REDUCTION FORMULAS OF THE COSINE OF INTEGER
FRACTIONS OF 7

RICHARD J. MATHAR

ABSTRACT. The power of some cosines of integer fractions w/n allows a reduc-
tion to lower powers of the same angle. These are tabulated in the format

ln/2) .
Z aﬁ") cos' —=0; (n=2,3,4,...).
- n

Related expansions of Chebyshev Polynomials Tp,(z) and factorizations of
Tn(z) + 1 are also given. [viXra:2210.0026]

1. DESCRIPTION

1.1. Chebyshev Coeflicients. Each first formula in the list given in Section 2 is
an expansion [12, 1.331.3][9] of

(1)

/2] 1/n—k—-1
cos(ng) = 2"t cos" p +n ; (-1 kk( ko1 )2"_2k_1 cos" 2 o (n > 0),
providing an extension of the Tables [12, 1.335] which cover the cases up to n = 7.

With
(2) Re'™? = cos(ny) = Tp(z),
this is also an extension of the Table [1, 22.3] of the coefficients of the Chebyshev

Polynomials [1, 22.3.6][2, (7)], and of sequence A053120 of the OEIS [10]. The
shortcut = cos p is used throughout.

1.2. Cosine Reductions. Each second formula for a n is a Grobner-base reduc-
tion [13, 17] of the equation cos(ny) = —1 for ¢ = 7/n, i.e., obtained through
factorization of the polynomial T;,(x) 4 1 trivially derived from each first formula.

Example 1. Forn =9, Eq. (22), the factorization is To(x) +1 = 2562° — 57627 +
432x% —1202% + 92 + 1 = (z + 1)(2z — 1)?(82 — 62 — 1)2.
The existence of a non-trivial factorization is demonstrated via [1, 22.7.24] and

[1, 22.12.5], see [8, 3, 21, 14]:
(3)

Top (0 )+1*2T2( ) ; (n=2m, even);
) Tamya(z) +
mer=1 2(=1)(i + 1)Tam—i(a) + (2 + 1)
=@+ 1)1 -201-2)3", U2k+1( )] , (n=2m+1, odd).
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If n is not a prime number, the second line tabulated comprises the formula
which appears for a multiple earlier in the table implicitly.

Example 2. Eq. (29) for n = 14 is an implicit equation for cos(m/14) which is
reduced to Eq. (19) by use of the duplication formula [ , 1.323] cos? 75 = 3[1 +

cos I] and its powers cos® 75 = 1[1 + cos Z]? and cos® & = £[1 + cos Z]?.

Construction of the results would also work for composite n in the other direction.
Higher cosine powers than the leading power of the second equations follow by
taking the remainder of a polynomial long division modulo the one actually shown.

Example 3. Eq. (27) has a leading exponent 4 in cos {5, so polynomials of degree
4 and higher can be reduced to polynomials of degree 3 or less:

(4)
1 1 1
0085112:Ec051ﬂ-—2 [16005 1%—16005 E—l—l}—&—cos 1%—% os1 cosg%—ﬁ 7T'

(5)
o 1127{ }1527T11527r1
T — cos? 2| [16cos? = — 16cos? — + 1|+ cos? = —— SN
%12 [16+16 cos 12} cos’ 12 cos” 12+ T 2 16T 16 12 16

The degrees of the minimal polynomials of cos(w/n) are tabulated in [10, A055034].
1.3. Representations by Irrational Numbers. The table is also a quick guide
to construct cosines in terms of square and cubic roots of rational numbers: if the

second equation is quadratic, bi-quadratic etc. in cos(w/n), it can be solved for
cos(m/n) with the standard formulas for this type of polynomial roots [16, 4].

Example 4. Eq. (23) is bi-quadratic in cos(m/10), with a first root

™ 5 5 ™ 5 5 5 /5
6 st — 2 —4+—==0= — == P2 - = =4 =
(6)  cos' 15— o0’ 5 + g o =5 TVE T s
and therefore a second root
T _ 5+ /5
(7) c08 75 g

Bootstrapping from the expressions for cos 7, cos %, cos £ and cos {¢ given below,
and with [1, 4.3.21]

z 1+ cosz
8 — =4 —
(8) cos 5 \/ 5

one finds algebraic representations for all cosines of the form cos gz, cos 3757,
LR sasars ko= 0,1,2,... [5, 11, 15]. Explicit values for n =

5,8,12,15... have been given by Vidunas [19, 20]. We adopt his notation:

(9) p=1+V5; ¢*=1—v5 p=+5+25 ¢ =+/5—25.

The values of ¢ and * are entries A019970 and A019934 of the OEIS [10]. All but
the first of the decimal digits of ¢ and ¢* are those of entry A002163. Other ways
to combine these square roots are known [6, 7].

cos and cos
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2. COSINES
n=2
(10) Re?¥ = 22% — 1; cosg = 0.
n =
(11) Re3® = 423 — 3a; 2cos% —1=0.
(12) coszzlzsinz.
3 2 6
n =4
(13) Redi® = 824 — 822 + 1; 20082%—1 =0.
(14) cos = = 1 = sin =~
TR 1
is entry [10, A010503].
n=>=5
(15) ReP¥ = 1625 — 202° + 52; 4 cos? % - 2COS% —1=0.
3
(16) cosg = % = sinl—g
is entry [10, A019863].
n = 6:
(17) ReSi = 3228 — 4824 + 1822 —1; 4 cos? % —3=0.
(18) cos% = ? :sing
is entry [10, A010527].
n="r
(19) Re™® = 6427 — 1122° + 562° — Ta;  8cos® g — 4cos? g - 4cos§ +1=0.
cos T = sin 3% is entry [10, A073052].
n=28:
(20) Reb® = 1282 — 2562° + 1602* — 3202 + 1; 8 cos* g — 8 cos? g +1=0.
v/ 2 2
(21) cosg = +\/ = sin 3%
is entry [10, A144981].
n=29:
(22) Re® = 2562° — 57627 + 43225 — 1202% + 9z; 8 cos® g - GCOSg —1=0.

cos § = sin 7% is entry [10, A019879).
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n = 10:
Rell = 512210 — 12802° 4+ 11202° — 4002* + 5022 — 1;
(23) 16 cos® 110 — 20 cos? 110 +5=0.
NN 2
(24) cos — = VoS = sin =~
10 2/2 5
is entry [10, A019881].
n=11:
(Y = 1024 — 281627 + 281627 — 12322° + 2202° — 11x;
(26) 32 cos® % — 16 cos* 111 — 32cos® 111 + 12 cos? 111 + 6 cos % -1=0.
cos & = sin 22 is entry [10, A387440].
n=12:
Rel?¥ = 2048z — 6144210 + 691228 — 358425 + 8402 — 722 + 1;
(27) 16 cos* % — 16 cos? 112 +1=0.
T V341 .o
(28) cos 15 = N sin -5
is entry [10, A019884].
n=13:
Rel3¥ = 4096213 — 13312z + 1664027 — 998427 + 29122° — 36423 + 13x;
64 cos® 113 — 32cos® 113 — 80 cos* 113 + 32cos® % + 24 cos? 113 — 6 cos 113 —1=0.
cos 75 = sin 1T is entry [10, A387441].
n = 14:
Relty = 8192z — 2867222 + 39424210 — 268802° + 94082° — 1568z + 98z2 — 1;
(29)  64cos % — 112cos? % + 56 cos? % —7=0.
cos 75 = sin 3% is entry A232735 in [10].
n = 15:
Rel®? = 163842 — 614402 + 921602 — 704002° + 288002" — 60482° + 560> — 15z
16 cos* 115 + 8cos? 115 — 16 cos? 115 — 8(‘,08115 +1=0.
7r V3 + 1 137
30 L — HF — qin ——
(30) cos 7= 1 W sin —-
is entry A019887 in [10].
n = 16:
Re'O% = 3276820 — 1310722"* + 2129922'% — 1802242 + 844802° — 215042° + 2688z* — 1282” + 1;
128 cos® 116 — 256 cos® 116 + 160 cos? 116 — 32.cos? 116 T1=0.

1 1 7
(31) cosllz §+Z\/2+\/2:sin1—g
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is entry A232737 in [10].

n=17:
Rel 7% = 65536217 — 278528x1° + 487424213 — 452608z + 2393602° — 7180827 + 11424x°
—8162°% + 17x;
256 cos® % — 128 cos” % — 448 cos® % + 192 cos® % + 240 cos* % — 80 cos® %
—40 — 4+8cos—+1=0.
cos? 17 + 3 cos 7 +
cos 7= = sin 227 is entry A210649 in [10].
n =18:
Rel®® = 1310722'% — 589824216 + 11059202 — 111820822 + 65894420 — 22809628
+44352x6 43202 + 16222 — 1;
64 cos® E — 96 cos* 1—8 + 36 cos? 1—8 —-3=0.
cos & = sin 4T is entry A019889 in [10].
n=19:

Rel9% = 26214421 — 1245184217 + 24903682 1% — 2723840z + 17704962 — 6955522°
+160512x7 - 20064:1:5 + 114()1:3 —19z;

512 cos’ 1—9 — 9256 cos® E — 1024 cos” 1—9 + 448 cos® 1—9 + 672 cos® 1—9 — 240 cos® 1—9
—160 cos® —9 + 40 cos? 1—9 + IOCOSI—9 —1=0.
cos 75 = sin 47T is entry A387442 in [10].
n = 20:
Re2VP = 524288220 — 262144028 + 5570560x° — 655360024 4 465920021 — 205004821°

+5491202% — 8448025 4 6600z — 20022 + 1;
256 cos® % — 512 cos® 210 + 304 cos* 210 — 48 cos? % +1=0.

+4/5 . 97r

(32) cos 55 \/¢>*w4\/\5/ =sin 5o

is entry A019890 in | ]
n = 21:
Re2¥ = 104857622 — 55050242 4 1238630427 — 15597568x° + 12042240213 — 5870592211

+1793792x9 - 329472x7 + 33264x5 - 1540:v3 + 21;
64 cos® i + 32cos® ﬁ — 96 cos® i — 48 cos® ﬁ + 32 cos? i + 16C08£ +1=0.

cos 2= = sin 2T is entry A387454 in [10].
n = 22:
Re??? = 2097152222 — 1153433627 + 273940482 — 367656962¢ 4 306380802 — 1640038422

+5637632x1° — 120806428 + 1510082° — 9680z 4 24222 — 1;

1024 cos'® 212 — 92816 cos® % + 2816 cos® % — 1232 cos? 212 + 220 cos? % —11=0.

cos 2> = sin 57 is entry A387443 in [10].
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n = 23:
Re23 = 4194304223 — 241172482 + 602931202 — 8591769627 + 768737282 % — 4484300823

+17145856x11 — 420992()9;9 + 631488x7 — 526242° + 2024:1;3 — 23x;

2048 cos’ 23 — 1024 cos'? % — 5120 cos® % + 2304 cos® % + 4608 cos” % — 1792 cos® %

—1792 cos® %—1—560(:05 %—&—280005 ﬁ—GOCOS 2—3—12(:08%—1—1—0

cos 75 = sin 21T is entry A387444 in [10].
n = 24:

Re24? = 8388608224 — 50331648222 + 13212057622 — 19922944028 + 19051315226 — 12032409624
+5069209621% — 14057472210 + 24710402° — 2562562 + 137282 — 28822 + 1;

256 cos® 277—4 — 512 cos® 214 + 320 cos* T _ 64 cos? s +1=0.

24 24
T V2V/24+/3+1 . 1w
(33) COS ﬁ = T = Sin ﬂ
is entry A144982 in [10].
n = 25:

Re25% = 1677721622 — 104857600223 + 288358400x2' — 4587520002 + 4669440007
—3175219202" + 14622720023 — 45260800z + 91520002° — 114400027 + 800802°
—2600963 + 25x;

1024 cos'® % — 2560 cos® % + 2240 cos® 2—5 — 32cos’ % — 800 cos* % + 40 cos® 2—5

1 ——1 ——1_
+100 cos? 95 0 cos o5 0.

cos g = sin 27 is entry A387445 in [10].
n = 26:

Re26% = 33554432220 — 2181038082%* + 627048448x%% — 1049624576220 + 113311744028
—8255569922:'6 + 41277849624 — 14121369622 + 32361472210 — 475904028 + 4164162°
—18928z* + 33822 — 1;

4096 cos'? % — 13312 cos'® 216 + 16640 cos® 216 — 9984 cos® % + 2912 cos? 216 — 364 cos? 216 +13=0.

cos g5 = sin §% is entry A387446 in [10].
n=27:
Re27% = 67108864x%7 — 45298483222° + 1358954496223 — 2387607552221 + 2724986880z
—2118057984z'7 + 1143078912215 — 42865459222 + 1099837442 — 186700802°
+19768322" — 1179362° + 32762 — 27x;

12 ——112 — 4 ——24 — +1 ——1_
512 cos’ o7 52 cos’ 27—i—86 cos® o7 0 cos® 27+ 8 cos o 0.

cos 75 = sin 2% is entry A387447 in [10].
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n = 28:
Re28P = 13421772822% — 939524096226 + 293601280022* — 5402263552222 + 64995983362:%°
—53692334082'® + 31117148162'% — 1270087680x* + 36118118422 — 697016322*°
+87127042% — 652288:1:6 + 25480z% — 392332 +1;

4096 cos'? % — 12288 cos'? 28 + 13568 cos® % — 6656 cos® % + 1376 cos? % — 96 cos? % +1=0.
cos 7¢ = sin 437 is entry A387448 in [10].

n = 29:
Re2%% = 268435456227 — 1946157056227 + 632501043222° — 1216348160023 + 1538680422441
—134634536962'° + 834148761627 — 36832542722 + 115101696023 — 2493870082
+360954882" — 3281408z" + 1688962° — 406023 + 29z;

16384 cos' 219 — 8192 cos™ 219 — 53248 cos'? 219 4 24576 cos'! 219 + 67584 cos'? 219 — 98160 cos” 219
— 49240 cos® % + 15360 cos” % + 13440 cos® 219 — 4032 cos” 219 — 2016 cos® 219 + 448 cos® 219

112 ——14 ——1—
+ cos? 2 COS29 0.

oS 55 = sin 5—5 is entry A387453 in [10].
n = 30:

Re3V% = 536870912230 — 402653184022 + 1358954496022° — 272629760002%* + 3617587200022
—3342650572822° + 2205220864028 — 10478223360'% + 35721216002 — 85995520022
+1418926082'° — 152755202° + 990080x6 — 33600z* + 45022 — 1;

2 ——44 — +224 — — 32 — +1=
56 cos® 30 8 cos® 30+ cos? 30 32 cos? 30+ 0.
T

cos 35 = sin 1 is entry A019893 in [10].
n = 31L:

R = 1073741824231 — 83214991362%° + 2912524697627 — 608509624322%° 4+ 8451522560023
—82239815680221 + 575678709762 — 2929793433627 + 108274974722° — 287092736023
+53317222471 — 666465283:9 + 526156827 — 2360962° + 4960z> — 31z;

15 T m
32768 cos 31 16384 cos™ 31 — 114688 cos'3 31+53248cos 31+159744cos 31

—67584 cos'? 31 — 112640 cos’ 3—1 + 42240 cos® ﬁ + 42240 cos” ﬁ — 13440 cos® ﬁ

—8064 cos® ;il + 2016 cos® % + 672 cos® % — 112 cos? % —16cos ;il +1=0.

cos - = sin 2T is entry A387449 in [10].
n = 32:
Re32¥ = 214748364832 — 1717986918430 + 622770257922 — 1352914698242:%6
4196293427200 — 20065550336022% + 1485622476802%° — 806480773128
+321332183042% — 93139763202 + 192629964822 — 27518566420 + 2579865625

—1462272356 + 43520z — 5123;2 +1;

T s T
32768 cos'® 32 — 131072 cos'* 3 + 212992 cos’ 32 — 180224 cos'? 39 + 84480 cos 3

—921504 cos® 312 + 2688 cos® ;i? — 128 cos? 312 +1=0.
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cos 5 = sin 427 is entry A343056 in [10].
n = 33:

Re33¥ = 42949672962 — 3543348019223 + 132875550720227 — 2997081866247
+4534378168322%° — 4858262323202%% + 3793643110402%! — 2188640256002:'°
+935643709442'7 — 294554501122 + 672352665621 — 1083543552211
+1182438402° — 818611227 + 3231362° — 598423 + 33z;

1024 cos' % + 512 cos® % — 2560 cos® ;lg — 1280 cos” % + 2176 cos® %
+1088 cos® ;—3 — 688 cos® ;—3 — 344 cos® ;—3 + 48 cos? % + 24 cos ;—3 +1=0

cos 72 = sin AT is entry A387450 in [10].
n = 34:

Re311? = 8589934592z — 7301444403232 + 2829309706243 — 6616933990408
+10421671034882¢ — 1167945891840x2* + 9593841254402*% — 5862902988802:%°
+267776819200x'8 — 9104411852821 + 2276102963224 — 4093386752212 + 51167334421°
—421708802% + 21085442° — 55488zt + 578z% — 1;

65536 cos'0 314 — 278528 cos 314 + 487424 cos'? % — 452608 cos'® 314 + 239360 cos® %

—71808 cos® 314 + 11424 cos® 314 — 816 cos? % +17 = 0.

cos 75 = sin 5T is entry A387451 in [10].

3. DoOUBLE ANGLE COSINES
Replacing cosines of the previous section with the double angle formula

cos(2a) + 1
2

extends the reduction formulas to angles which are generalized fractions 27 /n.

(34) cosa =

e If the minimal polynomial is not biquadratic/even but has terms with odd
exponents, further steps of squaring may be needed to remove a square
root, and this may increase the order of the minimal polynomial and/or
produce spurious extra solutions.

e If the minimal polynomial is even, the polynomial for the generalized frac-
tion may split in more elementary factors and the order may become smaller.

The algebraic degrees of the polynomials are sequence [10, A023022]. If n is prime,
a closed-from representation of the minimal polynomial is known [18].

2/3:
2T
(35) 2cos?+1:O.
2
(36) cos% =-1/2.
2/5:

2 2
(37) 4 cos? g + QCOS(g) —1=0.


https://orcid.org/0000-0001-6017-6540

2
(38) cos % = 1/¢ = sin 110
is [10, A019827].
2/T:
2 2 2
(39) 80053—7T+40052(—7T) 74(:05(1) —-1=0.
7 7 7
2 . 3
(40) cos — =sin o ~ 0.62348980
is [10, A362922].
2/9:
2 2
(41) 8 cos® —— —6cos(l)+1 = 0.
9 9
2 )
(42) cos g = sin Tg ~ 0.766044443
is [10, A019859)].
2/11:
4 2m 5 2T 27 27
2 — 41 — 2cos” — — 12 1=0.
(43)  32cos® 11+ 6 cos? 1 — 32cos® T COS(11)+6COS(11)+
2 7
(44) cos % = sin % ~ 0.841253533.
2/13:
(45)
27 27 27 2 27 2
64 cos® (13)+32005 (13) —80 cos? (13) —32cos?( g)+24cos (13)+6cos(17;) 1=0.
(46) m_ =sin 0 o 0.8854560.
13 26~
2/15:
27 2 2 2
(47) 16cos’ (15) — 80053(1—2) - 160052(1—7;) + 8cos( 17;) +1 = 0.
27 117
— = —— =~ 0.9135454
(48) cos T = sin - ~ 0913545458
is [10, A019875).
2/17:
27 27 27 27 2m
1 44 =)-1 (55) + 240 cos’ (=
(49) 256 cos® (17)—1- 28 cos” (17) 8 cos’ (17) 92 cos (17)+2 0 cos (17)
2m 27 2m
3(20) — 40cos?(28) - r1=0.
+ 80 cos (17) 0 cos (17) 8c0s(17) 0
2 13
(50) cos 1—7; = sin S—I ~ 0.932472229

REDUCTION FORMULAS OF THE COSINE OF INTEGER FRACTIONS OF = 9

is |

, A210644].



10 RICHARD J. MATHAR

2/19:
(51)
2 27 27 27 2
9 2™ 82Ty _
512 cos (19)+256COS (19) 1024 cos’ (19) 448 cos® (19)+672cos (19)
2m 2m 2m 2m
4 E— — — =
+ 240 cos (19) 160 cos® (19) 40 cos? (19)—1-10005(19)—1-1 0.
21 Y
(52) cos T = sin - ~ 0.045817242.
2/21:
(53)
27 27 27 27 27 2
64 cos® (21) 32 cos® (2 )—96 cos* (21)+48(:os (2 )+32 cos? (21) 16cos(ﬁ)+1 = 0.
2m 17
4 — =sin—— = 0. 2806.
(54) cos o =sin - 0.955572806
2/23:
(55)

27 21 2 27 27
2048 cos!! 1024 12 2304 4 (=
048 cos (23)+ 024 cos! (23) 5120 cos’ (23) 304 cos (23)+ 608 cos (23)

27 27 2 2 2T 27
+1792 cos® (23) 1792 cos® (2 )—560 cos (27?:)+28Ocos (2 )+60 cos? (23) 12cos(23
2m 197
— =sin — ~ 0.9629172
(56) €08 5 = SN s 0.962917287
2/25:
(57)
2m 2m 2m 2m 2m
1024 cos'0(==) — 2 8(Z2) 4 2240 cos® (== 2cos? (2 — 42T
024 cos (25) 560 cos (25)+ 0 cos (25)+3 008(25) 800005(25)
27 2T 2T
—40cos® (=) + 1 ~ 1 —1=0.
0 cos (25)+ 00 cos? (25)—|— 0005(25) 0
27 21w
T sin— ~ 161.
(58) cos o = sin —o 0.96858316

4. TRIPLE ANGLE COSINES

For angles that are three times an angle of Section 2, a substitution akin to (34)
is complicated because it requires cube roots. The alternative recipe here is to start
with an algebraic ansatz with a vector of unknown a;

(59) a; cos’ (3a) + a;_1 cos 1 (3a) + --- 4+ ap =0,

to expand all powers of cos(3a) = 4 cos® a — 3 cos a, reduce them with long division
to the remainder of the polynomials obtained in Section 2, and gather the coef-
ficients in a square matrix. The computation increases the maximum exponent 4
until the null space of this matrix is not empty. The vector a; of this null space
reduces the value of cos(3a) to zero as required above.

)—1 = 0.
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Example 5. o = 7/11 in (26) has a minimum polynomial z(x) = 32x° — 162* —
3223 + 1222 + 62 — 1 = 0. The calculation of cos(3a) starts with

(42 —32)° = 1;
(423 — 32)' = 42 - 3a;
1
(42® — 32)* = 1625 — 242?492 = 1% + 32?4+ 223 — 42*  (mod z(x))
1 9 1
(42® — 32)® = 642° — 1442”7 +1802° — 272° = 115 5:52 +32%  (mod z(z))

The coefficients [x"] of the i-th power remainders are inserted into the ith column
and r-th row of the matrix

1 0 1/4 1/4 1/8 1/4

0 -3 -1 -9/4 -9/8 —15/8
0o 0 3 -1/2 3 -1/8
(60) 0 4 2 3 2 52 - |7
00 —4 0 -4 -1/2
00 0 0 0 0

which becomes a matriz with a non-trivial null space if it is grown to that 6 x 6
size as shown; the smaller upper-left submatrices all have nonzero determinant.
The vector a; that spans this space is (—1/32,3/16,3/8,—1,—1/2,1), conveniently
multiplied by 32 to obtain a polynomial with integer coefficients. It turns out that
this is (—1,6,12,—32, —16, 32), the same as the minimum polynomial z(x) for cos «
we started with.

Remark 1. The same algorithm can be employed based on (1) to create reduction
formulas for cos(4a), cos(5a) once the minimum polynomials for cosa are known.

3/5:

3 3
(61) —1—2cos(§)+4cos2(§) =0.
3 5—1
(62) cos ST — —gin = —VOT L (.3000169943749474
) 10 4
is [10, A019827].
3/7:
3 3 3
(63) 1 —4cos(—7r) —4c052(£)+8cos3(—7r) = 0.
7 7 7
3
(64) cos 7” — sin %4 ~ 0.222520933956314
is [10, A232736).
3/8:
3 3
(65) 1—8cos2(§)+800s4(§7r) =0.
3m .omo 1
(66) cos — =sin — = —+/2 — /2 &~ 0.38268343236508977

8 8 2
is [10, A182168].
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3/10:
3T 3m
-2 1 .
(67) 5 Ocos(lo)—I- GCos(lo) 0
3 . w1 [5—4/5
(68) cos 15 =sing =5 5 — & 0.58778525229247
is [10, A019845].
3/11:
3m 3T 3m 3T 3m
-1 1 ()—1 .
(69) +6cos(11)+ 2005(11) 32005(11) 6005(11)+32cos(11) 0
3m . 5T
(70) cos 77 =sin = ~ 0.654860733945285064.
3/13:
(71)
1- 6COS(33)+24COS (33)+32cos (?1)3) 80 cos (?1)3) 32 cos (33)+64cos (?3) 0.
(72) cos 3T _ si ™o 0.7485107481711010
13- "o T '
5. SINES

Replacing * — +/1 — 22 transforms the minimal polynomials of the cosines of
Section 2 to sines. The manipulations mentioned at the start of Section 3 are
used to remove square roots of the polynomial. Some sines of the format sin -
have already been obtained in (12), (14), (18), (62), (64), (66) etc. and will not be
resurrected here.

The degrees of the minimal polynomials of sin(7/n) are tabulated in [10, A055035].

n="7:

(73) 64sin6(§)—11231n4(§)+5681n2(§)—7:0.
(74) sing = cos % ~ 0.433883739

is entry [10, A323601].
n=29
(75) 64sin6(g) —96sin4(g)+36sin2(g) —3=0.
(76) in T = cos T~ 0.342020143

Sln9 = COS ) ~ U.

is entry [10, A019829].
n=11:
(77)

1024sin1°(111)—2816 sing(f—l)+2816 sinﬁ(%)—1232 sin4(17r—1)+220 sinz(lil)—ll = 0.

(78) sin % = cos gi; ~ 0.281732556.
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n=12:

_16sin2( = ind( L) =
(79) 1 16s1n(12)+1681n (12) 0.

™ S5m0 /3—-1

in — =cos — = ~ 0.25881904
(80) sin 5 = o8 5 = Y ~ 0258819045
is entry [10, A019824].

n=13:

12, TN 100 8 T
(81) 4096 sin (13) 13312sin (13)+1664081n (13)

- 9984sin6(113) + 2912sm4(113) — 364 sm2(113) +13=0.

. 117
(82) Sin 75 = €08 5 & 0.239315664.
n = 15:
(83) 256 sing(%) — 448 sinG(%) +224 sin4(115) — 32 sin2(17r—5) +1=0.
Cr B S
L= - = ~ 0.2079116
(84) sin 7= = cos —5 3 0.207911690
is entry [10, A019821].
n = 16:
..o, T .4, T .6, T .8, T
- X Iy- = Iy=o.
(85) 1—32sin (16) + 160 sin (16) 256 sin (16) + 128sin (16)
T T 2-V24+v2
in— —cosm =Y+ YT 01 22
(86) Sin T = €08 5 0.1950903
is entry [10, A232738].
n=17:
(87)
65536 5in"6 (— ) —278528 sin* (= ) +487424 sin'? (—= ) — 452608 sin' (— ) +239360 sin®( — )
17 17 17 17 17
— 71808 smﬁ(%) + 11424sm4(117) - 816sm2(117) +17=0.
LT 157
(88) sin o = cos =~ & 0.183749517
is entry [10, A241243].
n = 18:
(89) 8sin3(118) —6sin(118)+1 = 0.
™ 4
in— = — =~ 0.173648177
(90) sin o2 = cos 0.1736

is entry [10, A019819].
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n = 19:
(91)
.10, T
262144 sin* (19) 1245184 sin* (19)+249036881n (19) 2723840 sin’ (19)+1770496s1n (19)

_ ind (.~ by _ ind(~ in2() 19 =
695552 sin (19)+16051251n (19) 20064 sin (19)+114Osm (19) 19 =0.

17
(92) sin 119 cos 3—; ~ 0.164594590.

n = 20:
93)  1-48 Sinz(%) + 304sin4(210) — 512 sinﬁ(;—o) + 256 sins(;—o) = 0.

or  \/8-2/10+2/5

™

T = cos & ~ 0.1564344
(94) sin 55 = %59 = 1 0.156434465

is entry [10, A019818].
n = 21:
(95)
4096sin12(27r—1)—11264sin1 (21)+11264sm (21) —4992 sin® (21)+960s1n (21) —64sin (2”1)+1 =0.
.om 197
(96) Sin o7 = cos —o- & 0.149042266.
n = 22:
(97) 32sin’(—=) — 16sin® () — 328in® (=) + 12sin2(—) + 6 sin(—) — 1 = 0.
22 22 22 22 22
(98) sin = = cos 2T & 0.142314838
22 11 '

n = 23:
(99)

4194304sin22(23) 2411724851n20(23)+6029312051n18(23) 85917696sin16(213)
476873728 sin' (23) 44843008 sin* (23 )+ 17145856 sin'0( 23) 4209920 sin®( 27; )

+ 631488 sinG(%) 52624 sin4(213) +2024 sin2(27l3) —23=0.

21
(100) sin % = cos 47: ~ 0.136166649.
n = 24:
(101) 1-— 6451112(214) + 320sm4(%) — 512sin° (24) + 256 sin (24) 0.
(102) — cos 2T~ 0.130526192

in — = ~

° 24 "oa

is entry [10, A343054].


https://orcid.org/0000-0001-6017-6540
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n = 25:

(103)
1048576 sin (25) 5242880 sin’ (25)—|—1114112Osm (25) 13107200 sin" (;5)

+ 9318400 sinm(%) — 4101120 sinlo(%) + 1100800 Sing(%)

- 171200sin6(%) + 14000 sin4(27r—5) — 500sin (25) 15=0.
T 23T
104 in—— = cos —— ~ 0.12533323.
(104) sin o= = cos 5 0.12533323
n = 26:
(105)
64sin6(1)+32sin5( 71-) 80sin? (— ) 32sin® ( )+24 sin? ( )46 sin( 7T) 1=0.
2 2 2 26 26 26
T 67
1 in 2 = cos o& a2 0.12 .
(106) 8in o = cos 7 0.120536680
n = 27T:
(107)
262144 5in'8 (=) — 1179648 sin"0 () + 2211840 sin"4 (= ) — 2236416 sin'2( )
27 27 27 27
+131788851n10(217)—456192sin (27)+88704sm (27) 8640 sin (27)+324s1n2(217)—3 —0.
25
(108) sin % = cos 5—1 ~ 0.116092914.
n = 28:

(109) 1—96 sin2(218) +1376 sin4(27r—8) 6656 sin6(27r—8) + 13568 sm8(%)

— 12288 5in""(—= ) + 4096 sin'2(—) = 0.
88 sin (28)—1— 096 sin (28) 0

1
(110) sin % = cos Qi; ~ 0.111964476.
n = 29:
(111)

268435456 sin28(2%)—1946157056 sin%6 (29)+6325010432 sin? (29) 12163481600 sin??( 29)
115386804224 sin20(219)—13463453696 sin'®( 219)+8341487616 sian(;—g)—3683254272 sin14(%)
+ 1151016960 sinu(;—g) — 249387008 sin'*( 5 9) + 36095488 sin (;])
s ™ ™
— 3281408 sin®(—) + 1 in?(=—) — 4060 sin?(=) 4 29 = 0.
3281408 sin (29)+ 68896 sin (29) 060 sin (29)+ 9=0

2
(112) sin % = cos % ~ 0.108119018.
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n = 30:

(113) 16 sin* (30) + 8sin® (%) — 16sin? (30) 8sin(%) +1=0.
7

(114) sin % co8 7= A 0.104528463

is entry [10, A019815].

6. DOUBLE ANGLE SINES

Starting from the minimal polynomials for cos(27/n) of Section 3, the substi-
tution * — v/1 — 22 produces the minimal polynomials of the sines of 27 /n. The
algebraic degrees of the polynomials are sequence [10, A093819].

2/3: sin 2F = cos T ; is already covered by (18).
2/5: sin & = cos 7% is already covered by (23).
2/7:
2 2 2
(115) 64Shﬁ(j;)——112Shﬁ(ﬁ;)—k568h9(??)—»722&
2m 3T
11 in— = — ~ (.781831482.
(116) sin —- = cos 7/ 0.78183148
2/9:
2 2 2
(117) 64shﬁ(?;)——QGSH#(I;)—k3GSHF(?;)——3::0.
2
(118) sin 27 — cos 2% 0 0.642787609.
9 18
is entry [10, A019849].
2/11:
(119)

2m 2m 2m 2m 2m
<1027 . L2 ATy
1024 sin (11) 2816 sin® (11)+281651n (11) 1232sin* (11)+22()sm (11) 11 =0.

2 s
12 in— = — = 0.540640817.
(120) sin T cos 5 0.540640817

2/13:
2m 2m 2m 27
.12 _ .10
(121) 4096 sin (13) 13312 sin (13)+1664Osm (13) 9984 sin® (13)

21 21
e W 2047 _
+ 2912 sin (13) 364 sin (13)+1370.

2m I
122 in — — =~ 0.464723171.
(122) sin o = €08 o 0.46472317
2/15:
2m 2m . 42T . 92T _
(123) 256 sin® (15) 448 sin® (15) + 224 sin (B) 32sin (ﬁ) +1=0.
2m 117
124 — =cos— =~ 0.4 4
(124) sin T = cos - ~ 0.406736643

is entry [10, A019833].
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2/17:

2m 2 2m 2m
S 16027 .14
(125) 65536sin"( 17) 278528 sin " ( 17) + 487424 sin'?( 17) 452608 sin**( 17)

2m 2m .4, 2m . 9,2m _
+ 239360 sin®( 17) 71808 sin( 17) + 11424 sin (1—7) — 816sin (1—7) +17=0.
2m 13w
12 in — = — =~ 0.361241666.
(126) sin 1 = cos — 0.36 666
2/19:
(127)

2 2 2 2
262144shﬂ8(1g)——1245184shﬂ6(13)—F2490368shﬂ4(13)——272384Oshﬂ2(Ig)

0
19

27 2m
_ . 4,4T VLR _
20064 sin (19) + 11405sin (19) 19 =0.

2 2 2
4—1770496shﬂﬂ(Ig)——695552sh§(13)—%160512shﬁ(

2w 157
128 — —— =~ 0.324699469.
(128) sin g = 55

2/21:
(129) 4096sh92(gz)——11264shﬂﬂ(gz)—%11264sh§(2z)
21 21 21

21 2T 2T
. . 6 ind _ in2(== =
4992s1n(21)+9605m(21) 64s1n(21)+1 0.

2m 17
1 — — = 0.294755174.
(130) sin 57 = €55 0.29475517
2/23:
(131)

27 27 27
194304 2411724 29312 1
94304 sin?? (== 53 )— 7248 sin’ ( 53 )—|—60 93120 sin'® (== 53 )—85917696 sin'6 (=~ 53 )
27 2T 2T 27
2 4484 1714 —420992
476873728 sin'4 (== 53 ) —44843008 sin'? (=~ 53 )+17145856 sin'0 (=~ 53 )—4209920 sin® (== 53 )

2 2 2
4—631488sh§(§g)——52624sn#(§g)—%2024shf(§%)——23::0.

. 2m 197
(132) Sin oo = cos — o A 0.269796771.

7. TANGENTS

The substitution z — 1/v/1 + 22 in the minimal polynomials in Section 2 and
elimination of the square roots generates minimal polynomials for tan(w/n)-values,
because cosa = 1/v/1 + tan® a. The sequence of the algebraic degrees of the poly-
nomials is [10, A089929].
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n=3:
(133) 3 — tan® g =0.
(134) tang =3
is entry [10, A002194].
n=4:
(135) fan = = 1.
4
n=>a:
(136) tan4(g) - IOtanz(%)—|—5:0.
(137) tang — " ~ 0.72654
is entry [10, A019934].
n = 6:
(138) 1 — 3tan? % = 0.
(139) tan% =1//3
is entry [10, A020760].
n=":
(140) tanG(g)—21tan4(§)+35tan2(§) —7=0.
(141) tan% ~ 0.481574619
is entry [10, A343058].
n==~§:
(142) tan2(g)+2tan(g)—1 =0.
(143) tang = V2 — 1~ 0.414213562
is entry [10, A188582].
n=29:
(144) tan6(g)—33tan4(g)+27tan2(g) —3=0.
145 tan — ~ 0.363970234
9
is entry [10, A019918].
n = 10:
_ 20T 407y _
(146) 1 —10tan (10)+5tan (10) 0.
(147) tan 110 ~ 0.324919696

is entry [10, A019916].
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n=11:
(148)
tanlo(%) 55 tang(lll) + 330tan6(%) - 462tan4(%) 4165 tan2(%) —11=0.

(149) tan % ~ 0.203626493.
n=12:
(150) tan2(%) —4tan(112)+1=0.
(151) tan % =2 — /3 ~ 0.267949192

is entry [10, A019913].
n=13:
(152)
tan”(%)—mtanw(%)+715tan8(113)—1716tanﬁ(%)+1287tan4(%)—286tan2(113)+13 —0.
(153) tan 113 ~ 0.246477863.
n = 14:
(154) 1—21tan2(114)+35tan4(114)—7tan6(%) = 0.
(155) tan 114 ~ 0.228243474.

is entry [10, A343059].
n = 15:
(156) tans(l%) —92 tan6(115) n 134tan4(115) — 28 tanQ(%) +1=0.
(157) tan 115 ~ 0.212556561

is entry [10, A019910].
n = 16:
(158) tan4(17r—6) + 4tan3(116) - 6tan2(116) - 4tan(1—7;) +1=0.
(159) tan 116 ~ 0.19891236.

is entry [10, A343060].
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