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This document is specifically dedicated to finding an exact solution of a charged cylindrical 
wave in a vacuum. It is a charged electromagnetic field that exactly obeys the conditions of 
Cauchy Riemann. It is a "waveguide" field, but without the waveguide. 
Mathematically the solution carries mass, charge and angular momentum and also magnetic 
charge. It must be better understood, whether it has a physical meaning or not and whether it 
has to do with the mysterious EVOs of Ken Shoulders. It is certainly exotic and it is certainly 
in a vacuum. 
 
  



 
1 - FOREWORD 
  
I write only the final results of the argument , skipping all the speculations that led 
me right here. I only say , as far as my notations are concerned , that a brief but 
exhaustive explanation can be found in a few, few pages, of [1 ]. Other interesting readings are 
in Bibliography, [2]to [6]. Of other avant-garde and more or less contested topics, EVOs of 
Ken Shoulders , Condensed Plasmoids , Ball Lightning etc I have found no trace in the official 
scientific literature, therefore I have not put them in the Bibliography. However, they can be 
found on the Internet. 
  
 
 
 
  



2 – CAUCHY-RIEMANN EQUATIONS 
  
I'll go straight to the topic. 
I'm looking for a solution of   ࣔ∗ࡲ = ૙ . 
 
With 

 (ࢠ࢑ି࣓࣎)࢏ିࢋ
 
I place 
 

ࡲ =  (ࢠ࢑ି࣓࣎)࢏ିࢋ(࢟,࢞)૚ࡲ
 
 

൬
ࣔ
ࣔ࢞ + ࢏

ࣔ
ࣔ࢟൰ࡲ + ൬࢐

ࣔ
ࢠࣔ + ࢀ

ࣔ
ࣔ࣎൰ࡲ = ૙ 

 
 

൤൬
ࣔ
ࣔ࢞ + ࢏

ࣔ
ࣔ࢟൰ࡲ૚

(࢞,࢟)൨ (ࢠ࢑ି࣓࣎)࢏ିࢋ + ࢑࢏૚ࡲ࢐) − (ࢠ࢑ି࣓࣎)࢏ିࢋ(࣓࢏૚ࡲࢀ = ૙ 

 
Simplifying the exponential I get 
 

(࢟,࢞)૚ࡲ࢟࢞∗ࣔ + ࢑࢏૚ࡲ࢐) − (࣓࢏૚ࡲࢀ = ૙ 
 
I can bring  ࡲ૚࢏   to the right and collect it to common factor 
 

૚ࡲ(࢟,࢞)૚ࡲ࢟࢞∗ࣔ + (࢐࢑ − ࢏૚ࡲ(࣓ࢀ = ૙ 
 
 
I place 

૚ࡲ = ࡱ) +  (ࡴࢀ
 
With this separation of indices in F1 both what I called E and what I called H contain the 
indices  ૚, ,࢏ ࢐,       ࢏࢐
 
Note: I could put   ࡲ૚ = ࡱ) +     .but I don't know what is more convenient  (ࡴ࢏࢐ࢀ
 

ࡱ)࢟࢞∗ࣔ + (ࡴࢀ + (࢐࢑ − +ࡱ)(࣓ࢀ ࢏(ࡴࢀ = ૙ 
 
Indexes in motion 
 

૚,࢐ࢀ, ,࢏ࢀ,࢏࢐ࢀ,࢏ ,ࢀ,࢏࢐ ࢐ 
 
and are thus separated , between the part without the T (i.e. E) and the part in front of the T 
(i.e. H) 
 

૚, ,࢏ ࢐,  ࢀ,࢏ࢀ,࢏࢐ࢀ,࢐ࢀ,࢏࢐
  



 
 

ࡱ)࢟࢞∗ࣔ + (ࡴࢀ + (࢐࢑ − +ࡱ)(࣓ࢀ ࢏(ࡴࢀ = ૙ 
 
 
And both E and H contain the indices    ૚, ,࢏ ࢐,       ࢏࢐
 

ࡱ࢟࢞∗ࣔ + ࡴࢀ࢟࢞∗ࣔ + ࢏ࡱ࢐࢑ + ࢏ࡴ࢑ࢀ࢐ − ࢏ࡱ࣓ࢀ − ࢏ࡴ࣓ = ૙ 
 
 
I obtain these two equations  among     (ࡴ,ࡱ)    with indices   ૚, ,࢏ ࢐,              ࢏࢐
 
 

ቊ
ࡱ࢟࢞∗ࣔ + ࢏ࡱ࢐࢑ − ࢏ࡴ࣓ = ૙

ࡴࢀ࢟࢞∗ࣔ + ࢏ࡴ࢑ࢀ࢐ − ࢏ࡱ࣓ࢀ = ૙ 

 
I observe that 
 

ࢀ࢟࢞∗ࣔ = ࢟࢞ࣔࢀ  
 
 
so I bring T on the left and simplify 
 

ቊ
ࡱ࢟࢞∗ࣔ + ࢏ࡱ࢐࢑ − ࢏ࡴ࣓ = ૙
−ࡴ࢟࢞ࣔ ࢏ࡴ࢐࢑ − ࢏ࡱ࣓ = ૙  

 
 
 
Now I replace the coordinates from cartesian to cylindrical 
 
 

ࣔ࢞࢟ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰ 

 

ࣔ∗࢞࢟ = ࣐࢏ࢋ ൬
ࣔ
ࣔ࢘ +

࢏
࢘
ࣔ
࣐ࣔ൰ 

 

⎩
⎨

⎧ ࣐࢏ࢋ ൬
ࣔ
ࣔ࢘ +

࢏
࢘
ࣔ
࣐ࣔ൰ࡱ + ࢏ࡱ࢐࢑ − ࢏ࡴ࣓ = ૙

࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰ࡴ − ࢏ࡴ࢐࢑ − ࢏ࡱ࣓ = ૙

 

 
 
  



 
Arrived at this point 
 
-both E and H contain the indices   ૚, ,࢏ ࢐, ,and therefore parts with and without the j  ૚   ࢏࢐    ࢏
and   ࢐,    ࢏࢐
- both E and H contain parts 'r' and parts 'phi'. 
 
Suppose immediately to separate the terms E, H in "part 1, i" and "part j, ji" . 
Here 
 

൞
࣐࢏ࢋ

ࡱࣔ

ࣔ࢘
+
࢏

࢘
࣐࢏ࢋ

ࡱࣔ

࣐ࣔ
+ ࢏ࡱ࢐࢑ − ࢏ࡴ࣓ = ૙

࣐࢏−ࢋ
ࡴࣔ

ࣔ࢘
−
࢏

࢘
࣐࢏−ࢋ

ࡴࣔ

࣐ࣔ
− ࢏ࡴ࢐࢑ − ࢏ࡱ࣓ = ૙

 

 
I make the following changes : 
 

⟹ࡱ ൫ࡱ+  ࢐൯ࡱ࢐

⟹ࡴ ൫ࡴ +  ࢐൯ࡴ࢐
 
i.e.  I separate in E, H the "parts 1, i" and the "parts j, ji". 
 

૚ࡲ = ൫ࡱ+ +࢐൯ࡱ࢐ ࡴ൫ࢀ +  ࢐൯ࡴ࢐
 
With this we get: 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

ࣔ൫ࡱ + ࢐൯ࡱ࢐
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ ࣔ൫ࡱ + ࢐൯ࡱ࢐
࣐ࣔ + ࢐࢑൫ࡱ + ࢏࢐൯ࡱ࢐ − ࣓൫ࡴ + ࢏࢐൯ࡴ࢐ = ૙

࣐࢏ିࢋ
ࣔ൫ࡴ + ࢐൯ࡴ࢐

ࣔ࢘ −
࢏
࢘ ࢋ

࣐࢏ି ࣔ൫ࡴ + ࢐൯ࡴ࢐
࣐ࣔ − ࢐࢑൫ࡴ + ࢏࢐൯ࡴ࢐ − ࣓൫ࡱ + ࢏࢐൯ࡱ࢐ = ૙

 

 
At this point the terms with and without j give rise to separate equations and 4 equations are 
obtained 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

(ࡱ)ࣔ
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ (ࡱ)ࣔ
࣐ࣔ + ࢐࢑൫࢐ࡱ࢐൯࢏ − ࢏(ࡴ)࣓ = ૙

࣐࢏ࢋ
ࣔ൫࢐ࡱ࢐൯
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ ࣔ൫࢐ࡱ࢐൯
࣐ࣔ + ࢏(ࡱ)࢐࢑ − ࣓൫࢐ࡴ࢐൯࢏ = ૙

 

 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ିࢋ

(ࡴ)ࣔ
ࣔ࢘ −

࢏
࢘ ࢋ

࣐࢏ି (ࡴ)ࣔ
࣐ࣔ − ࢐࢑൫࢐ࡴ࢐൯࢏ − ࢏(ࡱ)࣓ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴ࢐൯
ࣔ࢘ −

࢏
࢘ ࢋ

࣐࢏ି ࣔ൫࢐ࡴ࢐൯
࣐ࣔ − ࢏(ࡴ)࢐࢑ − ࣓൫࢐ࡱ࢐൯࢏ = ૙

 

  



 
I group them differently ie in the following way 
(1) 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

(ࡱ)ࣔ
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ (ࡱ)ࣔ
࣐ࣔ + ࢐࢑൫࢐ࡱ࢐൯࢏ − ࢏(ࡴ)࣓ = ૙

࣐࢏ିࢋ
(ࡴ)ࣔ
ࣔ࢘ −

࢏
࢘ ࢋ

࣐࢏ି (ࡴ)ࣔ
࣐ࣔ − ࢐࢑൫࢐ࡴ࢐൯࢏ − ࢏(ࡱ)࣓ = ૙

 

 
 
(2) 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

ࣔ൫࢐ࡱ࢐൯
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ ࣔ൫࢐ࡱ࢐൯
࣐ࣔ + ࢏(ࡱ)࢐࢑ − ࣓൫࢐ࡴ࢐൯࢏ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴ࢐൯
ࣔ࢘ −

࢏
࢘ ࢋ

࣐࢏ି ࣔ൫࢐ࡴ࢐൯
࣐ࣔ − ࢏(ࡴ)࢐࢑ − ࣓൫࢐ࡱ࢐൯࢏ = ૙

 

 
I try to separate dependencies from r and  phi: 
 

+ࡱ ࢐ࡱ࢐ = ቀࡱࡾ઴ࡱ +  ࢐ቁࡱ࢐઴ࡱࡾ࢐

ࡴ + ࢐ࡴ࢐ = ቀࡴࡾ઴ࡴ +  ࢐ቁࡴ࢐઴ࡴࡾ࢐
 
So that they    ࢐ࡴࡾ  and   ࢐ࡱࡾ   are with indices 1, i, and as well     ࡱࡾ  and  ࡴࡾ - 
So it is: 
 

൜ ࡱ = ࡱ઴ࡱࡾ
ࡴ = ࡴ઴ࡴࡾ

 

 

ቊ
࢐ࡱ࢐ = ࢐ࡱ࢐઴ࡱࡾ࢐
࢐ࡴ࢐ = ࢐ࡴ࢐઴ࡴࡾ࢐

 

 
I replace in (1). 
 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

(ࡱ઴ࡱࡾ)ࣔ
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ (ࡱ઴ࡱࡾ)ࣔ
࣐ࣔ + ࢐࢑ ቀ࢐ࡱࡾ࢐઴࢐ࡱቁ ࢏ − ࢏(ࡴ઴ࡴࡾ)࣓ = ૙

࣐࢏ିࢋ
(ࡴ઴ࡴࡾ)ࣔ

ࣔ࢘ −
࢏
࢘ ࢋ

࣐࢏ି (ࡴ઴ࡴࡾ)ࣔ
࣐ࣔ − ࢐࢑ ቀ࢐ࡴࡾ࢐઴࢐ࡴቁ ࢏ − ࢏(ࡱ઴ࡱࡾ)࣓ = ૙

 

 
 
  



 
 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

(ࡱࡾ)ࣔ
ࣔ࢘ ઴ࡱ +

࢏
࢘ ࢋ

ࡱࡾ࣐࢏
ࣔ(઴ࡱ)
࣐ࣔ + ࢐࢑ ቀ࢐ࡱࡾ࢐઴࢐ࡱቁ ࢏ − ࢏(ࡴ઴ࡴࡾ)࣓ = ૙

࣐࢏ିࢋ
(ࡴࡾ)ࣔ
ࣔ࢘ ઴ࡴ −

࢏
ࢋ࢘

ࡴࡾ࣐࢏ି
ࣔ(઴ࡴ)
࣐ࣔ − ࢐࢑ ቀ࢐ࡴࡾ࢐઴࢐ࡴቁ ࢏ − ࢏(ࡱ઴ࡱࡾ)࣓ = ૙

 

 
To simplify (i.e. to attempt to simplify) an exponential from the right we admit it is 
 

ቊ
઴ࡱ = ࣐࢔࢏ࢋ

઴ࡴ =  ࣐(ା૚࢔)࢏ࢋ

 

൝
઴࢐ࡱ = ࣐(ା૚࢔)࢏ࢋ

઴࢐ࡴ = ࣐࢔࢏ࢋ
 

 
Substituting 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

(ࡱࡾ)ࣔ
ࣔ࢘ ࣐࢔࢏ࢋ +

࢏
࢘ ࢋ

ࡱࡾ࣐࢏
(࣐࢔࢏ࢋ)ࣔ
࣐ࣔ + ࢐࢑൫࢏ࢋ࢐ࡱࡾ࢐(࢔ା૚)࣐൯࢏ − ࣓൫࢏ࢋࡴࡾ(࢔ା૚)࣐൯࢏ = ૙

࣐࢏ିࢋ
(ࡴࡾ)ࣔ
ࣔ࢘ ࣐(ା૚࢔)࢏ࢋ −

࢏
࢘ ࢋ

ࡴࡾ࣐࢏ି
ࣔ൫࢏ࢋ(࢔ା૚)࣐൯

࣐ࣔ − ࢐࢑൫࣐࢔࢏ࢋ࢐ࡴࡾ࢐൯࢏ − ࢏(࣐࢔࢏ࢋࡱࡾ)࣓ = ૙
 

 
and then executing the derivatives with respect to phi 
 
 

൞
࣐࢏ࢋ

(ࡱࡾ)ࣔ
ࣔ࢘ ࣐࢔࢏ࢋ +

࢏
࢘ ࢋ

࣐࢔࢏ࢋ࢔࢏ࡱࡾ࣐࢏ + ࢐࢑൫࢏ࢋ࢐ࡱࡾ࢐(࢔ା૚)࣐൯࢏ − ࣓൫࢏ࢋࡴࡾ(࢔ା૚)࣐൯࢏ = ૙

࣐࢏ିࢋ
(ࡴࡾ)ࣔ
ࣔ࢘ ࣐(ା૚࢔)࢏ࢋ −

࢏
ࢋ࢘

࢔)࢏ࡴࡾ࣐࢏ି + ૚)൫࢏ࢋ(࢔ା૚)࣐൯ − ࢐࢑൫࣐࢔࢏ࢋ࢐ࡴࡾ࢐൯࢏ − ࢏(࣐࢔࢏ࢋࡱࡾ)࣓ = ૙
 

 
you can simplify the exponential from the right and you get to this megasimplification 
 
 

൞

(ࡱࡾ)ࣔ
ࣔ࢘ +

࢏
࢔࢏ࡱࡾ࢘ + ࢐࢑൫࢐ࡱࡾ࢐൯࢏ − ࢏(ࡴࡾ)࣓ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘ −

࢏
࢏ࡴࡾ࢘

࢔) + ૚)− ࢐࢑൫࢐ࡴࡾ࢐൯࢏ − ࢏(ࡱࡾ)࣓ = ૙
 

 
(1a) 

൞

(ࡱࡾ)ࣔ
ࣔ࢘

−
૚
࢘
−࢔ࡱࡾ ࢑൫࢐ࡱࡾ൯࢏ − ࢏(ࡴࡾ)࣓ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘

+
૚
࢘
+࢔)ࡴࡾ ૚) + ࢑൫࢐ࡴࡾ൯࢏ − ࢏(ࡱࡾ)࣓ = ૙

 

 
  



Now I replace in (2). 

൜ ࡱ = ࡱ઴ࡱࡾ
ࡴ = ࡴ઴ࡴࡾ

 

 

ቊ
࢐ࡱ࢐ = ࢐ࡱ࢐઴ࡱࡾ࢐
࢐ࡴ࢐ = ࢐ࡴ࢐઴ࡴࡾ࢐

 

 
 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

ࣔ൫࢐ࡱ࢐൯
ࣔ࢘ +

࢏
࢘ ࢋ

࣐࢏ ࣔ൫࢐ࡱ࢐൯
࣐ࣔ + ࢏(ࡱ)࢐࢑ − ࣓൫࢐ࡴ࢐൯࢏ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴ࢐൯
ࣔ࢘ −

࢏
࢘ ࢋ

࣐࢏ି ࣔ൫࢐ࡴ࢐൯
࣐ࣔ − ࢏(ࡴ)࢐࢑ − ࣓൫࢐ࡱ࢐൯࢏ = ૙

 

 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

ࣔ൫࢐ࡱࡾ࢐൯
ࣔ࢘ ઴࢐ࡱ +

࢏
࢘ ࢋ

࢐ࡱࡾ࢐࣐࢏
ࣔ ቀ઴࢐ࡱቁ
࣐ࣔ + ࢏(ࡱ઴ࡱࡾ)࢐࢑ − ࣓ቀ࢐ࡴࡾ࢐઴࢐ࡴቁ ࢏ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴࡾ࢐൯
ࣔ࢘ ઴࢐ࡴ −

࢏
ࢋ࢘

࢐ࡴࡾ࢐࣐࢏ି
ࣔቀ઴࢐ࡴቁ
࣐ࣔ − ࢏(ࡴ઴ࡴࡾ)࢐࢑ − ࣓ቀ࢐ࡱࡾ࢐઴࢐ࡱቁ ࢏ = ૙

 

 
 
To simplify an exponential from the right we admit that it is (same hypotheses as above): 
 

ቊ
઴ࡱ = ࣐࢔࢏ࢋ

઴ࡴ =  ࣐(ା૚࢔)࢏ࢋ

 

൝
઴࢐ࡱ = ࣐(ା૚࢔)࢏ࢋ

઴࢐ࡴ = ࣐࢔࢏ࢋ
 

 
Substituting 
 

⎩
⎪
⎨

⎪
⎧ ࣐࢏ࢋ

ࣔ൫࢐ࡱࡾ࢐൯
ࣔ࢘ ࣐(ା૚࢔)࢏ࢋ +

࢏
࢘ ࢋ

࢐ࡱࡾ࢐࣐࢏
ࣔ൫࢏ࢋ(࢔ା૚)࣐൯

࣐ࣔ + ࢏(࣐࢔࢏ࢋࡱࡾ)࢐࢑ − ࣓൫࣐࢔࢏ࢋ࢐ࡴࡾ࢐൯࢏ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴࡾ࢐൯
ࣔ࢘ ࣐࢔࢏ࢋ −

࢏
ࢋ࢘

࢐ࡴࡾ࢐࣐࢏ି
(࣐࢔࢏ࢋ)ࣔ
࣐ࣔ − ࢐࢑൫࢏ࢋࡴࡾ(࢔ା૚)࣐൯࢏ − ࣓൫࢏ࢋ࢐ࡱࡾ࢐(࢔ା૚)࣐൯࢏ = ૙

 

 
  



 
and then executing the derivatives with respect to phi 
 

⎩
⎪
⎨

⎪
࣐࢏ࢋ⎧

ࣔ൫࢐ࡱࡾ࢐൯
ࣔ࢘ ࣐(ା૚࢔)࢏ࢋ +

࢏
࢘ ࢋ

+࢔)࢏࢐ࡱࡾ࢐࣐࢏ ૚)൫࢏ࢋ(࢔ା૚)࣐൯ + ࢏(࣐࢔࢏ࢋࡱࡾ)࢐࢑ − ࣓൫࣐࢔࢏ࢋ࢐ࡴࡾ࢐൯࢏ = ૙

࣐࢏ିࢋ
ࣔ൫࢐ࡴࡾ࢐൯
ࣔ࢘ ࣐࢔࢏ࢋ −

࢏
ࢋ࢘

(࣐࢔࢏ࢋ)࢔࢏࢐ࡴࡾ࢐࣐࢏ି − ࢐࢑൫࢏ࢋࡴࡾ(࢔ା૚)࣐൯࢏ − ࣓൫࢏ࢋ࢐ࡱࡾ࢐(࢔ା૚)࣐൯࢏ = ૙
 

 
you can simplify the exponential from the right and you get to this megasimplification 
 
 

⎩
⎪
⎨

⎪
⎧ࣔ൫࢐ࡱࡾ࢐൯

ࣔ࢘ +
࢏
࢘ ࢏࢐ࡱࡾ࢐

+࢔) ૚) + ࢏(ࡱࡾ)࢐࢑ − ࣓൫࢐ࡴࡾ࢐൯࢏ = ૙

ࣔ൫࢐ࡴࡾ࢐൯
ࣔ࢘ −

࢏
࢘ ࢔࢏࢐ࡴࡾ࢐ − ࢏(ࡴࡾ)࢐࢑ − ࣓൫࢐ࡱࡾ࢐൯࢏ = ૙

 

(2a) 

⎩
⎪
⎨

⎪
⎧ࣔ൫࢐ࡱࡾ൯

ࣔ࢘
+
૚
࢘
+࢔)࢐ࡱࡾ ૚) + ࢏(ࡱࡾ)࢑ − ࣓൫࢐ࡴࡾ൯࢏ = ૙

ࣔ൫࢐ࡴࡾ൯
ࣔ࢘

−
૚
࢘
−࢔࢐ࡴࡾ ࢏(ࡴࡾ)࢑ − ࣓൫࢐ࡱࡾ൯࢏ = ૙

 

 
Be now 
 

ࢋ࢐ࡴࡾ
࣐࢔࢏ =

࢑
(࣓ + ࣓૙)ࢋࡱࡾ

 ࣐࢔࢏

 
and also 
 

ࢋ࢐ࡱࡾ
࣐(ା૚࢔)࢏ =

−࢑
(࣓ +࣓૙)ࢋࡴࡾ

 ࣐(ା૚࢔)࢏
 
(which is also compatible with the previous positions on      ࢏ࢋ(࢔ା૚)࣐    and   ࣐࢔࢏ࢋ  ). 
Let be more in particular 
 

࢐ࡴࡾ =
࢑

(࣓ + ࣓૙)ࡱࡾ 

 

࢐ࡱࡾ =
−࢑

(࣓ +࣓૙)ࡴࡾ 
 
and I'm going to make these replacements. 
  



 
I now do all the replacement steps in (2a) . 
Step by step I get 
 

࢐ࡴࡾ =
࢑

(࣓ + ࣓૙)ࡱࡾ 

 

࢐ࡱࡾ =
−࢑

(࣓ +࣓૙)ࡴࡾ 
 
(2a) 

⎩
⎪
⎨

⎪
⎧ࣔ൫࢐ࡱࡾ൯

ࣔ࢘
+
૚
࢘
+࢔)࢐ࡱࡾ ૚) + ࢏(ࡱࡾ)࢑ − ࣓൫࢐ࡴࡾ൯࢏ = ૙

ࣔ൫࢐ࡴࡾ൯
ࣔ࢘

−
૚
࢘
−࢔࢐ࡴࡾ ࢏(ࡴࡾ)࢑ − ࣓൫࢐ࡱࡾ൯࢏ = ૙

 

 
 

⎩
⎪
⎨

⎪
⎧ࣔ൬−

࢑
(࣓ + ࣓૙)ࡴࡾ൰

ࣔ࢘
+
૚
࢘
−

࢑
(࣓ + ࣓૙)ࡴࡾ

࢔) + ૚) + ࢏(ࡱࡾ)࢑ − ࣓൬
࢑

(࣓ + ࣓૙)ࡱࡾ൰ ࢏ = ૙

ࣔ ൬ ࢑
(࣓ + ࣓૙)ࡱࡾ൰

ࣔ࢘
−
૚
࢘

࢑
(࣓ + ࣓૙)࢔ࡱࡾ − ࢏(ࡴࡾ)࢑ − ࣓൬−

࢑
(࣓ + ࣓૙)ࡴࡾ൰ ࢏ = ૙

 

 

൞

(ࡴࡾ࢑−)ࣔ
ࣔ࢘

−
૚
࢘
࢔)ࡴࡾ࢑ + ૚) + ࢑(࣓ + ࣓૙)(ࡱࡾ)࢏ − ࢏(ࡱࡾ࢑)࣓ = ૙

(ࡱࡾ࢑)ࣔ
ࣔ࢘

−
૚
࢘
࢔ࡱࡾ࢑ − ࢑(࣓ + ࣓૙)(ࡴࡾ)࢏ + ࢏(ࡴࡾ࢑)࣓ = ૙

 

 

൞

(ࡴࡾ−)ࣔ
ࣔ࢘

−
૚
࢘
࢔)ࡴࡾ + ૚) + (࣓ + ࣓૙)(ࡱࡾ)࢏ − ࢏(ࡱࡾ)࣓ = ૙

(ࡱࡾ)ࣔ
ࣔ࢘

−
૚
࢘
࢔ࡱࡾ − (࣓ + ࣓૙)(ࡴࡾ)࢏ + ࢏(ࡴࡾ)࣓ = ૙

 

 
and finally: 
 (2b) 

൞

(ࡴࡾ)ࣔ
ࣔ࢘ +

૚
࢘ ࡴࡾ

࢔) + ૚) −࣓૙(ࡱࡾ)࢏ = ૙

(ࡱࡾ)ࣔ
ࣔ࢘ −

૚
࢘ ࢔ࡱࡾ − ࣓૙(ࡴࡾ)࢏ = ૙

 

 
  



 
Instead, substituting step by step in (1a) we obtain 
 

࢐ࡴࡾ =
࢑

(࣓ + ࣓૙)ࡱࡾ 

 

࢐ࡱࡾ =
−࢑

(࣓ +࣓૙)ࡴࡾ 
 
(1a) 

൞

(ࡱࡾ)ࣔ
ࣔ࢘

−
૚
࢘
−࢔ࡱࡾ ࢑൫࢐ࡱࡾ൯࢏ − ࢏(ࡴࡾ)࣓ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘

+
૚
࢘
+࢔)ࡴࡾ ૚) + ࢑൫࢐ࡴࡾ൯࢏ − ࢏(ࡱࡾ)࣓ = ૙

 

 
 

⎩
⎪
⎨

⎪
⎧ (ࡱࡾ)ࣔ

ࣔ࢘
−
૚
࢘
࢔ࡱࡾ − ࢑൬

−࢑
(࣓ + ࣓૙)ࡴࡾ൰ ࢏ ࢏(ࡴࡾ)࣓− = ૙

(ࡴࡾ)ࣔ
ࣔ࢘

+
૚
࢘
+࢔)ࡴࡾ ૚) + ࢑൬

࢑
(࣓ + ࣓૙)ࡱࡾ൰ ࢏ − ࢏(ࡱࡾ)࣓ = ૙

 

 

⎩
⎪
⎨

⎪
⎧ (ࡱࡾ)ࣔ

ࣔ࢘
−
૚
࢘
+࢔ࡱࡾ ቆ

࢑૛

(࣓ + ࣓૙)ࡴࡾቇ ࢏ − ࢏(ࡴࡾ)࣓ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘

+
૚
࢘
+࢔)ࡴࡾ ૚) + ቆ

࢑૛

(࣓ + ࣓૙)ࡱࡾቇ ࢏ ࢏(ࡱࡾ)࣓− = ૙
 

 

൞

(ࡱࡾ)ࣔ
ࣔ࢘

−
૚
࢘
࢔ࡱࡾ + (࣓−࣓૙)(ࡴࡾ)࢏ − ࢏(ࡴࡾ)࣓ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘

+
૚
࢘
+࢔)ࡴࡾ ૚) + (࣓−࣓૙)(ࡱࡾ)࢏ − ࢏(ࡱࡾ)࣓ = ૙

 

 
and finally: 
(1b) 

൞

(ࡱࡾ)ࣔ
ࣔ࢘ −

૚
࢘ ࢔ࡱࡾ − ࣓૙(ࡴࡾ)࢏ = ૙

(ࡴࡾ)ࣔ
ࣔ࢘ +

૚
࢘ ࡴࡾ

࢔) + ૚) −࣓૙(ࡱࡾ)࢏ = ૙
 

 
  



Summarizing, to solve the equation 
 

ࡲ∗ࣔ = ૙ 
 
I place 
 

ࡲ =  (ࢠ࢑ି࣓࣎)࢏ିࢋ(࢟,࢞)૚ࡲ
 
with 
 

૚ࡲ = ൫ࡱ + ࢐൯ࡱ࢐ + ࡴ൫ࢀ +  ࢐൯ࡴ࢐
 
and with 
 

ࢋ࢐ࡴࡾ
࣐࢔࢏ =

࢑
(࣓ + ࣓૙)ࢋࡱࡾ

 ࣐࢔࢏

 
and also 
 

ࢋ࢐ࡱࡾ
࣐(ା૚࢔)࢏ =

−࢑
(࣓ + ࣓૙)ࢋࡴࡾ

 ࣐(ା૚࢔)࢏

 
I get the following conditions ( the 1b and 2b , coinciding with each other ) : 
 

൞

ࡴࡾࣔ
ࣔ࢘ +

૚
࢘ ࡴࡾ

࢔) + ૚) −࣓૙࢏ࡱࡾ = ૙

ࡱࡾࣔ
ࣔ࢘ −

૚
࢘ ࡱࡾ࢔ −࣓૙࢏ࡴࡾ = ૙

 

 
Solution: Bessel functions. 
Indeed, place 
 

ࡴࡾ =  ା૚(࣓૙࢘)࢔ࡶ࢏
 

ࡱࡾ =  (૙࣓࢘)࢔ࡶ
 
the equations become 
 

൞

ା૚(࣓૙࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔) + ૚)
࢘ ା૚(࣓૙࢘)࢔ࡶ −࣓૙࢔ࡶ(࣓૙࢘) = ૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ −

࢔
࢘ ࢔ࡶ

(࣓૙࢘) + ࣓૙࢔ࡶା૚(࣓૙࢘) = ૙
 

 
wich, with an appropriate change of indices, 
 

൞

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࢘ ࢔ࡶ

(࣓૙࢘) −࣓૙ି࢔ࡶ૚(࣓૙࢘) = ૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ −

࢔
࢘ ࢔ࡶ

(࣓૙࢘) + ࣓૙࢔ࡶା૚(࣓૙࢘) = ૙
 

  



coincides with recursive relationships 
(D.35) 

(࢑࢞)࢔ࢆࢊ
࢞ࢊ +

࢔
࢞ ࢔ࢆ

(࢑࢞)− (࢑࢞)૚ି࢔ࢆ࢑ = ૙ 
 
(D.36) 

(࢑࢞)࢔ࢆࢊ
࢞ࢊ −

࢔
࢞ ࢔ࢆ

(࢑࢞) + (࢑࢞)ା૚࢔ࢆ࢑ = ૙ 
From [7 ]  “Introductory Applications of Partial Differential Equations: with Emphasis on 
Wave Propagation and Diffusion” 
by G. L. Lamb, Jr. 
Copyright © 1995 John Wiley & Sons, Inc. 
 
https://onlinelibrary.wiley.com/doi/pdf/10.1002/9781118032831.app4 
 
 

 
 
 
 
  

https://onlinelibrary.wiley.com/doi/pdf/10.1002/9781118032831.app4


3 - SOLUTION 
 
Summarizing things from the beginning, one has, in succession: 
 

ࡲ = ቄቂࡱࡾ઴ࡱ + ࢐ቃࡱ࢐઴ࡱࡾ࢐ + ࢀ ቂࡴࡾ઴ࡴ + ࢐ቃቅࡴ࢐઴ࡴࡾ࢐ ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
 

ࡱ઴ࡱࡾ =  ࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ
 
 

࢐ࡱ࢐઴ࡱࡾ࢐ = ࢐
−࢑

(࣓ + ࣓૙)  ࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏

 
 

ࡴ઴ࡴࡾ =  ࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏
 

࢐ࡴ࢐઴ࡴࡾ࢐ = ࢐
࢑

(࣓ + ࣓૙)  ࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ

 
and replacing everything we get: 
 

ࡲ = ൜൤࢔ࡶ(࣓૙࢘)࢐−࣐࢔࢏ࢋ
࢑

(࣓ + ࣓૙) ൨࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏

+ ࢀ ൤࢔ࡶ࢏ା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐ + ࢐
࢑

(࣓ + ࣓૙) ൨ൠ࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ  (ࢠ࢑ି࣓࣎)࢏ିࢋ

 
which is reordered like this: 
 
ࡲ = ൫࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ + (ࢠ࢑ି࣓࣎)࢏ିࢋ൯࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏ࢀ

+ ൫࢔ࡶ࢐࢏ା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐ + ൯࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ࢐ࢀ
࢑

(࣓ + ࣓૙) ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
  



 
4 - DISCUSSION 
 
The ‘at rest’ solution already examined in the Manuscripts [1 ] reappears 
 

ࡲ = ൫࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ +  (ࢠ࢑ି࣓࣎)࢏ିࢋ൯࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏ࢀ
 
To this is added the component due to motion 
 

ࡲ = +൫࢔ࡶ࢐࢏ା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐ + ൯࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ࢐ࢀ
࢑

(࣓ + ࣓૙) ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
In this part, the portion with index Tj simply represents the magnetic field components Hx 
and Hy 
 

ࡲ = ൫࢔ࡶ࢐ࢀ(࣓૙࢘)࣐࢔࢏ࢋ൯
࢑

(࣓ + ࣓૙) ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
 
The part with index ij shows the presence of a magnetic charge 
 

ࡲ = ൫࢔ࡶ࢐࢏ା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯
࢑

(࣓ + ࣓૙) ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
 
The T field component responsible for the electric charge is also a function of z when in 
motion, which involves electric current in the z direction 
 

ࡲ = ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ 
 
 
 
 

                         
  



5 - GENERALIZATION 
 
The solution found opens up a series of interesting possibilities, since each component of the 
solution found lends itself to be interpreted as ( more precisely: it is ) a harmonic potential. 
 

ࡲ = ൫࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ + (ࢠ࢑ି࣓࣎)࢏ିࢋ൯࣐(ା૚࢔)࢏ࢋା૚(࣓૙࢘)࢔ࡶ࢏ࢀ

+ ൫࢔ࡶ࢐࢏ା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐ + ൯࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ࢐ࢀ
࢑

(࣓ + ࣓૙) ࢋ
 (ࢠ࢑ି࣓࣎)࢏ି

 
Using cylindrical coordinates 
 

ࣔ࢞࢟ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰ 

 

ࣔ∗࢞࢟ = ࣐࢏ࢋ ൬
ࣔ
ࣔ࢘ +

࢏
࢘
ࣔ
࣐ࣔ൰ 

 
I can directly find a series of analytic functions . 
For example, using the derivation operator     ࣔ  this function is certainly analytic 
 

ࡲ =  ൧(ࢠ࢑ି࣓࣎)࢏ିࢋ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)ൣࣔ
 

ࣔ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰ − ࢐

ࣔ
ࢠࣔ − ࢀ

ࣔ
ࣔ࣎ 

 
indeed it is analytic (I presume) the function that arises from the harmonic potential 
 

࡭ = ൫࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ൯࢙࢕ࢉ (࣓࣎ −  (ࢠ࢑
 
which generalizes exercise 5 of the Manuscripts [1 ].  
 
Calculations. 
 

ࡲ =  ࡭ࣔ
 

ࡲ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

+ ൬−࢐
ࣔ
ࢠࣔ − ࢀ

ࣔ
ࣔ࣎൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] −  [(ࢠ࢑
 

ࡲ = ࣐࢏ିࢋ
ࣔ
ࣔ࢘

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − −[(ࢠ࢑ ࣐࢏ିࢋ
࢏
࢘
ࣔ
࣐ࣔ

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

− ࢐
ࣔ
ࢠࣔ

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − −[(ࢠ࢑ ࢀ
ࣔ
ࣔ࣎

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] −  [(ࢠ࢑
 
Indices 1, i, j, T. 
Ex, Ey, Ez, Htau. 
  



Then the function deriving from this harmonic potential is analytic (I presume) 
 

࡭ = ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ 
 
 
This generalizes exercise 1 of the Manuscripts [1 ].  
 
 
Calculations. 
 

ࡲ = ࣔൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧ 
 

ࣔ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰ − ࢐

ࣔ
ࢠࣔ − ࢀ

ࣔ
ࣔ࣎ 

 

ࡲ = ࣐࢏ିࢋ ൬
ࣔ
ࣔ࢘ −

࢏
࢘
ࣔ
࣐ࣔ൰

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧

+ ൬−࢐
ࣔ
ࢠࣔ − ࢀ

ࣔ
ࣔ࣎൰

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧ 
 
 

ࡲ = ࣐࢏ିࢋ
ࣔ
ࣔ࢘

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧

− ࣐࢏ିࢋ
࢏
࢘
ࣔ
࣐ࣔ

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧

− ࢐
ࣔ
ࢠࣔ

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧

− ࢀ
ࣔ
ࣔ࣎

ൣ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ൧ 
 
 
Indices T, Ti, Tji, Tj 
Hx, Hy, Hz, Htau. 
 
 
From the examination of these last two potentials it seems to be able to conclude that there is 
a potential to which correspond mass charge, spin, magnetic moment, and without magnetic 
charge. It is 
 
 

࡭ = ൫࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ൯࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
+ ൫࢔ࡶ࢏ࢀା૚(࣓૙࢘)࢏ࢋ(࢔ା૚)࣐൯(ࢠ࢑ି࣓࣎)࢏ିࢋ 

 
 
 
  



6 - EXAMPLE 
 
One of the most interesting aspects is to verify if it is harmonic [(࢔ࡶ(࣓૙࢘)࣐࢔࢏ࢋ)࢙࢕ࢉ (࣓࣎ −  [(ࢠ࢑
 
Let's calculate the Laplacian directly 
 

ࣔࣔ∗ =
ࣔ૛

ࣔ࢞૛ +
ࣔ૛

ࣔ࢟૛ +
ࣔ૛

૛ࢠࣔ −
ࣔ૛

ࣔ࣎૛ 

 
 

ࢌ∗ࣔࣔ =
૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࢌࣔ
ࣔ࢘൰+

૚
࢘૛

ࣔ૛ࢌ
࣐ࣔ૛ +

ࣔ૛ࢌ
૛ࢠࣔ −

ࣔ૛ࢌ
ࣔ࣎૛  

 
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)]∗ࣔࣔ − [(ࢠ࢑

= ቈ
૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࢌࣔ
ࣔ࢘൰ +

૚
࢘૛

ࣔ૛ࢌ
࣐ࣔ૛ +

ࣔ૛ࢌ
૛ࢠࣔ −

ࣔ૛ࢌ
ࣔ࣎૛

቉ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

=
૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

+
૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ +
ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

−
ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] −  [(ࢠ࢑

 
The individual parts are 
 
(3) 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = ࣓࣎) ࢙࢕ࢉ࣐࢔࢏ࢋ − (ࢠ࢑
૚
࢘
ࣔ
ࣔ࢘ ቆ࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ ቇ 

 
 
(4) 

૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = ࣓࣎) ࢙࢕ࢉ(૙࣓࢘)࢔ࡶ − (ࢠ࢑
૚
࢘૛
ࣔ૛࣐࢔࢏ࢋ

࣐ࣔ૛  

 
 
(5) 

ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = (࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
૛ࢠࣔ  

 
 
(6) 

ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = (࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
૛ࢠࣔ  

 
  



 
Development part (3) 
 
(3) 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = ࣓࣎) ࢙࢕ࢉ࣐࢔࢏ࢋ − (ࢠ࢑
૚
࢘
ࣔ
ࣔ࢘ ቆ࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ ቇ 

 
The second derivative is calculated in the Appendix and the result is 
 
 

ࣔ૛࢔ࡶ(࣓૙࢘)
ࣔ࢘૛ = −

૚
࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ + ቆ
૛࢔

࢘૛ −࣓૙
૛ቇ  (૙࣓࢘)࢔ࡶ

 
So replacing 
 

૚
࢘
ࣔ
ࣔ࢘ ቆ࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ ቇ =

૚
࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ −
૚
࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ + ቆ
૛࢔

࢘૛ − ࣓૙
૛ቇ  (૙࣓࢘)࢔ࡶ

 
 

૚
࢘
ࣔ
ࣔ࢘ቆ࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ ቇ = ቆ

૛࢔

࢘૛ −࣓૙
૛ቇ  (૙࣓࢘)࢔ࡶ

 
 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ = ቆ(૙࣓࢘)࢔ࡶ
૛࢔

࢘૛ − ࣓૙
૛ቇ࢙࢕ࢉ࣐࢔࢏ࢋ (࣓࣎ −  (ࢠ࢑

 
 
  



 
 
Therefore from all four we simplify   ࢔ࡶ(࣓૙࢘)   
 
 
(3a) 
 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ቆ
૛࢔

࢘૛ − ࣓૙
૛ቇ࢙࢕ࢉ࣐࢔࢏ࢋ (࣓࣎ −  (ࢠ࢑

 
(4a) 
 
 
 

૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ࣓࣎) ࢙࢕ࢉ − (ࢠ࢑
૚
࢘૛
ࣔ૛࣐࢔࢏ࢋ

࣐ࣔ૛  

 
 
(5a) 
 
 

ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ࣐࢔࢏ࢋ

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
૛ࢠࣔ  

 
 
 
(6a) 
 
 

ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ࣐࢔࢏ࢋ

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
૛ࢠࣔ  

 
 
 
Continuing still I run the derivative with respect to phi. 
  



 
૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ࣓࣎) ࢙࢕ࢉ − (ࢠ࢑
૚
࢘૛
ࣔ૛࣐࢔࢏ࢋ

࣐ࣔ૛  

 
࣐࢔࢏ࢋࣔ

࣐ࣔ =  ࣐࢔࢏ࢋ࢔࢏

 
૚
࢘૛
ࣔ૛࣐࢔࢏ࢋ

࣐ࣔ૛ =
૚
࢘૛

ࣔ
࣐ࣔ

(࣐࢔࢏ࢋ࢔࢏) = −
૛࢔

࢘૛ ࢋ
 ࣐࢔࢏

 
So I replace in (4 a ) and then I simplify ࣐࢔࢏ࢋ  everywhere 
 
(3b) 
 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ቆ
૛࢔

࢘૛ − ࣓૙
૛ቇ ࣓࣎) ࢙࢕ࢉ −  (ࢠ࢑

 
 
(4b) 
 
 

૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ −
૛࢔

࢘૛ ࣓࣎) ࢙࢕ࢉ −  (ࢠ࢑

 
 
(5b) 
 
 

ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
૛ࢠࣔ  

 
 
(6b) 
 
 

ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝

ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑
ࣔ࣎૛  

 
 
  



 
I run the latest derivatives of    ࢙࢕ࢉ (࣓࣎ −        (ࢠ࢑
 

ࣔ
ࢠࣔ ࣓࣎) ࢙࢕ࢉ − (ࢠ࢑ = ࣓࣎) ࢔࢏࢑࢙ −  (ࢠ࢑

 
ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑

૛ࢠࣔ = −࢑૛࢙࢕ࢉ (࣓࣎ −  (ࢠ࢑
 

ࣔ
ࣔ࣎ ࣓࣎) ࢙࢕ࢉ − (ࢠ࢑ = ࣓࣎) ࢔࢏࢙࣓− −  (ࢠ࢑

 
ࣔ૛࢙࢕ࢉ (࣓࣎ − (ࢠ࢑

ࣔ࣎૛ = −࣓૛࢙࢕ࢉ (࣓࣎ −  (ࢠ࢑
 
 
So I simplify again  ࢙࢕ࢉ (࣓࣎ −    (ࢠ࢑
 
 
(3c) 
 

૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ ቆ
૛࢔

࢘૛ − ࣓૙
૛ቇ 

 
(4c) 
 

૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ −
૛࢔

࢘૛  

 
(5c) 
 

ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ −࢑૛ 

 
(6c) 
 

ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ ∝ −࣓૛ 

 
 
 
  



 
Finally in the Laplacian 
 
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)]∗ࣔࣔ − [(ࢠ࢑

= ቈ
૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࢌࣔ
ࣔ࢘൰ +

૚
࢘૛

ࣔ૛ࢌ
࣐ࣔ૛ +

ࣔ૛ࢌ
૛ࢠࣔ −

ࣔ૛ࢌ
ࣔ࣎૛

቉ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

=
૚
࢘
ࣔ
ࣔ࢘ ൬࢘

ࣔ
ࣔ࢘൰

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

+
૚
࢘૛

ࣔ૛

࣐ࣔ૛ ࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑ +
ࣔ૛

૛ࢠࣔ
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] − [(ࢠ࢑

−
ࣔ૛

ࣔ࣎૛
࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)] −  [(ࢠ࢑

 
I simplify everywhere by means of (3c), (4c), (5c), (6c). 
Result: 
 

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)]∗ࣔࣔ − [(ࢠ࢑ ∝ ቆ
૛࢔

࢘૛ − ࣓૙
૛ቇ −

૛࢔

࢘૛ − ࢑૛ + ࣓૛ = −࣓૙
૛ − ࢑૛ + ࣓૛ = ૙ 

 
So ultimately 
 

࣓࣎) ࢙࢕ࢉ(࣐࢔࢏ࢋ(૙࣓࢘)࢔ࡶ)]∗ࣔࣔ − [(ࢠ࢑ = ૙ 
 
 
The function    ࢔ࡶ(࣓૙࢘)࢙࢕ࢉ࣐࢔࢏ࢋ (࣓࣎ −  ..is a harmonic function   (ࢠ࢑
As it was intended to prove. 
  



7 - CONCLUSIONS 
 
In conclusion, the existence of solutions of Cauchy Riemann's conditions in 4D occurs or, if 
you wish, of "waves", what I have called elsewhere "waves of charge" . These, whose physical 
existence remains to be demonstrated, are nothing more than a generalization of ordinary 
electromagnetic waves. They can therefore be "neutral", or equipped in various ways with 
mass, charge, spin. I have made some examples but much more could be studied.  
In physics, someone said, what is not strictly prohibited happens. 
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9 - APPENDIX 
 
I use the formulas (see paragraph 2): 
 

൞

ା૚(࣓૙࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔) + ૚)
࢘ ା૚(࣓૙࢘)࢔ࡶ −࣓૙࢔ࡶ(࣓૙࢘) = ૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ −

࢔
࢘ ࢔ࡶ

(࣓૙࢘) + ࣓૙࢔ࡶା૚(࣓૙࢘) = ૙
 

 
 
Let’s pick up    ࢔ࡶା૚(࣓૙࢘)    from the second and replace in the first 
 

ା૚(࣓૙࢘)࢔ࡶ = −
૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࣓૙࢘

 (૙࣓࢘)࢔ࡶ

 
ࣔ
ࣔ࢘

ቈ−
૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࣓૙࢘

቉(૙࣓࢘)࢔ࡶ +
࢔) + ૚)

࢘
ቈ−

૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࣓૙࢘

቉(૙࣓࢘)࢔ࡶ − ࣓૙࢔ࡶ(࣓૙࢘)

= ૙ 
 

ࣔ
ࣔ࢘

ቈ−
૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࣓૙࢘

቉(૙࣓࢘)࢔ࡶ = −
૚
࣓૙

ࣔ૛࢔ࡶ(࣓૙࢘)
ࣔ࢘૛ −

࢔
࣓૙࢘૛

(૙࣓࢘)࢔ࡶ +
࢔
࣓૙࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘  

 

−
૚
࣓૙

ࣔ૛࢔ࡶ(࣓૙࢘)
ࣔ࢘૛ −

࢔
࣓૙࢘૛

(૙࣓࢘)࢔ࡶ +
࢔
࣓૙࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔) + ૚)
࢘

ቈ−
૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ +

࢔
࣓૙࢘

቉(૙࣓࢘)࢔ࡶ

− ࣓૙࢔ࡶ(࣓૙࢘) = ૙ 
 

−
૚
࣓૙

ࣔ૛࢔ࡶ(࣓૙࢘)
ࣔ࢘૛ −

࢔
࣓૙࢘૛

(૙࣓࢘)࢔ࡶ +
࢔
࣓૙࢘

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘ −

࢔) + ૚)
࢘

૚
࣓૙

(૙࣓࢘)࢔ࡶࣔ
ࣔ࢘

+
࢔) + ૚)

࢘
࢔
࣓૙࢘

(૙࣓࢘)࢔ࡶ − ࣓૙࢔ࡶ(࣓૙࢘) = ૙ 

 
ࣔ૛࢔ࡶ(࣓૙࢘)

ࣔ࢘૛ = −
࢔
࢘૛ ࢔ࡶ

(࣓૙࢘) +
࢔
࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ −
࢔) + ૚)

࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ +
࢔) + ૚)

࢘
࢔
࢘ ࢔ࡶ

(࣓૙࢘)

− ࣓૙
૛࢔ࡶ(࣓૙࢘) 

 
Conclusion: 
 

ࣔ૛࢔ࡶ(࣓૙࢘)
ࣔ࢘૛ = −

૚
࢘
(૙࣓࢘)࢔ࡶࣔ

ࣔ࢘ +
૛࢔

࢘૛ ࢔ࡶ
(࣓૙࢘) −࣓૙

૛࢔ࡶ(࣓૙࢘) 
 
Note: nothing but the Bessel second-order  differential equation. 
 
 
 
 
 
 
 


