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abstract

In this note we are going to look at quite a few integrals involving hyperbolic functions

The number Pi is defined by

The number 72 is defined by

In this note we give some formulas related to 72 = 4 [ 0°° sinh™*(csch x) dx .
Keywords: Integrals,hyperbolic functions,series,number Pi.

[dentities

Entry 1.

(09) (o8]

cosh™(cothx) dx = j tanh™(sech x) dx
0

2 ®
— = j sinh™!(cschx) dx = j
4 0 0

Entry 2. Foru > 0, we have

2 )

— = usinh™*(cschu) + j sinh™*(csch x) dx + j sinh™*(csch x) dx
4 sinh~1(cschu) u
2 u sinh~*(csch u)
T + usinh™(cschu) = J sinh~*(csch x) dx + j sinh~*(csch x) dx
0 0

Entry 3. Foru > 0, we have

w2 vox ®
— = usinh™*(cschu) + f _ dx + f sinh™*(csch x) dx
4 o Sinhx u
2 u sinh~(cschu) x
— = usinh™*(cschu) + f _ dx + f _ dx
4 o Sinhx 0 sinh x



Entry 4. For u > 0, we have

2

T u @
T + usinh™*(cschu) = f sinh™(cschx) dx + f dx
0 u

sinh x

2 oo oo
s . x
— 4+ usinh™*(cschu) = f _ dx + J , dx
4 4 Sinhx sinh~1(csch ) SN X

Entry 5. Foru > 0, we have

2 = 4u + 4(1 + u) sinh™*(cschu)

-8 z (-t (u

u 1
+ sinh™*(cschu) —nmwtan™?! (E) —nmtan™! (E sinh™*(csch u)))

Entry 6. For sinh™(csch) < u < m, we have
m? = 4u + 4(1 + u) sinh~*(csch u)
o (-2l - 1)B
N 82( )™ ( )B,
n=1

(u?™*1 + (sinh™!(cschu))?™*1)

2n + 1)!

where B,, are the Bernoulli numbers:

B _{1 1 1 1 5 }
" 16'30°42'30°66"

Entry 7.
2 o (—Dr(227 "t — 1)B 2n+1
72 = 4(n(1+2)) +8In(1 +v2) + 16 S 2 ((Zn — Bn (1n(1 +v2))"
n=1
Remark: B,, are the Bernoulli numbers.
Entry 8. Foru = 0, we have
u ® e—(2n+1)u
2 = 4}; sinh™*(cschx) dx + 8 Z)m
n:
Entry 9. For 0 < u < , we have
2 —(2n+u o (_1)11—1(2211—1 _ 1)3
e
2 =4u+4uln2 — 4ul 82— 4 Ty2ntt
14 u+4uln ulnu + 0(2n+1)2+ 1 n2n+ 1) u
n= n=

Remark: B,, are the Bernoulli numbers.



Entry 10. For u > 0, we have

-2n+1u sinhu
—82 82 (Tre)
(2n +1)? + (Zn + 1)2\1 + coshu

+ 8] (1+coshu)z ( sinhu )
n sinhu 2n+1\1+ coshu

= tanh2.
2

2n+1

2n+1

sinhu

Remark:
1+coshu

Entry 11.

% = 4(In(1 + v2)) +81n(1+«/_)+4x/_2(2n)% F(l,l,n+%,%)

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.

Entry 12. Foru > 0, we have

nz 00 [ee]
— = ucosh™!(cothu) + J cosh™(cothx) dx + J tanh™!(sech x) dx
4 u cosh™1(cothu)
2 u cosh™1(cothu)
T + ucosh™(cothu) = j cosh™(cothx) dx + j tanh™(sech x) dx
0 0
Entry 13.

n? =4(In(1 + \/E))z + 8] cosh™1(coth x) dx
In(1+v2)

n? =4(In(1 + \/i))z + 8f tanh™!(sech x) dx
In(1+v2)

Entry 14. For u > 0, we have

2

fut h™1(sechx)d +§:(SeChu)2n+1 F(l +1 +3 (sechu)?
—_— = an secnx X Bz -, n g (2 —,secnu )
o L (2n+1) 2 2 2

2

%:f tanh~ 1(SeChx)dx+Z((2f1)2

u)2n+1

F(Z +1 +1 +3 ‘2”)
n yn 2,n oK e

2 —(2n+1)u

T _ 1 Z—
2 fotanh (sechx)dx + 2 Zn+ D)2



Remark: F(a, b, c, x) is the Gauss hypergeometric function.
Entry 15. For u > In 3, we have

7.".2 u e —1 n—1 ze—u n
T:f sinh‘l(cschx)dx+z( " ( ) F(nonn+1,e™%)
0

n2

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.
Entry 16. Foru > 0, we have
2

s
= f sinh™*(cschx) dx + Z
4 0

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.

(2 '“)"

Finonn+1,—e™)

Entry 17.

4

% = jo " sinh-t (% ((coth) - (tanh;)4)> dx

o _{ 4sechx (1+ (sechx)?)
2 = f tanh™?! dx
0 1+ 6(sech x)? + (sech x)*

Entry 18. For 0 < u < V2 — 1, we have

o)

Z(zn)( D" 2n+1F(2 FLntonto 2)+f11 j h‘1< 2x )d
(2n + 1)2 nrhnTonT )T ) M 15

n=0

Remark: F(a, b, ¢, x) is the Gauss hypergeometric function.

Entry 19. For u > 0, we have

m? o

— = usinh™*(cschu) + ZJ sinh~*(csch x) dx
4 sinh~1(cschu)

jsinh_l(csch u)

+ sinh~*(csch x) dx
u
Entry 20.
oo oo n+1
2 (_1)n—1(22n—1 _ 1)Bn tanh >
T:1_2 Znt 1l +2nln —
~ n - - tanh>

—2n 1(1 Zn—l(zn + 2))
2 Z n+ D21 —e2n 1)



Remark: B, are the Bernoulli numbers.

Entry 21.

L i (D@ - DB, O (n+ 1)e2n?
B 2n+ 1! . (2n + 1)2
n

Remark: B,, are the Bernoulli numbers.

Entry 22. Foru > 0, we have

S

7.[2

—=—f lntanh dx+

4

Entry 23. Foru > 0, we have

u x - 1 U\ 1 1 Uu
_fo lntanh<§)dx+zﬁ<1—tanhi> F(l,n,n+1,§—§tanh§>

Remark: F(a, b, c, x) is the Gauss hypergeometric function.

Entry 24. For u > 0, we have

u X
— fo In tanh <§) dx
= on 2
S 1
e~ n 1+ tanh~
n-1

() EE (1 e yend) )

k=1
Entry 25.
oo I0o) oo n+1
_r ZZ( 1)"( o ) (1) +Z 1 tanh 5~
_1 o 2n+1 _ 2n+3 _ nin n
2(e—1) — e 1 e 1 L 2k+1 P tanh
Entry 26. For s = 2,3,4, ..., we have
2 s i
7= —Zf Intanh(x) dx — 2 Z Intanhn
0 n=s
v\ D
+2 Z Z —— ce((tanh(n — k +5))¥ — (tanh(n — k +5))7%)

where



k_
] (tanh 1)?m+1

Cox = 1-— W ,k = 1,2,3,
m=0
k-1
(tanh 1)2™
Cok—1 = Incosh1 — Z o k=123, ..
m=1

fors =2

w2 z N
— =2 f In tanh(x) dx — 2 2 Intanhn
4 0 n=2

© Mo k1
¥2) EDT L ((tanh(n— k + 2)) — (tanh(n — k + 2))%)

k
n=1k=1
Entry 27.
w2 2]11 g +§Z": 1 (1 — (tanh(n — k + 1))*
4 Onan xax k2\ (1 + tanh(n — k + 1))k Cr
n=1k=1
where
1 1 —tanh1
e = F(l,k,k + 15) — (1 —tanh 1)*F (1,k,k + 1'T>
Remark: F(a, b, c, x) is the Gauss hypergeometric function.
Entry 28.
™ = - . 1 1 > (—1)k
2@ =1 2 Z Intanhn + 2 ZH) (e4n+2 —1 T gmme 1) 2k + 1
n=1 n=0 k=n+1

(o) o] n
T (1" 1 1
e Zlntanhn 2 Z)Zn n 3;(_1) <e4k+2 1 gtkTe _ 1)
n= n= =

Entry 29.

[ee)

)dx + f In(1 + sechx) dx

u

ex—1

T u 1 u
—+u?= f cosh™! ( p )dx + f In(1 + sechx) dx
8 0 e*—1 0

where



Y ) I PPN i S PP
u_n\3 3 3

Entry 30. For u = 0, we have

7'[2 In2 1 [o%)
— =uln(1 + sechu) + f cosh™! ( p )dx + f In(1 + sechx) dx
8 In(1+sechu) e* —1 u
71'2 In(1+sechu) u
— +uln(1 + sechu) = J cosh™?! ( ) dx + f In(1 + sechx) dx
8 0 e —1 0
Entry 31. For u > 0, we have
2 (1 — sechw)™1 o 27K-1
L uIn2—/2(1 = sech Z ( )2-3m
g  “" (1= sechw) 2n + 3 Jk+1 £
Z( 1)™(sechu)™*! z <2k) 2‘2"
n+1 k/n—-2k+1
k=0
Endnote

Entry 31.

— = Sin X
4 0 vex— 1

T In2 1
— = f cosh™1 ( ) dx
8 0 e —1

71_ (o]
— = J In(1 + sechx) dx
0

w2 ® [ [cothx—1
—=f sinh — |dx
8 0 2

2 In2

” -1

— = f tanh 2e* — e2X dx
8 0




oo

n? =4(In(1 + \/f))z + 8f sinh™(csch x) dx

In(1+v2)
2 ln(1+\/§)
2 +4(In(1+v2)) = 8[ sinh~*(csch x) dx
0
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