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Abstract
Buildaspecialidenticalequation,useitscalculationcharacterstoproveandsearch

forsolutionofanyoddconvergingto1equationthrough(*3+1)/2̂koperation,change

theoperationto(*3+2m-1)/2k,andgetasolutionforthisequation,whichisexactlysame

withthatgotfrom calculatingdirectly.Thengiveaspecificexampletoverify.Thusprove

theCollatzConjectureistrue.Furthermore,analysisthesequencesproducedbyiteration

calculationduringtheprocedureofsearchingforsolution,buildaweightfunctionmodel,

proveitdecreaseprogressivelyto0,buildacomplementweightfunctionmodel,proveit

increasetoitsconvergencestate.Indicatethatthiskindofiterationcalculationhas

determineddirection,andgraduallyregularlyconverges.

Keywords:Collatzconjecture,(*3+1)/2koddsequence,(*3+2m-1)/2koddsequence,

weightfunction

Ⅰ IntroductionAboutTheCollatzConjecture

TheCollatzConjectureisafamousmathconjecture,namedafter

mathematicianLotharCollatz,whointroducedtheideain1937.Itisalso

knownasthe3x+1conjecture,theUlam conjectureetc.Many

mathematicianshavetriedtoproveittrueorfalseandhaveexpandeditto

moredigitsscale.Butuntiltoday,ithasnotyetbeenproved.

TheCollatzConjectureconcernssequencesofpositiveintegersinwhich

eachterm isobtainedfrom thepreviousoneasfollows:ifthepreviousinteger

iseven,thenextintegeristhepreviousintegerdividedby2,tilltoodd.Ifthe

previousintegerisodd,thenextterm isthepreviousintegermultiply3and

plus1.Theconjectureisthatthesesequencesalwaysreach1,nomatter

whichpositiveintegerischosentostartthesequence.

Hereisanexampleforatypicalintegerx=27,takesupto111steps,

increasingordecreasingstepbystep,climbingashighas9232before

descendingto1.

27,82,41,124,62,31,94,47,142,71,214,107,322,161,484,242,121,364,182,91,

274,137,412,206,103,310,155,466,233,700,350,175,526,263,790,395,1186,593,

1780,890,445,1336,668,334,167,502,251,754,377,1132,566,283,850,425,1276,

638,319,958,479,1438,719,2158,1079,3238,1619,4858,2429,7288,3644,1822,911,

2734,1367,4102,2051,6154,3077,9232,4616,2308,1154,577,1732,866,433,1300,

650,325,976,488,244,122,61,184,92,46,23,70,35,106,53,160,80,40,20,10,5,16,

8,4,2,1.



Iftheconjectureisfalse,thereshouldexistssomestartingnumberwhich

givesrisetoasequencethatdoesnotcontain1.Suchasequencewould

eitherenterarepeatingcyclethatexcludes1,orincreasewithoutbound.No

suchsequencehasbeenfoundbyhumanandcomputerafterverifiedalotof

numberscanreachto1.Itisverydifficulttoprovethesetwocasesexistor

not.

Thispaperwilltrytoprovetheconjecturetruefrom aspecialview.

Becauseanyevencanbecomeoddthrough operation,thispaperwill
researchonlyoddcharactersintheconjecturesequence.Theequivalence

conjecturebecome:withrandom startingoddx,do operation

repeatedly,italwaysconvergesto1.Theabovesequencecanbewrittenas

following,inwhichnumbersonarrowsarekin ineachstep:

Ⅱ BuildEquationForTheConjecture

Ifoddxdontimes calculationbuildoddy,wecanget:

Inwhichp1…pniskin operationineachstep.

Forexample: , ,then

Supposeoddxcanconvergeto1through calculation,then

y=1, get:

Formula(1)

Weknow ,andcandoanytimesthiskindofoperation.

Thatistosay,1dorandom nsteps operationcanconvergeto1,

have:

BelowweusethismodeltoproveandsearchforsolutionofFormula(1)

foranyoddxconvergingto1.



Ⅲ SolutionForAnyOddConvergingTo1Equation

Firstwithoddxdoreform:

,am…a0=0,1or2.Then:

Ifam>1oram=1but

,make

or:

Buildidenticalequation:

Formula(2)

Ifxcanconvergeto1,Formula(1)andFormula(2)shouldbeequivalence.

Below wetrytoreform Formula(2)toform ofFormula(1),ifsuccessful,it

provesthatequationforFormula(1)hassolution.

Firstlet:

,

becausexisodd,thisisoddminuseven,tnshouldbeodd.

Becausethemaxvalueofx-3m is ,minvalue

is ,thentnhasarange:

from to

.

Changetntobinaryform andlet:

,thisisjustwith3npartmultiply

(2+1)become3n-1 part,andpluscorrespondingpartinFormula(2),minus

correspondingpartinFormula(1).From nowon,tn-1becomeeven.Continue:

,andlet2p1equaltomax

valueofevenpart(orthelowestbitofoddpart).

WatchFormula(1)andFormula(2),ingeneral,ifdonotconsider2p1+…

part(becauseweconsider2p1+… asmaxvalueofevenpartofti-2)inFormula

(1),correspondingparts inFormula(2)arebiggerthancorrespondingpartin



Formula(1).Henceafterafew timesof ,valueofti-2 ismainly

determinedbycorrespondingpartinFormula(2).And,after ,odd

partshouldadd1or2bits,ifadd1bit, shouldoperateinMSBbit,if

add2bits, shouldoperateinMSB-1bit.Bothcasesoddpartadd2

bitsafter operation,ifMSBbitofti-2is2k,kshouldbeodd.
Forexample:

,

Continue:

,let2p1+p2equaltomax

value ofeven part.Because LSB bitno.ofodd partofti increases

continuously,thiscanbefinishedeasily.

Watchti(i<nanddecreasesstepbystep),duringiteration,thecountof

succession1inthehighestpartshouldbeunchangedorincreased.Why?

Thisisbecauseofcharactersofoddmultiply3and operation.Ifti-1is
withform 10…,obviously, countofsuccession1inhighestpartofti-2is

unchangedorincreased.Ifti-1 iswithform 111…,afterdo ,should

become101…,do ,become111…,countofsuccession1inhighestpart
isalsounchangedorincreased.Othercasescanbeprovedeasily.Some

casescanincrease,forexample,ifti-1 iswithform 110110…,ti-2 becomes

1110…

Dothisiterationcontinuously,countofsuccession1inthehighestpart

ofoddpartoftiisunchangedorincreased,LSBbitno.isalsoincreased.

Hence,finally,ticanbecomeform of11…,just form (k+j=odd).

Stophere,donotdo again,oddxalreadyconvergeto1.Do

operation,itshouldoperateinMSB+1bit,becauseMSBbitno.of is
foreverequaltoMSB+1bitno.ofthepreviousitem.Henceminusresultcan

beequalto ,thusprovetheCollatzConjectureandgetsolutionof
Formula(1).

Belowgiveaspecificexample,x=7.

Weknow,with7do ,have:

Suppose:



Build:

*(2+1)and+24:

-3n-1:

*(2+1)and+26: ,

Letp1=1,anddeleteitem 2:

*(2+1)and+28:

Letp1+p2=2,anddeleteitem 22:

*(2+1)and+210:

Letp1+p2+p3=4,anddeleteitem 24:

*(2+1)and+212:

Letp1+p2+p3+p4=7,anddeleteitem 27:

Nowbecome111…,thehighestbitis213,iterationfinished,stepsn=5.

And

.
Thisway,wegetasolutionforFormula(1),inwhichthevalueofnand

piisexactlysamewiththeresultgotfrom calculatingdirectly.

Ⅳ ConvergenceRegularityOfCollatzConjecture

Ifwecalculatedirectlywithoddthrough operation,theodd

sequencebuilt(calledSequence(1))hasnoobviousconvergenceregularity,

elementsinthesequencevarysometimesbig,sometimessmall.Butifwedo

operationasintroducedinabovesection,convergenceregularityoftheodd

sequencebuilt(calledSequence(2))ismoreobvious.

First,ifaddtwocorrespondingelementsineachstepinthesetwoodd

sequences,shouldbeexactly2k(kisdifferentwithdifferentelements).Such



as

…inaboveexample.

Ingeneral,firstelementinSequence(2)is:

andfirstelementinSequence(1)isx:

,then

,is justthe same form with

Formula(2),and2m shouldbetheMSB+1bitno.ofxora(alongwiththe

increaseofainSequence(2),2m shouldbetheMSB+1bitno.ofa,because

eachcorrespondingpartinFormula(2)isbiggerthanwhichinFormula(1)).

Belowprovenextelementsalsosatisfyaboveregularity.

Suppose a in Sequence (2)and xin in Sequence (1)satisfyabove

regularity,and:

,

,then

,

,

Thisstatesthatthelowestbitofoddpartof(3x+1)and(3a+2m+1-1)is

equal,andaddthesetwooddpartsshouldbe2i(i<k).

Aboveregularitystatesthattheoriginaloddsequencehasnoobvious

regularityisbecauseitisonlythepartialpart,notthewholepart.

Second,researchintooddmultiplying3,anyoddcanbewritteninbinary

form 1…1,boththehighestandlowestbitis1,after ,althoughtotalbit

numberincreases,firstsubstepistoshiftbit1tothemiddleoftheresult,

secondsubstepmaymakecarrytohigherbitdueto1+1inthemiddleofthe

result(1-bitsinthemiddleofoddalsosatisfythisregularity).Bothsubsteps

arebeneficialtoourfinalgoal,becauseweneedmany1bitsinfinalresult.

operationensuresuccession1bitsinthehighestpart,-1operation
reducecountofisolated1bitsinthelowestpart.Hence0-bitsintheoddpart

intishouldshiftrightorbit-countreduceineachstep,anditsweightintotalti

shouldreducestepbysteptillto0,whentheoddpartconvergesto1...1.Build

asimpleweightmodel:

Definition (1)



Where22k isthecorrespondingaddingpartintiinthatstep.Because

obviously ineachstep,simplywecanusewirepresenttheweightof

valueofall0bitsinoddpartinti.Wecanalsothink asthesum oftiand
itscorrespondingpartinoriginalsequence,theconclusionwefinalgotis

same.Specially,withanyodda,whichhighestbitis2m,definewiforthisodd:

Definition (2)

AlthoughthedenominatormaybebiggerthanwhichinDefinition(1),the

regularityissame.

Note:ifoddiswithform 1...1,without0bits,trytofinditscorresponding

originaloddstrictlyusingmethodintroducedabove,ifnotfound,abandonit,if

found,ignoresomepreviousstepstillw(i)orw[a]isnotequalto0.Onlyweight

functionvalueof11isalwaysequalto0tilltoconvergence,itisnotworth

worryingabout.Thesecasesdonotinfluenceourresearch.

Observewi,itshouldreducestepbystep,andmodelvaluecanandmust

convergeto0,becausethereisnopossibilitytoexistaconvergencevalue,

whichitscorrespondingoddpartintiisnot1...1,anditsmodelvaluecan

remainunchangedinnextstepsthroughmultiplying3operationandother

twooperations.Thusoddpartmustconvergeto1...1,couldnotdivergeor

convergetootherodds.

tisequenceinaboveexampleis:9,42,188,816,3456,14336

oddpartsequenceis:9,21,47,51,27,7

wisequenceis(accordingtoDefinition(1)):

(2+4)/4=1.5,(4+16)/16=1.25,64/64=1,(64+128)/256=0.75,512/1024=0.5,0/

4096=0

Through above introduction we know,with odd we do

operation in the Collatz Conjecture,on the contrast,with odd we do

inaboveiterationmethod.Wecaneasilyprovethatodd

1…10a(aisinbinarybase)isequivalenttoodd10ainsecondmethod,countof

succession1bitsintheheadpartonlyrepresenttheiterationstepsroughly.

Infact,onlyonecase0bitsintidonotshiftrightorbit-countreducewhen

tihasnotconverged.Thisis:

101->1011.

Thiscasewidonotchange,bothare1/4,accordingtoDefinition(2).But

nextstep1011->11,ticonverges,hencethiscaseisnotworthworryingabout.

Belowweproveitstrictly.

Suppose with odd a do operation,and use xrepresent

iterationsteps.wecanreform wiasfollowing(accordingtoDefinition(1)),the

numeratorpartisexactlyequalto0bitsinti:



Obviouslyw(x)iscontinuousderivablewhenainodddomaindefinition

andxinpositiveintegerdomaindefinition,andisbounded(>=0).

Nowwetrytotakethederivativeofw(x).

Here the derivation definition ofthe numeratorand denominatoris:

(y(x+1)-y(x))/(x+1-x).

Thenthederivationofthenumeratoris:

Thederivationofthedenominatoris:

Then

Wherebistheoddafteroddadoingxsteps operation.thatis:

Observew’(x),weknowwhenb>3w’(x)<0,w(x)monotonicallydecreases.

Onlywhenb=1(thiscase shouldequalto4),orwhenb=3, ,

W’(x)=0.Second caseofb=3 istheexceptcaseintroduced above,the

correspondingoddpartoftiiswithform ‘101’,isnotworthworryingabout.

Firstcaseisconvergencecase.

Totally,thiskind ofiteration calculation hasthesecasesafterdoing

asfollowing:

Case1:oddtailpartdecreasesonebit,headpartdoesnotincreaseonebit,

thiscasetailpartshouldinsertonebitof1andwithzeroormore0changing

to1,totally1bitsweightshouldincreaseintailpart.

Case2:oddtailpartdecreasesonebit,headpartincreasesonebit,if

correspondingoddin sequencechangebigger,isjustbecause

tailpartcarryonebitof1toheadpart;ifcorrespondingoddchangesmaller,

isjustweneed.

Case3:oddtailpartdecreasestwobits,headpartdoesnotincreaseone

bit,tailpart0bitsshouldshiftright.

Case4:oddtailpartdecreasestwobits,headpartincreasesonebit.

Case5:oddtailpartdecreasesthreeormorebits,headpartincreases

zerooronebit.



Allthesecases,w(x)functionaredecreasedstepbystepexceptsome

casesintroducedabove.

Doesitexistsomeoddswhichitswitendsto0butnotequalto0forever?

In fact,itexistssomeoddswhich 0-bitsdistribution aresimilarand wi

decreasesiftheyexistinsamesequence.Suchas,10001and110001(+25)or

11000011(*4-1),10001and1100001(insert0).Becausethe

operationlimitsthevaryingofthehighestpartofodd,theseoddscouldnot

bepossibletoappearinthesamesequence,alsocouldnotrepeatedlyappear.

Forexample:

10001->101001->1011101->11001011->11011->111,could notproduce

similar0-bitsdistribution.

Belowproveitfrom anotherview.

Supposeoddaisin operationsequence,itscorresponding

oddin operationsequenceisb,whichhighestbitis2m,then

accordingtoDefinition(2), .

NextStep,bbecomeoddc,then ,where2pisthelowestbit

ofoddpart.

,

Whenaisbigenough,forexamplea>=210+1, .

Thismeanswhenoddin operationsequenceisbigenough,

nextstep,wiissmallerthanwhichmultiply0.751incurrentstep.

Inaboveexample,forfirstodd, ,forotherodds, ,

, ,wiforallotheroddsisequaltoorbiggerthanwi

*0.5forfirstodd.

Anyoddshavethissameregularity.Becausewhenthetailpartofthe

oddsremainunchangedorinsert0(anytailposition),thenumeratorpartis

sameorbiggerthan2timesoforiginal,andthedenominatorbecomesameor

2timesoforiginal,whentheheadpart(successive1part)oftheoddsaddone

1,thedenominatorbecome2timesagain,thenthefinalvalueshouldbe

biggerthan0.5timesthanoriginal.

Inaboveexample,obviously,firstoddcouldnotbecomeotheroddsin



within 3 steps(case of huge odds is same). But

0.751*0.751*0.751=0.423564751<0.5,itiscontradictious.

Ifstepsincrease,itisalsonotpossibletobecomeotherodds,becauseif

stepsincrease,countof1inheadpartshouldalsoincrease,thisconsumes

manysteps,therearenoenoughstepslefttofinishtheneeddeformation.

Weknow,normallyifonlythinkaboutvaryingofheadpart,itneeds2or3

stepsperiodlytofinishaddingone1toheadpart,iftailpartcarryonebitof1

toheadpart,itminus1step.Andtailpartisnotpossibletocarry1bittwo

timestoheadpartwhenheadpartaddtwo1successively,becauseeachtime

headpartaddone1ortailpartcarry1bittoheadpart,highestpartoftailpart

producestwomore0bits,itcouldnotproducecarryingbitsuccessively.This

istosay,normallyinlongoddsequence,eachtimeheadpartaddone1,itat

leastneedabout2moresteps(weignoreoddsneedingonly1steptoaddone

1 to head partin firststep here,and we also ignore odds with form

10111(manymany1)...,becausealthoughthiskindofoddsneed2stepsto

finishaddingone1toheadpartsuccessivelyduringsomesteps,itdecreases

countofsuccessive1intailpartaftereachstep,thisisnotgoodforchanging

tosimilar0-bitsdistribution).

Weknowloopoddsequenceanddivergenceoddsequencebotharelong

sequencewhichhasmuchmorethan4elements(3steps).Supposeanyhuge

startodda(itscorrespondingoddin sequenceisbiggerthan

210+1),aaddxbitsof1inheadpartandbecomehugeoddbwithsimilar0-bits

distributionofa,itatleastneedystepstofinish.Thenw[b]shouldbebigger

than0.5xtimesofW[a]from calculationdirectly,andshouldbesmallerthan

0.751y timesofW[a] through iteration calculation characterintroduced in

above.Thisis:

But,nomatterwhetherthedeformationisfinishedornot,onlytofinish

adding enough bits of1 to head part,itneed atleastmore than 2x

steps(about2.5xsteps),thereisnoenoughstepstodotaildeformation.So

far,theneedingstepsfrom thesetwoanglesmaybecontradictious.

Henceitcouldnotbepossibletoexistasequencewhichexistsaloopor

witendsto0butnotequalto0foreverwhenalloddsinthesequencearebig

enough.Onceonecorresponding odd in sequencebecome

smallerthan210+1,itbecomecaseofsmallodd,andallsmalloddscanbe

provedtoconvergeeasilymanually.



Ⅴ TheComplementWeightFunctionOfW[a]

ToavoidprovingweightfunctionW[a]convergingto0(itisnoteasilyto

provestrictlythenumeratorpartequalto0finally),webuilditscomplement

weightfunction.Build:

,thehighestbitofais2m

Throughtheproofandintroductionabove,weknow Wc[a]monotonically

increasesexceptwhencorrespondingoddbiin sequenceofaiis

1or3,andtheseexceptcasesarenotworthworryingabout.Andwealso

knowtheconvergencestateofWc[a]is .

HowmuchdoesWc[a]increaseineachstep?Supposeodda0,a1,a2are

threeelementsinorderin sequence,a0isequaltoa,then

, , ,where

2pis2kinfirststep operation.

,

,

Observethisformula,when2pisequalto2or4, is ,

supposethisratiois ,then

,



Whenn->∞, ,thisisaconvergencestate,

andweknow,inactualcase,itneedsalimitnumbernstepstoreachto(or

biggerthan) ,becausetheratiois .

when2pisbiggerthan4, is ,butstill ,Wc[a]also

increases,thistime,thereisnotanyotherlimit,itcanincreasetilltoits

convergencestate.Andmoreimportantly,when2pisbiggerthan4,

convergingspeedbecomemorefaster,becausecorrespondingoddin

sequencebecomesmaller.

Ofcourse,Wc[a]canconvergein (kisanypositiveinteger),notonly

.ThisincreasestheconvergencechanceofWc[a].

IsitpossiblethatWc[a]increasescontinuouslybutneverequalto ?

Forexample,87/128,177/256,357/512,717/1024…(heredoesnotconsider

ratiotemporarily).

Itisnotpossible.ObservethevaryingoffractioninlowesttermsofWc[a],

thedenominatorpartisequal,smaller,or2timesofprevious(becausethe

numeratorpartatleastcanbedividedby2ineachstep)ineachstep,whenis

equal,thenumeratorpartshouldincrease,itispossibletoconverge,whenis2

timesofprevious,thetotalvaluealsoincrease,whenissmaller,thetotal

valueshouldnotonlybiggerthanthevalueoffrontWc[a]withsame

denominatorpart(ifexist),butalsobiggerthanallWc[a]followit.Andinlong

sequence,usuallyappearthesmallercase,ithasmanychancestoappear

,especiallywhenthefrontelementisalreadyclosetoitsconvergence

state.Forexample,suppose177/256isinsequence,ifsomefollowing

elementwithsamedenominatorpart256appearaftermanysteps,itsvalue

shouldbebiggerthanalltheelementsbetween177/256anditself,itismuch

possibletoequalto255/256.



ContinuouslyobserveWc[a],eveninthe2timescase,elementsarecloser

toconvergencestatebythemselves.Supposethedenominatorpartof

fractioninlowesttermsof is2m+2,

Weknow2m<a<2m+1-1,ifaisnotequalto11…101,whichisverycloseto

itsconvergencestate11…1,theaboveformulais<0.Thusprovedtheabove

conclusion.

Belowgiveanexampleofstartnumber27in oddsequence

toverify,somedecimalsarewrittenintheform whichiseasilytobejudged

equalto,biggerorsmallerthan0.75.

Oddsin sequenceare:

37,87,97,209,441,917,1887,1927,1957,3959,3993,8037,16151,16209,32505,65141,13

0479,130627,65369,130821,261767,261861,523863,523969,1048097,2096433,4193225,

8386989,16774787,8387697,16775849,33552381,67105787,16776639,16776783,16776

891,4194243,2097129,4194269,8388555,1048571,262143

Wc[a]sequence:
37/64,87/128,97/128,209/256,441/512,917/1024,1887/2048,1927/2048,1957/2048,

3959/4096,3993/4096,8037/8192,16151/16384,16209/16384,32505/32768,65141/6553

6,130479/(65536*2),130627/(65536*2),65369/65536,130821/(65536*2),261767(65536*

4),261861/(65536*4),523863/(65536*8),523969/(65536*8),1048097/(65536*16),209643

3/(65536*32),4193225/(65536*64),8386989/(65536*128),16774787/(65536*256),83876

97/(65536*128),16775849/(65536*256),33552381/(65536*512),67105787/(65536*1024)

,16776639/(65536*256),16776783/(65536*256),16776891/(65536*256),4194243/(6553

6*64),2097129/(65536*32),4194269/(65536*64),8388555/(65536*128),1048571/(65536

*16),262143/262144

sequence:

13/128,10/128,15/256,23/512,35/1024,53/2048,40/2048,30/2048,45/4096,34/4096,

51/8192,77/16384,58/16384,87/32768,131/65536,197/(65536*2),148/(65536*2),111/(6

5536*2),83/(65536*2),125/(65536*4),94/(65536*4),141/(65536*8),106/(65536*8),159/(6

5536*16),239/(65536*32),359/(65536*64),539/(65536*128),809/(65536*256),607/(6553

6*256),455/(65536*256),683/(65536*512),1025/(65536*1024),769/(65536*1024),144/(6



5536*256),108/(65536*256),81/(65536*256),15/(65536*64),11/(65536*64),17/(65536*1

28),13/(65536*128),1/(65536*16)

sequence:

10/13≈0.77,0.75,0.77,0.76,0.76,0.755,0.75,0.75,0.76,0.75,0.755,0.753,0.75,0.753,0.75

2,0.751,0.75,0.748,0.753,0.752,0.75,0.752,0.75,0.752,0.751,0.751,0.750,0.750,0.749,0.751,

0.750,0.750,0.749,0.75,0.75,0.741,0.73,0.77,0.76,0.62

Throughaboveweknow ,itcanbewritteninfollowing

forms:

,b-1<>0mod4,or

,b-1≡0mod4,inwhichbisthecorrespondingoddofain

sequence,b-1reflectsthe0-bitsinthetailpartofa.

ThenCollatzConjecturecanbedescribedas:Withanyoddainrangeof

2kto2k+1-1,setitsinitialgoalsetis2j+1-1(j<=k),itstailpartisb,dooperation:

trytodo(b-1)devidedby4,ifcannot,shiftleftonebitofa,plustheresultof

shiftingrightonebitofb(the0-bitsinthetailpartofa),andadd2k+2-1togoals

setofa,thisoperationmakesthe0-bitsinthetailpartofashiftrightorcount

reduce;ifcan,aplustheresultof(b-1)devidedby4,thisoperationnotonly

makesthe0-bitsinthetailpartofashiftrightorcountreduce,butalso

reducestheoddscountabout1/4toitsgoal2k+1-1,furthermore,ifthelast

resultiseven,itcanreduceafractionofusing2k+1asdenominator,this

makesitcanreachitspreviousgoal2j+1-1(j<k)possibly.Dotheseoperations

repeatedly,ithaveunlimitedchancestoreachoneofitsgoalset.

Throughaboveweknow,if sequencehaveonly/2and(or)/4

cases,thesequencecanneverconverge,/2casemakesgoalofain

sequencelarger,/4caseneeds∞ steps.Butitisnot

possibleinlongsequence,thisisdeterminedbytheregularityoftailbinary

bitsofodddoing operation.Oddsofform with*10…01(many0),

bothitsinitialvalueandresultcando(-1)/4,Oddsofform with*11…11(many

1),bothitsinitialvalueandresultcando(-1)/2,thesetwocasescanbecome



otherformsafterseveralsteps,andoncebecomeotherforms,itneedsmany

stepstobecomebacktomany1or0forms(ifbecomebacktoform with

similardistribution,0or1countshouldreduce).Oddswithotherforms,

themselvesandtheirfollowingstepscanappearalternately/2,/4,/2kcases.

Ⅵ (*3+2m-1)/2̂kTreeAndItsRegularity

Charactersof2kareveryregular,ifwesetoddsof between

4p+4p-1+…+1and4p+1+4p+…+1asonelayer,call2karethepropertiesofthese

oddsafterdoing operation,wecanfindeachlayercountof22p+1,

22p,…22,2are1,124,124816…,theirpositionshaveequalintervalspace,

22p+1isinthemiddlebetween4pand4p+1,22pisinthemiddleofleftpart…,first

positionandsteplengthofoddsofdifferent2kpropertyaredifferentafer

doing operationindifferentlayers.Inbrief,charactersof2kare

veryregular,wedonotintroduceindetail.Herewestillputfocuson

odds.Seefollowingtree:

…

L6:129(321.1)131(81.3)133(327.1)135(165.2)137(333.1)139(21.5)141(339.1)

143(171.2)145(345.1)147(87.3)149(351.1)151(177.2)153(357.1)155(45.4)157(363.1)

159(183.2)161(369.1)163(93.3)165(375.1)167(189.2)169(381.1)171(3.8)173(387.1)

175(195.2)177(393.1)179(99.3)181(399.1)183(201.2)185(405.1)187(51.4)189(411.1)

191(207.2)193(417.1)195(105.3)197(423.1)199(213.2)201(429.1)203(27.5)

205(435.1)207(219.2)209(441.1)211(111.3)213(447.1)215(225.2)217(453.1)

219(57.4)221(459.1)223(231.2)225(465.1)227(117.3)229(471.1)231(237.2)

233(477.1)235(15.6)237(483.1)239(243.2)241(489.1)243(123.3)245(495.1)

247(249.2)249(501.1)251(63.4)253(507.1)255

L5:65(161.1)67(41.3)69(167.1)71(85.2)73(173.1)75(11.5)77(179.1)79(91.2)

81(185.1)83(47.3)85(191.1)87(97.2)89(197.1)91(25.4)93(203.1)95(103.2)97(209.1)

99(53.3)101(215.1)103(109.2)105(221.1)107(7.6)109(227.1)111(115.2)113(233.1)

115(59.3)117(239.1)119(121.2)121(245.1)123(31.4)125(251.1)127

L4:33(81.1)35(21.3)37(87.1)39(45.2)41(93.1)43(3.6)45(99.1)47(51.2)49(105.1)

51(27.3)53(111.1)55(57.2)57(117.1)59(15.4)61(123.1)63

L3:17(41.1)19(11.3)21(47.1)23(25.2)25(53.1)27(7.4)29(59.1)31

L2:9(21.1)11(3.4)13(27.1)15

L1:5(11.1)7

Inabovetree,a.bin()meansresultisa*2bafterfrontodddoing

operation.M_thlayerhas2m elements,thelastelementisthe

convergencestate.Charactersof2karealsoveryregular,forexample,upward

from aspecificlayer,positionsof2are1+2i(i>=0),upwardfrom another



specificlayer,positionsof22are4+4i,positionsof23are2+8i,positionsof24

are14+16i…,thiscanbeeasilyprovedstrictly.Forexample,oddsofposition

2+8iinm layerare2m+1-1+(2+8i)*2,

Canbedividedby23,resultisoddifm+1>3.

Inthistree,wecantransform positiontoonespecificlayer.M-1layer

transform tom layerdo*2,m+1layertransform tom layerdo/2,etc.Thenall

transformedpostionscannotexceed2m!

Belowwetrytoproveoddsinanylayercanconverge.Normally,we

supposetheresearchsequenceislonghuge(oddsin sequence

arehuge)sequence.

Supposeaisanoddinm-1layer,itshighestbitis2m.

Posofainm-1layeris: ,

,bisinlayerm-p1+1

Posofbinm-p1+1layeris: ,

Posofbinm-1layeris:

,isinlayerm+3-p1-p2

Posofcinm+3-p1-p2layeris:

Posofcinm-1layeris:

,ratiopis:



Nexttrytoprovetheaveragevalueofratiopis>=3/4inlongvalid

sequence.

Onlythesecasesratiop<3/4:p2=1,p1>=2;p2=2,p1>=3.When2m+1-a>>

(correspondingoddin sequenceisverybig), can

beignored, .Then:

, ,

, ,

Ifpkappear2,1,2,1,2,1,2,1...,p(2,1)+p(1,2)≈3/2,averagep≈3/4.

Ifpkappear2,1,1,2,1,1,2...,p(2,1)+p(1,1)+p(1,2)>9/4,averagep>3/4.

Ifpkappear3,1,3,1,3,1,3,1...,p(3,1)+p(1,3)<3/2,averagep<3/4.butthis

sequencemeans:firstdownwardonelayer,thenupwardonelayer,then

downwardonelayer…,allmovementsareinthetwolayers,itmustoverstep

theboundaryofthetree(sequenceisinvalid)orconverge.

Ifpkappear2,1,3,1,2,1,3,1…,p(2,1)+p(1,3)+p(3,1)+p(1,2)<12/4,averagep<3/4,

thisserialnumbercouldbepossibletoappearfrequently,becausethe

propertyofthefrontandbacknumberof2aresame,and3also.Inmost

instances,frontandbackpropertyaredifferent.Frontandbackpropertyare

samefortwonumbersfrequentlyarelesscases.



Ifpkappear2,1,3,2,1,3,2…,averagep<3/4,butthissequencemeans:first

forwardinonelayer,upwardonelayer,anddownwardonelayer,andforward

inthatlayer…,allmovementsareinthetwolayers,itmustoverstepthe

boundaryofthetreeorconverge.

Ifpkappear2,1,3,1,3,2,1,3,1,3,2...,averagep<3/4,butallmovementsarein

thetwolayers,itmustoversteptheboundaryofthetreeorconverge.

Ifpkappear2,1,3,1,3,2,2,1,3,1,3,2...,averagep<3/4,butallmovementsare

inthetwolayers,itmustoversteptheboundaryofthetreeorconverge

Summary,all<3/4casesinaboveareinvalidorcanconvergepossibly.

Andweknow,Normally(3,1),(4,1),(5,1)…,(3,2),(4,2),(5,2)…appearlesstimesin

longsequence,becausetheyarebeneficialtoconvergence.Theratioofthem

is<3/4isusuallyjustbecausetheratiois>3/4infrontofthem.Infact,(1,1),

(1,2),(2,1),(2,2)appearfrequentlyinlongsequence.Thiscase,averageratio

p>=3/4.

Abovecalculationisroughly,becauseainaboveformulachangeseach

time,butthefinalconclusioniscorrect,tailpartoftheformulaislittlewhen

2m+1-aisverybig,donothavegreatinfluence.Wecanalsoproveitfrom

anotherview.From ratioformulaweknow,casesof(forward,upward),

(downward,upward), (downward,forward)ratio<3/4;casesof

(upward,upward),(downward,downward),(upward,downward),

(upward,forward)ratio>3/4;caseof(forward,forward)ratio=3/4.casesof

>3/4ismorethancasesof<3/4.Andmostimportantly,inlonghuge

sequence,thegeneraltrendofthesequenceisupwardinthetree(general

forwardanddownwardtrendincreasetheconvergencespeed),casesof

(upward,upward),(upward,forward),(forward,forward)shouldappear

frequently.Eveninextremecase(upward,forward,upward),theratioisabout

3/4,andthiscaseisnotpossibletoappearfrequentlyinlongsequence.Then,

averageratiop>=3/4.

Thisway,provedtheaboveconclusion.

Thenafteradontimes operation,posinm-1layeris

biggerthan:

Whenn->∞,

Whenfirstnumberproperty >4(thisisveryeasytoachieveinlong
sequence),andwhenn->∞,thefinalpositionis>2m-1,iscontradictory.This



means,thesequenceshouldconvergebeforealimitsteps,oroverstepthe

boundaryofthetree(itisnotpossibleinrealworld).

Stillhasonepuzzle,thetransformedpositionsofequivalence

elements(addbinary1sinhead)ofelementsinm-1layerareallinrighthalf

partinm-1layer,itisasifcanexistmanyloops.Thisisbecause,although

theyareequivalence,theirfunctionsaredifferent.Otheroddscanchangeto

them,andtheycanalsoconverge.Throughproofinprevioussection,odda

cannotmakealoopinlonghugesequencebecauseaddingxbitsofbinary1

inhead,needsabout2.5xsteps,andW[a]transformationneedslessthan

2.4207xsteps(thisregularitycanalsobefoundinabovetree).

Infact,wecanuseaverageratio3/4toestimatetheconvergencesteps.

Forsomeoddsinm-1layer,ifstartoddcanreachtoorbiggerthan2m-1in

limitstepsnusingratio3/4,indicatesthattheconvergencestepcountshould

<=n,ifcannotreachtoforever,indicatesshoulduseaverageratio>3/4,we

cando operationseveralstepsuntilfoundasuitableoddas

startoddanddoestimationagain.

Ⅶ OtherConvergenceRegularity

Tihasmanyothercharacters,forexample,itsoddpartshouldbewith

form 3*yafterfirststep,thiscanbeeasilyproved:

Withoddx,firstoperationis:3x+22k-1, 22k-1canbedividedby3exactly,

thentotalvalueiswithform 3y.

Continuetowatchti,from thisstep,withineachfewsteps,oddpartshould

bebacktoform 3*y(supposeithasnotyetconvergedbeforethisstep),thisis

becauseeachnextstephas22k-2p1+…pipart,whenp1+…piiseven,totalvalueis

withform 3*y.Thisalsolimitsthevaryingrangeoftheoddpart.

Andafterafewsteps,yshouldbewithbinaryform 101...1,sincethistime,

ifstepcountisbigenough,witheachsomesteps,theheadpartofyincrease

a01pair.Infact,ifoddpartoftiiswrittenin3y,3y+1,3y+2form,theheadpart

ofthebinaryform ofyincreases01paircontinuously.From theexampleof

startingoddx=27,thisregularitycanbeobviouslyobserved,heredonotlist

theresult.Thisindicatesagainthatthiskindofiterationcalculationhas

determineddirection,andgraduallyregularlyconverges.

Ⅷ Conclusion

Thisway,wehaveprovedthattheCollatzConjectureistrue,andbuild

two weightfunctionmodelsfortheCollatzsequence,bothofthem can

converge.
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