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Abstract

In this paper, the notion of direct product of vague set
in BCK- algebra is introduced and some related
properties are investigated. Also we introduce some
of the properties of direct product of finite vague
ideal and vague subalgebras of BCK- algebras.
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1. Introduction: As crisp set theory does not reflect
the real life problems exactly, L. A. Zadeh [16]
introduced the concept of fuzzy set to generalize the
notion of a member belonging to a set X. The concept
of fuzzy set has been applied to various algebraic
structures. Imai and Iseki [6,7]introduced two classes
of abstract algebras, BCK- algebra and BCI-
algebras. Al- Shehri [1], Jun et al[8,9], Saeid et
al[13,14] and satyanarayana et al[15], applied the
concept of fuzzy set to BCK- algebra. Zhan and Tan
[17] introduced the concept of fuzzy H- ideal in
BCK- algebras. Gau and Buehrer[3] introduced the
concept of vague set. The vague set is developed by
means of truth membership function and false
membership function. Ranjit Biswas[12] initiated the
study of vague algebra by studying vague groups.
The objective of this paper is to contribute further to
the study of direct product of vague set in BCK
algebra and vague ideal in BCK- algebras and discuss
some of their results.

2.Preliminaries:

Definition 2.1:[5] A BCI algebra is a non-empty set
X with a constant 0 and a binary operation “*”

satisfying the following axioms for all X,y,z € X.:

(i) ((x*xy)=(x*2))*(z*y)=0

(i)  (xx(x*y))*y=0

(iii) Xx*x=0

(iv) X*y=0and y=*X=0 implies x=y.

We can define a partial ordering “<” by x<y if
and only if x*y =0.
If a BCI- algebra X satisfies 0 * X = 0, for all

X € X , then we say that X is a BCK- algebra. Any
BCK- algebra X satisfies the following axioms :

() (xxy)*(xxz)<(z*Y)
(i)  xx(x*xy)<y
(iii) X< X
(iv) 0<x
(v) X<V and y <X implies x=y. where x <
ymeans X*Yy =0.

Definition 2.2:[4] A non empty subset S of X is
called a subalgebra of X if X * Yy e S for any

X,y €S.

Definition 2.3:[5] A non empty subset | of X is
called an ideal of X if it satisfies

(1) Oel and
(1) x*yeland yel imply Xel.

Definition 2.4:[10] A non empty subset | of X is said
to be an H- ideal of X if it satisfies(l;) and
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(I3) x=x(yxz)eland yelimply x*zel,
forall X,y,ze X.

Definition 2.5: [2] A vague set A in the universe of
discourse U is characterized by two membership
functions given by:

(i) A true membership function
t,:U —>[0]] and
(ii) A false membership function

f,:U—[0]]

where t, (X) is a lower bound on the grade of
membership of x derived from the “evidence for x”,
f . (X) is a lower bound on the negation of x derived
from the “evidence against x”, and
t,(X)+ f,(x) <1. Thus the grade of membership
of U in the vague set A is bounded by a subinterval
[t,(x),1— f,(X)] of [0,1]. This indicates that if the
actual grade of membership of x is u(x), then,
t,(X) < u(X) <1- f,(X) .The vague set A is
written as A = {<X [tA(X),l— fA(X)]>/u eU }
where, the interval [t, (X),1— f,(X)]is called the
vague value of x in A, denoted by V, (X) .

Definition 2.6:[2] Let A and B be vague sets(VSs) of
the form A = {(x,[t,(x),1— f,(x)])}/x € X } and

B = {{x[ts (X)1— f5 ()])/x € X } Then

(i) Ac B ifandonlyif t,(x) <tz (X) and
1-f,(x)<1- f (X) forall xeX

(i) A=Bifandonly if Ac B and B A

(iii) A° = {(x, f,()1-t,(x))/x e X

min(t 4 (), tg (X)),
(iv) AnB = Xmm(A(X) B(X)) Ixe X
min(1— f 5 ()1 fg (x))

(V) AUB - {<x max(tA(x) vig (x)),

/xe X
max(1— f5 () v1- fB(x))> }
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For the sake of simplicity, we shall use the notation
A= <x,tA,lf fA> instead of

A= {{x[ta02- ta00]rxe x}.

Definition 2.7:[11] A vague set A on X is called a
vague subalgebra of x if, for any x € X , we have

ta (xy) = min{t 5 (x),t o (¥)} and

1- fA(xy) > min{l - fA(x),l— fA(y)}

Definition 2.8:[11] A vague set A of a BCK- algebra

X is called a vague ideal of X if the following
conditions are true:

() VA 2VaA(), (VY xeX)

(i) (Vpa()zimin{Vp (x*y),Vp (¥)}
(V x,y € X) thatis,

ta(0) 2ta(x), 1-f,(0)21-f(x), and
(tp () 2 min{t 5 (x* y),t4 ()} f

or
@-fA()2min{L- fp(x*y)1-fa(V)}
all x,yeX.

Definition 2.9:[11] Let A be a vague set of a
universe X with the true- membership function t 5

and the false- membership function f. The (o, B)-
cut of the vague set A is a crisp subset A, ,0f the set

X given by A(a,ﬂ) ={xe XIVpo(x) 2[a,p1}.

Clearly A=X. The (a,p)- cut of the vague set A
are also called vague cuts of A.

Definition 2.10:[11] The o- cut of the vague set A is
a crisp subset A, of the set X given by A= Agq

.ThusAy=X, and if & > B then, Aﬂ c A, and A(q,
B)= A, Equivalently, we define the a-cut as
Ay ={x:xeX,tp(x)2a}

3. Direct product of vague ideals in BCK- algebras

Definition 3.1: Let V =[t,1- f5] and

Vg =[tg.1- fg] be two vague sets in BCK- algebras
Xqand X, respectively. Then the direct product of
vague sets V , and Vp is denoted by

Vacg =[tag1- facg]s and defined as
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Vg (% y) =min {V, (x),Vg (V)}
(ie.) tag(xy)=min {ta(x).tg(y)} and
1-fag(xy)=min {1-fa(x).1- fg(y)}forall

(X,y) € Xy x Xy

Definition 3.2: A vague setV g =[to.g 1~ facp]
of X; x X, iscalled a vague subalgebra of X, x X,
if Vg (X1, ¥7) * (X0, ¥5)) 2
(i.e.,)
tag (X, Y1) * (X5, ¥5)) 2
min {taxp (¥ Y1) taxg (X2 ¥2)}

1-fag (X1, y1) * (X0, ¥5)) 2

min {1- f g (X0, Y1) 1- Facg (X0, ¥2)3
forall (xq,y1), (X5, y5) € Xy x X5

Example 3.3: Let X; ={0,} and X, ={0,1,2} are
BCK- algebras by the following tables:

* 0 1 *10 1 2
010 0 0|0 0|0
11101
1 1 0
2121210

Then X1 xXg = {(0,0),(0,1),(0,2), (1,0), (1,1), (L2)}is a
BCK algebra. We define vague set V =[tp 1~ fa]

onXjasty:X —>[01] and f,: X —[01] by

X 0 1
Va [0.5,0.6] | [0.3,0.4]

and Vg =[tg 1~ fglon Xy as tg : X - [0,1] and

fg : X —>[0.1] by

X 0 1 2
Vs [05,0.7] | [050.6] | [0.2,05]

Then Vg =[tag 1— facg]is avague subalgebra
of BCK- algebra.

Definition 3.4: Avague set V, g =[t,5.1— foz]

of X; x X, iscalled a vague H-ideal of X, x X, if,

(1) Vag(0,0) >V, g(xy) and

(il) Vaxg (%, 1) * (X3, ¥3)) =

min{V g (X1, y1) * (X2, Y2) * (X3, Y3))):V axg (X2, Y2)}
tacg (0.0) 2 tp g (X, y) and

(i.e.,)
1- fpg(00) 21~ fo 5 (XY)

taxB (X1, Y1) * (X3, ¥3)) 2

min {t g (X1, ¥1) * (X, ¥2) * (X3, Y3)). taeg (X2, Y2 )}

1-fap (X, 1) * (X3, ¥3)) 2

min{l — f o g (X1, y1) * (X2, ¥2) * (X3, ¥3))),

1- (X0, ¥2)}
Definition 3.5: A vague set V5 g =[tag 1~ fag]

of X4 x X, iscalled a vague closed H-ideal of
X1 % Xy if, Vpo g ((0,0) % (x,¥)) 2V, g (X, Y)
tacg ((0.0) * (X, ¥)) 2t 5, g (X,y) and

(i.e.,)
1-fap ((0.0) *(x,y)) 21— fp g (X,Y)

Theorem 3.6: Let Vp =ty 1- fa] and

Vg =ltg.1- fg] be two vague subalgebras of BCK-
algebras X;and X, respectively. Then

Va =[tal— facg] IS avague sublagebra of

BCK-algebra X; x X,.

Proof: Forany (x,y;),(Xp,Yy) € X; x X,. Then
Vaxg (X, Y1) * (X9, ¥2))

=Vaxg (¥ * X2. Y1 * ¥2)

=min {Vp (X *X5), Vg (¥1 * ¥2)}

2 min { min{Va (x),Va (X9)} min{Vg (1) * Vg (Y2)}}
=min { min{V s (x),Vg (Y1)}, min{V 5 (x5) * Vg (¥2)}}
= min Vg (X, ¥1).Vaug (X2, ¥2)}

Hence for all (x;,y;), (X5, ¥5) € X1 x X5,
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Vag = [tag1— faxg] is @ vague subalgebra of

BCK- algebra X; x X, .

Theorem 3.7: Let Vp =ty 1- f5] and

Vg =l[tg.1- fg] be two vague H-ideals of BCK-
algebras X;and X, respectively. Then

Vacg =ltag - fagl is avague H- ideals of
BCK- algebra X; x X, .

Proof: Forany (x,y) € X; x X5,
V g (0.0) = min{V , (0),Vg (0)}
2 min{V o (x),Vg (Y)} =V peg (X, ¥)
Now forany (xq,y1), (X2, ¥5), (X3, ¥3) € Xq x X,
VaxB ((x1. Y1) * (X3, ¥3))
=Vaxg (X1 * X3, 1 *¥3)
=min{Va (X *X3),Vg (¥ * Y3)}
= min { mindV 5 (X * (x5 *X3)).Vp (X2)},
min{Vg (y * (Yo * ¥3)).Vg (¥2)}}
= min{min{V 5 (x1 * (Xy *X3)),Vg (¥1 * (Y5 * y3)}
min{V 5 (x5),Vg (Y2)}}
= min{min{V . g (X * (X5 * x3)), (y1 * (Y2 * y3))}
min{V axp (X2 ¥2)31
2 min{min{V 5. g (%, Y1) * (X2, ¥2) * (X3, Y3 )}
min{V g (X2, ¥2)}}
Hence for all (xq,y1),(Xp,¥5).(X3,Y3) € X1 x X5,
Vag =ltag 1 facg] is @ vague H- ideal of
BCK- algebra X; x X, .

Theorem 3.8: Let Vy =[tp,1- f] and

Vg =ltg.1- fg] be two vague closed H-ideals of
BCK- algebras X;and X, ,respectively. Then
Vacg = ltag 1 - facg] isavague closed H- ideals
of BCK- algebra X; x X,.

Proof: Let Vp =[tp1- fp] and Vg =[tg .1~ fg]
be two vague closed H-ideals of BCK- algebras X;
and X, respectively. Using theorem 3.7,
VaxB =[taxg1— faxp] is @ vague H-ideal of
X1 x X5 .Now forany (x,y) € Xq x X5, then
Vaxg ((0,0) *(x,¥)) =V a, g (0% x),(0* y))
=min{V 5 (0% x),Vg (0* y)}
2 mindVa (x),Vg ()} =V ag (X Y)
Hence Vp xVg =[tpg 1~ fa.g] isavague closed

H- ideal of BCK- algebra X; x X, .

Theorem 3.9: If Vp g =[tpg .1~ fa.g] isavague
H- ideal of BCK- algebra X; x X, . Then we have
(a,b) c (x,y) = Vg (X Y) € Vp,p (& b)forall
(a,b),(x,y) € Xy x X5 .

Proof: Let (a,b),(x,y) € X; x X, , such that
(a,b) < (x,y) = (a,b) *(x,y) = (0,0) . Consider
Vaxg (X ¥) =V, ((x,¥) *(0,0))

= min{V 5, g ((x, ¥) * ((@,0) *(0,0))),V p, g (2, b)}
=min{V . g (X, ¥) *((a,0)).V p.g (2, 0)}

= VAXB (a, b)
Hence the proof.

Definition 3.10: Let V5, g =[tp,g1~ fag]l PE2
vague set of a BCK- algebra X; x X, and for any

a, B €[0,1]. Then the (o, B)- cut of the vague set
Vg =ltag 1= fagl isacrisp subset A, g of
the set X given by

A(a,ﬂ) ={(x,y) € Xy x X5 IVp g (X, Y) > [a, f1} . The
(0,p)- cut of the vague set Vo g = [tag 1~ fag]

are also called vague cuts of

Vaxg =ltaxg1- fagl:
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Theorem 3.11: Let Vp g =[tag1- fag] bEQ
vague subalgebra of BCK- algebra X; x X, . Then
Vo = [tag1— faxg] is @ vague subalgebra of

BCK- algebra X, x X, if and only if for any
a,p €[01] is a (0,B)- cut of the vague subalgebra of
BCK- algebra X; x X5 .

Proof: Let Vp g =[tpg.1~ fag] b€ avague
subalgebra of BCK- algebra X; x X, . Now for any
a,fe[01] and (xq,y1), (x5, Y5) € A(a,/i’) then
tag (X, Y1) * (X9, ¥5))

2 mindt o, g (X1, Y1) tag (X2, ¥9)} 2 min{a, a} =
tag (X, ¥1) * (X5, ¥5)) 2 a.

= (X, Y1)* (X5, ¥p) € A(a”g)

and forany (xq, yq), (x5,y5) € A(a 8) then
1-faxg (X, ¥1)28 and 1- f o g (X5,Y9) > B . Since
1- fA><B ((Xl, yl) * (Xg ) y2))

= minfl— fp 5 (X, ¥)1- Fag (X0, o)}

> min{f. f} =

1-fag (X y) * (X, ¥2)) 2 B

= (X1, ¥1) * (X0, ¥p) € A(a”g)-

Therefore A, p) is a vague subalgebra of BCK-
algebra X; x X,.

Conversely, suppose that A, g is a vague subalgebra
of BCK- algebra X; x X, . Suppose that

VaB =[tag - facg] is notavague subalgebra
of a BCK- algebra X; x X, . Then there exist

(%1, Y1) (X9, ¥5) € X x X5, such that

tacg (X, Y1) * (X9, Y9))

< m|n{tAxB (X1, yl)ytAXB (X2¥ y2 )}
Now let

1
tg = ;{tAxB ((xg, y1) * (X, y9)) + min{t A g (Xq, Y1)
tax (X2 Y23}

This implies
tag (X1 Y1) * (X0, Y2)) <ty

<min{t o, g (X1, Y1) taxg (X2, Y2}
S0 (xq, Y1) (X9,Y9) & A(a,ﬂ) but (x,yq) e A(a,ﬂ)
and (x5,y,) € A(a B)’ which is contradiction. Hence
Vg =ltag - facg] s avague subalgebra of

BCK-algebra X; x X,.

Definition 3.12: Let V, =[t, ,1- f, ]be n-vague
iyt Ty ey
set of BCK- algebras X;, respectively i=1,2,.....n.

n
Then 'nlvAi is called direct product of finite vague
1=

n
sets of _]'lei if,
1=

Definition 3.13: Let V, =[t, ,1- f, ]be n-vague
i Tyt Ty e g
set of BCK- algebras X;, respectively i=1,2,.....n.

n
Then 'HlvAi is called direct product of finite vague
1=

n
subalgebra of _F[lxi if,
=
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(i.e.,)ilzlltAi (0o Xy ) #(Yg s Vi) = () ﬁvﬁ O O)Z-EWA,- (X0 Xpy) aNC
S NN | NS (i) TV, (Gg%0) * 2.0 20)
11 f (g X0) g ¥) 2 > i TV o (O X0) # (g Y) * (e )
min{ifilll—fAi ((Xq 1o Xy ), Hl Al(yl ....... Yt _lelei(yl ------- Yn)}t
for all (xg, g X )y (Y1, Y o yn)eil;llxi. (e.) ) _f[ltpi(o ....... O)ZililltAi(xl ....... x,) and

Definition 3.14: Let VAi = [tﬁ 1- fAi ] be n-vague
set of BCK- algebras X;, respectively i=1,2,.....n. (ii) _HltAi ((%q s X ) * (2950 2y)
1=

n
Then 'HVAi is called direct product of finite vague n
i=1 > min i1;[1’[ﬁ (0% seeves Xn ) * (Y s Yn) * (2 s Zn )

ideal of .Fnllxi i, Q)
i=

n n
Vi (0,......0) = TIV A (Xg,0e0es d
Il;[l A ( ) = il;ll A (Xl Xp) an (ii) _F[ll— fp1 ((le_’xn)*(zl ,,,,, Zn) 2
i=

n

min{il:[ll— fpi ((Xq eeenes Xp ) #* ((Yq reeeees Yn) *(2q s Zn )

n =

min{il;[lvpi ((Xq eeenes Xp ) * (Y e yn)), HVA (Yq e Yn)}
n n

(i.e.,) (i) 'l:[ltpi (0,.....,0) > il;[lt/_\i (Xq eeees Xp) and

n
forall (x,.... X )i (Y eeeeen Yn) € iH1X‘ .

n
l‘ll—fAl O,....., O)zil;lll—fAi (Xq oo X))
Theorem 3.16: Let Vﬁ = [tAi 1- fﬁ ] be n-vague
(ii) _nt (X e X)) 2 .
i=1 A subalgebras of BCK- algebras X;, respectively

~n n ) n .
mm{il;lltﬁ (% yeeeee X ) * (Yq e Yn)) il;lltpi (Yq e Ya)b  i=1,2,....n. Then iglvAi is vague subalgebras of
n
n IIX; .
.Hll— fa (g Xn) 2 i=1
1= - = - -

T n N Proof: Let VAi = [tAi 1 fpi]be n-vague
mm{igll_ fAi (O Xp) * (Yg oo Y ) il;lll_ fAi (Yo ¥ )}Subalgebras of BCK- algebras X, respectively. Let

n n
forall (xg,...... Xp s (Vg seeeeens Yn) € il;[lXi . (X1 X9 sy Xn )i (Y15 Y seeeees Yn) € iI_Tlxi . Then

Definition 3.15: Let V, =[t, 1- f, ]be n-vague
a Lyt Ty Toe g
set of BCK- algebras Xj, respectively i=1,2,.....n.

n
Then 'HlvAi is called direct product of finite vague
1=

n
H- ideal of _Hlxi if,
1=
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= mindVp (4 * Y1) Vp O *Yn D}

> min{min{\/A1 (Xl),Vp1 (Yl mindV o (X ).V p, (Y D)}

= mingmingV o (¢q)-o-osV py O Db

. .n n
mm{il;llv'% (Xl ------- Xn)- il;llvpi (yl --------- yn )}

This completes the proof.
Theorem 3.17: Let V, =[ta 1— f, ]be n-vague
i Lyt Ty Tbenvag

n
ideals of BCK- algebras _Hlxi , respectively. If
1=

VAi (X *¥i) ZVAi (xj) where i=1,2,.....n, then

n n
V, isvague H- ideal of [T X;
VA d X

Proof: Let V, =[ta ,1- f, ]be n-vague ideals of
i iyt Ty Tbemveg
n
BCK- algebras _F[lxi , respectively and
1=
VAi (X *Yj) szi (xj) forany

n
(X1 X9 ey Xn )i (Y1 Y9 e Yn) € i]jlxi . Then we

have,

n n
Hence 1V, is vague H-ideal of [T X;
i=1 Al i=1
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Theorem 3.18: Let V, =[t, 1- f, ]ben-vague
i Lyl Ty Tbe ey
n
ideals of BCK- algebras _Hlxi , respectively. If
1=

n
Xj *Yj <zj where i=1,2,.....n ,holds in _Hlxi . Then
1=

Proof: Let
(xl,x2 ........ xn),(yl,y2 ........ yn),(zl,z2 ........ Ip) € il:llxi

be such that, x; *yj <zj.Then (xj *yj)*z; =0,
and thus

n n
= mln{iglvAi (Y1 e Yn) i1;[1VAi (C2 74)}

Theorem 3.19: Let Vpﬁ_ = [tAi 11— f/’i ] be n-vague
ideal of BCK- algebras X;, respectively, If X; <Y;,

whenever X, * Y, =0 where i=1,2,.....n. Then

n n
YA (g Xn) 2 TV (oY)

n
Proof: Let (X1 Xg peveensy X0 ) (Y5 Yo s Yn) € il:[lXi

be such that x; < yj, whenever x; *y; =0 and then
we have ,
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