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ABSTRACT.In this work we used an algebraic method that uses elementary algebra . To
create series. We used the series and Euler function ¢(n) to find solutions to some
types of Diophantine equations such as p =dn—n+ 1. We found a relationship
between the solutions of the Diophantine equations and solutions of some types of
congruences that use the ¢(n) function. This relationship is the results that relate the
solutions of congruence to the solution of the equations.
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1.INTRODUCTION

According binomial theorem and difference of tow nth power theorem if n a positive integer and
x y real numbers then

n

(x+y)" = Z (:) Xy

k=0
And

n
X" -yt = (x - y)z x" Iyt
j=1
2.basic series

Theorem.1 let k and g real numbers where nis odd then

1+k—-9g" g"-1
1+k—g g-—1

n—-1 __ 1
_ _k<g_>
g—1
n-1 _
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+ kz (1)) (k—g) (g— —(g"2+g™ 3. ....g"‘1‘1)>
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Theorem.2 let ¢ (n) Euler function where @(m) = d(n — 1) where n in an odd where a% %
1(mod m), (a,m) =1,Va € N then
m”+1_ad”—1( am)
m+1  agi_1oem
Theorem.3 if p prime number and p = dn—n+ 1 wherenisodd (p,a) =1 then
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p"+1 a™
p+1  a

-1
—7 (mod p)

Theorem.4 let p prime number and a a positive integer a?"" £ 1mod p™ then

p™ +1 _ aP" -1
p™+1 = QP _ 1(m0d p™)

In this section we will create the basic series
Basic series. Let nis an odd k, g, u, real numbers then

Lnn(k:g:u) = V;zn(k:g,u) + Sn(k; g)

Where
u" + (k—g)" g"—1
n frd f—
Ln (kg u) = u+k—g m(g—l)
And
n-1
%”(k,g;u) = Z(un—j—l _ m)(k _ g)j
j=0
And
gn—l -1
Sn(k, h) = —km (ﬁ)
= . (g™t -1 .
+ ka(—l)J‘l(k - g)/ (ﬁ —(gm 4+ g3 ....g”"‘l))
j=1

Proof. let k, g, u real number then according to difference of tow nth power theorem we have that

n

(k=g = (=" =k ) (k = gy (=g)"™)
j=1
Then
n
~(=g)" = (k= )" +k ) (e = g)/ " (=g)"™
j=1

let ¢ € R,n € N where m constant then by multiplying m and adding u?(k — g)™ from both
sides

wi(k = g)" = m(~g)" = ui(k — )" = m(k — )" +km ) (k = g}/ (~g)""I
j=1

Then

n
(1) Wik = g)" = m(=g)" = (ut = m)(k = g +mk » (k = 9" (~g)"
j=1
According difference nth power theorem if n is odd we have



ut+ k—g)"

ut+k—g
=uv -y (k—g)+ut 3 (k—g)  —uttk—9)3 e (k= )™
And
g" - 1) _ n-1 n-2 n-1
m(g—l =g +9 +9 S |

By subtracting m(gg—_ll) from (%) then

e (1)

=u" ' -m—u"?(k —g) —mg +u"(k - g)? —mg® —u""(k - g)°

—mg3 . (k=g —mgn 1t
By extracting the common factor between the terms we find that
u+ (k—g)" n—-1
@ (k—g)" m(g )
ut+k—g g-—1
=u" —m— W' (k - g) + mg) + W *(k - g)* — mg?)
— Wt k-9 +mg®) (k=g —mg™ 1)

So we note in equation (2) term (1) equal u™®~! —m and term(2) equal u™2(k — g) + mg and tem
(3) equal u™3(k — g)? — mg? so From equation (1) we have

ut(k = g)" = m(~g)" = (u —m)(k = g)" +mk ) (k = g)I ™ (~g)"™J
j=1

Let

qu(k, g4, u) = uq(k - g)n - m(_g)n
And

Zy 1k, g, u) = W —m)(k — g)"

And

Calle,g) =k ) (k = g)I = (~g)"™)

j=1
So
(3) W, (k,g,u) = Z,(k, g, uw) + Cp(k, 9)

From equation (3) and term (1) in equation (2)
uml—m =w,"" %k, g,u)
From equation (3) and term (2) in equation (2)
u2(k —g) + mg = W," 2%(k, g, u)
Term (3) and equation (2)

u"3(k — g)* —mg?® = W3, (kgu)
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Last term in equation (2)
(k=g t—mgtt=wnriTL L (kgow)

Then we have that

-1
= ) ()Wt (k, g,u)
0

S
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u"+(k—g)”_m<g”—1)
ut+k—g g-—1

-
Il

We note from equation (3)
Wo(k, g,u) = Zn(k, g, w) + Cr(k, g)
Where
Z, (k, g,u) = (T —m)(k — g)"
And

Ca(k, 9) = me(k —g) Y (—g)")
j=1

From equation (3) and (4) we have

u + (k—g)" gr—1
®) ut+k—g _m(g—l)
n-1 n-1 J
= > @ —m)e— ) +hm ) (=1 - g)" M (=g) T
=0 j=17=
Let
ut+ (k—g)" g"—1
g Lnlleg,u) = ut+tk—g _qn(g—l)
n
Vil gw) = ) (=1 (@I = m)(k - g’
And =
n-1 J
Salk,g) =km "> (=) (k - )" (=g)/ "
j=1r=1

Then we have



(6) Ly (kg u) = V,"(k, g,u) + Sy (k, g)

Note g/~"(—h) = (=1)""g/~"(h) and (-1)/(—=1)/7" = (-=1)¥ " = (=1)"if jand r is odd or
even note we find in s, (k, h)
n-1 J

Sn(k,g) = kmz Z(—l)r(k — g)r—1(_g)]’_r

j=1r=1
Then we have

1 2
$n(k,g) = km (Z GO =9 N 1y (- gyt
r=1 r=1

3 n-—1
+ Z(_Dr(k — )G e, Z(—l)r(k - g)r_lg"_r>
r=1

r=1

By analyzing all the comple;( terms of the S, (k, g) we find that )

Suk,h) = kem ((=1) + (=g + (k = 9)) + (=g* + g(k — g) — (k — 9)?)
(-9’ +g*k-g —gk—g)+ (k=9 .. (=g + g"*(k — @)
— gV 3k = 9)* + g U = )% e (R — 9)"P))

In S,,(k, h) a all compound terms have been dismantled note if we add for every first term in the
complex term we find that —(-1+ g ... ... ... g™ ?) then we adding the terms to include that (k — g)

finding that (1+g.....g" %) then the terms that include (k— g)? we find that (—(1+

g - .....gf‘3)) if the method is equal all the terms can be added 1 < j < n — 1 until we reach the
last terms (k — g)™ ! then

sn(,R) =km(—=(1+ g+ g% ... g+ Uk-9(A+g+g°+5° . g")
—k=—9)?A+g+g*+ g% g (k=)™ )

Using the binomial theorem it is possible to abbreviate all the terms that include, (k — g) and
(k — g)? and (k — g)3until we reach the last term (k — g)™ 1, we notice that

~ gn—l -1
—(1 2 e gV = 0——
(1+g+g g") =1
_ git-1
k—g)A+g.u...g"3) = (k—g)<ﬁ—g” 2)
_ git-1 _
k—g)*(A+g . g™H = (k—g)2<ﬁ—g” Z_gn 3)
Then we have that
n-1_1 n-2 ] . n-1_1 .
Sn(k, h) = km <ggT> + ka(—l)]_l(k — g)] (21—_1 — (gn—z + gn—3 _gn—]—1)>
j=1
Then
u+ (k—g)" gt—1
7 L,k g,u) = - ( )
7 allog,u) == m (T



n-1
(8) Vh.(k,g,u) = Z(—Df(un—f—lj —m)(k — g)’
) " S.(k,h)
n—-1 n—-1 1 '
= —km (gg—> + ka( 17k - g)’ (g—1 (9" + 9" ..g"‘1‘1)>
3.proof theorem.1

In this section we will use the basic series L, (u, k,g) = V", (u, k, g) + S,,(k, g) in prove the
theorem.1 and use the theorem.1 to prove theorem.2 letin V,,"(u, k, g), u = 1 and m = 1 then we
find

V0,1 = ) (=D = 1)k - g)) =0

Then
L,(wk, 1) =V,"(u, k,1) + S,(k, g)
Then
L,(u,k,1) =0+ S,(k, g)

According to the equations, (2,7, 2.8,2.9) we find that
1+k—-9g" g"-1
1+k—g g-—1

B gn—l_l
+kZ( 1)/~ (k - g)f(

Proof.theorem.2 and theorem.3

According to Euler 5 theorem (a,n) = 1 where ¢(n) Euler function then a®®™ =
1(mod n) see [K. M 244]

Tl 1

— —1 (g"2+g"3.. ....g”‘f‘1)>

proof. Theorem.2 from theorem.1 if nis odd and k g real number we have

1+k—-9g" g"-1
1+k—g g-—1

3 gn_l—l
+kZ( 1)/~ (k — g)f(

— —1 (g"2+g™ 3. ....g”‘f‘1)>
=

Let in theorem.1 k = a® +m and g = a® then k — g = m so we have

‘l’l 1



1+m® a%" -1

1+m a?-1
=—(ad+m)<

ad(n—l) -1
-1

n-2 . ) adn—d _ 1 .
+ (a% +m) Z (—1)/~'m/ —— (adn-2d 4 gdn-3d gdn-jd-1d)
j=1

Then
1+m® aq®" -1 ?m-1 _ 1
1 - — _(nd
(10) Tom a1 (a +m)<—ad_1 )
it adn—d -1
+m Z(—l)f—lmj—l —a T (adn—Zd + gdn-3d ____adn—jd—w)
= ¢
Let V equal
n—2 . ' adn—d -1 .
(11) V=_(%+m) z (—1)/"1m/-1 — - (adn—Zd + gdn-3d m_adn—]d—ld)
j=1

From equation (10) and (11) we have that
1+m"* a% -1 ad-1 1

12 — — (a4 - -
(12) 1+m a?-1 (a +m)< a? —1

>+mV

Let o(m) = d(n — 1) where @(m) Euler function then we note in rigor side equation

1+m® a%" -1 a®™m — 1
(13) _ = —@@®+m) (—) +mV

1+4m a%-1 a¢ -1
According Euler theorem
a®™ = 1(mod m)
From equation (13) and Euler theorem if a% # 1(mod m) we have

mt+1_ a%" -1

m+1 _ al—-1 (mod m)
Proof. Theorem.3 from equation (13) we have that
1+m" o -1 (at +m) a®™ —1 -
T+m ai—1 & T\ 7ga 1 m

Let m = p where p prime number according Euler function o(p) =p—1=d(n —
1) and n is odd then we have

1+p* a¥ -1 aP~1 -1
" ()

1+p a?-1 a—1

Thenlf p — 1 =d(n—1) wenisodd we have



p"+1 a™—-1
pt1 - qi—1 (modp)

Proof. Theorem.4 according theorem.2 if ¢(m) = d(n — 1) where n is odd we have

mt+1_ a%" -1
m+1 at-—-1

(mod m)

let in theorem.1 m = p™ and n = p then according Eulere function o(p™) = p™ (p —
1) so d=p™?! and dn=p™ we have that

p™ 4+1  a?" -1 e
T = L — (mod p™(a? T+ pm))
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