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Abstract

Investigating conformal metrics on (pseudo-) Riemannian spaces, a ‘scale-invariant’
choice for the Lagrange density leads to homogeneous d’Alembert eqations which
allow for source-free wave phenomena in any number of dimensions.

This suggests to apply a scale-invariant action principle rather than the Hilbert-
Finstein action to general relativity to also find general, non-conformal solutions.
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1 Notation

To reduce the number of letters used for indices, the same letter may be used more than
once when unambiguous, like in

99 — 1 99
g Fggc =297 9gg,¢>

9" L agg = 9% (gag,g - %ggg,a) :

No distinction is made between greek and latin letters for indices. They are always
understood as 4-dimensional.

2 Cartesian Conformal Map

With a constant metric being represented by any square root of the identity matrix,

+1

Moy = . = Uab ) det(nab) ==+l )
+1

define a positive real function E(z*) from an arbitrary logarithm function a(z*),

E:R"->R,, a:R"=>R,

ot B(xt) = et
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Metric Tensor

From a metric tensor, describing a conformal metric and constructed as

420
9 = E’nyy = & g" = B,
20
we find metric derivatives,
Yabe = 9. > Nay = 204,c e* Nab

= 2F? Nab@ ¢ 5
and the Christoffel symbol of the first kind,

I‘abc = % (gbc,a + gac,b - gab,c)
= E2 (naba,c + 770,(30[17 - nbca,a) :

Metric Connection

From that we get the Christoffel symbol of the second kind,
Fabc = gaarabc - E_2 naarabc
= 0%, + 0%, —n"a ., (1)
with the particular contractions

F65c = no (2)

,C

Faggggg _ E—Z Fannnnn — _(n . 2) E—2 nalla7u ) (3)

Covariant Derivatives

From (1), the covariant derivative of an arbitrary covector V, is given by

Vdva = V;d = V:l,d_v'yr’yad

a

= Va,d - Va o g — ‘/;l o, + ‘/r] a,nnnnnad )
so the contracted second covariant derivative, that is, the Laplace operator (or d’Alembert
operator, in four-dimensional spacetime) of the logarithmic conformal potential is then
_ 2
VMV“Oz = gy g9 = E Y n"

= E7? (a,, + (n—2)a,a,) n". (4)

1M
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From this follows, that in n = 2 dimensions the covariant Laplacian is identical to the
second partial derivative,

n=2 = ., 9% = 9% (5)

Connection Derivatives

From (2) and (3) we get the partial derivatives of the contracted connection,

A _
r Aed — N g,
a qg __ -2 1a nm oo . -2, ap
r 99.497 = E°T md 'l = (n Q)E -

and their second contractions,

F)\)\g,g ggg =n E_2 Oéﬂ?ﬁ 77777] ) (6>

FAgg,A ggg - E_2 F)\nn)\ 777777 = _(n - 2) E_2 & 7]7777 : (7>

Connection Derivative Difference

So from (6) and (7), the fully contracted connection derivative difference is

(Magg = Tgpn) 9% = 2(n— 1) E a0, (8)

Connection Products

From (2) and (3) we get the fully contracted ‘straight’ connection product,
M T7,,9% = —n(n—2)E o, o, ™. 9)

while the calculation of the ‘crossed’” connection product needs a more general calculation
from (1),

Fab’y 1—ch = (5aba,'y + 5a7a,b - napa,pnb'y) ' (578067(1 + 67da,c - nvaa,ancd)
= 9% (2 ot — a,na,nﬁmﬁcd) + (5ac04,b04,d + 5ad04,b04,c) —n*a, (a,c Mg + g 77bc) ;
contracting once,
FAb’y F’YC>\ = ((n + 2) a,b a,c -2 Oé,n Oém 777777 77170) E72 )
and fully contracted,

I 759" = —(n—=2)Ea,a,n™. (10)

3
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Connection Product Difference

From (9) and (10) we get the fully contracted connection product difference,

(F’\M 7, — T)‘g7 Fvg)\) g9 = —(n—1)(n—2)Ea,a,n™. (11)

Scalar Curvature

The fully contracted Riemann tensor is now obtained from (11) and (8),

A A A A
R = ((F Ay Iwgg -T g Fygk) - (F Ag,g r gg,A)) 9%
= —(n—=1)(2a,,+ (n—2)a,o, )n"E>, (12)

1M

According to (4), the second partial derivative can be substituted by the covariant deriva-
tive,

Wy " = (= (0= 2aa,) 0™,
so (12) can be expressed with covariant derivatives,
R=—(mn-1)(2a,,—(n—2)a,a0,)n"E?. (13)

From (12) follows immediately, that in n = 1 dimensions curvature vanishes identically,
as one-dimensional geometric spaces are trivially always flat.

It also follows, that in (n = 2) dimensions curvature of the conformal space is proportional
to the Laplacian, which in fact turns out to vanish identically,

R(QD) = —6A04E_2 = 0.

3 Variations

The variational derivative, varying a Lagrangian £ over a function f, is given by
oL oL oL

0L = — = -5 —
of  9f \0fa

_3_5_(“) +(0ﬁ> o
af 8.f;a ‘a af;ab :ab ’

in such a way that the Euler-Lagrange equation reads

) (an infinite recursion)
;a

5L = 0.
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Lagrangians from Scalar Curvature

For the Lagrange density we choose the Ricci scalar,
together with a power of E* as a scale factor,

L = E°R,

The totally scale-invariant Ricci scalar, expressed with covariant derivatives, is
R = (n-1)E"? (—2am77 + (n — 2)04;7704;77) nm.
and so

E‘R = (n—1)E"?*(-2a,, + (n — 2)ar, o) 0™

s
With
0
0B = %e‘w‘ = ae*™ = ab*,
Oa,
0o () = e = (6,%,%) =0,
) = (2] = 6o,
oa,,a,) da, Ja.,

o) = = (F5a2) = - (Gatataget) = 2
we find in particular

0o (B Paym™) = E*(a—2)a,n",

O, (Ea_%‘mo‘mnm) = E“_Q(—Qamn—k(a—Q) O‘;no‘m)nm]’

and the total functional derivative,

N

5, (E°R) = (n—1)E*" (—2((a —2)+(n—2)a,, +(a—2)(n—2)a, am>n"" ,
which gives a generalized equation of motion,

0o (E°R) = 0 =
(—2((a—2)+ (n—2)) a,, + (a—2)(n—2) o, ) " = 0.
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4 Field Equations

By choosing a = 2, all product terms vanish, so the homogeneous d’Alembert operator
on the logarithmic potential remains,

—2(n —2) E_zoz;,mnm7 = —2(n—-2)a,g" = —2(n—-2)0a = 0,

which tells that the source density of the logarithmic potential vanishes, and in 4-dimen-
sional spacetime gives a wave equation on the logarithmic potential,

2
Oa = a,g9% =0 = E*Oa = a,n" = 0. (14)

Effective Mean Curvature

The remaining part of the scale-invariant Ricci scalar, after vanishing of the source density
of the conformal logarithm according to (14), is then

E’R £ (n—1)(n—2) oo, ™, (15)
which reads: Mean curvature is proportional to the squared magnitude of the gradient of
the conformal logarithm function. Thus mean curvature can be seen as an energy density
of the logarithmic conformal field.

Only in 2D (and trivially in 1D), any conformal metric from a source-free conformal loga-
rithm function gives a flat space; those are the well-known holomorphic and meromorphic
functions on the space of complex numbers. The same does not hold true for higher di-
mensions, n > 3, and hence on 4D spacetime, where any conformal metric introduces a
curvature.

In dimension higher than n > 2, any conformal function (which is not simply constant)
curves space; there is no conformal metric which leaves spacetime flat except for a trivial
rescaling of the whole universe.

5 Discussion

In the context of General Relativity, Hilbert chose for the Lagrange density in the 4D
case

L = JgR = E"R,

to account for the volume element in some way, but this would not give a reasonable
wave equation here. Instead, the wave equation arises only when the power E? exactly
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cancels out any dependence on size of the volume element, which means, the Lagrangian
is ‘scale-free’ or ‘scale invariant’.

So Hilbert’s Lagrangian at least gives the source-free conformal wave equation in the case
of n = 2 dimensions, but this does not describe spacetime as we need it.

For n = 4 dimensions, Hilbert’s Lagrangian is £ = E* R, which is not scale-invariant,
that is, not independent on the absolute size of the volume element.

As an assumption of realism, each infinitesimal local volume element can not ‘know’ about
its absolute size in the universal context, so in a ‘general’ relativistic theory, the action
as well as the field equations should not depend on the absolute scale.

The Langrange density which is proposed instead is for n dimensions
L = {YgR = E°R,
which in n = 4 dimensions effectively becomes

L = {gR = E°R,

The expressions F?R, E?Oa are ‘scale-free’, which means, any infinitesimal volume el-
ement does not ‘know’ about its absolute size. In this sense this is a true near-field
geometry (eine ,wahre Nahegeometrie“, as Hermann Weyl had asked for). Exactly in this
situation the homogeneous wave equation arises.



