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u —ERD BEHLERAEMT A R, SEER LS5 R0 R ZIAIEGE A,
HE A — AT EAEZE R ) Rue BT, AR Ry (FENTEZEHIRLTHED L
AUVER R S 2 A xEs) GREEN w [ RoBENL™E, ZFELK, Ro (fFHN
TZEHRLTE) WA S ZAMNIEE GEEEY w) K R, BENL™ . K,
AMAFAE R IR LA RN, F BB SORXS 18 20N (IR R « I W4 55D
WAL o ASCAEIZE I T 3EAT 5 2 1R THOSGRXHE RN 13 18 . 2 i iz
BIRL T AR SO 18 24 S B R Y BEATLAZ SR 7 I e T 222808, i DI U2 B L
BB T 17 B AR LB I Ge Tt 2 RN o R T Is s I T A R AR I R
BB SRS R RN 10— BEOL T, IREEBNGE AR 107 B R 4R L5 i
T, BEIRRIERILN “51 717 fom, XEURGX PR (AR RBIK [ i 5 A0
SRR RN A7 AE ) B AR R B GEMR ) SCRIRHE RN, BT TR S 8 B ALz BhA 1
MIGETH AR o WERAS SO L T RE REAL B I8 B RL T I IX B e i 2200, A

12



LR RN EP AR
3.33 MY BT RERIL

TEATHRG AR AR ERAELY , FRATT R AR (112 S A i — A FE I
FIFEN IS ETTRE, W e x,y, 2,00 TN n MRTFIRS, 2RI
[IYERE N REESH 3n+ L NEHERTE, Hhn— to. XBARRAI
. X LR MR R, NEERMIRITE KT AT IRHE, RAENNTiE
NI L B — N REAE KRR TFEEFE. STk Gk
fED I T HE R G TE 2207 AR R nT 8 2 LU 24 1 07 vk, BRYE Y B R S a1,
AT B SRR R

B B, FETC S KDY 4R 25 tha] DR BTG 55 24~ CRLF D AR B AR FE I (5
) M. (AR REARTE RS 25 b SRR FE 5 P B AR ZE ki, FOR
REZR AR, MBS 4R B AT E . ST, IR AN AR M A — A1 1Y R
Bk . T, ARSORTER BEROM . AHRE A B2 SRR EL, e
Je& 338 75 SR 06 23X Se A ) BE RV, SR LU E ST R R TR R
ORI =4 MR B 4183, HPBHGZIELLR) O T eV i U] i B
WRS3.3.52 7)), HMLSEE# (BFR 17 hKkAE, WETRELZEZHR T
U EE X B NS SRR AN, 5 A S R TE 3 1 — 8
RNRI KL RN BT, BEHLIE SR 1) X st B D BEpLA
B SCRRBIN CBENLE” R BN SR T CRED” #iE
—/NER. FERX LR TR EARSE, S ERNMER, F, FEL R =
YRR BN R (A 1) X . X YR “ s
BOME” 1 R — A NIRIEF IR 3@ A 3 B A L2 B AN A 1R RO R
REEFEZM— A CLean®) ) sed 8o FE BT DUE IR e E L ELE L,
PO — 5 (RIARBOF A B iR (RS i R M Geit IS . fEiX PR
£, BN R A R R ANRBLEA BRI R S R MR . HIXEepEdLiE
B IIRLF AL B R AR IR B TR, ARYE Maxwell 2047, 7E3E— XA (1 ) 2

AL — R, BIohGk RIE, b kOyrEsE GE

Supplementary Information 2 Part 1). /S Maxwell 434 JoiEHf & il /N 25 (8] N )
AR TT A), (H X HLAY A% 3 2 1 29 3R 2% A I 5 3R B ) 5 TR DR /N T [ E
(1) - A0 ) 7 AT AR

TG, BRI CR/NTT D WA R A X BR AR P ik i n) &
MR X 2R, ERAMEMN AP RE, RN Xx,p,z, 0. BREXN: BK
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TR 1, YOYNETAE Pl y. 2) ALK V A2 R, T
4 X(x.p.2.0) = lim 20 3’( ) [BUF B & E0R A AR, y, 2) BTN TEIARKR ¢ 107

. FHFBERN AL ERE B ETE.

XE— gt tima, YrsEiERE SIER, e S5REHHE ZEE
Z M Maxwell 4347 . W1 Fig. la B, RELEST BT O P MIATEL 7 17 K/
FIRFTHBLEC IV, A Y, o 0 V), i BRI OA , V), 4 M5 LA OB
NEATRIAOC, ZABA, WHZEMELZT M & (Fig 1b). %T i Tk
PRAN T B 380V, A0V AHSE, BN Bk A B IR S R G i R8T
B BT RIS A R, e TMALE S IR GG, XA M A [ e
({13518 OM $EE HMA, B OA 1 OB #S# M- OM . OA E{ OB £ OM ({145 1k
MU HL T OA 55 OB [H 208 i LS R T4 Bok R AN ahid 2. X8, Hub x
IOHIEL T LR BI% S X BRI R BRI AR A L
FIM—ANEFE R (RITERL X PR I2 3 R/ Bsgm, BARME S AT .
R, EAFERERE Ch 00 8 RKE) IRk 1R Z5r, PLERANELER
IS A

Figure 1| flX 35 Va 1 Vs A0AH B3 AT 5 3R = K
LT mE CRE) MEE bRE) AHRAER M 5T, 3X BL07 RESed #ur) 4
SR WRE—-XE w Al 2 Bk, AL /Ny Bde N, X AE

I 2 ERATETNETT dS iﬁ’]/%ﬁﬁﬁ’]ﬁﬁ—'?i&— 5 3 B A A X3

W DT RS dS 1A & d X RE EE(Fig. 2), R EEHI RECHIESLE D.
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Figure 2 | [\l X ¥ Hon =
METZ 6 B £, MG FE R X D HRZM S RIS Ab 3847 AR R L] &
#o, i 2 NAEEEEN A RN

b 0xX
6A = ——ds |d 1

R4 Gaussian A, Eq. 11 & 0] 5 #§
O0A = J:Z[J‘U DAdedde]dl‘ (12)
PAUw

Hrr, A4 Laplace 51, RRKIE (x, y, ) =S 1 Eq. 11 234 8.4 XA LA
=959

SA= m[jfaa—fdzjdxdydz (13)
F s
ik Eq. 13 47109505 T Bq. 12 43050, FFA8 MR 50 YO
I fff%—fdxdydzdt = [*[]] PAZ dxdydzdr (14)
A .

HEEEH 0. o URIXBWEAER, TEA TRERTE
X
—-=DAX (15)
DB TR SCHEAT [ B A, X B R =4 i B A ORI R T RN E
P ) B AR SR . RE Eq. 15 RIS EATH 7 =4, 240 S A ) & T
TR, SR S TR T3 /N B PR s AR R B AT S L, X T ) ]
=Y m)EAE N AR R AR ) T ERRYE . KR TR SR G, R BSR4k
W BRI, R [ r) 2 1) R R AT DASEAN R 25 1) = 4 ) B[R] ) S 205
KFR CXEF, P &E DERE R NIENZ M AEREEEFEE). mH, 1
P Sturm-Liouville & B, V- [H] 7] & Tl 70 77 72 3K 315 21 (1)~ 11 171 2 R A0 2 P
—, HAl5=4Em XN, X BEEE (x, y, z, NAES X TSI S ) BBl
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15 R (1 1 ) R BB M(x, y, 2, ) [RZEERIEHT, DUF I M R
AR (x, p, Z) RIS AV ARAR ¢ BRI 3, WK Bid X M B fie. Bi)s, P
) B R /INEIXFE VR AR AR S oA, Ry B oE. HEDE
15 Al 5 gan M B
‘aﬂ|:D\AM\ (16)

RO, T A & M T R AR . ST T0T5 /R FI8 B I E
g:fE, MR KER TSR, TN 220 1. m-Pmfhgien]
Wi, PR EAS TR S N S EE, EATZ A R s
B(Eq. 16)FHE R IR, FERK T AR —80 (EWEX TR, Biff
FEWT R ME— 2 R R

oM
ot

Hrp, i REHERAL, Eq. 17 WAL i RIS CAEAMMIARD) Schrodinger 77
R

=iDAM (17)

iaM:
ot
Eq. 18 B4R 186 AH R SR B i skl 73 (B35IEs) 77 m) 75 [E H
AR, WEPZ B (&) § 0. SR, 245 H bR XS N R Hfis 3l
JE LR (M?iijﬂiﬁ RETED HRTFREWKRS R &8 RELHIHD
I, X HUORI S A ANTE R . O 7 SN R AR XA T G ERRA) X
THO JRE, BFEHE—L .
3.34 " Xy B EEE
TR Xy HUTE, RTEFEZ AR, G XY #RE b 5N
BN, BARZERRIAA B8 (G JHR SR IR RN
RGNy, LR BAsmE (ERE [H2R, #RIEEMHRY BRI B
J7#2 (Schrodinger 77#2); (HASIAN, D NiZbAE Hbx A 28 FKA [ AR
1o BISCHER], HAFEE R BN COIEA B RE TN TT M SRER L, TED
XD s, [mEY FUEYE Schrodinger 7 . SR, 245 Ab [m) &A1 %8 BEA K
IS5 D HSE IR AIANT] 200 o U Fig. la Jros, fX I Va Ab1a) SRS B2 KT Ve 4ib.
HEMNRETFE—EFY, Va BEERZAGROE, & T 28R &
JE CAMEZ EE, BALRRRN ST T DI E L), H R AERL T 1) (F
B i@8d e, MGG Va 20K SR Is S AR (2% F303.3.2 P

(18)
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T 3.3.5.2). WIRTCHTIR (8 F3C Eq. 31D, KT AFEEh#EER D g
7, ORI AT BUR R (DA) A RES Ve Ak ) AL B BUR R U (Ds) FAL (B
W DN DM Ds %) R, B A &A% B E I SR S A ) X MR D
X T X AN AT AU AR Wb

SF FREE, ERAENEERMRZ R HEM R A S Tk
TR E B R T e X I A () Bl ) = AEAT A A
3.3.4.1 AIES#

N E — € B H R TR XN MR (BEHL) 20 Af I B 70 A R A (R
AKX —ILEH n DRT, RTERIR, X BAREA XI5 n A KA
LET, STREEMEEEE N 0. WAEMC EH M ADEFIRMXIHI

(keN, FFED MRFRIME (BBRF 25/ N HIENG TR 7.
BT HCHTR, KA X IR — AR A, n MRFAER S LE n

T T AT o Bl M n AR TS AR & /ML T —%ﬁ@ﬂ:

L BEAMELEN) kAR AR RN M ANEF i, —3H5 MRS, T
TR n—k MRFATLEN n— M AT, —3HE (n— M) FifEo. F,
M ANETFHHI AR IR P(M, k)RR N
[Z]Mk(n_./\/l)n_k

nn

P(M, k)= (19)

RVEAN IR T ECH n NI K, 2 n — +ooltf X Eq. 19 BURER, RIS
e MM
k!

ORI, Hor MRS 58 DX ST o 1 S A H (FE =42 A e RAA AR
Ny kRBAEZXI (M AET) WHIRT8E, PARRAEZXI (M A
a1 WHI LR TFRME. Eq.20 BN (GETALE KD Poisson 43 4ii

KEINN, BRI GXAS IR DU B 58, ] LR A EE 503
FEN VR REYE D R 23 AR T O R 2 50818 — A deidr & iR 70 5 i
B 1 RTRLg > 28, TN RS, AT ERE: MRS TR — L K
VEBRIR T ST R R MR AR s RN — 5, A REARBIURL T - AR
M, ASCK A X R 7 o 5 A SR8 BRI S &, AR Fi
T FHAER B . ARSCHEA R XIEFRRE X, BHAaEmHS (H
DI PR L iy S P R SN P < 0B S B AR R 97 A £ = M S 511 VAR Y 7

P(M,k)= (20)
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TRITHE.
TR, BB TRTRHE LR T v SRR, 12
Eq. 20 o, M AEE CERON SR Fr oA X)) 35 Jay 8 DX 45 BT iek 7 1 574
H (B ANMHAEE, SR X By las 7S ETE, M
WA URELIET FXIR V WA T RSP EE, S E RS ER
DI SRR B T o M ARSI E RS, RRERA & T
HILPTRL T8 H, PARBAE G TR HI b DRTF IR FRFRE Y 5
i e % LR E N M [ Poisson 43 Afi . #2 T2k, F4#T Poisson 4347 43\ Eq. 20,
EH SR M R SRR IS Bk T E I & UE 3 e M E I L EE . R BLY
BEHE, MXEE N M BRI R ATAE T XY (B VY P o ) 1A
H W K) Frisdis i) B _FIRPRAERT i€ KIS % TN, Fr k408 k &1
GV PR E TR E . BCE T SR TR, SRR IT R ME— 1,
B, IXAEH EEE AT R ME— . FE Bq. 20 AL £, KN R(M,
k), BNt R
e MM
(k—1)!
W, B GZE O ZOUmAMRERE M 7653 2 U5 —A AT B 7 e
2, DRI TR T 2 ME— 1Y), BRIXRE (B 80 T 2N 4 it 2 e — 11
PR AR & SR, Eq. 21 FIE SCRINE AN 2 M GRANFHN % A
V RS AN B DD R AR ) VY i aR i CE5 2 S EE T
G, Bk ASRLT & TR R BT AR G B R A B MBI TR
¥ Eq. 21 bh V h TR & T E RN ER kMR & TRk S 8. BT
E 42 B R T 20K 23 A A2 1 € ——AR AL Poisson 7341, IR AN A
XPTAX R M, ZFE CERRED T AR 7 it 2 ME— 1.
W M ONEH (BEFRIED, B4 Eq. 21 WIS E R
e MM*
(k—1)!
e B DL & TR RO e M R U IT G k 18 S TR B S E 4 e™ 1
e, XHZ 7 —AJ50m, M HIRANRREETEME— 1. [FFEH, K Eq. 22 3B
IS A2 [ B M — DN XM SRR AOY U 7 it 2 ME— 1)
WAL I8 TR RERE E CR/ANTT ) 72 EIRIERT X3V A i 73 A
AR o G0 SR SEORL 3 H R 372 L X BEALIZ 3y, IR TR TR AE R 8 /N 3
T DX A B AN TR R B 20 A GOk FE R W8 PRI i T I B AR 2

R(M, k)=

21

R(M, k)=

(22)
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B, FENEFTAL R RZIER CT PR < BigHuEd], Hsefe e s ROETEED,
AT LA T LA “RIX s 597R 7 Eioe EORR, Bmis s 1k 1
B R H) EREMTXE Y N LU Eq. 20 SKREEER . FR Xk v
Wi ke Ry 2R & T T I SR AR AT LA BC— > el i, Hom 3] —k oy v
SRR RS RTEE ATEER Y Wigs) TR TR =Z4EmEM Y —E
(HWEMARE u —5E), MAHAFRERE (MZRMED LS R4
(FEH W RIFIED BaELt, HEREBON u (7 M, Supplementary Information 2.
Part3). FF &AM, BIME k=1 W15, £V H RSN+ B .
PRI, 4% & Ry B2 28 & 7 i & SR RO CRERIMED Z IR EE R i Bq. 20
P 1 & BB NME—i g . 18 Y 5 Vv IR RIRIRME X, ARSI LA
MAERIX I YV AR =4S RS, TR k RISk E
HEIELLEH Eq. 20 B B4 M &R, 4 =4k & X E&RE T =45 F
[Fa) B B )1 1 ) B ME RS SR ST I RS ) BN, R SR A A B A
teH Eq. 20 BEE DT AR E B —4Em B0 e . B EidirE M 7%
(Eq.21) ®&0, X T M B0, & RFFBCELCIRA Poisson 704, AR T2
ME— . T e B S R TR XA B 2 — CGEESRIELLRIN 5T R
EATRRLTEL bk BOELL, EFRRES M EFM, B u=1, FAN Supporting
Information Z Part 3), MR Eq. 22 & KiHE M 2R E 77, X &5 m & 1)
7 1) A e — g o BRI, HA AH RDRL 1280 & B 87 v BT [ S A~ 1 e
BPN Eq. 22 H el & #5E B — B 7 ) B 4 &k BN iR T E I, KX s
F—HR AR E M (FEIRRB U kRIS R &) BME—a g, B
= o MALE
M:; Ty (23)
%1% Supporting Information 2 Part 3 12518, & HmE K/ (EIYE)D
BUNTE e R 23 H S H TR RIE 2R . BT X Vv AR
PIEREEAE 1, KPR EOH EEUE ERIAIZh B/ IMEEE . R, ERRE
o AT A Tr) 2 AN O ) R/ GE B, AR X [ 2 P B (Bln]
BHED K. BEOYATE RS M AT UERAFAE T 7 X4 Y R IR 2, & —
MEHM S . BARME M BN MEX AR T rEE M, BRTERSER
THEMGESL, WRRAAERBERNEE (R u S —MEXE, A2 u
= 1), HMmHE M WZSHFEMERN nu (BEAL u AR RBEARN KN &
FHBONZAE . HICATED, 3.3.3 5 M OBRDIHB TN Z & X R AN R, T7
] R 512 b R 265065 () B AN T ) — B IRWNHTSCRTIR, P28 [l & 2 (Rl 2 1s
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BRI EHT . AN L, 1% E AT LUAH# I Bq. 23 Fik
ST TR A, BRI, X P21 [t 1T DU 22 & 1 738 0] 43 T o 7k 470 2
WS HE .
3.3.4.2 TR
B R kBT GRS KT SORT, FRD 1 & NSk Tk
BEEREAN S AR R AR GO B N R, FRD MbEZ NG . W
mi%ﬁ,kMﬁ%m@@@§r¢me§ﬁﬁ5%mMumuﬁﬁ<%aﬁ
ST RS R AELE S SRR 2R, T Ta ook T4 B VR 2 50 O Bt phy 24
R B R T N Ge R e, SRR R A R . X L A B A
LT T 204 R JEE T [ 550 A [ 2, B RO Tk S/ AR Maxwell 277
AT Maxwell 235 SR8 T4 k BB 7 25758 S/
2 O
V=2,=— 24
v o \/; ( )

AR kYR ke BT RL T, EATTR PR L

\/g (25)

MRPAIZLE Rk BPRETH) 1 BRI/ NEE AR, 4Rk ok 5=
ko WYKL T BRI BT 73 8 myi M my (mee< k), HRYE Bq. 25 PR R, EATRFY
L TR IR

\/mj (26)

IR R R VELNTT B AN HE SIS FE WL Supplementary Information 2 Part 1. H Eq. 26
LA, TRk, BRI T 5 RN ARE N EE (BN KD,
ML kR E A m i, HPsE RN
v = % 27)

T ECR BT € SOR: IEYTEUT ), (ERRALI AR FRALIR BERRFE SR T, RE
T8 BT T AR A B A o ) o R R . IR BN, 42 L S BORIIX
B fR B EY B 2 — B0 (BT E k& TR REALAL R LD . R
Einstein-Brown #4712, ¥ 8L &%k
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p=X
2t
i, X kPRI x0T TSRS KA . P K R T x ST P

A
RNV ARE AR R/, R3S Bq. 28 AT LMS R B R B A

(28)

Dzm;l (29)
2

T AR D BRI mis . G5 A 4T Eq. 28+ Eq. 29 (b o fP g

2, B =1s), ERY R T BBy BAINTEIN, & kT
FE 1T b P T B P AT AR o ISP TARATBAAS & Bk 1 HE BEAR G o i
AN kR CEED BE RN, IR AR AR5 — 7 [ ) Se it 1453
FERAN

(30)

k Bk FRERD DLz R AE PR B . ¥ Eq. 30 fRN Eq. 29, IFKBHEFRIA=1s&
N R EUEH «, AP
D=k, v’ (31)
Forf, ko, DL s AL H R AL
¥ Eq.27 RN Eq. 31, BIEHFEN m M Gk M) R4k 7 RERY B
R

Kl 2_’(1 K2
D:K{UZJ_ m (32)

PR B R B PE T B B RN, R _E3(Bq. 32)IE ATBEA S AT B AL
R 1 kLR iR R e AT (BRI TR m R T HR A HUR
B MAEAE AR RN CRIDY 1 FoRs 78 KR MY HUE ) 1K) Schrodinger
Jiked, s XA KRB RAIEI, KEAM Eq. 32 XM RS

2 h
K'1 K'ZZE

Hrr, 7 NZ14K Planck %0 1E MM Ro W EE R, H I, D dR 221
S, X HEEEN

(33)

_ar?

2m

D

(34)

3343 NI HOHEAEE
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HISCIRE, 55 /INRL T 2 (B A BAE o RIS EATTIR B i B R 5 & % ke
B A AR A CE LR ARSI NG v 288N 7= A= A BAEH D,
X B AE — AN B RO AW 2k 5 4 s Bh A i 1 R AL B 2 R A2 224k
{HELFIHRSR T Poisson 3 AffE ), WEIHSL FICM B . 54k, T

“HEAER” Bl 25l 1 (WRIEERL T Gt # 308, B g AN A ot
IR T 2 A TG BAE RSB 2SS E) (ST 3.3.5.4 TR E XA
moe HIEHD . T, RIS EY) A B, —E T LR IH% I Eq. 23
T 7 F 1) B AR TR 2, T LA T o) 582 Al X 3 ) 3 A AR SR & 1 2 T 2
. XREN, ANFEERT, HBAXIBEFR HENEEA 1 ERE,
Poisson 73 i tRE T & K& THH B2 7, BA R FHA A R 28 S AH RRLF 20
ST ZE R . RN DA R MR AR X S AN TR ) B A, 2448
T kAR B EARAT I, BT S8 A AR AR G o BRI, R A R R
TAEFRE A R X IREE I, I g 12 X3k P bE 1 B A4 AR 1S (| P
IO BUZGE I F RN IR, BL & RI53 & E 1 R BUEATTI GREXED
Bkizsh, w8 kR E RO RSN E TR0 F—RKE (5F kA
i) MET 2, & k Bk B S HE B RNME R, — € %2R A
F R ET € Y Schrodinger 7 AEY HOE . KW, FZMAETSCEERI 2 I i &1
IR TEH ko 275, 5y 075 18 FO6 B R 1) & M43 i B8 T R(M, k) »
e ELEA T BN B, RS B S N B R T R AR AR R R AT A

XH, BENEH LR & T PRI R T B DN EOR BRSO k
Bk, B Y WITE &8 kARSI & ok SR TR N & Bk
THE. HATR VIR TTAN, kPR —A (kB By B XA AR A,
HAKEIEMHEF Y R %8 Eq. 34 HHM R (THAES kb iE
BRALEY & BREF1 1 R = b, W 1 Bk R E O Dy, W
ke BRLTHE RIS B R 2

(35)

-
-
el

ﬁ%%%%#ﬁ%ﬁﬁ¥o

URTH AT (RLED B PRSI B, B
39 1 BPRLTBEH B, M 5 BB T BB MR S50 Schrodinger
A HORA 5, BT R
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hI?

2m

XA FRBT R E YT O REIE T REN m B B ARSEY) (BURSEE R %
B CERAann) e 1R I E i) RIS R HuE R 3T R 5 ik
IBENEN 15, B EAE SR HCE A ) 0 AR T 53 1 Bkl (08 HU T v ik
SEo Hk>1NF, &M RN, ¥ Eq. 36 fAN Eq. 35 Bl £ BB FRE Y HR
#

D =-

1

(36)

AT? 1
D=k 7
XA T k biT H S i2shiie FEELA BRI ERN m 1 BAREY) (BUR4E )
RN RUY BORRFLL T B %y BOERE oo M BO7 F28 CE BT 1Ry
KRB TERAL, BN RN m B ERSEY) (B084E R REMO %I (48
B ARCE I kR RTifE 1 CRI 5D R BUR R TR 5z 3 3)
715, AR EbRSEAE FL R B B B AR R 3 & Bk B9 5T ik
5E o

B G & kAN Bk b8 IR RM, k) CENMY
XIR Y AR R —) WAL E(x, p, 2) KR ZHrmSE, BINARM, k). XHTH
TR HEX A E M SEE, EEETBEIHEA (55N X
V1A Vy B4 KN RARSE ) SR G, IRV — R B SR 2U(Eq. 37)
G, SRR, rSREAT YRS (B RED:

At a1
-0 E{E-M(M,k)} (38)

XFETHE AR 18 HOg 2 WA (757N T v B WV, ) X . 3%

Eq. 38 tbfa, BNt RER:
he MT?
2m

[AM-T*(M)] (39)

2 2 2
oo, TZ(M):(a;"‘j {agw] +(a;w} ¥ Eq. 18 thA 2 S AR B,
RS y z

39 L& 3| RIS RN AR Y B RERIEA:

oM  heMI? 5
j =— AM-T
i — [ M (M)] (40)

BT, AN, CRAES T 1) Xy iR BeRE 0N
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he MTI?
2m

X B HCR BN L T —NE B ARRL R« — € KR OL T Bz sl
TR [ RN AR AL E AR TR B R A 0k, R YR R R B D #R
CfiE T Ko M5 Maxwell 704, AT LABHE 5 X 48k P 2 1) S5 1) 4 ) R0, T
I Eq. 40 JURT DARR E 2 1A) ) B )R/ 1) (CRSFIRINAED . i, s3]
RLHE ) 3 A 25 A C R A

Fe T ()AL B B AR IS I R A B IR AR LR Gt S RUNAE RO T
HRfE—AA T . AR, Ry B IR ARE, BTG (571D RRiAT A
it Eq. 38 WAL VAR . IEUNRTIR, 4 EBH AR 8 RN ELAE A B AT ) SR AR
HIGETH AR TS T HARRL TR sl B 7 F SRR MG TR, BT HILFE L T3
WY u R RT, T ERBONESZON, EMIER RS R B Es A
JifE. PR, AFEAHXR N DN Eq. 38, 11X Lorentz WA )W T8

(4 Dirac J7AEME T8 A & DA I A58 A X8 RN o

3.3.5 %f Eq. 40 It —PE 5
3.3.5.1 5 Schrédinger FEHIR A

¥ Eq. 40 555 A2 e M WU REURIT, BITTF 2100 45

D=-

(41)

2 2
oM _ T (1—M+M +---j[AM—T2(M)]
ot 2m 2
- (42)
=-= [AM =T (M)= M- AM+ M -T*(M)+--]
m

AFEETHIFZ, 4 Bq. 42 53 AT 5410 RBUE — iy, %7 FEUAE 4N
i) Schrodinger 7R KT, MIER EF Eq.40 RIJYXT Schrodinger 77 FE S
T BB EE SR . B4R, Schrodinger R B S AXT RN, HL 4

5y B AR RO S8 SR B | M > O, RART (M) L AM =

B HG 75 /s GIE AR 00 S ABL T3 2 AR /IMEU s BEAR RIS T L 4R % i Bl ek U T ) s
i F. Eq. 42 55 AT S A -T (M) T2 J5 & HH# R~ S M 8 M IR
PIgRAR, BRI Z L AM =TT /e BRI él‘M B/ IMERS, A BT
520 Eq. 40 AT BUAAN & 4NN 8 Schrodinger 77 #2324 ‘M| U RAELIT
Eq. 40 HAHXTIR R GaghRiF gt #a0%) B, ATTH Schrodinger 77 %
A=

3.3.5.2 ANy HORL T3
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B ESR A S EERE, (XA 2 A1 . A SO
25T RE(Eq. 40) W RARELE TR A S i R, SR DIgs R (X
BEAREAN XA HFE Eq. 40 NGRS SR TR U B 5 2,
=

AM-T*(M)=0 (43)
I, M OABERE] ¢ 2840, FFE 1% R R RN AR E IAY BokL 78 . 1X A
KRR TR B R E AN R, ER A SRR — R E
PR HE B o

N T HERE LAY HORLFHETIR, X BRI M AN E (v, y, )R EH
RSBk B RE HIRAR B . £ =4 Bq. 43 W 6%
1

{ M y,5)= My, xt ezt = 1 (44)

M(X,y,Z) = 0, xz +y2 +Z2 = r22

Hr, riy Mo NEE, Hor<ro MiEREERXFRSART (ARSCE R H 55
XREE L), BEST Eq. 43 Al Eq. 44 T 5AEMT# Eq. 45:

_ oM 24,24 52
M(x,y,2)= %1n(x2+y2+z2)—1n{(rl re Wﬂ%
e —

Mo, _
+ln{—e G rz)}

e™—1

(45)
SRR R B £ 41 Mathematica RS i, Supplementary Information Z Part 5. 4> 1 =

0.004, =4 F1 Mo=1+2i, 1] LL{3 BT IR G35 M| )it ARt i Fig. 3

FoR:
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Figure 3 | £ Eq. 43 Ml Eq. 44 &R F R EZE oM E (AR E
JE7R). a, 4o b,z =0 M) HEo AT s ¢, 2= 0 ARH) HE V1T 5 20 A
d,y=0,z=0 B —4E50 1. RNITMEXTLEL, FRERN = () MRAREZ 713

KA 11 HfER,

M HRT DU Y, 38 R 1 ) LA B AR v 1 R BRO B B — A /N BRAR
IR, HRE M AW O S BRI, XA TS5 2R, 48
Rt —B MUY, Bq. 40 AMUAT LSRR RT3 A1, I8 7] DR JR 1 % o
B . RN, ARSCGERM T AHF R 4B, BARMIE NS R W
Supplementary Information Z Part 5.

TR, RIRANA TR 4 ERTH ERBUE N 0, X2 5L FR
TEICHEAh . FESEPRig b, BN R B R R Ak . B AN S X M A %
W, AN RS T REREA RN O ME sigh . I, SR % R AE
TFFILAE N — DA T 0 B BUE BB T 0 BB R3[4 M AL E (x, y, 2)
AFTE] ¢ (IRREN o X T NIA SR, B T R 3. £ (A
H, IR R AR FEVARA AT BB AT o IR FR S5 I8, IXAE S AT I 45 B
5T BB E H 2 — 8 AR IR ANAS— BPRL T SEAR (R EATI I E — €
FEFELL KA T AT AR 5 — S 5 18D
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FTX IR TTFE(Eq. 40) 4341 DL A2 Supplementary Information 2 Part 3 H1%f
— €1 B X 35k N AFAE B SR AR5 B R R — E o Y fe/NRL T I HERT, I
FHEIN 5 b S AR AR AN L AN AR ORG-S5
H B R FOo R AR S is shid A v, i BLE B S A kAR, B
BT R — R A JE B0 B SR AR A o A SR e Jo X S SR A AR B I [R] ) A
B AT B RIB R AN A T EEARRF & LIk 5 A O TR B0 S 175
B R AT, AR AR L G218 SRR POk T GEARE R BGRT Eq.
40 e~ M BREUE R TR BOA AR 5 54 Eq. 43 TR AR, K e
HAPAE T8 (RSN EGL SRR R AW BN . BT LATE, 20U
Joit AR A B O Ao R Bl L X I SR AR H 22 /0 1) Sk, 17 2 W0 e A
D) 2 IRARG 5T B R AE R DX AR SR AR B H 22 /0 ) S o X g 8 22 ) PR A A
B o HIER T XA HRRE, A RIUE 1T SO R BN 7 S A7 72 Hag 3h4h
TRESE R TR RA)T Y BURFE, T HIX ek i IE A AR R ESER, M
MAEA ST AU LI 1 58 3R 1 H i
3.3.5.3 ¥IMB IR KB T 5 K

T2 IR 3.3.4.1 IR EREL MBI, Bq. 40 SKRARE S )46 254 5 U R
HIRER /N EER I, TR TE IR T (GEh ) A IR SO
XAV AR R B 5T 7775 . BKOL Eq. 29+ Eq. 32 F Eq. 33 JUH A S HUR B
D JaRif3
n
m

7 = (46)

EEEIEq. 46 o' = 1s, XEEIRILRNG, KR m AR XEH VA
(TR 0 B A AP T 7 U, P A3 AEAZ DX 3 A KL 7B P 1 P W
KAAMEAE BRI

V=1 (47)

MGEH 2R, TR K/ E) B R 7R 28 TR B A AR B R 6 R X3 1)
BRI/ ) = | 2k o Fork, || A9 3 AN 0 B /N T 44 TR
k N B . G0 SR IX LB L n) B TR K/ (] B 4N R 25 1] B B L
1235, MAF—XE V W ERS)EEE NG5 M REE N i 3
ERITIPNAN

V=P k (48)
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ﬁ¢,kﬁ@ﬁvwmﬁ¥ﬁao%Eq4makm¢m#%ﬁ$mkﬁ%§ﬁ

_ [ 2o _non “9)
Mmooy M
Hrr, sk B i =

1% 8 Max Born X ¢ R BRI RS, — MR R BB BUR — AL a (BBEs v ),
FE BR K B 25 Ak (0 Jo o T B Oy

B, B15

2
p,=lw [ m (50)

Hrm 2B ZH & ([F Eq. 40 ' m FIE 0. Hsg, BIf#E#ZH Max Born
XTI BRI AR 17, TR AR A SO B NGt S, RN 7 B
BRECR /NI 7 AN BT B R B, B WL Supplementary Information 2 Part 1.

PRI DA bR B R s BT AR N IR P O R T, SR W R s Ak
PR HORK Eq. 49 W) or BRI BT E (BRI p ), 285 % Eq. 50 AN Eq.
49 RI1S3E AL R R AN Ay

-

BT 3.3.4.1 TS, EARBAENERE Mo, IEFR y BT
A3 CRE LB DA B A DX I B R/ e DL ST AR AR P B e s R A R R
s TR, TR Mo IR T 5w AHFEIR 719D Gz Ak 272 BG40 1)
KLF 4L, WA MoFERRH

M, =% i v, (52)
u- pmo

Sorh, S BARKIIIE AN B, VB RTEE CEF5R) 19 I T R

v, v | (51)

L
&, =N D, , =(1.7-41)x 1028 kgm>18; L NHAAREL HENIm™ s 2,

X E B IR R B S5 RO I 77 A S N 22 e AME R R G R P RS
(SRR R R L. BA BRI Bq. 40 HI4A AR T 77 2

FE T BB BARHIEOL T CHnsR AR S5 T A% A 720 A1 ) I D), A\ Eq. 52 3k
THRIIR SR, R E R M HRE BN CWIR A A B R (R, S
TR RE TSR TR E AR . BRI —EBUME, VR 3.6
o FRET TR, AFBETHIRE AT, Eq. 40 5t JL°FF1 Schrodinger /7 F2—
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B, WRMESRMR R TR AR T 0 A, Eq. 40 RN Schrodinger 75 FEHIIE
X TR E TR RIS Wkl (M3 EeE R RN 2D KB 4%
2o THETEREMAE, HARXIN T 5 X ] DU BT i B ] DO 2 s ik 70 5
FIZEABONER] . S5 XA Ja, XN SCF R p, 4 ] AfiE
Ko Fi4h, M Eq. 40 LEATIG R BRI T 0y ST DUE 3T 2 H AR XA
BREST M REIL B R RMER e M BT AR T /DN, AFFE Eq 43 Btk

| M TR BRI A L T A B 2 A RS R

3.3.5.4 HEH

R 3.3.5.3 TAES [RLTALE RE S ILHEIEE, H Eq. 52 M6
BRI Mo BIIR T 77 AR SR S Bt B35 b sl e B30 1) 7 2. DRI, B 3 R A
B EE M R EHEZHE RE/ NS ER RN, RFEHR MR T 77
AHABWRIT] . BT 3.3.2 WHIWHE, TEAEEIE (B 2FR/%, BTiE3)
S g s ) [FP AR, SR FDGEE oo B bR XIS 3EE u LR RE M
(B FEME AR 2 MEE B 11 Eq. 52 XHIUR BRE Mo B T 77 b 8w B
CESHERZS% RG] W, LRESMSE R, RERFE =40 %
£ HYPO 1-3, ACTFHITFE Eq. 40 LA HAIMGE RE0R T 77 Eq. 52 #0iE
H. 54b, B8RE—2% {P AR BREZNR R (T855) NSHRLF I
15T o WIAEIE R EOR T 7720 Eq. 52 AR EE S8 i/ MR BURE s TCIR TRl 5T &40
KN /NSHERF, SRR 5igzhFEPA2N, BRI EE . H
PRIX SIS BE L w AR HE M BRI FEEEE: 171 BEq. 52 MM R Mo
T 7 N e S BEA Z e NS H R IR IR B, TEIRgRA 1R 2 Kok
T AN, ASCF AR Eq. 40 LU EAIA M T 7 X Eq. 52 thl
ST CEIN 3 o A a1 O K1 WA R (S92 O T WP el AR TR A ey A A a7 B
EHRLT Z HFR T AE AN EAER (X503 HYPO 3 sk 17 H
Do IXFELLR, KL nf LIRRIASE, 5@ U1 A & 1 s N e w] LA
PR R G o B o) B i (AR o BEAS 21 T 10 AR T B IR R H e &AL,
i B AT B FAAE SN . X 5 RT3 AXIO 2 T H 1) XA A T2
B FABHER (BRTSURD TR T Hib.

IR 707 B R4 A3, J7FE Eq. 43 BTN R vE— 820 b 13 A
PR, T A BB A S Ak A 3 T DRI T B o I — 0 P AR AR Rl
AUHE — e TR B R R E%E (795 Bq. 43 49890, &858 0 571
R R e LIZ S BT R E TG -
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g b, fEARMFFE =42 R 44 HYPO 1-3 IS E R T, TIASTAANK
HEANFEAR) (LT3N ZHFRLF bR 2 RS Ho R, WIS AN kLT
“H T BEEEA 218, WAKATEBIMES, XAHOR B R TG
55/, HEMRATLS K (BREET B, XELT T BEEEMNETLT /N
FRE” B R PLEVENE . [N, B T B30 3.3.4.0 T (55N fX IR Y
PR ) B EAT 0 RN A0 AL bR 2R TR BB R T RE R AR R Bl 7 B R A G . X
Ff, Eq.40 &R € RIBI46 3 B0 T 77 20 Eq. 52 BEn] DAER RS A& i, 3]
DATERR) R RS & (BURTTE A B S % R T IE MDD BERT DA IR &= 2%
BRI AR R, SORT DAKLER = T S 0 R4 &R (BE TR B 2 00 kT 24
W/ 0% AN VAP (ST =108 €78 1 AR = /5 7 A N 1A D SO~ ) Gl w2 o & )
R RHE S T Eq. 405 Eq. 40 X A& AV FTrAEAEE (HiH#
B, i EATZ R RZ SN .

3.4 X H AR ) a7 S UE

B ESCRHRTI T, J7F Eq. 40 S84 T LA AR M — DI Sl & G-
—E BRI ST, AR T TAUR ), H I TREIA I T S S i B
R v 2 8] /32 58 B VA 1), A B AT SEIE B AT, 3045 758 3 0 S e 451 v gk
— K o A S SRR IS e ELHY x Bl 1A LA (B AR AN A
iz —4E Gaussian LKA IS HORERAN 2 R0 B AEXT LA 9 S B0t — PR
e NTHEUE, REHEEIEYRABRRAS (I A=c=1) H&m
=1eV, MR H E bR # A7)

WRTSCATA, ZEIERSRAR T FE BEq. 40, FHF1EM Bq. 52 X 77 FEIR T8 4B/
I3 BB E RVIUR 26, XA [ET3RA# Schrodinger 72, R IR AR FHZ4ME
T3 R 5 B NS K E Gaussian VAL e > (RIS 4 BT 4G S ARk BB 5
BRI o 1 BBRBOX 1] R A o & — B0, #aF4onlifkhi Fig 50 . B
TR m =9.109 389 7(54) x 103" kg, F£XF Eq. 52 H A —4b ik A, A THI 1 5
B AT, BEIRMELIN1.63x1077; K iR Gaussian 36 B8 $0H — 1L 5 15

%J%oﬁﬁ,Eﬁ%%M@H%%%%Tﬂﬁi@%%#%@ﬁ%ﬁﬁwﬁ

M, (x,0)= 107 e ™ VR X BRI UG 2 (3 IRAIE, 24 o> BT T R EUN T 107
i, KM Eq. 40 A Schrodinger 77 #2453 S A BRAE T AYGHE, Blr=02 1.5
eV Mix=-72%7, B KA 2N T 1.14%, B A& )L Supplementary Information
Z Part 6) . VAN HE, 3K BT T W06 2 R R B T L0 M (x,0) = 1.
[FI, d48H 1 Schrodinger A1 Dirac J7 FE5%5 X AN ECEL KIS 4 BN BEAT SR A o X
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%ﬁmmﬁﬁ,ﬁi@ﬁ%%i&@ﬁﬁ%%ﬁ%@%@m=m@m=%;mﬁ

YENWIIGEIE CRAFIIFERIIE4] Mathematica 183 I, Supplementary Information
Part 9 1 Fig. 4 223 #2 ).,

Figure 4 | KR [E I J7ELE B AR BALH] T KA Gaussian 4 e (PR3
B B4R R . a, TEHIUAEIEN M, (x,0)=10"e" i, Al Eq. 40
TSR AT R LAR, B xR AT T O (X 10 )b, b, 23]
BAMEN M, (x,0)=e I, Jil Bq. 40 HETINEE S ¢, R Schrodinger 7778

HgE R d, KA Dirac TRETHHE S

W Fig. 4 iR, Eq. 40 75 A& A K AFLM, (x,0) = 107 T RIS
ALK 3B R (Fig. 4a) 1 Schrodinger 77 #2152 145 SR (Fig. 4c) JLF-H0A Z 0 G
RTTEULR R, AR R PR R B L, M ARRL 7). fE Fig. 5, A
[F] B 220 FRD OB AT B M 22 25 SR TR b IR T XN e E= R s . B, SRH
IR PEFN VAT K Gaussian I EL7ERE— B ZI IR BT L P58 A H A
X — P IIE, A SCHTZR J7 FELE i AN AR I X 38 (i R A% A 43
WX, GAEEEFZBELNEN) ¥IEPCN Schrodinger 7718 (2/b7E 4B
Gaussian ¥ ELIX AN W), IX 5113 3.3.5.1 775 0 285 5 — 2% . 7 Supplementary
Information 2 Part 6 W, AR BIGUE | 1L R FIZ SRR, i H T3 Eq.
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72 FH— A6 R HOR /Ny | SRR TR AR S PE L3 B Gaussian SR
I E S, HAKSR 5 KA Schrodinger /7 F215 B 45 A A —FL.

t=0.0 ). t=0.2 061
O , \ o=0.
— Eq. 40° /Y’—
\ — Eq. 40? -0 =0.64
Schrédinger
Dirac / \

********** \\\\\~~—.»-~>,‘ﬂ ’,/4//‘/ \.\\\--\r‘
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
b% X

t=04 t=0.6
/\\—U=083 /;_:\\/—02108

" SN = A S
3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3
X X

Figure 5| AS[E A fi(r= 0.0, 0.2, 0.4, 0.6 eV ) IUFN 7775 [Eq. 401 #IEE5A N
M, (x,0)=10""¢"; Eq. 40% HIHEZEN M, (x,0) = e |7E [ 28 247 1) T 5
(] Gaussian 0 e (PEREBD) RN Bk & .
1SR 0 A I B B R AR K [0 M (x,0) = ], BB S (FE1=0.3
eV ) HILEE B L E sk 1 (A2 B BT M) BEE(Fig. 4b). HHT H & R4,
H Eq. 40 52 EUEAE x 771 BEBE, XM Fig. 5 H =A% Gaussian £
BRI AR ZE LG R DL LR . 2 ¢ 20508 020 0.4 F1 0.6 eV B, H Eq.
40 FEMIHEAME M, (x,0) = e B IIFRHE 2 o2y 514 0.61. 0.83 Fil 1.08; T
Schrodinger 24 0.64. 0.94 F11.30. {EIXFERIVIIESEAF T, Eq. 40 T HIH-
HIGHE B 35 Schrodinger 7 R2 UM A EE, Fig. 4b Hh FIEIRIE A H VHEL, XHE
it Dirac 77 #2(Fig. 4d)RR FIE % . X BHEN, HEEHR B E &5 /138 £
t=1eV! LLE, Fig 4d FHFWEFFIE 552NN CFE B2 1 2 215 00
Supplementary Information 2 Part 7 41 ¢ §if 2409 1.4 HI15 K ); Dirac 5 FE %
PTG, WIFE t=0.5eV! LUE ™ E R 2 (080 R AN kg, a8
IRVEY ) X ZRPAN /NI o IX BN, IR Dirac FTFEAR T B
H &5 ) Bxf Ese s BASIES B S8 Fig. 5 F AN R BS Z0) B b o 22 45 S EDAIE T
X ri,
FAs AT VEARR TR N YT B 2, X BN EE TN Eq. 40
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T AR E G 2 E(10 06, e, 1.2e7° and 1.4e™ )5, BUEIEMEA (x
= 0 Ak B B A5 ) AR I ORI ASE e KB AL BB D) BITROIR COR A i 7 1) 7 48
Mathematica fXi5 ), Supplementary Information 2 Part 9 #' Fig. 6 FJ2 il #2),
S50 Fig. 6 s MEIFRATLUE 2432 BATARHEE M /N B R AR O AS 8] 1) 4]
USRS, Eq. 40 TR ET HEE (x=04) MEW]5 Schrodinger /7 FE—
#;, B#wmZ R 0.3 eV TR T4 RE (BHSIZ#FER), Fig. 6a Fon
TiXAEH. JFH, Fig. 6b Ll AR E RIS ZI TR O T #1365
M, (x,0)=1.2¢7 FI M, (x,0) = 1.4e™> {4 E(1=0 % 1.5eV-) LI 5 Dirac
T FER 5 B0 EE L Supplementary Information 2 Part 7). MEHATUUEH, [
IR BB G R, X ANBELAE B ) — B[R] (=0 22 0.5 eV 2B U4
FEAELIE B e AR I R T B AR A BORBR BE U, CHEDND M SEI i /2 Eq. 43
KR RE. NXNMEBIETTUIE M, Mkt () TER RN, 3

a b

1.2+

1.0

0.8 o
S
~
0 6 .
- ~ S~
~ ~
. ~ ~
\\\\\

0 | 4 | ~<2 :::::::::::. =
0.2¢

10 —1.2 —14

%80 05 10 15 20 25 30 -3 -2 1 0 1 2 3
t X
Figure 6 | 7E [ SREAIH T, % Gaussian W e 2 T T AR IHI GG 544 Mo =
(10, 1.0, 1.2, 1.4) e [EAARHIMEA QREBUE) TRARMELIEl. a, Gaussian P41
fEx=04b (L4 Bl KA ([FEEL) FEI R ES; b, Gaussian
BRI U o BB F B0 RO e BT R 5L, AR R BIWIHR 4%
ko NITEXELIAR, FERIT A RER AR =0 eV R WIIEREREAT T3 —1k
AbFE
3.5 X EH SN
#Hig EiF, T Bq. 40 SR EANME R R T2 s CEA RS, ARG
BT A A B R P AR R R T A RS B R 3. SR, AR AL BE S B )
i, RN EESEE RS, AR CE SRR . B, X Eq. 40 IINAM N
A H S bR E A
X ANEEATCRKIA EHAR T RER J), 3.7 R AR S, i
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TR AH AR AT BRSO BB R R AR, E BRI R, HIm
HFH Eq. 40 PR ELAUR 5, IR A EXAER 7). T AF BT ). B
JIMGGHHEAEH 1P B .. ST 91 DmIe e CRRBE M SSH EAER 71
&) AAARMEINIEN sl e RAAE F 155D DRSO 51 7 BB,
X HAN I R N PIAE I . — R 51 i, S—Ma e Haes. 51719
72 HBEATLIZ 31 B30I RE T 78 I 25 S5 R 230 20 A N 7 A8 1) JR) 31 8 5 0 %5 (S 15 B )
BEHLIZ B0 1 58 R 2 R T (B E B ) B 25 BB TR 2 [R) 4% 1) B 22 ) 3 2
se MU E RE HIRB RGN eI T R E ST (5
&) # EH ieig st indEizs) (B3 m) $36 &AL R 7 n) 3R L
AR R T 51 1Y, Iis S —fen] LR xTHEH ey, 917
RN — M mT LA 2R o R TR T VR I IR

TSGR B BB R REAL E e i AR R B 23 R B LS Bl R T
WERAE BB RN, GBI Gt 238D, 7275 8] B A SR AT & 1R R
M L& Poisson 434 Eq. 20, X BAFFHpH—A 5¥(WﬁAﬁ9”¥)$%
B B (RBCIX B SRR AR N BRAR, HLANAEALE R 9 A 1 20082 1T -5 2501 141 5%
éﬂ?%%ﬁ%¢\ﬁ%ﬁ&%ﬁ%&ﬁﬁ%%%%ofﬁ?ﬁgﬁwﬁmﬁ
LI SO AN AR ARXS (1)), BTG . — €8 H £ =4E75 (A
HH 3z Z) PRI RE DR /INFH AT 7 1) AL ERDRE - A SR AE — RS, AR — ?Uiéﬁk¥§$ﬁfhﬁﬁ
1B B 73 B0 SR T A A T 3 AT N E ) B RN . Dy T T B AN ), I
BRI SEE B SR T B E A SRR &, i TP AR E ok,
SREAAN AL 1) B AR o Co 7™ A2 AR TR B2 RN AT TR R SRS P B — €
0 H B [ B AT BT O AR 1A A S R /NP AT ]

W56, ST — AN BRI S XS] I AT S BERE AL R CBRTHIREATL R 2k

SEBE) Vs RERL A RIBENL AR/ Q| 153 A Vs XEBRC B FA 1% Q

P DR £E 22 18] 28N ) AT AT RE, W 2 N s otk B N 2 B R s B AR 1
Bz ? X HLVE R B BRI A L v MELPT AR R AL ER T S BIEAR r BT 2R

2 T A7 (5 RS 8 sl B4/ AL 1 B FE R ) 43 A1 KL o] =1

SE%% HE v X FESE @ FITTHRD »

e 21, MR

0, = rxv, (53)
IR AR VA A A A ELARST D BRARER : SR o0, e 2 [A) L[]
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r 771, AR E M e A SERAERTT S ERIALE . XA BB BK
S X504, HEENLAE R £ox; B0, MEEisi S b is s m
v TTE, IXATT AR TS o Am, HBENLRE Vs FoR. BRRLE r
frozsi CRIERTED S —3ifi) A — A8 vy BRI S - AB4, BENLFE VS MT
BRI S L3550 40 A7 ) SR ER O FE LR Y U T . TR RSB SR 58 SUR | =1, 24
A r 10T FBE, |rx v ST BRI S L5150 (K 80, WOR1 P SPAT K7 1)
B B — AN S BRO HEE T r MUIAMD LG, 5SS HERCAHIES 21 1m) &
KA, wdH|@’| (Fig. 7) -

wl

Figure 7 | [ & o 1747 e & E

AN R AR, A7 T30 R A ERTH S B Yl EAE D —#2ig g
RPN 2] 3 AT B I /& 3 50 o3 A, 88, BEMLIA & R XV, (45 R nf AE AR
BEAL IR & €27 FEAEA 2 38 50 o0 Ao SRS D7 R BEALIA &K/ |2 1o Af
RO, FEETT AER B 5 A, BIASRAZRENLIA & Vs DTERE] S Bk.0 7 AR
Fr Fh 3 B /| | i 4 A o

WRENLAE & Ni~N (0, 1), Na~N (0, 1), N3~N (0, DA B0, U BAA7 B AL [
R AARR R ) — AN AL BR X Dy 1920

X N, (54)

JNZ NN

HM LN

—-l<x<1,

1
[r(x)=1 2’ (55)

0, otherwise.

XS ## 37 —4E Cartesian BELAAFR R, ik LIRRE D THT 2 #, HEENLE
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O~U(-1,1), H~U(-m,n), M4, BKIES L3504 I FENL 4% 52 2)A 8 D 15
B FIBENL I & Q7 ALK A X =c-sincos” ©-cosH, Y=c-sincos” @-cosH, Z =0,
T HAEL A KR A

Q=X +Y*+ 7> =c1-60? (56)
DRITAT, | €2°) IR 3.5 F5E
, #, O<x<e,
@'|(x)=9 ¢t —x2 (57)
0, otherwise.

PR BB | Q| AT IATE R A7l T QAL 7 I BEHLIZ 27 A IR L 5
Ao AT, EXBEALAE R F,(x) | Q| (x) (BRI RABEYLE R {EH S
'), BIRIRAGBIHLI B Vs 6 Ay € (9 BB A Al X STHRAA S 35

1 . ,x =&
—sin~ —+—, —c<x<0,
2c ¢ 4c
0. (x)=1 —cos'® 0<x<c (58)
X 2c ¢’ B ’
0, otherwise.

XPTERTT S BRI EEAS AL ER N B S AT R BEAL T B Vi X A3 5 €2, ) T

Wk, B2 IF B AG SUITAR BRI AR r R/ 7 EI‘JT%"J%ME%J?JZKO i, 1%

AT R 7R Ve i Q, Forh— NG AT Q| HITTR:

1
QB,X(X”/)Z;"QS,X(X) (59)
NS ESIREi O S |
1 . rx =&r c
—rsinT —+—, ——<x<0,
2c ¢ 4c r
@, (x,r)= 2—lcrcos-' % 0<x< S (60)
0, otherwise.
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B, SRS Ve X O Hrp AR AR TR AT R AL, (), PR AR
FRATBR N A4
J:44rr2-!%&X(r)dr (61)

Ei& Eq. 61 HiR R 2 A TERA 2 R, R 2 Eq. 43 ik
1 OO TAR AT, S ABh 22 FE 12 8 P e b AT AR 70, (B Sf eR K H
AT 19 JCVR R o RIVE R 25 R& 24 50 7 A UG 1 BASRE I i SE2 1 (F e » X5 T Eq.
43 PR B 1, RT3 BEI AR ] AN S A B BRPORL 7, 7] ASEDN,
HARIRFE S A BB SR AL (FSE b, X TRz, #aE—4
R/ INRIDT T BEATLEG B e 1] &, AR rCo AR RS B, 3 8 [ s i 31— RS AR A0 SR
HRMFEAZ Jt € (1) Maxwell 734D K L3R Eq. 61 XF x RFIFH—)5, 155
BAALTERNBENLIA R Ve XAIESE £ 1K) — DS A bR X DTk AR N

3

97c
— x>cvx<—c,
128x
3(8x4sin_1 X ranxt+ U, j
¢ " , —c<x<0,
@y (x)= 64cx (62)
3(8x4cos1 *_ Ulj
f s O<x<c,
64cx
0, otherwise.

f£ Eq. 621, U, =x(2x*+3c*)Wc* —x* =3c" sin”' X, X EEEHLIAE Ve 75 BT ER
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RNER T AT LR EAARIE] 51 234, AR AT LA B K RS E A HORL T, 1X
3 VAN X (YN ES N S 1 AR IR NEREI b 5 AN 3 71 AR BRI
WIATRE TR — BRI R T A 8TC 75 /MR T, WIS IRRATH 2 218 1 2 24800
F3RIESE, FENEAT PR A Y X T A0S T RS A R . — 5T, A
TR HYPO 1-3 (BRI, HE S & 811 Schrodinger 77 F2 B TE UL A
P SAHM R 518, Xt — B H E T ASON XA A BT R R i & B 55— D51,
FERXAMB B B SR A 07 R AL 1 R E LTI AR SRR SRR, IR
SCAMRTTH BB R T 1258 E . BT, AR SO 5 R A PR R e — M
X AT EE HOZ 58 50 2 R Y ——3X /> = | AR 7T BE i A2 oA ELAE F A 2 STRET- BE AL
BV BB A ST 48 i35 D5 72 Eq. 40,

PR EAER, W] DL B ASOT R IR R . XA TR KR/,
BN R M NS . N AES, T A T
e L TobR. T HEIE RS OO AR R — A B, BIRRAMEAR R —A
TARERE . BRI P R AMERELIZ S 80 BRIy e i e, X4
P HUEEH A IR R A2 S (HEAE—DNREEE, RERAEARD. T
HIBEE TR A WLRTETL, € R T /MBS s B & . i
MR s 5~ BIFEARAT A, EATTH P38 P sk 25 B T O, LIS 7 15T [ L =[]
WL RE ARG T, XSS (RS ) #E AR A It i3z 5
KL I B GE v RO, BE BRI AN S Al AN I A 2D o $ IR AT
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Out[+]=

Infe]:=

Outf+]=

Infe]:=

Outf«]=

NOTE: If there is no special case, the Mathematica code starts with gray "In[#]:=" and is bold by
default according to Mathematica's rules.

Part 1. The Square of the Norm of the Average Velocity is Proportional to the
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the & particles,
which is the average of the velocity vectors of all these particles.

Assumption: Each particle is moving at the same speed and in a random direction in space.

Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle,
which follow the same distribution; therefore, it approximately follows a normal distribution (central
limit theorem).

There are three equivalent (approximate) normal distributions, one on each of the three axes, which are
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these
distribution can, in fact, be equivalently treated as completely independent. This is because randomly
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, o) components that are independent on three coordinate axes is calculated.

Clear["Global «"];
D= Simplify[PDF[TransformedDistribution[x2 +y + 22,
{x, y, 7} & ProductDistribution[{NormalDistribution[0, o], 3}]], x], Assumptions —» o > 0];

D1 = PDF|TransformedDistribution| +/x , x & ProbabilityDistribution[D, {x, 0, +co}1], x|

Then, we find the probability density of the Maxwell distribution with scale parameter o-:

D2 = PDF[MaxwellDistribution[o-], x]

2

0 True

Therefore, these two probability densities are equal:
D1-D2
0

We verify the above conclusion (c is the speed of 1st-order particle; » is the number of vectors) (This
code takes approximately 36.2 hours):
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Infe]:=

outf+]=

Outf«]=

c=1;

n =1000;
m = 5000 000;
dd ={};

ProgressIndicator[Dynamic[i], {1, m}]
For[i=1,i<m,i++,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]];
dd = AppendTo[dd, HH]];
D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];
s1 = Plot|{PDF[, x], PDF|MaxwellDistribution| c? \nl,«]},
3
{x, 0, 100 c}, PlotStyle - {{Red, Thickness — 0.004}, {Blue, Thickness — 0.004}},
Frame — {{True, False}, {True, False}}, FrameLabel - {"Momentum", "Probability Density"},
FrameStyle — Directive[Black, Thickness — 0.0018],
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 15],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},
{Style["Theoretical", FontFamily — "Arial", FontSize —» 15],
Style["Simulated", FontFamily — "Arial", FontSize - 15]}, LegendFunction —

(Framed[#, RoundingRadius — 4, FrameStyle —» GrayLevel[0.58]] &)], Scaled[{0.732, 0.644}]]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S1.png",
s1, Background — None, ImageResolution — 600];
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— Simulated

Probability Density

0 20 40 60 80 100

Momentum

Figure S1 | Probability density of the momentum norm formed by 1000 randomly moving particles
with ¢ = 1 (theoretical and simulated results).

Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, o)
components which are independent on three coordinate axes follows the Maxwell distribution with the
scale parameter 0.

Suppose that the standard deviation of the projection of the velocity of any one of the k£ equivalent
particles forming a kth-order particle onto each equivalent coordinate axis is o~. Then, the standard
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis

(i.e., the mean value of the projection of the velocity of 1st-order particle) is %, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and
g

N

. . g
tion with scale parameter W

a standard deviation of . As a result, the speed of kth-order particles follows the Maxwell distribu-
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Then, the average velocity of the kth-order particles is

nf-J= v= Mean[MaxwellDistribution[ L”
k

Out[+]=

For the kth-order particles in different reference frames (R, and R) and with different standard
deviations (o, and o), the ratio of their average velocity v, / v, =

2\/30',{/2\/?0'0
T

Oy
Out[+]= —
Jo

Infe]:=

Therefore, the ratio of o, to o is the ratio between the average speeds of particles of higher mass
levels in R, and R,

For kth- and k,th-order particles, the ratio of their average velocity v, / v, =

Infe]:=

Outfe]= ——

And because: m; = u k; and m, = u ky, where u is the scale factor or the mass of 1st-order particle.

vy / ¥, is also equal to

m

u
Infe]:= Simplify[ ——, Assumptions - y > 0]

m

u

NS
Jmr

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1st-order particles forming it.

Outf«]=

Part 2. Special Relativistic Effects on Randomly Moving Particles

Correspondence:

The mixed distribution of Dand D, is represented by D12;

The mixed distribution of D3and D, is represented by D34;

The rest of the symbols are consistent with those in the main text.
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Infe]:=

Outf+]=

Infe]:=

Outf+]=

In[+]:=

Out[+]=

Infe]:=

Outf+]=

Infe]:=

Outf«]=

Clear["Global «"];
D = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],
{0 &~ UniformDistribution[{—x, 7}], 7 & UniformDistribution[{—1, 1}]}];

D=T ransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 /s UniformDistribution[{-x, 71}], 7 &~ UniformDistributiOH[{ lci’ 1}]}]’

D, = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 / UniformDistribution[{—rx, n}], 7 &~ UniformDistribution[{—l, ;}]}]’

D5 = TruncatedDistribution[{«, c}, UniformDistribution[{—c, c}]];
D4 = TruncatedDistribution[{—c, u}, UniformDistribution[{—c, c}]];
D34 = MixtureDistribution[{w, 1 — w}, {D3, D4}1;
Simplify[Mean[D34], Assumptions - 0 < u < c]

1
—(cRw=-1+uw
2

1
Let the mean value expression be 5 (c2w-=1)+u) = u, and then we find the weight w

1
Reduce[; cRw-1D+u)==u, w]

c+u
(u:OAc:O)V(ciO/\w: )
2¢

Then, the mixed distribution D12 consisting of D and D, can be calculated in accordance with this
weight w. The analytical form of D12 cannot be given by Mathematica v12.2.0.0. Therefore, the
standard deviation of D12 is calculated directly (This code takes approximately 75 seconds).
c+u

2¢ ’
D12 = MixtureDistribution[{w, 1 — w}, {D1, D,}];
o, = Simplify[StandardDeviation[ 12], Assumptions - 0 < u < c]

w=

c2—u2

\3
The standard deviation of D34 is the same.

Simplify[StandardDeviation[ D34], Assumptions - 0 < u < c]

Then, the ratio between o, and the velocity components on the x-axis of the particles in R can be
obtained.

Simplify[o-, /StandardDeviation[ D], Assumptions —» 0 < u < c]

The same factor can also be obtained by evaluating the ratio of the standard deviation of D34 to the
standard deviation of the velocity components on the z-axis in Ry.
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Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Out[+]=

Simplify[StandardDeviation[ 34] /StandardDeviation[ UniformDistribution[{—c, c}]],
Assumptions » 0 < u < c]

When ¢ = 10 and u = 6, the distribution of D12 on x- or y-axes is like this (This code takes approxi-
mately 305 seconds):

c=10;

u=6;

data = RandomVariate[ D12, 300 000 000];

D0 = SmoothKernelDistribution[data, {" Adaptive", Automatic, Automatic}];

s2 = Plot[PDF[D0, x], {x, —10, 10}, PlotRange — Full, PlotStyle - {Blue, Thickness — 0.004},
AxesLabel —» {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle - Directive[Black, Thickness — 0.0018], TicksStyle — Directive[Black, Thickness — 0.0014],
LabelStyle — Directive[Black, FontFamily — " Arial", FontSize — 15]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S2.png",
s2, Background - None, ImageResolution — 600];

Probability Density
0.07

0.06
0.05
0.04
0.03
0.02
0.01

Speed
0 p

Figure S2A | Simulated probability density of the mixed distribution D12 when ¢ = 10 and u = 6.
HEAH AR AR AR Y HE AR AR AR R Y AR AR R S

When the speeds of particles in particle swarm A follow Maxwell distribution with an average value of
¢, the expression of the scale parameter of this Maxwell distribution is

Clear["Global +"];
Solve[Mean[MaxwellDistribution[A]] == ¢, A]

(SERER)

We can divide the particles in .4 into sub-particle groups .4; with velocity vectors terminating on a
series of spheres with radius r; (i = 1, 2, 3...) according to the speeds, and the velocity vector terminals
of particles in .4; are uniformly distributed on the sphere with radius 7;. The numbers of particles in
particle swarm .4 on these spheres follow a Maxwell distribution according to » (when the scale
parameter is é— A/ r,c_u ¢, 7 = ¢). Therefore, the case in which the particle speeds are strictly ¢ can be
regarded as a special case when r; = ¢. The motion characteristics of a series of particles with velocity
vector terminals on the sphere with radius ; (i = 1, 2, 3...) are gathered together, which is the motion
characteristics of particles whose speeds follow a Maxwell distribution. When a subgroup A of the
parent particle swarm following a Maxwell distribution moving along the z-axis (the reference frame is
based on the parent particle swarm) with an average speed of u, it is equivalent to each sub-particle
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Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

group A; (i =1, 2, 3...) moves along the z-axis with the speed r,c_u In view of the following properties:

PDF|[TransformedDistribution[a r, {r & MaxwellDistribution[A]}], x]

2 5 TS

x>0

0 True

PDF[MaxwellDistribution[a 1], x]

x>0

0 True

Mean[MaxwellDistribution[A]]

2
2 =2
/e
Then, the speed of all particles in particle swarm .4 follow a Maxwell distribution with the mean value
u on the z-axis, and the standard deviations o; (i = 1, 2, 3...) of the mixed distributions of all sphere
layers also follow a Maxwell distribution. For the case on the x- or y-axis, we can regard the particles
c+

- (this code takes

in A; as a particle swarm possessing a mixed distribution with weight w = e

approximately 36 seconds).

D= TransformedDistribution[r Cos[6] Sin[ArcCos[7]], {0 & UniformDistribution[{-7x, 7}],

1 T
1 & UniformDistribution[{~1, 1}], r & MaxwellDistribution[ - /= c]}];
2 2
D4 = TransformedDistribution [r Cos[6] Sin[ArcCos[7]], {0 & UniformDistribution[{—x, x}],

nA UniformDistribution[{ Z, 1}] , IR MaxwellDistribution[% 721 c]}];
c

D, = TransformedDistribution[r Cos[6] Sin[ArcCos[7]], {9 =~ UniformDistribution[{-7x, x}],

n~ UniformDistribution[{—l, lci}] , IR MaxwellDistribution[ % ;i c]}];

c+u
w= H
2¢
D12 = MixtureDistribution[{w, 1 — w}, {Dy, D,}];

o, = Simplify[StandardDeviation[ D12], Assumptions -» 0 < u < c]

o

Simplify[o, /StandardDeviation[ D], Assumptions - 0 < u < c]

When ¢ =10 and u = 6, the distribution of D12 on the x- or y-axes is like this (this code takes approxi-
mately 18 seconds):
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Outf+]=

In[«]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

c=10;

u=6;

data = RandomVariate[ D12, 30 000 000];

D0 = SmoothKernelDistribution[data, {" Adaptive", Automatic, Automatic}];

s2 = Plot[PDF[D0, x], {x, —20, 20}, PlotRange — {{—21, 21}, {0, 0.091}},
PlotStyle — {Blue, Thickness — 0.004}, AxesLabel » {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle — Directive[Black, Thickness — 0.0018], TicksStyle — Directive[Black, Thickness —» 0.0014],
LabelStyle — Directive[Black, FontFamily — "Arial", FontSize — 15]]

Probability Density

e DS — Speed
-20 -10 0 10 20

Figure S2B | Simulated probability density of the mixed distribution D12 when 7= ¢ = 10 and u = 6.
For the case on the z-axis:
ct+u

w= ;
2¢

u
D= TruncatedDistribution[{r -, r}, UniformDistribution[{—r, r}]];
c

u
Dy = TruncatedDistribution[{—r, r —}, UniformDistribution[{-r, r}]];
c
D34 = MixtureDistribution[{w, 1 — w}, {D3, D4}l

u
Simplify[StandardDeviation[Z)34], Assumptions - r > r — > 0]
c

\3

StandardDeviation[UniformDistribution[{—r, r}]]

N

r 4l1--=

1 T
Dmz = TransformedDistribution[ , IR MaxwellDistribution[ - - c]];
2 2

\/E

1 n
D, = TransformedDistribution[ , TR MaxwellDistribution[ - |- c]];
2 2

3
Simplify[Mean[D,,,] /Mean[D,], Assumptions — ¢ > 0]

u?

j
2
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Part 3. The Norm of the Component Vector is Proportional to the Number of
Vectors Forming It

When the total vector value of a specified vector swarm is determined, the mean norms between
different component vectors should be proportional to the number forming them. The following proves
this viewpoint in detail.

It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Then, let Mk being the norm of momentum of & particles observed from R, it

\/§

follows Maxwell distribution with scale parameter when observing from R,. And when

observing all of the moving particles in R, from R, all the randomly moving particles in R, can be
considered to have an additional velocity component u along the z-axis. Therefore, according to cosine
theorem, the probability density of momentum norm formed by £ particles in R,, observed in R can
be expressed as (This code takes approximately 67 seconds):

Clear["Global +"];

D= TransformedDistribution[ \/ (k u)* + MK® =2k u Mk Cos[ArcCos[7]] ,

\Vk A\ -u

\3

FullSimplify[PDF[D, x], Assumptions » ¢>0A 0 <u <]

2
{Mk & MaxwellDistribution[ ] 5 & UniformDistribution[{—1, 1}]}];

3fkusx?

6ux
\/3_)([@(37—]]@ )
ku \2xc?k-2nku?
6\2
671 Ac? k-ux (5 ux-2c* k) erf[ Vo }»4 Xeurdk (cz (6 k+2)-u (2 u+3 x))—S X (c=u) (c+u)

2
c* k-ux

4 A6 K2y ((c—u) (c+u))3/2

k>OAN(x>0ANku>x)Vku<x)

ku=xNk>0
The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-

ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle
swarm with a mean speed of u. The following code takes averagely 4.2 + 0.5 hours.
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= ¢=1;3

n=1000000;

HH =0

While[ HH < 2700,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]]];

m =1000000;

dd ={};

ProgressIndicator[Dynamic[ j], {1, m}]

For[j=1, j<m, j++,
JH0 = RandomChoice[H, 0.3 n];
HHO = Norm[Total /@ Transpose[FH0]];
dd = AppendTo[dd, HHO]];

D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];

k=03n;

HH

u= ;
n

6ux 3 u+x)?
\/5 x (@27 - l)e ()
3= Plot[{PDF[z), xl, ,
ku \/27rczk—27rku2
{x, 0, 2500}, PlotStyle —» {{Red, Thickness — 0.004}, {Blue, Thickness — 0.004}},
Frame - {{True, False}, {True, False}}, FrameLabel — {"Momentum", "Probability Density"},
FrameStyle — Directive[Black, Thickness — 0.0018],
LabelStyle — Directive[Black, FontFamily — "Arial", FontSize — 15],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},
{Style[" Theoretical", FontFamily - "Arial", FontSize - 15],
Style["Simulated", FontFamily — "Arial", FontSize - 15]}, LegendFunction —

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[0.58]] &)], Scaled[{0.77, 0.65}]]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S3.png",
s3, Background - None, ImageResolution — 600];

Out[+]=
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Figure S3 | Probability density of the momentum norm formed by 3 x 10° particles in R, observed in

Ro when ¢ =1 and u is a fixed value.

In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 155 seconds).
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Outf+]=

In[«]:=

Out[+]=

V.= FullSimplify[

3 (k u+x)?

6ux _
ﬁx (@cZ—T - 1]@ Zk(cz_ul)
ku \2nc2k-2nku?

3ku?

3—ku
(62+(3k— l)uz)erf[%]+ \/ijupz(“z’“z) k(¢ —u) (c+u)

Mean[ProbabilityDistribution[ , {x, 0, +oo}]], Assumptions » ¢ > u> 0 A k> 0]

3u

We find the limit of the ratio of this mean value }’, and k when k approaches + co.

N S— :
Slmphfy[lelt[ —, k- +oo], Assumptions - u > 0]
k

{ —u arg(® —u?)=n

u  True

The second brunch is meaningful. Therefore, when £ is a large number, the norm of the mean value

Y, is directly proportional to the number k forming ,, namely, JV, = k-u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes
partitioned by £, and these particles are distributed in each box of V with equal probability. That is, the
particles are randomly extracted from the micro domain V to be distributed in each box. When the
number of extractions is large enough, the norm of each component vector partitioned by & should be
directly proportional to the number of particles according to the probability and the scale factor is w.

The unique expansion of scalar M in the form of including power series is

o —/\/l Mk

M-S

=1
If the corresponding terms marked by k are directly proportional between the expansion of the norm
|M| of vector M and the expansion of the scalar M representing the number of particles, or the
numbers of particles are allowed to be proportional to the norms of vectors they form, the number M
of particles must be equal to the norm |M| of the vector M they form besides they are required to
obey Poisson distribution. According to the above conclusion )V, = k -u, the average speed u = 1 is
needed in the system.

Next, we verify the standard deviations of this distribution in the three axes (This code takes averagely
123 minutes).
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= ¢=1;3
n=100000;
HH =05
While[ HH < 1000,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]]];
u=HH/n;
Clear[HH];
m =1000;
dd={};
ProgressIndicator[Dynamic[j], {1, m}]
For[j=1, j<m, j++,
JH0 = RandomChoice[H, 10 n];
Hd = StandardDeviation[ H0];
dd = AppendTo[dd, Hd]];
Mean[Flatten[dd]]
Mean[dd]
Clear[HO0, Hd, dd]

Outf«]=
Outf+]= 0.577316

our - {0.578437, 0.575584, 0.577928}

To rotate the z-axis to be consistent with the direction of the sum of the vectors, and then to study them
again:

in-1= zz = Normalize[Total /@ Transpose[H]];

xx = Normalize[Cross|[zz, {0, 0, 1}]];
yy = Normalize[Cross[zz, xx]];
Table[H[[i]] = {xx, yy, zz}.HI[[ill, {i, 1, n}];
m =1000;
dd ={};
ProgressIndicator[Dynamic[j], {1, m}]
For[j=1, j<m, j++,

JH0 = RandomChoice[H, 10 n];

Hd = StandardDeviation[ H0];

dd = AppendTo[dd, Hd]];
Mean|[Flatten[dd]]
Mean[dd]
Clear[HO0, Hd, dd]

outf+j=
our-1= 0.577317

our-- {0.577756, 0.577826, 0.576369}

The conclusion is consistent. We observed a slight systematic deviation between the standard devia-
tions on the three axes. To correct this deviation, we take the average value of the three coordinate axes
as the final result in both methods.

The standard deviation in our theory is:

L'Z—uz

3

ou-1= 0.577317

In[«]:=

And the values of the standard deviations without relativistic effect are:
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Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf«]=

In[«]:=

outf+]=

Infe]:=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

c

3

0.57735
This result also verifies that the conclusions in Part 2 is correct.
Part 4. Position Aggregation Effect is Stored in the Form of Higher-mass-level
Particles
For the vectors whose norm is ¢ and direction is randomly distributed in space, the standard deviations
of their projections on x-, y- and z-axis are:
Px = TransformedDistribution[c Cos[6] Sin[ArcCos[n]],
{0 &~ UniformDistribution[{0, 2 }], 7 & UniformDistribution[{—1, 1}]}]1;
ox = Simplify[StandardDeviation[£x], Assumptions — ¢ > 0]
C
NG
Py = TransformedDistribution[c Sin[#] Sin[ArcCos[7]],
{0 &~ UniformDistribution[{0, 2 7r}], n & UniformDistribution[{—1, 1}]}];
oy = Simplify[StandardDeviation[Py], Assumptions — ¢ > 0]
c
NG
Pz = TransformedDistribution[c Cos[ArcCos[7]],
{0 &~ UniformDistribution[{0, 2 7}], n & UniformDistribution[{—1, 1}]}];
oz = Simplify[StandardDeviation[#z], Assumptions — ¢ > 0]
c
\3
Suppose that the mass of the lower-mass-level particle is g, and the average speed is ¢y. The mass of
the higher-mass-level particle formed by n, lower-mass-level particles is u;, namely
H1 = o Hos

And the average speed
Co
= Mean[MaxwellDistribution[ —”
V5
2 \/g Co
\no

When a particle swarm is formed by 7, higher-mass-level particles, the average momentum M of the

particle swarm can be calculated as follows:

M= Mean[MaxwellDistribution[ % \/E H 1

8.copo Jno ~ni

3

Suppose that & particles of lower mass level can form a particle swarm with the same momentum M as
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Outf+]=

Infe]:=

Outf+]=

Infe]:=

Out[+]=

Infe]:=

Outf+]=

the above case, namely:

M= Mean[MaxwellDistribution[ % \/; ” Ho

2
2 [—o V& o
3r

We can find the value of &

8copo \/E \/Z--Z
3x

Solve[ 32—” Co \/; Hos k]

8 ny ny

fje- 2

However, the particle swarm composed of #n; higher-mass-level particles contains n, n; lower-mass-

level particles. This is obviously more than the number of lower-mass-level particles contained in the
particle swarm with the same average momentum composed by lower-mass-level particles.

Each mass level particle can be seen as being formed by particles of lower mass level. Regardless of
how much mass aggregation or velocity direction aggregation the particles exhibit, it can be regarded
as a slight one with a lower mass level. This is carried out step by step. Finally, the minimal deviation
of the aggregation behavior of the position or velocity direction for infinitesimal particles can be
achieved.

Part S. Solving Process of Eq. 43 in the Main Text

To solve the partial differential equation Eq. 43 in the main text, it is assumed that the system is
spherically symmetric because it is isotropic at a huge scale. Therefore, we make the conversion from
rectangular to spherical coordinates (note that ¢ is used to denote the azimuthal angle, whereas 6 is
used to denote the polar angle), namely, x = 7 sin 6 cos ¢, y = r sin  sin ¢ and z = cos 6.

In the case of spherical symmetry, the change of function M(r) does not depend on 6 and ¢, but is
related to 7. Therefore, after the coordinate transformation, and the first and the second derivatives are
obtained, to omit the terms that depends on angles 6 and ¢, we can obtain:

2
Simplify[ — DIMIr, {r, 1}] + DIMIr], {r, 2}] -
r

(DIMIr], {r, BD)* ((Sin[6] Cos[¢])* + (Sin[6] Sin[¢])* + (COS[H])Z)]

’

M)+ + M'(P)

r

To solve the abovementioned differential equation under the boundary condition M (r,) = 0.

2
DSolve[{—(M’[r])2 + = M'[r] + M[r] = 0, M[r2] = 0}, M, r]
r

{{M(r) - log(r) — log(1 + ¢y r) — log(r2) + log(1 + c; 12)}}

Suppose another boundary condition is M (r;) = M, then
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1= r=rl;
Solve[Log[r] — Log[1 + ¢l r] — Log[r2] + Log[1 + c1 r2] == M0, c1]

rl —12 M
Outf+}= {{cl B e —
rlr2 (e -1)
Therefore, the solution of the above differential equation is as follows:
1= Clear["Global x"];
rl —r2 M
rir2(eM-1)°
Simplify[Log[r] — Log[1 + c1 r] — Log[r2] + Log[1 + c1 r2]]
r(rl -r2e™)
~log| ———
12 (e - 1)

cl=

M (r1 - 12)
) —log(12)

outf+}= + 1] + log(r) + log(

rl(eM -1

To restore the above solution in spherical to the solution in 3-dimensional rectangular coordinates, then

Infe]= F= ﬂxz +y2 +zz;

r rl—r2e ) 0l -r2)
FullSlmpllfy[—Log[ _— 1] + Log[r] + Log[ —] Log|r2],
rlr2 ( ) (
Assumptions > r2>0Arl > 0]
(rl -2 eMO) X2+ + 22 e (11 —12) 1
our - —log +1112 [+ log| ————— [+ —log(x* +* + %)
M1 e”™ -1 2
To verify the above results:
(rl -r2 eMO) \/xz +y 4+ 7 MOr1—-12), 1

1= Mx, y, z] i= —Log[ T +rl r2] + Log[ ] + - Log[x2 +y +2%;
MO _

FullSimplify[

P Mx,y,2) FPMx,y,2)0 PMx,y,z) (6M(x, ¥, 2) ]2 (6M(x, ¥, 2) ]2 (6M(x, ¥, 2) ]2]
+ + - - -
ax? ay? 872 ox oy 9z

out-1= 0

Therefore, the above equation is the solution of Eq. 43 in the main text.

Similarly, the 2-dimensional case can also be solved.

1= Clear["Global x"];

1
Simplify| DIMIr, {r, 2)1 + = DIMIr], {r, 1] - (DIMIr], (r, 13))?]
r

’

)
our = =M (1) + + M)

’

Infeji= DSolve[{—M’[r]2+ i + M[r] =0, M[r2] = 0}, M[r],r]

ou 1= {{M(r) - log(-log(12) + ¢1) — log(-log(r) + c1)}}
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Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

Infe]:=

Outf«]=

Infe]:=

r=rl;
Solve[Log[—Log[r2] + c1] — Log[—Log[r] + c1] == MO0, c1]
™ log(rl) — log(r2) }}

{{Cl - o

™ -1

Clear["Global +"];
. €™M0 Log[r1] — Log[r2]
= MO _ 1 ’
Simplify[Log[—Log[r2] + c¢1] — Log[-Log[r] + c1]]
™ (log(rl) — log(12)) M log(rl) — log(12)
log —log
MO _ 1

o - ]og(r)]

e e

r= \/x2+y2;

e (Log[r1] — Log[r2]) e Log[r1] — Log[r2]
FullSimplify[Log[

M1 ]_ og[ M _ 1

- Log[r]],

Assumptions > r2>0Arl > 0]

log( ) (log(3) !
log| ——— [~ log 1 +log(rl) - Elog(x +y%)

| e

™' Log [rz]]_ [ [ ]+L0g[r1]— lLog[x +,V]]

82M(x, y) OZM(x, ») [BM(x, y)]2 [BM(x, y))z]
ax ay

Mlx, y] := Log[

FullSlmpllfy[
ax? ay?

0

To verify the above conclusion, the results of analytical solution and the numerical solution under the
same conditions are plotted (This code takes approximately 86 seconds):

Clear["Global +"];

MO rl L
M, 3] i Log[ e LOg[ rZ] ] _ Log[ L/(;go[ rZJ + Log[rl] — gLog[x2 + yZ]];
M0 —
4

rl=—

100
r2=4;
MO=1+2i;

0= ImplicitRegion[rl2 <x’+ y2 < r22, {x, y}];
M2[x_, y_1= (Norm[ M[x, y]1)*;
Gl= Show[Plot3D[M2[x, yl, {x, y} € Q, PlotRange - {0, 5},
ColorFunction —» (Hue[0.65, #3] &), MeshStyle - None, BoundaryStyle —» None, PlotPoints - 200,

T
AxesLabel—»{Style["x ",Italic],Style["y",Italic],Rotate["Density —]}
2

AxesStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22], TicksStyle — Black,
BoxStyle —» Directive[Black, Thickness — 0.002], BoxRatios » Automatic, ViewPoint - {15, —26, 16},

Epilog - Text[Style["a", 22, FontFamily - "Arial", Bold, Black], {-0.07, 0.92}, {-1, 1}]],
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9 9 9
Table[m = ImplicitRegion[ — <>+ =16, {x}]; If[i2 < —,xx= | —-#,xx=0|;
100 100 100

ParametricPlot3D[{x, i, M2[x, i]}, x € Q1, PlotStyle — Thickness[0.0014], PlotPoints — 200,

M2[xx, i]

ColorFunction - GrayLevel[0.4, 1-#3« ] & ] {i, -3.5, 35, 0.5}],

Mz[o 3

> 10

9 9 9
Table[m = ImplicitRegion[ — <+ <16, {y}]; If| A< —,yy= [ —-7,yy=0};
100 100 100

ParametricPlot3D[{ J» ¥y, M2[j, y1}, y € Q1, PlotStyle - Thickness[0.0014],

)

10

PlotPoints —» 200, ColorFunction —» GrayLevel[0.4, 1-H3=%

{j, =35, 3.5, 0.5}], ParametricPlot3D[{4 Cos[¢], 4 Sin[¢], 0}, {¢, 0, 2 7},

PlotStyle — Directive[Gray, Thickness[0.0014]], PlotPoints —» 200]];
Needs["NDSolve' FEM" "];

mesh = ToElementMesh[Q, MeshRefinementFunction -

1
Function[{vertices, area}, area > (— + 80 Norm[Mean[vertices]]]]];

100000 {10
Pu(x, y) & u(x, y) du(x,y) 2 du(x,y) 2
uif = NDSolveValue| { ———+ ——— - ( ] - [ == 0, DirichletCondition|
ox dy ox ady

u[x, y] == M0, x* + y* ==r1?], DirichletCondition[u[x, y] =0, x* + y* == r22]}, u, {x,y} e mesh];

G2= Show[Plot3D[(Abs[uif [x, y]])z, {x, y} € mesh, PlotRange - {0, 5},
ColorFunction - (Hue[0.65, #3] &), MeshStyle - None, BoundaryStyle —» None,

/3
AxesLabel—>{Style["x ",Italic],Style["y",Italic],Rotate["Density —]}
2

AxesStyle - Directive[Black, FontFamily - "Arial", FontSize — 22], TicksStyle - Black,

BoxStyle — Directive[Black, Thickness — 0.002], BoxRatios - Automatic, ViewPoint — {15, —26, 16},

Epilog - Text[Style["b", 22, FontFamily — "Arial", Bold, Black], {—0.07, 0.92}, {-1, 1}]],

9 9 9
Table[QZ = ImplicitRegion[ —=<x*+i¥ <16, {x}]; If[i2 < —,XX= — -, xx=0|;
100 100 100

ParametricPlot3D[{x, i, (Abs[uif[x, i]])z}, x € Q2, PlotStyle - Thickness[0.0014], PlotPoints — 200,

(Abs[uif[xx, i]])?

(. 3])

9 9 9
Table[QZ = ImplicitRegion[ — <2 +y* <16, {y}]; If[j2 <—,yy= — -7, yy=0|;
100 100 100

ParametricPlot3D[{ J» ¥, (Abs[uif[j, yI?}, y € 02, PlotStyle - Thickness[0.0014],

ColorFunction - GrayLevel[0.4, 1-#3+ ] & ] {i, -3.5,35, 0.5}],

(Abs[uif[j, yy])*
—— ¢l

PlotPoints - 200, ColorFunction —» GrayLevel[0.4, 1 -3
(Abs[uif[o, 13—0]])2
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{j, -35,35, 0.5}], ParametricPlot3D[{4 Cos[¢], 4 Sin[¢], 0}, {¢, 0, 2 7},

PlotStyle — Directive[Gray, Thickness[0.0014]], PlotPoints —» 200]];

s4 = GraphicsRow[{G1, G2}, ImageSize — 800, Spacings — Scaled[0.09]];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png",
s4, Background — None, ImageResolution — 600];
sfg =
Import|[
" /[Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png"];
ImageResize[ImageTake[sfg, {220, 2850}, {150, 6370}], 4000]

Outf[«]= =

Figure S4 | Distribution of the mass density of a particle swarm meeting conditions M (0, 0) =1+ 2i A
(M(x,y) =0 A x> + y? = 4%). a, The analytical solution. b, The numerical solution.

It can be seen from Fig. S4b that the numerical solution is also a circular symmetrical structure.

Part 6. Differences Between the Two Solving Methods (Schrodinger Equation
and Eq. 40)

This code takes approximately 45 hours.
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Outf+]=

Outf+]=

Clear["Global «"];
(x, ) 1 Y(x, 0

usol = DSolveValue| i = —, Y(x, 0)= e 2" U, {x, 1 ];
[{ ot 2 9 v } Y ]
F[x_]:=e ;L =20;
IM(x, t) 1 PMx,t) (AM(x, 1)V
vsol = NDSolveValue[{u' —— =—-—-F[M(x, 1] - ( ] s
ot 2 ox

M(x, 0) == 1072 ™27, M(~L, t) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 40];

s5= Plot3D[Abs[usol[x, ] - 10? Abs[vsol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints - 60,

MaxRecursion - 3, PlotRange - {{0, 1.6}, {-8, 8}, {—0.002, 0.003}},
MeshStyle - GrayLevel[0.4], BoundaryStyle - GrayLevel[0.4],

T
AxesLabel - {Style["t ", Ttalic], Style["x", Italic], Rotate[" Deviation —]}
2

AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.0017}, {1.0, "1.0", {0.01, 0}, Thickness — 0.0017},

{1.5, 1.5, {0.01, 0}, Thickness —» 0.0017}}, {{—6, —6, {0.011, 0}, Thickness — 0.0017},

{-3, -3, {0.011, 0}, Thickness — 0.0017}, {0, 0, {0.011, 0}, Thickness — 0.0017},

{3, 3, {0.011, 0}, Thickness - 0.0017}, {6, 6, {0.011, 0}, Thickness - 0.0017}},

{{-0.002, —0.002, {0.012, 0}, Thickness - 0.0017}, {—0.001, —0.001, {0.012, 0}, Thickness - 0.0017},
{0, "0.000", {0.012, 0}, Thickness —» 0.0017}, {0.001, 0.001, {0.012, 0}, Thickness — 0.0017}, {0.002,
"0.002", {0.012, 0}, Thickness - 0.0017}, {0.003, "0.003", {0.012, 0}, Thickness — 0.0017}}},

TicksStyle —» Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize —» 15],

ViewPoint - {1, -2, 2.1}];

FindMaxValue[{(Abs[usol[x, #]] — 10? Abs[vsol[x, #]]), x > 0, ¢ > 0}, {x, 1}, WorkingPrecision - 34| /
(Abs[usol[x, #]] /. Last|
FindMaximum[{Abs[usol[x, ] - 10? Abs[vsol[x, #]], x >0, t > 0}, {x, t}, WorkingPrecision —» 34]])
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png",

s5, Background — None, ImageResolution — 600];
Import[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png" ]

0.01137609304650582034220637885507277

Deviation

Figure S5 | Deviation of the contours computed by the Schrédinger equation and Eq. 40 with an initial

. _ _ 2
wave function of 1072 ¢ 2%,
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Infe]:=

Part 7. Another Comparison when the Initial Wave Function is 1.4 e2*
This code takes approximately 3 hours.

Clear["Global +"];
Off[NDSolveValue::eerr];
L =20;

Fix_]:=e™;

IM(x, D) 1 PMx, ) (IMx, D)\
usol = NDSolveValue[{u’ e~ FIM(, 0] - [ ] \
at 2 dx

6 .,
M(x, 0)== - 7%, M(-L, 1) = M(L, D}, M, (x, ~L, L}, (£, 0, 3}, WorkingPrecision > 22;
5

IMx, ) 1
vsol = NDSolveValue[{i e —F[M, 0]
ot 2

P M(x, 1) [aM(x, t)
2

2 7
] , M(x, 0) = _@_sz’
dax 5

ox
M(=L, t) = M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 26];
xlx, 6] = {ulx, 11, vx, t1};

(10 (01
"3‘(0 —1)"’“(1 0)’

xsol = NDSolve[{ll Dl xlx, t], t] = —0o1.x(x, t) — i 03.D[ xIx, t], x], u[x, 0] ==

NI

<e_2x2, v[x,0] == — =",

N
2
u[L, t] ==u[-L, t], v[L, t] = v[-L, t]}, {u, v}, {x, —L, L}, {t, 0, 3}, WorkingPrecision —» 14];

5
Gl= PlotSD[ — Abs[usol[x, #]], {t, 0, 1.6}, {x, =8, 8}, PlotPoints - 60,
6

MaxRecursion — 3, PlotRange — {{0, 1.6}, {—8, 8}, {0, 1.23}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle - GrayLevel[0.4], AxesLabel - {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness - 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness — 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},

{-3, -3, {0.04, 0}, Thickness - 0.0017}, {0, 0, {0.04, 0}, Thickness - 0.0017},

{3, 3, {0.04, 0}, Thickness - 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness —» 0.0017}, {1, "1.0", {0.012, 0}, Thickness — 0.0017}}},

TicksStyle - Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize - 20],
ViewPoint - {1, -2, 2.1},

Epilog - Text[Style["a", 20, FontFamily —» "Arial", Bold, Black], {-0.09, 0.88}, {1, 1}]];

5
G2= PlotSD[ — Abs[vsol[x, 1], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints —» 60, MaxRecursion - 3,
7

PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle —» GrayLevel[0.4], AxesLabel - {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks = {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness — 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness - 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},

{=3, -3, {0.04, 0}, Thickness — 0.0017}, {0, 0, {0.04, 0}, Thickness - 0.0017},

{3, 3, {0.04, 0}, Thickness - 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.0017}, {1, "1.0", {0.012, 0}, Thickness - 0.0017}}},

TicksStyle —» Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize —» 20],
ViewPoint —» {1, -2, 2.1},

Epilog - Text[Style["b", 20, FontFamily - "Arial", Bold, Black], {-0.09, 0.88}, {—1, 1}]];

G3 = Plot3D[Norm[Evaluate[{u[x, ], v[x, ]} /. xsol]], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints - 60,
MaxRecursion — 3, PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle - GrayLevel[0.4], AxesLabel - {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
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Ticks — {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness — 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness - 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness » 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},
{-3, =3, {0.04, 0}, Thickness — 0.0017}, {0, 0, {0.04, 0}, Thickness — 0.0017},
{3, 3, {0.04, 0}, Thickness - 0.0017}, {6, 6, {0.04, 0}, Thickness — 0.0017}},
{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness —» 0.0017}, {1, "1.0", {0.012, 0}, Thickness — 0.0017}}},
TicksStyle —» Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize —» 20],
ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["c", 20, FontFamily — "Arial", Bold, Black], {—0.09, 0.88}, {—1, 1}1];

5 5
G4= Plot[{ - Norm{[usol[x, 1]], - Norm[vsol[x, 1]], Norm[Evaluate[{z[x, 1], v[x, 1]} /. xsol]]}, {x, -3.8, 3.8},

PlotStyle — {{Red, Thickness — 0.005}, {Blue, Thickness - 0.005}, {Black, Thickness — 0.005}},
PlotRange — {{-3, 3}, {-0.02, 0.9}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[GrayLevel[0.3], Thickness — 0.0016],
FrameTicks —» {{{-3, -3, {0.013, 0}, Thickness - 0.0017}, {-2, -2, {0.013, 0}, Thickness —» 0.0017},
{-1, -1, {0.013, 0}, Thickness - 0.0017}, {0, 0, {0.013, 0}, Thickness - 0.0017},
{1, 1, {0.013, 0}, Thickness - 0.0017}, {2, 2, {0.013, 0}, Thickness —» 0.0017},
{3, 3, {0.013, 0}, Thickness — 0.0017}}, {{0, 0}}}, FrameLabel — {Style["x", Italic]},
LabelStyle - Directive[Black, FontFamily — "Arial", FontSize —» 20],
Epilog — Inset[LineLegend[{Directive[Red, Thickness[0.005]], Directive[Blue, Thickness[0.005]],
Directive[Black, Thickness[0.005]]}, {Style["1.2", 20, FontFamily —» "Arial", Black], Style[
"14", 20, FontFamily —» "Arial", Black], Style["Dirac", 20, FontFamily —» "Arial", Black]},
LegendFunction —» (Framed[#, RoundingRadius — 5, FrameStyle » GrayLevel[0.5]] &)],

Scaled[{0.8661, 0.7667}]]];

s6 = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings — {Scaled[-0.01], Scaled[-0.01]},
Alignment - Bottom, ImageSize — 700,
Epilog - Text[Style["d", 20, FontFamily - "Arial", Black, Bold], Scaled[{0.5713, 0.8356}]]];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png",
s6, Background — None, ImageResolution — 600];
ImageResize[Import[" /Users/gotall/Library/Mobile
Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png"], 4000]

Out[+]=
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Figure S6 | Illustrations of the 1-dimensional time-dependent diffusion of the Gaussian wave packet
e 2% as obtained using various methods in natural units. a, Computation result of Eq. 40 when the

initial condition is My (x, £) = 1.2 e72%

. The norm has been reduced (x %) to facilitate the shape
comparison. b, Computation result of Eq. 40 when the initial condition is M (x, £) = 1.4 e~2 ¥ The
norm has been reduced (x %) to facilitate the shape comparison. ¢, Computation result of the Dirac

equation. d, Comparison between the 3 methods at 1= 1eV~".

Part 8. Angular Speed Distribution of Random Spin Particles

Clear["Global ="];

Ny
X = TransformedDistribution ,

‘\’le +1\722 +1V32

{N1, N3, N3} &~ ProductDistribution[{NormalDistribution[], 3}]];

PDF[X, x]

L
Outf+]= 2
0 True

The expression of |£2| in the main text is calculated as follows.

1= X = ¢ Sin[ArcCos[®]] Cos[H];
Y = ¢ Sin[ArcCos[®]] Sin[H];
Z=0;

FullSimplify[ X2 +Y*+ 72, Assumptions - ¢ > 0]
Out[]= C A 1 —@2

NOTE: |w'|(x) in the main text is substituted by «' as the probability expression here.

= @'= TransformedDistribution[c \/ 1 - 0%, ® & UniformDistribution[{-1, 1}]];
FullSimplify[PDF[w', x], Assumptions - ¢ > 0]

XZZ x>0Ac>x
Outfe}= § € NEO*

0 True

NOTE: wg x(x) in the main text is substituted by wsx here. Then, the probability density of X, which

represents one of the three equivalent coordinates of the angular velocity £2 contributed by the random
vector Vs, can be obtained:

In[-]= WSX = TransformedDistribution[Fl F2,

— % o, a):

1
{Fl R ProbabilityDistribution[ -, {x, -1, 1}], F2 ~ ProbabilityDistribution[
2 2 _ 2
c -

FullSimplify[PDF[wsx, x], Assumptions — ¢ > 0]

Cos’](;]
—_— x=0Vx>0Ac>x)
Out[+]=

c+x>0Ax<0
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NOTE: wp_x(x,r) in the main text is substituted by wbx here. Then, the probability density of the norm

r of the radius r at which the starting point of the vector F3 is located within the ball can be obtained:

1
wbx = TransformedDistribution[ -Xx,

r
ArcCos[ )i]
> < 0<x<c
xR ProbabilityDistribution[ - , {x, —c, c}], Assumptions - >0 A ¢ > 0];
2 ArcSin[ ;]+7{
T —-c<x<0

PDF[wbx, x]
rcos’l('i)
—E—L- c+rx>0Ac-rx>0Arx=0
C
O =
v r(Z sin"(z)wr)
44" c+rx>0Ac—-rx>0Arx<0
C

The distribution function of the contribution of Vg to the equivalent coordinate £2g y of (2 is calcu-
lated as follows (NOTE: This is the result in Mathematica 11.2):

rArcCos[r—r] ¢
— 0<x<*= c ¢
CDF[ProbabilityDistribution[ ‘o T, {x, -, —}, Assumptions - r>0Ac> O], x]
r(2Aresin| Z|+r) <r <0 ror
ik PN Ll AR A
4c r

E—x>OAx=O

— o=

c

-—x<0Ax=0

-

- \jcz—rz X 4rx 005’1(1)4-2 c
-

2¢

C [
(——x:O/\sz)V(;—sz/\x>0)

r

. yrx
2 AJc2-r? x> +2rxsin '(—)Hrrx
”

X<OANS=x>0NS+x>0
4c r r

We remove the meaningless parts of the above function and integrate the function in the whole unit
ball (NOTE: This is the result in Mathematica 11.2):

2 \/ A-r*xt2rx ArcSin[ rc—x]+7r rx

1 " -S<x<0
. . c r .
FullSlmphfy[ f dnr? . dr, Assumptions - ¢ > 0]
0 - \/cz—r2 X2 +rx ArcCos[ f]+2 c
. <=x<-
2¢ r

2 3

- c+x<0
3243
(128-3 1) n
c<X
96 3
2 - 4 (3 cin-1(*) a4 fan-1| __* 4 qapnml(€) 33043 -
n [3 c* x Al(c=x) (c+x) +3 ¢ [3 sin (() 4 tan [ - ]]+24x sec (A)+64c,\ 30x° A/(c=x) (c+x)
! czxAx=0
48cx°
P [(8 x*-3 64) sin’l(§)+x Al(c=x) (c+x) (10 xz—cz)+4 *tan™! [ il }+4 zrx4]
,.27 2
— True
16¢x3

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):
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FullSimplify[

26
-5 x<-c
2.3
(128-3mnc? r>e
96 x*
D[ n [3 c2x Af(c=x) (c+x) +3 ¢* [3 ArcSin[H—4 ArcTan[ c:—xz ]]+24 x4 ArcSec[f?]+64 cx’=30x \/(c=x) (c+x) ] ) x]]
O<x=c
48cx®
4 4 in| = — 2_.2 4 d 4
x [(Sx -3¢ )ArcSm[c]+x V=X (c+x) (10 *~c)+4 ¢ ArcTan[ — ]+47rx ]
—-c<x<0
16¢x3
3203
s c+x=0
3244
7r(3 -128) A3
- 7 c<X
32 x*
2,9 2),3 4 o« oifx PR
n[—x Af(c=x) (c+x) (35 +2 x° )+3c [4tan [ = ]—3 sin (;)}-Sx sec (;)]
Y x>0Ac=x
16cx*
P [x Alc=x) (c+x) (3 242 x2)+(9 *+8 x4) sin’l(;)—l2 ¢* tan™! (
\ c+x>0Ax<0
16 ¢ x*

We modify the above results to the form of a continuous function and integrate the function in the

whole interval (— o, o0).

32263
- c+x=<0

32

323

2T c<x

3254

In[«]:= Integrate[ Fg [—x A(c=x) (c+x) (3 2+2 x2)+3 ct [4 ArcTan[ = ]—3 ArcSin[ i] ]+8 x* ArcSec[ c—]] )
N c x
x>0Aczx
16 cx*
T [(9 48 x") ArcSin[i]+x A/(c—x) (c+x) (3 242 xz)—12 ct ArcTan[ u ]+4 s x4J
c [ 2_y2
- c+x>0Ax<0
16 ¢ x*

{x, —co, co}, Assumptions —» ¢ > 0]

4r

Out[+]= ——

The above function is normalized according to the integration results (NOTE: This is the result in
Mathematica 11.2):

3ncd
: c+x=<0
32
323
2T c<Xx
1 2t
FullSimplify[ —_— x (—x V=) (c+x) (3c2+2x%)+3¢* (4 ArcTan[ = ]—3 ArcSin[i] ]+8 x* ArcSec[ E—]]
4 22 c x
iz — x>0Aczx
3 16 ¢ x*
x ((9 c*+8x%) ArcSin[§]+x V=) (c+x) (3c*+2x%)-12¢* ArcTan[ : = ]+4 7rx4]
e c+x>0Ax<0
16¢cx*
9 3
A c<xVe+x<0
128 x*
3 [—x Af(c=x) (c+x) (3 242 x2)+3 ot [4 tan™! ( ]—3 sin'](%]]+8 x4 sec"(:;)]
£ x>0Ac=x
64 cx*
3 [(9 *+8 ,\'4) sin’](})d-x A/(c=x) (c+x) (3 2+2 xz]— 12 ¢* tan™! [ ]+4 7rx4]
v c+x>0Ax<0
64 ¢ x*
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. X . X c X . .
In view of tan~! —5— =sin ! i and sec™! = = cos™! =, the probability density of the
c—x \eor—x X ¢

contribution of V3 in the whole unit ball to an equivalent coordinate X of the angular velocity 25 can
be obtained by simplifying the above results (Note: wp_x(x) in the main text is substituted by wBx

here) (NOTE: This is the result in Mathematica 11.2):
wBx = FullSimplify[

9xcd

128 x4
3 (—x c=x) (c+x) (3 242 x2)+3 t (4 ArcSin[E]—?, ArcSin[':;])+8 x4 ArcCos[ ;i])
64 cx*
3((9.¢*+8 x*) ArcSin| “|rx e @) (3 2+2%)-12 ¢* ArcSin| Z|+4 7.+
64cx*

c<xVc+x=<0

x>0Ac=x ,Assumptions—>c>0]

c+x>0Ax<0

9rcd

128 x*

3 (3 c* sin'l(g)—x e2-x? (3 ) x2]+8 x* cos"(?]]
64 ¢ x*

3 ((8 x*-3 C4) Sin"(;)+x \/cz—xz (3 242 x2)+4 7rx4)

64cxt

c<xVe+x=0

x>0Ac=x

c+x>0Ax<0

L x(x)
R
probability density of the contribution of the random vector V to the single equivalent coordinate X of
angular velocity £ is (Note: wx(x) in the main text is substituted by wx here) (NOTE: This is the result

in Mathematica 11.2):

Further more, when the radius of the ball is R, the above situation scales to . Accordingly, the

x
wX = TransformedDistribution[ -
R

3
dxe x>cVxs<-c
128 x*
3 ((8 ¥*-3 c“) ArcSin[i]+x *\j c2-x2 (3 2+2 x2)+4 T x“) 0
e e th et < —c<x<
xR ProbabllltyDlstrlbutlon[ 64cxt » {x, —o0, °°}]’
3(3¢* AreSin| *[-x @-x? (3+2x%)+8 x* ArcCos| )
< < 0<x=<c
64cx?
Indeterminate True
Assumptions > R>0Ac> 0];
FullSimplify[PDF[wx, x]]
9rnc?
c<RxVc+Rx<0
128 R x*
3(Rx \/CZ—RZ 2 (3242 R2 x2)+(8 R* x*-3 ¢*) sin”! R +4 7 R x*
( ( )( ) h) ) c+Rx>0ARx<0
64c R x*
3(-Rx JP-R*x2 (3242 R2 x3)+3 ¢*sin”! 80,8 R4 x* cosI (2
( ( ) (C) (‘D Rx>0Ac=Rx
64c R x*
Indeterminate True

The standard deviation of wx is:

StandardDeviation[wx]

ﬁ\
o
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This is the end of the whole proof.

Part 9. Figures Used in This Article
FEH PR SRR FER EER HEE HEH R R R HE Figurel $HH REE FER HER SRR HEHD EEED EEH SED SER HOR HER HE HH HY

1= Clear["Global x"];

178 252 61
aa= Graph1cs[{{RGBC0]or —, —, —|, Rectangle{o, 0}, {1, 1}]}
255 255 255

178 252 61
{RGBColor —, =, —, 0.5|, Rectangle[{1, 0}, {2, 1}]},
255 255 255

250 200
RGBColor| —, —, 0|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 054}}]}}
255" 255

250 200
{RGBColor —, —, 0|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 0 46}}]}}
255 255

178 252 61
RGBColor| —, —, —, 0.5|, Arrowheads[0.06],
255 255 255

{Thickness[0.006], Arrow[{{0, —1.3}, {1.2, —1.3}}]}},

178 252 61
{RGBColor —, —, — |, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {0.8, —0.3}}]}}
255° 255 255

{Orange, {Thickness[0.002], DotDashed, Line[{{1, —0.05}, {1, 1.05}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, —0.3}, {2, —0.3}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, —1.3}, {2, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, —1.3}, {0.8, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {2, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {1, —0.8}}1}},
Text[Style["V", 24, FontFamily — "Euclid Math One", White], {0.45, 0.5}],
Text[Style["A", 17, FontFamily —» "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily — "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily —» "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily — "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily — "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily —» "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily —» "Arial", Orange], {1.065, 0.34}],
Text[Style["®", 24, FontFamily — "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily —» "Arial", Orange], {0, —1.39}],

178 252 61

Text[Style["B" 24, FontFamily - "Arial", RGBColor[— ==, — 05]] (12, -1 39}],
255" 255 255
178 252 61
Text[Style["A" 24, FontFamily - "Arial", RGBColor[— — —]] {0.7, -0 28}]
255" 255 255

Text[Style["C", 24, FontFamily — "Arial", Orange], {2.02, —0.4}],
Text[Style["M", 24, FontFamily —» "Arial", Orange], {0.972, —0.93}],
Inset[Style["a", Black, Bold, FontFamily — "Arial", FontSize — 24], {0.034, 1.12}],

Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize —» 24], {0.034, —0.2}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background — None, ImageResolution — 600];

HE #8328 38 B 88 38 B 38 88 Figurel #8 88 88 &8 88 88 88 88 38 38 88 38 38 38 854

HE #H B 28 88 B 80 38 B 38 28 Figure2 #H 88 88 &8 88 88 88 88 88 38 88 38 38 38 854
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1= Clear["Global x"];
text = Graphics[{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],

Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}1,

Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],
Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

1
Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]1}, PlotRangePadding — —];
1000

bb = Show[{Plot3D[Sin[x + Cos[y]]l, {x, -3, 3}, {y, —3, 3}, PlotPoints - 60, MaxRecursion - 3,
PlotStyle — Texture[text], Mesh — None, Lighting - "Neutral", PlotLabels - Placed["", {0, 0}],
BoundaryStyle - None, Boxed — False, Axes — None, ViewPoint - {1, —1.9, 1.4}],
Graphics3D[{{Thickness[0.007], Black,
Arrow[{{0, 0, 0}, {—Evaluate[D[Sin[x + Cos[y]], x] /. {x - 0.88, y » —0.3}],
—Evaluate[D[Sin[x + Cos[y]], y] /. {x > 0.88, y » —0.3}], 1}} +
{{0.88, —0.3, Sin[0.88 + Cos[—0.3]]}, {0.88, —0.3, Sin[0.88 + Cos[—-0.3]1}}1},
{Text[Style["N", 14, FontFamily — "Arial", Bold, Italic, Black],
{—Evaluate[D[Sin[x + Cos[y]], x] /. {x » 0.88, y » —0.3}],
—Evaluate[ D[Sin[x + Cos[y]], y] /. {x - 0.88, y > —0.3}], 1} +
{0.88, —0.3, Sin[0.88 + Cos[—0.3]]} + {0.02, 0.03, 0.23}]},
{Thickness[0.007], Blue, Arrow[{{0.88, —0.3, Sin[0.88 + Cos[-0.3]]}, {1.88, —0.5, 2}}1},
{Text[Style["X", 14, FontFamily » "Euclid Math One", Bold, Blue], {2.01, —0.5, 2.01}]},
{Text[Style["Z", 14, FontFamily —» "Arial", Italic, Gray], {-2.14, —1.5, 0.7}1},
{Text[Style["dS", 14, FontFamily — "Arial", Orange], {0.55, —0.8, 1.39}1}}1}1;
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png",
bb, Background —» None, ImageResolution — 600];
bfg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png"];
bfg = ImageTake[bfg, {295, 1915}, {50, 2920}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bfg];

HH g8 B B8 SH B BE S B 3 2 Figure2 #8838 88 848 88 88 88 88 88 88 88 88 38 88 83
HH g8 B B8 SH B BE S B 3 2 Figured #8888 848 88 88 88 88 88 88 88 88 38 88 838

This code takes approximately 447 seconds.

in-1= Clear[" Global +"];

rl—r2eM) Al +y* + 22

MOl -12), 1
+rl r2] + Log[e(r—r)] + ELOg[xZ + y2 + ZZ];

M[x’ Y Z] = —LOg[(

@MO_I eM"—l
4
rl=—;
100
r2=4;
MO=1+2i;

a1 = ImplicitRegion[x2 +y +22 <16, {x,y, z}];

Gl= SliceDensityPlot3D[(Norm[M[x, y, z1)?, "CenterPlanes", {x, y, z} € Q1,
Boxed — False, Axes - None, ColorFunction —» (Hue[0.65, #1] &), PlotRange - {0, 5},
BoundaryStyle — Directive[Thickness[0.0014], Gray], ClippingStyle —» Transparent, PlotPoints - 300,
Epilog - Text[Style["a", 22, FontFamily - "Arial", Bold, Black], {0.0345, 1.134}, {0.5, 4}]];

16
02 = ImplicitRegion[
10000

<x? +y2 <16, {x, y}];

z=0;
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(r1=r2e™M0) 4[x? + y2 + 22

M0_1

1-r2 1
¥]+ Log[x2+y +z]

Mix, yl = —Log[ +rl r2] + Log[

e
M2[x_, y_] = Norm[ M[x, yl]*;

G2= Show[

Plot3D[ M2]x, y], {x, y} € Q2, PlotRange — {{—4.52, 4.52}, {-4.52, 4.52}, {—1.7, 5}}, MeshStyle —» None,
BoundaryStyle - None, Boxed — False, Axes —» None, ColorFunction —» (Hue[0.65, H#3] &),
BoxRatios —» Automatic, ImageSize — {392, 392}, PlotPoints - 200, ViewPoint - {1.2, -2, 0.7},
Epilog - Text[Style["b", 22, FontFamily - "Arial", Bold, Black], {0.075, 1.08}, {0.5, 4}]11,

36 36 36
, XX = —iz,xx=0];
10000 10000

0000
ParametricPlot3D[{x, i, M2[x, i]}, x € Q3, PlotStyle — Thickness[0.0014], PlotPoints — 200,

Table[m = ImplicitRegion[ <+ <16, {x}]; If[i2 <
1

M2[xx, i]

ColorFunction - GrayLeve1[0.4, 1-13« ] & ] {i, -3.5, 35, 0.5}],

mz|o, &

’ 100

s s 5 36 36
<j +y 516,{y}];lf[1 =< JYY= o —— =7, yy=0f;
0 10000 10000

ParametricPlot3D[{ J» ¥y, M2[j, y1}, y € Q3, PlotStyle - Thickness[0.0014],

36
Table[ﬂ3 = ImplicitRegion[
1000

M2[j, yyl ] & ]

PlotPoints — 200, ColorFunction - GrayLevel[0.4, 1-H3=%
mz|o, 8

’ 100
{j,-35,35, 0.5}], ParametricPlot3D[{4 Cos[#], 4 Sin[6], 0}, {0, 0, 2 r},

PlotStyle — Directive[Gray, Thickness[0.0014]], PlotPoints —» 200]];

G3 = DensityPlot[ M2[x, y], {x, y} € Q2, PlotRange — {{—4.44, 4.44}, {—4.44, 4.44}, {0, 5}},
ColorFunction -» (Hue[0.65, 1] &), Frame — False, PlotPoints — 200,
Epilog — {Text[Style["c", 22, FontFamily — "Arial", Bold, Black], {—3.87, 3.9}],
{Directive[ Thickness[0.0014], Gray], Circle[{0, 0}, 41}}1;

16
04 = ImplicitRegion[ <x* <16, {x}];
10000
y=0;
z=0;
(rl -r2 eMO) \[xz +y*+22 MO (r] —12) 1

=-L 1r2| + Log| ————— [+ — Log[x? + y* ;

M(x] Og[ M1 +rlr ]+ Og[ ]+2 ()g[x +y +Z2],

M4 = (Norm[ M[x]])*;
G4 =Plot[ M4, {x, —4, 4}, PlotRange — {{—-4.47, 447}, {-0.05, 5}},
ColorFunction —» (Hue[0.65, #2] &), PlotPoints —» 1500, PlotStyle - {Thickness — 0.005},
Frame — False, Axes » None, AspectRatio - Automatic];
G4 = Show[{G4, Plot[ M4, {x, —4, 4}, PlotRange —» {{—4.47, 4.47}, {—0.05, 0.9}},
PlotPoints — 1500, PlotStyle — Directive[GrayLevel[0.66], Thickness — 0.005, Dashed],
Frame — False, Axes - None, AspectRatio -» Automatic]}];
cc = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings — {50, 50}, ImageSize - 700,
Epilog - Text[Style["d", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.6118, 0.3921}]]];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background - None, ImageResolution — 600];
cfg =
Import|[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];
cfg = ImageTake[cfg, {60, 5780}, {60, 5760}];
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Infe]:=

Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", cfg];

HHE #8328 88 B 88 38 B 38 88 Figured #4888 88 &8 88 88 88 88 88 88 88 88 38 88 834
HHE #8388 S8 B 80 88 B 38 88 Figured #8 88 88 &8 88 88 &8 88 88 88 88 88 38 88 851

This code takes approximately 12 minutes.

Clear["Global +"];
L =20;
F[x_]:=e™";

IM(x, t) 1 PMx, 1) (dM(x, )\
usol = NDSolveValue[{:z - e~ F[M(x, 0] - [ ] ,
at 2 dx

M(x, 0) == 10" 25 M(=L, 1) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 66];

Flx_]:=e™

vsol = NDSolveValue[{i e FIM(, )]
2 ox

ot 2

IM(x, D) 1 [ P M(x, 1) (6M(x, ) )2]
ox "

Mx, 0) == €2, M(-L, ) == M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 20];
Y(x, b) 1 y(x, 0
wsol = NDSolveValue[{i =—-- , Y(x, 0) == c‘“z, U(=L, ) =y(L, t)},
ot 2 x>
v, {x,-L, L}, {t, 0, 3}, WorkingPrecision —» 18];
xlx, ] = {ulx, 11, vx, f1};

(10 (01
"3‘(0 —1)"’“(1 0)’

xsol = NDSolve[{ll Dl xIx, t], t] = —01.x(x, t) — i 03.D[ x[x, ], x], ul[x, 0] ==

ﬁ

@_2"2, vlx, 0] == — e‘z"z,

\2
2
ulL, f] = u[~L, f], v[L, f] == v[-L, t]}, {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 14];

Gl= Plot3D[1013 Abs[usol[x, 1], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints —» 60, MaxRecursion — 3,
PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle - GrayLevel[0.4], AxesLabel - {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness - 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness — 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},
{=3, =3, {0.04, 0}, Thickness - 0.0017}, {0, 0, {0.04, 0}, Thickness - 0.0017},
{3, 3, {0.04, 0}, Thickness - 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},
{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness —» 0.0017}, {1, "1.0", {0.012, 0}, Thickness — 0.0017}}},
TicksStyle - Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize - 20],
ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["a", 20, FontFamily —» "Arial", Bold, Black], {-0.09, 0.88}, {—1, 1}]];
G2 = Plot3D[Abs[vsol[x, ]], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion - 3,
PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle - GrayLevel[0.4], AxesLabel - {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness - 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness — 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},
{=3, =3, {0.04, 0}, Thickness - 0.0017}, {0, 0, {0.04, 0}, Thickness — 0.0017},
{3, 3, {0.04, 0}, Thickness - 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},
{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness —» 0.0017}, {1, "1.0", {0.012, 0}, Thickness — 0.0017}}},
TicksStyle - Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize - 20],
ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["b", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];
G3 =Plot3D[Abs[wsol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints —» 60, MaxRecursion — 3,
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PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle —» GrayLevel[0.4], AxesLabel — {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness - 0.002], BoxStyle — Directive[Black, Thickness - 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness — 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness - 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},
{-3, -3, {0.04, 0}, Thickness — 0.0017}, {0, 0, {0.04, 0}, Thickness —» 0.0017},
{3, 3, {0.04, 0}, Thickness —» 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},
{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.0017}, {1, "1.0", {0.012, 0}, Thickness - 0.0017}}},
TicksStyle - Black, LabelStyle — Directive[Black, FontFamily — "Arial", FontSize —» 20],
ViewPoint - {1, -2, 2.1},
Epilog — Text[Style["c", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]1];
G4 = Plot3D[Norm|[Evaluate[{u[x, t], v[x, t]} /. xsol]], {z, 0, 1.6}, {x, —8, 8}, PlotPoints — 60,
MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle —» GrayLevel[0.4], AxesLabel — {Style["¢ ", Italic], Style["x", Italic], ""},
AxesStyle — Directive[Black, Thickness - 0.002], BoxStyle — Directive[Black, Thickness - 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness — 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness - 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness - 0.0017}}, {{—6, —6, {0.04, 0}, Thickness - 0.0017},
{=3, -3, {0.04, 0}, Thickness — 0.0017}, {0, 0, {0.04, 0}, Thickness —» 0.0017},
{3, 3, {0.04, 0}, Thickness —» 0.0017}, {6, 6, {0.04, 0}, Thickness - 0.0017}},
{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.0017}, {1, "1.0", {0.012, 0}, Thickness - 0.0017}}},
TicksStyle - Black, LabelStyle - Directive[Black, FontFamily — "Arial", FontSize — 20],
ViewPoint - {1, -2, 2.1},
Epilog — Text[Style["d", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {—1, 1}1];
dd = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings - {Scaled[-0.01], Scaled[-0.01]}, ImageSize — 700];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",
dd, Background —» None, ImageResolution — 600];
dfg =
Import|[
" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];
dfg = ImageTake[dfg, {120, 5009}, {120, 5620}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", dfg];

HE HH B HH 8 B 3 8 B 3 S Figured HE A HE HE A A S A AR R A B SR HE A
HEHE A R HE A SR HE A HE S FigureS HE A A HE A A S A A R A B HR HE A

This code takes approximately 11.7 minutes.

inf-}= Clear[" Global %"];

L =20;
Flx_]:=e™
IM(x, 0 1 PMx, ) (IMx, )\
usol = NDSolveValue[{i ——— = ——F[M(x, ] - [ ) )
ot 2 dx
M(x, 0) == 10" 722, M(=L, 1) == M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision —» 66];
Flx_]l:=e™
IM(x, ) 1 PMx, ) (OIMx, D))
vsol = NDSolveValue[{rZ —— =——-F[M(x, )] - [ ] s
ot 2 ax2 ox

M(x, 0) == ¢~2 xz, M(-L, t) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 20];

oYx,t) 10y, 1) 2y
=-- e, 0=, =L, 0 =YL, D),
ot 2 9x?

wsol = NDSolveValue[{i

v, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 18];
Xlx, t] = {ulx, t], vIx, t1};

(10 (01
‘73‘(0 —1]"7“(1 0)’
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ﬁ

xsol = NDSolve[{i Dixlx, f], {] = =01 x(x, £) — i o3.D[ Ix, 1], x], ulx, 0] == e 2% y[x, 0] == — £72¥

N
2
u[L, f] = u[~L, £], v[L, f] == v[-L, t]}, {u, v}, {x, =L, L}, {t, 0, 3}, WorkingPrecision - 14];

Gl= Plot[e'2 xz, {x, —3.8, 3.8}, PlotStyle - {Gray, Thickness - 0.005, Dashed},

PlotRange — {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[0.3], Thickness — 0.0016],
FrameTicks - {{{-3, -3, {0.013, 0}, Thickness — 0.0017},
{-2, -2, {0.013, 0}, Thickness - 0.0017}, {-1, —1, {0.013, 0}, Thickness - 0.0017},
{0, 0, {0.013, 0}, Thickness - 0.0017}, {1, 1, {0.013, 0}, Thickness —» 0.0017},
{2, 2, {0.013, 0}, Thickness — 0.0017}, {3, 3, {0.013, 0}, Thickness = 0.0017}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic]},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22],

Epilog - Text[Style["f = 0.0", 22, FontFamily — "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
datau = Table[{x, 10" Norm[usol[x, 0.2]1}, {x, -4, 4}];
fu= Normal[NonlinearModelFit[datau, ae’™ , {a, b}, x]];

1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( f fu clx) fu, {x, —oo, oo}]], 3, 2}];

10 10 -1
o-v:NumberForm[ \/N[ f N[( f Norm[vsol[x, 0.2]]dx) ]x2 Norm[vsol[x, 0.2]]clx],{3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, ae® xz, {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —oo, oo}]], 3, 2}];

10 10 -1
ox = NumberForm[\/N[f N[(f Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] Lﬁx] ]
-10 -10

x* Norm[Evaluate[{z[x, 0.2], v[x, 0.2]} /. xsol]] dx], 3, 2}];

G2= Plot[{e-2 *, Callout[10" Norm{[usol[x, 0.2]], StringForm["o =", oul, {0.76, 0.64}, {0.63, 0.56},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily - "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.2]], StringForm["o =", o],

{0.76, 1.03}, {0.11, 1.01}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.2]], StringForm["o =""", ow], {0.76, 0.9}, {0.23, 0.84},

CalloutStyle - {Orange, None}, LabelStyle —» {FontFamily — "Arial", FontSize - 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],

StringForm["o =", ox], {0.76, 0.77}, {0.42, 0.74}, CalloutStyle - {Green, None},

LabelStyle —» {FontFamily —» "Arial", FontSize - 22, Green}, Background — None]}, {x, -3.8, 3.8},

PlotStyle — {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005}, {Blue, Thickness — 0.005},
{Orange, Thickness — 0.005}, {Green, Thickness — 0.005}}, PlotRange - {{-3, 3}, {—0.02, 1.1}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic]},
Frame — {{False, False}, {True, False}}, FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle —» Directive[GrayLevel[0.3], Thickness - 0.0016],
FrameTicks - {{{-3, -3, {0.013, 0}, Thickness —» 0.0017},
{-2, -2, {0.013, 0}, Thickness — 0.0017}, {—1, —1, {0.013, 0}, Thickness - 0.0017},
{0, 0, {0.013, 0}, Thickness - 0.0017}, {1, 1, {0.013, 0}, Thickness —» 0.0017},
{2, 2, {0.013, 0}, Thickness — 0.0017}, {3, 3, {0.013, 0}, Thickness - 0.0017}}, {{0, 0}}},

Epilog — Text[Style["t = 0.2", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G2 = Show[G2, LabelStyle —» {FontFamily - "Arial", 22}];
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datau = Table[{x, 10'® Norm[usol[x, 0.4]]}, {x, -4, 4}];
fu= Normal[NonlinearModelFit[datau, ae’® , {a, b}, x]];

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( r fud x) fu, {x, —co, oo}]], {3, 2}];

10 10 -1
a’v:NumberForm[ \/N[ f N[( f Norm[vsol[x, 0.4]]d’x] ]x2 Norm[vsol[x, 0.4]]d/x],{3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, —4, 4}];
fw = Normal[NonlinearModelF it[datau, ae’ "2, {a, b}, x]];

-1
oW = NumberForm[StandardDeviation[ProbabilityDistribution[( r fwd x) fw, {x, —co, oo}]], {3, 2}];

10 10 -1
0'x=NumberF0rm[\/ N[ f N[( f Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]]dx] ]
-10 -10

x* Norm[Evaluate[{x[x, 0.4], v[x, 0.4]} /. xsol]] d’x], 3, 2}];

G3= Plot[{«e-2 ¥, Callout[10"® Norm[usol[x, 0.4]], StringForm["o =", orul, {0.95, 0.54}, {0.589, 0.6},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily —» "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.4]], StringForm["o =", oV],

{0.95, 0.93}, {0.157, 0.93}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily — "Arial", FontSize —» 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.4]], StringForm["o =""", ow], {0.95, 0.67}, {0.23, 0.713},

CalloutStyle - {Orange, None}, LabelStyle —» {FontFamily - "Arial", FontSize - 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],

StringForm["o =", ox], {0.95, 0.8}, {0.14, 0.756}, CalloutStyle - {Green, None},

LabelStyle —» {FontFamily — "Arial", FontSize —» 22, Green}, Background —» None]},

{x, —3.8, 3.8}, PlotStyle — {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness - 0.005},
{Blue, Thickness — 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},

PlotRange - {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[0.3], Thickness — 0.0016],
FrameTicks - {{{-3, -3, {0.013, 0}, Thickness - 0.0017},

{-2, -2, {0.013, 0}, Thickness - 0.0017}, {-1, —1, {0.013, 0}, Thickness - 0.0017},

{0, 0, {0.013, 0}, Thickness - 0.0017}, {1, 1, {0.013, 0}, Thickness - 0.0017},

{2, 2, {0.013, 0}, Thickness — 0.0017}, {3, 3, {0.013, 0}, Thickness —» 0.0017}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic]},

Epilog - Text[Style["t = 0.4", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G3 = Show[G3, LabelStyle —» {FontFamily — "Arial", 22}];
datau = Table[{x, 10"* Norm[usol[x, 0.6]1}, {x, —4, 4}];
fu= Normal[NonlinearModelFit[datau, ae’™ , {a, b}, x]];

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( f fud x) fu, {x, —c0, oo}]], {3, 2}];

10 10 -1
a’v:NumberForm[ \/N[ f N[( f Norm[vsol[x, 0.6]]clx) ]x2 Norm[vsol[x, 0.6]]¢ﬁx],{3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, ae® xz, {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —co, oo}]], 3, 2}];

10 10 -1
ox = NumberForm[\/ N[ f N[( Norm[Evaluate[{«[x, 0.6], v[x, 0.6]} /. xsol]] dx] ]
-10
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Infe]:=

x* Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] dx], {3, 2}];

G4= Plot[{e‘z 2 Callout[10" Norm[usol[x, 0.6]], StringForm["o = """, ou], {1.1, 0.49}, {0.79, 0.52},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily —» "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.6]], StringForm["o =", o],

{1.1, 0.88}, {0.157, 0.815}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.6]], StringForm["o =""", ow], {1.1, 0.62}, {0.79, 0.52},

CalloutStyle —» {Orange, None}, LabelStyle —» {FontFamily — "Arial", FontSize —» 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],

StringForm["o =", ox], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle —» {Green, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Green}, Background — None]},

{x, —3.8, 3.8}, PlotStyle - {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005},
{Blue, Thickness - 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},

PlotRange — {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[GrayLevel[0.3], Thickness — 0.0016],
FrameTicks - {{{-3, -3, {0.013, 0}, Thickness - 0.0017},

{-2, -2, {0.013, 0}, Thickness - 0.0017}, {-1, —1, {0.013, 0}, Thickness - 0.0017},

{0, 0, {0.013, 0}, Thickness - 0.0017}, {1, 1, {0.013, 0}, Thickness - 0.0017},

{2, 2, {0.013, 0}, Thickness - 0.0017}, {3, 3, {0.013, 0}, Thickness —» 0.0017}}, {{0, 0}}},
FrameLabel - {Style["x", 22, FontFamily — "Arial", Black, Italic]},

Epilog — Text[Style["t = 0.6", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G4 = Show[G4, LabelStyle —» {FontFamily - "Arial", 22}];
ee = GraphicsGrid[{{Gl, G2}, {G3, G4}}, ImageSize — 800, Spacings — {Scaled[—0.2], Scaled[0.16]},
Epilog - Inset[LineLegend[{Directive[Red, Thickness[0.005]], Directive[Blue, Thickness[0.005]],
Directive[Orange, Thickness[0.005]], Directive[ Green, Thickness[0.005]]},
{Style["Eq.40'", FontFamily - "Arial", FontSize - 22], Style[ "Eq. 40*", FontFamily - "Arial",
FontSize —» 22], Style["Schrodinger", FontFamily — "Arial", FontSize — 22],
Style["Dirac", FontFamily — "Arial", FontSize - 22]}, LegendFunction —»
(Framed[#, RoundingRadius —» 5, FrameStyle - GrayLevel[0.5]] &)], Scaled[{0.5, 1.081}]]];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",
ee, Background —» None, ImageResolution — 600];
efg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];
efg = ImagePad[efg, {{-—260, —267}, {20, 100}}, None];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png", efg];

HH g8 B B8 SH B B0 SH B 3 2 FigureS #8848 88 88 8 88 88 88 88 88 88 88 38 88 831
HH g8 B B8 SH B BE S B 3 2 Figure6 #8188 88 8 88 88 88 88 88 88 88 38 88 831

This code takes approximately 3 hours.

Clear["Global *"];
Off[NDSolveValue::eerr];

L =20;
F[x_]:=e™";
OM(x, D) 1 PMix,0) (IM(x, 1)\
usol = NDSolveValue[{:z -~ F[M(x, 0] - [ ] \
at 2 dx

M(x, 0) == 1078 e_z"z, M(-L, t) = M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 66];
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IM(x, b) 1 PMx, ) (IM(x, 1)\ ,
vsol = NDSolveValue[{IZ e F[M(, 0] - [ ] , M(x, 0) = 2%,
ot 2 ox dx
M(-L, t) = M(L, t)}, M, {x, -L, L}, {¢, 0, 3}, WorkingPrecision - 20];
IM(x, 1) 1 PMx,t) (IMlx,£)
wsol = NDSolveValue[{i ——— === - F[M(x, 1] - ( ] s
ot 2 9x2 dx

6 .,
M(x, 0) == = 2%, M(-L, ) = M(L, }, M, {x, L, L}, {t, 0, 3}, WorkingPrecision > 22;
5

xsol = NDSolveValue[{i —— = ——=F[M(x, 1)]
2 ax?

ot ox

IM(x, t) 1 PMx, 1) (dM(x, )\ 7T e
[ _[ ]]9 x90)==_@_2 )

M(=L, t) = M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 26];

Gl= Plot[{lO13 Norm{[usol[0, #]], Norm[vsol[0, #]], FindMaxValue[Norm[vsol[x, 7]], {x, 0, 3}],

5 5
— Norm[wsol[0, 7]], FindMaxValue[ — Norm[wsol[x, 7], {x, 0, 3}],
6 6

5 5
= Norm{[xsol[0, 7]], FindMaxValue[ = Norm[xsol[x, f]], {x, 0, 3}]},
7 7

{t, 0, 3}, PlotStyle —» {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},
{Green, Thickness — 0.005, Dashed}, {Blue, Thickness — 0.005},
{Blue, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005}, {Red, Thickness - 0.005, Dashed}},
PlotRange - {{0, 3}, {0, 1.23}}, Frame — {{True, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002], FrameTicks —»
{{{o, "0.0"}, {0.5, 0.5, {0.013, 0}, Thickness —» 0.0017}, {1.0, "1.0", {0.013, 0}, Thickness — 0.0017},
{1.5, 1.5, {0.013, 0}, Thickness — 0.0017}, {2.0, "2.0", {0.013, 0}, Thickness — 0.0017},
{2.5, "2.5", {0.013, 0}, Thickness - 0.0017}, {3.0, "3.0", {0.013, 0}, Thickness - 0.0017}},
{{0, "0.0"}, {0.2, 0.2, {0.013, 0}, Thickness - 0.0017}, {0.4, "0.4", {0.013, 0}, Thickness - 0.0017},
{0.6, "0.6", {0.013, 0}, Thickness —» 0.0017}, {0.8, "0.8", {0.013, 0}, Thickness — 0.0017},
{1.0, "1.0", {0.013, 0}, Thickness —» 0.0017}, {1.2, "1.2", {0.013, 0}, Thickness — 0.0017}}},
FrameLabel — {Style["¢", Italic]}, LabelStyle — Directive[Black,

FontFamily —» "Arial", FontSize - 22]];
xv = NArgMax[Norm[vsol[0, 7]], {¢, 0.1, 0.5}];

xw = NArgMax[Norm[wsol[0, 7]], {z, 0.1, 0.5}];
xx = NArgMax[Norm|[xsol[0, ¢]], {¢, 0.1, 0.5}];

5 5
G2= Plot[{1013 Norm{[usol[x, 0]], Norm[vsol[x, xv]], — Norm[wsol[x, xw]], — Norm[xsol[x, xx]]},
6 7

{x, =3, 3}, PlotStyle - {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},

{Blue, Thickness — 0.005}, {Red, Thickness — 0.005}}, PlotRange — {{-3, 3}, {—0.02, 1.23}},
Frame — {{False, False}, {True, False}}, FrameStyle — Directive[Black, Thickness - 0.002],
AxesStyle - Directive[GrayLevel[0.3], Thickness — 0.0016],

FrameTicks - {{{-3, =3, {0.013, 0}, Thickness — 0.0017}, {-2, -2, {0.013, 0}, Thickness - 0.0017},
{-1, -1, {0.013, 0}, Thickness - 0.0017}, {0, 0, {0.013, 0}, Thickness — 0.0017},
{1, 1, {0.013, 0}, Thickness - 0.0017}, {2, 2, {0.013, 0}, Thickness —» 0.0017},
{3, 3, {0.013, 0}, Thickness — 0.0017}}, {{0, 0}}}, FrameLabel - {Style["x", Italic]},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize —» 22]];

ff = Labeled[GraphicsRow[{Gl, G2}, ImageSize - 800, Spacings — Scaled[0.15],
Epilog —» Inset[LineLegend[{Directive[Orange, Thickness[0.005]], Directive[ Green, Thickness[0.005]],
Directive[Blue, Thickness[0.005]], Directive[Red, Thickness[0.004]]},
{Style["107" ", FontFamily - "Arial", FontSize - 22],
Style["1.0 ", FontFamily — "Arial", FontSize — 22], Style["1.2 ", FontFamily —» "Arial",
FontSize - 22], Style["1.4", FontFamily - "Arial", FontSize - 22]},
LegendFunction —» (Framed[#, RoundingRadius — 5, FrameStyle » GrayLevel[0.5]] &),
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LegendLayout - "Row"], Scaled[{0.5, 0.8}]]],
Text[Style[" a b", 22, FontFamily —» "Arial", Bold, Black]],
{{Top, Left}},
Spacings - {0, —0.3}];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background — None, ImageResolution — 600];
ffg =
Import|[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];
ffg = ImageTake[ffg, {0, 2500}, {180, 6500}];
Export[
" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", ffg];
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Clear["Global +"];

Ry = Sphere[{0, 0, 0}, 1];

RS1 = Point[{0, 0, 0}];
1 3

R, = Sphere[{ - - i, -}, 1];
2 4 4

gl B 1A
A= L‘“e[{{;’ W o}, {;’ o i
ptsl = Solve[{x, y, z} e Ry A {x, y, 2z} € A, {x, y, z}];

Ry = Arrow[{{O, 0, 0}, { ! —3, z} /. Association[ptsl]}];

2"
1 3
{u, v, w) = Normalize[{o, 0, 1}x{ - - i z} /. Association[ptsl]];
2 4
1 3
6= VectorAngle[{ - - i, z} /. Association[pts1], {0, 0, 1}];
2 4
u* + (1 - u?) cos(9) uv (1= cos()) —wsin(@®) uw (1-cos(6))+vsin@) 0
v = | 7 A= cos®) +wsin(@) v + (1= %) cos(6) vw (1 - cos(6)) — usin(6) 0 |
uw(1-cos(d) —vsin(@ vw(1—cos(d))+usin(@) w?+ (1 - w?) cos(6) of
0 0 0 1

R4 = ParametricPlot3D[Take[M .{r Cos|¢], r Sin[?], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle —» {Orange, Opacity[0.4]}, Mesh — None];

Rs = Arrow[{{ %, - g, z} /. Association[pts1], Take[M.{— %, ‘1? 1, 1}, 3]}];
RS2 = Point[{ 2, - ?, z} /. Association[ptsl]];

A= Line[{Take[M.{- :— ‘1;, 1, 1}, 3], Take[M.{- 2 2, 2, 1}, 3]}];

pts2 = Solve[{x, y, z} e Ry A {x, y, 2} € A, {x, y, 2}];

| -

Re = Line[{Take[M.{— , ‘1? 1, 1}, 3], {x, y,2}/. Association[ptsZ]}];

ﬁlw

1
Ry = Arrow[{{ E, - , z} /. Association[pts1], {x, y, z} /. Association[ptsZ]}];

h |
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Rs = Point[{x, y, z} /. Association[pts2]];

1120+«/_ 1 11 120+«/_
Rg_Lme[{Take[M{—z i } 3],Take[M{—;+ i } ]}]
_ 1 11 1 1 1 1 1 20+ \/_
R10=Lme[{Take[M.{—;+ el 1} 3], Take[M.{—;+ i } 3]}]

gg = Show[{Graphics3D[{{Blue, Specularity[White, 30], Opacity[0.3], Ry},

{PointSize[Large], Blue, RS1}, {Orange, Specularity[ White, 20], Opacity[0.3], R,},
{PointSize[Large], Blue, RS2}, {Blue, Thickness[0.0085], R3}, {Thickness[0.0085], Orange, Rs},
{Thickness[0.005], Dashed, Orange, R¢}, {Thickness[0.0085], Orange, R;},

{PointSize[Large], Orange, Rg}, {Thickness[0.0085], Orange, Ry},

{Thickness[0.0085], Orange, Ry}, {Text[Style["S", 24, FontFamily - "Arial", Blue] {0.14, 0, 0}1},

{Text[Style["r", 24, FontFamily — "Arial", Bold, Italic, Blue], Take[M {0 11, 0, } 3”}

{Text[Style["S'", 24, FontFamily — "Arial", Orange], Take[M .{0.14, 0, 1, 1}, 3]]},
1
{Text[Style["D"', 24, FontFamily —» "Arial", Orange], Take[M.{ - 0.22,1, 1}, 3]]},
2
{Text[Style["v" , 24, FontFamily - "Arial", Bold, Italic, Orange],
1 \3
Take[M.{—Z +042,0,1+ ——, 1}, 3]}, {Tex|

3

13]])

{Text[Style["w' ", 24, FontFamily - "Arial", Bold, Orange], Take[M.{- ‘1;, 0,0928,1}, 3]]}}]

1
Style["S", 13, FontFamily - "Arial", Orangel, Take[M {— - +0.196, 0, 0.98 +
4

R4}, Lighting - Automatic, Boxed - False, ViewPoint - {0, —co, 0}]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",
gg, Background —» None, ImageResolution - 600];

HE #8338 #8388 38 B 38 38 Figure7 #8 88 88 &8 88 88 &8 88 88 38 88 38 38 J#8 J5E
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Clear["Global «"];
R=3;
c=1;
2xe x>=Vxs-%
128 R® x* R -~ R
3 (8 R*x*-3 c") sin~! pia +Rx A/(c—R x) (c+R x) (3 A+2 R? x2)+4 xR x4
hh=Plot[ ( () ) _trco ,
64 c R? x* R
94 sin’l(fo)—3 Rx \/(c—R x) (c+R x) (3 A+2 R? x2)+24 R x* cos‘l(R—x) ¢
c < O0<x= -
64 c R x* R

2
{x, —0.8 ¢, 0.8 c}, PlotStyle -> {Blue, Thickness - 0.0032}, PlotRange - {{—o.s ¢, 08¢}, {0, —}}

c

Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],

AxesStyle - Directive[GrayLevel[0.3], Thickness — 0.001],

FrameTicks - {{{-0.7, "", {0.008, 0}, Thickness — 0.001}, {—0.6, "", {0.008, 0}, Thickness — 0.001},
{-0.5, —0.5, {0.012, 0}, Thickness - 0.001}, {—0.4, "", {0.01, 0}, Thickness - 0.001},
{-0.3,"", {0.008, 0}, Thickness — 0.001}, {—0.2, "", {0.008, 0}, Thickness — 0.001},

{-0.1, "", {0.008, 0}, Thickness — 0.001}, {0, "0.0", {0.012, 0}, Thickness —» 0.0011},

{0.1,
{0.3,
{05,
{0.7,

"", {0.008, 0}, Thickness - 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},
"", {0.008, 0}, Thickness — 0.001}, {0.4, "", {0.008, 0}, Thickness — 0.001},
"0.5", {0.012, 0}, Thickness — 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
"", {0.008, 0}, Thickness - 0.001}, {0.8, "", {0.008, 0}, Thickness - 0.001}},

{{o, "0.0"}, {0.1, "", {0.008, 0}, Thickness — 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},

{0.3,
{0.5,
{07,
(0.9,
{11,
{13,
{1.5,
17,
{19,

""" {0.008, 0}, Thickness - 0.001}, {04, "", {0.008, 0}, Thickness — 0.001},
"0.5", {0.012, 0}, Thickness - 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
""" {0.008, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness - 0.001},

" {0.008, 0}, Thickness - 0.001}, {1, "1.0", {0.012, 0}, Thickness - 0.001},
""" {0.008, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},

" {0.008, 0}, Thickness — 0.001}, {14, "", {0.008, 0}, Thickness - 0.001},
"1.5", {0.012, 0}, Thickness - 0.001}, {1.6, "", {0.008, 0}, Thickness — 0.001},
""" {0.008, 0}, Thickness — 0.001}, {1.8, "", {0.008, 0}, Thickness - 0.001},

" {0.008, 0}, Thickness —» 0.001}, {2, "2.0", {0.012, 0}, Thickness — 0.001}}},

FrameLabel - {"wy", "Probability Density"}, LabelStyle —
Directive[Black, FontFamily — "Arial", FontSize —» 14]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background —» None, ImageResolution — 600];

HEHS AR HE A R HE A U S FigureS HE A HE HE A A HE A A HE A B SR HE A

HEHE B HE B HE B 3 S Figure HE A A HE A A S A A SR A B SR HE A

NOTE: This code takes approximately 17 hours.
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Clear["Global «"];

m =1000000;

n =1000;

R=3;

¢ =100;

sl={};

ProgressIndicator[Dynamic[j], {1, m}]

For[j: 1L,j<m+1, j++,
H = RandomPoint[Ball[{0, 0, 0}, R], n];

HILI
].

HIGT? + HIGI211% + HIGT311
HO = RandomPoint[Sphere[{0, 0, 0}, c], n];

HH = {0, 0, 0};

For[i=1,i<n+1,i++, HH = HH + H[[i]]x HO[[i1]];

Clear[H, HOI;

For[i =1,i<n+1,i++, H[]] =

1
sl= AppendTo[sl, Norm[ - (H(H]”,
n
D = SmoothKernelDistribution[sl, InterpolationPoints —» 100, MaxRecursion — 3];

c

2
ii = Plot[{PDF[MaxwellDistribution[ ? / \n ] x], PDF[D, x]},
R
{x, 0, 5.1}, PlotRange — {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle — {{Blue, Thickness — 0.0032}, {Red, Thickness - 0.0032}},
Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],
FrameTicks - {{{0, "0", {0.012, 0}, Thickness — 0.001},
{0.2, "", {0.008, 0}, Thickness - 0.001}, {0.4, "", {0.012, 0}, Thickness - 0.001},
{0.6, "", {0.01, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness — 0.001},
{1, "1", {0.012, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},
{14,"", {0.008, 0}, Thickness - 0.001}, {1.6, "", {0.008, 0}, Thickness - 0.001},
{1.8, "", {0.008, 0}, Thickness - 0.001}, {2, "2", {0.012, 0}, Thickness - 0.001},
{2.2, "", {0.008, 0}, Thickness - 0.001}, {2.4, "", {0.012, 0}, Thickness - 0.001},
{2.6,"", {0.008, 0}, Thickness —» 0.001}, {2.8, "", {0.008, 0}, Thickness - 0.001},
{3, "3", {0.012, 0}, Thickness - 0.001}, {3.2, "", {0.008, 0}, Thickness — 0.001},
{34, "", {0.008, 0}, Thickness - 0.001}, {3.6, "", {0.008, 0}, Thickness - 0.001},
{3.8, "", {0.008, 0}, Thickness - 0.001}, {4, "4", {0.012, 0}, Thickness - 0.001},
{42, "", {0.008, 0}, Thickness —» 0.001}, {4.4, "", {0.008, 0}, Thickness - 0.001},
{4.6,"", {0.008, 0}, Thickness - 0.001}, {4.8, "", {0.008, 0}, Thickness - 0.001},
{5, "5", {0.012, 0}, Thickness - 0.001}, {5.2, "", {0.008, 0}, Thickness - 0.001}},
{{o0, "0.0", {0.012, 0}, Thickness — 0.001}, {0.1, "0.1", {0.012, 0}, Thickness — 0.001},
{0.2, "0.2", {0.012, 0}, Thickness - 0.001}, {0.3, "0.3", {0.012, 0}, Thickness - 0.001},
{04, "04", {0.012, 0}, Thickness - 0.001}, {0.5, "0.5", {0.012, 0}, Thickness - 0.001},
{0.6, "0.6", {0.012, 0}, Thickness — 0.001}, {0.7, "0.7", {0.012, 0}, Thickness - 0.001}}},
FrameLabel - {"|w|", "Probability Density"}, LabelStyle —»
Directive[Black, FontFamily — "Arial", FontSize — 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style[ "Theoretical", FontFamily —» "Arial", FontSize - 14],
Style["Simulated", FontFamily —» "Arial", FontSize —» 14]}, LegendFunction —»

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[0.6]] &)], Scaled[{0.732, 0.644}]]];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background —» None, ImageResolution — 600];

Out[+]=

HE #H B 88 38 B 88 38 B 38 28 Figure9 #8 88 88 &8 88 88 &8 88 88 88 88 38 38 38 854
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HH g8 3 B8 8H B BH 8 B B8 2 Figurel0 B 8 S8 A AR A A AR A A AR A HE S

1= jj = Graphics[{{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{2, 0}, {2, —0.3}}],
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}],
Arrow[{{0, 2}, {0, —2}}], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
Arrow[BezierCurve[{{-04, 2}, {-0.1, 0}, {-0.4, —-2}}]1],
Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], Arrow[BezierCurve[{{0.4, 2}, {0.1, 0}, {0.4, —2}}]11},
{Directive[ Thickness[0.004], Orange], Circle[{S, 0}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}]1, Arrowheads[{{0.03, 1}}1, Arrow[{{7, 0}, {7, —0.3}}],
Blue, Thickness[0.001], Arrowheads[{{—0.02, 0}, {-0.02, 4}, {—0.02, 0.8}}],
Arrow[{{5, 2}, {5, —2}}], Arrowheads[{{-0.02, 0}, {—.02, 4}, {-0.02, 0.8}}],
Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, —2}}]], Arrowheads[
{{-0.02, 0}, {-0.02, 4}, {-0.02, 0.8}}], Arrow[BezierCurve[{{54, 2}, {5.1, 0}, {54, -2}}11},
{Directive[ Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{2, -5}, {2, —5.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{-2, -5}, {-2, —4.7}}],
Blue, Thickness[0.001], Arrowheads[{{—0.02, 0.1}, {0.02, 0.9}}],
Arrow[{{0, -3}, {0, —7}}], Arrowheads[{{—0.02, 0.12}, {0.02, 0.88}}],
Arrow[BezierCurve[{{-04, -3}, {-0.1, -5}, {-0.4, -7}}11,
Arrowheads[{{—0.02, 0.12}, {0.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {0.4, =7}}11},
{Directive[ Thickness[0.004], Orange], Circle[{5, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, -5}, {3, —4.7}}], Arrowheads[{{0.03, 1}}1, Arrow[{{7, -5}, {7, —5.3}}], Blue,
Thickness[0.001], Arrowheads[{{0.02, 0.13}, {—0.02, 0.87}}]1, Arrow[{{5, -3}, {5, =7}}1,
Arrowheads[{{0.02, 0.15}, {—0.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, =7}}1],
Arrowheads[{{0.02, 0.15}, {—0.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, =5}, {54, =7}}11},
Inset[Style["a", Black, Bold, FontFamily — " Arial", FontSize - 20], {-2, 2}],
Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize — 20], {3, 2}],
Inset[Style["c¢", Black, Bold, FontFamily — "Arial", FontSize —» 20], {-2, —-3}],
Inset[Style["d", Black, Bold, FontFamily — "Arial", FontSize — 20], {3, —3}1}1;
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
jj, Background —» None, ImageResolution — 600];

HH g8 B3 HE B B B 8 B 3 2 Figurel0 B S A AR A AR S A A A HE S

HH g8 B3 HE S B B 8 B 3 2 Figurell B S A A A A AR S A AR A HE S

1= kk = Graphics[

{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[ Thickness[0.004], Orange],

Circle[{2.2, 0}, {1, 2}], Directive[ Thickness[0.004], Orange], Circle[{4 .4, 0}, {2, 1}],
Directive[ Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[ Thickness[0.004], Orange],

1
Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle[{—l, 4.6}, {1, —}]
2
1
Directive[ Thickness[0.004], Orange], Circle[{O.l, 4.6}, {—, 1}], Directive[Thickness[0.004], Orange],
2
1 1
Circle[{l.z, 4.6}, {1, —}] Directive[Thickness[0.004], Orange], Circle[{z.s, 4.6), {—, 1}]
2 2
1
Directive[Thickness[0.004], Orange], Circle[{3.4, 4.6}, {1, —}] Directive[Thickness[0.004], Orange],
2
1 1
Circle[{4.5, 4.6}, {—, 1}], Directive[ Thickness[0.004], Orange], Circle[{5.6, 4.6}, {1, —}],
2 2

1
Directive[Thickness[0.004], Orange], Circle[{6.7, 4.6}, {—, 1}] Directive[Thickness[0.004], Orange],
2

Circle[{7.8, 4.6}, {1, 2}] Directive[Thickness[0.004], Orange], Circle[{8.9, 4.6}, {2 1}]
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1
Directive[Thickness[0.004], Orange], Circle[{lo, 4.6}, {1, —}] Directive[Thickness[0.003], Black],
2

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, —1}, {—0.3, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, —0.2}, {3.2, —0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, —1}, {4.1, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, —0.2}, {7.6, —0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, —1}, {8.5, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—-0.9, 5.1}, {—0.65, 5.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-1, 4.1}, {—1.23, 4.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—0.4, 4.7}, {—0.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.4, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.9, 5.1}, {8.15, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.8, 4.1}, {7.57, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{8.4, 4.7}, {8.4, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{9.4, 4.7}, {9.4, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10.1, 5.1}, {10.35, 5.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10, 4.1}, {9.77, 4.1}}], Directive[Thickness[0.002], Blue, Dashed],
Line[{{-2.2, -1.2}, {-2.2, 1.2}, {2.2, 1.2}, {2.2, —1.2}, {-2.2, —1.2}}],

Directive[ Thickness[0.002], Blue, Dashed], Line[{{-2.1, 4}, {-2.1, 5.2}, {0.1, 5.2}, {0.1, 4}, {-2.1, 4}}],
Inset[Style[ " Direction of light", Black, FontFamily — "Arial", FontSize - 16], {4.1, 2.9}],
Inset[Style["S;", Blue, FontFamily — "Arial", FontSize - 16], {-0.9, 3.54}],

Inset[Style["S,", Blue, FontFamily —» "Arial", FontSize — 16], {0, 1.7}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 11.png",
kk, Background - None, ImageResolution — 600];

HHE #8528 38 B 80 38 B 38 38 Figurell B R S A SR A A AR S A AR HE A HE H
HHE #8528 38 B 80 38 B 38 38 Figure 12 B R A AR A A AR S A AR HE A HE H

NOTE: This code takes approximately 23 seconds.
1= Needs["NDSolve' FEM "];

1
Q= ImplicitRegion[ <2+ <16, (x, y}];
10000

mesh = ToElementMesh[Q, MeshRefinementFunction -

3 1
Function[{vertices, area}, area > — + 80 Norm[Mean|vertices]] ]],
100000 {10
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==V,

Pux,y) Sux,y) (dux,y\ (dux, Y
+ —_— —_—
s e R
1
DirichletCondition[u[x, yl=142i, % + y* = ——|,
10000

DirichletCondition[u[x, y] = 0, x* + y* = 16]}, u, {x, y} € mesh];

uif = NDSolveValue[{e‘”(x’” [

| DensityPlot[(Norm[uif[x, y]])z, {x, -4, 4}, {y, —4, 4}, PlotRange - {{—6.2, 74}, {-6.2, 6.2}, {0, 5}},
ColorFunction —» (Hue[0.65, 3 x11] &), Frame — False, AspectRatio » Automatic, PlotPoints — 80,
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