TRIGONOMETRIC IDENTITIES
Suaib Lateef

ABSTRACT: I present a proof of Trigonometric Identities involving Sin(x) and Cos(x).
1. INTRODUCTION

We are aware of the following identities such as 2SinxCosx = Sin2x and 2Cos?x = 1 + Cos2x but the question is have we ever been aware of
the fact that these two identities are special cases of some other identities? Well, they actually are, and we will see that.

2. NEW IDENTITIES

n

n
2™"Cos™xSin(n)x = Z (k)Sinka
k=0
n
n
2™"Cos™xCos(n)x = Z (k) Cos2kx
k=0

n n
Sin(n)xz ()Cos2kx = Cos(n)xz (p)Sin2kx
k=0 k=0

3.PROOF OF THE NEW IDENTITIES

Using binomial expansion, we see that;

(Lre)" =) (et &)

Now, let’s try to manipulate LHS and RHS of (1);

LHS;

(1 + e2ix)" — (eix(e—ix + eix))n

. e 4 eix

(1 + e21x)n = (2eX( 5 N"
We know that;
Cosx = (emre_lx
So,

(1+ eZiX)n = 2"el™cos™x
We know that;
el™ = Cosnx + i Sinnx
Therefore;
(1+ eZiX)n = 2"(Cosnx + iSin(n)x)Cos™x
(1+ eZiX)n = 2"Cos™xCosnx + i(2"Cos™xSin(n)x) )
RHS;

Zn (p)e?x = Zn (3)(Cos2kx + iSin2kx)
k=0 k=0
n n n
D (e = Zk=0(;)0052kx +izk=o(;;)sm2kx 3)

k=0
We see from (2) and (3) that;
n n
2"Cos™xCosnx + i(2"Cos™xSin (n)x) = (Z (3)Cos2kx) + i(z (3)Sin2kx) )
k=0 k=0
Equating the real and imaginary parts of (4), we see that;
n
2"Cos™xSin(n)x = Zkzo(:)Sinka 5)

n
2"Cos™xCos(n)x = ZR_O(Z)COSka (6)

Dividing (6) by (5), we see that;
n n

Sin(n)xz (})Cos2kx = Cos(n)xz (R)Sin2kx )
k=0 k=0



4. GENERALIZATION OF THE NEW IDENTITIES

n

e 2MCos™axSin(an + m)x = Z (:)Sin(Zak +m)x
k=0
n

e 2"Cos™axCos(an + m)x = z (+)Cos(2ak +m)x
k=0

n n
e Sin(an+ m)xz (})Cos(2ak + m)x = Cos(an + m)xz (R)Sin(2ak +m)x
k=0 k=0

5. PROOF

We can see that;

(e(a+%)ix_ (e—iax + eiaX))n — (e(ai—ai+i%)x + e(ai+ai+i%)x)n
m
n

(e(a+%)ix. (e—iax + eiaX))n — (e(—)ix + e(z:ﬁ%)ix)n

Expanding the right hand side of (8) using binomial expansion, we can see that;
(e(%)ix + e(a+§)ix)n — ('g) (en(%)ix) + (111) (e(n—l)(§)ix)le(za+§)ix + (;1) (e(n—z)(g)ix).ez(zzw%)ix 4ot (Z).en(za+§)ix
my. m. . ai+iﬂ+in—m—iﬁx ai+2i_m+in_m_2i_mx ;
(e(H)lx n e(Za+F)1x)n _ (:)l).(elmx) + (n)_(e<2 (n) ( n ) (n)) )+ (;l)(e<4 ( n ) ( n ) ( n )) Y4t (Z)_e(23n+m)1x
(e(%)ix+e(2a+%)ix)n — (3).(eimx) + (

We can see clearly that;

3A

1) . (e(2a+m)iX) + (121) . (e(4a+m)iX) 4ot (Z) _e(zan+m)ix

n
n . n . n . n . n .
(0) . (elmX) + (1) . (e(za+m)1X) + (2) . (e(4a+m)1X) 4o g (n) . e(Zan+m)1x — Z (k) e(Zak+m)1x
k=0
Now,
(a+m)ix —iax jax\y\n — "o (2ak+m)ix
(e\PTn ), (e71a% 4 glax))n = (De
k=0
Now, let’s try to manipulate LHS and RHS of (10);
LHS;
. X iax —iax

(e(a*'%)lx_ (e—iax +ela)n = (Ze(a+%)1x(e +2e "
We know that;
COS (a)X _ (elax_;e—lax)
So,

(e(aJ'%)iX.(e‘iaX +el™))n = 2men(@+ )X cogn gy

(e(a‘*%)ix_ (e—iax + eiaX))n — zne(an+m)ixcosnax
We know that;
el@n+mix — Cog(an + m)x + i Sin(an + m)x
Therefore;
(e(aJT)ix. (e71 4 ™) = 27(Cos(an + m)x + iSin(an + m)x)Cos™ax
(e(aJT)ix. (e7iax 4 elaX))n = 2nCos™axCos(an + m)x + i(2"Cos™axSin(an + m)x)

RHS;
n n

Z (¢ )eaktmix = Z (3)(Cos(2ak + m)x + iSin(2ak +m)x)
k=0 k=0

Z" (M)eCakrmix = Zn (H)Cos(2ak + m)x + izn (p)Sin(2ak + m)x
k=0 k=0 k=0

Since (11) equals (12), then;
n n

2"Cos™axCos(an + m)x + i(2"Cos™axSin(an + m)x) = Z (Z)Cos(Zak +m)x + iz (:)Sin(Zak +m)x
k=0 k=0

Equating the real and imaginary parts of (13), we see that;
n

2"Cos™axSin(an + m)x = Z (R)Sin(2ak + m)x
k=0

n
2"Cos™axCos(an + m)x = z (3)Cos(2ak +m)x
k=0

8)

)

(10)

an

(12)

(13)

(14)

(15)



Dividing (14) by (15), we see that;
n n
Sin(an + m)xz (Z)Cos(Zak +m)x = Cos(an + m)xz
k=0 k=

O(Z)Sin(Zak +m)x

6. SOME OTHER NEW IDENTITIES

n
2nCos™ (2211) sin (HEEDAER) ZR:O(Z)Sin((Za + Dk +

m)x

2" Cos (2a+1) ( (2a+1)+2m) Zn_ (:)COS((Za 1)k 4 m)x

n
Sin n<2a+1)+2m Z (Z)Cos((Za + Dk + m)x = Cos (W)xz (R)Sin((2a + Dk +m)x
k=0

2"Cosh™ (T) xSinh (W) x = Z (3)Sinh((2a + 1)
k=0

k+m)x

n
2"Cosh™ (Za;l) xCosh (M)x = Z (3)Cosh((2a + Dk +m)x
k=0

n n
Sinh (M) xz (3)Cosh((2a + )k + m)x = Cosh (@) xz ()Sinh((2a + 1k + m)x
k=0 k=0

2

n
n
2"Sin"axSin(an + m)x = Z (k) (—1DkSin(2ak + m)x (nis even)

k=0
n

2"Sin™axSin(an + m)x = Z (Z) (=1D¥Cos(2ak + m)x

k=0
n

2"Sin"axCos(an + m)x = Z (:) (—1D*Sin(2ak + m)x

k=0
n

2"Sin™axCos(an + m)x = Z (Z) (—=1)*Cos(2ak + m)x
k=0

n
2 1 2 1+2
2nsinn (2401 s ("< atl+ m) -
k
k=0
n
2a+1 n(2a+ 1) +2m n
nginn i —
ZSm( > )xSm< 2 ) Z(k
k=0
n
2a+1 n(2a+1) +2m
ngi,n -
2"Sin ( > )xCos( > ) Z k
k=0
n
2 1 2 1+2
2sin at )C(w) =Z ")

2"Sinh™axSinh(an + m)x = K

S

2"Sinh™axSinh(an + m)x =

(n) (=1D*Sinh(2ak + m)x
( )(—l)kCosh(Zak +m)x

ES

n

2"Sinh™axCosh(an + m)x = (=1DkSinh(2ak + m)x

=~

(i)
" (—1)*Cosh(2ak + m)x
2. ()

n
2a+1 ( ) +2m n
ncgcy n —
2"Sinh ( > )xSmh( > —Z(k)
2a+1 (2 +1)+2 r_lo
n nf2a ) n(2a m _Z n
2"Sinh ( > xSinh x = (k)
k=0
n
2a+1 n(2a + 1)+2m n
ncy. n —
2"Sinh ( > )xCosh( >x—2(k)
k=0
n
2a+1 n(2a + 1)+2m n
ncgy. n
2"Sinh ( > )xC05h< >x Z(k)

?‘:“

=0

(nis odd)

(nis odd)

(nis even)

(n)( DkSin((2a+ Dk +m)x  (nis even)
)( D¥Cos((2a + Dk +m)x  (nis odd)
(n) (-D*Sin(Ra+ Dk +m)x  (nis odd)

D¥Cos((2a+ Dk + m)x  (nis even)

(nis even)

(nisodd)

(nisodd)

(nis even)

DkSinh(2a + Dk + m)x  (nis even)

(=D¥Cosh((2a + Dk +m)x  (nis odd)

(=DkSinh((2a + Dk +m)x  (nis odd)

(—1)*Cosh((2a + 1)k + m)x  (nis even)

(16)






