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Abstract

The article deals with labeled rooted growing trees. Research in this area, carried out

by the author of this article over the past 35 years, has led to the creation of the concept

of tree classi�cation of labeled graphs. This concept is the mathematical basis of the tree

sum method aimed at simplifying the representations of the coe�cients of power series

in classical statistical mechanics. This method was used to obtain tree representations

of Mayer coe�cients of expansions of pressure and density in terms of activity degrees.

which are free from asymptotic catastrophe. The same method was used to obtain tree

representations of the coe�cients of the expansion of the ratio of activity to density

in terms of activity degrees. All these representations for n ≥ 7 are much simpler

than the comparable representations Ree-Hoover according to the complexity criteria

de�ned on these representations. Tree representations of the expansion coe�cients of

the m-particle distribution function into a series in terms of activity degrees were also

obtained. All the above representations of the coe�cients of power series obtained by

the trees sum method are free from the asymptotic catastrophe.

In order to provide a mathematical basis for constructing new, even less complex

representations of the coe�cients of these power series, further development of the

concept of tree classi�cation of labeled graphs was required.

As part of solving the problem of further development of this concept, the article

proposes new classi�cations of labeled rooted growing trees. And on their basis, a

theorem was formulated and proved, which is the basis for simplifying the tree repre-

sentations of functions, that is, its representations by the sum of products of functions

labeled by trees.

1. In this article we consider labeled rooted growing trees. Research in this area by the
author of this article over the past 35 years have led to the creation of the concept of tree
classi�cation of labeled graphs [2�9, 12, 19�22]. The concept is the mathematical basis of
the tree sum method, aimed at simplifying the representations of coe�cients of power
series of classical statistical mechanics.

This method was used to obtain [3, 4, 6�9, 12, 19�22] free from an asymptotical catastro-
phe [1, 9�12, 18, 23, 24] representations of Mayer's coe�cients of the pressure and density
expansion in a series in terms of activity degrees [14, 15, 28, 29]. The same method was
used to obtain [7, 9, 12, 21] and representation of the expansion coe�cients of the ratio
of activity to density in a series in terms of activity degrees. All these representations for
n ≥ 7 are much simpler than comparable Ree-Hoover representations [30�32] according to
the complexity criteria de�ned on these representations [25�27]. The representations of the



coe�cients of the expansion of an m-particle distribution function in a series in terms of
activity degrees were also obtained [8, 22].

In order to provide a mathematical basis for constructing new, even less complex repre-
sentations of the coe�cients of these power series, it has been necessary to further develop
the concept of tree classi�cation of labeled graphs.

As part of solving the problem of further development of this concept the article proposes
new classi�cations of labeled rooted growing trees and based on them a theorem was formu-
lated and proved. This theorem is a basis for simplifying tree representations of functions,
that is, their representations by the sum of products of functions labeled by trees.

Let us introduce the notation:
Tn = T (Vn, 1) = {t} � the set of labeled rooted growing trees with a vertices set Vn =

{1, 2, . . . , n} and the root 1;
(i, j) � an arc outgoing from a vertex i and incoming to a vertex j;
X(t) � the set of arcs of a labeled rooted growing tree t;
H(t) � height of the tree t;
V (t) � the set of vertices of a labeled rooted growing tree t;
V (t, h) � the layer of vertices that belongs to the rooted growing tree t and are at

height h;
m(t, h) = |V (t, h)| � cardinality of the layer of vertices belonging to the tree t and located

at height h;
σ(t, h) � the number of the t tree vertices whose height does not exceed a number h;

m(t) = (m(t, 1),m(t, 2), . . . ,m (t,H(t))) � a vector whose components are the cardinal-
ities of the layers of the vertices of the tree t;

M(H) = {m = (m1,m2, . . . ,mH)} � the set of all H-dimensional vectors with compo-
nents that are natural numbers;

||m|| =
H∑

h=1

mh � norm of a vector m;

M′(n,H) = {m = (m1,m2, . . . ,mH)} � the set of all H-dimensional vectors with natural
components, satisfying the condition

n = 1 +
H∑

h=1

mh = 1 + ||m||; (1)

Tn,H = {t} � set of labeled rooted growing trees of height H (where 1 ≤ H < n)
belonging to the set Tn;

Let the vectorm with natural components belong to a setM′(n,H). Then by T (m) = {t}
denote the set of all trees t that belong to the set Tn and satisfy the condition m(t) = m.

It is obvious that the sets Tn and Tn,H of labeled rooted growing trees expande into
disjoint subsets:

Tn =
n−1⋃
H=1

Tn,H ; Tn,H =
⋃

m∈M′(n,H)

T (m). (2)

From these expansions follows the expansion

Tn =
n−1⋃
H=1

⋃
m∈M′(n,H)

T (m). (3)

2



Denote the vertices of a layer V (t, h) of a labeled rooted growing tree t by v(t, h, 1),
v(t, h, 2), . . . , v(t, h,m(t, h)). We can assume without loss of generality that the inequality
v(t, h, i) < v(t, h, j) holds for all h = 1, H(t) if only 1 ≤ i < j ≤ m(t, h).

Let's de�ne the transformation ωt on the set V (t) by the formulas:

ωt(1) = 1; ωt(v(t, h, i)) = 1 +
h−1∑
j=1

m(t, j) + i, h = 1, 2, . . . , H(t). (4)

Letm ∈ M′(n,H) and t ∈ T (m). Then V (t) = Vn, and the ωt transformation establishes
a one-to-one mapping of the set Vn onto itself. It induces a mapping Ωt of the set X(t) =
{x = (u, v)} of arcs of the tree t onto the set of arcs

Ωt(X(t)) = X ′(t) =
{(

ωt(u), ωt(v)
)
, (u, v) ∈ X(t)

}
. (5)

As is known (see [12], Chapter 1, Lemma 4), the graph (Vn, X
′(t)) is a tree from the trees

set Tn.
For each vector m ∈ M′(n,H) let us de�ne a mapping Am of the trees set T (m) into

itself by setting
Amt = (Vn, X

′(t)), (6)

where the set X ′(t) is de�ned by formula (5) for all t ∈ T (m). From the de�nition of
the mapping Am by formulas (4)�6) imply that the image of any tree t ∈ T (m) under the
mapping Am is the tree Amt ∈ T (m).

The image of the set T (m) under the mapping Am is denoted by TRc(m) ⊂ T (m).
Remark 1. If a vector m delongs to the set M′(n,H), then from the de�nition of the

mapping Am and the de�nition of the set TRc(m) it follows that the set of vertices of any
tree t ∈ TRc(m) is the set Vn, where n is de�ned by the vector m according to formula (1).

De f i n i t i o n 1. Two trees t1 ∈ T (m) and t2 ∈ T (m) are perfectly isomorphic if they
satisfy the condition Amt1 = Amt2. ■

Obviously, the established relation of perfect isomorphism of two trees is re�exive, sym-
metric and transitive, that is, an equivalence relation. Therefore, it allows us to partition
the trees set Tm into classes of perfectly isomorphic trees.

Remark 2. From De�nition 1 it follows that any class of perfectly isomorphic trees
included in the set Tm has the following property: under mapping Am the image of all trees
belonging to this class is one and the same tree belonging to the set TRc(m). This means
that this tree can be taken as a label of this class and this class can be considered labeled by
this tree.

Moreover, any tree from the set TRc(m) turns out to be a label of the class of perfectly
isomorphic trees, which is included in the set T (m) and is uniquely determined by this tree.
To be short the tree that is a label of the tree class will be called tree-label of the class.

From the de�nition of the mapping Am by formulas (4) � (6) it follows that for any tree
t ∈ TRc(m)

Amt = t. (7)

By Remark 2, this equality implies that the tree t belongs to the same class of perfectly
isomorphic trees of which it is a label.

D e f i n i t i o n 2. The set V (t) of vertices of the tree t will be called layer-ordered if the
layers of the vertices of the tree t satisfy the condition

(C) if v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), where 1 ≤ h′ < h′′ ≤ H(t), then v′ < v′′.
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Otherwise, we say that the set V (t) is not layer-ordered. ■
Remark 3. From De�nition 2, the de�nition of the mapping Am by formulas (4)�(6),

and the de�nition of the set TRc(m) it follows that this set is the set of all trees t ∈ T (m)
whose vertices set V (t) is layer-ordered. Hence, the set TRc(m) does not contain any tree t
whose vertices set V (t) is not layer-ordered.

Example 1. Consider the case when the vector m is one-dimensional, that is, a scalar.
In this case the set T (m) contains only one tree, the star, whose center is the tree root v = 1,
and the set TRc(m) coincides with the set T (m). ■

In the case when the vector m has dimension H ≥ 2, the cardinality of the set TRc(m)
is de�ned by formula

|TRc(m)| =
H∏
i=2

[m(i− 1)]m(i). (8)

The proof of formula (8) is left to the reader.
The class of perfectly isomorphic trees labeled with a tree-label t ∈ TRc(m), denote

TI (t). Then the trees set T (m) can be represented as the union of all classes, labeled by
trees from the set TRc(m):

T (m) =
⋃

t∈TRc(m)

TI (t). (9)

The cardinality of the set TI (t) is determined by formula

|TI (t)| = ||m(t)||!
H(t)∏
h=1

(
m(t, h)!

)−1
(10)

2. We now introduce a classi�cation of the trees set TRc(m). To this aim, we introduce
the notation:

M(H, k) � the set consisting of all vectors m = (m1,m2, . . . ,mH) of the set M(H),
satisfying the condition mH = k, where k is a natural number;

s(t) is a subgraph of the tree t ∈ TRc(m) resulted in removing from the tree t its vertex
w = ||m||+ 1.

It is clear from the de�nition of the subgraph s(t) of the tree t that s(t) is an oriented
[12, 16, 17] graph. We will assume that the vertex v = 1, which is the root of the tree t, is
also the root of the orgraph s(t).

Lemma 1. The subgraph s(t) of the tree t ∈ TRc(m) is a rooted growing tree that is a
subtree of the tree t.

Proof. Since the set V (t) of vertices of the tree t is layer-ordered, its vertex w = ||m||+1
belongs to the vertices layer V (t,H(t)) and, therefore, is a terminal vertex of the tree t. It
follows that this vertex has zero outdegree. Therefore, any, di�erent from the vertex w,
vertex of the tree t is inaccessible in this tree from vertex w. This implies (see [12], Ch. 1,
Lemma 3) that any two vertices of this tree other than the vertex w are connected in this tree
by a half-path that does not contain the vertex w. Hence, in the subgraph s(t) of the tree t
any two vertices are connected by a half-path. This implies [16][17] that s(t) is a (weakly)
connected orgraph. Since the tree t has no contours by de�nition, its subgraph s(t) also
has no contours. Moreover, only one vertex v = 1 has zero in-degree [16][17], and all other
vertices of the orgraph s(t) have unit in-degree. In this way, the vertex v = 1 is the only
source [16][17] of the (weakly) connected orgraph s(t) that has no contours and satis�es the
condition: all vertices of the orgraph s(t), except for the source v = 1, have unit in-degree.
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Such a graph is called [12, 16, 17] an outgoing (growing) tree. Since the vertex v = 1 is the
rooted of the tree s(t), the tree s(t) is (see [12, 16, 17]) a rooted growing tree. And since the
tree s(t) is a subgraph of the tree t, then the tree s(t) is a subtree of the tree t. Lemma 1 is
completely proved. ▶

Remark 4. Note that the subtree s(t) does not contain an arc (u,w) of the tree t outgoing
from the vertex u of this tree, and incoming to the vertex w de�ned above. Also note that
the set V (s(t)) of vertices of this subtree, like the set V (t) of the vertices of the tree t, is
layer-ordered.

Remark 5. If the component m(t,H(t)) of the vector m(t) satis�es the equality
m(t,H(t)) = 1, then the tree t satis�es the conditions: the vector m(t) belongs to the
set M(H(t), 1); the layer V (t,H(t)) of the tree t contains only one vertex w = ||m||+1; and
its subtree s(t) belongs to the set T (m′), where m′ is a (H(t)− 1)-dimensional vector, which
belongs to the set M(H(t)− 1) and all components of which coincide with the corresponding
components of the vector m.

Otherwise, the tree t satis�es the following conditions: the vector m(t) belongs to the set
M(H(t), k), where k > 1; the set V (t,H(t)) of the tree t contains more than one vertex; its
subtree s(t) belongs to the set T (m′), where m′ � H(t)-dimensional vector, satisfying the
conditions: m′

H(t) = mH(t) − 1, and all other components of the vector m′ coincide with the
corresponding components of the vector m.

Since the set V (s(t)) of vertices of the tree s(t) is, by Remark 4, layer-ordered, this tree
belongs, by Remark 3, to the set TRc(m′).

Lemma 2. Let a rooted growing tree s belong to the set TRc(m′), where m′ is a vector
belonging to the set M(H) for some natural number H. Let u be a vertex belonging to the
vertices set V (s). And let t be the oriented supergraph of the tree s, having as its root the
vertex v = 1 and obtained by adding the vertex w = ||m′|| + 2 and the arc (u,W ) to the
tree s. Then, �rst, the orgraph t is a rooted growing tree; secondly, the height of the vertex w
in the tree t is one greater than the height of the vertex u in the tree s.

Proof. Let us �rst prove that the orgraph t is weakly connected, that is, any pair of its
vertices is connected by a half-path. Obviously, any pair of its vertices belonging to the set
V (s) is connected by a half-path. By the conditions of Lemma 2, the vertices u and w in the
orgraph t are connected by the half-path consisting of one arc (u,w). If the vertex u′ belongs
to the set V (s) and is di�erent from the vertex u, then in the orgraph t it is connected with
the vertex w by a half-path that is a union of the arc (u,w) and a half-path connecting the
vertices u and u′. Thus, any pair of vertices of the orgraph t is connected by a half-path.
Therefore, the orgraph t is weakly connected.

Let us now prove that the orgraph t has no contours. Since the tree s has no contours, the
orgraph t has no contours in which all arcs belong to the tree s. Therefore, if the orgraph t
has a contour, then this contour contains the arc (u,w), and therefore also contains the
vertex w. But in the orgraph t, only one arc (u,w) comes in the vertex w and no arc goes
out of it. Therefore, the vertex w cannot belong to any contour. This implies that the
orgraph t has no contours.

Further, in the orgraph t, only one vertex v = 1 has in-degree zero [16][17], and all other
vertices of t have in-degree 1. Thus, the vertex v = 1 is the only source [16][17] of a (weakly)
connected orgraph t that has no contours and satis�es the condition: all vertices of the
orgraph t, except for the source v = 1, have unit in-degree.

Such a graph is called [12, 16, 17] an outgoing (growing) tree. By the conditions of
Lemma 2, t is a rooted orgraph with the vertex v = 1 as its root. Therefore, the tree t is

5



(see [12, 16, 17]) a rooted growing tree. The �rst assertion of Lemma 2 is proved.
Let us now prove the second assertion of Lemma 2. By the conditions of Lemma 2, in

the tree t the only arc incident to the vertex w is the arc (u,w). Therefore, in the tree t,
any half-path connecting the vertex w with the root of the tree t is the union of the arc
(u,w) and the half-path connecting the vertex u with the root v = 1. This leads us to two
conclusions.

First, from here and from the de�nition of a half-path [16][17] it follows that the vertex w
cannot belong to any half-path that in the tree t connects the vertex u with the root v = 1.
Hence, by the de�nition of the tree t, it follows that all half-paths connecting the vertex u
with the root v = 1 in the tree t have the following property: all vertices of any such half-
path belong to the set V (s). Therefore, any half-path, which connects the vertex u with the
root v = 1 in the tree t, belongs to the tree s. This means that the shortest half-path that
in the tree t connects the vertex u with the root v = 1 belongs to the tree s. Moreover, this
half-path is the shortest half-path connecting the vertex u with the root v = 1 in the tree s.

Second, the shortest half-path, which in the tree t connects the vertex w with the root
v = 1 is the union of the arc (u,w) and the shortest half-path connecting the vertex u with
the root v = 1 in the tree t. Consequently, in the tree t, the length of the shortest half-path
connecting the vertex w with the root v = 1 is one greater than the length of the shortest
half-path that in the tree t connects the vertex u with the root v = 1.

These two conclusions imply the following corollary: in the tree t, the length of the
shortest half-path, which in the tree t connects the vertex w with the root v = 1, one more
than the length of the shortest half-path, which in the tree s connects the vertex u with the
root v = 1.

Recall that in a rooted oriented tree, the length of the shortest half-path that connects
a vertex of this tree with the root is called the height of this vertex. Therefore, from the
above corollary the second assertion of Lemma 2 follows. Lemma 2 is completely proved. ▶

Lemma 3. Let a rooted growing tree s belong to the set TRc(m′), where m′ is a vector
belonging to the set M(H) for some natural number H. Let u be a vertex belonging to the
vertices set V (s). And let t be a rooted growing tree, having as its root the vertex v = 1 and
obtained by adding the vertex w = ||m′||+ 2 and the arc (u,w) to the tree s.

If, in addition, the vertex u belongs to the vertices layer V (s,H), then the tree t belongs
to the set TRc(m), where the vector m belongs to the set M(H + 1, 1) and is the (H + 1)-
dimensional vector satisfying the conditions: mH+1 = 1, and all other components of the
vector m coincide with the corresponding components of the vector m′.

If the vertex u belongs to the vertices layer V (s,H − 1), then the tree t belongs to the
set TRc(m), where the vector m belongs to the set M(H,m′

H + 1) and is the H-dimensional
vector satisfying the conditions: mH = m′

H + 1, and all other components of the vector m
coincide with the corresponding components of the vector m′.

Proof. It follows from the conditions of Lemma 3 that the vector m′ belongs to the set
M′(n,H), where n = ||m′|| + 1. From this and from the conditions of Lemma 3, according
to Remark 1, it follows that the set Vn, where n = ||m′||+1, is the set V (s) of vertices of the
tree s. It follows from the conditions of Lemma 3 that the set V (t) of vertices of the tree t
is the union of the set V (s) of vertices of the tree s with the set consisting of one vertex
w = ||m′|| + 2 = n + 1. This means that the set V (t) is the set Vn+1, where n = ||m′|| + 1,
while the tree t belongs to the set Tn+1. This implies that the vertex w is the highest vertex
in the set V (t) and, therefore, the inequality v < w is satis�ed for all vertices v belonging to
the set V (t) and satisfying the condition: v ̸= w.
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From the conditions of Lemma 3 by Remark 3 it follows that the set V (s) of vertices of
the tree s is layer-ordered.

Consider the case where the vertex u belongs to to the vertices layer V (s,H). We
introduce into consideration (H+1)-dimensional vectorm whose componentmH+1 is de�ned
by the equality mH+1 = 1, and all its other components coincide with the corresponding
components of the vector m′. The vector m thus de�ned belongs to the set M′(n,H + 1),
where n = ||m||+ 1 = ||m′||+ 2.

Let us prove that the set V (t) of the vertices of the tree t is layer-ordered. From the
conditions of Lemma 3 and De�nition 2 it follows that the layers of the vertices of the tree t
satis�es the condition:

(C1) if v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), where 1 ≤ h′ < h′′ ≤ H, then v′ < v′′.
As already proved above, the inequality v < w is satis�ed for all vertices v, belonging

to the set V (t) and satisfying the condition: v ̸= w. And since the layer V (t,H + 1) of
vertices of the tree t contains only one vertex w, no other verteces layer of tree t contains
vertex w and any vertex v′ of the tree t other than the vertex w does not belong to the layer
V (t,H + 1). Hence, the vertex v′ belongs to some other layer V (t, h′) of vertices of the tree
t. Obviously, here the height h′ satis�es the inequality h′ ̸= H + 1. And since the height of
the tree t is equal to H + 1, the height h′ also satis�es the inequality h′ < H + 1. Moreover,
none of the verteces layers of the tree t, except for the verteces layer V (t,H + 1), contains
the vertex w.

Therefore, the vertices layers of the tree t satisfy the condition: if v′ ∈ V (t, h′), where
1 ≤ h′ < H + 1, then v′ < w. Since the the vertices layers of the tree t also satisfy the
condition (C1), these layers satisfy the condition (C). Hence, by De�nition 2 it follows that
the set V (t) of the vertices of the tree t is layer-ordered. Since the tree t belongs to the set
T (m), then by Remark 3 it belongs to the set TRc(m). Recall that the vector m, by its
construction, is a (H+1)-dimensional vector that satis�es the conditions: 1)m ∈ M(H+1, 1)
by the de�nition of the set M(H + 1, 1); 2) mH+1 = 1, and all other components of the
vector m coincide with the corresponding components of the vector m′.

Thus, all assertions of Lemma 3 formulated for the case when u ∈ V (s,H) are proved.
Let us now consider the case when the vertex u belongs to the layer V (s,H − 1) of

the vertices of the tree s. Let us introduce into consideration the H-dimensional vector m
whose component mH is de�ned by the equality mH = m′

H +1, and all its other components
coincide with the corresponding components of the vector m′. The vector m thus de�ned
belongs to the set M′(n,H), where n = ||m||+ 1 = ||m′||+ 2.

In this case, the height of the vertex u in the tree s is equal to H − 1. From this, by
Lemma 2, it follows that the height of the vertex w in the tree t is equal to H, the vertex
w = ||m′|| + 2 belongs to the vertices layer V (t,H) of the tree t, where the vertices layer
V (t,H) is the union of the set of the vertices belonging to the vertices layer V (s,H) of the
tree s with the set consisting of one vertex w = ||m′||+ 2 = n+ 1. This and the conditions
of Lemma 3 imply that the vertices layer V (t,H) contains m′

H + 1 vertices, and all other
vertices layers of the tree t coincide with the corresponding vertices layers of the tree s.
Obviously, the vector m(t) coincides with the vector m, and the tree t belongs to the set
T (m).

Let us prove that the set V (t) of vertices of the tree t is layer-ordered.
Since the set V (s) of vertices of the tree s is layer-ordered, by De�nition 2 the vertices

layers of the tree s satisfy condition (C). It follows that these layers of the tree s satisfy the
conditions:
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(C2) if v′ ∈ V (s, h′), v′′ ∈ V (s, h′′), where 1 ≤ h′ < h′′ ≤ H − 1, then v′ < v′′;
and
(C3) if v′ ∈ V (s, h′), v′′ ∈ V (s,H), where 1 ≤ h′ < H, then v′ < v′′.
Since by the conditions of Lemma 3 V (t, h′) = V (s, h′) for 1 ≤ h′ < H, and the set V (s)

is represented by the equality V (s,H) = V (t,H)\{w}, then conditions (C2) and (C3) imply
that the vertices layers of the tree t satisfy the conditions:

(C4) if v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), where 1 ≤ h′ < h′′ ≤ H − 1, then v′ < v′′;
and
(C5) åñëè v′ ∈ V (t, h′), v′′ ∈ [V (t,H) \ {w}], where 1 ≤ h′ < H, then v′ < v′′.
As already proved above, the inequality v < w is satis�ed for all vertices v belonging to

the set V (t) and satisfying the condition: v ̸= w. In particular, this inequality is satis�ed
for all vertices v belonging to the vertices layers V (t, 1), V (t, 2), . . . , V (t,H−1) of the tree t.
Since in this case the vertices layers of the tree t satisfy the condition (C5), and the vertices
layer V (t,H) of the tree t is the union of the set of vertices belonging to the layer V (s,H)
with the set consisting of one vertex w = ||m′|| + 2 = n + 1, then the vertices layers of the
tree t satisfy the condition:

(C6) if v′ ∈ V (t, h′), v′′ ∈ V (t,H), where 1 ≤ h′ < H, then v′ < v′′.
Since the vertices layers of the tree t also satisfy the condition (C4), then these layers

satisfy the condition (C). From this, by De�nition 2, it follows that the vertices set V (t) of
the tree t is layer-ordered. Since the tree t belongs to the set T (m), then, by Remark 3, it
belongs to the set TRc(m), where the vector m belongs to the set M(H,m′

H +1) and is the
H-dimensional vector satisfying the conditions: mH = m′

H + 1, and all other components
of the vector m coincide with the corresponding components of the vector m′. Thus, the
assertion of Lemma 3 in the case when u ∈ V (s,H − 1) is proved. Lemma 3 is completely
proved. ▶

Let a tree s belongs to the set TRc(m′) and let u be a vertex belonging to the vertices
set V (s). Let us introduce the notation:

T 1(s) is the set of labeled rooted growing trees t obtained by adding the vertex w =
||m′||+ 2 and the arc (u,w) to the tree s, where u ∈ V (s,H(s));

T 2(s) is the set of labeled rooted growing trees t obtained by adding the vertex w =
||m′||+ 2 and the arc (u,w) to the tree s, where u ∈ V (s,H(s)− 1).

Denote by Bs the mapping of the set of vertices V (s,H(s)) onto the set T 1(s) of labeled
rooted growing trees, setting that the image of a vertex u ∈ V (s,H(s)) is the tree t ∈ T 1(s)
that is obtained by adding the vertex w = ||m′||+ 2 and the arc (u,w) to the tree s.

Lemma 2 and the de�nition of the set T 1(s) imply the following
Corollary 1. Let a tree s belong to the set TRc(m′). Then the mapping Bs of the vertices

set V (s,H(s)) to the set T 1(s) of labeled rooted growing trees is a bijection [13].
Symbolically, the bijection Bs can be represented as follows:

t = Bsu =
(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
, u ∈ V (s,H(s)) . (11)

Here and below {||m′||+ 2} denotes the one-element set containing the vertex
||m′||+ 2; {(u, ||m′||+ 2)} denotes the one-element set containing the arc
(u, ||m′||+ 2).

Then the set T 1(s) of labeled rooted growing trees, where the tree s belongs to the set
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TRc(m′), symbolically can be represented as follows:

T 1(s) = BsV (s,H(s)) ={(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{
(u, ||m′||+ 2)

})
: u ∈ V

(
s,H(s)

)}
. (12)

By B−1
s (t) denote the inverse image of a tree t ∈ T 1(s) under the mapping Bs. Then it

follows from formula (11) that the set X(t) of arcs of the tree t ∈ T 1(s) can be represented
as follows:

X(t) = X(s)
⋃{(

B−1
s (t), ||m′||+ 2

)}
(13)

Here and below, {(B−1
s (t), ||m′||+ 2)} denotes one-element set that contains the arc

(B−1
s (t), ||m′||+ 2).

By B̃s denote the mapping of the vertices set V (s,H(s) − 1) onto the set T 2(s) of
labeled rooted growing trees, setting that the image of the vertex u, which belongs to the
set V (s,H(s) − 1), is the tree t ∈ T 2(s) obtained by adding the vertex w = ||m′|| + 2 and
the arc (u,w) to the tree s.

Lemma 2 and the de�nition of the set T 2(s) imply the following

Corollary 2. Let the tree s belong to the set TRc(m′). Then the mapping B̃s of the
vertices set V (s,H(s) − 1) onto the set T 2(s) of labeled rooted growing trees is a bijection
[13].

Symbolically, the bijection B̃s can be represented as follows:

t = B̃su =
(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
, u ∈ V (s,H(s)− 1). (14)

Then the set T 2(s) of labeled rooted growing trees, where the tree s belongs to the set
TRc(m′), symbolically can be represented as follows:

T 2(s) = B̃sV (s,H(s)− 1) ={(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
: u ∈ V (s,H(s)− 1)

}
. (15)

By B̃−1
s (t) denote the inverse image of a tree t ∈ T 1(s) under the mapping B̃s. Then it

follows from formula (14) that the set X(t) of arcs of the tree t ∈ T 2(s) can be represented
as follows:

X(t) = X(s)
⋃{(

B̃−1
s (t), ||m′||+ 2

)}
. (16)

Here and below,
{(

B̃−1
s (t), ||m′||+ 2

)}
denotes one-element set that contains the arc

(B̃−1
s (t), ||m′||+ 2).

Lemma 4. If the labeled rooted growing trees s and s′ belong to the same set TRc(m′)
and are not equal to each other, then the sets T 1(s) and T 1(s′) labeled by these trees do not
intersect.

Proof. Assume that the sets T 1(s) and T 1(s′) intersect. Then there is a labeled rooted
growing tree t that belongs to both T 1(s) and T 1(s′). Then it follows from the de�nition of
the sets T 1(s) and T 1(s′) that the tree t can be obtained in two ways: (1) by the addition
to the tree s of the vertex w = ||m′||+2 and the arc, which belongs to the tree t and comes
in the vertex w; (2) by the addition the same vertex and the same arc to the tree s′.
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But since the trees s and s′ are not equal to each other, the tree constructed by method (1)
di�ers from the tree constructed by method (2). This result contradicts our assumption.
Therefore, this assumption is false and the sets T 1(s) and T 1(s′) do not intersect. Lemma 4
is proved. ▶

Theorem 1. Let the vectors m and m′ belong to the sets M(H, 1) and M(H − 1),
respectively, where H is a natural number satisfying the inequality H ≥ 2. If, in addition,
all components of the vector m′ coincide with the corresponding components of the vector
m, then the set TRc(m) expandes into pairwise disjoint subsets of type T 1(s) labeled by trees
from the set TRc(m′):

TRc(m) =
⋃

s∈TRc(m′)

T 1(s). (17)

Proof. Let m and m′ be vectors, satisfying the conditions of Theorem 1. If, in addition,
the tree s belongs to the set TRc(m′), then by Lemma 3 from the de�nition of the set T 1(s)
of labeled rooted growing trees it follows that the set T 1(s) is a subset of the set TRc(m).

From the conditions of Theorem 1 by Remark 5 it also follows that the subtree s(t) of
any tree t from the set TRc(m) belongs to the set TRc(m′). And from the de�nition of the
subtree s(t) of the tree t it follows that the tree t is obtained by adding to the tree s(t)
of the vertex w = ||m′|| + 2 and of the arc which comes in the vertex w and outgoes from
some vertex u ∈ V (s,H(s)) of the tree s(t). This implies that the tree t belongs to the set
T 1(s(t)) by the de�nition of this set.

From the established relations between the set TRc(m) and its subsets of type T 1(s),
where s ∈ TRc(m′), and from Lemma 4 the assertion of Theorem 1 follows. ▶

Lemma 5. If labeled rooted growing trees s and s′ belong to the same set TRc(m′) and
are not equal to each other, then the sets T 2(s) and T 2(s′) labeled by these trees do not
intersect.

Proof. Assume that the sets T 2(s) and T 2(s′) intersect. Then there exists a labeled
rooted growing tree t that belongs to both T 2(s) and T 2(s′). Then from the de�nition of
the sets T 2(s) and T 2(s′) implies that the tree t can be obtained in two ways: (1) by the
addition to the tree s of the vertex w = ||m′|| + 2 and the arc, which belongs to the tree t
and comes in the vertex w; (2) by the addition the same vertex and the same arc to the tree
s′.

But since the trees s and s′ are not equal to each other, the tree constructed by method (1)
di�ers from the tree constructed by method (2). This result contradicts our assumption.
Therefore, this assumption is false and the sets T 2(s) and T 2(s′) do not intersect. Lemma 5
is proved. ▶

Theorem 2. Let the vectors m and m′ belong to the sets respectively M(H, k) and
M(H, k − 1), where H and k are natural numbers satisfying the inequalities H ≥ 2 and
k ≥ 2. If all components of the vector m′, except for the component m′

H = k − 1 = mH − 1,
coincide with the corresponding components of the vector m, then the set TRc(m) is expanded
into pairwise disjoint subsets of type T 2(s) labeled by trees from the set TRc(m′):

TRc(m) =
⋃

s∈TRc(m′)

T 2(s). (18)

Proof. Let m and m′ be vectors, satisfying the conditions of Theorem 2. If, in addition,
the tree s belongs to the set TRc(m′), then by Lemma 3 from the de�nition of the set T 2(s)
of labeled rooted growing trees it follows that the set T 2(s) is a subset of the set TRc(m).
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From the conditions of Theorem 2 by Remark 5 it also follows that the subtree s(t) of
any tree t from the set TRc(m) belongs to the set TRc(m′). And from the de�nition of the
subtree s(t) of the tree t it follows that the tree t is obtained by adding to the tree s(t) of
the vertex w = ||m′||+2 and of the arc which comes in the vertex w and outgoes from some
vertex u ∈ V (s,H(s) − 1) of the tree s(t). This implies that the tree t belongs to the set
T 2(s(t)) by the de�nition of this set.

From the established relations between the set TRc(m) and its subsets of type T 2(s),
where s ∈ TRc(m′), and from Lemma 5 the assertion of Theorem 2 follows. ▶

3. The rest of the article outlines one way to apply these classi�cations to simplify the tree
representation [12] of a function. As a function whose tree representation is to be simpli�ed,
we choose the following real function φ(r)n of n variables r1, r2, . . . , rn

φm(r)n =
∑

t∈TRc(m)

∏
(u,v)∈X(t)

g(u,v). (19)

Here and below, m denotes an H-dimensional vector with natural components, n denotes
the number de�ned by formula (1), g(u,v) denotes a labeled by arc (u, v) real function of n
variables r1, r2, . . . , rn that take on values in the ν-dimensional real Euclidean space Rν .

The representation of the function φ(r)n by formula (19) is called the tree representation
of the function. It is this kind of tree representations of functions can be integrands in
integrals representing Mayer coe�cients and coe�cients of other power series of classical
statistical mechanics.

Further in the article, a much simpler representation of the φ(r)n function will be pro-
posed. To this aim, we introduce the following notation:

m0 = 1; σm(h) =
h∑

i=0

mi, h = 0, H, (20)

where m1,m2, . . . ,mH are components of the vector m;

Vm(0) = {1}; Vm(h) = {v : [σm(h− 1) + 1] ≤ v ≤ σm(h)}, 1 ≤ h ≤ H. (21)

Sm(h, v) =
∑

u∈Vm(h−1)

g(u,v), ãäå v ∈ Vm(h); (22)

Pm(h) =
∏

v∈Vm(h)

Sm(h, v). (23)

In formulas (21), (22) and (23) the value h takes the values de�ned by the inequalities
1 ≤ h ≤ H.

Remark 6. Formulas (20) imply the equality σm(H) = ||m|| + 1. From here and from
formulas (21) it follows that the vertex w = ||m||+ 1 belongs to the set Vm(H).

Lemma 6. Let H and H ′ be two natural numbers, satisfying the inequality H ′ ≤ H,
while m and m′ be two vectors with natural components of dimension H and H ′, respectively.

Assume that for any i satisfying the inequalities 0 < i ≤ min{H ′, H − 1}, the component
m′

i of the vector m′ coincides with the component mi of the vector m. Then the following
statements are true:

1. For all natural numbers h satisfying the inequalities

0 < h ≤ min{H ′, H − 1}, (24)
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the equalities
σm′(h) = σm(h), (25)

Vm′(h) = Vm(h), (26)

Sm′(h, v) = Sm(h, v), (27)

Pm′(h) = Pm(h) (28)

hold.
2. If the satisfying the conditions of Lemma 6 vectors m and m′ have the same dimen-

sion H, then for all vertices v belonging to the set Vm′(H) ∩ Vm(H), the equality

Sm′(H, v) = Sm(H, v). (29)

holds.
Proof. It follows from the formulas (20) and the conditions of Lemma 6 that for all

natural numbers h satisfying inequalities (24), equality (25) holds. From here and from for-
mulas (21) it follows that for all natural numbers h satisfying inequalities (24), equality (26)
holds. From here and from formulas (22) it follows that for all natural numbers h satisfying
inequalities (24), equality (27) holds. Finally, it follows from equality (27) and formulas (23)
that for all natural numbers h satisfying inequalities (24), equality (28) holds. Eualities (25),
(26), (27), and (28) are proved.

Let us now prove the second assertion of Lemma 6. Since the vectors m and m′ have the
same dimension H, by assertion 1 of Lemma 6 the equality

Vm′(H − 1) = Vm(H − 1). (30)

takes place. Equality (30) for all v vertices implies the equality∑
u∈Vm′ (H−1)

g(u,v) =
∑

u∈Vm(H−1)

g(u,v), (31)

The formula (22) implies the equalities

Sm′(H, v) =
∑

u∈Vm′ (H−1)

g(u,v), where v ∈ Vm′(H);

Sm(H, v) =
∑

u∈Vm(H−1)

g(u,v), where v ∈ Vm(H). (32)

The formulas (31) and (32) imply assertion 2 of Lemma 6. Lemma 6 is completely proved.
▶

By Vm = {Vm(h) : 0 ≤ h ≤ H} denote the population of sets de�ned by formulas
(21). Remark 7. From the de�nition of the population Vm it follows that the sets
included in it do not intersect, and their union is the set Vn, where the number n is de�ned
by formula (1).

It follows from formulas (20) and (21) that the sets belonging to the population Vm satisfy
the condition

(C) if v′ ∈ Vm(h′), v′′ ∈ Vm(h′′), where 0 ≤ h′ < h′′ ≤ H, then v′ < v′′.
Finally, these formulas imply that the cardinality of any set Vm(h) from Vm is equal to

component mh of vector m.
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Remark 8. From the de�nition of the sets Vm(h) by formulas (21) (where h = 0, H),
from the de�nition of the numbers σm(h) by formulas (20) and from the de�nition of the
number n by formula (1) follows

H⋃
h=0

Vm(h) = Vn. (33)

Lemma 7. Let the tree t belong to the set TRc(m), where the vector m has dimension
H ≥ 1. Then the equality

V (t,H(t)) = Vm(H), (34)

holds. Here the vertices set Vm(H) is de�ned by formulas (21).
If the vector m has dimension H ≥ 2, then also the equality

V (t,H(t)− 1) = Vm(H − 1), (35)

holds. Here the vertices set Vm(H − 1) is de�ned by formulas (21).
Proof. In the case H = 1, the vector m has dimension H = 1 and contains only one

component m1. In this case, the following equalities hold:

H(t) = H = 1; m(t, 0) = 1; m(t, 1) = m1;

σ(t, 0) = 1; σ(t, 1) = 1 +m1; V (t, 1) = {v : 2 ≤ v ≤ 1 +m1}. (36)

By formulas (20) and (21) we obtain: σm(0) = 1, σm(1) = 1 +m1, and �nally

Vm(1) = {v : 2 ≤ v ≤ 1 +m1}. (37)

Formulas (36) and (37) imply the equality V (t, 1) = Vm(1). By this equality Lemma 7 in
the case H = 1 is proved.

Let us now prove Lemma 7 in the case H > 1. The conditions of Lemma 7 imply the
equalities

H(t) = H; m(t) = m; V (t,H(t)) = V (t,H). (38)

Formulas (38) and Remark 7 imply that for any h = 0, H the cardinalities of the sets
V (t, h) and Vm(h) are equal. In particular, the cardinalities of the sets V (t,H(t)) and Vm(H)
are equal, and the cardinalities of the sets V (t,H(t)− 1) and Vm(H − 1) are also equal.

Formulas (38) and Remarks 1 and 8 imply that the set V (t) of the vertices of the tree t
and the union of all sets, belonging to the population Vm, coincides with the set Vn, where
the number n is de�ned by formula (1).

Let us prove the equality (34) by contradiction. Let's assume that this equality is wrong.
Then, taking into consideration the equality cardinalities of the sets V (t,H(t)) and Vm(H),
we arrive at to the following conclusions:

(a) At least one vertex of the set V (t,H(t)) does not belong to the set Vm(H), and hence
belongs to some set Vm(h), where h < H. Let's denote this vertex by v.

(b) At least one vertex of the set Vm(H) does not belong to the set V (t,H(t)), and hence
belongs to some set V (t, h′), where h′ < H(t). Let's denote this vertex by v′.

Thus, the vertices v′ and v belong to the sets, respectively, Vm(H) and Vm(h), where
H and h satisfy the inequality H > h. By Remark 7, this implies the inequality v < v′.
Moreover, the vertices v and v′ belong to the sets V (t,H(t)) and V (t, h′), respectively, where
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H(t) and h′ satisfy the inequality H(t) > h′. From this inequality and the inequality v < v′

by De�nition 2, it follows that the set V (t) of vertices of the tree t is not layer-ordered. By
the conditions of Lemma 7, the tree t belongs to the set TRc(m). Therefore, the conclusion
drawn is in contradiction with Remark 3, asserting that the set TRc(m) does not contain any
tree t whose vertices set V (t) is not layer-ordered. Consequently, our assumption is wrong,
but the equality (34) is true.

We now prove by contradiction that in the case H > 1 under the conditions of Lemma 7
equality (35) is also true. Let's assume that this equality is wrong. Then, the equality of
the cardinality of the set V (t,H(t)− 1) to the cardinality of the set Vm(H − 1) implies the
following conclusions:

(a') At least one vertex of the set V (t,H(t)− 1) does not belong to the set Vm(H − 1).
From the already proven equality (34) it follows that this vertex cannot also belong to the
set Vm(H) and, therefore, belongs to some set Vm(h′′), where h′′ < H − 1. Let's denote this
vertex by v′′.

(b') At least one vertex of the set Vm(H − 1) does not belong to the set V (t,H(t)− 1).
It follows from the already proved equality (34) that this vertex cannot also belong to the
set V (t,H(t)) and hence belongs to some set V (t, h′′′)), where h′′′ < H(t)− 1. Let's denote
this vertex by v′′′.

Thus, the vertices v′′′ and v′′ belong to the sets, respectively, Vm(H − 1) and Vm(h′′),
where H − 1 and h′′ satisfy the inequality H − 1 > h′′. By Remark 7, this implies the
inequality v′′ < v′′′. Moreover, the vertices v′′ and v′′′ belong to the sets V (t,H(t)− 1) and
V (t, h′′′), respectively, where H(t) − 1 and h′′′ satisfy the inequality H(t) − 1 > h′′′. This
inequality and the inequality v′′ < v′′′ by De�nition 2 imply that the set V (t) of vertices
of the tree t is not layer-ordered. By the conditions of Lemma 7, the tree t belongs to the
set TRc(m). Therefore, the conclusion drawn is in contradiction with Remark 3, asserting
that the set TRc(m) does not contain any tree t whose vertices set V (t) is not layer-ordered.
Consequently, our assumption is wrong, but equality (35) is true. Lemma 7 is completely
proved. ▶

Theorem 3. For any H-dimensional vector m with natural components, any function
φm(r)n that has a tree representation by formula (19), can be represented by the product

φm(r)n =
H∏

h=1

Pm(h), (39)

where the number n is de�ned by formula (1) and the function Pm(h) is de�ned by for-
mula (23).

Before giving the proof of Theorem 3, we give an example in which we consider a par-
ticular case of formula (39), and also formulate and prove two auxiliary lemmas and their
corollaries.

Example 2. Consider the case when H = 1. Then the vector m contains only one
component m1. As noted in Example 1, in this case the set TRc(m) coincides with the set
T (m) and contains only one tree t that is a star, whose center is the root v = 1. From
formula (20) follows: σm(0) = 1; σm(1) = 1 +m1. Hence, applying formulas (21), we �nd
the sets of vertices

Vm(0) = {1} and Vm(1) = {v : σm(0) < v ≤ σm(1)} (40)
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The set X(t) of arcs of such a tree is represented by formula

X(t) = {(1, v) : v ∈ Vm(1)}. (41)

Using these results from formula (22) we obtain

Sm(1, v) = g(1,v), where v ∈ Vm(1). (42)

In the case under consideration, the representation of the function φm(r)n by formula
(19) has the form

φm(r)n =
∏

(1,v)∈X(t)

g(1,v). (43)

From here and from formula (42), as well as from the de�nitions of the sets X(t) and Vm(1)
by formulas (41) and (40), the following representation of the function φm(r)n follows:

φm(r)n =
∏

v∈Vm(h)

S(h, v), (44)

where H = h = 1. Hence, applying the de�nition of the function Pm(h) by formula (23), we
obtain the representation of the function φm(r)n in the form:

φm(r)n = Pm(1), (45)

which is a particular case of formula (39) for all m ∈ M(H), where H = 1. Thus, for H = 1
the assertion of Theorem 3 is proved for all m ∈ M(H).■

Lemma 8. Assume that for a given natural number H ′, satisfying the inequality H ′ ≥ 1,
and for all vectors m ∈ M(H ′) any function φm(r)n, which has a tree representation by
formula (19), can be represented by formula (39), where H = H ′, as a product of functions.
Then for all vectors m belonging to the set M(H ′ + 1, 1), any function φm(r)n that has a
tree representation by formula (19), can be represented by formula (39), where H = H ′ + 1,
as a product of functions.

Proof. Let a vector m belong to the set M(H ′ + 1, 1). In this case, there is the
expansion (17) of the set TRc(m) of rooted growing trees into disjoint subsets. Using this
expansion, the tree representation of the function φm(r)n by formula (19) can be transformed
as follows:

φm(r)n =
∑

s∈TRc(m′)

∑
t∈T 1(s)

∏
(u,v)∈X(t)

g(u,v), (46)

where m′ is the H ′-dimensional vector which belongs to the set M(H ′) and such that all it's
component coincide with the corresponding components of the vector m.

To simplify the notation, we denote u(t) = B−1
s (t). The representation of the set X(t) of

arcs of a tree t ∈ T 1(s) by formula (13) implies∏
(u,v)∈X(t)

g(u,v) = g(u(t),w)

∏
(u,v)∈X(s)

g(u,v), (47)

where w = ||m′|| + 2. Substituting in the right side of the equality (46) instead of the
product, which is the left side of the equality (47), the right side of the equality (47), we
obtain

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
t∈T 1(s)

g(u(t),w), (48)
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Since the tree s belongs to the set TRc(m′), then, �rst, by Corollary 1, the mapping Bs of
the vertices set V (s,H(s)) onto the set T 1(s) of labeled rooted growing trees is a bijection.
Therefore the mapping B−1

s is one-to-one mapping of the set T 1(s) onto the set V (s,H(s)).
This implies the equality ∑

t∈T 1(s)

g(u(t),w) =
∑

u∈V (s,H(s))

g(u,w). (49)

Second, by Lemma 7 we have the equality

V (s,H(s)) = Vm′(H ′), (50)

where H(s) = H ′, and the vertices set Vm′(H ′) is de�ned by formulas (21).
Formulas (49) and (50) imply the equality∑

t∈T 1(s)

g(u(t),w) =
∑

u∈Vm′ (H′)

g(u,w). (51)

Substituting in the right side of the equality (48) instead of expression on the left side of
the equality (51), the expression on the right side of the equality (51), we obtain

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
u∈Vm′ (H′)

g(u,w). (52)

Note that for h = H ′ + 1 and v = w the equality (22) becomes

Sm(H ′ + 1, w) =
∑

u∈Vm(H′)

g(u,w), where w ∈ Vm(H ′ + 1). (53)

Since the vectors m and m′, by de�nition, satisfy the conditions of Lemma 6, then Lemma 6
implies, in particular, the equality Vm′(H ′) = Vm(H ′). Applying this equality, we transform
the equality (53) as follows:

Sm(H ′ + 1, w) =
∑

u∈Vm(H′)

g(u,w) =
∑

u∈Vm′ (H′)

g(u,w), ãäå w ∈ Vm(H ′ + 1); (54)

Replacing on the right side of the equality (52) the expression that is the right side of the
equality (54) with the expression on the left side of the equality (54), we obtain

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Sm(H ′ + 1, w), (55)

Recall that in the equality (55) the vector m belongs to the set M(H ′ + 1, 1) and therefore
satis�es the condition mH′+1 = 1. From here and from formulas (20) and (21) it follows

σm(H ′) = ||m||; σm(H ′ + 1) = ||m||+ 1; Vm(H ′ + 1) = {w}, (56)

where w = ||m||+ 1. From formulas (23) and (56) it follows

Pm(H ′ + 1) = Sm(H ′ + 1, w). (57)
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Replacing on the right side of the equality (55) the expression that is the right part of the
equality (57), by the expression on the left side equality (57), we obtain

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Pm(H ′ + 1), (58)

The sum on the right side of the equality (58) is the tree representation of the function
φm′(r)n−1 as it de�ned by formula (19):∑

s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) = φm′(r)n−1, (59)

where n is de�ned by formula (1), m′ ∈ M(H ′) is H ′-dimensional vector, all components
of which coincide with the corresponding components of the vector m. By assumption, the
assertion of Theorem 3 is true for the function φm′(r)n−1. Therefore, the sum on the left
side of the equality (59) can be represented as

∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) =
H′∏
h=1

Pm′(h), (60)

Substituting on the right side of the equation (58) instead of the sum on the left side of the
equation (60) the product on the right side of the equation (60), we obtain

φm(r)n =

(
H′∏
h=1

Pm′(h)

)
Pm(H ′ + 1). (61)

Further, from the de�nition of the vectors m′ and m it follows that these vectors satisfy the
conditions of Lemma 6. By Lemma 6, this implies that the equalities (28) hold for h ≤ H ′.
Applying these equalities, from formula (61) we obtain

φm(r)n =

(
H′∏
h=1

Pm(h)

)
Pm(H ′ + 1) =

H′+1∏
h=1

Pm(h) =
H∏

h=1

Pm(h), (62)

Where H = H ′ + 1. Thus, Lemma 8 is proved. ▶
Lemma 9. Assume that for a given natural number H satisfying the inequality H ≥ 1,

for a given natural number k and for all vectors m ∈ M(H, k) any function φm(r)n that
has a tree representation by formula (19) can be represented by formula (39) as a product of
functions. Then for all vectors m belonging to the set M(H, k+1), any the function φm(r)n,
which has the tree representation by formula (19), can be represented by formula (39) as a
product of functions.

Proof. Let the vector m belongs to the set M(H, k + 1). In this case, there is an
expansion (18) of the set TRc(m) of rooted growing trees into disjoint subsets. Using this
expansion, the tree representation of the function φm(r)n by formula (19) can be transformed
as follows:

φm(r)n =
∑

s∈TRc(m′)

∑
t∈T 2(s)

∏
(u,v)∈X(t)

g(u,v), (63)
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where m′ ∈ M(H, k) is the H-dimensional vector satisfying the conditions: mH = k, and all
other its components coincide with the corresponding components of the vector m.

In order to simplify the designations, we denote ũ(t) = B̃−1
s (t). From the presentation of

the set X(t) of the arcs of a tree t ∈ T 2(s) by formula (16) it follows∏
(u,v)∈X(t)

g(u,v) = g(ũ(t),w)

∏
(u,v)∈X(s)

g(u,v), (64)

where w = ||m′||+ 2.
From the de�nition of the vectors m and m′ implies the equality ||m|| = ||m′|| + 1.

Therefore, the vertex w = ||m′||+2 can be represented as follows: w = ||m||+1. From this,
by Remark 6, it follows that the vertex w = ||m||+ 1 belongs to the set Vm(H):

w ∈ Vm(H). (65)

Substituting into the right side of the equality (63) instead of the product that is the left
part of equality (64), the right side of the equality (64), we obtain

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
t∈T 2(s)

g(u(t),w). (66)

Since the tree s belongs to the set TRc(m′), two conclusions follow:

First, by Corollary 2, the mapping B̃s of the vertices set V (s,H(s)−1) onto the set T 2(s)

of labeled rooted growing trees is a bijection. Therefore, the mapping B̃−1
s is a one-to-one

mapping of the set T 2(s) onto the set V (s,H(s)− 1). This implies the equality∑
t∈T 2(s)

g(u(t),w) =
∑

u∈V (s,H(s)−1)

g(u,w). (67)

Second, by Lemma 7 we have the equality

V (s,H(s)− 1) = Vm′(H − 1), (68)

where H(s) = H, and the vertices set Vm′(H − 1) is de�ned by formulas (21).
Formulas (67) and (68) imply the equality∑

t∈T 2(s)

g(u(t),w) =
∑

u∈Vm′ (H−1)

g(u,w). (69)

Replacing on the right side of equality (66) the expression that is the left side of equality
(69) with the expression that is the right side of equality (69), we obtain

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
u∈Vm′ (H−1)

g(u,w). (70)

Further, from the de�nition of the vectors m′ and m it follows that the dimensions of
these vectors are equal to the same number H, while the components of these vectors satisfy
the conditions of Lemma 6. Hence, by Lemma 6 it follows that for h < H we have the
equalities (26), (27) and (28).
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Using equalities (26) and formulas (65) and (22), we obtain∑
u∈Vm′ (H−1)

g(u,w) =
∑

u∈Vm(H−1)

g(u,w) = Sm(H,w), ãäå w ∈ Vm(H); (71)

Replacing on the right side of the equality (70) the expression that is the left side of
equalities (71) by the expression that is the right side of equality (71), we obtain

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Sm(H,w), (72)

From the de�nition of the function φm(r)n by formula (19) it follows∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) = φm′(r)n′ , (73)

where n′ is the number ||m′||+ 1. Replacing on the right side of equality (72) the sum that
is the left side of equality (73) by the expression that is the right side of equality (73), we
obtain

φm(r)n = φm′(r)n′Sm(H,w), (74)

By de�nition, the vector m′ belongs to the set M(H, k). It follows from this that, by the
condition of Lemma 9, the function φm′(r)n′ , which has a tree representation by formula (19),
can be represented by the product:

φm′(r)n′ =
H∏

h=1

Pm′(h). (75)

Here the functions Pm′(h) are de�ned by formula

Pm′(h) =
∏

v∈Vm′ (h)

Sm′(h, v). (76)

In particular,

Pm′(H) =
∏

v∈Vm′ (H)

Sm′(H, v). (77)

From formulas (75), (77) and (28) it follows

φm′(r)n′ =

(
H−1∏
h=1

Pm(h)

)
Pm′(H) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v). (78)

From here and from formula (74) it follows

φm(r)n =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v)

Sm(H,w). (79)
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Further, the de�nitions of the vectors m′ and m imply the equalities mH = k + 1 and
m′

H = k . From here and from formulas (20), (21) and (22) it follows that for h = H the
equalities

σm(H) = σm′(H) + 1 = w; Vm′(H) = {v : σm′(H − 1) + 1 ≤ v ≤ σm′(H)};
Vm(H) = {v : σm(H − 1) + 1 ≤ v ≤ σm(H)}. (80)

take place. Let us introduce the set V ′
m(H) into consideration, setting

V ′
m(H) = {v : σm(H − 1) + 1 ≤ v ≤ σm(H)− 1}. (81)

The formulas (80) and (81) imply

Vm(H) = V ′
m(H)

⋃
{w}. (82)

In addition, (80) implies the equality

σm′(H) = σm(H)− 1. (83)

As proved above, for all natural values of h satisfying inequalities 0 < h < H, equality (25)
holds. In particular, this equality also holds for h = H − 1:

σm′(H − 1) = σm(H − 1). (84)

From the de�nition of the sets Vm′(H) and V ′
m(H) by formulas, respectively, (80) and (81)

and from equalities (83) and (84) it follows that the sets Vm′(H) and V ′
m(H) coincide. From

here and from equality (82) follows the equality

Vm(H) = Vm′(H)
⋃

{w}. (85)

Since the sets Vm′(H) and V ′
m(H) coincide, it follows from assertion 2 of Lemma 6 that

the sums Sm′(H, v) and Sm(H, v) coincide if the vertex v belongs to the set Vm′(H):

Sm(H, v) = Sm′(H, v), where v ∈ Vm′(H). (86)

Making in formula (79) the substitutions de�ned by formula (86) and applying equality (85),
we obtain

φm(r)n =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v)

Sm(H,w) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm(H, v)

Sm(H,w) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm(H)

Sm(H, v)

 . (87)

For h = H, the function Pm(h) de�ned by formula (23) takes the form

Pm(H) =
∏

v∈Vm(H)

Sm(H, v). (88)
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Replacing on the right side of equalities (87) the expression on the right side of equality
(88) with the expression on the left side equality (88), we obtain

φm(r)n =

(
H−1∏
h=1

Pm(h)

)
Pm(H) =

H∏
h=1

Pm(h). (89)

Thus, Lemma 9 is proved. ▶
Lemma 9 implies by mathematical induction
Corollary 3. Let us assume that for any natural number H > 1 and for all vectors

m ∈ M(H, 1) any function φm(r)n, which has a tree representation by formula (19), can
be represented by formula (39) as a product of functions. Then for all vectors m belonging
to the set M(H), any function φm(r)n having a tree representation by formula (19) can be
represented by formula (39) as a product of functions.

Corollary 3 and Lemma 8 imply
Corollary 4. Assume that for a natural number H ≥ 1 and for all vectors m ∈ M(H)

any function φm(r)n, which has a tree representation by formula (19), can be represented by
formula (39) as a product of functions. Then, for all vectors m belonging to the set M(H+1),
any function φm(r)n that has a tree representation by formula (19), can be represented by
formula (39) as a product of functions.

Proof. Assume that for a natural number H > 1 and for all vectors m ∈ M(H) any
function φm(r)n, which has a tree representation by formula (19), satis�es the conditions of
Corollary 4. Then, by Lemma 8, it follows that for all vectors m belonging M(H + 1, 1),
any function φm(r)n having a tree representation by formula ((19)) can be represented
by formula (39) as a product of functions. This implies the assertion of Corollary 4 by
Corollary 3. ▶

Proof of Theorem 3. In Example 2, we prove that forH = 1 the assertion of Theorem 3
is true for all m ∈ M(H). From this result and Corollary 4, the assertion of Theorem 3
follows by the method of mathematical induction. ▶

There is no doubt that Theorem 3 will �nd its applications.
In conclusion, the author expresses his sincere gratitude to Ph.D. V. I. Cebro for helpful

advice and A.V. Belyaev for technical support.
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Íîâûå êëàññèôèêàöèè ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ
äåðåâüåâ è èõ ïðèëîæåíèå ê óïðîùåíèþ äðåâåñíîãî

ïðåäñòàâëåíèÿ ôóíêöèé

Ã.È. Êàëìûêîâ

Russian version

Àííîòàöèÿ

Â ñòàòüå ðàññìàòðèâàþòñÿ ïîìå÷åííûå êîðíåâûå ðàñòóùèå äåðåâüÿ. Èññëåäîâà-
íèÿ â ýòîé îáëàñòè, ïðîâåäåííûå àâòîðîì ýòîé ñòàòüè çà ïîñëåäíèå 35 ëåò, ïðèâåëè
ê ñîçäàíèþ êîíöåïöèè äðåâåñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ. Ýòà êîíöåï-
öèÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîé îñíîâîé ìåòîäà äðåâåñíûõ ñóìì, íàïðàâëåííîãî íà
óïðîùåíèå ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòè-
ñòè÷åñêîé ìåõàíèêè. Ýòèì ìåòîäîì áûëè ïîëó÷åíû ñâîáîäíûå îò àñèìïòîòè÷åñêîé
êàòàñòðîôû äðåâåñíûå ïðåäñòàâëåíèÿ ìàéåðîâñêèõ êîýôôèöèåíòîâ ðàçëîæåíèé
äàâëåíèÿ è ïëîòíîñòè ïî ñòåïåíÿì àêòèâíîñòè. Ýòèì æå ìåòîäîì áûëè ïîëó÷å-
íû è äðåâåñíûå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ îòíîøåíèÿ àêòèâíîñòè
ê ïëîòíîñòè â ðÿä ïî ñòåïåíÿì àêòèâíîñòè. Âñå ýòè ïðåäñòàâëåíèÿ ïðè n ≥ 7 çíà÷è-
òåëüíî ïðîùå ñðàâíèìûõ ñ íèìè ïðåäñòàâëåíèé
Ðè-Ãóâåðà ïî îïðåäåëåííûì íà ýòèõ ïðåäñòàâëåíèÿõ êðèòåðèÿì ñëîæíîñòè. Òàêæå
áûëè ïîëó÷åíû äðåâåñíûå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿm-÷àñòè÷íîé
ôóíêöèè ðàñïðåäåëåíèÿ â ðÿä ïî ñòåïåíÿì àêòèâíîñòè.

Ñ öåëüþ îáåñïå÷åíèÿ ìàòåìàòè÷åñêîé îñíîâû äëÿ ïîñòðîåíèÿ íîâûõ, åùå ìå-
íåå ñëîæíûõ ïðåäñòàâëåíèé êîåôôèöèåíòîâ ýòèõ ñòåïåííûõ ðÿäîâ ïîòðåáîâàëîñü
äàëüíåéøåå ðàçâèòèå êîíöåïöèè äðåâåñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ.

Â ðàìêàõ ðåøåíèÿ ïðîáëåìû äàëüíåéøåãî ðàçâèòèÿ ýòîé êîíöåïöèè â ñòàòüå
ïðåäëàãàþòñÿ íîâûå êëàññèôèêàöèè ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ è
íà èõ îñíîâå ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà, ÿâëÿþùàÿñÿ îñíîâîé äëÿ óïðî-
ùåíèÿ äðåâåñíûõ ïðåäñòàâëåíèé ôóíêöèé, òî åñòü èõ ïðåäñòàâëåíèé ñóììîé ïî-
ìå÷åííûõ äåðåâüÿìè ïðîèçâåäåíèé ôóíêöèé.

1. Â ñòàòüå ðàññìàòðèâàþòñÿ ïîìå÷åííûå êîðíåâûå ðàñòóùèå äåðåâüÿ. Èññëåäîâà-
íèÿ â ýòîé îáëàñòè, ïðîâåäåííûå àâòîðîì ýòîé ñòàòüè çà ïîñëåäíèå 35 ëåò, ïðèâåëè
ê ñîçäàíèþ êîíöåïöèè äðåâåñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ [2�9, 12, 19�22].
Ýòà êîíöåïöèÿ ÿâëÿåòñÿ ìàòåìàòè÷åñêîé îñíîâîé ìåòîäà äðåâåñíûõ ñóìì, íàïðàâ-
ëåííîãî íà óïðîùåíèå ïðåäñòàâëåíèé êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé
ñòàòèñòè÷åñêîé ìåõàíèêè. Ýòèì ìåòîäîì áûëè ïîëó÷åíû [3, 4, 6�9, 12, 19�22] ñâîáîä-
íûå îò àñèìïòîòè÷åñêîé êàòàñòðîôû [1, 9�12, 18, 23, 24] ïðåäñòàâëåíèÿ ìàéåðîâñêèõ
êîýôôèöèåíòîâ ðàçëîæåíèé äàâëåíèÿ è ïëîòíîñòè ïî ñòåïåíÿì àêòèâíîñòè [14, 15, 28,
29]. Ýòèì æå ìåòîäîì áûëè ïîëó÷åíû [7, 9, 12, 21] è ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ
ðàçëîæåíèÿ îòíîøåíèÿ àêòèâíîñòè ê ïëîòíîñòè â ðÿä ïî ñòåïåíÿì àêòèâíîñòè. Âñå ýòè
ïðåäñòàâëåíèÿ ïðè n ≥ 7 çíà÷èòåëüíî ïðîùå ñðàâíèìûõ ñ íèìè ïðåäñòàâëåíèé Ðè-
Ãóâåðà [30�32] ïî îïðåäåëåííûì íà ýòèõ ïðåäñòàâëåíèÿõ êðèòåðèÿì ñëîæíîñòè [25�27].
Òàêæå áûëè ïîëó÷åíû [8, 22] ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ m-÷àñòè÷íîé
ôóíêöèè ðàñïðåäåëåíèÿ â ðÿä ïî ñòåïåíÿì àêòèâíîñòè.

Ñ öåëüþ îáåñïå÷åíèÿ ìàòåìàòè÷åñêîé îñíîâû äëÿ ïîñòðîåíèÿ íîâûõ, åùå ìåíåå
ñëîæíûõ ïðåäñòàâëåíèé êîåôôèöèåíòîâ ýòèõ ñòåïåííûõ ðÿäîâ ïîòðåáîâàëîñü äàëüíåé-
øåå ðàçâèòèå êîíöåïöèè äðåâåñíîé êëàññèôèêàöèè ïîìå÷åííûõ ãðàôîâ.

Â ðàìêàõ ðåøåíèÿ ïðîáëåìû äàëüíåéøåãî ðàçâèòèÿ ýòîé êîíöåïöèè â ñòàòüå ïðåäëà-
ãàþòñÿ íîâûå êëàññèôèêàöèè ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ è íà èõ îñíîâå
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ñôîðìóëèðîâàíà è äîêàçàíà òåîðåìà, ÿâëÿþùàÿñÿ îñíîâîé äëÿ óïðîùåíèÿ äðåâåñíî-
ãî ïðåäñòàâëåíèÿ ôóíêöèè, òî åñòü åå ïðåäñòàâëåíèÿ ñóììîé ïîìå÷åííûõ äåðåâüÿìè
ïðîèçâåäåíèé ôóíêöèé.

Ââåäåì îáîçíà÷åíèÿ:
Tn = T (Vn, 1) = {t} � ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ ñ ìíî-

æåñòâîì âåðøèí Vn = {1, 2, . . . , n} è êîðíåì 1;
(i, j) � äóãà, èñõîäÿùàÿ èç âåðøèíû i è çàõîäÿùàÿ â âåðøèíó j;
X(t) � ìíîæåñòâî äóã ïîìå÷åííîãî êîðíåâîãî ðàñòóùåãî äåðåâà t;
H(t) � âûñîòà äåðåâà t;
V (t) � ìíîæåñòâî âåðøèí êîðíåâîãî ðàñòóùåãî äåðåâà t;
V (t, h) � ñëîé âåðøèí êîðíåâîãî ðàñòóùåãî äåðåâà t, íàõîäÿùèõñÿ íà âûñîòå h;
m(t, h) = |V (t, h)| � ìîùíîñòü ñëîÿ âåðøèí äåðåâà t, íàõîäÿùèõñÿ íà âûñîòå h;
σ(t, h) � ÷èñëî âåðøèí äåðåâà t, âûñîòà êîòîðûõ íå ïðåâûøàåò ÷èñëà h;

m(t) = (m(t, 1),m(t, 2), . . . ,m (t,H(t))) � âåêòîð, êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ
ìîùíîñòè ñëîåâ âåðøèí äåðåâà t;

M(H) = {m = (m1,m2, . . . ,mH)} � ìíîæåñòâî âñåõ H-ìåðíûõ âåêòîðîâ ñ íàòóðàëü-
íûìè êîìïîíåíòàìè;

||m|| =
H∑

h=1

mh � íîðìà âåêòîðà m;

M′(n,H) = {m = (m1,m2, . . . ,mH)} � ìíîæåñòâî âñåõ H-ìåðíûõ âåêòîðîâ ñ íàòó-
ðàëüíûìè êîìïîíåíòàìè, óäîâëåòâîðÿþùèõ óñëîâèþ

n = 1 +
H∑

h=1

mh = 1 + ||m||; (1)

Tn,H = {t} � ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ âûñîòû H (ãäå
1 ≤ H < n), ïðèíàäëåæàùèõ ìíîæåñòâó Tn.

Ïóñòü âåêòîðm ñ íàòóðàëüíûìè êîìïîíåíòàìè ïðèíàäëåæèò íåêîåìîìó ìíîæåñòâó
M′(n,H). Òîãäà ÷åðåç T (m) = {t} îáîçíà÷èì ìíîæåñòâî âñåõ äåðåâüåâ t, ïðèíàäëåæà-
ùèõ ìíîæåñòâó Tn è óäîâëåòâîðÿþùèõ óñëîâèþ m(t) = m.

Î÷åâèäíî, ÷òî ìíîæåñòâà Tn è Tn,H ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ ðàç-
ëàãàþòñÿ íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà:

Tn =
n−1⋃
H=1

Tn,H ; Tn,H =
⋃

m∈M′(n,H)

T (m). (2)

Èç ýòèõ ðàçëîæåíèé ñëåäóåò ðàçëîæåíèå

Tn =
n−1⋃
H=1

⋃
m∈M′(n,H)

T (m). (3)

Âåðøèíû ñëîÿ V (t, h) ïîìå÷åííîãî êîðíåâîãî ðàñòóùåãî äåðåâà t îáîçíà÷èì v(t, h, 1),
v(t, h, 2), . . . , v(t, h,m(t, h)). Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ïðè âñåõ

h = 1, H(t) èìååò ìåñòî íåðàâåíñòâî v(t, h, i) < v(t, h, j), åñëè òîëüêî 1 ≤ i < j ≤ m(t, h).

Îïðåäåëèì ïðåîáðàçîâàíèå ωt íà ìíîæåñòâå V (t) ôîðìóëàìè:

ωt(1) = 1; ωt(v(t, h, i)) = 1 +
h−1∑
j=1

m(t, j) + i, h = 1, 2, . . . , H(t). (4)
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Ïóñòüm ∈ M′(n,H) è t ∈ T (m). Òîãäà V (t) = Vn, à ïðåîáðàçîâàíèå ωt óñòàíàâëèâàåò
âçàèìíî îäíîçíà÷íîå îòîáðàæåíèå ìíîæåñòâà Vn íà ñåáÿ. Îíî èíäóöèðóåò îòîáðàæåíèå
Ωt ìíîæåñòâà X(t) = {x = (u, v)} äóã äåðåâà t íà ìíîæåñòâî äóã

Ωt(X(t)) = X ′(t) =
{(

ωt(u), ωt(v)
)
, (u, v) ∈ X(t)

}
. (5)

Êàê èçâåñòíî (ñì. [12], ãëàâà 1, ëåììà 4), ãðàô (Vn, X
′(t)) ÿâëÿåòñÿ äåðåâîì èç ìíîæå-

ñòâà äåðåâüåâ Tn.
Äëÿ êàæäîãî âåêòîðàm ∈ M′(n,H) îïðåäåëèì îòîáðàæåíèå Am ìíîæåñòâà äåðåâüåâ

T (m) â ñåáÿ, ïîëàãàÿ
Amt = (Vn, X

′(t)), (6)

ãäå ìíîæåñòâî X ′(t) îïðåäåëÿåòñÿ ôîðìóëîé (5) ïðè âñåõ t ∈ T (m). Èç îïðåäåëåíèÿ
îòîáðàæåíèÿ Am ôîðìóëàìè (4)�(6) ñëåäóåò, ÷òî îáðàçîì ëþáîãî äåðåâà t ∈ T (m)
ïðè îòîáðàæåíèè Am ÿâëÿåòñÿ äåðåâî Amt ∈ T (m).

Îáðàç ìíîæåñòâà T (m) ïðè îòîáðàæåíèè Am îáîçíà÷èì TRc(m) ⊂ T (m).
Çàìå÷àíèå 1. Åñëè âåêòîð m ïðèíàäëåæèò ìíîæåñòâó M′(n,H), òî èç îïðåäå-

ëåíèÿ îòîáðàæåíèÿ Am è îïðåäåëåíèÿ ìíîæåñòâà TRc(m) ñëåäóåò, ÷òî ìíîæåñòâîì
âåðøèí ëþáîãî äåðåâà t ∈ TRc(m) ÿâëÿåòñÿ ìíîæåñòâî Vn, ãäå n îïðåäåëÿåòñÿ âåê-
òîðîì m ïî ôîðìóëå (1).

Îïð å ä å ë å í è å 1. Äâà äåðåâà t1 ∈ T (m) è t2 ∈ T (m) ÿâëÿþòñÿ ñîâåðøåííî èçî-
ìîðôíûìè, åñëè îíè óäîâëåòâîðÿþò óñëîâèþ Amt1 = Amt2. ■

Î÷åâèäíî, ÷òî óñòàíîâëåííîå îòíîøåíèå ñîâåðøåííîãî èçîìîðôèçìà äâóõ äåðåâüåâ
ÿâëÿåòñÿ ðåôëåêñèâíûì, ñèììåòðè÷íûì è òðàíçèòèâíûì, òî åñòü îòíîøåíèåì ýêâèâà-
ëåíòíîñòè. Ïîýòîìó îíî ïîçâîëÿåò ðàçáèòü ìíîæåñòâî äåðåâüåâ Tm íà êëàññû ñîâåð-
øåííî èçîìîðôíûõ äåðåâüåâ.

Çàìå÷àíèå 2. Èç îïðåäåëåíèÿ 1 ñëåäóåò, ÷òî âñÿêèé êëàññ ñîâåðøåííî èçîìîðô-
íûõ äåðåâüåâ, êîòîðûé âõîäèò âî ìíîæåñòâî T (m), îáëàäàåò ñëåäóþùèì ñâîéñòâîì:
ïðè îòîáðàæåíèè Am îáðàçîì âñåõ äåðåâüåâ, ïðèíàäëåæàùèõ ýòîìó êëàññó, ÿâëÿåòñÿ
îäíî è òî æå äåðåâî, ïðèíàäëåæàùåå ìíîæåñòâó TRc(m). Çíà÷èò, ýòî äåðåâî ìîæ-
íî ïðèíÿòü çà äåðåâî-ìåòêó ýòîãî êëàññà è ñ÷èòàòü ýòîò êëàññ ïîìå÷åííûì ýòèì
äåðåâîì-ìåòêîé.

Ïðè ýòîì âñÿêîå äåðåâî èç ìíîæåñòâà TRc(m) îêàæåòñÿ ìåòêîé êëàññà ñîâåð-
øåííî èçîìîðôíûõ äåðåâüåâ, êîòîðûé âõîäèò âî ìíîæåñòâî T (m) è îäíîçíà÷íî îïðå-
äåëÿåòñÿ ýòèì äåðåâîì.

Èç îïðåäåëåíèÿ îòîáðàæåíèÿ Am ôîðìóëàìè (4)�(6) ñëåäóåò, ÷òî äëÿ âñÿêîãî äåðåâà
t ∈ TRc(m) èìååò ìåñòî ðàâåíñòâî

Amt = t. (7)

Èç ýòîãî ðàâåíñòâà ïî çàìå÷àíèþ 2 ñëåäóåò, ÷òî äåðåâî t ïðèíàäëåæèò òîìó æå êëàññó
ñîâåðøåííî èçîìîðôíûõ äåðåâüåâ, ìåòêîé êîòîðîãî îíî ÿâëÿåòñÿ.

Îïð å ä å ë å í è å 2. Ìíîæåñòâî V (t) âåðøèí äåðåâà t áóäåì íàçûâàòü ïîñëîéíî óïî-
ðÿäî÷åííûì, åñëè ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò óñëîâèþ

(C) åñëè v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), ãäå 1 ≤ h′ < h′′ ≤ H(t), òî v′ < v′′.
Â ïðîòèâíîì ñëó÷àå áóäåì ãîâîðèòü, ÷òî ìíîæåñòâî V (t) íå ÿâëÿåòñÿ ïîñëîéíî óïî-

ðÿäî÷åííûì. ■
Çàìå÷àíèå 3. Èç îïðåäåëåíèÿ 2, îïðåäåëåíèÿ îòîáðàæåíèÿ Am ôîðìóëàìè (4)�(6),

è îïðåäåëåíèÿ ìíîæåñòâà TRc(m) ñëåäóåò, ÷òî ýòî ìíîæåñòâî åñòü ñîâîêóïíîñòü
âñåõ äåðåâüåâ t ∈ T (m), ó êîòîðûõ ìíîæåñòâî V (t) âåðøèí ÿâëÿåòñÿ ïîñëîéíî óïî-
ðÿäî÷åííûì. Çíà÷èò, ìíîæåñòâî TRc(m) íå ñîäåðæèò íè îäíîãî äåðåâà t, ìíîæå-
ñòâî V (t) âåðøèí êîòîðîãî íå ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì.

Ïðèìåð 1. Ðàññìîòðèì ñëó÷àé, êîãäà âåêòîð m ÿâëÿåòñÿ îäíîìåðíûì, òî åñòü ñêà-
ëÿðîì. Â ýòîì ñëó÷àå ìíîæåñòâî T (m) ñîäåðæèò òîëüêî îäíî äåðåâî � çâåçäó, öåí-
òðîì êîòîðîé ÿâëÿåòñÿ êîðåíü äåðåâà v = 1, à ìíîæåñòâî TRc(m) ñîâïàäàåò ñ ìíîæå-
ñòâîì T (m). ■
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Â òîì ñëó÷àå, êîãäà âåêòîð m èìååò ðàçìåðíîñòü H ≥ 2, ìîùíîñòü ìíîæåñò-
âà TRc(m) îïðåäåëÿåòñÿ ôîðìóëîé

|TRc(m)| =
H∏
i=2

[m(i− 1)]m(i). (8)

Äîêàçàòåëüñòâî ôîðìóëû (8) ïðåäîñòàâëÿåòñÿ ÷èòàòåëþ.
Êëàññ ñîâåðøåííî èçîìîðôíûõ äåðåâüåâ, ïîìå÷åííûé äåðåâîì-ìåòêîé t ∈ TRc(m),

îáîçíà÷èì TI (t). Òîãäà ìíîæåñòâî äåðåâüåâ T (m) ìîæíî ïðåäñòàâèòü â âèäå îáúåäè-
íåíèÿ âñåõ êëàññîâ, ïîìå÷åííûõ äåðåâüÿìè èç ìíîæåñòâà TRc(m):

T (m) =
⋃

t∈TRc(m)

TI (t). (9)

Ìîùíîñòü ìíîæåñòâà TI (t) îïðåäåëÿåòñÿ ôîðìóëîé

|TI (t)| = ||m(t)||!
H(t)∏
h=1

(
m(t, h)!

)−1
(10)

2. Ââåäåì òåïåðü êëàññèôèêàöèþ ìíîæåñòâà äåðåâüåâ TRc(m). Ñ ýòîé öåëüþ ââåäåì
îáîçíà÷åíèÿ:

M(H, k) � ìíîæåñòâî, ñîñòîÿùåå èç âñåõ âåêòîðîâ m = (m1,m2, . . . ,mH) ìíîæåñòâà
M(H), óäîâëåòâîðÿþøèõ óñëîâèþ mH = k, ãäå k � íàòóðàëüíîå ÷èñëî;

s(t) � ïîäãðàô äåðåâà t ∈ TRc(m), ïîëó÷àþùèéñÿ óäàëåíèåì èç äåðåâà t åãî âåðøè-
íû w = ||m||+ 1.

Èç îïðåäåëåíèÿ ïîäãðàôà s(t) äåðåâà t î÷åâèäíî, ÷òî s(t) ÿâëÿåòñÿ îðèåíòèðîâàííûì
[12, 16, 17] ãðàôîì. Áóäåì ñ÷èòàòü, ÷òî âåðøèíà v = 1, ÿâëÿþùàÿñÿ êîðíåì äåðåâà t,
ÿâëÿåòñÿ è êîðíåì îðãðàôà s(t).

Ëåììà 1. Ïîäãðàô s(t) äåðåâà t ∈ TRc(m) åñòü ïîìå÷åííîå êîðíåâîå ðàñòóùåå
äåðåâî, ÿâëÿþùååñÿ ïîääåðåâîì äåðåâà t.

Äîêàçàòåëüñòâî. Èç óñëîâèé ëåììû 1 ñëåäóåò, ÷òî äåðåâî t åñòü ïîìå÷åííîå êîð-
íåâîå ðàñòóùåå äåðåâî ñ êîðíåì 1. Ñëåäîâàòåëüíî, âñå âåðøèíû åãî ïîäãðàôà s(t) ÿâ-
ëÿþòñÿ ïîìå÷åííûìè.

Èç óñëîâèé ëåììû 1 ñëåäóåò, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ ïîñëîé-
íî óïîðÿäî÷åííûì. Ïîýòîìó åãî âåðøèíà w = ||m|| + 1 ïðèíàäëåæèò ñëîþ âåðøèí
V (t,H(t)) è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ êîíöåâîé âåðøèíîé äåðåâà t. Îòñþäà ñëåäóåò, ÷òî
ýòà âåðøèíà èìååò íóëåâóþ ïîëóñòåïåíü èñõîäà. Ñòàëî áûòü, ëþáàÿ, îòëè÷íàÿ îò âåð-
øèíû w, âåðøèíà äåðåâà t íåäîñòèæèìà â ýòîì äåðåâå èç âåðøèíû w. Îòñþäà âûòåêàåò
(ñì. [12], ãë. 1, ëåììà 3), ÷òî ëþáûå äâå âåðøèíû ýòîãî äåðåâà, îòëè÷íûå îò âåðøèíû w,
ñâÿçàíû â ýòîì äåðåâå ïîëóïóòåì [16][17], íå ñîäåðæàùèì âåðøèíó w. Çíà÷èò, â ïîä-
ãðàôå s(t) äåðåâà t ëþáûå äâå âåðøèíû ñâÿçàíû ïîëóïóòåì. Îòñþäà ñëåäóåò [16][17],
÷òî ãðàô s(t) � (ñëàáî) ñâÿçíûé îðãðàô. Òàê êàê äåðåâî t íå èìååò, ïî îïðåäåëåíèþ,
êîíòóðîâ [16][17], òî è åãî ïîäãðàô s(t) òàêæå íå èìååò êîíòóðîâ. Ïðè ýòîì òîëüêî îäíà
âåðøèíà v = 1 èìååò íóëåâóþ ïîëóñòåïåíü çàõîäà [16][17], à âñå îñòàëüíûå âåðøèíû
îðãðàôà s(t) èìåþò åäèíè÷íóþ ïîëóñòåïåíü çàõîäà. Òàêèì îáðàçîì, âåðøèíà v = 1 ÿâ-
ëÿåòñÿ åäèíñòâåííûì èñòî÷íèêîì [16][17] (ñëàáî) ñâÿçíîãî îðãðàôà s(t), íå èìåþùåãî
êîíòóðîâ è óäîâëåòâîðÿþùåãî óñëîâèþ: âñå âåðøèíû îðãðàôà s(t), êðîìå èñòî÷íèêà
v = 1, èìåþò åäèíè÷íóþ ïîëóñòåïåíü çàõîäà. Òàêîé ãðàô íàçûâàåòñÿ [12, 16, 17] èñ-
õîäÿùèì (ðàñòóùèì) äåðåâîì. Òàê êàê âåðøèíà v = 1 ÿâëÿåòñÿ êîðíåì äåðåâà s(t),
òî äåðåâî s(t) ÿâëÿåòñÿ (ñì. [12, 16, 17]) êîðíåâûì ðàñòóùèì äåðåâîì. À òàê êàê äå-
ðåâî s(t) ÿâëÿåòñÿ ïîäãðàôîì äåðåâà t, òî äåðåâî s(t) ÿâëÿåòñÿ ïîääåðåâîì äåðåâà t.
Ëåììà 1 ïîëíîñòüþ äîêàçàíà. ▶

Çàìå÷àíèå 4. Çàìåòèì, ÷òî ïîäãðàô s(t) íå ñîäåðæèò äóãè (u,w) äåðåâà t, èñ-
õîäÿùåé èç âåðøèíû u ýòîãî äåðåâà è çàõîäÿùåé â âåðøèíó w, îïðåäåëåííóþ âûøå.



5

Çàìåòèì òàêæå, ÷òî ìíîæåñòâî V (s(t)) âåðøèí ýòîãî ïîääåðåâà ÿâëÿåòñÿ, êàê è
ìíîæåñòâî V (t) âåðøèí äåðåâà t, ïîñëîéíî óïîðÿäî÷åííûì.

Çàìå÷àíèå 5. Åñëè êîìïîíåíòà m(t,H(t)) âåêòîðà m(t) óäîâëåòâîðÿåò óñëî-
âèþ m(t,H(t)) = 1, òî âåêòîð m(t) ïðèíàäëåæèò ìíîæåñòâó M(H(t), 1), ìíîæå-
ñòâî V (t,H(t)) äåðåâà t ñîäåðæèò òîëüêî îäíó âåðøèíó w = ||m|| + 1, à åãî ïîääå-
ðåâî s(t) ïðèíàäëåæèò ìíîæåñòâó TRc(m′), ãäå m′ � ïðèíàäëåæàùèé ìíîæåñòâó
M(H(t) − 1) (H(t) − 1)-ìåðíûé âåêòîð, âñå êîìïîíåíòû êîòîðîãî ñîâïàäàþò ñ ñîîò-
âåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m.

Â ïðîòèâíîì ñëó÷àå âåêòîð m(t) ïðèíàäëåæèò ìíîæåñòâó M(H(t), k), ãäå k > 1,
ìíîæåñòâî V (t,H(t)) äåðåâà t ñîäåðæèò áîëåå ÷åì îäíó âåðøèíó, à åãî ïîääåðåâî s(t)
ïðèíàäëåæèò ìíîæåñòâó TRc(m′), ãäå m′ � H(t)-ìåðíûé âåêòîð, ïðèíàäëåæàùèé
ìíîæåñòâó M(H(t), k − 1) è óäîâëåòâîðÿþùèé óñëîâèÿì: m′

H(t) = mH(t) − 1, à âñå

îñòàëüíûå êîìïîíåíòû âåêòîðà m′ ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè
âåêòîðà m.

Òàê êàê ìíîæåñòâî V (s(t)) âåðøèí äåðåâà s(t) ÿâëÿåòñÿ, ïî çàìå÷àíèþ 4, ïîñëîéíî
óïîðÿäî÷åííûì, òî, ïî çàìå÷àíèþ 3, ýòî äåðåâî ïðèíàäëåæèò ìíîæåñòâó TRc(m′).

Ëåììà 2. Ïóñòü ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî s ïðèíàäëåæèò ìíîæå-
ñòâó TRc(m′), ãäå m′ � âåêòîð, ïðèíàäëåæàùèé ìíîæåñòâó M(H) ïðè íåêîòîðîì
íàòóðàëüíîì ÷èñëå H. È ïóñòü t � êîðíåâîé îðèåíòèðîâàííûé íàäãðàô äåðåâà s, èìå-
þùèé ñâîèì êîðíåì âåðøèíó v = 1 è ïîëó÷àþùèéñÿ äîáàâëåíèåì ê äåðåâó s âåðøèíû
w = ||m′||+2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç íåêîåé âåðøèíû u äåðåâà s.
Òîãäà, âî-ïåðâûõ, îðãðàô t åñòü ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî; âî-âòîðûõ, âû-
ñîòà âåðøèíû w â äåðåâå t íà åäèíèöó áîëüøå âûñîòû âåðøèíû u â äåðåâå s.

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà, ÷òî îðãðàô t ñëàáî ñâÿçíûé, òî åñòü ëþáàÿ
ïàðà åãî âåðøèí ñîåäèíåíà ïîëóïóòåì. Î÷åâèäíî,÷òî ëþáàÿ ïàðà åãî âåðøèí, ïðè-
íàäëåæàùèõ ìíîæåñòâó V (s), ñîåäèíåíà ïîëóïóòåì. Âåðøèíû u è w â îðãðàôå t, ïî
óñëîâèÿì ëåììû 2, ñîåäèíåíû ïîëóïóòåì, ñîñòîÿùèì èç îäíîé äóãè (u,w). Åñëè æå
âåðøèíà u′ ïðèíàäëåæèò ìíîæåñòâó V (s) è îòëè÷íà îò âåðøèíû u, òî â îðãðàôå t îíà
ñîåäèíåíà ñ âåðøèíîé w ïîëóïóòåì, ÿâëÿþùèìñÿ îáúåäèíåíèåì äóãè (u,w) è ïîëóïóòè,
ñîåäèíÿþøåãî âåðøèíû u è u′. Òàêèì îáðàçîì, ëþáàÿ ïàðà âåðøèí îðãðàôà t ñîåäèíåíà
ïîëóïóòåì. Ñëåäîâàòåëüíî, îðãðàô t ñëàáî ñâÿçíûé.

Äîêàæåì òåïåðü, ÷òî îðãðàô t íå èìååò êîíòóðîâ. Òàê êàê äåðåâî s íå èìååò êîíòó-
ðîâ, òî îðãðàô t íå èìååò êîíòóðîâ, â êîòîðûõ âñå äóãè ïðèíàäëåæàò äåðåâó s. Ñëåäîâà-
òåëüíî, åñëè îðãðàô t èìååò êîíòóð, òî ýòîò êîíòóð ñîäåðæèò äóãó (u,w), à ñòàëî áûòü,
ñîäåðæèò è âåðøèíó w. Íî â îðãðàôå t â âåðøèíó w çàõîäèò òîëüêî îäíà äóãà (u,w) è
èç íåå íå èñõîäèò íè îäíîé äóãè. Ïîýòîìó âåðøèíà w íå ìîæåò ïðèíàäëåæàòü íèêàêîìó
êîíòóðó. Îòñþäà ñëåäóåò, ÷òî îðãðàô t íå èìååò êîíòóðîâ.

Äàëåå, â îðãðàôå t òîëüêî îäíà âåðøèíà v = 1 èìååò íóëåâóþ ïîëóñòåïåíü çàõîäà
[16][17], à âñå îñòàëüíûå âåðøèíû îðãðàôà t èìåþò åäèíè÷íóþ ïîëóñòåïåíü çàõîäà.
Òàêèì îáðàçîì, âåðøèíà v = 1 ÿâëÿåòñÿ åäèíñòâåííûì èñòî÷íèêîì [16][17] (ñëàáî)
ñâÿçíîãî îðãðàôà t, íå èìåþùåãî êîíòóðîâ è óäîâëåòâîðÿþùåãî óñëîâèþ: âñå âåðøèíû
îðãðàôà t, êðîìå èñòî÷íèêà v = 1, èìåþò åäèíè÷íóþ ïîëóñòåïåíü çàõîäà.

Òàêîé îðãðàô íàçûâàåòñÿ [12, 16, 17] èñõîäÿùèì (ðàñòóùèì) äåðåâîì. Ïî óñëîâèÿì
ëåììû 2 t � êîðíåâîé îðãðàô, èìåþùèé ñâîèì êîðíåì âåðøèíó v = 1. Ïîýòîìó äåðåâî t
ÿâëÿåòñÿ (ñì. [12, 16, 17]) êîðíåâûì ðàñòóùèì äåðåâîì. Ïåðâîå óòâåðæäåíèå ëåììû 2
äîêàçàíî.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå ëåììû 2. Ïî óñëîâèÿì ëåììû 2 â äåðåâå t
åäèíñòâåííîé äóãîé, èíöèäåíòíîé âåðøèíå w, ÿâëÿåòñÿ äóãà (u,w). Ïîýòîìó â äåðåâå t
âñÿêèé ïîëóïóòü, ñîåäèíÿþùèé âåðøèíó w ñ êîðíåì äåðåâà t, ÿâëÿåòñÿ îáúåäèíåíèåì
äóãè (u,w) è ïîëóïóòè, ñîåäèíÿþøåãî âåðøèíó u ñ êîðíåì v = 1. Ýòî ïðèâîäèò íàñ
ê äâóì âûâîäàì.

Âî-ïåðâûõ, îòñþäà è èç îïðåäåëåíèÿ ïîëóïóòè [16][17] ñëåäóåò, ÷òî âåðøèíà w íå
ìîæåò ïðèíàäëåæàòü íèêàêîìó ïîëóïóòè â äåðåâå t, ñîåäèíÿþøåìó âåðøèíó u ñ êîð-
íåì v = 1. Îòñþäà ïî îïðåäåëåíèþ äåðåâà t ñëåäóåò, ÷òî âñå âåðøèíû ëþáîãî ïîëóïóòè,
ñîåäèíÿþøåãî â äåðåâå t âåðøèíó u ñ êîðíåì v = 1, ïðèíàäëåæàò è äåðåâó s. Ñëåäîâà-
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òåëüíî, ëþáîé ïîëóïóòü, ñîåäèíÿþøèé â äåðåâå t âåðøèíó u ñ êîðíåì v = 1, ïðèíàä-
ëåæèò äåðåâó s. Çíà÷èò, è êðàò÷àéøèé ïîëóïóòü, ñîåäèíÿþøèé â äåðåâå t âåðøèíó u
ñ êîðíåì v = 1, ïðèíàäëåæèò äåðåâó s. Áîëåå òîãî, ýòîò ïîëóïóòü ÿâëÿåòñÿ êðàò÷àéøèì
ïîëóïóòåì, ñîåäèíÿþøèì â äåðåâå s âåðøèíó u ñ êîðíåì v = 1

Âî-âòîðûõ, êðàò÷àéøèì ïîëóïóòåì â äåðåâå t, ñîåäèíÿþùèì âåðøèíó w ñ êîðíåì,
ÿâëÿåòñÿ îáúåäèíåíèå äóãè (u,w) è êðàò÷àéøåãî ïîëóïóòè, ñîåäèíÿþøåãî âåðøèíó u
ñ êîðíåì v = 1. Ñëåäîâàòåëüíî, â äåðåâå t äëèíà êðàò÷àéøåãî ïîëóïóòè, ñîåäèíÿþùåãî
âåðøèíó w ñ êîðíåì v = 1, íà åäèíèöó áîëüøå äëèíû êðàò÷àéøåãî ïîëóïóòè â äåðåâå t,
ñîåäèíÿþøåãî âåðøèíó u ñ êîðíåì v = 1.

Èç ýòèõ äâóõ âûâîäîâ âûòåêàåò ñëåäóþùåå ñëåäñòâèå: â äåðåâå t äëèíà êðàò÷àé-
øåãî ïîëóïóòè, ñîåäèíÿþùåãî âåðøèíó w ñ êîðíåì v = 1, íà åäèíèöó áîëüøå äëèíû
êðàò÷àéøåãî ïîëóïóòè â äåðåâå s, ñîåäèíÿþøåãî âåðøèíó u ñ êîðíåì v = 1.

Íàïîìíèì, ÷òî â êîðíåâîì îðèåíòèðîâàííîì äåðåâå äëèíà êðàò÷àéøåãî ïîëóïóòè,
ñîåäèíÿþùåãî âåðøèíó ýòîãî äåðåâà ñ êîðíåì, íàçûâàåòñÿ âûñîòîé ýòîé âåðøèíû. Ïî-
ýòîìó èç ñôîðìóëèðîâàííîãî âûøå ñëåäñòâèÿ âûòåêàåò âòîðîå óòâåðæäåíèå ëåììû 2.
Ëåììà 2 ïîëíîñòüþ äîêàçàíà. ▶

Ëåììà 3. Ïóñòü ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî s ïðèíàäëåæèò ìíîæå-
ñòâó TRc(m′), ãäå m′ � âåêòîð, ïðèíàäëåæàùèé ìíîæåñòâó M(H) ïðè íåêîòîðîì
íàòóðàëüíîì ÷èñëå H. È ïóñòü t � ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî, èìåþ-
ùåå ñâîèì êîðíåì âåðøèíó v = 1 è ïîëó÷àþùååñÿ äîáàâëåíèåì ê äåðåâó s âåðøèíû
w = ||m′||+2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç íåêîåé âåðøèíû u äåðåâà s.

Åñëè ïðè ýòîì âåðøèíà u ïðèíàäëåæèò ìíîæåñòâó âåðøèí V (s,H), òî äåðåâî t
ïðèíàäëåæèò ìíîæåñòâó TRc(m), ãäå âåêòîð m ÿâëÿåòñÿ (H + 1)-ìåðíûì âåêòî-
ðîì, óäîâëåòâîðÿþùèì óñëîâèÿì: 1) m ∈ M(H + 1, 1); 2) mH+1 = 1, à âñå îñòàëüíûå
êîìïîíåíòû âåêòîðà m ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m′.

Åñëè æå âåðøèíà u ïðèíàäëåæèò ìíîæåñòâó âåðøèí âåðøèí V (s,H−1), òî äåðå-
âî t ïðèíàäëåæèò ìíîæåñòâó TRc(m), ãäå âåêòîð m ÿâëÿåòñÿ H-ìåðíûì âåêòîðîì,
óäîâëåòâîðÿþùèì óñëîâèÿì: 1) m ∈ M(H,m′

H + 1); 2) mH = m′
H + 1, à âñå îñòàëüíûå

êîìïîíåíòû âåêòîðà m ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m′.
Äîêàçàòåëüñòâî. Èç óñëîâèé ëåììû 3 ñëåäóåò, ÷òî âåêòîðm′ ïðèíàäëåæèò ìíîæå-

ñòâó M′(n,H), ãäå n = ||m′||+1. Îòñþäà è èç óñëîâèé ëåììû 3 ïî çàìå÷àíèþ 1 ñëåäóåò,
÷òî ìíîæåñòâî Vn, ãäå n = ||m′|| + 1, ÿâëÿåòñÿ ìíîæåñòâîì V (s) âåðøèí äåðåâà s.
Èç óñëîâèé ëåììû 3 ñëåäóåò, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ îáúåäè-
íåíèåì ìíîæåñòâà V (s) âåðøèí äåðåâà s ñ ìíîæåñòâîì, ñîñòîÿùèì èç îäíîé âåðøèíû
w = ||m′|| + 2 = n + 1. Ýòî çíà÷èò, ÷òî ìíîæåñòâî V (t) ÿâëÿåòñÿ ìíîæåñòâîì Vn+1, ãäå
n = ||m′||+1, à äåðåâî t ïðèíàäëåæèò ìíîæåñòâó Tn+1. Îòñþäà ñëåäóåò, ÷òî âåðøèíà w
ÿâëÿåòñÿ ñòàðøåé âåðøèíîé âî ìíîæåñòâå V (t) è, çíà÷èò, íåðàâåíñòâî v < w óäîâëå-
òâîðÿåòñÿ ïðè âñåõ âåðøèíàõ v, ïðèíàäëåæàùèõ ìíîæåñòâó V (t) è óäîâëåòâîðÿþøèõ
óñëîâèþ: v ̸= w.

Èç óñëîâèé ëåììû 3 ïî çàìå÷àíèþ 3 ñëåäóåò, ÷òî ìíîæåñòâî V (s) âåðøèí äåðåâà s
ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì.

Ðàññìîòðèì ñëó÷àé, êîãäà âåðøèíà u ïðèíàäëåæèò ìíîæåñòâó âåðøèí V (s,H). Ââå-
äåì â ðàññìîòðåíèå (H+1)-ìåðíûé âåêòîðm, êîìïîíåíòà mH+1 êîòîðîãî îïðåäåëÿåòñÿ
ðàâåíñòâîì mH+1 = 1, à âñå åãî îñòàëüíûå êîìïîíåíòû ñîâïàäàþò ñ ñîîòâåòñòâóþùè-
ìè êîìïîíåíòàìè âåêòîðà m′. Òàê îïðåäåëåííûé âåêòîð m ïðèíàäëåæèò ìíîæåñòâó
M′(n,H + 1), ãäå n = ||m||+ 1 = ||m′||+ 2

Ïî óñëîâèÿì ëåììû 3, â ðàññìàòðèâàåìîì ñëó÷àå âûñîòà âåðøèíû u â äåðåâå s
ðàâíà H. Îòñþäà ïî ëåììå 2 ñëåäóåò, ÷òî âûñîòà âåðøèíû w â äåðåâå t ðàâíà H + 1,
ñàìà âåðøèíà w ïðèíàäëåæèò ñëîþ âåðøèí V (t,H+1) äåðåâà t, ñëîé âåðøèí V (t,H+1)
ñîäåðæèò òîëüêî îäíó âåðøèíó w = ||m′|| + 2, à âñå îñòàëüíûå ñëîè âåðøèí äåðåâà t
ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ñëîÿìè âåðøèí äåðåâà s. Î÷åâèäíî, ÷òî âåêòîð m(t)
ñîâïàäàåò ñ âåêòîðîì m, à äåðåâî t ïðèíàäëåæèò ìíîæåñòâó T (m).

Äîêàæåì, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì.
Èç óñëîâèé ëåììû 3 è îïðåäåëåíèÿ 2 âûòåêàåò, ÷òî ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿåò
óñëîâèþ:
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(C1) åñëè v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), ãäå 1 ≤ h′ < h′′ ≤ H, òî v′ < v′′.
Êàê óæå áûëî äîêàçàíî âûøå, íåðàâåíñòâî v < w óäîâëåòâîðÿåòñÿ ïðè âñåõ âåðøè-

íàõ v, ïðèíàäëåæàùèõ ìíîæåñòâó V (t) è óäîâëåòâîðÿþøèõ óñëîâèþ: v ̸= w. À òàê êàê
ñëîé V (t,H + 1) âåðøèí äåðåâà t ñîäåðæèò òîëüêî îäíó âåðøèíó w, òî ëþáàÿ âåðøè-
íà v äåðåâà t, óäîâëåòâîðÿþøàÿ óñëîâèþ v ̸= w, ïðèíàäëåæèò îäíîìó èç ñëîåâ V (t, h′)
âåðøèí äåðåâà t, îòëè÷íîìó îò ñëîÿ V (t,H +1). Î÷åâèäíî, ÷òî çäåñü âûñîòà h′ óäîâëå-
òâîðÿåò íåðàâåíñòâó h′ ̸= H + 1. À òàê êàê âûñîòà äåðåâà t ðàâíà H + 1, òî âûñîòà h′

óäîâëåòâîðÿåò òàêæå íåðàâåíñòâó h′ < H + 1. Ïðè ýòîì íè îäèí ñëîé âåðøèí äåðåâà t,
êðîìå ñëîÿ âåðøèí V (t,H + 1), íå ñîäåðæèò âåðøèíû w.

Ñòàëî áûòü, ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò óñëîâèþ: åñëè v′ ∈ V (t, h′), ãäå
1 ≤ h′ < H + 1, òî v′ < w. Ïîñêîëüêó ïðè ýòîì ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò
åùå è óñëîâèþ (C1), òî ýòè ñëîè óäîâëåòâîðÿþò óñëîâèþ (C). Îòñþäà ïî îïðåäåëå-
íèþ 2 ñëåäóåò, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì.
Òàê êàê ïðè ýòîì äåðåâî t ïðèíàäëåæèò ìíîæåñòâó T (m), òî ïî çàìå÷àíèþ 3 îíî ïðè-
íàäëåæèò ìíîæåñòâó TRc(m). Íàïîìíèì, ÷òî âåêòîð m, ïî åãî ïîñòðîåíèþ, ÿâëÿåòñÿ
(H + 1)-ìåðíûì âåêòîðîì, óäîâëåòâîðÿþùèì óñëîâèÿì: 1) m ∈ M(H + 1, 1) ïî îïðå-
äåëåíèþ ìíîæåñòâà M(H + 1, 1); 2) mH+1 = 1, à âñå îñòàëüíûå êîìïîíåíòû âåêòîðà m
ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m′.

Èòàê, âñå óòâåðæäåíèÿ ëåììû 3, ñôîðìóëèðîâàííûå äëÿ ñëó÷àÿ, êîãäà u ∈ V (s,H),
äîêàçàíû.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà âåðøèíà u ïðèíàäëåæèò ìíîæåñòâó V (s,H − 1)
âåðøèí äåðåâà s. Ââåäåì â ðàññìîòðåíèå H-ìåðíûé âåêòîðm, êîìïîíåíòàmH êîòîðîãî
îïðåäåëÿåòñÿ ðàâåíñòâîìmH = m′

H+1, à âñå åãî îñòàëüíûå êîìïîíåíòû ñîâïàäàþò ñ ñî-
îòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m′. Òàê îïðåäåëåííûé âåêòîð m ïðèíàäëåæèò
ìíîæåñòâó M′(n,H), ãäå n = ||m||+ 1 = ||m′||+ 2

Â ýòîì ñëó÷àå âûñîòà âåðøèíû u â äåðåâå s ðàâíà H−1. Îòñþäà ïî ëåììå 2 ñëåäóåò,
÷òî âûñîòà âåðøèíû w â äåðåâå t ðàâíà H, ñàìà âåðøèíà w = ||m′|| + 2 ïðèíàäëåæèò
ñëîþ âåðøèí V (t,H) äåðåâà t, êîòîðûé ÿâëÿåòñÿ îáúåäèíåíèåì ìíîæåñòâà âåðøèí,
ïðèíàäëåæàùèõ ñëîþ V (s,H) âåðøèí äåðåâà s ñ ìíîæåñòâîì, ñîñòîÿùèì èç îäíîé âåð-
øèíû w = ||m′|| + 2 = n + 1. Îòñþäà è èç óñëîâèé ëåììû 3 ñëåäóåò, ÷òî ñëîé âåðøèí
V (t,H) ñîäåðæèò m′

H + 1 âåðøèí, à âñå îñòàëüíûå ñëîè âåðøèí äåðåâà t ñîâïàäàþò
ñ ñîîòâåòñòâóþùèìè ñëîÿìè âåðøèí äåðåâà s. Î÷åâèäíî, ÷òî âåêòîð m(t) ñîâïàäàåò
ñ âåêòîðîì m, à äåðåâî t ïðèíàäëåæèò ìíîæåñòâó T (m).

Äîêàæåì, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì.
Òàê êàê ìíîæåñòâî V (s) âåðøèí äåðåâà s ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì, òî

ïî îïðåäåëåíèþ 2 ñëîè âåðøèí äåðåâà s óäîâëåòâîðÿþò óñëîâèþ (C). Îòñþäà ñëåäóåò,
÷òî ýòè ñëîè äåðåâà s óäîâëåòâîðÿþò óñëîâèÿì:

(C2) åñëè v′ ∈ V (s, h′), v′′ ∈ V (s, h′′), ãäå 1 ≤ h′ < h′′ ≤ H − 1, òî v′ < v′′;
è
(C3) åñëè v′ ∈ V (s, h′), v′′ ∈ V (s,H), ãäå 1 ≤ h′ < H, òî v′ < v′′.
Òàê êàê ïî óñëîâèÿì ëåììû 3 V (t, h′) = V (s, h′) ïðè 1 ≤ h′ < H, à ìíîæåñòâî V (s)

ïðåäñòàâëÿåòñÿ ðàâåíñòâîì V (s,H) = V (t,H) \ {w}, òî èç óñëîâèé (C2) è (C3) ñëåäóåò,
÷òî ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò óñëîâèÿì:

(C4) åñëè v′ ∈ V (t, h′), v′′ ∈ V (t, h′′), ãäå 1 ≤ h′ < h′′ ≤ H − 1, òî v′ < v′′;
è
(C5) åñëè v′ ∈ V (t, h′), v′′ ∈ [V (t,H) \ {w}], ãäå 1 ≤ h′ < H, òî v′ < v′′.
Êàê óæå áûëî äîêàçàíî âûøå, íåðàâåíñòâî v < w óäîâëåòâîðÿåòñÿ ïðè âñåõ âåðøè-

íàõ v, ïðèíàäëåæàùèõ ìíîæåñòâó V (t) è óäîâëåòâîðÿþøèõ óñëîâèþ: v ̸= w. Â ÷àñò-
íîñòè, ýòî íåðàâåíñòâî óäîâëåòâîðÿåòñÿ ïðè âñåõ âåðøèíàõ v, ïðèíàäëåæàùèõ ñëîÿì
V (t, 1), V (t, 2), . . . , V (t,H − 1) âåðøèí äåðåâà t. Òàê êàê ïðè ýòîì ñëîè âåðøèí äåðåâà t
óäîâëåòâîðÿþò óñëîâèþ (C5), à ñëîé âåðøèí V (t,H) äåðåâà t ÿâëÿåòñÿ îáúåäèíåíèåì
ìíîæåñòâà âåðøèí, ïðèíàäëåæàùèõ ñëîþ V (s,H), ñ ìíîæåñòâîì, ñîñòîÿùèì èç îäíîé
âåðøèíû w = ||m′||+ 2 = n+ 1, òî ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò óñëîâèþ:

(C6) åñëè v′ ∈ V (t, h′), v′′ ∈ V (t,H), ãäå 1 ≤ h′ < H, òî v′ < v′′.
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Ïîñêîëüêó ïðè ýòîì ñëîè âåðøèí äåðåâà t óäîâëåòâîðÿþò åùå è óñëîâèþ (C4), òî
ýòè ñëîè óäîâëåòâîðÿþò óñëîâèþ (C). Îòñþäà ïî îïðåäåëåíèþ 2 ñëåäóåò, ÷òî ìíîæå-
ñòâî V (t) âåðøèí äåðåâà t ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì. Òàê êàê ïðè ýòîì äåðå-
âî t ïðèíàäëåæèò ìíîæåñòâó T (m), òî ïî çàìå÷àíèþ 3 îíî ïðèíàäëåæèò ìíîæåñòâó
TRc(m), ãäå âåêòîð m ïðèíàäëåæèò ìíîæåñòâó M(H,m′

H + 1) è ÿâëÿåòñÿ H-ìåðíûì
âåêòîðîì, óäîâëåòâîðÿþùèì óñëîâèÿì: mH = m′

H +1, à âñå îñòàëüíûå êîìïîíåíòû âåê-
òîðà m ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m′. Èòàê, óòâåðæäåíèå
ëåììû 3 â ñëó÷àå, êîãäà u ∈ V (s,H − 1), äîêàçàíî. Ëåììà 3 ïîëíîñòüþ äîêàçàíà. ▶

Ïóñòü äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′). Ââåäåì îáîçíà÷åíèÿ:
T 1(s) � ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ t, ïîëó÷àþùèõñÿ äî-

áàâëåíèåì ê äåðåâó s âåðøèíû w = ||m′||+ 2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò
èç íåêîåé âåðøèíû u ∈ V (s,H(s)) äåðåâà s;

T 2(s) � ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ t, ïîëó÷àþùèõñÿ äî-
áàâëåíèåì ê äåðåâó s âåðøèíû w = ||m′||+ 2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò
èç íåêîåé âåðøèíû u ∈ V (s,H(s)− 1) äåðåâà s.

Îáîçíà÷èì Bs îòîáðàæåíèå ìíîæåñòâà âåðøèí V (s,H(s)) íà ìíîæåñòâî T 1(s) ïî-
ìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ, ïîëàãàÿ, ÷òî îáðàçîì âåðøèíû u ∈ V (s,H(s))
ÿâëÿåòñÿ äåðåâî t ∈ T 1(s), ïîëó÷àþùååñÿ äîáàâëåíèåì ê äåðåâó s âåðøèíû w = ||m′||+2
è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç âåðøèíû u ∈ V (s,H(s)) äåðåâà s.

Èç ëåììû 2 è îïðåäåëåíèÿ ìíîæåñòâà T 1(s) âûòåêàåò ñëåäóþùåå
Ñëåäñòâèå 1. Ïóñòü äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′). Òîãäà îòîáðà-

æåíèå Bs ìíîæåñòâà âåðøèí V (s,H(s)) íà ìíîæåñòâî T 1(s) ïîìå÷åííûõ êîðíåâûõ
ðàñòóùèõ äåðåâüåâ ÿâëÿåòñÿ áèåêöèåé [13].

Ñèìâîëè÷åñêè áèåêöèþ Bs ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

t = Bsu =
(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
, u ∈ V (s,H(s)) . (11)

Çäåñü è äàëåå {||m′||+ 2} îáîçíà÷àåò îäíîýëåìåíòíîå ìíîæåñòâî, ñîäåðæàùåå âåðøèíó
||m′||+ 2; {(u, ||m′||+ 2)} îáîçíà÷àåò îäíîýëåìåíòíîå ìíîæåñòâî, ñîäåðæàùåå äóãó
(u, ||m′||+ 2).

Òîãäà ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ T 1(s), ãäå äåðåâî s ïðè-
íàäëåæèò ìíîæåñòâó TRc(m′), ñèìâîëè÷åñêè ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

T 1(s) = BsV (s,H(s)) ={(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{
(u, ||m′||+ 2)

})
: u ∈ V

(
s,H(s)

)}
. (12)

Ïðîîáðàç äåðåâà t ∈ T 1(s) ïðè îòîáðàæåíèè Bs îáîçíà÷èì B−1
s (t). Òîãäà èç ôîðìóëû

(11) ñëåäóåò, ÷òî ìíîæåñòâî X(t) äóã äåðåâà t ∈ T 1(s) ìîæíî ïðåäñòàâèòü ñëåäóþùèì
îáðàçîì:

X(t) = X(s)
⋃{(

B−1
s (t), ||m′||+ 2

)}
. (13)

Çäåñü è äàëåå {(B−1
s (t), ||m′||+ 2)} îáîçíà÷àåò îäíîýëåìåíòíîå ìíîæåñòâî, ñîäåðæàùåå

äóãó (B−1
s (t), ||m′||+ 2).

Îáîçíà÷èì B̃s îòîáðàæåíèå ìíîæåñòâà âåðøèí V (s,H(s) − 1) íà ìíîæåñòâî T 2(s)
ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ, ïîëàãàÿ, ÷òî îáðàçîì âåðøèíû u, ïðèíàäëå-
æàùåé ìíîæåñòâó V (s,H(s)−1), ÿâëÿåòñÿ äåðåâî t ∈ T 2(s), ïîëó÷àþùååñÿ äîáàâëåíèåì
ê äåðåâó s âåðøèíû w = ||m′||+2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç âåðøèíû
u ∈ V (s,H(s)− 1) äåðåâà s.

Èç ëåììû 2 è îïðåäåëåíèÿ ìíîæåñòâà T 2(s) âûòåêàåò ñëåäóþùåå
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Ñëåäñòâèå 2. Ïóñòü äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′). Òîãäà îòîáðà-

æåíèå B̃s ìíîæåñòâà âåðøèí V (s,H(s)−1) íà ìíîæåñòâî T 2(s) ïîìå÷åííûõ êîðíåâûõ
ðàñòóùèõ äåðåâüåâ ÿâëÿåòñÿ áèåêöèåé [13].

Ñèìâîëè÷åñêè áèåêöèþ B̃s ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

t = B̃su =
(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
, u ∈ V (s,H(s)− 1). (14)

Òîãäà ìíîæåñòâî ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ T 2(s), ãäå äåðåâî s ïðè-
íàäëåæèò ìíîæåñòâó TRc(m′), ñèìâîëè÷åñêè ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:

T 2(s) = B̃sV (s,H(s)− 1) ={(
V (s)

⋃{
||m′||+ 2

}
, X(s)

⋃{(
u, ||m′||+ 2

)})
: u ∈ V (s,H(s)− 1)

}
. (15)

Ïðîîáðàç äåðåâà t ∈ T 2(s) ïðè îòîáðàæåíèè B̃s îáîçíà÷èì B̃−1
s (t). Òîãäà èç ôîðìó-

ëû (14) ñëåäóåò, ÷òî ìíîæåñòâî X(t) äóã äåðåâà t ∈ T 2(s) ìîæíî ïðåäñòàâèòü ñëåäóþ-
ùèì îáðàçîì:

X(t) = X(s)
⋃{(

B̃−1
s (t), ||m′||+ 2

)}
. (16)

Çäåñü è äàëåå
{(

B̃−1
s (t), ||m′||+2

)}
îáîçíà÷àåò îäíîýëåìåíòíîå ìíîæåñòâî, ñîäåðæàùåå

äóãó
(
B̃−1

s (t), ||m′||+ 2
)
.

Ëåììà 4. Åñëè ïîìå÷åííûå êîðíåâûå ðàñòóùèå äåðåâüÿ s è s′ ïðèíàäëåæàò îä-
íîìó è òîìó æå ìíîæåñòâó TRc(m′) è íå ðàâíû äðóã äðóãó, òî ïîìå÷åííûå ýòèìè
äåðåâüÿìè ìíîæåñòâà T 1(s) è T 1(s′) íå ïåðåñåêàþòñÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ìíîæåñòâà T 1(s) è T 1(s′) ïåðåñåêàþòñÿ. Òî-
ãäà ñóùåñòâóåò òàêîå ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî t, êîòîðîå ïðèíàäëåæèò
êàê ìíîæåñòâó T 1(s), òàê è ìíîæåñòâó T 1(s′). Òîãäà èç îïðåäåëåíèÿ ìíîæåñòâ T 1(s) è
T 1(s′) ñëåäóåò, ÷òî äåðåâî t ìîæíî ïîëó÷èòü äâóìÿ ñïîñîáàìè: (1) äîáàâëåíèåì ê äå-
ðåâó s âåðøèíû w = ||m′|| + 2 è çàõîäÿùåé â íåå äóãè, ïðèíàäëåæàùåé äåðåâó t;
(2) äîáàâëåíèåì òîé æå ñàìîé âåðøèíû è òîé æå ñàìîé äóãè ê äåðåâó s′.

Íî òàê êàê äåðåâüÿ s è s′ íå ðàâíû äðóã äðóãó, òî è äåðåâî, ïîñòðîåííîå ñïîñîáîì (1),
îòëè÷íî îò äåðåâà, ïîñòðîåííîãî ñïîñîáîì (2). Ýòîò ðåçóëüòàò íàõîäèòñÿ â ïðîòèâîðå-
÷èè ñî ñäåëàííûì íàìè ïðåäïîëîæåíèåì. Ñëåäîâàòåëüíî, ýòî ïðåäïîëîæåíèå íåâåðíîå
è ìíîæåñòâà T 1(s) è T 1(s′) íå ïåðåñåêàþòñÿ. Ëåììà 4 äîêàçàíà. ▶

Òåîðåìà 1. Ïóñòü âåêòîðû m è m′ ïðèíàäëåæàò ìíîæåñòâàì ñîîòâåòñòâåí-
íî M(H, 1) è M(H − 1), Åñëè ïðè ýòîì âñå êîìïîíåíòû âåêòîðà m′ ñîâïàäàþò ñ
ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m, òî ìíîæåñòâî TRc(m) ðàçëàãàåòñÿ
íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà òèïà T 1(s), ïîìå÷åííûå äåðåâüÿìè èç ìíîæå-
ñòâà TRc(m′):

TRc(m) =
⋃

s∈TRc(m′)

T 1(s). (17)

Äîêàçàòåëüñòâî. Ïóñòü m è m′ � âåêòîðû, óäîâëåòâîðÿþùèå óñëîâèÿì òåîðå-
ìû 1. Åñëè ïðè ýòîì äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′), òî èç îïðåäåëåíèÿ
ìíîæåñòâà T 1(s) ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ ïî ëåììå 3 ñëåäóåò, ÷òî îíî
ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà TRc(m).

Èç óñëîâèé òåîðåìû 1 ïî çàìå÷àíèþ 5 òàêæå ñëåäóåò, ÷òî ïîääåðåâî s(t) âñÿêîãî
äåðåâà t èç ìíîæåñòâà TRc(m) ïðèíàäëåæèò ìíîæåñòâó TRc(m′). À èç îïðåäåëåíèÿ
ïîääåðåâà s(t) äåðåâà t ñëåäóåò, ÷òî äåðåâî t ïîëó÷àåòñÿ äîáàâëåíèåì ê äåðåâó s(t)
âåðøèíû w = ||m′|| + 2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç íåêîåé âåðøèíû
u ∈ V (s(t), H(s(t))) äåðåâà s(t). Îòñþäà ñëåäóåò, ÷òî äåðåâî t ïðèíàäëåæèò ìíîæå-
ñòâó T 1(s(t)) ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.
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Èç óñòàíîâëåííûõ ñîîòíîøåíèé ìåæäó ìíîæåñòâîì TRc(m) è åãî ïîäìíîæåñòâàìè
òèïà T 1(s), ãäå s ∈ TRc(m′), è èç ëåììû 4 ñëåäóåò óòâåðæäåíèå òåîðåìû 1. ▶

Ëåììà 5. Åñëè ïîìå÷åííûå êîðíåâûå ðàñòóùèå äåðåâüÿ s è s′ ïðèíàäëåæàò îä-
íîìó è òîìó æå ìíîæåñòâó TRc(m′) è íå ðàâíû äðóã äðóãó, òî ïîìå÷åííûå ýòèìè
äåðåâüÿìè ìíîæåñòâà T 2(s) è T 2(s′) íå ïåðåñåêàþòñÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ìíîæåñòâà T 2(s) è T 2(s′) ïåðåñåêàþòñÿ. Òî-
ãäà ñóùåñòâóåò òàêîå ïîìå÷åííîå êîðíåâîå ðàñòóùåå äåðåâî t, êîòîðîå ïðèíàäëåæèò
êàê ìíîæåñòâó T 2(s), òàê è ìíîæåñòâó T 2(s′). Òîãäà èç îïðåäåëåíèÿ ìíîæåñòâ T 2(s) è
T 2(s′) ñëåäóåò, ÷òî äåðåâî t ìîæíî ïîëó÷èòü äâóìÿ ñïîñîáàìè: (1) äîáàâëåíèåì ê äå-
ðåâó s âåðøèíû w = ||m′|| + 2 è çàõîäÿùåé â íåå äóãè, ïðèíàäëåæàùåé äåðåâó t;
(2) äîáàâëåíèåì òîé æå ñàìîé âåðøèíû è òîé æå ñàìîé äóãè ê äåðåâó s′.

Íî òàê êàê äåðåâüÿ s è s′ íå ðàâíû äðóã äðóãó, òî è äåðåâî, ïîñòðîåííîå ñïîñîáîì (1),
îòëè÷íî îò äåðåâà, ïîñòðîåííîãî ñïîñîáîì (2). Ýòîò ðåçóëüòàò íàõîäèòñÿ â ïðîòèâîðå-
÷èè ñî ñäåëàííûì íàìè ïðåäïîëîæåíèåì. Ñëåäîâàòåëüíî, ýòî ïðåäïîëîæåíèå íåâåðíîå
è ìíîæåñòâà T 2(s) è T 2(s′) íå ïåðåñåêàþòñÿ. Ëåììà 5 äîêàçàíà. ▶

Òåîðåìà 2. Ïóñòü âåêòîðû m è m′ ïðèíàäëåæàò ìíîæåñòâàì ñîîòâåòñòâåííî
M(H, k) è M(H, k − 1), ãäå H è k � íàòóðàëüíûå ÷èñëà, óäîâëåòâîðÿþùèå íåðàâåí-
ñòâàì H ≥ 2 è k ≥ 2. Åñëè ïðè ýòîì âñå êîìïîíåíòû âåêòîðà m′, çà èñêëþ÷åíèåì
êîìïîíåíòû m′

H = k − 1 = mH − 1, ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè
âåêòîðà m, òî ìíîæåñòâî TRc(m) ðàçëàãàåòñÿ íà íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà
òèïà T 2(s), ïîìå÷åííûå äåðåâüÿìè èç ìíîæåñòâà TRc(m′):

TRc(m) =
⋃

s∈TRc(m′)

T 2(s). (18)

Äîêàçàòåëüñòâî. Ïóñòü m è m′ � âåêòîðû, óäîâëåòâîðÿþùèå óñëîâèÿì òåîðå-
ìû 2. Åñëè ïðè ýòîì äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′), òî èç îïðåäåëåíèÿ
ìíîæåñòâà T 2(s) ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ ïî ëåììå 3 ñëåäóåò, ÷òî îíî
ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà TRc(m).

Èç óñëîâèé òåîðåìû 2 ïî çàìå÷àíèþ 5 òàêæå ñëåäóåò, ÷òî ïîääåðåâî s(t) âñÿêîãî
äåðåâà t èç ìíîæåñòâà TRc(m) ïðèíàäëåæèò ìíîæåñòâó TRc(m′). À èç îïðåäåëåíèÿ
ïîääåðåâà s(t) äåðåâà t ñëåäóåò, ÷òî äåðåâî t ïîëó÷àåòñÿ äîáàâëåíèåì ê äåðåâó s(t)
âåðøèíû w = ||m′|| + 2 è çàõîäÿùåé â íåå äóãè, êîòîðàÿ èñõîäèò èç íåêîåé âåðøèíû
u ∈ V (s(t), H(s(t))− 1) äåðåâà s(t). Îòñþäà ñëåäóåò, ÷òî äåðåâî t ïðèíàäëåæèò ìíîæå-
ñòâó T 2(s(t)) ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Èç óñòàíîâëåííûõ ñîîòíîøåíèé ìåæäó ìíîæåñòâîì TRc(m) è åãî ïîäìíîæåñòâàìè
òèïà T 2(s), ãäå s ∈ TRc(m′), è èç ëåììû 5 ñëåäóåò óòâåðæäåíèå òåîðåìû 2. ▶

3. Äàëåå â ñòàòüå èçëàãàåòñÿ îäèí ñïîñîá ïðèìåíåíèÿ ýòèõ êëàññèôèêàöèé äëÿ óïðî-
ùåíèÿ äðåâåñíîãî ïðåäñòàâëåíèÿ [12] ôóíêöèè. Â êà÷åñòâå ôóíêöèè, äðåâåñíîå ïðåä-
ñòàâëåíèå êîòîðîé íàäëåæèò óïðîñòèòü, èçáåðåì òàêóþ äåéñòâèòåëüíóþ ôóíêöèþ φ(r)n
n ïåðåìåííûõ r1, r2, . . . , rn, êîòîðàÿ èìååò äðåâåñíîå ïðåäñòàâëåíèå

φm(r)n =
∑

t∈TRc(m)

∏
(u,v)∈X(t)

g(u,v). (19)

Çäåñü è äàëåå m îáîçíà÷àåò H-ìåðíûé âåêòîð ñ íàòóðàëüíûìè êîìïîíåíòàìè, n � ÷èñ-
ëî, îïðåäåëåííîå ôîðìóëîé (1), g(u,v) � ïîìå÷åííàÿ äóãîé (u, v) äåéñòâèòåëüíàÿ ôóíê-
öèÿ n ïåðåìåííûõ r1, r2, . . . , rn, ïðèíèìàþùèõ çíà÷åíèÿ â ν-ìåðíîì äåéñòâèòåëüíîì
åâêëèäîâîì ïðîñòðàíñòâå Rν . Èìåííî òàêîãî âèäà äðåâåñíûå ïðåäñòàâëåíèÿ ôóíêöèé
ìîãóò ÿâëÿòüñÿ ïîäûíòåãðàëüíûìè ôóíêöèÿìè â èíòåãðàëàõ, ïðåäñòàâëÿþùèõ ìàéå-
ðîâñêèå êîýôôèöèåíòû è êîýôôèöèåíòû äðóãèõ ñòåïåííûõ ðÿäîâ êëàññè÷åñêîé ñòàòè-
ñòè÷åñêîé ìåõàíèêè.
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Äàëåå â ñòàòüå áóäåò ïðåäëîæåíî çíà÷èòåëüíî áîëåå ïðîñòîå ïðåäñòàâëåíèå ôóíê-
öèè φ(r)n. Ñ ýòîé öåëüþ ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

m0 = 1; σm(h) =
h∑

i=0

mi, h = 0, H, (20)

ãäå m1,m2, . . . ,mH � êîìïîíåíòû âåêòîðà m;

Vm(0) = {1}; Vm(h) = {v : [σm(h− 1) + 1] ≤ v ≤ σm(h)}, 1 ≤ h ≤ H. (21)

Sm(h, v) =
∑

u∈Vm(h−1)

g(u,v), ãäå v ∈ Vm(h); (22)

Pm(h) =
∏

v∈Vm(h)

Sm(h, v). (23)

Â ôîðìóëàõ (21), (22) è (23) âåëè÷èíà h ïðèíèìàåò çíà÷åíèÿ, îïðåäåëåííûå íåðàâåí-
ñòâàìè 1 ≤ h ≤ H.

Çàìå÷àíèå 6. Èç ôîðìóë (20) âûòåêàåò ðàâåíñòâî σm(H) = ||m|| + 1. Îòñþäà è
èç ôîðìóë (21) ñëåäóåò, ÷òî âåðøèíà w = ||m||+1 ïðèíàäëåæèò ìíîæåñòâó Vm(H).

Ëåììà 6. Ïóñòü H è H ′ � äâà íàòóðàëüíûõ ÷èñëà, óäîâëåòâîðÿþùèõ íåðàâåíñòâó
H ′ ≤ H, à m è m′ � äâà âåêòîðà ñ íàòóðàëüíûìè êîìïîíåíòàìè ðàçìåðíîñòè H è H ′

ñîîòâåòñòâåííî. Ïðåäïîëîæèì, ÷òî ïðè ëþáîì i, óäîâëåòâîðÿþùåì íåðàâåíñòâàì
0 < i ≤ min{H ′, H − 1}, êîìïîíåíòà m′

i âåêòîðà m′ ñîâïàäàåò ñ êîìïîíåíòîé mi

âåêòîðà m. Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:
1. Ïðè âñåõ íàòóðàëüíûõ ÷èñëàõ h, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì

0 < h ≤ min{H ′, H − 1}, (24)

èìåþò ìåñòî ðàâåíñòâà
σm′(h) = σm(h) (25)

Vm′(h) = Vm(h); (26)

Sm′(h, v) = Sm(h, v); (27)

Pm′(h) = Pm(h). (28)

2. Åñëè óäîâëåòâîðÿþùèå óñëîâèÿì ëåììû 6 âåêòîðû m è m′ èìåþò îäíó è òó æå
ðàçìåðíîñòü H, òî ïðè âñåõ âåðøèíàõ v, ïðèíàäëåæàùèõ ìíîæåñòâó Vm′(H)∩Vm(H),
èìååò ìåñòî ðàâåíñòâî

Sm′(H, v) = Sm(H, v). (29)

Äîêàçàòåëüñòâî. Èç ôîðìóë (20) è óñëîâèé ëåììû 6 ñëåäóåò, ÷òî ïðè âñåõ íàòó-
ðàëüíûõ ÷èñëàõ h, óäîâëåòâîðÿþùåì íåðàâåíñòâàì (24), èìååò ìåñòî ðàâåíñòâî (25).
Îòñþäà è èç ôîðìóë (21) ñëåäóåò, ÷òî ïðè âñåõ íàòóðàëüíûõ ÷èñëàõ h, óäîâëåòâîðÿþ-
ùèõ íåðàâåíñòâàì (24), èìååò ìåñòî ðàâåíñòâî (26). Îòñþäà è èç ôîðìóë (22) ñëåäóåò,
÷òî ïðè âñåõ íàòóðàëüíûõ ÷èñëàõ h, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì (24), èìååò ìåñòî
ðàâåíñòâî (27). Íàêîíåö, èç ðàâåíñòâà (27) è èç ôîðìóë (23) ñëåäóåò, ÷òî ïðè âñåõ íà-
òóðàëüíûõ ÷èñëàõ h, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì (24), èìååò ìåñòî ðàâåíñòâî (28).
Ðàâåíñòâà (25), (26), (27) è (28) äîêàçàíû.

Äîêàæåì òåïåðü âòîðîå óòâåðæäåíèå ëåììû 6. Òàê êàê âåêòîðû m è m′ èìåþò îäíó
è òó æå ðàçìåðíîñòü H, òî ïî óòâåðæäåíèþ 1 ëåììû 6 èìååò ìåñòî ðàâåíñòâî

Vm′(H − 1) = Vm(H − 1). (30)
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Ðàâåíñòâî (30) ïðè âñåõ âåðøèíàõ v âëå÷åò ðàâåíñòâî∑
u∈Vm′ (H−1)

g(u,v) =
∑

u∈Vm(H−1)

g(u,v), (31)

Èç ôîðìóëû (22) ñëåäóþò ðàâåíñòâà

Sm′(H, v) =
∑

u∈Vm′ (H−1)

g(u,v), ãäå v ∈ Vm′(H);

Sm(H, v) =
∑

u∈Vm(H−1)

g(u,v), ãäå v ∈ Vm(H). (32)

Èç ôîðìóë (31) è (32) ñëåäóåò óòâåðæäåíèå 2 ëåììû 6. Ëåììà 6 ïîëíîñòüþ äîêàçàíà.
▶

Îáîçíà÷èì Vm = {Vm(h) : 0 ≤ h ≤ H} ñîâîêóïíîñòü ìíîæåñòâ, îïðåäåëåííûõ
ôîðìóëàìè (21).

Çàìå÷àíèå 7. Èç îïðåäåëåíèÿ ñîâîêóïíîñòè Vm ñëåäóåò, ÷òî âõîäÿùèå â íåå ìíî-
æåñòâà íå ïåðåñåêàþòñÿ, à èõ îáúåäèíåíèåì ÿâëÿåòñÿ ìíîæåñòâî Vn, ãäå ÷èñëî n
îïðåäåëÿåòñÿ ôîðìóëîé (1).

Èç ôîðìóë (20) è (21) ñëåäóåò, ÷òî ïðèíàäëåæàùèå ñîâîêóïíîñòè Vm ìíîæåñòâà
óäîâëåòâîðÿþò óñëîâèþ

(C) åñëè v′ ∈ Vm(h′), v′′ ∈ Vm(h′′), ãäå 0 ≤ h′ < h′′ ≤ H, òî v′ < v′′.
Íàêîíåö, èç ýòèõ ôîðìóë ñëåäóåò, ÷òî ìîùíîñòü ëþáîãî ìíîæåñòâà Vm(h) èç

ñîâîêóïíîñòè Vm ðàâíà êîìïîíåíòå mh âåêòîðà m.
Çàìå÷àíèå 8. Èç îïðåäåëåíèÿ ìíîæåñòâ Vm(h) ôîðìóëàìè (21) (ãäå h = 0, H),

îïðåäåëåíèÿ âåëè÷èí σm(h) ôîðìóëàìè (20) è îïðåäåëåíèÿ âåëè÷èíû n ôîðìóëîé (1)
ñëåäóåò

H⋃
h=0

Vm(h) = Vn. (33)

Ëåììà 7. Ïóñòü äåðåâî t ïðèíàäëåæèò ìíîæåñòâó TRc(m), ãäå âåêòîð m èìååò
ðàçìåðíîñòü H ≥ 1. Òîãäà èìååò ìåñòî ðàâåíñòâî

V (t,H(t)) = Vm(H), (34)

ãäå ìíîæåñòâî âåðøèí Vm(H) îïðåäåëÿåòñÿ ôîðìóëàìè (21).
Åñëè æå âåêòîð m èìååò ðàçìåðíîñòü H ≥ 2, òî òîãäà èìååò ìåñòî òàêæå è

ðàâåíñòâî
V (t,H(t)− 1) = Vm(H − 1), (35)

ãäå ìíîæåñòâî âåðøèí Vm(H − 1) îïðåäåëÿåòñÿ ôîðìóëàìè (21).
Äîêàçàòåëüñòâî. Â ñëó÷àå H = 1 âåêòîð m èìååò ðàçìåðíîñòü H = 1 è ñîäåðæèò

òîëüêî îäíó êîìïîíåíòó m1. Â ýòîì ñëó÷àå èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

H(t) = H = 1; m(t, 0) = 1; m(t, 1) = m1;

σ(t, 0) = 1; σ(t, 1) = 1 +m1; V (t, 1) = {v : 2 ≤ v ≤ 1 +m1}. (36)

Ïî ôîðìóëàì (20) è (21) ïîëó÷àåì: σm(0) = 1, σm(1) = 1 +m1 è, íàêîíåö,

Vm(1) = {v : 2 ≤ v ≤ 1 +m1}. (37)

Èç ôîðìóë (36) è (37) ñëåäóåò ðàâåíñòâî V (t, 1) = Vm(1). Ýòèì ðàâåíñòâîì ëåììà 7
â ñëó÷àå H = 1 äîêàçàíà.
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Äîêàæåì òåïåðü ëåììó 7 â ñëó÷àå H > 1. Èç óñëîâèé ýòîé ëåììû âûòåêàþò ðàâåí-
ñòâà

H(t) = H; m(t) = m; V (t,H(t)) = V (t,H). (38)

Èç çàìå÷àíèÿ 7 è ôîðìóë (38) ñëåäóåò, ÷òî ïðè ëþáîì h = 0, H ìîùíîñòè ìíîæåñòâ
V (t, h) è Vm(h) ðàâíû. Â ÷àñòíîñòè, ðàâíû ìîùíîñòè ìíîæåñòâ V (t,H(t)) è Vm(H) è
ðàâíû ìîùíîñòè ìíîæåñòâ V (t,H(t)− 1) è Vm(H − 1).

Èç ôîðìóë (38) è çàìå÷àíèé 1 è 8 ñëåäóåò, ÷òî ìíîæåñòâî âåðøèí V (t) äåðåâà t
è îáúåäèíåíèå âñåõ ìíîæåñòâ, ïðèíàäëåæàùèõ ñîâîêóïíîñòè Vm, ñîâïàäàþò ñ ìíîæå-
ñòâîì Vn, ãäå ÷èñëî n îïðåäåëÿåòñÿ ôîðìóëîé (1).

Ðàâåíñòâî (34) äîêàæåì îò ïðîòèâíîãî. Äîïóñòèì, ÷òî ýòî ðàâåíñòâî íåâåðíî. Òîãäà,
ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâî ìîùíîñòåé ìíîæåñòâ V (t,H(t)) è Vm(H), ìû ïðèõî-
äèì ê âûâîäàì:

(a) Õîòÿ áû îäíà âåðøèíà ìíîæåñòâà V (t,H(t)) íå ïðèíàäëåæèò ìíîæåñòâó Vm(H),
è, ñëåäîâàòåëüíî, ïðèíàäëåæèò íåêîåìó ìíîæåñòâó Vm(h), ãäå h < H. Îáîçíà÷èì ýòó
âåðøèíó ÷åðåç v.

(b) Õîòÿ áû îäíà âåðøèíà ìíîæåñòâà Vm(H) íå ïðèíàäëåæèò ìíîæåñòâó V (t,H(t)),
è, ñëåäîâàòåëüíî, ïðèíàäëåæèò íåêîåìó ìíîæåñòâó V (t, h′)), ãäå h′ < H(t). Îáîçíà÷èì
ýòó âåðøèíó ÷åðåç v′.

Èòàê, âåðøèíû v′ è v ïðèíàäëåæàò ìíîæåñòâàì, ñîîòâåòñòâåííî, Vm(H) è Vm(h), ãäå
âåëè÷èíû H è h óäîâëåòâîðÿþò íåðàâåíñòâó H > h. Îòñþäà ïî çàìå÷àíèþ 7 ñëåäóåò
íåðàâåíñòâî v < v′. Ïðè ýòîì âåðøèíû v è v′ ïðèíàäëåæàò ìíîæåñòâàì, ñîîòâåòñòâåííî,
V (t,H(t)) è V (t, h′), ãäå âåëè÷èíû H(t) è h′ óäîâëåòâîðÿþò íåðàâåíñòâó H(t) > h′.
Èç ýòîãî íåðàâåíñòâà è íåðàâåíñòâà v < v′ ïî îïðåäåëåíèþ 2 ñëåäóåò, ÷òî ìíîæåñòâî V (t)
âåðøèí äåðåâà t íå ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì. Ïî óñëîâèÿì ëåììû 7 äåðåâî t
ïðèíàäëåæèò ìíîæåñòâó TRc(m). Ïîýòîìó ñäåëàííûé âûâîä íàõîäèòñÿ â ïðîòèâîðå÷èè
ñ çàìå÷àíèåì 3, óòâåðæäàþùèì, ÷òî ìíîæåñòâî TRc(m) íå ñîäåðæèò íè îäíîãî äåðåâà t,
ìíîæåñòâî V (t) âåðøèí êîòîðîãî íå ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì. Ñëåäîâàòåëüíî,
ñäåëàííîå íàìè ïðåäïîëîæåíèå íåâåðíî, à âåðíî ðàâåíñòâî (34).

Ìåòîäîì îò ïðîòèâíîãî äîêàæåì òåïåðü, ÷òî â ñëó÷àå H > 1 ïðè óñëîâèÿõ ëåììû 7
ðàâåíñòâî (35) òàêæå èñòèííî. Äîïóñòèì, ÷òî ýòî ðàâåíñòâî íåâåðíî. Òîãäà èç ðàâåíñòâà
ìîùíîñòè ìíîæåñòâà V (t,H(t)− 1) è ìîùíîñòè ìíîæåñòâà Vm(H− 1) ñëåäóþò âûâîäû:

(a') Õîòÿ áû îäíà âåðøèíà ìíîæåñòâà V (t,H − 1) íå ïðèíàäëåæèò ìíîæåñòâó
Vm(H − 1). Èç óæå äîêàçàííîãî ðàâåíñòâà (34) ñëåäóåò, ÷òî ýòà âåðøèíà íå ìîæåò
ïðèíàäëåæàòü è ìíîæåñòâó Vm(H) è, ñëåäîâàòåëüíî, ïðèíàäëåæèò íåêîåìó ìíîæåñòâó
Vm(h”), ãäå H − 1 > h”. Îáîçíà÷èì ýòó âåðøèíó ÷åðåç v”.

(b') Õîòÿ áû îäíà âåðøèíà ìíîæåñòâà Vm(H − 1) íå ïðèíàäëåæèò ìíîæåñòâó
V (t,H(t)− 1). Èç óæå äîêàçàííîãî ðàâåíñòâà (34) ñëåäóåò, ÷òî ýòà âåðøèíà íå ìî-
æåò ïðèíàäëåæàòü è ìíîæåñòâó V (t,H(t)) è, ñëåäîâàòåëüíî, ïðèíàäëåæèò íåêîåìó
ìíîæåñòâó V (t, h′′′)), ãäå h′′′ < H(t)− 1. Îáîçíà÷èì ýòó âåðøèíó ÷åðåç v′′′.

Èòàê, âåðøèíû v′′′ è v” ïðèíàäëåæàò ìíîæåñòâàì, ñîîòâåòñòâåííî, Vm(H − 1) è
Vm(h”), ãäå âåëè÷èíû H − 1 è h” óäîâëåòâîðÿþò íåðàâåíñòâó H − 1 > h”. Îòñþäà
ïî çàìå÷àíèþ 7 ñëåäóåò íåðàâåíñòâî v′′ < v′′′. Ïðè ýòîì âåðøèíû v” è v′′′ ïðèíàä-
ëåæàò ìíîæåñòâàì, ñîîòâåòñòâåííî, V (t,H(t) − 1) è V (t, h′′′), ãäå âåëè÷èíû H(t) − 1
è h′′′ óäîâëåòâîðÿþò íåðàâåíñòâó H(t) − 1 > h′′′. Èç ýòîãî íåðàâåíñòâà è íåðàâåíñòâà
v′′′ > v” ïî îïðåäåëåíèþ 2 ñëåäóåò âûâîä, ÷òî ìíîæåñòâî V (t) âåðøèí äåðåâà t íå
ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì. Ïî óñëîâèÿì ëåììû 7 äåðåâî t ïðèíàäëåæèò ìíî-
æåñòâó TRc(m).

Ïîýòîìó ñäåëàííûé âûâîä íàõîäèòñÿ â ïðîòèâîðå÷èè ñ çàìå÷àíèåì 3, óòâåðæäàþ-
ùèì, ÷òî ìíîæåñòâî TRc(m) íå ñîäåðæèò íè îäíîãî äåðåâà t, ìíîæåñòâî V (t) âåðøèí
êîòîðîãî íå ÿâëÿåòñÿ ïîñëîéíî óïîðÿäî÷åííûì. Ñëåäîâàòåëüíî, ñäåëàííîå íàìè ïðåä-
ïîëîæåíèå íåâåðíî, à âåðíî ðàâåíñòâî (35). Ëåììà 7 ïîëíîñòüþ äîêàçàíà. ▶

Òåîðåìà 3. Ïðè ëþáîì H-ìåðíîì âåêòîðå m ñ íàòóðàëüíûìè êîìïîíåíòàìè ëþ-
áàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü
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ïðåäñòàâëåíà ïðîèçâåäåíèåì

φm(r)n =
H∏

h=1

Pm(h), (39)

ãäå ÷ècëî n îïðåäåëÿåòñÿ ôîðìóëîé (1), à ôóíêöèÿ Pm(h) � ôîðìóëîé (23).
Ïðåæäå, ÷åì ïðèâîäèòü äîêàçàòåëüñòâî òåîðåìû 3, ìû ïðèâåäåì ïðèìåð, â êîòî-

ðîì ðàññìîòðèì ÷àñòíûé ñëó÷àé ôîðìóëû (39), à òàêæå ñôîðìóëèðóåì è äîêàæåì äâå
âñïîìîãàòåëüíûå ëåììû è ñëåäñòâèÿ èç íèõ.

Ïðèìåð 2. Ðàññìîòðèì ñëó÷àé, êîãäà H = 1. Òîãäà âåêòîð m ñîäåðæèò âñåãî îäíó
êîìïîíåíòó m1. Êàê çàìå÷åíî â ïðèìåðå 1, â ýòîì ñëó÷àå ìíîæåñòâî TRc(m) ñîâïàäàåò
ñ ìíîæåñòâîì T (m) è ñîäåðæèò òîëüêî îäíî äåðåâî t � çâåçäó, öåíòðîì êîòîðîé ÿâ-
ëÿåòñÿ êîðåíü v = 1. Èç ôîðìóëû (20) ñëåäóåò: σm(0) = 1; σm(1) = 1 + m1. Îòñþäà,
ïðèìåíÿÿ ôîðìóëû (21), íàõîäèì ìíîæåñòâà âåðøèí Vm(0) = {1} è

Vm(1) = {v : σm(0) < v ≤ σm(1)} (40)

Ìíîæåñòâî X(t) äóã òàêîãî äåðåâà ïðåäñòàâëÿåòñÿ ôîðìóëîé

X(t) = {(1, v) : v ∈ Vm(1)}. (41)

Èñïîëüçóÿ ýòè ðåçóëüòàòû èç ôîðìóëû (22) ïîëó÷àåì

Sm(1, v) = g(1,v), ãäå v ∈ Vm(1). (42)

Â ðàññìàòðèâàåìîì ñëó÷àå ïðåäñòàâëåíèå ôóíêöèè φm(r)n ôîðìóëîé (19) èìååò âèä

φm(r)n =
∏

(1,v)∈X(t)

g(1,v). (43)

Îòñþäà è èç ôîðìóëû (42), à òàêæå èç îïðåäåëåíèé ìíîæåñòâ X(t) è Vm(1) ôîðìóëàìè,
ñîîòâåòñòâåííî, (41) è (40), âûòåêàåò ñëåäóþùåå ïðåäñòàâëåíèå ôóíêöèè φm(r)n:

φm(r)n =
∏

v∈Vm(h)

S(h, v), (44)

ãäåH = h = 1. Îòñþäà, ïðèìåíÿÿ îïðåäåëåíèå ôóíêöèè Pm(h)ôîðìóëîé (23), ïîëó÷àåì
ïðåäñòàâëåíèå ôóíêöèè φm(r)n â âèäå:

φm(r)n = Pm(1), (45)

÷òî ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ôîðìóëû (39) ïðè âñåõ m ∈ M(H), ãäå H = 1. Òàêèì
îáðàçîì, ïðè H = 1 óòâåðæäåíèå òåîðåìû 3 äîêàçàíî ïðè âñåõ m ∈ M(H). ■

Ëåììà 8. Äîïóñòèì, ÷òî ïðè äàííîì íàòóðàëüíîì ÷èñëå H ′, óäîâëåòâîðÿþùåì
íåðàâåíñòâó H ′ ≥ 1, è ïðè âñåõ âåêòîðàõ m ∈ M(H ′) ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ
äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39),
ãäå H = H ′, â âèäå ïðîèçâåäåíèÿ ôóíêöèé. Òîãäà è ïðè âñåõ âåêòîðàõ m, ïðèíàäëåæà-
ùèõ ìíîæåñòâó M(H ′+1, 1), ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëå-
íèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39), ãäå H = H ′ + 1, â âèäå
ïðîèçâåäåíèÿ ôóíêöèé.

Äîêàçàòåëüñòâî. Ïóñòü âåêòîð m ïðèíàäëåæèò ìíîæåñòâó M(H ′ + 1, 1). Â ýòîì
ñëó÷àå èìååò ìåñòî ðàçëîæåíèå (17) ìíîæåñòâà TRc(m) êîðíåâûõ ðàñòóùèõ äåðåâüåâ íà
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íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà. Èñïîëüçóÿ ýòî ðàçëîæåíèå, äðåâåñíîå ïðåäñòàâëåíèå
ôóíêöèè φm(r)n ôîðìóëîé (19) ìîæíî ïðåîáðàçîâàòü ñëåäóþùèì îáðàçîì:

φm(r)n =
∑

s∈TRc(m′)

∑
t∈T 1(s)

∏
(u,v)∈X(t)

g(u,v), (46)

ãäå m′ � ïðèíàäëåæàùèé ìíîæåñòâó M(H ′) H ′-ìåðíûé âåêòîð, âñå êîìïîíåíòû êîòî-
ðîãî ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m.

Ñ öåëüþ óïðîùåíèÿ îáîçíà÷åíèé îáîçíà÷èì u(t) = B−1
s (t). Èç ïðåäñòàâëåíèÿ ìíî-

æåñòâà X(t) äóã äåðåâà t ∈ T 1(s) ôîðìóëîé (13) ñëåäóåò∏
(u,v)∈X(t)

g(u,v) = g(u(t),w)

∏
(u,v)∈X(s)

g(u,v), (47)

ãäå w = ||m′|| + 2. Ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü ðàâåíñòâà (46) âìåñòî ïðîèçâåäåíèÿ,
ÿâëÿþùåãîñÿ ëåâîé ÷àñòüþ ðàâåíñòâà (47), ïðàâóþ ÷àñòü ðàâåíñòâà (47), ïîëó÷àåì

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
t∈T 1(s)

g(u(t),w), (48)

Òàê êàê äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′), òî, âî-ïåðâûõ, ïî ñëåäñòâèþ 1
îòîáðàæåíèå Bs ìíîæåñòâà âåðøèí V (s,H(s)) íà ìíîæåñòâî T 1(s) ïîìå÷åííûõ êîðíå-
âûõ ðàñòóùèõ äåðåâüåâ ÿâëÿåòñÿ áèåêöèåé. Ïîýòîìó îòîáðàæåíèåB−1

s ÿâëÿåòñÿ âçàèìíî
îäíîçíà÷íûì îòîáðàæåíèåì ìíîæåñòâà T 1(s) íà ìíîæåñòâî V (s,H(s)). Îòñþäà ñëåäóåò
ðàâåíñòâî ∑

t∈T 1(s)

g(u(t),w) =
∑

u∈V (s,H(s))

g(u,w). (49)

Âî-âòîðûõ, ïî ëåììå 7 èìååò ìåñòî ðàâåíñòâî

V (s,H(s)) = Vm′(H ′), (50)

ãäå H(s) = H ′, à ìíîæåñòâî âåðøèí Vm′(H ′) îïðåäåëÿåòñÿ ôîðìóëàìè (21).
Èç ôîðìóë (49) è (50) ñëåäóåò ðàâåíñòâî∑

t∈T 1(s)

g(u(t),w) =
∑

u∈Vm′ (H′)

g(u,w). (51)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (48) âûðàæåíèå, ñòîÿùåå â ëåâîé ÷àñòè ðàâåí-
ñòâà (51), âûðàæåíèåì, ñòîÿùèì â ïðàâîé ÷àñòè ðàâåíñòâà (51), ïîëó÷àåì

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
u∈Vm′ (H′)

g(u,w). (52)

Çàìåòèì, ÷òî ïðè h = H ′ + 1 è v = w ðàâåíñòâî (22) ïðèíèìàåò âèä

Sm(H ′ + 1, w) =
∑

u∈Vm(H′)

g(u,w), ãäå w ∈ Vm(H ′ + 1); (53)
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Òàê êàê âåêòîðû m è m′, ïî èõ îïðåäåëåíèþ, óäîâëåòâîðÿþò óñëîâèÿì ëåììû 6,
òî èç ëåììû 6 ñëåäóåò, â ÷àñòíîñòè, ÷òî èìååò ìåñòî ðàâåíñòâî Vm′(H ′) = Vm(H ′).
Ïðèìåíÿÿ ýòî ðàâåíñòâî, ïðåîáðàçóåì ðàâåíñòâî (53) ñëåäóþùèì îáðàçîì:

Sm(H ′ + 1, w) =
∑

u∈Vm(H′)

g(u,w) =
∑

u∈Vm′ (H′)

g(u,w), ãäå w ∈ Vm(H ′ + 1); (54)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (52) âûðàæåíèå, ñòîÿùåå â ïðàâîé ÷àñòè ðàâåí-
ñòâà (54), âûðàæåíèåì, ñòîÿùèì â ëåâîé ÷àñòè ðàâåíñòâà (54), ïîëó÷àåì

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Sm(H ′ + 1, w), (55)

Íàïîìíèì, ÷òî â ðàâåíñòâå (55) âåêòîð m ïðèíàäëåæèò ìíîæåñòâó M(H ′ + 1, 1) è
ïîýòîìó óäîâëåòâîðÿåò óñëîâèþ mH′+1 = 1. Îòñþäà è èç ôîðìóë (20) è (21) ñëåäóåò

σm(H ′) = ||m||; σm(H ′ + 1) = ||m||+ 1; Vm(H ′ + 1) = {w}, (56)

ãäå w = ||m||+ 1. Èç ôîðìóë (23) è (56) ñëåäóåò

Pm(H ′ + 1) = Sm(H ′ + 1, w). (57)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (55) âûðàæåíèå, ñòîÿùåå â ïðàâîé ÷àñòè ðàâåí-
ñòâà (57), âûðàæåíèåì, ñòîÿùèì â ëåâîé ÷àñòè ðàâåíñòâà (57), ïîëó÷àåì

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Pm(H ′ + 1), (58)

Ñóììà â ïðàâîé ÷àñòè ðàâåíñòâà (58) ÿâëÿåòñÿ äðåâåñíûì ïðåäñòàâëåíèåì ôóíêöèè
φm′(r)n−1 ïî åå îïðåäåëåíèþ ôîðìóëîé (19):∑

s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) = φm′(r)n−1, (59)

ãäå n îïðåäåëÿåòñÿ ôîðìóëîé (1), m′ ∈ M(H ′) � H ′-ìåðíûé âåêòîð, âñå êîìïîíåíòû
êîòîðîãî ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðàm. Ïî ïðåäïîëîæåíèþ,
óòâåðæäåíèå òåîðåìû 3 âåðíî äëÿ ôóíêöèè φm′(r)n−1. Ñòàëî áûòü, ñóììà â ëåâîé ÷àñòè
ðàâåíñòâà (59) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) =
H′∏
h=1

Pm′(h), (60)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (58) ñóììó, ñòîÿùóþ â ëåâîé ÷àñòè ðàâåíñòâà (60),
ïðîèçâåäåíèåì, ñòîÿùèì â ïðàâîé ÷àñòè ðàâåíñòâà (60), ïîëó÷àåì

φm(r)n =

(
H′∏
h=1

Pm′(h)

)
Pm(H ′ + 1). (61)
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Äàëåå, èç îïðåäåëåíèÿ âåêòîðîâ m′ è m ñëåäóåò, ÷òî ýòè âåêòîðû óäîâëåòâîðÿþò óñëî-
âèÿì ëåììû 6. Îòñþäà ïî ëåììå 6 ñëåäóåò, ÷òî ïðè h ≤ H ′ èìåþò ìåñòî ðàâåíñòâà (28).
Ïðèìåíÿÿ ýòè ðàâåíñòâà, èç ôîðìóëû (61) ïîëó÷àåì

φm(r)n =

(
H′∏
h=1

Pm(h)

)
Pm(H ′ + 1) =

H′+1∏
h=1

Pm(h) =
H∏

h=1

Pm(h), (62)

ãäå H = H ′ + 1. Òàêèì îáðàçîì, ëåììà 8 äîêàçàíà. ▶
Ëåììà 9. Ïðåäïîëîæèì, ÷òî ïðè äàííîì íàòóðàëüíîì ÷èñëå H, óäîâëåòâîðÿ-

þùåì íåðàâåíñòâó H ≥ 1, ïðè äàííîì íàòóðàëüíîì ÷èñëå k è ïðè âñåõ âåêòîðàõ
m ∈ M(H, k) ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19),
ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé. Òîãäà è ïðè
âñåõ âåêòîðàõ m, ïðèíàäëåæàùèõ ìíîæåñòâó M(H, k + 1), ëþáàÿ ôóíêöèÿ φm(r)n,
èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìó-
ëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé.

Äîêàçàòåëüñòâî. Ïóñòü âåêòîð m ïðèíàäëåæèò ìíîæåñòâó M(H, k + 1). Â ýòîì
ñëó÷àå èìååò ìåñòî ðàçëîæåíèå (18) ìíîæåñòâà TRc(m) êîðíåâûõ ðàñòóùèõ äåðåâüåâ íà
íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà. Èñïîëüçóÿ ýòî ðàçëîæåíèå, äðåâåñíîå ïðåäñòàâëåíèå
ôóíêöèè φm(r)n ôîðìóëîé (19) ìîæíî ïðåîáðàçîâàòü ñëåäóþùèì îáðàçîì:

φm(r)n =
∑

s∈TRc(m′)

∑
t∈T 2(s)

∏
(u,v)∈X(t)

g(u,v), (63)

ãäå m′ ∈ M(H, k) � H-ìåðíûé âåêòîð, óäîâëåòâîðÿþùèé óñëîâèÿì: m′
H = k, à âñå

îñòàëüíûå åãî êîìïîíåíòû ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè êîìïîíåíòàìè âåêòîðà m.
Ñ öåëüþ óïðîùåíèÿ îáîçíà÷åíèé îáîçíà÷èì ũ(t) = B̃−1

s (t). Èñïîëüçóÿ ýòî îáîçíà÷å-
íèå è ïðåäñòàâëåíèå ìíîæåñòâà X(t) äóã äåðåâà t ∈ T 2(s) ôîðìóëîé (16) ïîëó÷àåì∏

(u,v)∈X(t)

g(u,v) = g(ũ(t),w)

∏
(u,v)∈X(s)

g(u,v), (64)

ãäå w = ||m′||+ 2.
Èç îïðåäåëåíèÿ âåêòîðîâ m è m′ ñëåäóåò ðàâåíñòâî ||m|| = ||m′|| + 1. Ïîýòîìó

âåðøèíó w = ||m′||+ 2 ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì: w = ||m||+ 1. Îòñþäà
ïî çàìå÷àíèþ 6 ñëåäóåò, ÷òî âåðøèíà w = ||m||+ 1 ïðèíàäëåæèò ìíîæåñòâó Vm(H):

w ∈ Vm(H). (65)

Ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü ðàâåíñòâà (63) âìåñòî ïðîèçâåäåíèÿ, ÿâëÿþùåãîñÿ ëåâîé
÷àñòüþ ðàâåíñòâà (64), ïðàâóþ ÷àñòü ðàâåíñòâà (64), ïîëó÷àåì

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
t∈T 2(s)

g(u(t),w). (66)

Òàê êàê äåðåâî s ïðèíàäëåæèò ìíîæåñòâó TRc(m′), òî îòñþäà ñëåäóþò äâà âûâîäà:

Âî-ïåðâûõ, ïî ñëåäñòâèþ 2 îòîáðàæåíèå B̃s ìíîæåñòâà âåðøèí V (s,H(s)−1) íà ìíîæå-
ñòâî T 2(s) ïîìå÷åííûõ êîðíåâûõ ðàñòóùèõ äåðåâüåâ ÿâëÿåòñÿ áèåêöèåé. Ïîýòîìó îòîá-

ðàæåíèå B̃−1
s ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì îòîáðàæåíèåì ìíîæåñòâà T 2(s) íà ìíî-

æåñòâî V (s,H(s)− 1). Îòñþäà ñëåäóåò ðàâåíñòâî∑
t∈T 2(s)

g(u(t),w) =
∑

u∈V (s,H(s)−1)

g(u,w). (67)
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Âî-âòîðûõ, ïî ëåììå 7 èìååò ìåñòî ðàâåíñòâî

V (s,H(s)− 1) = Vm′(H − 1), (68)

ãäå H(s) = H, à ìíîæåñòâî âåðøèí Vm′(H − 1) îïðåäåëÿåòñÿ ôîðìóëàìè (21).
Èç ôîðìóë (67) è (68) ñëåäóåò ðàâåíñòâî∑

t∈T 2(s)

g(u(t),w) =
∑

u∈Vm′ (H−1)

g(u,w). (69)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (66) âûðàæåíèå, ñòîÿùåå â ëåâîé ÷àñòè ðàâåí-
ñòâà (69), âûðàæåíèåì, ñòîÿùèì â ïðàâîé ÷àñòè ðàâåíñòâà (69), ïîëó÷àåì

φm(r)n =
∑

s∈TRc(m′)

 ∏
(u,v)∈X(s)

g(u,v)

 ∑
u∈Vm′ (H−1)

g(u,w). (70)

Äàëåå, èç îïðåäåëåíèÿ âåêòîðîâ m′ è m ñëåäóåò, ÷òî ðàçìåðíîñòè ýòèõ âåêòîðîâ
ðàâíû îäíîìó è òîìó æå ÷èñëóH, à êîìïîíåíòû ýòèõ âåêòîðîâ óäîâëåòâîðÿþò óñëîâèÿì
ëåììû 6. Îòñþäà ïî ëåììå 6 ñëåäóåò, ÷òî ïðè h < H èìåþò ìåñòî ðàâåíñòâà (25), (26),
(27) è (28).

Èñïîëüçóÿ ðàâåíñòâà (26) è ôîðìóëû (65) è (22), ïîëó÷àåì∑
u∈Vm′ (H−1)

g(u,w) =
∑

u∈Vm(H−1)

g(u,w) = Sm(H,w), ãäå w ∈ Vm(H); (71)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâà (70) âûðàæåíèå, ñòîÿùåå â ëåâîé ÷àñòè ðàâåíñòâ (71),
âûðàæåíèåì, ñòîÿùèì â ïðàâîé ÷àñòè ðàâåíñòâ (71), ïîëó÷àåì

φm(r)n =

 ∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v)

Sm(H,w), (72)

Èç îïðåäåëåíèÿ ôóíêöèè φm(r)n ôîðìóëîé (19) ñëåäóåò∑
s∈TRc(m′)

∏
(u,v)∈X(s)

g(u,v) = φm′(r)n′ , (73)

ãäå n′ � ÷èñëî ||m′|| + 1, îïðåäåëåííîå ôîðìóëîé (1). Çàìåíèâ â ïðàâîé ÷àñòè ðàâåí-
ñòâà (72) ñóììó, ñòîÿùóþ â ëåâîé ÷àñòè ðàâåíñòâà (73), âûðàæåíèåì, ñòîÿùèì â ïðàâîé
÷àñòè ðàâåíñòâà (73), ïîëó÷àåì

φm(r)n = φm′(r)n′Sm(H,w), (74)

Ïî îïðåäåëåíèþ âåêòîð m′ ïðèíàäëåæèò ìíîæåñòâó M(H, k). Îòñþäà ñëåäóåò, ÷òî
ïî óñëîâèþ ëåììû 9 ôóíêöèÿ φm′(r)n′ , èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìó-
ëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ïðîèçâåäåíèåì

φm′(r)n′ =
H∏

h=1

Pm′(h). (75)

Çäåñü ôóíêöèè Pm′(h) îïðåäåëÿþòñÿ ôîðìóëîé

Pm′(h) =
∏

v∈Vm′ (h)

Sm′(h, v). (76)
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Â ÷àñòíîñòè,

Pm′(H) =
∏

v∈Vm′ (H)

Sm′(H, v). (77)

Èç ôîðìóë (75), (77) è (28) ñëåäóåò

φm′(r)n′ =

(
H−1∏
h=1

Pm′(h)

)
Pm′(H) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v). (78)

Îòñþäà è èç ôîðìóëû (74) ñëåäóåò

φm(r)n =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v)

Sm(H,w). (79)

Äàëåå, èç îïðåäåëåíèé âåêòîðîâ m′ è m ñëåäóþò ðàâåíñòâà mH = k + 1 è m′
H = k.

Îòñþäà è èç ôîðìóë (20) è (21) ñëåäóåò, ÷òî ïðè h = H âûïîëíÿþòñÿ ðàâåíñòâà

σm(H) = σm′(H) + 1 = w; Vm′(H) = {v : σm′(H − 1) + 1 ≤ v ≤ σm′(H)};
Vm(H) = {v : σm(H − 1) + 1 ≤ v ≤ σm(H)}. (80)

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâî V ′
m(H), ïîëàãàÿ

V ′
m(H) = {v : σm(H − 1) + 1 ≤ v ≤ σm(H)− 1}. (81)

Èç ôîðìóë (80) è (81) âûòåêàåò

Vm(H) = V ′
m(H)

⋃
{w}. (82)

Êðîìå òîãî, èç (80) ñëåäóåò ðàâåíñòâî

σm′(H) = σm(H)− 1. (83)

Êàê äîêàçàíî âûøå, ïðè âñåõ íàòóðàëüíûõ çíà÷åíèÿõ h, óäîâëåòâîðÿþùèõ íåðàâåí-
ñòâàì 0 < h < H, èìååò ìåñòî ðàâåíñòâî (25). Â ÷àñòíîñòè, ýòî ðàâåíñòâî èìååò ìåñòî
è ïðè h = H − 1:

σm′(H − 1) = σm(H − 1). (84)

Èç îïðåäåëåíèÿ ìíîæåñòâ Vm′(H) è V ′
m(H) ôîðìóëàìè (80) è (81) ñîîòâåòñòâåííî, è

èç ðàâåíñòâ (83) è (84) âûòåêàåò, ÷òî ìíîæåñòâà Vm′(H) è V ′
m(H) ñîâïàäàþò. Îòñþäà è

èç ðàâåíñòâà (82) ñëåäóåò ðàâåíñòâî

Vm(H) = Vm′(H)
⋃

{w}. (85)

Òàê êàê ìíîæåñòâà Vm′(H) è V ′
m(H) ñîâïàäàþò, òî èç óòâåðæäåíèÿ 2 ëåììû 6 ñëåäó-

åò, ÷òî ñóììû Sm′(H, v) è Sm(H, v) ñîâïàäàþò, åñëè âåðøèíà v ïðèíàäëåæèò ìíîæåñòâó
Vm′(H):

Sm(H, v) = Sm′(H, v), ãäå v ∈ Vm′(H). (86)
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Ïðîèçâîäÿ â ôîðìóëå (79) çàìåíû, îïðåäåëåííûå ôîðìóëîé (86) è ïðèìåíÿÿ ðàâåí-
ñòâî (85), ïîëó÷àåì

φm(r)n =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm′(H, v)

Sm(H,w) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm′ (H)

Sm(H, v)

Sm(H,w) =

(
H−1∏
h=1

Pm(h)

) ∏
v∈Vm(H)

Sm(H, v)

 . (87)

Ïðè h = H îïðåäåëåííàÿ ôîðìóëîé (23) ôóíêöèÿ Pm(h) ïðèíèìàåò âèä

Pm(H) =
∏

v∈Vm(H)

Sm(H, v). (88)

Çàìåíèâ â ïðàâîé ÷àñòè ðàâåíñòâ (87) âûðàæåíèå, ñòîÿùåå â ïðàâîé ÷àñòè ðàâåí-
ñòâà (88), âûðàæåíèåì, ñòîÿùèì â ëåâîé ÷àñòè ðàâåíñòâà (88), ïîëó÷àåì

φm(r)n =

(
H−1∏
h=1

Pm(h)

)
Pm(H) =

H∏
h=1

Pm(h). (89)

Òàêèì îáðàçîì, ëåììà 9 äîêàçàíà. ▶
Èç ëåììû 9 ïî ìåòîäó ìàòåìàòè÷åñêîé ìíäóêöèè âûòåêàåò
Ñëåäñòâèå 3. Äîïóñòèì, ÷òî ïðè íàòóðàëüíîì ÷èñëå H > 1 è ïðè âñåõ âåêòî-

ðàõ m ∈ M(H, 1) ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìó-
ëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé.
Òîãäà è ïðè âñåõ âåêòîðàõ m, ïðèíàäëåæàùèõ ìíîæåñòâó M(H), ëþáàÿ ôóíêöèÿ
φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëå-
íà ôîðìóëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé.

Èç ñëåäñòâèÿ 3 è ëåììû 8 âûòåêàåò
Ñëåäñòâèå 4. Äîïóñòèì, ÷òî ïðè íàòóðàëüíîì ÷èñëå H ≥ 1 è ïðè âñåõ âåê-

òîðàõ m ∈ M(H) ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìó-
ëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé.
Òîãäà è ïðè âñåõ âåêòîðàõ m, ïðèíàäëåæàùèõ ìíîæåñòâó M(H +1), ëþáàÿ ôóíêöèÿ
φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëåíà
ôîðìóëîé (39) â âèäå ïðîèçâåäåíèÿ ôóíêöèé.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ïðè íàòóðàëüíîì ÷èñëåH ≥ 1 è ïðè âñåõ âåêòîðàõ
m ∈ M(H) ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðåâåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19),
óäîâëåòâîðÿåò óñëîâèÿì ñëåäñòâèÿ 4. Òîãäà ïî ëåììå 8 ñëåäóåò, ÷òî ïðè âñåõ âåêòî-
ðàõ m, ïðèíàäëåæàùèõ ìíîæåñòâó M(H +1, 1), ëþáàÿ ôóíêöèÿ φm(r)n, èìåþùàÿ äðå-
âåñíîå ïðåäñòàâëåíèå ôîðìóëîé (19), ìîæåò áûòü ïðåäñòàâëåíà ôîðìóëîé (39) â âèäå
ïðîèçâåäåíèÿ ôóíêöèé. Îòñþäà ïî ñëåäñòâèþ 3 ñëåäóåò óòâåðæäåíèå ñëåäñòâèÿ 4. ▶

Äîêàçàòåëüñòâî òåîðåìû 3. Â ïðèìåðå 2 äîêàçàíî, ÷òî ïðè H = 1 óòâåðæäåíèå
òåîðåìû 3 âåðíî ïðè âñåõ m ∈ M(H). Èç ýòîãî ðåçóëüòàòà è ñëåäñòâèÿ 4 ïî ìåòîäó
ìàòåìàòè÷åñêîé èíäóêöèè ñëåäóåò óòâåðæäåíèå òåîðåìû 3. ▶

Íåñîìíåííî, ÷òî òåîðåìà 3 íàéäåò ñâîå ïðèìåíåíèå â ïðèëîæåíèÿõ.
Â çàêëþ÷åíèå àâòîð âûðàæàåò ñâîþ èñêðåííþþ áëàãîäàðíîñòü ê.ô.-ì.í. Â.È. Öåáðî

çà ïîëåçíûå ñîâåòû è À.Â. Áåëÿåâó çà òåõíè÷åñêóþ ïîääåðæêó.
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