±£ãØ

�Ö�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf���"¶

éØ�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�""3�Ù

�?ØEâf�/§�����ÑÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.Bâf�/�

þf|Ø§�I3Eâf�/\þê�.B^�=�g,��"

1 k�þÚåfü«�d£ã��p=�

1.1 g^-2âf�B-W�é¡�§ÚK-G¥þ�§ü«�d£ã [18, 20,23]

½Â1.1.1. Xa(x) := [imγa(ς)− 2Sab(e, ς)∂
b]C,Xa(p) := i[mγa(ς)− 2Sab(e, ς)p

b]C,C = γ2γ4

½n1.1.1.
(γa∂a +m)κς

λςψλςµςηςξς = 0, ψλςµςηςξς = 1
4!
ψ{λςµςηςξς}

Aab = 1
(2im)2 [C̄γa(ς)]

λςµς [C̄γb(ς)]
ηςξςψλςµςηςξς

C = γ2(ς)γ4(ς)

⇔


∂cFc|ab +m2Aab = 0, Fc|ab = ∂cAab − ∂aAcb

ψλςµςηςξς = 1
4
Xaλςµς (x)Xbηςξς (x)Aab

Aab = Aba, δ
abAab = 0

1.2 g^-2âfBargmann-Wigner�§ [18]�²¡Å)

½n1.2.1. (γa∂a +m)κς
λςψλςµςηςξς (~r, t) = 0, ψλςµςηςξς (~r, t) = 1

4!
ψ{λςµςηςξς}(~r, t)

ψλςµςηςξς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

√
m4

E
[a(~p, h)Uλςµςηςξς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςηςξς (~p, h)e−i(~p·~r−Et)]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
m4

E7U
+λςµςηςξς (~p, h)ψλςµςηςξς (~r, t)e

−i(~p·~r−Et)d3~r

b+(~p, s) = 1
(2π)3/2

+∞∫
~p=−∞

√
m4

E7 V
+λςµςηςξς (~p, h)ψλςµςηςξς (~r, t)e

i(~p·~r−Et)d3~r

½n1.2.2. [ψλςµςηςξς (x), ψ+
λ′ςµ
′
ςη
′
ςξ
′
ς
(x′)]

= i
23

1
(4!)2 [(m− γa∂a)γ4]{λς(λ′ς [(m− γ

b∂b)γ
4]µςµ′ς [(m− γ

a∂a)γ
4]ηςη′ς [(m− γ

b∂b)γ
4]ξς}ξ′ς)∆(x− x′)

= i
25

1
(4!)2Xa{λςµς (x)Xbηςξς}(x)X+a′

(λ′ςµ
′
ς
(x′)X+b′

η′ςξ
′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )(ηbb′ −

∂b∂
+

b′
m2 )∆(x− x′)

½Â1.2.1.
Λ+λςµςηςξςλ′ςµ

′
ςη
′
ςξ
′
ς
(~p, 2) :=

−2∑
h=2

Uλςµςηςξς (~p, h)U+
λ′ςµ
′
ςη
′
ςξ
′
ς
(~p, h)

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2) :=
−2∑
h=2

Vλςµςηςξς (~p, h)V +
λ′ςµ
′
ςη
′
ςξ
′
ς
(~p, h)

½n1.2.3.

Λ+λςµςηςξςλ′ςµ
′
ςη
′
ςξ
′
ς
(~p, 2) = 1

(4!)2 Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
)Λ+ηςη′ς

(~p, 1
2
)Λ+ξς}ξ′ς)(~p,

1
2
)

= 1
26m4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(p)Λmaa′(~p, 1)Λmbb′(~p, 1)

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2) = 1
(4!)2 Λ−{λς(λ′ς (~p,

1
2
)Λ−µςµ′ς (~p,

1
2
)Λ−ηςη′ς (~p,

1
2
)Λ−ξς}ξ′ς)(~p,

1
2
)

= 1
26m4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(−p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(−p)Λmaa′(~p, 1)Λmbb′(~p, 1)

½n1.2.4.
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Λ+λςµςηςξςλ′ςµ
′
ςη
′
ςξ
′
ς
(~p, 2)

= 1
(2m)4

1
(4!)2 [(m− iγapa)γ4]{λς(λ′ς [(m− iγ

bpb)γ
4]µςµ′ς [(m− iγ

apa)γ
4]ηςη′ς [(m− iγ

bpb)γ
4]ξς}ξ′ς)

= 1
(2
√

2m)4

1
(4!)2Xa{λςµς (p)X

b
ηςξς}(p)X

+a′

(λ′ςµ
′
ς
(p)X+b′

η′ςξ
′
ς)

(p)(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 )

Λ−λςµςηςξςλ′ςµ′ςη′ςξ′ς (~p, 2)

= 1
(2m)4

1
(4!)2 [(−m− iγapa)γ4]{λς(λ′ς [(−m− iγ

bpb)γ
4]µςµ′ς [(−m− iγ

apa)γ
4]ηςη′ς [(−m− iγ

bpb)γ
4]ξς}ξ′ς)

= 1
(2
√

2m)4

1
(4!)2Xa{λςµς (−p)X

b
ηςξς}(−p)X

+a′

(λ′ςµ
′
ς
(−p)X+b′

η′ςξ
′
ς)

(−p)(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 )

⇓

1.3 í��g^-2âfKlein-Gordon�§ [18]�²¡Å)

½n1.3.1.∂cFc|ab +m2Aab = 0, Fc|ab = ∂cAab − ∂aAcb, δabAab = 0, Aab = Aba

Aab = ( 1
2im

)2(C̄γa)
λςµς (C̄γb)

ηςξςψλςµςηςξς

Aab(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εab(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

εab(~p, h) = 1
(i
√

2)2 (C̄γa)
λςµς (C̄γb)

ηςξςUλςµςηςξς (~p, h) = 1
(i
√

2)2 (C̄γa)
λςµς (C̄γb)

ηςξςVλςµςηςξς (~p, h)

íØ1.3.1.

εab(~p, 2) = εa(~p, 1)εb(~p, 1)

εab(~p, 1) = 1√
2
[εa(~p, 1)εb(~p, 0) + εa(~p, 0)εb(~p, 1)]

εab(~p, 0) = 1√
6
[εa(~p, 1)εb(~p,−1) + εa(~p,−1)εb(~p, 1) + 2εa(~p, 0)εb(~p, 0)]

εab(~p,−1) = 1√
2
[εa(~p,−1)εb(~p, 0) + εa(~p, 0)εb(~p,−1)]

εab(~p,−2) = εa(~p,−1)εb(~p,−1)

5�1.3.1. εab(~p, h) = εba(~p, h), δabεab(~p, h) = 0

½n1.3.2.
−2∑
h=2

εab(~p, h)ε+
a′b′(~p, h) = 1

4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηb}b′) +
pb}p

+

b′)
m2 ]− 1

3
[δ{ab} +

p{apb}
m2 ][δ(a′b′) +

p+

(a′p
+

b′)
m2 ]}

½n1.3.3. [Aab(x), A+
a′b′(x

′)] = i
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

½n1.3.4. {Aaτς (x), Ābτ ′ς (x
′)} = i

2
{[(δab − ∂a∂b

m2 )− 1
3
(γa − ∂a

m
)(γb + ∂b

m
)](m− γc∂c)γ4}τςτ ′ς∆(x− x′)

½n1.3.5. [Aa(x), Āb(x
′)] = i(δab − ∂a∂b

m2 )∆(x− x′)

Ún1.3.1. ηbb
′

= δbb
′ − 2δb4δb

′4

½n1.3.6. Λ±τςτ ′ς (~p,
1
2
) = 1

5
Λmaba′b′(~p, 2)ηbb

′
γaΛ∓(~p, 1

2
)γa

′

½n1.3.7. Λ±maτςa′τ ′ς (~p,
3
2
) = 2

5
Λmaba′b′(~p, 2)γbΛ∓(~p, 1

2
)γb

′

½n1.3.8. Λmaa′(~p, 1) = 3
5
Λmaba′b′(~p, 2)ηbb

′

⇓

1.4 2£�g^-2âfBargmann-Wigner�§ [18]�²¡Å)

½n1.4.1. (γa∂a +m)κς
λςψλςµςηςξς (~r, t) = 0, ψλςµςηςξς (~r, t) = 1

4
Xaλςµς (x)Xbηςξς (x)Aab(~r, t)

ψλςµςηςξς (~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

√
m4

E
[a(~p, h)Uλςµςηςξς (~p, h)ei(~p·~r−Et) + b+(~p, h)Vλςµςηςξς (~p, h)e−i(~p·~r−Et)]d3~p

Uλςµςηςξς (~p, h) = 1
8m2Xaλςµς (p)X

b
ηςξς

(p)εab(~p, h), Vλςµςηςξς (~p, h) = 1
8m2Xaλςµς (−p)X

b
ηςξς

(−p)εab(~p, h)
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2 k�þÚåf�é´¼ê!ÏJ¼êÚ¤ùDÂf

2.1 k�þÚåfé´¼ê7L÷v�gU^�

íØ2.1.1. {Aab(x), A+
a′b′(x

′)} = Γaba′b′(∂)∆(x− x′)
⇔ Γ+

aba′b′(∂)∆(x− x′) = {Aab(x), A+
a′b′(x

′)}+ = {Aa′b′(x′), A+
ab(x)} = Γa′b′ab(∂

′)∆(x′ − x)

⇒ Γ+
aba′b′(∂)∆(x) = −Γa′b′ab(−∂)∆(x)

'⇒ Γ+
aba′b′(∂) = −Γa′b′ab(−∂)

íØ2.1.2. {Aab(x), A+
a′b′(x

′)}|t=t′ = Γaba′b′(∂)∆(x− x′)|t=t′
⇔ Γ+

aba′b′(∂)∆(x− x′)|t=t′ = {Aab(x), A+
a′b′(x

′)}+|t=t′ = {Aa′b′(x′), A+
ab(x)}|t′=t = Γa′b′ab(∂

′)∆(x′ − x)|t′=t
⇒ Γ+

aba′b′(∂)∆(x)|t=0 = −Γa′b′ab(−∂)∆(x)|t=0

'⇒ Γ+
aba′b′(∂) = −Γa′b′ab(−∂)

íØ2.1.3. {Aab(~r, t), A+
a′b′(~r

′, t)} = Γaba′b′(∇)δ3(~r − ~r′)
⇔ Γ+

aba′b′(∇)δ3(~r − ~r′) = {Aab(~r, t), A+
a′b′(~r

′, t)}+ = {Aa′b′(~r′, t), A+
ab(~r, t)} = Γa′b′ab(∇′)δ3(~r′ − ~r)

⇒ Γ+
aba′b′(∇)δ3(~r) = Γa′b′ab(−∇)δ3(~r)

'⇒ Γ+
aba′b′(∇) = Γa′b′ab(−∇)

íØ2.1.4. δabΓaba′b′(∂)∆(x) = 0⇔ δa
′b′Γaba′b′(∂)∆(x) = 0

y²: δabΓaba′b′(∂)∆(x) = 0

⇔ [δabΓaba′b′(∂)∆(x)]+ = 0

⇔ −δabΓa′b′ab(−∂)∆(x) = 0

⇔ δabΓa′b′ab(−∂)∆(−x) = 0

⇔ δabΓa′b′ab(∂)∆(x) = 0

⇔ δa
′b′Γaba′b′(∂)∆(x) = 0

íØ2.1.5. ∂aΓaba′b′(∂)∆(x) = 0⇔ ∂+a′Γaba′b′(∂)∆(x) = 0

y²: ∂aΓaba′b′(∂)∆(x) = 0

⇔ [∂+aΓaba′b′(∂)∆(x)]+ = 0

⇔ −∂+aΓa′b′ab(−∂)∆(x) = 0

⇔ ∂+aΓa′b′ab(−∂)∆(−x) = 0

⇔ −∂+aΓa′b′ab(∂)∆(x) = 0

⇔ ∂+a′Γaba′b′(∂)∆(x) = 0

2.2 'uθ(t)�A�Ún9ÙíØ

Ún2.2.1.
(δab − ∂a∂b

m2 )θ(t)ψ(x) = [θ(t)(δab − ∂a∂b
m2 ) + iθ′(t) (δaπ∂b+∂aδbπ)

m2 + θ′′(t) δaπδbπ
m2 ]ψ(x)

(ηaa′ −
∂a∂

+

a′
m2 )θ(t)ψ(x) = [θ(t)(ηaa′ −

∂a∂
+

a′
m2 ) + iθ′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′(t) δaπδa′π′

m2 ]ψ(x)

(δa′b′ − ∂a′∂b′
m2 )θ(t)ψ(x) = [θ(t)(δa′b′ −

∂+

a′∂
+

b′
m2 )− iθ′(t) (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 + θ′′(t) δa′π′δb′π′
m2 ]ψ(x)

y²: (δab − ∂a∂b
m2 )θ(t)ψ(x)

= [δabθ(t)− ∂aθ(t)∂b
m2 + i∂aδbπδ(t)

m2 ]ψ(x)

= [θ(t)δab − θ(t)∂a∂bm2 + iδaπδ(t)∂b
m2 + iδ(t)∂aδbπ

m2 + δ′(t)δaπδbπ
m2 ]ψ(x)

= [θ(t)(δab − ∂a∂b
m2 ) + iδ(t) (δaπ∂b+∂aδbπ)

m2 + δ′(t) δaπδbπ
m2 ]ψ(x)

= [θ(t)(δab − ∂a∂b
m2 ) + iθ′(t) (δaπ∂b+∂aδbπ)

m2 + θ′′(t) δaπδbπ
m2 ]ψ(x)
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íØ2.2.1.
[θ(t), (δab − ∂a∂b

m2 )]∆(x) = −[iθ′(t) (δaπ∂b+∂aδbπ)
m2 + θ′′(t) δaπδbπ

m2 ]∆(x) = δaπδbπ
m2 δ4(x)

[θ(t), (ηaa′ −
∂a∂

+

a′
m2 )]∆(x) = −[iθ′(t)

(δaπ∂
+

a′−∂aδa′π′ )
m2 − θ′′(t) δaπδa′π′

m2 ]∆(x) = − δaπδa′π′
m2 δ4(x)

[θ(t), (δa′b′ − ∂a′∂b′
m2 )]∆(x) = −[−iθ′(t) (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 + θ′′(t) δa′π′δb′π′
m2 ]∆(x) = δa′π′δb′π′

m2 δ4(x)

íØ2.2.2. (δab − ∂a∂b
m2 )(δa′b′ − ∂a′∂b′

m2 )θ(t)ψ(x)

= {θ(t)(δab − ∂a∂b
m2 )(δa′b′ −

∂+

a′∂
+

b′
m2 )

+ iθ′(t)[ (δaπ∂b+∂aδbπ)
m2 (δa′b′ −

∂+

a′∂
+

b′
m2 )− (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 (δab − ∂a∂b
m2 )]

+ θ′′(t)[ δaπδbπ
m2 (δa′b′ −

∂+

a′∂
+

b′
m2 ) + (δaπ∂b+∂aδbπ)

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 + δa′π′δb′π′
m2 (δab − ∂a∂b

m2 )]

− iθ′′′(t)[ δaπδbπ
m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 − δa′π′δb′π′
m2

(δaπ∂b+∂aδbπ)
m2 ]

+ θ′′′′(t) δaπδbπ
m2

δa′π′δb′π′
m2 }ψ(x)

y²: (δab − ∂a∂b
m2 )(δa′b′ − ∂a′∂b′

m2 )θ(t)ψ(x)

= (δab − ∂a∂b
m2 )[θ(t)(δa′b′ −

∂+

a′∂
+

b′
m2 )− iθ′(t) (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 + θ′′(t) δa′π′δb′π′
m2 ]ψ(x)

= {[θ(t)(δab − ∂a∂b
m2 ) + iθ′(t) (δaπ∂b+∂aδbπ)

m2 + θ′′(t) δaπδbπ
m2 ](δa′b′ −

∂+

a′∂
+

b′
m2 )

− i[θ′(t)(δab − ∂a∂b
m2 ) + iθ′′(t) (δaπ∂b+∂aδbπ)

m2 + θ′′′(t) δaπδbπ
m2 ]

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2

+ [θ′′(t)(δab − ∂a∂b
m2 ) + iθ′′′(t) (δaπ∂b+∂aδbπ)

m2 + θ′′′′(t) δaπδbπ
m2 ] δa′π′δb′π′

m2 }ψ(x)

= {θ(t)(δab − ∂a∂b
m2 )(δa′b′ −

∂+

a′∂
+

b′
m2 ) + iθ′(t) (δaπ∂b+∂aδbπ)

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 ) + θ′′(t) δaπδbπ

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 )

− iθ′(t)(δab − ∂a∂b
m2 )

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 + θ′′(t) (δaπ∂b+∂aδbπ)
m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 − iθ′′′(t) δaπδbπ
m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2

+ θ′′(t)(δab − ∂a∂b
m2 ) δa′π′δb′π′

m2 + iθ′′′(t) (δaπ∂b+∂aδbπ)
m2

δa′π′δb′π′
m2 + θ′′′′(t) δaπδbπ

m2

δa′π′δb′π′
m2 }ψ(x)

= {θ(t)(δab − ∂a∂b
m2 )(δa′b′ −

∂+

a′∂
+

b′
m2 )

+ iθ′(t)[ (δaπ∂b+∂aδbπ)
m2 (δa′b′ −

∂+

a′∂
+

b′
m2 )− (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 (δab − ∂a∂b
m2 )]

+ θ′′(t)[ δaπδbπ
m2 (δa′b′ −

∂+

a′∂
+

b′
m2 ) + (δaπ∂b+∂aδbπ)

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 + δa′π′δb′π′
m2 (δab − ∂a∂b

m2 )]

− iθ′′′(t)[ δaπδbπ
m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 − δa′π′δb′π′
m2

(δaπ∂b+∂aδbπ)
m2 ]

+ θ′′′′(t) δaπδbπ
m2

δa′π′δb′π′
m2 }ψ(x)

íØ2.2.3. (ηaa′ −
∂a∂

+

a′
m2 )[ηbb′ −

∂b∂
+

b′
m2 ]θ(t)ψ(x)

= {θ(t)(ηaa′ −
∂a∂

+

a′
m2 )(ηbb′ −

∂b∂
+

b′
m2 )

+ iθ′(t)[
(δaπ∂

+

a′−∂aδa′π′ )
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δbπ∂
+

b′−∂bδb′π′ )
m2 (ηaa′ −

∂a∂
+

a′
m2 )]

− θ′′(t)[ δaπδa′π′
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δaπ∂
+

a′−∂aδa′π′ )
m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2 (ηaa′ −
∂a∂

+

a′
m2 )]

− iθ′′′(t)[ δaπδa′π′
m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2

(δaπ∂
+

a′−∂aδa′π′ )
m2 ]

+ θ′′′′(t) δaπδa′π′
m2

δbπδb′π′
m2 }ψ(x)

½n2.2.1. [θ(t), 1
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}]

= − 1
8
{iδ(t){[ (δaπ∂

+

a′−∂aδa′π′ )
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δbπ∂
+

b′−∂bδb′π′ )
m2 (ηaa′ −

∂a∂
+

a′
m2 )]

− 1
3
[ (δaπ∂b+∂aδbπ)

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 )− (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 (δab − ∂a∂b
m2 )]}

− δ′(t){[ δaπδa′π′
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δaπ∂
+

a′−∂aδa′π′ )
m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2 (ηaa′ −
∂a∂

+

a′
m2 )]

− 1
3
[ δaπδbπ

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 ) + (δaπ∂b+∂aδbπ)

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 + δa′π′δb′π′
m2 (δab − ∂a∂b

m2 )]}
− iδ′′(t){[ δaπδa′π′

m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2

(δaπ∂
+

a′−∂aδa′π′ )
m2 ]− 1

3
[ δaπδbπ

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 − δa′π′δb′π′
m2

(δaπ∂b+∂aδbπ)
m2 ]}

+ δ′′′(t)[ δaπδa′π′
m2

δbπδb′π′
m2 − 1

3
δaπδbπ
m2

δa′π′δb′π′
m2 ]}|(a

′b′)
{ab}

y²: 1
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}θ(t)ψ(x)

= 1
8
{[θ(t)(ηaa′ −

∂a∂
+

a′
m2 )(ηbb′ −

∂b∂
+

b′
m2 )− 1

3
θ(t)(δab − ∂a∂b

m2 )(δa′b′ −
∂+

a′∂
+

b′
m2 )]
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+ iθ′(t){[ (δaπ∂
+

a′−∂aδa′π′ )
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δbπ∂
+

b′−∂bδb′π′ )
m2 (ηaa′ −

∂a∂
+

a′
m2 )]

− 1
3
[ (δaπ∂b+∂aδbπ)

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 )− (δa′π′∂

+

b′+∂
+

a′δb′π′ )

m2 (δab − ∂a∂b
m2 )]}

− θ′′(t){[ δaπδa′π′
m2 (ηbb′ −

∂b∂
+

b′
m2 ) +

(δaπ∂
+

a′−∂aδa′π′ )
m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2 (ηaa′ −
∂a∂

+

a′
m2 )]

− 1
3
[ δaπδbπ

m2 (δa′b′ −
∂+

a′∂
+

b′
m2 ) + (δaπ∂b+∂aδbπ)

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 + δa′π′δb′π′
m2 (δab − ∂a∂b

m2 )]}
− iθ′′′(t){[ δaπδa′π′

m2

(δbπ∂
+

b′−∂bδb′π′ )
m2 + δbπδb′π′

m2

(δaπ∂
+

a′−∂aδa′π′ )
m2 ]− 1

3
[ δaπδbπ

m2

(δa′π′∂
+

b′+∂
+

a′δb′π′ )

m2 − δa′π′δb′π′
m2

(δaπ∂b+∂aδbπ)
m2 ]}

+ θ′′′′(t)[ δaπδa′π′
m2

δbπδb′π′
m2 − 1

3
δaπδbπ
m2

δa′π′δb′π′
m2 ]}|(a

′b′)
{ab} ψ(x)

2.3 ∂t∆aba′b′(2;x)|t=0�¦)

Ún2.3.1. ∂t∆aba′b′(2;x)|t=0 = 1
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∂t∆(x)|t=0

[⇒]∂t∆iji′j′(2;x)|t=0 = − 1
8
{[δ{i(i′ −

∂{i∂(i′

m2 ][δj}j′) −
∂j}∂j′)
m2 ]− 1

3
[δ{ij} −

∂{i∂j}
m2 ][δ(i′j′) −

∂(i′∂j′)
m2 ]}δ3(~r)

2.4 'uAab(x)�é´¼ê!ÏJ¼êÚ¤ùDÂf

íØ2.4.1. [Aab(x), A+
a′b′(x

′)] = i
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

íØ2.4.2.

∆aba′b′(2;x) := 1
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x)

∆
(+)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(+)(x)

∆
(−)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(−)(x)

∆
(l)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(l)(x)

íØ2.4.3.

∆
(c)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(c)(x) +

3∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(F )
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(F )(x) + i

3∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(ret)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(ret)(x) +

3∑
k=0

δ(k)(t)fk(∂)∆(x)

∆
(adv)
aba′b′(2;x) := 1

8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(adv)(x) +

3∑
k=0

δ(k)(t)fk(∂)∆(x)

íØ2.4.4.
(∂c∂c −m2)∆aba′b′(2;x) = 0, δab∆aba′b′(2;x) = 0, ∂a∆aba′b′(2;x) = 0

(∂c∂c −m2)∆
(+)
aba′b′(2;x) = 0, δab∆

(+)
aba′b′(2;x) = 0, ∂a∆

(+)
aba′b′(2;x) = 0

(∂c∂c −m2)∆
(−)
aba′b′(2;x) = 0, δab∆

(−)
aba′b′(2;x) = 0, ∂a∆

(−)
aba′b′(2;x) = 0

íØ2.4.5.

(∂c∂c −m2)∆
(c)
aba′b′(n;x) = −δ′(t)∆aba′b′(n;x)|t=0 − δ(t)∂t∆aba′b′(n;x)|t=0, δ

ab∆
(c)
aba′b′(n;x) = 0, ∂a∆

(c)
aba′b′(n;x) = 0

(∂c∂c −m2)∆
(F )
aba′b′(n;x) = −iδ′(t)∆aba′b′(n;x)|t=0 − iδ(t)∂t∆aba′b′(n;x)|t=0, δ

ab∆
(F )
aba′b′(n;x) = 0, ∂a∆

(F )
aba′b′(n;x) = 0

(∂c∂c −m2)∆
(ret)
aba′b′(n;x) = −δ′(t)∆aba′b′(n;x)|t=0 − δ(t)∂t∆aba′b′(n;x)|t=0, δ

ab∆
(ret)
aba′b′(n;x) = 0, ∂a∆

(ret)
aba′b′(n;x) = 0

(∂c∂c −m2)∆
(adv)
aba′b′(n;x) = −δ′(t)∆aba′b′(n;x)|t=0 − δ(t)∂t∆aba′b′(n;x)|t=0, δ

ab∆
(adv)
aba′b′(n;x) = 0, ∂a∆

(adv)
aba′b′(n;x) = 0

3 k�þÚåf�§�1n«�d£ã

3.1 k�þÚåfg^�§�d£ã

½n3.1.1. (∂a + iSab∂
b)βς

αςψαςc = i√
2
im2σabςβςAbc, ψαςc := i√

2
i
2
σabςαςFa|bc, Sab := iσαςςabγας

Abc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

εbc(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p
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Fa|bc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

[ipaεbc(~p, h)− ipbεac(~p, h)][a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

ψαςc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

−i√
2
σabςαςpaεbc(~p, h)[a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

3.2 k�þÚåf|Fab�²¡Å)ÚÝK�f

½Â3.2.1. λabc(~p, h) := [ipaεbc(~p, h)− ipbεac(~p, h)]

íØ3.2.1. Fabc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−2∑
h=2

1√
22E

[ipaεbc(~p, h)− ipbεac(~p, h)][a(~p, h)ei(~p·~r−Et) − b+(~p, h)e−i(~p·~r−Et)]d3~p

½n3.2.1.
−2∑
h=2

λabc(~p, h)λ+
a′b′c′(~p, h) = 1

2
p[ap

+
[a′ηb]c′ηb′]c + 1

2
p[ap

+
[a′ηb]b′][ηcc′ +

pcp
+

c′
m2 ]− 1

3
p[aδb]cp

+
[a′δb′]c′

y²:
−2∑
h=2

λabc(~p, h)λ+
a′b′c′(~p, h)

=
−2∑
h=2

[ipaεbc(~p, h)− ipbεac(~p, h)][ipa′εb′c′(~p, h)− ipb′εa′c′(~p, h)]+

= pap
+
a′

−2∑
h=2

εbc(~p, h)ε+
b′c′(~p, h) + pbp

+
b′

−2∑
h=2

εac(~p, h)ε+
a′c′(~p, h)

− pap+
b′

−2∑
h=2

εbc(~p, h)ε+
a′c′(~p, h)− pbp+

a′

−2∑
h=2

εac(~p, h)ε+
b′c′(~p, h)

= pap
+
a′

1
4
{[η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δ{bc} +

p{bpc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

+ pbp
+
b′

1
4
{[η{a(a′ +

p{ap
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δ{ac} +

p{apc}
m2 ][δ(a′c′) +

p+

(a′p
+

c′)
m2 ]}

− pap+
b′

1
4
{[η{b(a′ +

p{bp
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δ{bc} +

p{bpc}
m2 ][δ(a′c′) +

p+

(a′p
+

c′)
m2 ]}

− pbp+
a′

1
4
{[η{a(b′ +

p{ap
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δ{ac} +

p{apc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

= +pap
+
a′{ 1

4
[η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δbc + pbpc

m2 ][δb′c′ +
p+

b′p
+

c′
m2 ]}

+ pbp
+
b′{ 1

4
[η{a(a′ +

p{ap
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δac + papc

m2 ][δa′c′ +
p+

a′p
+

c′
m2 ]}

− pap+
b′{ 1

4
[η{b(a′ +

p{bp
+

(a′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δbc + pbpc

m2 ][δa′c′ +
p+

a′p
+

c′
m2 ]}

− pbp+
a′{ 1

4
[η{a(b′ +

p{ap
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δac + papc

m2 ][δb′c′ +
p+

b′p
+

c′
m2 ]}

= 1
2
(pap

+
a′ηbc′ηcb′ + pbp

+
b′ηac′ηa′c − pap

+
b′ηca′ηbc′ − pbp

+
a′ηac′ηcb′)

+ 1
2
(pap

+
a′ηbb′ + pbp

+
b′ηaa′ − pap

+
b′ηba′ − pbp

+
a′ηab′)[ηcc′ +

pcp
+

c′
m2 ]

− 1
3
(paδbc − pbδac)(p+

a′δb′c′ − p
+
b′δa′c′)

= 1
2
p[ap

+
[a′ηb]c′ηb′]c + 1

2
p[ap

+
[a′ηb]b′][ηcc′ +

pcp
+

c′
m2 ]− 1

3
p[aδb]cp

+
[a′δb′]c′

½n3.2.2. [Fabc(x), F+
a′b′c′(x

′)] = −i{ 1
2
∂[a∂

+
[a′ηb]c′ηb′]c + 1

2
∂[a∂

+
[a′ηb]b′][ηcc′ −

∂c∂
+

c′
m2 ]− 1

3
∂[aδb]c∂

+
[a′δb′]c′}∆(x− x′)

3.3 k�þÚåf|Ψας�²¡Å)ÚÝK�f

½Â3.3.1. λαςc(~p, h) := −i√
2
σabςαςpaεbc(~p, h)

íØ3.3.1. ψαςc(~r, t) = 1
(2π)3/2

+∞∫
~p=−∞

−1∑
h=1

1√
2E
λαςc(~p, h)[a(~p, h)ei(~p·~r−Et) + b+(~p, h)e−i(~p·~r−Et)]d3~p

½n3.3.1.
−1∑
h=1

λαςc(~p, h)λ+
α′ςc
′(~p, h) = − 1

8
σabςαςσ

a′b′

ςα′ς
pap

+
a′ [η{b(b′ηc}c′) − 1

3
δ{bc}δ(b′c′)]− 1

2m2σ
aa′

αςα′ς
papa′pcp

+
c′

y²:
−1∑
h=1

λαςc(~p, h)λ+
α′ςc
′(~p, h)

=
−1∑
h=1

−i√
2
σabςαςpaεbc(~p, h) −i√

2
σa
′b′

ςα′ς
p+
a′ε

+
b′c′(~p, h)

= − 1
2
σabςαςσ

a′b′

ςα′ς
pap

+
a′

−1∑
h=1

εbc(~p, h)ε+
b′c′(~p, h)
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= − 1
2
σabςαςσ

a′b′

ςα′ς
pap

+
a′

1
4
{[η{b(b′ +

p{bp
+

(b′

m2 ][ηc}c′) +
pc}p

+

c′)
m2 ]− 1

3
[δ{bc} +

p{bpc}
m2 ][δ(b′c′) +

p+

(b′p
+

c′)
m2 ]}

= − 1
8
σabςαςσ

a′b′

ςα′ς
pap

+
a′{2[ηbb′ +

pbp
+

b′
m2 ][ηcc′ +

pcp
+

c′
m2 ] + 2[ηcb′ +

pcp
+

b′
m2 ][ηbc′ +

pbp
+

c′
m2 ]− 4

3
[δbc + pbpc

m2 ][δb′c′ +
p+

b′p
+

c′
m2 ]}

= − 1
4
σabςαςσ

a′b′

ςα′ς
pap

+
a′{ηbb′ [ηcc′ +

pcp
+

c′
m2 ] + ηcb′ηbc′ − 2

3
δbcδb′c′ ]}

= − 1
8
σabςαςσ

a′b′

ςα′ς
pap

+
a′ [η{b(b′ηc}c′) − 1

3
δ{bc}δ(b′c′)]− 1

2m2σ
aa′

αςα′ς
papa′pcp

+
c′

½n3.3.2. [ψαςc(x), ψ+
α′ςc
′(x′)] = i{ 1

2m2σ
aa′

αςα′ς
∂a∂a′∂c∂

+
c′ − 1

8
σabςαςσ

a′b′

ςα′ς
∂a∂

+
a′ [η{b(b′ηc}c′) − 1

3
δ{bc}δ(b′c′)]}∆(x− x′)

4 k�þÚåf�§�1o«�d£ã

4.1 k�þÚåf�«Ônþ½Â

½Â4.1.1.

	�EÜþCαςβκ := i
2
σαςςabC

abβκ = i
2
σαςςab

i
2
σβκκcdC

abcd

ψαςβς = ( i√
2
)2Cαςβς , ψ

+
αςβς

= −ψα−ςβ−ς

½Â4.1.2. ÚåÇ^þ:

ψAςBςCκDκ := iς√
2
σAςBςας

iκ√
2
σCκDκβκ

ψαςβκ = i√
2
iς√
2
Sab

AςBς iκ√
2
σCκDκβκ

Cabβκ = i√
2
iς√
2
Sab

AςBς i√
2
iκ√

2
Scd

CκDκCabcd

íØ4.1.1. ψαςβκ = iς√
2
σαςAςBς

iκ√
2
σβκCκDκψ

AςBςCκDκ

íØ4.1.2. ψαςβς = iς√
2
σAςBςας

iς√
2
σCςDςβς

ψAςBςCςDς = − 1
2
σAςBςας

σCςDςβς
ψAςBςCςDς , [σ

AςBς
ας

]∗ = σ
A′ςB

′
ς

α′ς

½Â4.1.3.

Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
αςβς · ·︸ ︷︷ ︸

2n

(n) := Γkςαςβς · ·︸ ︷︷ ︸
2n

(n)Γ

2n︷ ︸︸ ︷
AςBςCςDς · ·
kς

(n) = ( iς√
2
)n 1

(2n)!
σ(AςBς
ας

σCςDςβς
· ·)︸ ︷︷ ︸

n

Γ

2n︷ ︸︸ ︷
αςβς · ·
AςBςCςDς · ·︸ ︷︷ ︸

2n

(n) := Γ

2n︷ ︸︸ ︷
αςβς · ·
kς

(n)ΓkςAςBςCςDς · ·︸ ︷︷ ︸
2n

(n) = ( iς√
2
)n 1

(2n)!

n︷ ︸︸ ︷
σας(AςBς

σβςCςDς · ·)

4.2 k�þâf��é´5Kü«�d£ã

½n4.2.1.
[ψAςBςCςDς · ·︸ ︷︷ ︸

2n

(x), ψ+
A
′
ςB
′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i (iς)2n

22n−1

2n︷ ︸︸ ︷
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

· ·
2n︷ ︸︸ ︷

∂a∂b∂c∂d · ·∆(x− x′)

ψαςβς · ·︸ ︷︷ ︸
n

(x) = ( iς√
2
)n σAςBςας

σCςDςβς
· ·︸ ︷︷ ︸

n

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

(x)

⇔
[ψαςβς · ·︸ ︷︷ ︸

n

(x), ψ+
α
′
ςβ
′
ς · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

n︷ ︸︸ ︷
σabαςα′ςσ

cd
βςβ′ς
· ·

2n︷ ︸︸ ︷
∂a∂b∂c∂d · ·∆(x− x′)

ψAςBςCςDς · ·︸ ︷︷ ︸
2n

(x) = ( iς√
2
)n

n︷ ︸︸ ︷
σαςAςBςσ

βς
CςDς

· ·ψαςβς · ·︸ ︷︷ ︸
n

(x)

4.3 �5Úå|ψαςβς�é´5K

½n4.3.1.
[ψαςβς (x), ψ+

α′ςβ
′
ς
(x′)] = i

2
σabαςα′ςσ

cd
βςβ′ς

∂a∂b∂c∂d∆(x− x′)

[ψαςβς (x), ψρςσς (x
′)] = i

32
m4δ{ας(ρςδβς}σς)∆(x− x′)

[ψα′ςβ′ς (x), ψρ′ςσ′ς (x
′)] = i

32
m4δ{α′ς(ρ′ςδβ′ς}σ′ς)∆(x− x′)

y²: [ψαςβς (x), ψ+
α′ςβ

′
ς
(x′)]

= 1
4
σAςBςας

σCςDςβς
σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
[ψAςBςCςDς , ψ

+
A′ςB

′
ςC
′
ςD
′
ς
]

782



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 135Ù k�þÚåf��Cþfz�Y

= i
25σ

AςBς
ας

σCςDςβς
σ
A′ςB

′
ς

α′ς
σ
C′ςD

′
ς

β′ς
(σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

(σ, iς)cCςC′ς (σ, iς)
d
DςD′ς

∆(x− x′)
= i

2
Γabcdαςα′ςβςβ

′
ς
(2)∂a∂b∂c∂d∆(x− x′)

= i
2
Γabαςα′ς (1)Γcdβςβ′ς (1)∂a∂b∂c∂d∆(x− x′)

= i
2
σabαςα′ςσ

cd
βςβ′ς

∂a∂b∂c∂d∆(x− x′)

4.4 �5Úå|Cabcd�é´5K

íØ4.4.1. σabαςα′ς = − 1
2
σacςαςδcdσ

db
−ςα′ς , σ

α′ςας
ab = − 1

2
σαςςacδ

cdσ
α′ς
−ςdb

Ún4.4.1.

2σαςςabσ
α′ς
ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σαςςabσςαςcdσ

α′ς
ςa′b′σςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd − ςεabcd)(Sa′b′c′d′ − ςεa′b′c′d′)ηcc
′
∂d∂+d′

2σας−ςabσ
α′ς
−ςa′b′σ

cc′

αςα′ς
∂c∂c′ = σας−ςabσ−ςαςcdσ

α′ς
−ςa′b′σ−ςα′ςc′d′η

cc′∂d∂+d′ = (Sabcd + ςεabcd)(Sa′b′c′d′ + ςεa′b′c′d′)η
cc′∂d∂+d′

íØ4.4.2. (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)η
c̃c̃′∂d̃∂+d̃′∆(x− x′)

= [(δac̃δbd̃ − δad̃δbc̃)εa′b′c̃′d̃′ + εabc̃d̃(δa′c̃′δb′d̃′ − δa′d̃′δb′c̃′)]ηc̃c̃
′
∂d̃∂+d̃′∆(x− x′)

= [(ηc̃
′

a ∂b∂
+d̃′ − ηc̃′b ∂a∂+d̃′)εa′b′c̃′d̃′ + εabc̃d̃(η

c̃
a′∂

+
b′∂

d̃ − ηc̃b′∂+
a′∂

d̃)]∆(x− x′)

íØ4.4.3. (Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)η
ãã′∂ b̃∂+b̃′∆(x− x′)

= [(ηã
′

c ∂d∂
+b̃′ − ηã′d ∂c∂+b̃′)εã′b̃′c′d′ + εãb̃cd(η

ã
c′∂

+
d′∂

b̃ − ηãd′∂+
c′∂

b̃)]∆(x− x′)

íØ4.4.4.

[(ηc̃
′

a ∂b∂
+d̃′ − ηc̃′b ∂a∂+d̃′)εa′b′c̃′d̃′ + εabc̃d̃(η

c̃
a′∂

+
b′∂

d̃ − ηc̃b′∂+
a′∂

d̃)]

[(ηã
′

c ∂d∂
+b̃′ − ηã′d ∂c∂+b̃′)εã′b̃′c′d′ + εãb̃cd(η

ã
c′∂

+
d′∂

b̃ − ηãd′∂+
c′∂

b̃)]∆(x− x′)
= (ηc̃

′

[a∂b]∂
+d̃′εa′b′c̃′d̃′ + εabc̃d̃η

c̃
<a′∂

+
b′>∂

d̃)(ηã
′

[c ∂d]∂
+b̃′εã′b̃′c′d′ + εãb̃cd(η

ã
<c′∂

+
d′>∂

b̃)∆(x− x′)

íØ4.4.5. Cabcd = 1
2
(σ
α′ς
−ςabσ

β′ς
−ςcdψ

+
α′ςβ

′
ς

+ σαςςabσ
βς
ςcdψαςβς )

½n4.4.1.



[Cabcd(x), C+
a′b′c′d′(x

′)]? = i
4
{η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′> + η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

[Cabcd(x), Ca′b′c′d′(x
′)] = i

4
{δ[a<a′∂b]∂b′>η[c<c′∂d]∂d′> + δ[c<a′∂d]∂b′>η[a<c′∂b]∂d′>}∆(x− x′)

[C+
abcd(x), C+

a′b′c′d′(x
′)] = i

4
{δ[a<a′∂

+
b]∂

+
b′>η[c<c′∂

+
d]∂

+
d′> + δ[c<a′∂

+
d]∂

+
b′>η[a<c′∂

+
b]∂

+
d′>}∆(x− x′)

[Cαςab (x), C
α′ς
a′b′(x

′)] = − i
2
{η[a<a′∂b]∂

+
b′>σ

α′ςας
cd ∂c∂d + 1

2
(σ
α′ς
−ςc[a∂b]∂

c)(σας−ςc′<a′∂
+
b′>∂

+c′)}∆(x− x′)

y²: [Cabcd(x), C+
a′b′c′d′(x

′)]

= 1
4
[[σ

α′ς
−ςabσ

β′ς
−ςcdψ

+
α′ςβ

′
ς
(x) + σαςςabσ

βς
ςcdψαςβς (x)], [σας−ςa′b′σ

βς
−ςc′d′ψαςβς (x

′) + σ
α′ς
ςa′b′σ

β′ς
ςc′d′ψ

+
α′ςβ

′
ς
(x′)]]

= 1
4
{σα

′
ς

−ςabσ
β′ς
−ςcdσ

ας
−ςa′b′σ

βς
−ςc′d′ [ψ

+
α′ςβ

′
ς
(x), ψαςβς (x

′)] + σαςςabσ
βς
ςcdσ

α′ς
ςa′b′σ

β′ς
ςc′d′ [ψαςβς (x), ψ+

α′ςβ
′
ς
(x′)]}

= i
8
{σα

′
ς

−ςabσ
β′ς
−ςcdσ

ας
−ςa′b′σ

βς
−ςc′d′ + σαςςabσ

βς
ςcdσ

α′ς
ςa′b′σ

β′ς
ςc′d′}σãb̃αςα′ςσ

c̃d̃
βςβ′ς

∂ã∂b̃∂c̃∂d̃∆(x− x′)

= i
32
{2σα

′
ς

−ςabσ
ας
−ςa′b′2σ

β′ς
−ςcdσ

βς
−ςc′d′ + 2σαςςabσ

α′ς
ςa′b′2σ

βς
ςcdσ

β′ς
ςc′d′}σc̃d̃αςα′ς∂c̃∂d̃σ

ãb̃
βςβ′ς

∂ã∂b̃∆(x− x′)
= i

32
{(Sabc̃d̃ − ςεabc̃d̃)(Sa′b′c̃′d̃′ − ςεa′b′c̃′d̃′)(Scdãb̃ − ςεcdãb̃)(Sc′d′ã′b̃′ − ςεc′d′ã′b̃′)

+ (Sabc̃d̃ + ςεabc̃d̃)(Sa′b′c̃′d̃′ + ςεa′b′c̃′d̃′)(Scdãb̃ + ςεcdãb̃)(Sc′d′ã′b̃′ + ςεc′d′ã′b̃′)}ηc̃c̃
′
∂d̃∂+d̃′ηãã

′
∂ b̃∂+b̃′∆(x− x′)

= i
32
{(Sabc̃d̃ − ςεabc̃d̃)(Sa′b′c̃′d̃′ − ςεa′b′c̃′d̃′)(Sãb̃cd − ςεãb̃cd)(Sã′b̃′c′d′ − ςεã′b̃′c′d′)

+ (Sabc̃d̃ + ςεabc̃d̃)(Sa′b′c̃′d̃′ + ςεa′b′c̃′d̃′)(Sãb̃cd + ςεãb̃cd)(Sã′b̃′c′d′ + ςεã′b̃′c′d′)}ηãã
′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)

= i
16
{(Sabc̃d̃Sa′b′c̃′d̃′Sãb̃cdSã′b̃′c′d′ + εabc̃d̃εa′b′c̃′d̃′εãb̃cdεã′b̃′c′d′)

+ Sabc̃d̃Sa′b′c̃′d̃′εãb̃cdεã′b̃′c′d′ + Sabc̃d̃εa′b′c̃′d̃′Sãb̃cdεã′b̃′c′d′ + Sabc̃d̃εa′b′c̃′d̃′εãb̃cdSã′b̃′c′d′

+ εabc̃d̃εa′b′c̃′d̃′Sãb̃cdSã′b̃′c′d′ + εabc̃d̃Sa′b′c̃′d̃′εãb̃cdSã′b̃′c′d′ + εabc̃d̃Sa′b′c̃′d̃′Sãb̃cdεã′b̃′c′d′}
ηãã

′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)

= i
16
{(Sabc̃d̃Sa′b′c̃′d̃′ + εabc̃d̃εa′b′c̃′d̃′)(Sãb̃cdSã′b̃′c′d′ + εãb̃cdεã′b̃′c′d′)

+ (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)(Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)}
ηãã

′
ηc̃c̃
′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)
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= i
16
{4η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′>∆(x− x′)

+ (Sabc̃d̃εa′b′c̃′d̃′ + εabc̃d̃Sa′b′c̃′d̃′)(Sãb̃cdεã′b̃′c′d′ + εãb̃cdSã′b̃′c′d′)η
ãã′ηc̃c̃

′
∂ b̃∂+b̃′∂d̃∂+d̃′∆(x− x′)}

= i
16
{4η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′> + 4η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

= i
4
{η[a<a′∂b]∂

+
b′>η[c<c′∂d]∂

+
d′> + η[c<a′∂d]∂

+
b′>η[a<c′∂b]∂

+
d′>}∆(x− x′)

5 Aabé´'X��*y²

5.1 Aabé´'X�y²(Ñ�
�þ�¡�[!§��Ñ
g´)

½n5.1.1.
[Aa(x), A+

a′(x
′)] = i(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), Āa′b′ := ηc

′

a′η
d′

b′A
+
c′d′

[Aab(x), A+
a′b′(x

′)] = i
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

[Aab(x), Āa′b′(x
′)] = i

8
{[δ{a(a′ −

∂{a∂(a′

m2 ][δb}b′) −
∂b}∂b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂(a′∂b′)
m2 ]}∆(x− x′)

y²: [Aab(x), A+
a′b′(x

′)]

= 1
(i2m)4 [C̄γa(ς)]

λςµς [C̄γb(ς)]
ηςξς [γa′(ς)C]λ

′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ς [ψλςµςηςξς (x), ψ+

λ′ςµ
′
ςη
′
ςξ
′
ς
(x′)]

= 1
(i2m)4

i
25(4!)2 [C̄γa(ς)]

λςµς [C̄γb(ς)]
ηςξς [γa′(ς)C]λ

′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ςXc{λςµς (x)Xdηςξς}(x)X+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς)

(x′)

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
m4

i
213(3!)2 [C̄γa(ς)]

λςµς [C̄γb(ς)]
ηςξςXc{λςµς (x)Xdηςξς}(x)[γa′(ς)C]λ

′
ςµ
′
ς [γb′(ς)C]η

′
ςξ
′
ςX+c′

(λ′ςµ
′
ς
(x′)X+d′

η′ςξ
′
ς)

(x′)

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
m4

i
213(3!)2 {64m2(δabδcd − 2δc{aδb}d) + 64(δabScedf + δ{a[cSe]b}df )∂e∂f}

{64m2(δa′b′δc′d′ − 2δc′(a′δb′)d′) + 64(δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)∂
′+e′∂

′+f ′}
(ηcc′ −

∂c∂
+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= i
72m4 {m2(δabδcd − 2δc{aδb}d) + (δabScedf + δ{a[cSe]b}df )∂e∂f}

{m2(δa′b′δc′d′ − 2δc′(a′δb′)d′) + (δa′b′Sc′e′d′f ′ + δ{a′[c′Se′]b′}d′f ′)∂
+e′∂+f ′}

(ηcc′ −
∂c∂

+

c′
m2 )(ηdd′ −

∂d∂
+

d′
m2 )∆(x− x′)

= 1
36
| − 2i( 1

4
δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 )− 2i(δab − ∂a∂b

m2 )(δa′b′ −
∂+

a′∂
+

b′
m2 ) + 2i(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )

+ 4i( 1
4
δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 )− 4i(δab − ∂a∂b

m2 )(δa′b′ −
∂+

a′∂
+

b′
m2 ) + 2i(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )

− 2i( 1
4
δabδa′b′ −

∂a∂b∂
+

a′∂
+

b′
m4 ) + i

2
(η{a(a′ −

∂{a∂
+

(a′

m2 )(ηb}b′) −
∂b}∂

+

b′)
m2 )∆(x− x′)

= i
8
{[η{a(a′ −

∂{a∂
+

(a′

m2 ][ηb}b′) −
∂b}∂

+

b′)
m2 ]− 1

3
[δ{ab} −

∂{a∂b}
m2 ][δ(a′b′) −

∂+

(a′∂
+

b′)
m2 ]}∆(x− x′)

5.2 �L5�y|é´'X

Ún5.2.1. ψλςµςηςξς = 1
4
XaλςµςX

b
ηςξς

Aab, ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς

= 1
4
X+a′

λ′ςµ
′
ς
X+b′

η′ςξ
′
ς
A+
a′b′

Ún5.2.2. Xa{λςµςX
b
ηςξς}(δab −

∂a∂b
m2 ) =[

1
2

(σ,iς)[a(σ,−iς)c]σy∂c im(σ,iς)aσy

im(σ,−iς)aσy − 1
2

(σ,−iς)[a(σ,iς)c]σy∂
c

]
{λςµς

[
1
2

(σ,iς)[b(σ,−iς)d]σy∂
d im(σ,iς)bσy

im(σ,−iς)bσy − 1
2

(σ,−iς)[b(σ,iς)d]σy∂
d

]
ηςξς}

[δab − ∂a∂b

m2 ]

= 0

½n5.2.1. [ψλςµςηςξς , ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς
] = i

25(4!)2Xa{λςµςX
b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

(ηaa′ −
∂a∂

+

a′
m2 )[ηbb′ −

∂b∂
+

b′
m2 ]∆(x− x′)

y²: [ψλςµςηςξς , ψ
+
λ′ςµ
′
ςη
′
ςξ
′
ς
]

= 1
24XaλςµςX

b
ηςξς

X+a′

λ′ςµ
′
ς
X+b′

η′ςξ
′
ς
[Aab, A

+
a′b′ ]

= 1
24(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

[Aab, A
+
a′b′ ]

= i
25(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)
{(ηaa′ −

∂a∂
+

a′
m2 )[ηbb′ −

∂b∂
+

b′
m2 ]− 1

3
(δab − ∂a∂b

m2 )[δa′b′ −
∂+

a′∂
+

b′
m2 ]}∆(x− x′)

= i
25(4!)2Xa{λςµςX

b
ηςξς}X

+a′

(λ′ςµ
′
ς
X+b′

η′ςξ
′
ς)

(ηaa′ −
∂a∂

+

a′
m2 )[ηbb′ −

∂b∂
+

b′
m2 ]∆(x− x′)
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5.3 k�þÚåf|UþÄþ�Î�J�

½n5.3.1. Pu(2) =
∫
ψ+λςµςηςξς (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ψλςµςηςξς (~r, t)d
3~r

½n5.3.2. Pu(2) =
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r +
∫
m2F+ab|c(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|c(~r, t)}d3~r

+ 1
4

∫
F+ab|cd(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|cd(~r, t)}d3~r

y²: Pu(2) =
∫
ψ+λςµςηςξς (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ψλςµςηςξς (~r, t)d
3~r

=
∫
{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]}λςµς{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξς

A+

a′b′ (~r,t)

4
(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c]λςµς [imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξς
Aab(~r,t)

4
d3~r

= 1
16

∫
tr{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c][imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
16

∫
tr{C̄[−imγa′(ς)− 2Sa

′c′(e, ς)∂+
c′ ]{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 [imγa(ς)C − 2Sac(e, ς)C∂c][imγ

b(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
4

∫
{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]}ηςξςA

+
a′b′(~r, t)m

2δa
′a (−i∂u)(i∂t)

(m2−∇2)2 [imγb(ς)C − 2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

+ 1
4

∫
Sa
′c′ac∂+

c′{C̄[−imγb′(ς)−2Sb
′d′(e, ς)∂+

d′ ]}ηςξςA
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c[imγ

b(ς)C−2Sbd(e, ς)C∂d]ηςξςAab(~r, t)}d3~r

= 1
4

∫
tr{C̄[−imγb′(ς)− 2Sb

′d′(e, ς)∂+
d′ ]A

+
a′b′(~r, t)m

2δa
′a (−i∂u)(i∂t)

(m2−∇2)2 [imγb(ς)C − 2Sbd(e, ς)C∂d]Aab(~r, t)}d3~r

+ 1
4

∫
Sa
′c′ac∂+

c′ tr{C̄[−imγb′(ς)− 2Sb
′d′(e, ς)∂+

d′ ]A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c[imγ

b(ς)C − 2Sbd(e, ς)C∂d]Aab(~r, t)}d3~r

=
∫
m4δa

′aδb
′bA+

a′b′(~r, t)
(−i∂u)(i∂t)
(m2−∇2)2 Aab(~r, t)}d3~r

+
∫
m2Sb

′d′bdδa
′a∂+

d′A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂dAab(~r, t)}d3~r

+
∫
m2Sa

′c′acδb
′b∂+

c′A
+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂cAab(~r, t)}

+
∫
Sa
′c′acSb

′d′bd∂+
c′∂

+
d′A

+
a′b′(~r, t)

(−i∂u)(i∂t)
(m2−∇2)2 ∂c∂dAab(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r

+
∫

1
2
m2F+bc|a(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fbc|a(~r, t)}d3~r +
∫

1
2
m2F+ac|b(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fac|b(~r, t)}
+
∫
Sb
′d′bd∂+

d′F
+ac
b′ (~r, t) (−i∂u)(i∂t)

(m2−∇2)2 ∂dFac|b(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r

+
∫

1
2
m2F+bc|a(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fbc|a(~r, t)}d3~r +
∫

1
2
m2F+ac|b(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fac|b(~r, t)}
+
∫

1
4
F+ac|bd(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fac|bd(~r, t)}d3~r

=
∫
m4A+ab(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Aab(~r, t)}d3~r +
∫
m2F+ab|c(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|c(~r, t)}d3~r

+ 1
4

∫
F+ab|cd(~r, t) (−i∂u)(i∂t)

(m2−∇2)2 Fab|cd(~r, t)}d3~r

5�5.3.1. Fab|cd = ∂aFb|cd − ∂bFa|cd = ∂cFab|d − ∂dFab|c = ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad

y²: Fab|cd = ∂aFb|cd − ∂bFa|cd
= ∂a(∂cAbd − ∂dAbc)− ∂b(∂cAad − ∂dAac)
= ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad

y²: Fab|cd = ∂cFab|d − ∂dFab|c
= ∂c(∂aAbd − ∂bAad)− ∂d(∂aAbc − ∂bAac)
= ∂a∂cAbd + ∂b∂dAac − ∂a∂dAbc − ∂b∂cAad

íØ5.3.1. (δab − ∂a∂b
m2 )[δc′d′ − ∂c′∂d′

m2 ]θ(t)ψ(x)

= {θ(t)(δab − ∂a∂b
m2 )(δc′d′ −

∂+

c′∂
+

d′
m2 )

+ iθ′(t)[ (δaπ∂b+∂aδbπ)
m2 (δc′d′ −

∂+

c′∂
+

d′
m2 )− (δc′π′∂

+

d′+∂
+

c′δd′π′ )

m2 (δab − ∂a∂b
m2 )]

+ θ′′(t)[ δaπδbπ
m2 (δc′d′ −

∂+

c′∂
+

d′
m2 ) + (δaπ∂b+∂aδbπ)

m2

(δc′π′∂
+

d′+∂
+

c′δd′π′ )

m2 + δc′π′δd′π′
m2 (δab − ∂a∂b

m2 )]

− iθ′′′(t)[ δaπδbπ
m2

(δc′π′∂
+

d′+∂
+

c′δd′π′ )

m2 − (δaπ∂b+∂aδbπ)
m2

δc′π′δd′π′
m2 ]

+ θ′′′′(t) δaπδbπ
m2

δc′π′δd′π′
m2 }ψ(x)

5�5.3.2. Fab|cd = Fcd|ab, Fab|cd = −Fba|cd, Fab|cd = −Fab|dc, Fab|cd = Fba|dc
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g·µãµ�Ùòk�þâf�Cþfzí2�
��N+1���¥"3N+1���¥�o���aq§

éuBargmann-Wigner�§½Dirac�§£ã�âf§��5`Q�±£ã�Ö�Eâf§��±£ãØ�Ö

�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf���"¶éØ

�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�""3�Ù�?

ØEâf�/§�����ÑÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.Bâf�/�þf

|Ø§�I3Eâf�/\þê�.B^�=�g,��"

1 N+1���¥�âÔ[íÄC�

1.1 N+1���¥¥þ�âÔ[íÄC�

½Â1.1.1. Ω(s) := 1
2
(Γ⊗ Il2s−1 + Il ⊗ Γ⊗ Il2s−2 + · ·+Il2s−1 ⊗ Γ), l = 2[

N−1
2

]

½Â1.1.2. L = {


0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
−i 0 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −i 0 ·· 0 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 −i ·· 0 0 0

 , ··,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 i
0 0 0 0 0 0 0
0 0 0 ·· −i 0 0

 ,


0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 ··
0 0 0 0 0 0 0
0 0 0 0 0 0 i
0 0 0 ·· 0 −i 0

}
íØ1.1.1. L~v = e−{ln[γv(1+v)]}v̂·L = 1− γv(~v · L) + γv−1

v2 (~v · L)2, L~vL−~v = L−~vL~v = I

íØ1.1.2. L~v

[
~0

i

]
= e−ln[γv(1+v)]v̂·L

[
~0

i

]
=

[
γv~v

iγv

]
, L~v

[
~0

im

]
= e−ln[γv(1+v)]v̂·L

[
~0

im

]
=

[
~p

iE~p

]

1.2 N+1���¥¥�f^þ�âÔ[íÄC�

5�1.2.1. (~v · Γ)2 = v2, (~v · i~γγ0)2 = v2

íØ1.2.1. Λς~v = e−ςln[γv(1+v)]v̂· 1
2

Γ = 1√
2(γv+1)

(1 + γv − ςγv~v · Γ), c = (1+γv)√
2(γv+1)

, s = − ςγv√
2(γv+1)

1.3 N+1���¥>f^þ�âÔ[íÄC�

íØ1.3.1. Dς~v = e−ςln[γv(1+v)]v̂·( i
2
~γγ0) = 1√

2(γv+1)
[1 + γv − iςγv~v · ~γγ0]

íØ1.3.2. D~v = e−ln
E+|~p|
m

p̂·( i
2
~γγ0) = m−iγapaγ0√

2m(E+m)

y²: D~v = e−ln[γv(1+v)]v̂·( i
2
~γγ0) = 1+γv−iγv~v·~γγ0√

2(γv+1)
= E+m−i~p·~γγ0√

2m(E+m)
= m−iγapaγ0√

2m(E+m)

1.4 N+1���¥1f^þ�âÔ[íÄC��õ�ªL«

íØ1.4.1. e−ςln[γv(1+v)]v̂·Ω(1) = 1− ςγvv[v̂ · Ω(1)] + (γv − 1)[v̂ · Ω(1)]2

1.5 N+1���¥Úå�f^þ�âÔ[íÄC��õ�ªL«

íØ1.5.1. e−ςln[γv(1+v)]v̂·Ω(
3
2

) = (γv+1)√
2(γv+1)

(1− γv−1
4

)− 2ςγvv√
2(γv+1)

(1− γv−1
12

)[v̂ · Ω( 3
2
)]

+ γ2
v−1√

2(γv+1)
[v̂ · Ω( 3

2
)]2 − 1

3
2ςγvv(γv−1)√

2(γv+1)
[v̂ · Ω( 3

2
)]3

1.6 N+1���¥Úåf^þ�âÔ[íÄC��õ�ªL«

íØ1.6.1. e−ςln[γv(1+v)]v̂·Ω(2) = 1− ςγv(1− γv−1
3

)[~v · Ω(2)] + γv−1
v2 (1− γv−1

6
)[~v · Ω(2)]2

− 1
3
ςγv(γv−1)

v2 [~v · Ω(2)]3 + 1
6

(γv−1)2

v4 [~v · Ω(2)]4
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2 N+1���¥>f��Cþfz

2.1 N+1���¥�>f�§ [5]

óê���¥�>f�§µ

½Â2.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

Ûê���¥�>f�§µ

½Â2.1.2. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (Γ⊗ σy, I∗ ⊗ σx, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

2.2 N+1���¥�>f·�)Ú$Ä)

N+1���¥�>f�§Ú��{µ

½Â2.2.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (~γ, ςI∗ ⊗ σz)

íØ2.2.1. ∂t0ψ(~0) = −imγ0ψ(~0)⇔ ψ(~0) = e−iγ0mt0ψ0,∀ψ0

íØ2.2.2. ψ(~p) = m−iγapaγ0√
2m(E+m)

eiγ0(~p·~r−Et)ψp =
√

E+m
2m

(1− i~p·~γγ0

E+m
)eiγ0(~p·~r−Et)ψp

íØ2.2.3. ψ(+ς)(~p) =
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
ϕ

0

]
eiς(~p·~r−Et), ψ(−ς)(~p) =

√
E+m
2m

(1− i~p·~γγ0

E+m
)

[
0

η

]
e−iς(~p·~r−Et)

2.3 N+1���¥>f²¡Å)�5�

íØ2.3.1.



[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]+ =

√
E+m
2m

(1− i~p·~γγ0

E+m
)

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1− i~p·~γγ0

E+m
)] = − iγapaγ0

m

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]γ0[

√
E+m
2m

(1− i~p·~γγ0

E+m
)] = γ0

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1 + i~p·~γγ0

E+m
)] = 1

5�2.3.1.

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]
[
I 0
0 0

]
[
√

E+m
2m

(1− i~p·~γγ0

E+m
)] = (ςm−iγapa)γ0

2m

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]
[

0 0
0 I

]
[
√

E+m
2m

(1− i~p·~γγ0

E+m
)] = (−ςm−iγapa)γ0

2m

5�2.3.2.

[
ϕ
0

]+
i~p·~γγ0

E+m

[
η
0

]
≡ 0,

[
0
ϕ

]+
i~p·~γγ0

E+m

[
0
η

]
≡ 0

5�2.3.3.


[
ϕ
0

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1− i~p·~γγ0

E+m
)]
[
η
0

]
= E

m
ϕ+η[

0
ϕ

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1− i~p·~γγ0

E+m
)]
[

0
η

]
= E

m
ϕ+η

5�2.3.4.


[
ϕ
0

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1 + i~p·~γγ0

E+m
)]
[

0
η

]
= 0[

0
ϕ

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)][
√

E+m
2m

(1 + i~p·~γγ0

E+m
)]
[
η
0

]
= 0

5�2.3.5.


[
ϕ
0

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]γ0[

√
E+m
2m

(1− i~p·~γγ0

E+m
)]
[
η
0

]
= ϕ+η[

0
ϕ

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]γ0[

√
E+m
2m

(1− i~p·~γγ0

E+m
)]
[

0
η

]
= −ϕ+η

5�2.3.6.


[
ϕ
0

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]γ0[

√
E+m
2m

(1− i~p·~γγ0

E+m
)]
[

0
η

]
= 0[

0
ϕ

]+

[
√

E+m
2m

(1− i~p·~γγ0

E+m
)]γ0[

√
E+m
2m

(1− i~p·~γγ0

E+m
)]
[
η
0

]
= 0
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2.4 N+1���¥�>fg^Ä

½Â2.4.1. uς(~p, h) :=
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
1
0

0l−2

0l

]
,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0
1

0l−2

0l

]
, ··,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l−2

0
1
0l

]

½Â2.4.2. vς(~p, h) :=
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l
1
0

0l−2

]
,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l
0
1

0l−2

]
, ··,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l

0l−2

0
1

]
2.5 N+1���¥Diracg^Ä´g^!Ú^ÝÚ>Ön��Î��Ó���

5�2.5.1.

σ2( 1
2
)⊗ I∗u(~p, h) = 1

2
( 1

2
+ 1)u(~p, h)

σ( 1
2
) · p̂⊗ I∗u(~p, h) = (−1)h+1 1

2
u(~p, h)

Q̂(~p)u(~p, h) = −u(~p, h), h = 1, 2, ··, l
E+m
2m

(1− i~p·~γγ0

E+m
)[( l+1

2
)− σz( l−1

2
)](1 + i~p·~γγ0

E+m
)u(~p, h) = hu(~p, h)

£ã>f:(s, h;Q) = (1
2
;h,−1)

σ2( 1
2
)⊗ I∗v(~p, h) = 1

2
( 1

2
+ 1)v(~p, h)

σ( 1
2
) · p̂⊗ I∗v(~p, h) = (−1)h+1 1

2
v(~p, h)

Q̂(~p)v(~p, h) = v(~p, h), h = 1, 2, ··, l
E+m
2m

(1− i~p·~γγ0

E+m
)[( l+1

2
)− σz( l−1

2
)](1 + i~p·~γγ0

E+m
)v(~p, h) = hv(~p, h)

£ã�>f:(s, h;Q) = (1
2
;h, 1)

2.6 N+1���¥�>fg^�m

2.7 N+1���¥�>fg^Ä5�(3��L�e�¤á)

íØ2.7.1. ūς(~p, h)uς(~p, h
′) = ςδhh′ , v̄ς(~p, h)vς(~p, h

′) = −ςδhh′ , ūς(~p, h)vς(~p, h
′) = 0, v̄ς(~p, h)uς(~p, h

′) = 0

íØ2.7.2.

u+
ς (~p, h)uς(~p, h

′) = E
m
δhh′ , v

+
ς (~p, h)vς(~p, h

′) = E
m
δhh′ , u

+
ς (~p, h)vς(−~p, h′) = 0, v+

ς (~p, h)uς(−~p, h′) = 0

íØ2.7.3.
∑
h

uς(~p, h)ūς(~p, h) = ςm−iγapa
2m

,
∑
h

vς(~p, h)v̄ς(~p, h) = −ςm−iγapa
2m

íØ2.7.4.
∑
h

uς(~p, h)u+
ς (~p, h) = (ςm−iγapa)γ0

2m
,
∑
h

vς(~p, h)v+
ς (~p, h) = (−ςm−iγapa)γ0

2m

íØ2.7.5.



∑
h

uς(~p, h)ūς(~p, h)− vς(~p, h)v̄ς(~p, h)] = ς∑
h

uς(~p, h)ūς(~p, h) + vς(~p, h)v̄ς(~p, h)] = −iγapa
m∑

h

uς(~p, h)u+
ς (~p, h) + vς(−~p, h)v+

ς (−~p, h)] = E
m

2.8 N+1���¥>f�²¡Å)

íØ2.8.1.

ψ(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

l∑
h=1

[aς(~p, h)
√

m
E
uς(~p, h)eiς(~p·~r−Et) + b+ς (~p, h)

√
m
E
vς(~p, h)e−iς(~p·~r−Et)]dN~p

aς(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
m
u+
ς (~p, h)ψ(~r, t)e−iς(~p·~r−Et)d3~r

b+ς (~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
m
v+
ς (~p, h)ψ(~r, t)eiς(~p·~r−Et)d3~r
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2.9 N+1���¥>f��Cþfz5K

íØ2.9.1.


{aς(~p, h), a+

ς (~p′, h′)} = δhh′δ
3(~p− ~p′)

{aς(~p, h), aς(~p
′, h′)} = 0

{a+
ς (~p, h), a+

ς (~p′, h′)} = 0

⇒


{ψα(~r, t), ψ+

β (~r′, t)} = δαβδ
3(~r − ~r′)

{ψα(~r, t), ψβ(~r′, t)} = 0

{ψ+
α (~r, t), ψ+

β (~r′, t)} = 0

½n2.9.1. {ψ(x), ψ+(x′)} = i(m− γa∂a)γ0∆(x− x′)

y²:

{ψ(x), ψ+(x′)} = 1
(2π)N

∫ √
m
E

√
m
E′

l∑
h,h′=1

uς(~p, h)u+
ς (~p′, h′)eiς(p·x−p

′·x′){aς(~p, h), a+
ς (~p, h)}

+ vς(~p, h)v+
ς (~p′, h′)e−iς(p·x−p

′·x′){b+ς (~p, h), bς(~p
′, h′)}dN~pdN~p′

= 1
(2π)N

∫ √
m
E

√
m
E′

l∑
h,h′=1

δhh′δ
N (~p− ~p′)[uς(~p, h)u+

ς (~p′, h′)eiς(p·x−p
′·x′) + vς(~p, h)v+

ς (~p′, h′)e−iς(p·x−p
′·x′)]dN~pdN~p′

= 1
(2π)N

∫
m
E

[
l∑

h=1

uς(~p, h)u+
ς (~p, h)eiςp·(x−x

′) +
l∑

h=1

vς(~p, h)v+
ς (~p, h)e−iςp·(x−x

′)]dN~p

= 1
(2π)N

∫
m
E

[ (ςm−iγapa)γ0

2m
eiςp·(x−x

′) + (−ςm−iγapa)γ0

2m
e−iςp·(x−x

′)]dN~p

= 1
(2π)N

∫
1

2E
ς(m− γa∂a)γ0[eiςp·(x−x

′) − e−iςp·(x−x′)]dN~p
= i(m− γa∂a)γ0 −iς

(2π)N

∫
1

2E
[eiςp·(x−x

′) − e−iςp·(x−x′)]dN~p
= i(m− γa∂a)γ0∆(x− x′)

2.10 N+1���¥Dirac�§�ÅðÖ

íØ2.10.1. Q =
∫
ψ+ψdrN =

∫ ∑
h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]dN~p

y²: Q =
∫
ψ+ψdrN

= 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) + b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′) + bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δN (~p− ~p′)dN~p′dN~p

=
∫ ∑
h,h′

m
E

[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′) + bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]dN~p

=
∫ ∑

h

[a+
ς (~p, h)aς(~p, h) + bς(~p, h)b+ς (~p, h)]dN~p

íØ2.10.2. H = i
∫
ψ+∂tψdr

N = ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

y²: H = i
∫
ψ+∂tψdr

N

= i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(−iςE′)[aς(~p′, h′)
√

m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E

(−iςE′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δN (~p− ~p′)dN~p′dN~p

= −i
∫ ∑
h,h′

m
E

(−iςE′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]dN~p

= ς
∫ ∑

h

E(~p)[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

íØ2.10.3. ~P = −i
∫
ψ+∇ψdrN = ς

∫ ∑
h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, s)b+ς (~p, h)]dN~p

y²: ~P = −i
∫
ψ+∇ψdrN

= −i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(iς~p′)[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E

(iς~p′)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δN (~p− ~p′)dN~p′dN~p
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= −i
∫ ∑
h,h′

m
E

(iς~p)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]dN~p

= ς
∫ ∑

h

~p[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

íØ2.10.4. Pu = −i
∫
ψ+∂uψdr

N = ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

y²: Pu = −i
∫
ψ+∂uψdr

N

= i 1
(2π)N

∫ ∑
h,h′

[a+
ς (~p, h)

√
m
E
u+
ς (~p, h)e−iς(~p·~r−Et) + bς(~p, h)

√
m
E
v+
ς (~p, h)eiς(~p·~r−Et)]

(iςp′u)[aς(~p
′, h′)

√
m
E′
uς(~p

′, h′)eiς(~p
′·~r−E′t) − b+ς (~p′, h′)

√
m
E′
vς(~p

′, h′)e−iς(~p
′·~r−E′t)]dN~p′dN~pdrN

= −i
∫ ∑
h,h′

m
E

(iςp′u)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]δN (~p− ~p′)dN~p′dN~p

= −i
∫ ∑
h,h′

m
E

(iςp′u)[a+
ς (~p, h)aς(~p, h

′)u+
ς (~p, h)uς(~p, h

′)− bς(~p, h)b+ς (~p, h′)v+
ς (~p, h)vς(~p, h

′)]dN~p

= ς
∫ ∑

h

pu[a+
ς (~p, h)aς(~p, h)− bς(~p, h)b+ς (~p, h)]dN~p

3 N+1���¥Bargmann-Wigner�§��Cþfz
�!y²�±ëìo���¥��{§���±òo���¥�y²�{��éA²£�N+1���¥5§

���Ø2�[�Ñ"

3.1 N+1���¥�>f�~g^Ä5�(3��L�e�¤á)

½Â3.1.1. u(~p, h) :=

u+(~p, h), ς = 1

v−(~p, h), ς = −1
, v(~p, h) :=

v+(~p, h), ς = 1

u−(~p, h), ς = −1

íØ3.1.1. ū(~p, h)u(~p, h′) = δhh′ , v̄(~p, h)v(~p, h′) = −δhh′ , ū(~p, h)v(~p, h′) = 0, v̄(~p, h)u(~p, h′) = 0

íØ3.1.2. u+(~p, h)u(~p, h′) = E
m
δhh′ , v

+(~p, h)v(~p, h′) = E
m
δhh′ , u

+(~p, h)v(−~p, h′) = 0, v+(~p, h)u(−~p, h′) = 0

íØ3.1.3.
∑
h

u(~p, h)ū(~p, h) = m−iγapa
2m

,
∑
h

v(~p, h)v̄(~p, h) = −m−iγapa
2m

íØ3.1.4.
∑
h

u(~p, h)u+(~p, h) = (m−iγapa)γ0

2m
,
∑
h

v(~p, h)v+(~p, h) = (−m−iγapa)γ0

2m

íØ3.1.5.



∑
h

u(~p, h)ū(~p, h)− v(~p, h)v̄(~p, h)] = 1∑
h

u(~p, h)ū(~p, h) + v(~p, h)v̄(~p, h)] = −iγapa
m∑

h

u(~p, h)u+(~p, h) + v(−~p, h)v+(−~p, h)] = E
m

3.2 N+1���¥Dirac�§g^Ä�2Âõ�ª½n

½n3.2.1.∑∑
ni=2s

(2s)!
n1!n2!··nl! u{λς (~p, 1) · ·︸ ︷︷ ︸

n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

u+
(λ′ς

(~p, 1) · ·︸ ︷︷ ︸
n1

u+
µ′ς

(~p, 2) · ·︸ ︷︷ ︸
n2

· · u+
τ ′ς

(~p, l) · ·)︸ ︷︷ ︸
nl

=

2s︷ ︸︸ ︷
l∑

h=1

u{λς (~p, h)u+
(λ′ς

(~p, h) · ·
l∑

h=1

uµς (~p, h)u+
µ′ς

(~p, h) · ·
l∑

h=1

uτς (~p, h)u+
τ ′ς

(~p, h) · ·})

íØ3.2.1.∑
n1··nl

(2s)!
n1!n2!··nl! u{iς (~p, 1) · ·︸ ︷︷ ︸

n1

uiς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uiς (~p, l) · ·}︸ ︷︷ ︸
nl

u+
(i′ς

(~p, 1) · ·︸ ︷︷ ︸
n1

u+
i′ς

(~p, 2) · ·︸ ︷︷ ︸
n2

· · u+
i′ς

(~p, l) · ·)︸ ︷︷ ︸
nl

=

2s︷ ︸︸ ︷
l∑

h=1

u{iς (~p, h)u+
(i′ς

(~p, h) · ·
l∑

h=1

uiς (~p, h)u+
i′ς

(~p, h) · ·
l∑

h=1

uiς (~p, h)u+
i′ς

(~p, h) · ·})
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⇔∑
n1··nl

(2s)!
n1!n2!··nl! [uiς (~p, 1)u+

i′ς
(~p, 1)]n1 [uiς (~p, 2)u+

i′ς
(~p, 2)]n2 · ·[uiς (~p, l)u+

i′ς
(~p, l)]nl = [

l∑
h=1

uiς (~p, h)u+
i′ς

(~p, h)]2s

±þíØ�ÐÒ´õ�ªÐm½n"

3.3 N+1���¥Bargmann-Wigner�§�g^Ä

½Â3.3.1.
Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

u{λς (~p, 1) · ·︸ ︷︷ ︸
n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

Vλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

v{λς (~p, 1) · ·︸ ︷︷ ︸
n1

vµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · vτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

3.4 N+1���¥Bargmann-Wigner�§g^Ä���5�(�±��wÑ5)

íØ3.4.1.
Ū

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = δn1n′1

δn2n′2
· ·δnln′l

V̄

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = δn1n′1

δn2n′2
· ·δnln′l

Ū

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = 0

V̄

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = 0

íØ3.4.2.
U+

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = (E

m
)2sδn1n′1

δn2n′2
· ·δnln′l

V +

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(~p;n′1, n
′
2, ··, n′l) = (E

m
)2sδn1n′1

δn2n′2
· ·δnln′l

U+

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Vλς · ·µς · ·τς︸ ︷︷ ︸

2s

(−~p;n′1, n′2, ··, n′l) = 0

V +

2s︷ ︸︸ ︷
λς · ·µς · ·τς (~p;n1, n2, ··, nl)Uλς · ·µς · ·τς︸ ︷︷ ︸

2s

(−~p;n′1, n′2, ··, n′l) = 0

3.5 N+1���¥Bargmann-Wigner�§U-g^Ä�©)

½n3.5.1. Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

y²: Uλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl u{λς (~p, 1)uµς (~p, 1) · ·︸ ︷︷ ︸

n1−n′1

· · uσς (~p, l)uτς}(~p, l)︸ ︷︷ ︸
nl−n′l

u(λ′ς
(~p, 1)uµ′ς (~p, 1) · ·︸ ︷︷ ︸

n′1

· · uσ′ς (~p, l)uτ ′ς)(~p, l)︸ ︷︷ ︸
n′l

= 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl√

(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nl − n′l)!Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)
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(2s′)!n′1!n′2! · ·n′l!Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′l)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Uλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Uλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

íØ3.5.1. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Uτς (~p; 1, 0, ··, 0)

+
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Uτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Uτς (~p; 0, 0, ··, 1)

íØ3.5.2. Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

=
√
n2√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Uτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Uλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Uτς (~p; 0, 0, ··, 1)

3.6 N+1���¥Bargmann-Wigner�§V-g^Ä�©)

½n3.6.1. Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

y²: Vλςµς · ·σςτςλ′ςµ
′
ς · ·σ

′
ςτ
′
ς︸ ︷︷ ︸

2s

(~p, h) = 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl v{λς (~p, 1)vµς (~p, 1) · ·︸ ︷︷ ︸

n1−n′1

· · vσς (~p, l)vτς}(~p, l)︸ ︷︷ ︸
nl−n′l

v(λ′ς
(~p, 1)vµ′ς (~p, 1) · ·︸ ︷︷ ︸

n′1

· · vσ′ς (~p, l)vτ ′ς)(~p, l)︸ ︷︷ ︸
n′l

= 1√
(2s)!n1!n2!··nl!

=2s′∑
n′1+··+n′l

C
n′1
n1C

n′2
n2 · ·C

n′l
nl√

(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nl − n′l)!Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)√
(2s′)!n′1!n′2! · ·n′l!Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′l)

=
=2s′∑

n′1+··+n′l

√
C
n′1
n1
C
n′2
n2
··C

n′
l

nl√
C2s′

2s

Vλςµς · ·σςτς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nl − n′l)Vλ′ςµ′ς · ·σ′ςτ ′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′l)

íØ3.6.1. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) =
√
n1√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nl)Vτς (~p; 1, 0, ··, 0)

+
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nl)Vτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nl − 1)Vτς (~p; 0, 0, ··, 1)

íØ3.6.2. Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nl)

=
√
n2√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nl)Vτς (~p; 0, 1, ··, 0) + · ·+
√
nl√
2s
Vλςµς · ·σς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nl − 1)Vτς (~p; 0, 0, ··, 1)

3.7 N+1���¥Bargmann-Wigner�§�OÝK�f

½Â3.7.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
∑
n1··nl

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) :=
∑
n1··nl

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nl)
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íØ3.7.1.
Λ+λςµς · ·τς︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2

Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·Λ+τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

Λ−λςµς · ·τς︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸
2s

(~p, s) = 1
[(2s)!]2

Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·Λ−τς}τ ′ς)(~p,

1
2
)︸ ︷︷ ︸

2s

lé¡�I2Âõ�ª½nB�±����±þíØ"

3.8 N+1���¥Bargmann-Wigner�§ [18]²¡Å)ß�£�¡Ù!¬�Ñy²¤

½n3.8.1. (γa∂a +m)κς
λςψλςµς · ·τς︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·τς}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·τς︸ ︷︷ ︸
2s

(~r, t)

= 1
(2π)N/2

+∞∫
~p=−∞

=2s∑
n1+··+nl

ms√
E

[a(~p;n1, ··, nl)Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)eip·x + b+(~p;n1, ··, nl)Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p;n1, ··, nl)e−ip·x]dN~p

Uλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

u{λς (~p, 1) · ·︸ ︷︷ ︸
n1

uµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · uτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

Vλς · ·µς · ·τς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nl) := 1√
(2s)!n1!n2!··nl!

v{λς (~p, 1) · ·︸ ︷︷ ︸
n1

vµς (~p, 2) · ·︸ ︷︷ ︸
n2

· · vτς (~p, l) · ·}︸ ︷︷ ︸
nl

, n1 + n2 + · · nl = 2s

3.9 N+1���¥Bargmann-Wigner�§��Cþfz5K

½Â3.9.1. ~h := (n1, ··, nl), δ~h~h′ := δn1n′1
· ·δn1n′1

½n3.9.1.

[a(~p;~h), a+(~p′;~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′)

[b(~p;~h), b+(~p′;~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′)



[a(~p;~h), a(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), a+(~p′;~h′)]−2s+1 = 0

[b(~p;~h), b(~p′;~h′)]−2s+1 = 0

[b+(~p;~h), b+(~p′;~h′)]−2s+1 = 0



[a(~p;~h), b+(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), b(~p′;~h′)]−2s+1 = 0

[a(~p;~h), b(~p′;~h′)]−2s+1 = 0

[a+(~p;~h), b+(~p′;~h′)]−2s+1 = 0
⇒

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

[ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(+)(x− x′)

[ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(−)(x− x′)

y²: [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)eip·x + b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−ip·x, [a+(~p′,~h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h)e−ip
′·x′ + b(~p′,~h′)V +

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)eip
′·x′ ]

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[a(~p,~h), a+(~p′,~h′)]ei(p·x−p
′·x′) +Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[b+(~p,~h), b(~p′,~h′)]e−i(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′

[Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p−~p′)ei(p·x−p′·x′)+(−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p−~p′)e−i(p·x−p′·x′)]
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= 1
(2π)N

∫
dN~pm

2s

E
[
∑
~h

Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)eip·(x−x
′) + (−1)2s+1

∑
~h

Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E
[Λ+λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′) + (−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E
[ 1
[(2s)!]2

Λ+{λς(λ′ς (~p,
1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

+ (−1)2s+1 1
[(2s)!]2

Λ−{λς(λ′ς (~p,
1
2
)Λ−µςµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)]

= 1
(2π)N

∫
dN~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) e

ip·(x−x′)

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ

0]{λς(λ′ς [(−m+ γb∂b)γ
0]µςµ′ς · ·}) e

−ip·(x−x′)}

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

−i
(2π)N

∫
dN~p 1

2E
[[eip·(x−x

′) − e−ip·(x−x′)]

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(x− x′)

y²: [ψ
(+)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(+)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)eip·x, a+(~p′,~h′)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h)e−ip
′·x′ ]

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′
[Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[a(~p,~h), a+(~p′,~h′)]ei(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′
Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)ei(p·x−p′·x′)

= 1
(2π)N

∫
dN~pm

2s

E

∑
~h

Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
Λ+λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
1

[(2s)!]2
Λ+{λς(λ′ς (~p,

1
2
)Λ+µςµ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

2s

eip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
{ 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) e

ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

−i
(2π)N

∫
dN~p 1

2E
eip·(x−x

′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(+)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(+)(x− x′)

y²: [ψ
(−)
λςµς · ·︸ ︷︷ ︸

2s

(x), ψ
(−)+

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

(EE′)s−
1
2

√
m2

EE′

2s

[b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−ip·x, b(~p′,~h′)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)eip
′·x′ ]
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= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′
Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)[b+(~p,~h), b(~p′,~h′)]e−i(p·x−p
′·x′)

= 1
(2π)N

∫
dN~pdN~p′

∑
~h,~h′

√
m2s

E

√
m2s

E′
(−1)2s+1Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p′,~h′)δ~h~h′δ
N (~p− ~p′)e−i(p·x−p′·x′)

= 1
(2π)N

∫
dN~pm

2s

E
(−1)2s+1

∑
~h

Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p,~h)e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
(−1)2s+1Λ−λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p, s)e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
(−1)2s+1 1

[(2s)!]2
Λ−{λς(λ′ς (~p,

1
2
)Λ−µςµ′ς (~p,

1
2
) · ·︸ ︷︷ ︸

2s

e−ip·(x−x
′)

= 1
(2π)N

∫
dN~pm

2s

E
(−1)2s+1 1

(2m)2s
1

[(2s)!]2

2s︷ ︸︸ ︷
[(−m+ γa∂a)γ

0]{λς(λ′ς [(−m+ γb∂b)γ
0]µςµ′ς · ·}) e

−ip·(x−x′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

i
(2π)N

∫
dN~p 1

2E
e−ip·(x−x

′)

= i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(−)(x− x′)

= i(2m)2s

22s−1 Λ+λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−i∂, s)∆(−)(x− x′)

3.10 N+1���¥Bargmann-Wigner�§�Cé´5K���ín

½n3.10.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

⇒ [a(~p,~h), a+(~p′,~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′), [b(~p,~h), b+(~p′,~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′), [rest]−2s+1 = 0

e¡�ÑA�Ì�é´)Ò��[y²L§"

y²: [a(~p,~h), a+(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x−p
′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)e−i(p·x−p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}e−i(p·x−p

′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

0]{λς(λ′ς [(m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x−p

′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

0]{λς(λ′ς [(−m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x−p

′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0−p)·xe−i(p0−p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0+p)·xei(p0+p′)·x′}
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=
∫
dN~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)δN (~p0 − ~p)δN (~p0 − ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e2iE0(t−t′)δN (~p0 + ~p)δN (~p0 + ~p′)}

= δN (~p− ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)U

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p,~h′)

{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(−~p,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,~h0)e2iE(t−t′)}

= δN (~p− ~p′)(
∑
~h0

δ~h~h0
δ~h′~h0

+ 0)

= δ~h~h′δ
N (~p− ~p′)

y²: [b+(~p,~h), b(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1ei(p·x−p
′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)ei(p·x−p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}ei(p·x−p

′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m2

EE′
)2sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

0]{λς(λ′ς [(m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
ip0·(x−x′)ei(p·x−p

′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

0]{λς(λ′ς [(−m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
−ip0·(x−x′)ei(p·x−p

′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m2

EE′
)2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0+p)·xe−i(p0+p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0−p)·xei(p0−p′)·x′}

=
∫
dN~p0

√
EE′

E0
( m2

EE′
)2s

V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−2iE0(t−t′)δN (~p0 + ~p)δN (~p0 + ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)δN (~p0 − ~p)δN (~p0 − ~p′)}

= δN (~p− ~p′)(m
E

)4sV +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p,~h′)

{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(−~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(−~p,~h0)e−2iE(t−t′) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0)}

= (−1)2s+1δN (~p− ~p′)(0 +
∑
~h0

δ~h~h0
δ~h′~h0

)

= (−1)2s+1δ~h~h′δ
N (~p− ~p′)
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y²: [a(~p,~h), b(~p′,~h′)]−2s+1

= 1
(2π)N

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)[ψλςµς · ·︸ ︷︷ ︸

2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1e−i(p·x+p′·x′)dN~rdN~r′

= 1
(2π)N

∫ √
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)e−i(p·x+p′·x′)dN~rdN~r′

= 1
(2π)N

∫
dN~rdN~r′

√
EE′( m

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}){

−i
(2π)N

∫
1

2E0
[eip0·(x−x′) − e−ip0·(x−x′)]dN~p0}e−i(p·x+p′·x′)

= [ 1
(2π)N

]2
∫ √

EE′

E0
( m2

EE′
)2sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{ 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− iγap0a)γ

0]{λς(λ′ς [(m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
ip0·(x−x′)e−i(p·x+p′·x′)dN~rdN~r′

+ (−1)2s+1 1
(2m)2s

1
[(2s)!]2

2s︷ ︸︸ ︷
[(−m− iγap0a)γ

0]{λς(λ′ς [(−m− iγ
bp0b)γ

0]µςµ′ς · ·}) e
−ip0·(x−x′)e−i(p·x+p′·x′)}dN~rdN~r′dN~p0

= [ 1
(2π)N

]2
∫
dN~rdN~r′dN~p0

√
EE′

E0
( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)ei(p0−p)·xe−i(p0+p′)·x′

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−i(p0+p)·xei(p0−p′)·x′}

=
∫
dN~p0

√
EE′

|~p0| ( m2

EE′
)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′){

∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)e−iE0t
′
δN (~p0 − ~p)δN (~p0 + ~p′)

+ (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p0,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p0,~h0)eiE0tδN (~p0 + ~p)δN (~p0 − ~p′)}

= δN (~p+ ~p′)(m
E

)4sU+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h)V

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·(~p′,~h′)

{
∑
~h0

Uλςµς · ·τς︸ ︷︷ ︸
2s

(~p,~h0)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p,~h0) + (−1)2s+1
∑
~h0

Vλςµς · ·τς︸ ︷︷ ︸
2s

(~p′,~h0)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2s

(~p′,~h0)e2iE(t−t′)}

= 0 + 0 = 0

3.11 N+1���¥Bargmann-Wigner�§�Cé´5K��(

(Ü±þü!�y²§B��±e��½n"

½n3.11.1.

[ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i
22s−1

1
[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x− x′)

⇔ [a(~p,~h), a+(~p′,~h′)]−2s+1 = δ~h~h′δ
N (~p− ~p′), [b(~p,~h), b+(~p′,~h′)]−2s+1 = δ~h~h′δ

N (~p− ~p′), [rest]−2s+1 = 0
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3.12 N+1���¥Bargmann-Wigner�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún3.12.1.

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})

=
2s∑
n=0

Cn2s

n︷ ︸︸ ︷
[−(γa∂a)γ

0]{λς(λ′ς [−(γb∂b)γ
0]µςµ′ς · ·

2s−n︷ ︸︸ ︷
[mγ0]ηςη′ς [mγ

0]ξςξ′ς · ·})

=
2s∑
n=0

(−1)nm2s−nCn2s

n︷ ︸︸ ︷
(γaγ0){λς(λ′ς (γ

bγ0)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς (γ
0)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

Ún3.12.2.

2s︷ ︸︸ ︷
[θ(t), [(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·})]−

2s+1

=
2s∑
n=0

(−1)nm2s−nCn2s[θ(t),

n︷ ︸︸ ︷
(γaγ0){λς(λ′ς (γ

bγ0)µςµ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς (γ
0)ξςξ′ς · ·})

n︷ ︸︸ ︷
∂a∂b · ·

=
2s∑
n=0

(−1)nm2s−nCn2s
n−1∑
l=0

Cln

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς (γ
0)ξςξ′ς · ·})[∂

n−l
π θ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

=
2s∑
n=0

n−1∑
l=0

(−1)nm2s−nCn2sC
l
n

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς (γ
0)ξςξ′ς · ·})[∂

n−l
π θ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

=
2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ςδτςτ ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς (γ
0)ξςξ′ς · ·})[∂

n−1−l
t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

íØ3.12.1.

∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(x)

∆
(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(+)(x)

∆
(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(−)(x)

∆
(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(l)(x)

íØ3.12.2.

∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆(c)(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

∆
(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆F (x)

−i 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

= i∆
(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)

íØ3.12.3.
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∆ret
λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆ret(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

∆adv
λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := 21−2s

[(2s)!]2

2s︷ ︸︸ ︷
[(m− γa∂a)γ0]{λς(λ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·}) ∆adv(x)

− 21−2s

[(2s)!]2

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

l︷ ︸︸ ︷
(γiγ0){λς(λ′ς (γ

jγ0)µςµ′ς · ·
n−l︷ ︸︸ ︷

δρςρ′ς · ·
2s−n︷ ︸︸ ︷

(γ0)ηςη′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
n−l∑
l′=1

∂n−l−l
′

t δ(t)∂l
′−1
t ∆(x)

Ún3.12.3. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δN+1(x)

íØ3.12.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂n−l−2−2r

t δN+1(x)

Ún3.12.4. ∆λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

= −i
22s−1

1
[(2s)!]2

[s− 1
2

]∑
l=0

[C2l+1
2s

2s−2l−1︷ ︸︸ ︷
(mγ0 + γ0~γ · ∇){λς(λ′ς (mγ

0 + γ0~γ · ∇)µςµ′ς · ·
2l+1︷ ︸︸ ︷

· · δτς}τ ′ς)](m
2 −∇2)lδ3(~r)

íØ3.12.5.

(γa∂a +m)κς
λς∆λςµς · ·︸ ︷︷ ︸

2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(+)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(−)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(γa∂a +m)κς
λς∆

(l)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0



(γa∂a +m)κς
λς∆

(c)

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ0δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆ret

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ0δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆adv

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iγ0δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(γa∂a +m)κς
λς∆

(F )

λςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = γ0δ(t)∆κςµς · ·︸ ︷︷ ︸
2s

λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

íØ3.12.6.

(γa∂a +m)κς
λς∆λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(+)
λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(−)
λςλ′ς

( 1
2
;x) = 0

(γa∂a +m)κς
λς∆

(l)
λςλ′ς

( 1
2
;x) = 0



(γa∂a +m)κς
λς∆

(c)
λςλ′ς

( 1
2
;x) = −γ0

κςλ′ς
δN+1(x)

(γa∂a +m)κς
λς∆ret

λςλ′ς
( 1

2
;x) = −γ0

κςλ′ς
δN+1(x)

(γa∂a +m)κς
λς∆adv

λςλ′ς
( 1

2
;x) = −γ0

κςλ′ς
δN+1(x)

(γa∂a +m)κς
λς∆

(F )
λςλ′ς

( 1
2
;x) = −iγ0

κςλ′ς
δN+1(x)

3.13 N+1���¥Bargmann-Wigner�§��«Ôn�Î

½n3.13.1.

Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

pu[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

y²: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es− 1
2
√

m
E

2s puE
2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r
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= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

pu[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(m
E

)2spu

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

pu[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

½n3.13.2.

Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

y²: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es− 1
2
√

m
E

2s E2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et)+(−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(m
E

)2s

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2s−1b(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2s−1e2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

½n3.13.3.

N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)dN~r =
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

y²: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) (i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′
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1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es− 1
2
√

m
E

2s E2s

E4s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(m
E

)2s

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

½n3.13.4.

~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r =
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

y²: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t)dN~r

=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es− 1
2
√

m
E

2s p̂E2s−1

(E2)2s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

p̂[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2sb+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(m
E

)2sp̂

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2sb(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2se2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2sb(~p,~h)b+(~p,~h)]dN~p

½n3.13.5.

~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)dN~r =
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

y²: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
λςµς · ·(~r, t) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)dN~r
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=
∫

1
(2π)N/2

+∞∫
~p′=−∞

∑
~h′

E′s−
1
2
√

m
E′

2s
[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]dN~p′

1
(2π)N/2

+∞∫
~p=−∞

∑
~h

Es− 1
2
√

m
E

2s p̂E2s

E4s−1 [a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~pdN~r

= 1
(2π)N

∫ ∑
~h,~h′

(E
′

E
)s−

1
2

√
m2

E′E

2s

p̂[a+(~p′,~h′)U+

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)e−i(~p

′·~r−E′t) + b(~p′,~h′)V +

2s︷ ︸︸ ︷
λςµς · ·(~p′,~h′)ei(~p

′·~r−E′t)]

[a(~p,~h)Uλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)ei(~p·~r−Et) + (−1)2s−1b+(~p,~h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p,~h)e−i(~p·~r−Et)]dN~p′dN~pdN~r

=
∫
dN~p′dN~p

∑
~h,~h′

(m
E

)2sp̂

{δN (~p− ~p′)[a+(~p,~h′)a(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h) + (−1)2s−1b(~p,~h′)b+(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]

+ δN (~p+ ~p′)[(−1)2s−1e2iEta+(−~p,~h′)b+(~p,~h)U+

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Vλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)

+ e−2iEtb(~p,~h′)a(~p,~h)V +

2s︷ ︸︸ ︷
λςµς · ·(−~p,~h′)Uλςµς · ·︸ ︷︷ ︸

2s

(~p,~h)]}

=
∫ ∑

~h

p̂[a+(~p,~h)a(~p,~h) + (−1)2s−1b(~p,~h)b+(~p,~h)]dN~p

802



111nnn���ÔÔÔÙÙÙ ppp���������ÃÃÃ���þþþâââfff������CCCþþþfffzzz

g·µãµ�ÙòÃ�þâf�Cþfzí2�
��N+1���¥"3AÏ�N+1���¥�o���

ØÓ�´éu�é¡Penrose�§£ã�âf§��5`Q�±£ã�Ö�Eâf§��±£ãØ�Ö�ê�.

Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf���"¶éØ�Ö�ê

�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�""3�Ù�?ØEâf

�/§�����ÑÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.Bâf�/�þf|Ø§�

I3Eâf�/\þê�.B^�=�g,��"

1 N+1���¥�Ú^Ý��¼ê

1.1 N+1=2nóê���¥©lL��>f�§ [5]

½Â1.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σx)⇔

(Γ,−iς)a∂aϕ = imη

(Γ, iς)a∂aη = −imϕ

1.2 N+1=2nóê���¥�¥�f�§ [6]

��þm=0�§Kòz�ü�Weyl¥�f�§:

íØ1.2.1. (Γ,−iς)a∂aϕ = 0, (Γ, iς)a∂aη = 0

1.3 N+1=2nóê���¥$Ä���Ú^Ý��¼ê

½Â1.3.1.

(I∗ ⊗ σz)λ(p̂, 1
2
) = 1

2
λ(~p, 1

2
), (I∗ ⊗ σz)λ(p̂,− 1

2
) = − 1

2
λ(~p,− 1

2
), l = 2[

N−1
2

] = 2n−1

λ(

[
0
··
0
1

]
, 1

2
; 1) =

[
1
0

0l/2−2

0l/2

]
, λ(

[
0
··
0
1

]
, 1

2
; 2) =

[
0
1

0l/2−2

0l/2

]
, ··, λ(

[
0
··
0
1

]
, 1

2
; l

2
− 1) =

[
0l/2−2

1
0

0l/2

]
, λ(

[
0
··
0
1

]
, 1

2
; l

2
) =

[
0l/2−2

0
1

0l/2

]

λ(

[
0
··
0
1

]
, −1

2
; 1) =

[
0l/2

0l/2−2

0
1

]
, λ(

[
0
··
0
1

]
, −1

2
; 2) =

[
0l/2

0l/2−2

1
0

]
, ··, λ(

[
0
··
0
1

]
, −1

2
; l

2
− 1) =

[
0l/2

0
1

0l/2−2

]
, λ(

[
0
··
0
1

]
, −1

2
; l

2
) =

[
0l/2

1
0

0l/2−2

]

1.4 N+1=2n-1Ûê���¥$Ä���Ú^Ý��¼ê

½Â1.4.1.
(I∗ ⊗ σz)λ(p̂, 1

2
) = 1

2
λ(~p, 1

2
), (I∗ ⊗ σz)λ(p̂,− 1

2
) = − 1

2
λ(~p,− 1

2
), l = 2[

N−1
2

] = 2n−2

λ(

[
0
··
0
1

]
, 1

2
; 1) =

[
1
0

0l−2

0l

]
, λ(

[
0
··
0
1

]
, 1

2
; 2) =

[
0
1

0l−2

0l

]
, ··, λ(

[
0
··
0
1

]
, 1

2
; l − 1) =

[
0l−2

1
0
0l

]
, λ(

[
0
··
0
1

]
, 1

2
; l) =

[
0l−2

0
1
0l

]
λ(

[
0
··
0
1

]
, −1

2
; 1) =

[
0l

0l−2

0
1

]
, λ(

[
0
··
0
1

]
, −1

2
; 2) =

[
0l

0l−2

1
0

]
, ··, λ(

[
0
··
0
1

]
, −1

2
; l − 1) =

[
0l
0
1

0l−2

]
, λ(

[
0
··
0
1

]
, −1

2
; l) =

[
0l
1
0

0l−2

]
½Â1.4.2. (Γ · p̂)λ(p̂, 1

2
;h) = λ(p̂, 1

2
;h), (Γ · p̂)λ(p̂,− 1

2
;h) = −λ(p̂,− 1

2
;h)

1.5 N+1���¥Ú^ÝΓ · p̂���¼ê

½Â1.5.1. r :=

l/2,óê���l,Ûê���
, l = 2[

N−1
2

]

½Â1.5.2.
(Γ · p̂)λ(p̂,− ς

2
;h) = −ςλ(p̂,− ς

2
;h), λ(p̂,− ς

2
;h) := e

1
8
ϑij(p̂)[Γi,Γj ]λ(

[
0
··
0
1

]
,− ς

2
;h)

e−
1
8
ϑij(p̂)[Γi,Γj ](Γ · p̂)e

1
8
ϑij(p̂)[Γi,Γj ] = ΓN ,Γ · p̂ = e

1
8
ϑij(p̂)[Γi,Γj ]ΓNe

− 1
8
ϑij(p̂)[Γi,Γj ]

½Â1.5.3. (Γ · p̂)λ(p̂, 1
2
;h) = λ(p̂, 1

2
;h), (Γ · p̂)λ(p̂,− 1

2
;h) = −λ(p̂,− 1

2
;h)
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½Â1.5.4.
(Γ · p̂)λ(p̂,− ς

2
;h) = −ςλ(p̂,− ς

2
;h), λ(p̂,− ς

2
;h) := e

1
8
ϑij(p̂)[Γi,Γj ]λ(

[
0
··
0
1

]
,− ς

2
;h)

e−
1
8
ϑij(p̂)[Γi,Γj ](Γ · p̂)e

1
8
ϑij(p̂)[Γi,Γj ] = ΓN ,Γ · p̂ = e

1
8
ϑij(p̂)[Γi,Γj ]ΓNe

− 1
8
ϑij(p̂)[Γi,Γj ]

1.6 N+1���¥Ú^ÝΓ · p̂��¼ê���5���5
½Â1.6.1. λ(p̂, 1

2
;h) := λ(p̂;h), λ(p̂,− 1

2
;h) := λ(p̂;−h), λ(p̂, ς

2
;h) := λ(p̂;hς), λ(p̂,− ς

2
;h) := λ(p̂;−hς)

íØ1.6.1. λ+(p̂;h)λ(p̂;h′) = δhh′
r∑

h=1

[λ(p̂;h)λ+(p̂;h) + λ(p̂;−h)λ+(p̂;−h)] = 1,
r∑

h=1

[λ(p̂;h)λ+(p̂;h)− λ(p̂;−h)λ+(p̂;−h)] = Γ · p̂

íØ1.6.2.
r∑

h=1

λ(p̂;h)λ+(p̂;h) = 1
2
(Γ,−i)ap̂a,

r∑
h=1

λ(p̂;−h)λ+(p̂;−h) = − 1
2
(Γ,−i)ap̂a

íØ1.6.3.
r∑

h=1

λ(p̂;hς)λ+(p̂;hς) = − ς
2
(Γ, iς)ap̂a

1.7 N+1���¥pg^Ú^Ý���¼ê

½Â1.7.1.

λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸
2s

(~p;n1, n2, ··, n2r) := 1√
(2s)!n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−2rς) · ·}︸ ︷︷ ︸
n2r

λkς (~p;n1, n2, ··, n2r) :=

√
(2s)!

√
n1!n2!··n2r!

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)λAς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−2rς) · ·︸ ︷︷ ︸
n2r

λAς (~p;−(r + k)ς) := λAς (~p; kς), k = 1, 2, ··, r,
2r∑
k=1

nk = 2s

íØ1.7.1.
[σ(s, w) · p̂]λς(~p;n1, n2, ··, n2r) = − ς

2
[
r∑

k=1

(nk − nr+k)]λς(~p;n1, n2, ··, n2r)

σ(s;w) = sΓ̄(s;w)(Γ⊗ I∗)Γ(s;w),
2r∑
k=1

nk = 2s

íØ1.7.2.
[σ(s, w) · p̂]λς(~p;n1, n2, ··, nr) = −ςsλς(~p;n1, n2, ··, nr),

r∑
k=1

nk = 2s

λkς (~p;n1, n2, ··, nr) := λkς (~p;n1, n2, ··, nr; 01, 02, ··, 0r)
[σ(s, w) · p̂]λς(~p;nr+1, nr+2, ··, n2r) = ςsλς(~p;nr+1, nr+2, ··, n2r),

2r∑
k=r+1

nk = 2s

λkς (~p;nr+1, nr+2, ··, n2r) := λkς (~p; 01, 02, ··, 0r;nr+1, nr+2, ··, n2r)

2 N+1���¥Penrose�é¡�§g^Ä9ÙÄ�5�

2.1 N+1���¥Penrose�é¡�§g^Ä�2Âõ�ª½n

½n2.1.1.
=2s∑

n1+··+nr

(2s)!
n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·}︸ ︷︷ ︸
nr

λ+
(A′ς

(~p;−1ς) · ·︸ ︷︷ ︸
n1

λ+
B′ς

(~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λ+
C′ς

(~p;−rς) · ·)︸ ︷︷ ︸
nr

=

2s︷ ︸︸ ︷
[

r∑
h=1

λ{Aς (~p;−hς)λ+
(A′ς

(~p;−hς)] · ·[
r∑

h=1

λBς (~p;−hς)λ+
B′ς

(~p;−hς)] · ·[
r∑

h=1

λCς (~p;−hς)λ+
C′ς

(~p;−hς)] · ·})

íØ2.1.1.
=2s∑

n1+··+nr

(2s)!
n1!n2!··nr!

804



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 137Ù p���Ã�þâf��Cþfz

[
r∑

h=1

λAς (~p;−1ς)λ+
A′ς

(~p;−1ς)]n1 [
r∑

h=1

λAς (~p;−2ς)λ+
A′ς

(~p;−2ς)]n2 · ·[
r∑

h=1

λAς (~p;−rς)λ+
A′ς

(~p;−rς)]nr

= [
r∑

h=1

λAς (~p;−hς)λ+
A′ς

(~p;−hς)]2s

±þíØ�ÐÒ´õ�ªÐm½n"

2.2 N+1���¥Penrose�é¡�§�g^Ä

½Â2.2.1.
[σ( 1

2
, w) · p̂]λ(~p;n1, n2, ··, nr) = − ς

2
λ(~p;n1, n2, ··, nr), n1 + n2 + · · nr = 2s

λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) := 1√
(2s)!n1!n2!··nr!

λ{Aς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·}︸ ︷︷ ︸
nr

½Â2.2.2.
[σ(s, w) · p̂]λ(~p;−sς;n1, n2, ··, nr) = −sςλ(~p;−sς;n1, n2, ··, nr), n1 + n2 + · · nr = 2s

λkς (~p;−sς;n1, n2, ··, nr) :=

√
(2s)!

√
n1!n2!··nr!

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)λAς (~p;−1ς) · ·︸ ︷︷ ︸
n1

λBς (~p;−2ς) · ·︸ ︷︷ ︸
n2

· · λCς (~p;−rς) · ·︸ ︷︷ ︸
nr

2.3 N+1���¥Penrose�é¡�§g^Ä���5�

íØ2.3.1. λ+

2s︷ ︸︸ ︷
Aς · ·Bς · ·Cς · ·(~p,−sς;n1, n2, ··, nr)λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸

2s

(~p,−sς;n′1, n′2, ··, n′r) = δn1n′1
δn2n′2

· ·δnrn′r

íØ2.3.2. λ+

2s︷ ︸︸ ︷
Aς · ·Bς · ·Cς · ·(−~p,−sς;n1, n2, ··, nr)λAς · ·Bς · ·Cς · ·︸ ︷︷ ︸

2s

(~p,−sς;n′1, n′2, ··, n′r) = 0

íØ2.3.3. λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h′) = δ~h~h′ ,
~h := (n1, n2, ··, nr)

íØ2.3.4. λ+

2s︷ ︸︸ ︷
AςBς · ·(−~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h′) = 0

2.4 N+1���¥Penrose�é¡�§g^Ä�©)

½n2.4.1. λAςBς · ·CςDςA′ςB
′
ς · ·C

′
ςD
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr)

=
=2s′∑

n′1+··+n′r

√
C
n′1
n1
C
n′2
n2
··Cn

′
r

nr√
C2s′

2s

λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′r)

y²: λAςBς · ·CςDςA′ςB
′
ς · ·C

′
ςD
′
ς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr) = 1√
(2s)!n1!n2!··nr!

=2s′∑
n′1+··+n′r

C
n′1
n1C

n′2
n2 · ·C

n′r
nr

λ{Aς (~p;−1ς)λBς (~p;−2ς) · ·︸ ︷︷ ︸
n1−n′1

· · λCς (~p;−rς)λDς}(~p;−rς)︸ ︷︷ ︸
nr−n′r

λ(A′ς
(~p;−1ς)λB′ς (~p;−2ς) · ·︸ ︷︷ ︸

n′1

· · λC′ς (~p;−rς)λD′ς)(~p;−rς)︸ ︷︷ ︸
n′r

= 1√
(2s)!n1!n2!··nr!

=2s′∑
n′1+··+n′r

C
n′1
n1C

n′2
n2 · ·C

n′r
nr√

(2s− 2s′)!(n1 − n′1)!(n2 − n′2)! · ·(nr − n′r)!λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)√
(2s′)!n′1!n′2! · ·n′r!λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸

2s′

(~p;n′1, n
′
2, ··, n′r)

=
=2s′∑

n′1+··+n′r

√
C
n′1
n1
C
n′2
n2
··Cn

′
r

nr√
C2s′

2s

λAςBς · ·CςDς︸ ︷︷ ︸
2(s−s′)

(~p;n1 − n′1, n2 − n′2, ··, nr − n′r)λA′ςB′ς · ·C′ςD′ς︸ ︷︷ ︸
2s′

(~p;n′1, n
′
2, ··, n′r)
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íØ2.4.1. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) =
√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1, 0, ··, 0)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; 0, 0, ··, 1)

íØ2.4.2. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

=
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nr)λDς (~p; 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nr − 1)λDς (~p; 0, 0, ··, 1)

2.5 N+1���¥Penrose�é¡�§�ÝK�f

íØ2.5.1.
∑
~h

λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) = (− ς
2
)2s 1

[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

p̂ap̂b · ·

Ún2.5.1.

(Γ, iς)aAςA′ςpa(Γ, iς)
b
BςB′ς

pb 6= (Γ, iς)aBςA′ςpa(Γ, iς)
b
AςB′ς

pb, p
apa = 0

(Γ, iς)aAςA′ςpa(Γ, iς)
b
BςB′ς

pb 6= (Γ, iς)aAςB′ςpa(Γ, iς)
b
BςA′ς

pb, p
apa = 0

Ún2.5.2.

(Γ, iς)aAςA′ς∂a(Γ, iς)
b
BςB′ς

∂b 6= (Γ, iς)aBςA′ς∂a(Γ, iς)
b
AςB′ς

∂b, ∂
a∂a = 0

(Γ, iς)aAςA′ς∂a(Γ, iς)
b
BςB′ς

∂b 6= (Γ, iς)aAςB′ς∂a(Γ, iς)
b
BςA′ς

∂b, ∂
a∂a = 0

���yB�±y²±þü�Ún"

íØ2.5.2.
∑
~h

λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 6= (− ς
2
)2s

2s︷ ︸︸ ︷
(Γ, iς)aAςA′ς (Γ, iς)

b
BςB′ς

· ·
2s︷ ︸︸ ︷

p̂ap̂b · ·

3 N+1���¥Penrose�é¡�§��Cþfz

3.1 N+1���¥Penrose�é¡�§ [1, 2]�²¡Å)9Ùé´5Kß�

íØ3.1.1. (Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·︸ ︷︷ ︸
2s

(x) = 0

ψAςBς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)N/2

∫
~p6=0

∑
~h

|~p|(s−
1
2

)λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x]dN~p

~p|(s−
1
2

)a1(~p,−sς;~h) = 1
(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)ψAςBς · ·︸ ︷︷ ︸

2s

(x)e−ip·xdN~r

|~p|(s−
1
2

)a+
2 (~p,−sς;~h) = 1

(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)ψAςBς · ·︸ ︷︷ ︸

2s

(x)eip·xdN~r

íØ3.1.2. (Γ,−iς)A
′
ςAς

a ∂aψAς (x) = 0
ψAς (x) = 1

(2π)N/2

∫
~p6=0

l/4∑
h=1

λAς (p̂;−hς)[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x]dN~p

a1(~p,−sς;~h) = 1
(2π)N/2

∫
λ+Aς (p̂,− ς

2
;~h)ψAς (x)e−ip·xdN~r

a+
2 (~p,−sς;~h) = 1

(2π)N/2

∫
λ+Aς (p̂,− ς

2
;~h)ψAς (x)eip·xdN~r

ß�3.1.1. [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)
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3.2 N+1���¥Penrose�é¡�§g^Ä�m�4í'X

3.2.1 'ué¡5^��Penroseg^ÄÚn

Ún3.2.1.
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔


√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

y²:
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)

⇔
=2s∑

n1+··+nr
aEς (~p;n1, ··, nr)[

√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; r)]

=
=2s∑

n1+··+nr
aDς (~p;n1, ··, nr)[

√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λEς (~p; 1)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λEς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λEς (~p; r)]

⇔



√
n1√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1 − 1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1 − 1, n2, ··, nr + 1)λDς ](~p; r) = 0

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2 − 1, ··, nr)λDς ](~p; 1) +

√
n2√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2 − 1, ··, nr + 1)λDς ](~p; r) = 0 · · · · · ·

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr − 1)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; r) = 0

⇔


√
n1√
2s
a[Eς (~p;n1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1 − 1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1 − 1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔


√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

————————————————————

Ún3.2.2.
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k) +
r∑

k=1

d(~p;n1, n2, ··, nr; k)λEς (~p;−k)

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0aEς (~p;n1, n2, ··, nr) =
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·

+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
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aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·

+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

y²:
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k) +
r∑

k=1

d(~p;n1, n2, ··, nr; k)λEς (~p;−k)

√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0c(~p;n1 + 1, n2, ··, nr; 2) =
√
n2+1√
n1+1

c(~p;n1, n2 + 1, ··, nr; 1) · · ·

c(~p;n1 + 1, n2, ··, nr; r) =
√
nr+1√
n1+1

c(~p;n1, n2, ··, nr + 1; 1)c(~p; 0, n2 + 1, ··, nr; 3) =
√
n3+1√
n2+1

c(~p; 0, n2, n3 + 1, ··, nr; 2) · · ·

c(~p; 0, n2 + 1, ··, nr; r) =
√
nr+1√
n2+1

c(~p; 0, n2, ··, nr + 1; 2)c(~p; 0, 0, n3 + 1, ··, nr; 4) =
√
n4+1√
n3+1

c(~p; 0, 0, n3, n4 + 1, ··, nr; 3) · · ·

c(~p; 0, 0, n3 + 1, ··, nr; r) =
√
nr+1√
n3+1

c(~p; 0, 0, n3, n4, ··, nr + 1; 3)
· · ·{
c(~p; 0, ·, 0, nr−1 + 1, nr; r) =

√
nr+1√
nr−1+1

c(~p; 0, ··, 0, nr−1, nr + 1; r − 1)

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k), d(~p;n1, n2, ··, nr; k) = 0aEς (~p;n1, n2, ··, nr) =
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·

+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·

+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

————————————————————

íØ3.2.1. aEς (~p;n1, n2, ··, nr) =
r∑

k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)c(~p;n1, n2, ··, nr; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nr; r) =
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1

808



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 137Ù p���Ã�þâf��Cþfzc(~p; 0, n2, ··, nr; 3) =
√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2), n2 ≥ 1 · · ·

c(~p; 0, n2, ··, nr; r) =
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nr−1, nr; r) =

√
nr+1√
nr−1

c(~p; 0, ··, 0, nr−1 − 1, nr + 1; r), nr−1 ≥ 1

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)aEς (~p;n1, n2, ··, nr) =
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·

+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·

+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

————————————————————

Ún3.2.3.c(~p;n1, n2, ··, nr; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nr; r) =
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2··+nr=2s

r∑
k=2

c(~p; 0, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

y²:c(~p;n1, n2, ··, nr; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nr; r) =
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1

⇔ ∑
n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
n1 6=0∑

n1+··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr)[
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2) + · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r)]

+
n1=0∑

n1+··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+ c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]

=
1≤n1≤2s∑
n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr)c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)
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+
0≤n1≤2s−1,1≤n2≤2s∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nr)
√
n2√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; 2) + · ·

+
0≤n1≤2s−1,1≤nr≤2s∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nr − 1)
√
nr+1√
n1

c(~p;n1, n2, ··, nr; 1)λEς (~p; r)

+
n1=0∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+ c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]
=

∑
n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr)c(~p;n1, n2, ··, nr; 1)λEς (~p; 1)

+
∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2 − 1, ··, nr)
√
n2√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; 2) + · ·

+
∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1 + 1, n2, ··, nr − 1)
√
nr√
n1+1

c(~p;n1, n2, ··, nr; 1)λEς (~p; r)

+
n1=0∑

n1··+nr=2s

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)[c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) + · ·+c(~p; 0, n2, ··, nr; r)λEς (~p; r)]

=
∑

n1··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2··+nr=2s

r∑
k=2

c(~p; 0, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr)

————————————————————

íØ3.2.2.c(~p;n1, n2, ··, nr; 2) =
√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1), n1 ≥ 1 · · ·

c(~p;n1, n2, ··, nr; r) =
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1), n1 ≥ 1c(~p; 0, n2, ··, nr; 3) =
√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2), n2 ≥ 1 · · ·

c(~p; 0, n2, ··, nr; r) =
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2), n2 ≥ 1
· · ·{
c(~p; 0, ··, 0, nr−1, nr; r) =

√
nr+1√
nr−1

c(~p; 0, ··, 0, nr−1 − 1, nr + 1; r), nr−1 ≥ 1

⇔ ∑
n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)

————————————————————

Ún3.2.4.∑
n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)
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=
∑

n1+··+nr=2s+1

a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) :=
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) :=
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) :=
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nr) :=
√

2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

y²:
∑

n1··+nr=2s

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

=
∑

n1+··+nr=2s

√
2s+1√
n1+1

c(~p;n1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1 + 1, n2, ··, nr)

+
∑

n2+··+nr=2s

√
2s+1√
n2+1

c(~p; 0, n2, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2 + 1, n3, ··, nr)

+
∑

n3+··+nr=2s

√
2s+1√
n3+1

c(~p; 0, 0, n3, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3 + 1, ··, nr)

+ · · ·+
∑

nr=2s

√
2s+1√
nr+1

c(~p; 0, ··, 0, nr; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr + 1)

=
n1 6=0∑

n1+··+nr=2s+1

√
2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr)

+
n1=0,n2 6=0∑

n2+··+nr=2s+1

√
2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, n2, n3, ··, nr)

+
n1=0,n2=0,n3 6=0∑
n3+··+nr=2s+1

√
2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, 0, n3, ··, nr)

+ · · ·+
n1=0,··,nr−1=0,nr 6=0∑

nr=2s+1

√
2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p; 0, ··, 0, nr)

=
∑

n1+··+nr=2s+1

a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nr) =
√

2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

3.2.2 A�íØ

íØ3.2.3. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, n2, ··, nr) =
√
n1√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1 − 1, n2, ··, nr)λDς (~p; 1)

+
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2 − 1, ··, nr)λDς (~p; 2) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p;n1, n2, ··, nr − 1)λDς (~p; r)

íØ3.2.4. λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p; 0, n2, ··, nr) =
√
n2√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2 − 1, ··, nr)λDς (~p; 2)

+
√
n3√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, n3 − 1, ··, nr)λDς (~p; 0, 0, 1, ··, 0) + · ·+
√
nr√
2s
λAςBς · ·Cς︸ ︷︷ ︸

2s−1

(~p; 0, n2, ··, nr − 1)λDς (~p; r)

íØ3.2.5. λAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(~p;n1, n2, ··, nr) =
√
n1√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1 − 1, n2, ··, nr)λEς (~p; 1)

+
√
n2√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, n2 − 1, ··, nr)λEς (~p; 2) + · ·+
√
nr√

2s+1
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, n2, ··, nr − 1)λEς (~p; r)
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3.2.3 ���½n

½n3.2.1.∑
n1+··+nr=2s

aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
∑

n1+··+nr=2s

aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)

=2s∑
n1··+nr

aEς (~p;n1, n2, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
=2s+1∑

n1+··+nr
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nr) =
√

2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0

y²:∑
n1+··+nr=2s

aEς (~p;n1, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
∑

n1+··+nr=2s

aDς (~p;n1, ··, nr)λAςBς · ·CςEς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)

⇔
√
n1+1√

2s
a[Eς (~p;n1 + 1, n2, ··, nr)λDς ](~p; 1) +

√
n2+1√

2s
a[Eς (~p;n1, n2 + 1, ··, nr)λDς ](~p; 2)

+ · ·+
√
nr+1√

2s
a[Eς (~p;n1, n2, ··, nr + 1)λDς ](~p; r) = 0

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)aEς (~p;n1, n2, ··, nr) =
√
n1√
n1
c(~p;n1, n2, ··, nr; 1)λEς (~p; 1) +

√
n2+1√
n1

c(~p;n1 − 1, n2 + 1, ··, nr; 1)λEς (~p; 2)

+ · · ·+
√
nr+1√
n1

c(~p;n1 − 1, n2, ··, nr + 1; 1)λEς (~p; r), n1 ≥ 1
aEς (~p; 0, n2, ··, nr) = c(~p; 0, n2, ··, nr; 1)λEς (~p; 1)

+
√
n2√
n2
c(~p; 0, n2, ··, nr; 2)λEς (~p; 2) +

√
n3+1√
n2

c(~p; 0, n2 − 1, n3 + 1, ··, nr; 2)λEς (~p; 3) + · · ·

+
√
nr+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr + 1; 2)λEς (~p; r), n2 ≥ 1
aEς (~p; 0, 0, n3, ··, nr) = c(~p; 0, 0, n3, ··, nr; 1)λEς (~p; 1) + c(~p; 0, 0, n3, ··, nr; 2)λEς (~p; 2)

+
√
n3√
n3
c(~p; 0, 0, n3, n4, ··, nr; 3)λEς (~p; 3) +

√
n4+1√
n3

c(~p; 0, 0, n3 − 1, n4 + 1, ··, nr; 3)λEς (~p; 4) + · · ·

+
√
nr+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr + 1; 3)λEς (~p; r), n3 ≥ 1
· · · · · · · · ·aEς (~p; 0, ··, 0, nr) = c(~p; 0, ··, 0, nr; 1)λEς (~p; 1) + c(~p; 0, ··, 0, nr; 2)λEς (~p; 2)

+ · · ·+ c(~p; 0, ··, 0, nr; r − 1)λEς (~p; r − 1) +
√
nr√
nr
c(~p; 0, ··, 0, nr; r)λEς (~p; r), nr = 2s ≥ 1

⇔
aEς (~p;n1, n2, ··, nr) =

r∑
k=1

c(~p;n1, n2, ··, nr; k)λEς (~p; k)

=2s∑
n1··+nr

aEς (~p;n1, n2, ··, nr)λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr) =
=2s+1∑

n1+··+nr
a(~p;n1, n2, ··, nr)λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, n2, ··, nr)

a(~p;n1, n2, ··, nr) =
√

2s+1√
n1

c(~p;n1 − 1, n2, ··, nr; 1), n1 6= 0

a(~p; 0, n2, ··, nr) =
√

2s+1√
n2

c(~p; 0, n2 − 1, n3, ··, nr; 2), n2 6= 0

a(~p; 0, 0, n3, ··, nr) =
√

2s+1√
n3

c(~p; 0, 0, n3 − 1, ··, nr; 3), n3 6= 0

· · ·

a(~p; 0, 0, ··, 0, nr) =
√

2s+1√
nr

c(~p; 0, ··, 0, nr − 1; r), nr 6= 0
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3.3 ^êÆ8B{î�¦)N+1���¥Penrose�é¡�§�²¡Å)

½n3.3.1. (Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{AςBς · ·CςDς}︸ ︷︷ ︸
2s

(x)

⇔ ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x)

= 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2

)
=2s∑

n1+··+nr
λAςBς · ·CςDς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]

|~p|(s−
1
2

)a1(~p;n1, ··, nr) = 1
(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·CςDς (~p;n1, ··, nr)ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x)e−ip·xdN~r

|~p|(s−
1
2

)a+
2 (~p;n1, ··, nr) = 1

(2π)N/2

∫
λ+

2s︷ ︸︸ ︷
AςBς · ·CςDς (~p;n1, ··, nr)ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x)eip·xdN~r

y²: æ^êÆ8B{y²d½n"

1�Úµs′ = 1/2�¤áµ

(Γ,−iς)A
′
ςAς

a ∂aψAς (x) = 0, ψAς (x) = ψAς (x)

⇔
ψAς (x) = 1

(2π)N/2

∫
~p6=0

dN~p
=1∑

n1+··+nr
λAς (~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+

2 (~p;n1, ··, nr)e−ip·x]

1�Úµb�s′ = s�¤áµ

(Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 1
(2s)!

ψ{AςBς · ·CςDς}︸ ︷︷ ︸
2s

(x)

⇔
ψAςBς · ·CςDς︸ ︷︷ ︸

2s

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2

)

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]

1nÚµs′ = s+ 1/2�µ

(Γ,−iς)A
′
ςAς

a ∂aψAςBς · ·CςDς︸ ︷︷ ︸
2s

(x) = 0, ψAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(x) = 1
(2s+1)!

ψ{AςBς · ·CςDςEς}︸ ︷︷ ︸
2s+1

(x)

⇔

ψAςBς · ·CςDςEς}︸ ︷︷ ︸
2s+1

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2

)

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1Eς (~p;n1, ··, nr)eip·x + a+
2Eς

(~p;n1, ··, nr)e−ip·x]

ψAςBς · ·CςDςEς︸ ︷︷ ︸
2s+1

(x) = ψAςBς · ·CςEςDς︸ ︷︷ ︸
2s+1

(x)

⇔

ψAςBς · ·CςDςEς}︸ ︷︷ ︸
2s+1

(x) = 1
(2π)N/2

∫
~p6=0

dN~p|~p|(s−
1
2

)

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)[a1Eς (~p;n1, ··, nr)eip·x + a+
2Eς

(~p;n1, ··, nr)e−ip·x]

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)a1Eς (~p;n1, ··, nr) =
=2s∑

n1+··+nr
λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)a1Dς (~p;n1, ··, nr)

=2s∑
n1+··+nr

λAςBς · ·CςDς︸ ︷︷ ︸
2s

(~p;n1, ··, nr)a+
2Eς

(~p;n1, ··, nr) =
=2s∑

n1+··+nr
λAςBς · ·CςEς︸ ︷︷ ︸

2s

(~p;n1, ··, nr)a+
2Dς

(~p;n1, ··, nr)

⇔
ψAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(x)

= 1
(2π)N/2

∫
~p6=0

dN~p|~p|s
=2s+1∑

n1+··+nr
λAςBς · ·CςDςEς︸ ︷︷ ︸

2s+1

(~p;n1, ··, nr)[a1(~p;n1, ··, nr)eip·x + a+
2 (~p;n1, ··, nr)e−ip·x]
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dÚy²
s′ = s+ 1/2�·K¤á"

1oÚµ�â±þ8B{ín§·K¤á§½n�y"

3.4 N+1���¥Penrose�é¡�§��Cé´5K

½n3.4.1.[aσ(~p,−sς;~h), a+
σ′(~p

′,−sς;~h′)]−2s+1 = δσσ′δ~h~h′δ
3(~p− ~p′)

[aσ(~p,−sς;~h), aσ′(~p
′,−sς;~h′)]−2s+1 = 0, [a+

σ (~p,−sς;~h), a+
σ′(~p

′,−sς;~h′)]−2s+1 = 0
⇔


[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

[ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψEςFς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

y²: [ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2

)λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)

[[a1(~p,−sς;~h)eip·x + a+
2 (~p,−sς;~h)e−ip·x], [a+

1 (~p′,−sς;~h′)e−ip′·x′ + a2(~p′,−sς;~h′)eip′·x′ ]]−2s+1

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2

)λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)

{[a1(~p,−sς;~h), a+
1 (~p′,−sς;~h′)]−2s+1ei(p·x−p

′·x′) + [a+
2 (~p,−sς;~h), a2(~p′,−sς;~h′)]−2s+1e−i(p·x−p

′·x′)}

= 1
(2π)3

∫ ∑
~h,~h′

d3~pd3~p′(|~p||~p′|)(s− 1
2

)λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h′)δ3(~p− ~p′)δ~h~h′

[ei(p·x−p
′·x′) + (−1)2s+1e−i(p·x−p

′·x′)]

= 1
(2π)3

∫ ∑
~h

d3~p|~p|2s−1λAςBς · ·︸ ︷︷ ︸
2s

(~p,−sς;~h)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)[ei(p·x−p·x
′) + (−1)2s+1e−i(p·x−p·x

′)]

= i (−ς)2s

22s−1[(2s)!]2
1

(2π)3

∫ −i
|2~p|

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

papb · ·[eip·(x−x
′) − e−ip·(x−x′)]d3~p

= i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · · 1
(2π)3

∫ −i
|2~p| [e

ip·(x−x′) − e−ip·(x−x′)]d3~p

= i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

y²: [a1(~p,−sς;~h), a+
1 (~p′,−sς;~h′)]

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]e−i(p·x−p
′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)e−i(p·x−p′·x′)d3~rd3~r′

= 1
(2π)3

∫
|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

i (iς)2s

22s[(2s)!]2

2s−1︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · · −i(2π)3

∫
1

2|~p0| [e
ip0·(x−x′) − e−ip0·(x−x′)]d3~p0}e−i(p·x−p

′·x′)d3~rd3~r′

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)(− ς

2
)2s 1

[(2s)!]2
|~p0|(2s−1)
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2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

p̂0ap̂0b · ·[ei(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

= [ 1
(2π)3 ]2

∫
d3~p0d

3~rd3~r′|~p|−(2s−1)|~p0|(2s−1)λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)∑

~h0

λAςBς · ·︸ ︷︷ ︸
2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)[ei(p0−p)·xe−i(p0−p′)·x′ + (−1)2s+1e−i(p0+p)·xei(p0+p′)·x′ ]

=
∫
λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)

∑
~h0

λAςBς · ·︸ ︷︷ ︸
2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)

[δ3(~p0 − ~p)δ3(~p0 − ~p′) + (−1)2s+1e2iE0(t−t′)δ3(~p0 + ~p)δ3(~p0 + ~p′)]d3~p0

=
∫ ∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p0,−sς;~h0)δ3(~p0 − ~p)δ3(~p0 − ~p′)d3~p0

=
∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p′,−sς;~h0)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p′,−sς;~h′)δ3(~p− ~p′)

=
∑
~h0

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p,−sς;~h)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h0)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h0)λ

2s︷ ︸︸ ︷
A
′
ςB
′
ς · ·(~p,−sς;~h′)δ3(~p− ~p′)

=
∑
~h0

δ~h~h0
δ~h′~h0

δ3(~p− ~p′) = δ~h~h′δ
3(~p− ~p′)

g·µãµ±þ�y{Ø2Äu��é´5K§��Äu�Cé´5K§wq�J
§Ù¢´�{ü
§Ï

�ØI�¦ÑE,���é´5K§=¦¦Ñ�'�Ju¦^§�Cé´5K��®��ék5Æ§��±©

)�g^Ä�¦È§��y²L§Ä�þ��6ug^Ä�5�§vkE,�O�"Ù¦�A�é´)Ò��U

Ó���{¦Ñ§Ø2�Ñ"

½n3.4.2.
[ψAςBς · ·︸ ︷︷ ︸

2s

(x), ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = i (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x− x′)

[ψAςBς · ·︸ ︷︷ ︸
2s

(x), ψEςFς · ·︸ ︷︷ ︸
2s

(x′)]−2s+1 = 0, [ψ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(x), ψ+
E
′
ςF
′
ς · ·︸ ︷︷ ︸

2s

(x′)]−2s+1 = 0, s ≥ 0

⇔[ψkς (x), ψ+
k′ς

(x′)]−2s+1 = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s, w)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′),Γ(0) := 1

[ψkς (x), ψlς (x
′)]−2s+1 = 0, [ψ+

k′ς
(x), ψ+

l′ς
(x′)]−2s+1 = 0, s ≥ 0

3.5 N+1���¥Penrose�é¡�§��«Ôn�Î

½n3.5.1. Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

y²: Pu(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t)−i∂u(i∂t)

2s−1

(−∇2)2s−1 ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) pu
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) pu
|~p|2s−1
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{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑
~h,~h′

λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h)pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

=
∫ ∑

~h

pu[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

½n3.5.2. Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

y²: Q(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

½n3.5.3. N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

y²: N(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) (i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) 1
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

½n3.5.4. ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

y²: ~S(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s−1

(−∇2)2s−1ψAςBς · ·︸ ︷︷ ︸
2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1
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[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2sa+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2sa+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2sa2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

½n3.5.5. ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

y²: ~M(s) =
∫
ψ+

2s︷ ︸︸ ︷
AςBς · ·(~r, t) ∇̂(i∂t)

2s

(
√
−∇2)4s−1ψAςBς · ·︸ ︷︷ ︸

2s

(~r, t)d3~r

= 1
(2π)3

∫
d3~p′d3~pd3~r

∑
~h,~h′

|~p′|s−
1
2 |~p|s−

1
2λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

[a+
1 (~p′,−sς;~h′)e−i(~p′·~r−|~p′|t) + a2(~p′,−sς;~h′)ei(~p′·~r−|~p′|t)][a1(~p,−sς;~h)ei(~p·~r−|~p|t) + (−1)2s−1a+

2 (~p,−sς;~h)e−i(~p·~r−|~p|t)]

=
∫ ∑
~h,~h′

~p|2s−1λ+

2s︷ ︸︸ ︷
AςBς · ·(~p′,−sς;~h′)λAςBς · ·︸ ︷︷ ︸

2s

(~p,−sς;~h) p̂
|~p|2s−1

{[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]δ3(~p′ − ~p)
+ [(−1)2s−1a+

1 (−~p,−sς;~h)a+
2 (~p,−sς;~h)e−2i|~p|t + a2(−~p,−sς;~h)a1(~p,−sς;~h)e2i|~p|t]δ3(~p′ + ~p)}d3~p′d3~p

=
∫ ∑

~h

p̂[a+
1 (~p,−sς;~h)a1(~p,−sς;~h) + (−1)2s−1a2(~p,−sς;~h)a+

2 (~p,−sς;~h)]d3~p

3.6 Bargmann-Wigner�§��^þ

½n3.6.1. S? =
∫
ψ+
A′ςB

′
ς ··

(x)γ
A′ςZς
0 γ

B′ςBς
0 · ·(γaZςAς∂a +mδZς

Aς )ψAςBς ··(x)d4x

3.7 N+1���¥Penrose�é¡�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún3.7.1.

[θ(t), (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·] = − i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

y²: [θ(t), (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·]

= (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})[θ(t),
2s︷ ︸︸ ︷

∂a∂b∂c · ·]

= − (iς)2s

22s−1[(2s)!]2

2s−1∑
n=0

Cn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})(iς)
2s−n[∂2s−n

π , θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= − i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})[∂
2s−n
t , θ(t)]

n︷ ︸︸ ︷
∂i∂j · ·

= − i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})
n︷ ︸︸ ︷

∂i∂j · ·
2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t

íØ3.7.1.
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∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(x)

∆
(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(+)(x)

∆
(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(−)(x)

∆
(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(l)(x)

íØ3.7.2.

∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(c)(x)

− i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆
(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = i∆
(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆F (x)

− i2s+1

22s−1

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

íØ3.7.3.

∆
(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(ret)(x)

− i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

∆
(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) := (iς)2s

22s−1[(2s)!]2

2s︷ ︸︸ ︷
(Γ, iς)a{Aς(A′ς (Γ, iς)

b
BςB′ς

· ·})
2s︷ ︸︸ ︷

∂a∂b · ·∆(adv)(x)

− i2s

22s−1[(2s)!]2

2s−1∑
n=0

ςnCn2s

n︷ ︸︸ ︷
Γi{Aς(A′ςΓ

j
BςB′ς

· ·
2s−n︷ ︸︸ ︷

δEςE′ςδFςF ′ς · ·})(iς)
2s−n

n︷ ︸︸ ︷
∂i∂j · ·

2s−n∑
l=1

∂2s−n−l
t δ(t)∂l−1

t ∆(x)

Ún3.7.2. ∆AςBς · ·EςFς · ·Zς︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·E

′
ςF
′
ς · ·Z

′
ς︸ ︷︷ ︸

2s

(s;x)|t=0

= i (iς)2s+1

22s−1[(2s)!]2

[s− 1
2

]∑
k=0

(2s)!
(2s−2k−1)!(2k)!1!

2s−2k−1︷ ︸︸ ︷
(Γ · ∇){Aς(A′ς (Γ · ∇)BςB′ς · ·

2k+1︷ ︸︸ ︷
δEςE′ςδFςF ′ς · ·δZς}Z′ς)∇

2kδ3(~r)

íØ3.7.4.

(Γ⊗ I22s−1 ,−iς)a∂a∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(Γ⊗ I22s−1 ,−iς)a∂a∆(+)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(Γ⊗ I22s−1 ,−iς)a∂a∆(−)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0

(Γ⊗ I22s−1 ,−iς)a∂a∆(l)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = 0
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(Γ⊗ I22s−1 ,−iς)a∂a∆(c)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(Γ⊗ I22s−1 ,−iς)a∂a∆(ret)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(Γ⊗ I22s−1 ,−iς)a∂a∆(adv)

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −ςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

(Γ⊗ I22s−1 ,−iς)a∂a∆(F )

AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x) = −iςδ(t)∆AςBς · ·︸ ︷︷ ︸
2s

A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(s;x)|t=0

íØ3.7.5.

(Γ,−iς)a∂a∆{Aς(A′ς (
1
2
;x) = 0

(Γ,−iς)a∂a∆{Aς(A′ς (
1
2
;x) = 0

(Γ,−iς)a∂a∆{Aς(A′ς (
1
2
;x) = 0

(Γ,−iς)a∂a∆{Aς(A′ς (
1
2
;x) = 0



(Γ,−iς)a∂a∆(c)
{Aς(A′ς

( 1
2
;x) = iςδ{Aς(A′ςδ

N+1(x)

(Γ,−iς)a∂a∆(ret)
{Aς(A′ς

( 1
2
;x) = iςδ{Aς(A′ςδ

N+1(x)

(Γ,−iς)a∂a∆(adv)
{Aς(A′ς

( 1
2
;x) = iςδ{Aς(A′ςδ

N+1(x)

(Γ,−iς)a∂a∆(F )
{Aς(A′ς

( 1
2
;x) = −ςδ{Aς(A′ςδ

N+1(x)
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g·µãµéuBargmann-Wigner�§½Dirac�§£ã�âf§��5`Q�±£ã�Ö�Eâf§�

�±£ãØ�Ö�ê�.Bâf"ü«�/�Ìé´5K/ª��§�Ù{é´½�é´)Ò§é�Ö�Eâf

���"¶éØ�Ö�ê�.Bâf§Ù{é´½�é´)ÒdÌé´5KÚê�.B^�g,��§��Ø�

""3�Ù�?ØEâf�/§�����ÑÌé´5K§Ø2;�?Øê�.Bâf�/§e���ê�.B

âf�/�þf|Ø§�I3Eâf�/\þê�.B^�=�g,��"�Ù£ã��!n���âf�±@

�´o���âf3y,z¶½z¶É���(J§Ïky¢�¿Â§�±A^uvà�Ôn",	����âf

��±@�´n���âf3y ¶?�ÚÉ���(J"n���âféAþf¡¶����âféAþf�¶

����âféAþf:"

1 n���¥k�þâf��Cþfz

1.1 n���¥k�þâf�Bargmann-Wigner�§

1.1.1 n���¥�Dirac�§g^Ä9Ù²¡Å)

½Â1.1.1. u(~p) :=
√

E+m
2m

(1− ςσ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
, v(~p) :=

√
E+m
2m

(1− ςσ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
íØ1.1.1. u(~p) = σxv

∗(~p), v(~p) = σxu
∗(~p)

½n1.1.1. (γa∂a +m)ψ = 0, γa = (−σy, σx, ςσz)

ψ(~r, t) = 1
(2π)1/2

+∞∫
~p=−∞

[a(~p)
√

m
E
u(~p)ei(~p·~r−Et) + b+(~p)

√
m
E
v(~p)e−i(~p·~r−Et)]d~p

a(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
m
u+(~p)ψ(~r, t)e−i(~p·~r−Et)d~r, b+(~p) = 1

(2π)1/2

+∞∫
~p=−∞

√
E
m
v+(~p)ψ(~r, t)ei(~p·~r−Et)d~r

1.1.2 n���¥Diracg^Ä�5�

íØ1.1.2.

ū(~p)u(~p) = 1, v̄(~p)v(~p) = −1, ū(~p)v(~p) = 0, v̄(~p)u(~p) = 0

u+(~p)u(~p) = E
m
, v+(~p)v(~p) = E

m
, u+(~p)v(−~p) = 0, v+(~p)u(−~p) = 0

íØ1.1.3.

u(~p)ū(~p) = m−iγapa
2m

v(~p)v̄(~p) = −m−iγapa
2m

u(~p)u+(~p) = (m−iγapa)γ0

2m
= mσz−(σ,iς)apa

ς2m

v(~p)v+(~p) = (−m−iγapa)γ0

2m
= −mσz−(σ,iς)apa

ς2m

íØ1.1.4. u(~p)ū(~p)− v(~p, h)v̄(~p) = 1, u(~p)ū(~p) + v(~p, h)v̄(~p) = −iγapa
m

, u(~p)u+(~p) + v(−~p, h)v+(−~p) = E
m

1.1.3 n���¥Dirac�§��Cþfz5K

íØ1.1.5.

{a(~p), a+(~p′)} = δ(~p− ~p′)

{a(~p), a(~p′)} = 0, {a+(~p), a+(~p′)} = 0
⇒ {ψλς (x), ψ+

λ′ς
(x′)} = i[(m− γa∂a)γ0]λςλ′ς∆(x− x′)

1.2 n���¥�Bargmann-Wigner�§

1.2.1 n���¥Bargmann-Wigner�§ [18]�g^Ä9Ù²¡Å)

½Â1.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) := uλς (~p)uµς (~p) · ·︸ ︷︷ ︸
2s

, Vλςµς · ·︸ ︷︷ ︸
2s

(~p) := vλς (~p)vµς (~p) · ·︸ ︷︷ ︸
2s

íØ1.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

V +
λςµς · ·︸ ︷︷ ︸

2s

(~p), Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

U+
λςµς · ·︸ ︷︷ ︸

2s

(~p)
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½n1.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

Es− 1
2
√

m
E

2s
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p
a(~p) = 1

(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)e−i(~p·~r−Et)dN~r

b+(~p) = 1
(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)ei(~p·~r−Et)dN~r

1.2.2 n���¥Bargmann-Wigner�§g^Ä���5�

íØ1.2.2.
Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1

Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = (E
m

)2s, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = (E
m

)2s

U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

1.2.3 n���¥Bargmann-Wigner�§�OÝK�f

íØ1.2.3.
Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(−m− iγbpb)γ0]λςλ′ς [(−m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

íØ1.2.4.
Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

íØ1.2.5. Uλςµς · ·︸ ︷︷ ︸
2s

(p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(p) = (−1)2sVλςµς · ·︸ ︷︷ ︸
2s

(−p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−p)

1.2.4 n���¥Bargmann-Wigner�§��Cé´5K

½n1.2.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n1.2.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2s

∆(x− x′)

1.3 n���¥k�þâf³�§�äNLã

g·µãµd!a'o���¥��/§&Än���¥´Ä�3�B-W�§�d�C-K½R-S�§º
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1.3.1 n���¥k�þg^-1�B-W�§�duaC-K�§ [18, 20]

½n1.3.1. (γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς = ψµςλς , Aa = 1√

2im
(ε̄γa)

λςµςψλςµς , γ
a = (−σy, σx, ςσz)

⇔ ∂aAb − ∂bAa = iςmεab
cAc, ψ = imγaεAa ⇒ (∂b∂b −m2)Aa = 0, ∂aAa = 0

½n1.3.2. (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = iςmεab

cAc, ψ = im√
2
γaεAa ⇒ (∂b∂b −m2)Aa = 0, ∂aAa = 0

y²: (γa∂a +m)ψ(x) = 0, ψ = im√
2
γaεAa

⇔ (γa∂a +m) im√
2
γbεAb = 0

⇔ (γa∂a +m)γbAb = 0

⇔ δab∂aAb + iςεabc∂aAbγc +mγcA
c = 0

⇔ ∂aAa + (iςεabc∂aAb +mAc)γ
c = 0

⇔ ∂aAa = 0, iςεabc∂aAb +mAc = 0

⇔ εabc∂aAb = iςmAc ⇔ ∇× ~A = iςm ~A

⇔ εa
′b′cεabc∂aAb = iςmεa′b′

cAc

⇔ (δa
′aδb

′b − δa′bδb′a)∂aAb = iςmεa′b′
cAc

⇔ ∂aAb − ∂bAa = iςmεab
cAc

⇒ ∂a∂aAb − ∂b∂aAa = iςmεab
c∂aAc

⇔ (∂a∂a −m2)Ab = 0

½n1.3.3. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = 0, ∂aAa = 0, ψ = imγaεAa ⇒ ∂b∂bAa = 0, ∂aAa = 0

y²: γa∂aψ(x) = 0, ψ = im√
2
γaεAa

⇔ γa∂a
im√

2
γbεAb = 0

⇔ γa∂aγ
bAb = 0

⇔ δab∂aAb + iςεabc∂aAbγc = 0

⇔ ∂aAa + iςεabc∂aAb = 0

⇔ ∂aAa = 0, iςεabc∂aAb = 0

⇔ ∂aAa = 0, εabc∂aAb = 0⇔ ∂aAa = 0,∇× ~A = 0

⇔ ∂aAa = 0, εa
′b′cεabc∂aAb = 0

⇔ ∂aAa = 0, (δa
′aδb

′b − δa′bδb′a)∂aAb = 0

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0

⇒ ∂aAa = 0, ∂a∂aAb − ∂b∂aAa = 0

⇔ ∂a∂aAb = 0, ∂aAa = 0

1.3.2 n���¥k�þg^- 3
2
�B-W�§�duaR-S�§ [18, 20]

½n1.3.4. (γa∂a +m)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!
ψ{λςµςης}, Aaης = 1√

2im
(ε̄γa)

λςµςψλςµςης

⇔

∂aAbης − ∂bAaης = iςmεab
cAcης

ψλςµςης = im√
2
(γaε)λςµςAaης , γ

aAa[ης ] = 0
⇒ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0

y²:

(γa∂a +m)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!
ψ{λςµςης}

Aaης = 1√
2im

(ε̄γa)
λςµςψλςµςης , γ

a = (σx, σy, ςσz)

⇔

∂aAbης − ∂bAaης = iςmεab
cAcης

ψλςµςης = im√
2
(γaε)λςµςAaης , ψλςµςης = ψλςηςµς
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⇔

∂aAbης − ∂bAaης = iςmεab
cAcης

ψλςµςης = im√
2
(γaε)λςµςAaης , ε

µςηςψλςµςης = 0

⇔ ∂aAbης − ∂bAaης = iςmεab
cAcης , γ

aAa[ης ] = 0

⇒ γa∂aAb[ης ] − ∂bγaAa[ης ] = iςmεab
cγaAc[ης ], γ

aAaης = 0

⇔ γa∂aAb[ης ] + 1
2
m[γc, γb]A

c
[ης ]

= 0, γaAaης = 0

⇔ γa∂aAbης + 1
2
m{γc, γb}Ac[ης ] = 0, γaAaης = 0

⇔ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0

⇔ (γb∂b +m)Aa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

1.3.3 n���¥k�þg^-2�B-W�§�duaC-K�§ [18, 20]

½n1.3.5. (γa∂a +m)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}, Aab = ( 1√

2im
)2(ε̄γa)

λςµς (ε̄γb)
ηςξςψλςµςηςξς

⇔

∂aAbd − ∂bAad = iςmεab
cAcd, Aab = Aba

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab, δ
abAab = 0

⇒

(∂c∂c −m2)Aab = 0, Aab = Aba

δabAab = 0, ∂aAab = 0

y²:(γa∂a +m)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}

Aab := ( 1√
2im

)2(ε̄γa)
λςµς (ε̄γb)

ηςξςψλςµςηςξς , γ
a = (−σy, σx, ςσz)

⇔

(γa∂a +m)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}

Aaηςξς := 1√
2im

(ε̄γa)
λςµςψλςµςηςξς

⇔

∂aAbηςξς − ∂bAaηςξς = iςmεab
cAcηςξς , Aaηςξς = Aaξςης

ψλςµςηςξς = im√
2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0

⇔

∂aAbηςξς − ∂bAaηςξς = iςmεab
cAcηςξς , Aaηςξς = Aaξςης

ψλςµςηςξς = im√
2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0

⇔

∂aAbd − ∂bAad = iςmεab
cAcd, Aab = Aba, δ

abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab

⇒ (∂c∂c −m2)Aab = 0, Aab = Aba, δ
abAab = 0, ∂aAab = 0

1.4 n���¥k�þÀÚf³�§���Lã

1.4.1 êÆO�

5�1.4.1. (γaε)λ′ςµ′ς (ε̄γa)
λςµς = δ

{λς
λ′ς
δ
µς}
µ′ς

5�1.4.2. (γaε)λ′ςµ′ςηaa′(ε̄γ
a′)λςµς = δ

{λς
λ′ς
δ
µς}
µ′ς
− 2|ελ′ςµ′ς ||ε

λςµς |

1.4.2 n���¥k�þg^-n�B-W�§�duaC-K�§ [18, 20]

½n1.4.1.

(γa∂a +m)κς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ{λςµςηςξς · ·}︸ ︷︷ ︸
2n

Aab · ·︸ ︷︷ ︸
n

= ( 1√
2im

)n (ε̄γa)
λςµς (ε̄γb)

ηςξς · ·︸ ︷︷ ︸
n

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

⇔



∂aAbd · ·︸ ︷︷ ︸
n

(x)− ∂bAad · ·︸ ︷︷ ︸
n

(x) = iςmεab
cAcd · ·︸ ︷︷ ︸

n

(x)

Aab · ·︸ ︷︷ ︸
n

= 1
n!
A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

⇒⇒
(∂c∂c −m2)Aab · ·︸ ︷︷ ︸

n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!
A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0
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ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2n
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2n

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2n

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

1√
2nE

[a(~p)εab · ·︸ ︷︷ ︸
n

(~p)ei(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸
n

(~p)e−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

1.4.3 n���¥k�þg^-n�B-W�§g^ÄÚaC-K�§g^Ä�m'X

íØ1.4.1.

(iγapa +m)U[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)�é¡

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

(~p) = 0

paεbd · ·︸ ︷︷ ︸
n

(x)− pbεad · ·︸ ︷︷ ︸
n

= ςmεab
cεcd · ·︸ ︷︷ ︸

n

δabεab · ·︸ ︷︷ ︸
n

(~p) = 0, paεab · ·︸ ︷︷ ︸
n

(~p) = 0, εab · ·︸ ︷︷ ︸
n

(~p)�é¡

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸

n

(~p)

íØ1.4.2.

(−iγapa +m)V[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(~p) = 0

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)�é¡

ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0

paε̃bd · ·︸ ︷︷ ︸
n

(x)− pbε̃ad · ·︸ ︷︷ ︸
n

= −ςmεabcε̃cd · ·︸ ︷︷ ︸
n

δabε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0, paε̃ab · ·︸ ︷︷ ︸
n

(~p) = 0, ε̃ab · ·︸ ︷︷ ︸
n

(~p)�é¡

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸

n

(~p)

íØ1.4.3.
Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸

n

(~p)[⇔]εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

Vλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸

n

(~p)[⇔]ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

íØ1.4.4. εab · ·︸ ︷︷ ︸
n

(~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

, ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

1.4.4 n���¥�aKlein-Gordon�§g^Äεa(~p)9Ù5�

íØ1.4.5. u(~p) :=
√

E+m
2m

(1− ςσ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
½n1.4.2. εa(~p) = (iς + iςpx(px+iςpy)

m(E+m)
,−1 + iςpy(px+iςpy)

m(E+m)
,−ς px+iςpy

m
)

y²: uT (~p)u(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1 + σ∗·~p

E+m
σ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1 +

p2
x−p

2
y+2ipxpyσz

(E+m)2 )( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
= 1

2m(E+m)
[(E +m)2 + p2

x − p2
y + 2iςpxpy]

= 1 + px(px+iςpy)

m(E+m)
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y²: uT (~p)σzu(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)σz(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1− σ∗·~p

E+m
σ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)ς

[
1
0

]
= E+m

2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1− p2

x−p
2
y+2ipxpyσz

(E+m)2 )( 1+ς
2

+ 1−ς
2
σx)ς

[
1
0

]
= ς

2m(E+m)
[(E +m)2 − p2

x + p2
y − 2iςpxpy]

= ς − ipy(px+iςpy)

m(E+m)

y²: uT (~p)σxu(~p)

= E+m
2m

[
1
0

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)σx(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
1
0

]
= E+m

2m

[
1
0

]T
σx( 1+ς

2
+ 1−ς

2
σx)(1− ςσ·~p

E+m
)(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
1
0

]
= E+m

2m

[
1
0

]T
σx( 1+ς

2
+ 1−ς

2
σx)−2ςσ·~p

E+m
( 1+ς

2
+ 1−ς

2
σx)

[
1
0

]
= −ς (px+iςpy)

m

y²: εa(~p) = −i(ε̄γa)λςµςUλςµς (~p)
= −iuT (~p)(ε̄γa)u(~p)

= uT (~p)(1, iσz,−iςσx)u(~p)

= (1 + px(px+iςpy)

m(E+m)
, iς + py(px+iςpy)

m(E+m)
, ipx+iςpy

m
)

= (1 + px(px−iςpy)

m(E+m)
,−iς + py(px−iςpy)

m(E+m)
, i (px−iςpy)

m
)

íØ1.4.6. εa(~p)ε
+
a′(~p) =


1+

p2
x

m2

pxpy
m2 −

ςpπ
m
−pxpπ

m2 −
ςpy
m

pxpy
m2 +

ςpπ
m

1+
p2
y

m2 −
pypπ
m2 +

ςpx
m

pxpπ
m2 −

ςpy
m

pypπ
m2 +

ςpx
m

−1−
p2
π

m2

 = 1
m

[ m −ςpπ −ςpy
ςpπ m ςpx
−ςpy ςpx −m

]
+ 1

m2

[
pxp

+
x pxp

+
y pxp

+
π

pyp
+
x pyp

+
y pyp

+
π

pπp
+
x pπp

+
y pπp

+
π

]

íØ1.4.7. εa(~p)ε
+
a′(~p) = ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m

íØ1.4.8. εa(~p)δ
abεb(~p) = 0, εa(~p)p

a = 0, ε+
a (~p)ηaa

′
εa′(~p) = 2, ε+

a (~p)δaa
′
εa′(~p) = 2(E

m
)2

íØ1.4.9. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m
)(ηbb′ +

pbp
+

b′
m2 −

ςεbcdη
c
b′p

d

m
) · · ·︸ ︷︷ ︸

n

1.4.5 n���¥�aKlein-Gordon�§g^Äε̃a(~p)9Ù5�

íØ1.4.10. v(~p) :=
√

E+m
2m

(1− ςσ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
½n1.4.3. εa(~p) = (iς + iςpx(px+iςpy)

m(E+m)
,−1 + iςpy(px+iςpy)

m(E+m)
,−ς px+iςpy

m
)

y²: vT (~p)v(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
0
1

]
= E+m

2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1 + σ∗·~p

E+m
σ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
= E+m

2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1 +

p2
x−p

2
y+2ipxpyσz

(E+m)2 )( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
= 1

2m(E+m)
[(E +m)2 + p2

x − p2
y − 2iςpxpy]

= 1 + px(px−iςpy)

m(E+m)

y²: vT (~p)σzv(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)σz(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
0
1

]
= −E+m

2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1− σ∗·~p

E+m
σ·~p
E+m

)( 1+ς
2

+ 1−ς
2
σx)ς

[
0
1

]
= −E+m

2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1− p2

x−p
2
y+2ipxpyσz

(E+m)2 )( 1+ς
2

+ 1−ς
2
σx)ς

[
0
1

]
825
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= −ς
2m(E+m)

[(E +m)2 − p2
x + p2

y + 2iςpxpy]

= −ς − ipy(px−iςpy)

m(E+m)

y²: vT (~p)σxv(~p)

= E+m
2m

[
0
1

]T
( 1+ς

2
+ 1−ς

2
σx)(1− ςσ∗·~p

E+m
)σx(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
0
1

]
= E+m

2m

[
0
1

]T
σx( 1+ς

2
+ 1−ς

2
σx)(1− ςσ·~p

E+m
)(1− ςσ·~p

E+m
)( 1+ς

2
+ 1−ς

2
σx)

[
0
1

]
= E+m

2m

[
0
1

]T
σx( 1+ς

2
+ 1−ς

2
σx)−2ςσ·~p

E+m
( 1+ς

2
+ 1−ς

2
σx)

[
0
1

]
= −ς (px−iςpy)

m

y²: ε̃a(~p) = −i(ε̄γa)λςµςVλςµς (~p)
= −ivT (~p)(ε̄γa)v(~p)

= vT (~p)(1, iσz,−iςσx)v(~p)

= (1 + px(px−iςpy)

m(E+m)
,−iς + py(px−iςpy)

m(E+m)
, i (px−iςpy)

m
)

íØ1.4.11. ε̃a(~p) = ε+
a′(~p)η

a′

a , ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) ηa
′

a η
b′

b · ·︸ ︷︷ ︸
n

íØ1.4.12. ε̃a(~p)ε̃
+
a′(~p) = ηaa′ +

pap
+

a′
m2 +

ςεacdη
c
a′p

d

m

íØ1.4.13. ε̃a(~p)δ
abε̃b(~p) = 0, ε̃a(~p)p

a = 0, ε̃+
a (~p)ηaa

′
ε̃a′(~p) = 2, ε̃+

a (~p)δaa
′
ε̃a′(~p) = 2(E

m
)2

íØ1.4.14. ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 +

ςεacdη
c
a′p

d

m
)(ηbb′ +

pbp
+

b′
m2 +

ςεbcdη
c
b′p

d

m
) · · ·︸ ︷︷ ︸

n

1.4.6 n���¥k�þÀÚf�«OÝK�f�m'X

íØ1.4.15.



εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p)

ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)V +
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(~p)

íØ1.4.16.



Uλςµς · ·︸ ︷︷ ︸
2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · εab · ·︸ ︷︷ ︸

n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · ε̃ab · ·︸ ︷︷ ︸

n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

íØ1.4.17.



[Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n2n

n︷ ︸︸ ︷
(ε̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = m2n

2n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · ·[Aab · ·︸ ︷︷ ︸

n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]

1.4.7 n���¥k�þÀÚfOÝK�f��dLã

Ún1.4.1.u(~p)u+(~p) = (m−iγapa)γ0

2m
, uλς (~p)u

+
λ′ς

(~p)uµς (~p)u
+
µ′ς

(~p) = uλς (~p)u
+
µ′ς

(~p)uµς (~p)u
+
λ′ς

(~p)

εa(~p)ε
+
a′(~p) = ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m
, εa(~p)ε

+
a′(~p)εb(~p)ε

+
b′(~p) = εa(~p)ε

+
b′(~p)εb(~p)ε

+
a′(~p)
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⇔
[(m− iγapa)γ0]λςλ′ς [(m− iγ

bpb)γ
0]µςµ′ς = [(m− iγapa)γ0]µςλ′ς [(m− iγ

bpb)γ
0]λςµ′ς

(ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m
)(ηbb′ +

pbp
+

b′
m2 −

ςεbcdη
c
b′p

d

m
) = (ηab′ +

pap
+

b′
m2 −

ςεacdη
c
b′p

d

m
)(ηba′ +

pbp
+

a′
m2 −

ςεbcdη
c
a′p

d

m
)

[(m− iγbpb)γ0]λςλ′ς [(m− iγ
cpc)γ

0]µςµ′ς = m2(γaε)λςµς (ε̄γ
a′)λ′ςµ′ς (ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m
)

íØ1.4.18.
Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 −

ςεacdη
c
a′p

d

m
)] · · ·︸ ︷︷ ︸

n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
22n [(γaε)λςµς (ε̄γ

a′)λ′ςµ′ς (ηaa′ +
pap

+

a′
m2 +

ςεacdη
c
a′p

d

m
)] · · ·︸ ︷︷ ︸

n

1.4.8 n���¥k�þÀÚf�Cé´5K

½n1.4.4. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n

∆(x− x′)

[m]

½n1.4.5. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i i2n

22n−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n

∆(x− x′)

[m]

½n1.4.6. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

(ηaa′ −
∂a∂

+

a′
m2 +

iςεacdη
c
a′∂

d

m
) · ·︸ ︷︷ ︸

n

∆(x− x′)

[m]

½n1.4.7. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1 (ηaa′ −

∂a∂
+

a′
m2 +

iςεacdη
c
a′∂

d

m
) · ·︸ ︷︷ ︸

n

∆(x− x′)

1.5 n���¥¤�f³�§���Lã

1.5.1 n���¥k�þg^-n+ 1
2
�B-W�§�duaR-S�§ [18, 20]

½n1.5.1.

(γa∂a +m)κς
λςψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!

ψ{λςµςηςξς · ·τς}︸ ︷︷ ︸
2n+1

Aab · ·︸ ︷︷ ︸
n

τς

= ( 1√
2im

)n (ε̄γa)
λςµς (ε̄γb)

ηςξς · ·︸ ︷︷ ︸
n

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

⇔



∂aAbd · ·︸ ︷︷ ︸
n

τς − ∂bAad · ·︸ ︷︷ ︸
n

τς = iςmεab
cAcd · ·︸ ︷︷ ︸

n

τς

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

τς

⇒⇒
(γc∂c +m)Aab · ·︸ ︷︷ ︸

n

[τς ] = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En
√

m
E

2n+1
[a(~p)Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

τς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

√
m√

2nE
[a(~p)εab · ·︸ ︷︷ ︸

n

τς (~p)e
i(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)e
−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p), ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

íØ1.5.1. εab · ·︸ ︷︷ ︸
n

τς (~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

uτς (~p), ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

vτς (~p)
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1.5.2 n���¥k�þg^-n+ 1
2
�B-W�§g^ÄÚaR-S�§g^Ä�m'X

íØ1.5.2.

(iγapa +m)U[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = 0

Uλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p)�é¡

εab · ·︸ ︷︷ ︸
n

τς (~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

⇔



(pcpc +m2)εab · ·︸ ︷︷ ︸
n

τς (~p) = 0, εab · ·︸ ︷︷ ︸
n

τς (~p)�é¡

paεbd · ·︸ ︷︷ ︸
n

τς (x)− pbεad · ·︸ ︷︷ ︸
n

τς = ςmεab
cεcd · ·︸ ︷︷ ︸

n

τς

δabεab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paεab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaεab · ·︸ ︷︷ ︸
n

[τς ] = 0

Uλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸

n

τς (~p)

íØ1.5.3.

(−iγapa +m)V[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p)�é¡

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

⇔



(pcpc +m2)ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)�é¡

paε̃bd · ·︸ ︷︷ ︸
n

τς (x)− pbε̃ad · ·︸ ︷︷ ︸
n

τς = −ςmεabcε̃cd · ·︸ ︷︷ ︸
n

τς

δabε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaε̃ab · ·︸ ︷︷ ︸
n

[τς ] = 0

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)

íØ1.5.4.
Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · εab · ·︸ ︷︷ ︸

n

τς (~p)[⇔]εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

Vλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)[⇔]ε̃ab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

íØ1.5.5. ε̃a[τς ](~p) = σxε
+
a′[τ ′ς ]

(~p)ηa
′

a , ε̃ab · ·︸ ︷︷ ︸
n

[τς ](~p) = σxε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

[τ ′ς ]
(~p) ηa

′

a η
b′

b · ·︸ ︷︷ ︸
n

1.5.3 n���¥k�þ¤�f�«OÝK�f�m'X

íØ1.5.6.

εab · ·τς︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·τ ′ς︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p)

ε̃ab · ·τς︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·τ ′ς︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)V +
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p)

íØ1.5.7.

Uλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · εab · ·︸ ︷︷ ︸

n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · · ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)ε̃
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

íØ1.5.8.

{Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = 1

m2n2n

n︷ ︸︸ ︷
(ε̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·{ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

{ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)} = m2n

2n

n︷ ︸︸ ︷
(γaε)

λςµς · ·

n︷ ︸︸ ︷
(ε̄γa′)

λ′ςµ
′
ς · ·{Aab · ·︸ ︷︷ ︸

n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)}
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1.5.4 n���¥k�þ¤�fOÝK�f��dLã

íØ1.5.9.
Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n+1m

[(γaε)λςµς (ε̄γ
a′)λ′ςµ′ς (ηaa′ +

pap
+

a′
m2 −

ςεacdη
c
a′p

d

m
)] · · ·︸ ︷︷ ︸

n

[(m− iγcpc)γ0]τςτ ′ς

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
22n+1m

[(γaε)λςµς (ε̄γ
a′)λ′ςµ′ς (ηaa′ +

pap
+

a′
m2 +

ςεacdη
c
a′p

d

m
)] · · ·︸ ︷︷ ︸

n

[(−m− iγcpc)γ0]τςτ ′ς

1.5.5 n���¥k�þ¤�f�Cé´5K

½n1.5.2. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i
22n [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n+1

∆(x− x′)

[m]

½n1.5.3. {ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)} = i (iς)2n+1

22n [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

½n1.5.4. {ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)}

= i
22nm

Xaλςµς (x) · ·︸ ︷︷ ︸
n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

(ηaa′ −
∂a∂

+

a′
m2 +

iςεacdη
c
a′∂

d

m
) · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

½n1.5.5. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i

2n
(ηaa′ −

∂a∂
+

a′
m2 +

iςεacdη
c
a′∂

d

m
) · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

g·µãµn���¥(¢�3�B-W�§�d�aC-K½R-S�§§�/ªþ'o���{ü²ß"

1.6 n���¥s-g^�§

½n1.6.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡, γa := [−σy, σx, ςσz]

⇔ [s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = 0, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), σx(s), ςσz(s)]

y²: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = imσz ⊗ I22s−1ψ̂(s), Da = (∂x, ∂y, 0, ∂π)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = imσz ⊗ I22s−1ψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = imσz ⊗ I22s−1ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im[I ⊗ Γ̄(s)](σz ⊗ I22s−1)ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)[I ⊗ Γ̄(s)]ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)N(s)ψ(s)

⇔ ZbD
bψ(s) = im iς√

2
(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
Z̄a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
−iς√

2
N̄(s)(σ ⊗ I2s, iς)a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2s
N̄(s)[(−σy, σx,−i)⊗ I2s, ςσz ⊗ I2s]aN(s)ψ(s)

⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[(−σy(s), σx(s),−is), ςσz(s)]aψ(s)

Sab(s, ς; 4) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
⇔ [s∂a + iSab(s, ς)∂

b]ψ(s) = −mγa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)] �
[

0 σz(s) −ςσx(s)
−σz(s) 0 −ςσy(s)

ςσx(s) ςσy(s) 0

]
⇔ [s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0
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Ún1.6.1. γa(s) = [eϑ]a
be

1
2
ϑab[γa(s),γb(s)]γb(s)e

− 1
2
ϑab[γa(s),γb(s)] = [eiωRz+ε·L]a

beiωσz(s)+ςε·σ(s)γb(s)e
−iωσz(s)−ςε·σ(s)

½n1.6.2.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)�é¡

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇒


[γa(s)∂a + sm]ψ[kς ](x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

1.7 n���¥�Bargmann-Wigner�§ [18]�duPenrose�§ [1, 2]

½n1.7.1.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)�é¡

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇔


[s∂a + iSab(s, ς)∂

b]ψ[kς ](x) = −mγa(s)ψ[kς ](x)

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p

ψkς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2n
[a(~p, h)Ukς (~p; s)e

i(~p·~r−Et) + b+(~p, h)Vkς (~p; s)e
−i(~p·~r−Et)]dN~p

Ukς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Ukς (~p; s)

Vkς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Vkς (~p; s)

½n1.7.2. (γa∂a +m)ψ(x) = 0, γa = (−σy, σx, ςσz)⇔ (σ,−iς)a∂aψ(x) = imσzψ(x), σ = (σx, σy)

½n1.7.3. (γa∂a +m)ψ(x) = Mσxψ
∗(x), γa = (−σy, σx, ςσz)⇔ (σ,−iς)a∂aψ(x) = imσzψ(x) +Mσyψ

∗(x)

1.8 o���¥z¶É��Majorana�§�dun���¥�Penrose�§ [1, 2]

íØ1.8.1.(σ,−iς)a∂aν(x)−me−2iθσyν
∗(x) = 0

ψ(x) = 1√
2

[
ν(x)−ie−2iθσyν

∗(x)

−ν(x)−ie−2iθσyν
∗(x)

] ⇔


(γa∂a +m)ψ(x) = 0, γa = (σ ⊗ σy, ςI ⊗ σz)

ψ∗(x) = −e2iθσy ⊗ σyψ(x)

ν(x) = 1√
2
[ψ1(x) + ie−2iθσyψ

∗
1(x)]

ν(x) = 1
(2π)N/2

∫
E+m−ς~p·σ√

2m(E+m)

1√
2
(ξ0e

iςp·x + ie−2iθσyξ
∗
0e
−iςp·x)dN~p

ψ(x) = 1
(2π)N/2

∫
E+m+ς~p·σ⊗σx√

2m(E+m)

[
ξ0e

iςp·x

−ie−2iθσyξ
∗
0e
−iςp·x

]
d3~p = 1

(2π)N/2

∫  (E+m)ξ0e
iςp·x−ς~p·σ(ie−2iθσyξ

∗
0 )e−iςp·x√

2m(E+m)

−(E+m)(ie−2iθσyξ
∗
0 )e−iςp·x+ς~p·σξ0eiςp·x√

2m(E+m)

 dN~p
ξ0 = a(~p, 1

2
)
[

1
0

]
+ a(~p,− 1

2
)
[

0
1

]
½ξ0 = a(~p,− ς

2
)λ(p̂,− ς

2
) + a(~p, ς

2
)λ(p̂, ς

2
)

2 n���¥2ÂBargmann-Wigner�§

2.1 n���¥2Â�Bargmann-Wigner�§

íØ2.1.1.

(σ,−iς)a∂aν(x)− imσzν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = Mσxe

−2iθν∗(x), γa = (−σy, σx, ςσz)
[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] + e2iθσxξ

∗
−(~p)e−iς[~p·~r−E−t]}
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y²:

(σ,−iς)a∂aν(x)− imσzν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = Mσxe

−2iθν∗(x), γa = (−σy, σx, ςσz)

⇒ [∂a∂a − (m+M)2][∂a∂a − (m−M)2]ν(x) = 0, E+ =
√
~p2 + (m+M)2, E− =

√
~p2 + (m−M)2

ν(x) = 1
(2π)3/2

∫
d3~p{ξ+(~p)eiς[~p·~r−E+t] + η+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] + η−(~p)e−iς[~p·~r−E−t]}

⇔
iς(σ,−iς)a(~p, iE+)a{ξ+(~p)eiς[~p·~r−E+t] − η+(~p)e−iς[~p·~r−E+t]}
+ iς(σ,−iς)a(~p, iE−)a{ξ−(~p)eiς[~p·~r−E−t] − η−(~p)e−iς[~p·~r−E−t]}
− imσz
{ξ+(~p)eiς[~p·~r−E+t] + η+(~p)e−iς[~p·~r−E+t]

+ ξ−(~p)eiς[~p·~r−E−t] + η−(~p)e−iς[~p·~r−E−t]}
−Me−2iθσy

{ξ∗+(~p)e−iς[~p·~r−E+t] + η∗+(~p)eiς[~p·~r−E+t]

+ ξ∗−(~p)e−iς[~p·~r−E−t] + η∗−(~p)eiς[~p·~r−E−t]} = 0

⇔
{[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)−Me−2iθσyη

∗
+(~p)}eiς[~p·~r−E+t]

+ {[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p)}e−iς[~p·~r−E+t]

+ {[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)−Me−2iθσyη
∗
−(~p)}{eiς[~p·~r−E−t]

+ {[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p)}e−iς[~p·~r−E−t] = 0

⇔ (M 6= 0,m 6= 0)

[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)−Me−2iθσyη
∗
+(~p) = 0

[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p) = 0

[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)−Me−2iθσyη
∗
−(~p) = 0

[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p) = 0

⇔ (M 6= 0,m 6= 0)

Mη+(~p) = −e−2iθσy[−iς(σ∗,−iς)a(~p, iE+)a + imσz]ξ
∗
+(~p)

[−iς(σ,−iς)a(~p, iE+)a − imσz]η+(~p)−Me−2iθσyξ
∗
+(~p) = 0

Me−2iθσyη
∗
−(~p) = −e−2iθσy[−iς(σ∗,−iς)a(~p, iE−)a + imσz]ξ

∗
−(~p)

[−iς(σ,−iς)a(~p, iE−)a − imσz]η−(~p)−Me−2iθσyξ
∗
−(~p) = 0

⇔ (M 6= 0,m 6= 0)

(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

Mη∗+(~p) = e2iθσy[iς(σ,−iς)a(~p, iE+)a − imσz]ξ+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

Mη∗−(~p) = e2iθσy[iς(σ,−iς)a(~p, iE−)a − imσz]ξ−(~p)

⇔ (M 6= 0,m 6= 0)

(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

η+(~p) = −e−2iθσxξ
∗
+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

η−(~p) = e−2iθσxξ
∗
−(~p)

⇔
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(σ,−iς)a(~p, iE+)aξ+(~p) = ςσz(m+M)ξ+(~p), (σ,−iς)a(~p, iE+)aη+(~p) = −ςσz(m+M)η+(~p)

(σ,−iς)a(~p, iE−)aξ−(~p) = ςσz(m−M)ξ−(~p), (σ,−iς)a(~p, iE−)aη−(~p) = −ςσz(m−M)η−(~p)

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e−2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t]

+ξ−(~p)eiς[~p·~r−E−t] + e−2iθσxξ
∗
−(~p)e−iς[~p·~r−E−t]}

⇔

[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] − e−2iθσxξ

∗
+(~p)e−iς[~p·~r−E+t]

+ξ−(~p)eiς[~p·~r−E−t] + e−2iθσxξ
∗
−(~p)e−iς[~p·~r−E−t]}

2.2 n���¥�2ÂMajorana B-W�§

íØ2.2.1.

(σ,−iς)a∂aν(x)− i(m±M)σzν(x) = 0⇔ (γa∂a +m±M)ν(x) = 0, γa = (−σy, σx, ςσz)
ν(x) = iσxν

∗(x), e−2iθ = −± i[iςγa(~p, iE±)a + (m±M)]ξ±(~p) = 0, [−iςγa(~p, iE±)a + (m±M)]σxξ
∗
±(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ±(~p)eiς[~p·~r−E±t] + iσxξ

∗
±(~p)e−iς[~p·~r−E±t]}

íØ2.2.2.

(σ,−iς)a∂aν(x)− imσzν(x) = 0⇔ (γa∂a +m)ν(x) = 0, γa = (−σy, σx, ςσz)
ν(x) = iσxν

∗(x), e−2iθ = −i[iςγa(~p, iE)a +m]ξ(~p) = 0, [−iςγa(~p, iE)a +m]σxξ
∗(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ(~p)eiς[~p·~r−Et] + iσxξ

∗(~p)e−iς[~p·~r−Et]}

2.3 n���¥¢L��2ÂBargmann-Wigner�§

íØ2.3.1.

SxySc(
1
2
) = 1√

2

[
i 1

1 i

]
, [SxySc(

1
2
)]+ = 1√

2

[
−i 1

1 −i

]

SxySc(
1
2
)σx = 1√

2

[
1 i

i 1

]
, [SxySc(

1
2
)σx]+ = 1√

2

[
1 −i
−i 1

]
σx[SxySc(

1
2
)]+(−σy, σx, ςσz)SxySc( 1

2
)σ+
x = σx(σz, σx, ςσy)σ

+
x = (−σz, σx,−ςσy)

íØ2.3.2.

(σ,−iς)a∂aν(x) + imσyν(x)−Me−2iθσyν
∗(x) = 0⇔ (γa∂a +m)ν(x) = −iMe−2iθν∗(x), γa = (−σz, σx,−ςσy)xzπ

[iςγa(~p, iE+)a + (m+M)]ξ+(~p) = 0, [−iςγa(~p, iE+)a + (m+M)]η+(~p) = 0

[iςγa(~p, iE−)a + (m−M)]ξ−(~p) = 0, [−iςγa(~p, iE−)a + (m−M)]η−(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ+(~p)eiς[~p·~r−E+t] + ie−2iθξ∗+(~p)e−iς[~p·~r−E+t] + ξ−(~p)eiς[~p·~r−E−t] − ie−2iθξ∗−(~p)e−iς[~p·~r−E−t]}

2.4 n���¥¢L��2ÂMajorana B-W�§

íØ2.4.1.

(σ,−iς)a∂aν(x) + i(m±M)σyν(x) = 0⇔ (γa∂a +m±M)ν(x) = 0, γa = (−σz, σx,−ςσy), ν∗(x) = ν(x)[iςγa(~p, iE±)a + (m±M)]ξ±(~p) = 0, [−iςγa(~p, iE±)a + (m±M)]ξ∗±(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ±(~p)eiς[~p·~r−E±t] + ξ∗±(~p)e−iς[~p·~r−E±t]}
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íØ2.4.2.

(σ,−iς)a∂aν(x) + imσyν(x) = 0⇔ (γa∂a +m)ν(x) = 0, γa = (−σz, σx,−ςσy), ν∗(x) = ν(x)[iςγa(~p, iE)a +m]ξ(~p) = 0, [−iςγa(~p, iE)a +m]ξ∗(~p) = 0

ν(x) = 1
(2π)N/2

∫
dN~p{ξ(~p)eiς[~p·~r−Et] + ξ∗(~p)e−iς[~p·~r−Et]}

3 n���¥�*L�e�Bargmann-Wigner�§

3.1 n���¥�*L�e�Dirac�§

y²: D~v = e−ln[γv(1+v)]v̂·( i
2
~γγ0) = 1+γv−iγv~v·~γγ0√

2(γv+1)
= E+m−i~p·~γγ0√

2m(E+m)
= m−iγapaγ0√

2m(E+m)

½Â3.1.1. (γa∂a +m)ψ = 0, γa = (1⊗ σx, 1⊗ σy, ς1⊗ σz)

½Â3.1.2. u(~p) :=
√

E+m
2m

(1− iςσ·~pσz
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
, v(~p) :=

√
E+m
2m

(1− iςσ·~pσz
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
íØ3.1.1. u(~p) = σxv

∗(~p), v(~p) = σxu
∗(~p)

íØ3.1.2. Sxy(σx, σy, σz)S
+
xy = (−σy, σx, σz), Sxy =

[
1 0

0 −i

]
, S+

xy =

[
1 0

0 i

]

3.2 n���¥�*L�e�aKlein-Gordon�§g^Äεa(~p), ε̃a(~p)9Ù5�

½n3.2.1. u(~p) :=
√

E+m
2m

(1− iςσ·~pσz
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
, γa = (σx, σy, ςσz)

⇒ εa(~p) = −i(ε̄γa)λςµςUλςµς (~p) = −iuT (~p)(ε̄γa)u(~p)

= (iς + iςpx(px+iςpy)

m(E+m)
,−1 + iςpy(px+iςpy)

m(E+m)
,−ς px+iςpy

m
) = iς(1 + px(px+iςpy)

m(E+m)
, iς + py(px+iςpy)

m(E+m)
, ipx+iςpy

m
)

½n3.2.2. v(~p) :=
√

E+m
2m

(1− iςσ·~pσz
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
, γa = (σx, σy, ςσz)

⇒ ε̃a(~p) = −i(ε̄γa)λςµςVλςµς (~p)
= (−iς − iςpx(px−iςpy)

m(E+m)
,−1− iςpy(px−iςpy)

m(E+m)
, ς px−iςpy

m
) = −iς(1 + px(px−iςpy)

m(E+m)
,−iς + py(px−iςpy)

m(E+m)
, i (px−iςpy)

m
)

íØ3.2.1. ε̃a(~p) = ε+
a′(~p)η

a′

a , ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) ηa
′

a η
b′

b · ·︸ ︷︷ ︸
n

3.3 n���¥�*L�es-g^�§

½n3.3.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡, γa := [σx, σy, ςσz]

⇔ [s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = iςm

s
√

2
γa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [σx(s), σy(s), ςσz(s)]

y²: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = −mψ̂(s), Da = (∂x, ∂y, ς∂π, 0)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = −mψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −mψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −m[I ⊗ Γ̄(s)]ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = −mN(s)ψ(s)

⇔ ZbD
bψ(s) = −m iς√

2
N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m−iς√

2
Z̄aN(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2
N̄(s)(σ ⊗ I2s, iς)aN(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2s
[σ(s), isς]aψ(s)

⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[σ(s), isς]aψ(s), Sab(s, ς; 4) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]
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⇔ [s∂a + iSab(s, ς)∂
b]ψ(s) = −mγa(s)ψ(s), Sab(s, ς) = −i[γa(s), γb(s)] �

[
0 σz(s) −ςσy(s)

−σz(s) 0 ςσx(s)
ςσy(s) −ςσx(s) 0

]
⇔ [s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

4 n���¥Ã�þâf�Bargmann-Wigner�§(m�´ëê)

4.1 n���¥Ã�þâf�Penrose�§

4.1.1 n���¥Ã�þâf�Ú^Ý¼ê

½Â4.1.1. σ( 1
2
) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2
, 1

2

4.1.2 n���¥Ã�þâf�Penrose�§ [1, 2]9ÙÚ^Ý��¼ê

½Â4.1.2. γa∂aψ(x) = 0, γa = (−σy, σx, ςσz) = Sxy(σx, σy, ςσz)S
+
xy ⇔ (σ,−iς)a∂aψ(x) = 0, σ = (σx, σy)

y²: γa∂aψ(x) = 0, γa = (−σy, σx, ςσz)
⇔ (−σy∂x + σx∂y)ψ(x) = −ςσz∂πψ(x)

⇔ (σx∂x + σy∂y)ψ(x) = iς∂πψ(x)

⇔ (σy∂y + σx∂x)ψ(x) = iς∂πψ(x)

⇔ (σy∂y + σx∂x)ψ(~p)eip·x = iς∂πψ(~p)eip·x

⇔ (σxpx + σypy)ψ(~p)eip·x = iςpπψ(~p)eip·x

⇔ (σxp̂x + σyp̂y)λ(p̂,− ς
2
) = −ςλ(p̂,− ς

2
)

⇔ (σxp̂x + σyp̂y)λ(
[
p̂x
p̂y
0

]
,− ς

2
) = −ςλ(

[
p̂x
p̂y
0

]
,− ς

2
)

íØ4.1.1. λ(p̂, 1
2
) = λ(

[
p̂x
p̂y
0

]
, 1

2
) = 1√

2

[
1

p̂x + ip̂y

]
, λ(p̂,− 1

2
) = λ(

[
p̂x
p̂y
0

]
,− 1

2
) = 1√

2

[
−(p̂x − ip̂y)

1

]

íØ4.1.2. λ(p̂, 1
2
)λ+(p̂, 1

2
) =

− i
2
γ0γap̂a, ς = 1

− i
2
γap̂aγ

0, ς = −1
λ(p̂,− 1

2
)λ+(p̂,− 1

2
) =

− i
2
γap̂aγ

0, ς = 1

− i
2
γ0γap̂a, ς = −1

íØ4.1.3.

λ(p̂,− ς
2
)λ+(p̂,− ς

2
) = − i

2
γap̂aγ

0 = − ς
2
(σ, iς)ap̂a

λ(p̂, ς
2
)λ+(p̂, ς

2
) = − i

2
γ0γap̂a = ς

2
(σ,−iς)ap̂a

íØ4.1.4. σ( 1
2
) · p̂λ(p̂, h) = hλ(p̂, h), h = − 1

2
, 1

2

íØ4.1.5. λ+(p̂, h)λ(p̂, h′) = δhh′ ,
−1/2∑
h=1/2

λ(p̂, h)λ+(p̂, h) = 1,
−1/2∑
h=1/2

hλ(p̂, h)λ+(p̂, h) = σ( 1
2
) · p̂

4.1.3 n���¥Ã�þâf [1, 2]�²¡Å)9Ùg^Ä

½n4.1.1. γa∂aψ(x) = 0⇔ (σ,−iς)a∂aψ(x) = 0

íØ4.1.6.


ψ(~r, t) := 1

(2π)N/2

∫
~p6=0

λ(p̂,− ς
2
)[a1(~p,− ς

2
)eip·x + a+

2 (~p,− ς
2
)e−ip·x]dN~p

a1(~p,− ς
2
) = 1

(2π)N/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2
) = 1

(2π)N/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)eip·xdN~r

½n4.1.2. γaZς
Aς∂aψAςBς · · ·︸ ︷︷ ︸

2s

(x) = 0⇔ (σ,−iς)A
′
ςAς

a ∂aψAςBς · · ·︸ ︷︷ ︸
2s

(x) = 0
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íØ4.1.7.

ψAςBς · ·︸ ︷︷ ︸
2s

(x) = 1
(2π)3/2

∫
~p6=0

|~p|(s−
1
2

) λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]d3~p

~p|(s−
1
2

)a1(~p,−sς) = 1
(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
) · ·ψAςBς · ·︸ ︷︷ ︸

2s

(x)e−ip·xd3~r

|~p|(s−
1
2

)a+
2 (~p,−sς) = 1

(2π)3/2

∫ 2s︷ ︸︸ ︷
λ+Aς (p̂,− ς

2
)λ+Bς (p̂,− ς

2
) · ·ψAςBς · ·︸ ︷︷ ︸

2s

(x)eip·xd3~r

½Â4.1.3. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς) := λAς (p̂,− ς
2
)λBς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2s

íØ4.1.8. λ+

2s︷ ︸︸ ︷
AςBς · ·(p̂,−sς)λAςBς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1

íØ4.1.9. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1
(2|~p|)2s [(−iγapa)γ0]AςA′ς [(−iγ

bpb)γ
0]BςB′ς · ·︸ ︷︷ ︸

2s

íØ4.1.10. λAςBς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
A
′
ςB
′
ς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = 1
(−ς2|~p|)2s (σ, iς)aAςA′ς (σ, iς)

b
BςB′ς

· ·︸ ︷︷ ︸
2s

papb · ·︸ ︷︷ ︸
2s

4.2 n���¥Ã�þâf³�§�äNLã

4.2.1 n���¥Ã�þg^-1�B-W�§�duaC-K�§ [18, 20]

½n4.2.1. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, σx, ςσz)
⇔ ∂aAb − ∂bAa = 0, ∂aAa = 0, ψ = im√

2
γaεAa ⇒ ∂b∂bAa = 0, ∂aAa = 0

y²: γa∂aψ(x) = 0, ψ = im√
2
γaεAa

⇔ γa∂a
im√

2
γbεAb = 0

⇔ γa∂aγ
bAb = 0

⇔ δab∂aAb + iςεabc∂aAbγc = 0

⇔ ∂aAa + iςεabc∂aAbγ
c = 0

⇔ ∂aAa = 0, iςεabc∂aAb = 0

⇔ ∂aAa = 0, εabc∂aAb = 0⇔ ∂aAa = 0,∇× ~A = 0

⇔ ∂aAa = 0, εa
′b′cεabc∂aAb = 0

⇔ ∂aAa = 0, (δa
′aδb

′b − δa′bδb′a)∂aAb = 0

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0

⇒ ∂aAa = 0, ∂a∂aAb − ∂b∂aAa = 0

⇔ ∂a∂aAb = 0, ∂aAa = 0

4.2.2 n���¥Ã�þg^- 3
2
�B-W�§�duaR-S�§ [18, 20]

½n4.2.2. (γa∂a)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!
ψ{λςµςης}, Aaης = 1√

2im
(ε̄γa)

λςµςψλςµςης

⇔

∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , γ

aAa[ης ] = 0
⇒ γb∂bAa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

y²:

(γa∂a)κς
λςψλςµςης (x) = 0, ψλςµςης = 1

3!
ψ{λςµςης}

Aaης = 1√
2im

(ε̄γa)
λςµςψλςµςης , γ

a = (−σy, σx, ςσz)

⇔

∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , ψλςµςης = ψλςηςµς
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⇔

∂aAbης − ∂bAaης = 0, ∂aAaης = 0

ψλςµςης = im√
2
(γaε)λςµςAaης , ε

µςηςψλςµςης = 0

⇔ ∂aAbης − ∂bAaης = 0, γaAa[ης ] = 0, ∂aAaης = 0

⇒ γa∂aAb[ης ] − ∂bγaAa[ης ] = 0, γaAaης = 0, ∂aAaης = 0

⇔ γa∂aAb[ης ] = 0, γaAaης = 0, ∂aAaης = 0

⇔ γa∂aAbης = 0, γaAaης = 0, ∂aAaης = 0

⇔ γb∂bAa[ης ] = 0, γaAa[ης ] = 0, ∂aAaης = 0

4.2.3 n���¥Ã�þg^-2�B-W�§�duaC-K�§ [18, 20]

½n4.2.3. (γa∂a)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}, Aab = ( 1√

2im
)2(ε̄γa)

λςµς (ε̄γb)
ηςξςψλςµςηςξς

⇔

∂aAbd − ∂bAad = 0, ∂aAab = 0, Aab = Aba, δ
abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab
⇒

∂c∂cAab = 0, ∂aAab = 0

Aab = Aba, δ
abAab = 0

y²:(γa∂a)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}

Aab := ( 1√
2im

)2(ε̄γa)
λςµς (ε̄γb)

ηςξςψλςµςηςξς , γ
a = (−σy, σx, ςσz)

⇔

(γa∂a)κς
λςψλςµςηςξς (x) = 0, ψλςµςηςξς = 1

4!
ψ{λςµςηςξς}

Aaηςξς := 1√
2im

(ε̄γa)
λςµςψλςµςηςξς

⇔

∂aAbηςξς − ∂bAaηςξς = 0, Aaηςξς = Aaξςης

ψλςµςηςξς = im√
2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0, ∂aAaηςξς = 0

⇔

∂aAbηςξς − ∂bAaηςξς = 0, Aaηςξς = Aaξςης

ψλςµςηςξς = im√
2
(γaε)λςµςAaηςξς , γ

aAa[ης ]ξς = 0, ∂aAaηςξς = 0

⇔

∂aAbd − ∂bAad = 0, ∂aAab = 0, Aab = Aba, δ
abAab = 0

ψλςµςηςξς = ( im√
2
)2(γaε)λςµς (γ

bε)ηςξςAab

⇒ ∂c∂cAab = 0, ∂aAab = 0, Aab = Aba, δ
abAab = 0

4.3 n���¥Ã�þâf³�§���Lã

4.3.1 n���¥Ã�þg^-n�B-W�§�duaC-K�§ [18, 20]

½n4.3.1.

(γa∂a)κς
λςψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= 1
(2n)!

ψ{λςµςηςξς · ·}︸ ︷︷ ︸
2n

Aab · ·︸ ︷︷ ︸
n

= ( 1√
2im

)n (ε̄γa)
λςµς (ε̄γb)

ηςξς · ·︸ ︷︷ ︸
n

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

⇔



∂aAbd · ·︸ ︷︷ ︸
n

− ∂bAad · ·︸ ︷︷ ︸
n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!
A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

⇒⇒
∂c∂cAab · ·︸ ︷︷ ︸

n

= 0, ∂aAab · ·︸ ︷︷ ︸
n

= 0

Aab · ·︸ ︷︷ ︸
n

= 1
n!
A{ab · ·}︸ ︷︷ ︸

n

, δabAab · ·︸ ︷︷ ︸
n

= 0

íØ4.3.1.

ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x) = 1
(2π)N/2

∫
~p6=0

|~p|(n−
1
2

)λλςµςηςξς · ·︸ ︷︷ ︸
2n

(p̂,−nς
2

)[a1(~p,−nς)eip·x + a+
2 (~p,−nς)e−ip·x]dN~p

Aab · ·︸ ︷︷ ︸
n

(x) = 1
(2π)N/2

∫
~p6=0

1√
2nE

λab · ·︸ ︷︷ ︸
n

(~p)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p
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λab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p,−nς
2

)

4.3.2 n���¥k�þg^-n�B-W�§g^ÄÚaC-K�§g^Ä�m'X

íØ4.3.2.

(iγapa +m)λ[λς ]µςηςξς · ·︸ ︷︷ ︸
2n

(p̂,−nς
2

) = 0

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(p̂,−nς
2

)�é¡

λab · ·︸ ︷︷ ︸
n

(~p)

= 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p,−nς
2

)

⇔



(pcpc +m2)λab · ·︸ ︷︷ ︸
n

(~p) = 0

paλbd · ·︸ ︷︷ ︸
n

(x)− pbλad · ·︸ ︷︷ ︸
n

= ςmλab
cλcd · ·︸ ︷︷ ︸

n

δabλab · ·︸ ︷︷ ︸
n

(~p) = 0, paλab · ·︸ ︷︷ ︸
n

(~p) = 0, λab · ·︸ ︷︷ ︸
n

(~p)�é¡

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς
2

) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸

n

(~p)

íØ4.3.3.

λλςµςηςξς · ·︸ ︷︷ ︸
2n

(~p,−nς
2

) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸

n

(~p)[⇔]λab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·λλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p,−nς
2

)

íØ4.3.4. λλςµς · ·︸ ︷︷ ︸
2n

(p̂,−sς) = λλς (p̂,− ς
2
)λµς (p̂,− ς

2
) · ·︸ ︷︷ ︸

2n

, λab · ·︸ ︷︷ ︸
n

(~p) = λa(~p)λb(~p) · ·︸ ︷︷ ︸
n

íØ4.3.5. λa(~p,−ς)
= 1

i
(ε̄γa)

λςµςλλςµς (~p,−ς)
= 1

i
λλς (~p,− ς

2
)(ε̄γa)

λςµςλµς (~p,− ς
2
)

= (p̂x − iςp̂y)(p̂x, p̂y, i)a
= (p̂x − iςp̂y)p̂a
λ+a(~p,−ς)λa(~p,−ς) = 2, λa(~p,−ς)λ+

a′(~p,−ς) = p̂ap̂
+
a′

íØ4.3.6. λ(p̂, 1
2
) = λ(

[
p̂x
p̂y
0

]
, 1

2
) = 1√

2

[
1

p̂x + ip̂y

]
, λ(p̂,− 1

2
) = λ(

[
p̂x
p̂y
0

]
,− 1

2
) = 1√

2

[
−(p̂x − ip̂y)

1

]
4.3.3 n���¥Ã�þg^-n+ 1

2
�B-W�§�duaR-S�§ [18, 20]

½n4.3.2.

(γa∂a)κς
λςψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= 1
(2n+1)!

ψ{λςµςηςξς · ·τς}︸ ︷︷ ︸
2n+1

Aab · ·︸ ︷︷ ︸
n

τς

= ( 1√
2im

)n (ε̄γa)
λςµς (ε̄γb)

ηςξς · ·︸ ︷︷ ︸
n

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

⇔



∂aAbd · ·︸ ︷︷ ︸
n

τς − ∂bAad · ·︸ ︷︷ ︸
n

τς = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

= ( im√
2
)n (γaε)λςµς (γ

bε)ηςξς · ·︸ ︷︷ ︸
n

Aab · ·︸ ︷︷ ︸
n

τς

⇒⇒
γc∂cAab · ·︸ ︷︷ ︸

n

[τς ] = 0, ∂aAab · ·︸ ︷︷ ︸
n

τς = 0

Aab · ·︸ ︷︷ ︸
n

τς = 1
n!
A{ab · ·}︸ ︷︷ ︸

n

τς , δ
abAab · ·︸ ︷︷ ︸

n

τς = 0, γaAab · ·︸ ︷︷ ︸
n

[τς ] = 0

íØ4.3.7.

ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x) = 1
(2π)N/2

∫
~p6=0

|~p|nλλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,− sς
2

)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

Aab · ·︸ ︷︷ ︸
n

τς (x) = 1
(2π)N/2

∫
~p6=0

1√
2nE

λab · ·︸ ︷︷ ︸
n

τς (~p)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·λλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p,− sς
2

)
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4.3.4 n���¥k�þg^-n+ 1
2
�B-W�§g^ÄÚaR-S�§g^Ä�m'X

íØ4.3.8.

(iγapa +m)λ[λς ]µςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−nς
2

) = 0

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−nς
2

)�é¡

λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς
2

)

⇔



(pcpc +m2)λab · ·︸ ︷︷ ︸
n

τς (~p) = 0, paλab · ·︸ ︷︷ ︸
n

τς (~p) = 0

paλbd · ·︸ ︷︷ ︸
n

τς (x)− pbλad · ·︸ ︷︷ ︸
n

τς = ςmλab
cλcd · ·︸ ︷︷ ︸

n

τς

δabλab · ·︸ ︷︷ ︸
n

τς (~p) = 0, γaλab · ·︸ ︷︷ ︸
n

[τς ] = 0, λab · ·︸ ︷︷ ︸
n

τς (~p)�é¡

λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς
2

) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸

n

τς (~p)

íØ4.3.9. λλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(~p,−nς
2

) = ( i
2
)n

n︷ ︸︸ ︷
(γaε)λςµς (γbε)ηςξς · ·λab · ·︸ ︷︷ ︸

n

τς (~p)

[⇔]λab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·λλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p,−nς
2

)

íØ4.3.10.

λλςµς · ·τς︸ ︷︷ ︸
2n+1

(p̂,−sς) = λλς (p̂,− ς
2
)λµς (p̂,− ς

2
) · ·λτς (p̂,− ς

2
)︸ ︷︷ ︸

2n+1

, λab · ·︸ ︷︷ ︸
n

τς (~p) = λa(~p)λb(~p) · ·︸ ︷︷ ︸
n

λτς (p̂,− ς
2
) = λab · ·︸ ︷︷ ︸

n

(~p)λτς (p̂,− ς
2
)

4.4 n���¥Ã�þs-g^�§

½n4.4.1.
γa∂aψ[λς ]µς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡

ψkς (s, ς) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

ψλςµς · ·︸ ︷︷ ︸
2s

, γa = (−σy, σx, ςσz)

⇔
[s∂a + iSab(s, ς)∂

b]ψ(s, ς) = 0, Sab(s, ς) = −i[γa(s), γb(s)]

ψλςµς · ·︸ ︷︷ ︸
2s

= Γkςλςµς · ·︸ ︷︷ ︸
2s

ψkς (s, ς), Sab(s, ς) =

[
0 σz(s) −ςσx(s)

−σz(s) 0 −ςσy(s)

ςσx(s) ςσy(s) 0

]
ψλςµς · ·︸ ︷︷ ︸

2s

(x) = 1
(2π)N/2

∫
~p 6=0

|~p|(s−
1
2

)λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

ψkς (x) = 1
(2π)N/2

∫
~p6=0

|~p|(s−
1
2

)λkς (p̂,−sς)[a1(~p,−sς)eip·x + a+
2 (~p,−sς)e−ip·x]dN~p

λkς (~p,−sς) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

λλςµς · ·︸ ︷︷ ︸
2s

(~p,−sς)⇔ λλςµς · ·︸ ︷︷ ︸
2s

(~p,−sς) = Γkςλςµς · ·︸ ︷︷ ︸
2s

λkς (~p,−sς)

4.4.1 n���¥Ã�þâf��Cé´5K

½n4.4.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(−γa∂a)γ0]λςλ′ς [(−γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n4.4.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [(σ, iς)a∂a]λςλ′ς [(σ, iς)
b∂b]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n4.4.4. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

[m]
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½n4.4.5. [Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = i
2n−1

∂a∂
+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

∆(x− x′)

[m]

½n4.4.6. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = i

2n
∂a∂

+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

[(−γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

½n4.4.7. {Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)} = iς i

2n
∂a∂

+

a′
∇2

∂b∂
+

b′
∇2 · ·︸ ︷︷ ︸
n

[(σ, iς)c∂c]τςτ ′ς∆(x− x′)

5 ����¥k�þâf��Cþfz

5.1 ����¥�Dirac�§

5.1.1 ����¥�Diracg^Ä

½Â5.1.1. u(~p) :=
√

E+m
2m

(1− ςpxσx
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
1
0

]
, v(~p) :=

√
E+m
2m

(1− ςpxσx
E+m

)( 1+ς
2

+ 1−ς
2
σx)

[
0
1

]
íØ5.1.1. u(~p) = σxv(~p), v(~p) = σxu(~p), u∗(~p) = u(~p), v∗(~p) = v(~p)

5.1.2 ����¥Diracg^Ä�5�

5�5.1.1.

ū(~p)u(~p) = 1, v̄(~p)v(~p) = −1, ū(~p)v(~p) = 0, v̄(~p)u(~p) = 0

u+(~p)u(~p) = E
m
, v+(~p)v(~p) = E

m
, u+(~p)v(−~p) = 0, v+(~p)u(−~p) = 0

5�5.1.2.

u(~p)ū(~p) = m−iγapa
2m

v(~p)v̄(~p) = −m−iγapa
2m

u(~p)u+(~p) = (m−iγapa)γ0

2m
= mσz−(σ,iς)apa

ς2m

v(~p)v+(~p) = (−m−iγapa)γ0

2m
= −mσz−(σ,iς)apa

ς2m

5�5.1.3. u(~p)ū(~p)− v(~p, h)v̄(~p) = 1, u(~p)ū(~p) + v(~p, h)v̄(~p) = −iγapa
m

, u(~p)u+(~p) + v(−~p, h)v+(−~p) = E
m

5.1.3 ����¥�Dirac�§ [5]9Ù²¡Å)

½n5.1.1. (γa∂a +m)ψ = 0, γa = (−σy, ςσz)

ψ(~r, t) = 1
(2π)1/2

+∞∫
~p=−∞

[a(~p)
√

m
E
u(~p)ei(~p·~r−Et) + b+(~p)

√
m
E
v(~p)e−i(~p·~r−Et)]d~p

a(~p) = 1
(2π)1/2

+∞∫
~p=−∞

√
E
m
u+(~p)ψ(~r, t)e−i(~p·~r−Et)d~r, b+(~p) = 1

(2π)1/2

+∞∫
~p=−∞

√
E
m
v+(~p)ψ(~r, t)ei(~p·~r−Et)d~r

5.1.4 ����¥Dirac�§��Cþfz5K

íØ5.1.2.

{a(~p), a+(~p′)} = δ(~p− ~p′)

{a(~p), a(~p′)} = 0, {a+(~p), a+(~p′)} = 0
⇒ {ψ(x), ψ+(x′)} = i(m− γa∂a)γ0∆(x− x′)

5.2 ����¥�Bargmann-Wigner�§

5.2.1 ����¥Bargmann-Wigner�§ [18]�g^Ä9Ù²¡Å)

½Â5.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) := uλς (~p)uµς (~p) · ·︸ ︷︷ ︸
2s

, Vλςµς · ·︸ ︷︷ ︸
2s

(~p) := vλς (~p)vµς (~p) · ·︸ ︷︷ ︸
2s

íØ5.2.1. Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p), Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = σx ⊗ σx · ·︸ ︷︷ ︸
2s

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)
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½n5.2.1. (γa∂a +m)κς
λςψλςµς · ·︸ ︷︷ ︸

2s

(~r, t) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2s)!

ψ{λςµς · ·}︸ ︷︷ ︸
2s

(~r, t)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

Es− 1
2
√

m
E

2s
[a(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p
a(~p) = 1

(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)e−i(~p·~r−Et)dN~r

b+(~p) = 1
(2π)N/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +

2s︷ ︸︸ ︷
λςµς · ·(~p)ψλςµς · ·︸ ︷︷ ︸

2s

(~r, t)ei(~p·~r−Et)dN~r

5.2.2 ����¥Bargmann-Wigner�§g^Ä���5�

íØ5.2.2.


Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 1

Ū

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0, V̄

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = 0

íØ5.2.3.


U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(~p) = (E
m

)2s, U+

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Vλςµς · ·︸ ︷︷ ︸

2s

(~p) = (E
m

)2s, V +

2s︷ ︸︸ ︷
λςµς · ·(~p)Uλςµς · ·︸ ︷︷ ︸

2s

(−~p) = 0

5.2.3 ����¥Bargmann-Wigner�§�OÝK�f

íØ5.2.4.


Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(2m)2s [(−m− iγbpb)γ0]λςλ′ς [(−m− iγ

cpc)γ
0]µςµ′ς · · ·︸ ︷︷ ︸

2s

íØ5.2.5.


Uλςµς · ·︸ ︷︷ ︸

2s

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(~p) = 1
(ς2m)2s [−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

íØ5.2.6. Uλςµς · ·︸ ︷︷ ︸
2s

(p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(p) = (−1)2sVλςµς · ·︸ ︷︷ ︸
2s

(−p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(−p)

5.2.4 ����¥Bargmann-Wigner�§��Cé´5K

½n5.2.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n5.2.3. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2s

∆(x− x′)

5.2.5 ����¥Xa
λςµς

(p)�5�

½Â5.2.2. Xa
λςµς

(x) := [(imγa + ςσxε
ab∂b)ε]λςµς , X

a
λςµς

(p) := [(imγa + iςσxε
abpb)ε]λςµς

5�5.2.1. (γaε)λ′ςµ′ς (ε̄γa)
λςµς = −δ{λςλ′ς

δ
µς}
µ′ς
− σxλ′ςµ′ςσ

λςµς
x

5�5.2.2. (ε̄γa
′
)λςµςXa

λςµς
(p) = i2mδa

′a
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y²: (ε̄γa
′
)λςµςXa

λςµς
(p)

= (ε̄γa
′
)λςµς [(imγa + iςσxε

abpb)ε]λςµς

= tr[ε̄γa
′
(imγa + iςσxε

abpb)ε]

= tr[γa
′
(imγa + iςσxε

abpb)]

= imtr(γa
′
γa)

= i2mδa
′a

5�5.2.3. [(imγa + ςσxε
ab∂b)ε]λ′ςµ′ς (ε̄γa)

λςµς = −imδ{λςλ′ς
δ
µς}
µ′ς
− imσxλ′ςµ′ςσ

λςµς
x + · · ·

5.2.6 ����¥Bargmann-Wigner�§OÝK�f��dLã

Ún5.2.1.u(~p)u+(~p) = (m−iγapa)γ0

2m
, uλς (~p)u

+
λ′ς

(~p)uµς (~p)u
+
µ′ς

(~p) = uλς (~p)u
+
µ′ς

(~p)uµς (~p)u
+
λ′ς

(~p)

εa(~p)ε
+
a′(~p) = ηaa′ +

pap
+

a′
m2 , εa(~p)ε

+
a′(~p)εb(~p)ε

+
b′(~p) = εa(~p)ε

+
b′(~p)εb(~p)ε

+
a′(~p)

⇔
[(m− iγbpb)γ0]λςλ′ς [(m− iγ

cpc)γ
0]µςµ′ς = [(m− iγbpb)γ0]µςλ′ς [(m− iγ

cpc)γ
0]λςµ′ς

(ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) = (ηba′ +

pbp
+

a′
m2 )(ηab′ +

pap
+

b′
m2 )

[(m− iγbpb)γ0]λςλ′ς [(m− iγ
cpc)γ

0]µςµ′ς = Xa
λςµς

(p)X+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )

íØ5.2.7.


Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς
(p)X+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς
(−p)X+a′

λ′ςµ
′
ς
(p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

íØ5.2.8.


Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς
(p)X+a′

λ′ςµ
′
ς
(−p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

[(m− iγcpc)γ0]τςτ ′ς

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς
(−p)X+a′

λ′ςµ
′
ς
(p)(ηaa′ +

pap
+

a′
m2 )] · · ·︸ ︷︷ ︸

n

[(−m− iγcpc)γ0]τςτ ′ς

5.2.7 ����¥Bargmann-Wigner�§��Cé´5K�dLã

½n5.2.4. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

½n5.2.5.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

½n5.2.6.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i iς
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[−imσz + (σ, iς)b∂b]τςτ ′ς∆(x− x′)

5.3 ����¥�³�§

g·µãµd!a'o���¥��/§&Ä����¥´Ä�3�B-W�§�d�C-K½R-S�§º

5.3.1 ����¥g^-1�B-W�§�duK-G�§ [18, 20]

½Â5.3.1. (γa∂a +m)κςλςψ

2s︷ ︸︸ ︷
λςµς · · · ζς = J

2s︷ ︸︸ ︷
κςµς · · · ζς , ψ

2s︷ ︸︸ ︷
λςµς · · · ζς�é¡, J

2s︷ ︸︸ ︷
κςµς · · · ζςØκς	�é¡, γa = (−σy, ςσz)

½n5.3.1. (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ)

⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0;Fab := ∂aAb − ∂bAa, ψ = (imγa + ςεabσx∂b)ε
Aa√

2
, Sab(e) = 1

2
ςεabσx
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y²: (γa∂a +m)ψ(x) = 0, ψT (x) = ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (γa∂a +m)(γbεimAb − ςσxεFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (γa∂a +m)(γbimAb − ςσxFxy) = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (δab − iςεabσx)im∂aAb +m(imγbA
b − ςσxFxy)− iεabγb∂aFxy = 0, ψ(x) = 1√

2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa −m(Fxy − εab∂aAb)ςσx + i(m2Ab − εab∂aFxy)γb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa = 0,m(Fxy − εab∂aAb) = 0, i(m2Ab − εab∂aFxy)γb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, Fxy = εab∂aAb, ε
ab∂aFxy −m2Ab = 0, ψ(x) = 1√

2
(γaεimAa + ςσxεFxy)

⇔ ∂aAa = 0, Fxy = ∂xAy − ∂yAx, ∂aF ab −m2Ab = 0

Fab := ∂aAb − ∂bAa = εabFxy, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aFab −m2Ab = 0;Fab := ∂aAb − ∂bAa = εabFxy, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0, ψ = (imγa + ςεabσx∂b)ε
Aa√

2

y²: Aa = 1√
2im

(ε̄γa)
λςµςψλςµς

⇒ [Aa(x), A+
a′(x

′)] = 1
(
√

2m)2 (ε̄γa)
λςµς (γa′ε)

λ′ςµ
′
ς [ψλςµς , ψ

+
λ′ςµ
′
ς
]

= 1
(
√

2m)2 (ε̄γa)
λςµς (γa′ε)

λ′ςµ
′
ς i

8
[(m− γb∂b)γ0]{λς(λ′ς [(m− γ

c∂c)γ
0]µς}µ′ς)∆(x− x′)

= i
2

1
(
√

2m)2 (ε̄γa)
λςµς (γa′ε)

λ′ςµ
′
ς [(m− γb∂b)γ0]λςλ′ς [(m− γ

c∂c)γ
0]µςµ′ς∆(x− x′)

= i
2

1
(2m)2 [(ε̄γa)(m− γb∂b)γ0(γa′ε)]

µςµ
′
ς [(m− γc∂c)γ0]µςµ′ς∆(x− x′)

= i
2

1
(
√

2m)2 tr{[(ε̄γa)(m− γb∂b)γ0(γa′ε)][−γ0(m− γ∗c∂c)]}∆(x− x′)
= i

2
1

(
√

2m)2 tr{[(γ0γa)(m− γb∂b)γ0(γa′γ
0)][(−m− γc∂c)γ0]}∆(x− x′)

= i
2

1
(2m)2 tr{γa(m− γb∂b)γ∗a′(m+ γc∂c)}∆(x− x′)

= i
2

1
(
√

2m)2 tr{γa(m− γb∂b)γb′(m+ γc∂
c)}ηb′a′∆(x− x′)

= i
2

1
(2m)2 tr{γa[γb′(m+ γb∂

b)− 2δbb′∂
b](m+ γc∂

c)}ηb′a′∆(x− x′)
= i

(2m)2 tr{γa[mγb′ − ∂b′ ](m+ γc∂
c)}ηb′a′∆(x− x′)

= i
(2m)2 tr{γa(m2γb′ − γc∂b′∂c)}ηb

′

a′∆(x− x′)
= i

(
√

2m)2 tr{(m2δab′ − δac∂b′∂c)}ηb
′

a′∆(x− x′)

= i(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

½n5.3.2. [(m− γb∂b)γ0]{λς(λ′ς [(m− γ
c∂c)γ

0]µς}µ′ς)∆(x− x′) = X{λςµς}(x)X+
(λ′ςµ

′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

y²: ψ = (imγa + ςεabσx∂b)ε
Aa√

2

⇒ Aa = 1√
2im

tr(ε̄γaψ)

⇒ ψ = [(imγa + ςεabσx∂b)ε]
1

2im
tr(ε̄γaψ)

⇒ ψλςµς = [(imγa + ςεabσx∂b)ε]λςµς [
1

2im
(ε̄γa)

λ̃ς µ̃ςψλ̃ς µ̃ς ]

⇒ [ψλςµς (x), ψ+
λ′ςµ
′
ς
(x′)]

= [(imγa + ςεabσx∂b)ε]λςµς [(imγ
a′ + εa

′b′ςσx∂
′
b′)ε]

+
λ′ςµ
′
ς
[ 1
2im

(ε̄γa)
λ̃ς µ̃ς ][ 1

−2im
(γaε)

λ̃′ς µ̃
′
ς ][ψλ̃′ς µ̃′ς (x), ψλ̃′ς µ̃′ς (x

′)]

⇒ i
8
[(m− γb∂b)γ0]{λς(λ′ς [(m− γ

c∂c)γ
0]µς}µ′ς)∆(x− x′)

= [(imγa + ςεabσx∂b)ε]λςµς [(imγ
a′ + εa

′b′ςσx∂
′
b′)ε]

+
λ′ςµ
′
ς

[ 1
2im

(ε̄γa)
λ̃ς µ̃ς ][ 1

−2im
(γaε)

λ̃′ς µ̃
′
ς ] i

8
[(m− γb∂b)γ0]{λ̃ς(λ̃′ς [(m− γ

c∂c)γ
0]µ̃ς}µ̃′ς)∆(x− x′)

= i
2
[(imγa + ςεabσx∂b)ε]λςµς [ε̄(−imγa

′
+ εa

′b′ςσx∂
+
b′ )]λ′ςµ′ς (ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′)

= i
2
Xa
λςµς

(x)X+a′

λ′ςµ
′
ς
(x′)(ηaa′ −

∂a∂
+

a′
m2 )∆(x− x′), Xa

λςµς
(x) := [(imγa + ςεabσx∂b)ε]λςµς

⇒ [(m− γb∂b)γ0]{λς(λ′ς [(m− γ
c∂c)γ

0]µς}µ′ς)∆(x− x′) = Xa
{λςµς}(x)X+a′

(λ′ςµ
′
ς)

(x′)(ηaa′ −
∂a∂

+

a′
m2 )∆(x− x′)

½n5.3.3. [Fab(x), F+
a′b′(x

′)] = −iη[a<a′∂b]∂
+
b′>∆(x− x′)

½n5.3.4. [Fxy(x), F+
xy(x

′)] = im2∆(x− x′)
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5.3.2 ����¥g^-n�aKlein-Gordon�§ [18, 20]

½n5.3.5.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2n

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2n

(x)�é¡

Aab · ·︸ ︷︷ ︸
n

(x) := ( 1√
2im

)n

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·ψλςµςηςξς · ·︸ ︷︷ ︸

2n

(x)

⇒


(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

(x) = 0

∂aAab · ·︸ ︷︷ ︸
n

(x) = 0, Aab · ·︸ ︷︷ ︸
n

(x)�é¡

ψλςµς · ·︸ ︷︷ ︸
2n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2n
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2n

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2n

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

1√
2nE

[a(~p)εab · ·︸ ︷︷ ︸
n

(~p)ei(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸
n

(~p)e−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·︸ ︷︷ ︸

2n

(~p)

5.3.3 ����¥aKlein-Gordon�§g^Ä�5�

íØ5.3.1. εab · ·︸ ︷︷ ︸
n

(~p) = εa(~p)εb(~p) · ·︸ ︷︷ ︸
n

, ε̃ab · ·︸ ︷︷ ︸
n

(~p) = ε̃a(~p)ε̃b(~p) · ·︸ ︷︷ ︸
n

íØ5.3.2. εa(~p) = ε̃a(~p) = 1
m

(E, ipx), εab · ·︸ ︷︷ ︸
n

(~p) = ε̃ab · ·︸ ︷︷ ︸
n

(~p)

y²: εa(~p) = −i(ε̄γa)λςµςUλςµς (~p)
= −iuT (~p)(ε̄γa)u(~p)

= −iu+(~p)(i, ςσx)au(~p)

= (E
m
,−iςu+(~p)v(~p))a

= (E
m
, ipx
m

)a

íØ5.3.3. εa(~p)δ
abεb(~p) = 1

y²: Xλςµς
a (~p)εa(~p)

= Xλςµς
a (−E

m
,−ipx

m
)a

6= Uλςµς (~p)

íØ5.3.4. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·︸ ︷︷ ︸

2n

(x)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·︸ ︷︷ ︸

2n

(x)

íØ5.3.5. εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p) = (ηaa′ +
pap

+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) · · ·︸ ︷︷ ︸

n

íØ5.3.6. εa(~p)ε
+
a′(~p) = ηaa′ +

pap
+

a′
m2 , εa(~p)ε

+
a′(~p)η

a′

b = εa(~p)εb(~p) = δab + papb
m2

íØ5.3.7.


Uλςµς · ·︸ ︷︷ ︸

2n

(~p)U+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς
(p)X+a′

λ′ςµ
′
ς
(−p)] · · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

(~p)ε+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

Vλςµς · ·︸ ︷︷ ︸
2n

(~p)V +
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(~p) = 1
(2m)2n [Xa

λςµς
(−p)X+a′

λ′ςµ
′
ς
(p)] · · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

(~p)ε̃+
a
′
b
′ · ·︸ ︷︷ ︸
n

(~p)

íØ5.3.8.


[Aab · ·︸ ︷︷ ︸

n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)] = 1
m2n2n

n︷ ︸︸ ︷
(ε̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·︸ ︷︷ ︸

2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)]

[ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = 1
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[Aab · ·︸ ︷︷ ︸
n

(x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

(x′)]
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5.3.4 ����¥g^-n+ 1
2
�aRarita-Schwinger�§ [18, 20]

½n5.3.6.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x) = 0, ψλςµςηςξς · ·τς︸ ︷︷ ︸
2n+1

(x)�é¡

Aab · ·︸ ︷︷ ︸
n

τς (x) := ( 1√
2im

)n

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·ψλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x)

⇒


(−∂c∂c +m2)Aab · ·︸ ︷︷ ︸

n

τς (x) = 0

∂aAab · ·︸ ︷︷ ︸
n

τς (x) = 0, Aab · ·︸ ︷︷ ︸
n

τς (x)�é¡

ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En
√

m
E

2n+1
[a(~p, h)Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)e−i(~p·~r−Et)]dN~p

Aab · ·︸ ︷︷ ︸
n

τς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

√
m√

2nE
[a(~p)εab · ·︸ ︷︷ ︸

n

τς (~p)e
i(~p·~r−Et) + b+(~p)ε̃ab · ·︸ ︷︷ ︸

n

τς (~p)e
−i(~p·~r−Et)]dN~p

εab · ·︸ ︷︷ ︸
n

τς (~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p), ε̃ab · ·︸ ︷︷ ︸
n

(~p) = 1
in

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·Vλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(~p)

5.3.5 ����¥aRarita-Schwinger�§g^Ä�5�

íØ5.3.9. εab · ·︸ ︷︷ ︸
n

τς (~p) = I ⊗ I ⊗ · · I︸ ︷︷ ︸
2n

⊗σxε̃ab · ·︸ ︷︷ ︸
n

τς (~p)

íØ5.3.10. εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p) =

n︷ ︸︸ ︷
(ε̄γa)

λςµς (ε̄γb)
ηςξς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς (γb′ε)

η′ςξ
′
ς · ·Uλςµςηςξς · ·τς︸ ︷︷ ︸

2n+1

(x)U+
λ
′
ςµ
′
ςη
′
ςξ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x)

íØ5.3.11. εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p) = 1

2m
(ηaa′ +

pap
+

a′
m2 )(ηbb′ +

pbp
+

b′
m2 ) · · ·︸ ︷︷ ︸

n

[(m− iγcpc)γ0]τςτ ′ς

íØ5.3.12.


Uλςµς · ·τς︸ ︷︷ ︸

2n+1

(~p)U+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς
(p)X+a′

λ′ςµ
′
ς
(−p)] · · ·︸ ︷︷ ︸

n

εab · ·︸ ︷︷ ︸
n

τς (~p)ε
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

Vλςµς · ·τς︸ ︷︷ ︸
2n+1

(~p)V +
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(~p) = 1
(2m)2n+1 [Xa

λςµς
(−p)X+a′

λ′ςµ
′
ς
(p)] · · ·︸ ︷︷ ︸

n

ε̃ab · ·︸ ︷︷ ︸
n

τς (~p)ε̃
+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(~p)

íØ5.3.13.


[Aab · ·︸ ︷︷ ︸

n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)] = 1

m2n2n

n︷ ︸︸ ︷
(ε̄γa)

λςµς · ·

n︷ ︸︸ ︷
(γa′ε)

λ′ςµ
′
ς · ·[ψλςµς · ·τς︸ ︷︷ ︸

2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)]

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τ

′
ς︸ ︷︷ ︸

2n+1

(x′)] = 1
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[Aab · ·︸ ︷︷ ︸
n

τς (x), A+
a
′
b
′ · ·︸ ︷︷ ︸
n

τ ′ς
(x′)]

g·µãµ����¥�k�Ü©B-W�§�3�d�aC-K�§§�E�3aq�é´5K"

5.4 ����¥g^-3
2
�Bargmann-Wigner�§ [18]

y²: (γa∂a +m)κςλςψ
λςµςης = 0, ψλςµςης�é¡, γa = (−σy, ςσz)

⇔ (∂b∂b −m2)Aaης = 0, ∂aAaης = 0, ψλςµςης = [(imγa + ςεabσx∂b)ε]
λςµςAηςa , ε̄µςηςψ

λςµςης = 0

y²: ψλςµςης = [(imγa + ςεabσx∂b)ε]
λςµςAηςa , ψ

λςµςης = 0

⇒ [(imγa + ςεabσx∂b)ε]
λςµς ε̄µςηςA

ης
a = 0

⇔ [(imγa + ςεabσx∂b)]
λς
ηςA

ης
a = 0

5.5 ����¥�g^�§

5.5.1 ����¥g^-sâf�g^�§

½n5.5.1. [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡, γa := [−σy, ςσz]

⇔

[s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)
, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), ςσz(s)]
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y²: [γa∂a +m]ψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡

⇔ [γa∂a +m]ψ̂(s) = 0

⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s) = imσz ⊗ I22s−1ψ̂(s), Da = (∂x, 0, 0, ∂π)

⇔ (σ ⊗ I22s−1 ,−iς)aDa[I ⊗ Γ(s)]N(s)ψ(s) = imσz ⊗ I22s−1ψ̂(s)

⇔ [I ⊗ Γ(s)](σ ⊗ I2s,−iς)aDaN(s)ψ(s) = imσz ⊗ I22s−1ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im[I ⊗ Γ̄(s)](σz ⊗ I22s−1)ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)[I ⊗ Γ̄(s)]ψ̂(s)

⇔ (σ ⊗ I2s,−iς)aDaN(s)ψ(s) = im(σz ⊗ I2s)N(s)ψ(s)

⇔ ZbD
bψ(s) = im iς√

2
(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
Z̄a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = im iς√

2
−iς√

2
N̄(s)(σ ⊗ I2s, iς)a(σz ⊗ I2s)N(s)ψ(s)

⇔ Z̄aZbD
bψ(s) = −m

2s
N̄(s)[(−σy, σx,−i)⊗ I2s, ςσz ⊗ I2s]aN(s)ψ(s)

⇔ [sDa + iSab(s, ς; 4)Db]ψ(s) = −m[(−σy(s), σx(s),−is), ςσz(s)]aψ(s)

Sab(s, ς; 4) �

[
0 σz(s) −σy(s) −ςσx(s)

−σz(s) 0 σx(s) −ςσy(s)

σy(s) −σx(s) 0 −ςσz(s)

ςσx(s) ςσy(s) ςσz(s) 0

]

⇔

[s∂a + iSab(s, ς)∂
b]ψ(s) = −mγa(s)ψ(s)

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)
, Sab(s, ς) = −i[γa(s), γb(s)] �

[
0 −ςσx(s)

ςσx(s)0

]

⇔

[s∂a +mγa(s) + iSab(s, ς)∂
b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)

5.5.2 ����¥g^�§�²¡Å)9Ùg^Ä

½n5.5.2.
[γa∂a +m]ψ[λς ]µςηςξς · ·︸ ︷︷ ︸

2s

(x) = 0, ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)�é¡

ψkς (x) := Γ

2s︷ ︸︸ ︷
λςµςηςξς · ·
kς

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x)

⇔


[s∂a +mγa(s) + iSab(s, ς)∂

b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = iςmγy(s)ψ(s)

ψλςµςηςξς · ·︸ ︷︷ ︸
2s

(x) = Γkςλςµςηςξς · ·︸ ︷︷ ︸
2s

ψkς (x)

ψλςµς · ·︸ ︷︷ ︸
2s

(~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2s
[a(~p, h)Uλςµς · ·︸ ︷︷ ︸

2s

(~p)ei(~p·~r−Et) + b+(~p, h)Vλςµς · ·︸ ︷︷ ︸
2s

(~p)e−i(~p·~r−Et)]dN~p

ψkς (~r, t) = 1
(2π)N/2

+∞∫
~p=−∞

En− 1
2
√

m
E

2n
[a(~p, h)Ukς (~p; s)e

i(~p·~r−Et) + b+(~p, h)Vkς (~p; s)e
−i(~p·~r−Et)]dN~p

½n5.5.3.
Ukς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Uλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Uλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Ukς (~p; s)

Vkς (~p; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·
kς

Vλςµς · ·︸ ︷︷ ︸
2s

(~p)⇔ Vλςµς · ·︸ ︷︷ ︸
2s

(~p) = Γkςλςµς · ·︸ ︷︷ ︸
2s

Vkς (~p; s)

5.5.3 ����¥g^�§�g^Ä��5

½n5.5.4. U+kς (~p; s)Ukς (~p; s) = (E
m

)2s, V +kς (~p; s)Vkς (~p; s) = (E
m

)2s

½n5.5.5.



Ukς (~p; s)U
+
k′ς

(~p; s) = 1
(ς2m)2sΓ

2s︷ ︸︸ ︷
λςµς · ·
kς

Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·

k′ς
[mσz − (σ, iς)apa]λςλ′ς [mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s

Vkς (~p; s)V
+
k′ς

(~p; s) = 1
(ς2m)2sΓ

2s︷ ︸︸ ︷
λςµς · ·
kς

Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·

k′ς
[−mσz − (σ, iς)apa]λςλ′ς [−mσz − (σ, iς)bpb]µςµ′ς · · ·︸ ︷︷ ︸

2s
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5.6 ����¥k�þâf�Cé´5K

5.6.1 ����¥k�þÀÚf�Cé´5KÎn

½n5.6.1. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n

∆(x− x′)

[m]

½n5.6.2. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i i2n

22n−1 [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n

∆(x− x′)

[m]

½n5.6.3. [ψλςµς · ·︸ ︷︷ ︸
2n

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n

(x′)] = i
22n−1 Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

∆(x− x′)

5.6.2 ����¥k�þ¤�f�Cé´5KÎn

½n5.6.4. [ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)] = i
22n [(m− γa∂a)γ0]λςλ′ς [(m− γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2n+1

∆(x− x′)

[m]

½n5.6.5. [ψλςµς · ·︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2n+1

(x′)] = i i
2n+1

22n [−imσz + (σ, iς)a∂a]λςλ′ς [−imσz + (σ, iς)b∂b]µςµ′ς · ·︸ ︷︷ ︸
2n+1

∆(x− x′)

[m]

½n5.6.6.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[(m− γc∂c)γ0]τςτ ′ς∆(x− x′)

[m]

½n5.6.7.

[ψλςµς · ·τς︸ ︷︷ ︸
2n+1

(x), ψ+
λ
′
ςµ
′
ς · ·τς︸ ︷︷ ︸

2n+1

(x′)] = i iς
22n Xaλςµς (x) · ·︸ ︷︷ ︸

n

X+a′

λ′ςµ
′
ς
(x′) · ·︸ ︷︷ ︸
n

[ηaa′ −
∂a∂

+

a′
m2 ] · ·︸ ︷︷ ︸

n

[−imσz + (σ, iς)b∂b]τςτ ′ς∆(x− x′)

6 ����¥Ã�þâf�Bargmann-Wigner�§

6.1 ����¥�Ã�þDirac�§

y²: γa∂aψ(x) = 0, γa = (−σy, ςσz)
⇔ (σx,−iς)a∂aψ(x) = 0

⇔ (σx,−iς)apaλ(p̂,− ς
2
) = 0

⇔ σxpxλ(p̂,− ς
2
) = −ς|px|λ(p̂,− ς

2
)

⇔ σxp̂xλ(p̂,− ς
2
) = −ςλ(p̂,− ς

2
)

⇔ λ(p̂,− ς
2
) = 1

2
√

2

[
(1− ς)− (1 + ς)p̂x

(1 + ς) + (1− ς)p̂x

]
íØ6.1.1.
ψ(~r, t) := 1

(2π)N/2

∫
~p6=0

λ(p̂,− ς
2
)[a1(~p,− ς

2
)eip·x + a+

2 (~p,− ς
2
)e−ip·x]dN~p

a1(~p,− ς
2
) = 1

(2π)N/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2
) = 1

(2π)N/2

∫
λ+(p̂,− ς

2
)ψ(~r, t)eip·xdN~r

λ+(p̂,− ς
2
)λ(p̂,− ς

2
) = 1, λ(p̂,− ς

2
)λ+(p̂,− ς

2
) = 1

2
(1− ςσxp̂x) = − ς

2
(σx, iς)

ap̂a = − ς
2
(σ, iς)ap̂a
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6.2 ����¥Ã�þBargmann-Wigner�§ [18]�²¡Å)

½n6.2.1. γaκς
λς∂aψλςµς · ·︸ ︷︷ ︸

2s

(x) = 0, γa = (−σy, ςσz)

ψ(~r, t) := 1
(2π)N/2

∫
~p6=0

λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς)[a1(~p,− ς
2
)eip·x + a+

2 (~p,− ς
2
)e−ip·x]dN~p

a1(~p,−sς) = 1
(2π)N/2

∫
λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)ψ(~r, t)e−ip·xdN~r

a+
2 (~p,− ς

2
) = 1

(2π)N/2

∫
λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)ψ(~r, t)eip·xdN~r

λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς)λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς) = 1, λλςµς · ·︸ ︷︷ ︸
2s

(p̂,−sς)λ+
λςµς · ·︸ ︷︷ ︸

2s

(p̂,−sς) = (− ς
2
)2s

2s︷ ︸︸ ︷
(σ, iς)a(σ, iς)b · ·

2s︷ ︸︸ ︷
p̂ap̂b · ·

6.3 ����¥Ã�þBargmann-Wigner�§�³£ã [18, 20]

½n6.3.1. γa∂aψ(x) = 0, ψT (x) = ψ(x), Aa = 1√
2im

tr(ε̄γaψ), γa = (−σy, ςσz)
⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0;Fab := ∂aAb − ∂bAa, ψ = (imγa + ςεabσx∂b)ε

Aa√
2
, Sab(e) = 1

2
ςεabσx

y²: γa∂aψ(x) = 0, ψT (x) = ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ γa∂a(γ
bεimAb − ςσxεFxy) = 0, ψ(x) = 1√

2
(γaεimAa − ςσxεFxy)

⇔ γa∂a(γ
bimAb − ςσxFxy) = 0, ψ(x) = 1√

2
(γaεimAa − ςσxεFxy)

⇔ (δab − iςεabσx)im∂aAb − iεabγb∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa +mεab∂aAbςσx − iεab∂aFxyγb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ im∂aAa = 0,mεab∂aAb = 0,−iεab∂aFxyγb = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, εab∂aAb = 0, εab∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

⇔ ∂aAa = 0, ∂aAb − ∂bAa = 0, ∂aFxy = 0, ψ(x) = 1√
2
(γaεimAa − ςσxεFxy)

6.4 ����¥Ã�þs-g^�§

½n6.4.1. γa∂aψ[λς ]µς · ·︸ ︷︷ ︸
2s

(x) = 0, ψλςµς · ·︸ ︷︷ ︸
2s

(x)�é¡, γa := [−σy, ςσz]

⇔

[s∂a + iSab(s, ς)∂
b]ψ(s) = 0

[γx(s)∂π − γπ(s)∂x]ψ(s) = 0
, Sab(s, ς) = −i[γa(s), γb(s)], γa(s) := [−σy(s), ςσz(s)]

6.5 ����¥Ã�þBargmann-Wigner�§��Cé´5K

½n6.5.1. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i
22s−1 [(−γa∂a)γ0]λςλ′ς [(−γ

b∂b)γ
0]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n6.5.2. [ψλςµς · ·︸ ︷︷ ︸
2s

(x), ψ+
λ
′
ςµ
′
ς · ·︸ ︷︷ ︸

2s

(x′)] = i (iς)2s

22s−1 [(σ, iς)a∂a]λςλ′ς [(σ, iς)
b∂b]µςµ′ς · ·︸ ︷︷ ︸

2s

∆(x− x′)

[m]

½n6.5.3. [ψkς (x), ψ+
k′ς

(x′)] = i (−1)2s

2s−1 Γ

2s︷ ︸︸ ︷
abc · ·
kςk′ς

(s)

2s︷ ︸︸ ︷
∂a∂b∂c · ·∆(x− x′)

7 ����¥Ã�þâf�Penrose�§

7.1 ����¥©lL��Dirac�§ [5, 6]

½Â7.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ

ϕ̄

]
, γa = (1⊗ σy, ς1⊗ σx)⇔

(1,−iς)a∂aϕ = imϕ̄

(1, iς)a∂aϕ̄ = −imϕ
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½Â7.1.2. ϑ =

[
0 iε

−iε 0

]
, Sab =

[
0 σy

−σy 0

]
, Sab(e, ς) = − i

4
[σa, σb] =

[
0 −ς

2
σz

ς
2
σz 0

]
, ψ :=

[
ϕ

ϕ̄

]

íØ7.1.1. Λ(

[
σ

iτ

]
) = e

i
2ϑ

abSab = e−εσy ,Λ(

[
ϕ

ϕ̄

]
) = e

i
2ϑ

abSab(e,ς) = e
ς
2 εσz

��þm=0�§Kòz�ü�Weyl¥�f�§:

íØ7.1.2. (1,−iς)a∂aϕ = 0, (1, iς)a∂aϕ̄ = 0,Λ(ϕ) = e
ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε

7.2 ����¥©lL��Ã�þDirac�§�Ú^Ý��¼ê

½Â7.2.1. γa∂aψ(x) = 0, ψ =

[
ϕ

ϕ̄

]
, γa = (1⊗ σy, ς1⊗ σx)⇔

(1,−iς)a∂aϕ = 0

(1, iς)a∂aϕ̄ = 0

y²: (σz,−iς)a∂aψ(x) = 0

⇔ (σz,−iς)apaλ(p̂,− ς
2
) = 0

⇔ σzpzλ(p̂,− ς
2
) = −ς|pz|λ(p̂,− ς

2
)

⇔ σzp̂zλ(p̂,− ς
2
) = −ςλ(p̂,− ς

2
)

⇔ λ(p̂,−ς) = 1
2

[
−1 + ςp̂z

1 + ςp̂z

]
íØ7.2.1. λ+(p̂,− ς

2
)λ(p̂,− ς

2
) = 1, λ(p̂,− ς

2
)λ+(p̂,− ς

2
) = − ς

2
(σz, iς)

ap̂a

7.3 ��¥�¥þÚ^þ [48]

7.3.1 ��¥�1I�IÚ�ê

½Â7.3.1. z ≡ τ + σ, z̃ ≡ τ − σ, τ = 1
2
(z + z̃), σ = 1

2
(z − z̃), zς := τ + ςσ, z̄ς := τ − ςσ

½Â7.3.2.

[
z

z̃

]
=

[
1 −i
−1 −i

][
σ

iτ

]
,

[
σ

iτ

]
= 1

2

[
1 −1

i i

][
z

z̃

]

íØ7.3.1.

dz = dτ + dσ, dz̃ = dτ − dσ

∂z = 1
2
(∂τ + ∂σ), ∂z̃ = 1

2
(∂τ − ∂σ)

dτ = 1
2
(dz + dz̃), dσ = 1

2
(dz − dz̃)

∂τ = ∂z + ∂z̃, ∂σ = ∂z − ∂z̃

íØ7.3.2. dz ∧ dz̃ = 2dσ ∧ dτ

½Â7.3.3. Pz ≡ −i∂z, Pz̃ ≡ −i∂z̃, Pτ ≡ i∂τ , Pσ ≡ −i∂σ

íØ7.3.3. Pz = − 1
2
(Pτ − Pσ), Pz̃ = − 1

2
(Pτ + Pσ),−Pτ = Pz + Pz̃, Pσ = Pz − Pz̃

íØ7.3.4. ei(Pσσ−Pττ) = ei(Pzz+Pz̃ z̃)

7.3.2 ��¥�¥þÚ^þ�âÔ[C�5Æ

íØ7.3.5. ¥þ: Λ(

[
σ

iτ

]
) = e−εσy , σ, τ ∈ R⇔1I¥þ: Λ(

[
z

z̃

]
) = e−εσz , z, z̃ ∈ R

íØ7.3.6. Dirac^þ: Λ(ψ) = e
ς
2 εσz , ψ ∈ C,Weyl^þ: Λ(ϕ) = e

ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε, ϕ, ϕ̄ ∈ C

íØ7.3.7. Majorana^þ: Λ(ψ) = e
ς
2 εσz , ψ ∈ R,Majorana-Weyl^þ: Λ(ϕ) = e

ς
2 ε,Λ(ϕ̄) = e−

ς
2 ε, ϕ, ϕ̄ ∈ R

·K7.3.1. ~êÜþ: (1,−iς)a = e−εσy |abe−
ς
2 ε(1,−i)be− ς2 ε, (1,−iς)a′∂a′ = e−ςε(1,−iς)a∂a

·K7.3.2. ~êÜþ: (1, iς)a = e−εσy |abe
ς
2 ε(1, iς)be

ς
2 ε, (1, iς)a

′
∂a′ = eςε(1, iς)a∂a

íØ7.3.8. ∂zς = 1
2
(1, iς)a∂a, ∂z̃ς = − 1

2
(1,−iς)a∂a; ∂z = 1

2
(1, i)a∂a, ∂z̃ = − 1

2
(1,−i)a∂a
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íØ7.3.9.

∂z′ς = eςε∂zς , dz
′
ς = e−ςεdzς , z

′
ς = e−ςεzς

∂z̃′ς = e−ςε∂z̃ς , dz̃
′
ς = eςεdz̃ς , z̃

′
ς = eςεz̃ς

∂z′ = eε∂z, dz
′ = e−εdz, z′ = e−εz

∂z̃′ = e−ε∂z̃, dz̃
′ = eεdz̃, z̃′ = eεz̃

íØ7.3.10. ØCþ: dzς∂zς , dz̃ς∂z̃ς , dzςdz̃ς , ∂zς∂z̃ς ; dz∂z, dz̃∂z̃, dzdz̃, ∂z∂z̃

íØ7.3.11. 1I¥þ: Λ(

[
zς

z̃ς

]
) = e−ςεσz ,Λ(

[
∂zς

∂z̃ς

]
) = eςεσz ,^þ: Λ(

[
ϕ

ϕ̄

]
) = e

ς
2 εσz

3��¥1I¥þ�^þ�©�q§3��¥1I¥þÒ´¥þ�^þL�"

7.3.3 Wick=Ä(Øæ^)

½Â7.3.4. z ≡ σ + iτ, z̄ ≡ z∗ = σ − iτ, σ = 1
2
(z + z̄), iτ = 1

2
(z − z̄)

íØ7.3.12.

dz = dσ + idτ, dz̄ = dσ − idτ, dσ = 1
2
(dz + dz̄), idτ = 1

2
(dz − dz̄)

∂z = 1
2
(∂σ + ∂iτ ), ∂z̄ = 1

2
(∂σ − ∂iτ ), ∂σ = ∂z + ∂z̄, ∂iτ = ∂z − ∂z̄

dz = d∗z̄

∂z = ∂∗z̄

7.4 ����¥Penrose�§ [1, 2]�²¡Å)

½n7.4.1. (1,−iς)a∂aϕ(x) = 0

⇒ ϕ(x) = 1√
π

∫
a(p, ς)eip(τ+ςσ)dp =


1√
π

+∞∫
0

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = −

1√
π

0∫
−∞

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = +

y²: (1,−iς)a∂aϕ(x) = 0

⇔ ∂a∂aϕ(x) = 0, (1,−iς)a∂aϕ(x) = 0

⇒ ϕ(x) = 1√
π

∫
[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp

⇒ (∂σ − ς∂τ )ϕ(x) = 0

⇔ 1√
π

∫
[i(p+ ς|p|)a(p)ei(pσ−|p|τ) − i(p+ ς|p|)b+(p)e−i(pσ−|p|τ)]dp

⇔ (p+ ς|p|)a(p) = 0, (p+ ς|p|)b+(p) = 0

⇔ a(ςp > 0) = 0, b+(ςp > 0) = 0

⇔


ϕ(x) = 1√

π

+∞∫
0

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = −

ϕ(x) = 1√
π

0∫
−∞

[a(p)ei(pσ−|p|τ) + b+(p)e−i(pσ−|p|τ)]dp, ς = +

⇔


ϕ(x) = 1√

π

+∞∫
0

[a(p)eip(σ−τ) + b+(p)e−ip(σ−τ)]dp, ς = −

ϕ(x) = 1√
π

0∫
−∞

[a(p)eip(σ+τ) + b+(p)e−ip(σ+τ)]dp, ς = +

⇔


ϕ(x) = 1√

π

+∞∫
−∞

a(p)eip(σ−τ); a(p) := b+(−p), p < 0; ς = −

ϕ(x) = 1√
π

+∞∫
−∞

a(p)eip(σ+τ)dp; a(p) := b+(−p), p > 0; ς = +

⇔


ϕ(x) = 1√

π

+∞∫
−∞

a′(p)eip(τ−σ)dp, ς = −

ϕ(x) = 1√
π

+∞∫
−∞

a(p)eip(τ+σ)dp, ς = +

⇔ ϕ(x) = 1√
π

+∞∫
−∞

a(p, ς)eip(τ+ςσ)dp

7.5 ����¥�ÏJ¼ê

½Â7.5.1. ∆(zς) := i
π

+∞∫
0

1
2p

(eipzς − e−ipzς )dp = i
2π

+∞∫
−∞

1
2p

(eipzς − e−ipzς )dp = i
2π

+∞∫
−∞

1
p
eipzςdp
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½Â7.5.2.


∆(+)(zς) := i

π

+∞∫
p=0

1
2p
eipzςd~p,∆(−)(zς) := − i

π

+∞∫
p=0

1
2p
e−ipzςd~p,∆(−)(zς) = −∆(+)(−zς)

∆(zς) := i
π

+∞∫
−∞

1
2p

[eipzς − e−ipzς}d~p,∆(zς) = ∆(+)(zς) + ∆(−)(zς)

½Â7.5.3.


1√
−∇2 ∆(zς) := i

π

+∞∫
0

1
2p2 (eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

1
2p|p|(e

ipzς − e−ipzς )dp = i
2π

+∞∫
−∞

1
p|p|e

ipzςdp

√
−∇2∆(zς) := i

π

+∞∫
0

1
2
(eipzς − e−ipzς )dp = i

2π

+∞∫
−∞

|p|
2p

(eipzς − e−ipzς )dp = i
2π

+∞∫
−∞

|p|
p
eipzςdp

5�7.5.1. ∆∗(zς) = ∆(zς),∆(−zς) = −∆(zς), (∇2 − ∂2
τ )∆(zς) = 0, ∂zς∆(zς)|τ=0 = −δ(σ)

5�7.5.2. ∆(zς − z′ς) := i
2π

+∞∫
−∞

1
2p

[eip·(zς−z
′
ς) − e−ip·(zς−z′ς)}d~p

∂u∆(zς − z′ς) = −∂′u∆(zς − z′ς)

∇∆(zς − z′ς) = −∇′∆(zς − z′ς)

∂π∆(zς − z′ς) = −∂′π∆(zς − z′ς)


(
√
−∇2)n∆(zς − z′ς) = (

√
−∇′2)n∆(zς − z′ς)

1
(
√
−∇2)n

∆(zς − z′ς) = 1
(
√
−∇′2)n

∆(zς − z′ς)

∂2n
π ∆(zς − z′ς) = ∂′2nπ ∆(zς − z′ς)

7.6 ����¥s-g^�§�é´5K

íØ7.6.1. [s∂a + iSab(s, ς)∂
b]ϕ(x) = 0, ϕ(x) = 1√

π

+∞∫
−∞

a(p, ς)eip(τ+ςσ)dp

½n7.6.1. [a(p, ς), a+(p′, ς)]−2s+1 = δ(p− p′)⇒ [ϕ(zς), ϕ
+(z′ς)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)

b∂b · ·∆(zς − z′ς)

y²: [a(p, ς), a+(p′, ς)]−2s+1 = δ(p− p′)
⇒ [a(p), a+(p′)]−2s+1 = [b(p), b+(p′)]−2s+1 = δ(p− p′)
⇒ [ϕ(zς), ϕ

+(z′ς)]−2s+1

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′)[a(p), a+(p′)]−2s+1 + e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)[b+(p), b(p′)]−2s+1}dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′)[a(p), a+(p′)]−2s+1 + e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)[b+(p), b(p′)]−2s+1}dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)}[a(p), a+(p′)]−2s+1dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)}[a(p), a+(p′)]−2s+1dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(p
′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p

′σ′−|p′|τ ′)}|p|2s−1δ(p− p′)dpdp′, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(p

′σ′−|p′|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(p
′σ′−|p′|τ ′)}|p|2s−1δ(p− p′)dpdp′, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ

′−|p|τ ′)}|p|2s−1dp, ς = −

1
π

0∫
−∞
{ei(pσ−|p|τ)e−i(pσ

′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ
′−|p|τ ′)}|p|2s−1dp, ς = +

=


1
π

+∞∫
0

{ei(pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(pσ−|p|τ)ei(pσ

′−|p|τ ′)}|p|2s−1dp, ς = −

1
π

+∞∫
0

{ei(−pσ−|p|τ)e−i(pσ
′−|p|τ ′) + (−1)2s−1e−i(−pσ−|p|τ)ei(−pσ

′−|p|τ ′)}|p|2s−1dp, ς = +

=


1
π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) + (−1)2s−1e−ip(σ−τ)eip(σ

′−τ ′)}p2s−1dp, ς = −

1
π

+∞∫
0

{(−1)2s−1eip(σ+τ)e−ip(σ
′+τ ′) + e−ip(σ+τ)eip(σ

′+τ ′)}p2s−1dp, ς = +
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=


[−i

2
(1,−i)a∂a]2s 1

π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) − e−ip(σ−τ)eip(σ

′−τ ′)}p−1dp, ς = −

[−i
2

(1, i)a∂a]
2s 1
π

+∞∫
0

{(−1)2s−1eip(σ+τ)e−ip(σ
′+τ ′) + (−1)2se−ip(σ+τ)eip(σ

′+τ ′)}p−1dp, ς = +

=


[−i

2
(1,−i)a∂a]2s 1

π

+∞∫
0

{eip(σ−τ)e−ip(σ
′−τ ′) − e−ip(σ−τ)eip(σ

′−τ ′)}p−1dp, ς = −

[ i
2
(1, i)a∂a]

2s 1
π

+∞∫
0

{−eip(σ+τ)e−ip(σ
′+τ ′) + e−ip(σ+τ)eip(σ

′+τ ′)}p−1dp, ς = +

=


i[−i

2
(1,−i)a∂a]2s iπ

+∞∫
0

{eip(τ−σ)e−ip(τ
′−σ′) − e−ip(τ−σ)eip(τ

′−σ′)}p−1dp, ς = −

+i[ i
2
(1, i)a∂a]

2s i
π

+∞∫
0

{eip(τ+σ)e−ip(τ
′+σ′) − e−ip(τ+σ)eip(τ

′+σ′)}p−1dp, ς = +

= 2i[ iς
2

(1, iς)a∂a]
2s i

2π

+∞∫
0

{eip(τ+ςσ)e−ip(τ
′+ςσ′) − e−ip(τ+ςσ)eip(τ

′+ςσ′)}p−1dp

= i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)

b∂b · ·∆(zς − z′ς)
= 2i2s+1∂2s

zς
∆(zς − z′ς)

= 2i2s−1∂2s−1
zς

δ(zς − z′ς)

7.7 ����¥Penrose�§ [1, 2],

½n7.7.1. (1,−iς)A
′
ςAς

a ∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = k(τ + ςσ) + 1√
π

∫
a(p, ς)eip(τ+ςσ)dp

½n7.7.2. (1,−iς)a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0, ∂a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0

½n7.7.3. (1,−iς)a∂aϕAςBςCς · ·︸ ︷︷ ︸
2s

(x) = 0⇔ [s∂a + iSab(s)∂
b]ϕAςBςCς · ·︸ ︷︷ ︸

2s

(x) = 0, iSab(s) =

[
0 is

−is 0

]

·K7.7.1. [s∂a + iSab(s)∂
b]ϕ(s) = 0, ϕ′(s) = e

i
2ϑ

abSab(s)ϕ(s) = e−sεϕ(s), ϑab �
[

0 iε
−iε 0

]
7.8 ����¥1

3
-g^�§�é´5Kº

íØ7.8.1. [ 1
3
∂a + iSab(

1
3
, ς)∂b]ϕ(x) = 0, ϕ(x) = 1√

π

∫
a(p, ς)eip(τ+ςσ)dp

½n7.8.1. [a(p, ς), a+(p′, ς)]ϕ = δ(p− p′)⇒ [ϕ(zς), ϕ
+(z′ς)]−2s+1 = i (iς)2s

22s−1

2s︷ ︸︸ ︷
(1, iς)a∂a(1, iς)

b∂b · ·∆(zς − z′ς)

ß�7.8.1. [a(p, ς), a+(p′, ς)]
− 5

3
= δ(p− p′)⇒ [ϕ(zς), ϕ

+(z′ς)]− 5
3

= i (iς)
2
3

2
−

1
3

[(1, iς)a∂a]
2
3 ∆(zς − z′ς)
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1 N+1���DiracÝ


1.1 N+1���DiracÝ
�~5L�

½Â1.1.1.γa(1) = (1)

γ1(1) = 1

½Â1.1.2.
γa(2) := (γa(1)⊗ σx, 1⊗ σy) = (σx, σy),Γ

a(2) := [γa(1), iς] = (1, iς)

C(2) := γ2(2) = σy, C̄(2) = C+(2) = C(2), γ1(2)γ2(2) = iσz = iγ0(2)

CT (2) = −C(2), γa(2)C(2) = [γa(2)C(2)]T , γ[a(2)γb](2)C(2) = {γ[a(2)γb](2)C(2)}T

½Â1.1.3.
γa(3) = [γa(2), 1⊗ σz] = (σx, σy, σz)

C(3) := γ2(3) = σy, C̄(3) = C+(3) = C(3), γ1(3) · · · γ3(3) = i = iγ0(3)

CT (3) = −C(3), [γa(3)C(3)]T = γa(3)C(3)

½Â1.1.4.

γa(4) = [γa(3)⊗ σy, I ⊗ σx] = (σ ⊗ σy, I ⊗ σx),Γa(4) = [γa(3), iς]

C(4) := γ2(4)γ4(4) = −iσy ⊗ σz, C̄(4) = C+(4) = −C(4), γ1(4) · · · γ4(4) = I ⊗ σz = γ0(4)

[γa(4)C(4)]T = γa(4)C(4), {γ[a(4)γb](4)C(4)}T = γ[a(4)γb](4)C(4)

CT (4) = −C(4), {γ[a(4)γb(4)γc](4)C(4)}T = −γ[a(4)γb(4)γc](4)C(4)

{γ[a(4)γb(4)γc(4)γd](4)C(4)}T = −γ[a(4)γb(4)γc(4)γd](4)C(4)

½Â1.1.5.
γa(5) = [γa(4), I ⊗ σz] = (σ ⊗ σy, I ⊗ σx, I ⊗ σz)

C(5) := γ2(5)γ4(5)γ5(5) = −iσy ⊗ I, C̄(5) = C+(5) = −C(5), γ1(5) · · · γ5(5) = 1 = γ0(5)

CT (5) = −C(5), [γa(5)C(5)]T = −γa(5)C(5), {γ[a(5)γb](5)C(5)}T = γ[a(5)γb](5)C(5)

½Â1.1.6.

γa(10) = [[[((σx, σy, σz)⊗ σy, I ⊗ σx, I ⊗ σz)⊗ σy, I4 ⊗ σx, I4 ⊗ σz]⊗ σy, I8 ⊗ σx, I8 ⊗ σz]⊗ σy, I16 ⊗ σx]
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½Â1.1.7.

γa(6) = [γa(5)⊗ σy, I4 ⊗ σx],Γa(6) = [γa(5), iς]

C(6) := γ2(6)γ4(6)γ5(6) = −iσy ⊗ I ⊗ σy, C̄(6) = C+(6) = −C(6), γ1(6) · · · γ6(6) = −iI4 ⊗ σz = −iγ0(6)

[γa(6)C(6)]T = −γa(6)C(6), [γ[a(6)γb](6)C(6)]T = −γ[a(6)γb](6)C(6)

[γ[a(6)γb(6)γc(6)γd(6)γe](6)C(6)]T = −γ[a(6)γb(6)γc(6)γd(6)γe](6)C(6)

[γ[a(6)γb(6)γc(6)γd(6)γe(6)γf ](6)C(6)]T = −γ[a(6)γb(6)γc(6)γd(6)γe(6)γf ](6)C(6)

CT (6) = C(6), [γ[a(6)γb(6)γc](6)C(6)]T = γ[a(6)γb(6)γc](6)C(6)

[γ[a(6)γb(6)γc(6)γd](6)C(6)]T = γ[a(6)γb(6)γc(6)γd](6)C(6)

½Â1.1.8.

γa(7) = [γa(6), I4 ⊗ σz]

C(7) := γ2(7)γ4(7)γ5(7) = −iσy ⊗ I ⊗ σy, C(7) = C(6), C̄(7) = C+(7) = −C(7), γ1(7) · · · γ7(7) = −i = −iγ0(7)

[γa(7)C(7)]T = −γa(7)C(7), [γ[a(7)γb](7)C(7)]T = −γ[a(7)γb](7)C(7)

CT (7) = C(7), [γ[a(7)γb(7)γc](7)C(7)]T = γ[a(7)γb(7)γc](7)C(7)

½Â1.1.9.

γa(8) = [γa(7)⊗ σy, I8 ⊗ σx],Γa(8) = [γa(7), iς]

C(8) := γ2(8)γ4(8)γ5(8)γ8(8) = −σy ⊗ I ⊗ σy ⊗ σz, C̄(8) = C+(8) = C(8), γ1(8) · · · γ8(8) = −I8 ⊗ σz = −γ0(8)

[γa(8)C(8)]T = −γa(8)C(8), [γ[a(8)γb](8)C(8)]T = −γ[a(8)γb](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe](8)C(8)]T = −γ[a(8)γb(8)γc(8)γd(8)γe](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf ](8)C(8)]T = −γ[a(8)γb(8)γc(8)γd(8)γe(8)γf ](8)C(8)

CT (8) = C(8), [γ[a(8)γb(8)γc](8)C(8)]T = γ[a(8)γb(8)γc](8)C(8)

[γ[a(8)γb(8)γc(8)γd](8)C(8)]T = γ[a(8)γb(8)γc(8)γd](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg](8)C(8)]T = γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg](8)C(8)

[γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg(8)γh](8)C(8)]T = γ[a(8)γb(8)γc(8)γd(8)γe(8)γf (8)γg(8)γh](8)C(8)

½Â1.1.10.

γa(9) = [γa(8), I8 ⊗ σz] = [γa(7)⊗ σy, I8 ⊗ σx, I8 ⊗ σz]

C(9) := γ2(9)γ4(9)γ5(9)γ8(9)γ9(9) = −σy ⊗ I ⊗ σy ⊗ I, C̄(9) = C+(9) = C(9), γ1(9) · · · γ9(9) = −1 = −γ0(9)

[γ[a(9)γb](9)C(9)]T = −γ[a(9)γb](9)C(9), [γ[a(9)γb(9)γc](9)C(9)]T = −γ[a(9)γb(9)γc](9)C(9)

CT (9) = C(9), [γa(9)C(9)]T = γa(9)C(9), [γ[a(9)γb(9)γc(9)γd](9)C(9)]T = γ[a(9)γb(9)γc(9)γd](9)C(9)

½Â1.1.11.γa(10) = [γa(9)⊗ σy, I16 ⊗ σx],Γa(10) = [γa(9), iς], γ1(10) · · · γ10(10) = iI16 ⊗ σz = iγ0(10)

C(10) := γ2(10)γ4(10)γ5(10)γ8(10)γ9(10) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy, C̄(10) = C+(10) = C(10)
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CT (10) = −C(10), [γa(10)C(10)]T = γa(10)C(10)

[γ[a(10)γb](10)C(10)]T = γ[a(10)γb](10)C(10)

[γ[a(10)γb(10)γc](10)C(10)]T = −γ[a(10)γb(10)γc](10)C(10)

[γ[a(10)γb(10)γc(10)γd](10)C(10)]T = −γ[a(10)γb(10)γc(10)γd](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf ](10)C(10)]T = γ[a(10)γb(10)γc(10)γd(10)γe(10)γf ](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg](10)C(10)]T = −γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh](10)C(10)]T

= −γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi](10)C(10)]T

= γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi](10)C(10)

[γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi(10)γj](10)C(10)]T

= γ[a(10)γb(10)γc(10)γd(10)γe(10)γf (10)γg(10)γh(10)γi(10)γj](10)C(10)

½Â1.1.12. γa(10) = [σx⊗ σy ⊗ σy ⊗ σy ⊗ σy, σy ⊗ σy ⊗ σy ⊗ σy ⊗ σy, σz ⊗ σy ⊗ σy ⊗ σy ⊗ σy, I ⊗ σx⊗ σy ⊗ σy ⊗ σy,
I ⊗ σz ⊗ σy ⊗ σy ⊗ σy, I4 ⊗ σx ⊗ σy ⊗ σy, I4 ⊗ σz ⊗ σy ⊗ σy, I8 ⊗ σx ⊗ σy, I8 ⊗ σz ⊗ σy, I16 ⊗ σx]

½Â1.1.13.

γa(11) = [γa(10), I16 ⊗ σz], γ1(11) · · · γ11(11) = i = iγ0(11)

C(11) := γ2(11)γ4(11)γ5(11)γ8(11)γ9(11) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy, C(11) = C(10), C̄(11) = C+(11) = C(11)

CT (11) = −C(11), [γa(11)C(11)]T = γa(11)C(11)

[γ[a(11)γb](11)C(11)]T = γ[a(11)γb](11)C(11)

[γ[a(11)γb(11)γc](11)C(11)]T = −γ[a(11)γb(11)γc](11)C(11)

[γ[a(11)γb(11)γc(11)γd](11)C(11)]T = −γ[a(11)γb(11)γc(11)γd](11)C(11)

[γ[a(11)γb(11)γc(11)γd(11)γe](11)C(11)]T = γ[a(11)γb(11)γc(11)γd(11)γe](11)C(11)

ß�1.1.1.C̄(n) = C+(n), C+(n) = (−1)[
n
4

]C(n), CT (n) = (−1)[
n+2

4
]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4
][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[

n−1
4

][C+(n)γa(n)]

g·µãµ±þN+1���¥�DiracÝ
�À�Ø´���§�KþkÃ¡«§��L�C�=�§d

�CÝ
�¬u)UC§Ø2´�5�/ª"

2 N+1=n���¥��Ý
��é¡Üþ|Ðm [49]

2.1 N+1=nóê���¥��Ý
��é¡Üþ|Ðm

½Â2.1.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + · ·+ 1

(n!)2F
a1a2a3··anγ[a1

γa2
γa3
· ·γan]

F = 2−[
n
2

]tr(X), Fa1
= 2−[

n
2

]tr(γa1
X)

Fa1a2
= −2−[

n
2

]tr( 1
2!
γ[a1

γa2]X), Fa1a2a3
= −2−[

n
2

]tr( 1
3!
γ[a1

γa2
γa3]X)

Fa1a2a3a4
= 2−[

n
2

]tr( 1
4!
γ[a1

γa2
γa3

γa4]X), Fa1a2a3a4a5
= 2−[

n
2

]tr( 1
5!
γ[a1

γa2
γa3

γa4
γa5]X)

· · ·Fa1a2··an = (−1)[(n%4)/2]2−[
n
2

]tr( 1
n!
γ[a1

γa2
· ·γan]X)
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½Â2.1.2.
Xλςµςης (x) =

n∑
i=0

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai])λςµς

Fa1··ai|ης (x) = (−1)[(i%4)/2] 2
−[
n
2

]

i!
(γ[a1

· ·γai])µςλςXλςµςης (x)

½Â2.1.3.
even∑
i∈

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd = 0

even∑
i∈

1
(i!)2 (γ[a1

· ·γai]C)(C+γ[c1 · ·γck])|oddF a1··ai(x) = 0

½Â2.1.4.
Xλςµςηςξς (x) =

n∑
i,j=0

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai])λςµς (γ[b1 · ·γbj ])ηςξς

Fa1··ai|b1··bj (x) = (−1)[(i%4)/2]+[(j%4)/2] 4
−[
n
2

]

i!j!
(γ[a1

· ·γai])µςλς (γ[b1 · ·γbj ])ξςηςXλςµςηςξς (x)

½Â2.1.5.
even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd (γ[b1 · ·γbj ]C)ηςξς = 0

even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)(C+γ[c1 · ·γck])|odd(γ[b1 · ·γbj ]C) = 0

2.2 N+1=nÛê���¥��Ý
��é¡Üþ|Ðm

½Â2.2.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + · ·+ 1

{[n/2]!}2F
a1a2··a[n/2]]γ[a1

γa2
· ·γa[n/2]]

F = 2−[
n
2

]tr(X), Fa1
= 2−[

n
2

]tr(γa1
X)

Fa1a2
= −2−[

n
2

]tr( 1
2!
γ[a1

γa2]X), Fa1a2a3
= −2−[

n
2

]tr( 1
3!
γ[a1

γa2
γa3]X)

Fa1a2a3a4
= 2−[

n
2

]tr( 1
4!
γ[a1

γa2
γa3

γa4]X), Fa1a2a3a4a5
= 2−[

n
2

]tr( 1
5!
γ[a1

γa2
γa3

γa4
γa5]X)

· · ·Fa1a2··a[n/2]
= (−1)[([

n
2

]%4)/2]2−[
n
2

]tr( 1
n!
γ[a1

γa2
· ·γa[n/2]]X)

½Â2.2.2.
Xλςµςης (x) =

[n/2]∑
i=0

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai])λςµς

Fa1··ai|ης (x) = (−1)[(i%4)/2] 2
−[
n
2

]

i!
(γ[a1

· ·γai])µςλςXλςµςης (x)

½Â2.2.3.
even∑
i∈

1
(i!)2F

a1··ai |ης (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd = 0

even∑
i∈

1
(i!)2 (γ[a1

· ·γai]C)(C+γ[c1 · ·γck])|oddF a1··ai(x) = 0

½Â2.2.4.
Xλςµςηςξς (x) =

[n/2]∑
i,j=0

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai])λςµς (γ[b1 · ·γbj ])ηςξς

Fa1··ai|b1··bj (x) = (−1)[(i%4)/2]+[(j%4)/2] 4
−[
n
2

]

i!j!
(γ[a1

· ·γai])µςλς (γ[b1 · ·γbj ])ξςηςXλςµςηςξς (x)

½Â2.2.5.
even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)λςµς (C

+γ[c1 · ·γck])|ηςµςodd (γ[b1 · ·γbj ]C)ηςξς = 0

even∑
i,j∈

1
(i!j!)2F

a1··ai|b1··bj (x)(γ[a1
· ·γai]C)(C+γ[c1 · ·γck])|odd(γ[b1 · ·γbj ]C) = 0

g·µãµ��DiracÜþ£g^-1¤�±g,©)��é¡Üþ8Ü§¤±äNÐ«
g^-1�nØ7½

´5�nØ"
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2.3 N+1=nóê���¥é¡Ý
�Ðm

5�2.3.1. X(2) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2]}C

5�2.3.2. X(4) = { 1
1!
F a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2]}C

5�2.3.3. X(6) = { 1
0!
F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

5�2.3.4.

X(8) = { 1
(0!)2F + 1

3!
F a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

5�2.3.5.

X(10) = { 1
(0!)2F + 1

2!
F a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9]

+ 1
(10!)2F

a1··a10γ[a1
· ·γa10]}C

2.4 N+1=nóê���¥�é¡Ý
�Ðm

5�2.4.1. X(2) = 1
(0!)2FC

5�2.4.2. X(4) = { 1
(0!)2F + 1

(3!)2F
a1··a3γ[a1

· ·γa3] + 1
(4!)2F

a1··a4γ[a1
· ·γa4]}C

5�2.4.3. X(6) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

5�2.4.4. X(8) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

5�2.4.5. X(10) =

{ 1
1!
F a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

2.5 N+1=nÛê���¥é¡Ý
�Ðm

5�2.5.1. X(3) = 1
(1!)2F

a1γa1
C

5�2.5.2. X(5) = 1
(2!)2F

a1a2γ[a1
γa2]C

5�2.5.3. X(7) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3]}C

5�2.5.4. X(9) = { 1
(0!)2F + 1

1!
F a1γa1

+ 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C

5�2.5.5. X(11) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C

2.6 N+1=nÛê���¥�é¡Ý
�Ðm

5�2.6.1. X(3) = 1
(0!)2FC

5�2.6.2. X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C

5�2.6.3. X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C

5�2.6.4. X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C

5�2.6.5. X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C

3 N+1���¥Ä��é¡Üþ|��Ó5�

3.1 N+1���¥�Ã�þ�é¡Üþ|

½Â3.1.1. ∂[a0Aa1··al] = 0, ∂a1
Aa1··al = 0; ∂[a0F a1··al] = 0, ∂a1

F a1··al = 0

3.2 N+1���¥�k�þ�é¡Üþ|

½Â3.2.1. 1
l!
∂[a0Aa1··al] +mF a0··al = 0, ∂a0

F a0··al +mAa1··al = 0

⇔ ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
l!m
∂[a0Aa1··al]
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3.3 N+1���¥�é¡Üþ|éóÄ�m�'X

½n3.3.1. 1
l!
γ[a1
· ·γal] = −(−1)(n−l−1)(n−l)/2i−[n/2]εa1··an

1
[(n−l)!]2 Γ0γ

[al+1 · ·γan],Γ0 := −i[n/2]γ1 · ·γn

íØ3.3.1.

 1
l!
γ[a1
· ·γal] = −i[n/2]+l[l+(−1)n]εa1··an

1
[(n−l)!]2 Γ0γ

[al+1 · ·γan],Γ0 := −i[n/2]γ1 · ·γn,Γ0|odd = 1

1
l!
γ[a1
· ·γal] = −i[n/2]+l(l−1)εa1··an

1
[(n−l)!]2 γ

[al+1 · ·γan]Γ0,Γ0 := −i[n/2]γ1 · ·γn,Γ0|odd = 1

3.4 N+1���¥�é¡Üþ|��déóL«

Ún3.4.1. ∗Aa1··al = 1
(n−l)!ε

a1a2··anAal+1··an ⇔ Aal+1··an = 1
l!
εa1a2··an∗Aa1··al = (−1)Nl∗∗Aal+1··an

y²: ∗Aa1··al = 1
(n−l)!ε

a1a2··anAal+1··an

⇒ εa1··albl+1··bn∗Aa1··al

= εa1··albl+1··bn
1

(n−l)!ε
a1··alal+1··anAal+1··an

= l!
(n−l)!δ

[al+1

bl+1
· ·δan]

bn
Aal+1··an

= l!
(n−l)!(n− l)!δ

bl+1
al+1 · ·δbnanAal+1··an

= l!Abl+1··bn

⇒ Aal+1··an = 1
l!
εa1a2··an∗Aa1··al = (−1)Nl∗∗Aal+1··an

y²: Aal+1··an = (−1)Nl∗∗Aal+1··an = 1
l!
εa1a2··an∗Aa1··al

⇒ εb1··blal+1··anAal+1··an

= εb1··blal+1··an 1
l!
εa1a2··an∗Aa1··al

= (n−l)!
l!

δb1[a1
· ·δblal]∗A

a1··al

= (n−l)!
l!

l!δb1a1
· ·δblal∗A

a1··al

= (n− l)!∗Ab1··bl

⇒∗Aa1··al = 1
(n−l)!ε

a1a2··anAal+1··an

½n3.4.1.
1
l!
∂[a0Aa1··al] +mF a0··al = 0

∗Aal+1··an = (−1)Nl

l!
εa1··anA

a1··al

∗Fal+1··an−1
= (−1)N(l+1)

(l+1)!
εa0··an−1

F a0··al

⇔


∂a0∗Aa0a1··an−l−1

+ (−1)n−l−1m∗Fa1··an−l−1
= 0

Aa1··al = (−1)Nl

(n−l)! ε
a1··an∗Aal+1··an

F a0··al = (−1)N(l+1)

(n−l−1)!
εa0··an−1∗Fal+1··an−1

y²: 1
l!
∂[a0Aa1··al] +mF a0··al = 0⇔ 1

(l+1)!
εa0a1a2··an−1

{ 1
l!
∂[a0Aa1··al] +mF a0··al} = 0

⇔ 1
l!
εa0a1a2··an−1

∂a0Aa1··al + 1
(l+1)!

εa0a1a2··an−1
mF a0··al = 0

⇔ (−1)Nl−l∂a0∗Aa0al+1··an−1
+m(−1)N(l+1)∗Fal+1··an−1

= 0

⇔ ∂a0∗Aa0al+1··an−1
− (−1)n−lm∗Fal+1··an−1

= 0

⇔ ∂a0∗Aa0a1··an−l−1
+ (−1)n−l−1m∗Fa1··an−l−1

= 0

½n3.4.2.
∂a0

F a0··al +mAa1··al = 0

∗Aal+1··an = (−1)Nl

l!
εa1··anA

a1··al

∗Fal+1··an−1
= (−1)N(l+1)

(l+1)!
εa0··an−1

F a0··al

⇔


1

(n−l−1)!
∂[a0
∗Fa1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1

= 0

Aa1··al = (−1)Nl

(n−l)! ε
a1··an∗Aal+1··an

F a0··al = (−1)N(l+1)

(n−l−1)!
εa0··an−1∗Fal+1··an−1

y²: ∂a0
F a0··al +mAa1··al = 0⇔ 1

l!
εa1a2··an{∂a0

F a0a1··al +mAa1··al} = 0

⇔ 1
l!
εa1a2··an{∂a0

(−1)N(l+1)

(n−l−1)!
εa0a1··bl+1bn−1∗Fbl+1··bn−1

+mAa1··al} = 0

⇔ 1
l!
εa1a2··an∂a0

(−1)Nl

(n−l−1)!
εa1··bl+1bn−1a0∗Fbl+1··bn−1

+ (−1)Nlm∗Aal+1··an = 0

⇔ 1
(n−l−1)!

δ
bl+1

[al+1
· ·δbn−1

an−1δ
a0

an]∂a0
∗Fbl+1··bn−1

+m∗Aal+1··an = 0

⇔ 1
(n−l−1)!

∂[an∗Fal+1··an−1] +m∗Aal+1··an = 0

⇔ 1
(n−l−1)!

∂[a0
∗Fa1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1

= 0
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íØ3.4.1. 1
l!
∂[a0Aa1··al] +mF a0··al = 0

∂a0
F a0··al +mAa1··al = 0

⇔

∂a0
∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

1
(n−l−1)!

∂[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

íØ3.4.2. 1
l!
∂[a0Aa1··al] +mF a0··al = 0

∂a0
F a0··al +mAa1··al = 0

⇔

∂a0
∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

∂a0
F a0··al +mAa1··al = 0

íØ3.4.3. 1
l!
∂[a0Aa1··al] +mF a0··al = 0

∂a0
F a0··al +mAa1··al = 0

⇔

 1
l!
∂[a0Aa1··al] +mF a0··al = 0

1
(n−l−1)!

∂[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

íØ3.4.4.∂[a0F a1··al] = 0

∂a1
F a1··al = 0

⇔

∂a1
∗F a1··an−l = 0

∂[a0∗F a1··an−l] = 0
⇔

∂a1
∗F a1··an−l = 0

∂a1
F a1··al = 0

⇔

∂[a0F a1··al] = 0

∂[a0∗F a1··an−l] = 0

3.5 N+1=nó���¥B-W�§�ÑÄ���é¡Üþ|

Ún3.5.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

 1
l!
∂[a0F a1··al] +mF a0a1··al = 0, ∂a1

F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; 1 ≤ l ≤ n− 1

y²: (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]} = 0; 1 ≤ l ≤ n− 1

⇔ (γa0
∂a0 +m){ 1

l!
F a1··alγa1

· ·γal + 1
(l+1)!

F a1··al+1γa1
· ·γal+1

} = 0

⇔ { 1
(l+1)!

γ[a0
γa1
· ·γal] + 1

(l−1)!
(δa0a1

γ[a2
· ·γal] + ··) + ··}∂a0 1

l!
F a1··al +m 1

(l+1)!
F a1··al+1γa1

· ·γal+1

+ { 1
(l+2)!

γ[a0
γa1
· ·γal+1] + 1

l!
(δa0a1

γ[a2
· ·γal+1] + ··) + ··}∂a0 1

(l+1)!
F a1··al+1 +m 1

l!
F a1··alγa1

· ·γal = 0

⇔ { 1
(l+1)!

γ[a0
γa1
· ·γal] + l

(l−1)!
δa0a1

γ[a2
· ·γal]}∂a0 1

l!
F a1··al + 1

(l+1)!
m 1

(l+1)!
F a1··al+1γ[a1

· ·γal+1]

+ { 1
(l+2)!

γ[a0
γa1
· ·γal+1] + l+1

l!
δa0a1

γ[a2
· ·γal+1]}∂a0 1

(l+1)!
F a1··al+1 + 1

l!
m 1
l!
F a1··alγ[a1

· ·γal] = 0

⇔

 1
(l+1)!

∂[a0 1
l!
F a1··al] +m 1

(l+1)!
F a0a1··al = 0, ∂a1

1
l!
F a1··al = 0

∂[a0 1
(l+1)!

F a1··al+1] = 0, ∂a0

1
(l+1)!

F a0a1··al + 1
l+1

m 1
l!
F a1··al = 0

⇔

 1
l!
∂[a0F a1··al] +mF a0a1··al = 0, ∂a1

F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; 1 ≤ l ≤ n− 1

Ún3.5.2. (γa∂a +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

}C = 0⇔

 1
0!
∂a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

; l = 0

y²: (γa∂a +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔ (γa0

∂a0 +m){ 1
0!
F + 1

1!
F a1γa1

} = 0

⇔ 1
1!
γa0

∂a0 1
0!
F +m 1

1!
F a1γa1

+ { 1
2!
γ[a0

γa1] + 1
0!
δa0a1

}∂a0 1
1!
F a1 +m 1

0!
F = 0

⇔

 1
1!
∂a0 1

0!
F +m 1

1!
F a0 = 0

∂[a0 1
1!
F a1] = 0, ∂a0

1
1!
F a0 + 1

1
m 1

0!
F = 0

⇔

 1
0!
∂a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

; l = 0

Ún3.5.3. (γa∂a +m){ 1
(n!)2F

a1··anγ[a1
· ·γan]}C = 0⇔

∂[a0F a1··an] = 0, ∂a1
F a1··an = 0

mF a1··an = 0
; l = n
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y²: (γa∂a +m){ 1
(n!)2F

a1··anγ[a1
· ·γan]}C = 0; l = n

⇔ (γa0
∂a0 +m){ 1

n!
F a1··anγa1

· ·γan} = 0

⇔ { 1
(n+1)!

γ[a0
γa1
· ·γan] + 1

(n−1)!
(δa0a1

γ[a2
· ·γan] + ··) + ··}∂a0 1

n!
F a1··an +m 1

n!
F a1··anγa1

· ·γan = 0

⇔ { 1
(n+1)!

γ[a0
γa1
· ·γan] + n

(n−1)!
δa0a1

γ[a2
· ·γan]}∂a0 1

n!
F a1··an + 1

n!
m 1
n!
F a1··anγ[a1

· ·γan] = 0

⇔

 1
(n+1)!

∂[a0 1
n!
F a1··an] = 0, ∂a1

1
n!
F a1··an = 0

1
n+1

m 1
n!
F a1··an = 0

⇔

∂[a0F a1··an] = 0, ∂a1
F a1··an = 0

mF a1··an = 0
; l = n

3.6 N+1=nó���¥Ä��é¡Üþ|�5�

íØ3.6.1. 1
l!
γ[a1
· ·γal] = −i[n/2]+l(l+1)εa1··an

1
[(n−l)!]2 Γ0γ

[al+1 · ·γan]

½n3.6.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

 1
l!
∂[a0F a1··al] +mF a0a1··al = 0, ∂a1

F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

íØ3.6.2. γa∂a{ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

∂[a0F a1··al] = 0, ∂a1
F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al = 0

íØ3.6.3. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]}C = 0,m 6= 0

⇔

 1
l!
∂[a0F a1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mF a1··al = 0

⇔

∂a0
∂a0F a1··al −m2F a1··al = 0, ∂a1

F a1··al = 0

F a0a1··al = − 1
l!m
∂[a0F a1··al]

íØ3.6.4. 1
l!
∂[a0F a1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mF a1··al = 0

⇔

 1
(n−l−1)!

∂[a0∗F a1··an−l−1] + (−1)n−l−1m∗F a0a1··an−l−1 = 0

∂a0
∗F a0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

3.7 N+1=nÛê���¥Ä��é¡Üþ|�5�

íØ3.7.1. 1
l!
γ[a1
· ·γal] = −i[n/2]+l(l−1)εa1··an

1
[(n−l)!]2 γ

[al+1 · ·γan]

íØ3.7.2. 1

([
n
2

]+1)!
γ[a1
· ·γa[n/2]+1] = −(−i)[

n
2

]%2εa1··an
1

([
n
2

]!)2
γ[a[n/2]+2 · ·γan]

½n3.7.1. (γa∂a +m){ 1
(l!)2F

a1··alγ[a1
· ·γal] + 1

[(l+1)!]2
F a1··al+1γ[a1

· ·γal+1]}C = 0

⇔

 1
l!
∂[a0F a1··al] +mF a0a1··al = 0, ∂a1

F a1··al = 0

∂[a0F a1··al+1] = 0, ∂a0
F a0a1··al +mF a1··al = 0

; l ≤ [n
2
]− 2

Ún3.7.1. (γa0
∂a0 +m){ 1

([
n
2

]!)2
F a1··a[n/2]γ[a1

· ·γa[n/2]]}C = 0

⇔ 1

[
n
2

]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2

]%2mF a1··a[n/2] = 0, ∂a1
F a1··a[n/2] = 0

y²: (γa0
∂a0 +m){ 1

([
n
2

]!)2
F a1··a[n/2]γ[a1

· ·γa[n/2]]}C = 0

⇔ (γa0
∂a0 +m){ 1

([
n
2

]!)2
F a1··a[n/2]γ[a1

· ·γa[n/2]]} = 0

⇔ (γa0
∂a0 +m){F a1··a[n/2]γa1

· ·γa[n/2]
} = 0

⇔ γa0
γa1
· ·γa[n/2]

∂a0F a1··a[n/2] +mF a1··a[n/2]γa1
· ·γa[n/2]

= 0

⇔ { 1
([n/2]+1)!

γ[a0
γa1
· ·γa[n/2]] + 1

([n/2]−1)!
(δa0a1

γ[a2
· ·γa[n/2]] + ··) + ··}∂a0F a1··a[n/2] +mF a1··a[n/2]γa1

· ·γa[n/2]
= 0

⇔ 1

([
n
2

]+1)!
γ[a0

γa1
· ·γa[n/2]]∂

a0F a1··a[n/2] +
[
n
2

]

([
n
2

]−1)!
δa0a1

γ[a2
· ·γa[n/2]]∂

a0F a1··a[n/2] +mF a1··a[n/2]γa1
· ·γa[n/2]

= 0
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⇔ −(−i)[
n
2

]%2εa0··an−1 1

([
n
2

]!)2
γ[a[n/2]+1

· ·γan−1]∂a0
Fa1··a[n/2]

+
[
n
2

]

([
n
2

]−1)!
δa0a1

γ[a2
· ·γa[n/2]]∂

a0F a1··a[n/2] + 1

[
n
2

]!
mF a[n/2]+1··an−1γ[a[n/2]+1

· ·γan−1] = 0

⇔ 1

[
n
2

]!
εa0··an−1∂a0

Fa1··a[n/2]
− i[

n
2

]%2mF a[n/2]+1··an−1 = 0, ∂a1
F a1··a[n/2] = 0

⇔ 1

[
n
2

]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2

]%2mF a1··a[n/2] = 0, ∂a1
F a1··a[n/2] = 0

íØ3.7.3.

γa0
∂a0{ 1

([
n
2

]!)2
F a1··a[n/2]γ[a1

· ·γa[n/2]]}C = 0⇔ εa1··an∂a[n/2]+1
Fa[n/2]+2··an = 0, ∂a1

F a1··a[n/2] = 0

íØ3.7.4. (γa0
∂a0 +m){ 1

([
n
2

]!)2
F a1··a[n/2]γ[a1

· ·γa[n/2]]}C = 0,m 6= 0

⇔ 1

[
n
2

]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2

]%2mF a1··a[n/2] = 0

íØ3.7.5. 1

[
n
2

]!
εa1··an∂a[n/2]+1

Fa[n/2]+2··an − i
[
n
2

]%2mF a1··a[n/2] = 0

⇔ ∂a0
∗F a0··a[n/2] − (−i)[

n
2

]%2mF a1··a[n/2] = 0⇔ 1

[
n
2

]!
∂[a0

Fa1··a[n/2]] − i
[
n
2

]%2m∗Fa0··a[n/2]
= 0

4 N+1���¥Ä��é¡Üþ|��Cé´5K

4.1 lé¡Ú�é¡B-W�§�ÑÄ��é¡Üþ|�é´5K

ß�4.1.1.

C̄(n) = C+(n), C+(n) = (−1)[
n
4

]C(n), CT (n) = (−1)[
n+2

4
]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4
][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[

n−1
4

][C+(n)γa(n)]

γT0 (n) = γ0(n), n ≥ 3; γT0 (2) = −γ0(2)

C(n)γT0 (n)C+(n) = (−1)ξ(n)γT0 (n), C(n)γT0 (n)γTa (n)C+(n) = (−1)ξ(n)+η(n)γT0 (n)γa(n)

(−1)ξ(n) = (−1)η(n) := (−1)[
n−1

4
](−1)[

n+2
4

], n ≥ 3

(−1)ξ(n)+1 = (−1)η(n) := (−1)[
n−1

4
](−1)[

n+2
4

], n ≥ 3

½n4.1.1. [Fa1a2··al(x), F+
a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2

]


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1

− 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

y²: [Fa1a2··al(x), F+
a′1a
′
2··a′l

(x′)]

= 4
−[
n
2

]

(l!)2 (C+γ[a1
γa2
· ·γal])µλ(C+γ[a′1

γa′2 · ·γa′l])
∗µ′λ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2

]

(l!)2 (C+γ[a1
γa2
· ·γal])µλ(C+γ[a′1

γa′2 · ·γa′l])
+λ′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2

]

(l!)2 (C+γ[a1
γa2
· ·γal])µλ(γ[a′l

· ·γa′2γa′1]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 4
−[
n
2

]

(l!)2 i
l(l−1)(C+γ[a1

γa2
· ·γal])µλ(γ[a′1

γa′2 · ·γa′l]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(C+γ[a1

γa2
· ·γal])µλ(γ[a′1

γa′2 · ·γa′l]C)λ
′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(C+γ[a1

γa2
· ·γal])µλ[(m− γa∂a)γ0]λλ′(γ[a′1

γa′2 · ·γa′l]C)λ
′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)tr{C+γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l]C[(m− γb∂b)γ0]T}∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)tr{γ[a1

γa2
· ·γal][(m− γa∂a)γ0]λλ′γ[a′1

γa′2 · ·γa′l]C[(m− γb∂b)γ0]TC+}∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(−1)ξ(n)tr{γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l][γ
0(m− (−1)η(n)γb∂b)]}∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(−1)ξ(n)tr{γ[a1

γa2
· ·γal][(m− γa∂a)γ0]γ[a′1

γa′2 · ·γa′l][(m+ (−1)η(n)γb∂+
b )γ0]}∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(−1)ξ(n)
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{tr(m2γ[a1
γa2
· ·γal]γ0γ[a′1

γa′2 · ·γa′l]γ
0)− (−1)η(n)tr(γ[a1

γa2
· ·γal]γaγ0γ[a′1

γa′2 · ·γa′l]γa′γ0)∂a∂+a′}∆(x− x′)

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)(−1)ξ(n){il(l+1)2[

n
2

](l!)2m2 1
l!
η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

− (−1)η(n)i(l+1)(l+2)2[
n
2

](l!)2{ 1
(l+1)!

η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′] −

1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
δal]aδa′l]a′}∂a∂

+a′}∆(x− x′)

= i2−[
n
2

]−1i2l
2

(−1)ξ(n)

{ 1
l!
η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 + (−1)η(n)+l{ 1
(l+1)!

η
[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′] −

1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
δal]aδa′l]a′}∂a∂

+a′}∆(x− x′)

= i2−[
n
2

](−1)ξ(n)+l

{ 1+(−1)η(n)+l

2
1
l!
η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 − (−1)η(n)+l 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)

= i (−1)ξ(n)+l

2
[
n
2

]


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1

1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

= −i (−1)δ2,n

2
[
n
2

]


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′), (−1)η(n)+l = 1

− 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′), (−1)η(n)+l = −1

4.2 N+1=n���¥Ä��é¡Üþ|�Ï^é´5Kß�

½Â4.2.1. 1
l!
∂[a0Aa1··al] +mF a0··al = 0, ∂a0

F a0··al +mAa1··al = 0

⇔ ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
(l+1)!m

∂[a0Aa1··al]

íØ4.2.1. 1
l!
∂[a0Aa1··al] +mF a0a1··al = 0

∂a0
F a0a1··al +mAa1··al = 0

⇔

 1
(n−l−1)!

∂[a0∗F a1··an−l−1] + (−1)n−l−1m∗Aa0a1··an−l−1 = 0

∂a0
∗Aa0a1··an−l−1 + (−1)n−l−1m∗F a1··an−l−1 = 0

Ún4.2.1. 1
(l+1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηala′lηal+1]a′l+1〉∂
al+1∂+a′l+1∆(x− x′)

= { 1
l!
η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηal]a′l〉m

2 − 1
(l−1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

ß�4.2.1.[Aa1··al(x), A+
a′1··a′l

(x′)] = i 2
−[
n
2

]

(l+1)!
η

[a1

[a′1
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′)

[Fa0a1··al(x), F+
a′0a
′
1··a′l

(x′)] = −i 2
−[
n
2

]

l!
η

[a0

[a′0
· ·ηal−1

a′l−1
∂al]∂+

a′l]
∆(x− x′)

[⇔][∗Aa0··an−l−1
(x),∗A+

a′0··a′n−l−1
(x′)] = −i 2

−[
n
2

]

(n−l−1)!
η

[a0

[a′0
· ·ηan−l−2

a′n−l−2
∂an−l−1]∂a′n−l−1]∆(x− x′)

[∗Fa1··an−l−1
(x),∗F+

a′1··a′n−l−1
(x′)] = i 2

−[
n
2

]

(n−l)!η
[a1

[a′1
· ·ηan−l−1

a′n−l−1
η
a]
a′]∂a∂

+a′∆(x− x′)

5 �ÍÜ�é¡Üþ|8

5.1 N+1=nó���¥�Bargmann-Wigner��¥þ|�§

½Â5.1.1.

X = 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + · ·+ 1

(n!)2F
a1a2a3··anγ[a1

γa2
γa3
· ·γan]

F = 2−[
n
2

]tr(X), Fa1
= 2−[

n
2

]tr(γa1
X)

Fa1a2
= −2−[

n
2

]tr( 1
2!
γ[a1

γa2]X), Fa1a2a3
= −2−[

n
2

]tr( 1
3!
γ[a1

γa2
γa3]X)

Fa1a2a3a4
= 2−[

n
2

]tr( 1
4!
γ[a1

γa2
γa3

γa4]X), Fa1a2a3a4a5
= 2−[

n
2

]tr( 1
5!
γ[a1

γa2
γa3

γa4
γa5]X)

· · ·Fa1a2··an = (−1)[(n%4)/2]2−[
n
2

]tr( 1
n!
γ[a1

γa2
· ·γan]X)

½n5.1.1. (γa∂
a +m)ψ(x) = 0⇔

mF + ∂a0
F a0 = 0, 1

0!
∂a1F +mF a1 + ∂a0

F a0a1 = 0, 1
1!
∂[a1F a2] +mF a1a2 + ∂a0

F a0a1a2 = 0

1
2!
∂[a1F a2a3] +mF a1a2a3 + ∂a0

F a0a1a2a3 = 0, · · · , 1
(n−2)!

∂[a1F a2··an−1] +mF a1··an−1 + ∂a0
F a0a1··an−1 = 0

1
(n−1)!

∂[a1F a2··an] +mF a1··an = 0, 1
n!
∂[a0F a1··an] = 0

861
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y²:

(γa∂
a +m)ψ(x) = 0⇔

(γa∂
a +m)ψ(x) = 0

X = { 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + · ·+ 1

(n!)2F
a1··anγ[a1

· ·γan]}C
⇔
(γa0

∂a0 +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + · ·+ 1

(n!)2F
a1··anγ[a1

· ·γan]}C = 0

⇔
(γa0

∂a0 +m){ 1
0!
F + 1

1!
F a1γa1

+ 1
2!
F a1a2γa1

γa2
+ · ·+ 1

n!
F a1··anγa1

· ·γan} = 0

⇔
∂a0{ 1

0!
γa0

F + 1
1!
F a1γa0

γa1
+ 1

2!
F a1a2γa0

γa1
γa2

+ · ·+ 1
n!
F a1··anγa0

γa1
· ·γan}

+m{ 1
0!
F + 1

1!
F a1γa1

+ 1
2!
F a1a2γa1

γa2
+ · ·+ 1

n!
F a1··anγa1

· ·γan} = 0

⇔
{ 1

0!
γa0

∂a0F + 1
1!
∂a0F a1( 1

2!
γ[a0

γa1] + 1
0!
δa0a1

) + 1
2!
∂a0F a1a2( 1

3!
γ[a0

γa1
γa2] + 1

1!
δa0[a1

γa2])

+ 1
3!
∂a0F a1··a3( 1

4!
γ[a0

γa1
· ·γa3] + 1

2!
δa0[a1

γa2
· ·γa3])

+ 1
4!
∂a0F a1··a4( 1

5!
γ[a0

γa1
· ·γa4] + 1

3!
δa0[a1

γa2
· ·γa4])

+ · ·+ 1
n!
∂a0F a1··an( 1

(n+1)!
γ[a0

γa1
· ·γan] + 1

(n−1)!
δa0[a1

γa2
· ·γan])}

+m{ 1
(0!)2F + 1

(1!)2F
a0γa0

+ 1
(2!)2F

a0a1γ[a0
γa1] + · ·+ 1

(n!)2F
a0··an−1γ[a0

· ·γan−1]} = 0

⇔
mF + ∂a0

F a0 = 0
1
0!
∂a1F +mF a1 + ∂a0

F a0a1 = 0
1
1!
∂[a1F a2] +mF a1a2 + ∂a0

F a0a1a2 = 0
1
2!
∂[a1F a2a3] +mF a1a2a3 + ∂a0

F a0a1a2a3 = 0
1
3!
∂[a1F a2··a4] +mF a1··a4 + ∂a0

F a0a1··a4 = 0

· · ·
1

(n−3)!
∂[a1F a2··an−2] +mF a1··an−2 + ∂a0

F a0a1··an−2 = 0
1

(n−2)!
∂[a1F a2··an−1] +mF a1··an−1 + ∂a0

F a0a1··an−1 = 0
1

(n−1)!
∂[a1F a2··an] +mF a1··an = 0

1
n!
∂[a0F a1··an] ≡ 0

íØ5.1.1. γa∂
aψ(x) = 0⇔


∂a0

F a0 = 0, 1
0!
∂a1F + ∂a0

F a0a1 = 0, 1
1!
∂[a1F a2] + ∂a0

F a0a1a2 = 0

1
2!
∂[a1F a2a3] + ∂a0

F a0a1a2a3 = 0, · · · , 1
(n−2)!

∂[a1F a2··an−1] + ∂a0
F a0a1··an−1 = 0

1
(n−1)!

∂[a1F a2··an] = 0, 1
n!
∂[a0F a1··an] = 0

5.2 �ÍÜ�é¡Üþ|�é´5K

Ún5.2.1. 1
(l+1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηala′lηal+1]a′l+1〉∂
al+1∂+a′l+1∆(x− x′)

= { 1
l!
η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηal]a′l〉m

2 − 1
(l−1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

ß�5.2.1.
[F a1a2··al(x), F+

a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2

]+1
{ 1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]∂a∂

+a′ − 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)

[F a1a2··al(x), F+
a′1a
′
2··a′l

(x′)] = −i (−1)δ2,n

2
[
n
2

]+1
{ 1
l!
η

[a1

[a′1
ηa2

a′2
· ·ηal]a′l]

m2 − 2
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]}∆(x− x′)
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5.3 N+1=nó���¥�é¡Üþ|8ÄÚB-W8Ä�m�'X

½Â5.3.1.
u(~p, h)uT (~p, h′) =

n∑
l=0

1
(l!)2Ua1··al(~p;h, h

′)γ[a1 · ·γal]C, v(~p, h)vT (~p, h′) =
n∑
l=0

1
(l!)2Va1··al(~p;h, h

′)γ[a1 · ·γal]C

u(~p, h)vT (~p, h′) =
n∑
l=0

1
(l!)2Xa1··al(~p;h, h

′)γ[a1 · ·γal]C, v(~p, h)uT (~p, h′) =
n∑
l=0

1
(l!)2Ya1··al(~p;h, h

′)γ[a1 · ·γal]C

h, h′ = 1, ··, 2[
N−1

2
]

⇔
u(~p, h)uT (~p, h′) =

n∑
l=0

1
l!
Ua1··al(~p;h, h

′) 1
l!
γ[a1 · ·γal];h, h′ = −2[

N−1
2

], ··,−1, 1, ··, 2[
N−1

2
]

Ua1a2··al(~p;h, h
′) = (−1)[(l%4)/2]2−[

n
2

]uT (~p, h′) 1
l!
C+γ[a1

· ·γal]u(~p, h)

½Â5.3.2.
1
l!
γ[a1 · ·γal] = m2

E2

∑
h,h′

W a1··al(~p;h, h′)u(~p, h)uT (~p, h′);h, h′ = −2[
N−1

2
], ··,−1, 1, ··, 2[

N−1
2

]

W a1··al(~p;h, h′) = u+(~p, h) 1
l!
γ[a1 · ·γal]u∗(~p, h′)

íØ5.3.1.
u(~p, h)uT (~p, h′) = m2

E2

n∑
l=0

∑
h′′,h′′′

1
l!
Ua1··al(~p;h, h

′)W a1··al(~p;h′′, h′′′)u(~p, h′′)uT (~p, h′′′)

n∑
l=0

1
l!
Ua1··al(~p;h, h

′)W a1··al(~p;h, h′) = 1

íØ5.3.2.
1
l!
γ[a1 · ·γal] = m2

E2

n∑
l=0

∑
h,h′

1
l!
W a1··al(~p;h, h′)Ua′1··a′l(~p;h, h

′) 1
l!
γ[a′1 · ·γa′l]

m2

E2

∑
h,h′

W a1··al(~p;h, h′)Ua1··al(~p;h, h
′) = 1

5.4 N+1���¥Ã�þ�é¡Üþ|�é´5Kß�

ß�5.4.1. ∂[a0
Fa1··al] = 0, ∂a1Fa1··al = 0, Fa1··al = 1

l!
F[a1··al]

⇒ [F a1a2··al(x), F+
a′1a
′
2··a′l

(x′)] =?− i 1

2
[
n
2

]

1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
∂al]∂a′l]∆(x− x′)

6 óê���¥�é¡��é¡B-W¥þ|�§

6.1 ����¥�é¡Bargmann-Wigner¥þ|�§

Ún6.1.1.

(γa∂a +m)X(2) = 0

X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

y²: (γa∂a +m)X(2) = 0, X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔ (γa∂

a +m){ 1
(1!)2F

bγb + 1
(2!)2F

bcγ[bγc]}C = 0

⇔ (γa∂
a +m){ 1

1!
F bγb + 1

2!
F bcγbγc} = 0

⇔ γaγb∂
a 1

1!
F b + γaγbγc∂

a 1
2!
F bc +m 1

1!
F bγb +m 1

2!
F bcγbγc = 0

⇔ { 1
2!
γ[aγb] + δab}∂a 1

1!
F b +m 1

2!
F bcγbγc + { 1

3!
γ[aγbγc] + (δa[bγc] + γaδbc)}∂a 1

2!
F bc +m 1

1!
F bγb = 0

⇔ 1
2!
γ[aγb]∂

a 1
1!
F b + δab∂

a 1
1!
F b +m 1

2!
F bcγbγc + 1

3!
γ[aγbγc]∂

a 1
2!
F bc + 2

1!
δabγc∂

a 1
2!
F bc +m 1

1!
F bγb = 0

⇔ 1
2!
γ[aγb]∂

a 1
1!
F b + ∂a

1
1!
F a + 1

2!
m 1

2!
F abγ[aγb] + 1

3!
γ[aγbγc]∂

a 1
2!
F bc + 2

1!
γb∂a

1
2!
F ab +m 1

1!
F bγb = 0

⇔

 1
2!
∂[a 1

1!
F b] +m 1

2!
F ab = 0, ∂a

1
1!
F a = 0

∂[a 1
2!
F bc] = 0, ∂a

1
2!
F ab + 1

2
m 1

1!
F b = 0

⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0
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íØ6.1.1.

γa∂aX(2) = 0

X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab = 0

íØ6.1.2. (γa∂a +m)X(2) = 0, X(2) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m
∂[aF b]

½n6.1.1.

(γa∂a +m)X(2) = 0

X(2) = XT (2)
⇔

∂b∂bF a −m2F a = 0, ∂aF
a = 0

X(2) = { 1
1!
γa + 1

2!m
γ[aγb]∂

b}CF a

íØ6.1.3.

∂[aF b] +mF ab = 0

∂aF
ab +mF b = 0

⇔

∂a∗F +m∗F a = 0

∂a∗F a +m∗F = 0

6.2 ����¥��é¡Bargmann-Wigner¥þ|�§

Ún6.2.1. (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC ⇔ ∂aF = 0,mF = 0

y²: (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC

⇔ (γa∂
a +m) 1

(0!)2FC = 0

⇔ (γa∂
a +m) 1

0!
F = 0

⇔ ∂aF = 0,mF = 0

íØ6.2.1. γa∂aX(2) = 0, X(2) = 1
(0!)2FC ⇔ ∂aF = 0

íØ6.2.2. (γa∂a +m)X(2) = 0, X(2) = 1
(0!)2FC,m 6= 0⇔ F = 0

½n6.2.1. (γa∂a +m)X(2) = 0, X(2) = −XT (2)⇔ F = 0

íØ6.2.3. F = 0⇔∗F ab = 0

6.3 o���¥�é¡Bargmann-Wigner¥þ|�§

Ún6.3.1.

(γa∂a +m)X(4) = 0

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

y²: (γa∂a +m)X(4) = 0, X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔ (γa∂

a +m){ 1
(1!)2F

bγb + 1
(2!)2F

bcγ[bγc]}C = 0

⇔ (γa∂
a +m){ 1

1!
F bγb + 1

2!
F bcγbγc} = 0

⇔ γaγb∂
a 1

1!
F b + γaγbγc∂

a 1
2!
F bc +m 1

1!
F bγb +m 1

2!
F bcγbγc = 0

⇔ { 1
2!
γ[aγb] + δab}∂a 1

1!
F b +m 1

2!
F bcγbγc + { 1

3!
γ[aγbγc] + (δa[bγc] + γaδbc)}∂a 1

2!
F bc +m 1

1!
F bγb = 0

⇔ 1
2!
γ[aγb]∂

a 1
1!
F b + δab∂

a 1
1!
F b +m 1

2!
F bcγbγc + 1

3!
γ[aγbγc]∂

a 1
2!
F bc + 2

1!
δabγc∂

a 1
2!
F bc +m 1

1!
F bγb = 0

⇔ 1
2!
γ[aγb]∂

a 1
1!
F b + ∂a

1
1!
F a + 1

2!
m 1

2!
F abγ[aγb] + 1

3!
γ[aγbγc]∂

a 1
2!
F bc + 2

1!
γb∂a

1
2!
F ab +m 1

1!
F bγb = 0

⇔

 1
2!
∂[a 1

1!
F b] +m 1

2!
F ab = 0, ∂a

1
1!
F a = 0

∂[a 1
2!
F bc] = 0, ∂a

1
2!
F ab + 1

2
m 1

1!
F b = 0

⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

íØ6.3.1.

γa∂aX(4) = 0

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab = 0

íØ6.3.2. (γa∂a +m)X(4) = 0, X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m
∂[aF b]
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½n6.3.1.

(γa∂a +m)X(4) = 0

X(4) = XT (4)
⇔


∂b∂

bF a −m2F a = 0, ∂aF
a = 0

X(4) = { 1
1!
γa + 1

2!m
γ[aγb]∂

b}CF a

= {− 1
2!
γ[a1γa2] + 1

3!m
γ[a1γa2γa3]∂a3

}Γ0C
1
2!
∗Fa1a2

íØ6.3.3.

∂[aF b] +mF ab = 0

∂aF
ab +mF b = 0

⇔

 1
2!
∂[a∗F bc] +m∗F abc = 0

∂a∗F abc +m∗F bc = 0

Ún6.3.2.

1
2!
γ[a1

γa2] = −εa1a2a3a4

1
(2!)2 Γ0γ

[a3γa4] = −εa1a2a3a4

1
(2!)2 γ

[a3γa4]Γ0

1
1!
γa1

= −εa1a2a3a4

1
(3!)2 Γ0γ

[a2γa3γa4] = εa1a2a3a4

1
(3!)2 γ

[a2γa3γa4]Γ0

íØ6.3.4. X(4) = 1
2!
γ[a1γa2]C 1

2!
Fa1a2

+ 1
3!m

γ[a1γa2γa3]∂a3
Γ0C

1
2!
∗Fa1a2

y²:

X(4) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
= { 1

1!
F a1εa1a2a3a4

1
(3!)2 γ

[a2γa3γa4] − 1
2!
F a1a2εa1a2a3a4

1
(2!)2 γ

[a3γa4]}Γ0C

= {− 1
(3!)2∗Fa2a3a4

γ[a2γa3γa4] − 1
(2!)2∗Fa3a4

γ[a3γa4]}Γ0C

= {− 1
(2!)2∗Fa1a2

γ[a1γa2] − 1
(3!)2∗Fa1a2a3

γ[a1γa2γa3]}Γ0C

= {− 1
2!
γ[a1γa2] + 1

3!m
γ[a1γa2γa3]∂a3

Γ0C
1
2!
∗Fa1a2

= 1
2!
γ[a1γa2]C 1

2!
Fa1a2

+ 1
3!m

γ[a1γa2γa3]∂a3
Γ0C

1
2!
∗Fa1a2

= { 1
(2!)2 γ

[a3γa4] + 1
3!m

γ[a1γa2γa
′
3]∂a′3Γ0C

1
(2!)2 εa1a2a3a4

}F a3a4

½Â6.3.1.

γa(4) = [γa(3)⊗ σy, I ⊗ σx] = (σ ⊗ σy, I ⊗ σx),Γa(4) = [γa(3), iς]

C(4) := γ2(4)γ4(4) = −iσy ⊗ σz, γ1(4) · · · γ4(4) = I ⊗ σz = γ0(4)

[γa(4)C(4)]T = γa(4)C(4), {γ[a(4)γb](4)C(4)}T = γ[a(4)γb](4)C(4)

CT (4) = −C(4), {γ[a(4)γb(4)γc](4)C(4)}T = −γ[a(4)γb(4)γc](4)C(4)

{γ[a(4)γb(4)γc(4)γd](4)C(4)}T = −γ[a(4)γb(4)γc(4)γd](4)C(4)

y²: [Fa1
(x), F+

a′1
(x′)]

= 2−4

(1!)2 C̄
λη(γa1

)η
µ(γa′1)µ

′
η′C̄

+η′λ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(1!)2 (C̄γa1
)λµ(γa′1C)λ

′µ′ i
23 [(m− γa∂a)γ0]{λ(λ′ [(m− γb∂b)γ0]µ}µ′)∆(x− x′)

= i 2−5

(1!)2 (C̄γa1
)λµ(γa′1C)λ

′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)
= i 2−5

(1!)2 (C̄γa1
)µλ[(m− γa∂a)γ0]λλ′(γa′1C)λ

′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)
= i 2−5

(1!)2 tr{(C̄γa1
)[(m− γa∂a)γ0](γa′1C)[(m− γb∂b)γ0]T}∆(x− x′)

= i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1C[(m− γb∂b)γ0]T C̄}∆(x− x′)

= −i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1 [γ0(m+ γb∂b)]}∆(x− x′)

= −i 2−5

(1!)2 tr{γa1
[(m− γa∂a)γ0]γa′1 [(m− γb∂+

b )γ0]}∆(x− x′)
= −i 2−5

(1!)2 {m2tr(γa1
γ0γa′1γ

0) + tr(γa1
γa∂aγ

0γa′1γ
b∂+
b γ

0)}∆(x− x′)
= i

4
(m2ηa1a′1

− ∂a1
∂+
a′1

)∆(x− x′)

6.4 o���¥��é¡Bargmann-Wigner¥þ|�§

Ún6.4.1.(γa∂a +m)X(4) = 0

X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

1
3!
∂[aF bcd] +mF abcd = 0, ∂aF

abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0
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íØ6.4.1.γa∂aX(4) = 0

X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

∂[aF bcd] = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd = 0

íØ6.4.2. (γa∂a +m)X(4) = 0, X(4) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C,m 6= 0

⇔


F = 0

1
3!
∂[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔


F = 0, ∂aF

abc = 0

∂a∂
aF bcd −m2F bcd = 0

F abcd = − 1
3!m

∂[aF bcd]

½n6.4.1.

(γa∂a +m)X(4) = 0

X(4) = −XT (4)
⇔

∂d∂dF abc −m2F abc = 0, ∂aF
abc = 0

X(4) = { 1
3!
γ[aγbγc] + 1

4!m
γ[aγbγcγd]∂

d}C 1
3!
F abc

íØ6.4.3.

 1
3!
∂[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔

 1
0!
∂a∗F +m∗F a = 0

∂a∗F a +m∗F = 0

6.5 8���¥�é¡Bargmann-Wigner¥þ|�§

Ún6.5.1.(γa∂a +m)X(6) = 0

X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

1
3!
∂[aF bcd] +mF abcd = 0, ∂aF

abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0

y²: (γa∂a +m)X(6) = 0, X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔ (γa∂
a +m){ 1

(0!)2F + 1
(3!)2F

bcdγ[bγcγd] + 1
(4!)2F

bcdeγ[bγcγdγe]}C = 0

⇔ (γa∂
a +m){ 1

3!
F bcdγbγcγd + 1

4!
F bcdeγbγcγdγe} = 0, F = 0

⇔ γaγbγcγd∂
a 1

3!
F bcd + γaγbγcγdγe∂

a 1
4!
F bcde +m 1

3!
F bcdγbγcγd +m 1

4!
F bcdeγbγcγdγe = 0

⇔ { 1
4!
γ[aγbγcγd] + 1

2!
(δabγ[cγd] + δacγ[dγb] + δadγ[bγc] + γ[aγb]δcd + γ[cγa]δbd + γ[aγd]δbc)

+ (δabδcd − δacδbd + δadδbc)}∂a 1
3!
F bcd + γaγbγcγdγe∂

a 1
4!
F bcde +m 1

3!
F bcdγbγcγd +m 1

4!
F bcdeγbγcγdγe = 0

⇔ { 1
4!
γ[aγbγcγd] + 3δabγ[cγd]}∂a 1

3!
F bcd + γaγbγcγdγe∂

a 1
4!
F bcde +m 1

3!
F bcdγbγcγd +m 1

4!
F bcdeγbγcγdγe = 0

⇔ γaγbγcγdγe∂
a 1

4!
F bcde +m 1

3!
F bcdγbγcγd = 0, ∂a

1
3!
F abc = 0, 1

4!
∂[a 1

3!
F bcd] +m 1

4!
F abcd = 0

⇔ { 1
5!
γ[aγbγcγdγe] + 1

3!
(δabγ[cγdγe] + ··) + 1

1!
(δabδcdγe + ··)}∂a 1

4!
F bcde +m 1

3!
F bcdγbγcγd = 0

⇔ { 1
5!
γ[aγbγcγdγe] + 4

3!
δabγ[cγdγe]}∂a 1

4!
F bcde +m 1

3!
F bcdγbγcγd = 0

⇔

 1
4!
∂[a 1

3!
F bcd] +m 1

4!
F abcd = 0, ∂a

1
3!
F abc = 0

∂[a 1
4!
F bcde] = 0, ∂a

1
4!
F abcd + 1

4
m 1

3!
F bcd = 0

⇔

 1
3!
∂[aF bcd] +mF abcd = 0, ∂aF

abc = 0

∂[aF bcde] = 0, ∂aF
abcd +mF bcd = 0

íØ6.5.1.

γa∂aX(6) = 0

X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C

⇔


F = 0

∂[aF bcd] = 0, ∂aF
abc = 0

∂[aF bcde] = 0, ∂aF
abcd = 0

íØ6.5.2. (γa∂a +m)X(6) = 0, X(6) = { 1
(0!)2F + 1

(3!)2F
abcγ[aγbγc] + 1

(4!)2F
abcdγ[aγbγcγd]}C,m 6= 0

⇔


F = 0

1
3!
∂[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔


F = 0, ∂aF

abc = 0

∂a∂
aF bcd −m2F bcd = 0

F abcd = − 1
3!m

∂[aF bcd]
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½n6.5.1.

(γa∂a +m)X(6) = 0

X(6) = XT (6)
⇔

∂d∂dF abc −m2F abc = 0, ∂aF
abc = 0

X(6) = { 1
3!
γ[aγbγc] + 1

4!m
γ[aγbγcγd]∂

d}C 1
3!
F abc

íØ6.5.3.

 1
3!
∂[aF bcd] +mF abcd = 0

∂aF
abcd +mF bcd = 0

⇔

 1
2!
∂[a∗F bc] +m∗F abc = 0

∂a∗F abc +m∗F bc = 0

6.6 8���¥��é¡Bargmann-Wigner¥þ|�§

Ún6.6.1. (γa∂a +m)X(6) = 0

X(6) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔

∂[a0F a1] +mF a0a1 = 0, ∂a1
F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 +mF a1 = 0

 1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1

F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

íØ6.6.1. γa∂aX(6) = 0, X(6) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔

∂[a0F a1] = 0, ∂a1
F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 = 0

∂[a0F a1··a5] = 0, ∂a1
F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 = 0

íØ6.6.2. (γa∂a +m)X(6) = 0,m 6= 0

X(6) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔



∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔



∂a0
∂a0F a1 −m2F a1 = 0, ∂a1

F a1 = 0

F a0a1 = − 1
m
∂[a0F a1]

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

F a0a1··a5 = − 1
5!m

∂[a0F a1··a5]

½n6.6.1. (γa∂a +m)X(6) = 0, X(6) = −XT (6)

⇔

∂a0
∂a0F a1 −m2F a1 = 0, ∂a1

F a1 = 0; ∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

X(6) = { 1
1!
γa1

+ 1
2!m

γ[a1
γa2]∂

a2}C 1
1!
F a1 + { 1

5!
γ[a1
· ·γa5] + 1

6!
γ[a1
· ·γa6]∂

a6}C 1
5!
F a1··a5

íØ6.6.3.



1
1!
∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔



1
4!
∂[a0∗F a1··a4] +m∗F a0a1··a4 = 0

∂a0
∗F a0a1··a4 +m∗F a1··a4 = 0

1
0!
∂a0∗F +m∗F a0 = 0

∂a0
∗F a0 +m∗F = 0

6.7 l���¥�é¡Bargmann-Wigner¥þ|�§

Ún6.7.1. (γa∂a +m)X(8) = 0

X(8) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F = 0

1
3!
∂[a0F a1··a3] +mF a0··a3 = 0, ∂a1

F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0
F a0a1··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1

F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0
F a0a1··a7 +mF a1··a7 = 0

y²: (γa∂a +m)X(8) = 0

X(8) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C
⇔
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F = 0

(γa∂a +m){ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]} = 0

(γa∂a +m){ 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]} = 0
⇔
F = 0

1
3!
∂[a0F a1··a3] +mF a0··a3 = 0, ∂a1

F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0
F a0a1··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1

F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0
F a0a1··a7 +mF a1··a7 = 0

íØ6.7.1. γa∂aX(8) = 0

X(8) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F = 0

∂[a0F a1··a3] = 0, ∂a1
F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a1

F a1··a4 = 0

∂[a0F a1··a7] = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a1

F a1··a8 = 0

íØ6.7.2. (γa∂a +m)X(8) = 0,m 6= 0

X(8) = { 1
(0!)2F + 1

(3!)2F
a1a2a3γ[a1

γa2
γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F = 0

1
3!
∂[a0F a1··a3] +mF a0··a3 = 0, ∂a0

F a0··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0··a7 = 0, ∂a0

F a0··a7 +mF a1··a7 = 0

⇔


F = 0

∂a0
∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1

F a1··a3 = 0, F a0··a3 = − 1
3!m

∂[a0F a1··a3]

∂a0
∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1

F a1··a7 = 0, F a0··a7 = − 1
7!m

∂[a0F a1··a7]

½n6.7.1.

(γa∂a +m)X(8) = 0

X(8) = XT (8)
⇔



∂a0
∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1

F a1··a3 = 0

∂a0
∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1

F a1··a7 = 0

X(8) = { 1
3!
γ[a1
· ·γa3] + 1

4!m
γ[a1
· ·γa4]∂

a4}C 1
3!
F a1··a3

+{ 1
7!
γ[a1
· ·γa7] + 1

8!m
γ[a1
· ·γa8]∂

a8}C 1
7!
F a1··a7

íØ6.7.3.

1
3!
∂[a0F a1··a3] +mF a0··a3 = 0

∂a0
F a0··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0··a7 = 0

∂a0
F a0··a7 +mF a1··a7 = 0

⇔



1
4!
∂[a0∗F a1··a4] +m∗F a0··a4 = 0

∂a0
∗F a0··a4 +m∗F a1··a4 = 0

∂a0∗F +m∗F a0 = 0

∂a0
∗F a0 +m∗F = 0

6.8 l���¥��é¡Bargmann-Wigner¥þ|�§

Ún6.8.1. (γa∂a +m)X(8) = 0

X(8) = { 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔

∂[a0F a1] +mF a0a1 = 0, ∂a1
F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 +mF a1 = 0

 1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1

F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

íØ6.8.1. γa∂aX(8) = 0, X(8) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C
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⇔

∂[a0F a1] = 0, ∂a1
F a1 = 0

∂[a0F a1a2] = 0, ∂a0
F a0a1 = 0

∂[a0F a1··a5] = 0, ∂a1
F a1··a5 = 0

∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 = 0

íØ6.8.2. (γa∂a +m)X(8) = 0,m 6= 0

X(8) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]}C

⇔



∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔



∂a0
∂a0F a1 −m2F a1 = 0, ∂a1

F a1 = 0

F a0a1 = − 1
m
∂[a0F a1]

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

F a0a1··a5 = − 1
5!m

∂[a0F a1··a5]

½n6.8.1. (γa∂a +m)X(8) = 0, X(8) = −XT (8)

⇔

∂a0
∂a0F a1 −m2F a1 = 0, ∂a1

F a1 = 0; ∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

X(6) = { 1
1!
γa1

+ 1
2!m

γ[a1
γa2]∂

a2}CF a1 + { 1
5!
γ[a1
· ·γa5] + 1

6!
γ[a1
· ·γa6]∂

a6}C 1
5!
F a1··a5

íØ6.8.3.



1
1!
∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0

∂a0
F a0a1··a5 +mF a1··a5 = 0

⇔



1
6!
∂[a0∗F a1··a6] +m∗F a0a1··a6 = 0

∂a0
∗F a0a1··a6 +m∗F a1··a6 = 0

1
2!
∂[a0∗F a1a2] +m∗F a0a1a2 = 0

∂a0
∗F a0a1a2 +m∗F a1a2 = 0

6.9 ����¥�é¡Bargmann-Wigner¥þ|�§

Ún6.9.1. (γa∂a +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!
F a1a2γ[a1

γa2]

+ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C

⇔


F = 0, F a1a2 = 0

1
5!
∂[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1

F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

1
9!
∂[a0F a1··a9] +mF a0a1··a9 = 0, ∂a1

F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a0
F a0a1··a9 +mF a1··a9 = 0

y²: (γa∂a +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!
F a1a2γ[a1

γa2]

+ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6] + 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C
⇔
F = 0, F a1a2 = 0

(γb∂b +m){ 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]} = 0

(γb∂b +m){ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]} = 0
⇔ 1

5!
∂[a0F a1··a5] +mF a0a1··a5 = 0, ∂a1

F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a0
F a0a1··a5 +mF a1··a5 = 0

1
9!
∂[a0F a1··a9] +mF a0a1··a9 = 0, ∂a1

F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a0
F a0a1··a9 +mF a1··a9 = 0

íØ6.9.1. γa∂aX(10) = 0, X(10) = { 1
(0!)2F + 1

2!
F a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]

+ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C

⇔


F = 0, F a1a2 = 0

∂[a0F a1··a5] = 0, ∂a1
F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a1

F a1··a6 = 0

∂[a0F a1··a9] = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a1

F a1··a10 = 0

íØ6.9.2.

(γb∂b +m)X(10) = 0, X(10) = { 1
(0!)2F + 1

2!
F a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5] + 1

(6!)2F
a1··a6γ[a1

· ·γa6]
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+ 1
(9!)2F

a1··a9γ[a1
· ·γa9] + 1

(10!)2F
a1··a10γ[a1

· ·γa10]}C,m 6= 0

⇔


F = 0, F a1a2 = 0

1
5!
∂[a0F a1··a5] +mF a0··a5 = 0, ∂a0

F a0··a5 +mF a1··a5 = 0

1
9!
∂[a0F a1··a9] +mF a0··a9 = 0, ∂a0

F a0··a9 +mF a1··a9 = 0

⇔


F = 0, F a1a2 = 0

∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0, F a0··a5 = − 1
5!m

∂[a0F a1··a5]

∂a0
∂a0F a1··a9 −m2F a1··a9 = 0, ∂a1

F a1··a9 = 0, F a0··a9 = − 1
9!m

∂[a0F a1··a9]

½n6.9.1.

(γa∂a +m)X(10) = 0

X(10) = XT (10)
⇔



∂a0
∂a0F a1··a5 −m2F a1··a5 = 0, ∂a1

F a1··a5 = 0

∂a0
∂a0F a1··a9 −m2F a1··a9 = 0, ∂a1

F a1··a9 = 0

X(10) = { 1
5!
γ[a1
· ·γa5] + 1

6!m
γ[a1
· ·γa6]∂

a6}C 1
5!
F a1··a5

+{ 1
9!
γ[a1
· ·γa9] + 1

10!m
γ[a1
· ·γa10]∂

a10}C 1
9!
F a1··a9

íØ6.9.3. 1
5!
∂[a0F a1··a5] +mF a0··a5 = 0, ∂a0

F a0··a5 +mF a1··a5 = 0

1
9!
∂[a0F a1··a9] +mF a0··a9 = 0, ∂a0

F a0··a9 +mF a1··a9 = 0
⇔ 1

4!
∂[a0∗F a1··a4] +m∗F a0··a4 = 0, ∂a0

∗F a0··a4 +m∗F a1··a4 = 0

∂a0∗F +m∗F a0 = 0, ∂a0
∗F a0 +m∗F = 0

íØ6.9.4.∂[a0F a1··a5] = 0, ∂a1
F a1··a5 = 0; ∂[a0F a1··a6] = 0, ∂a1

F a1··a6 = 0

∂[a0F a1··a9] = 0, ∂a1
F a1··a9 = 0; ∂[a0F a1··a10] = 0, ∂a1

F a1··a10 = 0
⇔∂[a0∗F a1··a5] = 0, ∂a1

∗F a1··a5 = 0; ∂[a0∗F a1··a4] = 0, ∂a1
∗F a1··a4 = 0

∂[a0∗F a1] = 0, ∂a1
∗F a1 = 0; ∂a0∗F = 0

6.10 ����¥��é¡Bargmann-Wigner¥þ|�§

Ún6.10.1. (γb∂b +m)X(10) = 0, X(10) =

{ 1
1!
F a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F a1 = 0

1
3!
∂[a0F a1··a3] +mF a0a1··a3 = 0, ∂a1

F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0
F a0a1··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0a1··a7 = 0, ∂a1

F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0
F a0a1··a7 +mF a1··a7 = 0

íØ6.10.1. γb∂bX(10) = 0, X(10) =

{ 1
1!
F a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C

⇔


F a1 = 0

∂[a0F a1··a3] = 0, ∂a1
F a1··a3 = 0; ∂[a0F a1··a4] = 0, ∂a0

F a0a1··a3 = 0

∂[a0F a1··a7] = 0, ∂a1
F a1··a7 = 0; ∂[a0F a1··a8] = 0, ∂a0

F a0a1··a7 = 0

íØ6.10.2.

(γb∂b +m)X(10) = 0,m 6= 0, X(10) =

{ 1
1!
F a1γa1

+ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4] + 1
(7!)2F

a1··a7γ[a1
· ·γa7] + 1

(8!)2F
a1··a8γ[a1

· ·γa8]}C
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⇔


F a1 = 0

1
3!
∂[a0F a1··a3] +mF a0a1··a3 = 0, ∂a0

F a0a1··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0a1··a7 = 0, ∂a0

F a0a1··a7 +mF a1··a7 = 0

⇔


F a1 = 0

∂a0
∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1

F a1··a3 = 0, F a0a1··a3 = − 1
3!m

∂[a0F a1··a3]

∂a0
∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1

F a1··a7 = 0, F a0a1··a7 = − 1
7!m

∂[a0F a1··a7]

½n6.10.1. (γa∂a +m)X(10) = 0, X(10) = −XT (10)

⇔

∂a0
∂a0F a1··a3 −m2F a1··a3 = 0, ∂a1

F a1··a3 = 0; ∂a0
∂a0F a1··a7 −m2F a1··a7 = 0, ∂a1

F a1··a7 = 0

X(10) = { 1
3!
γ[a1
· ·γa3] + 1

4!m
γ[a1
· ·γa4]∂

a4}C 1
3!
F a1··a3 + { 1

7!
γ[a1
· ·γa7] + 1

8!m
γ[a1
· ·γa8]∂

a8}C 1
7!
F a1··a7

íØ6.10.3.

1
3!
∂[a0F a1··a3] +mF a0a1··a3 = 0

∂a0
F a0a1··a3 +mF a1··a3 = 0

1
7!
∂[a0F a1··a7] +mF a0a1··a7 = 0

∂a0
F a0a1··a7 +mF a1··a7 = 0

⇔



1
6!
∂[a0∗F a1··a6] +m∗F a0··a6 = 0

∂a0
∗F a0··a6 +m∗F a1··a6 = 0

1
2!
∂[a0∗F a1a2] +m∗F a0a1a2 = 0

∂a0
∗F a0a1a2 +m∗F a1a2 = 0

6.11 ����¥Bargmann-Wigner¥þ|�§�é´5K

Ún6.11.1. 1
(l+1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

ηala′lηal+1]a′l+1〉∂
al+1∂+a′l+1∆(x− x′)

= { 1
l!
η[a1〈a′1ηa2a′2

· ·ηal−1a′l−1
ηal]a′l〉m

2 − 1
(l−1)!

η[a1〈a′1ηa2a′2
· ·ηal−1a′l−1

∂al]∂
+
a′l〉
}∆(x− x′)

íØ6.11.1. Fa1a2a3a4a5
(x) = 2−5tr{ 1

5!
C̄γ[a1

γa2
γa3

γa4
γa5]X(x)} = 2−5

5!
C̄λη{γ[a1

γa2
γa3

γa4
γa5]}ηµXλµ(x)

5�6.11.1. tr{ 1
5!
γ[b1 · ·γb5] 1

5!
γ[a1
· ·γa5]} = 25δb1[a1

· ·δb5a5]

íØ6.11.2.

Ua1a2a3a4a5
(~p, h) := 2−5

5!
C̄λη{γ[a1

γa2
γa3

γa4
γa5]}ηµUλµ(~p, h) = 2−5tr{C̄ 1

5!
γ[a1

γa2
γa3

γa4
γa5]U(~p, h)}

Va1a2a3a4a5
(~p, h) := 2−5

5!
C̄λη{γ[a1

γa2
γa3

γa4
γa5]}ηµVλµ(~p, h) = 2−5tr{C̄ 1

5!
γ[a1

γa2
γa3

γa4
γa5]V (~p, h)}

C(10) := γ2(10)γ4(10)γ5(10)γ8(10)γ9(10) = −σy ⊗ I ⊗ σy ⊗ I ⊗ σy

C̄ = C+, CT = −C

ß�6.11.1.C̄(n) = C+(n), C+(n) = (−1)[
n
4

]C(n), CT (n) = (−1)[
n+2

4
]C(n)

[γa(n)C(n)]T = (−1)[
n−1

4
][γa(n)C(n)], [C+(n)γa(n)]T = (−1)[

n−1
4

][C+(n)γa(n)]

½n6.11.1. [Fa1a2a3a4a5
(x), F+

a′1a
′
2a
′
3a
′
4a
′
5
(x′)] = − i

25
1
6!
η[a1〈a′1ηa2a′2

· ·ηa5a′5
ηa6]a′6〉∂

a6∂+a′6∆(x− x′)

y²: [Fa1a2a3a4a5
(x), F+

a′1a
′
2a
′
3a
′
4a
′
5
(x′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
µλ(C+γ[a′1

γa′2γa′3γa′4γa′5])
∗µ′λ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(C+γ[a′1

γa′2γa′3γa′4γa′5])
+λ′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′5

γa′4γa′3γa′2γa′1]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ [ψλµ(x), ψ+

λ′µ′(x
′)]

= 2−10

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ i

23 [(m− γa∂a)γ0]{λ(λ′ [(m− γb∂b)γ0]µ}µ′)∆(x− x′)
= i 2−11

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ [(m− γa∂a)γ0]λλ′ [(m− γb∂b)γ0]µµ′∆(x− x′)

= i 2−11

(5!)2 (C+γ[a1
γa2

γa3
γa4

γa5])
λµ[(m− γa∂a)γ0]λλ′(γ[a′1

γa′2γa′3γa′4γa′5]C)λ
′µ′ [(m− γb∂b)γ0]Tµ′µ∆(x− x′)

= i 2−11

(5!)2 tr{C+γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5]C[(m− γb∂b)γ0]T}∆(x− x′)

= i 2−11

(5!)2 tr{γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5]C[(m− γb∂b)γ0]TC+}∆(x− x′)
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= −i 2−11

(5!)2 tr{γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5][γ

0(m+ γb∂b)]}∆(x− x′)
= −i 2−11

(5!)2 tr{γ[a1
γa2

γa3
γa4

γa5][(m− γa∂a)γ0]λλ′γ[a′1
γa′2γa′3γa′4γa′5][(m− γb∂+

b )γ0]}∆(x− x′)
= −i 2−11

(5!)2 tr{m2(γ[a1
γa2

γa3
γa4

γa5])γ
0(γ[a′1

γa′2γa′3γa′4γa′5])γ
0}∆(x− x′)

− i 2−11

(5!)2 tr{(γ[a1
γa2

γa3
γa4

γa5])γaγ0(γ[a′1
γa′2γa′3γa′4γa′5])γbγ0}∂a∂b∆(x− x′)

= −i 2−11

(5!)2 i
5∗625(5!)2m2 1

5!
η

[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]∆(x− x′)
− i 2−11

(5!)2 i
6∗725(5!)2{ 1

6!
η

[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a]
b] −

1
4!
η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b}∂a∂+b∆(x− x′)

= i
26 { 1

5!
η

[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]m
2 + ( 1

6!
η

[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a]
b] −

1
4!
η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b)∂a∂

+b}∆(x− x′)
= i

26 {ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5]m
2 + (ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5
ηab] −

1
4!
η

[a1

[a′1
· ·ηa4

a′4
δa5]aδa′5]b)∂a∂

+b}∆(x− x′)
= i

26 {ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5]m
2 + (ηa1

[a′1
ηa2

a′2
· ·ηa5

a′5
ηab]∂a∂

+b − 1
4!
η

[a1

[a′1
· ·ηa4

a′4
∂a5]∂+

a′5])}∆(x− x′)
= i

25 { 1
5!
η

[a1

[a′1
ηa2

a′2
· ·ηa5]

a′5]m
2 − 1

4!
η

[a1

[a′1
· ·ηa4

a′4
∂a5]∂+

a′5]}∆(x− x′)
= i

25
1
6!
η

[a1

[a′1
ηa2

a′2
· ·ηa5

a′5
η
a6]
a′6]∂a6

∂+a′6∆(x− x′)
= i

25
1
6!
η[a1〈a′1ηa2a′2

· ·ηa5a′5
ηa6]a′6〉∂

a6∂+a′6∆(x− x′)

íØ6.11.3. [Fa1a2··a6
(x), F+

a′1a
′
2··a′6

(x′)] = −i 2−5

5!
η[a1〈a′1ηa2a′2

· ·ηa5a′5
∂a6]∂

+
a′6〉

∆(x− x′)

7 Ûê���¥�é¡Ú�é¡B-W¥þ|�§

7.1 n���¥�é¡Bargmann-Wigner¥þ|�§

Ún7.1.1. (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC ⇔ εabc∂bFc − imF a = 0, ∂aF
a = 0

y²: (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC

⇔ (γa∂
a +m) 1

(1!)2F
bγbC = 0

⇔ (γa∂
a +m)F bγb = 0

⇔ γaγb∂
aF b +mF bγb = 0

⇔ { 1
2!
γ[aγb] + δab}∂aF b + 1

1!
mF bγb = 0

⇔ 1
2!
γ[aγb]∂

aF b + δab∂
aF b + 1

1!
mF bγb = 0

⇔ iεabc 1
(1!)2 γc∂aFb + δab∂

aF b + 1
1!
mF cγc = 0

⇔ εabc∂aFb − imF c = 0, ∂aF
a = 0

⇔ εabc∂bFc − imF a = 0, ∂aF
a = 0

íØ7.1.1. γa∂aX(3) = 0, X(3) = 1
(1!)2F

aγaC ⇔ εabc∂bFc = 0, ∂aF
a = 0⇒ ∂b∂

bF a = 0

íØ7.1.2. (γa∂a +m)X(3) = 0, X(3) = 1
(1!)2F

aγaC,m 6= 0⇔ εabc∂bFc − imF a = 0⇒ ∂b∂
bF a −m2F a = 0

½n7.1.1. (γa∂a +m)X(3) = 0, X(3) = XT (3),m 6= 0⇔ εabc∂bFc − imF a = 0, X(3) = 1
(1!)2F

aγaC

íØ7.1.3. εabc∂bFc − imF a = 0⇔ ∂a∗F ab + imF b = 0⇔ ∂[aFb] − im∗Fab = 0

7.2 n���¥��é¡Bargmann-Wigner¥þ|�§

Ún7.2.1. (γa∂a +m)X(3) = 0, X(3) = 1
(0!)2FC ⇔ ∂aF = 0,mF = 0

y²: (γa∂a +m)X(3) = 0, X(3) = 1
(0!)2FC

⇔ (γa∂
a +m) 1

(0!)2FC = 0

⇔ (γa∂
a +m)F = 0

⇔ ∂aF = 0,mF = 0

íØ7.2.1. γa∂a
1

(0!)2FC = 0⇔ ∂aF = 0

íØ7.2.2. (γa∂a +m) 1
(0!)2FC = 0,m 6= 0⇔ F = 0

½n7.2.1. (γa∂a +m)X(3) = 0, X(3) = −XT (3),m 6= 0⇔ F = 0, X(3) = 1
(0!)2FC = 0

íØ7.2.3. F = 0⇔∗Fab = 0
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7.3 Ê���¥�é¡Bargmann-Wigner¥þ|�§

Ún7.3.1. (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C ⇔ εabcde∂cFde −mF ab = 0, ∂aF
ab = 0

y²: (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C

⇔ (γa∂
a +m) 1

(2!)2F
bcγ[bγc]C = 0

⇔ (γa∂
a +m)F bcγbγc = 0

⇔ γaγbγc∂
aF bc +mF bcγbγc = 0

⇔ { 1
3!
γ[aγbγc] + (δa[bγc] + γaδbc)}∂aF bc + 1

2!
mF bcγ[bγc] = 0

⇔ 1
3!
γ[aγbγc]∂

aF bc + 2δabγc∂
aF bc + 1

2!
mF bcγ[bγc] = 0

⇔ −εabcde 1
(2!)2 γ[dγe]∂aFbc + 2δabγc∂

aF bc + 1
2!
mF deγ[dγe] = 0

⇔ 1
2!
εabcde∂aFbc −mF de = 0, ∂aF

ab = 0

⇔ 1
2!
εabcde∂cFde −mF ab = 0, ∂aF

ab = 0

íØ7.3.1. γa∂aX(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C ⇔ εabcde∂cFde = 0, ∂aF
ab = 0

íØ7.3.2. (γa∂a +m)X(5) = 0, X(5) = 1
(2!)2F

abγ[aγb]C,m 6= 0⇔ 1
2!
εabcde∂cFde −mF ab = 0

½n7.3.1. (γa∂a +m)X(5) = 0, X(5) = XT (5),m 6= 0⇔ 1
2!
εabcde∂cFde −mF ab = 0, X(5) = 1

(2!)2F
abγ[aγb]C

íØ7.3.3. 1
2!
εabcde∂cFde −mF ab = 0⇔ ∂a∗F abc −mF bc = 0⇔ 1

2!
∂[aFbc] −m∗Fabc = 0

7.4 Ê���¥��é¡Bargmann-Wigner¥þ|�§

Ún7.4.1.

(γa∂a +m)X(5) = 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔

 1
0!
∂a0F +mF a0 = 0

∂[a0F a1] = 0, ∂a0
F a0 +mF = 0

íØ7.4.1.

γa∂aX(5) = 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔

∂a0F = 0

∂[a0F a1] = 0, ∂a0
F a0 = 0

íØ7.4.2.

(γa∂a +m)X(5) = 0,m 6= 0

X(5) = { 1
(0!)2F + 1

(1!)2F
a1γa1

}C
⇔

 1
0!
∂a0F +mF a0 = 0

∂a0
F a0 +mF = 0

⇔

∂a0
∂a0F −m2F = 0

F a0 = − 1
0!m

∂a0F

½n7.4.1.

(γa∂a +m)X(5) = 0,m 6= 0

X(5) = −XT (5)
⇔

∂a0
∂a0F −m2F = 0

X(5) = { 1
0!
F − 1

1!m
γa1

∂a1}C

íØ7.4.3.

 1
0!
∂a0F +mF a0 = 0

∂a0
F a0 +mF = 0

⇔

 1
4!
∂[a0∗F a1··a4] +m∗F a0a1··a4 = 0

∂a0
∗F a0a1··a4 +m∗F a1··a4 = 0

7.5 Ô���¥�é¡Bargmann-Wigner¥þ|�§

Ún7.5.1. (γa0∂a0
+m)X(7) = 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C

⇔ εa1··a7∂a4
Fa5··a7

− imF a1··a3 = 0, ∂a1
F a1··a3 = 0

y²: (γa0∂a0
+m)X(7) = 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C

⇔ (γa0
∂a0 +m){ 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C = 0

⇔ F = 0, (γa0
∂a0 +m){ 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C = 0

⇔ 1
3!
εa1··a7∂a4

Fa5··a7
− imF a1··a3 = 0, ∂a1

F a1··a3 = 0

íØ7.5.1. γa0∂a0
= 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C

⇔ εa1··a7∂a4
Fa5··a7

= 0, ∂a1
F a1··a3 = 0
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íØ7.5.2. (γa0∂a0
+m)X(7) = 0, X(7) = { 1

(0!)2F + 1
(3!)2F

a1··a3γ[a1
· ·γa3]}C,m 6= 0

⇔ 1
3!
εa1··a7∂a4

Fa5··a7
− imF a1··a3 = 0

½n7.5.1. (γa∂a +m)X(7) = 0, X(7) = XT (7),m 6= 0

⇔ 1
3!
εa1··a7∂a4

Fa5··a7
− imF a1··a3 = 0, X(7) = 1

(3!)2F
a1··a3γ[a1

· ·γa3]C

íØ7.5.3.

1
3!
εa1··a7∂a4

Fa5··a7
− imF a1··a3 = 0⇔ ∂a0

∗F a0··a3 + imF a1··a3 = 0⇔ 1
3!
∂[a0

Fa1··a3] − im∗Fa0··a3
= 0

7.6 Ô���¥��é¡Bargmann-Wigner¥þ|�§

Ún7.6.1.

(γa∂a +m)X(7) = 0

X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

íØ7.6.1.

γa∂aX(7) = 0

X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab = 0

íØ7.6.2. (γa∂a +m)X(7) = 0, X(7) = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C,m 6= 0

⇔ ∂aF
ab +mF b = 0, ∂[aF b] +mF ab = 0⇔ ∂b∂

bF a −m2F a = 0, ∂aF
a = 0, F ab = − 1

m
∂[aF b]

½n7.6.1.

(γa∂a +m)X(7) = 0

X(7) = −XT (7)
⇔

∂b∂bF a −m2F a = 0, ∂aF
a = 0

X(7) = { 1
1!
γa + 1

2!m
γ[aγb]∂

b}CF a

íØ7.6.3.

 1
1!
∂[a0F a1] +mF a0a1 = 0

∂a0
F a0a1 +mF a1 = 0

⇔

 1
5!
∂[a0∗F a1··a5] −m∗F a0a1··a5 = 0

∂a0
∗F a0a1··a5 −m∗F a1··a5 = 0

7.7 Ê���¥�é¡Bargmann-Wigner¥þ|�§

Ún7.7.1. (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

⇔

∂a1F +mF a1 = 0, ∂[a0F a1] = 0, ∂a1
F a1 +mF = 0

1
4!
εa1··a9∂a5

Fa6··a9
−mF a1··a4 = 0, ∂a1

F a1··a4 = 0

y²: (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C
⇔ (γa0

∂a0 +m){ 1
(0!)2F + 1

(1!)2F
a1γa1

+ 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C = 0

⇔ (γa0
∂a0 +m){ 1

(0!)2F + 1
(1!)2F

a1γa1
}C = 0, (γa0

∂a0 +m){ 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C = 0

⇔

∂a1F +mF a1 = 0, ∂[a0F a1] = 0, ∂a1
F a1 +mF = 0

1
4!
εa1··a9∂a5

Fa6··a9
−mF a1··a4 = 0, ∂a1

F a1··a4 = 0

íØ7.7.1. γa0∂a0
X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C

⇔

∂a1F = 0, ∂[a0F a1] = 0, ∂a1
F a1 = 0

εa1··a9∂a5
Fa6··a9

= 0, ∂a1
F a1··a4 = 0

íØ7.7.2. (γa0∂a0
+m)X(9) = 0, X(9) = { 1

(0!)2F + 1
(1!)2F

a1γa1
+ 1

(4!)2F
a1a2a3a4γ[a1

γa2
γa3

γa4]}C,m 6= 0

⇔

∂a1F +mF a1 = 0, ∂a1
F a1 +mF = 0⇔ ∂a1

∂a1F −m2F = 0, F a1 = − 1
m
∂a1F

1
4!
εa1··a9∂a5

Fa6··a9
−mF a1··a4 = 0

½n7.7.1.

(γa∂a +m)X(9) = 0

X(9) = XT (9)
⇔

∂a1
∂a1F −m2F = 0, 1

4!
εa1··a9∂a5

Fa6··a9
−mF a1··a4 = 0

X(9) = {(1− 1
m
γa1

∂a1)F + 1
(4!)2F

a1a2a3a4γ[a1
γa2

γa3
γa4]}C

íØ7.7.3. 1
4!
εa1··a9∂a5

Fa6··a9
−mF a1··a4 = 0⇔ ∂a0

∗F a0··a4 −mF a1··a4 = 0⇔ 1
4!
∂[a0

Fa1··a4] −m∗Fa0··a4
= 0
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7.8 Ê���¥��é¡Bargmann-Wigner¥þ|�§

Ún7.8.1.(γa∂a +m)X(9) = 0

X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C
⇔

 1
2!
∂[a0F a1a2] +mF a0a1a2 = 0, ∂a1

F a1a2 = 0

∂[a0F a1a2a3] = 0, ∂a0
F a0a1a2 +mF a1a2 = 0

íØ7.8.1.γa∂aX(9) = 0

X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C
⇔

∂[a0F a1a2] = 0, ∂a1
F a1a2 = 0

∂[a0F a1a2a3] = 0, ∂a0
F a0a1a2 = 0

íØ7.8.2. (γa∂a +m)X(9) = 0,m 6= 0, X(9) = { 1
(2!)2F

a1a2γ[a1
γa2] + 1

(3!)2F
a1··a3γ[a1

· ·γa3]}C

⇔

 1
2!
∂[a0F a1a2] +mF a0a1a2 = 0

∂a0
F a0a1a2 +mF a1a2 = 0

⇔

∂a0
∂a0F a1a2 −m2F a1a2 = 0, ∂a1

F a1a2 = 0

F a0a1a2 = − 1
2!m

∂[a0F a1a2]

½n7.8.1.(γa∂a +m)X(9) = 0,m 6= 0

X(9) = −XT (9)
⇔

∂a0
∂a0F a1a2 −m2F a1a2 = 0, ∂a1

F a1a2 = 0

X(9) = { 1
2!
γ[a1

γa2] − 1
3!m

F a1··a3γ[a1
· ·γa3]∂

a3}C 1
2!
F a1a2

íØ7.8.3. 1
2!
∂[a0F a1a2] +mF a0a1a2 = 0

∂a0
F a0a1a2 +mF a1a2 = 0

⇔

 1
6!
∂[a0∗F a1··a6] +m∗F a0a1··a6 = 0

∂a0
∗F a0a1··a6 +m∗F a1··a6 = 0

7.9 �����¥�é¡Bargmann-Wigner¥þ|�§

Ún7.9.1. (γa0∂a0
+m)X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C

⇔

∂[a0F a1] +mF a0a1 = 0, ∂a1
F a1 = 0; ∂[a0F a1a2] = 0, ∂a0

F a0a1 +mF a1 = 0

1
5!
εa1··a11∂a6

Fa7··a11
−mF a1··a5 = 0, ∂a1

F a1··a5 = 0

y²: (γa0∂a0
+m)X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C
⇔ (γa0

∂a0 +m){ 1
(1!)2F

a1γa1
+ 1

(2!)2F
a1a2γ[a1

γa2] + 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C = 0

⇔ (γa0
∂a0 +m){ 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2]}C = 0, (γa0

∂a0 +m){ 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C = 0

⇔

∂[a0F a1] +mF a0a1 = 0, ∂a1
F a1 = 0; ∂[a0F a1a2] = 0, ∂a0

F a0a1 +mF a1 = 0

1
5!
εa1··a11∂a6

Fa7··a11
−mF a1··a5 = 0, ∂a1

F a1··a5 = 0

íØ7.9.1. γa0∂a0
X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C

⇔

∂[a0F a1] = 0, ∂a1
F a1 = 0, ∂[a0F a1a2] = 0, ∂a0

F a0a1 = 0

εa1··a11∂a6
Fa7··a11

= 0, ∂a1
F a1··a5 = 0

íØ7.9.2. (γa0∂a0
+m)X(11) = 0, X(11) = { 1

(1!)2F
a1γa1

+ 1
(2!)2F

a1a2γ[a1
γa2] + 1

(5!)2F
a1··a5γ[a1

· ·γa5]}C,m 6= 0

⇔

∂[a0F a1] +mF a0a1 = 0, ∂a0
F a0a1 +mF a1 = 0

εa1··a11∂a6
Fa7··a11

−mF a1··a5 = 0

⇔

∂a0
∂a0F a1 −m2F a1 = 0, ∂a1

F a1 = 0, F a0a1 = − 1
m
∂[a0F a1]

1
5!
εa1··a11∂a6

Fa7··a11
−mF a1··a5 = 0

½n7.9.1.

(γa∂a +m)X(11) = 0

X(11) = XT (11),m 6= 0
⇔

∂a0
∂a0F a1 −m2F a1 = 0, 1

5!
εa1··a11∂a6

Fa7··a11
−mF a1··a5 = 0

X(11) = {( 1
1!
γa1

+ 1
2!m

γ[a1
γa2]∂

a2)F a1 + 1
(5!)2F

a1··a5γ[a1
· ·γa5]}C

íØ7.9.3. 1
5!
εa1··a11∂a6

Fa7··a11
−mF a1··a5 = 0⇔ ∂a0

∗F a0··a5 +mF a1··a5 = 0⇔ 1
5!
∂[a0

Fa1··a5] −m∗Fa0··a5
= 0
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7.10 �����¥��é¡Bargmann-Wigner¥þ|�§

Ún7.10.1.(γa∂a +m)X(11) = 0, X(11) =

{ 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C
⇔

 1
3!
∂[a0F a1a2a3] +mF a0a1a2a3 = 0, ∂a1

F a1a2a3 = 0

∂[a0F a1··a4] = 0, ∂a0
F a0a1a2a3 +mF a1a2a3 = 0

íØ7.10.1.γa∂aX(11) = 0

X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C
⇔

∂[a0F a1a2a3] = 0, ∂a1
F a1a2a3 = 0

∂[a0F a1··a4] = 0, ∂a0
F a0a1a2a3 = 0

íØ7.10.2. (γa∂a +m)X(11) = 0,m 6= 0, X(11) = { 1
(3!)2F

a1··a3γ[a1
· ·γa3] + 1

(4!)2F
a1··a4γ[a1

· ·γa4]}C

⇔

 1
3!
∂[a0F a1a2a3] +mF a0a1a2a3 = 0

∂a0
F a0a1a2a3 +mF a1a2a3 = 0

⇔

∂a0
∂a0F a1a2a3 −m2F a1a2a3 = 0, ∂a1

F a1a2a3 = 0

F a0a1a2a3 = − 1
m
∂[a0F a1a2a3]

½n7.10.1.(γa∂a +m)X(11) = 0,m 6= 0

X(11) = −XT (11)
⇔

∂a1
∂a1F a1a2a3 −m2F a1a2a3 = 0, ∂a1

F a1a2a3 = 0

X(11) = { 1
3!
γ[a1
· ·γa3] + 1

4!
γ[a1
· ·γa4]∂

a4}C 1
3!
F a1a2a3

íØ7.10.3. 1
3!
∂[a0F a1a2a3] +mF a0a1a2a3 = 0

∂a0
F a0a1a2a3 +mF a1a2a3 = 0

⇔

 1
7!
∂[a0∗F a1··a7] −m∗F a0a1··a7 = 0

∂a0
∗F a0a1··a7 −m∗F a1··a7 = 0

8 N+1=nó���¥�é¡B-W¥þ|�§

8.1 'u�é¡'X�Ún

Ún8.1.1.
l∑

h=1

a{µς (~p, h)uλς}(~p, h) = 0⇔ [a(~p;h, h′) + a(~p;h′, h)] = 0, c(~p;h, h′) = 0

y²:
l∑

h=1

a{µς (~p, h)uλς}(~p, h) = 0

⇔
l∑

h=1

u{λς (~p, h)aµς}(~p, h) = 0

⇔
l∑

h,h′=1

u{λς (~p, h)[a(~p;h, h′)uµς}(~p, h
′) + c(~p;h, h′)vµς}(~p, h

′)] = 0

⇔
l∑

h,h′=1

[a(~p;h, h′)u{λς (~p, h)uµς}(~p, h
′) + c(~p;h, h′)u{λς (~p, h)vµς}(~p, h

′)] = 0

⇔
l∑

h,h′=1

[a(~p;h, h′) + a(~p;h′, h)]uλς (~p, h)uµς (~p, h
′) +

l∑
h,h′=1

c(~p;h, h′)u{λς (~p, h)vµς}(~p, h
′)] = 0

⇔ [a(~p;h, h′) + a(~p;h′, h)] = 0, c(~p;h, h′) = 0

8.2 N+1=nó���¥�é¡B-W¥þ|�§�²¡Å)

½n8.2.1. (γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς (x) = −ψµςλς (x)

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

m√
E

l∑
h〈h′=1

[a(~p;h〈h′) 1√
2
u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h〈h′) 1√
2
v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

y²:

(γa∂a +m)κς
λςψλςµς (x) = 0, ψλςµς (x) = −ψµςλς (x)

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p, ψλςµς (x) = −ψµςλς (x)

⇔
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ψλςµς (x) = 1
(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

= −
+∞∫
−∞

√
m
E

l∑
h=1

[aλς (~p, h)uµς (~p, h)eip·x + b+λς (~p, h)vµς (~p, h)e−ip·x]dN~p

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

+∞∫
−∞

√
m
E

l∑
h=1

[a{µς (~p, h)uλς}(~p, h)eip·x + b+{µς (~p, h)vλς}(~p, h)e−ip·x]dN~p = 0

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h=1

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

l∑
h=1

a{µς (~p, h)uλς}(~p, h) = 0,
l∑

h=1

b+{µς (~p, h)vλς}(~p, h) = 0

⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h,h′=1

[a(~p;h, h′)uλς (~p, h)uµς (~p, h
′)eip·x + b+(~p;h, h′)vλς (~p, h)vµς (~p, h

′)e−ip·x]dN~p

a(~p;h, h′) + a(~p;h′, h) = 0, b+(~p;h, h′) + b+(~p;h′, h) = 0
⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

√
m
E

l∑
h,h′=1

[a(~p;h, h′) 1
2!
u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h, h′) 1
2!
v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

a(~p;h, h′) + a(~p;h′, h) = 0, b+(~p;h, h′) + b+(~p;h′, h) = 0
⇔
ψλςµς (x) = 1

(2π)N/2

+∞∫
−∞

m√
E

l∑
h〈h′=1

[a(~p;h〈h′) 1√
2
u[λς (~p, h)uµς ](~p, h

′)eip·x + b+(~p;h〈h′) 1√
2
v[λς (~p, h)vµς ](~p, h

′)e−ip·x]dN~p

a(~p;h〈h′) =
√

2√
m
a(~p;h, h′), b+(~p;h〈h′) =

√
2√
m
b+(~p;h, h′)

9 N+1���¥�é¡Üþ|���¦)

9.1 N+1���¥�>f�§ [5]

óê���¥�>f�§µ

½Â9.1.1. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (Γ⊗ σy, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

Ûê���¥�>f�§µ

½Â9.1.2. (γa∂a +m)ψ = 0, ψ =

[
ϕ

η

]
, γa = (Γ⊗ σy, I∗ ⊗ σx, ςI∗ ⊗ σz) = (~γ, ςI∗ ⊗ σz)

9.2 N+1���¥�>fg^Ä

½Â9.2.1. uς(~p, h) :=
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
1
0

0l−2

0l

]
,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0
1

0l−2

0l

]
, ··,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l−2

0
1
0l

]

½Â9.2.2. vς(~p, h) :=
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l
1
0

0l−2

]
,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l
0
1

0l−2

]
, ··,
√

E+m
2m

(1− i~p·~γγ0

E+m
)

[
0l

0l−2

0
1

]
9.3 N+1���¥>f�²¡Å)

íØ9.3.1.
ψλς (x) = 1

(2π)N/2

+∞∫
~p=−∞

√
m
E

l∑
h=1

[a(~p, h)uλς (~p, h)eip·x + b+(~p, h)vλς (~p, h)e−ip·x]dN~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

√
E
m
u+(~p, h)ψ(x)e−ip·xd3~r, b+(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

√
E
m
v+(~p, h)ψ(x)eip·xd3~r
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½n9.3.1.
Aa1··al(x) = 2−[

n
2

]tr{ 1
l!
C̄γ[a1

· ·γal]ψ(x)} = 1
(2π)N/2

∫ √
E
m

l∑
h=1

[a(~p, h)Ua1··al(~p, h)eip·x + b+(~p, h)V +
a1··al(~p, h)e−ip·x]dN~p

Ua1··al(~p, h) = 2−[
n
2

]tr{ 1
l!
C̄γ[a1

· ·γal]u(~p, h), Va1··al(~p, h) = 2−[
n
2

]tr{ 1
l!
C̄γ[a1

· ·γal]v(~p, h)

9.4 N+1���¥B-W¥þ|�g^Ä

½Â9.4.1.Uλςµς (~p;h, h) = 1
2
u{λς (~p, h)uµς}(~p, h), Uλςµς (~p;h < h′) = 1√

2
u{λς (~p, h)uµς}(~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2
]

Vλςµς (~p;h, h) = 1
2
v{λς (~p, h)vµς}(~p, h), Vλςµς (~p;h < h′) = 1√

2
v{λς (~p, h)vµς}(~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2
]Xλςµς (~p;h < h′) = 1√

2
u[λς (~p, h)uµς ](~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2
]

Yλςµς (~p;h < h′) = 1√
2
v[λς (~p, h)vµς ](~p, h

′);h, h′ = 1, 2, ··, 2[
N−1

2
]

9.5 N+1���¥�é¡Üþ|�g^Ä9Ù5�

½n9.5.1.


Ua1··al(~p;h, h) = 2−[

n
2

]{( 1
l!
C+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h)}

Ua1··al(~p;h < h′) = 2−[
n
2

]
√

2{( 1
l!
C+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

Ua1··al(~p;h, h
′) = 2−[

n
2

]
√

2
1−δhh′{( 1

l!
C+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

y²: ???Ua1··al(~p;h, h
′) = 2−[

n
2

]
√

2
1−δhh′{( 1

l!
C+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

= 2−[
n
2

]
√

2
1−δhh′{ 1

l!
uµς (~p, h

′)(C+γ[a1
· ·γal])µςλςuλς (~p, h)}

= 2−[
n
2

]
√

2
1−δhh′ 1

l!
uT (~p, h′)C+γ[a1

· ·γal]u(~p, h)

y²:
∑
h≤h′

√
2

1−δhh′ [ 1
l!
uT (~p, h′)C+γ[a1

· ·γal]u(~p, h)][ 1
l!
uT (~p, h′)C+γ[a′1

· ·γa′l]u(~p, h)]+

=
∑
h≤h′

√
2

1−δhh′ [ 1
l!
uT (~p, h′)(C+γ[a1

· ·γal])u(~p, h) 1
l!
u+(~p, h)(C+γ[a′1

· ·γa′l])
+u∗(~p, h′)

= 1
(l!)2

∑
h≤h′

√
2

1−δhh′ [uT (~p, h′)(C+γ[a1
· ·γal])u(~p, h)u+(~p, h)(γ[a′l

· ·γa′1]C)u∗(~p, h′)

= il(l−1)

(l!)2

∑
h≤h′

√
2

1−δhh′ [uT (~p, h′)(C+γ[a1
· ·γal])u(~p, h)u+(~p, h)(γ[a′1

· ·γa′l]C)u∗(~p, h′)

= il(l−1)

(l!)2

∑
h≤h′

√
2

1−δhh′ [uµ(~p, h′)(C+γ[a1
· ·γal])µλuλ(~p, h)u+

λ′(~p, h)(γ[a′1
· ·γa′l]C)λ

′µ′u+
µ′(~p, h

′)

= il(l−1)

(l!)2 [(C+γ[a1
· ·γal])µλ[

∑
h

uλ(~p, h)u+
λ′(~p, h)](γ[a′1

· ·γa′l]C)λ
′µ′ [
∑
h′
uµ(~p, h′)u+

µ′(~p, h
′)]

= il(l−1)

4m2(l!)2 [(C+γ[a1
· ·γal])µλ[(m− iγapa)γ0]λλ′(γ[a′1

· ·γa′l]C)λ
′µ′ [(m− iγbpb)γ0]Tµ′µ

= il(l−1)

4m2(l!)2 tr{[(C+γ[a1
· ·γal])[(m− iγapa)γ0](γ[a′1

· ·γa′l]C)[(m− iγbpb)γ0]T}

= i 4
−[
n
2

]

2(l!)2 i
l(l−1)tr{C+γ[a1

γa2
· ·γal][(m− iγapa)γ0]γ[a′1

γa′2 · ·γa′l]C[(m− iγbpb)γ0]T}∆(x− x′)

= − 2
[
n
2

]
(−1)ξ(n)+l

2m2


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1

1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

= 2
[
n
2

]
(−1)δ2,n

2m2


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1

− 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

íØ9.5.1.
∑
h≤h′

Ua1··al(~p;h, h
′)U+

a′1··a′l
(~p;h, h′) = (−1)δ2,n

2m22
[
n
2

]


1

(l+1)!
η

[a1

[a′1
ηa2

a′2
· ·ηala′lη

a]
a′]pap

+a′ , (−1)η(n)+l = 1

− 1
(l−1)!

η
[a1

[a′1
· ·ηal−1

a′l−1
pal]pa′l], (−1)η(n)+l = −1

y²: U+a′1··a
′
l(~p;h, h′)ηa1

a′1
· ·ηala′lUa1··al(~p;h, h

′)

= 4−[
n
2

]21−δhh′ il(l−1){ 1
l!
u+
µ′ς

(~p, h′)u+
λ′ς

(~p, h)(γ[a′1 · ·γa′l]C)λ
′
ςµ
′
ς}ηa1

a′1
· ·ηala′l{(

1
l!
C+γ[a1

· ·γal])µςλςuλς (~p, h)uµς (~p, h
′)}

= 4−[
n
2

]21−δhh′ il(l−1)[u+
λ′ς

(~p, h)uλς (~p, h)][u+
µ′ς

(~p, h′)uµς (~p, h
′)]{( 1

l!
γ[a′1 · ·γa′l]C)λ

′
ςµ
′
ςηa1

a′1
· ·ηala′l (

1
l!
C+γ[a1

· ·γal])µςλς}
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= 4−[
n
2

]21−δhh′ il(l+1)[u+
λ′ς

(~p, h)uλς (~p, h)][u+
µ′ς

(~p, h′)uµς (~p, h
′)]{( 1

l!
γ0γ

[a1 · ·γal]Cγ0)λ
′
ςµ
′
ς ( 1
l!
C+γ[a1

· ·γal])µςλς}

= 4−[
n
2

]21−δhh′ il(l+1)[ūλ′ς (~p, h)uλς (~p, h)][ūµ′ς (~p, h
′)uµς (~p, h

′)]{( 1
l!
γ[a1 · ·γal]C)λ

′
ςµ
′
ς ( 1
l!
C+γ[a1

· ·γal])µςλς}

9.6 N+1���¥DiracÝ
���5º

y²: ( 1
l!
γ[a1 · ·γal]C)λ

′
ςµ
′
ς ( 1
l!
C+γ[a1

· ·γal])µςλς =???δλςλ
′
ςδµςµ

′
ς + · · ·

10 o���¥AÏ��é¡Üþ|

10.1 �'5�®o

íØ10.1.1. v(~p, h) = −γ5u(~p, h), u(~p, h) = −γ5v(~p, h)

5�10.1.1.

uT (~p, h)C+u(~p, h′) = 0, uT (~p, h)C+v(~p, h) = 0

uT (~p, 1
2
)C+v(~p,− 1

2
) = −ς, uT (~p,− 1

2
)C+v(~p, 1

2
) = ς

5�10.1.2.

uT (~p, h)C+γ5u(~p, h) = 0, uT (~p, h)C+γ5v(~p, h′) = 0

uT (~p,− 1
2
)C+γ5u(~p, 1

2
) = −1, uT (~p, 1

2
)C+γ5u(~p,− 1

2
) = 1

5�10.1.3.

uT (p̂, κ
2
)C̄γau(p̂, κ

2
) = i

√
2εa(~p, κ), uT (p̂, κ

2
)C̄γau(p̂,−κ

2
) = iεa(~p, 0)

uT (~p, κ
2
)C+γav(~p, κ

2
) = 0, uT (~p, 1

2
)C+γav(~p,− 1

2
) = −iςpa

m
, uT (~p,− 1

2
)C+γav(~p, 1

2
) = iςpa

m

10.2 o���¥AÏ��é¡Üþ|²¡Å)

Ún10.2.1.(γa∂a +m)X(4) = 0

X(4) = { 1
(2!)2F

abγ[aγb] + 1
(3!)2F

abcγ[aγbγc]}C
⇔

 1
2!
∂[aF bc] +mF abc = 0, ∂aF

ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

⇔

 1
1!
∂[a∗F b] +m∗F ab = 0

∂a∗F ab +m∗F b = 0

Ún10.2.2.
(γa∂a +m)ψ(x) = 0

tr{C+ψ(x)} = 0, tr{C+γaψ(x)} = 0, tr{C+γ[aγbγcγd]ψ(x)} = 0

ψ(x) = { 1
(2!)2F

abγ[aγb] + 1
(3!)2F

abcγ[aγbγc]}C

⇔

 1
2!
∂[aF bc] +mF abc = 0, ∂aF

ab = 0

∂[aF bcd] = 0, ∂aF
abc +mF bc = 0

y²:(γa∂a +m)ψ(x) = 0

tr{C+ψ(x)} = 0, tr{C+γaψ(x)} = 0, tr{C+γ[aγbγcγd]ψ(x)} = 0
⇔

ψλςµς (x) = 1
(2π)N/2

∫ √
m
E

−1/2∑
h=1/2

[aµς (~p, h)uλς (~p, h)eip·x + b+µς (~p, h)vλς (~p, h)e−ip·x]dN~p

−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0,
−1/2∑
h=1/2

(C+γa)
µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ[aγbγcγd])
µςλςaµς (~p, h)uλς (~p, h) = 0

y²:

−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γa)
µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ[aγbγcγd])
µςλςaµς (~p, h)uλς (~p, h) = 0

⇔



−1/2∑
h=1/2

C+µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γa)
µςλςaµς (~p, h)uλς (~p, h) = 0

−1/2∑
h=1/2

(C+γ5)µςλςaµς (~p, h)uλς (~p, h) = 0
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⇔

−1/2∑
h,h′=1/2

C+µςλς [a(~p;h, h′)uµς (~p, h
′) + c(~p;h, h′)vµς (~p, h

′)]uλς (~p, h) = 0

−1/2∑
h,h′=1/2

(C+γa)
µςλς [a(~p;h, h′)uµς (~p, h

′) + c(~p;h, h′)vµς (~p, h
′)]uλς (~p, h) = 0

−1/2∑
h,h′=1/2

(C+γ5)µςλς [a(~p;h, h′)uµς (~p, h
′) + c(~p;h, h′)vµς (~p, h

′)]uλς (~p, h) = 0

⇔

−1/2∑
h,h′=1/2

C+µςλς [a(~p;h, h′)u[λς (~p, h)uµς ](~p, h
′) + c(~p;h, h′)u[λς (~p, h)vµς ](~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γa)
µςλς [a(~p;h, h′)u{λς (~p, h)uµς}(~p, h

′) + c(~p;h, h′)u{λς (~p, h)vµς}(~p, h
′)] = 0

−1/2∑
h,h′=1/2

(C+γ5)µςλς [a(~p;h, h′)u[λς (~p, h)uµς ](~p, h
′) + c(~p;h, h′)u[λς (~p, h)vµς ](~p, h

′)] = 0

⇔

−1/2∑
h,h′=1/2

C+λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)] = 0

−1/2∑
h,h′=1/2

(C+γa)
λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h

′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h
′)] = 0

−1/2∑
h,h′=1/2

(C+γ5)λςµς [a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)] = 0

⇔

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+u(~p, h′) + c(~p;h, h′)uT (~p, h)C+v(~p, h′)] = 0

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+γau(~p, h′) + c(~p;h, h′)uT (~p, h)C+γav(~p, h′)] = 0

−1/2∑
h,h′=1/2

[a(~p;h, h′)uT (~p, h)C+γ5u(~p, h′) + c(~p;h, h′)uT (~p, h)C+γ5v(~p, h′)] = 0

⇔
c(~p; 1

2
,− 1

2
) = c(~p;− 1

2
, 1

2
)

i
√

2εa(~p, 1)a(~p; 1
2
, 1

2
) + i
√

2εa(~p,−1)a(~p;− 1
2
,− 1

2
) + iεa(~p, 0)[a(~p; 1

2
,− 1

2
) + a(~p;− 1

2
, 1

2
)] = 0

a(~p; 1
2
,− 1

2
) = a(~p;− 1

2
, 1

2
)

⇔c(~p; 1
2
,− 1

2
) = c(~p;− 1

2
, 1

2
)

a(~p;h, h′) = 0
⇒

ψλςµς (x) = 1
(2π)N/2

∫
dN~p

√
m
E

−1/2∑
h,h′=1/2

[a(~p;h, h′)uλς (~p, h)uµς (~p, h
′) + c(~p;h, h′)uλς (~p, h)vµς (~p, h

′)]eip·x + · · ·
⇒

ψλςµς (x) = 1
(2π)N/2

∫
dN~p

√
m
E

−1/2∑
h,h′=1/2

c(~p;h, h′)uλς (~p, h)vµς (~p, h
′)eip·x + · · ·

⇒
ψλςµς (x) = 1

(2π)N/2

∫
dN~p

√
m
E
eip·x

{c(~p; 1
2
, 1

2
)uλς (~p,

1
2
)vµς (~p,

1
2
)+c(~p;− 1

2
,− 1

2
)uλς (~p,− 1

2
)vµς (~p,− 1

2
)+c(~p; 1

2
,− 1

2
)[uλς (~p,

1
2
)vµς (~p,− 1

2
)+uλς (~p,− 1

2
)vµς (~p,

1
2
)]}+

· · ·
⇒
ψλςµς (x) = 1

(2π)N/2

∫
dN~p

√
m
E
eip·x

{c(~p; 1)uλς (~p,
1
2
)vµς (~p,

1
2
) + c(~p;−1)uλς (~p,− 1

2
)vµς (~p,− 1

2
) + c(~p; 0) 1√

2
[uλς (~p,

1
2
)vµς (~p,− 1

2
) + uλς (~p,− 1

2
)vµς (~p,

1
2
)]} +

· · ·

880
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10.3 o���¥AÏ��é¡Üþ|�B-WOÝK�f

y²:

uλς (~p,
1
2
)vµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)v+
µ′ς

(~p, 1
2
) + uλς (~p,− 1

2
)vµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)v+
µ′ς

(~p,− 1
2
)

+ 1√
2
[uλς (~p,

1
2
)vµς (~p,− 1

2
) + uλς (~p,− 1

2
)vµς (~p,

1
2
)] 1√

2
[u+
λ′ς

(~p, 1
2
)v+
µ′ς

(~p,− 1
2
) + u+

λ′ς
(~p,− 1

2
)v+
µ′ς

(~p, 1
2
)]

= [uλς (~p,
1
2
)u+
λ′ς

(~p, 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p, 1
2
)] + [uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][vµς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)]

+ 1
2
[uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)][vµς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)] + 1

2
[uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p, 1
2
)]

+ 1
2
[uλς (~p,

1
2
)u+
λ′ς

(~p,− 1
2
)][vµς (~p,− 1

2
)v+
µ′ς

(~p, 1
2
)] + 1

2
[uλς (~p,− 1

2
)u+
λ′ς

(~p, 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p,− 1
2
)]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2
[uλς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p, 1
2
)] + 1

2
[uλς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)][vµς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)]

+ 1
2
[uλς (~p,

1
2
)u+
λ′ς

(~p,− 1
2
)][vµς (~p,− 1

2
)v+
µ′ς

(~p, 1
2
)] + 1

2
[uλς (~p,− 1

2
)u+
λ′ς

(~p, 1
2
)][vµς (~p,

1
2
)v+
µ′ς

(~p,− 1
2
)]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2
[uλς (~p,

1
2
)v+
µ′ς

(~p, 1
2
)][vµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)] + 1

2
[uλς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)][vµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)]

+ 1
2
[uλς (~p,

1
2
)v+
µ′ς

(~p, 1
2
)][vµς (~p,− 1

2
)u+
λ′ς

(~p,− 1
2
)] + 1

2
[uλς (~p,− 1

2
)v+
µ′ς

(~p,− 1
2
)][vµς (~p,

1
2
)u+
λ′ς

(~p, 1
2
)]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)] + 1

2

−1/2∑
h=1/2

[uλς (~p, h)v+
µ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)u+

λ′ς
(~p, h′)]

= 1
2

−1/2∑
h=1/2

[uλς (~p, h)u+
λ′ς

(~p, h)]
−1/2∑
h′=1/2

[vµς (~p, h
′)v+

µ′ς
(~p, h′)]

+ 1
2

−1/2∑
h=1/2

[uλς (~p, h)[u+(~p, h)γ5]µ′ς ]
−1/2∑
h′=1/2

[vµς (~p, h
′)[v+(~p, h′)γ5]λ′ς ]

= 1
2

[(m−iγapa)γ0]λςλ′ς
2m

[(−m−iγapa)γ0]µςµ′ς
2m

+ 1
2

[(m−iγapa)γ0γ5]λςµ′ς
2m

[(−m−iγapa)γ0γ5]µςλ′ς
2m

10.4 o���¥AÏ��é¡Üþ|�³é´5K

½n10.4.1. [Fa1a2
(x), F+

a′1a
′
2
(x′)] = i

22 { 1
2!
η

[a1

[a′1
η
a2]
a′2]m

2 − 1
1!
η

[a1

[a′1
∂a2]∂+

a′2]}∆(x− x′) = i
22

1
3!
η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)

y²: [Fa1a2
(x), F+

a′1a
′
2
(x′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

µλ(C+γ[a′1
γa′2])

∗µ′λ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

λµ(C+γ[a′1
γa′2])

+λ′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′2
γa′1]C)λ

′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= − 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′ [ψλµ(x), ψ+
λ′µ′(x

′)]

= − 2−4

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′

i
22 {[(m− γa∂a)γ0]λλ′ [(−m− γb∂b)γ0]µµ′ + [(m− γa∂a)γ0γ5]µλ′ [(−m− γb∂b)γ0γ5]λµ′}∆(x− x′)
= −i 2−6

(2!)2 (C+γ[a1
γa2])

λµ(γ[a′1
γa′2]C)λ

′µ′

{[(m− γa∂a)γ0]λλ′ [(−m− γb∂b)γ0]µµ′ + [(m− γa∂a)γ0γ5]λλ′ [(−m− γb∂b)γ0γ5]µµ′}∆(x− x′)
= −i 2−6

(2!)2 {(C+γ[a1
γa2])

λµ[(m− γa∂a)γ0]λλ′(γ[a′1
γa′2]C)λ

′µ′ [(−m− γb∂b)γ0]Tµ′µ∆(x− x′)
+ (C+γ[a1

γa2])
λµ[(m− γa∂a)γ0γ5]λλ′(γ[a′1

γa′2]C)λ
′µ′ [(−m− γb∂b)γ0γ5]Tµ′µ∆(x− x′)}

= −i 2−6

(2!)2 tr{(C+γ[a1
γa2])[(m− γa∂a)γ0](γ[a′1

γa′2]C)[(−m− γb∂b)γ0]T

+ (C+γ[a1
γa2])[(m− γa∂a)γ0γ5](γ[a′1

γa′2]C)[(−m− γb∂b)γ0γ5]T}∆(x− x′)
= −i 2−6

(2!)2 tr{γ[a1
γa2][(m− γa∂a)γ0]γ[a′1

γa′2]C[(−m− γb∂b)γ0]TC+

+ γ[a1
γa2][(m− γa∂a)γ0γ5]γ[a′1

γa′2]C[(−m− γb∂b)γ0γ5]TC+}∆(x− x′)
= i 2−6

(2!)2 tr{γ[a1
γa2][(m−γa∂a)γ0]γ[a′1

γa′2][γ
0(−m+γb∂b)]+γ[a1

γa2][(m−γa∂a)γ0γ5]γ[a′1
γa′2][γ

5γ0(−m+γb∂b)]}∆(x−
x′)

= i 2−5

(2!)2 tr{γ[a1
γa2][(m− γa∂a)γ0]γ[a′1

γa′2][(−m− γb∂+
b )γ0]}∆(x− x′)

= i 2−5

(2!)2 tr{−m2(γ[a1
γa2])γ

0(γ[a′1
γa′2])γ

0}∆(x− x′) + i 2−5

(2!)2 tr{(γ[a1
γa2])γaγ0(γ[a′1

γa′2])γbγ0}∂a∂b∆(x− x′)
= −i 2−5

(2!)2 i
2∗322(2!)2m2 1

2!
η

[a1

[a′1
η
a2]
a′2]∆(x− x′)

881
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+ i 2−5

(2!)2 i
3∗422(2!)2{ 1

3!
η

[a1

[a′1
ηa2

a′2
η
a]
b] −

1
1!
η

[a1

[a′1
δa2]aδa′2]b}∂a∂+b∆(x− x′)

= i
23 { 1

2!
η

[a1

[a′1
η
a2]
a′2]m

2 + ( 1
3!
η

[a1

[a′1
ηa2

a′2
η
a]
b] −

1
1!
η

[a1

[a′1
δa2]aδa′2]b)∂a∂

+b}∆(x− x′)
= i

22 { 1
2!
η

[a1

[a′1
η
a2]
a′2]m

2 − 1
1!
η

[a1

[a′1
∂a2]∂+

a′2]}∆(x− x′)
= i

22
1
3!
η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)

íØ10.4.1. [F a1a2a3(x), F+
a′1a
′
2a
′
3
(x′)] = − i

22
1
2!
η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)

½n10.4.2.[F a1a2a3(x), F+
a′1a
′
2a
′
3
(x′)] = − i

22
1
2!
η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)⇔ [∗Fa0
,∗F+

a′0
] = i

22
1
2!
η

[a1

[a′1
η
a]
a′]∂a∂

+a′∆(x− x′)

[Fa1a2
(x), F+

a′1a
′
2
(x′)] = i

22
1
3!
η

[a1

[a′1
ηa2

a′2
η
a]
b] ∂a∂

+b∆(x− x′)⇔ [∗Fa1a2
(x),∗F+

a′1a
′
2
(x′)] = − i

22 η[a1[a′1
∂a2]∂

+
a′2]∆(x− x′)

y²: [ 1
3!
εa0a1a2a3

F a1a2a3(x), 1
3!
εa
′
0a
′
1a
′
2a
′
3F+

a′1a
′
2a
′
3
(x′)]

= − 1
(3!)2 εa0a1a2a3

εa
′
0a
′
1a
′
2a
′
3 i

22
1
2!
η

[a1

[a′1
ηa2

a′2
∂a3]∂+

a′3]∆(x− x′)
= − i

22
1
2!
εa0a1a2a3

εa
′
0a
′
1a
′
2a
′
3ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

= − i
22

1
2!
δ
a′0
[a0
δ
a′1
a1δ

a′2
a2δ

a′3
a3]η

a1

a′1
ηa2

a′2
∂a3∂+

a′3
∆(x− x′)

= − i
22

1
2!

(δ
a′0
a0δ

a′1
[a1
δ
a′2
a2δ

a′3
a3] − δ

a′0
a1δ

a′1
[a0
δ
a′2
a2δ

a′3
a3] + δ

a′0
a2δ

a′1
[a0
δ
a′2
a1δ

a′3
a3] − δ

a′0
a3δ

a′1
[a0
δ
a′2
a1δ

a′3
a2])η

a1

a′1
ηa2

a′2
∂a3∂+

a′3
∆(x− x′)

= − i
22

1
2!
{δa

′
0
a0 (δ

a′1
a1δ

a′2
a2δ

a′3
a3 − δ

a′1
a1δ

a′2
a3δ

a′3
a2 + δ

a′1
a2δ

a′2
a3δ

a′3
a1 − δ

a′1
a2δ

a′2
a1δ

a′3
a3 + δ

a′1
a3δ

a′2
a1δ

a′3
a2 − δ

a′1
a3δ

a′2
a2δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a1 (δ

a′1
a0δ

a′2
a2δ

a′3
a3 − δ

a′1
a0δ

a′2
a3δ

a′3
a2 + δ

a′1
a2δ

a′2
a3δ

a′3
a0 − δ

a′1
a2δ

a′2
a0δ

a′3
a3 + δ

a′1
a3δ

a′2
a0δ

a′3
a2 − δ

a′1
a3δ

a′2
a2δ

a′3
a0 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a2 (δ

a′1
a1δ

a′2
a0δ

a′3
a3 − δ

a′1
a1δ

a′2
a3δ

a′3
a0 + δ

a′1
a0δ

a′2
a3δ

a′3
a1 − δ

a′1
a0δ

a′2
a1δ

a′3
a3 + δ

a′1
a3δ

a′2
a1δ

a′3
a0 − δ

a′1
a3δ

a′2
a0δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3

− δa
′
0
a3 (δ

a′1
a1δ

a′2
a2δ

a′3
a0 − δ

a′1
a1δ

a′2
a0δ

a′3
a2 + δ

a′1
a2δ

a′2
a0δ

a′3
a1 − δ

a′1
a2δ

a′2
a1δ

a′3
a0 + δ

a′1
a0δ

a′2
a1δ

a′3
a2 − δ

a′1
a0δ

a′2
a2δ

a′3
a1 )ηa1

a′1
ηa2

a′2
∂a3∂+

a′3
}∆(x− x′)

= − i
22

1
2!
{δa

′
0
a0 (ηa1

a1
ηa2
a2
∂a3∂+

a3
− ηa1

a1
ηa2
a3
∂a3∂+

a2
+ ηa1

a2
ηa2
a3
∂a3∂+

a1
− ηa1

a2
ηa2
a1
∂a3∂+

a3
+ ηa1

a3
ηa2
a1
∂a3∂+

a2
− ηa1

a3
ηa2
a2
∂a3∂+

a1
)

− δa
′
0
a1 (ηa1

a0
ηa2
a2
∂a3∂+

a3
− ηa1

a0
ηa2
a3
∂a3∂+

a2
+ ηa1

a2
ηa2
a3
∂a3∂+

a0
− ηa1

a2
ηa2
a0
∂a3∂+

a3
+ ηa1

a3
ηa2
a0
∂a3∂+

a2
− ηa1

a3
ηa2
a2
∂a3∂+

a0
)

− δa
′
0
a2 (ηa1

a1
ηa2
a0
∂a3∂+

a3
− ηa1

a1
ηa2
a3
∂a3∂+

a0
+ ηa1

a0
ηa2
a3
∂a3∂+

a1
− ηa1

a0
ηa2
a1
∂a3∂+

a3
+ ηa1

a3
ηa2
a1
∂a3∂+

a0
− ηa1

a3
ηa2
a0
∂a3∂+

a1
)

− δa
′
0
a3 (ηa1

a1
ηa2
a2
∂a3∂+

a0
− ηa1

a1
ηa2
a0
∂a3∂+

a2
+ ηa1

a2
ηa2
a0
∂a3∂+

a1
− ηa1

a2
ηa2
a1
∂a3∂+

a0
+ ηa1

a0
ηa2
a1
∂a3∂+

a2
− ηa1

a0
ηa2
a2
∂a3∂+

a1
)}∆(x− x′)

= − i
22

1
2!
{δa

′
0
a0 (4∂a3∂+

a3
− 2∂a3∂a3

+ ∂a3∂+
a3
− 4∂a3∂+

a3
+ ∂a3∂+

a3
− 2∂a3∂a3

)

− δa
′
0
a1 (2ηa1

a0
∂a3∂+

a3
− ηa1

a0
∂a3∂a3

+ ∂a1∂+
a0
− δa1

a0
∂a3∂+

a3
+ ∂+a1∂a0

− 2∂+a1∂+
a0

)

− δa
′
0
a2 (2ηa2

a0
∂a3∂+

a3
− 2∂+a2∂+

a0
+ ∂+a2∂a0

− δa2
a0
∂a3∂+

a3
+ ∂a2∂+

a0
− ηa2

a0
∂+a1∂+

a1
)

− δa
′
0
a3 (4∂a3∂+

a0
− 2∂a3∂a0

+ ∂a3∂+
a0
− 4∂a3∂+

a0
+ ∂a3∂+

a0
− 2∂a3∂a0

)}∆(x− x′)
= − i

22
1
2!
{δa

′
0
a0 (4∂a3∂+

a3
− 2∂a3∂a3

+ ∂a3∂+
a3
− 4∂a3∂+

a3
+ ∂a3∂+

a3
− 2∂a3∂a3

)

− (2η
a′0
a0∂

a3∂+
a3
− ηa

′
0
a0∂

a3∂a3
+ ∂a

′
0∂+
a0
− δa

′
0
a0∂

a3∂+
a3

+ ∂+a′0∂a0
− 2∂+a′0∂+

a0
)

− (2η
a′0
a0∂

a3∂+
a3
− 2∂+a′0∂+

a0
+ ∂+a′0∂a0

− δa
′
0
a0∂

a3∂+
a3

+ ∂a
′
0∂+
a0
− ηa

′
0
a0∂

+a1∂+
a1

)

− (4∂a
′
0∂+
a0
− 2∂a

′
0∂a0

+ ∂a
′
0∂+
a0
− 4∂a

′
0∂+
a0

+ ∂a
′
0∂+
a0
− 2∂a

′
0∂a0

)}∆(x− x′)
= − i

22
1
2!
{δa

′
0
a0 (4∂a3∂+

a3
− 4∂a3∂a3

)− 2(2η
a′0
a0∂

a3∂+
a3
− ηa

′
0
a0∂

a3∂a3
+ ∂a

′
0∂+
a0

+ ∂+a′0∂a0
− 2∂+a′0∂+

a0
)

− (2∂a
′
0∂+
a0
− 4∂a

′
0∂a0

)}∆(x− x′)
= − i

22
1
2!
{−8δ

a′0
a0∂

2
π − 2[η

a′0
a0 (∇2 − 3∂2

π) + ∂a
′
0∂+
a0

+ ∂+a′0∂a0
− 2∂+a′0∂+

a0
]− (2∂a

′
0∂+
a0
− 4∂a

′
0∂a0

)}

= i
22m

2(η
a′0
a0 −

∂a0
∂+a′0

m2 )∆(x− x′)
= i

22
1
2!
η

[a1

[a′1
η
a]
a′]∂a∂

+a′∆(x− x′)

11 �'5��äNO�

11.1 o���¥AÏ��é¡Üþ|äNO��

5�11.1.1.

uT (~p, h)C+u(~p, h′) = 0, uT (~p, h)C+v(~p, h) = 0

uT (~p, 1
2
)C+v(~p,− 1

2
) = −ς, uT (~p,− 1

2
)C+v(~p, 1

2
) = ς

y²: uT (~p, h)C+u(~p, h) = 0

uT (~p, 1
2
)C+u(~p,− 1

2
) = −uT (~p,− 1

2
)C+u(~p, 1

2
)
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=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
m

ςE − |~p|

]

=
iςλT (p̂,

1
2

)σyλ(p̂,− 1
2

)

2m3 ⊗ (

[
m

ςE + |~p|

]T [
m

−ςE + |~p|

]
)

= 0

y²: uT (~p, h)C+v(~p, h) = 0

uT (~p, 1
2
)C+v(~p,− 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]

=
iςλT (p̂,

1
2

)σyλ(p̂,− 1
2

)

2m2 ⊗ (

[
m

ςE + |~p|

]T [
−m

−ςE + |~p|

]
)

= −iςλT (p̂, 1
2
)σyλ(p̂,− 1

2
)

= −ςλ+(p̂,− 1
2
)λ(p̂,− 1

2
)

= −ς

y²:

uT (~p,− 1
2
)C+v(~p, 1

2
)

=
λT (p̂,− 1

2
)√

2m(E−ς|~p|)
⊗

[
m

ςE − |~p|

]T
(iςσy ⊗ σz)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

=
iςλT (p̂,− 1

2
)σyλ(p̂,

1
2

)

2m2 ⊗ (

[
m

ςE − |~p|

]T [
−m

−ςE − |~p|

]
)

= −iςλT (p̂,− 1
2
)σyλ(p̂, 1

2
)

= ςλ+(p̂, 1
2
)σyλ(p̂, 1

2
)

= ς

11.2 o���¥AÏ��é¡Üþ|äNO��

5�11.2.1.

uT (~p, h)C+γ5u(~p, h) = 0, uT (~p, h)C+γ5v(~p, h′) = 0

uT (~p,− 1
2
)C+γ5u(~p, 1

2
) = −1, uT (~p, 1

2
)C+γ5u(~p,− 1

2
) = 1

y²:

uT (~p, 1
2
)C+γ5v(~p,− 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iσy ⊗ I)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]

=
iλT (p̂,

1
2

)σyλ(p̂,− 1
2

)

2m2 ⊗ (

[
m

ςE + |~p|

]T [
−m

ςE − |~p|

]
)

= 0

y²:

uT (~p, 1
2
)C+γ5u(~p,− 1

2
) = −uT (~p,− 1

2
)C+γ5u(~p, 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iσy ⊗ I)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
m

ςE − |~p|

]

=
iλT (p̂,

1
2

)σyλ(p̂,− 1
2

)

2m2 ⊗ (

[
m

ςE + |~p|

]T [
m

ςE − |~p|

]
)

= 1

883



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 139Ù N+1���B-W�§�³©Û

11.3 o���¥AÏ��é¡Üþ|äNO�n

5�11.3.1.

uT (p̂, κ
2
)C̄γau(p̂, κ

2
) = i

√
2εa(~p, κ), uT (p̂, κ

2
)C̄γau(p̂,−κ

2
) = iεa(~p, 0)

uT (~p, κ
2
)C+γav(~p, κ

2
) = 0, uT (~p, 1

2
)C+γav(~p,− 1

2
) = −iςpa

m
, uT (~p,− 1

2
)C+γav(~p, 1

2
) = iςpa

m

y²:

uT (~p, 1
2
)C+γav(~p,− 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]
= (−iς~p

m
, ςE
m

)

= −iςpa
m

y²:

uT (~p,− 1
2
)C+γav(~p, 1

2
)

=
λT (p̂,− 1

2
)√

2m(E−ς|~p|)
⊗

[
m

ςE − |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

= − λ+(p̂,
1
2

)√
2m(E−ς|~p|)

⊗

[
m

ςE − |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

= − λ+(p̂,
1
2

)√
2m(E−ς|~p|)

⊗

[
m

ςE − |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]
= ( iς~p

m
,− ςE

m
)

= iςpa
m

y²:

uT (~p, 1
2
)C+γav(~p, 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)γa

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(ςI ⊗ σz)(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(−iςσ ⊗ σx, iI ⊗ σy)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]
= 0

11.4 o���¥AÏ��é¡Üþ|äNO�o

5�11.4.1. uT (p̂, κ
2
)C̄γ[aγb]u(p̂, κ

2
) = i

√
2paεb(~p, κ)

y²:

uT (~p, 1
2
)C+γ[aγb]v(~p,− 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)γ[aγb]

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
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(ςI ⊗ σz)(iσz ⊗ I, iσx ⊗ I, iσy ⊗ I,−iςσx ⊗ σz,−iςσy ⊗ σz,−iςσz ⊗ σz)
λ(p̂,− 1

2
)√

2m(E−ς|~p|)
⊗

[
−m

ςE − |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(iςσz ⊗ σz, iςσx ⊗ σz, iςσy ⊗ σz,−iσx ⊗ I,−iσy ⊗ I,−iσz ⊗ I)

λ(p̂,− 1
2

)√
2m(E−ς|~p|)

⊗

[
−m

ςE − |~p|

]
= (iςp̂z, iςp̂x, iςp̂y, 0, 0, 0)

y²:

uT (~p, 1
2
)C+γ[aγb]v(~p, 1

2
)

=
λT (p̂,

1
2

)√
2m(E+ς|~p|)

⊗

[
m

ςE + |~p|

]T
(iςσy ⊗ σz)γ[aγb]

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(ςI ⊗ σz)(iσz ⊗ I, iσx ⊗ I, iσy ⊗ I,−iςσx ⊗ σz,−iςσy ⊗ σz,−iςσz ⊗ σz)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]

=
λ+(p̂,− 1

2
)√

2m(E+ς|~p|)
⊗

[
m

ςE + |~p|

]T
(iςσz ⊗ σz, iςσx ⊗ σz, iςσy ⊗ σz,−iσx ⊗ I,−iσy ⊗ I,−iσz ⊗ I)

λ(p̂,
1
2

)√
2m(E+ς|~p|)

⊗

[
−m

ςE + |~p|

]
=

12 N+1���¥�Ä��é¡Üþ|p�í2�ß�

12.1 N+1���¥k�þg^s = n�Bargmann-Wigner�§�ß�

½Â12.1.1. Xa1··al := { 1
l!
γ[a1 · ·γal] + (−1)l

(l+1)!m
γ[a1 · ·γal+1]∂al+1

}C 1
l!

ß�12.1.1.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n

σ = 0, ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ = 1
(2n)!

ψ{λςµςηςξς · ·ζς}︸ ︷︷ ︸
2n

σ

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n

σ = 1
(l!)2Fa1··al ηςξς · ·ζς︸ ︷︷ ︸

2n−2

σγ[a1 · ·γal]C + 1
[(l+1)!]2

Fa1··al+1 ηςξς · ·ζς︸ ︷︷ ︸
2n−2

σγ[a1 · ·γal+1]C

⇔

(−∂d∂d +m2)Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0

δa1b1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0, ∂a1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ = 0

Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ'ua1b1c1 · ·�é¡,'ua1 · ·al, b1 · ·bl, c1 · ·cl, · ·��é¡

ψλςµςηςξςρςτς · ·︸ ︷︷ ︸
2n

σ =

n︷ ︸︸ ︷
Xa1··al
λςµς

Xb1··blηςξς
Xc1··clρςτς

· ·Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

σ
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12.2 N+1���¥k�þg^s = n+ 1
2
�Bargmann-Wigner�§�ß�

ß�12.2.1.
[γa(ς)∂a +m]ψ[λς ]µςηςξς · ·ζς︸ ︷︷ ︸

2n+1

σ = 0, ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ = 1
(2n+1)!

ψ{λςµςηςξς · ·ζς}︸ ︷︷ ︸
2n+1

σ

ψλςµςηςξς · ·ζς︸ ︷︷ ︸
2n+1

σ = 1
(l!)2Fa1··al ηςξς · ·ζς︸ ︷︷ ︸

2n−1

σγ[a1 · ·γal]C + 1
[(l+1)!]2

Fa1··al+1 ηςξς · ·ζς︸ ︷︷ ︸
2n−1

σγ[a1 · ·γal+1]C

⇔

[γd(ς)∂d +m]Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0

δa1b1Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

[ζς ]
σ = 0, γa1(ς)Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

ζς
σ'ua1b1c1 · ·�é¡,'ua1 · ·al, b1 · ·bl, c1 · ·cl, · ·��é¡

ψλςµςηςξςρςτς · ·ζς︸ ︷︷ ︸
2n+1

σ =

n︷ ︸︸ ︷
Xa1··al
λςµς

Xb1··blηςξς
Xc1··clρςτς

· ·Aa1 · ·al|b1 · ·bl|c1 · ·cl| · ·︸ ︷︷ ︸
n

ζς
σ

g·µãµæ^êÆ8B{AT�±î�y²��±þü�ß�§±�k�m2`"Ó��é«ÔnÆ��

vk�¤§Ï���±�Eéõéõk¿g�Ôn�§§�Kþ�±´Ã¡�§¤±ÔnÆuÐ´[Ã�¸�§

4<Ã�� §��4<ý"�4�

13 N+1���¥�>^|�§©Û

13.1 N+1���¥�Bargmann-Wigner¥þ|�§

½Â13.1.1. Xa := [imγa − 2Sab(e)∂
b]C,Xa := [imγa − 2Sab(e)∂b]C

Ún13.1.1.

(γa∂a +m)X = 0

X = { 1
(1!)2F

aγa + 1
(2!)2F

abγ[aγb]}C
⇔

∂[aF b] +mF ab = 0, ∂aF
a = 0

∂[aF bc] = 0, ∂aF
ab +mF b = 0

íØ13.1.1.

(γa∂a +m)ψ = 0

ψ = { 1
(1!)2 imA

aγa − i
(2!)2F

abγ[aγb]}C
⇔

∂aF ab −m2Ab = 0

F ab = ∂[aAb], ∂aA
a = 0

Ún13.1.2. 2−5

im
tr(C̄γa′Xa)Aa = 2−5

im
(C̄γa′)

λςµςXaλςµςAa = Aa′ , (C̄γa′)
λςµςXaλςµς = im25δaa′

Ún13.1.3. XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab ⇔ Aab = Aba

íØ13.1.2. (γb∂b +m)XaAa ⇔ (∂b∂b −m2)Aa = 0, ∂aAa = 0

y²: (γc∂c +m)XaAa = 0

⇔ (γc∂c +m)[imγa − 2Sab(e)∂b]CAa = 0

⇔ (γc∂c +m)[imγa − 2Sab(e)∂b]Aa = 0

⇔ imγcγa∂cAa + im2γaAa + i
2
γcγ[aγb]∂c∂bAa + i

2
mγ[aγb]∂bAa = 0

⇔ − i
2
γaγ[bγc]∂a∂bAc + im2γaAa + i

2
mγ{aγb}∂bAa = 0

⇔ − i
2
( 1

3
γ[aγbγc] + 2δa[bγc])∂a∂bAc + im2γaAa + imδab∂bAa = 0

⇔ −iδa[bγc]∂a∂bAc + im2γaAa + im∂aAa = 0

⇔ −iγc∂a∂aAc + iγb∂b(∂
aAa) + im2γaAa + im∂aAa = 0

⇔ γa[−i∂b∂bAa + i∂a(∂
bAb) + im2Aa] + im∂aAa = 0

⇔ −i∂b∂bAa + i∂a(∂
bAb) + im2Aa = 0, im∂aAa = 0

⇔ (∂b∂
b −m2)Aa = 0, ∂aAa = 0

íØ13.1.3. (γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0⇔ (∂c∂c −m2)Aab = 0, ∂aAab = 0
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y²: (γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0

⇔ (γc∂c +m)XaXbηςξςAab = 0

⇔ (∂c∂
c −m2)XbηςξςAab = 0, ∂aXbηςξςAab = 0

⇔ (∂c∂
c −m2)XbAab = 0, ∂aXbAab = 0

⇔ (∂d∂
d −m2)[imγb − 2Sbc(e)∂c]CAab = 0, ∂a[imγb − 2Sbc(e)∂c]CAab = 0

⇔ (∂d∂
d −m2)Aab = 0, (∂d∂

d −m2)(∂cAab − ∂bAac) = 0, ∂aAab = 0, ∂a(∂cAab − ∂bAac) = 0

⇔ (∂c∂
c −m2)Aab = 0, ∂aAab = 0

íØ13.1.4.

(γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0

XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab
⇔

(∂c∂c −m2)Aab = 0

∂aAab = 0, Aab = Aba

íØ13.1.5. XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab ⇔ Aab = Aba

y²: XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab

⇔ [imγaC−2Sac(e)C∂c]λςµς [imγ
bC−2Sbd(e)C∂d]ηςξςAab = [imγaC−2Sac(e)C∂c]λςµς [imγ

bC−2Sbd(e)C∂d]ηςξςAba

⇔ (im)2Aab[γ
aC]λςµς [γ

bC]ηςξς + 4∂c∂dAab[S
ac(e)C]λςµς [S

bd(e)C]ηςξς

− 2im∂dAab[γ
aC]λςµς [S

bd(e)C]ηςξς − 2im∂cAab[S
ac(e)C]λςµς [γ

bC]ηςξς

= (im)2Aba[γ
aC]λςµς [γ

bC]ηςξς + 4∂c∂dAba[S
ac(e)C]λςµς [S

bd(e)C]ηςξς

− 2im∂dAba[γ
aC]λςµς [S

bd(e)C]ηςξς − 2im∂cAba[S
ac(e)C]λςµς [γ

bC]ηςξς

⇔ Aab = Aba, ∂c∂dAab + ∂a∂bAcd − ∂a∂dAcb − ∂c∂dAab = ∂c∂dAba + ∂a∂bAdc − ∂a∂dAbc − ∂c∂dAba,
∂dAab − ∂bAad = ∂dAba − ∂bAda, ∂cAab − ∂aAcb = ∂cAba − ∂aAbc
⇔ Aab = Aba

íØ13.1.6.

(γc∂c +m)κς
λςXaλςµςX

b
ηςξς

Aab = 0

XaλςµςX
b
ηςξς

Aab = XaηςξςX
b
λςµς

Aab
??⇔

(∂c∂c −m2)Aab = 0

∂aAab = 0, Aab = Aba, δ
abAab = 0

íØ13.1.7.


[γa(ς)∂a +m]κς

λς

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

σ = 0⇔ (−∂d∂d +m2)Aabc · ·︸ ︷︷ ︸
n

σ = 0

Aabc · ·︸ ︷︷ ︸
n

σ = 1
n!
A{abc · ·}︸ ︷︷ ︸

n

σ, δabAabc · ·︸ ︷︷ ︸
n

σ = 0, ∂aAabc · ·︸ ︷︷ ︸
n

σ = 0

íØ13.1.8.


[γa(ς)∂a +m]κς

λς

n︷ ︸︸ ︷
XaλςµςX

b
ηςξς
· ·Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0⇔ [γd(ς)∂d +m]Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

Aabc · ·︸ ︷︷ ︸
n

[ζς ]
σ = 1

n!
A{abc · ·}︸ ︷︷ ︸

n

[ζς ]
σ, δabAabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0, γa(ς)Aabc · ·︸ ︷︷ ︸

n

[ζς ]
σ = 0

ß�13.1.1. (γc∂c +m)XaXbAab = 0⇔??(∂c∂c −m2)Aab = 0, ∂aAab = 0, δabAab = 0

y²: (γc∂c +m)XaXbAab = 0

⇔ (γc∂c +m)[imγa − 2Sac(e)∂c]C[imγb − 2Sbd(e)∂d]CAab = 0

⇔ (γc∂c +m)[−m2γaCγbC + 4Sac(e)CSbd(e)C∂c∂d − 2imγaCSbd(e)C∂d − 2imSac(e)CγbC∂c]Aab = 0

14 N+1=n���¥��Ý
��é¡p^þ|Ðm

14.1 N+1=nóê���¥��Ý
��é¡p^þ|Ðm

½Â14.1.1. ek(s;N) := Γa1a2··a2s

k (s;N) 1
(2s)!

γ[a1
γa2
· ·γa2s][⇔] 1

(2s)!
γ[a1

γa2
· ·γa2s] = Γka1a2··a2s

(s;N)ek(s;N)

887
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½Â14.1.2. X =
n/2∑
s=0

1
(2s)!

F (s;N) · e(s;N)

F (0;N) = 2−[
n
2

]tr(X), F ( 1
2
;N) = 2−[

n
2

]tr[e( 1
2
;N)X]

F (1;N) = −2−[
n
2

]tr[e(1;N)X], F ( 3
2
;N) = −2−[

n
2

]tr[e( 3
2
;N)X]

F (2;N) = 2−[
n
2

]tr[e(2;N)X], F ( 5
2
;N) = 2−[

n
2

]tr[e( 5
2
;N)X]

· · ·

F (n
2
;N) = (−1)[(n%4)/2]2−[

n
2

]tr[e(n
2
;N)X]

14.2 N+1=nÛê���¥��Ý
��é¡p^þ|Ðm

½Â14.2.1. X =
[n/2]/2∑
s=0

1
(2s)!

F (s;N) · e(s;N)

F (0;N) = 2−[
n
2

]tr(X), F ( 1
2
;N) = 2−[

n
2

]tr[e( 1
2
;N)X]

F (1;N) = −2−[
n
2

]tr[e(1;N)X], F ( 3
2
;N) = −2−[

n
2

]tr[e( 3
2
;N)X]

F (2;N) = 2−[
n
2

]tr[e(2;N)X], F ( 5
2
;N) = 2−[

n
2

]tr[e( 5
2
;N)X]

· · ·

F ( [n/2]
2

;N) = (−1)[([
n
2

]%4)/2]2−[
n
2

]tr[e( [n/2]
2

;N)X]

14.3 N+1=n���¥�é¡p^þÄek(s;N)���5Ú��5

íØ14.3.1. tr[ek(s;N)ek′(s
′;N)] = (−1)

2s(2s−1)
2 2[

n
2

](2s)!δkk′δss′

íØ14.3.2. 2−[
n
2

]
[n/2](2−n%2)∑

s=0

i2s(2s−1)

(2s)!
{[e(s;N)]λ

µ · [e(s;N)]η
ξ} = δλ

ξδη
µ

14.4 N+1���¥�k�þ�é¡Üþ|�p^þLã

½Â14.4.1. Ak(s;N) := Γka1a2··a2s
(s;N)Aa1··a2s [⇔]Aa1··a2s := Γa1a2··a2s

k (s;N)Ak(s;N)

íØ14.4.1. 1
l!
∂[a0Aa1··al] +mF a0··al = 0, ∂a0

F a0··al +mAa1··al = 0

[⇔](l + 1)N j
ak(

l+1
2

;N)∂aAk( l
2
;N) +mF j( l+1

2
;N) = 0, Nak

j ( l+1
2

;N)∂aF
j( l+1

2
;N) +mAk( l

2
;N) = 0

y²: 1
l!
∂[a0Aa1··al] +mF a0··al = 0, ∂a0

F a0··al +mAa1··al = 0

⇔

 1
l!
∂[a0Γ

a1··al]
k ( l

2
;N)Ak( l

2
;N) +mΓa0··al

j ( l+1
2

;N)F j( l+1
2

;N) = 0

Γa0··al
j ( l+1

2
;N)∂a0

F j( l+1
2

;N) +mΓa1··al
k ( l

2
;N)Ak( l

2
;N) = 0

⇔ Γja0··al(
l+1
2

;N) 1
l!
∂[a0Γ

a1··al]
k ( l

2
;N)Ak( l

2
;N) +mF j( l+1

2
;N) = 0, Na0k

j ( l+1
2

;N)∂a0
F j( l+1

2
;N) +mAk( l

2
;N) = 0

⇔ (l + 1)N j
a0k

( l+1
2

;N)∂a0Ak( l
2
;N) +mF j( l+1

2
;N) = 0, Na0k

j ( l+1
2

;N)∂a0
F j( l+1

2
;N) +mAk( l

2
;N) = 0

⇔ (l + 1)N j
ak(

l+1
2

;N)∂aAk( l
2
;N) +mF j( l+1

2
;N) = 0, Nak

j ( l+1
2

;N)∂aF
j( l+1

2
;N) +mAk( l

2
;N) = 0

íØ14.4.2. ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
l!m
∂[a0Aa1··al]

⇔ ∂a∂
aAk( l

2
;N)−m2Ak( l

2
;N) = 0, Nan

k ( l
2
;N)∂aA

k( l
2
;N) = 0, F j( l+1

2
;N) = − l+1

m
N j
ak(

l+1
2

;N)∂aAk( l
2
;N)

y²: ∂a0
∂a0Aa1··al −m2Aa1··al = 0, ∂a1

Aa1··al = 0, F a0··al = − 1
l!m
∂[a0Aa1··al]

⇔

∂a0
∂a0Γa1··al

k ( l
2
;N)Ak( l

2
;N)−m2Γa1··al

k ( l
2
;N)Ak( l

2
;N) = 0

∂a1
Γa1··al
k ( l

2
;N)Ak( l

2
;N) = 0,Γa0··al

j ( l+1
2

;N)F j( l+1
2

;N) = − 1
l!m
∂[a0Γ

a1··al]
k ( l

2
;N)Ak( l

2
;N)

⇔ ∂a0
∂a0Ak( l

2
;N)−m2Ak( l

2
;N) = 0, Na1n

k ( l
2
;N)∂a1

Ak( l
2
;N) = 0, F j( l+1

2
;N) = − l+1

m
N j
a0k

( l+1
2

;N)∂a0Ak( l
2
;N)

⇔ ∂a∂
aAk( l

2
;N)−m2Ak( l

2
;N) = 0, Nan

k ( l
2
;N)∂aA

k( l
2
;N) = 0, F j( l+1

2
;N) = − l+1

m
N j
ak(

l+1
2

;N)∂aAk( l
2
;N)

íØ14.4.3. (l + 1)N j
ak(

l+1
2

;N)∂aAk( l
2
;N) +mF j( l+1

2
;N) = 0, Nak

j ( l+1
2

;N)∂aF
j( l+1

2
;N) +mAk( l

2
;N) = 0

⇔ ∂a∂
aAk( l

2
;N)−m2Ak( l

2
;N) = 0, Nan

k ( l
2
;N)∂aA

k( l
2
;N) = 0, F j( l+1

2
;N) = − l+1

m
N j
ak(

l+1
2

;N)∂aAk( l
2
;N)
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14.5 N+1���¥�Ã�þ�é¡Üþ|�p^þLã

íØ14.5.1. 1
l!
∂[a0Aa1··al] = 0, ∂a0

F a0··al = 0[⇔](l + 1)N j
ak(

l+1
2

;N)∂aAk( l
2
;N) = 0, Nak

j ( l+1
2

;N)∂aF
j( l+1

2
;N) = 0

ß�14.5.1.[Aa1··al(x), A+
a′1··a′l

(x′)] = i 2
−[
n
2

]

(l+1)!
η

[a1

[a′1
· ·ηala′lη

a]
a′]∂a∂

+a′∆(x− x′)

[F a0a1··al(x), F+
a′0a
′
1··a′l

(x′)] = −i 2
−[
n
2

]

l!
η

[a0

[a′0
· ·ηal−1

a′l−1
∂al]∂+

a′l]
∆(x− x′)

[⇔][Aa1··al(x), Āa′1··a′l(x
′)] = i 2

−[
n
2

]

(l+1)!
δ

[a1

[a′1
· ·δala′lδ

a]
a′]∂a∂

a′∆(x− x′)

[F a0a1··al(x), F̄a′0a′1··a′l(x
′)] = −i 2

−[
n
2

]

l!
δ

[a0

[a′0
· ·δal−1

a′l−1
∂al]∂a′l]∆(x− x′)

[⇔][Ak(x, l
2
;N), Āk′(x

′, l
2
;N)] = i2−[

n
2

]Γka1··al(
l
2
;N)Γ

a′1··a
′
l

k′ ( l
2
;N)δ

[a1

a′1
· ·δala′lδ

a]
a′∂a∂

a′∆(x− x′)

[F j(x, l+1
2

;N), F̄j′(x
′, l+1

2
;N)] = −i2−[

n
2

]l!(l + 1)2Γja1··ala(
l+1
2

;N)Γa1··ala′
j′ ( l+1

2
;N)∂a∂a′∆(x− x′)

[⇔][Ak(x, l
2
;N), Āk′(x

′, l
2
;N)] = i2−[

n
2

]{δkk′∂a∂a − l%2Γka2··ala(
l
2
;N)Γa2··ala′

k′ ( l
2
;N)∂a∂a′}∆(x− x′)

[F j(x, l+1
2

;N), F̄j′(x
′, l+1

2
;N)] = −i2−[

n
2

]l!(l + 1)2Γja1··ala(
l+1
2

;N)Γa1··ala′
j′ ( l+1

2
;N)∂a∂a′∆(x− x′)

[⇔][Ak(x, l
2
;N), Āk′(x

′, l
2
;N)] = i2−[

n
2

]{δkk′m2 − l%2Γka2··ala(
l
2
;N)Γa2··ala′

k′ ( l
2
;N)∂a∂a′}∆(x− x′)

[F j(x, l+1
2

;N), F̄j′(x
′, l+1

2
;N)] = −i2−[

n
2

]l!(l + 1)2Γja1··ala(
l+1
2

;N)Γa1··ala′
j′ ( l+1

2
;N)∂a∂a′∆(x− x′)
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g·µãµ�ÙÌ�´���{~êØCÜþ�äN0�§´é����{~êØCÜþ��\äN
)Ú

äN*Ð"eò�é¡g^ÜþJ�pg^�§S�E|^§Ò�±���5�p���{~êØCÜþ"Ó�

§´�c�{~êØCÜþ���/�AÏ$^®§����ÑÙ(Ø=�§ÃI2�y²"ÏL�ÙäN

z�~f§��±²(±e¯¢µ�{~êØCÜþ�´�N
�é¡�ê(��S3�k5�§���é¡k

'!�Ù§Ã'§ÏdLyÑ
�X��{��ê5�ÚC�5�"�ÙÎÒ�½ÎÜ± 5�§Ñ
�Ù�Ø

¬· "�Ù!��{~êØCÜþ�w = 1�/ØÓ�"

1 ���{~êØCÜþΓ
kς
AςBςCς ··(s; 2j),Γ

AςBςCς ··
kς

(s; 2j)

1.1 ~êØCÜþΓkςAςBςCς ··(s; 2j),ΓAςBςCς ··kς
(s; 2j)

½Â1.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) = 1
(2s)!

Γkς(AςBςCς · ·)︸ ︷︷ ︸
2s

(s; 2j), w = 2j

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

··wς · ·wς︸ ︷︷ ︸
lw

(s; 2j) =
√

l0!l1!··lw!
(2s)!

δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2j−k − C2l

2l+2j−λ2l
)}, l0 + l1 + · ·+lw = 2s

½Â1.1.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s; 2j), w = 2j

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς ··

lw︷ ︸︸ ︷
wς · ·wς

kς
(s; 2j) =

√
l0!l1!··lw!

(2s)!
δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2j−k − C2l

2l+2j−λ2l
)}, l0 + l1 + · ·+lw = 2s

1.2 ~êÝ
Γ(s; 2j), Γ̄(s; 2j)

½Â1.2.1. Γ(s; 2j) � ΓAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

kς (s; 2j), Γ̄(s; 2j) � Γkς

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s; 2j) ' ΓT (s; 2j)

íØ1.2.1. [Γ(s; 2j)] = (2j + 1)2s × C2s
2s+2j , [Γ̄(s; 2j)] = C2s

2s+2j × (2j + 1)2s, [Aς ] = 2j + 1, [kς ] = C2s
2s+2j

1.3 ~êØCÜþΓkςAςBςCς ··(s; 2j),ΓAςBςCς ··kς
(s; 2j) �Ä�5�

��5µ

5�1.3.1. Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j) ' ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) ' Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s; 2j)

5�1.3.2. [ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)]∗ ' Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j), [Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)]∗ ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s; 2j)

íØ1.3.1. Γ(s; 2j) = Γ∗(s; 2j), Γ̄(s; 2j) = Γ̄∗(s; 2j), Γ̄(s; 2j) = Γ+(s; 2j),Γ(s; 2j) = Γ̄+(s; 2j)

��5µ

5�1.3.3. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
lς

(s; 2j) = δkς lς [⇔]Γ̄(s; 2j)Γ(s; 2j) = I

5�1.3.4. ΓkςA1ςA2ς ··A2sς
(s; 2j)ΓB1ςB2ς ··B2sς

kς
(s; 2j) = 1

(2s)!
δ

(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!
δB1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

é'5µ

5�1.3.5. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]
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Ù§5�µ

5�1.3.6. ΓkςAς (
1
2
; 2j) = δkςAς ,Γ

Aς
kς

( 1
2
; 2j) = δAςkς ; Γ(0; 2j) = 1, Γ̄(0; 2j) = 1

1.4 Ý5~êØCÜþεkς lς (s; 2j)�Ú\9Ù5�

Ý5½Âµ

½Â1.4.1.


εkς lς (s; 2j) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) εAςEς (j)εBςFς (j)εCςGς (j) · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j)

εkς lς (s; 2j) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)

2s︷ ︸︸ ︷
εAςEς (j)εBςFς (j)εCςGς (j) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j)

5�1.4.1.


εAςEς (j)εBςFς (j)εCςGς (j) · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j)'uABC...�é¡

2s︷ ︸︸ ︷
εAςEς (j)εBςFς (j)εCςGς (j) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j)'uABC...�é¡

íØ1.4.1. ε(s; 2j) := Γ̄(s; 2j) ε(j)⊗ · · ⊗ε(j)︸ ︷︷ ︸
2s

Γ(s; 2j); ε(j) = ε(j; 1) = ε( 1
2
; 2j)

íØ1.4.2. ε(s; 2j)ε+(s; 2j) = ε+(s; 2j)ε(s; 2j) = 1; ε(s; 2j) = ε∗(s; 2j), ε(s; 2j) = (−1)4sjε(s; 2j)

,ü�Iµ

5�1.4.2.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) = εkς lς (s; 2j) εAςEς (j)εBςFς (j)εCςGς (j) · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) = εkς lς (s; 2j)

2s︷ ︸︸ ︷
εAςEς (j)εBςFς (j)εCςGς (j) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j)

íØ1.4.3. Γ(s; 2j)ε(s; 2j) = ε(j)⊗ · · ⊗ε(j)︸ ︷︷ ︸
2s

Γ(s; 2j), ε(s; 2j)Γ̄(s; 2j) = Γ̄(s; 2j) ε(j)⊗ · · ⊗ε(j)︸ ︷︷ ︸
2s

PenroseIO,ü5Kµ

5�1.4.3.
ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) = (−1)2s[ς2sεkς lς (s; 2j)] [−ςεAςEς (j)][−ςεBςFς (j)][−ςεCςGς (j)] · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) = (−1)2s[(−ς)2sεkς lς (s; 2j)]

2s︷ ︸︸ ︷
[ςεAςEς (j)][ςεBςFς (j)][ςεCςGς (j)] · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j)

1.5 g^~êØCÜþσας kς
lς (s; 2j), Sab(s, ς; 2j)

½Â1.5.1.
Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)σαςAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) = 1
2s
σας kς

lς (s; 2j)[⇔]Γ̄(s; 2j)σας (j)Γ(s; 2j) = 1
2s
σας (s; 2j)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)SabAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) = 1
2s
Sabkς

lς (s; 2j)[⇔]Γ̄(s; 2j)Sab(j, ς)Γ(s; 2j) = 1
2s
Sab(s, ς; 2j)
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1.6 ~êØCÜþΩ
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s; 2j),Ω(s; 2j)�Ú\9Ù5�

½Â1.6.1.

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) :=

2s︷ ︸︸ ︷
σAς

A′ς (j)δBς
B′ςδCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςσBς

B′ς (j)δCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςδBς

B′ςσCς
C′ς (j) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.6.2. Ω(s; 2j) := σ(j)⊗ I(2j+1)2s−1 + I2j+1 ⊗ σ(j)⊗ I(2j+1)2s−2 + · ·+I(2j+1)2s−1 ⊗ σ(j)

íØ1.6.1. Ω

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) := σAς
A′ς (j) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j)

[m] [m]

íØ1.6.2. Ω(s; 2j) = σ(j)⊗ I(2j+1)2s−1 + I2j+1 ⊗ Ω(s− 1
2
; 2j)

íØ1.6.3. Ω(s; 2j) = Ω(s− s′; 2j)⊗ I(2j+1)2s′ + I(2j+1)2(s−s′) ⊗ Ω(s′; 2j)

1.7 ~êØCÜþΩab
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s; 2j),Ωab(s, ς; 2j) �Ú\9ÙÄ�5�

½Â1.7.1.

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) :=

2s︷ ︸︸ ︷
SabAς

A′ς (j)δBς
B′ςδCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςSabBς

B′ς (j)δCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςδBς

B′ςSabCς
C′ς (j) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.7.2. Ωab(s, ς; 2j) := Sab(j, ς)⊗ I(w+1)2s−1 + I4 ⊗ Sab(j, ς)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab(j, ς)

íØ1.7.1. Ωab

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) := SabAς
A′ς (j) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩab

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j)

[m] [m]

íØ1.7.2. Ωab(s, ς; 2j) = Sab(j, ς)⊗ I(w+1)2s−1 + I4 ⊗ Ωab(s− 1
2
, ς; 2j)

íØ1.7.3. Ωab(s, ς; 2j) = Ωab(s− s′, ς; 2j)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ωab(s
′, ς; 2j)

1.8 g^~êØCÜþσας kς
lς (s; 2j), σ(s; 2j)�Ú\

½Â1.8.1. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)σαςAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) := 1
2s
σας kς

lς (s; 2j)[⇔]σ(s; 2j) := Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j)

1.9 g^~êØCÜþSabkς
lς (s; 2j), Sab(s, ς; 2j)�Ú\

½Â1.9.1.

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)SabAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j) := 1
2s
Sabkς

lς (s; 2j)[⇔]Sab(s, ς; 2j) := Γ̄(s; 2j)Ωab(s, ς; 2j)Γ(s; 2j)

1.10 ~êÝ
Ωab(s, ς; 2j), Sab(s, ς; 2j)�Ωας (s; 2j), σας (s; 2j)�m'X

íØ1.10.1. Sab(j, ς) = σαςςabσας (j)[⇒]Ωab(s, ς; 2j) = σαςςabΩας (s; 2j)[⇒]Sab(s, ς; 2j) = σαςςabσας (s; 2j)

1.11 ~êÝ
Ω(s; 2j)�ü��Ún

Ún1.11.1. Γ(s; 2j)Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j) = Ω(s; 2j)Γ(s; 2j)

Ún1.11.2. Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j)Γ̄(s; 2j) = Γ̄(s; 2j)Ω(s; 2j)
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1.12 ~êÝ
Ωab(s, ς; 2j)�ü��Ún

Ún1.12.1. Γ(s; 2j)Γ̄(s; 2j)Ωab(s, ς; 2j)Γ(s; 2j) = Ωab(s, ς; 2j)Γ(s; 2j)

Ún1.12.2. Γ̄(s; 2j)Ωab(s, ς; 2j)Γ(s; 2j)Γ̄(s; 2j) = Γ̄(s; 2j)Ωab(s, ς; 2j)

1.13 'u~êÝ
Γ̄(s; 3),Ω(s; 3), σ(s; 3),Γ(s; 3)���5�9ÙíØ

½n1.13.1. Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)σkς
lς (s; 2j)

[⇔]Ω(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ(s; 2j)

½n1.13.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) = σkς
lς (s; 2j)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 2j)

[⇔]Γ̄(s; 2j)Ω(s; 2j) = σ(s; 2j)Γ̄(s; 2j)

íØ1.13.1. Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j) = σ(s; 2j)

⇔ Ω(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ(s; 2j)⇔ Γ̄(s; 2j)Ω(s; 2j) = σ(s; 2j)Γ̄(s; 2j)

íØ1.13.2. Ω2(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ2(s; 2j)

íØ1.13.3. Γ̄(s; 2j)Ω2(s; 2j) = σ2(s; 2j)Γ̄(s; 2j)

íØ1.13.4. [σ( 1
2
)⊗ Ij ](AςA

′
ςΓlς

BςCς · ·)A′ς︸ ︷︷ ︸
2s

(s; 2j) = 1
(2s−1)!

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)σkς
lς (s; 2j)

1.14 'u~êÝ
Γ̄(s; 2j),Ωab(s, ς; 2j), Sab(s, ς; 2j),Γ(s; 2j)���5�9ÙíØ

½n1.14.1. Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Sabkς
lς (s; 2j)

[⇔]Ωab(s, ς; 2j)Γ(s; 2j) = Γ(s; 2j)Sab(s, ς; 2j)

½n1.14.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) = Sabkς
lς (s; 2j)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 2j)

[⇔]Γ̄(s; 2j)Ωab(s, ς; 2j) = Sab(s, ς; 2j)Γ̄(s; 2j)

íØ1.14.1. Γ̄(s; 2j)Ωab(s, ς; 2j)Γ(s; 2j) = Sab(s, ς; 2j)

⇔ Ωab(s, ς; 2j)Γ(s; 2j) = Γ(s; 2j)Sab(s, ς; 2j)⇔ Γ̄(s; 2j)Ωab(s, ς; 2j) = Sab(s, ς; 2j)Γ̄(s; 2j)

íØ1.14.2. [Sab(
1
2
, ς)⊗ Ij ](AςA

′
ςΓlς

BςCς · ·)A′ς︸ ︷︷ ︸
2s

(s; 2j) = 1
(2s−1)!

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Sabkς
lς (s; 2j)

1.15 ~êÝ
Ω(s; 2j), σ(s; 2j)�âÔ[+L«

íØ1.15.1. Ω(s; 2j)× Ω(s; 2j) = iΩ(s; 2j)[⇒]σ(s; 2j)× σ(s; 2j) = iσ(s; 2j)

1.16 ~êÝ
Ωab(s, ς; 2j), Sab(s, ς; 2j)�âÔ[+L«

íØ1.16.1. i[Sab(j, ς), Scd(j, ς)] = δadSbc(j, ς)− δacSbd(j, ς) + δbcSad(j, ς)− δbdSac(j, ς)
[⇒]i[Ωab(s, ς; 2j),Ωcd(s, ς; 2j)] = δadΩbc(s, ς; 2j)− δacΩbd(s, ς; 2j) + δbcΩad(s, ς; 2j)− δbdΩac(s, ς; 2j)

[⇒]i[Sab(s, ς; 2j), Scd(s, ς; 2j)] = δadSbc(s, ς; 2j)− δacSbd(s, ς; 2j) + δbcSad(s, ς; 2j)− δbdSac(s, ς; 2j)

Ún1.16.1. Γ(s; 2j)Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j) = Ω(s; 2j)Γ(s; 2j)

½Â1.16.1. σ(s; 2j) := Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j)
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íØ1.16.2. Ω(s; 2j)× Ω(s; 2j) = iΩ(s; 2j)[⇒]σ(s; 2j)× σ(s; 2j) = iσ(s; 2j)

½n1.16.1. Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)σkς
lς (s; 2j)[⇔]Ω(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ(s; 2j)

Ún1.16.2. Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j)Γ̄(s; 2j) = Γ̄(s; 2j)Ω(s; 2j)

½n1.16.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) = σkς
lς (s; 2j)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 2j)[⇔]Γ̄(s; 2j)Ω(s; 2j) = σ(s; 2j)Γ̄(s; 2j)

íØ1.16.3.

Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j) = σ(s; 2j)⇔ Ω(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ(s; 2j)⇔ Γ̄(s; 2j)Ω(s; 2j) = σ(s; 2j)Γ̄(s; 2j)

íØ1.16.4. Ω2(s; 2j)Γ(s; 2j) = Γ(s; 2j)σ2(s; 2j)

íØ1.16.5. Γ̄(s; 2j)Ω2(s; 2j) = σ2(s; 2j)Γ̄(s; 2j)

íØ1.16.6. Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)σkς
lς (s; 2j)

⇔ σ(j)
A′ς
(Aς

Γlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)σkς
lς (s; 2j)

1.17 íØµ~êÝ
Γ(s; 2j), Γ̄(s; 2j)�A�ð�ª

5�1.17.1.

Γ̄(s; 2j)Ω(s; 2j)Γ(s; 2j) = σ(s; 2j), [Γ(s; 2j)Γ̄(s; 2j),Ω(s; 2j)] = 0

Γ(s; 2j)σ(s; 2j)Γ̄(s; 2j) = Ω(s; 2j)Γ(s; 2j)Γ̄(s; 2j) = Γ(s; 2j)Γ̄(s; 2j)Ω(s; 2j)

5�1.17.2.

Γ̄(s; 2j)Ωab(s, ς; 2j)Γ(s; 2j) = Sab(s, ς; 2j), [Γ(s; 2j)Γ̄(s; 2j),Ωab(s, ς; 2j)] = 0

Γ(s; 2j)Sab(s, ς; 2j)Γ̄(s; 2j) = Ωab(s, ς; 2j)Γ(s; 2j)Γ̄(s; 2j) = Γ(s; 2j)Γ̄(s; 2j)Ωab(s, ς; 2j)

5�1.17.3.

Γ̄(s; 2j)[ϑ · Ω(s; 2j)]nΓ(s; 2j) = [ϑ · σ(s; 2j)]n, [Γ(s; 2j)Γ̄(s; 2j), [ϑ · Ω(s; 2j)]n] = 0

Γ(s; 2j)[ϑ · σ(s; 2j)]nΓ̄(s; 2j) = [ϑ · Ω(s; 2j)]nΓ(s; 2j)Γ̄(s; 2j) = Γ(s; 2j)Γ̄(s; 2j)[ϑ · Ω(s; 2j)]n

5�1.17.4.

Γ̄(s; 2j)[ϑabΩab(s, ς; 2j)]nΓ(s; 2j) = [ϑabSab(s, ς; 2j)]n, [Γ(s; 2j)Γ̄(s; 2j), [ϑabΩab(s, ς; 2j)]n] = 0

Γ(s; 2j)[ϑabSab(s, ς; 2j)]nΓ̄(s; 2j) = [ϑabΩab(s, ς; 2j)]nΓ(s; 2j)Γ̄(s; 2j) = Γ(s; 2j)Γ̄(s; 2j)[ϑabΩab(s, ς; 2j)]n

íØ1.17.1.

Γ̄(s; 2j)e
i
2
ϑabΩab(s,ς;2j)Γ(s; 2j) = e

i
2
ϑabSab(s,ς;2j), [Γ(s; 2j)Γ̄(s; 2j), e

i
2
ϑabΩab(s,ς;2j)] = 0

Γ(s; 2j)e
i
2
ϑabSab(s,ς;2j)Γ̄(s; 2j) = e

i
2
ϑabΩab(s,ς;2j)Γ(s; 2j)Γ̄(s; 2j) = Γ(s; 2j)Γ̄(s; 2j)e

i
2
ϑabΩab(s,ς;2j)

1.18 Ý
Γ(s; 2j), Γ̄(s; 2j)�~êØCÜþ5�

½n1.18.1. Γ(s; 2j) = e(iω+ςε)·Ω(s;2j)Γ(s; 2j)e−(iω+ςε)·σ(s;2j)

½n1.18.2. Γ̄(s; 2j) = e(iω+ςε)·σ(s;2j)Γ̄(s; 2j)e−(iω+ςε)·Ω(s;2j)

íØ1.18.1.

S(s; 2j) = e(iω+ςε)·Ω(s;2j)S(s; 2j)e−(iω+ςε)·S+(s;2j)Ω(s;2j)S(s;2j)

S(s; 2j) = e(iω+ςε)·S(s;2j)Ω(s;2j)S+(s;2j)S(s; 2j)e−(iω+ςε)·Ω(s;2j)

S+(s; 2j) = e(iω+ςε)·Ω(s;2j)S+(s; 2j)e−(iω+ςε)·S(s;2j)Ω(s;2j)S+(s;2j)

S+(s; 2j) = e(iω+ςε)·S+(s;2j)Ω(s;2j)S(s;2j)S+(s; 2j)e−(iω+ςε)·Ω(s;2j)
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1.19 ~êÝ
I2j+1 ⊗ Γ(s− 1
2
; 2j), I2j+1 ⊗ Γ̄(s− 1

2
; 2j)���5�

íØ1.19.1. Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)]

íØ1.19.2. [I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ω(s; 2j) = [σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

1.20 íØµ~êÝ
Γ(s− 1
2
; 2j), Γ̄(s− 1

2
; 2j)�A�ð�ª

5�1.20.1.

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)] = [σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)]

[I2j+1 ⊗ Γ(s− 1
2
; 2j)][σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

= Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]Ω(s; 2j)

[[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)],Ω(s; 2j)] = 0

5�1.20.2.

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ωab(s, ς; 2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)] = [Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)]

[I2j+1 ⊗ Γ(s− 1
2
; 2j)][Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

= Ωab(s, ς; 2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]Ωab(s, ς; 2j)

[[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)],Ωab(s, ς; 2j)] = 0

5�1.20.3.

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)][ϑ · Ω(s; 2j)]n[I2j+1 ⊗ Γ(s− 1

2
; 2j)] = {ϑ · [σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)]}n

[I2j+1 ⊗ Γ(s− 1
2
; 2j)]{ϑ · [σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)]}n[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

= [ϑ · Ω(s; 2j)]n[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)][ϑ · Ω(s; 2j)]n

[[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)], [ϑ · Ω(s; 2j)]n] = 0

5�1.20.4.

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)][ϑabΩab(s, ς; 2j)]n[I2j+1 ⊗ Γ(s− 1

2
; 2j)] = {ϑab[Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)]}n

[I2j+1 ⊗ Γ(s− 1
2
; 2j)]{ϑab[Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)]}n[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

= [ϑabΩab(s, ς; 2j)]n[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

= [I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)][ϑabΩab(s, ς; 2j)]n

[[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)], [ϑabΩab(s, ς; 2j)]n] = 0

íØ1.20.1.

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]e

i
2
ϑabΩab(s,ς;2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)] = e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

[I2j+1 ⊗ Γ(s− 1
2
; 2j)]e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]

= e
i
2
ϑabΩab(s,ς;2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]e

i
2
ϑabΩab(s,ς;2j)

[[I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)], e

i
2
ϑabΩab(s,ς;2j)] = 0

íØ1.20.2.

I(2j+1)2s−1Γ(s− 1
2
; 2j) = Γ(s− 1

2
; 2j)IC2s−1

2s−1+2j
, Γ̄(s− 1

2
; 2j)I(2j+1)2s−1 = IC2s−1

2s−1+2j
Γ̄(s− 1

2
; 2j)

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]σ(j)⊗ I(2j+1)2s−1 [I2j+1 ⊗ Γ(s− 1

2
; 2j)] = σ(j)⊗ IC2s−1

2s−1+2j

[σ(j)⊗ I(2j+1)2s−1 [I2j+1]⊗ Γ(s− 1
2
; 2j)] = [I2j+1 ⊗ Γ(s− 1

2
; 2j)][σ(j)⊗ IC2s−1

2s−1+2j
]

[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)][σ(j)⊗ I(2j+1)2s−1 ] = [σ(j)⊗ IC2s−1

2s−1+2j
][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

1.21 ~êÝ
Γ(s; 2j), Γ̄(s; 2j)�é¡��5�

½Â1.21.1. Sex(s, n) = (
n−1︷ ︸︸ ︷

I2j+1 ⊗ · · ⊗I2j+1⊗Sex

2s−n−1︷ ︸︸ ︷
⊗I2j+1 ⊗ · · ⊗I)
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íØ1.21.1. Γ(s; 2j) = Sex(s, n)Γ(s; 2j), Γ̄(s; 2j) = Γ̄(s; 2j)Sex(s, n)

íØ1.21.2. Sex(s, n)Ω(s; 2j)Sex(s, n) = Ω(s; 2j)

íØ1.21.3. ψ̂(s, ς; 2j) = Sex(s, n)ψ̂(s, ς; 2j),∀n ∈ {1, 2, ··, 2s+ 1}

1.22 Ý
I2j+1 ⊗ Γ̄(s− 1
2
; 2j), I2j+1 ⊗ Γ(s− 1

2
; 2j)�~êØCÜþ5�

½n1.22.1. [I2j+1 ⊗ Γ(s− 1
2
; 2j)] = e(iω+ςε)·Ω(s;2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)]e−(iω+ςε)·σ(j) ⊗ e−(iω+ςε)·σ(s− 1

2
;2j)

½n1.22.2. [I2j+1 ⊗ Γ̄(s− 1
2
; 2j)] = e(iω+ςε)·σ(j) ⊗ e(iω+ςε)·σ(s− 1

2
;2j)[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]e−(iω+ςε)·Ω(s;2j)

2 ���{~êØCÜþN
kς
Aς lς

(s; 2j), N
Aς lς
kς

(s; 2j)

2.1 �{~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)

½Â2.1.1. Nkς
Aς lς

(s) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
), NAς lς

kς
(s) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

½Â2.1.2. Nkς
Aς lς

(s; 2j) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
; 2j), NAς lς

kς
(s; 2j) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j)

íØ2.1.1. N(s; 2j) = [I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Γ(s; 2j), N̄(s; 2j) = Γ̄(s; 2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)]

5�2.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j) = Nkς
Aς lς

(s; 2j)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j) = NAς lς
kς

(s; 2j)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
; 2j)

íØ2.1.2. Γ(s; 2j) = [I2j+1 ⊗ Γ(s− 1
2
; 2j)]N(s; 2j), Γ̄(s; 2j) = N̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)],

5�2.1.2. Γ(s; 2j) = [I2j+1 ⊗ Γ(s− 1
2
; 2j)][I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]Γ(s; 2j)

2.2 ~êÝ
NAς (s; 2j), NAς (s; 2j); N̄Aς (s; 2j), N̄Aς (s; 2j);N(s; 2j), N̄(s; 2j)

½Â2.2.1.
NAς (s; 2j) ≺ Nkς

Aς lς
(s; 2j), NAς (s; 2j) ≺ NAς lς

kς
(s; 2j)|I

C2s
2s+2j

×I
C

2s−1
2s−1+2j

N̄Aς (s; 2j) := N+
Aς

(s; 2j) � NAς lς
kς (s; 2j), N̄Aς (s; 2j) := N+Aς (s; 2j) � NAς lς

kς (s; 2j)|I
C

2s−1
2s−1+2j

×I
C2s

2s+2j

N(s; 2j) ≺ NAς⊗lς
kς (s; 2j)|(2j+1)I

C
2s−1
2s−1+2j

×I
C2s

2s+2j

, N̄(s; 2j) = N+(s; 2j) ≺ Nkς
Aς⊗lς (s; 2j)|I

C2s
2s+2j

×(2j+1)I
C

2s−1
2s−1+2j

2.3 ~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)�Ä�5�

��5µ

5�2.3.1.N
k′ς
A′ς l
′
ς
(s; 2j) ' Nkς

Aς lς
(s; 2j) ' NAς lς

kς
(s; 2j) ' NA′ς l

′
ς

k′ς
(s; 2j)

[Nkς
Aς lς

(s; 2j)]∗ ' Nk′ς
A′ς l
′
ς
(s; 2j), [NAς lς

kς
(s; 2j)]∗ ' NA′ς l

′
ς

k′ς
(s; 2j)

íØ2.3.1.NAς (s; 2j) ' NAς (s; 2j) ' NA′ς
(s; 2j) ' NA′ς (s; 2j); N̄Aς (s; 2j) ' N̄Aς (s; 2j) ' N̄A′ς

(s; 2j) ' N̄A′ς (s; 2j)

NAς (s; 2j) = N∗Aς (s; 2j), N̄Aς (s; 2j) = N̄∗Aς (s; 2j);N(s; 2j) = N∗(s; 2j), N̄(s; 2j) = N̄∗(s; 2j)

896



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 140Ù ���{~êØCÜþ

2.4 ~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)���5�

��5µ

Ún2.4.1.
2s−1∑
k=0

C2j
2j+k = C2j+1

2j+2s

Ún2.4.2. Nkς
Aς lς

(s; 2j)N
A′ς lς
k′ς

(s; 2j) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s; 2j)

½n2.4.1.
Nkς
Aς lς

(s; 2j)NAς lς
mς

(s; 2j) = δkςmς [⇔]NAς (s; 2j)N̄Aς (s; 2j) = IC2s
2s+2j

[⇔]N̄(s; 2j)N(s; 2j) = IC2s
2s+2j

Nkς
Aς lς

(s; 2j)NAςmς
kς

(s; 2j) = (1 + j
s
)δmςlς [⇔]N̄Aς (s; 2j)NAς (s; 2j) = (1 + j

s
)IC2s−1

2s−1+2j

Nkς
Aς lς

(s; 2j)NBς lς
kς

(s; 2j) = 1
2j+1

C2s
2s+2jδ

Bς
Aς

[⇔]tr[N̄Aς (s; 2j)NBς (s; 2j)] = 1
2j+1

C2s
2s+2jδ

Bς
Aς

5�2.4.1.N
kς
Aς lς

(s; 2j)NBςmς
kς

(s; 2j) = 1
2s

[δBςAς δ
mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2
; 2j)NBςnς

lς
(s− 1

2
; 2j)]

N̄Aς (s; 2j)NBς (s; 2j) = 1
2s

[δBςAς IC2s−1
2s−1+2j

+ (2s− 1)NBς (s− 1
2
; 2j)N̄Aς (s− 1

2
; 2j)]

2.5 ~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)�,ü�I

,ü�Iµ

5�2.5.1.N
kς
Aς lς

(s; 2j) = εkςmς (s; 2j)εAςBς (j)εlςnς (s− 1
2
; 2j)NBςnς

mς
(s; 2j)

NAς lς
kς

(s; 2j) = εkςmς (s; 2j)εAςBς (j)εlςnς (s− 1
2
; 2j)Nmς

Bςnς
(s; 2j)

íØ2.5.1.
NAς (s; 2j)ε(s− 1

2
; 2j) = εAςBς (j)ε(s; 2j)NBς (s; 2j), ε(s− 1

2
; 2j)N̄Aς (s; 2j) = N̄Bς (s; 2j)εBςAς (j)ε(s; 2j)

NAς (s; 2j)ε(s− 1
2
; 2j) = εAςBς (j)ε(s; 2j)NBς (s; 2j), ε(s− 1

2
; 2j)N̄Aς (s; 2j) = N̄Bς (s; 2j)εBςAς (j)ε(s; 2j)

N(s; 2j)ε(s; 2j) = [ε(j)⊗ ε(s− 1
2
; 2j)]N(s; 2j), ε(s; 2j)N̄(s; 2j) = N̄(s; 2j)[ε(j)⊗ ε(s− 1

2
; 2j)]

PenroseIO,ü5Kµ

5�2.5.2.N
kς
Aς lς

(s; 2j) = (−1)2s[ς2sεkςmς (s; 2j)][−ςεAςBς (j)][(−ς)2s−1εlςnς (s− 1
2
; 2j)]NBςnς

mς
(s; 2j)

NAς lς
kς

(s; 2j) = (−1)2s[(−ς)2sεkςmς (s; 2j)][ςεAςBς (j)][ς2s−1εlςnς (s− 1
2
; 2j)]Nmς

Bςnς
(s; 2j)

2.6 ~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)�g^Ý
C�

5�2.6.1.
NAςmς
kς

(s; 2j)σαςAς
Bς (j)N lς

Bςmς
(s; 2j) = 1

2s
σας kς

lς (s; 2j)[⇔]NAς (s; 2j)σαςAς
Bς (j)N̄Bς (s; 2j) = 1

2s
σας (s; 2j)

[⇔]N̄(s; 2j)σ(j)⊗ IC2s−1
2s−1+2j

N(s; 2j) = 1
2s
σ(s; 2j)

NAς lς
kς

(s; 2j)σαςAς
Bς (j)Nkς

Bςmς
(s; 2j) = 1

2s
σαςmς

lς (s− 1
2
; 2j)[⇔]N̄Bς (s; 2j)σαςAς

Bς (j)NAς (s; 2j) = 1
2s
σας (s− 1

2
; 2j)

5�2.6.2.
NAςmς
kς

(s; 2j)SabAς
Bς (j)N lς

Bςmς
(s; 2j) = 1

2s
Sabkς

lς (s; 2j)[⇔]NAς (s; 2j)SabAς
Bς (j)N̄Bς (s; 2j) = 1

2s
Sab(s, ς; 2j)

[⇔]N̄(s; 2j)Sab(j, ς)⊗ IC2s−1
2s−1+2j

N(s; 2j) = 1
2s
Sab(s, ς; 2j)

NAς lς
kς

(s; 2j)SabAς
Bς (j)Nkς

Bςmς
(s; 2j) = 1

2s
Sabmς

lς (s− 1
2
; 2j)[⇔]N̄Bς (s; 2j)SabAς

Bς (j)NAς (s; 2j) = 1
2s
Sab(s− 1

2
, ς; 2j)
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2.7 ~êØCÜþNkς
Aς lς

(s; 2j), NAς lς
kς

(s; 2j)���5�

½n2.7.1.σαςAςBς (j)N
kς
Bς lς

(s; 2j) + σας lς
mς (s− 1

2
; 2j)Nkς

Aςmς
(s; 2j) = N jς

Aς lς
(s; 2j)σας jς

kς (s; 2j)

NAς lς
kς

(s; 2j)σαςAς
Bς (j) +NBςmς

kς
(s; 2j)σαςmς

lς (s− 1
2
; 2j) = σας kς

jς (s; 2j)NBς lς
jς

(s; 2j)σαςAςBς (j)N̄Bς (s; 2j) + σας (s− 1
2
; 2j)N̄Aς (s; 2j) = N̄Aς (s; 2j)σας (s; 2j)

NAς (s; 2j)σαςAς
Bς (j) +NBς (s; 2j)σας (s− 1

2
; 2j) = σας (s; 2j)NBς (s; 2j)[σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σας (s− 1

2
; 2j)]N(s; 2j) = N(s; 2j)σας (s; 2j)

N̄(s; 2j)[σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σας (s− 1
2
; 2j)] = σας (s; 2j)N̄(s; 2j)

½n2.7.2.SabAςBς (j)N
kς
Bς lς

(s; 2j) + Sablς
mς (s− 1

2
; 2j)Nkς

Aςmς
(s; 2j) = N jς

Aς lς
(s; 2j)Sabjς

kς (s; 2j)

NAς lς
kς

(s; 2j)SabAς
Bς (j) +NBςmς

kς
(s; 2j)Sabmς

lς (s− 1
2
; 2j) = Sabkς

jς (s; 2j)NBς lς
jς

(s; 2j)SabAςBς (j)N̄Bς (s; 2j) + Sab(s− 1
2
, ς; 2j)N̄Aς (s; 2j) = N̄Aς (s; 2j)Sab(s, ς; 2j)

NAς (s; 2j)SabAς
Bς (j) +NBς (s; 2j)Sab(s− 1

2
, ς; 2j) = Sab(s, ς; 2j)NBς (s; 2j)[Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)]N(s; 2j) = N(s; 2j)Sab(s, ς; 2j)

N̄(s; 2j)[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)] = Sab(s, ς; 2j)N̄(s; 2j)

2.8 ~êØCÜþNkς
Aς1··Aςnlς (s; 2j), NAς1··Aςnlς

kς
(s; 2j)�5�

½Â2.8.1.

N
kς
Aς1··Aςnlςn(s; 2j) := ΓkςAς1··Aς2s(s; 2j)Γ

Aςn+1··Aς2s
lς

(s− n
2
; 2j)

NAς1··Aςnlςn
kς

(s; 2j) := ΓAς1··Aς2skς
(s; 2j)ΓlςAςn+1··Aς2s(s−

n
2
; 2j)

��5µ

5�2.8.1. N
k′ς
A′ς1··A′ςnl′ςn

(s; 2j) ' Nkς
Aς1··Aςnlςn(s; 2j) ' NAς1··Aςnlςn

kς
(s; 2j) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 2j)

5�2.8.2. [Nkς
Aς1··Aςnlςn(s; 2j)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s; 2j), [NAς1··Aςnlςn

kς
(s; 2j)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 2j)

Ðm5µ

5�2.8.3.N
kς
Aς1Aς2··Aςnlςn(s; 2j) = Nkς

Aς1lς1
(s; 2j)N lς1

Aς2lς2
(s− 1

2
; 2j) · ·N lςn−1

Aςnlςn
(s− n−1

2
; 2j)

NAς1Aς2··Aςnlςn
kς

(s; 2j) = NAς1lς1
kς

(s; 2j)NAς2lς2
lς1

(s− 1
2
; 2j) · ·NAςnlςn

lςn−1
(s− n−1

2
; 2j)

5�2.8.4.ΓkςAς1Aς2··Aς2s(s; 2j) = Nkς
Aς1lς1

(s; 2j)N lς1
Aς2lς2

(s− 1
2
; 2j) · ·N lς2s−1

Aς2slς2s
( 1

2
; 2j)

ΓAς1Aς2··Aς2skς
(s; 2j) = NAς1lς1

kς
(s; 2j)NAς2lς2

lς1
(s− 1

2
; 2j) · ·NAς2slς2s

lς2s−1
( 1

2
; 2j)ΓkςAς1Aς2··Aς2s(s; 2j) � ΓAς1Aς2··Aς2s(s; 2j) = NAς1(s; 2j)NAς2(s− 1

2
; 2j) · ·NAς2s(

1
2
; 2j)

ΓAς1Aς2··Aς2skς
(s; 2j) � ΓAς1Aς2··Aς2s(s; 2j) = NAς1(s; 2j)NAς2(s− 1

2
; 2j) · ·NAς2s( 1

2
; 2j)Γ̄(s; 2j) = N̄(s; 2j)[I2j+1 ⊗ N̄(s− 1

2
; 2j)] · ·[I(2j+1)2s−2 ⊗ N̄(1)][I(2j+1)2s−1 ⊗ N̄( 1

2
; 2j)]

Γ(s; 2j) = [I(2j+1)2s−1 ⊗N( 1
2
; 2j)][I(2j+1)2s−2 ⊗N(1)] · ·[I2j+1 ⊗N(s− 1

2
; 2j)]N(s; 2j)
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2.9 íØ1µ~êÝ
N(s; 2j), N̄(s; 2j)�A�ð�ª

5�2.9.1.

N̄(s; 2j)[σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]N(s; 2j) = σ(s; 2j)

N(s; 2j)σ(s; 2j)N̄(s; 2j) = [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]N(s; 2j)N̄(s; 2j)

N(s; 2j)σ(s; 2j)N̄(s; 2j) = N(s; 2j)N̄(s; 2j){ϑ · [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]}n

[N(s; 2j)N̄(s; 2j), σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)] = 0

5�2.9.2.

N̄(s; 2j)[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]N(s; 2j) = Sab(s, ς; 2j)

N(s; 2j)Sab(s, ς; 2j)N̄(s; 2j) = [Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]N(s; 2j)N̄(s; 2j)

N(s; 2j)Sab(s, ς; 2j)N̄(s; 2j) = N(s; 2j)N̄(s; 2j)[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]

[N(s; 2j)N̄(s; 2j), Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)] = 0

5�2.9.3.

N̄(s; 2j){ϑ · [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]}nN(s; 2j) = [ϑ · σ(s; 2j)]n

N(s; 2j)[ϑ · σ(s; 2j)]nN̄(s; 2j) = {ϑ · [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]}nN(s; 2j)N̄(s; 2j)

N(s; 2j)[ϑ · σ(s; 2j)]nN̄(s; 2j) = N(s; 2j)N̄(s; 2j){ϑ · [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]}n

[N(s; 2j)N̄(s; 2j), {ϑ · [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]}n] = 0

5�2.9.4.

N̄(s; 2j){ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]}nN(s; 2j) = [ϑabSab(s, ς; 2j)]n

N(s; 2j)[ϑabSab(s, ς; 2j)]nN̄(s; 2j) = {ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]}nN(s; 2j)N̄(s; 2j)

N(s; 2j)[ϑabSab(s, ς; 2j)]nN̄(s; 2j) = N(s; 2j)N̄(s; 2j){ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]}n

[N(s; 2j)N̄(s; 2j), {ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]}n] = 0

íØ2.9.1.

N̄(s; 2j)e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

N(s; 2j) = e
i
2
ϑabSab(s,ς;2j)

N(s; 2j)e
i
2
ϑabSab(s,ς;2j)N̄(s; 2j) = e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

N(s; 2j)N̄(s; 2j)

N(s; 2j)e
i
2
ϑabSab(s,ς;2j)N̄(s; 2j) = N(s; 2j)N̄(s; 2j)e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

[N(s; 2j)N̄(s; 2j), e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j
+I2j+1⊗Sab(s−

1
2
,ς;2j)]

] = 0

2.10 íØ2µ~êÝ
N(s; 2j), N̄(s; 2j)�,	A�ð�ª

íØ2.10.1.

N̄(s; 2j)σ(j)⊗ IC2s−1
2s−1+2j

N(s; 2j) = 1
2s
σ(s; 2j)

N̄(s; 2j)I2j+1 ⊗ σ(s− 1
2
; 2j)N(s; 2j) = (1− 1

2s
)σ(s; 2j)

NAς (s; 2j)σ(s− 1
2
; 2j)N̄Aς (s; 2j) = (1− 1

2s
)σ(s; 2j)

N̄Aς (s; 2j)σ(s; 2j)NAς (s; 2j) = (1 + 2j+1
2s

)σ(s− 1
2
; 2j)

íØ2.10.2.

N̄(s; 2j)Sab(j, ς)⊗ IC2s−1
2s−1+2j

N(s; 2j) = 1
2s
Sab(s, ς; 2j)

N̄(s; 2j)I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)N(s; 2j) = (1− 1

2s
)Sab(s, ς; 2j)

NAς (s; 2j)Sab(s− 1
2
, ς; 2j)N̄Aς (s; 2j) = (1− 1

2s
)Sab(s, ς; 2j)

N̄Aς (s; 2j)Sab(s, ς; 2j)NAς (s; 2j) = (1 + 2j+1
2s

)Sab(s− 1
2
, ς; 2j)
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íØ2.10.3.
N̄(1)[σ(j)⊗ I2 + I2j+1 ⊗ σ(j)]N(1) = σ(1)

N̄( 3
2
){σ(j)⊗ I3 + I2j+1 ⊗ {N̄(1)[σ(j)⊗ I2 + I2j+1 ⊗ σ(j)]N(1)}}N( 3

2
) = σ( 3

2
)

N̄(s; 2j) · ·N̄( 3
2
){σ(j)⊗ I3 + I2j+1 ⊗ {N̄(1)[σ(j)⊗ I2 + I2j+1 ⊗ σ(j)]N(1)}}N( 3

2
) · ·N(s; 2j) = σ(s; 2j)

2.11 Ý
N(s; 2j), N̄(s; 2j)�~êØCÜþ5�

½n2.11.1. N(s; 2j) = e(iω+ςε)·σ(j) ⊗ e(iω+ςε)·σ(s− 1
2

;2j)N(s; 2j)e−(iω+ςε)·σ(s;2j)

½n2.11.2. N̄(s; 2j) = e(iω+ςε)·σ(s;2j)N̄(s; 2j)e−(iω+ςε)·σ(j) ⊗ e−(iω+ςε)·σ(s− 1
2

;2j)

3 ���{~êØCÜþX
Aς lς
mς (s; 2j), X

mς

Aς lς
(s; 2j)

�k÷vεAςBς (s; 2j) = −εBςAς (s; 2j)�é¡^��§�Ù!SNâ�Ü¤á(j=��ê)§ÄK�kÜ©¤

á(j=�ê)"éuj=�ê�εAςBς (s; 2n) = εBςAς (s; 2n)é¡�/�I#ïÄ�Ä§k���§�k�m
2

`"

3.1 �{~êØCÜþXAς lς
mς (s; 2j), Xmς

Aς lς
(s; 2j)

½Â3.1.1. XAς lς
mς

(s; 2j) :=
√

2s−1√
2s−1+2j

εAςBς (j)N lς
Bςmς

(s− 1
2
; 2j), Xmς

Aς lς
(s; 2j) :=

√
2s−1√

2s−1+2j
εAςBς (j)N

Bςmς
lς

(s− 1
2
; 2j)

5�3.1.1. XAς lς
mς

(s; 2j) ' Xmς
Aς lς

(s; 2j)

3.2 ~êÝ
X(s; 2j), X̄(s; 2j)

½Â3.2.1.
XAς (s; 2j) ≺ XAς lς

mς
(s; 2j), XAς (s; 2j) ≺ Xmς

Aς lς
(s; 2j)

X̄Aς (s; 2j) ≺ XAς lς
mς (s; 2j), X̄Aς (s; 2j) ≺ XAς lς

mς (s; 2j)

X(s; 2j) ≺ XAς⊗lς
mς (s; 2j), X̄(s; 2j) ≺ Xmς

Aς⊗lς (s; 2j) = X+(s; 2j)

3.3 ~êØCÜþXAς lς
mς (s; 2j), Xmς

Aς lς
(s; 2j)�,ü�I

5�3.3.1.XAς lς
mς

(s; 2j) = εAςBςεlςnς (s− 1
2
; 2j)εmςrς (s− 1; 2j)Xrς

Bςnς
(s− 1

2
; 2j)

Xmς
Aς lς

(s; 2j) = εAςBςεlςnς (s− 1
2
; 2j)εmςrς (s− 1; 2j)XBςnς

rς
(s− 1

2
; 2j)

3.4 ~êØCÜþXAς lς
mς (s; 2j), Xmς

Aς lς
(s; 2j)���5

5�3.4.1. XAς lς
mς

(s; 2j)Xnς
Aς lς

(s; 2j) = δmς
nς [⇔]XAς (s; 2j)X̄Aς (s; 2j) = IC2s−2

2s−2+2j
[⇔]X̄(s; 2j)X(s; 2j) = IC2s−2

2s−2+2j

5�3.4.2. XAς lς
mς

(s; 2j)Nkς
Aς lς

(s; 2j) = 0

[⇔]XAς (s; 2j)N̄Aς (s; 2j) = 0, NAς (s; 2j)X̄Aς (s; 2j) = 0[⇔]X̄(s; 2j)N(s; 2j) = 0, N̄(s; 2j)X(s; 2j) = 0

5�3.4.3. Xmς
Aς lς

(s; 2j)XAςkς
mς

(s; 2j) = 2s−1
2s−1+2j

δlς
kς [⇔]X̄Aς (s; 2j)XAς (s; 2j) = 2s−1

2s−1+2j
IC2s−1

2s−1+2j

5�3.4.4. Xmς
Aς lς

(s; 2j)XBς lς
mς

(s; 2j) = 1
2j+1

C2s−2
2s−2+2jδ

Bς
Aς

[⇔]tr[X̄Aς (s; 2j)XBς (s; 2j)] = 1
2j+1

C2s−2
2s−2+2jδ

Bς
Aς

íØ3.4.1. N̄(s; 2j)N(s; 2j) = IC2s
2s+2j

, X̄(s; 2j)X(s; 2j) = IC2s−2
2s−2+2j

, N̄(s; 2j)X(s; 2j) = 0, X̄(s; 2j)N(s; 2j) = 0

3.5 ~êØCÜþXAς lς
mς (s; 2j), Xmς

Aς lς
(s; 2j)�g^C�

íØ3.5.1. XAς lς
mς

(s; 2j)σαςAς
Bς (j)Xnς

Bς lς
(s; 2j) = − 1

2s−1+2j
σαςmς

nς (s− 1; 2j)

[⇔]XAς (s; 2j)σAς
Bς (j)X̄Bς (s; 2j) = − 1

2s−1+2j
σ(s− 1; 2j)

[⇔]X̄(s; 2j)σ(j)⊗ IC2s−1
2s−1+2j

X(s; 2j) = − 1
2s−1+2j

σ(s− 1; 2j)

íØ3.5.2. XAς lς
mς

(s; 2j)σαςAς
Bς (j)Xmς

Bςkς
(s; 2j) = − 1

2s−1+2j
σας kς

lς (s− 1
2
; 2j)

[⇔]X̄Aς (s; 2j)σαςAς
Bς (j)XBς (s; 2j) = − 1

2s−1+2j
σας (s− 1

2
; 2j)
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íØ3.5.3. XAς lς
mς

(s; 2j)SabAς
Bς (j)Xnς

Bς lς
(s; 2j) = − 1

2s−1+2j
Sabmς

nς (s− 1; 2j)

[⇔]XAς (s; 2j)Sab(j, ς)⊗ IC2s−2
2s−2+2j

X̄Aς (s; 2j) = − 1
2s−1+2j

Sab(s− 1, ς; 2j)

[⇔]X̄(s; 2j)Sab(j, ς)⊗ IC2s−1
2s−1+2j

X(s; 2j) = − 1
2s−1+2j

Sab(s− 1, ς; 2j)

íØ3.5.4. XAς lς
mς

(s; 2j)SabAς
Bς (j)Xmς

Bςkς
(s; 2j) = − 1

2s
Sabkς

lς (s− 1
2
; 2j)

[⇔]X̄Aς (s; 2j)SabAς
Bς (j)XBς (s; 2j) = − 1

2s−1+2j
Sab(s− 1

2
, ς; 2j)

3.6 ~êØCÜþXAς lς
mς (s; 2j), Xmς

Aς lς
(s; 2j)���5�

½n3.6.1.XAς lς
mς

(s; 2j)[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j)] = σmς

nς (s− 1; 2j)XBςkς
nς

(s; 2j)

[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j)]Xnς

Bςkς
(s; 2j) = Xmς

Aς lς
(s; 2j)σmς

nς (s− 1; 2j)XAς (s; 2j)[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j)] = σ(s− 1; 2j)XBς (s; 2j)

[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j)]X̄Bς (s; 2j) = X̄Aς (s; 2j)σ(s− 1; 2j)X̄(s; 2j)[σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)] = σ(s− 1; 2j)X̄(s; 2j)

[σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]X(s; 2j) = X(s; 2j)σ(s− 1; 2j)

½n3.6.2.XAς lς
mς

(s; 2j)[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j)] = Sabmς

nς (s− 1; 2j)XBς⊗kς
nς

(s; 2j)

[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j)]Xnς

Bςkς
(s; 2j) = Xmς

Aς lς
(s; 2j)Sabmς

nς (s− 1; 2j)XAς (s; 2j)[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j)] = Sab(s− 1, ς; 2j)XBς (s; 2j)

[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j)]X̄Bς (s; 2j) = X̄Aς (s; 2j)Sab(s− 1, ς; 2j)X̄(s; 2j)[Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)] = Sab(s− 1, ς; 2j)X̄(s; 2j)

[Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]X(s; 2j) = X(s; 2j)Sab(s− 1, ς; 2j)

íØ3.6.1.NCςmς
lς (s− 1

2
; 2j)εCςAς (j)[σAς

Bς (j)δlς
kς + δAς

Bςσlς
kς (s− 1

2
; 2j)] = σmς

nς (s− 1; 2j)NDςnς
kς (s− 1

2
; 2j)εDςBς (j)

[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j)]εBςCς (j)N

Cςnς
kς

(s− 1
2
; 2j) = εAςDς (j)N

Dςmς
lς

(s− 1
2
; 2j)σmς

nς (s− 1; 2j)NCς (s− 1
2
; 2j)εCςAς (j)[σAς

Bς (j) + δAς
Bςσ(s− 1

2
; 2j)] = σ(s− 1; 2j)NDς (s− 1

2
; 2j)εDςBς (j)

[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j)]εBςCς (j)N

Cς (s− 1
2
; 2j) = εAςDς (j)N

Dς (s− 1
2
; 2j)σ(s− 1; 2j)

íØ3.6.2.NCςmς
lς (s− 1

2
; 2j)εCςAς (j)[SabAς

Bς (j)δlς
kς + δAς

BςSablς
kς (s− 1

2
; 2j)] = Sabmς

nς (s− 1; 2j)NDςnς
kς (s− 1

2
; 2j)εDςBς (j)

[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j)]εBςCς (j)N

Cςnς
kς

(s− 1
2
; 2j) = εAςDς (j)N

Dςmς
lς

(s− 1
2
; 2j)Sabmς

nς (s− 1; 2j)NCς (s− 1
2
; 2j)εCςAς (j)[SabAς

Bς (j) + δAς
BςSab(s− 1

2
, ς; 2j)] = Sab(s− 1, ς; 2j)NDς (s− 1

2
; 2j)εDςBς (j)

[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j)]εBςCς (j)N

Cς (s− 1
2
; 2j) = εAςDς (j)N

Dς (s− 1
2
; 2j)Sab(s− 1, ς; 2j)

3.7 íØµ'u~êÝ
X(s; 2j), X̄(s; 2j)��5�

íØ3.7.1.
X̄(s; 2j)[σ(j)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ σ(s− 1

2
; 2j)]X(s; 2j) = σ(s− 1; 2j)

X(s; 2j)σ(s− 1; 2j)X̄(s; 2j) = [σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)]X(s; 2j)X̄(s; 2j)

[X(s; 2j)X̄(s; 2j), σ(j)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ σ(s− 1
2
; 2j)] = 0

íØ3.7.2.
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X̄(s; 2j)[Sab(j, ς)⊗ IC2s−1

2s−1+2j
+ I2j+1 ⊗ Sab(s− 1

2
, ς; 2j)]X(s; 2j) = Sab(s− 1, ς; 2j)

X(s; 2j)Sab(s, ς − 1, ς; 2j)X̄(s; 2j) = [Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)]X(s; 2j)X̄(s; 2j)

[X(s; 2j)X̄(s; 2j), Sab(j, ς)⊗ IC2s−1
2s−1+2j

+ I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)] = 0

íØ3.7.3. XAς (s; 2j)σ(s− 1
2
; 2j)X̄Aς (s; 2j) = 2s+2j

2s−1+2j
σ(s− 1; 2j)

[⇔]X̄(s; 2j)I2j+1 ⊗ σ(s− 1
2
; 2j)X(s; 2j) = 2s+2j

2s−1+2j
σ(s− 1; 2j)

íØ3.7.4. XAς (s; 2j)I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)X̄Aς (s; 2j) = 2s+2j

2s−1+2j
Sab(s− 1, ς; 2j)

[⇔]X̄(s; 2j)I2j+1 ⊗ Sab(s− 1
2
, ς; 2j)X(s; 2j) = 2s+2j

2s−1+2j
Sab(s− 1, ς; 2j)

3.8 Ý
X(s; 2j), X̄(s; 2j)�~êØCÜþ5�

½n3.8.1. X(s; 2j) = e(iω+ςε)·σ(j) ⊗ e(iω+ςε)·σ(s− 1
2

;2j)X(s; 2j)e−(iω+ςε)·σ(s−1;2j)

½n3.8.2. X̄(s; 2j) = e(iω+ςε)·σ(s−1;2j)X̄(s; 2j)e−(iω+ςε)·σ(j) ⊗ e(iω+ςε)·σ(s− 1
2

;2j)

3.9 ~êÝ
Ω(s; 2j), σ(s− 1; 2j)���5�

íØ3.9.1.

Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)]X(s; 2j) = [I2j+1 ⊗ Γ(s− 1

2
; 2j)]X(s; 2j)σ(s− 1; 2j)

X̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ω(s; 2j) = σ(s− 1; 2j)X̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]

íØ3.9.2.

σ(s; 2j) = N̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)]N(s; 2j)

σ(s− 1; 2j) = X̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)]Ω(s; 2j)[I2j+1 ⊗ Γ(s− 1

2
; 2j)]X(s; 2j)

íØ3.9.3.

[~ϑ · σ(s; 2j)]n = N̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)][~ϑ · Ω(s; 2j)]n[I2j+1 ⊗ Γ(s− 1

2
; 2j)]N(s; 2j)

[~ϑ · σ(s− 1; 2j)]n = X̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1
2
; 2j)][~ϑ · Ω(s; 2j)]n[I2j+1 ⊗ Γ(s− 1

2
; 2j)]X(s; 2j)

íØ3.9.4.

e
~ϑ·σ(s;2j) = N̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]e

~ϑ·Ω(s;2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)]N(s; 2j)

e
~ϑ·σ(s−1;2j) = X̄(s; 2j)[I2j+1 ⊗ Γ̄(s− 1

2
; 2j)]e

~ϑ·Ω(s;2j)[I2j+1 ⊗ Γ(s− 1
2
; 2j)]X(s; 2j)

3.10 ~êÝ
Ω(s− l; 2j), [~ϑ · Ω(s− l; 2j)]n, e
~ϑ·Ω(s−l;2j)�Ó�5L«

íØ3.10.1. Ω(s; 2j) = Ω(s− 1; 2j)⊗ I(2j+1)2 + I(2j+1)2s−2 ⊗ Ω(1; 2j)

íØ3.10.2.Ω(s; 2j)I(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1
2
; 2j)]X(1; 2j)} = I(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1

2
; 2j)]X(1; 2j)}Ω(s− 1; 2j)

I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1
2
; 2j)]}Ω(s; 2j) = Ω(s− 1; 2j)I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1

2
; 2j)]}

íØ3.10.3.
Ω(s− 1; 2j) = I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1

2
; 2j)]}Ω(s; 2j)I(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1

2
; 2j)]X(1; 2j)}

[~ϑ · Ω(s− 1; 2j)]n = I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1
2
; 2j)]}[~ϑ · Ω(s; 2j)]nI(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1

2
; 2j)]X(1; 2j)}

e
~ϑ·Ω(s−1;2j) = I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1

2
; 2j)]}e~ϑ·Ω(s;2j)I(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1

2
; 2j)]X(1; 2j)}

½Â3.10.1.T (s; 2j) := I(2j+1)2s−2 ⊗ {[I2j+1 ⊗ Γ( 1
2
; 2j)]X(1; 2j)}

T̄ (s; 2j) := I(2j+1)2s−2 ⊗ {X̄(1; 2j)[I2j+1 ⊗ Γ̄( 1
2
; 2j)]} = T+(s; 2j)

íØ3.10.4.
Ω(s− l; 2j) = T̄ (s− l + 1; 2j) · · · T̄ (s− 1; 2j)T̄ (s; 2j)Ω(s; 2j)T (s; 2j)T (s− 1; 2j) · · ·T (s− l + 1; 2j)

[~ϑ · Ω(s− l; 2j)]n = T̄ (s− l + 1; 2j) · · · T̄ (s− 1; 2j)T̄ (s; 2j)[~ϑ · Ω(s; 2j)]nT (s; 2j)T (s− 1; 2j) · · ·T (s− l + 1; 2j)

e
~ϑ·Ω(s−l;2j) = T̄ (s− l + 1; 2j) · · · T̄ (s− 1; 2j)T̄ (s; 2j)e

~ϑ·Ω(s;2j)T (s; 2j)T (s− 1; 2j) · · ·T (s− l + 1; 2j)
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íØ3.10.5.
σ(s− l; 2j) = Γ̄(s− l; 2j)T̄ (s− l + 1; 2j) · · · T̄ (s; 2j)Ω(s; 2j)T (s; 2j) · · ·T (s− l + 1; 2j)Γ(s− l; 2j)

[~ϑ · σ(s− l; 2j)]n = Γ̄(s− l; 2j)T̄ (s− l + 1; 2j) · · · T̄ (s; 2j)[~ϑ · Ω(s; 2j)]nT (s; 2j) · · ·T (s− l + 1; 2j)Γ(s− l; 2j)

e
~ϑ·σ(s−l;2j) = Γ̄(s− l; 2j)T̄ (s− l + 1; 2j) · · · T̄ (s; 2j)e

~ϑ·Ω(s;2j)T (s; 2j) · · ·T (s− l + 1; 2j)Γ(s− l; 2j)

4 A�~f

4.1 ~f�

íØ4.1.1. ΓkςAςBςCςDς (2; 1)σAςBςας
σCςDςβς

= Γkςαςβς (2; 1)???Γρςαςβς (1; 2)

4.2 äN~f

½Â4.2.1. ΓkςAςBς (1; 2) = 1
2!

Γkς(AςBς)
(1; 2)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

(1; 2) =
√

l0!l1!l2!
2!

δ{kς ,
1∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2−k − C2l

2l+2−λ2l
)}, l0 + l1 + l2 = 2

½Â4.2.2. ΓAςBςkς
(1; 2) = 1

2!
Γ

(AςBς)
kς

(1; 2)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς

l2︷ ︸︸ ︷
2ς · ·2ς

kς
(1; 2) =

√
l0!l1!l2!

2!
δ{kς ,

1∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2−k − C2l

2l+2−λ2l
)}, l0 + l1 + l2 = 2

5�4.2.1. Γ̄(1; 2)Γ(1; 2) = I6

Γ̄(1; 2) = 1√
2


√

2 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 1 0 0
0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0

√
2

 ,Γ(1; 2) = 1√
2


√

2 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0

√
2 0 0

0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0

√
2

 ,Γ(1; 2)Γ̄(1; 2) = 1
2


2 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 1 0 0
0 1 0 1 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 0 0 0 0 1 0 1 0
0 0 1 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 2


5�4.2.2.

Γ̄(1; 2)[σ(1)⊗ I3 + I3 ⊗ σ(1)]Γ(1; 2) = 1√
2


0
√

2 0 0 0 0√
2 0 1

√
2 0 0

0 1 0 0 1 0
0
√

2 0 0
√

2 0

0 0 1
√

2 0
√

2

0 0 0 0
√

2 0

 , i√
2


0 −

√
2 0 0 0 0√

2 0 −1 −
√

2 0 0
0 1 0 0 −1 0

0
√

2 0 0 −
√

2 0

0 0 1
√

2 0 −
√

2

0 0 0 0
√

2 0

 ,
 2 0 0 0 0 0

0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −1 0
0 0 0 0 0 −2


[Γ̄(1; 2)[σ(1)⊗ I3 + I3 ⊗ σ(1)]Γ(1; 2)]2 =

 6 0 0 0 0 0
0 6 0 0 0 0
0 0 2 2

√
2 0 0

0 0 2
√

2 4 0 0
0 0 0 0 6 0
0 0 0 0 0 6


5�4.2.3.

Γ̄(1; 2)(γ ⊗ I3 + I3 ⊗ γ)Γ(1; 2) =


0 0 0 0 0 0
0 0 −i 0 0 0
0 i 0 0 0 0
0 0 0 0 −i

√
2 0

0 0 0 i
√

2 0 −i
√

2

0 0 0 0 i
√

2 0

 ,
 0 0 i

√
2 0 0 0

0 0 0 0 i 0
−i
√

2 0 0 0 0 i
√

2
0 0 0 0 0 0
0 −i 0 0 0 0

0 0 −i
√

2 0 0 0

 ,
 0 −i

√
2 0 0 0 0

i
√

2 0 0 −i
√

2 0 0
0 0 0 0 −i 0

0 i
√

2 0 0 0 0
0 0 i 0 0 0
0 0 0 0 0 0


[Γ̄(1; 2)(γ ⊗ I3 + I3 ⊗ γ)Γ(1; 2)]2 =

 4 0 0 −2 0 −2
0 6 0 0 0 0
0 0 6 0 0 0
−2 0 0 4 0 −2
0 0 0 0 6 0
−2 0 −2 0 0 4


5 p��{~êØCÜþ���í2

5.1 Ã¡*ÐÚí2(/��0¶i�d5)

íØ5.1.1.

σ( 1
2
), ε( 1

2
)︸ ︷︷ ︸

"�

→ σ(j), ε(j)︸ ︷︷ ︸
��

→ σ(s1; 2j), ε(s1; 2j)︸ ︷︷ ︸
��

→ σ(s2, s1; 2j), ε(s2, s1; 2j)︸ ︷︷ ︸
n�

→ σ(s3, s2, s1; 2j), ε(s3, s2, s1; 2j)︸ ︷︷ ︸
o�

→ · · ·

íØ5.1.2. σ( 1
2
), ε( 1

2
)︸ ︷︷ ︸

"�

→ σ(s1), ε(s1)︸ ︷︷ ︸
��

→ σ(s2, s1), ε(s2, s1)︸ ︷︷ ︸
��

→ σ(s3, s2, s1), ε(s3, s2, s1)︸ ︷︷ ︸
n�

→ · · ·

↓ ↓ ↓ ↓
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íØ5.1.3. Γ(s1; 1)︸ ︷︷ ︸
��

→→ Γ(s2; 2s1)︸ ︷︷ ︸
��

→→ Γ(s3;w < s2, s1 >)︸ ︷︷ ︸
n�

→→ Γ(s4;w < s3, s2, s1 >)︸ ︷︷ ︸
o�

→→ · · ·

5.2 p��{~êØCÜþ�L«

íØ5.2.1.

N̄(s0;w0)[τ( 1
2
)⊗ 1]N(s0;w0) = 1

2s0
τ(s0;w0); s = s0, w0 = 1; τ(s0) ≡ τ(s0;w0)

N̄(s1, s0;w1)[τ(s0;w0)⊗ I∗0 ]N(s1, s0;w1) = 1
2s1
τ(s1, s0;w1); s = 2s1s0, w1 = 2s0

N̄(s2, s1, s0;w2)[τ(s1, s0;w1)⊗ I∗1 ]N(s2, s1, s0;w2) = 1
2s2
τ(s2, s1, s0;w2); s = 2s22s1s0, w2 =?

N̄(s3, s2, s1, s0;w3)[τ(s2, s1, s0;w1)⊗ I∗2 ]N(s3, s2, s1, s0;w3) = 1
2s3
τ(s3, s2, s1, s0;w3); s = 2s32s22s1s0, w3 =??

íØ5.2.2.

N̄(s0;w0)[τ( 1
2
)⊗ 1]N(s0;w0) = 1

2s0
τ(s0;w0); s = s0, w0 = 1; τ(s0) ≡ τ(s0;w0)

N̄(s1;w1)[τ(s0;w0)⊗ I∗0 ]N(s1;w1) = 1
2s1
τ(s1, s0;w1); s = 2s1s0, w1 = 2s0, [τ(s1, s0;w1)] = C2s1

2s1+w1

N̄(s2;w2)[τ(s1, s0;w1)⊗ I∗1 ]N(s2;w2) = 1
2s2
τ(s2, s1, s0;w2)

; s = 2s22s1s0, w2 = C2s1
2s1+w1

− 1, [τ(s2, s1, s0;w2)] = C2s2
2s2+w2

N̄(s3;w3)[τ(s2, s1, s0;w2)⊗ I∗2 ]N(s3;w3) = 1
2s3
τ(s3, s2, s1, s0;w3); s = 2s32s22s1s0, w3 = C2s2

2s2+w2
− 1

íØ5.2.3. [N(s;w)] = (w + 1)C2s−1
2s−1+w × C2s

2s+w, [N̄(s;w)] = C2s
2s+w × (w + 1)C2s−1

2s−1+w
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1 Dirac.�{~êØCÜþΓ
kς
λςµςης ··(s; 3),Γ

λςµςης ··
kς

(s; 3)

1.1 ~êØCÜþΓkςλςµςης ··(s; 3),Γλςµςης ··kς
(s; 3)

½Â1.1.1. Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3) = 1
(2s)!

Γkς(λςµςης · ·)︸ ︷︷ ︸
2s

(s; 3)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

··3ς · ·3ς︸ ︷︷ ︸
l3

(s; 3) =
√

l0!l1!··l3!
(2s)!

δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + · ·+l3 = 2s

½Â1.1.2. Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(λςµςης · ·)
kς

(s; 3)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς ··

l3︷ ︸︸ ︷
3ς · ·3ς

kς
(s; 3) =

√
l0!l1!··l3!

(2s)!
δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + · ·+l3 = 2s

1.2 ~êÝ
Γ(s; 3), Γ̄(s; 3)

½Â1.2.1. Γ(s; 3) � Γλς ⊗ µς ⊗ ης ⊗ ··︸ ︷︷ ︸
2s

kς (s; 3), Γ̄(s; 3) � Γkς

2s︷ ︸︸ ︷
λς ⊗ µς ⊗ ης ⊗ ··(s; 3) ' ΓT (s; 3)

íØ1.2.1. [Γ(s; 3)] = 42s × C2s
2s+3, [Γ̄(s; 3)] = C2s

2s+3 × 42s, [Aς ] = 3 + 1, [kς ] = C2s
2s+3

1.3 ~êØCÜþΓkςλςµςης ··(s; 3),Γλςµςης ··kς
(s; 3) �Ä�5�

��5µ

5�1.3.1. Γ
k′ς
λ
′
ςµ
′
ςη
′
ς · ·︸ ︷︷ ︸

2s

(s; 3) ' Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3) ' Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) ' Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

k′ς
(s; 3)

5�1.3.2. [Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)]∗ ' Γ
k′ς
λ
′
ςµ
′
ςη
′
ς · ·︸ ︷︷ ︸

2s

(s; 3), [Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3)]∗ ' Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

k′ς
(s; 3)

íØ1.3.1. Γ(s; 3) = Γ∗(s; 3), Γ̄(s; 3) = Γ̄∗(s; 3), Γ̄(s; 3) = Γ+(s; 3),Γ(s; 3) = Γ̄+(s; 3)

��5µ

5�1.3.3. Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)Γ

2s︷ ︸︸ ︷
λςµςης · ·
lς

(s; 3) = δkς lς [⇔]Γ̄(s; 3)Γ(s; 3) = I

5�1.3.4. Γkςλ1ςλ2ς ··λ2sς
(s; 3)Γµ1ςµ2ς ··µ2sς

kς
(s; 3) = 1

(2s)!
δ

(µ1ς

λ1ς
δµ2ς

λ2ς
· ·δµ2sς)

λ2sς
= 1

(2s)!
δµ1ς

(λ1ς
δµ2ς

λ2ς
· ·δµ2sς

λ2sς)

é'5µ

5�1.3.5. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

Ù§5�µ

5�1.3.6. Γkςλς (
1
2
; 3) = δkςλς ,Γ

λς
kς

( 1
2
; 3) = δλςkς ; Γ(0; 3) = 1, Γ̄(0; 3) = 1
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1.4 Ý5~êØCÜþεkς lς (s; 3)�Ú\9Ù5�

Ý5½Âµ

½Â1.4.1.


εkς lς (s; 3) := Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) ελςρς (
1
2
; 3)εµςσς (

1
2
; 3)εηςτς (

1
2
; 3) · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
ρςσςτς · ·
lς

(s; 3)

εkς lς (s; 3) := Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)

2s︷ ︸︸ ︷
ελςρς ( 1

2
; 3)εµςσς ( 1

2
; 3)εηςτς ( 1

2
; 3) · ·Γlςρςσςτς · ·︸ ︷︷ ︸

2s

(s; 3)

5�1.4.1.


ελςρς (

1
2
; 3)εµςσς (

1
2
; 3)εηςτς (

1
2
; 3) · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
ρςσςτς · ·
lς

(s; 3)'uλςµςης ...�é¡

2s︷ ︸︸ ︷
ελςρς ( 1

2
; 3)εµςσς ( 1

2
; 3)εηςτς ( 1

2
; 3) · ·Γlςρςσςτς · ·︸ ︷︷ ︸

2s

(s; 3)'uλςµςης ...�é¡

íØ1.4.1. ε(s; 3) := Γ̄(s; 3) ε( 1
2
; 3)⊗ · · ⊗ε( 1

2
; 3)︸ ︷︷ ︸

2s

Γ(s; 3); ε( 1
2
; 3) = ε( 1

2
; 1) = ε( 1

2
; 3)

íØ1.4.2. ε(s; 3)ε+(s; 3) = ε+(s; 3)ε(s; 3) = 1; ε(s; 3) = ε∗(s; 3), ε(s; 3) = (−1)4sjε(s; 3)

,ü�Iµ

5�1.4.2.


Γkςλςµςης · ·︸ ︷︷ ︸

2s

(s; 3) = εkς lς (s; 3) ελςρς (
1
2
; 3)εµςσς (

1
2
; 3)εηςτς (

1
2
; 3) · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
ρςσςτς · ·
lς

(s; 3)

Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = εkς lς (s; 3)

2s︷ ︸︸ ︷
ελςρς ( 1

2
; 3)εµςσς ( 1

2
; 3)εηςτς ( 1

2
; 3) · ·Γlςρςσςτς · ·︸ ︷︷ ︸

2s

(s; 3)

íØ1.4.3. Γ(s; 3)ε(s; 3) = ε( 1
2
; 3)⊗ · · ⊗ε( 1

2
; 3)︸ ︷︷ ︸

2s

Γ(s; 3), ε(s; 3)Γ̄(s; 3) = Γ̄(s; 3) ε( 1
2
; 3)⊗ · · ⊗ε( 1

2
; 3)︸ ︷︷ ︸

2s

PenroseIO,ü5Kµ

5�1.4.3.
Γkςλςµςης · ·︸ ︷︷ ︸

2s

(s; 3) = (−1)2s[ς2sεkς lς (s; 3)] [−ςελςρς ( 1
2
; 3)][−ςεµςσς ( 1

2
; 3)][−ςεηςτς ( 1

2
; 3)] · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
ρςσςτς · ·
lς

(s; 3)

Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = (−1)2s[(−ς)2sεkς lς (s; 3)]

2s︷ ︸︸ ︷
[ςελςρς ( 1

2
; 3)][ςεµςσς ( 1

2
; 3)][ςεηςτς ( 1

2
; 3)] · ·Γlςρςσςτς · ·︸ ︷︷ ︸

2s

(s; 3)

1.5 ~êØCÜþΩaλ
′
ςµ
′
ςη
′
ς ··

λςµςης ··(s; 3),Ωa(s; 3)�Ú\9ÙÄ�5�

½Â1.5.1.

Ωa

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

λςµςης · ·︸ ︷︷ ︸
2s

(s; 3) :=

2s︷ ︸︸ ︷
γaλς

λ′ς ( 1
2
; 3)δµς

µ′ςδης
η′ς · ·︸ ︷︷ ︸

2s

+ δλς
λ′ςγaµς

µ′ς ( 1
2
; 3)δης

η′ς · ·︸ ︷︷ ︸
2s

+ δλς
λ′ςδµς

µ′ςγaης
η′ς ( 1

2
; 3) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.5.2. Ωa(s; 3) := γa ⊗ I42s−1 + I4 ⊗ γa ⊗ I42s−2 + · ·+I42s−1 ⊗ γa

íØ1.5.1. Ωa

2s+1︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

λςµςης · ·︸ ︷︷ ︸
2s

(s; 3) := γaλς
λ′ς ( 1

2
; 3) δµς

µ′ςδης
η′ς · ·︸ ︷︷ ︸

2s−1

+δλς
λ′ςΩa

2s︷ ︸︸ ︷
µ
′
ςη
′
ς · ·

µςης · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 3)

[m] [m]

íØ1.5.2. Ωa(s; 3) = γa ⊗ I42s−1 + I4 ⊗ Ωa(s− 1
2
; 3)

íØ1.5.3. Ωa(s; 3) = Ωa(s− s′; 3)⊗ I42s′ + I42(s−s′) ⊗ Ωa(s′; 3)
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1.6 ~êØCÜþΩab
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s; 3),Ωab(s; 3)�Ú\9ÙÄ�5�

½Â1.6.1.

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 3) :=

2s︷ ︸︸ ︷
SabAς

A′ς ( 1
2
; 3)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςSabBς

B′ς ( 1
2
; 3)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςSabCς
C′ς ( 1

2
; 3) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.6.2. Ωab(s; 3) := Sab(
1
2
; 3)⊗ I(w+1)2s−1 + I4 ⊗ Sab( 1

2
; 3)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
; 3)

íØ1.6.1. Ωab

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 3) := SabAς
A′ς ( 1

2
; 3) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩab

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 3)

[m] [m]

íØ1.6.2. Ωab(s; 3) = Sab(
1
2
; 3)⊗ I(w+1)2s−1 + I4 ⊗ Ωab(s− 1

2
; 3)

íØ1.6.3. Ωab(s; 3) = Ωab(s− s′; 3)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ωab(s
′; 3)

1.7 g^~êØCÜþγakς
lς (s; 3), γa(s; 3);Sabkς

lς (s; 3), Sab(s; 3)�Ú\

½Â1.7.1.
Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3)γaλς
ζς ( 1

2
; 3)Γlςζςµςης · ·︸ ︷︷ ︸

2s

(s; 3) := 1
2s
γakς

lς (s; 3)[⇔]γa(s; 3) := Γ̄(s; 3)Ωa( 1
2
; 3)Γ(s; 3)

Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3)Sabλς
ζς ( 1

2
; 3)Γlςζςµςης · ·︸ ︷︷ ︸

2s

(s; 3) := 1
2s
Sabkς

lς (s; 3)[⇔]Sab(s; 3) := Γ̄(s; 3)Ωab(s; 3)Γ(s; 3)

1.8 ~êÝ
Ωab(s; 3), Sab(s; 3)�Ωa(s; 3), γa(s; 3)�m'X

íØ1.8.1. Sab(
1
2
; 3) = − i

4
[γa(

1
2
; 3), γb(

1
2
; 3)][⇒]Ωab(s; 3) = − i

4
[Ωa(s; 3),Ωb(s; 3)][⇒]Sab(s; 3) = − i

4
[γa(s; 3), γb(s; 3)]

1.9 ~êÝ
Ωa(s; 3),Ωab(s; 3)�ü��Ún

Ún1.9.1. Γ(s; 3)Γ̄(s; 3)Ωa(s; 3)Γ(s; 3) = Ωa(s; 3)Γ(s; 3), Γ̄(s; 3)Ωa(s; 3)Γ(s; 3)Γ̄(s; 3) = Γ̄(s; 3)Ωa(s; 3)

Ún1.9.2. Γ(s; 3)Γ̄(s; 3)Ωab(s; 3)Γ(s; 3) = Ωab(s; 3)Γ(s; 3), Γ̄(s; 3)Ωab(s; 3)Γ(s; 3)Γ̄(s; 3) = Γ̄(s; 3)Ωab(s; 3)

1.10 'u~êÝ
Γ̄(s; 3),Ωa(s; 3), γa(s; 3),Γ(s; 3)���5�

½n1.10.1. Ωa(s; 3)Γ(s; 3) = Γ(s; 3)γa(s; 3)[⇔]Ωa

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

λςµςης · ·︸ ︷︷ ︸
2s

(s; 3)Γlς
λ
′
ςµ
′
ςη
′
ς · ·︸ ︷︷ ︸

2s

(s; 3) = Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)γakς
lς (s; 3)

½n1.10.2. Γ̄(s; 3)Ωa(s; 3) = γa(s; 3)Γ̄(s; 3)[⇔]Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3)Ωa

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

λςµςης · ·︸ ︷︷ ︸
2s

(s; 3) = γakς
lς (s; 3)Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ςη
′
ς · ·

lς
(s; 3)

íØ1.10.1. Γ̄(s; 3)Ωa(s; 3)Γ(s; 3) = γa(s; 3)⇔ Ωa(s; 3)Γ(s; 3) = Γ(s; 3)γa(s; 3)⇔ Γ̄(s; 3)Ωa(s; 3) = γa(s; 3)Γ̄(s; 3)

1.11 'u~êÝ
Γ̄(s; 3),Ωab(s; 3), Sab(s; 3),Γ(s; 3)���5�

½n1.11.1. Ωab(s; 3)Γ(s; 3) = Γ(s; 3)Sab(s; 3)[⇔]Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 3)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 3) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 3)Sabkς
lς (s; 3)

½n1.11.2. Γ̄(s; 3)Ωab(s; 3) = Sab(s; 3)Γ̄(s; 3)[⇔]Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 3)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 3) = Sabkς
lς (s; 3)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 3)

íØ1.11.1. Γ̄(s; 3)Ωab(s; 3)Γ(s; 3) = Sab(s, ς; 3)

⇔ Ωab(s; 3)Γ(s, ς; 3) = Γ(s; 3)Sab(s, ς; 3)⇔ Γ̄(s; 3)Ωab(s, ς; 3) = Sab(s, ς; 3)Γ̄(s; 3)
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1.12 'u~êØCÜþγakς
lς (s; 3), Sabkς

lς (s; 3)��íØ

íØ1.12.1. Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)γakς
lς (s; 3) = 1

(2s−1)!
γa(λς

λ′ςΓlς
µςης · ·)λ′ς︸ ︷︷ ︸

2s

(s; 3)

íØ1.12.2. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 3)Sabkς
lς (s; 3) = 1

(2s−1)!
Sab(

1
2
; 3)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s; 3)

1.13 ~êÝ
Ωab(s; 3), Sab(s; 3)�âÔ[+L«

íØ1.13.1. i[Sab(
1
2
; 3), Scd(

1
2
; 3)] = δadSbc(

1
2
; 3)− δacSbd( 1

2
; 3) + δbcSad(

1
2
; 3)− δbdSac( 1

2
; 3)

[⇒]i[Ωab(s; 3),Ωcd(s; 3)] = δadΩbc(s; 3)− δacΩbd(s; 3) + δbcΩad(s; 3)− δbdΩac(s; 3)

[⇒]i[Sab(s; 3), Scd(s; 3)] = δadSbc(s; 3)− δacSbd(s; 3) + δbcSad(s; 3)− δbdSac(s; 3)

1.14 íØµ~êÝ
Γ(s; 3), Γ̄(s; 3)�A�ð�ª

5�1.14.1.

Γ̄(s; 3)Ωa(s; 3)Γ(s; 3) = γa(s; 3), [Γ(s; 3)Γ̄(s; 3),Ωa(s; 3)] = 0

Γ(s; 3)γa(s; 3)Γ̄(s; 3) = Ωa(s; 3)Γ(s; 3)Γ̄(s; 3) = Γ(s; 3)Γ̄(s; 3)Ωa(s; 3)

5�1.14.2.

Γ̄(s; 3)Ωab(s; 3)Γ(s; 3) = Sab(s; 3), [Γ(s; 3)Γ̄(s; 3),Ωab(s; 3)] = 0

Γ(s; 3)Sab(s; 3)Γ̄(s; 3) = Ωab(s; 3)Γ(s; 3)Γ̄(s; 3) = Γ(s; 3)Γ̄(s; 3)Ωab(s; 3)

5�1.14.3.

Γ̄(s; 3)[ϑabΩab(s; 3)]nΓ(s; 3) = [ϑabSab(s; 3)]n, [Γ(s; 3)Γ̄(s; 3), [ϑabΩab(s; 3)]n] = 0

Γ(s; 3)[ϑabSab(s; 3)]nΓ̄(s; 3) = [ϑabΩab(s; 3)]nΓ(s; 3)Γ̄(s; 3) = Γ(s; 3)Γ̄(s; 3)[ϑabΩab(s; 3)]n

íØ1.14.1.

Γ̄(s; 3)e
i
2
ϑabΩab(s;3)Γ(s; 3) = e

i
2
ϑabSab(s;3), [Γ(s; 3)Γ̄(s; 3), e

i
2
ϑabΩab(s;3)] = 0

Γ(s; 3)e
i
2
ϑabSab(s;3)Γ̄(s; 3) = e

i
2
ϑabΩab(s;3)Γ(s; 3)Γ̄(s; 3) = Γ(s; 3)Γ̄(s; 3)e

i
2
ϑabΩab(s;3)

1.15 ~êÝ
Γ(s; 3), Γ̄(s; 3)�é¡��5�

½Â1.15.1. Sex(s, n) = (
n−1︷ ︸︸ ︷

I4 ⊗ · · ⊗I4⊗Sex

2s−n−1︷ ︸︸ ︷
⊗I4 ⊗ · · ⊗I)

íØ1.15.1. ??Γ(s; 3) = Sex(s, n)Γ(s; 3), Γ̄(s; 3) = Γ̄(s; 3)Sex(s, n)

íØ1.15.2. Sex(s, n)Ωa(s; 3)Sex(s, n) = Ωa(s; 3)

íØ1.15.3. ψ̂(s; 3) = Sex(s, n)ψ̂(s; 3),∀n ∈ {1, 2, ··, 2s+ 1}

1.16 Ý
Γ(s; 3), Γ̄(s; 3)�~êØCÜþ5�

½n1.16.1. Γ(s; 3) = e(iΩa+ςε)·Ωa(s;3)Γ(s; 3)e−(iΩa+ςε)·γa(s;3)

½n1.16.2. Γ̄(s; 3) = e(iΩa+ςε)·γa(s;3)Γ̄(s; 3)e−(iΩa+ςε)·Ωa(s;3)

íØ1.16.1.

S(s; 3) = e(iΩa+ςε)·Ωa(s;3)S(s; 3)e−(iΩa+ςε)·S+(s;3)Ωa(s;3)S(s;3)

S(s; 3) = e(iΩa+ςε)·S(s;3)Ωa(s;3)S+(s;3)S(s; 3)e−(iΩa+ςε)·Ωa(s;3)

S+(s; 3) = e(iΩa+ςε)·Ωa(s;3)S+(s; 3)e−(iΩa+ςε)·S(s;3)Ωa(s;3)S+(s;3)

S+(s; 3) = e(iΩa+ςε)·S+(s;3)Ωa(s;3)S(s;3)S+(s; 3)e−(iΩa+ςε)·Ωa(s;3)

1.17 ~êÝ
I4 ⊗ Γ(s− 1
2
; 3), I4 ⊗ Γ̄(s− 1

2
; 3)���5�

íØ1.17.1. Ωa(s; 3)[I4 ⊗ Γ(s− 1
2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)]

íØ1.17.2. [I4 ⊗ Γ̄(s− 1
2
; 3)]Ωa(s; 3) = [γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]
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1.18 íØµ~êÝ
Γ(s− 1
2
; 3), Γ̄(s− 1

2
; 3)�A�ð�ª

5�1.18.1.

[I4 ⊗ Γ̄(s− 1
2
; 3)]Ωa(s; 3)[I4 ⊗ Γ(s− 1

2
; 3)] = [γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)]

[I4 ⊗ Γ(s− 1
2
; 3)][γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]

= Ωa(s; 3)[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]Ωa(s; 3)

[[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)],Ωa(s; 3)] = 0

5�1.18.2.

[I4 ⊗ Γ̄(s− 1
2
; 3)]Ωab(s; 3)[I4 ⊗ Γ(s− 1

2
; 3)] = [Sab(

1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]

[I4 ⊗ Γ(s− 1
2
; 3)][Sab(

1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]

= Ωab(s; 3)[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]Ωab(s; 3)

[[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)],Ωab(s; 3)] = 0

5�1.18.3.

[I4 ⊗ Γ̄(s− 1
2
; 3)][ϑabΩab(s; 3)]n[I4 ⊗ Γ(s− 1

2
; 3)] = {ϑab[Sab( 1

2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}n

[I4 ⊗ Γ(s− 1
2
; 3)]{ϑab[Sab( 1

2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}n[I4 ⊗ Γ̄(s− 1

2
; 3)]

= [ϑabΩab(s; 3)]n[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)][ϑabΩab(s; 3)]n

[[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)], [ϑabΩab(s; 3)]n] = 0

íØ1.18.1.

[I4 ⊗ Γ̄(s− 1
2
; 3)]e

i
2
ϑabΩab(s;3)[I4 ⊗ Γ(s− 1

2
; 3)] = e

i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]

[I4 ⊗ Γ(s− 1
2
; 3)]e

i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]
[I4 ⊗ Γ̄(s− 1

2
; 3)]

= e
i
2
ϑabΩab(s;3)[I4 ⊗ Γ(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]e

i
2
ϑabΩab(s;3)

[[I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)], e

i
2
ϑabΩab(s;3)] = 0

íØ1.18.2.

I42s−1Γ(s− 1
2
; 3) = Γ(s− 1

2
; 3)IC2s−1

2s−1+3
, Γ̄(s− 1

2
; 3)I42s−1 = IC2s−1

2s−1+3
Γ̄(s− 1

2
; 3)

[I4 ⊗ Γ̄(s− 1
2
; 3)]γa ⊗ I42s−1 [I4 ⊗ Γ(s− 1

2
; 3)] = γa ⊗ IC2s−1

2s−1+3

[γa ⊗ I42s−1 [I4]⊗ Γ(s− 1
2
; 3)] = [I4 ⊗ Γ(s− 1

2
; 3)][γa ⊗ IC2s−1

2s−1+3
]

[I4 ⊗ Γ̄(s− 1
2
; 3)][γa ⊗ I42s−1 ] = [γa ⊗ IC2s−1

2s−1+3
][I4 ⊗ Γ̄(s− 1

2
; 3)]

1.19 Ý
I4 ⊗ Γ̄(s− 1
2
; 3), I4 ⊗ Γ(s− 1

2
; 3)�~êØCÜþ5�

½n1.19.1. [I4 ⊗ Γ(s− 1
2
; 3)] = e(iΩa+ςε)·Ωa(s;3)[I4 ⊗ Γ(s− 1

2
; 3)]e−(iΩa+ςε)·γa ⊗ e−(iΩa+ςε)·γa(s− 1

2
;3)

½n1.19.2. [I4 ⊗ Γ̄(s− 1
2
; 3)] = e(iΩa+ςε)·γa ⊗ e(iΩa+ςε)·γa(s− 1

2
;3)[I4 ⊗ Γ̄(s− 1

2
; 3)]e−(iΩa+ςε)·Ωa(s;3)

2 Dirac.�{~êØCÜþN
kς
λς lς

(s; 3), N
λς lς
kς

(s; 3)

2.1 �{~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)

½Â2.1.1. Nkς
λς lς

(s) := Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
µςης · ·
lς

(s− 1
2
), Nλς lς

kς
(s) := Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s)Γlςµςης · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

½Â2.1.2. Nkς
λς lς

(s; 3) := Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)Γ

2s−1︷ ︸︸ ︷
µςης · ·
lς

(s− 1
2
; 3), Nλς lς

kς
(s; 3) := Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3)Γlςµςης · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 3)
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íØ2.1.1. N(s; 3) = [I4 ⊗ Γ̄(s− 1
2
; 3)]Γ(s; 3), N̄(s; 3) = Γ̄(s; 3)[I4 ⊗ Γ(s− 1

2
; 3)]

5�2.1.1. Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3) = Nkς
λς lς

(s; 3)Γlςµςης · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 3),Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = Nλς lς
kς

(s; 3)Γ

2s−1︷ ︸︸ ︷
µςης · ·
lς

(s− 1
2
; 3)

íØ2.1.2. Γ(s; 3) = [I4 ⊗ Γ(s− 1
2
; 3)]N(s; 3), Γ̄(s; 3) = N̄(s; 3)[I4 ⊗ Γ̄(s− 1

2
; 3)],

5�2.1.2. Γ(s; 3) = [I4 ⊗ Γ(s− 1
2
; 3)][I4 ⊗ Γ̄(s− 1

2
; 3)]Γ(s; 3)

íØ2.1.3. Nkς
λς lς

(s) = Nkς
λς lς

(s; 1), Nλς lς
kς

(s) = Nλς lς
kς

(s; 1)

g·µãµ±þL²Nkς
λς lς

(s; 3),Nλς lς
kς

(s; 3)´~êØCÜþNkς
λς lς

(s),Nλς lς
kς

(s) �í2"

2.2 ~êÝ
Nλς (s; 3), Nλς (s; 3); N̄λς (s; 3), N̄λς (s; 3);N(s; 3), N̄(s; 3)

½Â2.2.1.
Nλς (s; 3) ≺ Nkς

λς lς
(s; 3), Nλς (s; 3) ≺ Nλς lς

kς
(s; 3)|I

C2s
2s+3

×I
C

2s−1
2s−1+3

N̄λς (s; 3) := N+
λς

(s; 3) � Nλς lς
kς (s; 3), N̄λς (s; 3) := N+Aς (s; 3) � Nλς lς

kς (s; 3)|I
C

2s−1
2s−1+3

×I
C2s

2s+3

N(s; 3) ≺ Nλς⊗lς
kς (s; 3)|(3+1)I

C
2s−1
2s−1+3

×I
C2s

2s+3

, N̄(s; 3) = N+(s; 3) ≺ Nkς
λς⊗lς (s; 3)|I

C2s
2s+3

×(3+1)I
C

2s−1
2s−1+3

2.3 ~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)�Ä�5�

��5µ

5�2.3.1.N
k′ς
λ′ς l
′
ς
(s; 3) ' Nkς

λς lς
(s; 3) ' Nλς lς

kς
(s; 3) ' Nλ′ς l

′
ς

k′ς
(s; 3)

[Nkς
λς lς

(s; 3)]∗ ' Nk′ς
λ′ς l
′
ς
(s; 3), [Nλς lς

kς
(s; 3)]∗ ' Nλ′ς l

′
ς

k′ς
(s; 3)

íØ2.3.1.Nλς (s; 3) ' Nλς (s; 3) ' Nλ′ς
(s; 3) ' Nλ′ς (s; 3); N̄λς (s; 3) ' N̄λς (s; 3) ' N̄λ′ς

(s; 3) ' N̄λ′ς (s; 3)

Nλς (s; 3) = N∗λς (s; 3), N̄λς (s; 3) = N̄∗λς (s; 3);N(s; 3) = N∗(s; 3), N̄(s; 3) = N̄∗(s; 3)

2.4 ~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)���5�

��5µ

Ún2.4.1.
2s−1∑
k=0

C3
3+k = C3+1

3+2s

Ún2.4.2. Nkς
λς lς

(s; 3)N
λ′ς lς
k′ς

(s; 3) = Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3)Γ

2s︷ ︸︸ ︷
λ
′
ςµςης · ·
k′ς

(s; 3)

½n2.4.1.
Nkς
λς lς

(s; 3)Nλς lς
mς

(s; 3) = δkςmς [⇔]Nλς (s; 3)N̄λς (s; 3) = IC2s
2s+3

[⇔]N̄(s; 3)N(s; 3) = IC2s
2s+3

Nkς
λς lς

(s; 3)Nλςmς
kς

(s; 3) = (1 + j
s
)δmςlς [⇔]N̄λς (s; 3)Nλς (s; 3) = (1 + j

s
)IC2s−1

2s−1+3

Nkς
λς lς

(s; 3)Nµς lς
kς

(s; 3) = 1
3+1

C2s
2s+3δ

µς
λς

[⇔]tr[N̄λς (s; 3)Nµς (s; 3)] = 1
3+1

C2s
2s+3δ

µς
λς

5�2.4.1.N
kς
λς lς

(s; 3)Nµςmς
kς

(s; 3) = 1
2s

[δµςλς δ
mς
lς

+ (2s− 1)Nmς
λςnς

(s− 1
2
; 3)Nµςnς

lς
(s− 1

2
; 3)]

N̄λς (s; 3)Nµς (s; 3) = 1
2s

[δµςλς IC2s−1
2s−1+3

+ (2s− 1)Nµς (s− 1
2
; 3)N̄λς (s− 1

2
; 3)]
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2.5 ~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)�,ü�I

,ü�Iµ

5�2.5.1.N
kς
λς lς

(s; 3) = εkςmς (s; 3)ελςµς (
1
2
; 3)εlςnς (s− 1

2
; 3)Nµςnς

mς
(s; 3)

Nλς lς
kς

(s; 3) = εkςmς (s; 3)ελςµς ( 1
2
; 3)εlςnς (s− 1

2
; 3)Nmς

µςnς
(s; 3)

íØ2.5.1.
Nλς (s; 3)ε(s− 1

2
; 3) = ελςµς (

1
2
; 3)ε(s; 3)Nµς (s; 3), ε(s− 1

2
; 3)N̄λς (s; 3) = N̄µς (s; 3)εµςλς (

1
2
; 3)ε(s; 3)

Nλς (s; 3)ε(s− 1
2
; 3) = ελςµς ( 1

2
; 3)ε(s; 3)Nµς (s; 3), ε(s− 1

2
; 3)N̄λς (s; 3) = N̄µς (s; 3)εµςλς ( 1

2
; 3)ε(s; 3)

N(s; 3)ε(s; 3) = [ε( 1
2
; 3)⊗ ε(s− 1

2
; 3)]N(s; 3), ε(s; 3)N̄(s; 3) = N̄(s; 3)[ε( 1

2
; 3)⊗ ε(s− 1

2
; 3)]

PenroseIO,ü5Kµ

5�2.5.2.N
kς
λς lς

(s; 3) = (−1)2s[ς2sεkςmς (s; 3)][−ςελςµς ( 1
2
; 3)][(−ς)2s−1εlςnς (s− 1

2
; 3)]Nµςnς

mς
(s; 3)

Nλς lς
kς

(s; 3) = (−1)2s[(−ς)2sεkςmς (s; 3)][ςελςµς ( 1
2
; 3)][ς2s−1εlςnς (s− 1

2
; 3)]Nmς

µςnς
(s; 3)

2.6 ~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)�g^Ý
C�

5�2.6.1.
Nλςmς
kς

(s; 3)γaλς
µς ( 1

2
; 3)N lς

µςmς
(s; 3) = 1

2s
γakς

lς (s; 3)[⇔]Nλς (s; 3)γaλς
µς ( 1

2
; 3)N̄µς (s; 3) = 1

2s
γa(s; 3)

[⇔]N̄(s; 3)γa ⊗ IC2s−1
2s−1+3

N(s; 3) = 1
2s
γa(s; 3)

Nλς lς
kς

(s; 3)γaλς
µς ( 1

2
; 3)Nkς

µςmς
(s; 3) = 1

2s
γamς

lς (s− 1
2
; 3)[⇔]N̄µς (s; 3)γaλς

µς ( 1
2
; 3)Nλς (s; 3) = 1

2s
γa(s− 1

2
; 3)

5�2.6.2.
Nλςmς
kς

(s; 3)Sabλς
µς ( 1

2
; 3)N lς

µςmς
(s; 3) = 1

2s
Sabkς

lς (s; 3)[⇔]Nλς (s; 3)Sabλς
µς ( 1

2
; 3)N̄µς (s; 3) = 1

2s
Sab(s; 3)

[⇔]N̄(s; 3)Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
N(s; 3) = 1

2s
Sab(s; 3)

Nλς lς
kς

(s; 3)Sabλς
µς ( 1

2
; 3)Nkς

µςmς
(s; 3) = 1

2s
Sabmς

lς (s− 1
2
; 3)[⇔]N̄µς (s; 3)Sabλς

µς ( 1
2
; 3)Nλς (s; 3) = 1

2s
Sab(s− 1

2
; 3)

2.7 ~êØCÜþNkς
λς lς

(s; 3), Nλς lς
kς

(s; 3)���5�

½n2.7.1.γaλςµς ( 1
2
; 3)Nkς

µς lς
(s; 3) + γalς

mς (s− 1
2
; 3)Nkς

λςmς
(s; 3) = N jς

λς lς
(s; 3)γajς

kς (s; 3)

Nλς lς
kς

(s; 3)γaλς
µς ( 1

2
; 3) +Nµςmς

kς
(s; 3)γamς

lς (s− 1
2
; 3) = γakς

jς (s; 3)Nµς lς
jς

(s; 3)γaλςµς ( 1
2
; 3)N̄µς (s; 3) + γa(s− 1

2
; 3)N̄λς (s; 3) = N̄λς (s; 3)γa(s; 3)

Nλς (s; 3)γaλς
µς ( 1

2
; 3) +Nµς (s; 3)γa(s− 1

2
; 3) = γa(s; 3)Nµς (s; 3)[γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)]N(s; 3) = N(s; 3)γa(s; 3)

N̄(s; 3)[γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)] = γa(s; 3)N̄(s; 3)

½n2.7.2.Sabλςµς ( 1
2
; 3)Nkς

µς lς
(s; 3) + Sablς

mς (s− 1
2
; 3)Nkς

λςmς
(s; 3) = N jς

λς lς
(s; 3)Sabjς

kς (s; 3)

Nλς lς
kς

(s; 3)Sabλς
µς ( 1

2
; 3) +Nµςmς

kς
(s; 3)Sabmς

lς (s− 1
2
; 3) = Sabkς

jς (s; 3)Nµς lς
jς

(s; 3)Sabλςµς ( 1
2
; 3)N̄µς (s; 3) + Sab(s− 1

2
; 3)N̄λς (s; 3) = N̄λς (s; 3)Sab(s; 3)

Nλς (s; 3)Sabλς
µς ( 1

2
; 3) +Nµς (s; 3)Sab(s− 1

2
; 3) = Sab(s; 3)Nµς (s; 3)[Sab(

1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]N(s; 3) = N(s; 3)Sab(s; 3)

N̄(s; 3)[Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)] = Sab(s; 3)N̄(s; 3)
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2.8 ~êØCÜþNkς
Aς1··Aςnlς (s; 3), NAς1··Aςnlς

kς
(s; 3)�5�

½Â2.8.1.

N
kς
Aς1··Aςnlςn(s; 3) := ΓkςAς1··Aς2s(s; 3)Γ

Aςn+1··Aς2s
lς

(s− n
2
; 3)

NAς1··Aςnlςn
kς

(s; 3) := ΓAς1··Aς2skς
(s; 3)ΓlςAςn+1··Aς2s(s−

n
2
; 3)

��5µ

5�2.8.1. N
k′ς
A′ς1··A′ςnl′ςn

(s; 3) ' Nkς
Aς1··Aςnlςn(s; 3) ' NAς1··Aςnlςn

kς
(s; 3) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 3)

5�2.8.2. [Nkς
Aς1··Aςnlςn(s; 3)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s; 3), [NAς1··Aςnlςn

kς
(s; 3)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 3)

Ðm5µ

5�2.8.3.N
kς
Aς1Aς2··Aςnlςn(s; 3) = Nkς

Aς1lς1
(s; 3)N lς1

Aς2lς2
(s− 1

2
; 3) · ·N lςn−1

Aςnlςn
(s− n−1

2
; 3)

NAς1Aς2··Aςnlςn
kς

(s; 3) = NAς1lς1
kς

(s; 3)NAς2lς2
lς1

(s− 1
2
; 3) · ·NAςnlςn

lςn−1
(s− n−1

2
; 3)

5�2.8.4.ΓkςAς1Aς2··Aς2s(s; 3) = Nkς
Aς1lς1

(s; 3)N lς1
Aς2lς2

(s− 1
2
; 3) · ·N lς2s−1

Aς2slς2s
( 1

2
; 3)

ΓAς1Aς2··Aς2skς
(s; 3) = NAς1lς1

kς
(s; 3)NAς2lς2

lς1
(s− 1

2
; 3) · ·NAς2slς2s

lς2s−1
( 1

2
; 3)ΓkςAς1Aς2··Aς2s(s; 3) � ΓAς1Aς2··Aς2s(s; 3) = NAς1(s; 3)NAς2(s− 1

2
; 3) · ·NAς2s(

1
2
; 3)

ΓAς1Aς2··Aς2skς
(s; 3) � ΓAς1Aς2··Aς2s(s; 3) = NAς1(s; 3)NAς2(s− 1

2
; 3) · ·NAς2s( 1

2
; 3)Γ̄(s; 3) = N̄(s; 3)[I4 ⊗ N̄(s− 1

2
; 3)] · ·[I42s−2 ⊗ N̄(1)][I42s−1 ⊗ N̄( 1

2
; 3)]

Γ(s; 3) = [I42s−1 ⊗N( 1
2
; 3)][I42s−2 ⊗N(1)] · ·[I4 ⊗N(s− 1

2
; 3)]N(s; 3)

2.9 íØ1µ~êÝ
N(s; 3), N̄(s; 3)�A�ð�ª

5�2.9.1.

N̄(s; 3)[γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]N(s; 3) = γa(s; 3)

N(s; 3)γa(s; 3)N̄(s; 3) = [γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]N(s; 3)N̄(s; 3)

N(s; 3)γa(s; 3)N̄(s; 3) = N(s; 3)N̄(s; 3){ϑ · [γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]}n

[N(s; 3)N̄(s; 3), γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)] = 0

5�2.9.2.

N̄(s; 3)[Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]N(s; 3) = Sab(s; 3)

N(s; 3)Sab(s; 3)N̄(s; 3) = [Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]N(s; 3)N̄(s; 3)

N(s; 3)Sab(s; 3)N̄(s; 3) = N(s; 3)N̄(s; 3)[Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]

[N(s; 3)N̄(s; 3), Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)] = 0

5�2.9.3.

N̄(s; 3){ϑab[Sab( 1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}nN(s; 3) = [ϑabSab(s; 3)]n

N(s; 3)[ϑabSab(s; 3)]nN̄(s; 3) = {ϑab[Sab( 1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}nN(s; 3)N̄(s; 3)

N(s; 3)[ϑabSab(s; 3)]nN̄(s; 3) = N(s; 3)N̄(s; 3){ϑab[Sab( 1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}n

[N(s; 3)N̄(s; 3), {ϑab[Sab( 1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]}n] = 0

íØ2.9.1.

912



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 141Ù Dirac.�{~êØCÜþ

N̄(s; 3)e
i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]
N(s; 3) = e

i
2
ϑabSab(s;3)

N(s; 3)e
i
2
ϑabSab(s;3)N̄(s; 3) = e

i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]
N(s; 3)N̄(s; 3)

N(s; 3)e
i
2
ϑabSab(s;3)N̄(s; 3) = N(s; 3)N̄(s; 3)e

i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]

[N(s; 3)N̄(s; 3), e
i
2
ϑab[Sab(

1
2

;3)⊗I
C

2s−1
2s−1+3

+I4⊗Sab(s−
1
2

;3)]
] = 0

2.10 íØ2µ~êÝ
N(s; 3), N̄(s; 3)�,	A�ð�ª

íØ2.10.1.

N̄(s; 3)γa ⊗ IC2s−1
2s−1+3

N(s; 3) = 1
2s
γa(s; 3)

N̄(s; 3)I4 ⊗ γa(s− 1
2
; 3)N(s; 3) = (1− 1

2s
)γa(s; 3)

Nλς (s; 3)γa(s− 1
2
; 3)N̄λς (s; 3) = (1− 1

2s
)γa(s; 3)

N̄λς (s; 3)γa(s; 3)Nλς (s; 3) = (1 + 3+1
2s

)γa(s− 1
2
; 3)

íØ2.10.2.

N̄(s; 3)Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
N(s; 3) = 1

2s
Sab(s; 3)

N̄(s; 3)I4 ⊗ Sab(s− 1
2
; 3)N(s; 3) = (1− 1

2s
)Sab(s; 3)

Nλς (s; 3)Sab(s− 1
2
; 3)N̄λς (s; 3) = (1− 1

2s
)Sab(s; 3)

N̄λς (s; 3)Sab(s; 3)Nλς (s; 3) = (1 + 3+1
2s

)Sab(s− 1
2
; 3)

íØ2.10.3.
N̄(1)[γa ⊗ I2 + I4 ⊗ γa]N(1) = γa(1)

N̄( 3
2
){γa ⊗ I3 + I4 ⊗ {N̄(1)[γa ⊗ I2 + I4 ⊗ γa]N(1)}}N( 3

2
) = γa( 3

2
)

N̄(s; 3) · ·N̄( 3
2
){γa ⊗ I3 + I4 ⊗ {N̄(1)[γa ⊗ I2 + I4 ⊗ γa]N(1)}}N( 3

2
) · ·N(s; 3) = γa(s; 3)

2.11 Ý
N(s; 3), N̄(s; 3)�~êØCÜþ5�

½n2.11.1. N(s; 3) = e(iΩa+ςε)·γa ⊗ e(iΩa+ςε)·γa(s− 1
2

;3)N(s; 3)e−(iΩa+ςε)·γa(s;3)

½n2.11.2. N̄(s; 3) = e(iΩa+ςε)·γa(s;3)N̄(s; 3)e−(iΩa+ςε)·γa ⊗ e−(iΩa+ςε)·γa(s− 1
2

;3)

3 Dirac.�{~êØCÜþX
λς lς
mς (s; 3), X

mς

λς lς
(s; 3)

3.1 �{~êØCÜþXλς lς
mς (s; 3), Xmς

λς lς
(s; 3)

½Â3.1.1. Xλς lς
mς

(s; 3) :=
√

2s−1√
2s−1+3

ελςµς ( 1
2
; 3)N lς

µςmς
(s− 1

2
; 3), Xmς

λς lς
(s; 3) :=

√
2s−1√

2s−1+3
ελςµς (

1
2
; 3)Nµςmς

lς
(s− 1

2
; 3)

5�3.1.1. Xλς lς
mς

(s; 3) ' Xmς
λς lς

(s; 3)

3.2 ~êÝ
X(s; 3), X̄(s; 3)

½Â3.2.1.
Xλς (s; 3) ≺ Xλς lς

mς
(s; 3), Xλς (s; 3) ≺ Xmς

λς lς
(s; 3)

X̄λς (s; 3) ≺ Xλς lς
mς (s; 3), X̄λς (s; 3) ≺ Xλς lς

mς (s; 3)

X(s; 3) ≺ Xλς⊗lς
mς (s; 3), X̄(s; 3) ≺ Xmς

λς⊗lς (s; 3) = X+(s; 3)

3.3 ~êØCÜþXλς lς
mς (s; 3), Xmς

λς lς
(s; 3)�,ü�I

5�3.3.1.Xλς lς
mς

(s; 3) = ελςµςεlςnς (s− 1
2
; 3)εmςrς (s− 1; 3)Xrς

µςnς
(s− 1

2
; 3)

Xmς
λς lς

(s; 3) = ελςµςεlςnς (s− 1
2
; 3)εmςrς (s− 1; 3)Xµςnς

rς
(s− 1

2
; 3)
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3.4 ~êØCÜþXλς lς
mς (s; 3), Xmς

λς lς
(s; 3)���5

5�3.4.1. Xλς lς
mς

(s; 3)Xnς
λς lς

(s; 3) = δmς
nς [⇔]Xλς (s; 3)X̄λς (s; 3) = IC2s−2

2s−2+3
[⇔]X̄(s; 3)X(s; 3) = IC2s−2

2s−2+3

5�3.4.2. Xλς lς
mς

(s; 3)Nkς
λς lς

(s; 3) = 0

[⇔]Xλς (s; 3)N̄λς (s; 3) = 0, Nλς (s; 3)X̄λς (s; 3) = 0[⇔]X̄(s; 3)N(s; 3) = 0, N̄(s; 3)X(s; 3) = 0

5�3.4.3. Xmς
λς lς

(s; 3)Xλςkς
mς

(s; 3) = 2s−1
2s−1+3

δlς
kς [⇔]X̄λς (s; 3)Xλς (s; 3) = 2s−1

2s−1+3
IC2s−1

2s−1+3

5�3.4.4. Xmς
λς lς

(s; 3)Xµς lς
mς

(s; 3) = 1
3+1

C2s−2
2s−2+3δ

µς
λς

[⇔]tr[X̄λς (s; 3)Xµς (s; 3)] = 1
3+1

C2s−2
2s−2+3δ

µς
λς

íØ3.4.1. N̄(s; 3)N(s; 3) = IC2s
2s+3

, X̄(s; 3)X(s; 3) = IC2s−2
2s−2+3

, N̄(s; 3)X(s; 3) = 0, X̄(s; 3)N(s; 3) = 0

3.5 ~êØCÜþXλς lς
mς (s; 3), Xmς

λς lς
(s; 3)�g^C�

íØ3.5.1. Xλς lς
mς

(s; 3)γaλς
µς ( 1

2
; 3)Xnς

µς lς
(s; 3) = − 1

2s−1+3
γamς

nς (s− 1; 3)

[⇔]Xλς (s; 3)σλς
µς ( 1

2
; 3)X̄µς (s; 3) = − 1

2s−1+3
γa(s− 1; 3)

[⇔]X̄(s; 3)γa ⊗ IC2s−1
2s−1+3

X(s; 3) = − 1
2s−1+3

γa(s− 1; 3)

íØ3.5.2. Xλς lς
mς

(s; 3)γaλς
µς ( 1

2
; 3)Xmς

µςkς
(s; 3) = − 1

2s−1+3
γakς

lς (s− 1
2
; 3)

[⇔]X̄λς (s; 3)γaλς
µς ( 1

2
; 3)Xµς (s; 3) = − 1

2s−1+3
γa(s− 1

2
; 3)

íØ3.5.3. Xλς lς
mς

(s; 3)Sabλς
µς ( 1

2
; 3)Xnς

µς lς
(s; 3) = − 1

2s−1+3
Sabmς

nς (s− 1; 3)

[⇔]Xλς (s; 3)Sab(
1
2
; 3)⊗ IC2s−2

2s−2+3
X̄λς (s; 3) = − 1

2s−1+3
Sab(s− 1; 3)

[⇔]X̄(s; 3)Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
X(s; 3) = − 1

2s−1+3
Sab(s− 1; 3)

íØ3.5.4. Xλς lς
mς

(s; 3)Sabλς
µς ( 1

2
; 3)Xmς

µςkς
(s; 3) = − 1

2s
Sabkς

lς (s− 1
2
; 3)

[⇔]X̄λς (s; 3)Sabλς
µς ( 1

2
; 3)Xµς (s; 3) = − 1

2s−1+3
Sab(s− 1

2
; 3)

3.6 ~êØCÜþXλς lς
mς (s; 3), Xmς

λς lς
(s; 3)���5�

½n3.6.1.Xλς lς
mς

(s; 3)[γaλς
µς ( 1

2
; 3)δlς

kς + δλς
µςγalς

kς (s− 1
2
; 3)] = γamς

nς (s− 1; 3)Xµςkς
nς

(s; 3)

[γaλς
µς ( 1

2
; 3)δlς

kς + δλς
µςγalς

kς (s− 1
2
; 3)]Xnς

µςkς
(s; 3) = Xmς

λς lς
(s; 3)γamς

nς (s− 1; 3)Xλς (s; 3)[γaλς
µς ( 1

2
; 3) + δλς

µςγa(s− 1
2
; 3)] = γa(s− 1; 3)Xµς (s; 3)

[γaλς
µς ( 1

2
; 3) + δλς

µςγa(s− 1
2
; 3)]X̄µς (s; 3) = X̄λς (s; 3)γa(s− 1; 3)X̄(s; 3)[γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)] = γa(s− 1; 3)X̄(s; 3)

[γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]X(s; 3) = X(s; 3)γa(s− 1; 3)

½n3.6.2.Xλς lς
mς

(s; 3)[Sabλς
µς ( 1

2
; 3)δlς

kς + δλς
µςSablς

kς (s− 1
2
; 3)] = Sabmς

nς (s− 1; 3)Xµς⊗kς
nς

(s; 3)

[Sabλς
µς ( 1

2
; 3)δlς

kς + δλς
µςSablς

kς (s− 1
2
; 3)]Xnς

µςkς
(s; 3) = Xmς

λς lς
(s; 3)Sabmς

nς (s− 1; 3)Xλς (s; 3)[Sabλς
µς ( 1

2
; 3) + δλς

µςSab(s− 1
2
; 3)] = Sab(s− 1; 3)Xµς (s; 3)

[Sabλς
µς ( 1

2
; 3) + δλς

µςSab(s− 1
2
; 3)]X̄µς (s; 3) = X̄λς (s; 3)Sab(s− 1; 3)X̄(s; 3)[Sab(

1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)] = Sab(s− 1; 3)X̄(s; 3)

[Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]X(s; 3) = X(s; 3)Sab(s− 1; 3)

íØ3.6.1.Nηςmς
lς (s− 1

2
; 3)εηςλς ( 1

2
; 3)[γaλς

µς ( 1
2
; 3)δlς

kς + δλς
µςγalς

kς (s− 1
2
; 3)] = γamς

nς (s− 1; 3)N ξςnς
kς (s− 1

2
; 3)εξςµς ( 1

2
; 3)

[γaλς
µς ( 1

2
; 3)δlς

kς + δλς
µςγalς

kς (s− 1
2
; 3)]εµςης (

1
2
; 3)Nηςnς

kς
(s− 1

2
; 3) = ελςξς (

1
2
; 3)N ξςmς

lς
(s− 1

2
; 3)γamς

nς (s− 1; 3)Nης (s− 1
2
; 3)εηςλς ( 1

2
; 3)[γaλς

µς ( 1
2
; 3) + δλς

µςγa(s− 1
2
; 3)] = γa(s− 1; 3)Nξς (s− 1

2
; 3)εξςµς ( 1

2
; 3)

[γaλς
µς ( 1

2
; 3) + δλς

µςγa(s− 1
2
; 3)]εµςης (

1
2
; 3)Nης (s− 1

2
; 3) = ελςξς (

1
2
; 3)N ξς (s− 1

2
; 3)γa(s− 1; 3)

914



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 141Ù Dirac.�{~êØCÜþ

íØ3.6.2.Nηςmς
lς (s− 1

2
; 3)εηςλς ( 1

2
; 3)[Sabλς

µς ( 1
2
; 3)δlς

kς + δλς
µςSablς

kς (s− 1
2
; 3)] = Sabmς

nς (s− 1; 3)N ξςnς
kς (s− 1

2
; 3)εξςµς ( 1

2
; 3)

[Sabλς
µς ( 1

2
; 3)δlς

kς + δλς
µςSablς

kς (s− 1
2
; 3)]εµςης (

1
2
; 3)Nηςnς

kς
(s− 1

2
; 3) = ελςξς (

1
2
; 3)N ξςmς

lς
(s− 1

2
; 3)Sabmς

nς (s− 1; 3)Nης (s− 1
2
; 3)εηςλς ( 1

2
; 3)[Sabλς

µς ( 1
2
; 3) + δλς

µςSab(s− 1
2
; 3)] = Sab(s− 1; 3)Nξς (s− 1

2
; 3)εξςµς ( 1

2
; 3)

[Sabλς
µς ( 1

2
; 3) + δλς

µςSab(s− 1
2
; 3)]εµςης (

1
2
; 3)Nης (s− 1

2
; 3) = ελςξς (

1
2
; 3)N ξς (s− 1

2
; 3)Sab(s− 1; 3)

3.7 íØµ'u~êÝ
X(s; 3), X̄(s; 3)��5�

íØ3.7.1.
X̄(s; 3)[γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)]X(s; 3) = γa(s− 1; 3)

X(s; 3)γa(s− 1; 3)X̄(s; 3) = [γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]X(s; 3)X̄(s; 3)

[X(s; 3)X̄(s; 3), γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)] = 0

íØ3.7.2.
X̄(s; 3)[Sab(

1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]X(s; 3) = Sab(s− 1; 3)

X(s; 3)Sab(s, ς − 1; 3)X̄(s; 3) = [Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]X(s; 3)X̄(s; 3)

[X(s; 3)X̄(s; 3), Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)] = 0

íØ3.7.3. Xλς (s; 3)γa(s− 1
2
; 3)X̄λς (s; 3) = 2s+3

2s−1+3
γa(s− 1; 3)

[⇔]X̄(s; 3)I4 ⊗ γa(s− 1
2
; 3)X(s; 3) = 2s+3

2s−1+3
γa(s− 1; 3)

íØ3.7.4. Xλς (s; 3)I4 ⊗ Sab(s− 1
2
; 3)X̄λς (s; 3) = 2s+3

2s−1+3
Sab(s− 1; 3)

[⇔]X̄(s; 3)I4 ⊗ Sab(s− 1
2
; 3)X(s; 3) = 2s+3

2s−1+3
Sab(s− 1; 3)

3.8 Ý
X(s; 3), X̄(s; 3)�~êØCÜþ5�

½n3.8.1. X(s; 3) = e(iΩa+ςε)·γa ⊗ e(iΩa+ςε)·γa(s− 1
2

;3)X(s; 3)e−(iΩa+ςε)·γa(s−1;3)

½n3.8.2. X̄(s; 3) = e(iΩa+ςε)·γa(s−1;3)X̄(s; 3)e−(iΩa+ςε)·γa ⊗ e(iΩa+ςε)·γa(s− 1
2

;3)

3.9 ~êÝ
Ωa(s; 3), γa(s− 1; 3)���5�

íØ3.9.1.

Ωa(s; 3)[I4 ⊗ Γ(s− 1
2
; 3)]X(s; 3) = [I4 ⊗ Γ(s− 1

2
; 3)]X(s; 3)γa(s− 1; 3)

X̄(s; 3)[I4 ⊗ Γ̄(s− 1
2
; 3)]Ωa(s; 3) = γa(s− 1; 3)X̄(s; 3)[I4 ⊗ Γ̄(s− 1

2
; 3)]

íØ3.9.2.

γa(s; 3) = N̄(s; 3)[I4 ⊗ Γ̄(s− 1
2
; 3)]Ωa(s; 3)[I4 ⊗ Γ(s− 1

2
; 3)]N(s; 3)

γa(s− 1; 3) = X̄(s; 3)[I4 ⊗ Γ̄(s− 1
2
; 3)]Ωa(s; 3)[I4 ⊗ Γ(s− 1

2
; 3)]X(s; 3)

3.10 ~êÝ
Ωa(s− l; 3), [~ϑ · Ωa(s− l; 3)]n, e
~ϑ·Ωa(s−l;3)�Ó�5L«

íØ3.10.1. Ωa(s; 3) = Ωa(s− 1; 3)⊗ I42 + I42s−2 ⊗ Ωa(1; 3)

íØ3.10.2.Ωa(s; 3)I42s−2 ⊗ {[I4 ⊗ Γ( 1
2
; 3)]X(1; 3)} = I42s−2 ⊗ {[I4 ⊗ Γ( 1

2
; 3)]X(1; 3)}Ωa(s− 1; 3)

I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1
2
; 3)]}Ωa(s; 3) = Ωa(s− 1; 3)I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1

2
; 3)]}

íØ3.10.3.
Ωa(s− 1; 3) = I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1

2
; 3)]}Ωa(s; 3)I42s−2 ⊗ {[I4 ⊗ Γ( 1

2
; 3)]X(1; 3)}

[~ϑ · Ωa(s− 1; 3)]n = I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1
2
; 3)]}[~ϑ · Ωa(s; 3)]nI42s−2 ⊗ {[I4 ⊗ Γ( 1

2
; 3)]X(1; 3)}

e
~ϑ·Ωa(s−1;3) = I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1

2
; 3)]}e~ϑ·Ωa(s;3)I42s−2 ⊗ {[I4 ⊗ Γ( 1

2
; 3)]X(1; 3)}
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½Â3.10.1.T (s; 3) := I42s−2 ⊗ {[I4 ⊗ Γ( 1
2
; 3)]X(1; 3)}

T̄ (s; 3) := I42s−2 ⊗ {X̄(1; 3)[I4 ⊗ Γ̄( 1
2
; 3)]} = T+(s; 3)

íØ3.10.4.
Ωa(s− l; 3) = T̄ (s− l + 1; 3) · · · T̄ (s− 1; 3)T̄ (s; 3)Ωa(s; 3)T (s; 3)T (s− 1; 3) · · ·T (s− l + 1; 3)

[~ϑ · Ωa(s− l; 3)]n = T̄ (s− l + 1; 3) · · · T̄ (s− 1; 3)T̄ (s; 3)[~ϑ · Ωa(s; 3)]nT (s; 3)T (s− 1; 3) · · ·T (s− l + 1; 3)

e
~ϑ·Ωa(s−l;3) = T̄ (s− l + 1; 3) · · · T̄ (s− 1; 3)T̄ (s; 3)e

~ϑ·Ωa(s;3)T (s; 3)T (s− 1; 3) · · ·T (s− l + 1; 3)

íØ3.10.5.
γa(s− l; 3) = Γ̄(s− l; 3)T̄ (s− l + 1; 3) · · · T̄ (s; 3)Ωa(s; 3)T (s; 3) · · ·T (s− l + 1; 3)Γ(s− l; 3)

[~ϑ · γa(s− l; 3)]n = Γ̄(s− l; 3)T̄ (s− l + 1; 3) · · · T̄ (s; 3)[~ϑ · Ωa(s; 3)]nT (s; 3) · · ·T (s− l + 1; 3)Γ(s− l; 3)

e
~ϑ·γa(s−l;3) = Γ̄(s− l; 3)T̄ (s− l + 1; 3) · · · T̄ (s; 3)e

~ϑ·Ωa(s;3)T (s; 3) · · ·T (s− l + 1; 3)Γ(s− l; 3)

4 p�Dirac.�{~êØCÜþ

4.1 Ã¡*ÐÚí2

íØ4.1.1.

γa, ε( 1
2
; 3)︸ ︷︷ ︸

"�

→ γa(s1; 3), ε(s1; 3)︸ ︷︷ ︸
��

→ γa(s2, s1; 3), ε(s2, s1; 3)︸ ︷︷ ︸
��

→ γa(s3, s2, s1; 3), ε(s3, s2, s1; 3)︸ ︷︷ ︸
n�

→ · · ·

íØ4.1.2. γa, ε( 1
2
; 3)︸ ︷︷ ︸

"�

→ γa(s1), ε(s1)︸ ︷︷ ︸
��

→ γa(s2, s1), ε(s2, s1)︸ ︷︷ ︸
��

→ γa(s3, s2, s1), ε(s3, s2, s1)︸ ︷︷ ︸
n�

→ · · ·

↓ ↓ ↓ ↓

íØ4.1.3. Γ(s1; 3)︸ ︷︷ ︸
��

→→ Γ(s2;w < s1 >)︸ ︷︷ ︸
��

→→ Γ(s3;w < s2, s1 >)︸ ︷︷ ︸
n�

→→ Γ(s4;w < s3, s2, s1 >)︸ ︷︷ ︸
o�

→→ · · ·

5 Dirac.~êØCÜþ�äNO�

5.1 Dirac.~êØCÜþΓkςλςµςης ··(s; 3),Γλςµςης ··kς
(s; 3)�Ú\

½Â5.1.1.

Γkςλςµςης · ·︸ ︷︷ ︸
2s

(s; 3) = 1
(2s)!

Γkς(λςµςης · ·)︸ ︷︷ ︸
2s

(s; 3)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

(s; 3) =
√

l0!l1!l2!l3!
(2s)!

δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2s

½Â5.1.2.

Γ

2s︷ ︸︸ ︷
λςµςης · ·
kς

(s; 3) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(λςµςης · ·)
kς

(s; 3)

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς

l2︷ ︸︸ ︷
2ς · ·2ς

l3︷ ︸︸ ︷
3ς · ·3ς

kς
(s; 3) =

√
l0!l1!l2!l3!

(2s)!
δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2s

5.2 Dirac.~êØCÜþΓkςλςµς (1; 3),Γλςµςkς
(1; 3)�5�

½Â5.2.1.

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

( 1
2
; 3) = δ{kς ,

0∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 1

= δ{kς , λ1}, l0 + l1 + l2 + l3 = 1
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½Â5.2.2.

Γkςλςµς (1; 3) = Γkςµςλς (1; 3)

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

2ς · ·2ς︸ ︷︷ ︸
l2

3ς · ·3ς︸ ︷︷ ︸
l3

(1; 3) =
√

l0!l1!l2!l3!
2!

δ{kς ,
[1]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+3−k − C2l

2l+3−λ2l
)}, l0 + l1 + l2 + l3 = 2

=
√

l0!l1!l2!l3!
2!

δ{kς , (λ1 − λ2) + (C2
5 − C2

5−λ2
)}, l0 + l1 + l2 + l3 = 2

íØ5.2.1.

Γkς0ς0ς
(1; 3) =

√
2!
2!
δ{kς , 0},Γkς0ς1ς

(1; 3) =
√

0!1!
2!
δ{kς , 1},Γkς0ς2ς

(1; 3) =
√

0!1!
2!
δ{kς , 2},Γkς0ς3ς

(1; 3) =
√

0!1!
2!
δ{kς , 3}

Γkς1ς0ς
(1; 3) =

√
0!1!
2!
δ{kς , 1},Γkς1ς1ς

(1; 3) =
√

2!
2!
δ{kς , 4},Γkς1ς2ς

(1; 3) =
√

0!1!
2!
δ{kς , 5},Γkς1ς3ς

(1; 3) =
√

0!1!
2!
δ{kς , 6}

Γkς2ς0ς
(1; 3) =

√
0!1!
2!
δ{kς , 2},Γkς2ς1ς

(1; 3) =
√

0!1!
2!
δ{kς , 5},Γkς2ς2ς

(1; 3) =
√

2!
2!
δ{kς , 7},Γkς2ς3ς

(1; 3) =
√

0!1!
2!
δ{kς , 8}

Γkς3ς0ς
(1; 3) =

√
0!1!
2!
δ{kς , 3},Γkς3ς1ς

(1; 3) =
√

0!1!
2!
δ{kς , 6},Γkς3ς2ς

(1; 3) =
√

0!1!
2!
δ{kς , 8},Γkς3ς3ς

(1; 3) =
√

2!
2!
δ{kς , 9}

íØ5.2.2.

Γ0ς (1; 3) =

[
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
,Γ1ς (1; 3) = 1√

2

[
0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

]
,Γ2ς (1; 3) = 1√

2

[
0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

]
,Γ3ς (1; 3) = 1√

2

[
0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

]
Γ4ς (1; 3) =

[
0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

]
,Γ5ς (1; 3) = 1√

2

[
0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

]
,Γ6ς (1; 3) = 1√

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

]
Γ7ς (1; 3) =

[
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

]
,Γ8ς (1; 3) = 1√

2

[
0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

]
Γ9ς (1; 3) =

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

]
5.3 Dirac.~êØCÜþNkς

λς lς
(1; 3), Nλς lς

kς
(1; 3)�5�

íØ5.3.1.

N0ς (1; 3) = 1√
2


√

2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 , N1ς (1; 3) = 1√
2


0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0
√

2 0 0
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 , N2ς (1; 3) = 1√
2


0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0
√

2 0
0 0 0 1
0 0 0 0

 , N3ς (1; 3) = 1√
2


0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0

√
2


íØ5.3.2.

N̄0ς (1; 3) = 1√
2

[√
2 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0

]
, N̄1ς (1; 3) = 1√

2

[
0 1 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0

]
N̄2ς (1; 3) = 1√

2

[
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0

]
, N̄3ς (1; 3) = 1√

2

[
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

]
5.4 Dirac.~êØCÜþNkς

λς lς
(1; 3), Nλς lς

kς
(1; 3)�5�I

Ún5.4.1.
N̄0ς (1; 3)N0ς (1; 3) = 1

2

[
2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
, N̄0ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0

]
N̄0ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
, N̄0ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]

N̄1ς (1; 3)N0ς (1; 3) = 1

2

[
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄1ς (1; 3)N1ς (1; 3) = 1

2

[
1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

]
N̄1ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
, N̄1ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]

N̄2ς (1; 3)N0ς (1; 3) = 1

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄2ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
N̄2ς (1; 3)N2ς (1; 3) = 1

2

[
1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

]
, N̄2ς (1; 3)N3ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0

]

N̄3ς (1; 3)N0ς (1; 3) = 1

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
, N̄3ς (1; 3)N1ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
N̄3ς (1; 3)N2ς (1; 3) = 1

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

]
, N̄3ς (1; 3)N3ς (1; 3) = 1

2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

]
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½n5.4.1. N̄λς (1; 3)γaλς
µςNµς (1; 3) = 1

2
γTa, N̄µς (1; 3)γaλς

µςNλς (1; 3) = 1
2
γa

y²: N̄λς (1; 3)γxλς
µςNµς (1; 3)

= −iN̄0ς (1; 3)N3ς (1; 3)− iN̄1ς (1; 3)N2ς (1; 3) + iN̄2ς (1; 3)N1ς (1; 3) + iN̄3ς (1; 3)N0ς (1; 3)

= − i
2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]
− i

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
+ i

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
+ i

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
= − 1

2

[
0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
y²: N̄λς (1; 3)γyλς

µςNµς (1; 3)

= −N̄0ς (1; 3)N3ς (1; 3) + N̄1ς (1; 3)N2ς (1; 3) + N̄2ς (1; 3)N1ς (1; 3)− N̄3ς (1; 3)N0ς (1; 3)

= − 1
2

[
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

]
+ 1

2

[
0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

]
+ 1

2

[
0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

]
− 1

2

[
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

]
= 1

2

[
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

]
y²: N̄λς (1; 3)γzλς

µςNµς (1; 3)

= −iN̄0ς (1; 3)N2ς (1; 3) + iN̄1ς (1; 3)N3ς (1; 3) + iN̄2ς (1; 3)N0ς (1; 3)− iN̄3ς (1; 3)N1ς (1; 3)

= − i
2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
+ i

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]
+ i

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
− i

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
= − 1

2

[
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

]
y²: N̄λς (1; 3)γ4

λς
µςNµς (1; 3)

= ςN̄0ς (1; 3)N2ς (1; 3) + ςN̄1ς (1; 3)N3ς (1; 3) + ςN̄2ς (1; 3)N0ς (1; 3) + ςN̄3ς (1; 3)N1ς (1; 3)

= ς
2

[
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

]
+ ς

2

[
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0

]
+ ς

2

[
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0

]
+ ς

2

[
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

]
= ς

2

[
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
y²: N̄λς (1; 3)γ5

λς
µςNµς (1; 3)

= ςN̄0ς (1; 3)N0ς (1; 3) + ςN̄1ς (1; 3)N1ς (1; 3) + ςN̄2ς (1; 3)N2ς (1; 3) + ςN̄3ς (1; 3)N3ς (1; 3)

= ς
2

[
2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]
+ ς

2

[
1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 1

]
− ς

2

[
1 0 0 0
0 1 0 0
0 0 2 0
0 0 0 1

]
− ς

2

[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

]
= ς

2

[
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

]
5.5 Dirac.~êØCÜþNkς

λς lς
(1; 3), Nλς lς

kς
(1; 3)�5�II

íØ5.5.1.

N3ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0

 , N3ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



N3ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0
√

2 0

 , N3ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2


íØ5.5.2.

N2ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N2ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0



N2ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0

 , N2ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

√
2 0

0 0 0 0 0 0 0 0 0
√

2
0 0 0 0 0 0 0 0 0 0


íØ5.5.3.

N1ς (1; 3)N̄0ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0
√

2 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N1ς (1; 3)N̄1ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
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N1ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N1ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


íØ5.5.4.

N0ς (1; 3)N̄0ς (1; 3) = 1√
2


2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N0ς (1; 3)N̄1ς (1; 3) = 1√
2


0
√

2 0 0 0 0 0 0 0 0

0 0 0 0
√

2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0



N0ς (1; 3)N̄2ς (1; 3) = 1√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

 , N0ς (1; 3)N̄3ς (1; 3) = 1√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0


íØ5.5.5. [γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

=

[
0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

]
,

[
0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

]
,

[
0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

]
, ς

[
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

]
, ς

[
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

]
5�5.5.1. Nλς (1; 3)γxλς

µς N̄µς (1; 3)

= −iN0ς (1; 3)N̄3ς (1; 3)− iN1ς (1; 3)N̄2ς (1; 3) + iN2ς (1; 3)N̄1ς (1; 3) + iN3ς (1; 3)N̄0ς (1; 3)

= − i√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− i√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0



= i√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 −1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0√
2 0 0 0 0 0 0 0 0 −

√
2

0 0 0 0 0 −
√

2 0 0 0 0

0 0 0 0
√

2 0 0 −
√

2 0 0
0 1 0 0 0 0 0 0 −1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 1 0 0 0 1 0 0 0
0 0 0

√
2 0 0 0 0 0 0



2

= 1
2


2 0 0 0 0 0 0 0 0 −2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 −2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 2 0 0 0 2 0 0 0
0 0 0 0 −2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
−2 0 0 0 0 0 0 0 0 2


5�5.5.2. Nλς (1; 3)γyλς

µς N̄µς (1; 3)

= −N0ς (1; 3)N̄3ς (1; 3) +N1ς (1; 3)N̄2ς (1; 3) +N2ς (1; 3)N̄1ς (1; 3)−N3ς (1; 3)N̄0ς (1; 3)

= − 1√
2


0 0 0

√
2 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 0
√

2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0

√
2 0 0 0 0

0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0

− 1√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0

√
2 0 0 0 0 0 0



= 1√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0

−
√

2 0 0 0 0 0 0 0 0 −
√

2

0 0 0 0 0
√

2 0 0 0 0

0 0 0 0
√

2 0 0
√

2 0 0
0 −1 0 0 0 0 0 0 1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 −1 0 0 0 1 0 0 0

0 0 0 −
√

2 0 0 0 0 0 0



2

= 1
2


2 0 0 0 0 0 0 0 0 2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 −2 0 0 0 2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
2 0 0 0 0 0 0 0 0 2


5�5.5.3. Nλς (1; 3)γzλς

µς N̄µς (1; 3)

= −iN0ς (1; 3)N̄2ς (1; 3) + iN1ς (1; 3)N̄3ς (1; 3) + iN2ς (1; 3)N̄0ς (1; 3)− iN3ς (1; 3)N̄1ς (1; 3)

= − i√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− i√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0
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= i√
2



0 0 −
√

2 0 0 0 0 0 0 0
0 0 0 1 0 −1 0 0 0 0√
2 0 0 0 0 0 0 −

√
2 0 0

0 −1 0 0 0 0 0 0 −1 0

0 0 0 0 0 0
√

2 0 0 0
0 1 0 0 0 0 0 0 1 0
0 0 0 0 −

√
2 0 0 0 0

√
2

0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 −1 0 0 0 0

0 0 0 0 0 0 −
√

2 0 0 0



2

= 1
2


2 0 0 0 0 0 0 −2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 −2 0 0 0 0
0 0 0 0 2 0 0 0 0 −2
0 0 0 −2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
−2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 −2 0 0 0 0 2


5�5.5.4. Nλς (1; 3)γ4

λς
µς N̄µς (1; 3)

= ςN0ς (1; 3)N̄2ς (1; 3) + ςN1ς (1; 3)N̄3ς (1; 3) + ςN2ς (1; 3)N̄0ς (1; 3) + ςN3ς (1; 3)N̄1ς (1; 3)

= ς√
2


0 0
√

2 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0

√
2 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0

0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0

√
2

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0√
2 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0

√
2 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0

√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



= ς√
2



0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0√
2 0 0 0 0 0 0

√
2 0 0

0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 0

√
2 0 0 0

0 1 0 0 0 0 0 0 1 0
0 0 0 0

√
2 0 0 0 0

√
2

0 0
√

2 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0

√
2 0 0 0



2

= 1
2


2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0
0 0 0 0 2 0 0 0 0 2
0 0 0 2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 2 0 0 0 0 2


5�5.5.5. Nλς (1; 3)γ5

λς
µς N̄µς (1; 3)

= ςN0ς (1; 3)N̄0ς (1; 3) + ςN1ς (1; 3)N̄1ς (1; 3)− ςN2ς (1; 3)N̄2ς (1; 3)− ςN3ς (1; 3)N̄3ς (1; 3)

= ς√
2


2 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

+ ς√
2


0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

− ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0

− ς√
2


0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2



= ς√
2


2 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −2 0 0
0 0 0 0 0 0 0 0 −2 0
0 0 0 0 0 0 0 0 0 −2


2

= 1
2


4 0 0 0 0 0 0 0 0 0
0 4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 4 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 4 0 0
0 0 0 0 0 0 0 0 4 0
0 0 0 0 0 0 0 0 0 4


5�5.5.6.

1
2


2 0 0 0 0 0 0 0 0 −2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 −2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 2 0 0 0 2 0 0 0
0 0 0 0 −2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
−2 0 0 0 0 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 0 0 2
0 2 0 0 0 0 0 0 −2 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 4 0 0 0 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 4 0 0 0 0
0 0 −2 0 0 0 2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 −2 0 0 0 0 0 0 2 0
2 0 0 0 0 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 −2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 −2 0 0 0 0
0 0 0 0 2 0 0 0 0 −2
0 0 0 −2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
−2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 −2 0 0 0 0 2

+ 1
2


2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 4 0 0 0 0 0 0 0
0 0 0 2 0 2 0 0 0 0
0 0 0 0 2 0 0 0 0 2
0 0 0 2 0 2 0 0 0 0
0 0 0 0 0 0 4 0 0 0
2 0 0 0 0 0 0 2 0 0
0 2 0 0 0 0 0 0 2 0
0 0 0 0 2 0 0 0 0 2


=

1
2


8 0 0 0 0 0 0 0 0 0
0 8 0 0 0 0 0 0 0 0
0 0 12 0 0 0 0 0 0 0
0 0 0 12 0 0 0 0 0 0
0 0 0 0 8 0 0 0 0 0
0 0 0 0 0 12 0 0 0 0
0 0 0 0 0 0 12 0 0 0
0 0 0 0 0 0 0 8 0 0
0 0 0 0 0 0 0 0 8 0
0 0 0 0 0 0 0 0 0 8


íØ5.5.6. [γa(ς)(1; 3), γ5(ς)(1; 3)]2 = 6

íØ5.5.7.

i√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 −1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0√
2 0 0 0 0 0 0 0 0 −

√
2

0 0 0 0 0 −
√

2 0 0 0 0

0 0 0 0
√

2 0 0 −
√

2 0 0
0 1 0 0 0 0 0 0 −1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 1 0 0 0 1 0 0 0
0 0 0

√
2 0 0 0 0 0 0


1√
2



0 0 0 −
√

2 0 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0
0 1 0 0 0 0 0 0 −1 0

−
√

2 0 0 0 0 0 0 0 0 −
√

2

0 0 0 0 0
√

2 0 0 0 0

0 0 0 0
√

2 0 0
√

2 0 0
0 −1 0 0 0 0 0 0 1 0

0 0 0 0 0
√

2 0 0 0 0
0 0 −1 0 0 0 1 0 0 0

0 0 0 −
√

2 0 0 0 0 0 0
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= i
2


2 0 0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 0 −2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 −2 0 0 0
0 0 0 0 2 0 0 2 0 0
0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 −2



íØ5.5.8. [γx(1; 3), γy(1; 3)] = i


2 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 −2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −2

 , {γx(1; 3), γy(1; 3)} = i


0 0 0 0 0 0 0 0 0 2
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −2 0 0
0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
−2 0 0 0 0 0 0 0 0 0
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Ó�ÐmXê§�
!��Ì§Ø2E�Ñ"

1 õ�{~êØCÜþΓ
kς
AςBςCς ··(s; 2j − 1),Γ

AςBςCς ··
kς

(s; 2j − 1)

1.1 ~êØCÜþΓkςAςBςCς ··(s; 2j − 1),ΓAςBςCς ··kς
(s; 2j − 1)

½Â1.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) = 1
(2s)!

Γkς(AςBςCς · ·)︸ ︷︷ ︸
2s

(s; 2j − 1), w = 2j − 1

Γkς0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

··wς · ·wς︸ ︷︷ ︸
lw

(s; 2j − 1) =
√

l0!l1!··lw!
(2s)!

δ{kς ,
[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2j−1−k − C2l

2l+2j−1−λ2l
)}, l0 + l1 + · ·+lw = 2s

½Â1.1.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
(AςBςCς · ·)
kς

(s; 2j − 1), w = 2j − 1

Γ

l0︷ ︸︸ ︷
0ς · ·0ς

l1︷ ︸︸ ︷
1ς · ·1ς ··

lw︷ ︸︸ ︷
wς · ·wς

kς
(s; 2j − 1) =

√
l0!l1!··lw!

(2s)!
δ{kς ,

[s]∑
l=0

(
λ2l+1∑
k=λ2l+2

C2l
2l+2j−1−k − C2l

2l+2j−1−λ2l
)}, l0 + l1 + · ·+lw = 2s

1.2 ~êÝ
Γ(s; 2j − 1), Γ̄(s; 2j − 1)

½Â1.2.1. Γ(s; 2j − 1) � ΓAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

kς (s; 2j − 1), Γ̄(s; 2j − 1) � Γkς

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s; 2j − 1) ' ΓT (s; 2j − 1)

íØ1.2.1. [Γ(s; 2j − 1)] = (2j)2s × C2s
2s+2j−1, [Γ̄(s; 2j − 1)] = C2s

2s+2j−1 × (2j)2s, [Aς ] = 2j, [kς ] = C2s
2s+2j−1

1.3 ~êØCÜþΓkςAςBςCς ··(s; 2j − 1),ΓAςBςCς ··kς
(s; 2j − 1) �Ä�5�

��5µ

5�1.3.1. Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) ' ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) ' Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s; 2j − 1)

5�1.3.2. [ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)]∗ ' Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j − 1), [Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)]∗ ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s; 2j − 1)

íØ1.3.1. Γ(s; 2j − 1) = Γ∗(s; 2j − 1), Γ̄(s; 2j − 1) = Γ̄∗(s; 2j − 1), Γ̄(s; 2j − 1) = Γ+(s; 2j − 1),Γ(s; 2j − 1) =

Γ̄+(s; 2j − 1)

��5µ

5�1.3.3. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
lς

(s; 2j − 1) = δkς lς [⇔]Γ̄(s; 2j − 1)Γ(s; 2j − 1) = I

5�1.3.4. ΓkςA1ςA2ς ··A2sς
(s; 2j − 1)ΓB1ςB2ς ··B2sς

kς
(s; 2j − 1) = 1

(2s)!
δ

(B1ς

A1ς
δB2ς

A2ς
· ·δB2sς)

A2sς
= 1

(2s)!
δB1ς

(A1ς
δB2ς

A2ς
· ·δB2sς

A2sς)

é'5µ
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5�1.3.5. εa1a2··anε
b1b2··bn = δ

[b1
a1 δ

b2
a2
· ·δbn]

an = δb1[a1
δb2a2
· ·δbnan]

Ù§5�µ

5�1.3.6. ΓkςAς (
1
2
; 2j − 1) = δkςAς ,Γ

Aς
kς

( 1
2
; 2j − 1) = δAςkς ; Γ(0; 2j − 1) = 1, Γ̄(0; 2j − 1) = 1

1.4 Ý5~êØCÜþεkς lς (s; 2j − 1)�Ú\9Ù5�

Ý5½Âµ(ε⊗ Ij)AςBς := (ε⊗ Ij)AςBς

½Â1.4.1.


εkς lς (s; 2j − 1) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) (ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j − 1)

εkς lς (s; 2j − 1) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)

2s︷ ︸︸ ︷
(ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j − 1)

5�1.4.1.


(ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j − 1)'uABC...�é¡

2s︷ ︸︸ ︷
(ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j − 1)'uABC...�é¡

íØ1.4.1. ε(s; 2j − 1) := Γ̄(s; 2j − 1) (ε⊗ Ij)⊗ · · ⊗(ε⊗ Ij)︸ ︷︷ ︸
2s

Γ(s; 2j − 1); (ε⊗ Ij) = ε( 1
2
; 2j − 1)

íØ1.4.2. ε(s; 2j − 1)ε+(s; 2j − 1) = ε+(s; 2j − 1)ε(s; 2j − 1) = 1; ε(s; 2j − 1) = ε∗(s; 2j − 1), ε(s; 2j − 1) =

(−1)4sjε(s; 2j − 1)

,ü�Iµ

5�1.4.2.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = εkς lς (s; 2j − 1) (ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j − 1)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) = εkς lς (s; 2j − 1)

2s︷ ︸︸ ︷
(ε⊗ Ij)AςEς (ε⊗ Ij)BςFς (ε⊗ Ij)CςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j − 1)

íØ1.4.3.


Γ(s; 2j − 1)ε(s; 2j − 1) = (ε⊗ Ij)⊗ · · ⊗(ε⊗ Ij)︸ ︷︷ ︸

2s

Γ(s; 2j − 1)

ε(s; 2j − 1)Γ̄(s; 2j − 1) = Γ̄(s; 2j − 1) (ε⊗ Ij)⊗ · · ⊗(ε⊗ Ij)︸ ︷︷ ︸
2s

PenroseIO,ü5Kµ

5�1.4.3.
ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = (−1)2s[ς2sεkς lς (s; 2j − 1)] [−ς(ε⊗ Ij)AςEς ][−ς(ε⊗ Ij)BςFς ][−ς(ε⊗ Ij)CςGς ] · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s; 2j − 1)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) = (−1)2s[(−ς)2sεkς lς (s; 2j − 1)]

2s︷ ︸︸ ︷
[ς(ε⊗ Ij)AςEς ][ς(ε⊗ Ij)BςFς ][ς(ε⊗ Ij)CςGς ] · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s; 2j − 1)
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1.5 g^~êØCÜþσας kς
lς (s; 2j − 1), Sab(s, ς; 2j − 1)

½Â1.5.1.

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)σαςAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = 1
2s
σας kς

lς (s; 2j − 1)[⇔]

Γ̄(s; 2j − 1)σας (j)Γ(s; 2j − 1) = 1
2s
σας (s; 2j − 1)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)SabAς
Zς (j)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = 1
2s
Sabkς

lς (s; 2j − 1)[⇔]

Γ̄(s; 2j − 1)Sab(j, ς)Γ(s; 2j − 1) = 1
2s
Sab(s, ς; 2j − 1)

1.6 ~êØCÜþΩ
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s; 2j − 1),Ω(s; 2j − 1)�Ú\9ÙÄ�5�

½Â1.6.1.

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j−1) :=

2s︷ ︸︸ ︷
[σ( 1

2
)⊗ Ij ]AςA

′
ςδBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ς [σ( 1

2
)⊗ Ij ]BςB

′
ςδCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ς [σ( 1
2
)⊗ Ij ]CςC

′
ς · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.6.2. Ω(s; 2j − 1) := [σ( 1
2
)⊗ Ij ]⊗ I(2j)2s−1 + I2j ⊗ [σ( 1

2
)⊗ Ij ]⊗ I(2j)2s−2 + · ·+I(2j)2s−1 ⊗ [σ( 1

2
)⊗ Ij ]

íØ1.6.1. Ω

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) := [σ( 1
2
)⊗ Ij ]AςA

′
ς δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j − 1)

[m] [m]

íØ1.6.2. Ω(s; 2j − 1) = [σ( 1
2
)⊗ Ij ]⊗ I(2j)2s−1 + I2j ⊗ Ω(s− 1

2
; 2j − 1)

íØ1.6.3. Ω(s; 2j − 1) = Ω(s− s′; 2j − 1)⊗ I(2j)2s′ + I(2j)2(s−s′) ⊗ Ω(s′; 2j − 1)

1.7 ~êØCÜþΩab
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s; 2j − 1),Ωab(s, ς; 2j − 1) �Ú\9ÙÄ�5�

½Â1.7.1.

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)

:=

2s︷ ︸︸ ︷
SabAς

A′ς ( 1
2
; 2j − 1)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςSabBς

B′ς ( 1
2
; 2j − 1)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςSabCς
C′ς ( 1

2
; 2j − 1) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â1.7.2. Ωab(s, ς; 2j − 1)

:= Sab(
1
2
, ς; 2j − 1)⊗ I(w+1)2s−1 + I4 ⊗ Sab( 1

2
, ς; 2j − 1)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
, ς; 2j − 1)

íØ1.7.1. Ωab

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) := SabAς
A′ς ( 1

2
; 2j − 1) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩab

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j − 1)

[m] [m]

íØ1.7.2. Ωab(s, ς; 2j − 1) = Sab(
1
2
, ς; 2j − 1)⊗ I(w+1)2s−1 + I4 ⊗ Ωab(s− 1

2
, ς; 2j − 1)

íØ1.7.3. Ωab(s, ς; 2j − 1) = Ωab(s− s′, ς; 2j − 1)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ωab(s
′, ς; 2j − 1)
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1.8 g^~êØCÜþσας kς
lς (s; 2j − 1), σ(s; 2j − 1)�Ú\

½Â1.8.1. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)σαςAς
Zς ( 1

2
; 2j − 1)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) := 1
2s
σας kς

lς (s; 2j − 1)

[⇔]σ(s; 2j − 1) := Γ̄(s; 2j − 1)Ω(s; 2j − 1)Γ(s; 2j − 1)

1.9 g^~êØCÜþSabkς
lς (s; 2j − 1), Sab(s, ς; 2j − 1)�Ú\

½Â1.9.1. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)SabAς
Zς ( 1

2
; 2j − 1)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) := 1
2s
Sabkς

lς (s; 2j − 1)

[⇔]Sab(s, ς; 2j − 1) := Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)Γ(s; 2j − 1)

1.10 ~êÝ
Ωab(s, ς; 2j − 1), Sab(s, ς; 2j − 1)�Ωας (s; 2j − 1), σας (s; 2j − 1)�m'X

íØ1.10.1. Sab(
1
2
, ς; 2j − 1) = σαςςabσας (

1
2
; 2j − 1)

[⇒]Ωab(s, ς; 2j − 1) = σαςςabΩας (s; 2j − 1)[⇒]Sab(s, ς; 2j − 1) = σαςςabσας (s; 2j − 1)

1.11 ~êÝ
Ω(s; 2j − 1)�ü��Ún

Ún1.11.1. Γ(s; 2j − 1)Γ̄(s; 2j − 1)Ω(s; 2j − 1)Γ(s; 2j − 1) = Ω(s; 2j − 1)Γ(s; 2j − 1)

Ún1.11.2. Γ̄(s; 2j − 1)Ω(s; 2j − 1)Γ(s; 2j − 1)Γ̄(s; 2j − 1) = Γ̄(s; 2j − 1)Ω(s; 2j − 1)

1.12 ~êÝ
Ωab(s, ς; 2j − 1)�ü��Ún

Ún1.12.1. Γ(s; 2j − 1)Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)Γ(s; 2j − 1) = Ωab(s, ς; 2j − 1)Γ(s; 2j − 1)

Ún1.12.2. Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)Γ(s; 2j − 1)Γ̄(s; 2j − 1) = Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)

1.13 'u~êÝ
Γ̄(s; 3),Ω(s; 3), σ(s; 3),Γ(s; 3)���5�9ÙíØ

½n1.13.1. Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)σkς
lς (s; 2j − 1)

[⇔]Ω(s; 2j − 1)Γ(s; 2j − 1) = Γ(s; 2j − 1)σ(s; 2j − 1)

½n1.13.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) = σkς
lς (s; 2j − 1)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 2j − 1)

[⇔]Γ̄(s; 2j − 1)Ω(s; 2j − 1) = σ(s; 2j − 1)Γ̄(s; 2j − 1)

íØ1.13.1. Γ̄(s; 2j − 1)Ω(s; 2j − 1)Γ(s; 2j − 1) = σ(s; 2j − 1)

⇔ Ω(s; 2j − 1)Γ(s; 2j − 1) = Γ(s; 2j − 1)σ(s; 2j − 1)⇔ Γ̄(s; 2j − 1)Ω(s; 2j − 1) = σ(s; 2j − 1)Γ̄(s; 2j − 1)

íØ1.13.2. Ω2(s; 2j − 1)Γ(s; 2j − 1) = Γ(s; 2j − 1)σ2(s; 2j − 1)

íØ1.13.3. Γ̄(s; 2j − 1)Ω2(s; 2j − 1) = σ2(s; 2j − 1)Γ̄(s; 2j − 1)

íØ1.13.4. [σ( 1
2
)⊗ Ij ](AςA

′
ςΓlς

BςCς · ·)A′ς︸ ︷︷ ︸
2s

(s; 2j − 1) = 1
(2s−1)!

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)σkς
lς (s; 2j − 1)

1.14 'u~êÝ
Γ̄(s; 2j − 1),Ωab(s, ς; 2j − 1), Sab(s, ς; 2j − 1),Γ(s; 2j − 1)���5�9ÙíØ

½n1.14.1. Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s; 2j − 1) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Sabkς
lς (s; 2j − 1)

[⇔]Ωab(s, ς; 2j − 1)Γ(s; 2j − 1) = Γ(s; 2j − 1)Sab(s, ς; 2j − 1)
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½n1.14.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) = Sabkς
lς (s; 2j − 1)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s; 2j − 1)

[⇔]Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1) = Sab(s, ς; 2j − 1)Γ̄(s; 2j − 1)

íØ1.14.1. Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)Γ(s; 2j − 1) = Sab(s, ς; 2j − 1)

⇔ Ωab(s, ς; 2j−1)Γ(s; 2j−1) = Γ(s; 2j−1)Sab(s, ς; 2j−1)⇔ Γ̄(s; 2j−1)Ωab(s, ς; 2j−1) = Sab(s, ς; 2j−1)Γ̄(s; 2j−1)

íØ1.14.2. [Sab(
1
2
, ς)⊗ Ij ](AςA

′
ςΓlς

BςCς · ·)A′ς︸ ︷︷ ︸
2s

(s; 2j − 1) = 1
(2s−1)!

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Sabkς
lς (s; 2j − 1)

1.15 ~êÝ
Ω(s; 2j − 1), σ(s; 2j − 1)�âÔ[+L«

íØ1.15.1. Ω(s; 2j − 1)× Ω(s; 2j − 1) = iΩ(s; 2j − 1)[⇒]σ(s; 2j − 1)× σ(s; 2j − 1) = iσ(s; 2j − 1)

1.16 ~êÝ
Ωab(s, ς; 2j − 1), Sab(s, ς; 2j − 1)�âÔ[+L«

íØ1.16.1. i[Sab(
1
2
, ς; 2j − 1), Scd(

1
2
, ς; 2j − 1)]

= δadSbc(
1
2
, ς; 2j − 1)− δacSbd( 1

2
, ς; 2j − 1) + δbcSad(

1
2
, ς; 2j − 1)− δbdSac( 1

2
, ς; 2j − 1)

[⇒]i[Ωab(s, ς; 2j − 1),Ωcd(s, ς; 2j − 1)]

= δadΩbc(s, ς; 2j − 1)− δacΩbd(s, ς; 2j − 1) + δbcΩad(s, ς; 2j − 1)− δbdΩac(s, ς; 2j − 1)

[⇒]i[Sab(s, ς; 2j − 1), Scd(s, ς; 2j − 1)]

= δadSbc(s, ς; 2j − 1)− δacSbd(s, ς; 2j − 1) + δbcSad(s, ς; 2j − 1)− δbdSac(s, ς; 2j − 1)

1.17 íØµ~êÝ
Γ(s; 2j − 1), Γ̄(s; 2j − 1)�A�ð�ª

5�1.17.1.Γ̄(s; 2j − 1)Ω(s; 2j − 1)Γ(s; 2j − 1) = σ(s; 2j − 1), [Γ(s; 2j − 1)Γ̄(s; 2j − 1),Ω(s; 2j − 1)] = 0

Γ(s; 2j − 1)σ(s; 2j − 1)Γ̄(s; 2j − 1) = Ω(s; 2j − 1)Γ(s; 2j − 1)Γ̄(s; 2j − 1) = Γ(s; 2j − 1)Γ̄(s; 2j − 1)Ω(s; 2j − 1)

5�1.17.2.
Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)Γ(s; 2j − 1) = Sab(s, ς; 2j − 1), [Γ(s; 2j − 1)Γ̄(s; 2j − 1),Ωab(s, ς; 2j − 1)] = 0

Γ(s; 2j − 1)Sab(s, ς; 2j − 1)Γ̄(s; 2j − 1) = Ωab(s, ς; 2j − 1)Γ(s; 2j − 1)Γ̄(s; 2j − 1)

= Γ(s; 2j − 1)Γ̄(s; 2j − 1)Ωab(s, ς; 2j − 1)

5�1.17.3.
Γ̄(s; 2j − 1)[ϑ · Ω(s; 2j − 1)]nΓ(s; 2j − 1) = [ϑ · σ(s; 2j − 1)]n, [Γ(s; 2j − 1)Γ̄(s; 2j − 1), [ϑ · Ω(s; 2j − 1)]n] = 0

Γ(s; 2j − 1)[ϑ · σ(s; 2j − 1)]nΓ̄(s; 2j − 1) = [ϑ · Ω(s; 2j − 1)]nΓ(s; 2j − 1)Γ̄(s; 2j − 1)

= Γ(s; 2j − 1)Γ̄(s; 2j − 1)[ϑ · Ω(s; 2j − 1)]n

5�1.17.4.

Γ̄(s; 2j − 1)[ϑabΩab(s, ς; 2j − 1)]nΓ(s; 2j − 1) = [ϑabSab(s, ς; 2j − 1)]n

[Γ(s; 2j − 1)Γ̄(s; 2j − 1), [ϑabΩab(s, ς; 2j − 1)]n] = 0

Γ(s; 2j − 1)[ϑabSab(s, ς; 2j − 1)]nΓ̄(s; 2j − 1) = [ϑabΩab(s, ς; 2j − 1)]nΓ(s; 2j − 1)Γ̄(s; 2j − 1)

= Γ(s; 2j − 1)Γ̄(s; 2j − 1)[ϑabΩab(s, ς; 2j − 1)]n

íØ1.17.1.
Γ̄(s; 2j − 1)e

i
2
ϑabΩab(s,ς;2j−1)Γ(s; 2j − 1) = e

i
2
ϑabSab(s,ς;2j−1), [Γ(s; 2j − 1)Γ̄(s; 2j − 1), e

i
2
ϑabΩab(s,ς;2j−1)] = 0

Γ(s; 2j − 1)e
i
2
ϑabSab(s,ς;2j−1)Γ̄(s; 2j − 1) = e

i
2
ϑabΩab(s,ς;2j−1)Γ(s; 2j − 1)Γ̄(s; 2j − 1)

= Γ(s; 2j − 1)Γ̄(s; 2j − 1)e
i
2
ϑabΩab(s,ς;2j−1)
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1.18 ~êÝ
Γ(s; 2j − 1), Γ̄(s; 2j − 1)�é¡��5�

½Â1.18.1. Sex(s, n) = (
n−1︷ ︸︸ ︷

I2j ⊗ · · ⊗I2j⊗Sex

2s−n−1︷ ︸︸ ︷
⊗I2j ⊗ · · ⊗I)

íØ1.18.1. Γ(s; 2j − 1) = Sex(s, n)Γ(s; 2j − 1), Γ̄(s; 2j − 1) = Γ̄(s; 2j − 1)Sex(s, n)

íØ1.18.2. Sex(s, n)Ω(s; 2j − 1)Sex(s, n) = Ω(s; 2j − 1)

íØ1.18.3. ψ̂(s, ς; 2j − 1) = Sex(s, n)ψ̂(s, ς; 2j − 1),∀n ∈ {1, 2, ··, 2s+ 1}

1.19 Ý
Γ(s; 2j − 1), Γ̄(s; 2j − 1)�~êØCÜþ5�

½n1.19.1. Γ(s; 2j − 1) = e(iω+ςε)·Ω(s;2j−1)Γ(s; 2j − 1)e−(iω+ςε)·σ(s;2j−1)

½n1.19.2. Γ̄(s; 2j − 1) = e(iω+ςε)·σ(s;2j−1)Γ̄(s; 2j − 1)e−(iω+ςε)·Ω(s;2j−1)

íØ1.19.1.

S(s; 2j − 1) = e(iω+ςε)·Ω(s;2j−1)S(s; 2j − 1)e−(iω+ςε)·S+(s;2j−1)Ω(s;2j−1)S(s;2j−1)

S(s; 2j − 1) = e(iω+ςε)·S(s;2j−1)Ω(s;2j−1)S+(s;2j−1)S(s; 2j − 1)e−(iω+ςε)·Ω(s;2j−1)

S+(s; 2j − 1) = e(iω+ςε)·Ω(s;2j−1)S+(s; 2j − 1)e−(iω+ςε)·S(s;2j−1)Ω(s;2j−1)S+(s;2j−1)

S+(s; 2j − 1) = e(iω+ςε)·S+(s;2j−1)Ω(s;2j−1)S(s;2j−1)S+(s; 2j − 1)e−(iω+ςε)·Ω(s;2j−1)

1.20 ~êÝ
I2j ⊗ Γ(s− 1
2
; 2j − 1), I2j ⊗ Γ̄(s− 1

2
; 2j − 1)���5�

íØ1.20.1. Ω(s; 2j−1)[I2j⊗Γ(s− 1
2
; 2j−1)] = [I2j⊗Γ(s− 1

2
; 2j−1)][[σ( 1

2
)⊗Ij ]⊗IC2s−1

2s−1+2j−1
+I2j⊗σ(s− 1

2
; 2j−1)]

íØ1.20.2. [I2j⊗ Γ̄(s− 1
2
; 2j−1)]Ω(s; 2j−1) = [[σ( 1

2
)⊗Ij ]⊗IC2s−1

2s−1+2j−1
+I2j⊗σ(s− 1

2
; 2j−1)][I2j⊗ Γ̄(s− 1

2
; 2j−1)]

1.21 íØµ~êÝ
Γ(s− 1
2
; 2j − 1), Γ̄(s− 1

2
; 2j − 1)�A�ð�ª

5�1.21.1.

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Ω(s; 2j − 1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)] = [[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]

[I2j ⊗ Γ(s− 1
2
; 2j − 1)][[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= Ω(s; 2j − 1)[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]Ω(s; 2j − 1)

[[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)],Ω(s; 2j − 1)] = 0

5�1.21.2.

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Ωab(s, ς; 2j − 1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)] = [Sab(j, ς)⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ Sab(s− 1

2
, ς; 2j − 1)]

[I2j ⊗ Γ(s− 1
2
; 2j − 1)][Sab(j, ς)⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ Sab(s− 1

2
, ς; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= Ωab(s, ς; 2j − 1)[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]Ωab(s, ς; 2j − 1)

[[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)],Ωab(s, ς; 2j − 1)] = 0

5�1.21.3.

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)][ϑ · Ω(s; 2j − 1)]n[I2j ⊗ Γ(s− 1

2
; 2j − 1)]

= {ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}n

[I2j ⊗ Γ(s− 1
2
; 2j − 1)]{ϑ · [[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}n[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [ϑ · Ω(s; 2j − 1)]n[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)][ϑ · Ω(s; 2j − 1)]n

[[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)], [ϑ · Ω(s; 2j − 1)]n] = 0
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5�1.21.4.

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)][ϑabΩab(s, ς; 2j − 1)]n[I2j ⊗ Γ(s− 1

2
; 2j − 1)]

= {ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]}n

[I2j ⊗ Γ(s− 1
2
; 2j − 1)]{ϑab[Sab(j, ς)⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ Sab(s− 1

2
, ς; 2j − 1)]}n[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [ϑabΩab(s, ς; 2j − 1)]n[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)][ϑabΩab(s, ς; 2j − 1)]n

[[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)], [ϑabΩab(s, ς; 2j − 1)]n] = 0

íØ1.21.1.

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]e

i
2
ϑabΩab(s,ς;2j−1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)] = e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

[I2j ⊗ Γ(s− 1
2
; 2j − 1)]e

i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]

= e
i
2
ϑabΩab(s,ς;2j−1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

= [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]e

i
2
ϑabΩab(s,ς;2j−1)

[[I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)], e

i
2
ϑabΩab(s,ς;2j−1)] = 0

íØ1.21.2.

I(2j)2s−1Γ(s− 1
2
; 2j − 1) = Γ(s− 1

2
; 2j − 1)IC2s−1

2s−1+2j−1
, Γ̄(s− 1

2
; 2j − 1)I(2j)2s−1 = IC2s−1

2s−1+2j−1
Γ̄(s− 1

2
; 2j − 1)

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)][σ( 1

2
)⊗ Ij ]⊗ I(2j)2s−1 [I2j ⊗ Γ(s− 1

2
; 2j − 1)] = [σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1

[[σ( 1
2
)⊗ Ij ]⊗ I(2j)2s−1 [I2j ]⊗ Γ(s− 1

2
; 2j − 1)] = [I2j ⊗ Γ(s− 1

2
; 2j − 1)][[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
]

[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)][[σ( 1

2
)⊗ Ij ]⊗ I(2j)2s−1 ] = [[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

1.22 Ý
I2j ⊗ Γ̄(s− 1
2
; 2j − 1), I2j ⊗ Γ(s− 1

2
; 2j − 1)�~êØCÜþ5�

½n1.22.1. [I2j ⊗Γ(s− 1
2
; 2j − 1)] = e(iω+ςε)·Ω(s;2j−1)[I2j ⊗Γ(s− 1

2
; 2j − 1)]e−(iω+ςε)·[σ(

1
2

)⊗Ij ]⊗ e−(iω+ςε)·σ(s− 1
2

;2j−1)

½n1.22.2. [I2j ⊗ Γ̄(s− 1
2
; 2j − 1)] = e(iω+ςε)·[σ(

1
2

)⊗Ij ] ⊗ e(iω+ςε)·σ(s− 1
2

;2j−1)[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]e−(iω+ςε)·Ω(s;2j−1)

2 õ�{~êØCÜþN
kς
Aς lς

(s; 2j − 1), N
Aς lς
kς

(s; 2j − 1)

2.1 �{~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)

½Â2.1.1. Nkς
Aς lς

(s) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
), NAς lς

kς
(s) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
)

½Â2.1.2.

Nkς
Aς lς

(s; 2j − 1) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
; 2j − 1)

NAς lς
kς

(s; 2j − 1) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j − 1)

íØ2.1.1. N(s; 2j − 1) = [I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Γ(s; 2j − 1), N̄(s; 2j − 1) = Γ̄(s; 2j − 1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)]

5�2.1.1.

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1) = Nkς
Aς lς

(s; 2j − 1)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
; 2j − 1)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s; 2j − 1) = NAς lς
kς

(s; 2j − 1)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
; 2j − 1)
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íØ2.1.2. Γ(s; 2j − 1) = [I2j ⊗ Γ(s− 1
2
; 2j − 1)]N(s; 2j − 1), Γ̄(s; 2j − 1) = N̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)],

5�2.1.2. Γ(s; 2j − 1) = [I2j ⊗ Γ(s− 1
2
; 2j − 1)][I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]Γ(s; 2j − 1)

íØ2.1.3. Nkς
Aς lς

(s) = Nkς
Aς lς

(s; 1), NAς lς
kς

(s) = NAς lς
kς

(s; 1)

g·µãµ±þL²Nkς
Aς lς

(s; 2j − 1),NAς lς
kς

(s; 2j − 1)´~êØCÜþNkς
Aς lς

(s),NAς lς
kς

(s) �í2"

2.2 ~êÝ
NAς (s; 2j − 1), NAς (s; 2j − 1); N̄Aς (s; 2j − 1), N̄Aς (s; 2j − 1);N(s; 2j − 1), N̄(s; 2j − 1)

½Â2.2.1.

NAς (s; 2j − 1) ≺ Nkς
Aς lς

(s; 2j − 1), NAς (s; 2j − 1) ≺ NAς lς
kς

(s; 2j − 1)|I
C2s

2s+2j−1
×I

C
2s−1
2s−1+2j−1

N̄Aς (s; 2j − 1) := N+
Aς

(s; 2j − 1) � NAς lς
kς (s; 2j − 1)

N̄Aς (s; 2j − 1) := N+Aς (s; 2j − 1) � NAς lς
kς (s; 2j − 1)|I

C
2s−1
2s−1+2j−1

×I
C2s

2s+2j−1

N(s; 2j − 1) ≺ NAς⊗lς
kς (s; 2j − 1)|(2j)I

C
2s−1
2s−1+2j−1

×I
C2s

2s+2j−1

N̄(s; 2j − 1) = N+(s; 2j − 1) ≺ Nkς
Aς⊗lς (s; 2j − 1)|I

C2s
2s+2j−1

×(2j)I
C

2s−1
2s−1+2j−1

2.3 ~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)�Ä�5�

��5µ

5�2.3.1.N
k′ς
A′ς l
′
ς
(s; 2j − 1) ' Nkς

Aς lς
(s; 2j − 1) ' NAς lς

kς
(s; 2j − 1) ' NA′ς l

′
ς

k′ς
(s; 2j − 1)

[Nkς
Aς lς

(s; 2j − 1)]∗ ' Nk′ς
A′ς l
′
ς
(s; 2j − 1), [NAς lς

kς
(s; 2j − 1)]∗ ' NA′ς l

′
ς

k′ς
(s; 2j − 1)

íØ2.3.1.

NAς (s; 2j − 1) ' NAς (s; 2j − 1) ' NA′ς
(s; 2j − 1) ' NA′ς (s; 2j − 1)

N̄Aς (s; 2j − 1) ' N̄Aς (s; 2j − 1) ' N̄A′ς
(s; 2j − 1) ' N̄A′ς (s; 2j − 1)

NAς (s; 2j − 1) = N∗Aς (s; 2j − 1), N̄Aς (s; 2j − 1) = N̄∗Aς (s; 2j − 1)

N(s; 2j − 1) = N∗(s; 2j − 1), N̄(s; 2j − 1) = N̄∗(s; 2j − 1)

2.4 ~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)���5�

��5µ

Ún2.4.1.
2s−1∑
k=0

C2j−1
2j−1+k = C2j

2j−1+2s

Ún2.4.2. Nkς
Aς lς

(s; 2j − 1)N
A′ς lς
k′ς

(s; 2j − 1) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s; 2j − 1)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s; 2j − 1)

½n2.4.1.

Nkς
Aς lς

(s; 2j − 1)NAς lς
mς

(s; 2j − 1) = δkςmς

[⇔]NAς (s; 2j − 1)N̄Aς (s; 2j − 1) = IC2s
2s+2j−1

[⇔]N̄(s; 2j − 1)N(s; 2j − 1) = IC2s
2s+2j−1

Nkς
Aς lς

(s; 2j − 1)NAςmς
kς

(s; 2j − 1) = (1 + j
s
)δmςlς [⇔]N̄Aς (s; 2j − 1)NAς (s; 2j − 1) = (1 + j

s
)IC2s−1

2s−1+2j−1

Nkς
Aς lς

(s; 2j − 1)NBς lς
kς

(s; 2j − 1) = 1
2j
C2s

2s+2j−1δ
Bς
Aς

[⇔]tr[N̄Aς (s; 2j − 1)NBς (s; 2j − 1)] = 1
2j
C2s

2s+2j−1δ
Bς
Aς

5�2.4.1.N
kς
Aς lς

(s; 2j − 1)NBςmς
kς

(s; 2j − 1) = 1
2s

[δBςAς δ
mς
lς

+ (2s− 1)Nmς
Aςnς

(s− 1
2
; 2j − 1)NBςnς

lς
(s− 1

2
; 2j − 1)]

N̄Aς (s; 2j − 1)NBς (s; 2j − 1) = 1
2s

[δBςAς IC2s−1
2s−1+2j−1

+ (2s− 1)NBς (s− 1
2
; 2j − 1)N̄Aς (s− 1

2
; 2j − 1)]
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2.5 ~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)�,ü�I

,ü�Iµ

5�2.5.1.N
kς
Aς lς

(s; 2j − 1) = εkςmς (s; 2j − 1)(ε⊗ Ij)AςBςεlςnς (s− 1
2
; 2j − 1)NBςnς

mς
(s; 2j − 1)

NAς lς
kς

(s; 2j − 1) = εkςmς (s; 2j − 1)(ε⊗ Ij)AςBςεlςnς (s− 1
2
; 2j − 1)Nmς

Bςnς
(s; 2j − 1)

íØ2.5.1.

NAς (s; 2j − 1)ε(s− 1
2
; 2j − 1) = (ε⊗ Ij)AςBςε(s; 2j − 1)NBς (s; 2j − 1)

ε(s− 1
2
; 2j − 1)N̄Aς (s; 2j − 1) = N̄Bς (s; 2j − 1)εBςAς (j)ε(s; 2j − 1)

NAς (s; 2j − 1)ε(s− 1
2
; 2j − 1) = (ε⊗ Ij)AςBςε(s; 2j − 1)NBς (s; 2j − 1)

ε(s− 1
2
; 2j − 1)N̄Aς (s; 2j − 1) = N̄Bς (s; 2j − 1)εBςAς (j)ε(s; 2j − 1)

N(s; 2j − 1)ε(s; 2j − 1) = [(ε⊗ Ij)⊗ ε(s− 1
2
; 2j − 1)]N(s; 2j − 1)

ε(s; 2j − 1)N̄(s; 2j − 1) = N̄(s; 2j − 1)[(ε⊗ Ij)⊗ ε(s− 1
2
; 2j − 1)]

PenroseIO,ü5Kµ

5�2.5.2.N
kς
Aς lς

(s; 2j − 1) = (−1)2s[ς2sεkςmς (s; 2j − 1)][−ς(ε⊗ Ij)AςBς ][(−ς)2s−1εlςnς (s− 1
2
; 2j − 1)]NBςnς

mς
(s; 2j − 1)

NAς lς
kς

(s; 2j − 1) = (−1)2s[(−ς)2sεkςmς (s; 2j − 1)][ς(ε⊗ Ij)AςBς ][ς2s−1εlςnς (s− 1
2
; 2j − 1)]Nmς

Bςnς
(s; 2j − 1)

2.6 ~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)�g^Ý
C�

5�2.6.1.

NAςmς
kς

(s; 2j − 1)σαςAς
Bς (j)N lς

Bςmς
(s; 2j − 1) = 1

2s
σας kς

lς (s; 2j − 1)

[⇔]NAς (s; 2j − 1)σαςAς
Bς (j)N̄Bς (s; 2j − 1) = 1

2s
σας (s; 2j − 1)

[⇔]N̄(s; 2j − 1)[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
N(s; 2j − 1) = 1

2s
σ(s; 2j − 1)

NAς lς
kς

(s; 2j − 1)σαςAς
Bς (j)Nkς

Bςmς
(s; 2j − 1) = 1

2s
σαςmς

lς (s− 1
2
; 2j − 1)

[⇔]N̄Bς (s; 2j − 1)σαςAς
Bς (j)NAς (s; 2j − 1) = 1

2s
σας (s− 1

2
; 2j − 1)

5�2.6.2.

NAςmς
kς

(s; 2j − 1)SabAς
Bς (j)N lς

Bςmς
(s; 2j − 1) = 1

2s
Sabkς

lς (s; 2j − 1)

[⇔]NAς (s; 2j − 1)SabAς
Bς (j)N̄Bς (s; 2j − 1) = 1

2s
Sab(s, ς; 2j − 1)

[⇔]N̄(s; 2j − 1)Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

N(s; 2j − 1) = 1
2s
Sab(s, ς; 2j − 1)

NAς lς
kς

(s; 2j − 1)SabAς
Bς (j)Nkς

Bςmς
(s; 2j − 1) = 1

2s
Sabmς

lς (s− 1
2
; 2j − 1)

[⇔]N̄Bς (s; 2j − 1)SabAς
Bς (j)NAς (s; 2j − 1) = 1

2s
Sab(s− 1

2
, ς; 2j − 1)

2.7 ~êØCÜþNkς
Aς lς

(s; 2j − 1), NAς lς
kς

(s; 2j − 1)���5�

½n2.7.1.σαςAςBς (j)N
kς
Bς lς

(s; 2j − 1) + σας lς
mς (s− 1

2
; 2j − 1)Nkς

Aςmς
(s; 2j − 1) = N jς

Aς lς
(s; 2j − 1)σας jς

kς (s; 2j − 1)

NAς lς
kς

(s; 2j − 1)σαςAς
Bς (j) +NBςmς

kς
(s; 2j − 1)σαςmς

lς (s− 1
2
; 2j − 1) = σας kς

jς (s; 2j − 1)NBς lς
jς

(s; 2j − 1)σαςAςBς (j)N̄Bς (s; 2j − 1) + σας (s− 1
2
; 2j − 1)N̄Aς (s; 2j − 1) = N̄Aς (s; 2j − 1)σας (s; 2j − 1)

NAς (s; 2j − 1)σαςAς
Bς (j) +NBς (s; 2j − 1)σας (s− 1

2
; 2j − 1) = σας (s; 2j − 1)NBς (s; 2j − 1)[[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σας (s− 1

2
; 2j − 1)]N(s; 2j − 1) = N(s; 2j − 1)σας (s; 2j − 1)

N̄(s; 2j − 1)[[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σας (s− 1

2
; 2j − 1)] = σας (s; 2j − 1)N̄(s; 2j − 1)
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½n2.7.2.SabAςBς (j)N
kς
Bς lς

(s; 2j − 1) + Sablς
mς (s− 1

2
; 2j − 1)Nkς

Aςmς
(s; 2j − 1) = N jς

Aς lς
(s; 2j − 1)Sabjς

kς (s; 2j − 1)

NAς lς
kς

(s; 2j − 1)SabAς
Bς (j) +NBςmς

kς
(s; 2j − 1)Sabmς

lς (s− 1
2
; 2j − 1) = Sabkς

jς (s; 2j − 1)NBς lς
jς

(s; 2j − 1)SabAςBς (j)N̄Bς (s; 2j − 1) + Sab(s− 1
2
, ς; 2j − 1)N̄Aς (s; 2j − 1) = N̄Aς (s; 2j − 1)Sab(s, ς; 2j − 1)

NAς (s; 2j − 1)SabAς
Bς (j) +NBς (s; 2j − 1)Sab(s− 1

2
, ς; 2j − 1) = Sab(s, ς; 2j − 1)NBς (s; 2j − 1)[Sab(j, ς)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ Sab(s− 1

2
, ς; 2j − 1)]N(s; 2j − 1) = N(s; 2j − 1)Sab(s, ς; 2j − 1)

N̄(s; 2j − 1)[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)] = Sab(s, ς; 2j − 1)N̄(s; 2j − 1)

2.8 ~êØCÜþNkς
Aς1··Aςnlς (s; 2j − 1), NAς1··Aςnlς

kς
(s; 2j − 1)�5�

½Â2.8.1.

N
kς
Aς1··Aςnlςn(s; 2j − 1) := ΓkςAς1··Aς2s(s; 2j − 1)Γ

Aςn+1··Aς2s
lς

(s− n
2
; 2j − 1)

NAς1··Aςnlςn
kς

(s; 2j − 1) := ΓAς1··Aς2skς
(s; 2j − 1)ΓlςAςn+1··Aς2s(s−

n
2
; 2j − 1)

��5µ

5�2.8.1. N
k′ς
A′ς1··A′ςnl′ςn

(s; 2j − 1) ' Nkς
Aς1··Aςnlςn(s; 2j − 1) ' NAς1··Aςnlςn

kς
(s; 2j − 1) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 2j − 1)

5�2.8.2. [Nkς
Aς1··Aςnlςn(s; 2j − 1)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s; 2j − 1), [NAς1··Aςnlςn

kς
(s; 2j − 1)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s; 2j − 1)

Ðm5µ

5�2.8.3.N
kς
Aς1Aς2··Aςnlςn(s; 2j − 1) = Nkς

Aς1lς1
(s; 2j − 1)N lς1

Aς2lς2
(s− 1

2
; 2j − 1) · ·N lςn−1

Aςnlςn
(s− n−1

2
; 2j − 1)

NAς1Aς2··Aςnlςn
kς

(s; 2j − 1) = NAς1lς1
kς

(s; 2j − 1)NAς2lς2
lς1

(s− 1
2
; 2j − 1) · ·NAςnlςn

lςn−1
(s− n−1

2
; 2j − 1)

5�2.8.4.ΓkςAς1Aς2··Aς2s(s; 2j − 1) = Nkς
Aς1lς1

(s; 2j − 1)N lς1
Aς2lς2

(s− 1
2
; 2j − 1) · ·N lς2s−1

Aς2slς2s
( 1

2
; 2j − 1)

ΓAς1Aς2··Aς2skς
(s; 2j − 1) = NAς1lς1

kς
(s; 2j − 1)NAς2lς2

lς1
(s− 1

2
; 2j − 1) · ·NAς2slς2s

lς2s−1
( 1

2
; 2j − 1)ΓkςAς1Aς2··Aς2s(s; 2j − 1) � ΓAς1Aς2··Aς2s(s; 2j − 1) = NAς1(s; 2j − 1)NAς2(s− 1

2
; 2j − 1) · ·NAς2s(

1
2
; 2j − 1)

ΓAς1Aς2··Aς2skς
(s; 2j − 1) � ΓAς1Aς2··Aς2s(s; 2j − 1) = NAς1(s; 2j − 1)NAς2(s− 1

2
; 2j − 1) · ·NAς2s( 1

2
; 2j − 1)Γ̄(s; 2j − 1) = N̄(s; 2j − 1)[I2j ⊗ N̄(s− 1

2
; 2j − 1)] · ·[I(2j)2s−2 ⊗ N̄(1)][I(2j)2s−1 ⊗ N̄( 1

2
; 2j − 1)]

Γ(s; 2j − 1) = [I(2j)2s−1 ⊗N( 1
2
; 2j − 1)][I(2j)2s−2 ⊗N(1)] · ·[I2j ⊗N(s− 1

2
; 2j − 1)]N(s; 2j − 1)

2.9 íØ1µ~êÝ
N(s; 2j − 1), N̄(s; 2j − 1)�A�ð�ª

5�2.9.1.

N̄(s; 2j − 1)[[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]N(s; 2j − 1) = σ(s; 2j − 1)

N(s; 2j − 1)σ(s; 2j − 1)N̄(s; 2j − 1) = [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]N(s; 2j − 1)N̄(s; 2j − 1)

N(s; 2j − 1)σ(s; 2j − 1)N̄(s; 2j − 1) = N(s; 2j − 1)N̄(s; 2j − 1){ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}n

[N(s; 2j − 1)N̄(s; 2j − 1), [σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)] = 0

5�2.9.2.

N̄(s; 2j − 1)[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]N(s; 2j − 1) = Sab(s, ς; 2j − 1)

N(s; 2j − 1)Sab(s, ς; 2j − 1)N̄(s; 2j − 1) = [Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]N(s; 2j − 1)N̄(s; 2j − 1)

N(s; 2j − 1)Sab(s, ς; 2j − 1)N̄(s; 2j − 1) = N(s; 2j − 1)N̄(s; 2j − 1)[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]

[N(s; 2j − 1)N̄(s; 2j − 1), Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)] = 0
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5�2.9.3.

N̄(s; 2j − 1){ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}nN(s; 2j − 1) = [ϑ · σ(s; 2j − 1)]n

N(s; 2j − 1)[ϑ · σ(s; 2j − 1)]nN̄(s; 2j − 1)

= {ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}nN(s; 2j − 1)N̄(s; 2j − 1)

N(s; 2j − 1)[ϑ · σ(s; 2j − 1)]nN̄(s; 2j − 1)

= N(s; 2j − 1)N̄(s; 2j − 1){ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}n

[N(s; 2j − 1)N̄(s; 2j − 1), {ϑ · [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]}n] = 0

5�2.9.4.

N̄(s; 2j − 1){ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]}nN(s; 2j − 1) = [ϑabSab(s, ς; 2j − 1)]n

N(s; 2j − 1)[ϑabSab(s, ς; 2j − 1)]nN̄(s; 2j − 1)

= {ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]}nN(s; 2j − 1)N̄(s; 2j − 1)

N(s; 2j − 1)[ϑabSab(s, ς; 2j − 1)]nN̄(s; 2j − 1)

= N(s; 2j − 1)N̄(s; 2j − 1){ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]}n

[N(s; 2j − 1)N̄(s; 2j − 1), {ϑab[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]}n] = 0

íØ2.9.1.

N̄(s; 2j − 1)e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

N(s; 2j − 1) = e
i
2
ϑabSab(s,ς;2j−1)

N(s; 2j − 1)e
i
2
ϑabSab(s,ς;2j−1)N̄(s; 2j − 1)

= e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

N(s; 2j − 1)N̄(s; 2j − 1)

N(s; 2j − 1)e
i
2
ϑabSab(s,ς;2j−1)N̄(s; 2j − 1)

= N(s; 2j − 1)N̄(s; 2j − 1)e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

[N(s; 2j − 1)N̄(s; 2j − 1), e
i
2
ϑab[Sab(j,ς)⊗IC2s−1

2s−1+2j−1
+I2j⊗Sab(s−

1
2
,ς;2j−1)]

] = 0

2.10 íØ2µ~êÝ
N(s; 2j − 1), N̄(s; 2j − 1)�,	A�ð�ª

íØ2.10.1.

N̄(s; 2j − 1)[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
N(s; 2j − 1) = 1

2s
σ(s; 2j − 1)

N̄(s; 2j − 1)I2j ⊗ σ(s− 1
2
; 2j − 1)N(s; 2j − 1) = (1− 1

2s
)σ(s; 2j − 1)

NAς (s; 2j − 1)σ(s− 1
2
; 2j − 1)N̄Aς (s; 2j − 1) = (1− 1

2s
)σ(s; 2j − 1)

N̄Aς (s; 2j − 1)σ(s; 2j − 1)NAς (s; 2j − 1) = (1 + 2j
2s

)σ(s− 1
2
; 2j − 1)

íØ2.10.2.

N̄(s; 2j − 1)Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

N(s; 2j − 1) = 1
2s
Sab(s, ς; 2j − 1)

N̄(s; 2j − 1)I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)N(s; 2j − 1) = (1− 1

2s
)Sab(s, ς; 2j − 1)

NAς (s; 2j − 1)Sab(s− 1
2
, ς; 2j − 1)N̄Aς (s; 2j − 1) = (1− 1

2s
)Sab(s, ς; 2j − 1)

N̄Aς (s; 2j − 1)Sab(s, ς; 2j − 1)NAς (s; 2j − 1) = (1 + 2j
2s

)Sab(s− 1
2
, ς; 2j − 1)

íØ2.10.3.

N̄(1)[[σ( 1
2
)⊗ Ij ]⊗ I2 + I2j ⊗ [σ( 1

2
)⊗ Ij ]]N(1) = σ(1)

N̄( 3
2
){[σ( 1

2
)⊗ Ij ]⊗ I3 + I2j ⊗ {N̄(1)[[σ( 1

2
)⊗ Ij ]⊗ I2 + I2j ⊗ [σ( 1

2
)⊗ Ij ]]N(1)}}N( 3

2
) = σ( 3

2
)

N̄(s; 2j − 1) · ·N̄( 3
2
){[σ( 1

2
)⊗ Ij ]⊗ I3 + I2j ⊗ {N̄(1)[[σ( 1

2
)⊗ Ij ]⊗ I2 + I2j ⊗ [σ( 1

2
)⊗ Ij ]]N(1)}}N( 3

2
) · ·N(s; 2j − 1)

= σ(s; 2j − 1)
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2.11 Ý
N(s; 2j − 1), N̄(s; 2j − 1)�~êØCÜþ5�

½n2.11.1. N(s; 2j − 1) = e(iω+ςε)·[σ(
1
2

)⊗Ij ] ⊗ e(iω+ςε)·σ(s− 1
2

;2j−1)N(s; 2j − 1)e−(iω+ςε)·σ(s;2j−1)

½n2.11.2. N̄(s; 2j − 1) = e(iω+ςε)·σ(s;2j−1)N̄(s; 2j − 1)e−(iω+ςε)·[σ(
1
2

)⊗Ij ] ⊗ e−(iω+ςε)·σ(s− 1
2

;2j−1)

3 õ�{~êØCÜþX
Aς lς
mς (s; 2j − 1), X

mς

Aς lς
(s; 2j − 1)

3.1 �{~êØCÜþXAς lς
mς (s; 2j − 1), Xmς

Aς lς
(s; 2j − 1)

½Â3.1.1.

XAς lς
mς

(s; 2j − 1) :=
√

2s−1√
2s−1+2j−1

(ε⊗ Ij)AςBςN lς
Bςmς

(s− 1
2
; 2j − 1)

Xmς
Aς lς

(s; 2j − 1) :=
√

2s−1√
2s−1+2j−1

(ε⊗ Ij)AςBςN
Bςmς
lς

(s− 1
2
; 2j − 1)

5�3.1.1. XAς lς
mς

(s; 2j − 1) ' Xmς
Aς lς

(s; 2j − 1)

3.2 ~êÝ
X(s; 2j − 1), X̄(s; 2j − 1)

½Â3.2.1.
XAς (s; 2j − 1) ≺ XAς lς

mς
(s; 2j − 1), XAς (s; 2j − 1) ≺ Xmς

Aς lς
(s; 2j − 1)

X̄Aς (s; 2j − 1) ≺ XAς lς
mς (s; 2j − 1), X̄Aς (s; 2j − 1) ≺ XAς lς

mς (s; 2j − 1)

X(s; 2j − 1) ≺ XAς⊗lς
mς (s; 2j − 1), X̄(s; 2j − 1) ≺ Xmς

Aς⊗lς (s; 2j − 1) = X+(s; 2j − 1)

3.3 ~êØCÜþXAς lς
mς (s; 2j − 1), Xmς

Aς lς
(s; 2j − 1)�,ü�I

5�3.3.1.XAς lς
mς

(s; 2j − 1) = (ε⊗ Ij)AςBςεlςnς (s− 1
2
; 2j − 1)εmςrς (s− 1; 2j − 1)Xrς

Bςnς
(s− 1

2
; 2j − 1)

Xmς
Aς lς

(s; 2j − 1) = (ε⊗ Ij)AςBςεlςnς (s− 1
2
; 2j − 1)εmςrς (s− 1; 2j − 1)XBςnς

rς
(s− 1

2
; 2j − 1)

3.4 ~êØCÜþXAς lς
mς (s; 2j − 1), Xmς

Aς lς
(s; 2j − 1)���5

5�3.4.1. XAς lς
mς

(s; 2j − 1)Xnς
Aς lς

(s; 2j − 1) = δmς
nς [⇔]XAς (s; 2j − 1)X̄Aς (s; 2j − 1) = IC2s−2

2s−2+2j−1

[⇔]X̄(s; 2j − 1)X(s; 2j − 1) = IC2s−2
2s−2+2j−1

5�3.4.2. XAς lς
mς

(s; 2j − 1)Nkς
Aς lς

(s; 2j − 1) = 0

[⇔]XAς (s; 2j − 1)N̄Aς (s; 2j − 1) = 0, NAς (s; 2j − 1)X̄Aς (s; 2j − 1) = 0

[⇔]X̄(s; 2j − 1)N(s; 2j − 1) = 0, N̄(s; 2j − 1)X(s; 2j − 1) = 0

5�3.4.3. Xmς
Aς lς

(s; 2j−1)XAςkς
mς

(s; 2j−1) = 2s−1
2s−1+2j−1

δlς
kς [⇔]X̄Aς (s; 2j−1)XAς (s; 2j−1) = 2s−1

2s−1+2j−1
IC2s−1

2s−1+2j−1

5�3.4.4. Xmς
Aς lς

(s; 2j−1)XBς lς
mς

(s; 2j−1) = 1
2j
C2s−2

2s−2+2j−1δ
Bς
Aς

[⇔]tr[X̄Aς (s; 2j−1)XBς (s; 2j−1)] = 1
2j
C2s−2

2s−2+2j−1δ
Bς
Aς

íØ3.4.1. N̄(s; 2j − 1)N(s; 2j − 1) = IC2s
2s+2j−1

, X̄(s; 2j − 1)X(s; 2j − 1) = IC2s−2
2s−2+2j−1

N̄(s; 2j − 1)X(s; 2j − 1) = 0, X̄(s; 2j − 1)N(s; 2j − 1) = 0

3.5 ~êØCÜþXAς lς
mς (s; 2j − 1), Xmς

Aς lς
(s; 2j − 1)�g^C�

íØ3.5.1. XAς lς
mς

(s; 2j − 1)σαςAς
Bς (j)Xnς

Bς lς
(s; 2j − 1) = − 1

2s−1+2j−1
σαςmς

nς (s− 1; 2j − 1)

[⇔]XAς (s; 2j − 1)σAς
Bς (j)X̄Bς (s; 2j − 1) = − 1

2s−1+2j−1
σ(s− 1; 2j − 1)

[⇔]X̄(s; 2j − 1)[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
X(s; 2j − 1) = − 1

2s−1+2j−1
σ(s− 1; 2j − 1)

íØ3.5.2. XAς lς
mς

(s; 2j − 1)σαςAς
Bς (j)Xmς

Bςkς
(s; 2j − 1) = − 1

2s−1+2j−1
σας kς

lς (s− 1
2
; 2j − 1)

[⇔]X̄Aς (s; 2j − 1)σαςAς
Bς (j)XBς (s; 2j − 1) = − 1

2s−1+2j−1
σας (s− 1

2
; 2j − 1)

íØ3.5.3. XAς lς
mς

(s; 2j − 1)SabAς
Bς (j)Xnς

Bς lς
(s; 2j − 1) = − 1

2s−1+2j−1
Sabmς

nς (s− 1; 2j − 1)

[⇔]XAς (s; 2j − 1)Sab(j, ς)⊗ IC2s−2
2s−2+2j−1

X̄Aς (s; 2j − 1) = − 1
2s−1+2j−1

Sab(s− 1, ς; 2j − 1)

[⇔]X̄(s; 2j − 1)Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

X(s; 2j − 1) = − 1
2s−1+2j−1

Sab(s− 1, ς; 2j − 1)
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íØ3.5.4. XAς lς
mς

(s; 2j − 1)SabAς
Bς (j)Xmς

Bςkς
(s; 2j − 1) = − 1

2s
Sabkς

lς (s− 1
2
; 2j − 1)

[⇔]X̄Aς (s; 2j − 1)SabAς
Bς (j)XBς (s; 2j − 1) = − 1

2s−1+2j−1
Sab(s− 1

2
, ς; 2j − 1)

3.6 ~êØCÜþXAς lς
mς (s; 2j − 1), Xmς

Aς lς
(s; 2j − 1)���5�

½n3.6.1.XAς lς
mς

(s; 2j − 1)[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j − 1)] = σmς

nς (s− 1; 2j − 1)XBςkς
nς

(s; 2j − 1)

[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j − 1)]Xnς

Bςkς
(s; 2j − 1) = Xmς

Aς lς
(s; 2j − 1)σmς

nς (s− 1; 2j − 1)XAς (s; 2j − 1)[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j − 1)] = σ(s− 1; 2j − 1)XBς (s; 2j − 1)

[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j − 1)]X̄Bς (s; 2j − 1) = X̄Aς (s; 2j − 1)σ(s− 1; 2j − 1)X̄(s; 2j − 1)[[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)] = σ(s− 1; 2j − 1)X̄(s; 2j − 1)

[[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]X(s; 2j − 1) = X(s; 2j − 1)σ(s− 1; 2j − 1)

½n3.6.2.XAς lς
mς

(s; 2j − 1)[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j − 1)] = Sabmς

nς (s− 1; 2j − 1)XBς⊗kς
nς

(s; 2j − 1)

[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j − 1)]Xnς

Bςkς
(s; 2j − 1) = Xmς

Aς lς
(s; 2j − 1)Sabmς

nς (s− 1; 2j − 1)XAς (s; 2j − 1)[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j − 1)] = Sab(s− 1, ς; 2j − 1)XBς (s; 2j − 1)

[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j − 1)]X̄Bς (s; 2j − 1) = X̄Aς (s; 2j − 1)Sab(s− 1, ς; 2j − 1)X̄(s; 2j − 1)[Sab(j, ς)⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ Sab(s− 1

2
, ς; 2j − 1)] = Sab(s− 1, ς; 2j − 1)X̄(s; 2j − 1)

[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]X(s; 2j − 1) = X(s; 2j − 1)Sab(s− 1, ς; 2j − 1)

íØ3.6.1.

NCςmς
lς (s− 1

2
; 2j − 1)εCςAς (j)[σAς

Bς (j)δlς
kς + δAς

Bςσlς
kς (s− 1

2
; 2j − 1)]

= σmς
nς (s− 1; 2j − 1)NDςnς

kς (s− 1
2
; 2j − 1)εDςBς (j)

[σAς
Bς (j)δlς

kς + δAς
Bςσlς

kς (s− 1
2
; 2j − 1)]εBςCς (j)N

Cςnς
kς

(s− 1
2
; 2j − 1)

= εAςDς (j)N
Dςmς
lς

(s− 1
2
; 2j − 1)σmς

nς (s− 1; 2j − 1)NCς (s− 1
2
; 2j − 1)εCςAς (j)[σAς

Bς (j) + δAς
Bςσ(s− 1

2
; 2j − 1)] = σ(s− 1; 2j − 1)NDς (s− 1

2
; 2j − 1)εDςBς (j)

[σAς
Bς (j) + δAς

Bςσ(s− 1
2
; 2j − 1)]εBςCς (j)N

Cς (s− 1
2
; 2j − 1) = εAςDς (j)N

Dς (s− 1
2
; 2j − 1)σ(s− 1; 2j − 1)

íØ3.6.2.

NCςmς
lς (s− 1

2
; 2j − 1)εCςAς (j)[SabAς

Bς (j)δlς
kς + δAς

BςSablς
kς (s− 1

2
; 2j − 1)]

= Sabmς
nς (s− 1; 2j − 1)NDςnς

kς (s− 1
2
; 2j − 1)εDςBς (j)

[SabAς
Bς (j)δlς

kς + δAς
BςSablς

kς (s− 1
2
; 2j − 1)]εBςCς (j)N

Cςnς
kς

(s− 1
2
; 2j − 1)

= εAςDς (j)N
Dςmς
lς

(s− 1
2
; 2j − 1)Sabmς

nς (s− 1; 2j − 1)NCς (s− 1
2
; 2j − 1)εCςAς (j)[SabAς

Bς (j) + δAς
BςSab(s− 1

2
, ς; 2j − 1)] = Sab(s− 1, ς; 2j − 1)NDς (s− 1

2
; 2j − 1)εDςBς (j)

[SabAς
Bς (j) + δAς

BςSab(s− 1
2
, ς; 2j − 1)]εBςCς (j)N

Cς (s− 1
2
; 2j − 1) = εAςDς (j)N

Dς (s− 1
2
; 2j − 1)Sab(s− 1, ς; 2j − 1)

3.7 íØµ'u~êÝ
X(s; 2j − 1), X̄(s; 2j − 1)��5�

íØ3.7.1.
X̄(s; 2j − 1)[[σ( 1

2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]X(s; 2j − 1) = σ(s− 1; 2j − 1)

X(s; 2j − 1)σ(s− 1; 2j − 1)X̄(s; 2j − 1) = [[σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)]X(s; 2j − 1)X̄(s; 2j − 1)

[X(s; 2j − 1)X̄(s; 2j − 1), [σ( 1
2
)⊗ Ij ]⊗ IC2s−1

2s−1+2j−1
+ I2j ⊗ σ(s− 1

2
; 2j − 1)] = 0
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íØ3.7.2.

X̄(s; 2j − 1)[Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]X(s; 2j − 1) = Sab(s− 1, ς; 2j − 1)

X(s; 2j − 1)Sab(s, ς − 1, ς; 2j − 1)X̄(s; 2j − 1)

= [Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)]X(s; 2j − 1)X̄(s; 2j − 1)

[X(s; 2j − 1)X̄(s; 2j − 1), Sab(j, ς)⊗ IC2s−1
2s−1+2j−1

+ I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)] = 0

íØ3.7.3. XAς (s; 2j − 1)σ(s− 1
2
; 2j − 1)X̄Aς (s; 2j − 1) = 2s+2j−1

2s−1+2j−1
σ(s− 1; 2j − 1)

[⇔]X̄(s; 2j − 1)I2j ⊗ σ(s− 1
2
; 2j − 1)X(s; 2j − 1) = 2s+2j−1

2s−1+2j−1
σ(s− 1; 2j − 1)

íØ3.7.4. XAς (s; 2j − 1)I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)X̄Aς (s; 2j − 1) = 2s+2j−1

2s−1+2j−1
Sab(s− 1, ς; 2j − 1)

[⇔]X̄(s; 2j − 1)I2j ⊗ Sab(s− 1
2
, ς; 2j − 1)X(s; 2j − 1) = 2s+2j−1

2s−1+2j−1
Sab(s− 1, ς; 2j − 1)

3.8 Ý
X(s; 2j − 1), X̄(s; 2j − 1)�~êØCÜþ5�

½n3.8.1. X(s; 2j − 1) = e(iω+ςε)·[σ(
1
2

)⊗Ij ] ⊗ e(iω+ςε)·σ(s− 1
2

;2j−1)X(s; 2j − 1)e−(iω+ςε)·σ(s−1;2j−1)

½n3.8.2. X̄(s; 2j − 1) = e(iω+ςε)·σ(s−1;2j−1)X̄(s; 2j − 1)e−(iω+ςε)·[σ(
1
2

)⊗Ij ] ⊗ e(iω+ςε)·σ(s− 1
2

;2j−1)

3.9 ~êÝ
Ω(s; 2j − 1), σ(s− 1; 2j − 1)���5�

íØ3.9.1.

Ω(s; 2j − 1)[I2j ⊗ Γ(s− 1
2
; 2j − 1)]X(s; 2j − 1) = [I2j ⊗ Γ(s− 1

2
; 2j − 1)]X(s; 2j − 1)σ(s− 1; 2j − 1)

X̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Ω(s; 2j − 1) = σ(s− 1; 2j − 1)X̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]

íØ3.9.2.

σ(s; 2j − 1) = N̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Ω(s; 2j − 1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)]N(s; 2j − 1)

σ(s− 1; 2j − 1) = X̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)]Ω(s; 2j − 1)[I2j ⊗ Γ(s− 1

2
; 2j − 1)]X(s; 2j − 1)

íØ3.9.3.


[~ϑ · σ(s; 2j − 1)]n = N̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)][~ϑ · Ω(s; 2j − 1)]n[I2j ⊗ Γ(s− 1

2
; 2j − 1)]N(s; 2j − 1)

[~ϑ · σ(s− 1; 2j − 1)]n

= X̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1
2
; 2j − 1)][~ϑ · Ω(s; 2j − 1)]n[I2j ⊗ Γ(s− 1

2
; 2j − 1)]X(s; 2j − 1)

íØ3.9.4.

e
~ϑ·σ(s;2j−1) = N̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]e

~ϑ·Ω(s;2j−1)[I2j ⊗ Γ(s− 1
2
; 2j − 1)]N(s; 2j − 1)

e
~ϑ·σ(s−1;2j−1) = X̄(s; 2j − 1)[I2j ⊗ Γ̄(s− 1

2
; 2j − 1)]e

~ϑ·Ω(s;2j−1)[I2j ⊗ Γ(s− 1
2
; 2j − 1)]X(s; 2j − 1)

3.10 ~êÝ
Ω(s− l; 2j − 1), [~ϑ · Ω(s− l; 2j − 1)]n, e
~ϑ·Ω(s−l;2j−1)�Ó�5L«

íØ3.10.1. Ω(s; 2j − 1) = Ω(s− 1; 2j − 1)⊗ I(2j)2 + I(2j)2s−2 ⊗ Ω(1; 2j − 1)

íØ3.10.2.Ω(s; 2j − 1)I(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1
2
; 2j − 1)]X(1; 2j − 1)} = I(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1

2
; 2j − 1)]X(1; 2j − 1)}Ω(s− 1; 2j − 1)

I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1
2
; 2j − 1)]}Ω(s; 2j − 1) = Ω(s− 1; 2j − 1)I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1

2
; 2j − 1)]}

íØ3.10.3.

Ω(s− 1; 2j − 1)

= I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1
2
; 2j − 1)]}Ω(s; 2j − 1)I(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1

2
; 2j − 1)]X(1; 2j − 1)}

[~ϑ · Ω(s− 1; 2j − 1)]n

= I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1
2
; 2j − 1)]}[~ϑ · Ω(s; 2j − 1)]nI(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1

2
; 2j − 1)]X(1; 2j − 1)}

e
~ϑ·Ω(s−1;2j−1)

= I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1
2
; 2j − 1)]}e~ϑ·Ω(s;2j−1)I(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1

2
; 2j − 1)]X(1; 2j − 1)}
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½Â3.10.1.T (s; 2j − 1) := I(2j)2s−2 ⊗ {[I2j ⊗ Γ( 1
2
; 2j − 1)]X(1; 2j − 1)}

T̄ (s; 2j − 1) := I(2j)2s−2 ⊗ {X̄(1; 2j − 1)[I2j ⊗ Γ̄( 1
2
; 2j − 1)]} = T+(s; 2j − 1)

íØ3.10.4.

Ω(s− l; 2j − 1)

= T̄ (s− l + 1; 2j − 1) · · · T̄ (s− 1; 2j − 1)T̄ (s; 2j − 1)Ω(s; 2j − 1)T (s; 2j − 1)T (s− 1; 2j − 1) · · ·T (s− l + 1; 2j − 1)

[~ϑ · Ω(s− l; 2j − 1)]n

= T̄ (s− l + 1; 2j − 1) · · · T̄ (s− 1; 2j − 1)T̄ (s; 2j − 1)[~ϑ · Ω(s; 2j − 1)]nT (s; 2j − 1)T (s− 1; 2j − 1) · · ·T (s− l + 1; 2j − 1)

e
~ϑ·Ω(s−l;2j−1)

= T̄ (s− l + 1; 2j − 1) · · · T̄ (s− 1; 2j − 1)T̄ (s; 2j − 1)e
~ϑ·Ω(s;2j−1)T (s; 2j − 1)T (s− 1; 2j − 1) · · ·T (s− l + 1; 2j − 1)

íØ3.10.5.

σ(s− l; 2j − 1)

= Γ̄(s− l; 2j − 1)T̄ (s− l + 1; 2j − 1) · · · T̄ (s; 2j − 1)Ω(s; 2j − 1)T (s; 2j − 1) · · ·T (s− l + 1; 2j − 1)Γ(s− l; 2j − 1)

[~ϑ · σ(s− l; 2j − 1)]n

= Γ̄(s− l; 2j − 1)T̄ (s− l + 1; 2j − 1) · · · T̄ (s; 2j − 1)[~ϑ · Ω(s; 2j − 1)]nT (s; 2j − 1) · · ·T (s− l + 1; 2j − 1)Γ(s− l; 2j − 1)

e
~ϑ·σ(s−l;2j−1)

= Γ̄(s− l; 2j − 1)T̄ (s− l + 1; 2j − 1) · · · T̄ (s; 2j − 1)e
~ϑ·Ω(s;2j−1)T (s; 2j − 1) · · ·T (s− l + 1; 2j − 1)Γ(s− l; 2j − 1)
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g·µãµ�Ùa'c¡Ù!�é¡~êØCÜþ§ïá
aq��é¡~êØCÜþ§��éõaq�5

�"¿3���Ñ§���äNA^§=�é¡>^Üþ�p^þ£ã§l�y
�é¡~êØCÜþ{��

(5"

1 �é¡�IüS

1.1 w + 1��é¡�I��üS5Æ�î�y²(l0üå)

½Â1.1.1. λi = {0, 1, 2, ··, w}, 1 ≤ i ≤ 2s;λ2s+1 := −1

½n1.1.1. π(λ2s ≤ λ2s−1 · · ≤ λ1;w) =
2s−1∑
l=0

(Cl+1
w−λl+2

− Cl+1
w+1−λl+1

)

y²: π(λ2s ≤ λ2s−1 · · ≤ λ1;w) = π(λ2s−1 · ·λ1 − (λ2s + 1) · ·(λ2s + 1);w − λ2s − 1) +
λ2s−1∑
k=0

C2s−1
w−k

= π(λ2s−2 · ·λ1 − (λ2s−1 + 1) · ·(λ2s−1 + 1);w − λ2s−1 − 1) +
λ2s−1∑
k=0

C2s−1
w−k +

λ2s−1−λ2s−2∑
k=0

C2s−2
w−λ2s−1−k

= π(λ1 − (λ2 + 1);w − λ2 − 1) +
λ2s−1∑
k=0

C2s−1
w−k +

λ2s−1−λ2s−2∑
k=0

C2s−2
w−λ2s−1−k · ·+

λ2−λ3−2∑
k=0

C1
w−λ3−1−k

=
λ2s−1∑
k=0

C2s−1
w−k +

λ2s−1−λ2s−2∑
k=0

C2s−2
w−λ2s−1−k · ·+

λ2−λ3−2∑
k=0

C1
w−λ3−1−k + λ1 − λ2 − 1

=
2s−1∑
l=1

λl+1−λl+2−2∑
k=0

Clw−λl+2−1−k + (λ1 − λ2 − 1);λ2s+1 := −1

=
2s−1∑
l=1

(
λl+1−λl+2−1∑

k=0

Clw−λl+2−1−k − Clw−λl+1
) + (λ1 − λ2 − 1)

=
2s−1∑
l=0

(
λl+1−λl+2−1∑

k=0

Clw−λl+2−1−k − Clw−λl+1
)

=
2s−1∑
l=0

(Cl+1
w−λl+2

− Cl+1
w+1−λl+1

)

y²: π[(w − 2s+ 1) ≤ (w − 2s+ 2) · · ≤ w;w]

=
2s−1∑
l=0

(Cl+1
w−λl+2

− Cl+1
w+1−λl+1

)

= (C2s
w−λ2s+1

− C2s
w+1−λ2s

) +
2s−2∑
l=0

(Cl+1
w−(w−l−1) − C

l+1
w+1−(w−l))

= C2s
w−λ2s+1

− C2s
w+1−λ2s

= C2s
w+1 − C2s

w+1−(w−2s+1)

= C2s
w+1 − 1

1.1.1 o��é¡�I��üS5Æ��y

5�1.1.1. 0 : 0→ 1 : 1→ 2 : 2→ 3 : 3

5�1.1.2. 0 : 01→ 1 : 02→ 2 : 03→ 3 : 12→ 4 : 13→ 5 : 23

5�1.1.3. 0 : 012→ 1 : 013→ 2 : 023→ 3 : 123

5�1.1.4. 0 : 0123

1.1.2 Ê��é¡�I��üS5Æ��y

5�1.1.5. 0 : 0→ 1 : 1→ 2 : 2→ 3 : 3→ 4 : 4→

5�1.1.6. 0 : 01→ 1 : 02→ 2 : 03→ 3 : 04→ 4 : 12→ 5 : 13→ 6 : 14→ 7 : 23→ 8 : 24→ 9 : 34
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5�1.1.7. 0 : 012→ 1 : 013→ 2 : 014→ 3 : 023→ 4 : 024→ 5 : 034→ 6 : 123→ 7 : 124→ 8 : 134→ 9 : 234

5�1.1.8. 0 : 0123→ 1 : 0124→ 2 : 0134→ 3 : 0234→ 4 : 1234

5�1.1.9. 0 : 01234

2 �{~êØCÜþΓ
kς
AςBςCς ··(s;w),Γ

AςBςCς ··
kς

(s;w)

2.1 ~êØCÜþΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς
(s;w)�Ú\

½Â2.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = 1
(2s)!

Γkς[AςBςCς · ·]︸ ︷︷ ︸
2s

(s;w)

Γkς0ς︸︷︷︸
l0

1ς︸︷︷︸
l1

··wς︸︷︷︸
lw

(s;w) =
√

l0!l1!··lw!
(2s)!

δ{kς ,
2s−1∑
l=0

(Cl+1
w−λl+2

− Cl+1
w+1−λl+1

)}, l0 + · ·+lw = 2s, lj = 0|1

½Â2.1.2. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = 1
(2s)!

Γ

2s︷ ︸︸ ︷
[AςBςCς · ·]
kς

(s;w)

Γ

l0︷︸︸︷
0ς

l1︷︸︸︷
1ς ··

lw︷︸︸︷
wς

kς
(s;w) =

√
l0!l1!··lw!

(2s)!
δ{kς ,

2s−1∑
l=0

(Cl+1
w−λl+2

− Cl+1
w+1−λl+1

)}, l0 + · ·+lw = 2s, lj = 0|1

íØ2.1.1. [Aς ] = w + 1, [kς(s)] = C2s
w+1,Max(C2s

w+1) = C
[(w+1)/2]
w+1

2.2 ½Â�)Ö

þã½Â��þ´é¤k0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

k?1üS?Ò",�éz��AςBςCς · ·︸ ︷︷ ︸
2s

D�§=kü

¤0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

�/ª§¿��c¤k?Ò?1é'§XJ�?ÒØ����"¶�?Ò���Ø�

"§¿8�z§8�zXê´0ς · ·0ς︸ ︷︷ ︸
l0

1ς · ·1ς︸ ︷︷ ︸
l1

· · wς · ·wς︸ ︷︷ ︸
lw

��é¡z�¤k«aê��êm�"±þ~êØCÜþ

��^þ��é¡�ê5��'§�^þC�5�Ã���'§´��é¡5ÜþS3�k��ê5�§�Aς�

I�ê�����'"

2.3 ~êÝ
Γ(s;w), Γ̄(s;w)�Ú\

½Â2.3.1. Γ(s;w) � ΓAς ⊗ Bς ⊗ Cς ⊗ ··︸ ︷︷ ︸
2s

kς (s;w), Γ̄(s;w) � Γkς

2s︷ ︸︸ ︷
Aς ⊗ Bς ⊗ Cς ⊗ ··(s;w) ' ΓT (s;w)

íØ2.3.1. [Γ(s;w)] = (w + 1)2s × C2s
w+1, [Γ̄(s;w)] = C2s

w+1 × (w + 1)2s

2.4 ~êØCÜþΓkςAςBςCς ··(s;w),ΓAςBςCς ··kς
(s;w) �Ä�5�

��5µ

5�2.4.1. Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) ' ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) ' Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

5�2.4.2. [ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)]∗ ' Γ
k′ς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w), [Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)]∗ ' Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

íØ2.4.1. Γ(s;w) = Γ∗(s;w), Γ̄(s;w) = Γ̄∗(s;w), Γ̄(s;w) = Γ+(s;w),Γ(s;w) = Γ̄+(s;w)

��5µ

5�2.4.3. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
lς

(s;w) = δkς lς [⇔]Γ̄(s;w)Γ(s;w) = I
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5�2.4.4. ΓkςA1ςA2ς ··A2sς
(s;w)ΓB1ςB2ς ··B2sς

kς
(s;w) = 1

(2s)!
δ

[B1ς

A1ς
δB2ς

A2ς
· ·δB2sς ]

A2sς
= 1

(2s)!
δB1ς

[A1ς
δB2ς

A2ς
· ·δB2sς

A2sς ]

Ù§5�µ

5�2.4.5. ΓkςAς (
1
2
;w) = δkςAς ,Γ

Aς
kς

( 1
2
;w) = δAςkς ; Γ(0;w) = 1, Γ̄(0;w) = 1

2.5 Ý5~êØCÜþεkς lς (s;w)�Ú\9Ù5�(�3εAςBς�cJ^�)

½Â2.5.1. ε( 1
2
;w)ε+( 1

2
;w) = ε+( 1

2
;w)ε( 1

2
;w) = 1; ε( 1

2
;w) = ε∗( 1

2
;w)

Ý5½Âµ

½Â2.5.2.


εkς lς (s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

εkς lς (s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

5�2.5.1.


εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)'uABC...��é¡

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)'uABC...��é¡

íØ2.5.1. ε(s;w) := Γ̄(s;w) ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

íØ2.5.2. ε(s;w)ε+(s;w) = ε+(s;w)ε(s;w) = 1; ε(s;w) = ε∗(s;w)

,ü�Iµ

5�2.5.2.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = εkς lς (s;w)

2s︷ ︸︸ ︷
εAςEςεBςFςεCςGς · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

íØ2.5.3. Γ(s;w)ε(s;w) = ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w), ε(s;w)Γ̄(s;w) = Γ̄(s;w) ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

y²: εkς lς (s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γlς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w) εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

= 1
(2s)!

Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · δEς[E′ς

δFςF ′ς δ
Gς
G′ς
· ·] εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

= 1
(2s)!

Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ς [EςεB

′
ςFςεC

′
ςGς ] · · εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςEςεB

′
ςFςεC

′
ςGς · · εAςEςεBςFςεCςGς · ·︸ ︷︷ ︸

2s

939



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 143Ù �é¡�{~êØCÜþ

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

PenroseIO,ü5Kµ

5�2.5.3.


ΓkςAςBςCς · ·︸ ︷︷ ︸

2s

(s;w) = (−1)2s[ς2sεkς lς (s;w)] (−ςεAςEς )(−ςεBςFς )(−ςεCςGς ) · ·︸ ︷︷ ︸
2s

Γ

2s︷ ︸︸ ︷
EςFςGς · ·
lς

(s;w)

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = (−1)2s[(−ς)2sεkς lς (s;w)]

2s︷ ︸︸ ︷
(ςεAςEς )(ςεBςFς )(ςεCςGς ) · ·ΓlςEςFςGς · ·︸ ︷︷ ︸

2s

(s;w)

2.6 ~êØCÜþΩ
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s;w),Ω(s;w)�Ú\9ÙÄ�5�

½Â2.6.1.

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) :=

2s︷ ︸︸ ︷
σAς

A′ς ( 1
2
;w)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςσBς

B′ς ( 1
2
;w)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςσCς
C′ς ( 1

2
;w) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â2.6.2. Ω(s;w) := σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)

½Â2.6.3. S(s;w) :=

2s︷ ︸︸ ︷
Sw+1 ⊗ Sw+1 ⊗ Sw+1 ⊗ · · ⊗Sw+1, Sw+1S

+
w+1 = S+

w+1Sw+1 = Iw+1

íØ2.6.1. Ω

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) := σAς
A′ς ( 1

2
;w) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)

[m] [m]

íØ2.6.2. Ω(s;w) = σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Ω(s− 1

2
;w)

íØ2.6.3. Ω(s;w) = Ω(s− s′;w)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ω(s′;w)

2.7 ~êØCÜþΩab
A′ςB

′
ςC
′
ς ··

AςBςCς ··(s;w),Ωab(s, ς;w)�Ú\9ÙÄ�5�

½Â2.7.1.

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) :=

2s︷ ︸︸ ︷
SabAς

A′ς ( 1
2
;w)δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s

+ δAς
A′ςSabBς

B′ς ( 1
2
;w)δCς

C′ς · ·︸ ︷︷ ︸
2s

+ δAς
A′ςδBς

B′ςSabCς
C′ς ( 1

2
;w) · ·︸ ︷︷ ︸

2s

+ · · ·

[m] [m]

½Â2.7.2. Ωab(s, ς;w) := Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Sab( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
, ς;w)

íØ2.7.1. Ωab

2s+1︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) := SabAς
A′ς ( 1

2
;w) δBς

B′ςδCς
C′ς · ·︸ ︷︷ ︸

2s−1

+δAς
A′ςΩab

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)

[m] [m]

íØ2.7.2. Ωab(s, ς;w) = Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Ωab(s− 1

2
, ς;w)

íØ2.7.3. Ωab(s, ς;w) = Ωab(s− s′, ς;w)⊗ I(w+1)2s′ + I(w+1)2(s−s′) ⊗ Ωab(s
′, ς;w)
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2.8 g^~êØCÜþσας kς
lς (s;w), σ(s;w)�Ú\

½Â2.8.1. Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
Zς ( 1

2
;w)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s;w) := 1
2s
σας kς

lς (s;w)[⇔]σ(s;w) := Γ̄(s;w)Ω(s;w)Γ(s;w)

2.9 g^~êØCÜþSabkς
lς (s;w), Sab(s, ς;w)�Ú\

½Â2.9.1.

Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
Zς ( 1

2
;w)ΓlςZςBςCς · ·︸ ︷︷ ︸

2s

(s;w) := 1
2s
Sabkς

lς (s;w)[⇔]Sab(s, ς;w) := Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)

2.10 ~êÝ
Ω(s;w)�ü��Ún

Ún2.10.1. Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

y²: Γkς
A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Ω(s;w)Γ(s;w)

Ún2.10.2. Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

y²: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

lς
(s;w) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ω(s;w)

2.11 ~êÝ
Ωab(s;w)�ü��Ún

Ún2.11.1. Γ(s;w)Γ̄(s;w)Ωab(s;w)Γ(s;w) = Ωab(s;w)Γ(s;w)

y²: Γkς
A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

A
′′
ς B
′′
ς C
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ωab(s;w)Γ(s;w) = Ωab(s;w)Γ(s;w)

Ún2.11.2. Γ̄(s;w)Ωab(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ωab(s;w)

y²: Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

lς
(s;w) = Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′′
ς B
′′
ς C
′′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)

⇔ Γ̄(s;w)Ωab(s;w)Γ(s;w)Γ̄(s;w) = Γ̄(s;w)Ωab(s;w)

2.12 'u~êÝ
Γ̄(s;w),Ω(s;w), σ(s;w),Γ(s;w)���5�9ÙíØ

½n2.12.1. Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)[⇔]Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

y²: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)

⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)

⇔ Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)
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½n2.12.2. Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)[⇔]Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

y²: Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)Γ̄(s;w) = σ(s;w)Γ̄(s;w)

⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = σkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

íØ2.12.1. Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w)⇔ Ω(s;w)Γ(s;w) = Γ(s;w)σ(s;w)⇔ Γ̄(s;w)Ω(s;w) = σ(s;w)Γ̄(s;w)

íØ2.12.2. Ω2(s;w)Γ(s;w) = Γ(s;w)σ2(s;w), Γ̄(s;w)Ω2(s;w) = σ2(s;w)Γ̄(s;w)

y²: Ω2(s;w)Γ(s;w)

= Ω(s;w) · Ω(s;w)Γ(s;w) = Ω(s;w) · Γ(s;w)σ(s;w)

= Ω(s;w)Γ(s;w) · σ(s;w) = Γ(s;w)σ(s;w) · σ(s;w)

= Γ(s;w)σ2(s;w)

y²: Γ̄(s;w)Ω2(s;w)

= Γ̄(s;w)Ω(s;w) · Ω(s;w) = σ(s;w)Γ̄(s;w) · Ω(s;w)

= σ(s;w) · Γ̄(s;w)Ω(s;w) = σ(s;w) · σ(s;w)Γ̄(s;w)

= σ2(s;w)Γ̄(s;w)

íØ2.12.3. Ω2(s)Γ(s) = s(s+ 1)Γ(s), Γ̄(s)Ω2(s) = Γ̄(s)s(s+ 1)

2.13 'u~êÝ
Γ̄(s;w),Ωab(s, ς;w), Sab(s, ς;w),Γ(s;w)���5�9ÙíØ

½n2.13.1. Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

[⇔]Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

y²: Γ̄(s, ς;w)Ωab(s;w)Γ(s;w) = Sab(s, ς;w)

⇔ Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

½n2.13.2. Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

[⇔]Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Sabkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

y²: Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w)

⇔ Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)Γ̄(s;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Sabkς
lς (s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

lς
(s;w)

íØ2.13.1. Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w)

⇔ Ωab(s;w)Γ(s, ς;w) = Γ(s;w)Sab(s, ς;w)⇔ Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

942



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 143Ù �é¡�{~êØCÜþ

2.14 'u~êÝ
Ω(s;w), σ(s;w)��íØ9âÔ[+L«

íØ2.14.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w) = 1

(2s−1)!
σ( 1

2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

y²: ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w) = Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= σ( 1
2
;w)Aς

A′ςΓlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Bς

B′ςΓlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + σ( 1
2
;w)Cς

C′ςΓlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + · ·

= σ( 1
2
;w)Aς

A′ςΓlς
BςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Bς

A′ςΓlς
AςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + σ( 1
2
;w)Cς

A′ςΓlς
AςBς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

= 1
(2s−1)!

σ( 1
2
;w)Aς

A′ςΓlς
(BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)+ 1
(2s−1)!

σ( 1
2
;w)Bς

A′ςΓlς
(AςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)+ 1
(2s−1)!

σ( 1
2
;w)Cς

A′ςΓlς
(AςBς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) · ·

⇔ 1
(2s−1)!

σ( 1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

íØ2.14.2. σ( 1
2
;w)× σ( 1

2
;w) = iσ( 1

2
;w)[⇒]Ω(s;w)× Ω(s;w) = iΩ(s;w)[⇒]σ(s;w)× σ(s;w) = iσ(s;w)

y²: σ( 1
2
;w)× σ( 1

2
;w) = iσ( 1

2
;w)

⇒ Ω(s;w)× Ω(s;w)

= [σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)]

× [σ( 1
2
;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ σ( 1

2
;w)]

= [σ( 1
2
;w)× σ( 1

2
;w)]⊗ I(w+1)2s−1 + Iw+1 ⊗ [σ( 1

2
;w)× σ( 1

2
;w)]⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ [σ( 1

2
;w)× σ( 1

2
;w)]

= iσ( 1
2
;w)⊗ I(w+1)2s−1 + iIw+1 ⊗ σ( 1

2
;w)⊗ I(w+1)2s−2 + · ·+iI(w+1)2s−1 ⊗ σ( 1

2
;w)

= iΩ(s;w)

y²: Ω(s;w)× Ω(s;w) = iΩ(s;w)

⇒ Γ̄(s;w)Ω(s;w)× Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ Γ̄(s;w)Ω(s;w)× Γ(s;w)Γ̄(s;w)Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ Γ̄(s;w)Ω(s;w)Γ(s;w)× Γ̄(s;w)Ω(s;w)Γ(s;w) = iΓ̄(s;w)Ω(s;w)Γ(s;w)

⇔ σ(s;w)× σ(s;w) = iσ(s;w)

2.15 'u~êÝ
Ωab(s, ς;w), Sab(s, ς;w)��íØ9âÔ[+L«

íØ2.15.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w) = 1

(2s−1)!
Sab(

1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

y²: ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w) = Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= Sab(
1
2
;w)Aς

A′ςΓlς
A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Bς

B′ςΓlς
AςB

′
ςCς · ·︸ ︷︷ ︸
2s

(s;w) + Sab(
1
2
;w)Cς

C′ςΓlς
AςBςC

′
ς · ·︸ ︷︷ ︸

2s

(s;w) + · ·

= Sab(
1
2
;w)Aς

A′ςΓlς
BςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Bς

A′ςΓlς
AςCς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + Sab(
1
2
;w)Cς

A′ςΓlς
AςBς · ·A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

= 1
(2s−1)!

Sab(
1
2
;w)Aς

A′ςΓlς
(BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) + 1
(2s−1)!

Sab(
1
2
;w)Bς

A′ςΓlς
(AςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w) + · ·

⇔ 1
(2s−1)!

Sab(
1
2
;w)(Aς

A′ςΓlς
BςCς · ·)A′ς︸ ︷︷ ︸

2s

(s;w)

íØ2.15.2. i[Sab(
1
2
, ς;w), Scd(

1
2
, ς;w)] = δadSbc(

1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)

[⇒]i[Ωab(s, ς;w),Ωcd(s, ς;w)] = δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

[⇒]i[Sab(s, ς;w), Scd(s, ς;w)] = δadSbc(s, ς;w)− δacSbd(s, ς;w) + δbcSad(s, ς;w)− δbdSac(s, ς;w)
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y²: i[Ωab(s, ς;w),Ωcd(s, ς;w)]

= i[Sab(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Sab( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Sab( 1

2
, ς;w)

, Scd(
1
2
, ς;w)⊗ I(w+1)2s−1 + Iw+1 ⊗ Scd( 1

2
, ς;w)⊗ I(w+1)2s−2 + · ·+I(w+1)2s−1 ⊗ Scd( 1

2
, ς;w)]

= i{[Sab( 1
2
, ς;w), Scd(

1
2
, ς;w)]⊗ I(w+1)2s−1 + Iw+1 ⊗ [Sab(

1
2
, ς;w), Scd(

1
2
, ς;w)]⊗ I(w+1)2s−2

+ · ·+I(w+1)2s−1 ⊗ [Sab(
1
2
, ς;w), Scd(

1
2
, ς;w)]}

= [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]⊗ I(w+1)2s−1

+ Iw+1 ⊗ [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]⊗ I(w+1)2s−2

+ · ·+I(w+1)2s−1 ⊗ [δadSbc(
1
2
, ς;w)− δacSbd( 1

2
, ς;w) + δbcSad(

1
2
, ς;w)− δbdSac( 1

2
, ς;w)]

= δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

y²: i[Ωab(s, ς;w),Ωcd(s, ς;w)] = δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)

⇒ Γ̄(s;w)i[Ωab(s, ς;w),Ωcd(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ Γ̄(s;w)i[Ωab(s, ς;w)Ωcd(s, ς;w)− Ωcd(s, ς;w)Ωab(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ Γ̄(s;w)i[Ωab(s, ς;w)Γ(s;w)Γ̄(s;w)Ωcd(s, ς;w)− Ωcd(s, ς;w)Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)]Γ(s;w)

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ i[Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)Γ̄(s;w)Ωcd(s, ς;w)Γ(s;w)− Γ̄(s;w)Ωcd(s, ς;w)Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)Γ(s;w)]

= Γ̄(s;w)[δadΩbc(s, ς;w)− δacΩbd(s, ς;w) + δbcΩad(s, ς;w)− δbdΩac(s, ς;w)]Γ(s;w)

⇔ i[Sab(s, ς;w), Scd(s, ς;w)] = δadSbc(s, ς;w)− δacSbd(s, ς;w) + δbcSad(s, ς;w)− δbdSac(s, ς;w)

2.16 ~êÝ
Ωab(s, ς;w), Sab(s, ς;w)�Ω(s;w), σ(s;w)�m'X�?Ø

5�2.16.1. Sab(
1
2
, ς) = σαςςabσας (

1
2
)[⇒]Ωab(s, ς) = σαςςabΩας (s)[⇒]Sab(s, ς) = σαςςabσας (s)

1�«�U�'X(o���g^.)µ

ß�2.16.1. Sab(
1
2
, ς;w) = σαςςabσας (

1
2
;w)[⇒]Ωab(s, ς;w) = σαςςabΩας (s;w)[⇒]Sab(s, ς;w) = σαςςabσας (s;w)

1�«�U�'X(?¿��g^.,o���g^.´ÙA~")µ

ß�2.16.2. Sab(
1
2
, ς;w) =

[
−i[σας ( 1

2
;w), σβς (

1
2
;w)] −ςσας ( 1

2
;w)

ςσβς (
1
2
;w) 0

]

[⇒]Ωab(s, ς;w) =

[
−i[Ωας (s;w),Ωβς (s;w)] −ςΩας (s;w)

ςΩβς (s;w) 0

]

[⇒]Sab(s, ς;w) =

[
−i[σας (s;w), σβς (s;w)] −ςσας (s;w)

ςσβς (s;w) 0

]
1n«�U�'X(p���.Dirac.)µ

ß�2.16.3. Sab(
1
2
, ς;w) = − i

4
[γa(

1
2
, ς;w), γb(

1
2
, ς;w)]

[⇒]Ωab(s, ς;w) = − i
4
[Ωa(s, ς;w),Ωb(s, ς;w)][⇒]Sab(s, ς;w) = − i

4
[γa(s, ς;w), γb(s, ς;w)]

1o«�U�'X(Ã'é.)µ�éÕá"

2.17 íØµ~êÝ
Γ(s;w), Γ̄(s;w)�A�ð�ª

5�2.17.1.

Γ̄(s;w)Ω(s;w)Γ(s;w) = σ(s;w), [Γ(s;w)Γ̄(s;w),Ω(s;w)] = 0

Γ(s;w)σ(s;w)Γ̄(s;w) = Ω(s;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ω(s;w)

5�2.17.2.

Γ̄(s;w)Ωab(s, ς;w)Γ(s;w) = Sab(s, ς;w), [Γ(s;w)Γ̄(s;w),Ωab(s, ς;w)] = 0

Γ(s;w)Sab(s, ς;w)Γ̄(s;w) = Ωab(s, ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)Ωab(s, ς;w)
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5�2.17.3.

Γ̄(s;w)[ϑ · Ω(s;w)]nΓ(s;w) = [ϑ · σ(s;w)]n, [Γ(s;w)Γ̄(s;w), [ϑ · Ω(s;w)]n] = 0

Γ(s;w)[ϑ · σ(s;w)]nΓ̄(s;w) = [ϑ · Ω(s;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑ · Ω(s;w)]n

5�2.17.4.

Γ̄(s;w)[ϑabΩab(s, ς;w)]nΓ(s;w) = [ϑabSab(s, ς;w)]n, [Γ(s;w)Γ̄(s;w), [ϑabΩab(s, ς;w)]n] = 0

Γ(s;w)[ϑabSab(s, ς;w)]nΓ̄(s;w) = [ϑabΩab(s, ς;w)]nΓ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)[ϑabΩab(s, ς;w)]n

íØ2.17.1.

Γ̄(s;w)e
i
2
ϑabΩab(s,ς;w)Γ(s;w) = e

i
2
ϑabSab(s,ς;w), [Γ(s;w)Γ̄(s;w), e

i
2
ϑabΩab(s,ς;w)] = 0

Γ(s;w)e
i
2
ϑabSab(s,ς;w)Γ̄(s;w) = e

i
2
ϑabΩab(s,ς;w)Γ(s;w)Γ̄(s;w) = Γ(s;w)Γ̄(s;w)e

i
2
ϑabΩab(s,ς;w)

2.18 Ý
Γ(s;w), Γ̄(s;w)�~êØCÜþ5�

½n2.18.1. Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabSab(s,ς;w),Γ(s;w) = e

i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

y²: Ωab(s, ς;w)Γ(s;w) = Γ(s;w)Sab(s, ς;w)

⇔ 0 = i
2
ϑabΩab(s, ς;w)Γ(s;w)− Γ(s;w) i

2
ϑabSab(s, ς;w)

⇔ Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabSab(s,ς;w)

½n2.18.2. Γ̄(s;w) = e
i
2
ϑabSab(s,ς;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w), Γ̄(s;w) = e

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w)

y²: Γ̄(s;w)Ωab(s, ς;w) = Sab(s, ς;w)Γ̄(s;w)

⇔ 0 = −Γ̄(s;w) i
2
ϑabΩab(s, ς;w) + i

2
ϑabSab(s, ς;w)Γ̄(s;w)

⇔ Γ̄(s;w) = e
i
2
ϑabSab(s,ς;w)Γ̄(s;w)e−

i
2
ϑabΩab(s,ς;w)

½n2.18.3. Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

y²: Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ S+(s;w)S(s;w)Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)S(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ S+(s;w)Γ(s;w)Γ̄(s;w)S(s;w)Γ(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)Γ(s;w)Γ̄(s;w)S(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)

⇔ Γ(s;w) = [S(s;w)e
i
2
ϑabΩab(s,ς;w)S+(s;w)]Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]e−

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]+

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Γ(s;w)Γ̄(s;w)Ωab(s,ς;w)Γ(s;w)Γ̄(s;w)S+(s;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Γ(s;w)Γ̄(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

⇔ Γ(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)e−

i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w)

íØ2.18.1.

e
i
2
ϑabΓ̄(s;w)S(s;w)Ωab(s,ς;w)S+(s;w)Γ(s;w) = [Γ̄(s;w)S(s;w)Γ(s;w)]e

i
2
ϑabΓ̄(s;w)Ωab(s,ς;w)Γ(s;w)[Γ̄(s;w)S(s;w)Γ(s;w)]+

½n2.18.4. S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)

y²: Ωab(s, ς;w)S(s;w) = Ωab(s, ς;w)S(s;w),∀ς = ±1

⇔ S(s;w)S+(s;w)Ωab(s, ς;w)S(s;w) = Ωab(s, ς;w)S(s;w),∀ϑab, ς = ±1

⇔ 0 = −S(s;w) i
2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w) + i

2
ϑabΩab(s, ς;w)S(s;w),∀ϑab, ς = ±1

⇔ S(s;w) = S(s;w)[1− i
2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w)] + i

2
ϑabΩab(s, ς;w)S(s;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabΩab(s, ς;w)]S(s;w)[1− i

2
ϑabS+(s;w)Ωab(s, ς;w)S(s;w)],∀ϑab, ς = ±1

⇔ S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w),∀ϑab, ς = ±1

½n2.18.5. S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w)
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y²: S(s;w)Ωab(s, ς;w) = S(s;w)Ωab(s, ς;w),∀ς = ±1

⇔ S(s;w)Ωab(s, ς;w)S+(s;w)S(s;w) = S(s;w)Ωab(s, ς;w),∀ϑab, ς = ±1

⇔ 0 = i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)S(s;w)− S(s;w) i

2
ϑabΩab(s, ς;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)]S(s;w)− S(s;w) i

2
ϑabΩab(s, ς;w),∀ϑab, ς = ±1

⇔ S(s;w) = [1 + i
2
ϑabS(s;w)Ωab(s, ς;w)S+(s;w)]S(s;w)[1− i

2
ϑabΩab(s, ς;w)],∀ϑab, ς = ±1

⇔ S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w),∀ϑab, ς = ±1

íØ2.18.2.

S(s;w) = e
i
2
ϑabΩab(s,ς;w)S(s;w)e−

i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)

S(s;w) = e
i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)S(s;w)e−

i
2
ϑabΩab(s,ς;w)

S+(s;w) = e
i
2
ϑabΩab(s,ς;w)S+(s;w)e−

i
2
ϑabS(s;w)Ωab(s,ς;w)S+(s;w)

S+(s;w) = e
i
2
ϑabS+(s;w)Ωab(s,ς;w)S(s;w)S+(s;w)e−

i
2
ϑabΩab(s,ς;w)

2.19 ~êÝ
Iw+1 ⊗ Γ(s− 1
2
;w), Iw+1 ⊗ Γ̄(s− 1

2
;w)���5�

íØ2.19.1. Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]

y²: Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]

= Ω(s;w)Iw+1 ⊗ Γ(s− 1
2
;w)

= [Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

w+1
] + Iw+1 ⊗ [Γ(s− 1

2
;w)σ(s− 1

2
;w)]

= [Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]

íØ2.19.2. [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w) = [σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

y²: [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)

= [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)

= [σ( 1
2
;w)⊗ IC2s−1

w+1
][Iw+1 ⊗ Γ̄(s− 1

2
;w)] + Iw+1 ⊗ [σ(s− 1

2
;w)Γ̄(s− 1

2
;w)]

= [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

2.20 íØµ~êÝ
Γ(s− 1
2
;w), Γ̄(s− 1

2
;w)�A�ð�ª

5�2.20.1.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = [σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)][σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ω(s;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)],Ω(s;w)] = 0

5�2.20.2.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = [Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ωab(s, ς;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)],Ωab(s, ς;w)] = 0

5�2.20.3.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)] = {ϑ · [σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[Iw+1 ⊗ Γ(s− 1
2
;w)]{ϑ · [σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= [ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)][ϑ · Ω(s;w)]n

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], [ϑ · Ω(s;w)]n] = 0
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5�2.20.4.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)] = {ϑab[Sab( 1

2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n

[Iw+1 ⊗ Γ(s− 1
2
;w)]{ϑab[Sab( 1

2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n[Iw+1 ⊗ Γ̄(s− 1

2
;w)]

= [ϑabΩab(s, ς;w)]n[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)][ϑabΩab(s, ς;w)]n

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], [ϑabΩab(s, ς;w)]n] = 0

íØ2.20.1.

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)] = e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
w+1

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[Iw+1 ⊗ Γ(s− 1
2
;w)]e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
w+1

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]

= e
i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

i
2
ϑabΩab(s,ς;w)

[[Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)], e

i
2
ϑabΩab(s,ς;w)] = 0

íØ2.20.2.

I(w+1)2s−1Γ(s− 1
2
;w) = Γ(s− 1

2
;w)IC2s−1

w+1
, Γ̄(s− 1

2
;w)I(w+1)2s−1 = IC2s−1

w+1
Γ̄(s− 1

2
;w)

[Iw+1 ⊗ Γ̄(s− 1
2
;w)]σ( 1

2
;w)⊗ I(w+1)2s−1 [Iw+1 ⊗ Γ(s− 1

2
;w)] = σ( 1

2
;w)⊗ IC2s−1

w+1

[σ( 1
2
;w)⊗ I(w+1)2s−1 [Iw+1]⊗ Γ(s− 1

2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][σ( 1

2
;w)⊗ IC2s−1

w+1
]

[Iw+1 ⊗ Γ̄(s− 1
2
;w)][σ( 1

2
;w)⊗ I(w+1)2s−1 ] = [σ( 1

2
;w)⊗ IC2s−1

w+1
][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

5�2.20.5. (σ ⊗ I(w+1)2s−1 ,−iς)a[Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]Za(s, ς;w)

2.21 Ý
Iw+1 ⊗ Γ̄(s− 1
2
;w), Iw+1 ⊗ Γ(s− 1

2
;w)�~êØCÜþ5�

½n2.21.1. [Iw+1 ⊗ Γ(s− 1
2
;w)] = e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: Ωab(s, ς;w)[Iw+1 ⊗ Γ(s− 1
2
;w)] = [Iw+1 ⊗ Γ(s− 1

2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ 0 = i
2
ϑabΩab(s, ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]

− i
2
ϑab[Iw+1 ⊗ Γ(s− 1

2
;w)][Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ [Iw+1 ⊗ Γ(s− 1
2
;w)] = e

i
2
ϑabΩab(s,ς;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

½n2.21.2. [Iw+1 ⊗ Γ̄(s− 1
2
;w)] = e

i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e−

i
2
ϑabΩab(s,ς;w)

y²: [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ωab(s, ς;w) = [Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

⇔ 0 = − i
2
ϑab[Iw+1 ⊗ Γ̄(s− 1

2
;w)]Ωab(s, ς;w)

+ i
2
ϑab[Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]

⇔ [Iw+1 ⊗ Γ̄(s− 1
2
;w)] = e

i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e−

i
2
ϑabΩab(s,ς;w)

2.22 gU5��y

5�2.22.1. ψ′ = Sψ ⇒ ψ̂′ = Γ(s;w)ψ′ = Γ(s;w)Sψ = Γ(s;w)SΓ̄(s;w)ψ̂

5�2.22.2. ψ̂′ = (S ⊗ · · ⊗S)ψ̂ ⇒ ψ′ = Γ̄(s;w)ψ̂′ = Γ̄(s;w)(S ⊗ · · ⊗S)ψ̂ = Γ̄(s;w)(S ⊗ · · ⊗S)Γ(s;w)ψ

5�2.22.3. ψ′ = Sψ, ψ̂′ = Γ(s;w)SΓ̄(s;w)ψ̂, ψ̂ = Γ(s;w)ψ ⇒ ψ̂′ = Γ(s;w)ψ′

3 �{~êØCÜþN
kς
Aς lς

(s;w), N
Aς lς
kς

(s;w)

3.1 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�Ú\

½Â3.1.1. Nkς
Aς lς

(s;w) := ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w), NAς lς

kς
(s;w) := Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)
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íØ3.1.1. N(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Γ(s;w), N̄(s;w) = Γ̄(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]

5�3.1.1. ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w) = Nkς
Aς lς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w),Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) = NAς lς
kς

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)

íØ3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w), Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)],

5�3.1.2. Γ(s;w) = [Iw+1 ⊗ Γ(s− 1
2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Γ(s;w)

3.2 ~êÝ
NAς (s;w), NAς (s;w); N̄Aς (s;w), N̄Aς (s;w);N(s;w), N̄(s;w)�Ú\

½Â3.2.1.
NAς (s;w) ≺ Nkς

Aς lς
(s;w), NAς (s;w) ≺ NAς lς

kς
(s;w)|I

C2s
w+1
×I

C
2s−1
w+1

N̄Aς (s;w) := N+
Aς

(s;w) � NAς lς
kς (s;w), N̄Aς (s;w) := N+Aς (s;w) � NAς lς

kς (s;w)|I
C

2s−1
w+1

×I
C2s
w+1

N(s;w) ≺ NAς⊗lς
kς (s;w)|(w+1)I

C
2s−1
w+1

×I
C2s
w+1

, N̄(s;w) = N+(s;w) ≺ Nkς
Aς⊗lς (s;w)|I

C2s
w+1
×(w+1)I

C
2s−1
w+1

íØ3.2.1. [NAς (s;w)] = C2s
w+1 × C2s−1

w+1 , [N̄Aς (s;w)] = C2s−1
w+1 × C2s

w+1

íØ3.2.2. [N(s;w)] = (w + 1)C2s−1
w+1 × C2s

w+1, [N̄(s;w)] = C2s
w+1 × (w + 1)C2s−1

w+1

3.3 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�Ä�5�

��5µ

5�3.3.1.N
k′ς
A′ς l
′
ς
(s;w) ' Nkς

Aς lς
(s;w) ' NAς lς

kς
(s;w) ' NA′ς l

′
ς

k′ς
(s;w)

[Nkς
Aς lς

(s;w)]∗ ' Nk′ς
A′ς l
′
ς
(s;w), [NAς lς

kς
(s;w)]∗ ' NA′ς l

′
ς

k′ς
(s;w)

íØ3.3.1.NAς (s;w) ' NAς (s;w) ' NA′ς
(s;w) ' NA′ς (s;w); N̄Aς (s;w) ' N̄Aς (s;w) ' N̄A′ς

(s;w) ' N̄A′ς (s;w)

NAς (s;w) = N∗Aς (s;w), N̄Aς (s;w) = N̄∗Aς (s;w);N(s;w) = N∗(s;w), N̄(s;w) = N̄∗(s;w)

3.4 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)���5�

��5µ

Ún3.4.1. Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)

y²: Nkς
Aς lς

(s;w)N
A′ς lς
k′ς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)Γlς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s−1)!

δBς[B′ς
δCςC′ς · ·]Γ

kς
AςBςCς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

k′ς
(s;w)

2s−1︷ ︸︸ ︷
δBςB′ς δ

Cς
C′ς
· ·

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

k′ς
(s;w)
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½n3.4.1.
Nkς
Aς lς

(s;w)NAς lς
mς

(s;w) = δkςmς [⇔]NAς (s;w)N̄Aς (s;w) = IC2s
w+1

[⇔]N̄(s;w)N(s;w) = IC2s
w+1

Nkς
Aς lς

(s;w)NAςmς
kς

(s;w) = w+(2s)%2
2s

δmςlς [⇔]N̄Aς (s;w)NAς (s;w) = w+(2s)%2
2s

δmςlς

Nkς
Aς lς

(s;w)NBς lς
kς

(s;w) = 1
2s

[C2s−1
w+1 −

(2s−1)%2
2s−1

C2s−2
w+1 ]δBςAς [⇔]tr[N̄Aς (s;w)NBς (s;w)] = 1

2s
[C2s−1
w+1 −

(2s−1)%2
2s−1

C2s−2
w+1 ]δBςAς

y²: Nkς
Aς lς

(s;w)NAς lς
mς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
AςBςCς · ·
mς

(s;w)

= δkςmς

y²: Nkς
Aς lς

(s;w)NAςmς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
AςB

′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

[A′ς
Aς
δBςBς δ

Cς
Cς
· ·] δAςA′ςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

δ
[Aς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·]
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

[δAςAςΓ

2s−1︷ ︸︸ ︷
[BςCς · ·]
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)− (2s− 1)%2Γ

2s−1︷ ︸︸ ︷
[AςCς · ·]
lς

(s− 1
2
;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
(2s)!

[(2s− 1)!δAςAςΓ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)− (2s− 1)%2(2s− 1)!Γ

2s−1︷ ︸︸ ︷
AςCς · ·
lς

(s− 1
2
;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
(2s)!

[(2s− 1)!δAςAς − (2s− 1)%2(2s− 1)!]δmςlς
= w+1−(2s−1)%2

2s
δmςlς = w+(2s)%2

2s
δmςlς

y²: Nkς
Aς lς

(s;w)N
A′ς lς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s︷ ︸︸ ︷
A
′
ςBςCς · ·

kς
(s;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

[A′ς
Aς
δBςBς δ

Cς
Cς
· ·]

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

[Bς
Bς
δCςCς · ·

]−

2s︷ ︸︸ ︷
δBςAς δ

[A′ς
Bς
δCςCς · ·

] +

2s︷ ︸︸ ︷
δCςAς δ

[Bς
Bς
δ
A′ς
Cς
· ·]− · · · ]

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

[Bς
Bς
δCςCς · ·

]−

2s︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

] +

2s︷ ︸︸ ︷
δ

[Bς
Bς
δ
A′ς
Aς
· ·]− · · · ]

= 1
(2s)!

[δ
A′ς
Aς

2s−1︷ ︸︸ ︷
δ

[Bς
Bς
δCςCς · ·

]−(2s− 1)%2

2s−1︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

]]

= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)− (2s− 1)%2

2s−1︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

]]

= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!δlς lς (s− 1
2
;w)− (2s− 1)%2

2s−1︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

]]
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= 1
(2s)!

[δ
A′ς
Aς

(2s− 1)!C2s−1
w+1 − (2s− 1)%2

2s−1︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

]]

= δ
A′ς
Aς

C2s−1
w+1

2s
− (2s−1)%2

2s
1

(2s−1)!

2s−1︷ ︸︸ ︷
δ

[A′ς
Aς
δCςCς · ·

]

= δ
A′ς
Aς

C2s−1
w+1

2s
− (2s−1)%2

2s
[δ
A′ς
Aς

C2s−2
w+1

2s−1
− (2s−2)%2

2s−1
1

(2s−2)!

2s−2︷ ︸︸ ︷
δ

[A′ς
Aς
δDςDς · ·

]]

= [
C2s−1
w+1

2s
− (2s−1)%2

2s

C2s−2
w+1

2s−1
]δ
A′ς
Aς

= 1
2s

[C2s−1
w+1 −

(2s−1)%2
2s−1

C2s−2
w+1 ]δ

A′ς
Aς

5�3.4.1.

N
kς
Aς lς

(s;w)NBςmς
kς

(s;w) = 1
2s

[δBςAς δ
mς
lς
− (2s− 1)%2Nmς

Aςnς
(s− 1

2
;w)NBςnς

lς
(s− 1

2
;w)]

N̄Aς (s;w)NBς (s;w) = 1
2s

[δBςAς IC2s−1
w+1
− (2s− 1)%2NBς (s− 1

2
;w)N̄Aς (s− 1

2
;w)]

y²: Nkς
Aς lς

(s;w)N
A′ςmς
kς

(s;w)

= ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γ

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

kς
(s;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

2s︷ ︸︸ ︷
δ

[A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· ·] Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ

[B′ς
Bς
δ
C′ς
Cς
· ·]−

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ

[A′ς
Bς
δ
C′ς
Cς
· ·] +

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ

[B′ς
Bς
δ
A′ς
Cς
· ·]− · · · ]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
(2s)!

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
[Bς
δ
C′ς
Cς
· ·]−

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
[Bς
δ
C′ς
Cς
· ·] +

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ
B′ς
[Bς
δ
A′ς
Cς
· ·]− · · · ]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

(

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· · −

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·+

2s︷ ︸︸ ︷
δ
C′ς
Aς
δ
B′ς
Bς
δ
A′ς
Cς
· · − · · · )Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

[

2s︷ ︸︸ ︷
δ
A′ς
Aς
δ
B′ς
Bς
δ
C′ς
Cς
· · −(2s− 1)%2

2s︷ ︸︸ ︷
δ
B′ς
Aς
δ
A′ς
Bς
δ
C′ς
Cς
· ·]Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)Γmς

B
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= 1
2s

[δ
A′ς
Aς

Γ

2s−1︷ ︸︸ ︷
BςCς · ·
lς

(s− 1
2
;w)ΓmςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)− (2s− 1)%2Γ

2s−1︷ ︸︸ ︷
A
′
ςCς · ·

lς
(s− 1

2
;w)ΓmςAςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)]

= 1
2s

[δ
A′ς
Aς
δmςlς − (2s− 1)%2Nmς

Aςnς
(s− 1

2
;w)N

A′ςnς
lς

(s− 1
2
;w)]

3.5 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�,ü�I(�3εAςBς�cJ^�)

,ü�Iµ

5�3.5.1.N
kς
Aς lς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)NBςnς

mς
(s;w)

NAς lς
kς

(s;w) = εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)Nmς

Bςnς
(s;w)

y²: εkςmς (s;w)εAςBςεlςnς (s− 1
2
;w)NBςnς

mς
(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBς
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Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s−1

Γ

2s−1︷ ︸︸ ︷
F
′′
ς G
′′
ς · ·

nς (s− 1
2
;w)NBςnς

mς
(s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · ·Γmς

E
′
ςF
′
ςG
′
ς · ·︸ ︷︷ ︸

2s

(s;w)εAςBςΓ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w) εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s−1

Γ

2s︷ ︸︸ ︷
BςF

′′
ς G
′′
ς · ·

mς (s;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςE
′
ςεB

′
ςF
′
ςεC

′
ςG
′
ς · · 1

(2s)!
δBς[E′ς

δ
F ′′ς
F ′ς
δ
G′′ς
G′ς
· ·]︸ ︷︷ ︸

2s

εAςBς εB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸
2s−1

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

2s︷ ︸︸ ︷
εA
′
ςBςεB

′
ςF
′′
ς εC

′
ςG
′′
ς · · εAςBςεB′′ς F ′′ς εC′′ς G′′ς · ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Γkς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) δ
A′ς
Aς
δ
B′ς
B′′ς
δ
C′ς
C′′ς
· ·︸ ︷︷ ︸

2s

Γ

2s−1︷ ︸︸ ︷
B
′′
ς C
′′
ς · ·

lς
(s− 1

2
;w)

= Nkς
Aς lς

(s;w)

íØ3.5.1.
NAς (s;w)ε(s− 1

2
;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1

2
;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

NAς (s;w)ε(s− 1
2
;w) = εAςBςε(s;w)NBς (s;w), ε(s− 1

2
;w)N̄Aς (s;w) = N̄Bς (s;w)εBςAςε(s;w)

N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)]N(s;w), ε(s;w)N̄(s;w) = N̄(s;w)[ε( 1

2
;w)⊗ ε(s− 1

2
;w)]

y²: Γ(s;w)ε(s;w) = ε( 1
2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ [Iw+1 ⊗ Γ̄(s− 1
2
;w)]Γ(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1

2
;w)] ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = [Iw+1 ⊗ Γ̄(s− 1
2
;w)] ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s

Γ(s;w)

⇔ N(s;w)ε(s;w) = {ε( 1
2
;w)⊗ [Γ̄(s− 1

2
;w) ε( 1

2
;w)⊗ · · ⊗ε( 1

2
;w)︸ ︷︷ ︸

2s−1

]}Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)][Iw+1 ⊗ Γ̄(s− 1

2
;w)]Γ(s;w)

⇔ N(s;w)ε(s;w) = [ε( 1
2
;w)⊗ ε(s− 1

2
;w)]N(s;w)

PenroseIO,ü5Kµ

5�3.5.2.N
kς
Aς lς

(s;w) = (−1)2s[ς2sεkςmς (s;w)](−ςεAςBς )[(−ς)2s−1εlςnς (s− 1
2
;w)]NBςnς

mς
(s;w)

NAς lς
kς

(s;w) = (−1)2s[(−ς)2sεkςmς (s;w)](ςεAςBς )[ς2s−1εlςnς (s− 1
2
;w)]Nmς

Bςnς
(s;w)

3.6 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)�g^Ý
C�

5�3.6.1.N
Aςmς
kς

(s;w)σαςAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w) = 1

2s
σας kς

lς (s;w)[⇔]NAς (s;w)σαςAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
σας (s;w)

[⇔]N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

w+1
N(s;w) = 1

2s
σ(s;w)

y²: NAςmς
kς

(s;w)σαςAς
A′ς ( 1

2
;w)N lς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓmςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)σαςAς

A′ς ( 1
2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) 1
(2s−1)!

δBς[B′ς
δCςC′ς · ·]σ

ας
Aς
A′ς ( 1

2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)
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= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)σαςAς
A′ς ( 1

2
;w)Γlς

A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2s
σαςmς

lς (s− 1
2
;w)

5�3.6.2. NAς lς
kς

(s;w)σαςAς
Bς ( 1

2
;w)Nkς

Bςmς
(s;w) = − (2s−1)%2

2s(2s−1)
σαςmς

lς (s− 1
2
;w)

[⇔]N̄Bς (s;w)σαςAς
Bς ( 1

2
;w)NAς (s;w) = − (2s−1)%2

2s(2s−1)
σας (s− 1

2
;w)

y²: NAς lς
kς

(s;w)σαςAς
A′ς ( 1

2
;w)Nkς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)σαςAς

A′ς ( 1
2
;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

δAς[A′ς
δBςB′ς δ

Cς
C′ς
· ·]σαςAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
[B′ς
δCςC′ς · ·] − δ

Aς
B′ς
δBς[A′ς

δCςC′ς · ·] + δAςC′ς δ
Bς
[B′ς
δCςA′ς · ·] − · · · ]σ

ας
Aς
A′ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
[B′ς
δCςC′ς · ·] − (2s− 1)%2δAςB′ς δ

Bς
[A′ς
δCςC′ς · ·]]σ

ας
Aς
A′ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
(2s)!

δAςB′ς δ
Bς
[A′ς
δCςC′ς · ·]σ

ας
Aς
A′ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
(2s)!

σαςB′ς
A′ς ( 1

2
;w)Γlς

[A
′
ςC
′
ς · ·]︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
2s

Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)σαςB′ς

A′ς ( 1
2
;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= − (2s−1)%2
2s(2s−1)

σαςmς
lς (s− 1

2
;w)

5�3.6.3.N
Aςmς
kς

(s;w)SabAς
Bς ( 1

2
;w)N lς

Bςmς
(s;w) = 1

2s
Sabkς

lς (s;w)[⇔]NAς (s;w)SabAς
Bς ( 1

2
;w)N̄Bς (s;w) = 1

2s
Sab(s, ς;w)

[⇔]N̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
N(s;w) = 1

2s
Sab(s, ς;w)

y²: NAςmς
kς

(s;w)SabAς
A′ς ( 1

2
;w)N lς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓmςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)SabAς

A′ς ( 1
2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w) 1
(2s−1)!

δBς[B′ς
δCςC′ς · ·]SabAς

A′ς ( 1
2
;w)Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)SabAς
A′ς ( 1

2
;w)Γlς

A
′
ςBςCς · ·︸ ︷︷ ︸

2s

(s;w)

= 1
2s
σαςmς

lς (s− 1
2
;w)

5�3.6.4. NAς lς
kς

(s;w)SabAς
Bς ( 1

2
;w)Nkς

Bςmς
(s;w) = − (2s−1)%2

2s(2s−1)
Sabmς

lς (s− 1
2
;w)

[⇔]N̄Bς (s;w)SabAς
Bς ( 1

2
;w)NAς (s;w) = − (2s−1)%2

2s(2s−1)
Sab(s− 1

2
, ς;w)
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y²: NAς lς
kς

(s;w)SabAς
A′ς ( 1

2
;w)Nkς

A′ςmς
(s;w)

= Γ

2s︷ ︸︸ ︷
AςBςCς · ·
kς

(s;w)ΓlςBςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)SabAς

A′ς ( 1
2
;w)Γkς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

δAς[A′ς
δBςB′ς δ

Cς
C′ς
· ·]SabAςA

′
ς ( 1

2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
[B′ς
δCςC′ς · ·] − δ

Aς
B′ς
δBς[A′ς

δCςC′ς · ·] + δAςC′ς δ
Bς
[B′ς
δCςA′ς · ·] − · · · ]SabAς

A′ς ( 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= 1
(2s)!

[δAςA′ς δ
Bς
[B′ς
δCςC′ς · ·] − (2s− 1)%2δAςB′ς δ

Bς
[A′ς
δCςC′ς · ·]]SabAς

A′ς ( 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
(2s)!

δAςB′ς δ
Bς
[A′ς
δCςC′ς · ·]SabAς

A′ς ( 1
2
;w)ΓlςBςCς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
(2s)!

σαςB′ς
A′ς ( 1

2
;w)Γlς

[A
′
ςC
′
ς · ·]︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)

= −(2s−1)%2
2s

Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

mς (s− 1
2
;w)σαςB′ς

A′ς ( 1
2
;w)Γlς

A
′
ςC
′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)

= − (2s−1)%2
2s(2s−1)

σαςmς
lς (s− 1

2
;w)

3.7 ~êØCÜþNkς
Aς lς

(s;w), NAς lς
kς

(s;w)���5�

½n3.7.1.σαςAςBς ( 1
2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

NAς lς
kς

(s;w)σαςAς
Bς ( 1

2
;w) +NBςmς

kς
(s;w)σαςmς

lς (s− 1
2
;w) = σας kς

jς (s;w)NBς lς
jς

(s;w)σαςAςBς ( 1
2
;w)N̄Bς (s;w) + σας (s− 1

2
;w)N̄Aς (s;w) = N̄Aς (s;w)σας (s;w)

NAς (s;w)σαςAς
Bς ( 1

2
;w) +NBς (s;w)σας (s− 1

2
;w) = σας (s;w)NBς (s;w)[σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σας (s− 1

2
;w)]N(s;w) = N(s;w)σας (s;w)

N̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σας (s− 1

2
;w)] = σας (s;w)N̄(s;w)

y²: Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ω

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[σAς
A′ς ( 1

2
;w) δ

B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ω

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ [σAς
A′ς ( 1

2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2
;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)σkς
lς (s;w)

⇔ σAς
A′ς ( 1

2
;w)N lς

A′ςjς
(s;w) + σjς

nς (s− 1
2
;w)N lς

Aςnς
(s;w) = Nkς

Aςjς
(s;w)σkς

lς (s;w)

⇔ σαςAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

½n3.7.2.
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2
;w)Nkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

NAς lς
kς

(s;w)SabAς
Bς ( 1

2
;w) +NBςmς

kς
(s;w)Sabmς

lς (s− 1
2
;w) = Sabkς

jς (s;w)NBς lς
jς

(s;w)SabAςBς ( 1
2
;w)N̄Bς (s;w) + Sab(s− 1

2
, ς;w)N̄Aς (s;w) = N̄Aς (s;w)Sab(s, ς;w)

NAς (s;w)SabAς
Bς ( 1

2
;w) +NBς (s;w)Sab(s− 1

2
, ς;w) = Sab(s, ς;w)NBς (s;w)[σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s, ς;w)N̄(s;w)

y²: Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇒ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

Ωab

2s︷ ︸︸ ︷
A
′
ςB
′
ςC
′
ς · ·

AςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

[SabAς
A′ς ( 1

2
;w) δ

B′ς
Bς
δ
C′ς
Cς
· ·︸ ︷︷ ︸

2s−1

+δ
A′ς
Aς

Ωab

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

BςCς · ·︸ ︷︷ ︸
2s−1

(s− 1
2
;w)]Γlς

A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ [SabAς
A′ς ( 1

2
;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ς · ·

jς
+ δ

A′ς
Aς
σjς

nς (s− 1
2
;w)Γ

2s︷ ︸︸ ︷
B
′
ςC
′
ς · ·

nς (s;w)]Γlς
A
′
ςB
′
ςC
′
ς · ·︸ ︷︷ ︸

2s

(s;w) = Γ

2s−1︷ ︸︸ ︷
BςCς · ·
jς

ΓkςAςBςCς · ·︸ ︷︷ ︸
2s

(s;w)Sabkς
lς (s;w)

⇔ SabAς
A′ς ( 1

2
;w)N lς

A′ςjς
(s;w) + Sabjς

nς (s− 1
2
;w)N lς

Aςnς
(s;w) = Nkς

Aςjς
(s;w)Sabkς

lς (s;w)

⇔ SabAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)

3.8 ~êØCÜþNkς
Aς1··Aςnlς (s;w), NAς1··Aςnlς

kς
(s;w)�Ú\9Ù5�

½Â3.8.1.

N
kς
Aς1··Aςnlςn(s;w) := ΓkςAς1··Aς2s(s;w)Γ

Aςn+1··Aς2s
lς

(s− n
2
;w)

NAς1··Aςnlςn
kς

(s;w) := ΓAς1··Aς2skς
(s;w)ΓlςAςn+1··Aς2s(s−

n
2
;w)

��5µ

5�3.8.1. N
k′ς
A′ς1··A′ςnl′ςn

(s;w) ' Nkς
Aς1··Aςnlςn(s;w) ' NAς1··Aςnlςn

kς
(s;w) ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

5�3.8.2. [Nkς
Aς1··Aςnlςn(s;w)]∗ ' Nk′ς

A′ς1··A′ςnl′ςn
(s;w), [NAς1··Aςnlςn

kς
(s;w)]∗ ' NA′ς1··A

′
ςnl
′
ςn

k′ς
(s;w)

Ðm5µ

5�3.8.3.N
kς
Aς1Aς2··Aςnlςn(s;w) = Nkς

Aς1lς1
(s;w)N lς1

Aς2lς2
(s− 1

2
;w) · ·N lςn−1

Aςnlςn
(s− n−1

2
;w)

NAς1Aς2··Aςnlςn
kς

(s;w) = NAς1lς1
kς

(s;w)NAς2lς2
lς1

(s− 1
2
;w) · ·NAςnlςn

lςn−1
(s− n−1

2
;w)

5�3.8.4.ΓkςAς1Aς2··Aς2s(s;w) = Nkς
Aς1lς1

(s;w)N lς1
Aς2lς2

(s− 1
2
;w) · ·N lς2s−1

Aς2slς2s
( 1

2
;w)

ΓAς1Aς2··Aς2skς
(s;w) = NAς1lς1

kς
(s;w)NAς2lς2

lς1
(s− 1

2
;w) · ·NAς2slς2s

lς2s−1
( 1

2
;w)ΓkςAς1Aς2··Aς2s(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1

2
;w) · ·NAς2s(

1
2
;w)

ΓAς1Aς2··Aς2skς
(s;w) � ΓAς1Aς2··Aς2s(s;w) = NAς1(s;w)NAς2(s− 1

2
;w) · ·NAς2s( 1

2
;w)Γ̄(s;w) = N̄(s;w)[Iw+1 ⊗ N̄(s− 1

2
;w)] · ·[I(w+1)2s−2 ⊗ N̄(1)][I(w+1)2s−1 ⊗ N̄( 1

2
;w)]

Γ(s;w) = [I(w+1)2s−1 ⊗N( 1
2
;w)][I(w+1)2s−2 ⊗N(1)] · ·[Iw+1 ⊗N(s− 1

2
;w)]N(s;w)

954



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 143Ù �é¡�{~êØCÜþ

3.9 íØ1µ~êÝ
N(s;w), N̄(s;w)�A�ð�ª

5�3.9.1.

N̄(s;w)[σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]N(s;w) = σ(s;w)

N(s;w)σ(s;w)N̄(s;w) = [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]N(s;w)N̄(s;w)

N(s;w)σ(s;w)N̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[N(s;w)N̄(s;w), σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)] = 0

5�3.9.2.

N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = Sab(s, ς;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = [Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w)N̄(s;w)

N(s;w)Sab(s, ς;w)N̄(s;w) = N(s;w)N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]

[N(s;w)N̄(s;w), Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = 0

5�3.9.3.

N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}nN(s;w) = [ϑ · σ(s;w)]n

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = {ϑ · [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑ · σ(s;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑ · [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n

[N(s;w)N̄(s;w), {ϑ · [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]}n] = 0

5�3.9.4.

N̄(s;w){ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}nN(s;w) = [ϑabSab(s, ς;w)]n

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = {ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}nN(s;w)N̄(s;w)

N(s;w)[ϑabSab(s, ς;w)]nN̄(s;w) = N(s;w)N̄(s;w){ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n

[N(s;w)N̄(s;w), {ϑab[Sab( 1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]}n] = 0

íØ3.9.1.

N̄(s;w)e
i
2
ϑab[Sab(

1
2
,ς;w)⊗I+Iw+1⊗Sab(s−

1
2
,ς;w)]N(s;w) = e

i
2
ϑabSab(s,ς;w)

N(s;w)e
i
2
ϑabSab(s,ς;w)N̄(s;w) = e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
w+1

+Iw+1⊗Sab(s−
1
2
,ς;w)]

N(s;w)N̄(s;w)

N(s;w)e
i
2
ϑabSab(s,ς;w)N̄(s;w) = N(s;w)N̄(s;w)e

i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
w+1

+Iw+1⊗Sab(s−
1
2
,ς;w)]

[N(s;w)N̄(s;w), e
i
2
ϑab[Sab(

1
2
,ς;w)⊗I

C
2s−1
w+1

+Iw+1⊗Sab(s−
1
2
,ς;w)]

] = 0

3.10 íØ2µ~êÝ
N(s;w), N̄(s;w)�,	A�ð�ª

íØ3.10.1.

N̄(s;w)σ( 1
2
;w)⊗ IC2s−1

w+1
N(s;w) = 1

2s
σ(s;w)

N̄(s;w)Iw+1 ⊗ σ(s− 1
2
;w)N(s;w) = (1− 1

2s
)σ(s;w)

NAς (s;w)σ(s− 1
2
;w)N̄Aς (s;w) = (1− 1

2s
)σ(s;w)

N̄Aς (s;w)σ(s;w)NAς (s;w) = [ w
2s

+ (2s)%2
2s−1

− 1
2s(2s−1)

]σ(s− 1
2
;w)

íØ3.10.2.

N̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
N(s;w) = 1

2s
Sab(s, ς;w)

N̄(s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)N(s;w) = (1− 1

2s
)Sab(s, ς;w)

NAς (s;w)Sab(s− 1
2
, ς;w)N̄Aς (s;w) = (1− 1

2s
)Sab(s, ς;w)

N̄Aς (s;w)Sab(s, ς;w)NAς (s;w) = [ w
2s

+ (2s)%2
2s−1

− 1
2s(2s−1)

]Sab(s− 1
2
, ς;w)
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íØ3.10.3.
N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1) = σ(1)

N̄( 3
2
){σ( 1

2
;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1)}}N( 3

2
) = σ( 3

2
)

N̄(s;w) · ·N̄( 3
2
){σ( 1

2
;w)⊗ I3 + Iw+1 ⊗ {N̄(1)[σ( 1

2
;w)⊗ I2 + Iw+1 ⊗ σ( 1

2
;w)]N(1)}}N( 3

2
) · ·N(s;w) = σ(s;w)

3.11 Ý
N(s;w), N̄(s;w)�~êØCÜþ5�

½n3.11.1. N(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)N(s;w)e−

i
2
ϑabSab(s,ς;w)

y²: [Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w) = N(s;w)Sab(s, ς;w)

⇔ 0 = [ i
2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]N(s;w)− i

2
ϑabN(s;w)Sab(s, ς;w)

⇔ N(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)N(s;w)e−

i
2
ϑabSab(s,ς;w)

½n3.11.2. N̄(s;w) = e
i
2
ϑabSab(s,ς;w)N̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: N̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s, ς;w)N̄(s;w)

⇔ 0 = i
2
ϑabSab(s, ς;w)N̄(s;w)− N̄(s;w)[ i

2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ N̄(s;w) = e
i
2
ϑabSab(s,ς;w)N̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

3.12 ü�½n�,	�«y²

½n3.12.1. Ω(s)Γ(s) = Γ(s)σ(s), Γ̄(s)Ω(s) = σ(s)Γ̄(s)

y²: æ^êÆ8B{

1: �s = 1
2
�, σ( 1

2
)Γ( 1

2
) = Γ(1

2
)σ( 1

2
)¤á"

2: b�s = k�,Ω(k)Γ(k) = Γ(k)σ(k)¤á"

3: �s = k + 1
2
�

Ω(k + 1
2
)Γ(k + 1

2
)

= [σ( 1
2
)⊗ I22k + I ⊗ Ω(k)][I ⊗ Γ(k)]N(k + 1

2
)

= {[I ⊗ Γ(k)][σ( 1
2
)⊗ I2(k+1)] + I ⊗ [Γ(k)σ(k)]}N(k + 1

2
)

= [I ⊗ Γ(k)][σ( 1
2
)⊗ I2(k+1) + I ⊗ σ(k)]N(k + 1

2
)

= [I ⊗ Γ(k)]N(k + 1
2
)σ(k + 1

2
)

= Γ(k + 1
2
)σ(k + 1

2
)

¤±·K¤á§y."

½n3.12.2. Γ̄(s)Ω(s) = σ(s)Γ̄(s)

y²: æ^êÆ8B{

1: �s = 1
2
�, Γ̄( 1

2
)σ( 1

2
) = σ( 1

2
)Γ̄( 1

2
)¤á"

2: b�s = k�, Γ̄(k)Ω(k) = σ(k)Γ̄(k)¤á"

3: �s = k + 1
2
�

Γ̄(k + 1
2
)Ω(k + 1

2
)

= N̄(k + 1
2
)[I ⊗ Γ̄(k)]{σ( 1

2
)⊗ I22k + I ⊗ Ω(k)}

= N̄(k + 1
2
){[σ( 1

2
)⊗ I2(k+1)][I ⊗ Γ̄(k)] + [I ⊗ σ(k)][I ⊗ Γ̄(k)]}

= N̄(k + 1
2
)[σ( 1

2
)⊗ I2(k+1) + I ⊗ σ(k)][I ⊗ Γ̄(k)]

= σ(k + 1
2
)N̄(k + 1

2
)[I ⊗ Γ̄(k)]

= σ(k + 1
2
)Γ̄(k + 1

2
)

¤±·K¤á§y."

956



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 143Ù �é¡�{~êØCÜþ

4 �{~êØCÜþX
Aς lς
mς (s;w), X

mς

Aς lς
(s;w)(�3εAςBς

�cJ)
�k÷vεAςBς = εBςAςé¡^��§�Ù!SNâ�Ü¤á§ÄK�kÜ©¤á"

4.1 �{~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)�Ú\

½Â4.1.1. XAς lς
mς

(s;w) :=
√

2s−1√
w+(2s−1)%2

εAςBςN lς
Bςmς

(s− 1
2
;w), Xmς

Aς lς
(s;w) :=

√
2s−1√

w+(2s−1)%2
εAςBςN

Bςmς
lς

(s− 1
2
;w)

5�4.1.1. XAς lς
mς

(s;w) ' Xmς
Aς lς

(s;w)

4.2 ~êÝ
X(s;w), X̄(s;w)�Ú\

½Â4.2.1.


XAς (s;w) ≺ XAς lς

mς
(s;w), XAς (s;w) ≺ Xmς

Aς lς
(s;w)

X̄Aς (s;w) ≺ XAς lς
mς (s;w), X̄Aς (s;w) ≺ XAς lς

mς (s;w)

X(s;w) ≺ XAς⊗lς
mς (s;w), X̄(s;w) ≺ Xmς

Aς⊗lς (s;w) = X+(s;w)

4.3 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)�,ü�I

5�4.3.1.XAς lς
mς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)Xrς

Bςnς
(s− 1

2
;w)

Xmς
Aς lς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)XBςnς

rς
(s− 1

2
;w)

y²: Nkς
Aς lς

(s− 1
2
;w) = εkςmς (s− 1

2
;w)εAςBςεlςnς (s− 1;w)NBςnς

mς
(s− 1

2
;w)

⇔ εCςAςNkς
Aς lς

(s− 1
2
;w) = εCςAςεkςmς (s− 1

2
;w)εAςBςεlςnς (s− 1;w)NBςnς

mς
(s− 1

2
;w)

⇔ XCςkς
lς

(s;w) = εCςAςεkςmς (s− 1
2
;w)εlςnς (s− 1;w)Xnς

Aςmς
(s− 1

2
;w)

⇔ XAς lς
mς

(s;w) = εAςBςεlςnς (s− 1
2
;w)εmςrς (s− 1;w)Xrς

Bςnς
(s− 1

2
;w)

4.4 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)���5

5�4.4.1. XAς lς
mς

(s;w)Xnς
Aς lς

(s;w) = δmς
nς [⇔]XAς (s;w)X̄Aς (s;w) = IC2s−2

w+1
[⇔]X̄(s;w)X(s;w) = IC2s−2

w+1

y²: XAς lς
mς

(s;w)Xnς
Aς lς

(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)

√
2s−1√

w+(2s−1)%2
εAςDςN

Dςnς
lς

(s− 1
2
;w)

= 2s−1√
w+(2s−1)%2

N lς
Cςmς

(s− 1
2
;w)δDς

CςNDςnς
lς

(s− 1
2
;w)

= 2s−1
w+(2s−1)%2

w+(2s−1)%2
2s−1

δmς
nς

= δmς
nς

5�4.4.2. XAς lς
mς

(s;w)Nkς
Aς lς

(s;w) = 0

[⇔]XAς (s;w)N̄Aς (s;w) = 0, NAς (s;w)X̄Aς (s;w) = 0[⇔]X̄(s;w)N(s;w) = 0, N̄(s;w)X(s;w) = 0

y²: XAς lς
mς

(s;w)Nkς
Aς lς

(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)Nkς

Aς lς
(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςΓlς
CςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s−1

(s− 1
2
;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s−1

(s;w)Γ

2s−1︷ ︸︸ ︷
B
′
ςC
′
ςD
′
ς · ·

lς
(s− 1

2
;w)

=
√

2s−1√
w+(2s−1)%2

εAςCς 1
(2s−1)!

δ
B′ς
[Cς
δ
C′ς
C′′ς
δ
D′ς
D′′ς
· ·]Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)Γkς
AςB

′
ςC
′
ςD
′
ς · ·︸ ︷︷ ︸

2s

(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςBςΓkς
AςBςC

′′
ς D
′′
ς · ·︸ ︷︷ ︸

2s

(s;w)Γ

2s−1︷ ︸︸ ︷
C
′′
ς D
′′
ς · ·

mς (s− 1;w)

= 0

957



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 143Ù �é¡�{~êØCÜþ

5�4.4.3. Xmς
Aς lς

(s;w)XAςkς
mς

(s;w) = 2s−1
w+(2s−1)%2

δlς
kς [⇔]X̄Aς (s;w)XAς (s;w) = 2s−1

w+(2s−1)%2
IC2s−1

w+1

y²: Xmς
Aς lς

(s;w)XAςkς
mς

(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςBςN
Bςmς
lς

(s− 1
2
;w)

√
2s−1√

w+(2s−1)%2
εAςCςNkς

Cςmς
(s− 1

2
;w)

= 2s−1
w+(2s−1)%2

NBςmς
lς

(s− 1
2
;w)Nkς

Bςmς
(s− 1

2
;w)

= 2s−1
w+(2s−1)%2

δlς
kς

5�4.4.4. Xmς
Aς lς

(s;w)XBς lς
mς

(s;w) =
C2s−2
w+1 −

(2s−2)%2
2s−2

C2s−3
w+1

w+(2s−1)%2
δBςAς [⇔]tr[X̄Aς (s;w)XBς (s;w)] =

C2s−2
w+1 −

(2s−2)%2
2s−2

C2s−3
w+1

w+(2s−1)%2
δBςAς

y²: Xmς
Aς lς

(s;w)XBς lς
mς

(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN
Cςmς
lς

(s− 1
2
;w)

√
2s−1√

w+(2s−1)%2
εBςDςN lς

Dςmς
(s− 1

2
;w)

= 2s−1
w+(2s−1)%2

εAςCςε
BςDςNCςmς

lς
(s− 1

2
;w)N lς

Dςmς
(s− 1

2
;w)

= 2s−1
w+(2s−1)%2

εAςCςε
BςDς 1

2s−1
[C2s−2
w+1 −

(2s−2)%2
2s−2

C2s−3
w+1 ]δCςDς

=
C2s−2
w+1 −

(2s−2)%2
2s−2

C2s−3
w+1

w+(2s−1)%2
δBςAς

íØ4.4.1. N̄(s;w)N(s;w) = IC2s
w+1

, X̄(s;w)X(s;w) = IC2s−2
w+1

, N̄(s;w)X(s;w) = 0, X̄(s;w)N(s;w) = 0

4.5 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)�g^C�

íØ4.5.1. XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
σαςmς

nς (s− 1;w)

[⇔]XAς (s;w)σAς
Bς ( 1

2
;w)X̄Bς (s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
σ(s− 1;w)

[⇔]X̄(s;w)σ( 1
2
;w)⊗ IC2s−1

w+1
X(s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
σ(s− 1;w)

y²: XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)σαςAς

Bς ( 1
2
;w)

√
2s−1√

w+(2s−1)%2
εBςDςN

Dςnς
lς

(s− 1
2
;w)

= − 2s−1
w+(2s−1)%2

N lς
Cςmς

(s− 1
2
;w)σαςDς

Cς ( 1
2
;w)NDςnς

lς
(s− 1

2
;w)

= 1
w+(2s−1)%2

(2s−2)%2
2s−2

σαςmς
nς (s− 1;w)

íØ4.5.2. XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w) = − 1

w+(2s−1)%2
σας kς

lς (s− 1
2
;w)

[⇔]X̄Aς (s;w)σαςAς
Bς ( 1

2
;w)XBς (s;w) = − 1

w+(2s−1)%2
σας (s− 1

2
;w)

y²: XAς lς
mς

(s;w)σαςAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)σαςAς

Bς ( 1
2
;w)

√
2s−1√

w+(2s−1)%2
εBςDςN

Dςmς
kς

(s− 1
2
;w)

= − 2s−1
w+(2s−1)%2

N lς
Cςmς

(s− 1
2
;w)σαςDς

Cς ( 1
2
;w)NDςmς

kς
(s− 1

2
;w)

= − 1
w+(2s−1)%2

σας kς
lς (s− 1

2
;w)

íØ4.5.3. XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
Sabmς

nς (s− 1;w)

[⇔]XAς (s;w)Sab(
1
2
, ς;w)⊗ IC2s−2

2s−2+w
X̄Aς (s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
Sab(s− 1, ς;w)

[⇔]X̄(s;w)Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
X(s;w) = 1

w+(2s−1)%2
(2s−2)%2

2s−2
Sab(s− 1, ς;w)

y²: XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xnς

Bς lς
(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)SabAς

Bς ( 1
2
;w)

√
2s−1√

w+(2s−1)%2
εBςDςN

Dςnς
lς

(s− 1
2
;w)

= − 2s−1
w+(2s−1)%2

N lς
Cςmς

(s− 1
2
;w)SabDς

Cς ( 1
2
;w)NDςnς

lς
(s− 1

2
;w)

= 1
w+(2s−1)%2

(2s−2)%2
2s−2

Sabmς
nς (s− 1;w)

íØ4.5.4. XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w) = − 1

2s
Sabkς

lς (s− 1
2
;w)

[⇔]X̄Aς (s;w)SabAς
Bς ( 1

2
;w)XBς (s;w) = − 1

w+(2s−1)%2
Sab(s− 1

2
, ς;w)
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y²: XAς lς
mς

(s;w)SabAς
Bς ( 1

2
;w)Xmς

Bςkς
(s;w)

=
√

2s−1√
w+(2s−1)%2

εAςCςN lς
Cςmς

(s− 1
2
;w)SabAς

Bς ( 1
2
;w)

√
2s−1√

w+(2s−1)%2
εBςDςN

Dςmς
kς

(s− 1
2
;w)

= − 2s−1
w+(2s−1)%2

N lς
Cςmς

(s− 1
2
;w)SabDς

Cς ( 1
2
;w)NDςmς

kς
(s− 1

2
;w)

= − 1
w+(2s−1)%2

Sabkς
lς (s− 1

2
;w)

4.6 ~êØCÜþXAς lς
mς (s;w), Xmς

Aς lς
(s;w)���5�

Ún4.6.1. εAςCςσAς
Bς ( 1

2
;w)εEςBς = σEς

Cς ( 1
2
;w)

�k±þÚn¤á§±e(Øâ¤á"

½n4.6.1.XAς lς
mς

(s;w)[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)] = σmς

nς (s− 1;w)XBςkς
nς

(s;w)

[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)]Xnς

Bςkς
(s;w) = Xmς

Aς lς
(s;w)σmς

nς (s− 1;w)XAς (s;w)[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)] = σ(s− 1;w)XBς (s;w)

[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)]X̄Bς (s;w) = X̄Aς (s;w)σ(s− 1;w)X̄(s;w)[σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)] = σ(s− 1;w)X̄(s;w)

[σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w) = X(s;w)σ(s− 1;w)

y²: XAςkς
mς

(s;w)[σAς
Bς ( 1

2
;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2
;w)] = σmς

nς (s− 1;w)XBς lς
nς

(s;w)

⇔
√

2s−1√
w+(2s−1)%2

εAςCςNkς
Cςmς

(s− 1
2
;w)[σAς

Bς ( 1
2
;w)δkς

lς+δAς
Bςσkς

lς (s− 1
2
;w)] = σmς

nς (s−1;w)
√

2s−1√
w+(2s−1)%2

εBςDςN lς
Dςnς

(s−
1
2
;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2
;w)[σAς

Bς ( 1
2
;w)δkς

lς + δAς
Bςσkς

lς (s− 1
2
;w)] = σmς

nς (s− 1;w)εBςDςN lς
Dςnς

(s− 1
2
;w)

⇔ εAςCςNkς
Cςmς

(s;w)[σAς
Bς ( 1

2
;w)δkς

lς + δAς
Bςσkς

lς (s;w)] = σmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[σAς

Bς ( 1
2
;w)δkς

lς + δAς
Bςσkς

lς (s;w)] = εEςBςσmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ Nkς
Cςmς

(s;w)[σ( 1
2
;w)Eς

Cςδkς
lς − δEςCςσkς lς (s;w)] = −σmςnς (s− 1

2
;w)N lς

Eςnς
(s;w)

⇔ [σ( 1
2
;w)Eς

CςN lς
Cςmς

(s;w) + σmς
nς (s− 1

2
;w)N lς

Eςnς
(s;w) = Nkς

Eςmς
(s;w)σkς

lς (s;w)

⇔ σαςAς
Bς ( 1

2
;w)Nkς

Bς lς
(s;w) + σας lς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)σας jς

kς (s;w)

½n4.6.2.XAς lς
mς

(s;w)[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)XBς⊗kς
nς

(s;w)

[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)]Xnς

Bςkς
(s;w) = Xmς

Aς lς
(s;w)Sabmς

nς (s− 1;w)XAς (s;w)[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)] = Sab(s− 1, ς;w)XBς (s;w)

[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)]X̄Bς (s;w) = X̄Aς (s;w)Sab(s− 1, ς;w)X̄(s;w)[Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

y²: XAςkς
mς

(s;w)[SabAς
Bςδkς

lς + δAς
BςSabkς

lς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)XBς lς
nς

(s;w)

⇔
√

2s−1√
w+(2s−1)%2

εAςCςNkς
Cςmς

(s− 1
2
;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s− 1

2
;w)]

= Sabmς
nς (s− 1;w)

√
2s−1√

w+(2s−1)%2
εBςDςN lς

Dςnς
(s− 1

2
;w)

⇔ εAςCςNkς
Cςmς

(s− 1
2
;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s− 1

2
;w)] = Sabmς

nς (s− 1;w)εBςDςN lς
Dςnς

(s− 1
2
;w)

⇔ εAςCςNkς
Cςmς

(s;w)[SabAς
Bςδkς

lς + δAς
BςSabkς

lς (s;w)] = Sabmς
nς (s− 1

2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ εEςBςε
AςCςNkς

Cςmς
(s;w)[SabAς

Bςδkς
lς + δAς

BςSabkς
lς (s;w)] = εEςBςSabmς

nς (s− 1
2
;w)εBςDςN lς

Dςnς
(s;w)

⇔ Nkς
Cςmς

(s;w)[SabEς
Cςδkς

lς − δEςCςSabkς lς (s;w)] = −Sabmςnς (s− 1
2
;w)N lς

Eςnς
(s;w)

⇔ [SabEς
CςN lς

Cςmς
(s;w) + Sabmς

nς (s− 1
2
;w)N lς

Eςnς
(s;w) = Nkς

Eςmς
(s;w)Sabkς

lς (s;w)

⇔ SabAς
BςNkς

Bς lς
(s;w) + Sablς

mς (s− 1
2
;w)Nkς

Aςmς
(s;w) = N jς

Aς lς
(s;w)Sabjς

kς (s;w)
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íØ4.6.1.NCςmς
lς (s− 1

2
;w)εCςAς [σAς

Bς ( 1
2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)] = σmς

nς (s− 1;w)NDςnς
kς (s− 1

2
;w)εDςBς

[σAς
Bς ( 1

2
;w)δlς

kς + δAς
Bςσlς

kς (s− 1
2
;w)]εBςCςN

Cςnς
kς

(s− 1
2
;w) = εAςDςN

Dςmς
lς

(s− 1
2
;w)σmς

nς (s− 1;w)NCς (s− 1
2
;w)εCςAς [σAς

Bς ( 1
2
;w) + δAς

Bςσ(s− 1
2
;w)] = σ(s− 1;w)NDς (s− 1

2
;w)εDςBς

[σAς
Bς ( 1

2
;w) + δAς

Bςσ(s− 1
2
;w)]εBςCςN

Cς (s− 1
2
;w) = εAςDςN

Dς (s− 1
2
;w)σ(s− 1;w)

íØ4.6.2.NCςmς
lς (s− 1

2
;w)εCςAς [SabAς

Bς ( 1
2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)] = Sabmς

nς (s− 1;w)NDςnς
kς (s− 1

2
;w)εDςBς

[SabAς
Bς ( 1

2
;w)δlς

kς + δAς
BςSablς

kς (s− 1
2
;w)]εBςCςN

Cςnς
kς

(s− 1
2
;w) = εAςDςN

Dςmς
lς

(s− 1
2
;w)Sabmς

nς (s− 1;w)NCς (s− 1
2
;w)εCςAς [SabAς

Bς ( 1
2
;w) + δAς

BςSab(s− 1
2
, ς;w)] = Sab(s− 1, ς;w)NDς (s− 1

2
;w)εDςBς

[SabAς
Bς ( 1

2
;w) + δAς

BςSab(s− 1
2
, ς;w)]εBςCςN

Cς (s− 1
2
;w) = εAςDςN

Dς (s− 1
2
;w)Sab(s− 1, ς;w)

4.7 íØµ'u~êÝ
X(s;w), X̄(s;w)��5�

íØ4.7.1.
X̄(s;w)[σ( 1

2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w) = σ(s− 1;w)

X(s;w)σ(s− 1;w)X̄(s;w) = [σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), σ( 1
2
;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ σ(s− 1

2
;w)] = 0

íØ4.7.2.
X̄(s;w)[Sab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = Sab(s− 1, ς;w)

X(s;w)Sab(s, ς − 1, ς;w)X̄(s;w) = [Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w)X̄(s;w)

[X(s;w)X̄(s;w), Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = 0

íØ4.7.3. XAς (s;w)σ(s− 1
2
;w)X̄Aς (s;w) = 1 + 1

w+(2s−1)%2
σ(s− 1;w)

[⇔]X̄(s;w)Iw+1 ⊗ σ(s− 1
2
;w)X(s;w) = 1 + 1

w+(2s−1)%2
σ(s− 1;w)

íØ4.7.4. XAς (s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)X̄Aς (s;w) = 1 + 1

w+(2s−1)%2
Sab(s− 1, ς;w)

[⇔]X̄(s;w)Iw+1 ⊗ Sab(s− 1
2
, ς;w)X(s;w) = 1 + 1

w+(2s−1)%2
Sab(s− 1, ς;w)

4.8 Ý
X(s;w), X̄(s;w)�~êØCÜþ5�

½n4.8.1. X(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)X(s;w)e−

i
2
ϑabSab(s−1,ς;w)

y²: [Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w) = X(s;w)Sab(s− 1, ς;w)

⇔ 0 = [ i
2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]X(s;w)− i

2
ϑabX(s;w)Sab(s− 1, ς;w)

⇔ X(s;w) = e
i
2
ϑabSab(

1
2
,ς;w) ⊗ e

i
2
ϑabSab(s−

1
2
,ς;w)X(s;w)e−

i
2
ϑabSab(s−1,ς;w)

½n4.8.2. X̄(s;w) = e
i
2
ϑabSab(s−1,ς;w)X̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

y²: X̄(s;w)[Sab(
1
2
, ς;w)⊗ IC2s−1

w+1
+ Iw+1 ⊗ Sab(s− 1

2
, ς;w)] = Sab(s− 1, ς;w)X̄(s;w)

⇔ 0 = i
2
ϑabSab(s− 1, ς;w)X̄(s;w)− X̄(s;w)[ i

2
ϑabSab(

1
2
, ς;w)⊗ IC2s−1

w+1
+ i

2
ϑabIw+1 ⊗ Sab(s− 1

2
, ς;w)]

⇔ X̄(s;w) = e
i
2
ϑabSab(s−1,ς;w)X̄(s;w)e−

i
2
ϑabSab(

1
2
,ς;w) ⊗ e−

i
2
ϑabSab(s−

1
2
,ς;w)

4.9 ~êÝ
Ω(s;w), σ(s− 1;w)���5�

íØ4.9.1.

Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]X(s;w) = [Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)σ(s− 1;w)

X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w) = σ(s− 1;w)X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]
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íØ4.9.2.

σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]N(s;w)

σ(s− 1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)]Ω(s;w)[Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)

íØ4.9.3.

[~ϑ · σ(s;w)]n = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)]N(s;w)

[~ϑ · σ(s− 1;w)]n = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1
2
;w)][~ϑ · Ω(s;w)]n[Iw+1 ⊗ Γ(s− 1

2
;w)]X(s;w)

íØ4.9.4.

e
~ϑ·σ(s;w) = N̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]N(s;w)

e
~ϑ·σ(s−1;w) = X̄(s;w)[Iw+1 ⊗ Γ̄(s− 1

2
;w)]e

~ϑ·Ω(s;w)[Iw+1 ⊗ Γ(s− 1
2
;w)]X(s;w)

4.10 ~êÝ
Ω(s− l;w), [~ϑ · Ω(s− l;w)]n, e
~ϑ·Ω(s−l;w)�Ó�5L«

íØ4.10.1. Ω(s;w) = Ω(s− 1;w)⊗ I(w+1)2 + I(w+1)2s−2 ⊗ Ω(1;w)

íØ4.10.2.Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2
;w)]X(1;w)} = I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}Ω(s− 1;w)

I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]}Ω(s;w) = Ω(s− 1;w)I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}

íØ4.10.3.
Ω(s− 1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

[~ϑ · Ω(s− 1;w)]n = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]}[~ϑ · Ω(s;w)]nI(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

e
~ϑ·Ω(s−1;w) = I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1

2
;w)]}e~ϑ·Ω(s;w)I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1

2
;w)]X(1;w)}

½Â4.10.1.T (s;w) := I(w+1)2s−2 ⊗ {[Iw+1 ⊗ Γ( 1
2
;w)]X(1;w)}

T̄ (s;w) := I(w+1)2s−2 ⊗ {X̄(1;w)[Iw+1 ⊗ Γ̄( 1
2
;w)]} = T+(s;w)

íØ4.10.4.
Ω(s− l;w) = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)Ω(s;w)T (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

[~ϑ · Ω(s− l;w)]n = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

e
~ϑ·Ω(s−l;w) = T̄ (s− l + 1;w) · · · T̄ (s− 1;w)T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w)T (s− 1;w) · · ·T (s− l + 1;w)

íØ4.10.5.
σ(s− l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)Ω(s;w)T (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)

[~ϑ · σ(s− l;w)]n = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)[~ϑ · Ω(s;w)]nT (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)

e
~ϑ·σ(s−l;w) = Γ̄(s− l;w)T̄ (s− l + 1;w) · · · T̄ (s;w)e

~ϑ·Ω(s;w)T (s;w) · · ·T (s− l + 1;w)Γ(s− l;w)

5 �é¡~êØCÜþΓkab(1; 3)�A^->^Üþ�p^þ£ã

5.1 Ä:

>^Üþ:Fab =


0 Bz −By −iEx
−Bz 0 Bx −iEy
By −Bx 0 −iEz
iEx iEy iEz 0

 ,éóÜþ: ∗ Fab =


0 −iEz iEy Bx

iEz 0 −iEx By

−iEy iEx 0 Bz

−Bx −By −Bz 0

 (43.1)

íØ5.1.1.

√
2Γab0 =

[
0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

]
= iRz,

√
2Γab1 =

[
0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0

]
= −iRy,

√
2Γab2 =

[
0 0 0 1
0 0 0 0
0 0 0 0
−1 0 0 0

]
= −iLx

√
2Γab3 =

[
0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

]
= iRx,

√
2Γab4 =

[
0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

]
= −iLy,

√
2Γab5 =

[
0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

]
= −iLz
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íØ5.1.2. F0 =
√

2Bz, F1 = −
√

2By, F2 = −i
√

2Ex, F3 =
√

2Bx, F4 = −i
√

2Ey, F5 = −i
√

2Ez[√
2~E

√
2 ~B

]
=

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0



F1

F2

F3

F4

F5

F6

 = SF, S :=

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 , S+ =

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0

 , SS+ = S+S = I6

½n5.1.1. tr(RαRβRγ) = tr(LαLβRγ) = iεαβγ

y²:

tr(RxRyRz) = tr(RzRxRy) = tr(RyRzRx) = i

tr(RyRxRz) = tr(RzRyRx) = tr(RxRzRy) = −i
tr(R2

xRx) = tr(R2
xRy) = tr(R2

xRz) = 0

tr(R2
yRx) = tr(R2

yRy) = tr(R2
yRz) = 0

tr(R2
zRx) = tr(R2

zRy) = tr(R2
zRz) = 0

tr(RαRβLx) = tr(RαRβLy) = tr(RαRβLz) = 0

tr(LαLβLx) = tr(LαLβLy) = tr(LαLβLz) = 0

tr(LxLyRx) = tr(LxLyRy) = 0, tr(LxLyRz) = i

tr(LyLzRx) = i, tr(LyLzRy) = tr(LyLzRz) = 0

tr(LzLxRx) = 0, tr(LzLxRy) = i, tr(LzLxRz) = 0

tr(LyLxRx) = tr(LyLxRy) = 0, tr(LyLxRz) = −i
tr(LzLyRx) = −i, tr(LzLyRy) = tr(LzLyRz) = 0

tr(LxLzRx) = 0, tr(LxLzRy) = −i, tr(LxLzRz) = 0

íØ5.1.3. tr(γαγβγγ) = iεαβγ

íØ5.1.4. Rk
l(1; 3) = 2Γabk Ra

a′Γla′b = −tr(
√

2ΓkR
√

2Γl) ' −Rlk(1; 3)

5.2 SRx(1; 3)S+�O�

íØ5.2.1.

Rx0
1(1; 3) = −tr(

√
2Γ0R

x
√

2Γ1) = −tr(RzRxRy) = −i
Rx0

2(1; 3) = −tr(
√

2Γ0R
x
√

2Γ2) = −tr(RzRxLx) = 0

Rx0
3(1; 3) = −tr(

√
2Γ0R

x
√

2Γ3) = tr(RzR
xRx) = 0

Rx0
4(1; 3) = −tr(

√
2Γ0R

x
√

2Γ4) = −tr(RzRxLy) = 0

Rx0
5(1; 3) = −tr(

√
2Γ0R

x
√

2Γ5) = −tr(RzRxLz) = 0

íØ5.2.2.

Rx1
2(1; 3) = −tr(

√
2Γ1R

x
√

2Γ2) = tr(RyR
xLx) = 0

Rx1
3(1; 3) = −tr(

√
2Γ1R

x
√

2Γ3) = −tr(RyRxRx) = 0

Rx1
4(1; 3) = −tr(

√
2Γ1R

x
√

2Γ4) = tr(RyR
xLy) = 0

Rx1
5(1; 3) = −tr(

√
2Γ1R

x
√

2Γ5) = tr(RyR
xLz) = 0

íØ5.2.3.

Rx2
3(1; 3) = −tr(

√
2Γ2R

x
√

2Γ3) = −tr(LxRxRx) = 0

Rx2
4(1; 3) = −tr(

√
2Γ2R

x
√

2Γ4) = tr(LxR
xLy) = 0

Rx2
5(1; 3) = −tr(

√
2Γ2R

x
√

2Γ5) = tr(LxR
xLz) = 0

íØ5.2.4.

Rx3
4(1; 3) = −tr(

√
2Γ3R

x
√

2Γ4) = −tr(RxRxLy) = 0

Rx3
5(1; 3) = −tr(

√
2Γ3R

x
√

2Γ5) = −tr(RxRxLz) = 0

íØ5.2.5.

Rx4
5(1; 3) = −tr(

√
2Γ4R

x
√

2Γ5) = tr(LyR
xLz) = −i
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íØ5.2.6.

Rx(1; 3) =

 0 −i 0 0 0 0
i 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 i 0


íØ5.2.7.

SRx(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 −i 0 0 0 0
i 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 i 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SRx(1; 3)S+ =

 0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0
0 0 0 0 0 0
−i 0 0 0 0 0
0 −i 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SRx(1; 3)S+ =

 0 0 0 0 0 0
0 0 −i 0 0 0
0 i 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 i 0

 = γx ⊗ I

5.3 SRy(1; 3)S+�O�

íØ5.3.1.

Ry0
1(1; 3) = −tr(

√
2Γ0R

y
√

2Γ1) = −tr(RzRyRy) = 0

Ry0
2(1; 3) = −tr(

√
2Γ0R

y
√

2Γ2) = −tr(RzRyLx) = 0

Ry0
3(1; 3) = −tr(

√
2Γ0R

y
√

2Γ3) = tr(RzR
yRx) = −i

Ry0
4(1; 3) = −tr(

√
2Γ0R

y
√

2Γ4) = −tr(RzRyLy) = 0

Ry0
5(1; 3) = −tr(

√
2Γ0R

y
√

2Γ5) = −tr(RzRyLz) = 0

íØ5.3.2.

Ry1
2(1; 3) = −tr(

√
2Γ1R

y
√

2Γ2) = tr(RyR
yLx) = 0

Ry1
3(1; 3) = −tr(

√
2Γ1R

y
√

2Γ3) = −tr(RyRyRx) = 0

Ry1
4(1; 3) = −tr(

√
2Γ1R

y
√

2Γ4) = tr(RyR
yLy) = 0

Ry1
5(1; 3) = −tr(

√
2Γ1R

y
√

2Γ5) = tr(RyR
yLz) = 0

íØ5.3.3.

Ry2
3(1; 3) = −tr(

√
2Γ2R

y
√

2Γ3) = −tr(LxRyRx) = 0

Ry2
4(1; 3) = −tr(

√
2Γ2R

y
√

2Γ4) = tr(LxR
yLy) = 0

Ry2
5(1; 3) = −tr(

√
2Γ2R

y
√

2Γ5) = tr(LxR
yLz) = i

íØ5.3.4.

Ry3
4(1; 3) = −tr(

√
2Γ3R

y
√

2Γ4) = −tr(RxRyLy) = 0

Ry3
5(1; 3) = −tr(

√
2Γ3R

y
√

2Γ5) = −tr(RxRyLz) = 0

íØ5.3.5.

Ry4
5(1; 3) = −tr(

√
2Γ4R

y
√

2Γ5) = tr(LyR
yLz) = 0

íØ5.3.6.

Ry(1; 3) =

 0 0 0 −i 0 0
0 0 0 0 0 0
0 0 0 0 0 i
i 0 0 0 0 0
0 0 0 0 0 0
0 0 −i 0 0 0


íØ5.3.7.

SRy(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 0 0 −i 0 0
0 0 0 0 0 0
0 0 0 0 0 i
i 0 0 0 0 0
0 0 0 0 0 0
0 0 −i 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SRy(1; 3)S+ =

 0 0 0 0 0 −1
0 0 0 0 0 0
0 0 1 0 0 0
i 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −i 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0
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SRy(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 0 0
−i 0 0 0 0 0
0 0 0 0 0 i
0 0 0 0 0 0
0 0 0 −i 0 0

 = γy ⊗ I

5.4 SRz(1; 3)S+�O�

íØ5.4.1.

Rz0
1(1; 3) = −tr(

√
2Γ0R

z
√

2Γ1) = −tr(RzRzRy) = 0

Rz0
2(1; 3) = −tr(

√
2Γ0R

z
√

2Γ2) = −tr(RzRzLx) = 0

Rz0
3(1; 3) = −tr(

√
2Γ0R

z
√

2Γ3) = tr(RzR
zRx) = 0

Rz0
4(1; 3) = −tr(

√
2Γ0R

z
√

2Γ4) = −tr(RzRzLy) = 0

Rz0
5(1; 3) = −tr(

√
2Γ0R

z
√

2Γ5) = −tr(RzRzLz) = 0

íØ5.4.2.

Rz1
2(1; 3) = −tr(

√
2Γ1R

z
√

2Γ2) = tr(RyR
zLx) = 0

Rz1
3(1; 3) = −tr(

√
2Γ1R

z
√

2Γ3) = −tr(RyRzRx) = −i
Rz1

4(1; 3) = −tr(
√

2Γ1R
z
√

2Γ4) = tr(RyR
zLy) = 0

Rz1
5(1; 3) = −tr(

√
2Γ1R

z
√

2Γ5) = tr(RyR
zLz) = 0

íØ5.4.3.

Rz2
3(1; 3) = −tr(

√
2Γ2R

z
√

2Γ3) = −tr(LxRzRx) = 0

Rz2
4(1; 3) = −tr(

√
2Γ2R

z
√

2Γ4) = tr(LxR
zLy) = −i

Rz2
5(1; 3) = −tr(

√
2Γ2R

z
√

2Γ5) = tr(LxR
zLz) = 0

íØ5.4.4.

Rz3
4(1; 3) = −tr(

√
2Γ3R

z
√

2Γ4) = −tr(RxRzLy) = 0

Rz3
5(1; 3) = −tr(

√
2Γ3R

z
√

2Γ5) = −tr(RxRzLz) = 0

íØ5.4.5.

Rz4
5(1; 3) = −tr(

√
2Γ4R

z
√

2Γ5) = tr(LyR
zLz) = 0

íØ5.4.6.

Rz(1; 3) =

 0 0 0 0 0 0
0 0 0 −i 0 0
0 0 0 0 −i 0
0 i 0 0 0 0
0 0 i 0 0 0
0 0 0 0 0 0


íØ5.4.7.

SRz(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 0 0 0 0 0
0 0 0 −i 0 0
0 0 0 0 −i 0
0 i 0 0 0 0
0 0 i 0 0 0
0 0 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SRz(1; 3)S+ =

 0 0 0 0 1 0
0 0 −1 0 0 0
0 0 0 0 0 0
0 i 0 0 0 0
0 0 0 i 0 0
0 0 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SRz(1; 3)S+ =

 0 −i 0 0 0 0
i 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −i 0
0 0 0 i 0 0
0 0 0 0 0 0

 = γz ⊗ I

5.5 SLx(1; 3)S+�O�

íØ5.5.1.

Lx0
1(1; 3) = −tr(

√
2Γ0L

x
√

2Γ1) = −tr(RzLxRy) = 0

Lx0
2(1; 3) = −tr(

√
2Γ0L

x
√

2Γ2) = −tr(RzLxLx) = 0

Lx0
3(1; 3) = −tr(

√
2Γ0L

x
√

2Γ3) = tr(RzL
xRx) = 0
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Lx0
4(1; 3) = −tr(

√
2Γ0L

x
√

2Γ4) = −tr(RzLxLy) = −i
Lx0

5(1; 3) = −tr(
√

2Γ0L
x
√

2Γ5) = −tr(RzLxLz) = 0

íØ5.5.2.

Lx1
2(1; 3) = −tr(

√
2Γ1L

x
√

2Γ2) = tr(RyL
xLx) = 0

Lx1
3(1; 3) = −tr(

√
2Γ1L

x
√

2Γ3) = −tr(RyLxRx) = 0

Lx1
4(1; 3) = −tr(

√
2Γ1L

x
√

2Γ4) = tr(RyL
xLy) = 0

Lx1
5(1; 3) = −tr(

√
2Γ1L

x
√

2Γ5) = tr(RyL
xLz) = −i

íØ5.5.3.

Lx2
3(1; 3) = −tr(

√
2Γ2L

x
√

2Γ3) = −tr(LxLxRx) = 0

Lx2
4(1; 3) = −tr(

√
2Γ2L

x
√

2Γ4) = tr(LxL
xLy) = 0

Lx2
5(1; 3) = −tr(

√
2Γ2L

x
√

2Γ5) = tr(LxL
xLz) = 0

íØ5.5.4.

Lx3
4(1; 3) = −tr(

√
2Γ3L

x
√

2Γ4) = −tr(RxLxLy) = 0

Lx3
5(1; 3) = −tr(

√
2Γ3L

x
√

2Γ5) = −tr(RxLxLz) = 0

íØ5.5.5.

Lx4
5(1; 3) = −tr(

√
2Γ4L

x
√

2Γ5) = tr(LyL
xLz) = 0

íØ5.5.6.

Lx(1; 3) =

 0 0 0 0 −i 0
0 0 0 0 0 −i
0 0 0 0 0 0
0 0 0 0 0 0
i 0 0 0 0 0
0 i 0 0 0 0


íØ5.5.7.

SLx(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 0 0 0 −i 0
0 0 0 0 0 −i
0 0 0 0 0 0
0 0 0 0 0 0
i 0 0 0 0 0
0 i 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLx(1; 3)S+ =

 0 0 0 0 0 0
−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 i
0 0 0 0 −i 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLx(1; 3)S+ =

 0 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 1 0 0 0
0 −1 0 0 0 0

 = γx ⊗ σy

5.6 SLy(1; 3)S+�O�

íØ5.6.1.

Ly0
1(1; 3) = −tr(

√
2Γ0L

y
√

2Γ1) = −tr(RzLyRy) = 0

Ly0
2(1; 3) = −tr(

√
2Γ0L

y
√

2Γ2) = −tr(RzLyLx) = i

Ly0
3(1; 3) = −tr(

√
2Γ0L

y
√

2Γ3) = tr(RzL
yRx) = 0

Ly0
4(1; 3) = −tr(

√
2Γ0L

y
√

2Γ4) = −tr(RzLyLy) = 0

Ly0
5(1; 3) = −tr(

√
2Γ0L

y
√

2Γ5) = −tr(RzLyLz) = 0

íØ5.6.2.

Ly1
2(1; 3) = −tr(

√
2Γ1L

y
√

2Γ2) = tr(RyL
yLx) = 0

Ly1
3(1; 3) = −tr(

√
2Γ1L

y
√

2Γ3) = −tr(RyLyRx) = 0

Ly1
4(1; 3) = −tr(

√
2Γ1L

y
√

2Γ4) = tr(RyL
yLy) = 0

Ly1
5(1; 3) = −tr(

√
2Γ1L

y
√

2Γ5) = tr(RyL
yLz) = 0

íØ5.6.3.

Ly2
3(1; 3) = −tr(

√
2Γ2L

y
√

2Γ3) = −tr(LxLyRx) = 0
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Ly2
4(1; 3) = −tr(

√
2Γ2L

y
√

2Γ4) = tr(LxL
yLy) = 0

Ly2
5(1; 3) = −tr(

√
2Γ2L

y
√

2Γ5) = tr(LxL
yLz) = 0

íØ5.6.4.

Ly3
4(1; 3) = −tr(

√
2Γ3L

y
√

2Γ4) = −tr(RxLyLy) = 0

Ly3
5(1; 3) = −tr(

√
2Γ3L

y
√

2Γ5) = −tr(RxLyLz) = −i

íØ5.6.5.

Ly4
5(1; 3) = −tr(

√
2Γ4L

y
√

2Γ5) = tr(LyL
yLz) = 0

íØ5.6.6.

Ly(1; 3) =

 0 0 i 0 0 0
0 0 0 0 0 0
−i 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 0 0
0 0 0 i 0 0


íØ5.6.7.

SLy(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 0 i 0 0 0
0 0 0 0 0 0
−i 0 0 0 0 0
0 0 0 0 0 −i
0 0 0 0 0 0
0 0 0 i 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLy(1; 3)S+ =

 1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 0 −i
0 0 0 0 0 0
0 0 i 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLy(1; 3)S+ =

 0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 −1 0 0
0 0 −1 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0

 = γy ⊗ σy

5.7 SLz(1; 3)S+�O�

íØ5.7.1.

Lz0
1(1; 3) = −tr(

√
2Γ0L

z
√

2Γ1) = −tr(RzLzRy) = 0

Lz0
2(1; 3) = −tr(

√
2Γ0L

z
√

2Γ2) = −tr(RzLzLx) = 0

Lz0
3(1; 3) = −tr(

√
2Γ0L

z
√

2Γ3) = tr(RzL
zRx) = 0

Lz0
4(1; 3) = −tr(

√
2Γ0L

z
√

2Γ4) = −tr(RzLzLy) = 0

Lz0
5(1; 3) = −tr(

√
2Γ0L

z
√

2Γ5) = −tr(RzLzLz) = 0

íØ5.7.2.

Lz1
2(1; 3) = −tr(

√
2Γ1L

z
√

2Γ2) = tr(RyL
zLx) = i

Lz1
3(1; 3) = −tr(

√
2Γ1L

z
√

2Γ3) = −tr(RyLzRx) = 0

Lz1
4(1; 3) = −tr(

√
2Γ1L

z
√

2Γ4) = tr(RyL
zLy) = 0

Lz1
5(1; 3) = −tr(

√
2Γ1L

z
√

2Γ5) = tr(RyL
zLz) = 0

íØ5.7.3.

Lz2
3(1; 3) = −tr(

√
2Γ2L

z
√

2Γ3) = −tr(LxLzRx) = 0

Lz2
4(1; 3) = −tr(

√
2Γ2L

z
√

2Γ4) = tr(LxL
zLy) = 0

Lz2
5(1; 3) = −tr(

√
2Γ2L

z
√

2Γ5) = tr(LxL
zLz) = 0

íØ5.7.4.

Lz3
4(1; 3) = −tr(

√
2Γ3L

z
√

2Γ4) = −tr(RxLzLy) = i

Lz3
5(1; 3) = −tr(

√
2Γ3L

z
√

2Γ5) = −tr(RxLzLz) = 0

íØ5.7.5.

Lz4
5(1; 3) = −tr(

√
2Γ4L

z
√

2Γ5) = tr(LyL
zLz) = 0
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íØ5.7.6.

Lz(1; 3) =

 0 0 0 0 0 0
0 0 i 0 0 0
0 −i 0 0 0 0
0 0 0 0 i 0
0 0 0 −i 0 0
0 0 0 0 0 0


íØ5.7.7.

SLz(1; 3)S+ =

 0 0 i 0 0 0
0 0 0 0 i 0
0 0 0 0 0 i
0 0 0 1 0 0
0 −1 0 0 0 0
1 0 0 0 0 0

 0 0 0 0 0 0
0 0 i 0 0 0
0 −i 0 0 0 0
0 0 0 0 i 0
0 0 0 −i 0 0
0 0 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLz(1; 3)S+ =

 0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 i 0
0 0 −i 0 0 0
0 0 0 0 0 0

 0 0 0 0 0 1
0 0 0 0 −1 0
−i 0 0 0 0 0
0 0 0 1 0 0
0 −i 0 0 0 0
0 0 −i 0 0 0


SLz(1; 3)S+ =

 0 0 0 0 −1 0
0 0 0 1 0 0
0 0 0 0 0 0
0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 0 0 0

 = γz ⊗ σy

5.8 SR(1; 3)S+�O�(J

íØ5.8.1. SR(1; 3)S+ = γ ⊗ I, SL(1; 3)S+ = γ ⊗ σy
⇒ SΓ̄(1; 3)(eiω·R+ςε·L ⊗ eiω·R+ςε·L)Γ(1; 3)S+ = Seiω·R(1;3)+ςε·L(1;3)S+ = eiω·γ⊗I+ςε·γ⊗σy

½n5.8.1.

[
~E

~B

]
∼ eiω·γ⊗I+ςε·γ⊗σy = 1

2

[
[e(iω−ε)·γ+e(iω+ε)·γ ] i[e(iω−ε)·γ−e(iω+ε)·γ ]

−i[e(iω−ε)·γ−e(iω+ε)·γ ] [e(iω−ε)·γ+e(iω+ε)·γ ]

]
y²: eiω·γ⊗I+ε·γ⊗σy =

∞∑
n=0

1
n!

(iω · γ ⊗ I + ε · γ ⊗ σy)n

=
∞∑
n=0

1
n!

n∑
k=0

Ckn(iω · γ ⊗ I)n−k(ε · γ ⊗ σy)k

=
∞∑
n=0

1
n!

[
[n/2]∑
k=0

C2k
n (iω · γ ⊗ I)n−2k(ε · γ ⊗ σy)2k +

[(n−1)/2]∑
k=0

C2k+1
n (iω · γ ⊗ I)n−2k−1(ε · γ ⊗ σy)2k+1]

=
∞∑
n=0

1
n!
{[

[n/2]∑
k=0

C2k
n (iω · γ)n−2k(ε · γ)2k]⊗ I + [

[(n−1)/2]∑
k=0

C2k+1
n (iω · γ)n−2k−1(ε · γ)2k+1]⊗ σy}

=
∞∑
n=0

1
n!

 [n/2]∑
k=0

C2k
n (iω·γ)n−2k(ε·γ)2k −i

[(n−1)/2]∑
k=0

C2k+1
n (iω·γ)n−2k−1(ε·γ)2k+1

i
[(n−1)/2]∑
k=0

C2k+1
n (iω·γ)n−2k−1(ε·γ)2k+1

[n/2]∑
k=0

C2k
n (iω·γ)n−2k(ε·γ)2k


= 1

2

∞∑
n=0

1
n!

[
[(iω+ε)·γ)]n+[(iω−ε)·γ]n −i[(iω+ε)·γ)]n−[(iω−ε)·γ]n

i[(iω+ε)·γ)]n−[(iω−ε)·γ]n [(iω+ε)·γ)]n+[(iω−ε)·γ]n

]
= 1

2

[
[e(iω−ε)·γ+e(iω+ε)·γ ] i[e(iω−ε)·γ−e(iω+ε)·γ ]

−i[e(iω−ε)·γ−e(iω+ε)·γ ] [e(iω−ε)·γ+e(iω+ε)·γ ]

]
5.9 �é¡~êØCÜþΓkabc(

3
2
; 3)9�εkabc�'X

Ún5.9.1. 1
2
εk
abc(iω ·R+ ε · L)a

a′δb
b′δc

c′εk
′
a′b′c′ = (iω ·R+ ε · L)k

k′

y²: 1
2
εk
abc(iω ·R+ ε · L)a

a′δb
b′δc

c′εk
′
a′b′c′

= 1
2
εk
abcεk

′
a′bc(iω ·R+ ε · L)a

a′

= (δk
′

k δ
a′

a − δka′δk
′a)(iω ·R+ ε · L)a

a′

= −(iω ·R+ ε · L)k
′
k

= (iω ·R+ ε · L)k
k′

íØ5.9.1. 3Γabck ( 3
2
; 3)(iω ·R+ ε · L)a

a′δb
b′δc

c′Γk
′

a′b′c′(
3
2
; 3) = [(σy ⊗ σx)(iω ·R+ ε · L)(σy ⊗ σx)]k

k′

y²:
√

3!Γ0
012( 3

2
; 3) = 1,

√
3!Γ1

013( 3
2
; 3) = 1,

√
3!Γ2

023( 3
2
; 3) = 1,

√
3!Γ3

123( 3
2
; 3) = 1

⇔ Γ̃labc(
3
2
; 3) := (iσy ⊗ σx)klΓ

l
abc(

3
2
; 3)

⇔
√

3!Γ̃3
012( 3

2
; 3) = −1,

√
3!Γ̃2

013( 3
2
; 3) = 1,

√
3!Γ̃1

023( 3
2
; 3) = −1,

√
3!Γ̃0

123( 3
2
; 3) = 1

⇔
√

3!Γ̃kabc(
3
2
; 3) = εkabc ⇔ Γkabc(

3
2
; 3) = (−iσy ⊗ σx)klε

l
abc

⇒ 3Γabck ( 3
2
; 3)(iω ·R+ ε · L)a

a′δb
b′δc

c′Γk
′

a′b′c′(
3
2
; 3) = [(σy ⊗ σx)(iω ·R+ ε · L)(σy ⊗ σx)]k

k′
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5.10 �é¡~êØCÜþΓkabcd(2; 3) = εabcd

Ún5.10.1. ε,,abcd(iω ·R+ ε · L)a
a′δb

b′δc
c′δd

d′εa′b′c′d′ = 0

íØ5.10.1. 4Γabcdk (2; 3)(iω ·R+ ε · L)a
a′δb

b′δc
c′δd

d′Γk
′

a′b′c′d′(2; 3) = 0

y²:
√

4!Γ0
0123(2; 3) = 1⇔

√
4!Γkabc(2; 3) = εabcd

⇒ 4Γabcdk (2; 3)(iω ·R+ ε · L)a
a′δb

b′δc
c′δd

d′Γk
′

a′b′c′d′(2; 3) = 0

6 �é¡~êØCéóÜþ

6.1 �é¡~êØCéóÜþ∗Γkab···(s; 3)�Ú\

½Â6.1.1. ∗Γkab · ·︸ ︷︷ ︸
n−2s

(s; 3) := εab · ·︸ ︷︷ ︸
n−2s

2s︷ ︸︸ ︷
cd · ·Γkcd · ·︸ ︷︷ ︸

2s

(s; 3)

6.2 ~êØCÜþΓkαςβς ···(n; 3)�Ú\

½Â6.2.1. Γkαςβς · ·︸ ︷︷ ︸
n

(n; 3) := σabςαςσ
cd
ςβς ··︸ ︷︷ ︸

n

Γkabcd · ·︸ ︷︷ ︸
2n

(n; 3)
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¿éì�cÙ!�SN§���eéA��dp^þ|Lã(J"ù�pg^k�þâf�þfzJø
,��

À�§¿(Ü�5��YÒ�±(¹��§lõ��Ý"Àu��«Ôn(J"¯¢þÒ´Ã�þâfg^�§

þfz�Y�éA§ù�ék�þâfÚÃ�þâfÑkü@þfz�Y§=p^þ|�YÚ©þ|�Y"/ª

þ�kÚ�5§�k{a§Ó��Ny
Dirac.�{~êØCÜþ�{�k^�?§é�
^É�/"AO`

²�:§�Ù(Øép���¥�Bargmann-Wigner�§�KþÓ�¤á§�Iò4�O��N+1�=�§Ø

2;Ù�ã"

1 Bargmann-Wigner�§ [18]g^ÄÚ²¡Å)�p^þ|Lã

1.1 k�þâf^þ�Ã�þâf^þ�é'

Ã�þâfÅ¼ê=C1
2s+1−^þ§k�þâfÅ¼ê=C3

2s+3−^þ"
¥�fÅ¼ê=2©þ^þ§>fÅ¼ê=4©þ^þ"

1fÅ¼ê=3©þ^þ§k�þ¥þâfÅ¼ê=10©þ^þ"

Úå�fÅ¼ê=4©þ^þ§k�þÚå�fÅ¼ê=15©þ^þ"

ÚåfÅ¼ê=5©þ^þ§k�þÚåfÅ¼ê=35©þ^þ"

1.2 Bargmann-Wigner�§p^þ|g^Ä�½Â9íØ

½Â1.2.1.
Ukς (~p, h; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)[⇔]Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Γkςλςµς · ·σςτς︸ ︷︷ ︸
2s

(s; 3)Ukς (~p, h; s)

Vkς (~p, h; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)[⇔]Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h) = Γkςλςµς · ·σςτς︸ ︷︷ ︸
2s

(s; 3)Vkς (~p, h; s)

íØ1.2.1.

Ukς (~p, h; s) =
√
Cs−h2s Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)uλς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς (~p,− 1

2
)︸ ︷︷ ︸

s−h

Vkς (~p, h; s) =
√
Cs−h2s Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3) vλς (~p,
1
2
)vµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · vσς (~p,− 1
2
)vτς (~p,− 1

2
)︸ ︷︷ ︸

s−h

1.3 Bargmann-Wigner�§²¡Å)�p^þ|Lã

½n1.3.1. (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0

ψkς (x; s) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es− 1
2
√

m
E

2s
[a(~p, h)Ukς (~p, h; s)eip·x + b+(~p, h)Vkς (~p, h; s)e−ip·x]d3~p

Ukς (~p, h; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)Uλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h), Vkς (~p, h; s) := Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)Vλςµς · ·σςτς︸ ︷︷ ︸
2s

(~p, h)

íØ1.3.1.
a(~p, h) = 1

(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+kς (~p, h; s)ψkς (x; s)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +kς (~p, h; s)ψkς (x; s)eip·xd3~r
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íØ1.3.2. (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0[⇔](γa∂a +m)κς
λςNkς

λς lς
(s; 3)ψkς (x; s) = 0

y²: (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0

⇔ (γa∂a +m)κς
λςNkς

λς lς
(s; 3)Γlςµς · ·σςτς︸ ︷︷ ︸

2s−1

(s− 1
2
; 3)ψkς (x; s) = 0

⇔ (γa∂a +m)κς
λςNkς

λς lς
(s; 3)ψkς (x; s) = 0

íØ1.3.3. (γa ⊗ I∗∗∂a +m)Γ(s; 3)ψ(x; s) = 0⇔ (γa ⊗ I∗∂a +m)N(s; 3)ψ(x; s) = 0

1.4 Bargmann-Wignerp^þ|�g^�§

íØ1.4.1. (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0⇔ (γa ⊗ I∗∗∂a +m)Γ(s; 3)ψ(x; s) = 0

⇒ [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

y²: (γa∂
a +m)κς

λςΓkςλςµς · ·σςτς︸ ︷︷ ︸
2s

(s; 3)ψkς (x; s) = 0

⇒ γaης
κς (γb∂

b +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0

⇔ [( 1
2
{γa, γb}+ 1

2
[γa, γb])ης

λς +mγaης
λς ]Γkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0

⇔ [(δab∂
b + 2iSab∂

b)ης
λς +mγaης

λς ]Γkςλςµς · ·σςτς︸ ︷︷ ︸
2s

(s; 3)ψkς (x; s) = 0, Sab = − i
4
[γa, γb]

⇒ Γ

2s︷ ︸︸ ︷
ηςµς · ·σςτς
jς

(s; 3)[(δab∂
b + 2iSab∂

b)ης
λς +mγaης

λς ]Γkςλςµς · ·σςτς︸ ︷︷ ︸
2s

(s; 3)ψkς (x; s) = 0

⇔ [δab∂
b + i

s
Sab(s; 3)∂b + 1

2s
mγa(s; 3)]jς

kςψkς (x; s) = 0

⇔ [sδab + iSab(s; 3)]∂bψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

⇔ [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

íØ1.4.2. (γa ⊗ I∗∗∂a +m)Γ(s; 3)ψ(x; s) = 0⇒ [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

íØ1.4.3. [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

⇔ [s∂a + iΩab(s; 3)∂b]Γ(s; 3)ψ(x; s) = − 1
2
mΩa(s; 3)Γ(s; 3)ψ(x; s)

⇔ {s∂a + i[Sab(
1
2
; 3)⊗ I∗ + I4 ⊗ Sab(s− 1

2
; 3)]∂b}N(s; 3)ψ(x; s) = − 1

2
m[γa ⊗ I∗ + I4 ⊗ γa(s− 1

2
; 3)]N(s; 3)ψ(x; s)

y²: [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

⇔ Γ(s; 3)[s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mΓ(s; 3)γa(s; 3)ψ(x; s)

⇔ [s∂a + iΩab(s; 3)∂b]Γ(s; 3)ψ(x; s) = − 1
2
mΩa(s; 3)Γ(s; 3)ψ(x; s)

y²: [s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mγa(s; 3)ψ(x; s)

⇔ N(s; 3)[s∂a + iSab(s; 3)∂b]ψ(x; s) = − 1
2
mN(s; 3)γa(s; 3)ψ(x; s)

⇔ {s∂a + i[Sab(
1
2
; 3)⊗ IC2s−1

2s−1+3
+ I4 ⊗ Sab(s− 1

2
; 3)]∂b}N(s; 3)ψ(x; s)

= − 1
2
m[γa ⊗ IC2s−1

2s−1+3
+ I4 ⊗ γa(s− 1

2
; 3)]N(s; 3)ψ(x; s)

1.5 Bargmann-Wignerp^þ|�aDirac�§

íØ1.5.1. (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0⇒ [γa(s; 3)∂a + 2sm]ψ(x; s) = 0

y²: (γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0

⇒ Γ

2s︷ ︸︸ ︷
κςµς · ·σςτς
jς

(s; 3)(γa∂a +m)κς
λςΓkςλςµς · ·σςτς︸ ︷︷ ︸

2s

(s; 3)ψkς (x; s) = 0
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⇔ [ 1
2s
γa(s; 3)∂a +m]jς

kςψkς (x; s) = 0

⇔ [ 1
2s
γa(s; 3)∂a +m]ψ(x; s) = 0

⇔ [γa(s; 3)∂a + 2sm]ψ(x; s) = 0

íØ1.5.2. [γa(s; 3)∂a + 2sm]ψ(x; s) = 0⇔ [Ωa(s; 3)∂a + 2sm]Γ(s; 3)ψ(x; s) = 0

⇔ {[γa ⊗ I∗ + I4 ⊗ γa(s− 1
2
; 3)]∂a + 2sm}N(s; 3)ψ(x; s) = 0

⇔ [I4 ⊗ γa(s− 1
2
; 3)∂a + (2s− 1)m]N(s; 3)ψ(x; s) = 0

y²: [γa(s; 3)∂a + 2sm]ψ(x; s) = 0

⇔ Γ(s; 3)[γa(s; 3)∂a + 2sm]ψ(x; s) = 0

⇔ [Ωa(s; 3)∂a + 2sm]Γ(s; 3)ψ(x; s) = 0

y²: [γa(s; 3)∂a + 2sm]ψ(x; s) = 0

⇔ N(s; 3)[γa(s; 3)∂a + 2sm]ψ(x; s) = 0

⇔ {[γa ⊗ IC2s−1
2s−1+3

+ I4 ⊗ γa(s− 1
2
; 3)]∂a + 2sm}N(s; 3)ψ(x; s) = 0

1.6 Bargmann-Wigner�§p^þ|g^Ä�Ý
Lã

½Â1.6.1.
U(~p, h; s) := Γ̄(s; 3)Uλς ⊗ µς ⊗ · · σς ⊗ τς︸ ︷︷ ︸

2s

(~p, h)[⇔]Uλς ⊗ µς ⊗ · · σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) = Γ(s; 3)U(~p, h; s)

V (~p, h; s) := Γ̄(s; 3)Vλς ⊗ µς ⊗ · · σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h)[⇔]Vλς ⊗ µς ⊗ · · σς ⊗ τς︸ ︷︷ ︸
2s

(~p, h) = Γ(s; 3)U(~p, h; s)

íØ1.6.1.
U(~p, h; s) =

√
Cs−h2s Γ̄(s; 3)u(~p, 1

2
)⊗ u(~p, 1

2
)⊗ ··︸ ︷︷ ︸

s+h

· · u(~p,− 1
2
)⊗ u(~p,− 1

2
)︸ ︷︷ ︸

s−h

V (~p, h; s) =
√
Cs−h2s Γ̄(s; 3) v(~p, 1

2
)⊗ v(~p, 1

2
)⊗ ··︸ ︷︷ ︸

s+h

· · v(~p,− 1
2
)⊗ v(~p,− 1

2
)︸ ︷︷ ︸

s−h

½Â1.6.2.
Ū(~p, h; s) := Γ̄(s; 3)

2s︷ ︸︸ ︷
γ4 ⊗ γ4 · ·Γ(s; 3)U(~p, h; s)

V̄ (~p, h; s) := Γ̄(s; 3)

2s︷ ︸︸ ︷
γ4 ⊗ γ4 · ·Γ(s; 3)V (~p, h; s)

1.7 Bargmann-Wigner�§²¡Å)�pg^Ý
Lã

½n1.7.1. (γa ⊗ I∗∂a +m)Γ(s; 3)ψ(x; s) = 0, ∗ = 42s−1

ψ(x; s) = 1
(2π)3/2

+∞∫
~p=−∞

−s∑
h=s

Es− 1
2
√

m
E

2s
[a(~p, h)U(~p, h; s)eip·x + b+(~p, h)V (~p, h; s)e−ip·x]d3~p

a(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
U+(~p, h; s)ψ(x; s)e−ip·xd3~r

b+(~p, h) = 1
(2π)3/2

+∞∫
~p=−∞

E−(s− 1
2

)√m
E

2s
V +(~p, h; s)ψ(x; s)eip·xd3~r

1.8 Bargmann-Wigner�§�ü«g^Ä�m�'X

íØ1.8.1. u(~p, h) = −ςγ5v(~p, h), v(~p, h) = −ςγ5u(~p, h), h = − 1
2
, 1

2

íØ1.8.2.


U(~p, h; s) = (−ς)2sΓ̄(s; 3)

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Γ(s; 3)V (~p, h; s)

V (~p, h; s) = (−ς)2sΓ̄(s; 3)

2s︷ ︸︸ ︷
γ5 ⊗ γ5 · ·Γ(s; 3)U(~p, h; s)
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íØ1.8.3.


U∗(~p, h; s) = (−1)s+hς2sΓ̄(s; 3)

4s︷ ︸︸ ︷
σy ⊗ σy · ·Γ(s; 3)V (~p,−h; s)

V ∗(~p, h; s) = (−1)s−hς2sΓ̄(s; 3)

4s︷ ︸︸ ︷
σy ⊗ σy · ·Γ(s; 3)U(~p,−h; s)

íØ1.8.4.


U(~p,−h; s) = (−1)s−hς2sΓ̄(s; 3)

4s︷ ︸︸ ︷
σy ⊗ σy · ·Γ(s; 3)V ∗(~p, h; s)

V (~p,−h; s) = (−1)s+hς2sΓ̄(s; 3)

4s︷ ︸︸ ︷
σy ⊗ σy · ·Γ(s; 3)U∗(~p, h; s)

íØ1.8.5.


U∗(~p, h; s) = (−1)s−hς2sΓ̄(s; 3)

2s︷ ︸︸ ︷
(γ2γ5)⊗ (γ2γ5) · ·Γ(s; 3)U(~p,−h; s)

V ∗(~p, h; s) = (−1)s+hς2sΓ̄(s; 3)

2s︷ ︸︸ ︷
(γ2γ5)⊗ (γ2γ5) · ·Γ(s; 3)V (~p,−h; s)

1.9 ¢L�eBargmann-Wigner�§�ü«g^Ä�m�'X

íØ1.9.1. us(~p, h) = −ςγs5vs(~p, h), vs(~p, h) = −ςγs5us(~p, h), h = − 1
2
, 1

2

íØ1.9.2.


Us(~p, h; s) = (−ς)2sΓ̄(s; 3)

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Γ(s; 3)Vs(~p, h; s)

Vs(~p, h; s) = (−ς)2sΓ̄(s; 3)

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Γ(s; 3)Us(~p, h; s)

íØ1.9.3.

U∗s (~p, h; s) = (−1)s−hς2sVs(~p,−h; s)

V ∗s (~p, h; s) = (−1)s+hς2sUs(~p,−h; s)

Us(~p,−h; s) = (−1)s+hς2sV ∗s (~p, h; s)

Vs(~p,−h; s) = (−1)s−hς2sU∗s (~p, h; s)

íØ1.9.4.


U∗s (~p, h; s) = (−1)s+hΓ̄(s; 3)

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Γ(s; 3)Us(~p,−h; s)

V ∗s (~p, h; s) = (−1)s−hΓ̄(s; 3)

2s︷ ︸︸ ︷
γs5 ⊗ γs5 · ·Γ(s; 3)Vs(~p,−h; s)

1.10 Bargmann-Wigner�§g^Ä���5�

íØ1.10.1.

Ū(~p, h; s)U(~p, h′; s) = δhh′ , Ū(~p, h; s)V (~p, h′; s) = 0

V̄ (~p, h; s)V (~p, h′; s) = δhh′ , V̄ (~p, h; s)U(~p, h′; s) = 0

íØ1.10.2.

U+(~p, h; s)U(~p, h′; s) = (E
m

)2sδhh′ , U
+(~p, h; s)V (−~p, h′; s) = 0

V +(~p, h; s)V (~p, h′; s) = (E
m

)2sδhh′ , V
+(~p, h; s)U(−~p, h′; s) = 0

1.11 Dirac�§g^Ä�2Â��ª½n9ÙíØ

½n1.11.1.
−s∑
h=s

Cs−h2s u{λς (~p,
1
2
)uµς (~p,

1
2
) · ·︸ ︷︷ ︸

s+h

· · uσς (~p,− 1
2
)uτς}(~p,− 1

2
)︸ ︷︷ ︸

s−h

u+
(λ′ς

(~p, 1
2
)u+
µ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

s+h

· · u+
σ′ς

(~p,− 1
2
)u+
τ ′ς)

(~p,− 1
2
)︸ ︷︷ ︸

s−h

=

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u{λς (~p, h)u+
(λ′ς

(~p, h)

−1/2∑
h=1/2

uµς (~p, h)u+
µ′ς

(~p, h) · ·
−1/2∑
h=1/2

uσς (~p, h)u+
σ′ς

(~p, h)]

−1/2∑
h=1/2

uτς}(~p, h)u+
τ ′ς)

(~p, h)]

⇔
−s∑
h=s

Cs−h2s Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)uλς (~p,
1
2
) · ·︸ ︷︷ ︸

s+h

· · uτς (~p,− 1
2
)︸ ︷︷ ︸

s−h

u+
λ′ς

(~p, 1
2
) · ·︸ ︷︷ ︸

s+h

· · u+
τ ′ς

(~p,− 1
2
)︸ ︷︷ ︸

s−h

Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·σ

′
ςτ
′
ς

k′ς
(s; 3)

= Γ

2s︷ ︸︸ ︷
λςµς · ·σςτς
kς

(s; 3)

2s︷ ︸︸ ︷
−1/2∑
h=1/2

uλς (~p, h)u+
λ′ς

(~p, h) · ·
−1/2∑
h=1/2

uτς (~p, h)u+
τ ′ς

(~p, h)] Γ

2s︷ ︸︸ ︷
λ
′
ςµ
′
ς · ·σ

′
ςτ
′
ς

k′ς
(s; 3)
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⇔

−s∑
h=s

U(~p, h; s)U+(~p, h; s) = Γ̄(s; 3)

2s︷ ︸︸ ︷
−1/2∑
h=1/2

u(~p, h)u+(~p, h)⊗
−1/2∑
h=1/2

u(~p, h)u+(~p, h)⊗ · ·
−1/2∑
h=1/2

u(~p, h)u+(~p, h) Γ(s; 3)

1.12 Bargmann-Wigner�§OÝK�f�½ÂÚ5�

½Â1.12.1.


Λ+(~p; s) :=

−s∑
h=s

U(~p, h; s)U+(~p, h; s)

Λ−(~p; s) :=
−s∑
h=s

V (~p, h; s)V +(~p, h; s)

íØ1.12.1. Λ±(~p; s) = Γ̄(s; 3) Λ±(~p, 1
2
)⊗ Λ±(~p, 1

2
)⊗ · · ⊗Λ±(~p, 1

2
)︸ ︷︷ ︸

2s

Γ(s; 3)

íØ1.12.2. Λ±(~p; s) = 1
(2m)2s Γ̄(s; 3) [(±m− iγapa)γ4]⊗ [(±m− iγbpb)γ4]⊗ ··})︸ ︷︷ ︸

2s

Γ(s; 3)

íØ1.12.3.

−s∑
h=s

(−1)s−hU(~p, h; s)V T (~p,−h; s) = ς2s [Λ+(~p, 1
2
)C̄γ4]⊗ [Λ+(~p, 1

2
)C̄γ4]⊗ · · ⊗[Λ+(~p, 1

2
)C̄γ4]︸ ︷︷ ︸

2s
−s∑
h=s

(−1)s+hV (~p, h; s)UT (~p,−h; s) = ς2s [Λ−(~p, 1
2
)C̄γ4]⊗ [Λ−(~p, 1

2
)C̄γ4]⊗ · · ⊗[Λ−(~p, 1

2
)C̄γ4]︸ ︷︷ ︸

2s

íØ1.12.4.
−s∑
h=s

(−1)s−hU(~p, h; s)V T (~p,−h; s) = ς2s

(2m)2s [(m− iγapa)C]⊗ [(m− iγapa)C]⊗ · · ⊗[(m− iγapa)C]︸ ︷︷ ︸
2s

−s∑
h=s

(−1)s+hV (~p, h; s)UT (~p,−h; s) = ς2s

(2m)2s [(−m− iγapa)C]⊗ [(−m− iγapa)C]⊗ · · ⊗[(−m− iγapa)C]︸ ︷︷ ︸
2s

2 Bargmann-Wigner�§é´5K�p^þ|Lã

2.1 Bargmann-Wigner�§��Cé´5K

½n2.1.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

⇔

[ψkς (x; s), ψ+
k′ς

(x′; s)]−2s+1 = i
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆(x− x′)

[rest]−2s+1 = 0

⇔



[ψkς (x; s), ψ+
k′ς

(x′; s)]−2s+1 = i
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆(x− x′)

[ψ
(+)
kς

(x; s), ψ
(+)+
k′ς

(x′; s)]−2s+1 = i
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(+)(x− x′)

[ψ
(−)
kς

(x; s), ψ
(−)+
k′ς

(x′; s)]−2s+1 = i
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(−)(x− x′)

[rest]−2s+1 = 0

íØ2.1.1. [ψkς (x; s), ψ+
k′ς

(x′; s)]−2s+1 = 2im2sΛ+(−i∂; s)

2.2 Bargmann-Wigner�§ÀÚfé´5K�ü«�d£ã

½Â2.2.1. X
n︷ ︸︸ ︷

ab · ·
kς

(x;n) := 1
(2n)!

Γ

2n︷ ︸︸ ︷
λςµςηςξς · ·
kς

(n; 3)Xa{λςµς (x)Xbηςξς (x) · ·}︸ ︷︷ ︸
n

= Γ

2n︷ ︸︸ ︷
λςµςηςξς · ·
kς

(n; 3)Xaλςµς (x)Xbηςξς (x) · ·︸ ︷︷ ︸
n

[⇔]X
n︷ ︸︸ ︷

ab · ·(x;n) = Γ̄(n; 3)Xaλς⊗µς (x)⊗ Xbης⊗ξς (x)⊗ ··︸ ︷︷ ︸
n

,X+

n︷ ︸︸ ︷
a
′
b
′ · ·(x′;n) = [Xa

′

λ′ς⊗µ′ς (x)⊗ Xb
′

η′ς⊗ξ′ς (x)⊗ ··︸ ︷︷ ︸
n

]+Γ(n; 3)
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Ún2.2.1. Xa(p; 1)(ηaa′ +
pap

+

a′
m2 )X+a′(p; 1) = 2Γ̄(1; 3)[(m− iγapa)γ4]⊗ [(m− iγbpb)γ4]Γ(1; 3)

Ún2.2.2. Xa(x; 1)(ηaa′ −
∂a∂

+

a′
m2 )X+a′(x′; 1)∆(x− x′) = 2Γ̄(1; 3)[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]Γ(1; 3)∆(x− x′)

½n2.2.1. [a(~p, h), a+(~p′, h′)]−2s+1 = δhh′δ
3(~p− ~p′), [b(~p, h), b+(~p′, h′)]−2s+1 = δhh′δ

3(~p− ~p′), [rest]−2s+1 = 0

⇔ [ψkς (x;n), ψ+
k′ς

(x′;n)] = i
22n−1 {Γ̄(s; 3)

2n︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆(x− x′)

⇔ [ψkς (x;n), ψ+
k′ς

(x′;n)] = i
23n−1 {Γ̄(n; 3)X

n︷ ︸︸ ︷
ab · ·(x;n)X+

n︷ ︸︸ ︷
a
′
b
′ · ·(x′;n)Γ(n; 3) (ηaa′ −

∂a∂
+

a′
m2 ) · ·︸ ︷︷ ︸

n

}kςk′ς∆(x− x′)

2.3 Bargmann-Wigner�§�é´¼ê!ÏJ¼êÚ¤ùDÂf

Ún2.3.1. Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)

=
2s∑
n=0

Cn2sΓ̄(s; 3)

n︷ ︸︸ ︷
[−(γa∂a)γ

4]⊗ [−(γb∂b)γ
4]⊗ ··⊗

2s−n︷ ︸︸ ︷
(mγ4)⊗ (mγ4)⊗ ··Γ(s; 3)

=
2s∑
n=0

(−1)nm2s−nCn2sΓ̄(s; 3)

n︷ ︸︸ ︷
(γaγ4)⊗ (γbγ4)⊗ ··⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4)⊗ ··Γ(s; 3)

n︷ ︸︸ ︷
∂a∂b · ·

Ún2.3.2. [θ(t), Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)]−

2s+1

=
2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)[∂n−1−l

t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·

íØ2.3.1.

∆kςk′ς
(x; s) := 1

22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆(x)

∆
(+)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(+)(x)

∆
(−)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(−)(x)

∆
(l)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(l)(x)

íØ2.3.2.

∆
(c)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(c)(x) + 1
22s−1

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)[∂n−1−l

t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(F )
kςk′ς

(x; s) = i∆
(c)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆F (x) + i

22s−1

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)[∂n−1−l

t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

íØ2.3.3.

∆
(ret)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(ret)(x) + 1
22s−1

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)[∂n−1−l

t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)

∆
(adv)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(adv)(x) + 1
22s−1

2s∑
n=0

n−1∑
l=0

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)[∂n−1−l

t δ(t)]

l︷ ︸︸ ︷
∂i∂j · ·∆(x)
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Ún2.3.3. ∆(x)∂nt δ(t) =
[(n−1)/2]∑

l=0

C2l+1
n (∇2 −m2)l∂n−2l−1

t δ4(x)

íØ2.3.4. ∆(x)∂n−1−l
t δ(t) =

[(n−l−2)/2]∑
r=0

C2r+1
n−1−l(∇2 −m2)r∂n−l−2−2r

t δ4(x)

íØ2.3.5.

∆
(c)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(c)(x)

+ 1
22s−1

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

∆
(F )
kςk′ς

(x; s) = i∆
(c)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆F (x)

+ i
22s−1

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

∆
(F )
kςk′ς

(p; s) = −i
22s−1

Γ̄(s;3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s;3)

p2+m2−iε + · · ·

íØ2.3.6.

∆
(ret)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(ret)(x)

+ 1
22s−1

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

∆
(adv)
kςk′ς

(x; s) := 1
22s−1 {Γ̄(s; 3)

2s︷ ︸︸ ︷
[(m− γa∂a)γ4]⊗ [(m− γb∂b)γ4]⊗ ··Γ(s; 3)}kςk′ς∆

(adv)(x)

+ 1
22s−1

2s∑
n=0

n−2∑
l=0

[(n−l−2)/2]∑
r=0

C2r+1
n−l−1

in+lm2s−n(2s)!
l!(n−l)!(2s−n)!

Γ̄(s; 3)

l︷ ︸︸ ︷
(γiγ4)⊗ (γjγ4) · · ⊗

n−l︷ ︸︸ ︷
I4 ⊗ I4 · · ⊗

2s−n︷ ︸︸ ︷
(γ4)⊗ (γ4) · ·Γ(s; 3)

l︷ ︸︸ ︷
∂i∂j · ·(∇2 −m2)r∂n−l−2−2r

t δ4(x)

2.4 Bargmann-Wigner�§���é´5K

Ún2.4.1.

∆kςk′ς
(x; s)|t=0 = −i

22s−1

[s− 1
2

]∑
l=0

C2l+1
2s Γ̄(s; 3)[

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)⊗ (mγ4 + γ4~γ · ∇) · · ⊗I4]Γ(s; 3)(m2 −∇2)lδ3(~r)

½n2.4.1. [ψkς (~r, t), ψ
+
k−.ς (~r

′, t)]−2s+1

= 1
22s−1

[s− 1
2

]∑
l=0

C2l+1
2s Γ̄(s; 3)[

2s−2l−1︷ ︸︸ ︷
(mγ4 + γ4~γ · ∇)⊗ (mγ4 + γ4~γ · ∇) · · ⊗I4]Γ(s; 3)(m2 −∇2)lδ3(~r − ~r′)

2.5 Bargmann-Wigner�§�k'Ún

Ún2.5.1. Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p) + E]⊗ [(mγ4 + iγ4~γ · ~p) + E]⊗ ··Γ(s; 3)

=
2s∑
l=0

Cl2sE
lΓ̄(s; 3)

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p)⊗ (mγ4 + iγ4~γ · ~p) · · ⊗

l︷ ︸︸ ︷
I4 ⊗ I4 · ·Γ(s; 3)
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Ún2.5.2. Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]⊗ [(mγ4 + iγ4~γ · ~p)− E]⊗ ··Γ(s; 3)

=
2s∑
l=0

(−1)lCl2sE
lΓ̄(s; 3)

2s−l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p)⊗ (mγ4 + iγ4~γ · ~p) · · ⊗

l︷ ︸︸ ︷
I4 ⊗ I4 · ·Γ(s; 3)

Ún2.5.3. Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p) + E]⊗ [(mγ4 + iγ4~γ · ~p) + E]⊗ ··Γ(s; 3)

+ Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]⊗ [(mγ4 + iγ4~γ · ~p)− E]⊗ ··Γ(s; 3)

= 2
[s]∑
l=0

C2l
2sE

2lΓ̄(s; 3)

2s−2l︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p)⊗ (mγ4 + iγ4~γ · ~p) · · ⊗

2l︷ ︸︸ ︷
I4 ⊗ I4 · ·Γ(s; 3)

Ún2.5.4. Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p) + E]⊗ [(mγ4 + iγ4~γ · ~p) + E]⊗ ··Γ(s; 3)

− Γ̄(s; 3)

2s︷ ︸︸ ︷
[(mγ4 + iγ4~γ · ~p)− E]⊗ [(mγ4 + iγ4~γ · ~p)− E]⊗ ··Γ(s; 3)

= 2
[s− 1

2
]∑

l=0

C2l+1
2s E2l+1Γ̄(s; 3)

2s−2l−1︷ ︸︸ ︷
(mγ4 + iγ4~γ · ~p)⊗ (mγ4 + iγ4~γ · ~p) · · ⊗

2l+1︷ ︸︸ ︷
I4 ⊗ I4 · ·Γ(s; 3)

2.6 Bargmann-Wigner�§UþÄþ�Î�J�

½n2.6.1. H(s) =
∫ −s∑
h=s

E[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+(~r, t; s) (i∂t)

2s

(m2−∇2)2s−lψ(~r, t; s)d3~r

íØ2.6.1.

H(n) =
∫
ψ+(~r, t;n) 1

(m2−∇2)n−1ψkς (~r, t;n)d3~r

H(n+ 1
2
) =

∫
ψ+(~r, t;n+ 1

2
) i∂t

(m2−∇2)n
ψ(~r, t;n+ 1

2
)d3~r

½n2.6.2. P (s) =
∫ −s∑
h=s

~p[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p =
∫
ψ+(~r, t; s)−i∇(i∂t)

2s−1

(m2−∇2)2s−lψ(~r, t; s)d3~r

íØ2.6.2.

P (n) =
∫
ψ+(~r, t;n) (−i∇)(i∂t)

(m2−∇2)n
ψ(~r, t;n)d3~r

P (n+ 1
2
) =

∫
ψ+(~r, t;n+ 1

2
) −i∇

(m2−∇2)n
ψ(~r, t;n+ 1

2
)d3~r

2.7 Bargmann-Wigner�§��«Ôn�Î

½n2.7.1.

Pu(s) =
∫
ψ+(~r, t; s)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψ(~r, t; s)d3~r =
∫ ∑

h

pu[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

Q(s) =
∫
ψ+(~r, t; s) (i∂t)

2s−1

(m2−∇2)2s−1ψ(~r, t; s)d3~r =
∫ ∑

h

[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

N(s) =
∫
ψ+(~r, t; s) (i∂t)

2s

(
√
m2−∇2)4s−1ψ(~r, t; s)d3~r =

∫ ∑
h

[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

~S(s) =
∫
ψ+(~r, t; s) ∇̂(i∂t)

2s−1

(m2−∇2)2s−1ψ(~r, t; s)d3~r =
∫ ∑

h

p̂[a+(~p, h)a(~p, h) + (−1)2sb(~p, h)b+(~p, h)]d3~p

~M(s) =
∫
ψ+(~r, t; s) ∇̂(i∂t)

2s

(
√
m2−∇2)4s−1ψ(~r, t; s)d3~r =

∫ ∑
h

p̂[a+(~p, h)a(~p, h) + (−1)2s−1b(~p, h)b+(~p, h)]d3~p

2.8 Bargmann-Wigner�§�þf�§

½n2.8.1.

(γa ⊗ I∗∂a +m)Γ(s; 3)ψ(~r, t; s) = 0, ∗ = 42s−1

Pu(s) =
∫
ψ+(~r, t; s)−i∂u(i∂t)

2s−1

(m2−∇2)2s−1ψ(~r, t; s)d3~r
⇒ −i∂uψ(~r, t; s) = [ψ(~r, t; s), Pu]
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g·µãµ3�Ù¥·�ÿßÿJÑ�«#.��p�^µâfSÜ�p�^§´Ä�(k�¢��y"

1 Ä�âfSÜ©þb�
Ä�âfSÜ©þb�µb�Ä�âf�3SÜ©þ§z�©þéA��AÛ:"Iþâf�3��SÜ©

þ§éA��AÛ:¶¥�f [6]�3ü�SÜ©þ§éAü�AÛ:¶1f [8, 9]�3n�SÜ©þ§éAn�

AÛ:¶Úå�f [21]�3o�SÜ©þ§éAo�AÛ:¶Úåf [12–15]�3Ê�SÜ©þ§éAÊ�AÛ:¶

>f [5]�3o�SÜ©þ§éAo�AÛ:"

SÜ©þ�^��þÒ´þfÅ�§�^/ª�DÚ�p�^ØÓ§Ø´áÚÚü½§´�pSÜ©þ'

é§´�«#��p�^"��p�^�D4�ÝE�1�§Ø´]�D4�¶A�§�/¤fÒ´��S

Ü©þ�^¶²��²¡ÅU\Ò´ÃSÜ©þ�^"

2 âfEÜnØ

2.1 ü�¥�fÜ¤��1f�ÔnÅ�

åÐk2�Õá�¥�fχÚϕ§,�u)�«8c�Ø���#�p�^§=SÜ©þm��p�^§T�

^¦1��¥�fχ�12©þ3?Ûë�Xeð�u1��¥�fϕ�11©þ§=χ2 ≡ ϕ1§�Ò´SÜ©þ�

ü�AÛ:Ü§u)ù��^�§òÃ{�±�cÕá��C5§Ï�3�gÕá�âÕ[C��Ù§ë�X

�§χ2 ≡ ϕ1ØU¤á"¤±���(J´¦2�âf�Ó/¤��#��C5§�)#�g^§lC�#�â

fµ1f"L§Xeµ
(σ,−iς)a∂a

χ1

χ2

 = 0,

χ1

χ2

 ∼ e(iω+ςε)·σ(
1
2

)

(σ,−iς)a∂a

ϕ1

ϕ2

 = 0,

ϕ1

ϕ2

 ∼ e(iω+ςε)·σ(
1
2

)

⇔ (σ ⊗ I,−iς)a∂a


χ1

χ2

ϕ1

ϕ2

 = 0,


χ1

χ2

ϕ1

ϕ2

 ∼ e(iω+ςε)·σ(
1
2

) ⊗ I (45.1)

ü�SÜ©þAÛ:Üµχ2 ≡ ϕ1§Kk¿Â��§C�

→ (σ ⊗ I,−iς)a∂a


χ1

χ2 ≡ ϕ1

ϕ1 ≡ χ2

ϕ2

 = 0,


χ1

χ2 ≡ ϕ1

ϕ1 ≡ χ2

ϕ2

 ∼ e(iω+ςε)·σ(
1
2

)
� ⊗ e(iω+ςε)·σ(

1
2

)
# (45.2)

⇔ [∂a + Sab(1, ς)∂
b]


χ1

χ2 ≡ ϕ1

ϕ2

 = 0,


χ1

χ2 ≡ ϕ1

ϕ2

 ∼ e(iω+ςε)·τ(1) (45.3)

2.2 2s�¥�fÜ¤��g^-sâf�ÔnÅ�

åÐk2s�Õá�¥�fiϕ, i = 1, 2, · · · , 2s§,�u)�«8c�Ø���#�p�^§=SÜ©þ
m��p�^§T�^¦1i�¥�fiϕ�12©þ3?Ûë�Xeð�u1i+1�¥�fi+1ϕ�11©þ§

=iϕ2 ≡i+1 ϕ1§�Ò´SÜ©þ�ü���AÛ:Ü§u)ù��^�§òÃ{�±�cÕá��C5§Ï�

3�gÕá�âÕ[C��Ù§ë�X�§iϕ2 ≡i+1 ϕ1ØU¤á"¤±���(J´¦2s�âf�Ó/¤��#

977



�«g^âf�§9Ùþfz�#Lã �öµ�YJ 145Ù Ä�âfSÜ©þ�^

��C5§�)#�g^§lC�#�âfµg^-sâf"L§Xeµ

(σ,−iς)a∂a

1ϕ1

1ϕ2

 = 0,

1ϕ1

1ϕ2

 ∼ e(iω+ςε)·σ(
1
2

)

(σ,−iς)a∂a

2ϕ1

2ϕ2

 = 0,

2ϕ1

2ϕ2

 ∼ e(iω+ςε)·σ(
1
2

)

· · · · · ·

(σ,−iς)a∂a

2sϕ1

2sϕ2

 = 0,

2sϕ1

2sϕ2

 ∼ e(iω+ςε)·σ(
1
2

)

(45.4)

⇔(σ ⊗ I2s,−iς)a∂a



1ϕ1

1ϕ2

2ϕ1

2ϕ2

· · ·
2sϕ1

2sϕ2


= 0,



1ϕ1

1ϕ2

2ϕ1

2ϕ2

· · ·
2sϕ1

2sϕ2


∼ e(iω+ςε)·σ(

1
2

) ⊗ I2s (45.5)

ü���âfSÜ©þAÛ:Üµiϕ2 ≡ i+1ϕ1§Kk¿Â��§C�µ

→(σ ⊗ I2s,−iς)a∂a



1ϕ1

1ϕ2 ≡ 2ϕ1

2ϕ1 ≡ 1ϕ2

2ϕ2 ≡ 3ϕ1

· · ·
2s−1ϕ2 ≡ 2sϕ1

2sϕ2


= 0,



1ϕ1

1ϕ2 ≡ 2ϕ1

2ϕ1 ≡ 1ϕ2

2ϕ2 ≡ 3ϕ1

· · ·
2s−1ϕ2 ≡ 2sϕ1

2sϕ2


∼ e(iω+ςε)·σ(

1
2

)
� ⊗ e(iω+ςε)·τ(s− 1

2
)
# (45.6)

⇔ [s∂a + Sab(s, ς)∂
b]



1ϕ1

1ϕ2 ≡ 2ϕ1

2ϕ2 ≡ 3ϕ1

· · ·
2s−2ϕ2 ≡ 2s−1ϕ1

2s−1ϕ2 ≡ 2sϕ1

2sϕ2


= 0,



1ϕ1

1ϕ2 ≡ 2ϕ1

2ϕ2 ≡ 3ϕ1

· · ·
2s−2ϕ2 ≡ 2s−1ϕ1

2s−1ϕ2 ≡ 2sϕ1

2sϕ2


∼ e(iω+ςε)·τ(s) (45.7)

±þ�êÆL§�±Uõ«�ª?1�(n)§=eZ�¥�fk©¤A|§z�|Ü¤���#âf§,�ù


#âf§2©|§z�|qÜ¤���#âf§ù�L§�±Ì� E§��Ü¤�ü�g^-sâf��§Ï

dù�Ü¤L§�±kÐõ«|Ü�ª¢y"¤±ü�¥�f�±Ü¤���1f¶n�¥�f�±Ü¤���

Úå�f§��¥�fÚ��1f�±Ü¤���Úå�f¶o�¥�f�±Ü¤���Úåf§ü�¥�fÚ

��1f�±Ü¤���Úåf§ü�1f�±Ü¤���Úåf§��¥�fÚ��Úå�f�±Ü¤���

Úåf��"

3 ~êÜþ�#�p�^

3.1 #��p�^

½Â3.1.1. SI = G
∫
dx4ψkς (s)Γ

kς
AςBςCς · · ·︸ ︷︷ ︸

2s

(s)

2s︷ ︸︸ ︷
ψAς1 ψBς2 ψCς3 · · ·+{}∗
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3.2 ÚåfÜ¤�p�^

½Â3.2.1. SI1111 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAς1 ψBς2 ψCς3 ψDς4 + {}∗

½Â3.2.2. SI211 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBς1 ψCς2 ψDς3 + {}∗

½Â3.2.3. SI22 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBς1 ψCςDς2 + {}∗

½Â3.2.4. SI31 = G
∫
dx4ψkς (2)ΓkςAςBςCςDς (2)ψAςBςCς1 ψDς2 + {}∗

3.3 Úå�fÜ¤�p�^

½Â3.3.1. SI111 = G
∫
dx4ψkς (

3
2
)ΓkςAςBςCς (

3
2
)ψAς1 ψBς2 ψCς3 + {}∗

½Â3.3.2. SI21 = G
∫
dx4ψkς (

3
2
)ΓkςAςBςCςDς (

3
2
)ψAςBς1 ψCς2 + {}∗

3.4 1fÜ¤�p�^

½Â3.4.1. SI11 = G
∫
dx4ψkς (1)ΓkςAςBς (1)ψAς1 ψBς2 + {}∗

½Â3.4.2. SI11 = G
∫
dx4ψαςσ

ας
AςBς

ψAς1 ψBς2 + {}∗

½Â3.4.3. SI11 = G
∫
dx4ψαςσ

ας
kς lς

(s)ψkς1 (s)ψlς2 (s) + {}∗

3.5 #�a>^�p�^

½n3.5.1. S =
∫
dx4{− e

4
F abFab − ν+

e (σ,−i)a∂aνe − ν+
µ (σ,−i)a∂aνµ − ν+

τ (σ,−i)a∂aντ}
+ 1

2
G
∫
dx4{Fabσab+ασ

α
AB[(me −mµ)νAe ν

B
µ + (mµ −mτ )νAµ ν

B
τ + (mτ −me)ν

A
τ ν

B
e ]}

½n3.5.2. SI = 1
2
G
∫
dx4{Fabσab+ασ

α
AB[αeµν

A
e ν

B
µ + αµτν

A
µ ν

B
τ + ατeν

A
τ ν

B
e ]}

½n3.5.3. SI = 1
2
G
∫
dx4{Fabσab+ασ

α
AB(νAe ν

B
µ + νAµ ν

B
τ + νAτ ν

B
e )}

½n3.5.4.

νe → γ + ν̄µ → ντ : αeµαµτ

νe → γ + ν̄τ → νµ : αµτατe

νe → γ + ν̄µ → νe : αeµαeµ

νe → γ + ν̄τ → νe : ατeατe

νµ → γ + ν̄τ → νe

Ψ = ~E + i ~B = ~E + i∇× ~A

Ψi = Ei + iεi
jk∂jAk

[Ψi(x),Ψj(x
′)] = iεi

kl∂xk [Al(x), Ej(x
′)] + iεj

kl∂x′k [Ei(x), Al(x
′)]

[Ψi(x),Ψj(x
′)] = −εijk(∂xk + ∂x′k)δ3(x− x′) = 0

½n3.5.5.

Ψ = ~E + i ~B = ~E + i∇× ~A

Ψi = Ei + iεi
jk∂jAk

[Ψi(x),Ψ+
j (x′)] = iεi

kl∂xk [Al(x), Ej(x
′)]− iεjkl∂x′k [Ei(x), Al(x

′)]

[Ψi(x),Ψ+
j (x′)] = −εijk(∂xk − ∂x′k)δ3(x− x′) = −2εij

k∂(xk−x′k)δ
3(x− x′)
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