Lagrange multipliers and adiabatic limits
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In this part II to [FW] we finish, assuming local properness only,
the proof of the one-to-one correspondence of gradient flow lines of
index difference one between the restricted functional and the La-
grange multiplier functional for deformation parameters of the met-
ric close to the singular one. In particular, we prove that, although
the metric becomes singular, we have uniform bounds for the La-
grange multiplier of finite energy solutions and all its derivatives.
The uniform bound is the crucial ingredient for a compactness the-
orem for gradient flow lines of arbitrary deformation parameter.
If the functionals are Morse we further prove uniform exponen-
tial decay. We finally show combined with the linear theory in
part I that if the metric is Morse-Smale the adiabatic limit map is

bijective.
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1. Introduction

We build on part I [EW] and use the notation conventions introduced
there. So M is a finite dimensional smooth manifold and F,H: M — R
are two smooth functions. We assume that zero is a regular value of H
and H is locally proper around zero, so that, in particular, the level set
S := H~1(0) <5 M, called the base or the constraint, is a closed codimen-
sion one submanifold of M.

The Lagrange multiplier functional is defined by

Fp: M xR—=R, (z,7)— F(z)+ 7H(x).

Since zero is a regular value of H, it holds that (z, 7) is a critical point of the
Lagrange multiplier functional Fy if and only if x is a critical point of the
restriction f := *F = Fl|y and 7 = x o x for the smooth function y given by

VH,VF
(1.1) X = _<\VH\2>’ along Mg :={p € M | dH(p) # 0} D X.

Here V is the gradient with respect to a Riemannian metric G on M. The
graph map of x is called the canonical embedding and denoted by

(1.2) it Myeg — Mreg X R, p > (p, x(p)) -

The graph map extends to path spaces with values in M,¢z, same notation 4.
For € > 0 define a family of Riemannian metrics h° := G @ €2 on M x R.

Gradient flow trajectories of Fg with respect to the metric h®, called e-

trajectories, are smooth solutions z = (u,7): R — M x R of the ODE

" =T

If one lets e formally go to zero in this equation, one obtains H(u) = 0 and
T = x(u). So u takes values in ¥ and is a gradient flow line of f = F|x with
respect to the restricted metric g := .*G = G|y, called a base trajectory
or a 0-solution, namely a smooth solution ¢: R — > C M to the ODE

(1.4) dsq = —Vf(q),  Vf(q) = VF(q)+ x(q)VH(q),
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where V is the gradient with respect to g. The energies of base trajectories
q, respectively e-trajectories (u,T), are given by the L? norms

E°(q) = 10sal®,  E°(u,7) = [[0sul® + 2|1'||*.

While the energy of every base trajectory is finite, in fact even uniformly
finite £°(q) < max f — min f, for e-trajectories finite energy

(1.5) Ef(u,7) < o0, = Ef(u,7) <max f —min f =: oscf < 00

not only implies uniformly finite in & > 0, see [FW], but also boundedness
of (u,7) and derivatives, uniformly in e € (0, 1], see Theorem

Theorem A (Compactness). Lete, > 0 be a sequence converging to zero
and (u,, ) a sequence of finite energy e, -trajectories of (1.3). Then (uy,7,)
has a converging subsequence, on compact sets and with all derivatives, to a
downward gradient trajectory of f: 3 — R with respect to the metric g.

Theorem B (Exponential decay). Suppose that Fy, equivalently f, are
Morse. Then finite energy gradient flow lines of for e € (0,1] decay
exponentially with all their derivatives, uniformly for all e.

Two critical points T of f: ¥ — R are called asymptotic boundary
conditions of a smooth map ¢: R — X if lims_,+o ¢(s) = 2T and of a pair
of smooth maps (u,7): R - M x R if

(1.6) lim (u(s),7(s)) = (2T, x(zT)) = i(zT),

s—Foo

we also say that the map ¢, respectively (u,7), connects z~ and z. We
write ./\/lg, L+ and MS_ . for the sets of connecting base, respectively e-,
trajectories. With asymptotic boundary conditions in place there are the
energy identities E°(q) = f(z~) — f(z") whenever ¢ € MY_ | and

(1.7) E*(u,7) = [|0sul* + ¥|7|]* = f(a7) = fa¥) = "

£

whenever (u,7) € M:_ .. Here and throughout ||-|| denotes L? norms.

Theorem C (Surjectivity). Let (f,qg) be Morse-Smale. Let xT € Critf be
critical points of Morse index difference one. Then there is g9 > 0 such that
for all € € (0,e9] the injective maps T : Mg,,ﬁ — M _ . between moduli
spaces of connecting gradient flow trajectories, see [F W],’ are surjective.
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Idea of proof: Suppose the theorem is not true. Then there are sequences
g; — 0 and (u;,7) € ./\/lZ'L’x+ not in the image of T%. By transversality
VH M ¥ we project the values of u;: R — M to ¥ and get maps q;: R — X
almost solving the base equation . The base implicit function Theo-
rem |A[ (IFT II) then provides true solutions ¢; € Mg,,ﬁ nearby. Now the
ambient implicit function Theorem (IFT I), the main result of part I [FW],
shows that (u;, ;) = T¢(¢;(- + o)) for a suitable time shift 0. Contradiction.

Note that Theorem [C] combined with injectivity established in part I
proves bijectivity, i.e. the Main Theorem as stated in part 1.

Notation. a) Conventions in [EW] Sec.1]. b) Injectivity radius ¢y =
t(3,9) >0 and «(TxM,G) > 0 is the one of (M,G) along TxM — X.

Acknowledgements. We thank the anonymous referee for careful reading
and useful comments. UF acknowledges support by DFG grant FR 2637 /4-1.

2. Outline

In this section we give a detailed overview of this article. We also provide
formulas and enlist techniques that are used later on. Certain properties of
the e-equations hold true along the unit parameter interval € € (0, 1],
while others only work along a smaller interval (0, e,].

Hypothesis 2.1.

(i) Zero is a regular value of H.
(i) Local properness. 3k > 0 such that H~1[—k, k] C M is compact.
(iii) The metric G on M is geodesically complete.

Remark 2.2. (i) and (ii) assert that ¥ := H~1(0) is a smooth compact hy-
persurface in M. Part (iii) guarantees that closed and bounded is equivalent
to compact (Theorem of Hopf-Rinow; see e.g. [O’N83, Ch.5 Thm. 21]).
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The equations

The e-equation for smooth maps (u,7): R — M x R and the first three

derivatives, for latter reference named ul,u2,...,71,72,..., are given by
(2.8)
Dyu —VF(u) — 7VH (u)
V.osu 2 —VsVF(u) — 7V, VH (u) — 7'VH (u)
V. V.0su u ~VsVuVF (u) — 7V, Vs VH (u) — 27'V;VH (u) — 7"VH (u)
ViV Veosu 2 —V,V,V,VF (u) — 7V, ViV, VH (u) — 37V, VH (u)
— 37"V,VH (u) — 7""VH (u)
e2r' 2 —H(u)
e2r 2 (VH (u), dsu)
2 (VH (u), VF(u)) + 7 |VH (u)|”
e2(r") B_ (VsVH (u), Osu) — (VH (u), VsOsu)
z WﬁH(u) vF( )+ TVH( )>

—2<VSVH( ), V8u>

pointwise at s € R where (-,-) := G(+,-) with induced norm |-|. The rela-
tion between the Levi-Civita connection V of (M,G) and the Levi-Civita
connection V of (¥, g) := (H~1(0),*G) is explained in part T [FW].

The first set of equations, those for the derivatives of u, translate the
higher, say k-fold, derivatives of u into products of ds;u and individual 7
derivatives of order up to k — 1. The second set of equations, those for the
derivatives of 7, say the k-fold derivative, also produce products of dsu with
7 derivatives up to order k — 2.
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Remark 2.3 (Small parameters). The presence of the factor £2 makes
the second set of equations not very useful to obtain estimates for derivatives
of 7. It is crucial to observe that 7 also appears in the first e-equation, even
without any e factor, but unfortunately accompanied by a factor VH (u).
However, since zero is a regular value of H, the factor VH (u) is nonzero
when u takes values near 3 — which is true whenever € > 0 is small for
the following reason. We shall see that 7/ is L° bounded by a constant C,
uniformly in € € (0, 1], thus equation 71 provides the estimate
|H(u)| < £2C.

Thus the images u(R) of e-solutions (u, 7) shrink to ¥ = H~1(0), as € — 0.
So, whenever € > 0 is small, one can resolve ul for 7, see below.

On the other hand, even along the whole unit parameter interval (0, 1]
€ the e-equations exhibit a number of important properties such as
uniform a priori bounds for v and 7 and their derivatives, uniform gradient
bounds for the u component in terms of L? intervals, which then leads to
uniform exponential decay of the derivatives of the u component.

There are corresponding results (gradient bounds and exponential decay)
for the 7 component, but one has to consider separately the cases of small
(0,e,) and large [e,, 1] parameters. Moreover, these 7 component results are
not relevant for the main goal of this article, to prove surjectivity of 7¢ in
Theorem [C} Hence in the following outline we focus on the u component and
the unit interval (0, 1]. Only in the end we briefly mention the 7 component.

Unit parameter interval (0, 1]

Section [3] “Uniform a priori bounds”. By Hypothesis fix a con-

stant x > 0 such that the pre-image H~![—x, x] is compact. In Theorem

part (i), we show that any finite energy solution (u, 7) of the e-equations (|1.3)

has the property that the component u: R — M takes values in the compact
K = K, :={p e M| distg(p, H [k, r]) < 2}

K

and 7 and all derivatives of u and 7 are L*> bounded, uniformly in € € (0, 1].
The uniform C? bounds already imply local convergence and broken tra-
jectory compactness of fixed asymptotics solution sequences; see Section [3.2]

Section [4] “Gradient bounds by energy intervals”. We derive an
L>™ bound C for the derivative of u, uniformly in € € (0, 1], in terms of L?
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norm intervals about any given point s € R, in symbols
‘65’“(8)‘ < CHaSuHLz[s—l,s—H} < CE[ES7173+1}(u1 T)'

By Ef(u,7) we denote the energy of (u,7) along an interval I C R. We
use the technique of proof from [SWO06, Sec.6] to establish inequalities of
the form § — § > —f for suitable C? functions §: R — [0,00). These imply
bounds for |f(s)| in terms of the integral of f over suitable intervals about s.
Motivated by [SWO0G, Sec. 6] one expects to get uniform pointwise bounds
for the sum |9su(s)|? + 7/(s)? in terms of e-energy intervals by choosing for §
the e-energy density %|8Su\2 + %827'/ 2 This does not work at all. In the case
at hand one must not consider dsu and 7’ simultaneously. Instead we use
fo := 3|0su|? to estimate |9su(s)| and f1 := 5|V;0sul? to estimate |V,d5u(s)|.
By-products are L? estimates of e7”, respectively e7”, in terms of ||dsul|.
To estimate |7/(s)| decompose the interval in two pieces (0,1] = (0,e,) U
[ex,1]. On (0,e,) just use (2.11)). As [ex, 1] is compact and bounded away
from € = 0, the expected standard approach via the e-energy density works.

Section [5] “Uniform exponential decay”. Suppose f is a Morse func-

tion. We derive exponential decay, uniformly in e € (0, 1], of the derivative
Osu of any solution (u,7) of the e-equations subject to given asymp-
totic boundary conditions ¥ € Crit f of Morse index difference 1; see .
Here we use again the density fo := 3|dsu/? and not §|dsul? + %527'2.
To deal with |7/(s)| we decompose again (0,1] = (0,&,) U [, 1]. As in Sec-
tionthe case (0, &,) is a free meal. Although [e,, 1] is compact and bounded
away from the singularity ¢ = 0, this time the expected standard approach
via the e-energy density does not work, in sharp contrast to Section [4] Un-
expected salvation arrives in the form of equation 71 in , see .

To get exponential decay there are two methods, see Appendix the
energy method (Section and the action-energy inequality (Appendix.

Small parameter interval (0,¢&,)

For a number of results, for instance local and global surjectivity of the map
T¢, we will need bounds for 7/ and 7" which do not come with a factor e =2
as in the 71 and 72 equations in , see and . The way out is
to note that 7,7/, 7" do also appear in the ul-u3 equations in which there is
no ¢ at all. However, each of them comes in a product with VH (u) which, if
vanishing, would obstruct resolving for the 7 derivative term. Since zero is
a regular value of H and ¥ = H~!(0) is compact, the gradient is bounded
away from zero along 3. Theorem shows that this property persists,
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more precisely, given c,, there are ¢k, e, > 0 with
(2.9)  |VH(u)| > cx, V e-solution with E°(u,7) < co and ¢ € (0, &),

As mentioned earlier the component u takes values in a compact K C M.
Now we can resolve equation ul for 7, namely, scalar multiply by VH,
then divide by |[VH|? and recall definition (1.1)) of x to get that

B <8su, ?H(u»
|VH (u)|?

ul

(2.10) T = x(u)

pointwise at s € R. Similarly, abbreviating H = H(u) and F = F(u) we get

2 VH N, 0,u+V,VF+7V,VH =
(1) o2 AHTOCEIITH) ) < e (1G,0,] + 0sul)

pointwise at s € R and where cg y depends on the C3(K) normsﬂ of F' and
H and the uniform bound of 7. Furthermore, we get analogously the identity

nud  (VHNNO.,ut+ NN VF+7V.V, VH +27'V.VH)
T = — —

(2.12) <

and the estimate
(2.13) 7| < 2t (1N Va0sul + 0sul® + [9sul - |7'])

both pointwise at s € R and where d y depends on the C3(K) norms of F
and A and the uniform bound of .

Section[6] “Local Surjectivity of 7°— time shift”. Under the Morse-
Smale condition there is an interval (0,e0] C (0, &) such that the following
holds. Given an e-solution (uf, 7¢) between critical points of index difference
one, then any sufficiently close connecting base trajectory ¢ has a time shift
4o := q(o + ) which gets mapped under 7¢ to the given e-solution. What
determines the value of o is that the difference vector from i(q,) to (u®,7%)
must be in the image of the adjoint linearized operator. One translates the
image property into being a zero 6°(0) = 0 of a suitably defined function.

Section [7] “Surjectivity of 7¢”. The program to prove surjectivity is
described right after Theorem [C]

Appendix [A] “Implicit function theorem II — detect base solu-
tions”. This section is independent of the others and provides the analysis

L here C? is Ok, but for later reference (proof of Theorem we already ask C®
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for solutions of the base equation , the well known case of the down-
ward gradient flow on a compact manifold. We prove the main tool to prove
surjectivity of the map 7€, the base implicit function theorem (IFT II),
Theorem The theorem requires the Morse-Smale condition for the base
data. In this case the restriction function f = F|x to the base ¥ = H~1(0) is
automatically Morse. Theorem asserts that roughly speaking, if a map
q: R — ¥ with asymptotic limits 2T € Critf almost solves the base equation
and |0sq(s)| decays like Tls’u then there is a 0-solution nearby. Exponential
decay methods are discussed in Section

3. Uniform a priori bounds

The following theorem is fundamental, not only for the present article II,
but also part I [EW] is built on (i).

Theorem 3.1 (Uniform a priori bounds). Assume Hypothesis
with constant k. Then there are, a compact subset K C M, and constants
o, C1,C2,C3,¢c >0 and e, € (0,1], such that the following holds. Suppose
that (u, T) solves the e-equations and is of finite energy E°(u,T) < oo.

(i) Ife € (0,1], then u takes values in K and there are bounds
I7(s)| < co, |Osu(s)]+ ‘T/(S)’ <e, ’Vgasu(sﬂ + }T"(s)l < cg,

and !Qvﬁsu(s)‘ < c3, at every instant s € R.
(ii) If € € (0,e4], then |VH (u(s))| > ¢ at every instant s € R.

3.1. Proof of Theorem [3.1]

Let € € (0,1] and let z = (u,7) be a solution of the e-equations (1.3)) of
finite energy, thus E°(u, ) < oscf by (1.5). Abbreviate z; := z(s), similarly
for us, 75. Assume Hypothesis [2.1] with constant £ > 0.

Step 1. There exists a compact subset K = K, C M such that if € €
(0,1] and z= (u,7): R— M xR is a finite energy solution of the e-
equations , then u takes values in K, in symbols us € K for every s € R.

To prove this we abbreviate V¥ = V" and |-|. = |-|,.. For a € (0, 1] consider
the set of times s where the gradient is very large or wild

(3.14) Sk i ={s€R: |V°Fg(zs)

ne, 2 et
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Given a wild time s € Sy, we denote the last entry time into the wild set Sy
before time s by

(3.15) so = so(s) :=sup{s’ <s|s & S.}.

Note that [sg, s] C S, and

K

e _ .
thO

(3.16) [V Fr (25,) a

Now we estimate the distance in terms of the energy, namely

\/distg (us, u50)2 +e2 |1 — 750]2 = distpe (25, 25, )

s
< |Zz/7|€ do
So

s € 2
- [T,
S0 |VEFH(ZU)|€

e s 5
; ‘VEFH(Z’O—)L: ClO’
So

5/ Ve Py (20)|? do
R ) o0 \— et

|Osuo |2 +e2T,2

(3.17)

IN

IN

= S FE°(2)

5)
<

=
(@1

oscf _a
KE.

where step three is by (1.3)) in the form 2/, = —V©Fp(z,). This shows that

(3_18) distg (us, uSO) < OsCf&.a 04;5 %\/&?

K

On the other hand at time sg there are, by (3.16]) and ((1.3]), the two identities
(3.19) L = |V Fp(ws,)|? = [VF (ug,) + 7o VH (us,)|* + £ 72 H (ug,).
This shows that

3.20 H(ug,)| < kel™@ = KV/E.
(3.20) | H (us,

Estimates (3.18)) and (3.20) suggest to choose o = % Since € € (0, 1] we get

(3.21) |H(us,)| <k,  distg (us,us,) < 2

- K
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Now we define the set

K =K, :={pe M |distg(p, H [—r, r]) < =L},

K

By (3.21) we see that us, € H ![—k, ] and us € K. Hence u(S,) C K.
For a non-wild time s ¢ S, we have the inequality

(3.22) £ > |V Fy(ws)? = |VF (us) + 76 VH (us)|” + &2 H (u,)?.

Thus |H (us)| < kv < K, hence us € H™1[—k, k], and therefore us € K.
The set K is closed and bounded. Thus, since G is geodesically complete,

the set K is compact by the Theorem of Hopf-Rinow; see e.g. [O’N83, Ch.5
Thm. 21]. This proves Step 1.

Step 2 (ex). There exists ¢, € (0,1] and ¢, > 0 such that ‘ﬁH(us)’ > ¢
whenever s € R and z = (u,T) is a finite energy e-solution with € € (0,e,].

We prove Step 2. Since 0 is a regular value of H and ¥ = H~1(0) is compact
there exists a constant ¢, > 0 such that ‘VH(:U)‘ > 2¢,, for every z € X.

Thus Ju > 0 such that if distg(z,¥) < p with € M, then ‘?H(:pﬂ > Cke

Claim. Since H™'[—k, k] is compact there exists €, € (0,1] such that if a
point x € M satisfies |H(z)| < k\/2x, then distg(z,X) < §.

To prove the claim suppose by contradiction that there are sequences €, —
0 and z, € H '[—k\/g,, ky/Z)], but distg(z,, %) > &. By compactness of
H~'[—k, k| there is a subsequence z,, and a point z € H~1(0) such that
Ty, — ,as j — oo. By the corresponding property of each point x, the limit
point x also satisfies distg(x, ¥) > u/2. But x € H~1(0) = ¥. Contradiction.

With the notation from Step 1 we see from (3.20) that |H (us,)| < ky/Ex,
thus by the claim distg(us,,3) < §. Choose ¢, smaller, if necessary, such
that & > %\/5,€ where %,/5,4 > distg (us, us, ) by 1) Hence we have

distg (us, X) < dist(us, us,) + dista(us,, X) < 5 4+ 5 = p.

Hence by construction of p prior to the claim it follows that |§H (us)‘ > ¢
This proves Step 2.

Recall that the map u takes values in the compact set K, by Step 1, and
that ’VH o u! > ¢, whenever ¢ € (0,e4], by Step 2.
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Step 3 (ex). Every e-solution (u, ) withe € (0,e,] admits the a priori bound
I7(s)] < c%maXK ‘<§F, §H>’

for every s € R.
We prove Step 3. Case 7(s) > 0: By identity 72 in (2.8)) we get the estimate

o7 (s) = —max bl + rls),  blp) = (VH(p), VF(p))

for every s € R. If 7(s) > é max |b|, then e7”(s) > 0, hence in this range
no s can be a maximum.

As z = (u, 7) has finite energy, it has a non-empty w-limit set consisting
of critical points of F, i.e. pairs (z,7,) € ¥ x R satisfying the critical point

equation VF(z) + 7, VH (z) = 0. Take the inner product with VH to get

|(VF(z),VH (z))| < maxy|b|
SH@E S @

72| =

Thus it follows that
7(s) < & maxg [b|
for every s € R; otherwise 7(s) would have to return to its asymptotic limits
and therefore there would be a maximum in the above range, contradiction.
Case 7(s) < 0: Similarly, if 7(s) < 0 is negative, then we get the estimate

er'(s) S max (bl + r(s), (o) = (VH(p), TF(p))

for every s € R. If 7(s) < —% maxg |b], then e7”(s) < 0, hence in this range
no s can be a minimum. Thus

7(s) > — % max |b|

C2
for every s € R; otherwise there is a minimum, contradiction.

Step 4. There is a constant Cy > 0 such that any e-solution (u, ) is bounded
|7(s)|] < Cy, |0su(s)| < max ‘?F’ + Co max {?H} =: Dy

for all s € R and € € (0,1].

We prove Step 4. For 7 the case € € (0,e,] was already proved in Step 3.
Thus let € € (g4, 1]. Recall that  is the constant from Hypothesis on



Lagrange multipliers and adiabatic limits II 1191

local properness of H. For kg € (0, k] we define the wild set Sy, by (3.14)). For
s € S, let sg be the last entry time into the wild set Sy, before s; see (3.15).
From (3.17) with o = 1 we get the estimate & |7, — To|? < e(0scf)? /K2, so

(3.23) |75 — Ts,| < osc/ osc/

- \/glio B \/E,y‘i().
Equation (3.19) for kg is of the form

2
(3.24) % = |VF (us,) + 7'5(,§H(uso)’2 +e72H (us, )%

Thus H (us,)? < ke < k3, hence |H (us,)| < Ko. As in the claim in the proof
of Step 2 choose ko > 0 so small that if € M satisfies |H(x)| < ko then
|VH (z)| > ¢, By this choice of kg it follows that |VH (us,)| > c,. Firstly,
by (3.24) we have |VF(us,) + 75, VH (us,)| < k0/+v/E < ko/\/Ex. Secondly

‘vF(uso) + TSOvH(uSO)’ > |rsﬁH(u80)] - |§F(u30)| >y |Ts | — max |§F} .
Combining these two facts we obtain
1 Ko =
|Tso| < o <\/a —i—m}z{xx’VF’) .
Therefore, by , we obtain the bound

1 Ko —
il < = ml + ) < - (S + e 1) +

oscf
—: ¢

N

for all s € R and € € (e, 1]. Hence, by Step 3, we obtain the uniform bound
|7| < max{Csteps, co} =: Co

whenever ¢ € (0, 1]. Thus by (2.8)) we get
1 _ _
|0sul ug max |VF| + Comax |VH |
K K

whenever e € (0,1]. This proves Step 4.

Step 5 (e.). There is a constant Cy > 0 such that every e-solution (u,T)
with € € (0,e,] admits the a priori bound

‘T’(S)’ <

for every s € R.
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We prove Step 5. The proof follows the same scheme as Step 3 just for 7/
instead of 7 and using in (2.8)) the identity 73. E.g. one gets the estimate

73 -
e(t)'(s) > — mlz(ix\b\ + CiT’(S)

for every s € R where, however, the definition of b incorporates more terms
as in Step 3 and the estimate for b uses the a priori bounds |7| and |Osu|
obtained in Step 4. Now proceed as in Step 3. This proves Step 5.

Step 6. There are constants C, Dy such that any e-solution (u, T) is bounded
[7(s)| < Cu, |VaOsu(s)| < Da

for all s € R and € € (0,1].
We prove Step 6. Recall from (2.8) the gradient flow equation 71, namely

() =~ H(u(s))
Therefore |7/| < % maxg |H| < & maxg |H| in case ¢ € [, 1]; here we used
that u takes values in K by Stép 1. Therefore the a priori bound for 7/,
uniformly for € € (0, 1], follows together with Step 5.
The uniform a priori bound for V,0,u follows from the gradient flow
equation u2 in together with the uniform bounds for 7,7/, dsu which
were already established. This proves Step 6.

Step 7. There are constants Co, D3 such that any e-solution (u, T) is bounded
I7"(s)| < Cay  |ViVidsu(s)| < D3

for all s € R and ¢ € (0,1].

The proof of Step 7 follows the same scheme as the proof of Step 6 using
equation 74 in ([2.8]), together with the estimates established in Step 6. This
proves Step 7. The proof of Theorem is complete.

Remark 3.2 (Higher order bounds in Theorem [3.1]). Bootstrapping
further one gets bounds for all derivatives of 7 and w, uniformly in € € (0, 1].

3.2. Compactness

Local convergence of a sequence (u;,7;) of g;-connecting trajectories, given
a sequence ¢; — 0, follows already from the a priori L> bounds of (u;, ;)
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and its first and second derivatives, as provided by Theorem Here not
even the Morse condition is needed.

Corollary 3.3 (Local convergence). Let (¢,),en C (0,1] be a sequence
with limit zero lim,_,o €, = 0. Suppose (u,,7,): R = M X R is a sequence
of finite energy solutions of the e,-equation . Then there is a subse-
quence v;j and a solution q: R — X of the 0-equation such that u,,
converges in Cp to q and 7, in Cp.. to x oq.

Proof. Tterating the arguments in the proof of Theorem using recur-
sively , we obtain that 7, and u,, with all derivatives, are uniformly
bounded for all v and all times. Therefore by the Theorem of Arzela-Ascoli
there exists a subsequence v; such that (u,,,7,,) converges in the C}% topol-
ogy. Since (u,,, 7,) is a solution of the €, -equation the limit ¢ := lim; o uy,
has to be a finite energy solution of the 0-equation. Since for the 0-equation
the Lagrange multiplier 7 is uniquely determined by ¢, namely as composi-
tion x o ¢, we further have lim; .o 7,, = x 0 ¢. O

If one prescribes asymptotics of index difference one, then the Morse-
Smale condition leads to compactness, in C*°, of the space of connecting
trajectories.

Lemma 3.4 (Compactness for fixed index difference 1 asymptotics).
Assume (f, g) is Morse-Smale. Let % € Critf be critical points of Morse in-
dex difference one. Let (uy,7,): R — M x R be a sequence of solutions of the
ey-equation with fized asymptotics limg oo (uy(s), 7 (s)) = (T, x o xT))
and such that €, — 0, as v — oo. Then there erists a subsequence u,, and
a solution q of the 0-equation with asymptotics xT such that wu,, converges
in C* to q and 7, converges in C* to x oq.

Proof. Tt is well known, see e.g. [Sal90, [Sch93] or [EN20, §4.7], that in view of
the local convergence from Corollary the sequence u, has a subsequence
u,, which converges in the sense of Floer-Gromov to a broken gradient flow
line ¢ = (¢!,...,¢™) from x~ to 2. Since the index difference of 2~ and =™
is 1 and the metric g is Morse-Smale the limit ¢ is unbroken, that is m =1,
i.e. ¢ = ¢! is a gradient flow line from z~ to . This proves Lemma O

Compactness under the Morse condition. In Section [7] the proof of
Theorem [C], which asserts surjectivity of the map 7°¢, uses the following two
refined compactness results.



1194 U. Frauenfelder and J. Weber

Lemma 3.5 (Local convergence). Assume f is Morse. Let ¥ € Critf
and (u;,7;) € M?‘,ﬁ where €; > 0 is a real sequence converging to zero.
Then there is a pair of critical points xo,x1 € Crit f, a connecting base tra-
jectory q € M2 and a subsequence, still denoted by (u;, ), such that

To,T1’

(i) (ui,7;) converges toi(q) = (q,x(q)) strongly in C* and weakly in W22
on every compact subset of R. Moreover, the difference 7; — x(u;) con-
verges to zero in the C' norm on every compact subset of R;

(ii) whenever s € R and T > 0 the following limits exist and are given by

Fla(s)) = Jim Fir(us(s), i(s)),

(3.25) . )
E[(LT.T] (@) = }g& E‘[ELT,T} (ui, 7).

Proof. (i) By the a priori Theorem there is a constant ¢ > 0 such that
(3.26) I7illoc + 10suilloo + 77 lloo + [ VaOsuilloo + [I7]'lloc < €

for every i € N. Since |H o u;| = 2|7/| < e2c the sequence u; is bounded in
CY; compare Hypothesis Thus, by , the sequence (u;, 7;) is bounded
in C? and hence in W22([~T,T]) for each T > 0. Thus, by the Arzela-
Ascoli theorem and the Banach-Alaoglu theorem, there is a subsequence,
still denoted by (u;,7;), that converges strongly in C' and weakly in W?2?2
on every compact subset of R to some I/Vlif—function (¢,7): R— M x R. As
|I7/]loo < ¢, by , the sequence H o u; = —e?7! converges to zero in the
C° norm. Hence H(q) = 0 which shows that ¢: R — X actually takes values
in ¥ = H!(0). We get that

VH ()P =% y) - 0 V(@)

|VH (q)?

E-10)

(327) 7 =" x(u) — =x(q)

where the limit is pointwise at s € R and where we used that VH(q) is
pointwise orthogonal to dsq € T,H~*(0). This proves that 7 = x(q). Observe
that both differences, namely 7; — x(u;) and also

, , d <8Su“vH(uz)>
= () = - e

converge to zero in C’I%C. The latter holds by weak I/Vlf)f convergence Ogt; —

9sq. As u; — q and 7; — x(q), both in C! on compact subsets of R, we get

1.3 = = ; = = 1.4
0 &2 0,0, + VP, + VF |, 12X 05q + VE, + Xl VFle = 05q + V|,
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on any compact subset of R. So the limit q: R — X satisfies the base equa-
tion ([1.4)). Thus ¢ is smooth, by regularity in part I [FW], and sois 7 = x o q.

(ii) The fact that u; — ¢ in Clloc, as i — 00, proves the first equality in

T
Bl 7.1(a) = Jm _T|3sui\2 ds
T
(529 = tim [ (Ouf? + 2(x)?) ds
i—oo J_p

= zliglo E[ELT,T] (ui, 7i)
and this is true for any 7' > 0. Equality two holds since ||7/||s < ¢ is uni-
formly bounded and e¢; — 0. Equality three is by definition of ;-energy.
Hence the limit ¢ has finite energy c¢* := f(z~) — f(z™) by the g;-energy
identity , and so, by Proposition belongs to a moduli space Mgoju
for some xg, 1 € Crit f.

Pick s € R, then since u; — ¢ in C’ﬁm we get pointwise convergence

fla(s)) = Flq(s)) = lim (F(ui(s)) + 7i(s)H (wi(s)))

1—00
due to H o ¢ = 0, since ¢ takes values in H~1(0). This proves Lemma O

Lemma 3.6 (Convergence with fixed asymptotics — broken tra-
jectory limit). Let f be Morse. Let T € Critf and (u;,7;) € M

z—,xt
where €; > 0 1s a real sequence converging to zero. In this case there are
critical points = = 20,21, ... ,xz =g € Crit f, connecting base trajecto-

ries ¢* € ./\/lgk,1 o fork e {1,... 0}, a subsequence, still denoted by (u;, 7;),
and time shift sequences s¥ € R, k € {1,...,¢}, such that the following holds.

(i) For each k € {1,...,(} the sequence s — (u;(s¥ + s), 7;(s¥ + 5))) con-
verges to (¢%,x(¢*)) as in the local convergence Lemma .

(ii) For each k € {1,...,£} it holds Dsq* # 0, hence ¥~ # 2*, and, fur-
thermore, each difference sequence s,’f — sf_l diverges to infinity.

(ii) For any k € {1,...,4} and any p > 0 there 3T > 0 such that, for alli
and s € R, it holds u;([s¥ + T, st — T)) € B,(a*), equivalently

sE+-T<s<sl T = dist(ui(s),2") < p.

+1

? : . =00 and dist is the Riemannian distance.

Here s? := —o0 and s

Note: while Morse is essential in the lemma, Morse-Smale is not required.
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Proof. The proof in [SW06|, Le. 10.3] carries over literally. Let us just add
the argument that the difference s? — s! diverges to infinity: Abbreviate
2z := (u;, 7). By (i), the sequence (s}).z; converges to (¢!, x(q')), as in the
local convergence Lemma and (s?).z; converges to (g2, x(q?)). Assume
by contradiction that the sequence s? —s! is bounded. Then there is a

subsequence, same notation, which converges to some time T € R. Since

(312)*22 = (312 - 811)*(811)*21, we get

(¢* x(¢%)) = lim (s7).z; = lim (s7 — s})s(57)w2i = Tulg', x(a"))-

1—00 1—00

So ¢! is just a reparametrization of ¢?. Thus their upper asymptotics, namely.
20 for ¢! and z! for ¢%, must be equal. But this contradicts 20 # z!. O

4. Uniform gradient bounds by energy intervals

The following result refines the a priori Theorem [3.1]for |9su(s)| in the sense
that on the right hand side it brings in energy intervals about s € R. The
latter decay exponentially in s, uniformly in € € (0, 1], as we shall prove later
on in Theorem under the Morse condition for f.

Theorem 4.1 (Gradient bounds for w). There exists a constant C > 0
such that if € € (0,1] and (u,T) is a finite energy e-trajectory, then

(4.29) [0su(s)|* < CllOsullFa(gs_1.001))
and

(4.30)  [IVaOstiall o1 sy 1)) + N7 2(ps -2 5127y < CllOsull L2 ((5—50,5+30)

for every s € R. Moreover, it holds that
(4.31) Vadsu(s)|* < CHasUH%z([sf?,o,erao])
and
\Wsﬁsasus”m[sﬁ,sﬁ] + EHTWHB[sﬁ,sﬁ} < CHasuHLZ[s—(so,s%(J}
for every s € R.

Where are the gradient bounds used? We use the L*° gradient bounds to

prove exponential decay of dsu and V,0,u, see (5.43)) and Corollary We
7.71)

use the L?(R) bound for e7” in the global surjectivity Theorem see



Lagrange multipliers and adiabatic limits II 1197

Corollary 4.2 (Gradient bounds for 7). Under the assumptions of The-
orem [{.1] it holds that

(4'32) |7J(S)|2 < C||asu‘|%2([8—30,s+30])’ € (0755]7
A CEES_LS_H](U,T), € € [ex, 1],

for every s € R where E(u, T) is the energy of (u, T) along an interval I C R.

On (0, &,] obtain the corollary by inserting (4.29)) and (4.31]) into (2.11]).
On [e, 1] the factor €2 in 73 in (2.8 gets irrelevant. A simple version of the
technique in the proof of the theorem will do, so we do the proof in the end.

To get pointwise bounds we use the following mean value type inequality
whose proof in [SWO06| relies on Gruber’s parabolic mean value inequality.

Lemma 4.3 (Le. B.3[SWO06]). There is a universal constant d > 0 such
that the following is true. Fix two constants v € (0,1] and § > 0. If §: [-r? —
6r,6r] — R is a C? function, C' suffices in case § = 0, that satisfies

' —F = —pf, 20,

for some constant u > 0, then

ehr®  ror
j(0) < 22 / §(s) ds.

2
r —r2—4r

Concerning L? estimates there is the following tool.

Lemma 4.4 (Le.B.6[SWO06|). Fiz constants r,R,d >0 and functions
f,g,u: [-(R+7)2=6(R+7),8(R+7r)] — R with f € C* and g,u € C°. If

& —f >g—u, §>0, g>0, u>0,

-6 9 O(R+T)
/ g(s)ds <4(1+ %) / u(s) ds

—(£)2462 —(R+7)2=8(R+7)
94 . 6(R+r)
+4(1+%) (72"1‘ Rr)/ f(s) ds.
—(R+71)2—38(R+r)
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Proof of Theorem[4.1. Let € € (0, 1]. Let (u, ) be a finite energy solution of
the e-equations (1.3). Define 2fy := |0su|? and 2gq := |V,0su|?. We have

(4.33) 0 —fo = 2g0 + <83u, V.V, 0su — @03@ .
To estimate the inner product use u3 and 72 in (2.8)) to get

(0, Tu¥,0eu — Vu0su) = (Byu, ~ N VE — TV VH — 27V, VH)
g2 <88u, @85@ .

Theorem requires the finite energy hypothesis and provides uniform L>°
bounds for 7, 7/, Osu and tells that u takes values in a compact K C M. By
Young’s inequality and we get the inequality f{ — f; > 2go + 27" 2_
i1fo — go pointwise at s € R for a suitable constant p; > 0, SOE|

2
(4.34) 0 —fo > g0+ 7" — pfo > —pafo.

Now pick a number sy € R and apply Lemma with 6 =1 and r = % to
the function w(s) := fo(sg + s) to obtain

4de's

Slou(so) P = w(0) < =5

/_(4 folso + ) ds < de’s [Osull (e, sy 1)

This proves the pointwise estimate (4.29)). By (4.34)), Lemmawith 0=1,
R=2++6,r=—-3—+6+ 30 applies to s — w(s) := fo(s0 + s), thus

50717\/2 o ~ 30+\/%*1
(4.35) / <|V385u|2 n 527”2) ds < 01/ 19sul? ds
80—%—\/% So+\/%—30

for a constant C; = C1(R,r) > 0.

Define 2f; := |Osu|? + |ViOsu|? and 2g; := |Vi0sul? + |V, ViOsul?. We
prove estimate (4.31)) and its successor. By Young’s inequality we obtain

!/ !
1— 11

(4.36) = 2g1 + (Osu, ViV0su — ViOsu) + (ViOsu, VsV ViOsu — Vi V,05u)
> 2¢1 + <asua vgvsasu> + <vsasu7 vsﬁsvsasu> —f1— g1

2 To get the key estimate (4.34) it is crucial, and in sharp contrast to [SWO6,
Sec. 6], not to use dsu together with 7/ in the function fo.
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To estimate the first inner product use u3 and 72 in (2.8) to get
<85u, @@85@ = <88u, —V,V,VF — 1V,V,VH — 27'@?H> + 272,

For inner product two in use u4 in and 73 in to get

(0,0, V.9V, 00u)
= — <vs(98u, V.V.V,VF + 7V,V,V.VH + 37'V,V,VH + 37"'§S§H>
— (N.0vu, VH) "

Theorem uses the finite energy hypothesis and provides uniform L
bounds for 7, 7/, 7, 7, Osu, V,0su and tells that u takes values in a
compact K C M. By Young’s inequality and (4.36)) we get the inequality

(4.37) T—f1>01+ 271" 4 g2 _ paf1 > —paf1

pointwise at s € R and for a suitable constant po > 0. Now proceed as for §

and g in (4.34) to obtain
90,u(s)| < O (|00l oo v 2 + [VBstloe—s oy )
and

HﬁsvsasUSHLz[s_irS_’_i} + 5”7—///HL2[S_i78+i]

< (s (HaSu”Lz[s—?)O,s-‘rSO} + |WsasUHL2[s—3o,s+30])

for every s € R;But ||§585UHL2[3_£S+§] < Cyl|Osul| L2 [5—30,5+30], DY 1}
and therefore ||ViOsul|r2(5—30,s4+30] < C5l|0sull 12[s—60,s+60], Dy additivity of
the integral. This proves Theorem O

Proof of Corollary[f.3, Pick ¢ € [e,,1]. Define 2fp := 05u)? + e27/? and
202 := |V,0sul? + e27”"?. Straightforward calculation (step 1) and using u3,
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73 in (2.8) (step 2) gives

5 — 5 = 202 + (Osu, Vi ViOsu — Vidsu) + 7' 7" — 277"
> g2 —f2— <asu; vsvsﬁF + T@@?Iﬂ — 27 <85u, v;vH>
(4.38) + 2" — 7 (V,VH, 0su) — 7' (VH, V,05u) — e7'er”
> g2 + 127" — LN,0sul? — pafa — %|WH||%DO(K)T’2§—£

2
2 827_// o Hfz

In step 3 we used the a priori bounds for 7,7/, 9su from Theorem and
the fact that u takes values in a compact subset K of M, so the gradients of
H and F are uniformly L bounded. All bounds go into a suitable constant
p1 > 0. We multiplied a negative term with €22 < 1. Pick sp € R and apply

Lemma 4.3 with § = & and r = % to the function w(s) := fa(so + s) to get

, ) 4de’s [ Ll
77 (50)” <w(0) < =5 / fa(so+s)ds < de B 1 4.

1_ e
9 3

Divide by €2 and use that 6% < 6% 0

5. Uniform exponential decay

To prove the global surjectivity Theorem |C in , we need to verify for
approximate base solutions q: R — ¥ — associated to e-solutions (u,7): R —
M x R via suitable projection to ¥ — the decay assumption that ap-
pears in the base implicit function theorem. It is for this purpose that we
now establish exponential decay for Osu and 7/, uniformly in € € (0, 1].

Theorem 5.1 (Exponential decay — 9su). Let f be Morse and xT €
Critf. Then there are constants d,c, ¢, p > 0 such that the following is true.
Let e € (0,1] and (u,7) € MS_ .. If Ty > 0 has 6-small asymptotic energy

(5.39) B[~ 70.1) (% T) < 0,
then there is pointwise and slicewise exponential decay in the sense that

105u(s)| < cePIsl=To=1),
(5.40) 2 Cap(ITI-T) (7). o112
[0sull 2\ 1,77y < ce 10sull 2\ (1 0]

whenever |s|,|T| > Ty + 1.
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L? norms are uniformly bounded ||0sul|? < E¢(u,7) = f(z7) — f(z+) =: ¢*.

Corollary 5.2 (Exponential decay). Under the assumptions of Theo-
rem [5.1] it holds that

(5.41) Vadsu(s)? < de™ > Ogul| 32 e 1, 1)

for every |s| > To + 31 and

de_2p|s|Ha u||2 e € (0,e4]
1) < SPNL2(R\[-To,To]) Y
(542) T (5) = {66_2p(8_T0_1)7 €€ [557 1]7

for every |s| > Ty + 2. Here d := cCe%*2T0 and C > 0 is from Theorem .

Proof. Given Theorem and a real |s| > Tp + 31, combine estimate (4.31])
for |V,0su(s)|? with the L? norm exponential decay estimate (5.40)) for T :=
s — 30 to get . Given , the same argument proves the estimate
for 7/(s)? along the small parameter interval (0, ,]. The proof for the large
parameter interval [, 1] will be given at the end of the section. ]

Tools: Stability and Critical point detection. The proof of Theo-
rem [5.1] relies on the following two lemmas. Note that they are about points
and vectors, not maps and vector fields, despite the same notation.

Lemma 5.3 (Critical point detection). Let f be Morse and ¥ C K C
M compact. Then, for any dy > 0, there exists 1 > 0 with the following
significance. Let (u,7) € K x R be an almost critical point of F, namely

|VF(u) + 7VH (u)| + |H (u)| < 61.

Then there exists xg € Crit f and a §g-short difference vector towards i(xg) =
(zo, x(x0)), more precisely, there is a pair (Xo,ly) € TyM x R such that

U= EXp$0X0, T = X(xo) + £y, ’Xo’ + ’€0| < .

Proof. Suppose by contradiction that the assertion is wrong. Then there is
a constant dp > 0 and sequences d1, — 0 and (u,,7,) € M x R satisfying

|VF(u,) + 7, VH (u,)| + |H (u,)| < 81, — 0, as v — oo,

but not the conclusion of the lemma for the given constant dy. By com-
pactness of K there is a subsequence of u,, still denoted by u,, such that
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uy — q € M, as v — oo. But H(q) =0, by the second summand in the
limit, thus ¢ € 3. By the first summand in the limit, using that u, — ¢
and VH (q) # 0, the sequence 7, has a unique limit 7 € R. Since the limit of
the first summand is zero and by definition of x we have firstly that
7 = x(q), thus £y = 0, and secondly that 0 = VF(q) + x(q)VH (q) = Vf(q);
here identity two is . So xq := ¢ is a critical point of f. For each v the
pair (X,,¢,) is determined by

Exp, Xy =u, = ¢, x(q) + b =7 — x(9)
Thus X, — 0 and ¢, — 0 in contradiction to | X, | + |€,| > & for every v. O

Lemma 5.4 (Stability). Let f be Morse. Then there are positive constants
do and ¢ such that the following is true. Given a base critical point xg € Crit f
and a point (u,7) € M x R dp-close to i(xg) = (xo, x(x0)) in the sense that

u = Exp,, Xo, 7= x(q) + fo, | Xo| + [€o| < o,
then
| X| + £ < c(|Vx VF(u) + 7Vx VH (u) + (VH (u)| + |dH (u) X])
for all (X,0) € T,M x R.
Proof. The covariant Hessian operator A}M for ¢ = 1E| acts on T, M x R by

Al X L ﬁxﬁF‘u—i—TﬁxﬁH‘u—i—fﬁH’u
wr\g )= dH|, X ‘

Pick §p < «(Tx M, G). That A}M is symmetric with respect to the metric h' =
G @1 on M x R boils down to the identity shown in part I [FW), Sec. 4.2.4]
after the formula for the adjoint (Dy, ;)*. It is an instructive exercise to check

that injectivity of Ag,o (true since f is Morse), implies injectivity of Aimx(%),

hence bijectivity (by symmetry). Thus Al admits an inverse which,

1‘07)((1’0)
in finite dimension, is automatically bounded, say by a constant C(xg).
But bijectivity is preserved under small perturbations (with respect to the

operator norm). Hence the result for AlEXp X (o) +0> S with constant ¢ =
T )

2C (), follows from continuous dependence on |X| and |¢| and by choosing

3 Why not use A, and h*? As that way we would get an € on the left hand side

of .
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do small enough. Since ¥ is compact and f is Morse, the set Crit f is finite,
so we may choose the same constants dp and c for all zg € Crit f. O

The next lemma is standard and included for convenience of the reader,
for a proof see e.g. [Webl10), Le. 3.13].

Lemma 5.5. Suppose f: R —

[0,00) is a bounded C? function and p >0
and Ty > 0 are constants. If f'(s)

> p?§(s) whenever |s| > Ty, then
i(s) e P, Vs > Ty, f(s) < e”CTTR(=T), Vs < T,

Proof of uniform exponential decay.

Proof of Theorem [5.1] (Ezponential decay — Osu). Let =¥ €Crit f, £€(0,1],
and (u,7) € Mi,’ﬁ. Let K be the compact set provided by Theorem
Let C' > 0 be the constant of the gradient bound Theorem [4.1] Let §y > 0
and ¢ > 0 be the constants of the stability Lemma and 41 the constant
associated to dg by the critical point detection Lemma[5.3] Enlarge cto ¢ > 1.

Shrink § > 0 such that 2+/Cé < ;1. In the following we shrink § further.

As usual we will often write us for u(s). For the vector norm in T, M
and the one in R we use the same symbol |-|.

Choose Ty > 0 sufficiently small such that hypothesis — the
asymptotic energy is d-small — is satisfied. (Such Ty exists by finiteness
of the total energy.) Then, by the gradient bounds (4.294.32)) and since
|0su||? < E¢(u,T), we have

(5.39)
(5.43) 1Osus| + || < 2\/C’E[E (u,7) = 206 < &

$—30,s+30]

for s € R. Hence, whenever |s|>Tp+ 1, Lemma for (Xo,4p) :=
(Osus, ) detects a critical point z(8) € Crit f whose canonical embedding
(), x(2(*))) is of distance less than & to the time-s trajectory point (us, 7).
Thus the stability Lemma applies to the pair (us, 7s) and the vector field
(Xo,4o) := (Osus, 1) By (2.8)), there are the identities

V,VF |y, + 7sVsVH |y, + 7.VH|,. = —V,0sus, dH|, 0sus = —*7,
hence we obtain from the stability Lemma the estimate
(5.44) Osus|? + 772 < ¢ (WsasuSP n 547;’2)

for every |s| > Ty + 1.
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Consider functions fo := £|dsul? and go := 5|V;0su|*. Next we show for fo
an inequality of the form f{j > p?fo, so Lemma asserts exponential decay.
Use the identities u3 and 72 in (2.8) to get (we abbreviate H = H(u))

fo = 280 + (9su, Vi VsOsu)

= 2g0 — <6 u, VVVF+T§§§H>

— 27 <8SU,VSVH> <8 u, vH>

= |§S@su|2 g2 <8Su, V.V.VF + T@@?H>
— 27 (B.u, V.VH)
Vodsul* + 27" = & (|0sul + |7']) |9ul?
L (1o +7%) = Liosul?
150 = p*fo, p= ﬁv

(5.45)

AVARIV]

Vv

for every |s| > Ty + 1; here Tj is brought in by in inequality three.
Inequality one is by term by term inspection and Young’s inequality, the
constant ¢ > 0 depends on the C3(K) norms of F and H and the uniform
L bound of 7 from Theorem [3.1] Inequality two uses, firstly, the stability

estimate E| and, secondly, we chose § > 0 in so small that
¢ (|0sul + |7']) < @2V 066 < 1/2¢ < 1/2.

By Theorem [3.1] the function fy is bounded by ¢; > 0, uniformly in ¢ €
(0,1]. By Lemma [5.5| we have

fo(s) < e PUs=T0=) (5o (Ty + 1) + fo(—Tp — 1)),

SO

Is|=(Tp+1)

Osuls)] < 2/ee o

whenever |s| > Tp+ 1 and € € (0,1]. This proves assertion one of Theo-
rem [5.1] where ¢ and p do have new meanings though.

4 here the term 27”2 is by a factor £2 better than required.
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As 2fo(To + 1) < C’H@SUH%Q([TmTﬁZD by 1) analogous for 2fo(—Tp —
1), together we conclude that for every |s| > T + 1 holds the estimate

Osu(s)[? < e PN 0gu) oy )y Ty = [To — 2, =To] U [T, To + 2],

Fix T'> Ty + 1, integrate the inequality over s € (—oo, —=T] U [T, o0) to get

-T 00
H@SuH%z(R\[_T’T]) < CHaSUH%Q(ITO) </ —i—L ) 67P(|5|*T0*1) ds.

Carrying out the integral to get assertion two in (5.40)). This proves the
exponential decay Theorem O

To prove the yet missing exponential decay of |7/(s)| along [eg,1],

see ([5.42)), one is inclined, given the successful strategy to prove (4.32)), to
repeat calculation ((5.45)) with fo substituted by the e-energy density fo. The

new calculation starts exactly like (4.38)) where one just needs to remove term
—f4. Everything is fine except for the term —7' (VH, V,d5u) which neither
is cubic, nor can it be incorporated via Young’s inequality simultaneously
into both positive terms |V,0su|? and %T’ > in . Interestingly enough,
now it is the second e-equation 7/ = ¢~?H (u) which helps. The nasty factor
e~2 is tame along [e,, 1].

Proof of Corollary for [ex, 1]. Given Ty > 0 such that asymptotic energy
smallness (5.39)) holds, fix 71 > T} sufficiently large so we can write u(s) as

u(s) = Exp,=XT(s)
for any |s| > Typ. We focus on X, the case X is analogous. By 71 we have

17'(s)] = %|H ou(s) — H(z")|
< |H o Exp,- X (s) — H(z7)]
3

|dH|Expm7tX*(s)X_(5)|
< IVH || Lo () - [ X (8)]-

(5.46)

Step 3 uses the mean value theorem for a t € [0, 1]. The length of X~ (s)
is the Riemannian distance between u(s) and z~, see footnote to (6.52)), in
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symbols

X~ (s)] = diste (u(s),z7)
< length(u\(_oqs])

—/ |0su(0)| do
ceP(Tot+1) /s e’ do

—00

AN

_ cer(To+D) e_p|5‘

for every s < —Tp and where in step 4 we use (5.40)). O
6. Local surjectivity of 7° — time shift

Theorem 6.1 (Time shift). Let (f,g) be Morse-Smale. Then there exist
c¢>0 and A, eg € (0,1] such that the following holds. If xT € Critf is a pair
of index difference one connected by a base trajectory and an e-trajectory

qge M’ (uf,7%) € M5- .+ with e € (0,&0],

z—,xt)

whose difference, firstly, is measured by a wvector field (X (°)¢€
C>®(R,¢*TM @ R) determined by the identities

ut =Exp, X, 1% =x(q) + £,
and, secondly, the difference is sufficiently L™ and L? small in the senselﬂ
(6.47) 1X%loo < A2, [IX5|| < A2,
then ||€¢||oo + ||€°]] < c. Furthermore, there is a time-shift o € R such that

(W, ) =T (glo +-)),  lof <c(|X7|+e?).

Proof. Let k>0 be a constant as in Hypothesis Let ¢, >0 and
er € (0,1] be the constants in Theorem Fix 6o € (0,1], €0 € (0,¢e4),
and ¢ > 1 such that for all zg,z; € Crit f of index difference one the map
Te: MY ., — MS, . is injective whenever ¢ € (0,¢q], see [EW), Sec. 6].

5 L> condition enters (6.52) and Step 3 of proof, L? condition enters
and Step 3. Both conditions enter sharply in (6.62)) in Step 5 to make uniqueness
theorem applicable.
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i(q) ¢

Z¢ = (X€,£)

E XE €
,(UE’TE):{( xp, X, x(q) + £°) eM .

o (o2

S

= both e-solutions (u¢, 7€) and T¢(q-)
e lie in uniqueness ball (radius dp+/€p) about ¢o
e have their difference vectors in im(Dg_)*

= they must be equal: (uf,7¢) = T¢(qs)

Figure 1: Detect time shift o of ¢ such that ((o) € im (Dg )", | X[l < dov/€

It suffices to prove the result for a fixed pair T € Critf of index dif-
ference one and a fixed base trajectory q € Mg, .+ The reason is that the
assumptions and conclusions of the theorem are invariant under simultane-
ous time shift of ¢ and (u®, 7¢) and, up to time shift, there are only finitely
many index one base trajectories g. Let (u®,7%) € M:_ . with € € (0,e0].
The constant defined by ’

¢ = fla) — flat) = [Bug]? >0
(1.7) £ e
B o, )2 + e (roy )2

(6.48)

is positive as dsq # 0 by index difference 1. For o € R consider the time shift

(6.49) 4o (s) :=q(s + o), (¢5) = %(IJ = %Qm

and the canonical embedding i(¢,) = (¢s, x(¢s)), see (1.2)). The difference
between (u®,7¢) and i(g,) is the pair ¢ = (o) = (X, ¢) determined by

(6.50) u® =Exp, X, 77 =x(q)+L
Writing (X, ) can be misleading, but (X®7,¢%7) is unreadable. Note that

(6.51) ¢(0) = (X, ).
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The pair ¢ = (X, /), see Figure [1} is well defined whenever the distanceﬁ

[ X1loo = distoo(go, u%) < distoo(do q) + distoo (g, u7)

(6.52)
< o 10salloo + 1 X [loc < (TEM)

is smaller than the (by compactness of ¥ positive) injectivity radius of the
Riemannian vector bundle (TxM, G). To achieve such smallness

fix g9 € (0,1]: 00[|dsqfloo < L= fix A € (0,00): Ay/ep < WM

By the a priori bounds for ds¢ in (A.3) and for 7 in Theorem by
compactness of ¥, and by exponential decay (A.19)), there is a constant
cp > 0 such that

(6.53) 10slloe + [|7%]loo + (XNl L (s) < o
and such that (used in (6.57))
(6.54) IVs05q]| < co.

We prove that for sufficiently small € > 0 there is a time shift o € [—09, 0¢]
such that our difference ( = (X, ¢) satisfies the uniqueness hypotheses

(6.55) ((0) eim(D; )* C L, [|X(9)]loo < dovE,

of the implicit function theorem I [FW| Sec.6, IFT I — Uniqueness]. Con-
sequently there are two e-solutions within the uniqueness range about ¢,
namely, not only (u®,7¢), by (6.50) and (6.55]), but also 7¢(q,) as provided
by the existence part of IFT I; see Figure[I} By uniqueness these are equal.

The proof of is in five steps. Step 1 defines a function 6°(¢) which
is zero iff ((0) € im (D7 )*. To find the zero one bounds |6°(0)| from above
(Step 2) and %95 from below (Step 4); see Figure [2| Step 3 prepares esti-
mates utilized in Step 4. The heart of the proof is Step 2 which hinges on the
g-equations and e-uniform exponential decay as prepared in Section

6 Let disteo(qo,q) := supyeg dist(¢o(s),¢(s)). The Riemann point distance
dist(g,(s), q(s)) is the infimum over all lengths of smooth curves between the two
points. The length of the curve q|(s s4o] is < (054 £ ([s,5+07) |0 ], namely, maximal
speed times length of time interval.
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Step 1. Shrinking eg > 0, if necessary, then for every e € (0,e0] and every
o € [—00,00] the following function is well defined, namely

(o)

0°(0) = — (25, Qo = — (55, X) —* (X5, 1),

where the pair ¢ = ((0) = (X, ¥) is given by and where

€. =° . asq . X* B e
2= (5) = () - () =10 - mpisos

* X* eVt (PE(MEV) L e 0sq e e
¢* = <£> = (D)* (Dy(D5)") " Dy (dx|q8sq> = RiD;1,(0sq)
=R

€
q

with ZZ denoting time shift. Here I, := di(q) is the linearized canonical em-
bedding . The linear operator Dy := Dz,x(q)’ the formal adjoint (Dg)*
with respect to the (0,2,¢) inner product, and the right inverse Rg are in-
troduced in [FW]. Most importantly, a zero o of 0° is characterized by
0°(0c) =0 <« (¢eim(Dy )"

Shrink g9 > 0, if necessary, so the operator D is surjective, by the key
estimate [FW] Sec.5.3.3], and, by [FW, Sec.4.2.4], it has Fredholm index,
hence kernel dimension, equal to one and we also have (ker D)+ = im (Dg)*.
We get DgZ° = 0 since R is a right inverse of Dg. Below we will show that
Z¢ # 0 for every € > 0 sufficiently small, so Z° spans ker Dg.

These properties also hold for the shifted trajectory g,. The to g, asso-
ciated unshifted vector Z°(q,) = Z¢ is the shifted vector associated to ¢. So

0°(0) =0 <« (R-25)* = (ker D )" =im (D5 ).
Here | means orthogonal complement for the (0,2, ¢) inner product.

It remains to show that Z° = I,(0sq) — (* # 0 for any € > 0 small: To
see this note that 0sq # 0 since 2~ # a2, by Morse index difference one. So

@)
1140543 2. = 195> + €2 (ldx[qDsql* = [10sq]> = ¢* >0

is bounded away from zero. On the other hand, for (* we have the identity

* £ e asq e 0
6.56 = R:D =R
(6:56) ¢ =R D, (dx\qasc) d <(dxlqasQ)’>
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which, by the key estimate [E'W], Sec. 5.3.3] with constant C, leads to

ldH | X + 1 X + el |+l VX + (7))

< eC (e]l(0, (dxlg059) o2, + [I7= (0, (dx|4059)")I)

< 520(1 + Moo)HdQXQ(aSQa 0sq) + dX‘quasQH

< c18” with e1 = CO(1+ proo) (Ixllc2() 105l o0 |84l + 100 [ VD5

(6.57)

where fio 1= max{1, | Vx||g~()} € [1,00) and ¢ is finite by (6.48), ,
and . The projection 7. is defined in [FW] Sec.5.1.1] and works
with § = 2 and any a € [1,2): Thus |2, := | X*[2 + &2[1£°] < 2=* con-
verges to zero as € tends to zero. Consequently Z° = I,0sq — ¢* # 0 fore > 0
sufficiently small and this proves Step 1.

Step 2. There is a positive constant co such that
16°(0)] < e2 (|| X°|| +¢?)

whenever € € (0, o).

Let € € (0,&0). We have 6°(0) = — (2%, X¢) — &2 (\°, ¢°) by (6.51)). First we
prove that there is a positive constant cs such that there are L? estimates

(6.58) IEE] + 127 < e

For the first summand of =% = J;¢ — X* and also of \* = dx/|,0,q — ¢* we
use that ||0sq||? = ¢* is finite by . For the second summands X* and ¢*
this is . This proves (6.58)), consequently [6°(0)| < cs (|| X°|| 4 €2||¢<]]).
So it remains to find an L* bound for ¢¢ = 7 — x(q). While we got L*°-
bounds for 7¢ and x|y, by Theorem and compactness of X, these do not
help for L? due to non-compactness of the domain R. As € < ¢,, we have

@I0)  (0.us,VH(u))

e _ € _ —Y _ \Ts7 »¥W\" )/ €\ _
(6.59) =7 —x(q) Sawop T XExpX0) = x(9)-

To deal with the difference |x(Exp,X¢) — x(q)|, pointwise at s € R, use the
lemma in [FW], Sec. 6.1] bringing in a factor | X¢(s)| whose L? norm || X¢|| <
A\/e is controlled by hypothesis (6.47). Since ||0suf|| < ¢*, by (L.7)), we get
(6.60) 1] = 175 = x(@)]] < & +csAVE.

where we also used the lower gradient bound ¢, in (6.48)). This proves Step 2.
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Step 3 (Shift ¢,). There exists a positive constant cg such that the vector
field X = X (s;0) and the function £ = {(s;0), defined by (6.50)), satisfy

1¥]loc < co X [loo < colo| + Ac? < iy
IViX|| <cs ||V X + sqo|| < co(|o] + Ac?)
1] < co X[ < cslo| + Aez

whenever € € (0,e0] and |o| < op.

The first estimate of Step 3 holds true because ||{||co = ||7° — X(¢o) |0 < co

by (6.50) and (6.53)). The second estimate was proved in (6.52)).

To prove the third and fourth estimates differentiate the identity
Exp, X = u*
with respect to s and o using the maps E; from Thm. 6.7 in [EW] to get

El(q0'7X)asq0' + EQ(qOWX)vSX = aSUE
EI(QUaX)asQU + E2(QU7X)§JX = 0.

The inverse FEo(q,, X) ! exists for small || X[ since Eji(g,,0) =1 by
Thm.6.7. Apply E; ! to both identities. The first identity then tells that

IV X 1 = B2 (0w = E1dsao) | < e7 (1050l + 105ll) = er2v/e

where the last step is by 1D Resolve the second identity for V, X to get

Vo X + 0540 = ||(E2_1E1 — 1Isqo|| < cs|Osall | X floo < 09(A51/2 + cslol).

Inequality 1 uses [FW, Le.6.81)], inequality 2 and the earlier || X ||oo

estimate. Note that ||V, X|| < co(AvVE + c60) + [|0s¢o || < co(1 + c) + V/c*.
Before doing the fifth estimate we do the sixth. Let X # 0, otherwise we

are done. Given s € R, by the fundamental theorem of calculus we have

(e

X (6),V5 X (6 ~
Her ™ do + 11X

IX ()] = /0 41X (5)]|d6 + | X(0)] = /0 <
< |o| max ||V5X(5)| + Aez
5€(0,0]

)

where the inequality is by Cauchy-Schwarz and hypothesis (6.47)). Now use
that || V5 X (3)| < co(1 + cg) + v/c*, as we already showed.
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To prove estimate five note that H%EH = ||%(7‘E — x| = lldxlq. 0sqo || <
liooV/c*. Integrate %HX(&)H, just as we did to estimate || X (o)||, to obtain

1(a)ll < Ia\élg[gx}\\% @)+l \Uluooer it esAv/e.

Nea
Since |o|, A, e < 1 this proves estimate five. The proof of Step 3 is complete.

Step 4. Shrinking o¢ and €, if necessary, we have

o) > 5
for e € (0,20] and |o| < 0o, where ¢* is defined in (6.48).

We will investigate the two terms in the sum
(6.61) 07 (0) = =4 (55, X(0)) — 5 (05, (o))

separately. The key term is — <u \V/ X> In Step 1 we defined Z; :=
I, 0sqs — (; and we have seen that HC*HOQS < c1€? tends to zero as € — 0.
This tells that the first component = of Z7 and the first component dsq, of
I, 0sq, are L?-close to one another. In Step 3 we have seen that V, X is L*-
close to —0sq,. We shall prove that all the other terms are arbitrarily small
and hence 0,0° is arbitrarily close to ||0sq||* = ¢*. More precisely, for the

first term in (6.61)) we obtain (using repeatedly 0,u, = Osu, and similar)

—4 (=2, X) =—(55,V,X) — (V.EE, X)
= ||(9ng|| - <Em sqo + VUX> — (X5, 0540)
- <v985q0'7X> - <X§7@X>
> 10sq1* — c10([|0sq0 + Vo X || + | X || + || X))
> — cll(|0\ + A2y 62).

The second step adds zero (25 in Step 1) to summand one, applies integra-
tion by parts to summand two. Step three uses Cauchy-Schwarz, shift invari-
ance of norms, the inequalities |Z°]| < c3 (6.58)), [|0sq||? = ¢*, | Vs0sq]l < co

(6.54), and ||V, X|| < cg (Step 3). The last step uses Step 3 and (6.57).
For the second term in (6.61)) the following preparation is in order

: :
1P = 17 — dxlg, Osto|* < 26 (2|I7|° + pioc®) < 2e¢* (14 pd)
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R

c*

slope -

6°(0)

/_C;ae(o) /' | o

Figure 2: Step 5 detects zero of 8 — two cases depending on sign of 6°(0)

where here and in the following we use that ||dx|,0sq|* < p2.c*. We have

g2 (Xe, 1)
= &2 (L (dXlq, 040 — €5), ) + €2 {dX|q, 04 — L5, 45(7° — X(¢0)))
< "2 (|ldx|qsall + 1€°]]) - €¥ 2| 21| — € lldx|gDsql® + ell€]| - €lldxl4Dsall
< (i3 + 101P) + SN + e’ + SN + 5 e’
< c*ecra with cio = 1+ p2, (2 + 3¢/2).
d

Step one uses that on shifted maps 7~ acts like % ="', Step two uses inte-

gration by parts, Cauchy-Schwarz and triangle inequality, shift invariance
of the norms and %75 = 0. We already distributed €2 = £!/2¢3/2 suitably in
order to apply Young’s inequality ab < a?/2 + b%/2 in step three. Step four
uses the prepared estimate for €3||¢||? and that ||¢*|| < c1¢, by .

Putting things together, since we fixed A < dy < 1, we obtain
LYe(0) > (1 — ecr2) — cui(|o] + 261/2).
So Step 4 is true after shrinking og, £9 > 0, if necessary, such that egcio < 1/4
and c11(|oo| + 2{—:(1)/2) < c*/4.

Step 5. We prove Theorem [6.]]

Let the (u®,7¢) satisfy the requirements of the theorem. Estimate [|¢¢]|s +
|£2]] < ¢ holds by Step 3 with ¢ = 0 and by (6.60)), enlarging c, if necessary.
By Steps 2 and 4, see Figure [2| there is a time shift o € [—0y, 0¢] such that

06(0) =0, |U| <cus (”Xan —|—€2) , Cl14 := 2

c*
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Let X := X (o) and ¢ := £(c). Then, by Step 3, we have X,/ € L?, and by
Step 1, we have ¢ := (X,{) € im (D )* and, by Step 3 again, it holds

(6.62) 1 X |0 < (A + coc14 <A + 83/2>> 61/2, 1€]|co < o < 0.

If A+ coeis (A + 53/2) < dg is less than the constant dg in the hypothesis
of the uniqueness part of the implicit function theorem I [FW, Sec. 6], then
(u®,7¢) = T¢(qs), see Figure O

7. Surjectivity of T°¢

The proof of Theoremuses local convergence (Lemma, convergence to
broken orbits (Lemma3.6)), the base implicit function Theorem (IFT II),
some of the uniform L>® and L? gradient bounds from Sectio uniform
exponential decay of |0su(s)| will be crucial to satisfy the IFT II
assumption , and the local surjectivity Theorem [6.1

Proof. The map T¢ is injective for € > 0 sufficiently small by part I [EW].
Fix a constant x > 0 as in the local properness Hypothesis To prove
surjectivity assume by contradiction the result was false. Then there is a pair
of critical points xF € Crit f of Morse index difference one and sequences
&; € (0,ex) and (u;, 73) € M- . such that

(7.63) lim ¢; = 0, (ui i) & T (MO 44 ).

1—00

Applying time shifts we assume without loss of generality that

- +
Cx X — xX
We prove in four steps that, after passing to a subsequence, there is a se-

quence ¢; € /\/lg, .+ such that
U; = EquiXi

and the vector field sequence X; € C*°(R, ¢;T'M) satisfies

(7.65) lim =2 (| X oo + 1K) = 0.
71— 00
Thus, by Theorem|[6.1], for i sufficiently large, there is a time shift o; € R with

(ui, i) = T (gi(oi + -)). This contradicts (7.63)) and thus proves Theorem[C]
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Step 1 (Uniform exponential decay (5.39))). Vo > 0 3Ty > 0 such that

(766) EHE{\[ (ui,vi) <9

—To,To)

or every 1 € N where E5(u,T) denotes the energy along an interval I C R.
I

Proof by contradiction. Assume the result is false. Then there is a constant
d > 0, a sequence of positive reals T; — oo, and a subsequence, still denoted
by (4, u;, ), such that, for every i € N, the increasing-interval energies

(7.67) By py(uiym) < f(a7) = fa¥) =6

are uniformly bounded away from the total energy E® (u;, ;) = f(z™) —
f(z™). According to Lemma there is a further subsequence, still denoted
by (ui, i), that converges to a broken base connecting trajectory, more
precisely, a finite collection of base connecting trajectories ¢~ € Mgk,l
k=1,...,¢, withz =202, ... 21 2/ =2t € Crit f.

We prove that ¢ > 2: Otherwise v; := u;(s; + -) converges to q := ¢' €

./\/lg,,ﬁ and ¥; := 7;(s; + -) = x(q) as in the local convergence Lemma
for some sequence s; € R provided by Lemma (i).
We claim that the sequence s; is bounded. We first exclude the case that
(s;) is unbounded from above. To see this, we assume, by contradiction,
that s; diverges to +o0o. We abbreviate z; := (u;, 7;). By the gauge condi-
tion and the fact that downward gradient trajectories flow downhill,
it holds Fp(zi(s)) < for every s € [0,00). Therefore Fir((si)«2i(s)) <
for every s € [—s;,00). Since s; — oo, for every T > 0 there exists ip such
that F((si)s2i(s)) < G forall s € [-T,T] and i > ig. Since (5;)+2; = (vi, %)
converges to (¢, x(¢)) in CL_ we have for each s € [-T,T] that

Tk

Fla(s)) B2 tim Fi(ui(s), v:(s) < %

1—00

for every s € [T, T]. Since T' was arbitrary, we have f(q(s)) < % for every
s € R. In particular, we have f(z~) < & . Contradiction.

The case where s — —oo leads in a similar way to a contradiction, just use
the interval (—oo, 0] instead of [0, 00) and (—o0, —s;] instead of [—s;, 00) and
look at the positive asymptotic 21 instead of ™. This proves the claim.
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Since the sequence s; is bounded, given a constant T" > 0, there is the inclu-
sion [s; — T, s; + T] C [-T;,T;] for all large i, so (7.67)) applies. We obtain

E? (q) lim Ef’

i—00 i—oo  18i—T,s:+T] (ui’ Ti)

ey - e o

where identity two is by variable substitution o(s) := s; + s. On the other
hand, since ¢ connects z~ to z+ we get E°(q) = f(z7) — f(z*) by (6.48).
Contradiction. Thus we have proved that ¢ > 2.

As f is Morse-Smale for g, the Morse index difference of = and ™+ must
be at least two. This contradicts our assumption and proves Step 1.

To formulate Step 2 we first need the following discussion. The a priori
Theorem provides ¢; > 0 such that

(7.68) [7illoo + I7illoe < 1

for every i. Let k > 0 be a constant as in the local properness Hypothesis[2.1}
The vector field V := VH/|VH|? along the open subset Myee := {dH # 0} of
M generates a local flow {¢,} on M,e,. Because ¥ is compact, for 6 € (0, k)
small enough, the following map is a diffeomorphism onto its image

0: X %X (=0,0) > Us =Ux(d) :=imp C M, (g,7)— ¢rgq.
(The map ¢ provides a retraction p = p?: Us — Us. The identities

H(poq) =0, d%H((PrCI) = dH|<Prq %‘Prq = <§H|sorqv V|%Q> =1,

show that H(p,(q)) = r for every (q,r) € ¥ x (—0,0).

By the ¢;-equations and we have |H (u;)| = €?|7{| < c1€2. As
€; goes to zero, we can assume, maybe after forgetting the first elements of
the sequence, that u; takes values in the image of ¢ for every i. Hence there
exist maps ¢q;: R — ¥ and r;: R — (—0,9) with
(7.69) wi = @p (i), = H(u)=—¢;

! 2
it mil <ag <a,
pointwise at s € R and for every i.

Step 2. Vi the derivative satisfies |0s5q;| < 2Ck|0su;|, so it decays exponen-
tially. Here C := ||(dey,|q,) (k) and K is compact by Theorem .
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By the identity ((7.69) and definition of the local flow ¢ we have

asui - |VVI?((U1))|2 T+ d@n(ql)asqi

<VH u;), 0 ul> + dor,|q,059i-

IVH( )|2

Hence

10501l = [(dir,l0.) ™" (Dot — G (VB (i), Oys) )| < 2]

Thus exponential decay of dsu;, see ([5.40)), implies exponential decay of dsq;.

Step 3. Let q;: R = X be as in . For each i sufficiently large there is
a base trajectory q; € Mg_ -+ and a vector field & € C(R, ¢;TY) such that

i = expy, &i, [€illoo < [|&ill12 < cseq

for some positive constant cs which does not depend on 1.

Let 6, ¢, and p be the positive constants in the uniform exponential decay
Theorem and choose Ty > 0 in Step 1 such that (7.66)) holds for this .
By Step 2 and uniform exponential decay (5.40)) we have

1050:(5)| < 20K |05ui(s)| < 2CKcePUsI=To=1)

for every |s| > Ty + 1. Note that the right hand side does not depend on i.
As e® > 1+ s? for all sufficiently large s, there is a constant ¢ > 0 such that

C2
: (s)] < ——
(7.70) Oua(s)| < Ty

for every s € R and every ¢ € N. In the following add zero in step one, then
in step two for summand one use (2.10) and to summand two apply [FW,
Le. 6.81)]|Z| for some constant d = d(c1) to get the L? estimate

I7i = x(@a)ll < [Imi — x(uz')H + [Ix(er.ai) = x(ai)l
!VH )\2

2||T I

+d|ri]

(7.71)

| /\

+dei |17

I‘Q

& (%-Fd\/c»*)

" apply lemma (6 = 1, X = 0, X = ;) pointwise at s, so |X| = |r;| < ¢ by li
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In step three, to deal with summand one, we used the identity 72 in ({2.8])
and (2.9) with constant ¢, > 0. For summand two we used the identity
in for r;. Step four holds by the L? estimate for ;7" with
constant C' > 0 and by the e-energy identity . So

() = =
1050 + V(@) | E 110sq: + P (0) + (0 VE ()]
(1.3) =
(7.72) E | (y(as) — 7)VH (@)l
< 0161', Cq = (% + d\/CT‘) |WHHLW(K)

where step one is the base equation in (X, g) expressed in the ambience
(M, G) and step two is by the g;-equation.

Now let dg = dp(c2) and Cy = Ca(c2) be the constants in the base im-
plicit function Theorem Then the map q; satisfies the hypotheses of
Theorem whenever Cie; < dg. Thus, for each 7 sufficiently large, there
is a base trajectory ¢; € Mg,,ﬁ and a vector field & € C*°(R, ¢fT M) with

0 = expy, &, [|€]] < [1€ill12 < C2ll0sa: + VEF(q:) + x(a:) VH (1)]| < C1Cse;.

But [|&]loo < |6

Step 4. For each i sufficiently large there is a unique vector field X; €
C>*(R,q;TM) that satisfies the identity u; = Exp,, X; and the limit .

We prove Step 4 based on Step 3. Pointwise at every s € R it holds that

|12, see e.g. [EW] Sec.4.2.5]. This proves Step 3.

| Xi| = dar (g, wi)
< dn (g, 9:) + da (i, w;)
< ds (¢, 9i) + length (o r,19:)
<&l + &
< c3g; + %e
< L(TEM, G

2

i

where the final inequality holds for all sufficiently large i. To see the other
inequalities start with inequality one, this is the triangle inequality for the
Riemannian distance in (M, G). Inequality two holds since there are more
curves in M than in the subset 3 and since r +— ¢,¢; is a particular curve
among many. Inequality three holds since [0, 1] > t +— exp,, t&; is a particu-
lar curve among many and since the length of a curve is bounded by the
length of the parametrization interval, here r;, times the largest speed, here
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14 ouq;| = |VH (i) 7 < é by . Inequality four holds for summand 1
by Step 3, for summand two by ((7.69). As dps(q;, u;) < «(TsM,G), the injec-
tivity radius of (M, G) along ¥, and u; = Exp,, X;, it holds | X;| = das(gi, ui)-

Of the above estimate for |X;(s)| take the supremum over s € R to get
the L limit in . For the L? limit take the L? norm and use Step 3
and (7.69) to get || Xy]| < [|&]l + =llrill < esei + ;HT{H <ei(es+Ver/e).
This proves Step 4 and Theorem O

Appendix A. Implicit function theorem II — Base

The following theorem IFT II is used in the proof of surjectivity of the map
7¢: MY — M? in Theorem |C] see (7.72).

We remind the reader that |-| denotes — depending on context — absolute
value or the length of a tangent vector with respect to a Riemannian metric.

Theorem A.1 (IFT II). Let (X,g9) be a compact Riemannian manifold
(no boundary). Suppose f is Morse and Dg s onto whenever q € ./\/lgﬂy+ and
yT € Crit fﬁ Pick two critical points xT € Crit f of index difference one.
Then, for any co > 0, there are constants g, C > 0 such that the following
holds. If q: R — M is a smooth map with lims_,+ q(s) = 2T and

Co
<
(A1) 0.0(5)] < 703

for all s € R and

(A2) 10sq + VF(q) + x(a) VH (q)[| < do,

then there is a trajectory q € M?:::ﬁ and a £ € im (Dg)* NW1H2 with
g=exp,&,  [lElhe < Cllosa + VF(a) + x(a) VH (a)]-

The Sobolev W2 norm is defined by ||€

T2 = €I + [IVsgll?.

To prove the base implicit function theorem IFT II requires analogous
inputs as the e-ambient implicit function theorem, IFT I in [FW], namely
a-priori estimates, exponential decay, Fredholm property, bounded right in-
verse, and quadratic estimates. In addition, IFT II requires similar steps as
in the proof of local and global surjectivity in Sections [6] and [7] just without

8 in other words (f,g) is Morse Smale.
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the additional difficulty of the & parameter dependency. The steps of the
present section have been carried out in great detail in [Web13| in a slightly
more general context. Thus we shall detail here only those parts of proof
that use the specific nature of the differential equation at hand such as, for
example, quadratic estimates.

A.1. A priori gradient bounds
Proposition A.2 (A priori estimates). Fiz a smooth f: 3 — R. Then

there is a constant C' > 0 such that the following is true for each smooth path
q: R — X and every smooth, compactly supported, vector field & along q.

(i) Suppose & satisfies the linear equation V& + VeVf(q) = 0. Then

()] + IV (5)] < Cll€ll L2 (s—1,9))
VeVl (5)] < ClIEl L2 (fs—1,8)) - 1054l

for every s € R and where L?([s — 1,5]) = L*([s — 1,5],¢*TY).
(ii) Suppose q solves Osq + Vf(q) = 0. Then

(A.3) Ba(s)|? + |WsDsa(s)|2 < CES_, ()
for every s € R where E? is the energy over the domain I C R.

Proof of Proposition[A.9. (i) Pick o € R and define £7(s) := &(s+ o) and
f(s) == 31€(s + 0)|? = 1[€7(s)|? for every s € R. As V,& = —V:Vf(q) we get

Vel < IVVFllsolél,  F = (Ve€?,€7) < [N€7[- 167 < mif, =2V loc,

pointwise at s € R. Thus, by Lemma [4.3| with 7 = 1, we obtain the estimate

0
() = 20(0) < dder [ 1(s)ds = 24T e[,
for every o € R. Let R be the Riemannian curvature tensor of (¥, g), then

VsVs€ = =V VeV (q) = R(§,0s9)Vf(q) — VeVsVf(q)

pointwise at s € R. (ii) Apply part (i) to & = 0sq. O
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A.2. Exponential decay

Two common methods to establish exponential decay are

e the energy method;

e the action-energy inequality.

The energy method was applied with great success in infinite dimensions, see
e.g. [Sal99], even in infinite dimensional adiabatic limits, see [DS94) [GS05),
SWO06]. We utilize the energy method in the present finite dimensional adia-
batic limit, Section |5, having in mind the infinite dimensional case, namely
Rabinowitz-Floer homology; see [FW,, Introduction].

While the energy method in general involves huge calculations, the hy-
potheses for the action-energy inequality seem easier to check, at least in
the present finite dimensional context. However, the technique of the en-
ergy method, namely to establish differential inequalities for densities, at
the same time provides a priori estimates simply utilizing some of the ex-
ponential decay density calculations. Moreover, the a priori estimates arrive
together with interval L? estimates of higher derivatives in terms of the first
derivative — (a part of) the energy, as is illustrated by Theorem

The action-energy inequality is discussed next.

A.2.1. Action-energy inequality. Advantages of the action-energy in-
equality method, see [GS05, Zil09, [AF13], are the following

e usable for functions that are only C! (part (i));
e stable under change of equivalent metric;

e at a non-degenerate critical point the action-energy hypothesis ((A.4))
follows from Taylor’s theorem; see Lemma,

Let f be a smooth function on a Riemannian manifold 3. The covariant
Hessian operator of f at a point ¢ € X is the linear map given by

AV T, = T,%, & VeVf(g).

The linear map Ag is symmetric; see e.g. [FW. Sec.4.1.2]. For convenience
of the reader we state and prove the action-energy inequality next.

Proposition A.3. Let f: > — R be a smooth function on a Riemannian
manifold, let x be a zero f(x) = 0. Assume there are constants c,ci,co > 0
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and § < iy (injectivity radius at x) such that the action-energy inequality
(A.4) f(@)] <elVF(@P, Vg€ Bs={q=exp,&: ¢ <6}
holds. Then the following is true. All solutions q: [0,00) — Bs of
¢ ==V, als)

approach the critical point x exponentially with the same rate, namely

€| = dlgs, %) < 2¢/ef(as) < 2¢7°%\/cf(q0)
Vs > 0. Moreover, the derivatives of the trajectory q decay exponentially
(A5)  [0sas] < erf(a0)Pe*, [Vidoa] < e2f(q0) P/,
for every s > 0.

Proof. Let q # 0. Pick two times s; > s > 0. So f(¢s) > f(z) = 0. We have

diSt(q$7QS+) S E(Q‘[S S+])

St SO S+ |V S §
= [ 1ol [T sl :/ |rvj;(<qu>|r -
A4 s+ ’v.f(qs ’2 sol

A R A
_ _wa/:*;smds

— o (Vial - y/fa)

for every s > 0. By hypothesis f(qs,) = f(z) =0, as s; — oco. Thus

‘£s| = diSt(QSa-'E) <2 Cf(Qs)a gs = €XPy, &s-

By the action-energy inequality (A.4) and as ¢ is a solution (sol), we get

A.4)
(QS) = df|q dsqs = |vf(QS)|2 - 71f(q5) <0

Vs > 0. Thus there is the inequality < In f(q;) = (J;Z?( ()S ) < =1 whose inte-

gral over [0, s] produces the first assertion f(gs) < e~*/f(qo) for s> 0.
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Next we show that ;g decays exponentially. From the formula V;0,qs =
—Ay.0sqs and the hypothesis that ¢ takes values in the compact ball Bs
we deduce that there exist C' > 0 such that |Vidsqs| < C for every s > 0.
Given T > 0, we abbreviate p := |0sqr|. Apply the fundamental theorem of

calculus to the derivative

<v888QS7 ast>
|05

in order to obtain for s € [T, T + 5] the estimate

%‘8sq8’ = % <aSQS>aSQS> = > —‘Vsagqs‘ > -C

S
104s] — 1 = 0sas| — |0sar] =/ 410,q) > —Cs — T) > 2,
T

thus |0sqs| > §. By assertion one we obtain

B = [ a2 ds = flar) ~ ) < S ),

On the other hand, we have that

00 T+% 2 3 \8q\3

E — [ 18.qeds > 0uqe| ds > Fo = 14T

[7,00) () /T! qs| 8_/T |0sqs| $2 oo <C
>p/2

Combine both inequalities to get [Osqr| < (8Cf(qo))*/3e~T/3¢. Because
Vi0sqs = — A4, 0545, inequality two of follows from the first one and
since the Hessian is bounded along the compact set Bs. This concludes the
proof of Proposition O

Lemma A.4. At a non-degenerate critical point s true.

Proof. By the Morse Lemma we can assume that in local coordinates around
the critical point the function has the form f(q) = > | a;q? for reals a; # 0.
Step 1. (Flat case) Assume the metric is standard in Morse coordinates.

Under this assumption the gradient is given by Vf(q) = (2a14q1, .. .,2anqy),

therefore |Vf(q)|? =43, a?q?. We abbreviate a := min{as, ..., a,}, then
i

1 1 1
F@ < _lasla? = =D alai| f <= > aia? = - |Vf (o).
7 <a? )

Let g1 = g be the given metric on ¥ and g» the euclidean metric on R".
In any compact neighborhood the two metrics are equivalent to each other.
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Step 2. Suppose we have two metrics and a constant ¢ that satisfy the norm
estimate |-|1 < c|-|2. Then we have the estimate for the norm of the gradients

?Vf(a)l2 < c|'VF(a) s

Step 2 follows from the following estimate

0<|c® 'Vf(q) - 2Vf( )7
= 'V (@)} — 22 ('Vf(0),°Vf (@), + V(@]
="'V (g)l} - 2c2dfq<2qu> + PV ()}
< MWV - 2PV ()5 + APV (a)l3
=V} - APVl

As a consequence of Step 2, maybe after changing the constant ¢, the
action-energy inequality (|A.4)) continues to hold if one replaces the metric
by an equivalent one. By Step 1 this proves (A.4) for the given metric g. O

A.2.2. Finite energy trajectories. In this article all solutions of the 0-
equation, , have finite energy, indeed E°(q) < oscf; cf. [FW, Sec. 3.1.1].
For general problems, this is not so, but it is usually still the set of finite
energy solutions which carries desired information. Usually in more general
cases, see e.g. [Sal99] in a PDE setting, finite energy solutions are charac-
terized by equivalence of properties (i), (ii), (iii) in the next proposition.

Proposition A.5 (Finite energy and Morse). Let f: ¥ — R be Morse
and ¢: R = X a solution of the downward gradient equation . Then

(i) E%(q) < oo;
(ii) there exist critical points xF € Crit f such that lims 7o q(s) = 2T
(i) there are constants §,c > 0 such that |95q(s)| < ce= for every s € R.

Existence of asymptotic limits, (ii), enters the proof of the surjectivity

Theorem |C] right after (3.28]). The proof of Proposition uses

Lemma A.6 (Critical point detection). Let f: ¥ — R be Morse. Then,
for every oy € (0,ux), there is a constant §; > 0, such that the following is
true. If ¢ € X is an almost critical point of f in the sense that |Vf(q)| < 61,
then there is a critical point x of f and a dg-short difference vector £ € T,%
such that g = exp, & and |£| < dp.
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Proof. Like Lemma but shorter by lack of a second component. ]

Proof of Proposition[A.5 We show equivalence of (i), (ii), and (iii). The
implication (iii) = (i) of finite energy is clear. (ii) = (i) is the base energy
identity, prior to (1.7). We prove (i) = (ii). For any s € R it holds that

-
< OB, 4(0) =70

VF(a(s)P & (o,q(s) 2
where the limit is zero since the energy (integral) over the whole real line R is
finite by hypothesis (i). Hence it remains to show that the asymptotic limits
lims_,+o q(s) exist, in which case they are critical points automatically.

To this end fix a constant 49y > 0 smaller than the injectivity radius tx; > 0
and smaller than the minimal distance min, yecrit ¢ dist(z,y) > 0 of any two
of the finitely many critical points. Let §; be the constant in Lemma [A.6]
with this choice of dg. Pick a large time 7" > 0 such that |Vf(q(s))| < 01
whenever s > T. Given s > T, Lemma associates to the point ¢(s) a
critical point x; at distance < dg. But the radius dy ball about =5 contains
no other critical points. Thus zy := x5 does not depend on s > T. Hence
the whole forward trajectory q|(r ) stays in the dg ball about zq. But this
remains true for any smaller dy, hence ¢(s) — z¢ as s — co. Same for the
backward limit s — —oo.

That (ii) = (iii) holds by Proposition [A.3|based on Lemma[A.4] Part (i)
is true since £%(¢) < max f — min f by [FW] Le. 3.3]. O

A.3. Quadratic estimate and right inverse
Proposition A.7 (Quadratic estimate). There is a constant 6 € (0,1]
with the following significance. For every Cy > 0, there is a constant ¢ > 0
such that the following is true. Let q: R — X be a map and £ a smooth
compactly supported vector field along q such that

10sqlloc < Co,  [I€lloo <9,
then
(A.6) 1 (€) — F3/(0) — dFQ(0)E[| < cllélloo (&N + IVE]l - [1€]lo0) -

Here the map .7-"3 is defined by

(A.7) F2E) == ¢(q,€) 7" (05 (exp, &) + Vf (exp, €))
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where ¢ = ¢(q,&): TyE — Texp, (&) is parallel transport in (X, 9), pointwise
at s € R, along the geodeszc 7> exp,(r§); see [FW, §4.1.5].

As ¥ is compact the injectivity radius of the Riemannian manifold (X, G)
is positive. Choose 6 = ¢(3,g)/2 > 0, so X is in the domain of exp.

Proof. Let lower case e; be the covariant derivatives of the exponential map
exp of the Riemannian manifold (X, g), see [EW| Thm. 6.7], then

(AS) as(equé‘) =e€1 (Q7 é)asq + eQ(Qa f)vsf

By definition of .7-"(9 and since d}"g(O)f = Dg{ = Vil + VeVf(q), see e.g. [EW],
Sec. 4.1.2], we obtain

FUE) = 6(q,€) 7" (e1(q. €)0sq + e2(q, €) Vi€ + Vf (exp, €))
~F2(0) = —0sq — Vf(q)
~DY¢ = —V,¢ — Ve Vf(q).

Now we write Fy (&) — FJ(0) — Dgg = F1(&) + F2(€) + F3(€) where

F1(€) = (¢(a.€)~ q (¢,€) — 1) 9,
F5(&) = (6(q,€) ea(q, &) — )Vs§
F3(8) = ¢(q, &)~ 1Vf(equ§)—Vf(q)—Vgi(q)-

In [FW, Sec.6.1] in the proof of Quadratic Estimate I we showed,
in the present notation and pointwise at sé€ R, that ho(§):=
(0(q, &) tealq, &) — 1) € satisfies ho(0) = 0 and Dhy(0)€ = 0. The proof car-
ries over literally if e; replaces ep. Use Lemma [FW, Le. 6.8] ii) pointwise,
then integrate, to get

IF1] < exColléllocliell,  NEI < crll€lZNVagll,  175] < exli€llsclI€N,

for some constant ¢; > 0 that depends on the C?(X) norm of f. O
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Right inverse.

Proposition A.8 (Right inverse). Let T € Critf be non-degenerate
critical points and q € ./\/lg, o+ such that Dg: W2 — L? is surjective. Then
there is a positive constant ¢ = ¢(q), invariant under s-shifts of q, such that

(A.9) 1€ 11,2 < el DgE*|
for every £ € im (Dg)* Nwh2,

Proof. By non-degeneracy of the asymptotic boundary conditions xF, both
operators D) and (DJ)* are Fredholm. Since ker(D9)* = coker DY = {0}, see
e.g. [EW] Sec. 4.1.6], the bounded linear map Dg is injective. Hence, by the
open mapping theorem, there is a positive constant ¢; = ¢1(q) such that

Il + IVl < eall(Dg) nl

for every n € WH2(R, ¢*T'M). Both sides of the inequality are invariant un-
der time shift, thus so is the constant cy. O

A.4. Proof of IFT 11

Assume by contradiction the result was false. Then there exists a pair of
critical points T € Critf of Morse index difference one and a sequence of
smooth maps q;: R — ¥ such that lims .+ qi(s) = 2T and

€o
. sHi S
(A.10) Ouai(s)] <

for every s € R and

(A‘ll) ||asqz+vf

qi <

SR

but q; does not satisfy the conclusion of Theorem for ¢ = 4. This means
that if ¢ € Mg,’ﬁ and &' € im (Dg)* NW2 satisfy q; = exp, &', then

1 .
(A.12) 19505 + Vo]l < < 1€/ 12

Fix a regular value d, of f between f(z1) and f(z~). Applying time shifts,
if necessary, see (6.49)), we may assume without loss of generality that

(A.13) f(9:(0)) = du.
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Recall that, by (A.3), finite energy 0-solutions ¢ satisfy the a priori bound

(A.14) [05dllcc < Co

for some constant Cy > 0 of the form Cy = C(f) - oscf.

Claim. There exists a subsequence, still denoted by q;, a constant C' > 0,
a connectmg trajectory q € ./\/lx 2+ ond a sequence of time shifts o; € R,
see , such that the sequence of difference vector fields n; determined by

qi = €XPy, Tl
is in the W2 part of the adjoint image, L™ null, and W12 bounded, i.e.

(A15) e (DY ) AW dim il =0, s < C Vi

First we show how the claim leads to a contradiction. Consider the shifted
connecting trajectories q,, and vector fields 7; along them, as provided by
the claim. These satisfy the assumptions of the quadratic estimate, Proposi-
tion by with constant Cy and by choosing a further subsequence,
if necessary, so that ||7;|lcc < d. Let Cy := ¢(Cp) > 0 be the constant provided
by Proposition Since MO_ .+ is afinite set, and so is C'rit f, the estlmate
for the rlght inverse, Proposmon applies with constant C, = Cy(f) >

By (A.7)) and since parallel transport is an isometry we obtain step one

105a: + Vg, || = |75, . ()|
> ”an nill = |1 7Y (mi) = 7y (0) = df;; (0) 73|

> [Imilhe (& = Collmilloo(1 + il 2) )

ﬁ”ﬁz‘

qi

v

In step two we added tw1ce zZero, namely D(q) —dFy (0) =0 and F)(0) =

0. Step three is by (A.6]) and ( . By the null sequence in - the ﬁnal
step holds for sufﬁc1ently large 1. For 1 > 2C the estimate contradicts (A ,

this proves Theorem[A.T] It remains to prove the claim. This takes four steps.

Step 1. (Compactness and limit g € ./\/lx ﬁ) There is a subsequence of q;,
still denoted by q;, whose L™ limit is a connectmg trajectory q, in symbols

(A16)  ge M) i a=ew,&  lm (Jale + 61 =0
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Proof. By the Nash embedding theorem we may suppose without loss of gen-
erality that (3, g) < RY is isometrically embedded in some Euclidean RY.

The sequence q;: R — ¥ < RY has a uniform W2 (Ir) bound: By com-
pactness of ¥ there is a uniform C° bound. For » > 1 there is the estimate

] 1 T (e%e] 1 1
/ <1+$2> ds§2—|—2/1 Srds=2(1+54) <4.

—0o0

Thus, by assumption (A.10)), we get the bound

(A.17) 10s4]

Lr(Ir) < HasquT < 4oy, T e [L OO],

uniformly for all ¢ and T > 0.

Thus, by the Arzela-Ascoli and the Banach-Alaoglu theorems, a suitable
subsequence, still denoted by q;, converges strongly in C° and weakly in
W12 on every compact interval I to some continuous map ¢: R — ¥ which
is locally of class W12, Hence the sequence 0sq; + Vf(q;) converges weakly
to 0sq + Vf(q). On the other hand, by , it converges to zero in L?. By
uniqueness of limits ¢ satisfies the base equation d,q = —Vf(q) € CO(R,X)
almost everywhere. Thus ¢ is smooth by bootstrapping.

The limit ¢ is non-constant: Since ¢;(0) converges to ¢(0) and f € C° we get

f(q(0)) = lim f(q:(0)) = d«

by (A.13). But d, is a regular value of f, thus d5q(0) = —Vf(q(0)) # 0.
The limit of the sequence g;, the smooth solution ¢ of ([1.4]), has finite energy

and distinct asymptotic limits yT € Critf: Any solution is of finite energy,
see [FW, Le.3.3]. Proposition (ii) provides yT € Critf and these are
distinct since dsq # 0 and f decays strictly along non-constant trajectories.
Broken trajectory: By standard arguments, see e.g. Lemma [3.6] a subse-
quence of g; converges to a k-fold broken trajectory which, in fact, must
be unbroken by Morse index difference 1 of gﬁﬂ Thus ¢ € ./\/lg_ »+ and this
proves the first assertion of Step 1. 7

It remains to prove nullity of the limits in (A.16). We abbreviate

d := dist. Since we have only C_ _ convergence q; — ¢, we decompose, for

T > 0, the real line R = (—oco, —T) U [-T,T| U (T,00) = I UIr UL} into

? for any two next neighbor break points inds(y~) —inds(y*) = index D) =
dimker DY > 1 since D is surjective by Morse-Smale and dsq € ker DY, but the
difference between =T is 1
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three pieces. Along the non-compact ends Ij we define tangent vectors
& (5),67(s) € To=X by

qi(s) = expys &7 (), q(s) = exp,+ €7 (s),
for Fs > 1 large. Given € € (0,tx), we show that there is T'= T'(¢) > 0 with

(A.18) [€i(s)] = d(ai(s), q(s)) < d(ai(s), ™) +d(=",q(s)) <

wlm

for all ¢ and s > T’; similarly for £~. On the other hand, by C’I%C convergence,
there is ic with [|&;[| 1~ (r,) < €/3 whenever i > i.. Putting things together

1€illoo = [1€ill Lo 7y + Wil e 22y + 11€ill L (1

< sup (d(qi,27) +d(x7,q)) + 1€l oo (1,) + sup (d(qi,z™) +d(z™,q))
In Iy

<§rgrgec

Vi > i.. To conclude the proof that the L limit in (A.16) is zero it remains
to show ({A.18). To this end use the decay hypothesis (A.10) to obtain

o0 C o0 Co Co
d0:(0).a") < length(ailpo) = [ L gds < [ Gas = <

™

for all ¢ and o > 6¢p/e. Concerning ¢ use exponential decay
(A.19) 05q(s)] < ce™ll s eR,

with constantﬂ ¢, 0 > 0, as provided by Proposition in order to obtain

e}

d($+’ Q(U)) < length(qy[a,oo)) < / CE_(SS ds = ge—&r < %

for every o > —6!1n(e§/6¢). The two distance estimates prove (A.18).

To prove nullity of the L? limit in (A.16)) we proceed similarly as above,
but now we integrate over (7', 00) the square of (A.18]). Using the distance

10 A priori the constants ¢, § depend on ¢ € Mg,’ﬁ, but due to the gauge con-

dition (A.13)) and the index difference one assumption there are only finitely many
such q. Moreover, there are only finitely many critical points of f, so we can choose
c and J to only depend on f, g.
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estimates we get
= +12 > i
d(qi(o), ") do < —do=—
| daoratyar< [~ Bar =
whose right hand side is independent of ¢ and goes to zero, as T — oo, and
2

oo_a c
/ d )q d0'<52/ 6610'—5*36571

which also goes to zero, as T — oo. This proves (A.16]) and Step 1. O

Step 2 (Distance to shifted limit g,). Let A; := ||&]|oo + ||&i]| be the null se-

quence from and Cy the constant in . Then there are a constant
oo > 0 and an integer ig > 1 such that for all o € [—00,00] and i > iq the

following is true. Firstly, there is a vector field n = n(o,1) along the shifted
connecting trajectory q» = q(- + o), of bounded length and determined by

(A.20) 9 =expy, 1, [7llee <im.
Furthermore, there is a constant ca = ca(0¢) > 0 such that
Inllee < Ai+Colol,  [Inll <248i+calof,  [[Vinll < e,

whenever o € [—oq,00] and i > iy.

Proof. Abbreviate d := dist. Given o € R, then for every s € R it holds that

o] - 1054l < |0]Co

(A.21) d(q(s),q(s +0)) <|o]| /0 0sq(s +ro)| dr S{ I

lo| - ce

where inequality one involves the length of the path [0,1] > r +— ¢(s + ro)

and the upper estimate uses (A.14]), whereas the lower estimate uses (A.19).
By the triangle inequality and the upper estimate we obtain that

(A22)  d(ai(s), g0 (s)) < d(ai(s), q(s)) + d(q(s), 4o (s)) < Ai + Colo]

for all ¢+ and o. Existence of oy and ig: For |o| small and ¢ large the right
hand side is < ¢y. In this case the left hand side equals |n(s)| and this proves
the L> estimate for n = n(o,). Concerning the L? estimate, by (A.22), we
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get

In)l* < 2/Rd(qi(8),Q(S))2 +d(q(5), 4o (s))* ds < 287 + 2|0 225
where inequality two uses the lower estimate in (A.21)). As in (A.8]) we get

(A.23) asqz' = €1 (qu n)aSQU + 62((]07 U)Vsn-

Because e3(gs,0) = 1 is the identity and ||7||c is as small as we wish by
choosing op > 0 smaller and ig larger, we can resolve for Vs;n and obtain an
L? bound, uniform in i and o, since ||0,q;|| < 4co, by , and ||0sq, ||? =
105ql|> = E°(q) < oscf. This proves Step 2. O

Step 3 (Time shift to adjoint image). For o € [—oy, 09| consider the function
0;(0) := — (0sq5,m) where n =n(o,i) is the vector field along q, determined
by and (-,-) is the L*(R,q:TX) inner product. The zeroes of the
function are characterized by

0i(c)=0 <= neim(D) )"

Moreover, there exist new constants og,c3 > 0 and ig € N such that
16:(0)] < 3y, bi(0) > 5,

whenever o € [—aq,00] and i > iy and where c¢* := f(z7) — f(z*) > 0.

Proof. The derivative 0sq, generates ker DSU: Firstly, it is element, as follows
by linearizing at g,. Secondly, the kernel has dimension 1 as follows
from the Fredholm index being the asymptotic’s Morse index difference,
that is one, and DgU being surjective by Morse-Smale. ‘<=’ true since 0sq, €
ker Dga. ‘=’ true since n L ker Dga = coker (Dgu)*.

Since n = n(o, 1) reduces to &; at o = 0, by Cauchy-Schwarz we get that

10:(0)] < [10sqo - [Inll = V/ E(g5) - [I€:]] < oscf - A

We abbreviate e; = e;(qs,n). Differentiate q; = exp, 7 with respect to o and
resolve for V,n = —e; Le105qs, then add zero to obtain

20,(0) = — (VsOsqosn) — (054, =05 + (1 — €5 €1) 0540 )

10sqll? — I Vs0sal| - [Im]] — %1|9sqll?
H105q* = 1E°(q) = &c*.

AVARAVS
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Inequality one uses Cauchy-Schwarz, that e1(¢,,0) = 1 = e2(g,,0), and that
|Inllo is arbitrarily small by enlarging ip and shrinking g in Step 2 so that
the linear map 1 — e2(qx(s),1(8)) " te1(qo(s),n(s))) is of norm < 1/4 at every
time s € R.

For inequality two we used the following. By exponential decay in
combination with we get that ||Vs0sq|| < ¢4 for some constant cs. Now
enlarge 79 and shrink o so that by Step 2 it holds ||n|| < ¢*/4cs. We also

use the energy identity. This proves Step 3. ([

Step 4. We prove the claim.

Proof. By Step 3 there exists, for every i > i, an element o; € [—09, 0¢| such
that 6;(o;) =0 and |o;| < c;»,Ai%. Set n; := 1(0,i). Then n; € im (D) )*,
still by Step 3, and by Step 2 we have, enlarge ig if necessary, the estimates

[7illoe < A¢ (14 Co2¢s/c*),  |Imillf 2 < A (24 ea2e3/¢") + 5 < 265
This proves (A.15)), hence the claim, so Step 4, and Theorem [A.1 O
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