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Abstract

We begin with a review of the basics of the Yang algebra of non-
commutative phase spaces and Born Reciprocal Relativity. A solution is
provided for the exact analytical mapping of the non-commuting z*, p*
operator variables (associated to an 8D curved phase space) to the canon-
ical Y, II* operator variables of a flat 12D phase space. We explore the
geometrical implications of this mapping which provides, in the classical
limit, with the embedding functions Y (z, p), 1T (z,p) of an 8D curved
phase space into a flat 12D phase space background. The latter embed-
ding functions determine the functional forms of the base spacetime metric
9uv(z,p), the fiber metric of the vertical space h“b(x,p)7 and the nonlin-
ear connection N, (z,p) associated with the 8D cotangent space of the
4D spacetime. A review of the mathematical tools behind curved phase
spaces, Lagrange-Finsler, and Hamilton-Cartan geometries follows. This
is necessary in order to answer the key question of whether or not the
solutions found for g,.,h"?, N,, as a result of the embedding, also solve
the generalized gravitational vacuum field equations in the 8D cotangent
space. We finalize with an Appendix with the key calculations involved
in solving the exact analytical mapping of the x*, p* operator variables
to the canonical Y II* operator ones.
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1 Introduction : The Yang Algebra and Born
Reciprocal Relativity Theory

The idea of a Quantum Spacetime where the spacetime coordinates do not com-
mute was proposed early on by Heisenberg and Ivanenko as a way to eliminate
infinities from Quantum Field Theory. Snyder published the first concrete ex-
ample [1] of a noncommutative algebra involving the spacetime coordinates, and
it was generalized shortly after by Yang [2], to include noncommuting momen-
tum variables as well. We learnt from General Relativity that the Poincare
algebra cannot be implemented on a curved spacetime, but only on its flat tan-
gent space (Minkowski spacetime). The momentum operators don’t commute
on a curved spacetime. And vice versa, by Born’s principle of reciprocity [3],
the coordinate operators do not commute on a curved momentum space. This
prompted the formulation of Quantum Mechanics and Quantum Field Theory
in Noncommutative spacetimes (also called Noncommutative QFT), and which
might cast some light in the formulation of Quantum Gravity by encoding both
key aspects of a curved and a noncommuting spacetime (a curved noncommuting
spacetime).

In [12] we suggested that Born’s Reciprocal Relativity Theory in Phase
spaces is the arena to implement a space-time-matter unification. More pre-
cisely : quantum matter curves noncommuting spacetime, and vice versa, non-
commuting spacetime curves quantum matter (quantum momentum space) as
a result of the back-reaction of quantum spacetime on quantum matter. We
believe that it is this Born’s reciprocity principle that holds important clues to
quantize gravity (geometry) in curved phase spaces within the context of Finsler
geometry.

Given a flat 6D spacetime with coordinates Y4 = {Y!, Y2 V3 Y4 Y5 Y6},
and a metric nap = diag(—1,+1,+1,...,+1), the Yang algebra [2], which is
an extension of the Snyder algebra [1], can be derived in terms of the so(5,1)
Lorentz algebra generators described by the angular momentum/boost opera-
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where TT4 = —i(9/0Y4) is the canonical conjugate momentum variable to Y 4.

Their commutators are

YA YP] =0, 14115 =0, YA TIP] = in?B, A, B=1,2,3,4,5,6 (1.2)

The coordinates Y4 commute. The momenta IT4 also commute, and Y4, 15
obey the Weyl-Heisenberg algebra in 6D.

Adopting the units i = ¢ = 1, the correspondence among the noncommuting
4D spacetime coordinates x*, the noncommuting momenta p*, and the Lorentz
so(5,1) algebra generators leading to the Yang algebra [2] is given by



2"« Lp J*¥ = —Lp (YFII® — Y5 1I#) (1.3a)
1 1
pH o v JHe = -z (Yr® — YSII#), pv=1,234 (1.3b)

and which requires the introduction of an ultra-violet cutoff scale Lp given
by the Planck scale, and an infra-red cutoff scale £ that can be set equal to
the Hubble scale Ry (which determines the cosmological constant). It is very
important to emphasize that despite the introduction of two length scales Lp, £
the Lorentz symmetry is not lost. This is one of the most salient features of the
Snyder [1] and Yang [2] algebras.

The other generators are

N = J% = (Y5116 — YO 115), J* = —(YHIIY — YV TI*), p,v=1,2,3,4

(1.4)

One can then verify that the Yang algebra is recovered after imposing the
above correspondence (1.3)

o, 2] = i DI [ ] = i (P = = (1)
(o, T = i (2 — o o) (16)

[, J7] =i (" pY — " p”) (L.7)

[, ] = =i SN A =0 (1.9

@t N] = i LpLpt, [ N] = —i Liﬁ o (1.9)

and where the [J*”, JP?] commutators are the same as in the so(3,1) Lorentz
algebra in 4D. They are of the form

[Jlt1/t2’ JU1V2 } = —9 77#11/1 J/L2l/2 —|—i ,,7H1V2 JIL2V1 +
7 ,,7#21/1 JHiv2 g 77#21/2 J,Ufll’l’ h=c=1 (1'10)

The generators are assigned to be Hermitian so there are i factors in the right-
hand side of eq-(1.10) since the commutator of two Hermitian operators is anti-
Hermitian. The 4D spacetime metric is 7, = diag(—1,1,1,1).

Given the above correspondence (1.3), we were able to extend it further
to the higher grade polyvector-valued coordinates and momenta operators in
noncommutative Clifford phase spaces [11]. We found the corresponding com-
mutators among the antisymmetric tensors x#1#2 gpH1H2Es .. .o phil2 plipaps oo
of different ranks. In addition, we found the spectrum of the quantum harmonic
oscillator in noncommutative spaces in terms of the eigenvalues of the gener-
alized angular momentum operators in higher dimensions, and discussed how



to extend these results to higher grade polyvector-valued coordinates and mo-
menta.

Instead of working with the above canonical coordinates Y4 and momenta
14 in a flat 12D phase space (A = 1,2,---,5,6), the authors [5] were interested
in finding Hermitian realizations of the above Yang algebra in an 8D phase
space, and given in terms of the canonical variables Z,, p, satisfying [Z,,Z,] =
[Du,pv] =0, and [Z,,, D] = Ny, with p,v =1,2,3,4.

The Yang model studied by [5] was characterized by the choice of the com-
mutator [x,,p,] = iy (x,p), and where the rank-2 tensor v,,(x,p) is of the
form

Yuv = h(anpsz ~p—|—p-x) Um (1'11)

with h a judicious function of the Lorentz scalars 2, p?,x - p + p - =, and that
is determined from solving the Jacobi identities. The rank-2 tensor v, (z,p) is
what leads to the generalized uncertainty relations. The Triple Special Rela-
tivity model [7] which was an extension of [6] was characterized by a different
choice of ., (z,p). The Lorentz generators are represented as

1

T = 92 (mu Pv — ZTuPp + Pv Ty — Pu Ty) (1.12)

In particular, the authors [5] looked for representations where the generators
Juv and the tensor v,, can be written in terms of the canonical variables
Z, and p,. This required the arduous task of finding the nontrivial map
among the noncanonical variables x,, p,, and the canonical ones Z,,p,, : x, =
z,(Z,Dp);pp = pu(Z,p). The map was found iteratively in powers of Z,p. The
explicit technical details of this map can be found in [5].

In this work we shall follow a very dif ferent approach and such that one
is able to find exact analytical solutions. Instead of finding the maps z, =
2, (Z,P); P = pu(&, D), iteratively and consistent with the Yang algebra and the
Jacobi identities, we shall follow a much simpler procedure by finding the exact
analytical expression for the embedding maps Y4 = Y4(z,p), T4 = T4 (x, p)
expressing the 12D flat phase space coordinates Y4 and momenta II4 in terms
of the 8D curved phase space variables z,,, p,,. Not unlike in string theory where
one has the embedding of the string’s world sheet into a D-dim target spacetime
background X*(o!,0?), where 0!, 02 are the world sheet string coordinates.

Most of the work devoted to Quantum Gravity has been focused on the
geometry of spacetime rather than phase space per se. The first indication
that phase space should play a role in Quantum Gravity was raised by [3]. The
principle behind Born’s reciprocal relativity theory [8], [9] was based on the idea
proposed long ago by [3] that coordinates and momenta should be unified on the
same footing. Consequently, if there is a limiting speed (temporal derivative of
the position coordinates) in Nature there should be a maximal force as well, since
force is the temporal derivative of the momentum. The principle of maximal
acceleration was advocated earlier on by [4]. A mazimal speed limit (speed
of light) must be accompanied with a mazimal proper force (which is also
compatible with a mazimal and minimal length duality) [9].



We explored in [9] some novel consequences of Born’s reciprocal Relativity
theory in flat phase-space and generalized the theory to the curved spacetime
scenario. We provided, in particular, some specific results resulting from Born’s
reciprocal Relativity and which are not present in Special Relativity. These are
: momentum-dependent time delay in the emission and detection of photons;
relativity of chronology; energy-dependent notion of locality; superluminal be-
havior; relative rotation of photon trajectories due to the aberration of light;
invariance of areas-cells in phase-space and modified dispersion relations.

The generalized velocity and force (acceleration) boosts (rotations) transfor-
mations of the flat 8D Phase space coordinates , where X*, T, E, P*;i = 1,2,3
are ¢ -valued (classical) variables which are all boosted (rotated) into each-other,
were given by [8] based on the group U(1, 3) and which is the Born version of the
Lorentz group SO(1,3). The U(1,3) = SU(1,3) x U(1) group transformations
leave invariant the symplectic 2-form Q = — dTAdE+6;;dX*AdP7;i,5 =1,2,3
and also the following Born-Green line interval in the flat 8D phase-space

(dw)? = AdT)? — (dX)? — (dY)? — (dZ)* +

b% ((AE) — AP, — A(dP,)’ — A(dP.)?) (1.13)
The maximal proper force is set to be given by b. The rotations, velocity and
force (acceleration) boosts leaving invariant the symplectic 2-form and the line
interval in the 8D phase-space are rather elaborate, see [8] for details.

These transformations can be simplified drastically when the velocity and
force (acceleration) boosts are both parallel to the z-direction and leave the
transverse directions Y, Z, Py, P, intact. There is now a subgroup U(1,1) =
SU(1,1) x U(1) C U(1,3) which leaves invariant the following line interval

(dw)Q _ CZ(dT)Q _ (dX)2 + (dE)2 — Cz<dp)2 —

b2
(dE/dr)? — A(dP/dr)? F?

(dr)? (1 + 72 =(@dr)? (1 - 73 , P=P,
max

(1.14)

where one has factored out the proper time infinitesimal (d7)? = ¢2dT? — dX?

in (1.14). The proper force interval (dE/dr)? — c*(dP/dr)? = —F? < 0 is

“spacelike” when the proper velocity interval ¢?(dT/dr)? — (dX/dr)? > 0 is
timelike. The analog of the Lorentz relativistic factor in eq-(1.14) involves the
ratios of two proper forces.

One may set the maximal proper-force acting on a fundamental particle of
Planck mass to be given by F,q. = b = mpc?/Lp, where mp is the Planck mass
and Lp is the postulated minimal Planck length. Invoking a minimal/maximal
length duality one can also set b = MUC2/RH, where Ry is the Hubble scale
and My is the observable mass of the universe. Equating both expressions for
b leads to My /mp = Ry /Lp ~ 10°°. The value of b may also be interpreted
as the maximal string tension. In the most general case there are four scales



of time, energy, momentum and length that can be constructed from the three
constants b, ¢, i as follows

| L [hc hb —
At = b’ A= b Ap = \/jv Ae = Vhbe (1.15)

The gravitational constant can be written as G = ag c¢*/b where ag is a di-
mensionless parameter to be determined experimentally. If ag = 1, then the
four scales in eq-(1.15) coincide with the Planck time, length, momentum and
energy, respectively.

The U(1, 1) group transformation laws of the phase-space coordinates X, T, P, E
which leave the interval (1.14) invariant are [8]

T' = T coshé + (gvch + 5‘22]3) Sizhg (1.16a)
E' = Ecoshé + (~£u X + &P) Sizhg (1.16b)
X' = X coshé + (&, T — g‘zf) Sizhf (1.16¢)
P’ = P cosht + (f“cgE + & T) Sizhf (1.16d)

&, is the velocity-boost rapidity parameter; &, is the force (acceleration) boost
rapidity parameter, and £ is the net effective rapidity parameter of the primed-
reference frame. These parameters £,,&,, & are defined respectively in terms of
the velocity v = dX/dT and force f = dP/dT (related to acceleration) as

€a

tanh(%):%; tanh(%) = r , & = (gl

)2+ (

2 1.1
Fovon G D)

The U(3,1) generators Zup = Jiqp) + M(qp) are comprised of the 6 ordinary
Lorentz generators Ji,;), and 10 force (acceleration) boost/rotation generators
M4y giving a total of 16 generators. The commutation relations are of the
form [J, J] ~ J;[J, M) ~ M;[M, M] ~ J [8], [15].

It is straightforwad to verify that the transformations (1.16) leave invariant
the phase space interval ¢?(dT)? — (dX)? + ((dE)? — ¢*(dP)?)/b? but do not
leave separately invariant the proper time interval (d7)? = ¢2dT? — dX?, nor
the interval in energy-momentum space ;5 [(dE)*—(dP)?]. Only the combination

(dw)? = (dr)? (1 - ;%;) (1.17)

is truly left invariant under force (acceleration) boosts (1.16). They also leave
invariant the symplectic 2-form (phase space areas) Q = — dT'ANdE 4+ dX AN dP.



Having reviewed the basics of the Yang algebra and Born Reciprocal Rela-
tivity, we proceed with the outline of this work. Section 2 is devoted to solving
the exact analytical mapping of the (non-canonical) non-commuting x*, p* op-
erator variables (associated to an 8D curved phase space) into the canonical
Y4 TI4 operator variables of a flat 12D phase space.

In section 3 we explore the geometrical implications of the classical limit of
this mapping which provides the embedding functions Y4 (z, p), I (x, p) of an
8D (classical) curved phase space into a flat 12D (classical) phase space back-
ground. The latter embedding functions determine the functional forms of the
base spacetime metric g, (z,p), the fiber metric of the vertical space h®®(z, p),
and the nonlinear connection N,,(x,p) associated with the 8D cotangent space
of the 4D spacetime.

In section 4 we review the mathematical tools behind curved phase spaces,
Lagrange-Finsler, and Hamilton-Cartan geometries. This is necessary in order
to answer the key question of whether or not the solutions found for g,,,,, heb, Ny
as a result of the embedding of the 8D curved phase space into the 12D flat phase
space, also solve the generalized gravitational vacuum field equations in the 8D
cotangent space. We finalize with an Appendix with the calculations involved
in solving the the exact analytical mapping of the x*, p* operator variables to
the canonical Y4, II# operator ones.

2 Mapping of z*,p" to the Y4 II* variables in
Flat Phase Space

The Y?, Y5 TI°, TI® canonical coordinates and momenta (operators) in the flat
12-dim phase space are scalars from the point of view of the 8-dim curved
phase space parametrized by the non-canonical coordinates x* and momenta
p*. Therefore, Y, Y II° II® must be functions of the Lorentz scalars

2? = nuata?, p? = nuptp’, Tp = nuatpt, pr=nupteY, pr=1,2,34

(2.1)

Setting & = £7', 83 = Lp, due to the Born reciprocity principle, one must

have functions f(z1, 22, 23) of the arguments z1, 22, z3 given by the following
combination of Hermitian variables (operators)

2 = (2% + B%p?), = (z-ptp-2x), 3=i(x-p—p-x), a=L"", B=Lp

(2.2)
The arguments 21, 29, z3 are invariant under « <+ 3, <> p, and ¢ <> —1 if one
wishes to implement Born’s reciprocity symmetry. Therefore, one must have
functions of the form

YO = Y%(21,20,23), Y° = Y%(21,20,23), II° =11°(21, 20, 23), 11® =1I°(21, 29, 23)
(2.3)



For instance, one could have functions linear in z1, 2o, 23 defined as follows

Yi(z,p) = a1(c®2® + B%p®) + bi(z-p) + bi(p-2) + (2.4a)
YO(2,p) = as(c®z® + B°p?) + ba(z-p) + b3(p-x) + 2 (2.4b)
I°(z,p) = as(e®z® + B%p°) + bs(z-p) + bi(p-z) + cs (240)
H6(x,p) = a4(a2x2 + 52p2) + by(z-p) + bi(p-x) + ca. (2.4d)

where a;,b;,¢; (i =1,2,3,4) are judicious numerical (dimensionful) coefficients.
The units of the coefficients in eqs-(2.4a,2b) are those of length, while those in
eqs-(2.4¢,2.4d) are those of mass. Note that the b; coefficients in eqs-(2.4) are
complex-valued b; = ; 4+ id;. The reason is that the combination

bi (xp) +b; (pa) = vi (wptpx) +id; (xp—px) = Y22+ 0 23, i =1,2,3,4
(2.4e)
ensures that eq-(2.4e) is Hermitian by construction. Eq-(2.4e) is also invariant
under Born’s reciprocity z <+ p and i <> —i. We shall show that eqs-(2.4)
should, in principle, provide satisfactory solutions to the embedding problem
defined below.
The [z*, p¥] commutator is defined as

[, p"] = at p¥ — p¥ k' = iy (x,p) (2.5)

where v#¥(xz,p) is a second rank tensor, not necessarily symmetric, that we
refrain from identifying it to a metric tensor.

The above commutator can also be expressed in terms of the 6D angular
momenta variables (see eq-(1.8)) as

[a#,p"] = iy (z,p) = — iaf J%z,p) " =

iaf [Y5($,p) Hs(xvp) - Y6(x7p) H5((E,p) ] ", a= ‘C_17ﬂ =Lp (26)

Therefore, from eqs-(2.5,2.6) one arrives at the following relation, after contract-
ing both equations with 7,,,

1 1
3 T @7 = ptat) = m(wp —pra) =

af ( Y5($,p) Hﬁ(wJ)) - Y6<xap) H5(.’E,p)) ) = - CYBN (27)

Therefore, in this particular case, one finds that the tensor is symmetric v (z, p) =
O(x,p)n*” and such that the conformal factor ®(z,p) is Hermitian and given
by the left hand side of eq-(2.7). The r.h.s of (2.7) is Hermitian because J%6
is Hermitian due to the canonical and Hermiticity nature of the 6D variables

: (YPI8)T = T19Y® = Y°II, and (YOII°)T = II°Y'® = YSTI® resulting from the
commutators of the 6D canonical variables given by eg-(1.2).



From eqs-(1.3) one learnt that the 4D operators z*, p* admitted a 6D an-
gular momentum realization of the form

gt = B I = -~ B(YFTIP — Y51I"), B=Lp (2.8)

pPr=aJ = — a(YrTI® - YOTIM), a=L"! (2.9)

From eqs-(2.8, 2.9) one can deduce the relation
T = atp’ — a2t pt = af I (YHTY - YV IIY) (2.10)

where J% = N and J* are given by eq-(1.4) explicitly in terms of the 6D
canonical variables Y4, I15.

One can invert the relations in eqs-(2.8,2.9) as follows. After multiplying
eqs-(2.8 2.9) on the right by II°, II°, respectively, and subtracting the top equa-
tion from the bottom one, it yields

Blarh I8 — a7t ph TP = TIMN = N TI# (2.11a)

due to the canonical nature of the 6D variables Y4, TI4 described by the com-
mutators in eqgs-(1.2) and which allows us to re-order the relevant factors due
to the commutativity.

And multiplying eqs-(2.8, 2.9) on the right by Y% Y® respectively, and
subtracting the top equation from the bottom one, it yields

Blar Yl — ol ptYS = YEN = NYH (2.11b)

We shall see next that the functional forms of Y°(z, p), Y%(z, p), II?(z, p),
I15(x, p) provided eqs-(2.4) lead to solutions to eq-(2.7), and which in turn,
yield automatically the solutions to eqs-(2.11a, 2.11b). And, in doing so, one has
found solutions to the embedding problem : Y* = Y#(z, p); [I* = I1*(z, p), with
N(z,p) = J°%(z,p) = — (YIS —Y°II°)(x, p), and where [N, Y] = [N, II*] = 0.

Thus, from eqs-(2.7,2.11) one can construct the maps from the z*, p* non-
canonical (operator) variables in 4D to the canonical (operator) variables Y4, IT4
in 6. The next step is to take the classical limit in order to find the embeddings
from the 8D (classical) curved phase space into the 12D (classical) flat phase
space given by Y4(x,p),1*(z,p) given in terms of the corresponding classical
coordinates (c-numbers) associated with the operator-valued variables.

One can also exploit the fact that the operator variables z#, p*, and Y4, 14
are Hermitian and rewrite egs-(211a,2.12b) in commutator form. Taking the
Hermitian conjugates of eqgs-(2.11a,2.11b), and then subtracting these conju-
gates from eqs-(2.11a,2.11b), yields the relations

B2, p), 2] +a”t [p, IP(z,p) ] = 0 (2.12a)

B Y(,p), 2] +a”t [p4, Yo(z,p)] = 0 (2.12b)

Eqgs-(2.12) combined with eq-(2.7) define three equations in commutator form
where Y# and II* do not appear explicitly, like they do in eqs-(2.11).



Let us show how eqs-(2.4) do, in principle, solve the key eq-(2.7). Upon
inserting the expressions provided by eqs-(2.4) directly into eq-(2.7) one ends
up with 13 terms (involving the Lorentz scalars z1, 29, 23 in eq-(2.2)) of the form

constant; z1, z9, 23, zf, zg, zg,

2122, Z2%1, 2123, Z3%1, %223, 2372 (2.13a)

As a reminder, because we are dealing with coordinate and momentum oper-
ators, the products do not commute. The left hand side of eq-(2.7) is just
given by —Z. Thus, the only non-zero entry containing the terms (monomials)
described by eq-(2.13a) is the one involving the z3 term with an overall coeffi-
cient of —i. The remaining 12 terms (monomials) must all cancel and appear
with zero coefficients. Therefore, one finds 13 equations to be obeyed by the
4 x 4 = 16 numerical coefficients which appear in eqs-(2.4).

Since the system of equations is underdetermined 13 < 16 one may fix 3 of
the coefficients. Let us impose the following relations

a =a = a = B%as = B%ay (2.13b)

such that one ends with a total of 1412 = 13 coefficients to be determined given
by a;~;,0;, ¢34 = 1,2,3,4. In the Appendix we explicitly write down all the 13
equations in terms of 13 coefficients. After a laborious but straightforward
procedure we find the following family of solutions

Yo(z,p) = mi Bzt + w2 Bz2 + k3B 23 + Ka B (2.14a)
YS(xz,p) = k1 Bz + ko B o + k3B zz + (ka+1)p (2.14b)

5
P(z,p) = k1 B 21 + K2 Bl 20 + 1" Bz 4+ ke BT (2.140)

5
M%(x,p) = k1 Bt 2y + Ko B 20 + 173 B2z 4+ (kg +1) BT (2.14d)

where k3 = (a3)~! and k1, Ko, k4 are three arbitrary parameters. This is due to
the nonlinearity of the equations that one is solving. The solutions (2.14) have
the form Y6 = Y + ;11> = I1° — 37! such that a8 YI° TI% = —2 as required
by eq-(2.7).

In order to define classical A — 0 limit, one must reinstate 7 which was set
to unity. Eq-(2.7) in the classical limit becomes
T-p—p-T 1

o Ll N 23 (2.15)

as a result of Dirac’s prescription turning commutators into Poisson brackets

limp—o

QH, p” v i j i
Z.ihp} — { xﬂ, p }PBa { xO’ pO }PB = 713 { z, p] } = ¢"
(2.16)

limp—0

10



with 7., = diag(—1,+1,+1,+1). Inserting the classical limit of A/ into eqs-
(2.11) (where z,p are now c-valued) yield

azt T8 — Bgpr TP = — TI* (2.17a)

azh Y — BptyS = — Yy (2.17b)
From eq-(2.15) one learns that in the classical limit one obtains

1 1
N 5 —— =Y —-vy'm - — 2.18
of of (2.18)
The four embedding functions Y®, Y II?, II®, in the classical limit, are func-
tions of the two Lorentz scalars because

2 — w = oz + %% 2z — we = 2x-p, 23 — 0 (2.19)
and obey the quadratic constraint equation

1 L
Y5<’LU1,’LU2) H6<’LU1,’LU2) — Y6(w1,w2) Hs(wl,wg) = @ = E (2.20)

The classical limit of the equations involving the commutators (2.12) is

BT (wy,w), @ }pp +a” ! [{ p, TP (w1, we) }pp = 0 (2:21a)

gt {Yﬁ(wl,wg), " }pp +at { p", Y5(w1,w2) tpe = 0 (2.21b)

There are some subtleties with these eqs-(2.17) and eqs-(2.21) worth men-
tioning. Note that in the quantum case, eqs-(2.11) are “equivalent” to eqs-(2.12)
because the latter were obtained from the former via the process of taking the
Hermitian conjugation. Whereas, in the classical case, the algebraic eqs-(2.17)
do not lead to the dif ferential eqs-(2.21) involving the Poisson brackets.

Because the variable z3 — 0 decouples in the classical limit, there are only
14444 =9 parameters left over in eqs-(2.4) given by a;v;;¢i;i = 1,2,3,4.
The monomials appearing in eq-(2.20) are now of the form

constant, wi, way, w3, w3, Wiwy (2.22)

leading to 6 equations. Thus one has 9 parameters to obey 6 equations. Once
again, one ends with an under determined systems of equations.

On the other hand, because eqs-(2.17) do not lead to eqs-(2.21), there is no
guarantee that the solutions of the type given by eqs-(2.4) are going to solve the
algebraic eq-(2.20), and the two extra dif ferential eqs-(2.21a,2.21b) involving
the Poisson brackets.

Furthermore, there is also a caveat worth mentioning when one takes the
classical limit. Upon restoring 7 which was set to unity in the terms ;20 — 322

11



of eqs-(2.4e), in order to match units, one can see that these terms are singular
in the A — 0 limit. Whereas the terms %23 — —46; are well behaved and yield
constants.

For these reasons we shall just adhere to the following prescription in finding
the classical limit of the embedding functions Y4 (z, p), 14 (z, p). Having found
the solutions for the 13 coefficients a = a; = as = B%a3s = S2a4;7%:, 6, ¢i31 =
1,2,3,4 in the quantum case, we simply drop the singular %22 terms, and set
the #z3 terms to constants in the explicit solutions for Y5, Y¢ II°, II given by
eqs-(2.14).

Or one could set the arbitrary constant ko to zero ko = 0 so that %@22 is
no longer singular. In this case there is no need to drop the z5 terms. And
finally, one can obtain the explicit solutions for Y#, II* of eqs-(2.17), and given
in terms of the functions Y°(wy,ws), Y (w1, ws), 1% (wy, we), I8 (w1, we) found
in eqs-(2.14), and x*, pH.

Consequently, this latter prescription will render eqs-(2.17) in the following
form

o o 0wy, wy) — B pH TP (wy,wy) = — II* (2.23a)

a2t YO(wy,we) — B p" Yo(wi,we) = — Y (2.23b)

with wy = o222+ 3%p?, wy = 22 -p, and Y°, Y6 TI° TI° given by eqs-(2.14) after
setting the 32 terms to constants. Next we shall study the implications of the
(classical) embedding solutions found in this section.

3 Embedding a 8D curved phase space into a
12D flat phase space

The previous section involved the use of coordinates and momenta operators.
In this section we shall deal with classical variables (c-numbers) x,p. A more
rigorous notation in the previous section would have been to assign “hats” to
operators ¥, pH; )A’A,IZIA. For the sake of simplicity we avoided it in order to
follow the notation used by the authors [5].

The geometry of the cotangent bundle of spacetime (phase space) can be best
explored within the context of Lagrange-Finsler, Hamilton-Cartan geometry
[16], [17]. The line element in the 8D curved phase space is

(ds)? = gu(x,p) dztdz” + h®(x,p) (dpa+ Napu(z, p)dz") (dpp+ Ny, (z, p)dz”)

(3.1)
where g, (z,p), h®®(z,p) are the base spacetime and internal space metrics,
respectively, with a,b=1,2,3,4, p,v = 1,2, 3,4, and N, (z, p) is the nonlinear
connection.
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One should note that the metric tensor g,, is not the vertical Hessian of
the square of a Finsler function, and h% is not the inverse of G- h repre-
sents, physically, the cotangent bundle’s internal-space metric tensor which is
independent from the base-spacetime metric tensor g,,. The number of total
components of g,,,, h®, Ny, is 10 + 10 4+ 16 = 36 = (8 x 9)/2).

The generalized (vacuum) gravitational field equations associated with the
geometry of the 8D cotangent bundle [18] differ considerably from the the stan-
dard (vacuum) Einstein field equations in 8D based on Riemannian geometry.
Thus, for instance, by using a base-spacetime g, metric to be independent from
the internal-space metric hqp, and a nonlinear connection NN,,, it might avoid
the reduction of the solutions of the generalized gravitational field equations
to the standard Schwarzschild (Tangherlini) solutions when radial symmetry is
imposed.

For example, in [12] we studied a scalar-gravity model in curved phase spaces.
After a very laborious procedure, the variation of the action S with respect to
the fundamental fields

oS 0S 0S S

R A A (3:2)

leads to the very complicated field equations which differ considerably from
the Einstein field equations. Exact nontrivial analytical solutions for the base-
spacetime g,,,,, the internal-space metric hq; components, the nonlinear connec-
tion N,q, and the scalar field ® were found that obey the generalized gravita-
tional field equations, in addition to satisfying the zero torsion conditions for
all of the torsion components. See [12] for details.

The embedding of the 8D curved phase space into the 12-dim flat phase
space is described by equating the 8D line interval ds? in (3.1) with the 12D
one ds?> = napdZAdZ®B. After doing so, given Z4 = (Y4, 11*) one learns that

8z4A 974
L, + h® N, Ny, = = .
Juv + pu Vo NAB Ok Oxv (3.3)
0Z4 9z4
het = = = 3.4
145 apa apb ( )
0Z4 974

he Ny, = = AB=12---.56 3.5
bu NAB apa 3:#‘ ) ) 4y ) ( )

Eqs-(3.3-3.5) determine the functional form of g,,,,, h*, Ny, after one inserts
the functional forms of the embedding functions Z4(x,p) = Y4 (z,p), T4 (z, p)
found in the previous section, and by making the following replacement p* — p,.
We explained at the end of section 2 how the x-p, p-x terms could decouple in the
classical limit, by removing the singular terms 32, the 22 become constants, and
leaving only the terms w; = a?z? + B%p?. Thus, after making the replacement
p* — p, one has n,,ptp" — N®papy, and such that the indices will now match
those appearing in eqs-(3.3-3.5).
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Also, it is very important to emphasize that the base spacetime metric
Guv(z,p) in eqs-(3.1,3.2,3.3) is not the same as the tensor 7,,(x,p) appear-
ing in the definition of the commutator [x,,p,] = iy (2, p) = i®(x,p)nu. It
would be a remarkable coincidence if their functional form turned out to be the
same.

The (classical) embedding functions Z4(xz, p) = Y4 (z, p), I14(x, p) obtained
in the previous section determine the functional form of g,,,, hab Ny, in eqs-(3.3-
3.5). The key question is whether or not the solutions found in eqs-(3.3-3.5) for
v h“b,N,W also solve the vacuum field equations. And if not, can one find
the appropriate field/matter sources which are consistent with these solutions
?. Namely, can one find the matter/field configurations which source the fields
v h“b,NaM, and which in turn, originated from solving the embedding eqs-
(2.7-2.11) that emerged from the Yang noncommutative algebra in phase space,
and then, by inserting these solutions into eqs-(3.3-3.5).

It is natural to assume that quantum matter/fields could be the source of
the noncommutativity of the spacetime coordinates and momenta. After all,
quantum fields live in spacetime. If this were not the case, what then is the
source of this phase space noncommutativity ? Is it space-time foam, dark
matter, dark energy 7 .... If one expects to have a space-time-matter unification
then one has that matter curves space-time, and space-time back-reacts on
matter curving momentum space, “curving matter”. To tackle these questions
we devote the whole of next section.

4 Curved Phase Space and Lagrange-Finsler,
Hamilton-Cartan Geometry

In this section we begin with a review of our work in [12]. We deem it to be very
useful for the non-expert reader in order to grasp the essentials of the ample
literature on the geometry of Lagrange-Finsler, Hamilton-Cartan spaces and
higher order (jet bundles) generalizations, see [16], [17], and references therein.
Let us begin with the Sasaki-Finsler metric of the cotangent space of a d-dim
manifold T* My, and which is given by the following metric in block diagonal
form

(dw)® = gij (", pa) dz'd 27 + h*(a,pc) pa opy =
9ij (@*,pa) dz'd &? + hap(a*, pc) 6p* 5p° (4.1)
The range of the base manifold indices is 4,7,k = 0,1,2,3,.....d — 1; whereas
the range of the fiber indices is a,b,¢ =0,1,2,3, .....d — 1. The standard coordi-
nate basis frame has been replaced by the following anholonomic non-coordinate
basis frame comprised of the following elongated and ordinary derivatives, re-
spectively,
, 0
0; = (S/(le = 0y + Njg 0° = 0, + Ny apa; 0% = 8pa = 9 (42)
Pa
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The signature is chosen to be Lorentzian (—,+,+,+,---,+) for both g;; and
hap- It is important to emphasize that one does not have a theory with two times
because the energy coordinate is not time. One should note the key position of
the indices that allows us to distinguish between derivatives with respect to z°
and those with respect to p,. The dual basis of (§; = §/dz%;0* = 9/9p,) is

dx', 6p, = dp, — Nj, dv?, 6p* = dp* — NY da? (4.3)

where the N-coefficients define a nonlinear connection, N—connection structure.
An N-linear connection D on T*M allows to construct covariant derivatives
which are compatible with the structure induced by the nonlinear connection
and that preserve the horizontal-vertical split of the cotangent bundle. Thus,
an N-linear connection D on T* M can be uniquely represented in the adapted

basis in the following form
Ds,(8;) = HJ; 6x; Ds;(0) = — Hy; 0" (4.4a)

Dga(d;) = CF 6p; Dpa(0®) = — CV* §° (4.4b)

where Hikj(m,p),ng(x,p),Cf“(m,p),Cfa(x,p) are the connection coefficients.
Our notation for the derivatives is

0% =0/0pa, O; = Oy, 6 = 6/02" = 8y + Nig 0° (4.4¢)

The N-connection structures can be naturally defined on (pseudo) Rieman-
nian spacetimes and one can relate them with some anholonomic frame fields
(vielbeins) satisfying the relations 8,05 — dgda = W 50,. The only nontrivial
(nonvanishing) nonholonomy coefficients are

Wija = Rija; Wc;b = 8“ij = - W—ab (450,)

and
Rijo = 6jNia — 0iNja (4.5b)

is the nonlinear connection curvature (N-curvature).
Imposing a zero nonmetricity condition of g;;(z,p), h%(z,p) along the hori-
zontal and vertical directions, respectively, gives

Digjx = 0i ggr —Hfj Gik —ka git = 0, (4.6a)
Depbe = 9o pbe 4 C:ilb pde cye pbd = (4.6D)

Performig a cyclic permutation of the indices in egs-(6a,6b), followed by lin-
ear combination of the equations obtained yields the irreducible (horizontal,
vertical) h-v-components for the connection coefficients

. 1 .
H' = 59”‘ (0kGng + 0 gnk — Ongijk) (4.7)

1
Ceh = = S hea (OB 4 OB — O'h) (4.8)
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The additional conditions D;h% = 0,D%g;; = 0, yield the mired compo-
nents of the connection coefficients

1
H), = "Nju + 3 K (6jhae — had 0"Nje — heq 0Njq ) (4.9)
and

. 1
S B 97" 0" gin (4.10)

For any N-linear connection D with the above coefficients the torsion 2-forms
are
i L j ia 7,.j
0 = §Tjk da? Ada® + Ci" dx? A dp, (4.11a)
1 - - 1
Q= S Rjka da’ A da® + Pl dad Nopy + 5536 5pp A . (4.11b)

and the curvature 2-forms are

) 1 . ) 1 .
2 = 5 Rjkm da® Ndx™ + Pl da® Adp. + isgab opa A opy,  (4.12)

1 1
% = 5Rm da® A da™ + PAE dx® A dp. + 5sgcd ope Nopa  (4.13)

where one must recall that the dual basis of §; = 6/dx%, 8¢ = §/9p, is given by
dz', dp, = dpg, — Njada?.
The distinguished torsion tensors are given by

i i i . ab __ ab ba, ia wa ia
T, = Hi, — Hi; S = 0% — ¢V Ti* = ¢ = — 1%,
ON; ON;
Rija = 2 o 4.14
I dxt oxd ( )

And the distinguished tensors of the curvature are

Rij, = OwHy;, — 6;H}, + Hy; Hj, — Hj, Hj;, — Ci* Rjna  (4.15)

=y G (G O O - i OF)
4.16

P = 0" HY; + G T — (6, CFF + Hy O + H; CF — HY (04[“’3)
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S;bc — 9° Cgb _ b Cgc + C;b Cgc _ Cgc Cgb; (418)

ibc c bt b et bh ci ch bi

Adopting the units where A = ¢ = G = 1 such that the Planck mass and
length squared are respectively M2 = 1, L% = 1; given g*P = ¢ h and the
definitions 94 ®(x,p) = 6;P(x,p), 0aP(x,p), where the ordinary 9, and elon-
gated derivatives §; defined by eq-(4.2) act on ®(x,p), one may construct the
simplest gravity-scalar field action of the form!

1 )
§ =8¢+ 8= 4 / d*z d*p /[ det gag] ( 97 Riijy + ha s<ab>)

/d4:c d*p \/|det gag| < %gAB 04® 02 + V(D) > (4.21)

The determinant factorizes det(gap) = det(g;j)det(hqs) in an anhololomic basis
adapted to the nonlinear connection (the metric assumes the block diagonal
form (1)). k is the gravitational coupling constant. If the phase space action
action (4.21) is dimensionless, after reintroducing the physical constants that
were set to unity, gives k = 87 — (87G/ct)(M,c)?.

After a very laborious procedure the authors [18] have shown that variation
of the action (4.21)

oS oS 0S oS

leads to the following field equations

1
Rj)(z,p) —3 9ij(z,p) (R+5) + Ruua Cff = Ty (4.23)
1
S(ab)(xap) - 5 hab(xap) (R+S) = Lab (424)
ik aar7J kl aa rri ia
9" 0'Hy,; — ¢" 0Hyy =T (4.25)

where
Rin = Rin 61, R = ¢* Ryyy S = S50y, S = hae S (4.26)

after symmetrizing the indices accordingly and denoted by (). The components
of the stress energy tensor are defined as

Yate d*p =dz® Adz' A ANSpo AdpL A -+ =dx® Adx' A~ Adpo Adpr A -+ -
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T 2 6(y/|detGap|Lm) T, — — 2 §(y/|detG ag|Lar)
‘ V]detG 4] dgii e V]detGag)| Shab

(4.27)
Tia _ 2 (5(\/|d€tGAB‘LM> (428)
V|detG ap| ON;

and given by

Tij = (6:®(x,p)) (6;®(z,p)) — gij <1 9"P(04®(z,p)) (0p®(x,p)) + V@))

2
(4.29)
1
Ty = (08(0,) (068(2,) ~ s (5 9*%(020(2.1) @0(a,p) + V(@)
‘ - (4.30)
T = g% 6;®(x,p) 0°®(z,p) (4.31)
One must include also the equation of motion for the scalar field ®(z,p),

which is a generalization of the d’Alambert equation,

N P
g¥ D;D;® + h* D,Dy® — mgfp) =0 (4.32)

D;D;® = 6;6;® — H}; 6,®, DoDy® = 0,0,® — C, 0. (4.33)

The system of coupled nonlinear differential equations (4.23,4.24,4.25,4.32)
leading to the solutions for g;;(z,p), has (2, p), Nai(z, p), ®(x, p) are highly non-
trivial. The scalar field ®(x,p) curves both spacetime and momentum space.
The equations have almost a similar form to the Einstein gravitational field
equation with the difference of the extra term Ry, C;?)“ in eq-(4.23).

We found exact solutions to eqs-(4.23-4.25) in [12] when ® = constant,
yielding the following 8D line interval, after reinstating the Planck length 8 =
Lp (that were set to unity) in order to match units,

(ds)? = — (dt)® + et ((dz)? + (dy)® + (d2)?) —
B (AE)? + €2 HoP ((dp,)? + (dp,)? + (dp.)* ] +
B2 e 2P HE N(1)2 (dt)2 — 28% e 2FHoE N(1) dt dp,, B2 =L% (4.34)

Note the off-diagonal piece —2636_252H°EN(t)dtdpw above implying a mixing
of coordinates and momenta. N (¢) was an arbitrary function chosen judiciously
so that N(t =0) # oo, N(t = 00) = 0. N(t) has units of mass.

One of the salient features of the phase space metric (4.34) is that it captures
both the very early inflationary (t ~ 0,E ~ o0), and very-late-times (¢ ~
00, E ~ 0) de Sitter phases of the four-dim Universe. More general solutions
are required to explain the evolution of the Universe. For example, solutions of
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the form ®(t) # constant, and V(®) = V(¢) such that the variable exponent
2 [ H(t)dt associated to the Hubble function H(t) leads to an early inflationary
phase with a large exponential factor, and a constant factor H, at very late
times. Ideally one would hope to recover the inflationary, radiation, matter and
dark energy eras of the evolution of the Universe.

Inspired by the de Sitter like solutions in (4.34), one may search for confor-
mally flat solutions of the form

9ij(x",pa) = G(',pa) mij, h™(2',pa) = H(z",pa) n® (4.35a)
and where the ansatz for the nonlinear connection is chosen to be of the form

6Na(ziapa)

Nai(mi7pa) = 336’

(4.35b)
Even further, given 2% = n;;2'27; p* = n®p,pp, a Killing-symmetry reduc-
tion of eqs-(4.35) can be chosen to be given by

ONu (22, p?)

9ij = G(x27p2) Nijs hab = H(:E2,p2) 77ab, Nai = 8331

(4.36)
and it will simplify matters even further. We gave already in the prior sections
the reasons why the x - p, p -  terms in eqs-(2.4) could decouple in the classical
limit leaving only the a?x2, 3%p? ones which are compatible with the Killing-
symmetry reduction.

To conclude this final section, first of all, before focusing in Killing-symmetry
reductions, it remains to be seen whether or not the ansatz in eqs-(4.35) yields
solutions to the generalized gravitational field equations (4.23-4.25), with the
stress energy tensors given by eqs-(4.29-4.31), and the equation of motion for
the scalar field given by (4.32). Namely, whether or not one can find consistent
solutions in terms of the functions G(z%, p,), H(x%,pa), Nu(z*, pa). This partic-
ular 8D curved phase space geometry requires the above 1+ 144 = 6 functions
to satisfy a large number of equations. This is left for future calculations, at
the moment is beyond our computational capabilities.

APPENDIX

In this Appendix we provide solutions to eq-(2.7). Inserting the ansatz
provided by eqs-(2.4a-2.4e) into eq-(2.7), assembling the monomials accordingly
to eq-(2.13a), and after imposing the relations (2.13b), one arrives at the 13
equations

1
1 = 51 cy + 54 Cc1 — 52 C3 — 53 C2 (A].)

acy + fPaer —acg — facy; =0 (A.2)
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M€+ yacr — y2¢3 — 3¢ = 0 (A.3)

a?7? —ad?72 =0, ayy —ay3 =0 (A.4)
ady —ady =0, 1704 — I3 =0 (A.5)
B2av — %av =0, myu — w2y =0 (A.6)
B72ad6 — B 2ady =0, 46 — 430, = 0 (A7)
0104 — 0203 = 0, circy —cae3 =0 (A.8)

After some algebra one finds the following relations among the coefficients

M= Y2, V3 = Y4, 01 = 02, O3 = Iy (A.9)

Yo =B, v =877, a=p8"c =570 (A.10)

such that

c1 —cy #0, ¢cg —cqg #0 (A.11)
and 1
_Z = (01—02) ((53 — 6_2 61) (A.12)

Finally one finds the family of solutions in eqs-(2.14)

Yo(x,p) = k1 Bz + ko Bzo + K3 B zz + Ky B (2.14a)
YS(2,p) = k1 Bz1 + ko Bro + k3B zz + (ka+1)p (2.14b)

5
Hs(x,p) =k Bz + ke Bz + 1 ks Bz + kg B (2.14¢)

5
M%(z,p) = k1 B 21 + Ko B71 22 + 158 Btz + (ka+1) 871 (2.14d)

where k3 = (a8)~! and k1, ka2, k4 are three arbitrary parameters. The solutions
(2.14) have the form Y6 = Y® + 8;1I° = I1 — 3~ such that o8 Y 19 = —zs
as required by eq-(2.7).
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