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Abstract

In this paper we have described some Ramanujan incomplete elliptic integrals and
Black Holes-Wormholes formulas. Furthermore, we describe new possible
mathematical connections with ¢, {(2), and various parameters of Particle Physics
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We want to highlight that the development of the various equations was carried out
according an our possible logical and original interpretation

From

Black holes and naked singularities from Anton-Schmidt’s fluids
Salvatore Capozziello, Rocco D’Agostino and Daniele Gregoris -

arXiv:2002.04875v1 [gr-qc] 12 Feb 2020

We have the following equations:
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We take the following equation:

(On a New Approach for Constructing Wormbholes in Einstein-Born-Infeld Gravity - Jin
Young Kim and Mu-In Park - arXiv:1608.00445v3 [hep-th] 10 Oct 2016)

1
152

+

?‘* = II|III {'22 .
\b with@=1,8=1, r > rp,

r = sqrt(1-1/4)
Input:

J1-

P |

Result:
V3

2

Decimal approximation:
0.866025403784438646763723170752936183471402626905190314027...

0.8660254037844...

If r>ry ro<r. We calculate as follows:

sqrt(1-1/4) — 1/4



Decimal approximation:
0.616025403784438646763723170752936183471402626905190314027...

0.6160254037844...

Alternate form:
Lay3 -1
2(2¥3 )

Minimal polynomial:
16x° +8x-11

Thence ry=0.6160254....

Now, we have:

where p« represents a reference density that has been interpreted as the Planck
density.

From:

(On a New Approach for Constructing Wormbholes in Einstein-Born-Infeld Gravity - Jin
Young Kim and Mu-In Park - arXiv:1608.00445v3 [hep-th] 10 Oct 2016)

” 1
p = —p.= AR [ e

y‘fll — E%/32 E(r) < 8.
for E=1/2=0.5 and B=1



we obtain:
-4(1-1/(sqrt(1-0.5"2)))

Input:

T
v 1-0.52

Result:
0.618802153517006116073190244015659645180814010161015008148...

0.618802153517.....=p

For n = —1, which corresponds to a precise value of the so called dimensionless
Gruneisen parameter yg , 1o = 0.6160254; 0.618802153517..... = p, we obtain:

Swp,e— 1/,
Ca=rg (qTrﬁ — 1) .

0.6160254(1/3(8P1*0.618802153517*¢)*0.6160254"2-1)
Input interpretation:

1
D.I51I5D254[5 (87 0.618802153517 ¢) - 0.6160254° - 1}

Result:
2.678256510505069458004556559359756735542508689609839706738. ..

2.6782565105....=(C,

Alternative representations:

1
0.616025 (5 (8 v 0.6188021535170000 ¢) 0.616025” - l] =
0.616025(-1+297.0250336881600° ¢ 0.6 15[)252]

1
0.616025 [5 (8 7 0.6188021535170000 ¢) 0.616025 — lJ =
0.616025(-1-1.650139076045333 ¢ ¢ logi-1) 0.6 160252]

1
0.616025 [5 (8 7 0.6188021535170000 ¢) 0.616025% - l] =

1
0.616025 [5 (8 r 0.6188021535170000 exp(z) 0.616025% - l} f



Series representations:

1
0.616025 (5 (8 r0.6188021535170000 ¢) 0.616025” - 1]

\:9'1 \?'JH [_ 1}k1
1.54304 |-0.399229 P
=2 D, kyt(1+2ky)
ky =0 kg =0

1
0.616025 [5 (8 v 0.6188021535170000 ¢) 0.616025” - 1]

1.54304 [-0.399229 + L

e | BT | +k2}2]
ky =0 k=0

kz![1+2k1}

1
0.616025 [5 (8 x 0.6188021535170000 ¢) 0.6160257 - 1]

w o 4_k2 [—1+3k2}+'[1+k2}
0.385759|-1.59692+ 3 3 e
1.

kl =|:|k2=1

Integral representations:

1
0.616025 (5 (8 v 0.6188021535170000 ¢) 0.616025” - 1]

w1
_0.616025 + 0.771510 ¢ j‘”
o 1+t2

dt

1
0.616025 [5 (8 v 0.6188021535170000 ¢) 0.616025” - 1]

i
~0.616025 + 1.54304;-] V1-t2 at
i

1
0.616025 (5 (8 v 0.6188021535170000 ¢) 0.616025” - 1]

"o = [t
—G.515D25+D.T?1519fj B i
i

From

A = 216np,e ™ (4 — T2mp.e "C3) .

|

(15)



For 2.6782565105....=(C; ,10=10.6160254; 0.618802153517.....=p,

we obtain:

216*P1*0.618802153517*¢ (4-72*P1*0.618802153517*e*2.6782565105"2)

Input interpretation:
2167+ 0.618802153517 ¢ (4 + 72 m e » 2.6782565105” ~ (-0.618802153517))

Result:
-3.1106127118... x 10°®

-3.1106127118...*%10°

Alternative representations:
216 7 0.6188021535170000 ¢
(4 -72r0.6188021535170000 ¢ 2.67825651050000°) =
24 050,02772874006 ¢ ¢ [4 - B8019.675909580320° ¢ 2.5?825651G5GDDD2]

2167 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.5?82555105[)[)[)[)2} = -133.6612651596720
eilog(-1y(4 +44.55375505322400 e i log(-1} 2.5?825551D5GGGG2]

216 70.6188021535170000 ¢
(4 -72x0.6188021535170000 ¢ 2.6782565 IDSDDDDE] =
2167 0.6188021535170000 expiz)
(4-72x0.6188021535170000 exp(z) 2.5?825551G5D0002] for

Series representations:

216 7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.5?8255510500002} =

Ll
—683461.73025766 2‘

1+2k

o 5]
[ 0.0031290416827706 2‘ — +1.00000000000000 [}‘ 3 2:-:][% kj]
1 +

k_EI



216 70.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.6782565 1D5DDDD2} =

o
583451.?3(325??[}1 Ek]
o +

D5

Lo e (-1
1.0000000000000 L ~0.0031290416827706 L
k=0 +2k k=0 L

2167 0.6188021535170000 ¢
(4-7270.6188021535170000 ¢ 2.6782565 IDSDDDDE}

+

L j|_].ch (-1 +k)?
—683461.73025766 2‘ > -0.0031290416827706 Z. gy Ot

1.00000000000000 [; ][; Sl ]z]
= 1+2k||& k!

k=0

Integral representations:

2167 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2 ETBESESIDSDDDDE} = -170865.432564415

o 1
[ 0.0062580833655412 J At +1.00000000000000 ¢ (J = dt}z]
o 1+t

1+12

216 7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2. ETEESESIDSDDDDZ} = -170865.432564415

o SITUE) w BN ¥
[ 0.0062580833655412 [ dt +1.00000000000000 ¢ “ - dt} ]
Jo

216 7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ E.ETEESESIDSDDDDZ} = -683461.73025766 ¢

"1 S 2
[—D.DD3129D41682?TDEJ vV 1-t% 4t +1.00000000000000 ¢ ([ A 1 dt] ]
o Jo

From which, we obtain:

(-(216*P1*0.618802153517*e (4-
72*P1*0.618802153517*¢*2.6782565105"2)))*1/31

Input interpretation:

|
3{{-[21& 0.618802153517 ¢ (4 + 72w e - 2.67825651057 - (-0.618802153517)))



Result:
1.61974498251 ...

1.61974498251 ...

(-(216*Pi*0.618802153517*e (4-72*Pi*0.618802153517*¢*2.6782565105"2)))"1/2-
34

Input interpretation:

|
\;'-[zlﬁn 0.618802153517 ¢ (4 + 72 e » 2.6782565105% » (-0.618802153517))) -
34

Result:
1729.6929188...

1729.6929188...

(((-(216*Pi*0.618802153517%¢ (4-
72*Pi*0.618802153517*e*2.6782565105"2)))"1/2-34)))"1/15

Input interpretation:

|
[.\III—[ZlE;T 0.618802153517 ¢ (4 + 72 r e « 2.67825651057 » (—0.618802153517))) -

34|17 (1/15)

Result:
1.64385913920...

1.64385913920...

(-(216*Pi*0.618802153517*e (4-72*Pi*0.618802153517*e*2.6782565105"2)))"1/3-
7+1/golden ratio

Input interpretation:
.'
|

.:II—[ZIEJ;T 0.618802153517¢(4+72ne 2.6782565105° (—0.618802153517))) -

1
7+ -
fir]




Result:
139.59420937...

139.59420937...

Alternative representations:
(-216 (= 0.6188021535170000 e
(4 - 727 0.6188021535170000 ¢ 2.67825651050000° )} ~

: ;
(1;31-7+-=-7+ -
¢ ECDS[E}

5

i/ —-24059.02772874096 ° ¢ (4 - 8019.675909580320 ° ¢ 2.6782565 IDSDDDDE}

(-216 (7 0.6188021535170000 ¢ (4 - 727 0.6188021535170000
1
¢ 2.6782565 IDSDDDDE}H T3 -7+ ; =-7+

# iz the golden ratio

[
,i( —-24059.02772874096° ¢ (4 - 8019.675909580320 = ¢ 2.6782565 IDSDDDDZ} +

1

root of =1 —x+x° near x = 1.61803

(-216 (x 0.6188021535170000 ¢ (4 - 72 7 0.6188021535170000
1
e 2.67825651050000%))) ~(1/3)-7 + ; =-7+

[
{( -133.6612651596720 ¢ m (4 - 44.55375505322400 ¢ 7 2.6782565 IDSDDDDZ} +

1

root of -1 -x+x* near x = 1.651803

10



Series representations:

(-216 (7 0.6188021535170000 ¢
(4 -7270.6188021535170000 ¢ 2.67825651050000%))) ™ (1/3) -

1. 1
7+ ; = ;8.115245?D9598 0.12320967548055 - 0.86246772836385 ¢ +

® @ (-1 kil gL
1.00000000000000 & 3| Z‘ L m -4 4+ 1278.34666505887 Z‘ Z‘ k—" 1+2kn
' k]_:ﬂkz:ﬂ . ; kl:ﬂk&ﬂ 2 :

(-216 (r 0.6188021535170000 ¢
(4-7270.6188021535170000 ¢ 2.67825651050000% )]}~ (1/ 3) -

1 1
7+ ; = 58.115245?()9598 0.12320967548055 - 0.86246772836385 ¢ +

- tan'l[ L J
Fleaig

L1
1.00000000000000 & Z Z -
ky=1ky=0 S

tan'l(;]
L Fiogy
_4 4+ 1278.34666505887 Z L —
k!
kl =1k2=|:|

~ (13

(-216 (7 0.6188021535170000 ¢
(4 -72r0.6188021535170000 ¢ 2.67825651050000%))) ™ (1/3) -

1 1
7+ ; = ;8.116245'?"!:'9598 [D.1232095?548055 - 0.86246772836385 ¢ +

@ (=1 (-1 +k2}2]

o0

1.00000000000000 W

‘p[[k‘z‘ Z k21[1+2k1}
1=0ko=0

I S | A BT
~4 +1278.34666505887 Z L il s i 1
k21[1+2k1}
k]_:ﬂkg:l:l

11



Integral representations:

(~216 (x 0.6188021535170000 ¢
(4 - 727 0.6188021535170000 ¢ 2.678256510500007))) ~ (1/ 3) -

1 1
7+ ; = ;5.441858488?24 0.15523446368866 — 1.0866412458206 ¢ +

1.00000000000000 ¢

] 1 e l
3 e U Jt][—4+ 539.1?3332529434 Jt]
NV Vo 1442 o 1+t

(-216 (7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.6782565 1050000%))) ™ (1/3) -

1 1
7+ ; = ;6.441858488?24 0.15523446368866 — 1.0866412458206 ¢ +

1.00000000000000 ¢
I

ol

I‘w sin(t)

o SIN(E)
dr](-4+539.1?333252943ff t ar]
|:| -

0

(-216 (x 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.6782565 1050000%))) ™ (1/3) -

1 1
7+ - = —8.116245709598 [D.1232095?548055 -
¢ ¢

0.86246772836385 ¢ + 1.00000000000000 ¢

{/If [LI-J s dt}[—4+ 1278.34666505887 ¢ L?ﬁ.—u}]

(-(216*P1*0.618802153517*e (4-72*P1*0.618802153517*e*2.6782565105"2)))*1/3-

21+1/golden ratio

Input interpretation:

i(—[ElEur 0.618802153517¢(4+72 e 2.6782565105% - (-0.618802153517))) -

1
21+ -
&

Result:
125.50420937...

125.59420937...
12

# iz the golden ratio



Alternative representations:

(-216 (7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.6782565 10500007%))} ~

: :
(1/31-21+ ; =-21+

e

2 cas[g

i/ -24059.02772874096° ¢ (4 - 8019.675909580320 ° ¢ 2.6782565 IDSDDDDE}

(—216 (7 0.6188021535170000 ¢ (4 - 72 0.6188021535170000
1
¢ 2.67825651050000%))) ™ (1/3)-21 + ; =-21+

[
,if —-24059.02772874096 ° ¢ (4 - 8019.675909580320 ° ¢ 2.6782565 IDSDDDDE} -
1

root of —1-x+x° near x = 1.61803

(-216 (r 0.6188021535170000 ¢ (4 - 72 0.6188021535170000
1
¢ 2.67825651050000%))) ™~ (1/3)-21 + ; =-21+

[
{1 -133.6612651596720 ¢ r (4 - 44.55375505322400 ¢ r 2.6782565 IDSDDDDE} -
1

root of —-1-x+x°> near x = 1.61803

Series representations:

(-216 (7 0.6188021535170000 ¢
(4-72x0.6188021535170000 ¢ 2.6782565 10500007 ))) ™~ (1/3) -

1 1
21+ - = -8.116245709598 |0.12320967548055 - 2.5874031850915 ¢ +

¢ ¢
@ @ 666 Sl g
1.00000000000000 — || -4+ 1278.34006505887 T
1 2 1 2

13



(-216 (r 0.6188021535170000 ¢
(4-7270.6188021535170000 ¢ 2.67825651050000% )]}~ (1/ 3) -

1 1
21 + ; = ;8.115245?(]9598 0.12320967548055 - 2.5874031850915 ¢ +

tan'l[ L J
Fleaig

k!

tan'l[ L J

o0 o F

-4 4+ 1278.34666505887 Z L
k]_:lkE:l:l

L1 fin)
1.00000000000000 & Z Z
k]_ =1 kE =

(-216 (7 0.6188021535170000 ¢
(4-7270.6188021535170000 ¢ 2.67825651050000%))) ™ (1/3) -

1 1
21+ - = —-8.116245709598 [0.12320967548055 - 2.5874031850915 ¢ +
¢ ¢

L +kz}2]

[14]
1.00000000000000 R
] Bl L

@ 19 (—1 + kg)
~4 4+ 1278.34666505887 Z 2‘ 1) ~(1/3)
k2![1+2k1}
k=0 kg =0

Integral representations:

(-216 (r 0.6188021535170000 ¢
(4-7270.6188021535170000 ¢ 2.67825651050000% )]}~ (1/ 3) -

1 1
21 + ; — ;5.441858488?24 0.15523446368866 -

3.2599237374619 ¢ + 1.00000000000000 ¢

[ w1 w1
3 e U - .;n] [_4 . 539.1?33325294%] - Jt]
\ o 1+t o 1+t

14



(216 (x 0.6188021535170000 ¢
(4 - 727 0.6188021535170000 ¢ 2.678256510500007))) ~ (1/ 3) -

1 1
21 + ; = ;5.441868488?24 0.15523446368866 -

3.2599237374619 ¢ + 1.00000000000000 ¢

(.

I‘w sin(t)

0

s SITU(E)
dt](-4+539.1?333252943f f t dtJ]
Jo

(~216 (x 0.6188021535170000 ¢
(4 - 727 0.6188021535170000 ¢ 2.678256510500007))) ~ (1/ 3) -

L 1
21+ - = —-8.116245709598 [D.lESEDQﬁ?54SDSS -
¢ ¢

2.5874031850915 ¢ + 1.00000000000000 ¢

,illlf[fuf 1-¢2 .-,:t](-4+ 12?3.345555&588%leﬁar]]

Now, we have that:

For 2.6782565105....=C, , 1= 0.6160254; 0.618802153517.....=p, we obtain:

[(1/e)/(8*Pi*0.61880215)*(((3/2*2.6782565+(((1/4*9%2.6782565"2-
(1/€)/(8Pi*0.61880215))))"0.5)))](1/3)

Input interpretation:

1 | 1
: 3 | 1 2 :

a — 26782565+, — 0.2 /782565 -

\- 8r-0.61880215|2 "1] 4 8r-0.61880215

15



Result:
0.57487843.

0.57487843...

Now, from:

for rp=r=1.94973*10"* (SMBH 87); p-=5.1 x 10” kg/m’
we obtain:

(1.94973e+13)*((1/3*8*Pi*5.1e+96*e*(1.94973e+13)"2-1)

Input interpretation:
1
1.94973 - 10" [5 8r-5.1 10% ¢(1.94973 1013]2-1]

Result:
8.60809... x 10%7

8.60809...¥10" = (,

From:
; 1,3
1/n 7 s T 81
e/ 3C fOCs el/n
*53 2 — - = |II 2 _
gmp. \ 2 | 4 8mp,
we obtain:

[(1/e)/(8*Pi*5.1e+96)*(((3/2*8.60809e+137-+(((1/4*9*(8.60809e+137)2-
(1/€)/(8Pi*5.1e+96))))0.5))]*(1/3)

16



Input interpretation:

1 | 1
= 3

i:s;r 5.1 10% |2

1 = :
(8.60809-10"%7)+ .| = «9(8.6080910¥P - — ¢
: "Na T ' Brx5.1x10%

Result:
1.94973... x 10*3

1.94973...%10"

From which:

55In((([(1/e)/(8*Pi*5.1e+96)*(((3/2*8.60809e+137-+(((1/4*9*(8.60809e+137)"2-
(1/€)/(8Pi*5.1e+96))))"0.5)))]"(1/3))))+47-1/golden ratio

Input interpretation:

1
55 log|| —————
[[sn 5.1 10%8

[ 1
[ 1 .
| 7 <9(8.60809 | 1l

\

3 L]
- (860809 10%7) +

]A[l,.":h

1
+47 - -
i

8751 10%

logix is the natural logarithm

# iz the golden ratio

Result:
1720.4533. .

1729.4533...

17



((55In((([(1/e)/(8*Pi*5.1e+96)*(((3/2*8.60809e-+137+(((1/4*9*(8.60809e+137)"2-
(1/)/(8Pi*5.1e+96))))"0.5)))](1/3))))+47-1/golden ratio))*1/15

Input interpretation:

1
[55 lng[

3 Ll
— > (8.60809 10"} +
8xx5.1x10% |2

I 1
[ 1 - T
| = «9(8.60809 x10"7) - ——=—— |~
Va " Bax5.1-10%
1
(1/3){+47 - - |"(1/15)
fi]
logix is the natural logarithm
# iz the golden ratio
Result:
1.64384306...
1.64384396...
From

On a New Approach for Constructing Wormholes in Einstein-Born-Infeld
Gravity - Jin Young Kim and Mu-In Park - arXiv:1608.00445v3 [hep-th] 10 Oct
2016

E
g%
PRI
i
3l |
2]\
i
: 1 2 3 4 5
r

FIG. 1: The plots of E(r) for varying # with a fixed @Q. In particular, we consider 8 =
5,1, 1/2, 1/3, (top to bottom) with @ = 1.

18



With regard the small positive value of the cosmological constant or, equivalently,
the energy density of the vacuum, the value is A = 1.1056 * 10°* m™

For ry=r=1.94973*10"m (SMBH 87); A=1.1056* 107> m”;
h=1.054571e-34 kgm®s” and B=1

we obtain:

hodf |

4o dr -

Ty

R 1 2?2\
= = {H—Ar_—l—lj"zm (l—dl—l—ﬂ}]

1.054571e-34 / (4Pi) [1/(1.94973e+13)-(1.1056¢-
52%1.94973e+13)+2*1.94973e+13(1-sqrt(1+1/(1.94973e+13)°4)]

Input interpretation:

1.054571 x 107 1 L S
-1.1056 10777~ 1.94973 10 +
4 1.94973 - 10"
|
13 | 1
2:1.94973 107 |1~ [1+ T
\ (194973 x10%)
Result:

4.30419... x 10°%
430419 * 10%

We have that:

4.3042e-49 kg =eV

Input interpretation:
convert 4.3042 10 % kg to electronvolts per speed of light squared

19



Result:
2.4145 107" ev/c?

2.4145%10"

From which:

((2.41447x107-13)) eV =K

Input interpretation:

convert 2.41447 - 107" ev/kg | [ [ roltzmann cot to kelvins

Result:
2.8019x107 K (|
2.8019%10” K =4.37902¢+31 Kg

Additional conversions:
- 273.149909007108]1 °C

~ 450.6609999949566 °F
5.0434x107° °R

- 218.5199999977585 °Ré
~135.903749998520 *Ra

Comparisons as temperature:
7.107% K below

termperature of a typical evaporation-cooled Bose-Einstein condensate (7« 10

2.3519 107° K above
lowest temperature sodium Bose-Einstein condensate gas ever

achieved in the laboratory (at MIT) (450 pk)

2.8019 » 10~° K above absolute zero [0k

Interpretation:

Temperature

Basic unit dimensions:

[femperature]

Corresponding quantity:
Thermodynamic energy E from E = kT:

2410712 ev

20

g )



SMBH 87 mass = 13.12806*10°°
Wormhole mass = 4.37902%10°!

From the ratio of the two masses, we obtain:

13.12806*10"39 / 4.37902*10"31

Input interpretation:
13.12806 - 10%

437902 - 103!

Result:
2.00704474562801722759886915337221570122995556083324579. .. = 10°

2.9979447456...*10° result practically equal to the Light speed 299792458 m/s

Inserting the above mass value, we have:

Mass =4.37902e+31
Radius = 65035.7

Temperature = 2.80190e-9

From the Ramanujan-Nardelli mock formula, we obtain:

sqrt[[[[1/((((((4*1.962364415e+19)/(5%0.0864055"2)))*1/(4.37902e+31)* sqrt[[-
((((2.80190e-9 * 4*Pi*(65035.7)"3-(65035.7)"2))))) / ((6.67*10*-11)]]11]

Input interpretation:

1

|'
41962364415 - 1017 1 | 280120 107" .47 6503577 -65035.72
\\ 5008640557 437002 1071 ‘,'I 6.67 « 1011
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Result:
1.618078115508927166194986105275006000793607119920156681830 ..

1.6180781155089.....

Now, we have that:

A—2B82+2,/(82— A/2)2 + A(A — 482)(52 1/4)
. \J | VAU /2)% + A )(B2Q? — (22)

A(A — 457

For A=1.1056 * 10 m™>; B=Q=1, we obtain:

sqrt[(((((1.1056e-52-2+2*(((1-(1.1056€-52)/2)"2+1.1056e-52(1.1056¢-52-4)(1 -
1/4)))20.5))))) / (((1.1056e-52(1.1056e-52-4))))]

Input interpretation:

[1.1955 105224

|
| 1.1056  107°2
2 ([1-—
\

: 1
+1.1056 107 (1.1056 10‘52_41[1__J /
2 il

(1.1056 - 107°% (1.1056 10'52-4]]]

Result:
0.866025403784438646763723170752936183471402626905190373870...

0.8660254037844.... result equal to the previous:

'—

1

_\_

r = sqrt(1-1/4)

—_—

V1

P |
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J3
2

0.866025403784438646763723170752936183471402626005190314027...
0.8660254037844...

We note also that:

2sqrt[(((((1.1056-52-24+2*(((1-(1.1056e-52)/2)2+1.1056e-52(1.1056e-52-4)(1 -
1/4)))20.5))))) / (((1.1056e-52(1.1056e-52-4))))]

Input interpretation:

2 [|]1.1056 10732 _ 24+

|I [1 1.1056 - 10772
[pe—r
\

; 1
+1.1056 - 107°% {1.1056 1(:‘52-41[1__} /
. W4l |/

(1.1056 - 107°% (1.1056 - 107>* - 4))

Result:
1.7320508075688772035274463415058723669428052538 10380747740

1.7320508075688....

Input interpretation:
1.7320508075688772935274463415058723669428052538103807

Rational approximation:

101 989 905 840 209 046 397921927 43106006 252543616 153975851
58883 800506665 430243046076 | 58883890 506 665 430 243 046 076
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Possible closed forms:

-JTE = 1.732050807568877293527446341505872366942805253810380625805

9Ly

= 1.732050807568877293527446341505872366942805253810380625805

2 Taove

= 1.73205080756887729352744634150587236694280525381038062805

Tr = 1.73205080756887729352744634150587236694280525381038062805

= 1.73205080756887729352744634150587236694280525381038062805

=]

2(249 +73m
63 -221r+87°

= 1.7320508075688772940377

4825528341 «
B752540237

= 1.7320508075688772035203012

x| root of 335x° +1819 x* +483x® -573x% - 76 x-50 near x = 0.551329 =~
1.732050807568877293538280

x root of 592x% —1315x% +6523 x° + 1333 x-2552 near x = 0.551329 | =
1.7320508075688772935 10578

13 +233 ¢+ 373 &2
—079 + 425 ¢ + 242 ¢°

= 1.73205080756887729325237

0863382151

—————— = 1.732050807568877293536348
56094626 340

£ is Lieb's square ice constant

Tonyg is the twenby-vertex entropy constant

77 is Theodorus's constant
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We obtain also:

1/6((e/ (((Sqrt[(((((1.1056e-52-2+2*(((1-(1.1056€-52)/2)"2+1.1056e-52(1.1056¢-52-
4)(1-1/4)))10.5))))) / (((1.1056e-52(1.1056e-52-4))]))))2

Input interpretation:

e

[=a W

1.1056 11:1'59]E

. +1.1056 - 1072 (1.1056 1|:|'53-4;u:1-]z'|

f
1.1056 - 10752242 \ [1-

\ 1.1056 10752 [1.1056 1072 _4)

Result:

23

s iz complex infinity

Decimal approximation:
1.642012466429033383828983880127779514040070126789299178426 ..

1.642012466429...

1/6((e/ (((Sqrt[(((((1.1056e-52-242*(((1-(1.1056e-52)/2)"2+1.1056e-52(1.1056e-52-
4)(1-1/4)))10.5))))) / (((1.1056e-52(1.1056e-52-4)))])))))2-24/10"3

Input interpretation:

e 24
10°

[= N

1.1056 1022

f
1.1056 - 10752242 \ [1- ;

7 \
]+1.1|:|5|5 10752 (1.1056 10‘55-4]{1-1—“

\i 1.1056  107°2 (11056 - 1072 —4)

Result:

=y

s iz complex infinity
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Decimal approximation:
1.618012466429033383828983880127779514040070126789299178426...

1.618012466429....

Now, we have:

®)

N

E(r) =

Forro=r=1.94973*10" m, Q=1 and B=35, we obtain:
1/sqrt((1.94973e+13)"4+1/25)

Input interpretation:
1

1244 1
“Il[l.949?3 10°7) ¥

Result:
2.63058... = 10727

E(r) = 2.63058...¥10%

We have that the wormhole mass is equal to 4.37902%10*' . Performing the following
calculations we have:

(((colog(((1/5qrt((1.94973e+13)4+1/25) *1 / (4.37902e+31))))))) 1/10+11/10"3

Input interpretation:

1 1 1 11
. Dg ; + —
7 | 3 1 437902 10°| 10°
\\' “||[1.949?3 1077 i
logix is the natural logarithm
Result:
1.6430362...
1.6430362...
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(((colog(((1/sqrt((1.94973e+13)7+1/25) *1 / (4.37902e+31))))))"1/10 -
(1143)1/10"3

Input interpretation:

1 1 1
-log a7 = (11 + 3) =

10 [ a1 37902 %10 10
\' \II (1.94973 107} + —

23

logixy is the natural logarithm

Result:
1.618036164125642279651121392516029253687435605703383536165...

1.61803616412...

Now, we have that:

2 [B@3_ (1 i
A

A s 93 : A
flr)=1-— —p? : + Q — Q i @{r—m).
3 T r? 205276 (18)-(19)

For: ro=r=1.94973*10"m, Q=1 and B=5, M =4.37902%10"" ,
A=1.1056 * 10°* m?, we obtain:

2/3 sqrt(5/P1) (gamma (1/4) gamma (5/4))

Inpu_t:

Vs (G)(G)

Iix)is the gamma function

Exact result:
—
RERRLH
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Decimal approximation:

2.7638091342537002630043585375655868704139618730621151768473. ..

2.7638913425379.....= M,

Alternate forms:
2r(-2)r(3)
B 4! hg

Voo

Alternative representations:

2G(1+ ) G{1+ g}\/?

36{,)6(3)

(5

(/Z G-

:_; [\/? [r[lJr[gJ] e g o IPEG1/4H0gG(141/4) -logGiS5/4)+logG(1+5/4) \/§

T

Series representations:

2 (2
[5 1y ¢5 \ o«
2

SV 6 (Za (6 o) Bt

28

n! is the factorial function



s = femE ;
S(VEEGBE)-3VE R S

L'“’ []_ ri[—l}jﬂ_}* Sin[é [—j+k}}r+}rz,:,}r':j][1_zn].]

= 4 _.~'=l:| V-7 + k)
xh_J“ k (- 1y x~ sm[ (-] +k}fr+;rz.;,}r‘ 1 - zg)
ZD]k 1[_ e

k=l:| i

Integral representations:
4 1 —

1 5 Tk 55 2 3y i =24 x 42 ng — log{x*'* 5
= = (F(—]F[—D 2= - exp|-— +J .:!’x =
3 T 4] \4 3 2 o (-1 +x) lug[x} T

[ 1+\"'_}[ 1+ +2 x3%) [ =
{HGHIEE, 2[1+E+M_4,M]J§

SV G- 22 ([ 5 )

For B =1, from

= 3 ()r(E)

we obtain:

Input:
2\/T 1y (5
3y (13)3)
3 T 4 4
Iixiis the gamma function

Exact result:
ar()r(2)

3
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Decimal approximation:
1.236049784867581278955900231463506697478399215681177937057....

1.2360497848675....= M,

Alternate forms:
)
4

6V

32

& |un

1
4
15vr

a2 )

[4+2+2 &

3(4+2v2)

n! is the factorial function

Kim

i= the complete elliptic integral of the first kind with parameter m = k*

Alternative representations:

o 2G(1+ ;)G[1+ 2
NE(%EkaF_ BQHGEJJ_

|

E—]DgG-: 1/4ilogG(1+1)4) F—]Dan:SI-'4]+]DgG-: 145/4) \/ l
i

wal
-
ERN
—
=1
—_—
| =
|
b |
—
f 1 0
i
o
]
Il
| ba

VG- D2y 2

|

Series representations:

2V )2

2

v (2 1[” ]Zkﬁ*

2=

30



(L-z0f1 (2202 1 )izg) rk2)izg)

()

o (1 r( k (=1f gk Sin[% (—j +k};r+;rz.;.]r‘f’[1 - Zg)
=i +ky

® .5 ])( .’5“[—l]r';fr_-';‘k"'c Sin[El [—_J"+k}}r+frz,:,}r‘-':3[l—z,:,}
Jt=j+kn

¢is) is the Riemann zeta function

yis the Fuler-Mascheroni constant

Integral representations:

4 — ] il ]
clg loglc) g4
2 3y ‘1 24 ¥ x 47 = B —]Dg“x ! ]
exp(-3 + h X

ENCHIRIES e

: {—1+1-'?H—1+u’?+213-"4:|
2 exp le : £ i

(T

2{ Mr;__; .:rt}jj"ﬁ VE at
23 G-

- 3vVr

A, 2M @ Q' ~10
Syt - - .+ O(r19).
3 T T g OV

For: ro=r=1.94973*10"m, Q=1 and B=1, M =4.37902%10"" ,
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A=1.1056 * 10°* m?, we obtain:

1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2*4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)°6)+
(1.94973e+13)*-10

Input interpretation:
2.4.37902  10°

1.94973 &013

1
1- 211056 1072 (1.94973 - 107 -
1
= +
(1.94973 - 10"°f  20(1.94973 10™%)® (1.94973 - 10%%)*

Result:
-4.401924522882655546178327255568710771455534880309592. .. = 1018

-4.49192452288...%10"

From which:

(Pi-3) (((-(1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2#4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)16)+
(1.94973e+13)*-10))))*1/2

Input interpretation:

. 1 24,37902 - 10%!
(r—3)_[|-]1-=%1.1056 - 107°? (1.94973 - 10"3)? - ’
y 3 ' 1.94973 - 10%2
1 1 1 ]]
- +
(1.94973 - 10VF  20(1.94973 - 10'%)®  (1.94973 . 10%%)™°
Result:

3.00093746918938539720824317814856822180656656284903024... x 10°
3.00094... x 10°
3.00094...*10° result practically equal to the Light speed 299792458 m/s

and:

(((-(1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2#4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)16)+
(1.94973e+13)7-10))))*1/9+7
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Input interpretation:

1 2.4.37902 - 103! 1
[-1-— 1.1056 - 1072 (1.94973 - 10'%}* - 2 + =
3 ' ' 1.94973 - 10" [1.94973 103y
: - ]]"[1'91 7
+ Y+
20(1.94973 - 10'%)°  (1.94973 . 10%%)™°
Result:
125.166...
125.166...

(((-(1-1/3(1.1056¢-52)(1.94973e+13)"2 —
(2#4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)16)+
(1.94973e+13)7-10))))"1/9+21

Input interpretation:

[_

2-4.37902 - 103! 1
+ =
1.94973 - 10 (1.94973 10V}

]]A (1;91+21

1
1-3~1.1056 1072 (1.94973 « 107%)? —

1 1
+
20(1.94973 - 10%)®  (1.94973 . 10%%)™°

Result:
139.166...

139.166...

27*1/2(((((«(1-1/3(1.1056e-52)(1.94973e+13)*2 —
(2*4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)°6)+
(1.94973¢+13)*-10))))*1/9+7+Pi))-3

Input interpretation:
1 1
27 5[[-[1-5 1.1056 - 107°% (1.94973 - 10} -

2+ 4.37902 - 103! 1

+ _—
1.64973 x 10  (1.94973 x 101%)
1 1

i
20(1.94973 - 10%%)® (194973 . 10%%)"

]]A[l,."91-+?+n]—3
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Result:
1729.15...

1729.15...

and again:

[27%1/2(((((-(1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2#4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)26)+
(1.94973e+13)*-10))))*1/9+7+Pi))-3] /15

Input interpretation:
2.-4.37902  10°

1.94973 103
1

1 1
[g? 5[[-[1-5 1.1056 - 1077 (1.94973 - 103

= +
(1.94973 - 10"F  20(1.94973 - 10'%)°

1
(1.94973 . 10310 ]]A (1/9)+ ?ﬂr]_ E]A (1/15)

Result:
1.643825. ..

1.643825...

[27*1/2((((-(1-1/3(1.1056e-52)(1.94973e+13)"2 —
(2*4.37902¢+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20%(1.94973e+13)°6)+
(1.94973e+13)-10))))*1/9+7+Pi))-3]*1/15-26/10"3

Input interpretation:
[2? 1[ 2.4.37902  10%

2 1.94973 10"
1

1
_[1_5 1.1056 - 107°% (1.94973 - 107 -

= +
(1.94973 - 10°F  20(1.94973  10'3)®
1

(1.94973 . 101%)1°

» i 26
(1/H+7+x|-3|7(1/15)- —
10°
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Result:
1.617824884832180126607295658559294727774768704521229652321 ...

1.6178248848.....

From the ratio between eqgs. (19) and (18), we obtain:

(-(1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2*%4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-1/(20*(1.94973e+13)"6)+
(1.94973e+13)*-10)) / [2/3 sqrt(5/P1) (gamma (1/4) gamma (5/4))]

Input interpretation:

1 1
- 1- 11056 107°%(1.94973 - 107}

2 I? 1 50
5y - )3
1 1 1
= +
(1.94973 - 10"  20(1.94973 - 101%)® (1.94973 - 10%)'°

2.4.37902 - 103!
1.94973 . 1013

Iixiis the gamma function

Result:
1.62522... x 10'®

1.62522...%10"

Orfor =1,

(-(1-1/3(1.1056€-52)(1.94973e+13)"2 —
(2*%4.37902¢+31)/(1.94973¢+13)+1/(1.94973e+13)"2-1/(20*(1.94973e+13)"6)+
(1.94973e+13)*-10)) / [2/3 sqrt(1/P1) (gamma (1/4) gamma (5/4))]

Input interpretation:

1 1 2« 4.37902 - 10%!
= 1- = x1.1056 x107°2 (1.94973 x 103} —
8 ' ' 1.94973 . 1013

2 L))

1 1 1

(194973 1087  20(1.94973 10°)° (194973 101310

Iixis the gamma function

Result:
3.63410... x 10'8

3.63410...*%10"®
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From which:

((1627/4035)~(1/3)/m)(((-(1-1/3(1.1056€-52)(1.94973e+13)"2 -
(2*%4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)2-

1/(20%(1.94973e+13)°6)+(1.94973¢+13)*-10))/[2/3 sqrt(5/Pi) (zamma (1/4) gamma
(/4N 1/2

Input interpretation:

—
3' 1627 1

\ 4035 x
[ 1
1-
3
1 1 1

2 1
(1.94973 - 1031  20(1.94973 10'%)® (1.94973 - 10'%)1

1

ENEUHLE

1.1056 - 107°% {1.94973 - 10")* -

2 % 4.37902 » 103!
1.94973 - 1013

Iix)is the gamma function

Result:
2.99792 . x 108

2.99792...*%10° result practically equal to the Light speed 299792458 m/s

and for =1

((487/4035)Y°(1/3)/m)(((-(1-1/3(1.1056e-52)(1.94973e+13)*2 -
(2*%4.37902e+31)/(1.94973e+13)+1/(1.94973e+13)"2-

1/(20*(1.94973e+13)"6)+(1.94973e+13)"-10))/[2/3 sqrt(1/P1) (gamma (1/4) gamma
(5/4)H)~1/2
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Input interpretation:

3 487

4035 1

2 )

2

3

1 =52 1342
1- 711056 1107 (1.94973 - 107" -

2 % 4.37902 » 103!
1.94973 . 1013

1 1 1
- +
(1.94973 - 10°F  20(1.94973 10%)® (1.94973  10'%)*°

Iixiis the gamma function

Result:
2.99877.. « 108

2.99877...*10° result practically equal to the Light speed 299792458 m/s

From

52 rd

I 2 r 2
pg— e _Ka 20 re(l_\/H 2 )d (13)
T id 'U'

where C' is an integration constant.
With a straightforward integration, one can express the solution in a compact form in
terms of the incomplete elliptic integral of the first kind,

We note that the solution is in terms of the “incomplete elliptic integral of the first
kind” (see Ramanujan incomplete elliptic integrals in the next Section)

_ 2¢ A, 23, [ Q2 4 —— . fif .
s = gt + ra (1 = V“l 4 Gra) 3V —i3Q* EllipticF -rv 5.?
We have that:
M = C+ M,,

C=M-M,=4.37902*%10" -2.7638913425379 =
4.37901999999999999999999999999972361086574621 x 10°"; for Q=1; Pp=75:
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1-2%(4.3790199999¢+31)/(1.94973¢+13)- 1/3(1.1056¢-
52)(1.94973e+13)"2+50/3*(1.94973e+13)2%(1-
(1+1/(25%(1.94973e+13)"4))"0.5)-4/(3*1.94973e+13)*sqrt(-5i)

Input interpretation:

4.37901 109t 1
g E AR - - +1.1056 - 107°%(1.94973 - 10°) +
1.94973 . 1013 i '

50 1 4
5 (1.94973 107 [1- /1 v -5i

+ —_—
Y 25(1.94973 10%j* | 3.1.94973  10%

iizthe imaginary unit

Result:
-4.49192. . x 1018 4+
1.08127... x 10713 ;

Polar coordinates:
r =4.49192x10'® (radius), @=180° (angle

Alternate form:
~4.49192x10'®

-4.49192 * 10"

From which:

(((1-2%(4.3790199999e+3 1)/(1.94973e+13)- 1/3(1.1056¢-
52)(1.94973e+13)2+50/3*(1.94973e+13) 2*(1-(1+1/(25%(1.94973e+13)4))"0.5)-
4/(3%1.94973e+13)*sqrt(-51)))) 1/89-2/10°3

Input interpretation:

4.3790199999  10°! 1
159 - 3711056 107°% (1.94973 - 107)* +

1.94973 . 102

50
— (194973 1097 [1 - J 1

1
i
25(1.94973 - 10%%)*

4 2
A =51 ]"[1}89}——

3.1.94973 1013 107
iisthe imaginary unit
Result:

1.617225... +
0.05718045.. ¢
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Polar coordinates:
r =1.61824 radius), & =2.02497° (angle
1.61824

We have also, for r =0.6160254037844... 3=Q =1

1-2%(4.3790199999¢+31)/(0.6160254)- 1/3(1.1056¢-
52)(0.6160254)2+2/3*(0.6160254)"2*((1-(1+1/(0.6160254)4))"0.5)-
4/(3%0.6160254)*sqrt(-i)

Input interpretation:
4.3790199999  10°' 1

B - - +1.1056  107°% . 0.6160254° +
0.6160254 3
|

2 1 4

=~ - 0.6160254° ( 1 —(1 + ] - y i

3 \ 0.6160254% / 3:0.6160254

iizthe imaginary unit

Result:
—~1.421701... % 1072 +

2.197138...

Alternate form:
~1.4217x10%

-1.4217 * 10*

From which:

(((1-2%(4.3790199999¢+31)/(0.6160254)- 1/3(1.1056¢-
52)(0.6160254)2+2/3*(0.6160254)2*((1-(1+1/(0.6160254)"4))"0.5)-
4/(3*0.6160254)*sqrt(-i))))1/154

Input interpretation:
4.3790199999  10°' 1

g ~ = .1.1056 10772 . 0.6160254% +
0.6160254 3
|
2 1 4
~ . 0.6160254° ’1-[1+ ]- v —i |~ (1/154)
3 \ 0.6160254% 306160254
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iizthe imaginary unit

Result:

1.61694071... +
0.0329900899...

Polar coordinates:
= 151?28 i::-iéi!'~ 5 = 1.15883': "
1.61728

Now, we have that:

5 1
PTPs = pTDg ! (V’f—l—Ezfﬁf (43)
-2 1 Ia . wwr i an
p—pe — 8% | — —_— /1 - E%2/p2 2], (11)
1U-'ll]. — .E'P'aj."l_.f._:l12
o+ Zp,; = D= 432 (1 — 1?.-“{1 - E?;'_-j?) ) (45)

E(r) =2.63058e-27 P =15, we obtain
4*25[1/sqrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-27)"2)/(25))]

Input interpretation:

1 1 7
425|— —\/E[l—[E.EBDSB 10727

|
V{ —: (1-(2.63058 - 107%7))

Result:
480.0000000000000000000000000000000000000000000000000017991...

480
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4%25[1/sqrt((1-(2.63058e-27)"2) / (25)) + sqrt((1-(2.63058e-27)"2)/(25))-2]

Input interpretation:

1 [ 1
4,25 + "f — (1-{2.63058 - 10727)*) -2
== J)

.'
‘JI L (1-(2.63058 - 10727))
23 b

Result:
320.0000000000000000000000000000000000000000000000000016607...

320

4*25[1 - sqrt((1-(2.63058e-27)"2)/(25))]

Input interpretation:
.'

l =
4 25[1_\{£[1-[2.53D53 10727

Result:
80.00000000000000000000000000000000000000000000000000006919...

80

From the sum of the three results, we obtain:

Input interpretation:

1 | 1
4,25 + "/ — (1-{2.63058  10777)) -2+
= J)

‘JI < (1-(2.63058 - 10727
23 i

4.25 [1 = Vfl % (1-(2.63058 - 10727)%) ]

Result:
400.0000000000000000000000000000000000000000000000000017299. ..

400 (partial result)
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4%25[1/5qrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-27)"2)/(25))]+400

Input interpretation:

1 [ 1
4,25 -"/—[1-[2.53053 10727)%) |+ 400
: o J)

|
\fl < (1-(2.63058 - 107273
23 SR

Result:
880.0000000000000000000000000000000000000000000000000017991...

880

2%(((4*25[1/sqrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-
27)"2)/(25))]+400)))-29-2

Input interpretation:

1 [ 1 -
2[4.25|— —Jﬁ[l—[E.EEDSE 10727)%) |+400 |-
|
‘."I = (1-(2.63058 x10°27)%)
29 -2
Result:

1729.000000000000000000000000000000000000000000000000003598...
1729

(((2*(((4*%25[ 1/sqrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-
27)72)/(25))]+400)))-29-2)))*1/15

Input interpretation:

1 1 -

2|4 25[— _"}'E[l-[z.ﬁatﬁs 107} |+ 400
|
|

‘J—l[l-[z.ﬁatﬁa 107-27))
25 R

29-21"(1/15)

42



Result:
1.643815228748728130580088031324769514329283143609040172873...

1.6438152287....

(((2*(((4*%25[ 1/sqrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-
27)72)/(25))]+400)))-29-2)))"1/15-26/10"3

Input interpretation:

1 1 -
2|4 25| — _"f—[l—[Z.EBDSE 107} |+ 400

= g 25
J — (1-(2.63058 - 10°27))

26
29 -2("(1/15) - —
10°

Result:
1.617815228748728130580088031324769514320283143600040172873. ..

1.6178152287487....

Now, we have also:

1/7*(((4%25[ 1/sqrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-
27Y°2)/(25))]+400)))

Input interpretation:

1 1 41 -
~ 425 -"/—[1-[2.53053 1077} |+ 400
: e )]

|
\/ L (1-(2.63058 x10°27F)
23 e

Result:
125.7142857142857142857142857142857142857142857142857145427. ..

125.7142857....
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and:

1/7%(((4*25[1/5qrt((1-(2.63058e-27)"2) / (25)) — sqrt((1-(2.63058e-
27)"2)/(25))]+400)))+13+1/golden ratio

Input interpretation:

1 1 [ 1 -
=425 — 4 — (1-(2.63058 - 10727} | +400 [+
2 .' 25 G

\.fl -5 (1-(2.63058 - 10727))

13+ -

# iz the golden ratio

Result:
139.3323197030356001330188725486513524034345048040014774048 .

139.3323197...

From:

INTEGRALS ASSOCIATED WITH RAMANUJAN AND ELLIPTIC
FUNCTIONS
BRUCE C. BERNDT

Now, we have that:

Theorem 2.1. We have
iz dzr o i
J_o €Os\/T +cosh /T  4T7

((Pi(gamma“2 (1/4)))) / ((4(gamma”2 (3/4))))

Input:
W2
fri'[i}

1942
41_[;}
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Iixiis the gamma function

Decimal approximation:
6.875185818020372827490095779810557197900856451819160896274...

6.875185818...

Alternate forms:
36
4

8

n!is the factorial function

Alternative representations:
Ar(3) alre3)y

P a1+ 3)f

il
T oL
6(3)

Series representations:
(2w (E ) )
ar3) (X4 e
.| I b . ! ; |

l"='i‘ 1 | and c: | and ¢y
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nr{i}z ) Q;r[EL"’:n 4—*,:““3]2
EF o, B

w l37) e
}2 }T[E‘F::EI jkl—
= Tor (zi £ or z i
}2 4[ ” 1i_zljrr<k:l':zﬂ:']z

k=0 k!

(-1 n_-:"""sin{ ;— {—j+k:|n+:rz|:|:lr':-'::'11—z|:|il
it [k

I ”[Efﬂ{g ~50) T

4

}2 4 ga 1 k k ‘—IP;H_J;*EiH{éI:—_.‘.+|:::IJT+Irz|:|]|._':J;JI:1—zDJ
de:l {; _ZD} Z_,:I:I Jt{-j+k)

Integral representations:

Fr{i}z 1 12 ¥x -2x%% + logx)
EEZEEXPT"'J 1 1 dx|m
4r{;} (-1 +x) log(x)
112 1 !.—1+?;'T]2
Fr[;} _ E‘,h {1+1J'T:|Ing-:.1']dx
sf
(1 1 3
;rr{i}z an ]Dgs_.'4{1;]‘“
w@f T F
4| ===t
‘!‘qllh:-gﬂ'-]
We have that:
T TRy
Jo coszr+coshr 16 \I2(3)) 12
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(3Pi"3 (gamma”™6(1/4)))/(256(gamma”6(3/4)))

Input:
30 1)

256 172 }6

Iixiis the gamma function

Decimal approximation:
243.7331407513206852001947251977716653431983226563734391776...

243.73314075132.....

Alternate forms:
1412

3r(})
2048 r°

48 13 r[i}f’
)

2187° (11)f

256 (2 1}6

Now, we have that:

/* ridr o r ) M 1232 | 7936 1
Jo cosz+coshz 20 \T%(3) 4 16 | 2

180m'> _ 180r'S  TU(5) _ 3°-7n° ()
=

_ _ 1
T 271‘20(%‘) -_2?1-'10{*:) ?TV'LJ 0 212 1‘10{ )

rl-|v-—

[3/3 * (7Pi*5) * (gamma”10(1/4))] / [2712 * (gamma”10(3/4))]

Input:
3 (7x°)1(2 e

22 2]
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Iixiis the gamma function

Exact result:
189 ° }1”

7410

4096 r[;}

Decimal approximation:
725811.7845430244874980537425854957142684872912626410861573...

725811.78454302...

Alternate forms:

18913 }2”
131072 »°

48384 n° r[i}llj
4

)”

11160261 (1 z}m

4096 (2 z}m

n! is the factorial function

Alternative representations:
F((7)r(2)")  189a°((-1+ )"

22 22 (e
F((7)r(2)°) 1894°r(2,0)"
2202 22r(2 0"
G{“L] 10
33 [[? 5.|.r[1}1|:|j 189 [J—G{ﬁ]]
912 r[B}l':' - 12 G|:1+3] 10
o(3)
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Series representations:

32 [[? S}r{l}ln} 189 7° [Ekmﬂ{f}k ::k]m
212 - {4}10 - 4[)95{2:’:14-&: Ck}m
l 2HC | 1
for ‘ 1 =1landecs =1 and g Lk T Lij=] l
3 ((72%r(2)°) 1116026147 (25 @] 10
I r{i}lﬂ : (2f rio

10
4096 [ZH ﬁ—l ]

. {1__ AL b
(7 S}r{l}m} 189 x° [E&:ﬂ j_znt! ZDJ

Ior (zp & & Or zg

912 - [4}10 4095[2“:’:’3 ﬁw]m

-:l:l-';n'é;"'ksm{ -J +k'|:r+:rz|:|'|r'::'-:1—z|:|:l LY
-k

}m} 189 »° [EH{ —z.;.} E‘,k

(-1 g+ sm{ I:_.‘+k:|n+nz|:|:|l":*::":1—z|:|i' 10
4096 [Zk:l:l{ '3'} Z i=0 FITRT ]

Integral representations:

51‘2 ‘.-' x -2 4+1Dg-:x;l] 5
53 [[?ns}r[ﬁ }m} 189 exp|5y+ [ SR dx|m
912 r[i}l':' B 4096
4
4
1y 189 exp Jﬂl 51_21”] dx |n°
33 {{? 5} {1} } {1+‘-"x'|]n:|g-:x;|
912 r[g}m - 4096
4

10
32 {[? S-IIF{l}lD} 189 n [Jnl 1.:-g3-"1411;]dt]

212 {4 }ll.-.l 10
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Dividing the three results, adding 16 and multiplying by 10'° , we obtain:
((((725811.784543024487 / 243.73314075132 *1 / 6.8751858)+16)))*10"16

Input interpretation:

[?25 B11.784543024487 1

+15} 1016
243.73314075132 6.8751858

Result:
4.40136707670568196607365725715712518151045309581838480... = 1018

4.4913670767056...%#10' value practically equal to the previous results concerning
the below equations:

1
/1-5 1.1056 - 107°% (1.94973 - 10" -
1
= +
(1.94973 - 10 20(1.94973 - 10")®  (1.94973 . 10%)° | _,

2. 4.37902 - 103!
1.94973 i:LLD”

4.37901 10°0 1
/1-2 P0199999 - —+1.1056 - 107°%(1.94973 - 107%) +
1.94973 - 1013 3 '

|I 1 4

1+ - -
\  25(1.94973 10%)* | 3.1.94973 10%3

5i

50
5 (1.94973 iE ot ll 3

=  -4.49192* 10"
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From

Incomplete Elliptic Integrals in Ramanujan's Lost Notebook
Dan Schultz - March 17, 2015

We have that:

» On pages 51-53 of his lost notebook, Ramanujan recorded intriguing
identities between 7 functions and incomplete elliptic integrals.

» [ hese identities take the form

q U(q) do
f product of 7 functions dg = f
0 L) V1— K2sin%0

where k € C is fixed.

We have:
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> |evel 15

T _ 2 (5) d6
/ Manss 2midT = g/ v :
inc 2tan—1 (\i@ ;X_;; ) Pl %Sil‘l29
where e
_ s
el
> level 10

EEl

% dd
g / nena2widT = /
oo cos—1 /ey \/1 — ¢55-3/25in% ¢

B /2tan_153/4x de
0 V1 — e-55-3/25in2¢

'1]53 'I??._E -] \/g
— —3 . y o T‘ E =
Ui 25 2

where

X

These identities are established first by obtaining a differential equation,
and then integrating both sides.

» level 15
_ dx
”17?37}5-2}152?T;‘d7" S \/(x2 o 1)()(2 4 11x — 1)
where 3.3
_ "m's
UHT
> level 10
dy
2 24 -
NN 2midT =
Vv =11y +y?)
B 2dx
V1 -+ 22x2 + 125x4
where 3 75
B oy s
" 735
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For the identity of level 15, we have:

1 dx
5o = mmnsisy (X2 — x = 1)(x2 + 11x — 1)
- s
303
U RS R |
13135 ne 795
9 1
R+5+4+—=——
—+ 2 - X
125 135 486 729
P+ —=R-—4 +
2 TR TR TR
125 9
T R34+ 6R24+15R—4+ —
Q+ 0 + + 5
12 6.6 12
nc + 22n3ns + 125¢
1+62’71(k)‘?k_30201(k)q5k = \/ L ;:;21?2 &
k k 1715

for 1/x —x =15 and R =1, we obtain:

Input:
1
15=--x
X
Plot:
an
g 20
- = = B
S 10
e |
Sy L
20 -15 10 -5 H\\H'\-\.

Alternate forms:

1
x+15=-
X
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4 1542
e ) =1
229 2

(x-1j{x+1)
o T o

X

Alternate form assuming x is positive:

Xix+15 =1

Solutions:
X = — lSDﬁﬁ

x = 0.066373
x =-15.066

R+5+9/R=15, we obtain:

Input:

9
x+5+- =15
X

Plot:

20} |

Alternate forms:

Q
x+—- =10
X

X +5x+9
— =15
X

Alternate form assuming x is positive:
¥ +9=10x

= e
—

54
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Solutions:
xr=1

x=9

R=1 or R=9

For R =9, we obtain:

125 135 486 729
P+—=R—-4+ + +

7 R R? R3
x+125/x = 9-4+135/9+486/9"2+729/9"3

Input:
125 135 486 729

X+— =9-4+ —+ — + —

x g 92 93

: \
30 \
| III"..

10 15 20 25

Alternate forms:

4 27 _
—[I—— =1 (forx
229 2
x* +125
=27
X
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Alternate form assuming x is positive:

X +125=27x
Solutions:

27 /329
X=— —

2

27 3229
X=—+

2 2
Solutions:
X = 5.9335

P =35.9336 or P=21.066

From:

125 9
T R LB6R?L15R—4+ —
Q-+ 0 £ +5

for R =9 , we obtain:

x+125/x = 9"3+6*9"2+15%9-4+9/9

Input:
125
x+— =92 +6x9% +15 9-4+E
X 9
Result:
125
X+ — =1347
xX
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Plot:

2000 |
1500 |

3
1000 |

500 |

500 _ 500 1000 1500
500 |

-~

Alternate forms:

i

1813909
x> +125

X

= 1347

Alternate form assuming x is positive:

x* +125 = 1347 x (for

Solutions:
1347 894229
X = -
2 2
1347 894229
X = +
2 2
Solutions:
x = 0.092805
X = 13459

Q=10.092805 or Q=1346.9

Thence, we obtain:

P=21.066 Q=1346.9 R=9

2000 __ 125

— 1347

x =-15.066
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9 i
R+5+—=——
R x X
9+5+9/9 = (1/(-15.066))+15.066

Input:
9

5 2
9+5+ 5

Exact result:
15
15

and:

Input interpretation:
+15.066

" 15.066

Result:
14.99962538165405548918093720961104473649276516660029204832. ..

14.999625381... = 15

1 dx
— = mmanstisy (X2 — x — 1)(x2 + 11x — 1)

2l dT
_1/(2Pi*i) = sqrt((-(-15.066"2+15.066-1)*-(15.066"2+11*15.066-1))) x

Input interpretation:
.'
- ‘-.fl ~(~15.066° +15.066 — 1)(—(15.066° + 11 - 15.066 — 1} x

2mi
iizthe imaginary unit

Result:
L (288.795 i x

T
Alternate form:

L (2887954 x = 0

. 8
Alternate form assuming x is real:

L 0+i(288.795x +0)

h
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Real solution:
x = 0.000551101

Complex solution:
x = 0.000551101

0.000551101

or:

1/Q2Pi*i) = sqrt(((-15.066"2+15.066-1)(15.066"2+11%15.066-1))) x

Input interpretation:

|
- \;' (-15.066% + 15.066 - 1)(15.066” + 11 15.066 - 1] x

2

Result:
_ EL — (288.795 i) x

i

Alternate form:
(—288.705 i) x — EL —0

T

Alternate form assuming x is real:
_EL = 0+i(288.795 x + 0)

i

Real solution:
x = -0.000551101

-0.000551101

Complex solution:
x = -0.000551101

59
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We note that:

(1/(2P1)) 1/-0.000551101 or -(1/(2P1)) 1/0.000551101
Input interpretation:

Hyrri
2x\ 0,000551101

Result:
-288.795...

-288.795...

Alternative representations:
1 1

T 0.000551101(2x  0.000551101 (360 7)

1 1
T 0.000551101(2x  0.000551101 (-2 i log(-1)

1 1
©0.000551101(2m)  0.000551101 (2 cos™ (- 1))

Series representations:

1 226.819
0.000551101(27) e 1
k=0 142k
1 453.637
0.000551101 (2 m)
= Z..J.; 1{2&:]
1 007.275

© 0.000551101 (2 ) e ZK(-6450K)
Z‘k-ﬂ 3k'|

Integral representations:

1 453.637
0.000551101 (2 m) ,[3 1+(E dt
1 226.819

GOCORSTITEa) ™ gl it

1 453.637
0.0005511012m) L‘”mdt
t
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From which:

_6* (((1/(2Pi)) 1/-0.000551101)) - 3 -1/golden ratio

Input interpretation:
1 1
| —|-—||-3 - -
[2}1’[ D.GDDSSMDI]J )
Result:
172915,

1729.15...

Alternative representations:

3 1 3] 1
s R e e B B
(2 mi-0.000551101% & 0.000551101(2m 2 cos(2167)
3] . 1 6 1
(2mi-0.000551101, ¢ 0.000551101 (360 =) 2 cos(2167)

6 6

1

1
i) e 3 =
(2 1) (-0.000551101) ¢

Series representations:

6 g 1_ 5 1 136091
(2 m(~0.000551101) ¢ P
k=0 142k
6 g L _ g 1, 272182
(2 7)(-0.000551101) P
1+ >_4k 1{2k'|
6 g 1_ g 1 _ 544365
(2 1) (-0.000551101) ¢ e 27K (-6450K)
Lk_tl Ek]
Integral representations:
6 1, 1 272182
(2 7 (-0.000551101) b i fo -1 at
14
6 1 1 1360.91
- ~3--=-3--+
(2 ) (-0.000551101) ¢

¢ J‘;lw,' 1-t2 dt

61
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6
(27 (-0.000551101)

Thence:

111375715
x = -0.000551101

-0.0005511001

FromP=21.066 Q=1346.9

n
ne

P =

21.066 =x"6 / y™6

Input interpretation:

15.065258
21.066 = ————
J_{
Result:
1.16912 %107
21.066 = 9—6"
¥

2721.82

1
-+ #
,'P -ij-_l SI'I:.f_ £:t

x =-15.066

Alternate form assuming y is positive:

y = 0.06524

Input interpretation:
15.06525°

0.065245

Result:

21.06600676052446135220422687266461009277312832972210597695...
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Indeed:
-15.06525"6 / -9.06524"6

Input interpretation:
~15.06525°

_0.06524°

Result:
21.06600676052446135220422687266461009277312832972210597695...

21.06600676052...

n, = —15.06525; n5 = —9.06524

From:

M2 4 22n8n8 125022
e

we obtain:

sqrt((((-15.06525712+422*#(-15.0652526)*(-9.06524"6)+125*(-9.06524"12))/( -
15.06525"2%(-9.065242)))))

Input interpretation:

|' ~15.06525" + 22 (-15.06525%) (-9.06524%) + 125 {-9.06524%)
‘u' 15.065257 (-9.06524)

Result:
41704.7... i

Polar coordinates:

r=41704.7 1s), €=90°
41704.7
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From the ratio between this expression and (1/(2Pi)) 1/-0.000551101

H
2x\ 0000551101
-288.795...

we obtain:

sqrt((((-15.06525712+22%(-15.065256)*(-9.06524°6)+125%(-9.06524"12))/( -
15.06525%2%(-9.06524"2)))))/~((((1/(2Pi)) 1/-0.000551101)))

Input interpretation:

f
| -15.0652512422(-15.06525%)(-2.065245 }+125 (20652412
\J 15.065252 (-9.065242)

2 )
2m 0.000551101

Result:
144.410... i

Polar coordinates:
r =144.41 (radius), 6= 90° (angle
144 .41

Series representations:

‘J'l ~15.0653124{22(-2.06524%))(-1) 15.0653% +125 (-1)2.0652412

15.06532 (-1)9.065242

1
(2m){-0.000551101)

; o 1
0.00110227 V -1.73928 x10° " (~1.73928 x10%)* [ 2 ]
k
k=0

‘j -15.065312 422 (-0.065245 ))(-1) 1506535 +125 (-1)o.065241 2

1506532 (-1)2.065242

1
(20000551101}

0.0011022 7 V 1.73928 % 10° L
k=0

-21.2767k [_ 1
. 2}k

k!
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| -15.0653124{22(-0.065245))(-1) 15.0653% +125 (-1)9.0652412
\I - 1506532 (-1)9.065242
1
{27)(-0.000551101)

0.000551101 7 I35 Res,__1,, (~1.73928 x 10°) I~
: =Ly

%—s}r[s}

Vi

and:

[sqre((((-15.0652512+22%(-15.06525"6)*(-9.06524"6)+125%(-9.0652412))/( -
15.06525°2%(-9.065242)))))/-((((1/(2Pi)) 1/-0.000551101)))]*1/10

Input interpretation:

[
[ 150652512422 (-15.06525%)(-0.065245 )+125 (0065241 2)

‘Hl B 15.065252 (-0.065242)
10 —
\ = e
27\ 0000551101
Result:
1.62398... +
0.257212.. i

Polar coordinates:
r=1.64422 radiu i d=09.2angl
1.64422

125qrt((((-15.06525"12+22%(-15.06525°6)*(-9.06524°6)+125%(-9.06524"12))/( -
15.06525%2%(-9.065242)))))/~((((1/(2Pi)) 1/-0.000551101)))-4i

Input interpretation:

f
[ -15.0652512422(-1506525%)(-2.065248 }+125 (20652412

\ul B 15.065252 (-2.065247)
121- 3 -4

L1
am 0.000551101

iizthe imaginary unit

Result:
1728.91... i
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Polar coordinates:
r=1728.91 (radius), &=90° (angle

1728.91 = 1729

Series representations:

1506532 (-2.065247 )
- 1 —-id =
{2 7){-0.000551101)

[
_4i+0.0132264 7 ~1.73928 x 10° 3 (-1.73928 x10%)* [
k=0

12 \/ -15.065312422(-15.0653% )(-2.065248 j+125 0065241 2)

]

b I

1506532 |-2.065247
- 1 -id4 =
{27)(-0,000551101)

12 \/ -15.065312422(-15.0653% ) (-2.065245 )+ 125 [-o.0652412)

w g-212767k [_ 1}
X
_4i+0.0132264 1V —1.73928 x 10° 2‘ 2
k=0 k!

1506532 (~on65247)
1 —-i4 =

{2 7)(~0.000551101)
0.00661321x E_‘;‘;,:, RESS=_%+;. (-1.73928 x 1|:|g'}—5 r[_

i \/ -15.06531 2422 (-15.0653% ) (-2.065245 }+125 (-2.0652412)

zl—s}r[s}

-4+
Vi

66



Now, we have that:

When H/To(N) has g = 1:
» There a function x(7) of order 2, which can usually be constructed

as an 1 quotient

» There is a cusp form f(7) of weight 2, which can usually be
constructed as an 77 quotient

» There is then necessarily an identity of the form

dx

f(7)2midT =
) Vag + aix + arx? + azx3 + agx?

for constants a;.

Example: y(15)

First,
x(1) = 3 3 =q—39g°+8¢" — 99"+ - --
1375
has simple poles at 7 = 1/3 and 7 = 1/5 and simple zeros at 7 = 1/1
afid 7= 1/15:
Next,

MBI =4—q¢ —q¢ — G +q + -+
is a cusp form.
Therefore,

dx
4 3 2
\/34)( + azx® + arxXc + 31X+ J

Mmn3nss2TidT =

g = x +3x? + 18x* 4+ 127x* + O(x°)

1 1 x>
) =1 10x— 1332 + 1063 + x* £ O(x%)
M35 270 dT

=(x2—x—1)(x*+11x—1)
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We have obtained previously x = -15.066 , thence:

1 L ik
( _) =1—10x — 13x2 + 10x3 + x* + O(XS)
mn3nsns 2mi dT

= (x?—x—1)(x*+11x — 1)

(-15.066"2+15.066-1)((-15.066"2+11*(-15.066)-1)

Input interpretation:
(-15.066° + 15.066 — 1} (~15.066" + 11 - (-15.066) - 1)

Result:

83828.161739694736
83828.161739694736

From

1
/1-5 1.1056 - 107°% (1.94973 - 10" -
1
= +
(1.94973 - 10"F  20(1.94973 - 10%%)% (1.94973 - 103}

2. 4.37902 - 103! \
1.94973 i:LLD”

4.37901 10* 1

) P0199999 - - +1.1056 - 1077%(1.94973 - 107%) +
1.94973 - 10" 3 '

|

50 1 4

— (1.94973 - 107)* |1 - |'1+ - "
3 ' \  25(1.94973 10%)* | 3.1.94973 10"
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=  -4.49192* 10"

Performing some calculations, and taking the absolute value, we obtain:

(((7/9 + 8/(81 €) + (10 €)/27))) (4.49192e+18)"1/4

Input interpretation:

7 B  10ey4
[—+—+—"]§?4.49192 1018
0 Ble 27

Result:

83828.16286777860277823431376748163785784059631184832077279...
83828.1628677786...

But, from

(x2 —x—1)(x* 4+ 11x—1)
we have also:
(x"2-x-1)((x"2+11*x-1))

Input:
s T | [

Plots:

¥

| /
2000 | |

II". 1000 | / (x from =11.7 to 5.8)

\I[] ] | 5

\ / 000 |

2000 !
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¥

1.5x107 | /

\ 10107 | ,-"f
\:.n %108 |

% E
-60 40 =20 20 40 [:14]

Alternate forms:
4 3
¥ +10x° 13 -10x+1

Xixxx+10-13-10y+1

ix-Lix-Lixix+11)-1)

Roots:
11 545
X=—— -
2 2
1 5
X=———
o 2
1 5
X=—+—
Rl
545 11
Xs —— — —
2 2
Roots:

x =-11.0901699437495
x = -0.618033988749895
x = 1.61803398874980

x = 0.0901699437494742

1.61803398...; -0.61803398...

Polynomial discriminant:
A= 12960000

Properties as a real function:
Domain

IR -:: -" .:-Z=fi;="'-
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Range
i¥eR:y=-1783.97

K is the set of real numbers

Derivative:
:i[[f-x- 1)(x® +11x-1))=4x" +30x* =26 x - 10
ax

Indefinite integral:
. 3 4 3
[(F1-x+)(-14+ 110+ 2?)dx = xg +5; - 13; 5x%+x

Local maximum:
max|(x* —x-1){x* + 11x-1)} ~ 2.5699 at x ~ —0.29081

Global minimum:
min{{x® —x - 1)(x* + 11x- 1)} ~ -1784.0 ar x ~ -8.2511

for x = 1.61803398874989 ,

[? —se— 1Y% Tle—1)
we obtain:

((1.61803398)"2-(1.61803398)-1) (1.61803398"2 + 11*1.61803398 - 1)

Input interpretation:
(1.61803398" - 1.61803398 - 1) (1.61803398° + 11 - 1.61803398 - 1}

Result:
-3.7088800058182719972268784 = 1077

-3.79888...%107
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From the previous expression, for f§ =1:

hodf|
47 d!"r

TH ==

A [ (@)

= = [H — Ary +28%r, \1 — J 1+ f_ri}] .

1.054571e-34 / (4Pi) [1/(1.94973e+13)-(1.1056¢-
52%1.94973e+13)+2*1.94973e+13(1-sqrt(1+1/(1.94973e+13)"4)]

Input interpretation:

1.054571 103 1
[ ~1.1056 - 10732 .. 1.94973 . 10"% +

4 1.94973 . 103
|
12 | 1
2+1.94973 <107 |1- (1+
\  (1.94973 . 10V}
Result:

4.30419... x 10~%
430419 * 10°%

we obtain:

Pi ((((1.054571e-34 / (4Pi) ((1/(1.94973e+13)-(1.1056e-
52%1.94973e+13)+2*1.94973e+13(1-sqrt(1+1/(1.94973e+13) ")) /7

Input interpretation:
1.054571 m-“[ 1

~1.1056 - 1072 .. 1.94973 . 10'%
4 1.94973 - 1013

i

|
1
2.1.94973 10" |1- [1+ ~ 17
\  (1.94973 . 10%)*

Result:
3.86995... x 1077

3.86995...%107
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Now, we have that:

Example: o(24)

First,

I

HateT?

x(7) = .? I ?1;’}’2121 —g—2¢® +2¢* +

11211121378
has simple poles at 7=1/3 and 7 = 1/8 and simple zeros at 7 = 1/1
and 7=1/24.
Next,

Mananetz = q—q° —2q° +

is a cusp form.

Therefore,
g dx
N2NaNe1227idT = Tt ot fad o
B dx
Vx4 +8x3+2x2 —8x+1
. _ i (% Vv do
; 'I',ig?}a,?}ﬁ?hngHdT - 1 [ VI 1— (VI3 VT . 24
oo sin™ (% VAt VAV A—1)x V1+3sin“d
From
; dx
M1anen22TidT = - = 5
\/34)( —+ azx® + azx< + a1 x + ap
ax

Vx4 1 8x3 1 2x2 8x 11



we obtain:
1/(sqrt(x"4+8x"3+2x"2-8x+1))

Input:
1

\;'rx4+8x3+2x2—8x+1

Plots:
0.5 |
V| |
0.4 | |
0.3 | |\
| {x from =12.4to 7.1)
0.2
0.1
10 -5 ' ]
0.012,
[].?{unf \
u.ltmis}
{006 | \ (% from -70.9 to 65.8)
004 |
0,002 |
-0 -40 -20 20 40 G0

Alternate form:
1

Vxix(x(x+8)+2)-8)+1

Series expansion at x = 0:
1+4x+23x° +144x° +953x* + 0(x°)

(Taylor series)

Derivative:

d 1 2[x3+5x2+x—2}
ey 3 32

dx \(x4+8x3+2x2—8x+1 (x*+8x" +2° -8x+1)
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Indefinite integral:
1

dx =

Vit +8x3+2x2 -8x+1
x-+5-2v6 V6 +2 |x++45-2v6 -6 +2
x—y5+246 +\G+2 x-4/5+246 +\,"E+2

[x- M\Fﬂm]z

x— rootof ¥*+8x®+2x* -8x+1 near x =-7.59575

-112

x—-4/5+246 +VIE+2

el

[x— root of x* +8x° +2x2 —-8x+1 near x =-7.59575 }] /

/
[[x— 5+246 +sﬁ+2][-2+ﬁ+\/:-

root of x*+8x® +2x% —8x+1 near x =-7.59575 ]]]H
[[—2£+\/5—2\E{E +\/5+2\/E]

[2-@-45-2 +|rootof ¥* +8x* +2x* —Bx+1 near x =—7.59575 ]]J;’

[vE 52V +sea¥5 |

[E—V{E+\|'5—2 6 + |rootof x*+8x*+2x? —8x+1 near x =-7.59575 ]]] ,I,."'l

[J[[-EH—JS—M{E +\/5+2\/E][x4+8x3+2x2—8x+1}

[ rootof x*+8x° +2x° —8x+1 near x=-7.50575  +

2-46 +45-246 ]]] + constant
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Now, from

1

\4'rx4+8x3+2x2—8x+1

we perform the following calculation:
(X4+8x"3+2x2-8x+1)

Input:
e8P 42 -Bx+1

Plots:

WV

400 |

el {2 from =8 to 3.5)

~200 |

¥
6 %105 |
55108 |
4108
3x108 |
2108 |
1 %108 |

[x from =48 to 48)

—40 ~20 ' 20 40

Alternate forms:
Yixixix+8+2)-8)+1

-[-xz+[2ﬁ-4]x+2 6 -5][x2+[4+2ﬁ]x+2 6 +5]
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LI—F+2JEFH+1DJ;:;;%;+JE—E]

Lx+@+2$€fm-1uJ5+2dE_+JE-2]

[x—\|'5+21,"? +'\||I'E+2][I+\j5+2\|f? +1,'|'E+2]

Roots:

' . '
x=-2+46 -\/5-2~j5
' . '
x=-2+46 +\/5-2~jﬁ
' . '
x=-2-46 -\/5+2~jﬁ

' . '
x=-2-y6 +\(5+2’u'|'5

Polynomial discriminant:
A =589824

Properties as a real function:
Domain

R

Range
(¥eR:y=-314.638)

K is the set of real numbers

Derivative:

/|

St +8x 42X —8Bx+ =4 +6x° +x-2)
; . .
ax

Indefinite integral:

5 3
) x 2:x
[[l—8x+2xz+8x3+x4]dx: = +2xt 4 T—4x2 +X

Local maximum:
max{x® +8x’ +2x° ~8x+1}~5.0797 ar x ~ -0.71718

Global minimum:
11'.111‘.1{3:4 +Bx +2x° _Bx+ 1} =-314.64 at x = -5.7664
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Now, from

N
W - Y -

we have, for

1

Vaxt+8x +2x° _8x+1

1/(=2 + sqrt(6) + sqrt(5 - 2 sqrt(6)))*1/2

Input:
1

‘qll-2+\f'_+\/5-zﬁ

Decimal approximation:
1.141588968430058786133608839087698612098785192658239643502...

1.1415889684...

Alternate forms:
1

J_z_f§+J§+JE
f P
A =
\q|2+\,"5 —\/5+2'\,"I5

| — W
\qll_zﬁ,f?“/s_zq? [2+¢?_5,f5-2¢? -2\/5[5-2@]]

Minimal polynomial:
x®-8xf+2x* 4827 41
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Indeed:
integrate ((((1/(-2 + sqrt(6) + sqrt(5 - 2 sqrt(6)))*1/2))))dx x = infinity*i..1/24

Definite integral:

« 1 1 i (—oo) + =
JE4 adx = 2
wE f [ —

[ _
._q||—2+1,"'g+\(5—21,"'g "1]||_2+‘j_+\‘5_2£

Indefinite integral:

1 x L
j : dx = | Constant

4-2+~E+J5-2«E \q(—2+\;'|?+\|/l5—2\;'|?

1
j : dx = constant + 1.14159 x

u{_2+¢E+J5-2ﬁE

1.14159

Thence:

1

T g I
_ 3y v’i+v’§) df
/ N2natjeni22midT = / (
1

- 1 1 VA1 (VA c 2y
%S sin (\‘3@ ﬁ+\f§+(ﬁ—l)x) 14+ 3sin“0
i 1 I'[—uc'l-+ 28
qu' adx = 2
st [

I [ I
._q||—2+1,"'g+\(5—21,"'g ,_q||_2+£+,~f5_2£

1
j : dx = constant + 1.14159 x

u{_2+¢E+J5-2ﬁE

From which:
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172+((((1/(-2 + sqrt(6) + sqrt(5 - 2 sqrt(6)))*1/2))))

Input:
1 1

e

2 I

,u||—2+\'/€+\fl5—2‘\z€

Decimal approximation:
1.641588968430058786133608839087698612098785192658239643502...

1.6415889684...

Alternate forms:
1

-+

[N ]

r
4_2_J§+J§+45

| —
1 | " I "
i | "

: 1+2~uz+wj5 \/5+2w,"l5

|'
2+\I—E—V"E+‘-."'§+1JII5

.'
2\‘-2-‘."'E+\"'§+\'{E

Minimal polynomial:
256 x° — 1024 x” — 256 x° + 4352 x° - 6048 x* + 3648 x° + 1008 x° — 1936 x + 769

and:
172+((((1/(-2 + sqrt(6) + sqrt(5 - 2 sqrt(6)))*1/2)))) - (21+2)1/10"3

Input:
1 1

1
-+ —21+ 2y —
2 | 10°

,Hll-zw.fgﬂjs—zﬁ

Exact result:
477 1

¥
1000 I

,Hll-zﬂ,/_ﬂjs—zﬁ
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Decimal approximation:
1.618588968430058786133608839087698612098785192658239643502...

1.61858896843...

Alternate forms:
477 1

1000 |
\I_z_ﬁw?ﬂﬁ

| P
| |
4??+1CIDD1H|2+\/_—\IS+2\/E

1000

|
1DDD+4??\I-2-~E +v3 +'JIE

.'
1GDGJ—2—\.’T+E+1}'5

Minimal polynomial:

1000000000 000 000 000 000000 x° -
3816000 000 000 000 000000000 x” — 1629 188 000 000 000 000 000 000 x° +
16818 245 352 000 000 000 000 000 x° - 21679 618 791 130 000 000 000 000 x* +
12166 147 842 695 208 000 000 000 x° +4 847827 905877 192892000 000 x* -
7359 886 287 750 824 288424 000 x + 2832218 565262 629 120 197 281

We have that:

Ramanujan has also given the example

fT — ‘/x x dx
15171 miar —
- BT 0 V14 x —x2y/1—5x —9x3 — 6x°

where
'T;l]_ ij‘gb

'I;lb ?}7

which belong to [ ¢(35).
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We perform as follows:
1/((sqrt(1+x-x"2) sqrt(1-5x-9x"3-6x"5-x"6)))"2

Input:
1

\‘f l+x—x° \/ 1-5x-9x° -6x° -x°
[ J

Result:
1

(-2 +x+1)(-x®-6x° -9x° -5x+1)

Plots:

(¥ from =6.5t01.9)

iy 2

(% from =27.3t0 22.7)

-70 =1a [ 10 20

-1.~a|n'7§

Alternate forms:
1

x-Dx-1)(x+6x" +9x> +5x-1)

1
(P -x-1)(xb+6x° +9x® +5x-1)

1
X(X(x{xix(x(xx+5-71+3)-9-9h-01-h+1

Partial fraction expansion:
61x-92 -61x° -335x% +156x° - 728x? + 256 x - 777

+
869 (x* —x -1} 869 (x®+6x° +9x° +5x-1)
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Expanded form:
1

W a5x —7x8 435 —9x* —4x® —6x% —4x+1

Roots:

Nno roofs exX1sT)

Properties as a real function:
Domain

(xeR:-0.618034 <x < 0.187791)

Range
iy e R: y=0.594003)

Series expansion at x = 0:
1+4x+22x° +116x° +621 x* + 0(x°)

(Taylor series)

Series expansion at x = oo:

[l]ﬂ 5 32 198 D[[l]lz]
S A, e EnEe e it

x ¥ xl@ U x
[Laurent series)

Derivative:
d 1

o [\((1+x—x2 ‘J(l—Sx—gxg—ﬁxs—xE‘Jz

Bx-35x0442x —15x* +36 X + 127 +12x+ 4
(- +x+1fF (-6 -6x° -9x° -5x+1)

Indefinite integral:

f L 3 dx =
[\'r 1432 \'II 1-5 x-2 5% fx" 0
1

1
BE00 [_ 10 El"“": wf +65° 40w 45 w-1=0} g .5 130 ,* 4270245

(61 w” logix — w) + 335 w? log(x — w) - 156 & log(x —w) +

728 w” log(x — w) — 256 w logix — w) + 777 log(x — w)) +

(305 -123V5 | log(-2x+V5 +1)+(305+123V5)
log(2x+V5 - 1}] constant

[assuming a complex-valued logarithm)
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logix is the natural logarithm

Local maxima:
1
max{ } =0 ar x = -5.4317

\'( 1+x-x° \'{ 1-5x-9x° -6x° —x®
( J

1
max{ } =~ -0.031087 at x = 1.3326

(\Jl+x—x2 \11—51"—91‘3—51‘5 _ x5

Local minimum:
1
min{ } = 0.59400 ar x =~ -0.31377

[\‘fl+x—x2 'Jl—Sx—ng—ﬁxE i

Limit:
1
lim =0
xo10 (1 4x-x7){1-5x-9x° -6x° -x5)
Series representations:
1
(\({1+x—x'2 \‘{I—Sx—gxg—ﬁxs —x's]z
1
-1 (- 1+xe1*‘{— (=11 [~x (54022 46 % 425 ) (- =l
[Zk:ﬂ k! [Zk:ﬂ k!
for (j-1+x)x| < Land [5x+9 | 21
1

(\({1+x—xz \(‘1—51‘—91‘3—51‘5 —xE‘JZ
1f,’f[1.|' :vc."—xz2\/—Jr:[.'5+'§'Jr:2 +6x* +:'r:5}2

L (-(-1+x)x7 [k]]zLZ[ x(5+9x* +6x* +2°)F [é]]z]

f"l-: (-1 +x)x l -:||I'_| Ex+90x 3 G X 3 3 '\-._I-.. I
1
(\f{ 1+x—x° \’{ 1-5x-9x°-6x° —x's]z
1
=16 (- 1+1':'1"k{— ] P ].Jk"—II'5+';'I2+|5I +1'5'|'r&{ 1—:||l|c
Zk:ﬂ k! Zk:ﬂ Lt
Tor ||x —x ': l and [-5x-9x" —6x 3 _ x5 l
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From

1
(-2 +x+1)(-x0-6x°-9x° -5x+1)

we obtain:

V(-1 + (-1 + %) X) (-1 + 5 x+9 X3 + 6 x5 + x6))

Input:
1

(-1+(-1+20x{-1+5x+9x° +6x° +x5)

Plots:

0.4 (a from =6.5t0 1.9)

X

¥ RO
-n.2

(% from =27.3t0 22.7)

Alternate forms:
1

{Jr:2 —x—l}{x6+5x5+9x3+5x—1}

1
XXX XX xXXx+5-M+3H-9-H-60-4H+1
jlgnoring removable singularities)

Partial fraction expansion:
61x-92 —61x° -335x% +156x° - 728 x? + 256 x - 777

+
869 (x? —x - 1) 869 (x®+6x° +9x° +5x-1)
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Expanded form:
1

W a5x —7x8 435 —9x* —4x® —6x% —4x+1

Roots:

Nno roofs exX1sT)

Properties as a real function:
Domain

xeR:x+-06.23403 and x+ -0.618034 and x+0.187791 and x = 1.61803)

Range
(yeR:y=-7.08814x10"% or y >0

K iz the set of real numbers

Series expansion at x = 0:
1+4x+22x° +116x° +621 x* + 0(x°)

(Taylor series)
Series expansion at x = oo:
[l]ﬂ 5 32 198 D[[l]lz]
=l = N e e i
x N gt g X
[Laurent series)

Derivative:

dX\(-14+(-1+0x)(-1+5x+9x° +6x° +x5)
Bx"-35x8442x° _15x* +36 X +12x% +12x+4

(F-x-1Fx®+6x° +9x% +5x -1}

Indefinite integral:

1
dx =
J (=1H-1+x)x)|-1+5 1427 4610 +.1’6'|

L (105, 6.¢.5,00 ;
8600 o 0 +6 w7 49w 45 w-1=0} ;5 430 % 1270245

(61 w” log(x - w) +

335 w* log(x — w) - 156 o log(x — w) + 728 w” log(x — w) -
256 w log(x — w) + 777 logix — w)} + (305 - 123 V5 )

log(-2x+ V5 +1)+(305+123 V5 )log(2x + V5 - 1}] constant

[assuming a complex-valued logarithm)

log(x) is the natural logarithm
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Local maxima:
1

(~l+(=1+00)(-1+5x+927 + 62" +x

max =0 at x =-5.4317
{ 6}}

1

(-l+i-1+xyx)(-1 +5x+9x° +6x° +x%)

max{ } ~—0.031087 ar x =~ 1.3326

Local minimum:
1

(~1+1L+000(-1+5x+9x7 + 62" +x

Inin{ 6}} ~0.59400 at x = -0.31377

Limit:

1
].iIIl =0
xax (] +(-1+x)x)(-1 +5x+9x° +6x° +x5)

From

1
{—xz +x+1}[—x6—5x5—9x3—5x+1}

we obtain:

((1+C-1+x)x) (-1 +5x+9x"3 +6x"5+x76))

Input:

3 5 A
{—1+{—1+x}x}{—1+5x+9x +bx +x}
Plots:

¥
100000
50000
_____ x [xfrom-66to4.3)
: -z z 4
— 50000
- 100000
~150000
¥
3.5 %10
3.0% 10
2510
2010 [x from =30 to 30)
1.5x10!!
1.0 =10l
5.0x1010
X
-3n -20 -10 10 20 30
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Alternate forms:
XXX xxXxX+5-1+3H-9-9H-6)-H+1

[Jr:z—:vc?—1}{:!:?6'+E:Jc?5+‘;”Jc’3 +5x—1}

Alternate form assuming x>0:
x—1)x" +6(x— l]lJcIs —x® _6X 49k - Dxt—0x 45— —(x-1)x-5x+1

Expanded form:
X a5x -7x8+3x° - 9x* —4x" -6x" —4x+1

Real roots:

1 +5
g
1 +5
X=—+—
2 2
x= rootof ¥®+6x° +9x® +5x—1 near x = —6.23493
X = | root of 34:7'5‘+l534:?5+€i'x3 +5x-1 near x =0.187791

Complex roots:
x = —0.310345 - 0.83398

x=-0.310345 + 0.83398
x = 0.333915 -0.983411

x = 0.333915 +0.983411

Polynomial discriminant:
A=09619368712066960

Properties as a real function:
Domain

R iall real numbers

Range
lyeR:y=-141081.)

K iz the set of real numbers
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Derivative:
d
—{[—1 +(-1 +_‘14:‘]|.‘14:‘]|[—1+534:‘+'§:'J|:‘g +6x° +x‘6”:
dx
8x  +35x°—42x° +15x* -36x° -12x* - 12x-4

Indefinite integral:
J i-1+(-1 +x}x}[—1 +5x+9x° +6x° +x6}d’x -
o 8 3 5
x S5x x Qx
—ceg veng el o0 T gl giadl gad s e mapetant
9 8 2 5

Local maximum:
max{[—l +i-1 +x}x}{—1 +5x+9x° +6x° +x6}} = 1.6835 ar x = -0.31377

Global minimum:
min{[—l $i=1 +x}x}[—1 +5x+9x +6x° +x'5'}} =-141081 at x =~ -5.4317

From

V5
2
we obtain:

sqrt[ 1/(((1/2 + sqrt(5)/2)))]

<

)
Decimal approximation:
0.786151377757423286069558585842958929523122057837723237664...

0.786151377757...

Alternate forms:

L [\"_-1]2

2
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=

Minimal polynomial:
¥+ -1

All 2nd roots of 1/(1/2 + sqrt(5)/2):
(il
=0.78615 (real, principal root)

A
2

B3 1=

im
[

=—0.7862 (real root)

L Y5
2

P 1=

Indeed:
integrate((((sqrt[ 1/(((1/2 + sqrt(5)/2)))]))))dx x = infinity*i..1/24

Definite integral:

Jz4 ‘ —— dx=i(-co)+
i e
\Eaar 12,22[1+v‘5}

Indefinite integral:

1 X
f — dx = —— +constant
T 14 4E
2 2
1
f — dx = constant + 0.786151 x
1 v
N2+
0.786151
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From

v

o Bl
2

1
2
we obtain:

[1A(((sqrt[1/(((1/2 + sqrt(5)/2)))D))]"2

Input:

-

[+ |$]

-
o |
+

Result:
1 +5

-+ —

2 2

Decimal approximation:
1.618033988749894848204586834365638117720309179805762862135...

1.6180339887...
¢ = 1.61803398874989484820458683436563811772030917980576286213544862

Alternate form:

é[l-fﬂﬂ;]

Minimal polynomial:

¥ -x-1
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Furthermore, we obtain also:

[1/(((sqrt[ 1/(((172 + sqrt(S)2))]) ] 2+21+5)1/1073

Input:
2
1 1
+21+5 —
[ 10°
\ 5
Result:
263 V5
500~ 2

Decimal approximation:
1.644033988749894848204586834365638117720309179805762862135...

1.6440339887...

Alternate form:

5_|:lm (263 + 250 \,"'E]

Minimal polynomial:
250000 x* - 263000 x - 243 331
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We have that:

H/To(30) has genus 3.
There is a function of order 2 on H/I4(30) given by

s DO, oy g g G v
1715

| e 2(x — 1)dx
M35 s£TIdT = \/(X2 D02 12 B¢ 5 1 58_6% & 4),

. x(x — 1)dx
Ll V(3% —x —1)(x2 +-2x — 4)(x* —3x3 +-5x2 — 6x + 4)

— 2)d
N11)2n157)302TidT = (x i

V(X2 —x —1)(x2 +2x — 4)(x* —3x3 +-5x2 — 6x +4)

(2(x-1)) / [(x"2-x-1)(x"2+2x-4)(x"4-3x"3+5x"2-6x+4)|"1/2
Input:

2ix-1)
V(I -x-1)x +2x-4)(x* -3x® +5x% —6x +4)

0.3|
0.2 |
0.1 | ‘

: = x from-7.4to0 B
.[ﬁ_\..\ '2n|5/ 2 3 a from =7.4 to 6.1)

| -oz|
‘ 03]

Plots:

0.0015 |
0.0010 |
0.0005 |

—_— e (¥ from -48.1to 46.8)

— 40 =2 [ 20 40
—1.0005 |
—oYolo |
_0.0015 |
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Alternate forms:
2ix-1)

\f[[x—l}x— Dixx+2)y-dx-2)x(x-11x+3H+4)

2ix-1)

Jxﬂ-zx?-5x5+22x5-39x4 +44x3 —20x2 —~16x+16

Expanded form:
Exw,"l[xz—x—1}[x2+2x—4}[x4—3x3+5x2—l5x+4}
(2 -x-1)(x* +2x-4)(x* -3 +5x° -6x+4)
2y (% —x-1)(x® +2x -4} (x* -3 x> +5x% —6.x +4]
(2 —x -1 (P +2x-A(x* -3 +52° ~6x+4)

Alternate forms assuming x>0:
A T b 1}[—1:511 gl:.vr2 —x-1)+ar gl:.vr2 +2 x4 )-m)i(2 :r]]

\;'rxz—x—l v'x2+2x—4 \,’x4-3x3+5x2-5x+4

:ugl:.vr2 -x-1) E.lgl:IE +2x-4) 1 J]
- - + %

EIEXP[HT
2 2m 2

\'le'z—x—l ‘u'llx'2+2x—4 \'rx4—3x3+5x2—6x+4
Ellgl:IE—I—l:l Ellgl:IE+2I—4:| 1 ]
T a 2 +2J

2 exp[z T

sfxz-x-l wfx2+2x-4 \{Ix4—3x3+5x2—6x+4

Series expansion at x = 0:
1 x x 9x 21x g
+0(x7?)

2 4 4 16 32

(Taylor series)
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Series expansion at x = -1 - sqrt(5):
2+v5

z[ﬁ\/ﬁ[aan?ﬁ}m]
(11002 + 49215 ) (x +¥5 +1)
96 [53-"4 V6 (38 +17 V5 P2 m]
(252550660 + 1129440895 | (x +V5 +1}
15 360 [53-"4 V6 (9+4VE 2 (38 +17V5 P2 m]

7(3770014184 + 1686001599 v5 ) (x + V5 + 1)

2211340[‘@?[%4@}4Jﬁ[amwﬁ} —x-ﬁ-l]

(136327471816423 + 60967498836384 V5 | (x +V5 +1)*
+

4245?328D[?§[2+€§}3 (9+4+5)* \/5[38+1w§} w,“-x-f?-l]

ﬂ[[x+£+ 1]5]

(generalized Puiseux series)
Series expansion at x = 1/2 (1 - sqrt(5)):
a5 (92 +37V5)( -51[1—@}}
75 [6@evE) Vaxavs o1 1257 V6 2+ V5P Vax+vE 1)
(30265 +13509¥5 ) (x- 2 (1 -5 )|’
240 [53*'4 V6 (1+v5)(2+VEP2(3+VER V2x+5 - 1]

7(66538 +297815 ) (x- 1 (1-V5)

+
4320$§\/5[2+u’§} (3+VE ) V2x+vE -1

?[458?05?%2(35320?5@}[3;:-%[1-@}}4 [( 1[ \/—]]5]
sollz=shizys

+

6635520 V5 v6 (24 VE P2 (47421 V5|V 2x+vE -1

(generalized Puiseux series)

Derivative:
o 2ix-1)

X\ (3@ —x-1)(x® +2x-4)(x* —-3x° +5x% —6.x +4)
2(3x*-9x7 -3x%+48x° —94x* + 100 x° - 66 x* + 28 x - 8)

(x® -2x7 -5x%+22x7 -39x* +44x7 - 20x* - 16 x + 16*
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(((2(x-1)) / [(x*2-%-1)(x242x-4)(x 4-3x"3+5x2-6x+4)]1/2)))"2

Input:

2ix-1) ]Z
V(Z -x-1)(x® +2x-4)(x* =3x° +5x2 —6.x +4)

Result:
4(x -1y

(F—x-1)(x® +2x-4)(x* -3x* +5x° -6x+4)

Plots:
¥
| }\\JI |
J_ | :
=3 -2 = [ 1 %
3\'[]-35 {x from -3.4t0 1.8)
-1.0|
l 1.5
\-2.{]5 f\
a5l [

v
Ul.cmzf
?-[][” | {x from -16.5 to 14.9)
-15 =10 -5 | 5 10 15

~0.001 |

Alternate forms:
4x - 17

ix-ix-Lixx+2)-dix-2)xix-11x+3)+4

xdx-81+4
XixXixixxixix-21x-5+22)-30 +44) - 20y - 161+ 16

Partial fraction expansion:
-x-3 X —x*+2x2 —4x+3

12 (x* +Ex—4}+ g —x-1) b 4(x* -3x* +5x* -6x+4)

Expanded form:
4x’ -8x+4

¥ —2x7 _5x%422x° _39xt 1443 202 —16x+ 16

Root:
X =
96



Properties as a real function:
Domain

1
IIFR:I+\E+1{D o1 E[I—E]{x{ 5-1or 2x= 1+\/€]
Range
i¥eR: y=0} (all non-negative real numbers

K iz the set of real numbers

Series expansion at x = 0:
1. x 5a° Tl

+
4 4 16 16

(Taylor series)

x4+ 007)

Series expansion at x = co:

4 24 40 D[[l]m]
R Che e ot =
o a3 .

(Laurent series)

Derivative:

.-,{[ 2ix-1) ]Z
i \f[xz—x—1][x2+2x—4}[x4—3x3+512—6x+4}
Bix-1)(3x® -9x" -3x%+48x° - 94x* + 100x° - 66 x* + 28 x - 8}

(P —x-1F(® +2x-4F (x* -3x° +5x° -6 x+4)

Indefinite integral:

2{x-1) _
j |' dx =
1|II| I:IE —_1:—1]1:.1:2 +2 x-4) -:1'4 —axd45xloh x+4)

1

: SRR : A
= [—3':' Elw:w4w3+2w2_u‘.+l=|:|=.w lo gix—w =1+ log{x—w-1143 wlo gix—w-1) ¢

4043w 44 -1
4(5+V5)log(-2x+V5 +1)-(5+2 V5 )log(-x+ V5 - 1)+

[2E—S}lug[x+‘f§+1}—4[‘«“?—5}10g[2x+‘-‘r§—1}} constant

[assuming a complex-valued logarithm)

log(x) is the natural logarithm

Local maxima:

2(x-1)
max{ }2_0.015?31
VP -x-1)( 2 +2x-4)(x* -3x° +52° —6x+4)
ar x = —-2.5823
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max{[ ) ]Z} = —1.8495
Jtﬁ—x—l“x2+2x—4nx4—3x3+5x2—5x+ﬂ
at x = 1.3675

Local minimum:

min

2ix-1) ]Z
}:I:I ar x=1
Vi -x-1)(% +2x-4)(x* -3x® +5x2 -6 x +4)

Limit:
4(-1+x7?

I -
xo2% (C1—x+3) (-4 +2x+2) (A—6x+522 — 35 +x7)

1/ (((((((x-1)) 1/ [(x72-x-1) (X 242x-4)(x 4-3x73+5x72-6x+4)] 1/2)))*2)))

Input:

1

(2x-1n

| %
1III| 1:1'2 —.1L'—1:|l:_'vr2 +2 x—4) -:x4 axtis5x? 6 x+4)

Result:
(2 -x-1){(P +2x-4(x* -3 +5x* -6x+4)

4 (x — 1)

Plots:

[ from =3.4 to 2.5)

A0 |

|4

6108 |
\ 5 %108 | III

4x108]

. IEJE‘E (x from=18.2t0 17.3)

2 %108 |

1 x10% |

i
€ |
1|
o |
tn
w
=
n
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Alternate forms:
ix-x-lLixx+2)-dix-2)xix-11x+3)+4)

4x -1

Xix(xixxixix-21x-5+22) -39 +44 - 20y - 16) + 16

xdx-81+4

¥ 3xt 5% 1327 3 1 9
— - - - +2x- - + =
4 2 2 4 2x-1) 4px-17 4
Expanded form:

Xt x 5xb 11 x°

= - " =

4ix-1° 2x-17 4ix-17% 2@x-17°

39 x* 11x° 5 x? 4x 4

- - - -
Ax-1% -1F x-1% @x-1° (x-17°

Alternate form assuming x>0:
x?—2x" -5x0422x° —39x" +44x° —202% - 16x+16

4x-17

Quotient and remainder:
x —2x" —5x%+22x° —39x* +445° _20x% —16x+16=
¥ 3x* 5x 1323

— - 5 +2x+§r (4x* -8x+4)+ 7-6x

4 2 2 4

Real roots:
X = - l - 'qullg

3

]

o

+

=z

B3| o=

1.6180339887...

Complex roots:

f ——
3+\E—!\(18—5\E

1
X=-
4

{ |
3+\E+!\/18—5\E

| =
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x:i[a-\/g-z\fﬁ[hd?”

I=£[3—£+1\/5[3+1JIE}J

Properties as a real function:
Domain

I.T.'F[R:I'+\E+1{D 01 é[l—\jg}{x‘:l or lex<4f5 -1 o1 2x;=1+\E]

Range
Iy € R: y >0} (all positive real numbers

Series expansion at x = 0:

5
4+4x-x+5x° + +D[x5}

(Taylor series)

Series expansion at x = co:
x ¥t 5 adx 9 141
— - - +2x+ - +L’][[—] ]

¥

4 2 2 4 X
(Taylor series)
Derivative:

o 1

dx %

2 (x=-1)
f I:J:E —I—l:II:IE +2 x—4){x" -3 w345 52 ~Gx+d)

I _0x" —3x0 448 —04x% +100° —66x% +28x -8
2ix-1)3

Indefinite integral:
(~l-x+x")(-4+2x+2x°)(4-6x+5x" -3x° +x%)

J dx =
4(-1+x)7?
1{x? 6x 5x* 13x° 1
- — - + - +t4x +9x+ —— —Bloglx—1)> ——
417 5 2 3 l-x
[azzuming a complex-valued logarithm)

100

2123
210

K iz the set of real numbers



Local minima:

Inin{ } ~ —59.768 at x ~—2.5823

2(x-1)

f

1III| I:rE —.71'—1:|l:.t'2 +2 I—4:|I:I4 —axtasad —B+d)

min{ } = -0.54070 ar x = 1.3675

2(x=1)

[
1III| I:rE —.1L'—1:|I::¢'2 +2 x—4:|l:x4 —3xtagxd —Ba+d)

Series representations:
1z -4+ 2x 4362+ 5% =32 +2%)

4(-1+x7°
((4 n=0
1 n=2
3 =4
” 4
Z M =50rn=6) [x
4
n=—=x 7T -
- ]
4 n=1
5 n=3

1z -4+ 2x 4362+ 5% =32 +2%)

4(-1+x7°
((-2 h=-10rn=1)
2
-1 n=2
o 1 ~y
Z ; ( -2 ari G} [_1+x}u
n=—m 3 e
= | I
2
o I l or n =4
4

(x(x-1)) / [(x"2-x-1)(x"2+2x-4)(x"4-3x"3+5x"2-6x+4)|"1/2

Input:

xix-1)

sj[xz—x— 1) +2x-4)(x" -3 522 ~6x+4)

101

logix is the natural logarithm



Plots:

[ from =7 .6to 6.2)

-0.1 |
[]}[]2 I
A1
[ from =49.2 to 47.8)
Tl.[ll . —.2[1. . i .2[] o 4[]
~0.01
Alternate forms:
x-1ix

\J( (e-1px - 1px(x+2) -4 ((x-2)x((x -1)x + 3) +4)

ix-1yx

y’xS—Ex?—Sx5+22x5—39x“ +44x3 202 -16x+16

Expanded form:

o (P —x-1) (2 +2x-4)x* -3x® +5x% ~6x+4)
(2 -x-1)( 2 +2x-4){x* -3x° +5:°2 -6x+4]
xy (@ -x-1)(x2+2x-4)(x* -3x° +5:% -6x+4)

(2 — -1 +Tx-N(x* -3 +52 ~6x+ 4)

Alternate forms assuming x>0:
x-1)x(- 1}[—{31 gl:.vr2 —x-1)+ar gI:JL'2 +2 x4 )-m)i(2 :r:l]

\;’xz—x—l w‘{xz +2x-4 \jx4—3x3 +5x -6x+4

2

arg{x<-x-1) Ellgl:.'l'z+2 -4 4
x? explin |- - + =
2nm 2m 2

+

Va2 -x-1V2+2x-4 Vx* 32 +5:2 —6x+4
[ [ Eugl:.vr2 -x-1] Ell.gl:.'l.'z +2x-4) 1 ]]
Xexplim 5 +1

i _ i
2nm 2m

sfxz ., | sfxz +2x-4 \{Ix4—3x3 +5x° -bx+4
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Series expansion at x = 0:
£ o ke BpF Mo §
- D[x }

+
4 B 8 32 64

(Taylor series)

Series expansion at x = -1 - sqrt(5):
7+3V5

+

f
4?.@\,{5[3&1?@} —x-V5 -1
149(123 +55V5 ) (x + V5 +1)

192 594 /6 (38 + 17VE P2V —x V5 -1

7(35772 855+ 15998107 V5 | (x + V5 + 1)

30720 5346 (9+4 V5 |7 (38+17V5 2V x5 -1

(2805 358 112695 + 1254 594 288243 V5 | (x + V5 +1)°

4423680 5%+ 6 (9+4V5)* (38 +17VE P2V x5 -1

(56013978 923335 +25050212912647 V5 ) (x +V5 +1)*

—+

+

+

+

849346560V5 (2+V5 P (9+4V5 ) \/5[38+1w§} V-x-v5 -1

ﬂ[[x+ 45 + 1]5]

(generalized Puiseux series)

Series expansion at x = 1/2 (1 - sqrt(5)):
1 (267 + 113 \.’F}{x—é[l—ﬁ}}

75 Jo(2evs) Vaxavs -1 #8[5 V6 (2eVEP V2w vE 1)

(30491+13632V5 ) (x- 1 (1-V5 )|’
240[‘»‘:’?@[1+E}[2+E}E-"E[hﬁ}z Ex+v"_—1]
(14677235 + 6564009 V5 ) (x - 1 (1-V5 )’
1?289[53-'4ﬁ[z+€§}3-"2 (3+v5 ) zxw’i-l]
7(57709 745+ 25745453 V5 ) (x - 7 (1 - w.f?}}“
13271040 53-"4@[&@}3-’2 (47421 V5 ) ¥ 2x++5 <1
of(x-3(-V5)))

(generalized Puiseux series)

-+

+
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Derivative:
d xix-1)

X\ S -x-1) (2 +2x-4){x* -3x* +5:2 -6x+4)
X +6x-21x0 433X -17x* +2X° -24X° +40x-16

(x® —2x7 -5x%+22x° —39x* +44x° — 2022 - 16.x + 162

((R(x-1)) / [(**2-%-1)(X"2+2x-4)(x 4-3x"3+5x2-6x+4)]1/2)))*2

Input:

xix-1) ]Z
V(2 -x-1)(xF +2x-4)(x* -3x> +5x2 -6 x +4)

Result:
(x-1) 2

(P -x-1)(x® +2x-4)(x* -3x* +5x° -6x+4)

Plots:
¥
)’ 'I].zi L
(‘E—z—_ﬁ . 2; | .2 o
{ T[]'+§ (x from -3.4 to 2)

08|

110 Pl

‘ 0|

\ [ from =16.9 to 15.5)

5 1o 15

=

-15

e [
~0.002 |
~0,004 |

Alternate forms:
o — 1) x?
ix-ix-Lixx+2)-dix-2)xix-11x+3)+4

Xix-2x+1)
Xix(xixxixix-21x-5+22) -39 +44) - 20y - 16) + 16
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Expanded form:
Xi—d

¥ —2x7 5x% 422X _39xt 144X 202 —16x+ 16

Roots:
xr=20
x=1

Properties as a real function:
Domain

l " T | oo
lxr[R:x+~qE+l{|:l o1 E[l—ﬁ,"E]{I{ﬁ,"E -1or 2x> 1+\E]
Range
IJ"L‘ R: _}"ﬁDj | non-necative e 11 numhbers

K iz the set of real numbers

Series expansion at x = 0:

¥ b Sat A1 X 0(x")
et e = X
T T T

[Taylor series)

Series expansion at x = oo:

ol

(Laurent series)

Derivative:

d[[ x(x-1) ]Z]
X2 -x-1)(x2 +2x-4)(x* -32° +5x% ~6x+4)
2x(2x°-8x"+6x% +21x7 -54x% +50x° - 19 x* + 26 x° - 64 %% + 56 x - 16)

(2 —x- 1P (4224 (¥ 327 +52°7 - 6x+4F
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Indefinite integral:

j Il:x_l:l d-x‘_
f

| x*=x=-llix*+2x}|lx "3 x"+a2x"-bx

H{E 1)(x2+2 x—4)(x* -3 x3 45 x2 -6 x+4)

1

3 ] 2
5 w* lo g x—wi—w losix—wiw lo sixr—w)-2 lo s{x—w)
240 [_3D lw:w4—3w3+5w2—|5w+4=DI'

453 052 110 w-6

4(5+2V5)log(-2x+¥5 +1)-(5+ V5 )log(-x+ V5 -1} +
[‘«"’E -5} log(x + V5 + 1)+4(5-2 E} log(2x + V5 - 1}] constant

[assuming a complex-valued logarithm)

logixy is the natural logarithm

Local maxima:

max{[ i) ]z} ~ ~0.023622
\f[xz ~x=1)(+2x-A)(x"~T P +522 ~6x+4)
ar x = -2.0737

xix-1
max{[ ]Z}zn:n.uuas?
\f[xz ~x=1)(3f+ 2~ [zt =T +522 <G d)
ar x = 0.67630

Local minima:

) xix-1) i
Imn{ }:D:ur;r::D
\"I[xz ~x=1)(2 +2x =M (x* -3 + 522 =6 x+4)
Y 2
min{ il }:D:ur X=1
1,"|[xz —x-1)(* +2x-4){x* -3x* +5x* -6 x +4)
Limit:
I -1 +x)7° 2 5
m =
2oed (] —x 420 (<442 x4+ ) [A-Bxa52 -3 +2%)
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II(((R(x-1)) / [(xA2-%-1)(xA2+2x-4)(x-3x3+5x2-6x+4)]71/2)) /2]

Input:

xi{x-1})

I
‘I.III -:IE —.74.'—1:|l::t'2 +2 x—4:|l:x4 axtisxd g x+4)

Result:

(1 —x—-1)(32 +2x—-A(x*-Fx 4+ 57 -6x+ )
(x-1) 2

Plots:

(x from=3.4t03.7)

Vv

200000 |

150000 |

100000 |

(x from =21.3to 21.6)
50000

=20 -10 ' 10 20

Alternate forms:

16 a8 1 16
X -6 —+10x-——+ +— -13
= x-1

(x-17 x

x-Lix-Dixx+2 -dix-xix-Dx+3H+4h
oc - 1)7% 2

Xix(xixxixix-21x-5+22) -39 +44) - 20y - 16) + 16
ix-2jx+ 1
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Expanded form:
x8 2 %" 5x* 2% e

. » . v
-1 @x-1F x-1¥ @-1p¢
39 x? 16 44 x 20 16

- - - -
x-1F x-17x¥ @x-1°% @x-1F @-112=x

Alternate form assuming x>0:
x®-2x7 - 5x8422%° —39x* 14457 20,2 -16x+16

(x — 1) x?

Quotient and remainder:
x*-2x"-5x%+22x° -39x* +44x° ~20%° - 16 x+ 16 =

(x* 6% +10x-13) x(x* -2x° +x°)+ 8x° -7x" - 16x+16

Real roots:

I:—l—\'llg
1 5
X=———
2
I:*J’E—l
1 45
X=—+—
2 3

1.6180339887...

Complex roots:

N FO N PPN
x::]l-r3+£+njlﬁ—l5£
x::i 3—*.,"?—1J5[3+\"?}]
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I:£[3—£+1\/5[3+M’|€]J

Properties as a real function:
Domain

IJCL--[R:JC+~.,E+1{CI 01 %[l—ﬁ]{x‘:ﬂ
or Dex <1 o1 l{x{ﬁ—l or 2x > 1+\E]

Range
iy eR: ¥ >0} iall positive real numbers

Series expansion at x = 0:

16 16
— +— —4+20x+5x" + 0(x°)
@ x '

(Laurent series)

Series expansion at x = oo:

x4—5x2+10x—13+f][(EJ1]

X
[(Taylor series)
Derivative:
d 1
dx =
xi{x-1)
I
1III|I I:J:E -x-1} -I:t'2 +2 x—4)(x™ -3 sl G x+4)

2(2x° -6x% +21x5-33x° +17x* -2x° +24x7 40 x + 16)

oe-1)° »°

Indefinite integral:
f[—l—x+x2}[—4+2x+x2][4—5x+5x2 ~33+ 4}
]

(-1 +x)° 12
X
E—2x3+5xz—13x+

dx =

16
- — —Blogil -x)+ 16 logix)
-x X

[assuming a complex-valued logarithm)
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Local minima:

min{ } ~ —412.333 at x ~ —2.0737

xi{x=1)

f
1III| I:IE —.11'—1:|l::¢'2 +2 .1L'—4:II:JL'4 -3 x% 4522 -Gx+4)

min{ } ~ 84,126 ar x = 0.67630

x{x=1)

[
1III| I:rE —I—l:II:IE +2 x—4:|l:x4 —axtagad —B+d)

Series representations:
(~1exs ) (~4+ 2+ A2 B+ 50" =327 ¥2%)

=

(-1 +x)° x?
({16 -3<n<0D
-4 n=0
- 5 n=2 .
”;M ] 9 +n " 3 orn=4) XJ
) 14 n=a
2 n=1

1z -4+ 2x 4362+ 5% =32 +2%) ~

(—1 +x)* 2

(-8 ol

1 p==2

00 16(-1"(2+n) (n=2orn>4)
Z i n=_( (=1£xV

n=-w| | -76 i =g
97 S
46 -

(x-2) / [(x"2-x-1)(x"2+2x-4)(x"4-3x"3+5x"2-6x+4)|"1/2

Input:

x-2

V([xz—x— l]l[x'2 +234:‘—4-}[:l4:‘4 ~3x% +5x7 -bx+4)
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Plots:

- -8 = -2 |

(& from =7.9t0 7.1)

0.00005 |

o =20 20 40 (x from =53 to 52.2)
-0.00005 | — 1eal part
' — limaginary part
Alternate forms:
x-2

\f (x-Dx-Dxx+2)-9Hx-2x((x-1x+3H+4

x-2

m’xB—Ex?—Sx5+22x5—39x"' +44x3 -20x2 -16x+16

Expanded form:
xsf[xz —x-1){(x* +2x-4)(x* -3x° +5x* —~6x +4)
(2 —x-1)(x%+2x-4)(x* -3x* +5:% —6x+4]
23 (P -x-1)(F+2x-4)(x* -3x* +52 -6x+4)
(1 —x-1){x* +2x-4)(x* -3x° +5x* —6x+4)

Alternate forms assuming x>0:

(x — 2) (- 1}[—{mgl:r2 —.1L'—1:I+Eug_'l:.14:2 +2 x—4}-m)/(2 JT;IJ

v{xz—x—l w'rxz +2x-4 1,{(1'4—31:'3 +5x* —6x+4
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ar gl:.vrE -x-1) = gI:JL'2 +2x-4] ]
- +
2n 2nm 2

xexp[ur{—

\sz—x—l \Kx2+2x—4 \'(x‘4—3x3 +5x* -6x+4
arg(x?-x-1)  arg(x?+2 x—4) l]
T a 27 +2J

2 exp[z m

v’xz -x-1 sz +2x-4 wfx“-3x3 +5x° -6x+4

Series expansion at x = 0:

1 3x2 5x B5x* |
- - + - +0(x7)
2 8 16 8 '

(Taylor series)

Series expansion at x = -1 - sqrt(5):
3+45

4[1@\/5[3&1?@} —x-ﬁ-l]

(14563 +6513V5 J(x+v5 +1)
192 [53-“4 Ve (3IB+17 52 4 —x-+5 -1 ]
(6378683 805 + 2852634 119 V5 ) (x + V5 + 1}
30720 [53-"4 Nr3 (38 +17v5)7"2 m]

(166257 002805 + 74352392 003 v5 | (x + V5 + 1)

4423680 [‘»‘E V6 (38+17V5 )2y —x -5 -1 ]

(901474 208694741 +403 151522 120839 V5 | (x + V5 +1)*

849 346560 [i‘.@ V6 (38+17V5 )2V —x-+5 -1 ]

(generalized Puiseux series)
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Series expansion at x = 1/2 (1 - sqrt(5)):
1
345 [39?+2D1v"§}[x—5[1—v"§}}

z[ﬁ,ll'ﬁ[hﬁwzmﬁ—l] 48[53"'4\(?[2”?}3"2 2x+‘-“’_-1]

(115145 +50869 V5 ) (x - 1 [1-»"3}}2

950[534\('_[2+F”[3+ 2x+x!§—1]
[5&5485+2G8953F[x— (1-v5))

59120[‘{*’\;’_[% VE P2 (7+3VE )V 2x+v5 -1 ]

[59849055+29802953F[x- (1- v’_}

20?350[F[1+F J*\/6(2+V5) (3+¥E ) zxw’_-l]
offe-3(-¥5)))

:-;I-E"I'I-i"l'ﬁ'lZ-i"':' Puiseux series)

+
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Series expansion at x = sqrt(5) - 1:
V5 -3

+
4$§\/5[1N§-38}w’-x+ﬁ—1

(V5 -3}(1592v5 -3561)

192.5%* [6(9-4v5) (V5 -2/2(4V5 -9}V -x+V5 -1

: {x—\l{g+1]+

4%’3\/5[1?5-38} —x+V5 -1

+

1592 v'5 - 3561

192 5% [6(9-4v5) (V5 272 (45 -9}V -x++5 -1

(V5 -3)(4859280+5 - 10865681)

30720 V5 (V5 -2 [4@—9}2\/5[1N§—38} —x+¥5 -1

[:-:—\/E+1]2+

(74352392003 V5 - 166257002805)(x -5 + 1)

A
4423680 V5 (V5 -2) (4V5 -9f Jﬁ[l?ﬁ-m} V-x+vV5 -1
(403151522 120839 v/5 - 901474208 694741} (x - v5 +1)*

-+

849346560 V5 (V5 -2j* (4 V5 -9 \/6[1?@—38} —x4+45 —1

offe~5 +1))

(generalized Puiseux series)

Derivative:
d x-2

X (2 —x-1)(x% +2x-4)(x* -3x°> +5x2 —6x +4)
x(3x7-13x%+4x° +63x* —149x% + 178 X - 132 x + 48}

(- 2x7 -5x%4+222° -39x" +44° - 20 - 16 x + 16}
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(((x-2) / [(x72-%-1)(x242x-4)(x 4-3x3+5x2-6x+4) ] 1/2)))"2

Input:

x-2

1J'I[x2—x—1}[x2+2x—4][x4—3x3+5x2—5x+4}]Z

Result:
(x — 2)°

(P -x-1)(x® +2x-4)(x* -3x* +5x° -6x+4)

Plots:
Y
dg| /
0.27
A W -
R []25 1 2 3 T (% frem-3.4t02.9)
\X[].-l;
0. |
-ln.zs; ﬂ

0,000 20 | \I
000015 |

0.0 []I[]E -

[ [x from =19.3to 18.8)
0. ]I]I]E;

i x

5 10 15

=20 =15 -1%, jodos |

~0.00010 |

Alternate forms:
(x — 2)°
lx-lix-Dixix+2)-Hiux-Dyxiix-Lx+3+4

x-4x+4
Xixxixxixix-21x-51+22) -39 +44 - 20y - 16) + 16

Partial fraction expansion:
-5x-16 x-1 ¥ -x+x

24(x* +2x-4) 12 (x* —x-1) b Bix* -3 452 -6x+4)

Expanded form:
¥ -4x+4

K -2x —5x%+22x —39x* +44x* — 202 —16x+ 16
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Root:

Xx=2

Properties as a real function:
Domain

1
IIF[R:I+\E+1{D 01 5[1—\5]{1‘{ 5-1or2x>= 1+£]
Range
i¥eR: ¥ =0} (all non-negative real numbers

Series expansion at x = 0:

1 3x2 5x° 49x° :
-+ - + +0(x7)
4 8 16 b4 '

(Taylor series)

Series expansion at x = co:

1% 2 5 22 1410
L) smaeol))

(Laurent series)

Derivative:

.-I[ x-2 ]z
o \,l([xz—x—1][x2+2x—4}[x4—3x3+512—5x+4}
200-2)x(3x" - 13x%5+4x° +63x* - 149x° + 178 x7 - 132 x + 48)

(o —x-1F (® +2x-4F (x* -3x° +5x7 —6x+4)

Indefinite integral:

=2
j | = dx =
1|II|I I:IE —_1:—1]1:.1:2 +2 x-4) -:1'4 —axd45xloh x+4)

1

K iz the set of real numbers

wo lo F{x—w-2)+5 w 1o gix—w-2H0wlogiv—w-21blogix—w-2)

30 X, 14453 2
240[ E’lw.w +5 w411 +10 w4d=0| 43 415 0 427 wa 10l

2(V5 -5)log(-2x+ V5 +1)—(25+11 V5 ) log{-x+ V5 -1)+

[11E-zs_}lag[x+~f§+1}+2[5+E}1og[2x+~f§-1}}

[assuming a complex-valued logarithm)
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Local maxima:

max| x4 ]2} - —0.0068270
Vi -x-1)(x2 +2x-4)(x* -3x° +52° —6x +4)
al X = —EEIEEEI
max{[ 254 ]2}2-0.55931:1
VP -x-1)x2+2x-4)(x* -3x° +5x% -6 x +4)
al X = 1.5215
Local minima:
| = Fo
mm{ }:—:.x:D
Vi —x-1) (@ +2x-4)(x* —3x° +5x% —6x+4) 2
2 2
min{[ i }:D:.r x=2
V(2 -x-1)(x% +2x-4)(x* -3x> +5x2 -6 x +4)

Limit:
lim [—2+x}2 _0
xvto0 (—] —x+X%)(~4+2x+x%)(4-6x+5x* -3x° +x%)

T(((x-2) / [(x"2-x-1)(x7242%-4) (X 4-3x3+5x72-6x+4) [V 1/2)))"2)))

Input:

x-2
I
1III|I -:1'2 -x- 1:|I:JL'E +2 x—4:|l:x4 —axP+5x2-6 x4+

Result:
(2 -x-1){(P +2x-4(x* -3 +5x* -6x+4)

(x — 2)°
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Plots:

¥
Lo | | U

500 | ‘ (x from =3.6t0 2.9)

(x from =19.7 to 19)

Alternate forms:
x-Dx-Iixix+ 2 -dhix-21xix-Lx+3+4

(x — 2y

112 16

N
¥-2 (x-2§

242 X410 45 +24x+ +56

Xixxixxixix-21x-5+22)-39 +44) - 20y - 16) + 16

(x-4x+4
Expanded form:
x8 2x7 5 xb 22 x°
A — + S
x-2¢ x-2F @x-2¢ (x-2)
39x* 44 20 x? 16 x 16

- - - +
x-2¢ x-2¢ x-2¢ x-2¢ (x-2¥

Alternate form assuming x>0:
x®-2x7 - 5x8422%° —39x* 14457 20,2 -16x+16

oc - 2)°

Quotient and remainder:
x® —2x" -5x%+422x° -39x* +44x° 2047 - 16x+16 =

(x®+2x° —x* +102 +55% +24x+56) «(x* ~4x+4)+ 112x-208

118



Real roots:

I:—l—'ﬂ."llg
1 45
X=—--—
T 2
I:"!“'I'E—l
1 45
X=—+—
2 0

1.6180339887...

Complex roots:
i

x::lL 3+\E—:\/18—6\E
N1 PO 0N P
e= o5 - ofs5))
e= o5 e ofs5))

Properties as a real function:
Domain
IxeR:

I+~\.,"'E+1{CI--: [l—ﬁf‘?]{x{-\.}"g—l

B3| =

Range
i¥eR: y>0} (all positive re

1
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Series expansion at x = 0:
b g
4-6x% +52° - +0(x°)

(Taylor series)

Series expansion at x = co:
141
42 —x*+10x° +55° +24x+56+D[[—J ]

X
(Taylor series)
Derivative:
o 1
dx %
x=2
1III|I I:IE -x-1) -:.1'2 +2 x—4) -:1'4 —axdisxlog x4

2x(3x" -13x%+4x° +63x* 149 x% + 178 x* - 132 x + 48)

(x — 2)°

Indefinite integral:
(-1-x+22) -3+ 2x+2)(4-6x+52 -3 +x7Y)
J (-2 + %)
7 & 5 5yt 5yl
x—+x——x—+ +i+12x2+56x—
7 3 5 2 3 x-2

[assuming a complex-valued logarithm)

dx =

Local maximum:
IIIHX{ }:4:.!'1::[)

x=2

I
| I:JL'E -x-1) -:IE +2 x—4|(x" -3 552 6 x+4)

Y
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Global minimum:
1
1nin{ } = —146.48 ar x = -2.6226

x-=2

I
| -:.1'E —x- 1:||:_1L'E +2 1'—4:“:1'4 axt45x2op x4+

Series representations:
1z -4+ 2x 4362+ 5% =32 +2%)

(-2 + x)?
16(-6+n) n=¢
0 f 2
-8 n=4
= ||-a n=1
) _1 n
1 — (—1+x)
N=—i
-8 ; =
1

(~1exe ) -4+ 2+ )36+ 5% =32 +2%)

(-2 +x)°
_13 a
4
22" 13+n) n=6
0 1
bl 4 ! 0 E
1 n =5
N=—
5
e
16
-6

We note that:
1/((1/sqrt(1/2 + sqrt(5)/2)))"2
Input:

1

1

T —
f V5
2

1IIII

4

b | —
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Result:
1 45

-+ —

2 2

Decimal approximation:
1.618033988740894848204586834365638117720309179805762862135..

1.6180339887...

Alternate form:

2 (1+V5)

Minimal polynomial:
¥ —x-1

Observations

Figs.

i

! Quantum
1 Fluctuation

Quantum
Fluctuation

Energy Density
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FIG. 1: In simple inflationary models, the universe at early times is dominated by the potential energy
density of a scalar field. ¢. Red arrows show the classical motion of ¢. When ¢ is near region (a), the energy
density will remain nearly constant, g = py, even as the universe expands. Moreover, cosmic expansion
acts like a frictional drag, slowing the motion of ¢: Even near regions (b) and (d), ¢ behaves more like
a marble moving in a bowl of molasses, slowly creeping down the side of its potential, rather than like
a marble sliding down the inside of a polished bowl. During this period of “slow roll,” p remains nearly

=}
pomotont mihr aftor A4 hoe chd ywnet of the ooy dﬁnr" tg pn rmtinl wrll 1+ hoomn o llat

1
Ao, wLELY cdUTE L Dicer Ol IHAOL U LLIT Wely UL

minimum, as in region (c). ending inflation.

o Faliet
VLTI Lol Wy Al LU ACELIE A UDU oLt o

[\
\V,

Graph nf a cubic functinn with 3
real roots (where the curve crasses
the horizontal axis aty — 0). The
case shown has two critical points,
Here the Tunclion is

flx) = {,\'3 1 3x2 6x 0)/4.

The ratio between M, and q

My = /3¢ — 22,
(3v3) M,
-

q:—

1.e. the gravitating mass M, and the Wheelerian mass q of the wormhole, is equal to:

\ 3(2.17049 - 10%72 - 0.0012
((3v3)(4.2 10°%-1.9891  10%))

=
2

1.732050787905194420703947625671018160083566548802082460520...
1.7320507879

1.7320507879 ~+/3 that is the ratio between the gravitating mass M, and the

Wheelerian mass q of the wormhole
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We note that:

g9

B2 | =

[_

iy 3
1.732050807568877203527446341505872366042805253810380628055... ¢

iizthe imaginary unit

r = 1.73205 iradius

151, &=190°
1.73205

This result is very near to the ratio between M, and q, that is equal to 1.7320507879

3

With regard V3 , we note that is a fundamental value of the formula structure that we
need to calculate a Cubic Equation

We have that the previous result

V3) _ s

Ba | =
B | =
Bl =

AN

— 1.732050807568877293527446341505872366942805253810380628055... «

r=1.73205 (radiu

Laly

g = 090°

can be related with:

uz(—u{li£]+vz(—v{%i£] =q

2 2

Considering:
1 i3 1 i3
(_I{E_TJ_(_I)[TTJ“]
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—

— iV 3 = 1.732050807568877293527446341505872366942805253810380628055... i

r = 1.73205 (radius), #=90°

2 2 2

:(—l{l—ﬁj—(—l{l+§J:q:1.73205%\/§

We observe how the graph above, concerning the cubic function, is very similar
to the graph that represent the scalar field (in red). It is possible to hypothesize
that cubic functions and cubic equations, with their roots, are connected to the
scalar field.

From:

https://www.scientificamerican.com/article/mathematics-
ramanujan/?fbclid=IwAR2caRXrn RpOSvJIQOxWsVLBcJ6KVgd Af hrmDYBNyUSm
pSjRs1BDeremA

Ramanujan's statement concerned the deceptively simple concept of partitions—the
different ways in which a whole number can be subdivided into smaller numbers.
Ramanujan's original statement, in fact, stemmed from the observation of patterns,
such as the fact that p(9) = 30, p(9 + 5) = 135, p(9 + 10) = 490, p(9 + 15) = 1,575

and so on are all divisible by 5. Note that here the n's come at intervals of five units.

Ramanujan posited that this pattern should go on forever, and that similar patterns
exist when 5 is replaced by 7 or 11—there are infinite sequences of p(n) that are all
divisible by 7 or 11, or, as mathematicians say, in which the "moduli" are 7 or 11.

Then, in nearly oracular tone Ramanujan went on: "There appear to be
corresponding properties,” he wrote in his 1919 paper, "in which the moduli are
powers of 5, 7 or 11...and no simple properties for any moduli involving primes other
than these three." (Primes are whole numbers that are only divisible by themselves or
by 1.) Thus, for instance, there should be formulas for an infinity of n's separated by
573 = 125 units, saying that the corresponding p(n)'s should all be divisible by 125.
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In the past methods developed to understand partitions have later been applied to

physics problems such as the theory of the strong nuclear force or the entropy of
black holes.

From Wikipedia

In particle physics, Yukawa's interaction or Yukawa coupling, named after Hideki
Yukawa, is an interaction between a scalar field ¢ and a Dirac field w. The Yukawa
interaction can be used to describe the nuclear force between nucleons (which
are fermions), mediated by pions (which are pseudoscalar mesons). The Yukawa
interaction is also used in the Standard Model to describe the coupling between
the Higgs field and massless quark and lepton fields (i.e., the fundamental fermion
particles). Through spontaneous symmetry breaking, these fermions acquire a mass
proportional to the vacuum expectation value of the Higgs field.

Can be this the motivation that from the development of the Ramanujan’s equations
we obtain results very near to the dilaton mass calculated as a type of Higgs boson:
125 GeV for T = 0 and to the Higgs boson mass 125.18 GeV and practically equal to
the rest mass of Pion meson 139.57 MeV

Note that:
g2 =/ (1+V2).
Hence
flis = FVE_ o VR ..
64952 = 40066 ™2 4 ...
so that
6402 + o) = eV _ 24 1 43726 ™V L. = 64{(1 + VD)2 + (1 — vD)12).

Hence

¢™22 _ 9508051.0082 . . . .
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Thence:

64g52t = 4096¢ V2 4 ...
And
64(g2% + 9524 = ™2 _ 24 4 4372¢" V2 L. = 64{(1 + V)2 + (1 — v2)1})

That are connected with 64, 128, 256, 512, 1024 and 4096 = 64°

(Modular equations and approximations to « - S. Ramanujan - Quarterly Journal of
Mathematics, XLV, 1914, 350 —372)

All the results of the most important connections are signed in blue throughout the
drafting of the paper. We highlight as in the development of the various equations we
use always the constants m, ¢, 1/¢, the Fibonacci and Lucas numbers, linked to the
golden ratio, that play a fundamental role in the development, and therefore, in the
final results of the analyzed expressions.

In mathematics, the Fibonacci numbers, commonly denoted F,, form a sequence,
called the Fibonacci sequence, such that each number is the sum of the two preceding
ones, starting from 0 and 1. Fibonacci numbers are strongly related to the golden
ratio: Binet's formula expresses the nth Fibonacci number in terms of n and the
golden ratio, and implies that the ratio of two consecutive Fibonacci numbers tends
to the golden ratio as n increases.

Fibonacci numbers are also closely related to Lucas numbers ,in that the Fibonacci

and Lucas numbers form a complementary pair of Lucas sequences

The beginning of the sequence is thus:

0,1,1, 2 35,8 13,21, 34,55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6763,
10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229, 832040,
1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817, 39088169,
63245986, 102334155...
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The Lucas numbers or Lucas series are an integer sequence named after the
mathematician Francois Edouard Anatole Lucas (1842-91), who studied both that
sequence and the closely related Fibonacci numbers. Lucas numbers and Fibonacci
numbers form complementary instances of Lucas sequences.

The Lucas sequence has the same recursive relationship as the Fibonacci sequence,
where each term is the sum of the two previous terms, but with different starting
values. This produces a sequence where the ratios of successive terms approach
the golden ratio, and in fact the terms themselves are roundings of integer powers of
the golden ratio."" The sequence also has a variety of relationships with the
Fibonacci numbers, like the fact that adding any two Fibonacci numbers two terms
apart in the Fibonacci sequence results in the Lucas number in between.

The sequence of Lucas numbers is:

2, 1,3, 4,7 11, 18 29, 47, 76, 123, 199, 322, 521, 843, 1364, 2207, 3571, 5778,
9349, 15127, 24476, 39603, 64079, 103682, 167761, 271443, 439204, 710647,
1149851, 1860498, 3010349, 4870847, 7881196, 12752043, 20633239, 33385282,
54018521, 87403803 ... ...

All Fibonacci-like integer sequences appear in shifted form as a row of the Wythoff
array, the Fibonacci sequence itself is the first row and the Lucas sequence is the
second row. Also like all Fibonacci-like integer sequences, the ratio between two
consecutive Lucas numbers converges to the golden ratio.

A Lucas prime is a Lucas number that is prime. The first few Lucas primes are:

2, 3,7, 11, 29, 47, 199, 521, 2207, 3571, 9349, 3010349, 54018521, 370248451,
6643838879, ... (sequence A005479 in the OEIS).

In geometry, a golden spiralis a logarithmic spiral whose growth factor is @,
the golden ratio.”" That is, a golden spiral gets wider (or further from its origin) by a
factor of ¢ for every quarter turn it makes. Approximate logarithmic spirals can

3]

occur in nature, for example the arms of spiral galaxies™™ - golden spirals are one

special case of these logarithmic spirals

We observe that 1728 and 1729 are results very near to the mass of candidate glueball
fo(1710) scalar meson. Furthermore, 1728 occurs in the algebraic formula for the j-
invariant of an elliptic curve. As a consequence, it is sometimes called a Zagier as a
pun on the Gross—Zagier theorem. The number 1728 is one less than the Hardy—
Ramanujan number 1729 (taxicab number).
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Furthermore, we obtain as results of our computations, always values very near to the
Higgs boson mass 125.18 GeV and practically equals to the rest mass of Pion meson
139.57 MeV. In conclusion we obtain also many results that are very good
approximations to the value of the golden ratio 1.618033988749... and to {(2) =

7'[2
= 1.644934 ...

We note how the following three values: 137.508 (golden angle), 139.57 (mass of
the Pion - meson Pi) and 125.18 (mass of the Higgs boson), are connected to each
other. In fact, just add 2 to 137.508 to obtain a result very close to the mass of
the Pion and subtract 12 to 137.508 to obtain a result that is also very close to
the mass of the Higgs boson. We can therefore hypothesize that it is the golden
angle (and the related golden ratio inherent in it) to be a fundamental ingredient
both in the structures of the microcosm and in those of the macrocosm.
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