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ABSTRACT

In cosmological special relativity theory, we study Maxwell equations, electromagnetic wave
equations and functions. In the cosmological special theory of relativity, we study energy-
momentum relations, the Klein-Gordon equation and wave functions. We study Yukawa’s
potential dependence on time in a cosmological inertial frame. If we solve the Klein-Gordon
equation, we obtain the Yukawa potential dependent on time in the cosmological inertial
frame. The Schrodinger equation is a wave equation. The wave function used as a probability
amplitude in gquantum mechanics. We make the Schrodinger equation from Klein-Gordon
free particle’s wave function in the cosmological special theory of relativity. The Dirac
equation is a one order wave equation. The wave function used as a probability amplitude in
quantum mechanics. We make the Dirac equation from the wave function, Type A in the
cosmological inertial frame. The Dirac equation satisfies the Klein-Gordon equation in the
cosmological inertial frame. We found equations of complex scalar fields and
electromagnetic fields on the interaction of complex scalar fields and electromagnetic fields
in Klein-Gordon-Maxwell theory from Type A of the wave function and Type B of the
expanded distance in the cosmological inertial frame. In the cosmological special theory of
relativity, we quantized the Klein-Gordon scalar field. We treat Lagrangian density and
Hamiltonian in a quantized Klein-Gordon scalar field. We address the particle’s force and
kinetic energy in the cosmological special theory of relativity. In expanded universe, we
found gravity field equation and solution. We found Schwarzschild solution, Kerr-Newman
solution in expanded universe. Hence, We found new general relativity theory-Cosmological
General Theory of Relativity(CGTR).
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1. Introduction
Special relativity theory is the relativity theory in empty space in weak gravity field because the universe’s space
is expanded beyond the gravity zone. Special relativity theory is not concerned about the universe’s time (The
cosmological time).Cosmological special relativity theory is a special relativity theory that treats in a non-
gravity local empty space. In a non-gravity local empty space, we are able to use universe’s space as static space.
But, in global empty space, we have to treat the expanded universe by the variable cosmological time in the
cosmology of general relativity theory.
In cosmological special relativity theory, we can treat quantum mechanics and electromagnetism of the
expanded universe. Of course, cosmological special relativity theory should be dealt with the cosmological time
that universe had a flat space after the epoch of inflation
Our article’s aim is that we make the cosmological special theory of relativity and apply it to quantum
mechanics. We have to make Cosmological General theory of Relativity (CGRT).
First, the Robertson-Walker metric is
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Our universe’s k is 0, 1,-1. If k is O for flat space and if Z‘O is cosmological time[6],
k=0, T =t +At~t,t, > At, t =T —t, = At,dt=dT =d(At)
t is the time of an inertial frame in cosmological special relativity ,
At is the period of matter’s motion 2)
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Hence, the proper time, Eq(1) is in cosmological time I‘O ,[18]
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The cosmological special theory of relativity’s coordinate transformations are
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Hence, velocities are
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In the Cosmological Special Theory of Relativity (CSTR)’s the differential operators are
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The electric charge density o and the electric current density J are
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In the CSTR, transformations of the electric charge density and the electric current density are likely as
follows coordinate transformations are
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2. Electrodynamics in CSTR
The electromagnetic potential A* is 4-vector potential. Hence, transformations of A* are[18]
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In the CSTR, the electric field E and magnetic field B must satisfy Maxwell equations of special
relativity theory. Hence, in CSRT, Maxwell equations are likely as a special theory of relativity,
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Hence, E /_EQ(Z‘O) According to special relativity, B = BQ(t,)
Eq(13-ii) is
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Hence, in the CSTR, Maxwell equations are
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Therefore, in the CSTR, the electric field £ and the magnetic field 5 are
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3. Electromagnetic Wave in CSTR
The electromagnetic wave equation is in CSTR, [18]
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Hence, the electromagnetic wave equation is
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Hence, the electromagnetic wave equation is
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In CSTR, the electromagnetlc wave functions are
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According to Maxwell equations are in CSTR,[1]
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Hence, if Eq(28)-(28-i) compare Eq(29) in CSTR, transformations of the electromagnetic field are
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In CSTR, electromagnetic wave functions are
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4. Klein-Gordon Equation and Wave Fuction in CSTR

We make the Klein-Gordon equation and wave function in the cosmological special theory of relativity.[19]
First, space-time relations are included in the Cosmological Special Theory of Relativity (CSTR).
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Hence, energy-momentum relations based on the fact that energy-momentum are 4-vector in CSTR,
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Therefore, the energy-momentum-mass relation is in CSTR,
mict =E% - Q¥ (t)p°c’ (41)
The matter wave function is in CSTR,
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¢O is the amplitude, @ is the angular frequency, A =‘/€‘ is the wavenumber.  (42)

If we use Eq(38) in Eq(42), we obtain angular frequency-wavenumber relation.
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At this time, if we define the energy-momentum by the angular frequency-wavenumber,
hk
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Hence, we obtain the angular frequency-wave number relation about the energy-momentum-mass relation
in CSTR,
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We obtain the next result by the transformation of the angular frequency-wavenumber relation, Eq(43) in
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If we define the differential operator about energy-momentum in CSTR,
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If we apply Eq(47) to Eq(46),
0
/770204 _F?_ Qz(fo ),0202 _ hz[_(g)z + 2]
We finally obtain the Klein-Gordon equation in the CSTR.
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The wave function, Eq(42) satisfies the Klein-Gordon equation, Eq(48).
5. Yukawa potential in Klein-Gordon equation in cosmological inertial frame
If we focus on the Klein-Gordon equation, Yukawa potential ¢ is dependent on time,[21]
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At this time, the Yukawa potential ¢ is dependent on time.
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Eq(49)-Klein-Gordon equation is satisfied by Eq(50)-Yukawa potential dependent about time
In the cosmological inertial frame, the Klein-Gordon equation is
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At this point, in the cosmological inertial frame, space-time transformations in type A of the wave function and
the other type B of the expanded distance are
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The space-time transformation of the Yukawa potential ¢' depends on Type A
Hence, the Yukawa potential ¢' dependent on time is
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Eq(51)-Klein-Gordon equation is satisfied by Eq(53)-the solution.
6. Schrodinger Equation from Klein-Gordon Free Particle Field in Cosmological
Inertial Frame
First, the Klein-Gordon equation is for the free particle field ¢ in the cosmological inertial frame.[22]
2.2 2
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/M 1is the free particle’s mass and Q(to) is the ratio of universe’s expansion in cosmological time t, (54)
If we write the wave function as a solution of the Klein-Gordon equation for free particles,
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/40 is the amplitude, @ is the angular frequency, A = ‘/?‘isthe wavenumber (55)

Energy and momentum are in the cosmological inertial frame,

E =hw,D = hk | Qt,) (56)
Hence, the energy-momentum relation is in the cosmological inertial frame
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Alternatively, the angular frequency- wavenumber relation is
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Hence, the wave function is in the cosmological inertial frame,
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Because, the Schrodinger equation is made from Klein-Gordon free particle’s wave function in the cosmological
special theory of relativity,
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If we calculate the derivation of the Schrodinger equation,
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Therefore, by Eq(61),Eq(62)
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Hence, the stationary state of the Schrodlnger equation is in cosmological inertial frame,
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Hence, the stationary state of the Schrodinger equation is
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Uncertainty Principle is in quantum mechanics in special relativity,
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According to EQq(59), Cosmological Uncertainty Principle is in cosmological quantum mechanics in
cosmological special relativity
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7. Dirac Equation from Wave Function-Type A in Cosmological Inertial Frame
The Dirac equation is in special relativity theory,[23]

(iny*a, —mel)y =0

| isthe 4x4 unit matrix,
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|' isthe 2x2 unitmatrixand o' is Pauli’s matrix. (72)
The Dirac equation is the wave equation. Therefore, the Dirac equation is in the cosmological inertial frame,
Wave function Type A:

t
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t, isthe cosmological time. Q(to) is the expanding ratio of the universe in cosmological time ;.
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The Dirac equation is in the cosmological inertial frame,
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Eq(80) is the matrix equation of Klein-Gordon.
The Dirac spinor ¢ is ¢ = (4,4, 45, 4,). ¢’s hermitian conjugate ¢" = (4}, ,. @ 5.0 ,) -
Hence, ¢ s adjoint spinor ¢ is
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Hence, the positive probability density j0 is
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8. Equations of Interaction of Complex Scalar Fields and Electromagnetic Fields in

Cosmological Inertial Frame
The Lagrangian L of complex scalar fields ¢,¢ and electromagnetic fields F"”,Fﬂ is Klein-Gordon-

v
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Maxwell theory in special relativity theory,[24]
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The Lagrangian L of the interaction of complex scalar fields and electromagnetic fields is Klein-Gordon-
Maxwell theory in the cosmological inertial frame,
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We consider Type A of the wave function and Type B of the expanded distance,
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Type B of expanded distance: I — rQ(t,),t —t
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t, isthe cosmological time. Q(to) is the expanding ratio of the universe in cosmological time ;.
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Complex scalar field equations are in Klein-Gordon-Maxwell theory in the cosmological inertial frame,
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The electromagnetic field equations are in Klein- Gordon Maxwell theory in the cosmological inertial frame,
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9. Quantization of Klein-Gordon Scalar Field in CSTR
We quantify the Klein-Gordon scalar field in the Cosmological Special Theory of Relativity (CSTR).[20] First,
space-time relations are included in the Cosmological Special Theory of Relativity (CSTR).

ct= ci+%o A (1) 2 xUL) = A )X +v, Q)
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The angular frequency-wavenumber relation is in the CSTR.

o'=ylo-v,Qt)k,), /('—)/(/(—C—OQ(Z‘) o)

Q2(¢ )[dX'2+dy'2+0’Z'2], t, is cosmological time ~ (94)

VE

Ky'=kyky' =Ky oy =1/, [1- 5 Q%) (95)
(o
Lagrangian density of Klein-Gordon scalar field in CSTR,
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The Klein-Gordon scalar field is divided by the positive frequency mode and negative frequency mode.
d(x) = g (x) + ¢ (x) (99)
The positive frequency mode is
#7(0) = | BRI SP (100)
1 k
[27)2w,T?
The negative frequency mode is
$700 = [— LK 207,00 aoy
1 Kk
[(27)°20, 2
Atthistime, 7, (x) is
£00 = explit- % & x Jal)] (102)
(220, )
In this time,
o, ., mc’
k= (k 0 2 103
= 1) (103)
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Hence, Hamiltonian H is in CSTR,
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At this time,
[alk),a" (k)] = (2x)*2w, 8%k — k')
[b(k), b* (k)] = 2x)*20,6°k — k") (107)

10. Particle’s Force and Kinetic Energy in CSTR
If we are dealing with the particle’s force and kinetic energy, the 4-force is in CSTR

fu=(f° fQt,))

T

If the particle is in an electromagnetic field, a 4 Lorentz force will act on the particle in the CSTR.

d cdt U =
fo=m ( )—qE-EQZ(to)

fQ(t)_d(pQ(t ) i MUQ) qEQ(tO)+q%xI§QZ(tO) (109)

‘/1——Qz(t)

If we are dealing with the particle’s kinetic energy,
va(t)

KE = jo uQ(t,)d (pQA(t,))
_ IVQ(to)uQ(to)d(M
0 1 u?Q? (t,)
C2

_ myV(L) JVQ(to)mou—Q(to)d(uQ(to))

ZQZ(t ) 0 l_ UZQZ(tO)

~ szQz(t) / ZQZ(t) o)
ZQZ(t )




22 22 2
__mV 52 2(to) Fmc? 1_\/9_2“0)_m c? :%—mocz (110)
1 V() ¢ 1 V()
c? ¢’

11. Newtonian Gravity in Expanded Universe

Newton’s Gravity is built in static universe. Hence, for making our cosmological theory, we modified
Newtonian Gravity in expanded universe.

At first, Newton’s gravity acceleration is

1 -

G=30()=-V§=———V¢ (1)
Q*(t,)
— 1 GM — 1 1 GM 50 1TGM , 1
= =— or ¢ = ———— ()= ———r 112
¢ ¢Q(fo) ro|t,) ? ¢Q(z‘0) 2 QL) 2R Q) 2
In this time, if Newton’s gravity potential is
- 1 Gm
- =— (113)
P00 T Al
Eq(111) is
= - 1 = aGMm . 1
a=aqQt)=- Vgp=——+7 114
e A= rea Ty .
If Newton’s gravity potential is
- 1GM , 1
= s 115
? ¢Q(fo) 2 /R Q) e
Poisson equation is in expanded universe,
Vg = 93(” ¢ p. P o) (116)
Newton force is in expanded universe,
F =mé = maqlt,) = FOlt,) (117)
12. Cosmological General Theory of Relativity
Einstein’s geodesic equation is in expanded universe,
a*x* =, ax“ax ”
5 +Faﬁ— = (118)
dr dr dr
Schwarzschild solution (vacuum solution) is in expanded universe,
2GM ar? _ — .
as® ar® + rede® + 1 sin’ 6d ¢
a rc? ) - . 2GM T oam T " 4
rc?
2GM ar? :
= —*(1— ——)at* + Q°(t,) [—————+ r*(d6° + sin® 8dp°)] 119
rolt)c? o 2aM 4 (19)
ro)t,)c?
Hence, Newtonian approximation is by Eq(119)
2 = 2
a = ar Q(z‘) -T},C (d[) ~102 ag_oo _1_c 09 :—G/ZM 21 (120)
ar? dr 2 or 2 Q(Z‘O) or re Q (Z‘O)
Hence, the gravity field equation of Einstein in expanded universe,
= 1 5 81G=
H’ﬂ EQ A = 04 Tyu (121)

In this time,
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I, =pc = ce = 122
AR o
Einstein’s general solution- Kerr-Newman solution is in expanded universe,
ds* =g, dx“dx”
2 _ 2
_ (- 2COM KRG e oo par - k6 2SN 2 et
c'x c's
c's o = o
re+xd6
72 —c2GMF +a %+ kGQ 24
acsin‘ o
+sin® 0[7% + a° + (2c*GMr - /(GOQ)T]O'(DE
c
T =7°+8&°cos’ 0= (" +a Q¥ (t,)cos* OV (¢,)
=3'Q(t) , =77 +a°0°(t)cos (123)
Hence, Kerr-Newman solution is expanded universe,
ds® =g, ax"ax"
2 _ 2
(- 2c GM:Q(Z‘OQ) KGQ o
c'z'Q(t,)
Q° 0
—oecimara,) - k6a?) E2 IS0 i
TOAr)
42 | QZ (Z. )
+O2 (1, )4 0 ar® +2'dé”
OUrROM(E,) - P2GMIrQt,) + &P 0 (t) + kGQP
ZQ4
+sin” Ol + a4 (L)) + (2c°GMraxt,) - kGQ?) 2 G, )SAm 9] °}
Q't)c's!
T=7°+38%cos’ 0 =(r"+a’Q%(t,)cos’0)°(t,)
=3'0%) , T'=r"+a"Q%t)cos’0 (124)

Robertson-Walker solution is Minkowski space-time by Einstein gravity field equation in CGTR-Eq(121) in
expanded universe.

as® = =c*at® +[ar® + 7PdQ’]1 = —c*dt* + P (t) lar® + rPdQ®]  (125)

13. Conclusion

We know Maxwell equations, electromagnetic wave equations and functions in the Cosmological Special
Theory of Relativity (CSTR). We are able to describe free particles by the Klein-Gordon equation and wave
function in the CSTR. We solve the Klein-Gordon equation in the cosmological inertial frame. Hence, we found
Yukawa potential dependent time in the cosmological inertial frame. We found Schrodinger equation from
Klein-Gordon’s free particle equation in the cosmological special theory of relativity. The wave function used as
a probability amplitude. We found the Dirac equation from Wave Function-Type A in the cosmological special
theory of relativity. The wave function uses as a probability amplitude. We found equations of complex scalar
fields and electromagnetic fields on the interaction of complex scalar fields and electromagnetic fields in Klein-
Gordon-Maxwell theory from Type A of the wave function and Type B of the expanded distance in cosmological
inertial frame. We quantized the Klein-Gordon scalar field in CSTR. We treat the Lagrangian density and
Hamiltonian. We address the particle’s force and kinetic energy in the cosmological special theory of
relativity.We find Cosmological General theory of Relativity. We obtain solution of Einstein gravity field
equation in expanded universe..
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