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Abstract

The article deals with labeled rooted growing trees. Research in this area, carried out
by the author of this article over the past 35 years, has led to the creation of the concept
of tree classification of labeled graphs. This concept is the mathematical basis of the tree
sum method aimed at simplifying the representations of the coefficients of power series
in classical statistical mechanics. This method was used to obtain tree representations
of Mayer coefficients of expansions of pressure and density in terms of activity degrees.
which are free from asymptotic catastrophe. The same method was used to obtain tree
representations of the coefficients of the expansion of the ratio of activity to density
in terms of activity degrees. All these representations for n > 7 are much simpler
than the comparable representations Ree-Hoover according to the complexity criteria
defined on these representations. Tree representations of the expansion coefficients of
the m-particle distribution function into a series in terms of activity degrees were also
obtained. All the above representations of the coefficients of power series obtained by
the trees sum method are free from the asymptotic catastrophe.

In order to provide a mathematical basis for constructing new, even less complex
representations of the coefficients of these power series, further development of the
concept of tree classification of labeled graphs was required.

As part of solving the problem of further development of this concept, the article
proposes new classifications of labeled rooted growing trees. And on their basis, a
theorem was formulated and proved, which is the basis for simplifying the tree repre-
sentations of functions, that is, its representations by the sum of products of functions
labeled by trees.

1. In this article we consider labeled rooted growing trees. Research in this area by the
author of this article over the past 35 years have led to the creation of the concept of tree
classification of labeled graphs [2-9, 12, 19-22]. The concept is the mathematical basis of
the tree sum method, aimed at simplifying the representations of coefficients of power
series of classical statistical mechanics.

This method was used to obtain [3, 4, 6-9, 12, 19-22] free from an asymptotical catastro-
phe [1, 9-12, 18, 23, 24| representations of Mayer’s coefficients of the pressure and density
expansion in a series in terms of activity degrees [14, 15, 28, 29|. The same method was
used to obtain |7, 9, 12, 21| and representation of the expansion coefficients of the ratio
of activity to density in a series in terms of activity degrees. All these representations for
n > 7 are much simpler than comparable Ree-Hoover representations [30-32] according to
the complexity criteria defined on these representations [25-27]. The representations of the



coefficients of the expansion of an m-particle distribution function in a series in terms of
activity degrees were also obtained [8, 22].

In order to provide a mathematical basis for constructing new, even less complex repre-
sentations of the coefficients of these power series, it has been necessary to further develop
the concept of tree classification of labeled graphs.

As part of solving the problem of further development of this concept the article proposes
new classifications of labeled rooted growing trees and based on them a theorem was formu-
lated and proved. This theorem is a basis for simplifying tree representations of functions,
that is, their representations by the sum of products of functions labeled by trees.

Let us introduce the notation:

T, = T(V,,1) = {t} — the set of labeled rooted growing trees with a vertices set V,, =
{1,2,...,n} and the root 1;

(7,j) — an arc outgoing from a vertex i and incoming to a vertex j;
(t) — the set of arcs of a labeled rooted growing tree t;
(t) — height of the tree t;
(t) — the set of vertices of a labeled rooted growing tree t;
(t,h) — the layer of vertices that belongs to the rooted growing tree t and are at
height h;

m(t,h) = |V (t, h)| — cardinality of the layer of vertices belonging to the tree t and located
at height h;

o(t,h) — the number of the t tree vertices whose height does not exceed a number h;

X
H
v
v

m(t) = (m(t,1),m(t,2),...,m(t, H(t))) — a vector whose components are the cardinal-
ities of the layers of the vertices of the tree ¢;
M(H) = {m = (my,ma,...,mg)} — the set of all H-dimensional vectors with compo-
nents that are natural numbers;
H
||lm|| = > my — norm of a vector m;
h=1
M (n, H) = {m = (my, ma,...,my)} — the set of all H-dimensional vectors with natural

components, satisfying the condition

H
n=1+Y my=1+]ml; (1)
h=1
Tou = {t} — set of labeled rooted growing trees of height H (where 1 < H < n)
belonging to the set T,;
Let the vector m with natural components belong to a set 9V (n, H). Then by T'(m) = {¢}
denote the set of all trees ¢ that belong to the set 7, and satisfy the condition m(¢) = m.
It is obvious that the sets 7, and T, g of labeled rooted growing trees expande into
disjoint subsets:

n—1
T.=JTwwi Ton= |J T(m) (2)
H=1 meM (n,H)

From these expansions follows the expansion



Denote the vertices of a layer V(¢,h) of a labeled rooted growing tree ¢t by v(¢, h,1),
v(t,h,2),...,0(t,h,m(t,h)). We can assume without loss of generality that the inequality
v(t,h,i) <wv(t,h,7) holds for all h =1, H(t) if only 1 < i < j < m(t, h).

Let’s define the transformation w; on the set V' (¢) by the formulas:

h—1
w(l)=1; wv(t,hi) =1+ mlt,j)+i, h=12.. H(t) (4)

j=1

Let m € MM (n, H) and t € T'(m). Then V(t) = V,,, and the w; transformation establishes
a one-to-one mapping of the set V,, onto itself. It induces a mapping €, of the set X (¢) =
{z = (u,v)} of arcs of the tree ¢ onto the set of arcs

QX(1) = X'(1) = { (@u(w). ). (uw.v) € X(1)}. (5)

As is known (see [12], Chapter 1, Lemma 4), the graph (V,,, X'(t)) is a tree from the trees
set T.,.
For each vector m € 9 (n, H) let us define a mapping A, of the trees set T'(m) into

itself by setting
Amt = (V,,, X'(t)), (6)

where the set X'(t) is defined by formula (5) for all ¢ € T'(m). From the definition of
the mapping Ay, by formulas (4)—6) imply that the image of any tree ¢ € T'(m) under the
mapping A, is the tree Ayt € T'(m).

The image of the set 7'(m) under the mapping A,, is denoted by TRc(m) C T'(m).

Remark 1. If a vector m delongs to the set ' (n, H), then from the definition of the
mapping Am and the definition of the set TRe(m) it follows that the set of vertices of any
tree t € TRe(m) is the set V,,, where n is defined by the vector m according to formula (1).

Definition 1. Two trees t; € T(m) and ¢, € T(m) are perfectly isomorphic if they
satisfy the condition Ayt = Apts. B

Obviously, the established relation of perfect isomorphism of two trees is reflexive, sym-
metric and transitive, that is, an equivalence relation. Therefore, it allows us to partition
the trees set T, into classes of perfectly isomorphic trees.

Remark 2. From Definition 1 it follows that any class of perfectly isomorphic trees
included in the selt Ty, has the following property: under mapping A the image of all trees
belonging to this class is one and the same tree belonging to the set TRc(m). This means
that this tree can be taken as a label of this class and this class can be considered labeled by
this tree.

Moreover, any tree from the set TRc(m) turns out to be a label of the class of perfectly
isomorphic trees, which is included in the set T(m) and is uniquely determined by this tree.
To be short the tree that is a label of the tree class will be called tree-label of the class.

From the definition of the mapping Ay, by formulas (4) — (6) it follows that for any tree
t € TRe(m)

Apmt =t. (7)

By Remark 2, this equality implies that the tree ¢ belongs to the same class of perfectly
isomorphic trees of which it is a label.

Definition 2. The set V(¢) of vertices of the tree t will be called layer-ordered if the
layers of the vertices of the tree ¢ satisfy the condition

(C) ifv e V(t, 1), v" € V(t,h"), where 1 <K' < h” < H(t), then v <v”.
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Otherwise, we say that the set V' (t) is not layer-ordered. B

Remark 3. From Definition 2, the definition of the mapping Am by formulas (4)—(6),
and the definition of the set TRc(m) it follows that this set is the set of all trees t € T'(m)
whose vertices set V (t) is layer-ordered. Hence, the set TRc(m) does not contain any tree t
whose vertices set V(t) is not layer-ordered.

Example 1. Consider the case when the vector m is one-dimensional, that is, a scalar.
In this case the set T'(m) contains only one tree, the star, whose center is the tree root v = 1,
and the set TRe(m) coincides with the set 7'(m). W

In the case when the vector m has dimension H > 2, the cardinality of the set TRc(m)

is defined by formula
H

(TRe(m)| = [[Imi - D", (3)
i=2
The proof of formula (8) is left to the reader.

The class of perfectly isomorphic trees labeled with a tree-label t € TRc(m), denote
T1(t). Then the trees set T(m) can be represented as the union of all classes, labeled by
trees from the set TRc(m):

Tm)= |J TI(t). (9)

teTRc(m)

The cardinality of the set T'I (¢) is determined by formula

H(t)

71 (t)] = |lm(@)|]! T (m(t, 01~ (10)

h=1

2. We now introduce a classification of the trees set TRc(m). To this aim, we introduce
the notation:

OM(H, k) — the set consisting of all vectors m = (my, ma,...,my) of the set M(H),
satisfying the condition my = k, where k is a natural number;

s(t) is a subgraph of the tree ¢t € TRc(m) resulted in removing from the tree t its vertex
w = [l + 1.

It is clear from the definition of the subgraph s(t) of the tree ¢ that s(¢) is an oriented
[12, 16, 17] graph. We will assume that the vertex v = 1, which is the root of the tree t, is
also the root of the orgraph s(t).

Lemma 1. The subgraph s(t) of the tree t € TRc(m) is a rooted growing tree that is a
subtree of the tree t.

Proof. Since the set V() of vertices of the tree ¢ is layer-ordered, its vertex w = ||m||+1
belongs to the vertices layer V' (¢, H(t)) and, therefore, is a terminal vertex of the tree ¢. It
follows that this vertex has zero outdegree. Therefore, any, different from the vertex w,
vertex of the tree t is inaccessible in this tree from vertex w. This implies (see [12], Ch. 1,
Lemma 3) that any two vertices of this tree other than the vertex w are connected in this tree
by a half-path that does not contain the vertex w. Hence, in the subgraph s(t) of the tree ¢
any two vertices are connected by a half-path. This implies [16][17] that s(¢) is a (weakly)
connected orgraph. Since the tree ¢ has no contours by definition, its subgraph s(t) also
has no contours. Moreover, only one vertex v = 1 has zero in-degree [16][17], and all other
vertices of the orgraph s(¢) have unit in-degree. In this way, the vertex v = 1 is the only
source [16][17] of the (weakly) connected orgraph s(¢) that has no contours and satisfies the
condition: all vertices of the orgraph s(t), except for the source v = 1, have unit in-degree.
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Such a graph is called |12, 16, 17| an outgoing (growing) tree. Since the vertex v =1 is the
rooted of the tree s(t), the tree s(t) is (see [12, 16, 17]) a rooted growing tree. And since the
tree s(t) is a subgraph of the tree ¢, then the tree s(t) is a subtree of the tree t. Lemma 1 is
completely proved. »

Remark 4. Note that the subtree s(t) does not contain an arc (u,w) of the tree t outgoing
from the verter u of this tree, and incoming to the vertex w defined above. Also note that
the set V(s(t)) of vertices of this subtree, like the set V(t) of the vertices of the tree t, is
layer-ordered.

Remark 5. If the component m(t, H(t)) of the vector m(t) satisfies the equality
m(t, H(t)) = 1, then the tree t satisfies the conditions: the vector m(t) belongs to the
set M(H (t),1); the layer V (t, H(t)) of the tree t contains only one verter w = ||m||+1; and
its subtree s(t) belongs to the set T'(m'), where m’ is a (H(t) — 1)-dimensional vector, which
belongs to the set M(H (t) — 1) and all components of which coincide with the corresponding
components of the vector m.

Otherwise, the tree t satisfies the following conditions: the vector m(t) belongs to the set
M(H(t), k), where k > 1; the set V(t, H(t)) of the tree t contains more than one vertex; its
subtree s(t) belongs to the set T'(m'), where m’ — H(t)-dimensional vector, satisfying the
conditions: m}l(t) = muu) — 1, and all other components of the vector m’ coincide with the
corresponding components of the vector m.

Since the set V(s(t)) of vertices of the tree s(t) is, by Remark 4, layer-ordered, this tree
belongs, by Remark 3, to the set TRc(m’).

Lemma 2. Let a rooted growing tree s belong to the set TRe(m'), where m' is a vector
belonging to the set M(H) for some natural number H. Let u be a vertex belonging to the
vertices set V' (s). And let t be the oriented supergraph of the tree s, having as its root the
verter v = 1 and obtained by adding the vertex w = ||m’|| + 2 and the arc (u, W) to the
tree s. Then, first, the orgraph t is a rooted growing tree; secondly, the height of the vertex w
wn the tree t is one greater than the height of the vertex u in the tree s.

Proof. Let us first prove that the orgraph ¢ is weakly connected, that is, any pair of its
vertices is connected by a half-path. Obviously, any pair of its vertices belonging to the set
V(s) is connected by a half-path. By the conditions of Lemma 2, the vertices u and w in the
orgraph ¢ are connected by the half-path consisting of one arc (u, w). If the vertex u’ belongs
to the set V(s) and is different from the vertex u, then in the orgraph ¢ it is connected with
the vertex w by a half-path that is a union of the arc (u,w) and a half-path connecting the
vertices u and u/. Thus, any pair of vertices of the orgraph ¢ is connected by a half-path.
Therefore, the orgraph ¢ is weakly connected.

Let us now prove that the orgraph ¢ has no contours. Since the tree s has no contours, the
orgraph ¢ has no contours in which all arcs belong to the tree s. Therefore, if the orgraph ¢
has a contour, then this contour contains the arc (u,w), and therefore also contains the
vertex w. But in the orgraph ¢, only one arc (u,w) comes in the vertex w and no arc goes
out of it. Therefore, the vertex w cannot belong to any contour. This implies that the
orgraph ¢ has no contours.

Further, in the orgraph ¢, only one vertex v = 1 has in-degree zero [16|[17], and all other
vertices of ¢ have in-degree 1. Thus, the vertex v = 1 is the only source [16]|17] of a (weakly)
connected orgraph t that has no contours and satisfies the condition: all vertices of the
orgraph ¢, except for the source v = 1, have unit in-degree.

Such a graph is called [12, 16, 17] an outgoing (growing) tree. By the conditions of
Lemma 2, ¢ is a rooted orgraph with the vertex v = 1 as its root. Therefore, the tree ¢ is



(see |12, 16, 17]) a rooted growing tree. The first assertion of Lemma 2 is proved.

Let us now prove the second assertion of Lemma 2. By the conditions of Lemma 2, in
the tree ¢ the only arc incident to the vertex w is the arc (u,w). Therefore, in the tree t,
any half-path connecting the vertex w with the root of the tree ¢ is the union of the arc
(u,w) and the half-path connecting the vertex u with the root v = 1. This leads us to two
conclusions.

First, from here and from the definition of a half-path [16][17] it follows that the vertex w
cannot belong to any half-path that in the tree ¢ connects the vertex u with the root v = 1.
Hence, by the definition of the tree ¢, it follows that all half-paths connecting the vertex u
with the root v = 1 in the tree ¢ have the following property: all vertices of any such half-
path belong to the set V(s). Therefore, any half-path, which connects the vertex u with the
root v = 1 in the tree ¢, belongs to the tree s. This means that the shortest half-path that
in the tree ¢t connects the vertex u with the root v = 1 belongs to the tree s. Moreover, this
half-path is the shortest half-path connecting the vertex u with the root v = 1 in the tree s.

Second, the shortest half-path, which in the tree ¢ connects the vertex w with the root
v = 1 is the union of the arc (u,w) and the shortest half-path connecting the vertex u with
the root v =1 in the tree t. Consequently, in the tree ¢, the length of the shortest half-path
connecting the vertex w with the root v = 1 is one greater than the length of the shortest
half-path that in the tree ¢t connects the vertex u with the root v = 1.

These two conclusions imply the following corollary: in the tree ¢, the length of the
shortest half-path, which in the tree ¢ connects the vertex w with the root v = 1, one more
than the length of the shortest half-path, which in the tree s connects the vertex u with the
root v = 1.

Recall that in a rooted oriented tree, the length of the shortest half-path that connects
a vertex of this tree with the root is called the height of this vertex. Therefore, from the
above corollary the second assertion of Lemma 2 follows. Lemma 2 is completely proved. »

Lemma 3. Let a rooted growing tree s belong to the set TRe(m'), where m' is a vector
belonging to the set M(H) for some natural number H. Let u be a vertex belonging to the
vertices set V(s). And let t be a rooted growing tree, having as its root the vertexr v =1 and
obtained by adding the verter w = ||m’|| + 2 and the arc (u,w) to the tree s.

If, in addition, the vertez u belongs to the vertices layer V (s, H), then the tree t belongs
to the set TRc(m), where the vector m belongs to the set M(H + 1,1) and is the (H + 1)-
dimensional vector satisfying the conditions: mpyy1 = 1, and all other components of the
vector m coincide with the corresponding components of the vector m’.

If the vertex u belongs to the vertices layer V (s, H — 1), then the tree t belongs to the
set TRc(m), where the vector m belongs to the set M(H, m'y + 1) and is the H-dimensional
vector satisfying the conditions: myg = m'y + 1, and all other components of the vector m
coincide with the corresponding components of the vector m’.

Proof. It follows from the conditions of Lemma 3 that the vector m’ belongs to the set
M’ (n, H), where n = ||m’|| + 1. From this and from the conditions of Lemma 3, according
to Remark 1, it follows that the set V;,, where n = ||m’|| 4 1, is the set V' (s) of vertices of the
tree s. It follows from the conditions of Lemma 3 that the set V() of vertices of the tree ¢
is the union of the set V' (s) of vertices of the tree s with the set consisting of one vertex
w = ||m’|| + 2 = n + 1. This means that the set V(¢) is the set V1, where n = ||m/|| + 1,
while the tree ¢ belongs to the set 7;,.1. This implies that the vertex w is the highest vertex
in the set V(t) and, therefore, the inequality v < w is satisfied for all vertices v belonging to
the set V(t) and satisfying the condition: v # w.



From the conditions of Lemma 3 by Remark 3 it follows that the set V'(s) of vertices of
the tree s is layer-ordered.

Consider the case where the vertex u belongs to to the vertices layer V (s, H). We
introduce into consideration (H +1)-dimensional vector m whose component my 1 is defined
by the equality mpy,.1 = 1, and all its other components coincide with the corresponding
components of the vector m’. The vector m thus defined belongs to the set ' (n, H + 1),
where n = ||m|| + 1 = ||m/|| + 2.

Let us prove that the set V(¢) of the vertices of the tree t is layer-ordered. From the
conditions of Lemma 3 and Definition 2 it follows that the layers of the vertices of the tree ¢
satisfies the condition:

(CY)if v € V(t, b)), v" € V(t,h"), where 1 < W' < h” < H, then v/ < v”.

As already proved above, the inequality v < w is satisfied for all vertices v, belonging
to the set V(t) and satisfying the condition: v # w. And since the layer V (¢, H + 1) of
vertices of the tree ¢ contains only one vertex w, no other verteces layer of tree ¢ contains
vertex w and any vertex v’ of the tree ¢ other than the vertex w does not belong to the layer
V(t, H +1). Hence, the vertex v' belongs to some other layer V (¢, h") of vertices of the tree
t. Obviously, here the height A’ satisfies the inequality 2" # H 4+ 1. And since the height of
the tree t is equal to H + 1, the height A’ also satisfies the inequality " < H + 1. Moreover,
none of the verteces layers of the tree t, except for the verteces layer V (¢, H + 1), contains
the vertex w.

Therefore, the vertices layers of the tree ¢ satisfy the condition: if v' € V(t, k'), where
1 < h < H+1, then v < w. Since the the vertices layers of the tree ¢ also satisfy the
condition (C), these layers satisfy the condition (C'). Hence, by Definition 2 it follows that
the set V (t) of the vertices of the tree ¢ is layer-ordered. Since the tree t belongs to the set
T(m), then by Remark 3 it belongs to the set TRc(m). Recall that the vector m, by its
construction, is a (H+1)-dimensional vector that satisfies the conditions: 1) m € M(H+1,1)
by the definition of the set 9M(H + 1,1); 2) my,; = 1, and all other components of the
vector m coincide with the corresponding components of the vector m'.

Thus, all assertions of Lemma 3 formulated for the case when u € V (s, H) are proved.

Let us now consider the case when the vertex u belongs to the layer V (s, H — 1) of
the vertices of the tree s. Let us introduce into consideration the H-dimensional vector m
whose component my is defined by the equality my = m'; + 1, and all its other components
coincide with the corresponding components of the vector m’. The vector m thus defined
belongs to the set MM (n, H), where n = ||m|| + 1 = ||m’|| + 2.

In this case, the height of the vertex w in the tree s is equal to H — 1. From this, by
Lemma 2, it follows that the height of the vertex w in the tree ¢ is equal to H, the vertex
w = ||m'|| + 2 belongs to the vertices layer V (t, H) of the tree t, where the vertices layer
V(t, H) is the union of the set of the vertices belonging to the vertices layer V (s, H) of the
tree s with the set consisting of one vertex w = ||m’|| +2 = n + 1. This and the conditions
of Lemma 3 imply that the vertices layer V (¢, H) contains m/y + 1 vertices, and all other
vertices layers of the tree ¢ coincide with the corresponding vertices layers of the tree s.
Obviously, the vector m(t) coincides with the vector m, and the tree ¢ belongs to the set
T(m).

Let us prove that the set V(t) of vertices of the tree ¢ is layer-ordered.

Since the set V (s) of vertices of the tree s is layer-ordered, by Definition 2 the vertices
layers of the tree s satisfy condition (C). It follows that these layers of the tree s satisfy the
conditions:



(C?)if v € V(s,h'),v" € V(s,h"), where 1 < I < h” < H — 1, then v/ < v”;

and

(C3) ifv' € V(s,h'), v" € V(s,H), where 1 < h < H, then v/ <.

Since by the conditions of Lemma 3 V (¢, h') = V (s, /') for 1 < h' < H, and the set V(s)
is represented by the equality V (s, H) = V (¢, H) \ {w}, then conditions (C?) and (C?) imply
that the vertices layers of the tree ¢ satisfy the conditions:

(CYH if v € V(t, W), v" € V(t,h"), where 1 < I < h” < H —1, then v/ <"

and

(C%) ecm v € V(t, 1), v" € [V(t, H) \ {w}], where 1 < < H, then v/ < v”.

As already proved above, the inequality v < w is satisfied for all vertices v belonging to
the set V(¢) and satisfying the condition: v # w. In particular, this inequality is satisfied
for all vertices v belonging to the vertices layers V(¢,1),V(¢,2),...,V(t, H—1) of the tree t.
Since in this case the vertices layers of the tree ¢ satisfy the condition (C®), and the vertices
layer V (¢, H) of the tree t is the union of the set of vertices belonging to the layer V (s, H)
with the set consisting of one vertex w = ||m’|| +2 = n + 1, then the vertices layers of the
tree t satisfy the condition:

(CY) if v € V(t, W), v" € V(t, H), where 1 < I < H, then v' < v".

Since the vertices layers of the tree t also satisfy the condition (C%), then these layers
satisfy the condition (C'). From this, by Definition 2, it follows that the vertices set V() of
the tree t is layer-ordered. Since the tree t belongs to the set T'(m), then, by Remark 3, it
belongs to the set TRc(m), where the vector m belongs to the set 9(H, m’; + 1) and is the
H-dimensional vector satisfying the conditions: my = m/; + 1, and all other components
of the vector m coincide with the corresponding components of the vector m’. Thus, the
assertion of Lemma 3 in the case when u € V (s, H — 1) is proved. Lemma 3 is completely
proved. »

Let a tree s belongs to the set TRc(m') and let u be a vertex belonging to the vertices
set V(s). Let us introduce the notation:

T'(s) is the set of labeled rooted growing trees ¢ obtained by adding the vertex w =
||m’|| + 2 and the arc (u,w) to the tree s, where u € V (s, H(s));

T?(s) is the set of labeled rooted growing trees ¢ obtained by adding the vertex w =
||lm’|| + 2 and the arc (u,w) to the tree s, where u € V (s, H(s) — 1).

Denote by B, the mapping of the set of vertices V (s, H(s)) onto the set T (s) of labeled
rooted growing trees, setting that the image of a vertex u € V (s, H(s)) is the tree t € T (s)
that is obtained by adding the vertex w = ||m’|| 4+ 2 and the arc (u,w) to the tree s.

Lemma 2 and the definition of the set T*(s) imply the following

Corollary 1. Let a tree s belong to the set TRc(m'). Then the mapping By of the vertices
set V (s, H(s)) to the set T'(s) of labeled rooted growing trees is a bijection [13].

Symbolically, the bijection B, can be represented as follows:

t = Bou= (V(s) Il + 2}, x(s) [ (s )] + 2)}) JueVi(s,H(s)). (11

Here and below {||m’|| + 2} denotes the one-element set containing the vertex

[lm'|| +2; {(u, ||m’|| +2)} denotes the one-element set containing the arc

(u, |Jm'|] +2).

Then the set T'(s) of labeled rooted growing trees, where the tree s belongs to the set



TRc(m'), symbolically can be represented as follows:
T'(s) = B,V (s, H(s)) =
{(ve U+ 2, X6 U Il +2)}) : we V(s HE) . (12)

By B;'(t) denote the inverse image of a tree ¢ € T'(s) under the mapping B,. Then it
follows from formula (11) that the set X (¢) of arcs of the tree ¢ € T"'(s) can be represented

as follows:
() J{(B (@), ]| +2) } (13)

Here and below, {(B;'(t), Hm’H + 2)} denotes one-element set that contains the arc
(BSH(1), |lm[| +2).

By B, denote the mapping of the vertices set V (s, H(s) — 1) onto the set T2(s) of
labeled rooted growing trees, setting that the image of the vertex u, which belongs to the
set V (s, H(s) — 1), is the tree t € T?(s) obtained by adding the vertex w = ||m’|| + 2 and
the arc (u,w) to the tree s.

Lemma 2 and the definition of the set T?(s) imply the following

Corollary 2. Let the tree s belong to the set TRc(m'). Then the mapping ES of the
vertices set V (s, H(s) — 1) onto the set T?*(s) of labeled rooted growing trees is a bijection
[13].

Symbolically, the bijection B, can be represented as follows:

t:§3u2< U{||m||+2} X(s U{ u, ||m]|+2)}>, uweVi(s,H(s)—1). (14)

Then the set T2(s) of labeled rooted growing trees, where the tree s belongs to the set
TRc(m’), symbolically can be represented as follows:

T*(s) = B,V (s, H(s) — 1) =

{( ) J{IIm'[] + 2}, X(s LJ{uHmH+2n); ugV@Jﬂ@_1§.(w)

By B;(t) denote the inverse image of a tree ¢ € T"(s) under the mapping B,. Then it
follows from formula (14) that the set X (f) of arcs of the tree ¢ € T?(s) can be represented

as follows:
U{ ,|m'|| +2)}. (16)

Here and below, {( ), ||m’|| +2) } denotes one-element set that contains the arc
(BSH(t), [[m'|| +2).

Lemma 4. If the labeled rooted growing trees s and s' belong to the same set TRc(m')
and are not equal to each other, then the sets T'(s) and T'(s') labeled by these trees do not
intersect.

Proof. Assume that the sets T'(s) and T"(s’) intersect. Then there is a labeled rooted
growing tree ¢ that belongs to both T (s) and T*(s"). Then it follows from the definition of
the sets T'(s) and T*(s’) that the tree ¢ can be obtained in two ways: (1) by the addition
to the tree s of the vertex w = ||m’|| + 2 and the arc, which belongs to the tree ¢t and comes
in the vertex w; (2) by the addition the same vertex and the same arc to the tree s'.
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But since the trees s and s’ are not equal to each other, the tree constructed by method (1)
differs from the tree constructed by method (2). This result contradicts our assumption.
Therefore, this assumption is false and the sets 7" (s) and T (s’) do not intersect. Lemma 4
is proved. »

Theorem 1. Let the vectors m and m' belong to the sets M(H,1) and M(H — 1),
respectively, where H is a natural number satisfying the inequality H > 2. If, in addition,
all components of the vector m' coincide with the corresponding components of the vector
m, then the set TRc(m) expandes into pairwise disjoint subsets of type T (s) labeled by trees
from the set TRc(m'):

TRe(m)= | ) T'(s). (17)

SETRc(m’)

Proof. Let m and m' be vectors, satisfying the conditions of Theorem 1. If, in addition,
the tree s belongs to the set TRc(m'), then by Lemma 3 from the definition of the set T"(s)
of labeled rooted growing trees it follows that the set T'(s) is a subset of the set TRc(m).

From the conditions of Theorem 1 by Remark 5 it also follows that the subtree s(t) of
any tree ¢t from the set TRc(m) belongs to the set TRc(m'). And from the definition of the
subtree s(t) of the tree t it follows that the tree ¢ is obtained by adding to the tree s(t)
of the vertex w = ||m’|| + 2 and of the arc which comes in the vertex w and outgoes from
some vertex u € V (s, H(s)) of the tree s(¢). This implies that the tree ¢ belongs to the set
T (s(t)) by the definition of this set.

From the established relations between the set TRc(m) and its subsets of type T (s),
where s € TRe(m'), and from Lemma 4 the assertion of Theorem 1 follows. »

Lemma 5. If labeled rooted growing trees s and s’ belong to the same set TRe(m') and
are not equal to each other, then the sets T*(s) and T*(s') labeled by these trees do not
intersect.

Proof. Assume that the sets T2(s) and T?(s’) intersect. Then there exists a labeled
rooted growing tree ¢ that belongs to both T2(s) and T?(s’). Then from the definition of
the sets T?(s) and T?(s') implies that the tree ¢ can be obtained in two ways: (1) by the
addition to the tree s of the vertex w = ||m’|| + 2 and the arc, which belongs to the tree ¢
and comes in the vertex w; (2) by the addition the same vertex and the same arc to the tree
s

But since the trees s and s’ are not equal to each other, the tree constructed by method (1)
differs from the tree constructed by method (2). This result contradicts our assumption.
Therefore, this assumption is false and the sets T?(s) and T?(s") do not intersect. Lemma 5
is proved. »

Theorem 2. Let the vectors m and m’ belong to the sets respectively IM(H, k) and
M(H,k—1), where H and k are natural numbers satisfying the inequalities H > 2 and
k > 2. If all components of the vector m’, except for the component mhy =k —1=mpy — 1,
coincide with the corresponding components of the vector m, then the set TRc(m) is expanded
into pairwise disjoint subsets of type T?(s) labeled by trees from the set TRe(m'):

TRe(m) = | ] T%(s). (18)

s€TRc(m’)

Proof. Let m and m’ be vectors, satisfying the conditions of Theorem 2. If, in addition,
the tree s belongs to the set TRc(m'), then by Lemma 3 from the definition of the set T2(s)
of labeled rooted growing trees it follows that the set T2(s) is a subset of the set TRc(m).
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From the conditions of Theorem 2 by Remark 5 it also follows that the subtree s(t) of
any tree t from the set TRc(m) belongs to the set TRc(m’). And from the definition of the
subtree s(t) of the tree t it follows that the tree ¢ is obtained by adding to the tree s(t) of
the vertex w = ||m’||+ 2 and of the arc which comes in the vertex w and outgoes from some
vertex u € V (s, H(s) — 1) of the tree s(¢). This implies that the tree ¢ belongs to the set
T?(s(t)) by the definition of this set.

From the established relations between the set TRc(m) and its subsets of type T?(s),
where s € TRe(m'), and from Lemma 5 the assertion of Theorem 2 follows. »

3. The rest of the article outlines one way to apply these classifications to simplify the tree
representation [12| of a function. As a function whose tree representation is to be simplified,
we choose the following real function ¢(r), of n variables ry,ro,..., 1,

bm@n= > ] 9w (19)

teTRc(m) (u,w)eX(t)

Here and below, m denotes an H-dimensional vector with natural components, n denotes
the number defined by formula (1), g denotes a labeled by arc (u,v) real function of n
variables ry,ro, ..., 1, that take on values in the r-dimensional real Euclidean space R”.

The representation of the function ¢(r), by formula (19) is called the tree representation
of the function. Tt is this kind of tree representations of functions can be integrands in
integrals representing Mayer coefficients and coefficients of other power series of classical
statistical mechanics.

Further in the article, a much simpler representation of the ¢(r), function will be pro-
posed. To this aim, we introduce the following notation:

h
mo=1; om(h)= Zmi, h=0,H, (20)

i=0

where mq, ms, ..., my are components of the vector m;
Vm(0) ={1}; Vm(h)={v: Jomh—1)+1]<v<om(h)}, 1<h<H. (21)
Sm(hv) = Y Guw, tae v E Vin(h): (22)
u€EVm(h—1)

Pu(h)= [] Su(hv). (23)

VEVm(h)

In formulas (21), (22) and (23) the value h takes the values defined by the inequalities
1<h<H.

Remark 6. Formulas (20) imply the equality opm(H) = ||m|| + 1. From here and from
formulas (21) it follows that the vertex w = ||ml|| + 1 belongs to the set Vi (H).

Lemma 6. Let H and H' be two natural numbers, satisfying the inequality H' < H,
while m and m’ be two vectors with natural components of dimension H and H', respectively.

Assume that for any i satisfying the inequalities 0 < i < min{H', H — 1}, the component
m;, of the vector m' coincides with the component m; of the vector m. Then the following
statements are true:

1. For all natural numbers h satisfying the inequalities

0<h<min{H' H—1}, (24)
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the equalities

om (h) = om(h), (25)
Vin'(h) = Vim(h), (26)
S (h,0) = Sn(h, v), (27)
Py (h) = Prn(h) (28)

hold.
2. If the satisfying the conditions of Lemma 6 vectors m and m’ have the same dimen-
sion H, then for all vertices v belonging to the set Vi (H) N Vi (H), the equality

S (H,v) = Sen(H, v). (29)

holds.

Proof. It follows from the formulas (20) and the conditions of Lemma 6 that for all
natural numbers h satisfying inequalities (24), equality (25) holds. From here and from for-
mulas (21) it follows that for all natural numbers h satisfying inequalities (24), equality (26)
holds. From here and from formulas (22) it follows that for all natural numbers h satisfying
inequalities (24), equality (27) holds. Finally, it follows from equality (27) and formulas (23)
that for all natural numbers h satisfying inequalities (24), equality (28) holds. Eualities (25),
(26), (27), and (28) are proved.

Let us now prove the second assertion of Lemma 6. Since the vectors m and m’ have the
same dimension H, by assertion 1 of Lemma 6 the equality

Ve (H — 1) = Vi (H — 1). (30)

takes place. Equality (30) for all v vertices implies the equality

Y Gum = D Y (31)

weV (H-1) UEVim (H—1)

The formula (22) implies the equalities

S (H,v) = Z 9(uw), Where v € Vi (H);

ueVy (H-1)

Sm(H,v) = Z Juw), where v € Viu(H). (32)

uEVm (H-1)

The formulas (31) and (32) imply assertion 2 of Lemma 6. Lemma 6 is completely proved.
>

By Um = {Vi(h) : 0 < h < H} denote the population of sets defined by formulas
(21). Remark 7. From the definition of the population Uy, it follows that the sets
included in it do not intersect, and their union is the set V,,, where the number n is defined
by formula (1).

It follows from formulas (20) and (21) that the sets belonging to the population Uy, satisfy
the condition

(C) if v/ € Vin(h'), v" € Vin(h"), where 0 < h' < h"” < H, then v' <v".

Finally, these formulas imply that the cardinality of any set Vi(h) from Uy is equal to
component my, of vector m.
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Remark 8. From the definition of the sets Vin(h) by formulas (21) (where h = 0, H ),
Jrom the definition of the numbers om(h) by formulas (20) and from the definition of the
number n by formula (1) follows

| Vin() = Vi (33)

Lemma 7. Let the tree t belong to the set TRc(m), where the vector m has dimension
H > 1. Then the equality
V(t, H(t)) = V(H), (34)

holds. Here the vertices set Vin(H) is defined by formulas (21).
If the vector m has dimension H > 2, then also the equality

V(t,Ht) — 1) = Vi(H — 1), (35)

holds. Here the vertices set Vin(H — 1) is defined by formulas (21).
Proof. In the case H = 1, the vector m has dimension H = 1 and contains only one
component my. In this case, the following equalities hold:

H(t)=H=1, m(t,0) =1, m(t 1) =my;
o(t,0) =1, o(t,1)=14my; V(1) ={v: 2<v<1+4+my}. (36)

By formulas (20) and (21) we obtain: 1,(0) =1, 01m(1) =1 4 my, and finally
V(1) ={v: 2<v<1+m}. (37)

Formulas (36) and (37) imply the equality V' (¢,1) = Vin(1). By this equality Lemma 7 in
the case H =1 is proved.
Let us now prove Lemma 7 in the case H > 1. The conditions of Lemma 7 imply the
equalities
H(t)=H; m(t)=m; V(t,H(t)=V( H). (38)

Formulas (38) and Remark 7 imply that for any » = 0, H the cardinalities of the sets
V(t,h) and Viu(h) are equal. In particular, the cardinalities of the sets V (¢, H(t)) and Vi, (H)
are equal, and the cardinalities of the sets V (¢, H(t) — 1) and V,(H — 1) are also equal.

Formulas (38) and Remarks 1 and 8 imply that the set V(¢) of the vertices of the tree ¢
and the union of all sets, belonging to the population *U,,, coincides with the set V,,, where
the number n is defined by formula (1).

Let us prove the equality (34) by contradiction. Let’s assume that this equality is wrong.
Then, taking into consideration the equality cardinalities of the sets V (¢, H(t)) and Vin(H),
we arrive at to the following conclusions:

(a) At least one vertex of the set V (¢, H(t)) does not belong to the set Vi, (H), and hence
belongs to some set Vi, (h), where h < H. Let’s denote this vertex by wv.

(b) At least one vertex of the set Vi, (H) does not belong to the set V (¢, H(t)), and hence
belongs to some set V (¢, h'), where h' < H(t). Let’s denote this vertex by v'.

Thus, the vertices v' and v belong to the sets, respectively, Vi,(H) and Vi, (h), where
H and h satisty the inequality H > h. By Remark 7, this implies the inequality v < v'.
Moreover, the vertices v and v’ belong to the sets V (¢, H(t)) and V (¢, h'), respectively, where
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H(t) and h' satisfy the inequality H(t) > h’. From this inequality and the inequality v < v’
by Definition 2, it follows that the set V'(¢) of vertices of the tree ¢ is not layer-ordered. By
the conditions of Lemma 7, the tree t belongs to the set TRc(m). Therefore, the conclusion
drawn is in contradiction with Remark 3, asserting that the set TRc(m) does not contain any
tree t whose vertices set V(t) is not layer-ordered. Consequently, our assumption is wrong,
but the equality (34) is true.

We now prove by contradiction that in the case H > 1 under the conditions of Lemma 7
equality (35) is also true. Let’s assume that this equality is wrong. Then, the equality of
the cardinality of the set V (¢, H(t) — 1) to the cardinality of the set Vi,(H — 1) implies the
following conclusions:

(a’) At least one vertex of the set V (¢, H(t) — 1) does not belong to the set Vi, (H — 1).
From the already proven equality (34) it follows that this vertex cannot also belong to the
set Vin(H) and, therefore, belongs to some set Vi, (h"), where b’ < H — 1. Let’s denote this
vertex by v”.

(b’) At least one vertex of the set Vi, (H — 1) does not belong to the set V (¢, H(t) — 1).
It follows from the already proved equality (34) that this vertex cannot also belong to the
set V(t, H(t)) and hence belongs to some set V (¢, ")), where b < H(t) — 1. Let’s denote
this vertex by v".

Thus, the vertices v" and v” belong to the sets, respectively, Vin(H — 1) and Vi, (h"),
where H — 1 and A" satisfy the inequality H — 1 > h”. By Remark 7, this implies the
inequality v” < v"”". Moreover, the vertices v” and v" belong to the sets V (¢, H(t) — 1) and
V(t,h"), respectively, where H(t) — 1 and h" satisfy the inequality H(t) — 1 > h”. This
inequality and the inequality v” < v” by Definition 2 imply that the set V(¢) of vertices
of the tree t is not layer-ordered. By the conditions of Lemma 7, the tree ¢ belongs to the
set TRc(m). Therefore, the conclusion drawn is in contradiction with Remark 3, asserting
that the set TRc(m) does not contain any tree t whose vertices set V(t) is not layer-ordered.
Consequently, our assumption is wrong, but equality (35) is true. Lemma 7 is completely
proved. »

Theorem 3. For any H-dimensional vector m with natural components, any function
©m(T)n that has a tree representation by formula (19), can be represented by the product

Pm(T)n = H Pm(h), (39)

where the number n is defined by formula (1) and the function Py(h) is defined by for-
mula (23).

Before giving the proof of Theorem 3, we give an example in which we consider a par-
ticular case of formula (39), and also formulate and prove two auxiliary lemmas and their
corollaries.

Example 2. Consider the case when H = 1. Then the vector m contains only one
component m;. As noted in Example 1, in this case the set TRc(m) coincides with the set
T(m) and contains only one tree ¢ that is a star, whose center is the root v = 1. From
formula (20) follows: 0, (0) =1;  om(1l) =14 my. Hence, applying formulas (21), we find
the sets of vertices

Vm(0) ={1} and V(1) ={v: om(0) <v<on(l)} (40)
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The set X (t) of arcs of such a tree is represented by formula
X)) ={(1,v): veVu()} (41)
Using these results from formula (22) we obtain
Sm(1,v) = g, where v € Viu(1). (42)

In the case under consideration, the representation of the function ¢, (r), by formula
(19) has the form
om0 = [ 900 (43)
(1w)EX(t)

From here and from formula (42), as well as from the definitions of the sets X (¢) and Vi, (1)
by formulas (41) and (40), the following representation of the function ¢m(r), follows:

em®n= [ Sthv). (44)

vEVm (h)

where H = h = 1. Hence, applying the definition of the function Py (h) by formula (23), we
obtain the representation of the function m,(r), in the form:

¢Ym(r)n = Pm(1), (45)

which is a particular case of formula (39) for all m € M(H ), where H = 1. Thus, for H =1
the assertion of Theorem 3 is proved for all m € 9(H).W

Lemma 8. Assume that for a given natural number H', satisfying the inequality H' > 1,
and for all vectors m € IM(H') any function pm(r),, which has a tree representation by
formula (19), can be represented by formula (39), where H = H', as a product of functions.
Then for all vectors m belonging to the set M(H' + 1,1), any function pm(r), that has a
tree representation by formula (19), can be represented by formula (39), where H = H' + 1,
as a product of functions.

Proof. TLet a vector m belong to the set M(H' + 1,1). In this case, there is the
expansion (17) of the set TRc(m) of rooted growing trees into disjoint subsets. Using this
expansion, the tree representation of the function ¢y, (r), by formula (19) can be transformed

as follows:
m@n= > > I 9w (46)

SETRc(m’) teT (s) (u,v)eX ()

where m’ is the H'-dimensional vector which belongs to the set 9¥(H’) and such that all it’s
component coincide with the corresponding components of the vector m.

To simplify the notation, we denote u(t) = B;'(t). The representation of the set X () of
arcs of a tree t € T (s) by formula (13) implies

I 9w =9www TI 9w (47)

(u,v)EX (1) (u,w)eX(s)

where w = ||m’|| + 2. Substituting in the right side of the equality (46) instead of the
product, which is the left side of the equality (47), the right side of the equality (47), we

obtain
99m<r)n = Z H g(u,v) Z g(u(t),w)y (48)

SETRc(m’) \ (u,v)€X(s) teT1(s)
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Since the tree s belongs to the set TRc(m'), then, first, by Corollary 1, the mapping B of
the vertices set V (s, H(s)) onto the set T"(s) of labeled rooted growing trees is a bijection.
Therefore the mapping B, ! is one-to-one mapping of the set T"(s) onto the set V (s, H(s)).

This implies the equality
> Yt > Gw- (49)

teT1(s) ueV(s,H(s))

Second, by Lemma 7 we have the equality
V(S7H(S>) = Vm’<H/>7 (50)

where H(s) = H', and the vertices set Vi (H') is defined by formulas (21).
Formulas (49) and (50) imply the equality

Z I(u(t)w) = Z 9(u,w)- (51)

teT1(s) u€V,, (H')

Substituting in the right side of the equality (48) instead of expression on the left side of
the equality (51), the expression on the right side of the equality (51), we obtain

S€ETRc(m’) \ (u,v)EX (s ueV, /1 (H')

Note that for h = H' + 1 and v = w the equality (22) becomes

Sm(H +1,w) = Z Guw), where w e Viu(H +1). (53)

uEVm (H')

Since the vectors m and m’, by definition, satisfy the conditions of Lemma, 6, then Lemma 6
implies, in particular, the equality Vi (H') = Vin(H'). Applying this equality, we transform
the equality (53) as follows:

S (Hl+1 w Z I(uw) = Z Iuw), TA€ wevm(H,+1)7 (54)

u€Vm(H’) ueV,/ (H')

Replacing on the right side of the equality (52) the expression that is the right side of the
equality (54) with the expression on the left side of the equality (54), we obtain

bm@u={ D> Tl 9ww |Sul +1w), (55)
s€ETRc(m’) (u,v)eX(s)

Recall that in the equality (55) the vector m belongs to the set 9Y(H’' + 1,1) and therefore
satisfies the condition m,, = 1. From here and from formulas (20) and (21) it follows

om(H') = [ml|};  om(H'+1) =|m||+1; Va(H' +1) = {w}, (56)
where w = ||m|| + 1. From formulas (23) and (56) it follows
Pu(H 4+ 1) = Su(H + 1, w). (57)
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Replacing on the right side of the equality (55) the expression that is the right part of the
equality (57), by the expression on the left side equality (57), we obtain

=1 Y. T 90w | PalE# +1), (58)

s€ETRc(m’) (u,v)eX (s)

The sum on the right side of the equality (58) is the tree representation of the function
©m'(r)n—1 as it defined by formula (19):

Z H I(uw) = Spm’(r)n—la (59)

s€TRc(m’) (u,w)eX(s)

where n is defined by formula (1), m’ € 9M(H') is H'-dimensional vector, all components
of which coincide with the corresponding components of the vector m. By assumption, the
assertion of Theorem 3 is true for the function @uy(r),—1. Therefore, the sum on the left
side of the equality (59) can be represented as

> I gwn=11Pwm. (60)

s€TRc(m’) (u,w)eX(s)

Substituting on the right side of the equation (58) instead of the sum on the left side of the
equation (60) the product on the right side of the equation (60), we obtain

(HP > (H' +1). (61)

Further, from the definition of the vectors m’ and m it follows that these vectors satisfy the
conditions of Lemma 6. By Lemma 6, this implies that the equalities (28) hold for h < H'.
Applying these equalities, from formula (61) we obtain

H'+1

<HP ) (H' +1) = HP :ﬁPm(h% (62)

h=1 h=1

Where H = H' + 1. Thus, Lemma 8 is proved. »

Lemma 9. Assume that for a given natural number H satisfying the inequality H > 1,
for a given natural number k and for all vectors m € IM(H, k) any function om(r), that
has a tree representation by formula (19) can be represented by formula (39) as a product of
functions. Then for all vectors m belonging to the set M(H, k+1), any the function ©m(r)n,
which has the tree representation by formula (19), can be represented by formula (39) as a
product of functions.

Proof. Let the vector m belongs to the set 9MM(H,k + 1). In this case, there is an
expansion (18) of the set TRc(m) of rooted growing trees into disjoint subsets. Using this
expansion, the tree representation of the function ¢y, (r), by formula (19) can be transformed

as follows:
Z Z H 9(u,w) (63)

SETRc(m’) teT?(s) (u,v)eX(t)
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where m’ € 9MM(H, k) is the H-dimensional vector satisfying the conditions: my, = k, and all
other its components coincide with the corresponding components of the vector m.

In order to simplify the designations, we denote u(t) = B;!(t). From the presentation of
the set X (t) of the arcs of a tree t € T?(s) by formula (16) it follows

H guv - 17 (t),w) H g(u,v), (64)

(u,0)EX (t) (u,v)€X(s)
where w = ||m/|| + 2.
From the definition of the vectors m and m’ implies the equality ||m|| = |jm’|| + 1.
Therefore, the vertex w = ||m'|| + 2 can be represented as follows: w = ||m||+ 1. From this,

by Remark 6, it follows that the vertex w = ||m|| + 1 belongs to the set Vi, (H):
w € Vin(H). (65)

Substituting into the right side of the equality (63) instead of the product that is the left
part of equality (64), the right side of the equality (64), we obtain

Pm(tn = D I 9w Z Gtut)w)- (66)

s€TRc(m’) \ (u,v)€X(s) teT?(s

Since the tree s belongs to the set TRc(m'), two conclusions follow:

First, by Corollary 2, the mapping B, of the vertices set V (s, H(s)—1) onto the set T2(s)
of labeled rooted growing trees is a bijection. Therefore, the mapping ES_ lis a one-to-one
mapping of the set T2(s) onto the set V (s, H(s) — 1). This implies the equality

Z Jutrw) = D Y (67)
teT?(s ueV (s,H(s)—1)
Second, by Lemma 7 we have the equality
V(s,H(s) —1) = Vi (H — 1), (68)

where H(s) = H, and the vertices set Vi (H — 1) is defined by formulas (21).
Formulas (67) and (68) imply the equality

Z Yty = Y G (69)

teT?(s u€Vyy (H-1)

Replacing on the right side of equality (66) the expression that is the left side of equality
(69) with the expression that is the right side of equality (69), we obtain

@m(r)n = Z H g(u v) Z g(u,w)- (70)

s€TRc(m’) \ (u,v)€X (s ueV,r(H-1)

Further, from the definition of the vectors m’ and m it follows that the dimensions of
these vectors are equal to the same number H, while the components of these vectors satisfy
the conditions of Lemma 6. Hence, by Lemma 6 it follows that for h < H we have the
equalities (26), (27) and (28).

18



Using equalities (26) and formulas (65) and (22), we obtain

Z Juw) = Z Iluw) = Sm(H7w)7 rae  w € Vm(H)ﬂ (71)

weV, (H-1) UEVim (H—1)

Replacing on the right side of the equality (70) the expression that is the left side of
equalities (71) by the expression that is the right side of equality (71), we obtain

pm@a={ Y. Il 9ww | Sm(H,w), (72)

s€TRc(m’) (u,v)eX(s)

From the definition of the function ¢, (r), by formula (19) it follows

Yoo I v = em(@)w, (73)

s€TRc(m’) (u,w)eX(s)

where n' is the number ||m’|| + 1. Replacing on the right side of equality (72) the sum that
is the left side of equality (73) by the expression that is the right side of equality (73), we
obtain

Pm(0)n = P (0)n S (H, 0), (74)

By definition, the vector m’ belongs to the set 9M(H, k). Tt follows from this that, by the
condition of Lemma 9, the function ¢, (r),s, which has a tree representation by formula (19),
can be represented by the product:

Oy (1) = H Py (h). (75)

h=1
Here the functions Pyy(h) are defined by formula

[T Sw(nv). (76)

vEVm/ (h)

In particular,

I Sw(H.v). (77)

’UEVm/(H)

From formulas (75), (77) and (28) it follows
H-1
oo (L) = (H P ) H) = (H Pm(h)> IT Sw(Hv). (78)
h=1 VeV (H)
From here and from formula (74) it follows

:(ﬁPm(h)> [ Sw(Hv)| Sm(H, w). (79)

UEVm/ (H)
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Further, the definitions of the vectors m’ and m imply the equalities my; = k£ + 1 and
m/, = k . From here and from formulas (20), (21) and (22) it follows that for h = H the
equalities

om(H)=onw(H)+1=w; Vyw(H)={v: ow(H-1)+1<v<ow(H)};
Vi H)={v: om(H—-1)+1<v<om(H)}. (80)

take place. Let us introduce the set V. (H) into consideration, setting
VIH)={v: om(H-1)+1<v<on(H)—1}. (81)
The formulas (80) and (81) imply

Vin(H) = Vi (H) | J{w}. (82)
In addition, (80) implies the equality
om'(H) = om(H) — 1. (83)

As proved above, for all natural values of h satisfying inequalities 0 < h < H, equality (25)
holds. In particular, this equality also holds for h = H — 1:

oo (H — 1) = op(H — 1). (84)

From the definition of the sets Vi (H) and V. (H) by formulas, respectively, (80) and (81)
and from equalities (83) and (84) it follows that the sets Vi, (H) and V., (H) coincide. From
here and from equality (82) follows the equality

Vinl(H) = Vi (H) |0}, (85)

Since the sets Vi (H) and V. (H) coincide, it follows from assertion 2 of Lemma 6 that
the sums Syy (H,v) and Sy (H,v) coincide if the vertex v belongs to the set Vi, (H):

Sm(H,v) = Sp(H,v), where v €& Vy(H). (86)

Making in formula (79) the substitutions defined by formula (86) and applying equality (85),
we obtain

som(r)n:(ﬂpm(h)) [T Sar(H.) | SulH.w) =
h=1

VEV i (H)

(ﬂpm(h)) [T Sw(H.v) | Sw(H w) =

VEV i (H)

(ﬂpm<h)> I[I SwmEo)|. (87

vEVm (H)

For h = H, the function Py,(h) defined by formula (23) takes the form

Pu(H)= ] Sm(Hv). (88)

VEVm (H)
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Replacing on the right side of equalities (87) the expression on the right side of equality
(88) with the expression on the left side equality (88), we obtain

f(T)n = (H Pm<h>> Po(H) = [ Pn(h). (80)

h=1

Thus, Lemma 9 is proved. »

Lemma 9 implies by mathematical induction

Corollary 3. Let us assume that for any natural number H > 1 and for all vectors
m € M(H, 1) any function om(r),, which has a tree representation by formula (19), can
be represented by formula (39) as a product of functions. Then for all vectors m belonging
to the set M(H), any function om(r), having a tree representation by formula (19) can be
represented by formula (39) as a product of functions.

Corollary 3 and Lemma 8 imply

Corollary 4. Assume that for a natural number H > 1 and for all vectors m € 9(H)
any function om(r),, which has a tree representation by formula (19), can be represented by
formula (39) as a product of functions. Then, for all vectors m belonging to the set M(H+1),
any function pm(r), that has a tree representation by formula (19), can be represented by
formula (39) as a product of functions.

Proof. Assume that for a natural number H > 1 and for all vectors m € 9M(H) any
function ¢m(r),, which has a tree representation by formula (19), satisfies the conditions of
Corollary 4. Then, by Lemma 8, it follows that for all vectors m belonging 9 (H + 1,1),
any function ¢m(r), having a tree representation by formula ((19)) can be represented
by formula (39) as a product of functions. This implies the assertion of Corollary 4 by
Corollary 3. »

Proof of Theorem 3. In Example 2, we prove that for H = 1 the assertion of Theorem 3
is true for all m € MM(H). From this result and Corollary 4, the assertion of Theorem 3
follows by the method of mathematical induction. »

There is no doubt that Theorem 3 will find its applications.

In conclusion, the author expresses his sincere gratitude to Ph.D. V.I. Cebro for helpful
advice and A.V. Belyaev for technical support.
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HoBrble kimaccudukalimym moMe4eHHBIX KOPHEBBIX PacTy X
JE€PEBbEB U X MPUIOXKEHUE K YIIPOIIEHUIO JPEBECHOTO
mpeJicTaB/ieHuda (PYyHKITIIA

I'1. KaaMBIKOB

Russian version

AnaHoTaius

B crarbe paccmarpuBaioTcs moMedeHHbIE KOPHEBBIE PACTYyIHe aepesbs. Mccaegona-
HUA B 9TOM 00,1aCTH, TPOBEAEHHBIE ABTOPOM 9TOH CTAThU 32 MOCIeIHIe 35 JIeT, IPUBEIN
K CO3TaHUI0 KOHIEMIHH IPEBECHON KIacCu(PUKAIINN TOMEUEHHBIX TPadOB. JTa KOHIET-
g IBJAIETCH MaTEeMATHIECKON OCHOBO MeTO7a JAPEeBECHBIX CYMM, HATTPABAEHHOTO HA
VIIPOIEHNE TPEeaCTaBIeHn KODPUIMEHTOB CTEIEHHBIX PASOB KJIACCUIECKON CTaTh-
CTHYIECKON MEXAHUKHU. DTUM METOLOM OBLIN MOy 9eHbl CBOOOIHBIE OT ACHMITTOTHIECKOTT
KaTacTpodbl JApEeBeCHBIE MPEACTABICHNA MaliepOBCKUX KOIPMUITNEHTOB Pa3I0KeHUH
MaBJEHUS] W [JIOTHOCTH TI0 CTEIEHAM aKTUBHOCTH. DTUM K€ METOIOM OBbLIU TOJTyde-
HBI ¥ IPEBECHBIC TTPEJCTAB/IeHNA KOIPMUIMEHTOB PA3I0KEHN OTHOIIEHWS aK TUBHOCTH
K IJIOTHOCTH B PsJT 110 CTEMEHsIM aKTUBHOCTH. Bee 9Tu mpeicraBieHus mpu . > 7 3HAYH-
TeJIFHO MpoTIe CPaBHUMBIX c HUMUA TpeICTaBIeHTH
Pu-T'yBepa 1o onpeseieHHBIM Ha, 9TUX MPEICTABACHUIX KPUTEPUIM CJI0KHOCTHU. TaKke
OBLITH [TOJTy Y€HBI JPEBECHBIE TTPEACTABICHNA KOIDDUIMEHTOB PABI0KEHNS M-IaCTHTHOMR
dbyHKIMU pacupeseseHus B Pdjl M0 CTENeHIM aKTUBHOCTH.

C 1enbro obecieveHnst MaTeMaTHIEeCKON OCHOBBI JIJIA TIOCTPOEHUS HOBBIX, €€ Me-
HEe CJ0XKHBIX MpecTaBicHuil KoedPUnueHToB ITUX CTEIEHHBIX Psi/IOB MOTPEOOBAIOCH
rajibHeee pa3BuTrue KOHIENITUN JPEBECHON KIacCuuKamm moMeIeHHbIX TPadoB.

B pamkax pemenng npobsiembl magbHEHAIIIEr0 PAa3BUTUA YTONH KOHIENIIMH B CTAThHE
IPEJIAraloTCs HOBBIE KJIACCH(PUKAIIUY ITOMEYEHHBIX KOPHEBBIX PACTYIIUX JIEPEBHEB U
Ha UX OCHOBE CPOPMYIUPOBAHA U JIOKA3AHA TEOPEMA, ABJISIONIASICT OCHOBOW JJIsl YIIPO-
IIEHUsT JPEBECHBIX IPEICTaBIeHUI (DYHKIINI, TO €CTh UX [PEACTABICHUN CyMMOMN 110~
MEUEHHBIX JIEPEBbIMU IPOU3BEICHUN DYHKITUN.

1. B crarbe paccMaTpuBaioTCs MoMedeHHBbIe KOPHEBbIe pacTyinme aepeBbs. cciemoBa-
HUsI B 9TOH 00/1acTH, IpOBeIeHHBIE aBTOPOM 3TOH CTATbH 3a IHOCIeIHHe 35 JIeT, IPUBEIN
K CO3JIAHMIO KOHIEHINK JIPeBECcHOil Kiaccudukamun noMedeHnbix rpados [2-9, 12, 19-22].
DTa KOHIEMINS SIB/ISIETCS MAaTEeMaTHIECKO OCHOBOIl METOZia APEBECHBIX CYMM, HAIDPAB-
JIEHHOTO Ha YNPOINEeHWe MpeCcTaBIeHnit KOIMDMUIMEHTOB CTEMEHHBIX PSII0B KJIACCHIECKOM
CTATUCTUIECKOI MeXaHUKH. DTUM MeTOJOM ObLIu moaydensl |3, 4, 6-9, 12, 19-22| cBobo-
Hble OT ACUMITOTHYeCKOi KartacTpodsr [1, 9-12, 18, 23, 24| npeacraBienns: MalepOBCKUX
K03 DUIUEHTOB PA3IOKEeHUH JABIeHNs U IIOTHOCTH TI0 CTEIeHsIM akTuBHOCTH |14, 15, 28,
29|. Drum ke merogom Oplin nosydenst |7, 9, 12, 21| u npegcrasienus: koadbdunuenTon
Pa3/I0ZKeHUs OTHOIIEHUSI AKTUBHOCTH K TLIOTHOCTH B PSIJI, IO CTEIeHAM aKTUBHOCTH. Bee 9Tn
npeCTaB/IeHus MPU N > 7 3HAYUTETBHO TPOINE CPABHUMBIX C HUMHU MpejacTaBaeHuii Pu-
[yeepa [30-32] mo onmpe/ieJieHHBIM HA 9TUX PEICTABJEHAAX KPUTEPUIM CIOKHOCTH [25-27].
Taxke GbLTH TOJTyUerbl |8, 22| npescraBierust KOd(DOUIHEHTOB PA3IOKEH S M-JaCTHIHON
GYHKINK pacupeeeHns B psif 10 CTeIleHIM aKTUBHOCTH.

C nesbio obecriedeHns MATEMATHIECKO OCHOBBI JIjisl IMOCTPOEHUSI HOBBIX, €I MeHee
CJIOYKHBIX TIPeICTaB/IeHnit K0eOUIIMEHTOB TUX CTEIMEHHBIX PSJI0B MOTPe0OBAIOCH AATbHEl-
1ee Pa3BUTHE KOHIEMIHH JIPEBECHOH KiacCu(PUKAINN TIOMEIEeHHBIX IPadOB.

B pamkax pemierus npo0./ieMbl TaIbHERIIEr0 PA3BUTHS 9TON KOHIENIUE B CTAThe Ipe I Ta-
rafoTCs HOBbIe KIacCH(MHUKAIMI TOMEIeHHBIX KOPHEBBIX PACTYIINX JI€PEBhEB M HA UX OCHOBE



2

chOpPMYJIMPOBAHA M JIOKA3aHA TEOPEMa, sBJISIIONAsICH OCHOBOM /I yIPOIIEHUs JIPEBECHO-
ro mnpeacraBjJieHUu g q)yHKLH/H/I7 TO €CTb ee IIPeACTaBJICHUA CyMMOﬁ IIOMEYEeHHBIX JepeBbAMN
NpOU3BeIeHH (DYHKITHIA.

Bsenem obo3naueHud:

T, =T(V,,1) = {t} — MHOXKeCTBO MOMEUYEHHBIX KOPHEBBIX PACTYIIUX JIEPEBHEB ¢ MHO-
kectBoM BeprtuH V,, = {1,2,...,n} u koprem 1;

(1,7) — myra, HCXOASAIIAS U3 BEePIIUHBI { U 3aXOJsIIAs B BEPIIUHY J;

X (t) — MHOXKECTBO JyT TIOMEYEHHOTO KOPHEBOTO PACTYINEro JAepeBa t;
(t) — BBIcOTA NepeBa t;
(t) — MHOXKeCTBO BEPIIIHH KOPHEBOI'O PACTYIIEro Jepesa t;
(t,h) — cJioit BepIIMH KOPHEBOIO PACTYINEro JepeBa t, HAXOJAIIUXCS Ha BbICOTe h;
(t,h) = |V (t,h)| — MOITHOCTD €JI0s1 BEPIIUH JiepeBa t, HAXOJAIINXCST Ha BBICOTE h;
(t,h) — umcyio BepuIuH JIepesa t, BBICOTa KOTOPBIX HE MPEBBIIAeT ducia i,

(t) = (m(t,1),m(t,2),...,m(t, H(t))) — BeKTOp, KOMIOHEHTAMH KOTOPOTO SIBJISTFOTCSI
MOIIHOCTH CJIOEB BEPUIMH JIEpeBa t;

M(H) = {m = (my,ma,...,my)} — MHOKECTBO BCex H-MEPHBIX BEKTOPOB C HATYDaJlb-
HBIMU KOMIIOHEHTAMHE;

S

s 9

H
||m|| = > my — Hopma BekTOpa m;
h=1

M (n,H) = {m = (my,mg,...,my)} — MHOKECTBO BceX H-MEpHBIX BEKTOPOB C HATY-
PAJbHBIMA KOMIIOHEHTAMH, YJOBJETBOPAIONINX YCIOBUIO

H
n=1+Y my=1+|ml; (1)
h=1

T, n = {t} — MHOXKECTBO MOMEYEHHBIX KOPHEBBIX PACTYIINX JePeBbeB BeicOTHl H (rie
1 < H < n), npuHAJIEKAIIAX MHOKECTBY T),.

ITycTh BEKTOp M ¢ HATYPATHHBIME KOMIIOHEHTAMH TPUHAIICKAT HEKOEMOMY MHOYKECTBY
M (n, H). Torna uepe3 T'(m) = {t} 0603HaIMM MHOKECTBO BCEX JEPEBBEB t, MPUHAITEKA-
MUX MHOXKeCTBY 1), U yJOBJIETBOPSIONIMX yCa0BHIO M(t) = m.

OueBnano, aro Muoxkecrsa 1, u 1, ; TOMEYEHHBIX KOPHEBBIX DACTYIIHX JEPEBLEB Pa3-
JIAralOTCA Ha HellepeceKaloluecs MOIMHOKECTBA;

n—1
T.=JTwwi Tow= |J T(m) (2)
H=1 meN' (n,H)

N3 srux pasioxkeHuil cjaejyer pasjiokeHue

n—1

T, = U T(m) (3)
H=1meM (n,H)

Bepruust cyiost V (¢, h) moMedeHHOr0 KOPHEBOTO PACTyIIero jgepesa t obo3uadnm v(t, h, 1),
v(t,h,2),...,0(t,h,m(t,h)). Bes orpanndennss OOUHOCTH MOYKHO CYHTATh, YTO MPU BCEX

h =1, H(t) umeer mecto HepaBercTBo U(t, h, i) < v(t, h, ), ecam roabko 1 < i < 7 < mf(t,h).
Oupenesum peobpasoBanue w; Ha MHOKecTBe V (t) bopmyiamu:

>

wi(1) =1;  wi(v(t, h,i)) =1+ ; m(t,j)+i, h=1,2,... H(t). (4)

<.
Il



[Iycrb m € M (n, H) ut € T(m). Torpa V(t) = V,,, a upeobpazoBanue w; yCTAaHABIMBAELT
B3aMMHO OJTHO3HAYHOE 0TOOpaKeHne MHOXKECTBa V;, Ha cebs. OHO MHAyIHUpYyeT 0ToOparKeHne
Q; muoxkecrsa X (t) = {z = (u,v)} ayr mepesa t HA MHOKECTBO JyT

QX (1) = X'(1) = { (wu(w). (). () € X(D)}. (5)

Kak ussecrno (cm. [12], riasa 1, snemwma 4), rpad (V,,, X'(t)) apiserca gepeBoM n3 MHOZKe-
cTBa jJepesbeB 1,.

Jng kaxxporo sekropa m € MV (n, H) onpenennm otobpazkenne Ay, MHOKECTBA IEPEBHEB
T(m) B cebs, moaras

Amt = (Vo X'(1)), (6)

riae MHOKecTBO X'(t) ompenensercs dopmysoii (5) npu Beex t € T(m). U3 onpeenenus
orobpaxenunst A, dopmyramu (4)-(6) caemyer, aro obpasom Jroboro gepesa t € T(m)
pu orobpazkenun Ay, apiasercs nepeBo Ayt € T(m).

O6pas muoxkecTBa T'(m) nipu orobpaxennu Ay, obosuadum TRe(m) C T'(m).

Bameuanue 1. Ecau eexmop m npunadaescum muoocecmey I (n, H), mo usz onpede-
aerus omobpasicenus Am u onpedeserusn mroocecmea TRe(m) caedyem, wmo muoscecmeom
sepwun 1106020 depesa t € TRe(m) asasemea muosicecmso Vy,, 2de n onpedeasemcs eex-
mopom m no gopmyae (1).

Onpenenenne 1. [Isa nepesa t1 € T(m) u to € T(m) gBAAIOTCA COBEPULEHHO US0-
MOPPHBLMU, €CTTU OHU YIOBIETBOPAIOT YCIOBHIO Apmt; = Amto. B

Ou4eBHIHO, UTO YCTAHOBJIEHHOE OTHOIIEHHE COBEPIIEHHOI0 M30MOPGU3Ma IBYX JePEBbEB
SIBJIAETCs PeDICKCUBHBIM, CUMMETPUYHBIM U TPAH3UTUBHBIM, TO €CTh OTHOLIEHHEM JKBUBA-
JgerTHoCTH. [109TOMY OHO MO3BOJZET Pa3bUTh MHOXKECTBO JEPEBBbEB 1y, Ha KJIACCHI COBEP-
IIIEHHO U30MOP(MHBIX J1€PEBLEB.

3ameuanue 2. U3 onpedesernua 1 caedyem, wmo scakull KAaCC COBEPUEHHO USOMOPPH-
Hox depesves, Komopuil exodum 6o muoscecmso T'(m), obaadaem caedyrouum ceoticmsom:
npu omobpasceruu Ay 00pasom scer depesves, NPUHAIAEHCAUUT IMOMY KAACCY, ABAAETNCA
0010 u Mo grce depeso, npunadaescawee mroxcecmey TRe(m). 3uauum, amo depeso mooic-
HO NPUHAMD 30 0EPEBO-MEMKY IMO20 KAGCCA U CHUMGMD IMOM KAGCC NOMEYEHHBIM IMUM
depesom-memrot.

ITpu amom ecaxoe depeso us muoscecmea TRe(m) oxascemesn memrotl kaacca cosep-
WEHHO UBOMOPPHBLL depesves, Komopbill sxodum 6o mHoxcecmso T(m) u 0dnosHaumo onpe-
deasemces amum depesom.

U3 onpenenenus orobpaxkenus Ay, dopmynamu (4)—(6) cremyer, 4To s BCIKOTO JIe€peBa
t € TRe(m) umeer MeCTO PABEHCTBO

Amt = t. (7)

M3 57010 paBeHCTBA MO 3aMEYAHUIO 2 CJIe/IyeT, YTO JAEPeBO ¢ MPUHAJIEKUT TOMY JKe KJIaccy
COBEPIIEHHO M30MOPQHBIX JI€PEBLEB, METKON KOTOPOrO OHO ABJISIETCS.

Onpenenenune 2. Muoxkecrso V (t) Bepmn jepesa t Gy1eM Ha3bIBATH NOCAOUHO Yno-
PACOUEHHDBIM, €CTTU CJION BEPIINH JepeBa t YIOBIETBOPSAIOT YCJIOBHIO

(C) ecm v € V(t,h'),v" € V(t,h"), tme 1 < W < h” < H(t), o v/ <",

B nporusaoM ciyuae 6yaeM roBopuTh, 9TO MHOKECTBO V(1) He asasemcesa nocaolino yno-
padouerrvim. W

Bameuanue 3. U3 onpedeaenus 2, onpedeserusn omobpascernus Ap dopmyaamu (4)—(6),
u onpedenerusn mnoocecmea TRe(m) caedyem, wmo 5mo MHONHCECTNBO ECb COBOKYNHOCTIG
scex depesves t € T(m), y komopwx mroocecmso V() eepuun A6AA€MCA NOCAOTHO YNO-
padouennbim. 3navum, mmuosncecmeo TRe(m) ne codepotcum nu 00nozo depesa t, mmoorce-
cmeo V(1) sepuwun Komopozo He AGAAEMCA NOCAOTHO YNoPAOOUECHHBIM.

IMpumep 1. Paccmorpum caydail, Korjga BEKTOP M SIBASIETCS OJTHOMEDHBIM, TO €CTh CKa-
agpoM. B sTom ciayuae MHOKecTBO T'(IM) COAEPXKUT TOMBKO OJHO JEPEBO — 3BE3JLY, IEH-

TPOM KOTODOH ABJIAETCS KODEHb jJepeBa v = 1, a MuokectBo TRe(m) coBnagaer ¢ MHOKe-
creom T'(m). W



B Tom ciyuae, korjga BeKTOp M uMmeeT pasMepHOcTb H > 2, MONIHOCTH MHOKECT-
Ba TRc(m) onpenersierca dhopmyoit

H

[TRe(m)| = ] [im(i — 1)), (8)

=2

JokazaresbeTBo GOpMYIBI (8) MPEIOCTABISIETCS] TUTATEIIO.

Kiace coBepiieHHO n30MOPhHBIX JIEPeBheB, TIOMEUeHHBIH JlepeBoM-MeTKol ¢ € TRc(m),
o6oznaunm T1 (t). Torma MuOKECTBO epeBbeB T(Mm) MOXKHO NPEJACTABUTH B BUJIE OObEIN-
HEHHST BCEX KJIACCOB, MOMEYCHHDIX JIePEBbaME U3 MHOKecTBa TRc(m):

Tm)= |J TI(t). (9)

teTRc(m)

Morrocts Muoxkecra 11 (t) onpegensiercs dbopmy.ioii

H(t)

71 ()] = [[m(@®)[]! T] (m(t, k)~ (10)

h=1

2. Beegem Tenepn knaccudukannio Muokecrsa aepesbes TRe(m). C 91oii neanio BBegem
obo3HavYeHUS:

M (H, k) — MHOXKECTBO, COCTOSIIEE U3 BCEX BEKTOPOB M = (My, My, ..., My) MHOXKECTBA
M (H), yIoBIETBOPLIONIAX YCIOBUIO My = k, Tie k — HaTypajbHOE YUCJIO;

s(t) — noarpad nepesa t € TRe(m), oayJaOMMicst yaaaeHueM U3 Iepesa t ero Beplii-
Hbl W = ||m|| + 1.

U3 onpenenenns noarpada s(t) gepesa t oaeBuanO, 9TO S(1) ABAACTCS OPUEHTHPOBAHHBIM
[12, 16, 17| rpadom. Bymem cunrarh, 4To BepimHa v = 1, SBJASIONAsICS KOPHEM jepesa t,
sIBJIIETCA 1 KOpHeM oprpada s(t).

JIlemma 1. Ilodepagp s(t) depesa t € TRe(m) ecmv nomeuennoe kopreeoe pacmyuiee
depeso, asamouieeca noddepecom depeasa t.

JokazareabcTBo. V3 yenosnii meMMbl 1 cemyer, 9To Aepeso ¢ ecTh IOMEeUYeHHOe KOp-
HeBoe pacryiiee jepeso ¢ kopuem 1. CiaemoBarenbno, Bee Bepummubl ero noarpada s(t) sas-
JISTFOTCS. TOMEYEeHHbIMH.

U3 yeaosuit iemmbl 1 coejryer, aro MuOXKecTBO V () BepinnH jepeBa t SBJsieTcs MOCIOf-
HO ymopsijiodeHHbIM. [losToMmy ero BepmmHa w = ||m|| + 1 OpuHAIIEKUT €00 BEPITHH
V(t, H(t)) u, cieqoBaTesibHO, SBJIsSETCS KOHIEBOU BepIIUHON JepeBa t. OTcrofa caeayer, 4To
5Ta BEPIIMHA UMeeT HyJIeBYIO IoIycTenenb uexona. Crano ObITh, 0bas, OTIHYHAS OT Bep-
HIMHBI W, BEPIIUHA AepeBa T HeJOCTUKMMA B 9TOM JlepeBe u3 Bepuinibl w. OTCiona BhITeKaeT
(em. [12], ra. 1, temma 3), aro Jr06bIe IBE BEPITHHBI 3TOIO JepeBa, OTITHYHbIE OT BEDITHHBL W),
CBSI3AHBI B 9TOM Jepese mogaymyTem [16|[17], me comepzxammm Bepummiy w. 3HAYHUT, B HOJI-
rpace s(t) mepesa t mro0bie JBe BepHIMHBI CBs3aHbl moaymyrem. Orcioga caemyer [16][17],
aro rpad s(t) — (cmabo) cvasubiii oprpad. Tak Kak aepeBo t He MMeeT, [0 ONpeIeJIeHHTO,
KOHTYPOB [16][17], To u ero moarpad s(t) Taxzxke He nuveer KOHTYPOB. IIpH 9TOM TOIBKO OHA
BepimHa v = 1 mMeer HyJeByIO HosycreneHnb 3axoga [16][17|, a Bce ocrajbHbIe BEpIIMHBL
oprpada s(t) HMEIT eMHNIHYIO NOTYCTETeHD 3aX0a. TakuM 00pa3oM, BepmmHa v = 1 aB-
JIeTCs eAUHCTBEHHBIM HCTOYHUKOM [16][17] (cabo) cBs3noro oprpada s(t), me mmeromero
KOHTYPOB U YJOBJETBOPSIONIEr0 YCJIOBUIO: BCe BeplIMHBI oprpada s(t), KpoMe HCTOYHHUKA
v = 1, UMeT eUHIYHYIO TIOJyCTeleHb 3axoaa. Takoil rpad HaseBaercs [12, 16, 17| uc-
xosmuM (pactymmm) gepeBoM. Tak Kak BepiinHa v = 1 gBJsieTcst KopHeM jepesa S(t),
1o gepeso s(t) sasiercs (em. [12, 16, 17]) kopHeBbIM pacTyiiuM JepeBom. A Tak Kak je-
peso $(t) asagerca noarpadom gepesa t, To gepeso s(t) aBAgETCA MOAMEPEBOM ACpeBa t.
JlemMma, 1 TOIHOCTBIO HOKa3aHa. P

Bameuanue 4. Samemum, wmo nodepag s(t) ne codeporcum dyeu (u,w) depesa t, uc-
To0Awet u3 6epuwiunsL U 2Mo20 depesa u 3aT00AUel 6 GEPUWUNY W, ONPEICACHHYIO GBLULE.
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3amemum maksce, wmo mmoscecmeo V(s(t)) eepwun amozo noddepesa sasasemces, Kak u
mnoscecmeo V (t) eepuun depesa t, nocaotino ynopadouenmoum.

Bameuanne 5. Ecau xomnonenma m(t, H(t)) eexmopa m(t) ydosaemsopsem ycao-
suto m(t, H(t)) = 1, mo eexmop m(t) npunadarescum mnoorcecmey IM(H(t),1), mnoorce-
cmeo V(t, H(t)) depesa t codeporcum moavko 0dny eepwuny w = |lm|| + 1, a ezo nodde-
peso s(t) npunadaescum mmoncecmey TRe(m'), 2de m! — npunadaesrcawyui mrosrcecmesy
M(H(t) — 1) (H(t) — 1)-meprbiii 6exmop, 6ce KOMNOHEHMbL KOMOPO20 CONAJAIOM, ¢ COOM-
BEMCMBYOUUMUY KOMNOHEHMAMY 6EKMOPA M.

B npomusnom cayuae sexmop m(t) npunadaescum mmoocecmey IM(H (L), k), 2de k > 1,
mmoocecmeo V (t, H(t)) depesa t codeporcum boaee uem 0dny eepuiuny, a e2o noddepeso s(t)
npunadaescum mmoscecmsey TRe(m'), zde m' — H(t)-mepnwi eexmop, npunadiescauyud
mnootcecney IM(H(t), k — 1) u ydosaemsoparouwyuti yeaosuam: My = muw — 1, a ece
OCTNAALHBE KOMNOHEHMbL 6exmopa ' co8nadatom ¢ cOOMEEMCMBEYIOULUMYU KOMNOHEHMAMU
6exMOpa M.

Tax xax muoocecmeo V (s(t)) eepwun depesa s(t) asasemes, no sameuaruto 4, nociotino
YNopAOUEHHBIM, O, N0 3ameuaruto 3, amo depeso npuradiescum muoscecmey TRe(m').

JIemma 2. [Tycmo nomeuwennoe KopHesoe pacmyusee 0epeso S NPUHAOAEHCUM MHONHCE-
cmey TRe(m'), 2de m' — sexmop, npunadaescauwut muoncecmey IM(H) npu nexomopom
namypasvrom wucae H. U nyems t — wopresot opuenmuposarmvili nadepag depesa s, ume-
WL C60UM KOPHEM sepuuny v = 1 u noayuarouuiics dobassernuem % Jepesy S eepuitHbL
w = ||m'|| + 2 u 3azodawets 6 nee dyau, Komopas ucrodum us Hexoel sePUUHLL U JEPESA S.
Tozda, 6o-nepsuix, opepad t ecmv nomeuernoe KopHesoe pacmyuiee depeso; 60-6MOPLT, Gbl-
coma sepuunol W 6 depese t Ha edunuyy GoabUE BBICOMYL BEPULLHDL U 6 Jepese S.

HokazareabcTBo. /lokakem cHadaja, 9ro oprpad t ciaabo CBA3HBIN, TO ecTh Jirodas
apa ero BepLIMH coejuHeHa nosymnyreM. O4eBHHO,YTO J0Oasd Iapa ero BepINdH, IIPH-
HaJIJIe’KaluX MHOXKecTBY V (S), coequnHena moaynyreM. Bepumbbsl v u w B oprpade t, mo
YCJIOBUSIM JIEMMBbI 2, COEJIMHEHBI MOJIYILYTEM, COCTOSIIUM U3 OxHO# ayru (u,w). Eciu xe
Bepinna v npuHaIeKuT MEOKeCTBY V(S) M oTimvHa 0T BepmHbl 4, TO B oprpade t ona
COEJIMHEHA ¢ BEPITUHON W TOIY Iy TeM, ABJISIONUMCS O0beIMHCHAeM AyTh (U, W) ¥ HOJXYIIy TH,
coeqmusonero Bepumubl u 1 u'. Takum o6pazom, mobas mapa Beprnn oprpada t coenHena
nosrynyreM. CrenoBaTe/bHO, oprpad t cjiabo CBA3HBII.

JTokazkeM Tenepb, 4To oprpad t He BMeeT KOHTYPOB. Tak Kak JepeBo S He UMeeT KOHTY-
poB, TO oprpad ¢ He UMeeT KOHTYPOB, B KOTOPBIX BCe JAyTH IpuHaiexRar aepeBy s. Cienoba-
TeJIbHO, eciu oprpad t UMeeT KOHTYD, TO STOT KOHTYP COAEPKUT AYTy (U, W), a CTano ObTh,
copepxxut u Bepmuny w. Ho B oprpade ¢ B Bepuiuny w 3aXOAUT TOJBKO OfHa Ayra (U, w) n
13 Hee He HCXOMUT HU OfHOM jyru. [103ToMy BepImmHa w He MOYKeT IPHHAIICKATH HIKAKOMY
kouTypy. Orciona ciaemyer, uto oprpad t He UMeeT KOHTYPOB.

Hasee, B oprpade ¢t TOJIBKO OJHA BepIIuHa v = 1 MMeeT HyJIeBYIO IOJyCTEeleHb 3aX0/1a
[16][17], a Bce ocranbhble BeputuHbl oprpada ¢ UMET eTUHHYHYIO TOJYCTENeHb 3aX0/a.
TakuM 00pas3oM, BepiinHa v = 1 sBJsieTCs €IUHCTBeHHBIM uctounukom [16|[17] (caabo)
cBaA3HOTO oprpada t, He UMEIOIIero KOHTYPOB U YIOBIETBOPAIONIEro YCAOBUIO: BCE BEPIIMHBI
oprpada t, KpoMe HCTOYHUKA ¥ = 1, IMEIOT eJUHNIHYIO IOJIyCTeIeHb 3aX0/1a.

Takoii oprpad wazsiBaercs [12, 16, 17| ncxopsimum (pacrymmnm) gepesom. [lo yenoBusim
JIeMMBI 2 t — KOpHeBoii oprpad, umerommuii ceoum Kopaem Bepinuny v = 1. [Tosromy aepeso t
spaisiercst (M. [12, 16, 17]) KOpHEBBIM pacTyIuM JepeBoM. 1lepBoe yTBepKIeHHe JeMMbI 2
JIOKA3aHo.

Jlokazkem Tenepb BTOpOe yTBepxKJeHue JeMmbl 2. [To ycaoBuam jemMbl 2 B aepese t
eJIMHCTBEHHOMN JIyTOf, WHIMIEHTHON BepiuHe w, gBJjsierca jayra (u,w). [losaromy B jgepese t
BCAKHI TTOJIYTTYTh, COSAMHSAIONINI BePIINHY W ¢ KOPHEM JlepeBa t, aBageTcs o0be nHeHneM
ayra (u,w) U NOJYNYTH, COEJMHSIONIEr0 BEPUIMHY U ¢ KOpHeM v = 1. DTO HPUBOIUT HAC
K JIBYM BBIBOJAM.

Bo-nepBhix, oTciofia u u3 onpejenenus noaynytu [16][17] ciaeayer, uro Bepuuna w He
MOZKeT NPHHALICKATH HUKAKOMY MOJIYIYTH B JepeBe t, COeAMHAIONIEMY BEePIIUHY U ¢ KOpP-
nem v = 1. OTcoga mo onpeaeennio aepesa t caemayer, 9To BCe BePUIHHLL JTI000T0 MOy Iy TH,
COCIMHAIONIECro B JepeBe t BepIIuHy u ¢ KopHeM v = 1, mpunajaexar n gepepy s. Ciemnosa-
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TEJBHO, JIO0OH 1OJIYIlyTh, COeJMHSIOIMMI B jepese ¢ BepIIMHy U ¢ KOpHeM v = 1, upuHai-
JIEKUT JePeBy S. 3HAYMT, ¥ KparTdaimuii moayinyTh, COeIUHLAIOMUA B aepese ¢ BepIIMHy U
C KOpHEM ¥ = 1, NpUHA/JIeKHUT JIepeBy S. Bosee TOro, 3TOT MOIyIyTh ABIAETCA KpaTIaiimm
HOJIYIyTeM, COeIUHSAIONINM B JepeBe S BepIInHy U ¢ KopHeM v = 1

Bo-BTOpBIX, KpaTuaiilimM HOJIYIyTeM B J€peBe {, COCIUHAIONINM BePIIMHY W ¢ KOPHEM,
SIBJIsIeTCsl OObeInHeHne YT (U, w) W KpaT4dailiero moaymyTH, COeIUHSIONIEr0 BEPIIuHY U
¢ xkopueMm v = 1. CiemoBaTebHo, B epeBe t JIHHA KPATYailiero MOJIyIyTH, COeTHHIIONIEr0
BEPIIMHY W ¢ KOpHEM v = 1, Ha eauHuIy OOJIbIIE JUTMHBI KPATIAiIero noayiyTn B aepese t,
COEIMHSIONIEr0 BEPITUHY U ¢ KOpHeM v = 1.

M3 3Tmx aByX BBIBOJOB BHITEKAET CJACIYIONICE CIEJCTBHE: B JepeBe ¢ IIuHa Kpardaii-
HIEro MOJIYIIYTH, COeJUHSIONEr0 BepUIMHY W ¢ KOpHEM ¥ = 1, Ha eJIMHUILy OOJIbIIe JIHHDI
KpaTJaiilnero moaymnyTu B JepeBe S, COSAMHAIONICr0 BepIIMHY U ¢ KOpHeM v = 1.

HamoMuumM, 9T0 B KOPHEBOM OpHEHTHPOBAHHOM JAepeBe JINHA KPATUAiliero moayiIyTH,
COEJIMHSIONIEr0 BEPIIMHY 9TOrO JIEPEBa ¢ KOPHEM, Ha3bIBACTCA BBICOTOI 3TO Bepimuubl. [To-
sTOoMy 13 CHOPMYJUPOBAHHOIO BBIIIE CJEJACTBEA BHITEKACT BTOPOE YTBEPHKJICHAE JEMMbI 2.
JlemMMa, 2 TOIHOCTBIO NOKa3aHa. P

JIemMma 3. Ilycmv nomeuennoe xoprecoe pacmyuiee 0epeco S NPpUuHAdAEHCU MHONCE-
cmey TRe(m'), 2de m' — sexmop, npunadaescawyuti mmuoncecmey M(H) npu nexomopom
namypaavhom wucae H. H nycmv t — nomeuennoe kopHesoe pacmyuwee 0epe6o, umeo-
wee ceoum Kopuem eepwuny v = 1 u noayuatoweecs dobasaenuem K 0epesy S GePUIUHDL
w = ||m'|| + 2 u sazodaweti 6 nee dyzu, Komopas ucrodum us Herkoel sePUIUHLL U JEPesa S.

Ecau npu smom sepuuna u npunadaescum muoscecmsy sepuun V (s, H), mo depeso t
npunadaestcum muoocecmey TRe(m), 2de sexmop m asasemes (H + 1)-meprom sexmo-
pom, ydosaemeopatousum ycaosuam: 1) m € M(H + 1,1); 2) myy = 1, a 6ce ocmarvrvie
KOMMOHEHMbL 6EXMOopa N cO6NaAdaIom ¢ COOMEEMCMEYUUMU KOMNOHEHMAMU 6eKmopa m’.

Ecau orce sepuwuna u npunadaesicum mroscecmesy sepuun eepuun V (s, H—1), mo depe-
60 t npunadsescum muoscecmsy TRe(m), 20e sexkmop m sasasemesn H-mepnwm eexmopom,
ydosaemsoparousum yeaosuam: 1) m € M(H, my 4+ 1); 2) my = mly + 1, a 6ce ocmasvhuvie
KOMNOHEHMbL 6EXMOopa N cO6NAAIOM ¢ COOMEEMCMEYIOULUMU KOMNOHERMAMU 6eKmopa m’ .

JokazarenbcTBo. V3 yeaoBuii 1eMMBI 3 ClIeayeT, 9To BeKTOp M’ IPUHAIIeKAT MHOXKE-
crBy M (n, H), tae n = ||m’[|+ 1. OTciona u u3 ycJaoBuil 1eMMBbI 3 110 3aMedanuio 1 ciaeayer,
4r0 MHOXKECTBO Vi, miie n = ||m'|| + 1, asasierca muoxkecrsom V(s) Bepuiun jepesa s.
13 ycnosuit meMmbr 3 coeyer, 9To MHOKeCTBO V(1) Bepmmu gepesa t ABIAETCA 0OHEIN-
HEeHNeM MHOXKecTBa V (S) BEPINUH JiepeBa § ¢ MHOZKECTBOM, COCTOSIIIUM U3 OJHOH BEPIIHHBI
w = ||m’|| +2 =n+ 1. 10 3HaYMT, 9TO MHOKECTBO V () ABIAETCA MHOKECTBOM Vj 41, TJI€
n = ||lm’||+ 1, a nepeso t npuHaIeKUT MHOKECTBY 1), 11. OTCIO[A CJeIyeT, 9TO BeplInHa W
SIBJISIETCSI CTAPIIER BepIuHO#i BO MHOXKecTBe V() M, 3HAYAT, HEPABEHCTBO U < W YIOBJIE-
TBOPSETCSA NPU BCEX BEPUIMHAX U, NPUHAJIEKANIMX MHOKeCTBY V(1) M yjoBaeTBopsomunx
YCJIOBHIO: U 7 W.

U3 ycsioBuit leMMbl 3 110 3aMEYaHUIO 3 CJIEJyeT, IYTO MHOXKEeCTBO V(S) BepIiuH jepeBa s
ABJISETCA IOCJOMHO YIOPSI0TCHHBIM.

PaccmoTpuM ciydail, Korjia BepIIMHA U IPUHAIEKUT MHOKecTBY Bepuiun V (s, H). Bse-
JeM B pacemorpenue (H + 1)-MepHbIii BEKTOp M, KOMIOHEHTA M 711 KOTOPOTO OMpPeIeIseTCs
PaBeHCTBOM M1 = 1, @ BCe ero 0CTajbHble KOMIOHEHTHl COBHAIAIOT ¢ COOTBETCTBYIOIIU-
MU KOMIOHEeHTaMH BexkTopa m’. Tax onpesenennblii BEKTOP M NPUHAJICKHT MHOKECTBY
MW (1, H + 1), e n = ||m]] +1 = ||| +2

[To ycaoBusaMm JgeMMbl 3, B pacCMaTPUBAEMOM CJIy4ae BHICOTA BEPITWHBI U B JIEPEBE §
pasua H. Orcooga mo JjeMme 2 Caemyer, 4TO BBICOTa BEPHIMHBL W B jaepese t papna H + 1,
caMa BepIIHA W TPUHATIEKUT caoto Bepruus V (¢, H+1) nepesa t, coioit Bepmmn V (¢, H+1)
COJIEPYKUT TOJBLKO OJHY BeprmuHy w = ||m’|| + 2, a Bce ocTajbHbIe CJIOW BEPIIHH JepeBa t
COBNAJAIOT ¢ COOTBETCTBYIOIMMHI CJ0OSMU Bepruu jgepesa §. Ouesnpno, uro sextop m(t)
COBIIQIAET ¢ BEKTOPOM M, a JepeBo  nNpuHajIeskuT MHOXKecTBY 1'(m).

Jokazkem, 910 MHOXKeCTBO V() BepIuH jepeBa t ABISETCSA TOCJONHO yIIOPSI0UYEHHBIM.
113 ycs10BHii JIeMMBL 3 ¥ OIPEJIEICHIS 2 BHITEKAET, UTO CJIOU BEePIIUH JIe€peBa t yI0BJIeTBOPIET
YCIIOBHIO:



(CY) ecim v/ € V(t, 1), v" € V(t,h"), tme 1 < B < W' < H, 10 v/ <".

Kak yze ObLIO TOKa3aHO BbIIIE, HEPABEHCTBO U < W YAOBJICTBOPACTCA IPH BCEX BEPIITH-
HaX U, MPUHAIEKAINX MHOKECTBY V(1) U yIOBIETBOPSIONAX YCJIOBHIO: U # w. A Tak Kak
caoit V(t, H + 1) BepuimH jiepeBa t COJEP:KUT TOJBKO OJIHY BEPINUHY W, TO JIOOAs BEPILIH-
Ha v JiepeBa t, YIOBJIETBOPSIIOIIas YCIOBUHIO U # W, TPUHAIEKUAT OTHOMY U3 caoeB V (t, h')
BEpIIUH Jiepesa ¢, ommanomy ot ciost V(t, H 4+ 1). OdeBuaHo, 9T0 316Ch BhicoTa h' yaoBiIe-
TBOpsieT HepasencTBy h' # H + 1. A Tak Kak BbuicoTa gepesa t pasHa H + 1, To Bwicora b/
yIOBIeTBOpsAeT Takxke HepasencTsy h' < H + 1. Tlpu 3ToM HE OJHMH CI0I BepImuH aepesa t,
kpome cjios Bepiun V (¢, H 4 1), He cojepzKUT BEPIIHHBI W.

Crajio ObITh, CJIOW BEPIINH JepeBa t yIoBIeTBOPIOT yesosuto: ecan v € V(¢ h'), rue
1 <h < H+1, 10 v < w. ITocKOJBKY IIPU 3TOM CJIOU BEPIIUH JiepeBa t yIOBIETBOPAIOT
eme u ycaoputo (C1), To 3T cion yaosaersopsior yenosuio (C). OTcroma mo onpejee-
HUIO 2 CJIJIYeT, UTO MHOXKeCTBO V() BepIinuH Jepesa t SBJIsSIeTCsl MOCTIORHO YIIOPSAIOTCHHBIM.
Tax Kak mpu 3TOM JepeBo [ npuHaAae:kuT MHOKeCTBY 1'(mM), TO N0 3aMevanuio 3 OHO IpHU-
HayiexkuT MHOKecTBY TRe(m). HanmoMuum, 9T0 BEKTOP M, O €ro MOCTPOEHUIO, SB/ISETCS
(H + 1)-MepHBIM BEKTOPOM, yAOBJIETBOpsOMNM yeaosusiv: 1) m € 9MM(H + 1,1) mo ompe-
neqennto MaoxkecTsa MM(H + 1,1); 2) mpy1 = 1, a Bce ocrabHble KOMIOHEHTHI BEKTOPA M
COBIIAJIAIOT ¢ COOTBETCTBYIONIMMHU KOMIIOHEHTAMH BeKTOpa m’.

Urak, BCe yTBEPXKIACHUSI JJIeMMBI 3, ¢hopMyTupoBaHHbIe Jist caydas, koraa u € V (s, H),
JIOKA3AHbI.

PaccMoTpuM Temeph Caydail, KOraa BepIIMHA U TPUHAIICKAT MEOKeCTBY V (s, H — 1)
BEepIINH epeBa . Beenem B paccMoTperne H-MepHBIii BEKTOD M, KOMIIOHEHTa, 717 KOTOPOTO
OIpeJIeNIsieTCsl PABEHCTBOM My = M'y+ 1, a Bce ero ocraabHble KOMIIOHEHTbI COBIIQJIAIOT C CO-
OTBETCTBYIOIIUME KOMIIOHEHTaMK BeKTopa m’. Tak onpeeseHHbIi BEKTOP M IPUHAIJIEZKAT
muoxkectBy M (n, H), tae n = ||m|| + 1 = ||jm/|| + 2

B stom ciiyuae BoicoTa Bepuiunbl U B siepese S pasua H — 1. Orcioga 1o jemme 2 ciiejyer,
9TO BHICOTA BEPITMHBI W B jaepese ¢ pasua H, cama sepmuna w = ||m’|| + 2 npunagiexnt
caoio Bepmun V (¢, H) nepesa t, KOTOPBIH SBIAETCA OObEJINHCHUEM MHOXKECTBA BEPINUH,
npuHaexanmux ciaow V (s, H) BepliuH jgepeBa s ¢ MHOKECTBOM, COCTOLIIUM U3 OJHOI Bep-
muasl w = ||m’'|| + 2 = n + 1. Orciofa u u3 ycaoBuil JeMMbL 3 CIYeT, 9TO CJIOH BEPIIH
V(t,H) comepxur m’y + 1 BepiiuH, a Bce OCTAJbHBIE CJIOW BEPIIWH JiepeBa ¢ COBIAIAIOT
C COOTBETCTBYIOIMMU CJOSMHU BepuimH gepesa s. O4eBuano, 4To BeKTOp M(t) coBnajaer
C BEKTOPOM I, a JEPEBO t IPUHATEKAT MHOKeCTBY T1'(1m).

Jokazkem, aTo MHOKeCTBO V (t) Bepmuu jepena t ABIAETCA MOCTONHO YHOPSTOYCHHBIM.

Tax kax MHOXKecTBO V(S) BepLIMH jiepeBa S ABJILETCS HOCJOWHO YHOPSI0YEHHBIM, TO
110 OIpeJIeIEHNI0 2 CJION BEPIIMH JiepeBa § yaoBaeTBopsior yeiopuio (C). Orcroga ciesyer,
9TO THU CJIOU JIEPEBA S YIOBIETBOPSIIOT YCIOBHIM:

(C?) ecm v’ € V(s, W), v" € V(s,h),tne 1 < W <h" < H—1, 10 v <"

u

(C3) ecu v € V(s,h),v" € V(s,H), tne 1 <h' < H, to v <”.

Tak kak 1o ycaosusim jgemmbl 3 V (6, h') = V(s,h') mpu 1 < h' < H, a muOo)kecTBO V' (S$)
npejcrapiagerca papencrsom V (s, H) = V(t, H) \ {w}, To u3 yenosuit (C?) u (C?) caenyer,
9TO CJIOM BEDIIMH JepeBa t YIOBJIETBOPAIOT YCIOBUSIM:

(CY) ectm v’ € V(t, W), v" € V(t,h"), tne 1 <K <h”" < H —1, 10 v <"

u

(C®) ecim v € V(t, 1), v" € [V(t, H)\ {w}], tne 1 < W < H, 10 v' <",

Kak yzke ObLIO TOKa3aHO BHIINIE, HEPABEHCTBO U < W YAOBICTBOPSACTCA NMPH BCEX BEPIITH-
HaX v, IPUHAJJIEKAIMX MHOKecTBY V(1) U yI0BJI€TBOPAIOIINX YCJOBHIO: U # w. B vact-
HOCTH, 9TO HEPABEHCTBO YIOBJIETBOPSETCA HPH BCEX BEPINUHAX U, IPUHAJIEKAIIAX CJIOSM
V(t,1),V(t,2),...,V(t,H — 1) Bepruun gepesa t. Tak Kax mpw 3TOM CJIOU BepIIUH jJepeBa t
yrosaersopaoT yeaoputo (C°), a crnoit epumn V (t, H) nepepa t apiasgerca o0beInHeHTeM
MHOKECTBa BEPINUH, NPUHAIEKAINX 1010 V (s, H), ¢ MHOKECTBOM, COCTOAIIUM U3 OJHON
BepimHbl w = ||m’|| +2 =n 4+ 1, To cion BeputuH jgepeBa t yI0BJIETBOPAIOT YCJIOBUIO:

(C®) ecm v’ € V(t,h),v" € V(t,H), tne 1 < h < H, T0 v' <.



ITOCKOIBbKY IIPH 9TOM CJIOM BEepLIMH jepesa t yaosiaersopsior eme u yeaosuto (C1), to
o1H ¢j1ou yaosiaerBopsaoT yeaosuio (C). OTcona 10 OnpeieseHuto 2 cjiejyer, 4To MHOKE-
crBo V(1) Bepmmu Jiepesa ¢ ABIAETCA MOCAOHHO yNOPSAZOYEHHBIM. TaK KaKk MpH 3TOM JIepe-
BO t mpuHAJIEKAT MHOXKecTBY 1'(m), TO 110 3aMeYaHHI0 3 OHO HPHHAJJIEKUT MHOMKECTBY
TRc(m), e BekTop M mpuHaieRuT Muoxkectsy IM(H, mly + 1) u apasgerca H-mepHbiM
BEKTOPOM, YIOBJICTBOPSIONIAM YCIOBHIM: My = M’y + 1, a Bce ocTaabHble KOMIOHEHTB BEK-
TOpa M COBIAJAIOT ¢ COOTBETCTBYIONMMMHU KOMIIOHEHTaMH BekTopa m’. VITak, yrBepxKaenue
JeMMBbl 3 B cayuae, korga u € V (s, H — 1), nokazano. JlemMa 3 mOJHOCTBIO J0Ka3aHa. B

[Tycts aepeso s npunaiexuT Muoxecrsy TRe(m’). Beegem o603HaveHus:

T'(s) — MHOKeCTBO TOMEYeHHBIX KOPHEBLIX PaCTYIIUX JepeBheB f, TOTydaronuxcs 10-
GaBJIeHUEM K JIepeBy S BepliuHbl w = ||m’|| + 2 u 3axojgiieil B Hee Jyru, KOTOpas MCXOJUT
13 Hekoeli Beprmunl u € V (s, H(s)) nepesa s;

T?(s) — MHOZKECTBO IOMEYEHHBIX KOPHEBLIX PACTYIIUX JepeBbeB t, MO/IyYaloluxcs JI0-
OaBJIeHHEM K JIepeBy S BepIiuHbl w = ||m’|| + 2 u 3axojsimeii B Hee JyTu, KOTOPasi HCXOIUT
u3 Hekoedi Beprmubl u € V (s, H(s) — 1) nepesa s.

OGosznaunm B, oroGpakenue muoxkecrsa sepiuun V (s, H(s)) na muoxecrso T (s) no-
MEUYEHHBIX KOPHEBBIX PACTYIHX JIEPEBbEB, Mojaras, 4ro obpasom Bepiutbl u € V (s, H(s))
apjsterca Jepeso t € T(s), mosyuatomnieecs jobaB/ienreM K JepeBy S Bepiuibl w = ||m'||+2
U 3aXOJIAIIeil B Hee YT, KOTOpasi HCXOAUT u3 Beprusbl u € V (s, H(s)) nepesa s.

U3 nemmbl 2 1 onpeseienus MHoxKecTBa T (s) BbITeKaeT ceylomee

CaencrBue 1. ITycmov depeso s npunadaescum muoocecmey TRe(m'). Tozda omobpa-
oicenue By mmooiceemea eepuiun V (s, H(s)) na mmoscecmeo T (s) nomenenmwir xopresvis
pacmyuuz depesves asaaemes buexyued |13].

CumBotmaeckn OHEKINI0 B3 MOXKHO MPEICTABATH CJIEIYIONIIM 00Pa30M:

t = Byu = (V(s) U{||m'|| +2}, X(s) U{(u, |lm'|| + 2)}) ,u€Vi(s,H(s)). (11)

Bneck n manee {||m’|| + 2} obo3Hauaer 0IHOITEMEHTHOE MHOKECTBO, COIEPIKAIIEE BEPITHHY
[lm'|| +2; {(u, ||m'|| +2)} obo3HagaeT OnHOIIEMEHTHOE MHOKECTBO, COJIEPZKAIIEe JIyTY
(u, [Jm[[ +2).

Torpa MHOZKECTBO IOMETEHHBIX KOPHEBBIX PACTYIINX JAepeBbes 17 (s), Tie gepeso s npu-
HaIesKUT MHOXKeCTBY TRe(m'), CUMBOJIMUECKH MOXKHO MPEJICTABUTD CJIEIYIONHM 06Pa3oM:

T'(s) = B,V (s, H(s)) =
{(ve Ul +2} X6 U @ I +2)}) : we V(s Hs)}. (12

IIpoo6pas gepesa t € T (s) npu orobpazkenun B, o6oznaunm B 1(t). Toraa us opmysl
(11) crexyer, urto muoxkecTBo X (1) myr mepesa t € T(s) MOKHO IIpeICTABUTD CJIeLYIOMIHM

obpazom:
X(t) = X(s) LB @), [m'|] +2) }. (13)

3nech u ganee {(B;1(t), ||m’|| +2)} obosznauaer oHOIEMEHTHOE MHOMKECTBO, COJICPIKAIIee
ayry (BIH(E), [[m'|] +2).

OGosuaunm B, oroGpakenne muoxkecrsa Bepiiun V (s, H(s) — 1) na muoxecrso T2(s)
IIOMEYEHHBIX KOPHEBBIX PACTYIUX JepPeBheB, MoJaras, 9To 00pa3oM BePINUHBI U, TPUHAILIEe-
Kamieit muozkectBy V (s, H(s)—1), apisgerca gepeso t € T?(s), noayuaroiieecs jgo6apieHueM
K JIEPeBY S BepIIUHBL w = ||m’|| 42 u 3axojsiiieit B Hee 1yru, KOTOpasi UCXOIUT U3 BEPITHHBI
u € V(s,H(s)—1) nepesa s.

U3 nemMbl 2 1 onpesesienns MHOxKecTBa T2 (s) BbITeKaeT cieylomee



CaexncrBue 2. ITycmov depeso s npunadaescum muoscecmey TRe(m'). Tozda omobpa-

oicenue By mmoocecmea eepuiun V (s, H(s)—1) na muoscecmeo T?(8) nomeuennoir KopHesvis
pacmyuuz depesves asaaemes buexyued [13].

CuMBoJindecKu OUEKIUuio By MOXKHO IPEJICTABUTD CJEIYIONIAM 00pa30M:
t = Byu = <V(s) U{||m/|| +2}, X(s) U{(u, [lm'|| + 2)}) , wueV(s,H(s)—1). (14)

Torja MHOXKECTBO MOMeYeHHBIX KOPHEBLIX PacTyIIuX jepesbes 12(s), rie gepeso s npu-
HaIeKuT MHOKecTBY TRe(m'), cuMBOJIMUIECKH MOYKHO MPEJICTABUTD CJIEJLYOITUM 0OPa30M:

T(s) = B,V (s, H(s) — 1) =
{(V(s) ULl + 23, x(s) ({ (us (]| + 2)}) L we V(s H(s) — 1)} . (15)

IIpooGpas nepesa t € T2(s) mpu oToGpaszkenun B, o6osnauny By (t). Torma us dopmy-
gt (14) caenyer, aro muozkectso X (1) myr gepesa t € T?(S) MOXKHO HPEJCTABATD CJIEILYIO-

muM 06pazoMm: _
X(t) = X(s) | JU(BS @), lIm']] +2) }. (16)

31ech u ganee {(é; (1), ||m’|| +2) } obosnauaer oaHo3/1eMEHTHOE MHOZKECTBO, COJEPIKALLEe

ayry (B(E), [m'[] +2).

JIemma 4. Ecau nomeuennvie Kopresvie pacmyuue depevs s u 8 npunadaescam o0-
nomy u momy oce mnoxcecmey TRe(m') u ne pashu dpye dpyey, mo nomeswernve Imumu
depesvamu muosicecnea T (s) u T (s') ne nepecexaromea.

JokazaTeabcTBo. [Ipeanonoxum, uro muoxectsa 17 (s) u T (s') nepecexkaiorcs. To-
rJa CyMECTBYET TaKoe IMOMEYEHHOE KOPHEBOE PACTYINEE JIEPEBO t, KOTOPOe TMPUHAICKAT
Kak MHOzKecTBY T1(s), Tak u Muoxkectsy T (s'). Torma us onpesesnenua muozxects 11 (s) u
T'(s') ciaemyer, 4To jmepeBo ¢ MOMKHO MOJYYUTH AByMs crocobamu: (1) mobaienuem K je-
peBy S BepmmHbl w = ||lm’|| + 2 u 3axoxgmiedi B Hee AyruW, NpHUHAJJIEXKAINIEH JepeBy t;
(2) nobaBIeHueM TOI ¥Ke caMOil BepIIMHBI U TOH ¥Ke caMoii 1yru K aepeBy s'.

Ho rak kax sepeBbst s 1 8’ He pPaBHBI APYT APYLY, TO U J€PEBO, MOCTPpoeHHOoe criocobom (1),
OTJIMYHO OT JIEPEeBa, MOCTPOEHHOIO CIOCOOOM (2). DTOT Pe3y/IbTaT HAXOAUTCH B IIPOTHBODE-
IHU CO CACTAHHBIM HAMW Tpeanonoxennem. CaeoBaTebHo, 3TO TPEANON0KEHNEe HEBEPHOE
u muoxkectBa T7(s) u T'(s') ne nepecexkarorca. Jlemma 4 gokazana. »

Teopema 1. ITycmo sekmopvs M u M’ NPUHAOAEHCATN, MHOHCECTIEAM COOMEEMCMEEH-
no M(H, 1) uw M(H — 1), Ecau npu smom 6ce komnonenmu, exmopa m' coenadaom c
COOMEBEMCINEYIOUUMY KOMNOKERMAMY 6€KMOopa M, mo muoscecmso TRe(m) pasaaeaemces
na menepecexatousuecs noommosicecmea muna TH(s), nomeuennvie depesvAMU U3 MHOICE-
cmea TRe(m'):

TRe(m) = | J T'(s). (17)
s€TRc(m’)
HokazateabcTBo. [lycth m n m’ — BEKTODPHI, yJIOBJIETBOPSIONIAE YCJIOBHAM TEOPE-

Mbl 1. Eciu npu sToM siepeBo s npuHaIe:kuT MHOKecTBy TRc(m'), To u3 onpejgeieHus
MHOzkecTBa T (s) IIOMedeHHBIX KOPHEBBIX PACTYIIUX JePeBbeB 110 JIeMMe 3 CIejyeT, 4TO OHO
SIBJISIETCs IOJIMHOZKECTBOM MHOKecTBa TRc(m).

U3 ycaouii TeopeMbl 1 110 3aMeUaHUI0 5 TaKyKe CJEJIYeT, UTO MOAAepeBO S(t) BCAKOTO
nepesa t w3 muoxkecrsa TRe(m) upunaminexkunr muoxkecrsy TRe(m'). A w3 onpesesenust
noanepesa s(t) mepesa t ciejyer, 94To JepeBo t mojydaercs jgobaBieHneM K jepeBy s(t)
BepiHbl w = ||m'|| + 2 u 3axo/giieil B Hee Jyru, KOTOpast UCXOAUT U3 HEKOEH BEpIIUHBI
u € V(s(t),H(s(t))) mepeBa s(t). Orcioma ciegyer, 9To AepeBO t TPUHAIIEIKUT MHOMKE-
ctey T'(s(t)) 110 olpeie/IeHAIO 3TOI0 MHOMKECTBA.
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13 ycTaHOBJICHHBIX COOTHOLICHUTT MexK1y MHOKecTBOM TRe(m) u ero noJMHOKECTBaMU
tutia T'(s), rae s € TRe(m'), u u3 jemmbl 4 ciieyer yTsepzienue Teopemb 1. b

Jlemma 5. Ecau nomeuennvie Kopreswue pacmyujue depesva s u 8 npunadaescam od-
nomy u momy oce mnoxcecmey TRe(m') u ne pashu dpye dpyey, mo nomenwernve mumu
depesvamu muosicecrnea T?(s) u T?(s') ne nepecexaromes.

HoxkazarenbcTBo. [Ipeanonoxum, uro muoxkecrsa 12(s) u T?(s') nepecexarorca. To-
IJ1a CYNIECTBYET TAKOE MOMEYEHHOE KOPHEBOE PACTYINEE JepeBO ¢, KOTOPOe HPUHAIEKHUT
Kak MHOKecTBY T2(s), Tak u MuoxkectBy T2(s'). Torma us onpenenenusa Muozkects 12(s) u
T?%(s') cnemyer, 4To mepeBo ¢ MOMKHO MOMYYUTL AByMs crocobamu: (1) mobabienmeMm K fe-
peBy § BepmmHB W = |lm’|| + 2 u 3axomgmeii B mee ayrw, npuHAIIEKAmEl aepeBy t;
(2) moGaBieHneM TOM ke camoii BePITHHBI W TOfi Ke caMoil Jyru K JiepeBy s

Ho rak kax sepeBbst s u 8’ He paBHBI JAPYT APYTY, TO U JePeBO, MOCTPpoeHHoe crocobom (1),
OTJIMYHO OT JIEPeBa, MOCTPOEHHOIO COCOOOM (2). DTOT Pe3y/IbTaT HAXOAUTCHA B IIPOTHBOPE-
IHU CO CIAEJAHHBIM HAMU Tpeanosiozkennem. Cieg0BaTe/bHO, 3TO MPEIION0KEeHIE HEBEPHOE
u muoxkectBa T2(s) u T?(s') me mepecekatorca. Jlemma 5 nokaszana. »

Teopema 2. [Tycmov sexmopvs M u M’ NPUHAONEHCAN MHOHCECTNEAM COOMBEMCNEEHHO
M(H, k) w MH, k—1), e2de H u k — namyparvrole wucaa, yoosaemeopaouue HepaseH-
cmeam H > 2 u k > 2. Ecau npu amom 6ce KomMnonenmuv, 6€xmopa m', 3a uckAoueHuem
Komnorenmu, my =k —1 =mpy — 1, coenadarom ¢ coomeememeyouumy KoMnoHeHMaMU
sexmopa m, mo muosicecrneo TRe(m) pazaazaemcs Ha HENEPECEKAIOULUECA TIOOMHONCECTNEA
muna T?(s), nomeuennvie depesvamu us mnoscecmea TRe(m'):

TRe(m) = | J T%(s). (18)
SETRc(m’)
HokazareascTBo. [lycth m u m’ — BeKTOpHI, VAOBJIETBOPSIONINE YCJIOBHAM Teope-

mbl 2. Ecau npu srom gepeso s upumagiexut muoxectsy TRc(m'), To w3 onpenenenus
MHO)KecTBa T2 (S) MOMEYEHHBIX KOPHEBLIX PACTYIIUX JePeBbeB MO0 JIeMMe 3 CJIe/yeT, 4TO OHO
SIBJISIETCS] IOJIMHOYKECTBOM MHOZKecTBa TRc(m).

U3 ycaoBuit TeopeMbl 2 10 3aMEYAHWIO 5 TaKyKe CJeJyeT, 9TO MOAAepeBo s(t) BCAKOrO
nepeBa t w3 MHOXkecTBa TRe(m) npunamnexxutr MuOokecrBy TRe(m’). A u3 omnpenesrenus
nojyiepesa s(t) mepesa t cieiyer, 9To JepeBo t mosydaercs jobaBieHueM K JepeBy s(t)
Bepmmuabl w = ||m’|| + 2 u 3axoxsneil B Hee gyru, KOTOPas UCXOJAUT U3 HEKOEHl BEPIIMHBI
ue V(s(t),H(s(t)) — 1) nepesa s(t). Orcrona ciaegyer, 9T0 AepeBo I IPUHAIEKUT MHOKE-
crBy T?(s(t)) 110 ONpeneeHnI0 3TOr0 MHOYKECTBA.

U3 ycTaHOBIEHHBIX COOTHOIIEHUH MexKIy MHOXKecTBOM TRc(IM) U ero mojaMHOXKeCTBAMA
tuna T2(s), rae s € TRe(m'), u u3 JeMMBIL 5 c/ejlyeT yTBepzK/IeHIe TeopeMbl 2. b

3. JdaJiee B cTaThe U3IATAETCS OJIUH CIIOCOD TTPUMEHEHHsT STHX KIacCupUKAIMA I YITPO-
MeHUsT JIpeBecHoOro mpescrapienus (12| dyukmun. B kadecTse (byHKIMHU, JIPEBECHOE TPEI-
CTABJIEHUE KOTOPOH HAJJIEZKUT YIIPOCTUTh, u30epeM Takylo jgeiicrBure/ibayio dyukiumio o(r),
N MEepeMeHHBIX I'1,Ta, . .., Iy, KOTOPas UMeEeT JAPEBeCHOE IPEeJCTABICHHE

P (T)n = Z H 9(uw)- (19)

teTRc(m) (u,v)eX ()

31ech u gasee m obo3nadaer H-MepHBI BEKTOP C HATYPAIbHBIME KOMIOHEHTAMH, 1L — YGHC-
710, onpejenennoe dhopmyioit (1), gu,p) — moMedennas jayroit (u,v) aeiicrBuresnbras QyHK-
usg 71 TMepeMeHHBIX Iy, T, ...,T,, TPIHAMAIONNAX 3HAUYeHUs B V-MEPHOM JIeHCTBUTETbHOM
eBKJINI0BOM TpocTpaHcTBe RY. IMeHHO Takoro BUIa JpeBecHBIE MpeJcTaBIeHUS (DYHKITUI
MOTYT SIBJSTHCSA TOJIBIHTErPAJTHHBIMU (DYHKIMSAME B WHTErpasIax, MPeJCTABISIONINX Maiie-
poBckue Ko dunuerTs 1 KOIPPUIUEHTDI JIPYTUX CTEIEHHBIX PAJ0B KJAACCUYeCKOil craTu-
CTHUYECKOA MeXaHUKH.
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Hasiee B crarbe Oy/eT HPeJIOKEHO 3HAUYUTEAbHO OoJiee LIPOCTOe LpejicTaB/ienne QpyHK-
muu @(r),. C 910l 1nesibio BBEIEM Ceyolue 0003HaAYeHU:

h
mo=1; om(h)=Y_m; h=0H, (20)
=0
rIe my, Mo, ...,My — KOMIIOHEHTHI BEKTOpa M,
Va(0) ={1}; V(W) ={v: [om(h—1D+1]<v<om(h)}, 1<h<H. (21)
Sm(h.v) = Y guw, wae v € V(h): (22)
u€EVm(h—1)
Pu(h)= ][ Sw(hv). (23)
VEVm(h)

B dopmynax (21), (22) u (23) Besmuuna h npHHUMAET 3HAYEHUSI, OUPE/ICICHHBIC HEPABEH-
creamu 1 < h < H.

Bameuanue 6. Uz gopmya (20) ewmeraem pasercmeo op(H) = ||m|| + 1. Omeroda u
us gopmya (21) caedyem, wmo sepwuna w = ||m|| + 1 npunadaesrcum mroocecmey Vi (H).

JIemma 6. ITycmv H u H' — dea namypaivuolz wucaa, yoosaemeopaouus Hepasercmey
H < H,am um’ — dea sexmopa ¢ namypasvrbimu Komnonermamu pazmeprocmu H u H'
coomeememeento. IlIpednoaoocum, wmo npu 41060Mm i, YOOBAEMBOPAIOUEM HEPABEHCTNEAM
0 < i < min{H' H — 1}, xomnonenma m) eexmopa m’ coenadaem ¢ xomnonenmot m;
sexmopa m. Tozda eeprol caedyroujue ymeepiHcoenu:

1. Ilpu ecex namyparvhox wucaax h, YoosAEMBOPAOUUL HEPABEHCTNEAM

0<h<min{H' H—1}, (24)

UMENTM MECINO PABEHCMEA

O (h) = om(h) (25)
Vi (h) = Vi (h); (26)
Sy (h,v) = Spa(h,v); (27)
P (h) = Pm(h) (28)

2. Ecau ydosaemsoparousue yeaosuam semmo, 6 eexmopv, m um’ umerom odny u my sice
pasmeprocmov H, mo npu ecex sepuunas v, npunadiencawsus muosxcecmsy Vi (H)NVi(H),
UMEETN. MECTIO PAGEHCTME0

Sew (H, ) = Sen(H, v). (29)

HokazareabcTBo. 13 dopmya (20) u yeaosuii jgemMbl 6 ceyer, 9To MpH BCeX HATY-
PaJbHBIX YuCIaX h, YIOBIETBOPSIONEM HepaBeHCTBaM (24), MMeeT MecTO PaBeHCTBO (25).
Orciona n u3 dopmya (21) ciaeayer, 9T0 UPU BCEX HATYPAJTIBHBIX YHCIAaX R, YAOBIETBOPSIO-
mux HepaBeHcTBaM (24), mmeer Mecto paBeHCTBO (26). Otciona u u3 dopmya (22) caemyer,
9TO TIPU BCEX HATYPATHHBIX YHCIAX R, YIOBJIETBODPSIONINX HepaBeHCTBaM (24), MMeeT MecTo
paBercTBo (27). Hakonern, u3 pasencrsa (27) u u3 dpopmys (23) ciemyer, 9To NpH Bcex Ha-
TYPATbHBIX THCIAX N, YAOBJIETBOPSIOIIAX HepaBeHCTBaM (24), uMeeT MecTo paBeHCTBO (28).
PagencrBa (25), (26), (27) u (28) moka3aHbI.

Jlokazkem Tenepb BTOpoe yTepzkaeHne gemMmbl 6. Tak Kak BeKTOpBH M 1 M’ UMEIOT OIHY
U Ty e pa3zMepHOCTh H, To 1o yTBepkKaeHnio 1 jeMMbl 6 UMeeT MeCTO PaBEeHCTBO

Ve (H — 1) = Vi (H — 1). (30)
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Pasencrso (30) upu BCex BepIIMHAX U BJIEYET PABEHCTBO

Y G = D (31)

u€Vy (H-1) u€Vm(H-1)

13 dopmyater (22) cienyior paBeHCTBA

Sy (H,v) = Z Guw), THe v € Viy(H);

uEVm/ (H*l)

Sm(H,v) = Z Guw), THe vE Vy(H). (32)

UEVm (H-1)
13 dbopmyan (31) u (32) caeayer yrBepxenue 2 jgeMmbl 6. Jlemma 6 moaHOCTBHIO JOKa3aHA.
>

O6osaaaum By, = {Vim(h) : 0 < h < H} COBOKYNHOCTH MHOYKECTB, OIIDEIEeHHBIX
dbopmyramu (21).

Sameuanmne 7. 13 onpedeaenus cosokynrnocmu Uy, caedyem, wmo 6rodaujue 6 Hee MHO-
ICECNBA HE NEPECEKAIOMEA, A UT 006eUHENnUEM AGAACTNCA MHONCECME0 Vi, 20e “ucio n
onpedeasemes popmyaot (1).

Hs gopmya (20) u (21) caedyem, wmo npunadaescausue cosokynnocmu Uy, MHONHCECTEA
ydoBAECMBOPAIOM YCAOBUIO

(C) ecau v € Vin(h'), v" € Vin(h"), 20¢e 0 < ' < h" < H, mo v' < v".

Haxoneu, uz amux gopmyn caedyem, wmo mounocms 4106020 mmoocecmea Vin(h) us
cosorynnocmu Uy, PAsHA KOMNOHEHME My, 6EKMOPa M.

Bameuanue 8. Hz onpedeserus mmooceems Vin(h) dopmyaramu (21) (2de h = 0,H ),
onpedesenus seaunur om(h) gopmysamu (20) u onpedenenus sesunumve n popmyaot (1)
caedyem

| Vaul(R) = Vi, (33)

JIemma 7. ITyems depeco t npunadaescum muosicecmsy TRe(m), 2de eéexmop m umeem
pasmeprocmv H > 1. Toada umeem mecmo pasencmeo

V(t, H(t)) = Via(H), (34)

ede mroorcecmeo sepwun Vin(H) onpedeasemes gopmyaamu (21).
Ecau oice sexmop m umeem pasmeprocms H > 2, mo moada umeem mecmo maksice u
PaAGEHCME0

V(t,H(t) — 1) = Vim(H — 1), (35)

2de mmoorcecmeo sepwun Vin(H — 1) onpedeasemca dopmyaramu (21).
HokazareabcTBo. B ciyyae H = 1 BekTop m umeer pazmepnoctb H = 1 u conep:Kut
TOJIBKO OJHY KOMIIOHEHTY 1. B 3TOM cllydae UMEOT MEeCTO CJICLYIONINe PABCHCTBA:

H(t)y=H=1, m(t,00=1; m(t,1)=my;
o(t,0)=1; o(t,1)=14my; V(1) ={v: 2<v<1+4+mi}. (36)

[To dopmyaam (20) u (21) noaygaem: 0y, (0) = 1, o (1) = 1 + my un, HakoHer,
V(1) ={v: 2<v<1+m}. (37)

U3 dopmya (36) u (37) caenyer pasernctso V (t,1) = Viu(1). DM paBercTBOM Jemma 7
B cayyae H = 1 jpokazana.
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Jokazkem Tenepb Jemmy 7 B ciaydae H > 1. U3 ycsioBuit 310# jieMMbl BBITEKAIOT PABEH-
cTBa

Ht)=H; m(t)=m; V(t,H(t)=V(tH). (38)

U3 samevanus 7 u dopmyn (38) ciaenyer, uro mpu gwobom h = 0, H MOITHOCTH MHOYKECTB
V(t,h) u Viu(h) pasasl. B wacrrocru, pasabl mommoctu muoxkects V(t, H(t)) n Vin(H) u
paBHbl MomHOCTH MHOXKeCTB V (8, H(t) — 1) u Vi (H — 1).

13 dbopmyn (38) n 3amedannii 1 u 8 caemyer, uro MHOXKecTBO BepuiuH V (t) mepesa t
1 00beIMHEHHE BCEX MHOMKECTB, HPUHAJIEKAITUX COBOKYINHOCTH Upy,, COBIAIAIOT ¢ MHOMKE-
crBoM V,,, rie qmcsio noonpejessiercs dbopmynoit (1).

PapercTBo (34) mokazeM OT TPOTUBHOTO. JIOMyCTHM, YTO 9TO PABEHCTBO HeBepHO. Tora,
IPUHUMAS BO BHUMaHUE PaBeHCTBO MomHocTed muoxects V (¢, H(t)) u Vi (H), mbl mpuxo-
JIAM K BBIBOJIAM:

(a) Xors 661 oHa BeprnHa MHOKecTBa V (t, H (t)) He mpuHaieXkKuT MHOKeCTBY Vin (H ),
U, CJIeJJ0BATEIHbHO, IPHHAIEKAT HEKOeMY MHOXKecTBY Vi (h), rne h < H. O6o3HauuMm 31y
BEPIIMHY Yepe3 v.

(b) Xorst 661 ojiHA BepIITHA MHOXKeCTBA Vi, (H) He mpuHaiekut muoxkecrsy V (¢, H(t)),
H, CJIEJ0OBATEILHO, NPUHAIEKUT HeKoemy MuOkecTBy V (¢, h')), tne b/ < H(t). O6o3nadum
3Ty BepIIUHY [epe3 v'.

Urak, Bepuiunbl v’ 1 v IPUHAJIEKAT MHOKECTBAM, COOTBETCTBEHHO, Vi (H) u Vin(h), rae
Bequunabl H u h ynoBimerBopsitor HepaBenctBy H > h. Orcrona mo 3aMedanuio 7 ciemyer
HepaBeHCTBO v < v'. IIpH 9TOM BepIuHbI v U v’ MPUHAIEZKAT MHOXKECTBAM, COOTBETCTBEHHO,
V(t,H(t)) m V(t,h'), vae Benmnunusr H(t) u h' ynosaerBopsitor uepasencty H(t) > h'.
13 91010 HEPABEHCTBA U HEPABEHCTBA U < V' 110 OIPENENICHUIO 2 Cieyer, 4ro MHOKeCTBO V (1)
BEPIINH JIEPeBa t He SIBJISETCs MOCIOHHO yHopsigodeHHbIM. [1o yeaoBusgM jiemmbl 7 j1epeso t
npuHaIeKAT MEOKECTBY TRe(m). TlosToMy ¢ae/laHubIi BBIBOJ, HAXOANTCS B MPOTHBOPEYHH
C 3aMeYaHueM 3, YTBEPKIAIONIMM, 4TO MHOKeCTBO TRc(m) He COAEPKUT HU OJIHOTO JiepeBa t,
MHOzKecTBO V() BEpIIMH KOTOPOIO He SBJIIeTCs MOCA0NHO yopsaaodeHHbM. Cire0BaTeIbHo,
Cle/IAHHOE HAMHU MPEJINOJIOKEeHHe HEBEPHO, & BEPHO PaBeHCTBO (34).

MeToaoM OT TPOTUBHOTO JOKAXKEM Terepb, UTo B ciydae H > 1 npu ycgoBusax aemMMbl 7
paBeHCTBO (35) TakzKe HCTHHHO. JI0MycTHM, 9T0 5TO DaBEeHCTBO HeBepHO. Toraa n3 paBeHcTBa
morHocTr Muoxkecra V (¢, H(t) — 1) u mouaocTn MHOKecTBA Vi (H — 1) ciieyoT BbIBOL:

(a’) Xorst 6bI ofHa BeprmmHa MHOKecTBa V (¢, H — 1) He TPUHAIIEKHUT MHOMKECTBY
Vin(H —1). I3 yxke mokazanmoro pasencTBa (34) ciegyer, 4To 3Ta BEpPIIMHA HE MOXKET
NPUHATIEKATD U MHOKECTBY Vi, (H) H, cJie10BATeIbHO, IPUHAJTIEZKUT HEKOEMY MHOXKECTBY
Vin(h?), tne H — 1 > h”. O6o3HaunM 3Ty BeplIuHy depes3 v”.

(b’) Xorst 6b1 ogHa BepuMHA MHOKECTBA Vin(H — 1) He IDPHHAIEKUT MHOMKECTBY
V(t,H(t) —1). U3 yxke mokasaHHOoro pamBeHcTBa (34) ciefyer, 4To 5Ta BEepIIHHA HE MO-
JKeT mpuHajIe:xkarb u MHOXKecTBY V(t, H(t)) u, cienoBarTesbHO, TPUHAIIEKUT HEKOEMY
muoxkectBy V(t, 1)), tme b < H(t) — 1. Obosuauum 31y Bepuruny depes v

Urak, seprmusbl v u 0”7 NpUHAITEKAT MHOXKECTBAM, COOTBETCTBEHHO, Vin(H — 1) u
Vin(R?), tne Bemaunsr H — 1 u h” ygosnersopsitor nepasenctsy H — 1 > h”. Orcioga
1o 3amedanuio 7 caeayer nepasenctso v’ < v”. Ilpm 3rom Bepmuust v” u v upmnai-
JlezKaT MHOZKecTBaM, coorBercTBenno, V (¢, H(t) — 1) u V(t,h"), rne Benmmumunr H(t) — 1
u b ynosnersopsitor HepasenctBy H(t) — 1 > h". 13 sToro HepaBeHCTBa U HEPABEHCTBA
v > 0" no oupejeseHnIo 2 cjejiyer BBIBOJ, YTO MHOXKecTBO V (t) BepuiuH Jepesa © He
SIBJISIETCSI TOCJIOWHO YIOPsiZIOUeHHBIM. 110 yeJIoBusAM JIeMMBL 7 JIepeBO ¢ TPUHAJIEXKAT MHO-
xkectBy TRe(m).

[Tosromy cje/laHHBI BBIBOJ HAXOAMTCS B HPOTUBOPEUUH C 3aMEYaHUEM 3, YTBEDPKIA0-
muM, 9T0 MHOXKeCTBO TRc(m) He coaepKuT HE OTHOTO jaepesa t, MuoxkecTso V (t) Bepmun
KOTOPOTO He SBJISIETCS NOCJOHHO yropsijodeHubiM. Ciel0BaTeIbHO, CAeJaHHOE HAME [P/l
IOJIOXKEHIe HeBePHO, a BepHO paBeHCTBO (35). JleMMa 7 TOJHOCTBIO JOKa3aHa. B

Teopema 3. IIpu awbom H-meprom sexmope m ¢ HamypasoHbMU KOMNOHEHMAMU A0~
bas Pyrruus Em(r),, umerowas opesectoe npedemasaerue gopmyaot (19), moorcem Goimo
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nPedcmasiena npouseeIeHuem

Pm(T)n = H Pm(h), (39)

ede wucao n onpedeasemca gopmyaot (1), a dynryus Pm(h) — dopmyaot (23).

[Tpeskie, yeM OPUBOAUTH JOKA3ATEIBLCTBO TEOPEMBI 3, MBI IIPUBEIEM HPHMED, B KOTO-
POM PACCMOTPHUM YACTHBIN caydail hopmysl (39), a Takxke chOpMyTUPYEM U TOKAZKEM JIBE
BCIIOMOTATEILHBIC JIEMMBI U CJICJICTBASA U3 HHX.

ITpumep 2. Pacemorpum cay4uait, korma H = 1. Torga BeKTop m cogepzKuT BCEro OjiHy
KOMTOHEHTY M. Kak 3ameueno B mpumepe 1, B 9ToM caydae MuOKecTBO TRe(m) coBnamaer
¢ MHOZKecTBOM 1'(m) U COAEPIKUT TOJBKO OJHO JePeBO t — 3Be3/y, IMEeHTPOM KOTOPOi siB-
asercst Kopenb v = 1. 13 dopmyist (20) caenayer: om(0) = 1; om(l) = 1+ my. Otciona,
npuMensist hopmystsl (21), HAXOIUM MHOXKeCTBa BepiinH Vin(0) = {1} u

V(1) ={v: om(0) <v<om(l)} (40)
Muozxectso X (t) ayr Takoro aepesa npejcTaBisercs dhopMynoii
X(t)={(1,v): veVu()} (41)
Ucnonb3yst 5tu pesynbrarsl u3 Gopmysast (22) nosyuaem
Sm(1,v) = gaw, taev € V(). (42)

B paccMaTrpuBaeMoM Ciiyuae npeacraBiaeHne GyHKIuu @, (1), dopmyoii (19) nveer Bu

pm@n= [ 900 (43)

(L)X (t)

Orcrona u u3 dbopmyis (42), a rakzke u3 oupeaeaenuii Maozkects X (t) u Vi, (1) dopmynamu,
coorBercTBeHHO, (41) 1 (40), BBEITeKaeT ciemyroliee peacTaBieHne GYHKIMT Oy, (1),

90m<r>n: H S<h7v)7 (44)

vEVm (h)

rie H = h = 1. Orcioga, upumenss onpenenenne byHKIwn Py, (h) dbopmynoii (23), moaygaem
npejcraBaienne QYHKIUA Py, (T), B BUe:

Pm(T)n = P(1), (45)

9TO SBJISETCS YACTHBIM caydaeM dhopmysbl (39) npu Becex m € IM(H), rne H = 1. Takum
obpasom, ipu H = 1 yrBepxKjaenue Teopembl 3 jJoka3ano npu Bcex m € (H). A

JIemMma 8. Jlonycmum, wmo npu dannom namyparvrom wucae H', ydosaemeoparouem
nepasencmey H' > 1, u npu ecex sexmopar m € M(H') arobas Pyrruus om(r),, umeruas
dpesecroe npedcmasaenue popmyrot (19), moorcem 6wmsv npedemasaena popmyaot (39),
2de H = H', 6 sude npoussedenua Pynxyuli. Toeda u npu 6cex exmopar M, NpUHAOAEHCA-
wux mroorcecmey M(H' +1, 1), aobas Pynruus om(r),, umerowas dpesecnoe npedcmasie-
nue gopmyaoti (19), moocem bvumo npedemasaera gopmyarots (39), ede H = H' + 1, 6 sude
npouseedenus PyYHKUUT.

HokazarenbcTBo. Ilycth BekTOp m npuHajiexut Maoxectsy I(H' + 1,1). B srom
ciydae umeer mecto pasioxenne (17) muoxkecrsa TRe(1m) KOPHEBBIX PACTYIUX JE€PEBHEB HA
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HELIEPECEKAIOIIUECs OMHOKeCTBA. VIC110/1b3yst 910 PAa3/I0KEHUE, JIPEBECHOE [PE/ICTABJIEHHE
byHKIME O (1), dopmyoii (19) MOKHO HPEOOGPA30BATE CJIEAYIONM 00pPA30M:

= > > Il 9w (46)

SETRc(m’) teT (s) (u,v)eX(t)

rie m’ — npuHaekammii MaoxkecTBy I(H') H'-MepHBIH BeKTOD, BCeé KOMIOHEHTHI KOTO-
POro COBINATAIOT ¢ COOTBETCTBYIOIIAMHU KOMIOHEHTAME BEKTOpPa, 1.

C nenbio ynpomenus obosnauennii oboznauum u(t) = B;(t). Uz npeacrasienus muo-

xecrsa X (t) ayr pepesa t € T (s) dopmyanoit (13) cuenyer

H Y(uw) = G(u(t)w) H (uw); (47)

(uw)eX(t) (u,v)€X(s)

rae w = ||m’'|| + 2. Tlogcrasiusia B upaBylo dacTh paBencrsBa (46) BMECTO 1POM3BEJICHMUS,
SIBJISTFOITIETOCS JIEBOH 4acThio paBeHCTBa (47), mpaByio 4acTb paBeHcTBa (47), moaydaem

§0m<r)n = Z H 9(u,v) Z 9(u(t),w) (48)

SETRc(m’) \ (u,v)€X(s) teT(s

Tax kak JepeBo s npuHaIexRuT MHOKecTBY TRc(m’), To, Bo-epBBIX, 10 CjejcTBuo 1
orobpaxkenue B, muoxkectsa sepuiun V (s, H(s)) na muoxkecrso T (s) momeueHHBIX KOpHe-
BBIX PACTYIIUX JepeBbes sBsercs ouexnueit. [Tosromy orobpaskenue B, ! asisercs B3auMuo
OJJHOBHAYHBIM OTOGpazkennem Muozkectsa 1 (s) na muoxkectso V (s, H(s)). Orciona cieyer

PaBEHCTBO
> Yt . G- (49)
teT(s) u€V (s,H(s))
Bo-BTOpbIX, MO JIeMMe 7 mMeeT MecTO PaBeHCTBO

Vs, H(s)) = Vo (H'), (50)

rie H(s) = H', a muoxkectBo Bepinut Vi (H') onpenessierca dbopmynamu (21).
U3 dopmyn (49) u (50) caemyer paBeHCTBO

teT1(s ueV, /1 (H')

3aMeHUB B TpaBoil YacTu paBeHcTBa (48) BhIpaXKeHWe, CTOsIIEE B JIEBOW YacTH PaBeH-
crBa (51), BeIpaKeHueM, CTOSIIUM B HPaBOii dacTu paBeHcTBa (51), moaydaem

sETRc(m’) \ (u,v)E€X(s ueV, /1 (H')

Bamernm, uro npu h = H' 4+ 1 u v = w pasencrso (22) npuHUMaeT BUJL

Sm(H' +1L,w) = > guw, e we Vu(H +1); (53)

u€EVm (H")
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Tak Kak BEKTOPbl M U M, 110 UX ONPEJIEJICHUIO, YJIOBJETBOPAIOT YCJIOBUAM JieMMbl 6,
TO U3 JieMMbl 6 Cjleyer, B 9aCcTHOCTH, 4TO MMEET MeCTO PaBeHCTBO Vi (H') = Vi (H').
[Tpumensist 5T0 paBeHCTBO, Mpeobpasyem paBeHCTBO (H3) cremyromum obpa3oM:

S (Hl+1 w Z I(uw) = Z guw)7 rae wevm(H/+l)7 (54)

uEVm (H’) u€V

3aMeHUB B MpaBoil yactu paBeHcTBa (52) BhIpazKeHWe, CTOsAIIEe B MPAaBOil YacTH PABEeH-
crBa (54), BEIpaXKEHHeM, CTOSIINM B JIeBOH JacTu pasercTsa (54), moaydaem

b@u={ D> Tl 9ww | S +1w), (55)

s€TRc(m’) (u,v)eX(s)

HamomuwM, 4ro B paBeHcTBe (55) BeKTOp M npuHaiexutr MHOxkectBy IN(H' + 1,1) u
II09TOMY YJIOBJIETBOPSIET YCJIOBUIO My, = 1. Orcrioga u u3 dbopmyn (20) u (21) caemyer

om(H') = |lm|f;  om(H' +1) =[lm||+1;  Va(H +1) = {w}, (56)
rae w = ||m|| + 1. 13 dopmyn (23) u (56) cremyer
Pu(H +1) = Su(H + 1, w). (57)

3aMeHUB B mpaBoii yacTw paBeHcTBa (5D) BBIpaKeHHWe, CTOsIEe B MPABOH YaCTH PABEH-
crBa (57), BEIpAXKEHUEM, CTOSIINM B JIeBOH yacTu paseHcTsa (57), moayvaem

s€TRc(m’) (u,v)€X(s)

CymMma B mpaBoii yacTu paBeHcTBa (58) ABISETCS IPEBECHBIM MpeICTABIeHTEM (DY HKIINH
©m' ()1 110 ee oupenenenuto Gopmynoit (19):

Yoo I v = ew(®n, (59)

s€TRc(m’) (u,v)eX (s)
rae noupegensercs dopmyioii (1), m' € M(H') — H'-mepubiii BEKTOP, BCE KOMIOHEHTb
KOTOPOTO COBNAIAIOT ¢ COOTBETCTBYIOIIMMHI KOMIOHEHTAMH BeKTOpa M. 110 mpemoroKenuro,

YTBEPIKJIEHUE TeOPEMbI 3 BEPHO /I (DYHKIMU Ppy (T),,—1. CTasio ObITh, CyMMa B JIeBOii YacTu
pasencTsa (59) MOkKeT OBITH IPE/CTABICHA B BIJIE

> H =[] P (h), (60)

SETRc(m’) (u,w)eX (s

3aMeHUB B MpaBoil yacTu paBeHcTBa (58) CyMMy, CTOSIIYIO B JeBOi yacTu paseHcTBa (60),
IIPOU3BEICHHEM, CTOSAIIUM B [IpaBoil dactu paBeHcrsa (60), mosydaem

(H P (h ) (' 4 1). (61)
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Hasiee, u3 oupeesienus BEKTOPoB M’ 1 M CJIEJYET, YTO 3TH BEKTOPbI YJI0BJIETBOPLAIOT YCJI0-
BusM JleMMbl 6. Orciona o gemme 6 caenyer, aro npu h < H' umeror mecto paBeHcTsa (28).
[Tpumensist 5T paBencTsa, n3 dbopmynsr (61) momxydaem

= (H Pm(h)> Po(H'+1) = [] Pu(h) =[] Pm(M), (62)

e H = H' + 1. Takum obpasom, jgeMma 8 JoKasaHa. »

Jlemma 9. Ilpednoaoocum, wmo npu danrom namypasvrom wucae H, ydosaemeops-
ouem nepasencmey H > 1, npu dannom wamypasvhom wucae k u npu 6cexr 6exmopax
m € M(H, k) mobas ynryus om(r)n, umerowasn dpesecroe npedecmasaerue opmyaot (19),
mootcem bomo npedemasaena dopmyaot (39) 6 eude npoussedenua dynryud. Toeda u npu
scex sexmopar m, npunadiescauwus muoncecmey M(H, k + 1), awbas Gyrryus ©m(r)n,
umerowan dpesecroe npedemasaenue dopmyaot (19), moocem Gums npedemasaena Gopmy-
201 (39) 6 sude npoussederus Pyrryud.

HokazareabcTBo. IlycTh BekTOp M mpunajiexut MuokectBy M(H, k + 1). B srom
ciaydae umeer mecto passoxenne (18) muoxkecrsa TRc(m) KOPHEBBIX PACTYIUX JE€PEBHEB HA
HETePECEeKAOIIIecs OAMHOKeCTBa. VCmoib3ys 310 pa3/iozKeHne, IPEBECHOE TIPeICTaBIeHHe
byHKIHH Oy (1), dopmyoit (19) MoKHO TPeobpa3oBaTh CJeLYIONIM 00pa3oM:

em@n= > > I 9w (63)

SETRe(m’) t€T2(s) (u,v)EX ()

rie m' € M(H, k) — H-MepHBIil BEKTOD, YIOBIETBOPSIONINI yeaoBusM: my, = k, a Bce

OCTAJIbHBIE €r0 KOMIIOHEHTHI COBIHAJAIOT ¢ COOTBETCTBYIOIIUME KOMIOHEHTAMHA BEKTOPA M.
C nesbio yuporenus oboznavenuit oboznaunm u(t) = B (t). Ucnonbsys 3ro 06o3nave-

HUe u npejcTasienne Muoxkecrsa X (t) jyr gepesa t € T?(s) dopmymnoii (16) monydaem

II 9wn=9a0w Il gww: (64)

(u,v)EX (1) (u,w)eX(s)
rae w = ||m’|| + 2.

13 oupenenenns Bekropop m u m’ ciaeayer pasencro |[m|| = ||m’|| + 1. Tlosromy
BeprnHy w = ||m’|| + 2 MoKHO mpecTaBUTh caenyomum obpaszom: w = ||m|| + 1. Orciona
110 3aMedanuio 6 ciaenyer, 9to BepinHa w = ||m|| 4+ 1 npunaaiexxkur MHOKeCTBY Vi (H):

w € Vin(H). (65)

[Toacrapisig B IPABYIO 9acTh paBeHCTBA (63) BMECTO IPOU3BEICHNUS, ABJISIOMIErOCs JTeBOii
4acThio paBeHcTBa (64), mpaByo dacTh paBeHcTBa (64), mosydaem

Pm()n = Y I 9o Z Gu(t)w) (66)

$ETRc(m’) \ (u,v)€X(s) teT?(s

Tax kak JepeBo § npuHaIeKUT MHOXKecTBY TRe(m’), To orcrofa cIeayoT 1Ba BhIBOJIA:

Bo-11epBbix, 110 ciejcTBuio 2 orobpazkenue B, mHoxkecTBa Bepumn V (s, H(s) — 1) Ha MHOXKe-
ctBo T?(s) IIOMeYeHHBIX KOPHEBbIX PACTYLIUX JepeBbes dApadercs ouexmueit. [losTomy oT06-

paxkenne B! apigercd B3aHMHO OJHO3HAYHBLIM OTOOpazkeHHeM MHOzKecTBa 12%(s) Ha MHO-
x&ectBo V (s, H(s) — 1). Orcrona ciaegyer paBeHCTBO

Z Juw) = D G (67)

teT?(s ueV (s,H(s)—1)
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Bo-Bropbix, 110 jiemMe 7 uMeer MeCcTO paBeHCTBO
V(s,H(s)—1) =V (H —1), (68)

rie H(s) = H, a muoxectBo Bepuiud Vi (H — 1) onpenessiercst popmynamu (21).
13 dopmyn (67) u (68) caemyer paBeHCTBO

Y Guwwr = D, Yuw): (69)
teT?(s) u€Vyy (H-1)

BameHuB B TpaBoil yactu paBeHcTBa (66) BbIpayKeHWe, CTOsIee B JIEBOH YACTH DPAaBEH-
crBa (69), BEIpaXKeHHeM, CTOMIINM B IPaBOii yacTu paBeHCTBa (69), moaydaem

¥Pm (r)n = Z H 9(uw) Z J(u,w)- (70)

SETRc(m’) \ (u,v)€X(s) ueV,  (H-1)

Jasee, u3 onpefenenust BeKTOPOB M’ U M CJEIYET, 9TO PAa3MEPHOCTH ITHX BEKTOPOB
PABHBI OJJHOMY U TOMY Ke UnC/ay H, a KOMIIOHEHTDI 9THX BEKTOPOB YIOBICTBOPSIOT YCIOBHSIM
aemmbl 6. Orcroga o semme 6 caeayer, aro npu h < H umeior mecto paBeHcrsa (25), (26),

(27) u (28).
Ucnonp3ys paBercrba (26) u dopmysasr (65) u (22), moaydaem
Z I(u,w) = Z I(uw) = Sm(H>w)> Toe w &€ Vm(H)a (71)
weV, (H—1) WEVim (H—-1)

3ameHuB B mpaBoii dactn paseHcTBa (70) BeIpazkeHue, CTosIIee B JIeBoii yacTn papeHcTs (71),
BBIDAKEHHeM, CTOSIIUM B IIPaBOil yacTu paBeHcTs (71), mosyvaem

Spm(r)n = Z H 9(u,v) Sm(H’ w)’ (72)

SETRc(m’) (u,v)eX (s)
U3 onpenenenus GyHKIHI @, (1), dopmystoii (19) caexyer
Z H I(uw) = @m’(r)ﬁv (73)
sETRc(m’) (u,v)eX (s)

rie n' — uancao ||m’|| + 1, onpenenennoe dopmynoii (1). 3ameHus B mpaBoii 4acTH paBeH-
crBa (72) cymMMy, CTOAILYIO B JIeBOi YacTu paBeHCTBa (73), BIpazKeHHEM, CTOSIIUM B IPABOW
qacTu paBeHcTBa (73), mosydaem

Pm(T)n = O (T)n Sm(H, w), (74)

I[To ompenenenno BekTop m’ npuHae:kuT Muoxkectsy M(H, k). Orciona caemyer, 4To
10 ycsoBuio JeMMbl 9 (BYHKIUSA Oy (T),, UMeomas ApeBecHoe npeacrapiaeHue (hopmy-
noit (19), MozKeT OBITH HpeCTaBICHA IPOU3BEICHIEM

H
P () = [ | P (B). (75)
h=1
Baeck dyukiuu Py (h) onpenensiores dbopmyioii

Pw(h)= [ Saw(h.v). (76)

’UEVm/ (h)
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B ugacrHocTu,

Pw(H)= [] Sw(Hv). (77)

’UEVm/(H)

U3 dopmyn (75), (77) u (28) caenyer

o (D) = (ﬂ Pm«h)) P () = (ﬂ Pm<h>) I Sw(do). ()

veV (H)

Orcroma u u3 dbopmyias (74) ciemyer

cpm(r)n:<1__[ Pm(h)> [T Sw(Hv) | Swl(H, w). (79)

veEV (H)

Hasee, w3 onpeesennit BeKToOpoB M’ U M CJIeAYIOT paBeHcTsa my = k+ 1 u m/, = k.
Orciona u u3 dhopmyn (20) u (21) crenyer, uro nmpu h = H BHINOIHAIOTCA PABEHCTBA

om(H) =0 (H)+1=w; Vw(H)={v: ow(H-1)+1<v<ow(H)};
Vi(H) = {v: om(H-1)+1<v<om(H)}. (80)

Bgesiem B paccmorpenune Muoxkectso Vi (H), nonaras
Vi(H)={v: om(H—-1)+1<v<on(H)—1} (81)

13 dopmyn (80) u (81) BeiTekaer

Vin(H) = Voo () | H{w}. (82)
Kpowme Toro, u3 (80) cieayer paBeHCTBO
Om/(H) = om(H) — 1. (83)

Kak noka3aHo BBIIIe, IPU BCEX HATYPAJIbHBIX 3HAYEHUAX N, yIOBAETBOPSIONIIX HEPABEH-
crBam 0 < h < H, nmeer Mecto pasenctso (25). B wacTHOCTH, 9TO PABEHCTBO HMeET MECTO
nnapu h=H — 1:

om'(H —1) = om(H — 1). (84)

13 onpenenenns Muoxkects Vi (H) u V) (H) dopmynamu (80) u (81) coorBeTcrBeHHO, U
u3 paBeHcTs (83) u (84) BuiTekaer, uro MuOKecTBa Vi (H) n V), (H) coBnamator. Otciona u
13 paBeHCTBa (82) cieayer paBeHCTBO

Vin(H) = Vi (H) | {w}. (85)

Tax kax MHOXKecTBa Vi (H) u V. (H) coBnagaror, To u3 yrBepKIeHus 2 JeMMbl 6 ciery-
er, 910 cyMMBbI Syy (H,v) 1 Sy (H, v) coBnaaoor, eciu BepIinHa v MPUHAJIEZKAT MHOKECTBY

m’

Sm(H,v) = Sw(H,v), tne v €& Vy(H). (86)
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[Tpoussogs B dhopmyse (79) 3amensl, oupejenenube dGopmyioi (86) u npuMensis paBeH-
crBO (85), mosrydaem

= (Iﬁl ) H Sm/ H,v) | Sm(H,w) =
( Pu( ) H Sm(H,v) | Sm(H,w) =

veEV (H)

(Iﬁlpmm)) H Sm(H,v) | . (87)

UGVm

Ilpu h = H onpegenennas dopmyioii (23) dyuknusa Py(h) npuHuMaer B

H S (H, ). (88)

3ameHWB B paBoil 4acTh paBeHCTB (87) BhIpaykeHWe, CTOsIIEe B MPaBOil 9acTH PaBeH-
crBa (88), BbIpaXKeHHeM, CTOSIINM B JIeBOH JacTu paBeHcTsa (88), mosydaem

— (1‘_[ Pm(h)> Po(H) = [ Pu(h). (89)

h=1

Taxum obpaszom, jiemma 9 jloka3ana. »

W3 siemMbl 9 110 METOLY MaTEeMATHYECKOl MH/IYKIIMH BHITEKAET

CaenctBue 3. Jlonycmum, wmo npu namypasvhom vucse H > 1 u npu ecex sexmo-
pax m € M(H, 1) wobas Pynruus om(r),, umerwas dpesecnoe npedcmasaerue Hopmy-
a0t (19), moorcem Gumv npedemasaena gopmyaot (39) 6 eude npoussedenus Pynruyud.
Tozda u npu ecex sexmopaxr m, npunadiesncauwur muoxcecmey M(H), awbas Pynryus
©m(T)n, umerowan dpesecroe npedcmasaenue dopmyaot (19), moscem Gums npedcmasae-
na gopmyrot (39) 6 sude npoussedenus Gyrkyud.

N3 caencrBug 3 1 JJeMMBI 8 BLITEKAaET

CaenctBue 4. Jlonycmum, wmo npu namypasvhom wucae H > 1 u npu ecex eek-
mopaxr m € M(H) awobas Pyrkuyus ©m(r),, umernwas dpesecroe npedecmasaenue Gopmy-
a0t (19), moorcem Gumv npedemasaena gopmyaot (39) 6 eude npoussedenus Pynruyud.
Toz0a u npu ecex sexmopaxr m, npunadisesxcauus muosicecmsy M(H + 1), wobas Pynryus
©m(T)n, umerowasn dpesecnoe npedcmasaenue gopmyaot (19), moosrcem Gumsb npedecmasaena
dopmyaot (39) 6 eude npoussedernusn Pynryud.

HokazareabcTBo. Jlonycrum, 9To npu HaTypaabuoMm unciae H > 1 u npu Bcex BeKTopax
m € M(H) mobasg GYHKIHS Py (T),, IMEIONasa IpeBecHoe TpeacTabaenne dbopmystoit (19),
yI0BJIeTBOpsieT ycyoBusM ciaegactBust 4. Torma mo jemme 8 cienyer, 9TO MPH BCEX BEKTO-
pax m, npuHajexkamux Maoxkectsy M(H + 1, 1), mobast GyHKIES Oy, (1), AMEIOmast pe-
BecHoe Tpescrasienne dopmystoii (19), moxker ObiTh npeacTaBaeHa dbopmysoi (39) B Buje
npousBenenns pyukiuit. OTCo01a M0 CIACTBUIO 3 CIeIyeT YTBEPZKIeHne CIegcTBus 4. »

HdokazarenbcTBO Teopemsbl 3. B npumepe 2 jpokazano, uro npu H = 1 yTBep:kiaenue
Teopembl 3 BepHo mpu Becex m € MM (H). 13 sroro pesyabrata U CJAeICTBHST 4 MO METOLY
MaTeMaTHYIECKONH MHIYKIIUH CJIeIYeT YTBEPKICHUE TeOPeMbl 3. b

Hecomuenno, 1o Teopema 3 HaiijieT cBoe MpUMeHEHHE B MPHIOKEHUIX.

B zak/rouenue aBTop BbIpazkaeT CBOIO UCKPEHHIOW Ojarojgapuocts K.g.-m.u. B.U. [1ebpo
3a moJie3nbie coBeThl 1 A.B. BejsieBy 3a TeXHUYECKYIO MOIIEPIKKY.
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