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Abstract

In previous papers, we proposed several new methods to obtain general solutions or analytical
solutions of some nonlinear partial differential equations. In this paper, we will continue to
propose a new effective method to obtain general solutions of certain nonlinear partial differential
equations for the first time, such as nonlinear wave equation, nonlinear heat equation, nonlinear
Schrédinger equation, ete. .

Keywords: Analysis methods; nonlinear partial differential equations; general solutions; ana-
lytical solutions.

Introduction

The general solution of nonlinear ordinary differential equations is a field that has been
studied in depth [1], and many research results have been obtained, such as Riccati equation [2],
Abel equation [3-6] and so on.

Since the birth of the discipline of partial differential equations, there are very few cases
that the general solution of linear equations can be obtained [7,8], and the general solution of
nonlinear PDEs is one of the most mysterious areas of mathematics in which few people have
studied [8,9]. Current research directions for nonlinear PDEs are mainly:

1. Use various analysis methods to obtain exact solutions [10-14], such as exp-function
method [15-17], tanh-coth expansion method [18], tanh-expansion method [19], Homogeneous
balance method [20-22] and so on. Among them, the solitary wave solution is one of the most
concerned focuses.

2. Use diversified numerical methods to study the problem of definite solutions [23-27].

3. Using qualitative theory to analyze the definite solution problems of various nonlinear
PDEs, such as the existence [28-30], uniqueness [31,32], asymptotic behavior of solutions [33,34]
and so on.

4. Exact solutions and qualitative theory of fractional nonlinear PDEs [35].

In our previous paper [36], a variety of new methods for solving PDEs were proposed. A
large number of general solutions of linear PDEs were obtained for the first time, such as
Laplace equation, Poisson equation, Schrodinger equation, homogeneous and non-homogeneous
two-dimensional wave equations, acoustic wave equations, Helmholtz equations, heat equations,
transport equations, etc., and general solutions of some nonlinear PDEs were got for the first
time [37,38], such as
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In R"
a1Ug, + Uy, + ...+ apuy, = A(u), (1)

where A(u) and a; = a;(u) are arbitrary known functions, the general solution of Eq. (1) is

f(ylay27--'ykvxk+17xk+2v"'xn):()7 (2)
where N N N
Yi = Ci1%1 + CipT2 + ...+ Cipy — / Qi T a2 T T OkGik du, (3)
A (u)
9 (Y1, Y2, - - Yk)
#0, (4)

8(:51,:52, .. l'k)

cij are constants which satisfy (4) (1,7 € {1,2,...k}).

This paper will continue to propose a new analysis method and obtain the general solutions
of many types of nonlinear PDEs very concisely and clearly for the first time.

1. General solutions of nonlinear PDEs I
Earlier we proposed Z4 Transformation [38]:

Z, Transformation. In the domain D, (D C R™), any established mth-order PDE with n space
variables F (x1,. .. Tk, U, Ugy,s - - Upy, Upizgs - - -) = 0, set Yy = y; (21,... 2k, u) and f(y1,y2, ...

Yk Tht1s Tht2, - - - Tn) are both undetermined mth-differentiable functions (f,y; € C™ (D), 1 <
i <k<mn) y,vy, ...y are independent of each other, and set f(y1,y2, ... Yky Tht1s Tht2y-- - Tn) =
0, then substitute u,ug,, ... Uz, , Uz o, ... nNto F' =0

1. In case of working out y; = y; (x1,...xk,u) and f(y1,92, ... Yk, Tht1, Tht2,---Tn), then
fy1,y2, -+ Yk, Thot1, Tha2, - - - Tn) = 0 is the solution of F =0,

2. In case of dividing out all the partial derivatives of f(y1,y2,... Yk, Tht1, Tht2,---Tn), also
working out y; = y; (z1,... Tk, u), then f(y1,y2,... Yk Tht1, Thi,---Tn) = 0 is the solution of
F =0, and f is an arbitrary mth-differentiable function,

3. In case of dividing out all the partial derivatives of f(yi,Y2, ... Yk Tht1, Thi2s---Tpn), also
getting k = 0, but in fact k # 0, then f(y1,Y2, ... Yk, Tkt1, Tki2,---Tn) = 0 is not the solution
of F =0, and f is an arbitrary mth-differentiable function.

Below we use Z4 Transformation to propose theorems 1 and 2.

Theorem 1. In R",
a1 Ug, + QUgy + ...+ apuy, =0,(2 <k <n) (5)

the general solution of Eq. (5) is

)

k
lixi
f <Z + i1 + 9 (Tha1, Trg, - l“n)) =0, (6)

i1

where a; = a;(u) are arbitrary known functions, f and g are arbitrary functions, and l; are
relative arbitrary constants which satisfy

=0 (7)



Prove. By Z; Transformation, we set f(v) = 0 and

v = Z cjri + g1 +g (Tht1, Tht
Jj=1

27“-«7777,)

where ¢; = ¢j(u) are undetermined functions, I} is an arbitrary constant, then

k

/ .

Vg = Ci + Uy, E T (1<q
Jj=1

Vzp :gzpa(kgpgn)

<k)

k
/ !/ / .
Joo = Fove, = fi | €t ua Yy Gy | =0,(1<i<k)
Jj=1
h df ;o de
where f] = do0 G = qu> SO
k .
Ci + Uy, Zc;»uxj =0= uy, = kiz
j=1 Z] 1 ]uxﬂ
Then
k
—G;Cq —
alux1+a2ux2+~-'+akuxk.:sz i— = , Zach—O
i=1 2vi=1%,%J J 16, %5 =
k
— Z a;c; = 0.
i=1
Set
a;C; = li, (Z = 1,2, PN k)
Namely
l;
C; = —
a;
and

k
Zaici:Zli:

i=1 i=1
So the general solution of
A1 Ugy + A2Ugy + - .. + GgUg,

is

i=1

The theorem is proven. [J

Theorem 2. In R", the solution of

k
liz;
f (Z o “ o Ui+ 9 (Thp1s Trps -

=0

aru® + asul + ...+ apu) = 0,(2 <k < n)

(10)

(11)

(12)

(13)



18
k
f w(u)xl—i—chxj—i—g(mkﬂ,ka,...xn)+C’ =0, (14)
j=2
where a; = a;(u) are arbitrary known functions, ug) a gig, f and g are arbitrary functions,

c¢; are arbitrary known constants (1 <i < k,2 < j < k), C'is an arbitrary constant, and w(u)
satisfies )
(a1w? + A (v)) wl) — 2a1w(w),)” =0 (15)

k
Au) =) a;c; (16)

=2

Prove. By Z; Transformation, we set f(v) = 0 and

k

v:charj+g(azk+1,xk+2,...xn)+c (17)
j=1

where ¢; = ¢;(u) are undetermined functions, C is an arbitrary constant, then

k
Vg, = € + Uy, Zc;-u:xj, (1<i<k)
j=1

Vzp :gmpa(kgpgn)

@ _ @) o LN
Vg, = € Ugy + Uz, D C Tj A Uy D € T iU + Ug €
— 920 (2) i / 2 i "
= 2] Ug, + Uz, > cj xj +ug, iz
j:]. 7j=1
2 2
v =g@ (k<p<n)
Because
k
/ !/ /
fmz: vvftl_fy Cz+uxizcj xj :O,(1<Z<k‘)
Jj=1
o, (2 ", 2
Jow, = f’vaUi( )+ fo va; )
/ / (2) b / 2 K / 1" k /
= 11 (2, + a3 s S ) 4 St 3 G| =0
n__ dif g _ d%¢
where f; = -5, G, = Gt SO
k
. E ! =0 — G
Ci + Uy, ¢, Tj = = Uy, = -t
j=1 Zj:l €, Tj
2 (2)k/ ) Qk// —
Ch Uay + Uz, Y oxjtug, > xg =
2
20! ¢ _ i Zk o
E J . 2 2.5=1%5,%j
2 2¢ ug.+u2. 1?21 c’ x; u Zj:l i T Z’?: e xs
:>U§ci):— ly Ti i L] Ju — u (.71l.7u7)

k k
27=1 €T 251y %i



Namely
1ok / . 2k "o
(2) 2¢;, ¢ Zj:l Ci L — G Zj:l € Lj
7 k ,
(ijl Cjﬁﬂ‘)
Then
2 2 2
alugjl) + a2u§E2) 4+ ...+ akugjk)
k k k k
_ 2,300 ¢, e 2333‘:1 7% + ay 2ch, 2 51, =% 23:1:1 Cu i 4.
k k
k(ijl Cg‘uzj) . (5= Cé'u%')
ta 20;% Ch 21 c;-uxjfci 233]-:1 c;’uxj —0
k
(Zj:l C;u$])
We get
k k k k
/ / /1 2
2 E ;. Tj E asCsCy, — E T g asc; =0 (19)
j=1 s=1 j=1 s=1
Set
c1 =w(u),cs = const, (2 < s < k) (20)
So
k k
/ _ / / _ /
E Cj,Tj = Wy, T1, E AsCsCy, = ALWW,,,
j=1 s=1
k k k
/ " 2 2 2 2
E €, Tj = Wy, T1, E asc; = ajw” + E asc; = ajw* + A (u)
j=1 s=1 s=2
k k
_ 2 2
A(u) = g asc; = g a;c;.
5=2 =2
Whereupon

k k k k
/ / /" 2 / / " 2
2 E ¢, %j g asCsCs, — g ¢ %j g asC; = 2w, T1a1WW,, — W, T1 (alw + A(u)) =0.
j=1 s=1 j=1 s=1

That is
(a1w2 + A (u)) w, — 2a1w(w/u)2 =0.

So the solution of alug) + agug@ + ...+ akugi) =0is
k
flw(u)z + chacj + 9 (Thy1, Thyo, ... xn) +C | =0,
j=2

where w(u) satisfies Egs. (15, 16). O

In R™, according to Theorem 2, we can get the solution of

(sinu + cosu) (cos®u — sinu)

B (st + cos?u) Uge + (sinu + ) uyy + (cosu — u) u,, =0

is
f(e™z+y+2z4C)=0.



2. General solutions of nonlinear PDEs I1

Below we propose a new method which can effectively obtain general solutions or analytic
solutions of some nonlinear PDEs.

Method 2. In the domain D, (D C R™), any established mth-order PDE with n space variables
F(x1,...Tny Uy Ugy s Ugy, Ugyzgs---) = 0, set v = v (x1,...2,) and u = f(v) are all undeter-
mined m-order derivable functions (u,v € C™ (D)), then substitute u = f(v) and its partial
derivatives into F' = 0 to obtain the mized differential equation Fg(xl, e Ty fy f;, f;,, o Ugy s
e Vg Vgyagy---) =0, and let H (x1,...%n, 0, Vg, Vg, Vgyag, - -.) = 0, then

In case of working out v = v(x1,...2,) of H(x1,... 20,0, 0z, ... Vg, Vgizq,---) = 0, and
Fg(ml, e T, [, f;, f;’, e Vgys o Vzs Vsyags - - -) = 0 could be transformed into an ODE F(f, f;,
fus---) = 0 whose solution is ®(f,v) =0, then ®(f,v) = 0 is a solution of F(x1,...%Tn, U, Ug,, ...

Ugy s Uzyzgy - - -) = 0.

In general, if v = v (21, . . . 2, ) is the general solution of H (21, ... %n, U, Vg .. Vg, s Ugyzgs - - -) =
0, then ®(f,v) = 0 is the general solution of F(x1,...ZTpn, U, Ugy,... Up,, Uzizg,--.) = 0; if v =
v(x1,...xy,) is a analytic solution of H (z1,...%n, vV, Vg, ... Vs, , Vs 29, - --) = 0, then ®(f,v) =0
is a analytic solution of F(z1,...Zpn, U, Ugy, ... Usg,, Uz zys---) = 0.

Below we use Method 2 to propose Theorem 3-9.

Theorem 3. In R?,
a1t + AUy + a3ty + aquz. = A (u), (21)

the general solution of Eq. (21) is

T(§)+A(77)+C=i/ (be+/K(U)dU>_;du, (22)

where a; — ayq are arbitrary known constants, A(u) is an arbitrary known function, Y(§) and
A(n) are arbitrary unary functions and

1
2 2 2\ 2
52 (_a2k2+azk3+a4k‘4> t+k2x+k3y+k4z+k5, (23)
1
1
l2 l2 l2 2
77=—<—a22+a23+a44) t+ lox + lsy + Lz + I, (24)
1
¢ = byt + box + b3y + byz + bs, (25)
2A
K (u) = (u) (26)

alb% + agb% + agbg + a4bi’

where ks, 5, bs and bg are arbitrary constants, ka—ky,la—14, b1 —by are relative arbitrary constants
which satisfy

askoly + asksls + agkaly — \/(CLQk‘% + agki% + CL4]{IZ) (agl% + aglg + a4li) =0 (27)

1
agkg + a3k§ + CL4]€£) 2 —0

agboky + azbsks + asbsks 4 a1by <— .
1



1
agl% + a3l§ + a4lz> 2 _0

asbslo + asbsls + agbgly — a1bq (— o (29)
1
Prove. According to Method 2, we set
u(t,,y,2) = f(v)
where f is an undetermined unary function, then
a1Ugt + A2Uzy + A3Uyy + A4U,,
=a (f;/vf + f;vtt> + as (f;/vg + f;vm> + a3 (f;/vg + f;vyy) +ay (f;/vg + f;fuzz) .
Namely
f;, (alv? + CLQ’U?E + agvz + a4v§) + f;, (alvtt + AoVzy + a3Vyy + CL4’UZZ) =A (f) . (30)
Set
a1V + A2Vzy + a3Vyy + a4V, = 0. (31)
The general solution of (31) is [36]
v(z,y,2z) =" )+ A0+ (32)
where T(§) and A(n) are arbitrary unary functions and
1
k‘2 k‘2 k‘2 2
€= <_‘L2 ZHZ 5+ aa 4) t+ kow + k3y + kaz + ks
1
1
l2 l2 l2 2
n = _<_“2 2 +“;” 3+a44> t+lox + I3y + lyz + 15
1
¢ = bit + box + b3y + byz + bs
where kg — k5, lo — I5 and by — bs are arbitrary constants. According to (32) and (23-25)
! 2 ! 2
alvtz = — ((12]{% + a3k?2) + a4ki) <T§> — (agl% + a3l§ + a4li) (Aﬁ> + alb%
— 2/ (a2h3 + ask? + ask?) (al3 + asl3 + aal3) TLA, (33)
ask? + ask? + ask? 2 / asl? + asl? + aql? 2 /
+ 2a1b1 <— 2 3 4) Tf — 2a1b1 (— 2 3 4) A’?’
al ax
! / 2 I ’ ’ ’
CLQU?C = agk% (Tg) + CLQZ% (An> + GQb% + 2a2k2l2T5An + 2a2b2k2T£ + 2a2b212An, (34)
N\ 2 I\ 2 o / /
agvg = agkﬁ% (Tg) + agl% (Aﬁ> + a3b§ + 2a3k3l3T§An + 2a3b3k3T§ + 2(13[)3[3/\”, (35)
/ 2 / 2 ! / / /
a4v§ = CL4]€§ (Té) + a4lz <A77) + a4bi + 2a4k4l4T£An + 2a4b4k4T5 + 2a4b4l4A,7. (36)

alvf + agvg + a3v§ + a4vg

= 2T,£A;7 (agk‘zlg + asksls + askals — \/(CLQk‘% + a3k§ + a4k:Z) (CLQZ% + agl§ + %li))

1
_ a2k§+a3k§+a4kz ) 2
ay

+2TI§ (a2b2/€2 + asbsks + asbsks + albl<

ai

, 2 2 2\ %
+24,, <a2bzlz + azbsls + asbsly — a1by (-m> 2)
+a1b? + azb3 + azb? + asb3.



Set

a2k2l2 =+ a3k3l3 + a4k:4l4 - \/(agkg + a3k§ + a4ki) (a2l§ + QSZ;% + a41421) = 07

1
agk% + a3k§ + a4k2> 2 —0
aj ’

agbako + azbsks + asbsks 4+ a1by <—

1

12 + a3l? 2\ 2

asbsly + asgbsls + agbyly — a1bq (— a2ty + a; 51 aa 4> = 0.
1

Since ko, k3, k4,12,13,14,b1,bs,b3 and by are all arbitrary constants, there are 10 in total, the
above equations can always be satisfied at the same time, so

a1v? + agv? + agvg + aqv? = a1b? + asb3 + azbi + asb?, (37)

and
"

fv (alb% + agb% + agbg + a4bi) =A (f) . (38)
The general solution of (38) is

et [ (e ADE Y

alb% + agb% + agb% -+ a4bi

where bg and by are arbitrary constants, according to Method 2, the general solution of (21) is

2 [ A(u)du )‘ .

alb% + agb% + a3b§ + a4bi

=

v(x,y,z>—T<§>+A<n>+C—b7i/(b6+

Set by = 0, then the general solution of (21) can be written as

_1
T(E)Jr/\(??)+€=i/(b6+fK(u)du) :
where £, 7, and K (u) satisfy (23-29), the theorem is proven. [J

Eq. (21) is a nonlinear PDE that has been studied emphatically [9, 39], some nonlinear
wave equations are special cases of it [30, 40-42]. Using analytical methods to obtain the exact
solutions in various special situations and using qualitative theory to research the laws of the
problems of definite solutions are currently main methods.

Theorem 4. In R?,
aUp + a2y + aztyy + B (u) uy, = A(u), (39)
the general solution of Eq. (39) is

T(€) + A +¢ =+ / (be + [ K (u) du)~ 3 du, (40)

where a1 —as are arbitrary known constants, A(u) and B(u) are arbitrary known functions, Y (£)
and A(n) are arbitrary unary functions and

1
2 k‘2 3
{= (—azkiag?’) t+ kow + ksy + ky, (41)
1
n=— (_ azl% + (Igl%
ay

1
2
> t+ lox + I3y + Iy, (42)



¢ = bit + box + b3y + bsyz + b5, (43)
2A (u)

K (u) = ,
() a1b? + agb3 + asb3 + b3B (u)

(44)

where kq,l4,b4,b5 and bg are arbitrary constants, ks, ks, lo,ls and by — bs are relative arbitrary
constants which satisfy

azkaly + asksls — [ (azh3 + ask3) (azl3 + asl3) =0, (45)
1
k2 k’2 b
asbaks + agbsks + a1by <_(1226—L|—a33> =0, (46)
1
1
l2 l2 2
asbols + asgbsls — a1by (—(122;_0133> =0. (47)
1

Prove. According to Method 2, we set
u(t, z,y,z) = f(v),
where f is an undetermined unary function, then

a1y + a2lgy + agtyy + B (u) us,
= (fo + foou) + a2 (£ 02+ Fovwe ) +as (£02+ frogy) + B () (£102 + fres:)
= A(f).

Namely

fu (a1v} + azv? + agv + B (f)v2) + f, (a1ve + avas + agvyy + B (f)vaz) = A(f).  (48)

Set
v =g(t,x,y) + bsz + bs. (49)
Then
a1V + A2V + a3Vyy + B (f) vz = a191 + 02020 + a39yy-
Set

a19it + a29zz + azgyy = 0. (50)
The general solution of (50) is [36]

gtz y) =T () +An)+ bit + bz + by, (51)

where Y (&) and A(n) are arbitrary unary functions and

f . <_a2k% + a3k§

1
2
a ) t+k2x+k3y+k4,
1

n=— (_agl% + a;;l%

1
2
) t+l2$+l3y+l4,
ai

So
v="(£) + A1)+ bit + bz + b3y + baz + bs. (52)



10

And
N 2 N\ 2
CLl’Ut2 = — (agk% + agkg) (Tf) — (a2lg + a3l§) (AU> + alb%
’o k2 + ask?
2/ + aahd) (0 + 0l T, + 20t~ ) T 5)
1
2 2\ 2 ,
— 2a1by (—“252 - “3Z3> Ay,
a1
2 2 / 2 2 ’ 2 9 , , , ,
agVy, = a2k2 (Y§> + a2l2 (A,’?> + a2b2 + 2a2k:2l2T§An + QGQkaQTg -+ 2a2b2l2An, (54)
N\ 2 7\ 2 ;o / /
agvz = a3]€§ (T€> + aglg (A’V]> + (Igb% + 2a3k‘3l3T§An + 2a3b3k3’f§ + 2a3b313An, (55)
B(f)v: =biB(f). (56)
Whereupon
a1vf + agvl + azvy + B (f) v?
= 2TI€A;7 (azkglg + a3k3l3 — \/(GQk% + agkg) (agl% + a3l§)>
1
+2T,§ <a262k2 + agbsks + a1b1 (—%@) 2)
1
+2A;7 <a2b2l2 + a3b3l3 — a1b1 (—%) 2) + alb% + agb% + a3b§ + biB (f) .
Set
aokolo + asgksls — \/(agk% + agkg) (azl% + aglg) =0,
1
k? k‘2 b
asboks + asbsks + a1by (—(122;_&33) =0,
1
aglg + agl§ %
aobols + asgbsls — a1by (—a> =0.
1
Thereupon
alvt + CLQ'U + agv + B (f) ?) = albl + a2b2 + CL31)3 + bQB (f) y (57)
and
f’l,), (alvt + QZU + a3v +B (f) ’Ug) + fv (alvtt + agUzy + A3Vyy + B (f) vzz)
= fy (a1b? + agb3 + a3172 +0iB(f)) = A(f).
That is AP
= : 58
Jo = O W+ astd + K () (58)
Then

NI

) 2 [A(f)df )
v b7i/ <b6+ a1b} + azb3 + azb3 + b7 K (f)> v

Set by = 0, then the general solution of (39) is

N

T(§)+A(77)+C=i/<b6+/K(u)du)_ du,
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where &, 7, and K(u) satisfy (41-47), the theorem is proven. [J

Theorem 5. In R?,
a1 + azy + C (u) uyy + B (u) u,, = A(u), (59)

the general solution of Eq. (59) is

T(§)+A(n)+C:i/<b6+/K(u)du>_;du, (60)

where a1 and ag are arbitrary known constants, A(u), B(u) and C(u) are arbitrary known func-
tions, Y(&) and A(n) are arbitrary unary functions and

a9 %
§= - kot + kox + ks, (61)
1
3
n= _<_a?> Iot + lox + I3, (62)
a
¢ = b3y + byz + b5, (63)

B 2A (u)
~ b2C (u) + 2B (u)’

where ko, k3, lo,l3 and bs — bg are arbitrary constants.

K (u)

Prove. According to Method 2, we set
u(t, z,y,2) = f(v),
where f is an undetermined unary function, then

a1 + agUgzy + C (u) uyy + B (u) us,
= a (£} + fovu) + a2 (£/02 4 Fovas ) + C () (02 + Frvgy ) + B(F) (£/02 + Fvs)

Namely
fo (0197 + asvl + C (f) vy + B (£)v2) + f, (0100 + asvae + C (f) vy + B (f) v22) = A(f).
(65)
Set
v=g(t,z)+ b3y + byz. (66)
So
a1vg + a2Vee + C (f) vyy + B (f) vz = @194 + 02922
Set
ai19it + a29ze = 0. (67)
The general solution of (67) is [36]
g(t,x) =T (&) + A(n) + bit + bax + bs, (68)

where Y (&) and A(n) are arbitrary unary functions and

1

2

€= <—a2> kot + ko + ks,
al
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1

n= <a2) 2l2t + lox + 3.
ai
Then
v="(£) +A(n)+ bit + bz + b3y + baz + bs. (69)
And ) )
alv? = —(12/{7% (Té) — agl% (A;) + alb% — 2a1a2k‘2l2T;~A;}
1 1 (70)
as \ 2 / as \ 2 ’
+ 2a1b1 <—> k:ng — 2a1b1 <—> lgAn,
ay ai
2 2 1\ 2 2 1\ 2 2 AN ’ ,
agVy, = a2k2 (Tg) + a2l2 (An> + a262 + 2@2k2[2T£An + 2a2b2k2T£ + 20,2()2[2/\77, (71)
C(f)vy =bC (f),B(f)v2 =biB(f). (72)
Thereupon
a1v§+agvg2c+0(1f)vz+3(f) v? )
=2 (albl (—*> + a262> kQTE +2 <a2b2 — albl( >2> lQA
+a1by + agbd + b3C (f) + bIB (f).
Set
aiby (_7) + asby =0
1
agsby — albl( Zf) ? = 0.
That is

agbg = 0,

1

2
a1b1 (—a2> =0.
ai

Since a1 and ag are arbitrary known constants, and a1, as # 0 in general, we can get
by =by=0.
Whereupon
a1vf + agvi + C () vy + B (f) v = arbf + agbi + 030 (f) + 03B (f) = 3C (f) + b3B (f),

f (CLl’Ut + a2U +C (f) 5 + B (f) 'Uz) + f;) (alvtt + agvy, +C (f) Vyy + B (f) Uzz)
= f, (BC (F) +ViB(f)) = A(f).
Namely A()
. /
P ROW + BB )
Then

N

2 A df ) -
=br £ b df.
s [ (v igimsm)
Set by = 0, so the general solution of (59) is

=

T(§)+A(n)+C:i/(b6+/K(u)du>_ du,
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where &, 7, and K(u) satisfy (61-64), the theorem is proven. [J

Theorem 6. In R?,
a1Ut + A2Uzy + A3UYy + A4l = A (u) ) (74)

the general solution of Eq. (74) is

’Y@)+A(M—%C:ji/(%41/KXuﬁm>_am, (75)

where a; — ayq are arbitrary known constants, A(u) is an arbitrary known function, Y(§) and
A(n) are arbitrary unary functions and

¢ = cox + c3y + cuz + cs, (76)

o l2_ l2
5:,#32%—%Az+@y+uz+g, (77)
2

—asl?, — aql?
n= %x =+ l13y + 14z + l15, (78)
2

2A
0 pp— () — (79)
azcs + ascs + aqcy

where l5, 115, c5 and cg are arbitrary constants, co — c4,ko — kg, k11 — Kk1a,13,14,113 and 114 are
relative arbitrary constants which satisfy

_ l2 _ l2 _ l2 _ 12
—ag\/ 3 3 a4 4\/ a3 13 a4 14 + a3l3l13 + a4l4l14 = 0, (80)
a9 a9

—agl? — aql?

asco % + aslscs + agcqly = 0, (81)
2

o l2 o l2

—a9oCy 9803 T G4y + azcslis + ageqliy = 0. (82)

a2

Prove. According to Method 2, we set

u(t7 $’ y? Z) = f(U)7
where f is an undetermined unary function, then

a1Ut + AUz + A3Uyy + AaUz,
= alfz//Ut + as (f{;/z}?c + f{;vzz) + a3 (le;/'vf, + fq/;vyy> + ay (f;/vz + f;vzz> .

Namely

1

£y (agv2 + (13’05 + aqv?) + fo (@10t + agVzs + azvyy + asv.;) = A(f). (83)

Set
a1V + A2Vzg + a3Vyy + a4V, = 0. (84)
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The general solution of (84) is [36]

v(z,y,2) = AT (§) + (A () + cax + c3y + caz + cs, (85)

where T(£) and A(n) are arbitrary unary functions and

—a1ky(kit+kox+tkzytkyz)
_ a k2+a k?+a k2
A=e 2Rpteshitedky (86)

—ajkyy(ky1t+kioztkigytkigz)

(=e aghfytaghistashiy , (87)

2k (]62 \/—GQ (aglg + a4li) + aglsks + a4l4k4> t —a3l§ _ a4lz
= +

= l lyz + 15, (88
é‘ agk% + Cbgkg + CL4]€2 as T sy + ez > ( )

2]@‘11 <*k§12 \/*CLQ (agl%g + a4l%4) + a3l13k13 + a4ll4k:14) t

17 o
agkiy + askiy + aski, (89)
_ l2 _ l?
_ M$+l13y+l14z+l15
\/ a2
So

agv? = a arkiky 2(Mf)2 — (a3l + asl3) (AT’ )2+
2 2 azk% + a3k§ + a4ki 33 4 ¢

arki1ki2 2 ) ) , 2 ,
7 ot ()
i <a2’f¥z + azkis + aski, (CA)” = (asliz + aaliy) (CA,) + a2cy

2a1a2k1k2 —a3l§ — a4l§ /
— 3 3 5 ATAY,
a2k2 + a3k3 + a4k4 as

2a1a2k1 k2 a1k11k12AYCA
GQk% + a3k§ + a4kz a2]€%2 + a3k‘%3 —+ a4k;%4

+ 2a1a2k:1k2 —agl%g - a4l%4 )\TCA/ _ 2&1&202k1k2)\T
ask? + ask3 + ask? as T agk? + ask? + ask? (90)

—a3l2 —agl?  arkikiATCA

— 2a9
—asl? — aql? [ —asl3, — ayl? o —asl? —aq4l?
B 2a2\/ agly — agq 4\/ aglis — a4 14)‘T£<An + 2a9¢9 M/\T£
as as a
2a1a2k11k12 —a3li; — agliy CACA,
U]

azkiy + azkiy + aski,

a2
2 k11k12CA —asl?, — ayl? /
_ 261166202 121 12€ . — 2a5¢o MCAW
a2k12 + agklg + a4k14 a/2
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2
9 arkiks 2 2( /)2
= AT HPYE
48ty = 43 (anJ% + ask? + a4ki> (W) + asly §

arki1ki3 2 ) ) 2 )
)+l (60,
o <a2k%2 + aski; + a4k:f4> (CA)” +asliz(CA, ) + ascs

2&1&3]431]433[3 / 20,1(13,1{51](33 (Ilk]lklg)\TCA
o 2 2 2 /\Tﬁ)‘T + 2 2 2 2 2 2
B 2l13a1a3/€1k3)\TCA;7 _ 2ajazczki kAT 2a1a3l3/€11k13AT/5CA
azk‘% + a3k§ + a4ki G/Qk% + a3]€§ + a;;ki agk‘%Q + agk'%?) + a4k%4
2a1a3k11k13013 /
2 2 2 CACAW
a2k12 + a3k13 + a4k14

(91)

+ 2&3[3[13/\T,€CA;7 + 2a31303)\Té -

2a1a3c3ki1ki3CA
a2/€12 + a3k13 + a4k2

2
5 arkika ) 9 9 1\ 2 < arkii1kia ) 2
asv; = a AT —|—al()\T> +a A
4 4 <a2k§ + agk? + ask? (AT)" + aali (AT "\ aok?, + ash?y + ask?, (cA)

+ 2&363[13(/\

N2

Faaty(08) oud -

2a1a4k1ky a1k11k14ATCA 2a1a4k1ky
agk% + a3k§ + a4k2 a2k%2 -+ agk%?) + a4k%4 B agk% + a3k§ + a4k§
2a1a4cak1 kY 2a1a4k:11k:14l4)\T/£CA
an% + a3k§ + a4k:2 agk%2 + (lgk‘%3 + a4/<:%4
2ara4k1k14l14 A 2aya4cqkirkiaCA
a2k12 + a3k13 + (l4k’2 n a2k12 + CL3]€13 + (14/'6'

ATAY

1LUATCA,,

+ 2a4lal1a AT A, + 20404l AT

3 +2a4C4l14CA :

(92)
And

a0z + azv; + agv?

kQ(AT) (a1k11)? 2 2 2
a2k2+a3k2+a4k2 + azk?,+ask?s+ask?, (CA)* + azcf + a3C3 + a4ch

/
[ —a3l2—ayql? 2a1 k1 AT AT
— (CZQ]{?Q # + a3k3[3 + (I4k4l4> m

20,%]?1 k‘ll)\TCA
+a2k§+a3k§+a4kz agkf2+a3k23+a4k2 (a2k2k12 + a3k3k13 + a4k4k14)

i
2a1k1ANTCA,, \/m
P —agkg\/ ——14 + agksliz + askaliy

2a1k1 AT
M&m ((IQCQICQ + a363k3 + (I4C4k4)
2tl1/€11>\7f CA azl?—a4l?
_a2k12+a3k13+a4k (a2k12 # + agkizls + askialy
' ’ —agli—a4l? [—asl3;—asl?
+2)‘T§CA77 <—a2\/ 22 4 \/ 22 14 + qglgliz + a4l4l14>
/ 3l3 a4l4
+2)\T§ a2C9 T + Cbglgcg + CL4C4l4
/
2a1k11CACA, asl?,—aql?,
 ask?,tazkIstask?, —azki2 T +askislis + askialis
2a1k11CA
_azk%2+;3klr%§+a4k2 (agcoki2 + ageskis + ascakia)
’ 12, —ayl?
+2<A7I —agCy % + ascqlis + (Z4C4ll4>

Since T and A are arbitrary functions, we set

ki = k1 = 0. (93)
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We get A\=(=1, and
agvg + agvz + a4v§
= CLQC% + agc§ + a4cz21

2

/ / _ 2_ 2 _ 2
+2AT (A, (—ag\/ asl; —aaly \/ 93504l 4 galalys + a4l4l14>

az az

az

, a2 12
+2)\T£ <a262 M + CL3l363 + CL4C4l4>

/ —a3l?,—a4l?
+2CA,, (-azcz —213 I 4 gaeylys + a404l14> .

a2

Set
—asl? — asl? | —asl?, — aql?
—az\/ s T 4\/ 213 ZHU 4 aglslis + aglalia = 0,
a9 a9
_ 12 _ l2
a2C2 % + CL3[303 + CL4C4Z4 = 0,
2
—agl?, — aql?
—a9Cy 313@—414 + azcqlis + ageqliy = 0.
2
Then
f;l (GQ'U% + agvg + (14’03) + f;} (alvt + a2Vzy + a3Vyy + a4vzz)
= f, (agv2 + agvg + agv?) = f, (a2c3 + azcj + asci) = A(f).
That is AP
fu = ) P) PR (94)
azcy + ascz + aqcy
Thereupon

NI

v—67i/<06—|- 2] A df >_ df.

agc% + agcg + a4cﬁ

Set ¢z = 0, then the general solution of (74) is

T<5)+A<n)+<_i/<c6+/K(u)du> du

N

where &, 1, ¢ and K (u) satisfy (76-82), the theorem is proven. [

Some nonlinear heat equations [43-47] and Schrédinger equation [48] are special cases of Eq.
(74) which is a widely studied nonlinear PDE. The current main method is to qualitatively study
the existence [49, 50], asymptotic behavior of solutions [51], use numerical methods to study
definite solution problems [52] and so on.

Theorem 7. In R?,
a1ty + aguzy + azuy, + B (u) vz, = A(u), (95)

the general solution of Eq. (95) is

T (&) +A(n) + cor+ c3y + cuz + 5 Zi/ <66+/K(u)du>_édu, (96)
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where a1 —as are arbitrary known constants, A(u) and B(u) are arbitrary known functions, Y (£)
and A(n) are arbitrary unary functions and

—a3l§
§=\|——2+ I3y +lu, (97)
as
[ —asl?
n = Aw + li3y + l14, (98)
as
2A (u)

K (u) = (99)

azc3 + azc3 + 3B (f)’
where ly,l14 and cq — cg are arbitrary constants, co, c3,l3 and li13 are relative arbitrary constants
which satisfy

I3l
az 431313 + aglslis = 0, (100)
a2
_ 2
asCa a313 + aglzes = 0, (101)
\/ a2
—a=l?
aoCo RME + agcslis = 0. (102)

Prove. According to Method 2, we set
U(t, z,Y, Z) = f(U),
where f is an undetermined unary function, then

a1ug + agUag + gty + B (u) uzs
= avfion -+ az (J02 4 frvar ) +a (1034 frogy ) + B () (£)02 + o) = A ().

Namely
fo (a2v? + agv2 + B (f)v2) + f, (a1ve + agves + agvyy + B (f) vz2) = A(f). (103)
Set
v=g(t,z,y) + c4z. (104)
So
agv; + agv, + B (f) v = azg) + asg, + AB (f),
a1vt + a2Vze + azvyy + B (f) V22 = a19t + a29ux + a3gyy.
Set

19t + a29ze + a3gyy = 0. (105)
The general solution of (105) is [36]
gtz y) = AY (&) + CA(n) + cox + c3y + caz + ¢5, (106)

where Y (&) and A(n) are arbitrary unary functions and

—aiki(kit+koxz+ksy)

AN=e¢  o2ktashi (107)
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—ajkyg(k11tt+kioz+ki3y)

Cme  mihredl (108)
2
. 2%y (k‘g\/m+ a3l3]€3) t N —agl%x 4 lay + 1 (109)
G/Qk% +a3/€2 a9 3Y 4,

2k11 <k12\/m + a3l13k13) —azl?,
n = . x + lizy + 14 (110)
2

a2k12 + a3k13
So

2 2
) —arkiks 9 9 1\ 2 arki1ki2 2 2 "\ 2
= —_—— AY) —azlz (AT —_— AN —asl A
a9y, = a2 (aak% n a3k§> (AY)" — a3 3( g) + az <a2k%2 - ask?, (CA)” — aslis (( n)

2 2 TCA
+ CLQC% B agagkleQ a3l3 )\T)\Tf a12a2k:1k:22 a1k121k12)\ CQ
CL2]€2 + a3k3 ao CLQkQ + a3k3 a2k:12 + CL3]€13
B 2&12@21451]{322 l13 ATCA B 2a1a2202k1k:2);’f — 2a, —a3l§ alkl;km)\’rggA
CLQk + a3k a2k + a3k a a2k12 + Q/Sklg
—a3l 13 —a3l§ / 2a1a0k11k12 —agl%3 /
AYRCA +2 AT, — ACA
\/ \/ £C + 2azcs a2 £ agk%Q + agk%g a2 CAC n
26L1G262k11k12§/\ —CL3l13 /
— 2 ——=CA
aak?, T ask?, + 2az¢y a0 CA,,
(111)

2 2
) —arkiks 9 9 1\ 2 arki1kis 2 2 "\ 2
= —— ] (AT EIAT _— A l A
489y = 43 <a2k§ + a3k§> (WT)" +as 3< ’5) s (agk%Q + agk?, (CA)" + ashs << ")

2 kiksl / 2 kik E1ikisATCA  2ayazkykslisATCA,
—i—agcg— algs 1 32/\T€)\T+ a12a3 1 32a1 121 13 i | 4a1as 12313 2< 7
_ 2a1azczki kAT 2a1a313k11k13/\T,§CA

+ 2a3l3l13)\T/€<A;7 + 2a31363/\T,§

agk‘% + a3/~c2 B agk%2 + (13/{%3
_ 2aiaski1ki3hs _ 2aya3czkyiki3CA /
_— + 2asc3lisCA,.
agk‘ + (I3k‘2 ¢A C a2k‘%2 + agk‘%g 3csliag K

(112)
And

(121) + CL3’U + B (f)
= a2gx2 + asg, + ;B (f)2 ,
— ali(/\r) %7]“11@/\)2 + 2a1k1 a1k ATCA (a2k2k12 + a3k3k13)

a2k2+a3k2 azk%2+a3k%3 azk%-i-agkg a2k%2+a3k%3
2a1k1)\T AT 7&3[% 2a1k1 / 70,3[%3
_ 7a2k2+a3k2 <a2k2 o T asksls | — 72k2+a3k§ )\TCAn askan/ o T askslys

2a1k11)\T §A 12
_ 201k AT SHMLA N 3
aoki+asks (agcaks + ascsks) — ok 2+a3k2 s + aslszkis

+2ATCA, [ a —aslg Ll%)f‘—i—all + 20T | asc l§+alc
eCA | a2/ — 2 4, 3l3l13 ¢ | a2c2y\/ — 3l3cs
2a1k11CACA, “asl? 2a1k11CA
R tasls (azku\/ —a it a3/€13113> T ok, tagh, (azc2ki2 + azcskiz)
’ _ 2
—|—2CAU (agcm/ %13 + a303l13> + agc% + agcg + CZB (f).

Since T and A are arbitrary functions, we set

ki =k =0 (113)

2a1k1AY

ask12
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So
agv —i—agv + B (f
= 2)\T£CA77 < o/ —— _adl 34/ a3l13 + a3l3113> + 2\Y, <a202 —|— a31303>
—I—2CA;7 <a202\/ _232 13 4 a363l13> + GQC% + agc§ + CiB (f) .
Set
—agl? [—asl? I3l
a2\/ o 3\/ B8 aglaly = ag |28 4 aglahs = 0,
az az a2
— l
a2Co a3 + aslzcs = 0,
—agl?
a2C2 13 + ascslis = 0.
Whereupon
v="T(§)+A(n) + cor + c3y + caz + c5, (114)

where Y (&) and A(n) are arbitrary unary functions and

7a2%
|
|
Q@
1\.
wino

22+ lgy + la,
2
l2
n= a32 B+ higy + la.
So
I (agv + agv? + B(f)v ) + £, (@10, + azvye + azvyy + B (f) vzz)
=f) (agv? + agv + B(f)v?) = fv (azgi + 613932, + B (f))
= fv (agc% + a;:,c% + C?IB )
That is A(f)
" . 115
I g T ad+ 3B () (115)
Thereupon

VI

) A(f)df )
U—C7:|:/<06+2/a2cg+a3c§+CiB(f)> o

Set ¢7 = 0, then the general solution of (95) is

N

T(£)+A(n)+62x+63y+64z+65::I:/<06+/K(u)du>_ du,

where £, 1 and K(u) satisfy (97-102), the theorem is proven. [

Theorem 8. In R?,
aoUt + a1Ug + A2Uzy + A3UYY + AU, = 0, (116)
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the general solution of Eq. (116) is

—agky (kytt+kgztkgytkyz) 2 2 2

3 3 o 5 —asls — asls — aql
w = e “1kitaegkstagkitaqky hl \/ 2 3 4t 4 lgm 4 l3y 4 l4z 4 l5
ai

—agkyy (k11t+kioztkigytkigz) 2 2 2

2 2 2 2 —azl — agl — a4l
+ e rkiytazkiytagkiztaskiy  po —\/ 12 , 13 14y 4 liox + lisy + liyz + 115 |
1

(117)
where ag — a4 are arbitrary known constants, h1 and hy are arbitrary second differentiable func-
tions, k1 — kq, k11 — k14,lo — l4 and lio — l14 are relative arbitrary constants which satisfy

2k, (agkglg + asksls + agkqly) _ —aglg — aglg — a4l§ (118)
—alk% + agk% + a3k§ + a4kz al
2k11 (a2ki2li2 + askislis + askialia) _ —agl?y — asliy — aql?, (119)
—alkfl + agk‘%Q + agk%?’ + a4k%4 al
Proof. According to Z3 Transformation [36], we set
u(t,z,y,2) = f(v) = f(kit + kox + ksy + kaz + k5) , (120)

where f is an undetermined unary function, k; — ks are undetermined constants, then
apUt + a1Ug + AUy + A3UYy + G4U, = aoklf; + (Cblk% + agk3 + a3k§ + 047452) f;/ =0.
Set w = f,, then
aok1 f, + (a1k? + ask? + ask? + ask?) f, =0
— (alk% + agk% + a3k:§ + a4k:Z) w; = —apgkiw

—agkyv
2 2 2 2
S = k86a1k1+a2k2+a3k3+a4k4

—agkyv

a1k2+a2k2+a3k2+a4k2 12 2 12 12
_— f(v) — —k:g 1 ;Ok’l 3 4 o a1k +agkytagkztagky + k;7'

So the particular solution of Eq. (116) is

—agkq (kyt+koztkay+kgz+ks)
2 2 2 2
u(t,x,y,z) = kge 1kitozkytaskitadky 4 foo (121)

where kg — kg are arbitrary constants.
Next we use Z3 Transformation to obtain the general solution of Eq. (116), set

u(t,z,y,2) =gh(w) =gt z,y,2) h (lit + lox + lsy + laz + 15), (122)

where w (x,y,z) = lit + lox + I3y + l4z + I5, I3 — l5 are undetermined constants, h and g are
undetermined second differentiable functions, so

agUt + a1Ugt + A2Uzy + A3UYyY + A4l
= agligh,, + aohgs + a1ligh,, + 2a1l1gih,, + a1hgy + asl3ghy, + 2a2logehy, + azhgae
—I—aglgghw + 2a3l3gyh,, + azhgy, + a4lighw + 2a4lag.h,, + ashg...
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Namely
(all% + agl3 + a3l3 + a4li) ghy, + (aolig + 2a1l19¢ + 2a2l2g, + 2a3l3gy + 2a4lsg2) hy, (123)
+ (aog: + a1git + a2gee + a3gyy + a4gz2) h = 0.
Set h(w) an arbitrary second differentiable function, according to (123) we obtain
—asl? — a3l? — aq4l?
alz%+a2z§+agz§+a4z§:oz>z1:i\/ 22 ail”3 4 (124)
aolrg + 2a1l1g; + 2a2l2g, + 2a3l3gy + 2a4lsg. = 0, (125)
aogt + ai1gi + a29azx + a3gyy + asgz. = 0. (126)
By (121) the particular solution of Eq. (126) is
—agkq (k1t+kox+kgy+kyz+ks)
g (t,x,y, 2) = kee arkitagh3tagktagk] 4 fo (127)
Set k7 = 0, and substitute from (127) into (125)
aollg + 2a1llgt + 2a2lggq; + 2a3l39y + 2a4l4gz
—aokl(2klt+k%z+ksg+k4z;—k5) u kQ —aokl(zklt+k%z+k33+k4z;k5)
_ a1 k®+aoki4aqksitaysk —ao a1 k®+aoki4aqkitask
= aolikse B +2a1l1k6a1k%+a2k‘g+a:1’,k§+a4kze B
ok 7a0k1(2klt+k%z+kgg+k4z42»k5)
—Qy 2 a1 ké+aoki+aqkitaysk
+2a212k6alk%+a2k§0+cllgk§+a4ki6 1k7tagkj+azkztagky
ok 7a0k1(2klt+k%z+kgg+k4z42»k5)
—a a1 ki +agks+agks+agk
+2a313k6a1kf+a2k§0+;32§+a4kie 1k7tagkj+azkztagky
ok 7a0k1(2klt+k%$+k3g+k4z42»k5)
—Q, 4 a1 kf4+agoki+agksi+tayk _
+2a4l4k6a1k%+a2k§0+¢113k§+a4kie 1k7+agks+agkgtagky =0.
We get
2k1 (agkaly + asksls + askaly)
L= 5 5 5 5 (128)
—alk:l + a2k2 + a3k3 + a4k4
Then

—agkq (kyt+kozt+kgy+kgz+ks)

w(z,y, z,t) =g (z,y,z,t) h (w) = ke  “Fite2kiteshivoasl (11t + oz + 3y + gz + I5)

So the general solution of Eq. (116) is
u = gih (w1) + g2h (w2)

—agky(k1ttkoz+k3y+kyz) a2 2
—e alk%+a2k§+a3k§+a4kz hl anQ a3l3

— ayl?
. Y44 4oz + lsy + luz + 15
1

3 2 2 p)
+ e @kiitazkiptazkiztaskly  pg 144 4+ liox + lisy + ligz + 115 |

—agkyq (k k k k
agky (ki1t+kioz+kigytkigz) _a21%2 _ agl%s _ a4l2
ai

(129)
where hi and ho are arbitrary second differentiable functions, g; and w; are independent of each
other (i = 1,2), k1 — kq, k11 — k14,02 — l4 and l15 — ly4 are relative arbitrary constants which
satisfy

2k1 (agkala + agksls + askals) \/—0213 — a3lf — adlj (118)

*(le% + GQk% + agkg’ + a4ki aq
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2k11 (agki2li2 + azkislis + askialia) _ _\/—a2l%2 —agl?, — a4l%4' (119)
—alkfl + (12,143%2 + agkfg + a4k%4 ay
O
Theorem 9. In R?,
aguy + a1ty + AUy + a3y + asu,, = A (u), (130)

the general solution of Eq. (130) is

T(£)+A(n)+<—i/ <C9+/K(u)du>_édu, (131)

where ag — aq are arbitrary known constants, A(u) is an arbitrary known function, Y(£) and
A(n) are arbitrary unary functions and

¢ = coT + c3y + 42 + cg, (132)

_ l2— 12
&= “7(13 SCL a44x—|—lgy—|—l4z—|—l5, (133)
2

—a3l?, — ayl?
n=— w:&l—hgy—i—lmz-ﬁ-lw, (134)
2

2A
K (u) = — “;) 55 (135)
azcy + ascz + aqcy

where l5,l15,cs and cg are arbitrary constants, ca — cq4,13,14,l13 and li4 are relative arbitrary
constants which satisfy

o 127 l2 o l2 o l2
—ag\/ - a44\/ T8 B 4 gty + aslala = 0, (136)
ag ag
o l2* l2
asCo w+a31363+a404l4:0, (137)
2

—asl?, — ayl?
—a9Cy % + agcsliz + ageqliy = 0. (138)

Prove. Some nonlinear wave equations [53, 54] and Schrodinger equation [55] are special cases
of (130). According to Method 2, we set

u(t,z,y,2) = f(v),
where f is an undetermined unary function, then

agut + a1Ugt + A2Uzy + A3UYY + A4l
— aofyvr+ar (f/0F + foo) + az (103 + fovas ) +as (£/02+ frog)
+ay (f{,'v,? + ff;vzz) .
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Namely
f;, (alvt + axv? + a3v + aqv; ) + f (apve + a1V + A2Vze + a3vyy + aav..) = A(f).  (139)
Set
agUt + A1V + A2Vzy + A3Vyy + A4V, = 0. (140)
The general solution of (140) is
v(z,y,2) =AY (§) + (A (n) +¢ (141)
where Y(&) and A(n) are arbitrary unary functions and
—aqgkq(kit+kox+kzy+kyz)
A=e a1k§+a2k§+a3k§+a4ki (142)
—agk1y (k11 t+kioz+k13y+k142)
(=e ark}y tagkiytagkiztagkyy (143)
—agl? — asl? — aql?
§—\/ 12 233 Ly 4 lyw + Ly + Lz + 15, (144)
1
—agl?, — asl?, — a4l?
n= —\/ 2°12 a3 13 4 14t =+ llgaj —+ llgy =+ l14z + l15, (145)
1
2k, (azkglg + asksls + a4k4l4) - —agl% — aglg — a4li (118)
—alk% + agk‘% + a3k§ + a4k§ N a1 ’
2k11 (agkioliz + askizhs + askialia) —agl?y — asliy — asl3, (119)
—alkfl + agka + agk%3 + a4k%4 a1 ’
¢ = Cox + C3Y + C42 + C52Y + CeTZ + CTYZ + C8.
Set
cs =cg=cy=0.
Then
o a0k2/\T [ —asl2—agzl2—aql? ’
vt = a1k1+a2k2+a3k2+a4k2 + ? ail : 4)\T
. aok? 71¢A \/ a2l12—a3l13—a4l14 CA
alk%1+a2k%2+a3k%3+a4kl4
aok‘lkz)\T ’ aol{:llleCA
= — + LAY, — +1 A + c2,
Ve alk% + CLQ]C% + a3k§ + a4k£ 200e alkfl + agk%Q + agk + a4k2 126 =
a0k1k3/\T / aoknklgCA /
Vy = — + I3AT, — + l13CA, + c3,
Y alk% + G/Qk% + a3/€§ + a4kz 3 £ alkfl + azk‘%Q + agk‘%g + a4k%4 13C n 3
apk1 kg \T / agk11k14CA
v, — ok1ka LT, - ok11k14C +l14CA +oen

alk% + agk% + a3k§ + a4k‘£ a’lkll + a2k12 + a3k13 + a4k2
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Whereupon

2 2
2 aoky 2 2 2 2 ( ’)2
= AY)? = (a2l + asl3 + aalf) (AT
e (alsz + agk3 + azk3 + a4ki> NT)” = (azly + aals + asla) (AT

2

2
aokd 9 9 5 ) ( ,)
A — l l l A
T <G1/€%1 + agk?y + ask?s + ask?, (CA)” = (aglfy + aslis + aaliy) (CA,

_ - QCéoalk% - . —agl% — a3l§ - a4li )\T)\T/E
alkl + a2k2 + a3]€3 + a4k4 ai

N 2a2a1 k3 k3 AYCA
(alk‘% + (lgk‘% + agk‘g + CL4]€Z) (alk‘fl + agk’%z + (13]6%3 + (14]{3%4)

N 2a0a1k% —GZZ%Q - a3l%3 — a4l%4 )\TCA/
k2 + azk3 + ask? + ask] a !

(146)

| —al3 — a3l — a,l3 2a0a1kH AT CA

— 9% —agl% - a31§ - a4lz —aﬂ%z — agl%?’ — a4l%4 )\T/ CA/
1 a1 ay €54

N —agl?y — asliy — aql?, 2a0a1k%1CACA;]
al Cle‘%l + CLQ/@%Z + agk%g + a4k:%4’

2
2 aoklkg 2 2( /)2
= AT B(AY
420 a2<a1k%+a2k§+a3k§+a4k§> (AY)"+ axl (XY

apki1k12 2 1\ 2
*or( T o ) (€ (68
2agagk kala AT AT
alkz% + CLQk% + a3k§ + a4k:§
N 202 agk: koki1 k12 ATCA
(alk% + agk% + a3k§ + a4kzz) (alkfl + (lzk%Q + agk%3 + a4k%4)
2apazki kalipAYCA,, 2agagk1 k1212 AT CA
a1k? + agk3 + aszk? + ask?  ar1k? + askdy + askd; + ay
B 2apazk11 k?12512CACA;, b anc? — 2ascaa0k1kaAY
a1k}, + ask?y + askis + ask?, 2 k2 4 agk? + azk? + ask?
2ascoa0k11k12CA /
T ark?, + agk?, + agk%i a2, " 2azesli2GAy,

12 + 2@2[2[12)\T/§CA;7
14

+ 20/2C2l2)\TI5

(147)
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2
2 apkiks3 2 2( ')2
= Y IZAY
a3vy 3 <a1k% + CLQk% + a3k§ + (14]4:2) ( ) + 43 3 €
aok11k13 )2 2 2 1\ 2
+a AN+ agl ( A >
’ <a1kf1 ¥ aakty + gkt +ankg, ) (ATl
2@0&3]€1/€3[3/\T)\T,£
B alk% + agk% + a3k§ + a4kz
+ 2a%a3k1k3k11k13)\TCA
(alk% + azk‘% + a;;k% + a4k§) (alk%l + agk’%Q + agki}) + a4k%4)
2apaski kslisATCA, 2apaski1 ki3l AT .CA .,
- 2 2 2 ; 2 2 2 2 : 5+ 2a3l3l13A T CA,,
arki + agk; + azks + asky  arkiy + agkiy + agkis + askiy
2apaski1kialis¢ACA,, ) 2ascsaoki ksAY ,
— + ascs; — + 2asc3ls\T
alkfl + agk%Q + agk%?) + a4k%4 373 alk% + (12]{7% + a3k§ + a4ki 3EIATE
2azczaokiiki3CA

— + 2a3csl A/,
alk%1 + a2k%2 + CL3]€%3 + a4k%4 33 13< K

(148)
2
2 apkiky 2 2 2
= Y AT
40 “4<a1k%+a2k§+a3k§ +a4kZ> (VT + aalf (30
aoki1ki4 )2 5 5 1\ 2
+a AN+ aql ( A )
4<a1k%1 + agk‘%Q + agk%:,) + a4k%4 (CA) 4lia(CAy
2a0a4k1k4l4/\T)\T/E
alk% + agk% + a3k§ + a4kz
+ 2a%a4k1k4k11k14)\T§A
(alk% + agk’% + a3k§ + a4k2) (alk’%l + (lgk%z + agk%i)’ + a4/<sf4)
2a0ask1kslia\YCA, 2a0aaki1k1alul Y CA .,
B 20412414 2C7, — 04;1 14l4 2§C 20l TN,
2a0aaki1kialiaCACA, 2 k1ka AT :
— 3 074 121 H 14<2< U ) +a4Ci— 3 CL4C426LO ! 42 5 +2a4C4l4XI‘§
alkll + a2k’12 + a3k13 + a4k14 alkl + a2k2 + a3k3 + a4k4
2a4cqa0k11k1aCA

— + 2a4c4l14CA .
alk%l + CLQk'%Q + a’3k%3 + a4k%4 4t 14C K

(149)
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Thereupon
a1vf + azvi + azv] + asv?

(s O~ (oah + aul + ) (37’

al k%+a2k)%+a3k§+a4ki

2 2
aokd, 2 2 2 2 '
+a1 (alk%1+a2kf2+a3k23+a4k%4 (CA) - (a2l12 + a3l13 + a4l14) CAn

1

2apa1 k% / —azlg—aglg —a4l§ ’
- al k%+a2k%+a3k§+a4ki ail )\T}\Tg
i 2a3a1k3k3 ATCA

(alk%+a2k§+a3k§+a4k2) (a1 k%1+a2k%2+a3k%3+a4k%4)

2a0a1k% \/—agl%z—a3l%3—a4l%4 ’

+ a k%+a2k%+a3k§+a4k2 ai , )\TgAﬁ
—agl%—agl%—adi 2a0a1k‘%1)\T£CA
al ay k% +a2k%2+a3k%3+a4k%4

_2a1\/—agl§—agl§—a4li \/—azl%Q—a3Z%3—a4l%4 )\TI CA;]

a ai , 13
+\/7a21%27a3l%37a4l%4 2a0a1k?; CACA,
al alk%1+a2k%2+a3k%3+a4k‘%4

+a2< agky k2 ) (AT)? + agl3 (AT;)Q

al k%—l—ag k% +as kg +CL4/€Z

2 2 2a0azk1 kaloATAY,
aoki1ki2 2 2 ’ _ apazkikale ¢
+a2(alk%1+a2kf2+a3k%3+a4kf4) (CA)" + azliy (CA” arki+azki+aski+asky
" 2a2aski koki1ki2 ATCA _2agazkikaliaATCA,
(a1k?+ask3+ask2+ask?)(a1k?) +ask?,+askds+ask?,)  a1k?+asks+aski+aski
! i
2agaskii1ki2lo AT CA It 2apazk11k12112CACA
- k‘2 k‘2 k:2 5 k,2 + 2@2[2l12AT§<An - k‘2 k:2 k‘2 71k2
a1ki;+azkiytaskiz+askiy a1kiytazkiytaszkiztaakiy

s ( aghyk )Q(AT)Z + asl2 (AT%)Q + a3 agky kg )2(gA)2

a1k%+a2k%+a3k‘§+a4k‘z alk%1+agk%2+a3k%3+a4kf4

!
Ta l2 (CAI )2 ~ 2a0a3k1k313)\T)\T£ X 2a3a3k1k3k11k13)\T§A
3013 n arki+azk3+ask3+ask? (alk%+a2k§+a3k§+a4k2)(alk%1+a2k%2+a3k%3+a4k%4)
! i
2a0ask1kslizATCA, 2a0a3k11k1313 AT CA ro
R rapkl raskitask] T aikT Taskd, task?, tagky, T 20813l3AT (A,

’ 2 2
2apaszk11k13l13CACA,) agkyka 2 2 /
ittt T U\ e TraitaaTang ) (A1) +aai( AT,
2a0a4k1k4l4)\Y)\T£

2 2
aoki1ki4 2 2 ! _
+a4<a1kf1+azk%z+a3k%3+a4k%4) (CA)"+ aaliy (CA’] arki+azki+aski+asky
+ 2aga4k1k4k11k14/\TCA . 2a0a4k1k4l14)\TCAn
(alk%+a2k§+a3k§+a4ki)(a1k%1+a2k%2+a3kf3+a4k%4) alk%+a2k§+a3k§+a4k2
’ ’
2apaqk11k14la XY CA ’ ’ 2a0a4k11k14l14CACA
- 12 12 k2 £ 12 + 2a4l4l14AT§CAn - k2 2 ) Uk2
a1kiytazkiytaskiztaakiy arkyy +azkiyt+askiz+askiy

2 2ascoagk1 ko AT r 2asc2a0k11k12CA
10263 — ekt raskeraniy T 202020A Y — o e R kT

/ 2 2azczagk1 ks AT r 2asczapkiikisCA
t2az02l12CAy + asey — o Rt e T 20303l — e e e ek,

T ! 2 2a4cqa0k1 kgAY T 2a4cqa0k11k14CA
+2a303l15<A7 + a4€y a1k%+a2k§+a3k§+a4k5 + 2&464[4)\T§ a1k%1+a2k%2+a3k%3+a4k%4
+2a4c4l14CA,

k3+ask3+ask2+ask? k2 k2 k2 K2
_ a%k% al 21+a2 22+a3 23+a4 24 5 ()\T)2 + a%k%l al 211+a2 212+a3 213+a4 214 5 (CA)2
(a1k1+a2k2+a3k3+a4k4) (a1k11+a2k12+a3k13+a4k14)

!
2a0k1 ATAY —aglZ—a3l2—a4l?
_ £ a2ty as3tyTadly
a1 kP task2taski+ask? <a1k1 V ar azkaly + azksls + askals

2a2k1k11 \YCA (a1 k1k11+azkekio+askskis+askakia)
(a1 k%—l—azkg “+as3 kg “+aq ki) (al k%l “+az k%Q +a3k%3+a4 kil)

!
2a0k1 AT CA —agl2,—asl?,—ayl?
+ L ark: 12 —18 — 14 — qokolia — agksliz — askalia

al k%+a2k§+a3k§+a4kz al

’
2a0k11XI' CA —a l2—a l2—a 12
— £ 205 A3037A4%y
O KT FankZ, T askZ, Taik?, arkiiy/ ar + agkiolo + askisls + agki4ly

’ / —a2l2—a3l?—a4l2 —agl? —a3l2 —ayl?
—2AT (A, <&1\/ B TE— L —aplolip — aslzliz — aslalis

al al

/
2a0k11CACA, alkn\/_”l%z—%li’_a“l%“
alk%1+a2k%2+a3kf3+a4k%4 ay
2aok1)\T(a202k2+a303k3+a404k‘4) !

a1k%+a2k§+a3k§+a4ki + 2)\T$ (a26212 + a36313 + (:L4C4l4)

_ 2apk11¢A(azc2kia+asczkiztascakia) !
a1k%1+a2k%2+a3k%3+a4k%4 + 2<A77 (a202112 + a303l13 + a4C4l14) .

— agk12l12 — aszkisliz — a4k14l14>

+CLQC§ + (136% + CL4C?1 —




27

Since T and A are arbitrary functions, we set

ki =ki1 =0. (150)
So
2k1(ackalo+asksls+askals) —azlg—aglg—azllz —0
falk%+a2k§+a3k§+a4ki - al -
o —azl2—ayl?
s Iy = Tl
2k11 (agkialiotaskislistaakialia) _ _\/—a2l%2—@3l%3_a4l%4 =0
—(Llk%l+a2k%2+a3k§3+(l4kj4 - al
“asl?,—aal
= l1g = £/
Set
—agl2 a4l?1 l%3 a4l14
e =
as
Then
ar1v? + agv? + agv + aqv?
= —2)\T£CA ( a2l2l12 —aglslis — a4l4l14) + GQC% + agc§ + a4c?1
+2)\T (agcaly + azcsls + ageqly) + 2CA/ (agcalia + azeslyis + agcqliy)
’ —asl2—ayl? —asl? 12
= 2)\T£CA17 (—CLQ\/ s 22 244 \/ s 122 <= IERE aslslis + a4l4l14> + CLQC% + agcg
+agct + 2>\Té <a202 % + aslscs + a4C4l4)
, 2
+2CA,, (—GQCz % + ascsliz + a4C4ll4>
Set
—a3l? — ayl? [—aslZ, — aal?
_@\/ aglty — a4 4\/ 3l13 — a4liy + aslsliz + aglylis = 0, (136)
a9 a9
—agl? — ay4l?
asCo B B + aglsgcg + agcqly = 0, (137)
V ag
[ —asl?, — ayl?
—agCy 875 T @alig + agcglis + aqcqliy = 0. (138)
a2
Whereupon
A=(=1, (151)
—asl? — ayl?
€=~ BB M 4 gy + Lz + 1, (133)
a2
—asl?, — ayl?
=4/ yw + lisy + liaz + lis, (134)
2
So

"

Jo

(alvt + CLQ’U —|— a3v + aqv;, ) + f (aovt + a1V + aVze + a3Vyy + a4vzz)
fo (a10} + azv? + agv? + agv?) = A(f).
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That is y
1= (f) (152)

agc% + agcg + a4ci'

st [ or 2008 Yy

CLQC% + CLgC% + a40?1

Thereupon

N

Set c19 = 0, then the general solution of (130) is

N

T(f)—i—A(n)—i—gzi/<09+/K(u)du> du, (131)

where &, 71, ¢ and K (u) satisfy (132-138), the theorem is proven. [J

3. Discussion and summary

According to Theorem 3-9, it can be intuitively found that the structures of the general solu-
tions of these equations are all the same. The general solutions of the two equations (74,130) are
identical, and neither contains time, which shows that we have obtained the general solutions for
equilibrium. Whether there are general solutions with time for these two equations is a question
that needs to be studied further.
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