SOLUTIONS TO THE EXPONENTIAL DIOPHANTINE
1+ p% + pY + pi = w? FOR DISTINCT PRIMES p1, po, ps

RICHARD J. MATHAR

ABSTRACT. We list non-negative integer solutions (z,y,z,w) to the 5-term
exponential diophantine equation 1 + p{ + pg +p3 = w? for three distinct
primes p1 < p2 < p3 < 113 obtained by exhaustive search in the exponents
z,y,z < 60.

1. INTRODUCTION

By trivial numerical search we obtain a table of non-negative integer solutions
(z,y,z,w) to the exponential diophantine equation
(1) 1+ +p§ +p5 = w?,
where p; are three distinct primes.

If two of the prime powers were deleted, the equation deals with prime powers
of the form (w — 1)(w + 1) [1].

Similar cases where one of the signs in front of the prime powers is inverted have
been solved by Brenner and Foster [2].

Remark 1. There is a sub-class of solutions where (z,y,z) = (1,0,0) or (0,1,0)
or (0,0,1). This requires that 3 plus the prime with the nonzero exponent equals
a square. These solutions are generated by the primes in sequence A02887) of the
Online Encyclopedia of Integer Sequences [3].

Theorem 1. Solutions with the pattern (z,y,z) = (2,0,0) or (0,2,0) or (0,0,2)
do not exist.

Proof. This requires that 3 + p? = s2 for the prime p that is squared, equivalent to
3= (s+p)(s—p). Comparing the prime factorizations of both sides this requires
s+p =3 with s — p = 1. The difference of these two equations is 2p = 2 which has
no solution in the primes. |

2. REsSULTS

A trivial observation is that if all three primes are odd, the parity of the left
hand side of (1) is even and therefore the w are also even.

The search covered all solutions where the largest of the three primes is < 113
and where all exponents are z,y, z < 60. The results are gathered in the following
table, sorted by increasing largest prime ps. If one of the table entries is the wildcard
*, the associate prime may be arbitary as its exponent in the (z,y, z)-triple is zero.
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If the smallest prime of the three is 2, a trivial solution (z,y, z,w) = (0,0,0,2)
is obtained. These solutions with triples of the form (z,y,z) = (0,0,0) have not
been included in the table below.

Pr P2 p3| T Yy =z w
13 * *'l 0 0 4
61 * *'1 0 0 8
97 * *'lt 0 0 10
2 3 *1'2 10 3
2 5} *'1 10 3
3 5 *'2 10 4
3 ) *1'2 20 6
3 ) *1'2 50 56
2 7 *110 3 0 37
2 7 *1'4 10 5
2 7 *1'4 30 19
3 7 *11'3 10 6
b) 7 *1'4 20 26
3 11 *I'l 10 4
3 11 *'5 1.0 16
3 13 *'6 20 30
5 13 *I'2 20 14
7 13 *1'2 10 8
3 17 *I'4 10 10
5 17 *I'3 10 12
2 19 *'2 10 5
11 19 *'2 20 22
5 23 *I'4 20 34
11 23 *'1 10 6
5 29 *'lt 10 6
2 31 *I'4 10 7
2 31 *1'8 1.0 17
3 31 *'1 10 6
7 31 *1'4 20 58
5 37 *1'2 10 8
19 37 *1'2 10 20
3 41 *I'4 20 42
29 41 *I'4 20 842
37 41 *1'3 40 1696
2 43 *I'2 10 7
19 43 *'1 10 8
2 47 *1'5 10 9
17 47 *1'2 20 50
3 53 *1'2 10 8
3 53 *'6 1 0 28
3 99 *'1 1 0 8
19 59 *11'2 20 62
3 61 *I'4 10 12
11 61 *'2 20 62
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3 23| 8 21 17
3 23| 8 41 19
5 23| 5 21 9
5 23| 7 2 3 111
5 23| 3 4 1 26
7T 23] 3 21 9
7 23|16 6 2 6570
7T o231 3 21 10
7T 23] 3 3 2 30
7T 23] 1 11 6
11 23] 5 2 3 111
1 23] 1 5 4 664
11 23] 5 1 2 28
1 23} 2 2 2 26
13 23] 5 21 15
13 2371 2 1 14
13 23|13 6 1 2534
13 23|15 1 1 3788
13 23] 3 11 8
13 237 9 3 1 148
17 23] 3 1 1 7
17 23] 3 1 5 2537
17 23] 7 1 1 13
17 231 7 2 1 21
17 23] 4 2 2 30
17 23] 7 2 1 50
17 23] 4 2 2 38
17 23] 2 4 2 290
17 231 3 3 3 132
17 237 1 2 1 18
19 23] 2 2 2 30
19 23] 3 1 2 24
19 23] 1 3 2 86
19 23] 5 4 4 884
19 2311 3 3 138
3 291 2 13 2 1263
3 29| 2 5 2 33
3 2914 11 7
3 29| 4 5 1 17
3 29| 4 5 3 157
3 29| 6 11 1 421
3 29| 6 11 3 449
3 29| 6 3 1 11
3 29| 8 11 17
3 29| 8 1 3 157
3 29| 8 5 1 23
5 291 1 5 2 63
5 29|10 4 2 246
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SOLUTIONS TO THE EXPONENTIAL DIOPHANTINE 1 + p? +pg +p3 = w?

3 97 113 4 2 1 98
5 101 113 3 1 2 114
19 101 113 2 1 1 24
41 101 113} 1 1 1 16
89 101 113| 1 2 1 102
2 103 113 3 1 1 15
2 103 113 9 1 1 27
2 107 113} 2 1 1 15
89 107 113 1 2 3 1206
101 107 113| 1 2 1 108
103 107 113| 1 1 1 18
2 109 113 1 1 1 15
17 109 113| 5 1 3 1692
101 109 113| 1 1 1 18
107 109 113 | 2 2 2 190

Table 1: Primes and exponents that solve the diophantine equation.
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w | 34567 89 10 11 12 13 14 15 16 17 18

1 2
‘0001253127215595571189122009174

TABLE 2. The number of solutions to 1 + p; + ps + p3 = w? for
three distinct primes p;

There are many solutions in the table where x = y = z = 1 such that w? — 1
is a sum of three distinct primes: Table 2. More of this statistics can be derived
subsampling [3, A125688].
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