Nonconvex Stochastic Nested Optimization via Stochastic ADMM
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Abstract

We consider the stochastic nested composition optimization problem where the objective is a com-
position of two expected-value functions. We proposed the stochastic ADMM to solve this complicated
objective. In order to find an e stationary point where the expected norm of the subgradient of corre-
sponding augmented Lagrangian is smaller than e, the total sample complexity of our method is O(e™?)
for the online case and O((2N1 + N2) + (2N1 + N2)1/2672) for the finite sum case. The computational

complexity is consistent with proximal version proposed in [Zhang and Xiao, 2019], but our algorithm
can solve more general problem when the proximal mapping of the penalty is not easy to compute.

Introduction

Consider we solve the following optimization problem:

xergili,;leRl F(z)+ Z ri(y) = B¢, foe, (Eg1 e (33)) + er(yj) s.t. Ax + Z Bjy; =c¢ (1)
: =1 =1 j=1

An interesting special case is when &1, &5 follows a uniform distribution:
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min F’l}+§7" :—g (—E 4a:)+g7’- -s.t.AergBllzc 2
zeR4,ycR! (2) = J(y) N, p fa,j N, < fl,J( ) = J(yj) = i Y5 (2)

Applications

Assumptions

The following assumptions are made for the further analysis of the algorithms:

1.
2.

A€ RP*4 B; € RP*! V), c € RP.
A and B has full column rank or full row rank.
F(z) is Lp-smooth

fi : R 5 R! and f» : R' = R are two smooth vector mapping, and each realization of the random
mapping f; ¢, is £1-Lipschitz continuous and its Jacobian f{& are L;-Lipschitz continuous.

E¢ |f1.6,(z) — f1(z)]]3 < 62 for all x € domF(z)
E¢, ||V fig, (x) = Vfi(x)|5 < of for all i

r(x) is a convex regularizer such as || - ||1, || - ||2



4 Motivation and Previous Works

1. When penalty is not simple as ¢; penalty, for example graph guided lasso and fussed lasso, we can’t
use simple proximal algorithms. Thus, perform operator splitting and using ADMM will be suitable
for those kind of problems.

2. ADMM for general convex and strongly convex cases has been studied in [Yu and Huang, 2017]. In
their fomulation, they assume a very special case on the penalty that Az + By = 0 which is not quite
general for most ADMM problems. Using ADMM to solve the same composite nonconvex composite
nested objective hasn’t been well studied.

3. Different variance reduced stochastic proximal methods have been studied in both convex and noncon-
vex cases. Same kind of proximal algorithms have also been studied for formulations of multiple level
composite functions: [Zhang and Xiao, 2019],[Lin et al., 2018].

5 Contribution

In this work we will present a stochastic variance reduced ADMM algorithm to solve 2-level and multiple
level composite stochastic problems for both finite sum and online case. We denote the sampling number to
be N and the augmented Lagrangian with penalty p to be £,. In order to achieve E||0L,(z 7y[m 22 <e
for a given threshold ¢ > 0, for simple mini batch estimation, we can show that iteration complex1ty is
O(e?) and the total complexity is O(e~*) which is too costy; when using stochastic intergraded estimator
like SARAH/SPIDER, we can show that the total sampling complexity is O(e~3) for the online case and
O((2N7 + No) + v/ (2N7 + Ny)e~2) for the finite sum case.

6 Notations

e o/ and o7, denotes the smallest and largest eigenvalue of the matrix AT A, oyin(H;) and omyax(H;)

denotes the smallest and largest eigenvalue of H JT Hj for all j € [m].

7 Algorithms

Consider the gradient of F(z), from which we will have:

Fl(x) = (Bg, [f1 ¢, (2))Ee, [f2,6,(Be, fre, (2))] 3)

Now we want to use the abbreviation to denote the approximations:

Ylszl(xk)’ Z{C%f{(xk)v Zngé(ylk)
Then the overall estimator for the gradient F’(z) is v* = (Z})TZT

To solve the problem by using stochastic ADMM, we first give the augmented Lagrangian function of the
problem:

m m

p
Lp(,Yim), 2 +Zgg vj) = (e Av+ ) Bjyj— o)+ Sl Av+ ) By, —cl3 (4)

j=1 j=1

Due to the stochastic gradient of the function F' to update x, we use the approximate Lagrangian over xy
with the estimated gradient vy:

R 1
Lo (@, Ypm), 2, v8) =F (ar) + v (¢ — 2x) + i A

m
p
JFE 9;(y k+1 zk,AerE Bjy; — §HA$+§ Bjy;'ﬁ_l*CH%

Jj=1 j=1



In order to avoid computing the inverse of % + AT A, we can set G = rIy— pnAT A = I; with r > pnod  +1

max
to linearize the quadratic term £||Ax + Z;nzl Bjy; — c||3. Also, in order to compute the proximal operater
for each y;, we can set H; =71;lq — ijTBj > Iq with 7; > pogéx + 1 for all j € [m] to linearize the term:
Sl Az, + Zf;ll Bjy; + Bjy; + Zz'";j-u B.yil|3. The question remains now is how to find a suitable gradient
estimator for the composite function.

Now we are ready to define the e-staionary point of the solution:

Definition 7.1. For any € > 0, the point (x*,y*, \*) is said to be an € stationary point of the nonconvex
problem (1) if it holds that:

B4 + By —cl3 <
B[V /(@) — ATX[3 < & o
E| dist(BTX*,0r(y"))?(|3 < €

where dist(yo, 0r(y)) = inf{||lyo — 2| : 2 € Ag(y)}, Or(y) denotes the subgradient of r(y). If € = 0, the point
(z*,y*, A*) is said to be a stationary point.

The above inequalities (6) are equivalent to E|| dist(0, dL(z*,y*, A*))||3 < €2, where:

OL(z,y,\)/0x
8L(x,y,)\) = 8L(x,y,)\)/(’)y (7)
OL(x,y,\)/OX

and L(z,y,\) = f(z) + g(y) — (\, Az + By — ¢) is the Lagrangian function of the objective function (1).
In the following the sections, we first consider about the mini-batch estimation on the gradient, we show
that ADMM still convergence by using this simple implementations after suitable choice of parameters.
After that, we consider use SARAH/SPIDER to estimate the nested gradient. By comparing the sampling
complexity, we can show that SARAH/SPIDER based algorithm is more efficient than traditional mini-batch
based algorithm.

8 Simple Mini-Batch Estimator

When facing the stochastic composite objective, one simple strategy is to estimate the composite gradient
by using mini batch. We denote fz = \Tls| > icn fi(x) to be the mini-batch estimation of a funtion f. Since
we are computing the composite gradient, we will use mini batch strategy on computing the gradient and
sampling the function value at each level. Here comes with the following algorithm.

Algorithm 1: Stochastic Nested ADMM with simple Mini Batch estimator

1 Initialization: Initial Point 2°, Batch size: ({S, s, B, Ba,b1,b2}), ¢,n,p > 0
2 for k=0to K —1do

3 Randomly sample batch S* of ¢; with |S*| = s;

4 vk = fl,s{c (z)

5 Randomly sample batch B of ¢; with |BY| = by, and BS with |B5| = by
6

7

8

9

2 = £l gy (o)
Z§ = fz/,sé (Yk)
Calculated the nested gradient estimation: v* = (ZF)T Z¥

y;.ﬁ'l = argmin,, {E,,(a:k,yf}*_ll]),ijy@%m]} + 5l — ka%(J for all j € [m]
10 F T = argmin,, £,(x, y{ji']l, Zkuk)
S S A
12 end

13 Output: (z,y[m), 2) choosen uniformly random from {xk,yf?m], 2 b




From the algorithm we can see that vy is a biased estimation for the full gradient, we can still perform the
analysis on the variance. Firstly, in each iteration k from [Zhang and Xiao, 2019], we know that:

[ = F"(z*)]13 < 3HZiII§(HZ§ = FM)I3 + L3IIYY — f1(xk)||§) +36) 27 — fi(=")II3

By using mini batch estimator, we will have the variance on each estimator to be:
a3 k 2~ 9 k TN i
E||Z2 — f5(y )H2 bg’ E(Y)" = fiz")]2 < S E|Z7 — fi(@")]z < a

Also, we can have:
1 T r— T r—
1ZE1l = I fie |l + I5 Y e @) = fle @ NI I+ I e @I+ 1fle, @ DI =36 (g
ceBy
Now, the variance bound on the estimated gradient by conditioning on the batches is:

216303 | 2TRL3? | 3303
+
bo S b1
C

E|[vf — F'(a")]3 <

(9)

Now, we are ready to analysis the convergence of the our proposed ADMM based on SARAH/SPIDER
estimator.

Lemma 8.1 (Bound on the dual variable). Given the sequence {2 ,y ,2FME | is generated by Algorithm

(1), we will have the bound on updating the dual variable z* to be:

18C  302,.(G) 9L?  302,.(G) _
B =M < o T Bl M (S T e TR (10)

Proof. By using the optimal condition of step 18 in the algorithm 2, we will have:
G
vk + g(xk“ — k) — ATz + pAT (AP 4 ZB] ML _ ey =0 (11)

By the updating rule on the dual variable, we will have:
T k41 G k1 k
AT 2T =g+ — (2" —2") (12)
n

It follows that: o
zi41 = (A7) T (o + g(mk“ —z*)) (13)

where (AT)* is the pseudoinverse of AT.
Taking expectation conditioned on S*, BY, B:

E|ze41 — 2i3

G G
=E|[(AT)* (vp + W’““ —a®) — v - W’“ — 2" 1)|I3

G G . 14
\\vk+—(mk+1—xk)—vk,l——(xk—xk 1)”% ( )
min n n
< 3Bl — s+ e D gy e o]



Now we want to prove the upper bound of E||vy, — vi_1||3:

Ellvx — ve—1]l3
=E|vx — Vf(a") + V(") = V) + V) — v

<3E|lv, = Vf (@) + 3V F (") = V"3 + 3E[vp—1 — V("3 "
<6C + 3L2||xp_1 — z |3
Where the last inequality follows from (9).
In the end, we will have the bound on updating the dual variable to be:
B+ - o3 <« B P Dyier e (U0 Somn @y iz g
O

Lemma 8.2 (Point convergence).

Proof. By the optimal condition of step 9 in algorithm 1, we will have:

j
0=(yf — ¥ (0g; (i) — B 2 + pB] (Az" + > By + Z Biyf — o)+ H;(y; ™' — o))
i=1 i=j+1

<g;i(Wh) — 9; (i) — ()" Byl — Bjyt ™) + p(Bjyl — Byt tH)” (Ax +ZBzyf“+ > Biyf—C) lyhtt —

i=j+1
-1 m
<g;(uf) — ;) — 2 (Az + ) Byl + Z By} —¢) + 2 (Azy, + Z By + Y Byt —o¢)
i=1 i=1 i=j+1
p j—1 m p m
+ §||A17k + ZBlny + ZBzyf —cl3+ §||A95k + ZBlny + Z Biy; —cl3
i=1 i=j i=1 i=j+1
P k k+1 k+1 k
= 5By = By I — Ny = o,
ko k k k ,k k P k k k
<L,(z ayjirllvy[j:m]vzk) —Ly(x ayj+1vy[j+1:m]vzk) - §||Bjyj - BJ?J]+1||2 Hy i —Y; HH7
k k k
Sﬁp(xk’ yjj_117 y{gm] ’ Zk?) - ‘Cp(xk’ yj +17 y@-ﬁ-l:m] ) Zk?) - O.I‘ﬂln(I{J)”y;C + ||2
(17)
Now, we will have the decrease bound on update the y; component is:
k k k
Ep(xkvyj+17yf§‘+1:m]7zk) _Ep(xkvyjjllvy@:m]vzk) < _O'min(krj)Hy;‘C +1||2 (18)
Since we know that F' is Lg-smooth, we will have:
L
F(a**h) < F(ah) + (VF (), o™ —o¥) 4+ =7+ — b3
Now, using the optimal condition on updating the x component in the algorithm, we will have
G
0= (z% — gh+1)T ('Uk (@Rt~ gk) - AT 4 pAT (AR 4 ZBJy;cﬂ ) (19)
n



Combine two equation above, we will have:
L
0 <F(H) = FERY) + V flo)T (@ = ab) 4 S b o

G
+(zF — Ik+1)T(vk 4 g(xk+1 — kY = ATz 4 pAT (AghH! 4 ZBJ k+1 _ )

L 1
SR (G o L E Ellxk =2 + @ = YT (o, — Vf(2¥))

o (Zk)T(Al’k o Axk+1) +p(A A$k+1 k+1 +ZB] k+1

L 1
<f(a®) — f@"h) + 7F||33]CJr1 —aF|3 - ;ka — "2+ (z — zp1) T (v — V()

AIL’ +ZBJ k+1 k+1+ZB] k+1

gllast *ZBJ EH g~ 2l a4 30 Byt — ol - 2)Ast - Ar
j=1

:Ep(xk7y{inJr]1’Zk> _ £p( k-‘r17y{cm+]l7 k)

L 1
R R e e R O

Omin(G) | poiy,  Lr
=yl ) - £t ot ) - () 4 22 Bt gt 4 (ot - 0t 0y - V)

n 2 2
ko k+1 k k41 Tmin (G) P(’fﬁin 1 k
=Lo(a it 2 = Lol gt o) — (P 4 PO L s — anl 4 g ok~ V)3
ko k k k Tmin(G) | POihin k k ¢
=Lp(x ,y[,,Jf]lazk) —Lp(x +1ay[,:{]172k) ( " T T LF)HiU a3+ 2Ly
(20)
Thus, rearranging the equations, taking expectation on the batches B¥, B and S*, we will have:
Omin (G o;ﬁin C
BL (gl ) — £ bt 24 < - (Tl P mpaer etz O
n F
Now, using the update of z in the algorithm, we will have:
Lot yp B 28T — £, (2" gt 2h)
Lo ka1 2
=—||z —z
p ” H2 (22)
18C 302, (G 9L2 302, (G
_ - + m:x( Q)Ekaqu _ kag + ( = + m:x( 2)>||$k _ xkflng
PO tin PO min PO min PO min

Now, combining (18),(21) and (22), we will have:



Ep(xkﬂ,ykﬂ k+1) _ Ep(xk’yﬁl]’zk)

[m]

m A
k+1 omin(G) | POinin k41 k2 ¢
<=2 omn ()l 41 - (P B L Bt M g

18C 302,..(G) 92 302..(G)
e e e L e ) L

PO min min 0 min min

i3 (23)

3012‘11ax(G) 9L2 UmiH(G) pUI‘IAlin 3012‘11ax(G)
< (P )kt = k)3 - ( + P pp - T Elat ! - 3
PO min" pamm n PO min
C + 18C
2Ly = pol

min

Now we defined a useful potential function:

302..(G) 9L2 _
Ry = EL, (%, 2) + (522550 + JE|z" — 2" 713 (24)
PO min po. IIlll’l

Now we can show that

3(7[211 (@) 972

T D Bl - ot
ax(G) 9L2

<£ k7 k , k ma.x( E k _ k—l 2
<Lp(@", Yy 27) + ( poss e + = mm) |2 B3

Omin(G) Pfff?lin 30max(G) 9L% k+1 k|2 k k+1
- (P e e - (R ) Bl — ot mmZnyj I3
+(L+£)

2L p

Rk+1 ZEﬁp(l‘kJ’_l,ykJr]l k+1) +(

[m]

302

(25)

min

. C 18C
S~ AR =t - ol 3 1B + + (50 50r)

mlIl

C 18C
<R, —(E[a"* - ’“llﬁleya i)+ (5 * o)

In which:

Omin(G)  pod 302..(G)  9L% . H
A= ( min __ o _ max ) > 07 _ . ,A
Ui " 2 =l PO i1 " PUrﬁin) 7= i, &)

When we choose 7 ...

Based on the structure of the potential function Ry, we want to show that Ry is lower bounded.



k+1 | k+1 k+1
Ep(x s y[m] , )

k+1 + Zgj k+1 k+1 Al’k+1 + ZBJ k+1 _ > ||A£L'k+1 + ZB] k+1 C”g
Jj=1 j=1

G
k+1 + Zgj k:+1 AT)+(’Uk + g(ibk+1 _ l'k k-‘rl + ZBJ k+1 _ ||A1‘k+1 + ZBJ k+1
j=1

G
R 4 Zgj D) (AT (o — VE(2%) + VF(2?) + = (2 — 2F)), AzF ! 4 Z B]yf'H

n
IIA»”C'“+1 + ZB] T —cll?
j=1
m
2 , 2 202 (G)
b + Zgg ) lok = VE@") |3 = ——IVF(a")[3 — =525 [« — 23
min min O min

Act+ + 30 By — el
Jj=1

- 2 2 912  302,.(G)
2P+ 3 ;) = —— o = VE@N|3 = = IVF@HIB — (5 + 52 D) ah 4! — a3

i=1 min min minP min’l"P
(26)
In all,
S 2C 2L3 ¢ 21
Riy1 > Ef(2p41) + ZEgj(zk+1) ey el A Zgg - == (27)
j=1 O minP Urnmp nunp minP

It follows that the potential function Ry is bounded below. Let’s denote the lower bound of Ry is R*. Now
we sum up the (58) and averaging all the iterates from 0 to K — 1 we will have:

;Ig(nxkﬂ k||2+2||y] W) < g (R )+ (5 + ) (28)

32201

18 + =+, in order to achieve €2 stationary point

1
2L A pof, A )
solution, we can choose:

275 02 T 2722L 52

Denote v = max( Since C =

54yl303 5403 L302 602
by=—%5—",s= b =—5
€ € €
From the above analysis we can see that the order of choice of the batch size is O(e~?) O

Lemma 8.3 (Stationary Point Convergence).

Proof. Consider the sequence 0y = B|[|zF+t1 — 2|3 + ||l2% — 2513+ 300 |lyF+t — ny%}, where E denotes
the expectation conditioned on the batch Sf,S§, B

— <

2
2



Consider in the update of y; component, we will ha

fﬂdistah5@i£($’ymﬂ’z)ﬂk+1 E[dist(0, g, (y; ™) — B} 2**1)]e

k k
=E| BT 2% — pBY (Aa* +ZB] A Z By —¢) — Hy(y*' — yb) — BY M3
i=1 i=j+1
m
k k
=E[|pB] A(z"*" — 2" + pB] > Bi(yi T — ) — Hi(f T = u))ls (29)
i=j+1
<mp?o i Thma Bl = 2|5+ mpPoii, Z T Bly T =y 13 + moma (H)Eyy ™ =y 113
i=j+1

In the updating of the z-component, we will have:
E[dist(0, Vo L£(2, Y], 2))Je1 = E[ AT = Vf(a*F)|3]

G
<E|v, — Vf("*) — g(wk — 2" )13

SEW%—Vﬂﬂ»+Vﬂﬁ»—Vﬂﬁ“>—%mk—ﬂﬂ»@

(30)
2 (G
<s+3(13 + Tl Dypyn ez
n?
2 (G
<3(L% + %U)ek +3C = oy, + 3C
n?
In the updating of the z component, we will have:
E[dist(0,V,L(z, ym],z))z]kH

—E”Aajk'H + ZB ykJrl CH%

j=1

1
= [lz5+" = 2*|3
< 1SC + 30—12nax(G)EH k+1 kH2+( 9L2 + 3Ur2nax(G)>” k k—1||2 (31)
T —T ¥ —x
T PO 2 \poh PO ’
18C 912 302 (G)
< =+ + max )E $k+1 o (Ek 2
—paéin pPo réun pa’rﬁinn2 || ”2
18C 4 912 L 3012%}((6‘))9 18C 0B
< k= V3l
paéin pPo réun parﬁinn2 pa’r‘?nn
Since we know that:
K-—1 K-—1 m
O = Y Blla*t —aF|3 + la* — 25+ lvh -yt
k=1 k=1 —
K—-1 m
<2 3 (Bl — ok I3+ > Ellyf - ui13)
k=1 j=1



Now, consider T is chosen uniformly from 1,2, ..., K — 1, K, we will have the following bound:

E|| dist(0, aL(a:T Y 2 N3

~ K
<Dt 3
k=1 mln
o (32)
60 18C
< ( [+ +1 — ’“||2+ZEHyJ v ) + (——— +30)
6v C 18C 18C
< _
Sy R <2Lf’7 paéinv) i ( at 3C>

with 7 = max(vy,va,v3). Given n = 20“77()(0 <a<l)and A > rLF“G , we will have:

. 1
EHdlst(O,ﬁL(xT,y[T;l],zT))H% < (’)(?)—1-0((3) (33)

O

Theorem 8.1 (Total Sampling complexity). Consider we want to achieve an e-stationary point solution, the
total iteration complexity is O(e~2). In order to obtain the optimal epoch length, we choose by, ba, s ~ O(e~?)
to be the batch size in each iteration. In all, after O(e=2) iterations, the total sample complezity is O(e~*)

Remark 8.1. From the above theorem, by using mini-batch estimation,we can still get the same O(1/K)
iteration complexity as nonconvex ADMM, but in order to achieve e-stationary solution, the batch size will
be in the same order as the total iteeration number.
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9 SARAH/SPIDER Estimator

Based on the inefficiency and the superior performance of SARAH/SPIDER [Fang et al., 2018] based al-
gorithm, we will introduce how to use this new technique on estimating the composite (nested) gradient,
which will leads to a more efficient algorithm with lower sampling complexity when dealing with those kind
of problems.

Algorithm 2: Stochastic Nested ADMM with SARAH/SPIDER estimator

Initialization: xq, Batch size: ({S,s, B, Ba,b1,b2}), ¢,n,p >0
for k=0to K —1do

1

2

3 if mod(k,q) == 0 then

4 Randomly sample batch S* of ¢; with |S¥| = S;

5 Yk = fis, (%)

6 Randomly sample batch B of ¢; with |BY| = By, and B with |BS| = B,
7 Z{c :fLBllc(xk)

s | |zt =g 0™

9 else
10 Randomly sample batch S* of & with |S¥| = s;

11 Yk =yhk-t +f1731(xk) _fl,sl(xk_l)

12 Randomly sample batch BY of &, with |BY| = by, and BS with |B5| = by
18 | | Zb =254 L (8) — (@)

14 7h = Z§_1 + f2/765(xk) — f2’765(mk_1)

15 end

16 Calculated the nested gradient estimation: v* = (ZF)T Z¥

v |yt = argming {£, (2%, yi ) vis vl Y+ 31l — UE I

18 2+ = argmin,, [:p(ac, y{j:]l, 2Fuk)

19 2l = 2k p(Agkt — > Bjy;-”l —c)

20 end

21 Output: (7, Y}y, 2) choosen uniformly random from {xk,yﬁn], 2,

Now we want to analysis the convergence of the algorithm. First, we want to show that under the choice of
the suitable parameters, we can make sure that the gradient estimator is unbiased [Zhang and Xiao, 2019].
Throughout the paper, we will consider ny = [k/q] such that (ny —1)g+1 < k < ngqg— 1.

Lemma 9.1 ([Fang et al., 2018]). Under assumption 2, the SPIDER generates stochastic gradient vy, satisfies
forall (ny —1)g+1<k<ngqg—1
k—1

L2 2 7 ng— ng—
E|o" VM3 < Y LR F 2 T Il

i=(n;—1)q

Based on the SARAH/SPIDER estimator above, we can have the following upper bound on the variance of
the estimation.

Firstly, from [Zhang and Xiao, 2019], we know that:
[o* — F'(@®)|I3 < 3||Z§H§<|IZ§ — fo(y")3 + L3llyr — fl(xk)\@) + 36128 — fi(=)]3
Now, let’s bound every term in the above inequality:

1
221l = el + 115 Y (e @) = e @ NI <A+ e @+ e, @ DI =36 (34

¢eBy

11



For all (ny — 1)g < r < k, by using the SPIDER estimator, we will have:

L2 k—1 . . L2 k—1 . .
E|Z5 — f5(Y9)|3 <E|1Z3 — f5(YD)|I3 + f > E[l2" -2 < +€ 1 > Ela" —a"|3
2 r=(nx—1)q r=(nx—1)q

(35)

2 kel 52 2 kel
E[Y{—fi(=")|E < BV~ A5+ > Blle" —a" 3] < T+ Y. E[l2" —a"|3] (36)

S
r=(nr—1)q r=(nr—1)q
¢ L2 = 1 ‘7% L2 = 1 2
E||Z{—f1(«")|3 < E[| 20— fi (= )||2+*1 > E[lam-am|3] < F+E > E[la —a"(l3] (37)
r=(ng—1)q r=(nx—1)q

So we have the following conclusions after combining above inequalties:

e For the online case:

270303 270267 3l%0% 2701L% 2701 30313
k N 193 191 201 142 1 211 Tl _ )2
~F < ( E
I = F' @I s g2+ =g+ G+ (o (Zlq [l 3]
r=(Nng
Cl C2
(38)
e for the finite sum case, all the estimated variance will be vanished, we will have all the :
2TMALZ 2704 BRLZ\
Jof = Fab) 3 < (S5 4 L 22 S Eflant - o] (39)
bg S bl
r=(nr—1)q
Co
9.0.1 Finite Sum Case

Lemma 9.2 (Bound on the dual variable). Given the sequence {x* ,y ,2FME | is generated by Algorithm

(2), we will have the bound on updating the dual variable z* to be:

k—1
. 6C2 i i 302, (G) 302, (G) 9L? _
B — I3 2 3 Bl S S o (T 2 o o
min ’L:(’I’kal)q min min mln
(40)
Proof. By using the optimal condition of step 18 in the algorithm 2, we will have:
vk+%(xk+17$k)fATZk+pAT k+1+ZBJ k+1 -0 (41)
By the updating rule on the dual variable, we will have:
T k+1 G k1 k
A*z :Uk—‘y-T](l‘ —z¥) (42)
It follows that: o
21 = (A1) F (g + g(zk“ ) (43)

where (AT)* is the pseudoinverse of AT.
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Now we will have:

E|zk1 — 23

G G _
=E[|(AT)* (vp + W’““ — k) — v, — W’“ — " 1)|3

1 G G 44
Sl + @ = o)~ — 2Rt 9
1 302 (G 302 (G _
R
Now we want to prove the upper bound of El|jvy — vg_1||3:
E|lvy, — ve—1]l3
=Elvp — Vf(@") + VF(2*) = V(@) + V") = v |3
<3E|[v, — Vf(@")[3 + 3E[Vf(2") = V(" )[3 + 3Ellve—1 — Vf(z" )3 (45)
k—1
<6C; Y Ella" — 2|3+ 3L°E||zp_1 — axl3
i=(nr—1)q

In the end, we will have the bound on updating the dual variable to be:

k—1

6C . - 302 (G
E||Zk+1 _ Zng < A2 Z EH.Z‘H_l _ sz% + Umax( )ka-&-l —
g

A 2
. [0
min ;—(pn, —1)q min

Lemma 9.3 (Point convergence). Consider the sequence {xk, yffn],z

Define a potential function Ry as follows:

302, (G)  9L?
k2 max
||2+( O’A 772 +O'A

min min

"=t — 2|3

(46)
O

KYE | is generated from algorithm (2).

302 (G) 9% . . 20 = ; ;
Ra = Ly, g 20) + (22l OTE yon e 20 S g i )
po—min” pamin Umin i:(nkfl)q
Denote R, is the lower bound of Ry. We will have:
1o k+1 k2 - k k+12 1
=2 (I = M3+ D Ik - i) < o (BlRo - R.) (48)
k=0 j=1 v
by setting
Lp 27(1L2q 270%q 30212 V78Lrka 200 min(G)
Co=—,by = = by = > =—(0<a<l1
2 q » U2 LQF , S LQF s V1 L% P Z 4o s N 37, ( @ )

13



Proof. By the optimal condition of step 9 in algorithm 2, we will have:

j
0=(yf — ¥ (0g; (i) — B] 2 + pB] (Az* + > Byt + Z Biyf — o)+ H;(y; ™' — o))
i=1 i=j+1

m
<g;(}) — g; (U ™) — (zr) T (Byyf — By ™) + p(Byyf — By )" (Am +ZBzyf+1+ > Biyf—C) [
i=j+1

j—1 m
<g;(uf) — iy — 2 (Az + Y Byl + ZBzyz ) + 2 (Azy + ZBzyf“ + Y Byl -
i=1 i=1 i=j+1
p Jj—1 m P m
+ §||A€Ck + ZBzny + Z Biyf —cll5 + §||A$k + ZBzny + Z Biyy — cl)3
=1 = i=1 i=j+1

p k k
= 5By = By I — Ny = o,

k+1

k ,k k k k k P k 1
<Lp(x 7yjir117y[j:m]7zk) —Lp(x 7yj+1’y[j+1:m]7zk) - §||Bjyj - Bwf 13— ;™ —yills,
E k E
<L Y s 21 — Loy s 20 — O (IS — 9513
(49)
Now, we will have the decrease bound on update the y; component is:
k k k
‘CP(Ikvyj+17yf§‘+l:m]7zk) 7£P(Ik7yjj—117y@:m]7zk) < 70’min(Hj)Hy§€ +1||2 (50)
Since we know that f is Lp-smooth, we will have:
L
FH) < k) (VFR), a4 = ab) 4 2 b - k3
Now, using the optimal condition on updating the x component in the algorithm, we will have
G
0= (mk _ xk-&-l)T (Uk + g(xk—i-l _ mk) ATy 4 pAT(A Zh L 4 ZBJ K+l _ ) (51)
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Combine two equation above, we will have:
L .
0 <F(H) = FERY) + Vo) (@ ab) 4 TE o

G
+ (zF — 2 HT (vk + g(xk+1 — 2Py — ATz, + pAT (Agh T + ZBJ 1 _ )

L 1
<R = F@E) + Sl =t - Ellw’“ = 2"+ (wr = 2a0) T (o = V(")

_ (Zk)T(Al'k — Al‘k+1) + p(A:ZZk — Al‘k+1) (Al‘k_;,_l + ZB] k41 C)
j=1

L 1
<f@h) = ) + 7F||xk+1 — 2¥|J3 — 5||$k = 2" + (on = 2r) " (0 = V("))

AQZ +ZBJ E+1 _ k+1+ZB] k+1 _

jllast *ZB’ ol — 2 ActH + 30 Byt — ol - 2 e — a1
Jj=1

:’Cp(xku y{j:]lv 2k) — ’Cp(xk+17 yfchr]17 Zk)
Lp

1
5 e = (o )T (0 = V() = Gl At — A

Omin(G O’éin L
£y g ) — (Tl P LYy o i, v~ V)

_ ko, k+1 _
_Ep(x ' Yimy ) 2k) [m] > %k 7 9
Omin (G ol 1
=yt 2 — ottt ) — () PP Yy a4 gl — V)
n F
Omin(G)  pod, Co ke . .
=, (2, yt 2 = Lol w20 = ( + P peeft —ab 4 = Y Bl - a3
n F i=(nr—1)q
(52)
k k omin(G) | poia & =
1 1 min min
Lo gk )Lyt b, ) < - (Tt E) g Wi g Ykt g3 2 S B}
N 2 2 F i=(np—1)q
(53)
Now, using the update of z in the algorithm, we will have:
ﬁp($k+1, y{ﬁL]l k:+1) _ Ep(l'k+1, yfcm+]1, k)
1
=—[lM =23
P (54)

k—1

6C ; ; 302 ..(G 302..(G 9L2
_ A2 Z E||£L'Z+1 _ xzn% + m:x( 2) kaJrl . kag +( mjx( 2) + F )H k—1 k”§
PO min i=(nk—1)q 0 min PO min palnln

15



Now, combining (50),(53) and (54), we will have:

£P(Ik+1a yﬁn-‘r]l’ Zk+1) - ‘C,D(xka yﬁn] ) Zk+1)

Tmin(G) | POihin & i i
omin(H)lyf =y G = (P 4 P L) =M g 3D Bl - o

,MS

J=1 i=(nk—1)q
k—1
662 1 3 30-Iznax(G) 30-1%1ax(G) 9L2 c—
LD DI o [ e B R e e LA |
min Z:(’ﬂk*l)q min min min
“ 302,..(Q) 9L2
<= owmi(Hy)llyh — yF TG+ (R I A |
j=1 min po nun
Omin rﬁm ) 3012'11ax(G) H k+1 k2
min _ g, S )Y ket k2
77 PO min"
k—1
(2 22 Y e a3
Tmin” (nk—1)g
(55)
Now we defined a useful potential function:
3012nax G 9L? 2C, i i
Ry = L,(a*, yf, 20) + (24 (2) P =R Y ™ gl (56)
PO minl pamln min i=(nr—1)q
Now we can show that
k+1 , k+1 30—12nax(G) 9L2 k+1 k|2 2C, £ i+1 i
Ryt :Ep(x ' Ylm] s 2k41) + ( A 9 + hIE? — x5 + A Z Eljx —z'l[3
PO minl p min O min i=(nk—1)q
302,.(G)  9L% _ 20, . .
S»Cp(xkvyﬁn]vzk)"_( A ( ) + )”x k 1”% + A Z EH:C A -z ||§
poia?  poh ;
min min min 1=(nk—1)q
omin(G) | poia; 60max(G)  9L% 2C2 1 _ k)2 _ o H ok k 1
_ 4 min L _ max _ _ ) —+ — ot . +
(= : e e e L 15 = ot D2 1 =0+
k—1
Co 6Co i1 —_
+ (5 +—a) Y Ela a3
2L A
B POmin i=(nr—1)q
Omin(G) PUA' 6o (G) 9L% 2C2 k1 _ k2 H = k k 1
<R. — ( + min _ max o . ) + — ol . +
>fvg n 9 p0£1n772 paflin pod || ”2 g g”y] HZ
k—1
Co 6Co . .
E +1 12
+(TLF+pa;gm). > Bt -3
i=(nr—1)q

(57)
Let (ny —1)g <1 < ngq — 1, telescoping (57) over k from (ny — 1)g to k and take the expectation, we will
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have:

E[Rk1]
Omin (G o, 602, (G 9L2 2C k
SE[R(nk—l)q] _ ( mln( ) + PO min —Lp— mjx( 2) _ AF _ AQ Z ||£L'l+1 _
n 2 PO min PO min PO min I=(nk—1)q
k m C 6C k k—1
H I 141 2 2 i i
—ofh Y Y- () Y Y. Ellat a3
. 2L ol ,
I=(nx—1)q j=1 I =(ng—1)q i=(nk—1)q
Omin (G o, 602, (G 9L2 2C C 6C
SE[R(nk—l)q] o ( mln( ) + PO min _LF _ mjx( 2) o AF o AQ o 29 + jq
n 2 parninn pamin pamin 2LF pomin
k m
H I 141
— Omin Z ZHyJ _yj+ ||%
l=(nx—1)q j=1
Consider we have Coq = L%, let’s denote
A — (Jmin(G) _ 3LF + po’rﬁin _ 6Ur2nax(G) _ QL%' _ 2L%‘ )
7 2 2 PTLm? PO PTinind
Ay As
Now, choosing 0 < 5 < 2”‘})72(@, we will have A; > 0.
A
Further, let n = MUSTF(G)(O <a<1),since b>1>a? kg = 234 > 1, we will have:
A2 :parﬁin _ 6Ur2‘rlax(G) _ QL%' _ 2L%‘
2 PTRT? POmin PTinin
:par’ﬁin B 2712 KZ, B 9L%, B 2L%
2 204,P0%  PORy PTimind
>parﬁin - 27L%KZ _ 9L%. K2, _ 2L% K2,
T2 200,007 popo® pogof
:pagﬁin _ 49L%.KZ,
2 204 pa?
:po'r‘?lin po’r‘;‘lin o 49L%'Ii%¥
4 4 204 pa?

2'|I3

>

I=(nx—1)q

lz"*t — 2|13

(58)

From the above result, we just need to choose the penaltyp > %. Upon the result we have, we can

min

argue that:
A> VISLpkg
- 4o
Also, by choosing Ca = L% /q, we will have:
27040 2704 303L2 L2
( ily | 2ft | 96 1) _ZF
b2 S b1 q
We can have that:
by — 2701 L3q _ 27(1q by = 302L3q
L3 L3 L

Since we know that L% ~ O(¢1 + £3), we can argue that by, s,by ~ O(q).
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Based on the structure of the potential function Ry, we want to show that Ry is lower bounded.

k
‘Cp(Ide’y[Ti]l7 k+1)

P m
k+1 + Zgj k+1 k+1 ALL’k+1 + ZBJ k+1 _ >+ iHA.’L'k—i_l + ZBjy;_eJrl _ CH%

Jj=1 Jj=1
G
k+1 + Zgj k+1 AT)+(U}<; + g(Sc,k+1 _ LE k+1 + ZBJ k+1 _ HAwk+1 + ZB yk+1 CH%
Jj=1
G
k+1 )+ Zgj k+1 AT)Jr(,Uk _ Vf(xk) + Vf(:ck) + E(karl _ ik AR ZBjyf—H

IIAw’““JrZBg = cll3

j=1
2 2 202, (G)
2k b1y k|12 NI max k+1 k)2
+ZQJ Uéinpllvk—vf(a: )||2—%||Vf($ )HQ_WHJU — "3
||Aa’:k+1 + ZBJ k+1 _ CH%
Jj=1
202 2 . , 212 202, (G)
k max
) 4+ Zgg 1) sz > Eatt - a5 - aA.Fp R |2* T — 2|2
min Z:(T’kal)q min min
212, 4 . . 212 9L 302, (G)
k+1 k+1 F i+1 712 F F max k+1 k12
)+ ZQJ ofhaap 2. Bt - ol - AP <U;§‘1mﬂ T oA Canta
i=(nr—1)gq ( )
60
In all,
- 212
Riyr > f(wrsn) + Y g5(whr1) — ZQJ o £ (61)

mmp O minP

j=1
It follows that the potential function Ry is bounded below. Let’s denote the lower bound of Ry is R*. Now
we sum up the (58) over all the iterates from 0 to K, we will have:

K-1
E[Ri] — E[Ro] < — A||wi+1—xi||§+0mm2\\yj vl (62)
=0

Finally, we will have the iteration bound to be:

K
S (T H2+Zuyj—yf+l 1) < 7= (Ro- &) (63)
k=0

In which v = min(A, o O

mln)
Lemma 9.4 (Stationary point convergence). Suppose the sequence {z*, y[km] ,2FY is generated from Algorithm

(2), there exists a constant ¥ such that, with T sampling uniformly from 1, ..., K, we will have:

. 9
E| dist(0, 0L(z" .yl 27))II3 < E(RO ~R)) (64)

18



. _ k . .
Proof. Consider the sequence 6 = E[||z**1 — %3 +||2% — 2~ 1|2 + % i (ne 1) e =2 34+ 2000 [lyf —
e lEi
j

Consider in the update of y; component, we will have:

Bldist (0,9, £ o 2))isr = Bldist(0, 9, 457) = B+ e

=E|| BT 2" — pBT (Az* +ZB] ety Z Biyk —c) — Hy(yt* —y¥) — BT M3
=1 1=5+1
=E[|pB] A(z"*" — 2" 4+ pBT > Bi(yft —yf) - H(t T —yh)I3 (65)
i=j+1

2 : k k k k
<mp max max:E”xkJrl k||2 + mp Umax UmaxEHy i —Y; H% + ma?nax( )E”y + yj ||§
i=j+1

<P ThraxOimax + 07 (O hax)” + O (H;)) Ok = 1104
In the updating of the z-component, we will have:
E[dist(0, VoL(2, Ypm], 2))*Jer1 = B[|ATH =V f(2"H)|3]

G
<Evx - Vf(@"*) — E(w’“ =" )13

<E|lvp — V() + V() — V() - %(ac’f )2

(66)
k—1
L2 7 i r2nax(G)
< Y QFEHw a3+ 3(LE + T)le 2* 3
i=(nk—1)q
o2 (G
<3(L% + m“n"())ak = 10,
In the updating of the z component, we will have:
E[dist (0, V.L(2, Yjm), 2)) ]kt
=E[ A"+ Byt —
j=1
1
= [l25+ = 2F||3
o (67)
k—1
6C; i+1 12 L 30max(G) k+1 k2 30max(G) 9L k2
ﬁ_ Z Ellz"" —a'|5 + m“x - H2+(p20'A. 2 2 Umm)Hﬂ? -zl
min i= ('nkfl)q min min
9L? 302 G
< max 0 = 9
_(p20rﬁin ,020'2 772) ; o
Since we know that:
K-1 1 k ‘ ‘ m
> b= Z E[|lo" — a3+ la* —* 5+ - D0 e =213+ D] vy — oS
k=1 k=1 i=(nr—1)q j=1
K-1 K—1 m
<3( X Ellle™ — M3+ D0 Bl - )
k=1 k=1 j=1
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Now, consider T is chosen uniformly from 1,2, ..., K — 1, K, we will have the following bound:

E| dist(0, 0L (=", yf%), 2%))|13
K . K-1 K-1

v w k+1 k2 - k+1
<i 20 < 2 (X Bl — b B+ Y0 Y Blk — o) (63)
k=1 k=1 k=1 j=1
v
— (R — R,
<o (Ro — R.)

with 7 = max(vy,v2,v3). Given n = 20“7"‘7‘“(@(0 <a<l)and A > ‘ﬁLF"G , we will have:

. 1
E| dlst(O,aL(xT,y[fn],zT))H% <O(—=

=) (69)

O

Theorem 9.1 (Total Sampling complexity). Consider we want to achieve an e-stationary point solution, the
total iteration complexity is O(e=2). In order to obtain the optimal epoch length, we choose ¢ = (2Ny —|—N2)%
to be the size of the inner loop and by, ba, s ~ O((2Ny +N2)%) accordingly. After O(e~2) iterations, the total

sample complezity is O((2N1 + No) + (2N; + N2)%e—2

9.0.2 Online Case

Lemma 9.5 (Bound on the dual variable). Given the sequence {xk,y[’jn],zk}kK:l is generated by Algorithm
(2), we will have the bound on updating the dual variable z* to be:

k—1
6C1  6C o 302 (@) 302 (G) 9I2
E”zk+1_zk”§§ < + T Z EHJ;H»l_ngH% r;lla 7||xk+1 k” _|_( rna + = = )ka 1_ka§
Umin Umin i:(nkfl)q Uminn Umlnn mm

(70)

Proof. By using the proof strategy in equation eq. (46), we will have:

k—1 o2
E||Zk+1—zk||§ < GACl + 652 Z E”xz-i-l_sz% 3O—rzax(G) ||$k+1 k” +(3 max(G)+ gﬁ’ )”xk—l_xkug
min min i=(nk—1)q O min min O min
(71)
O

Lemma 9.6 (Point Convergence). Consider the sequence {x’“,yfcm], ZFYE s generated from algorithm (2).
Define a potential function Ry as follows:

. 302, (G) 9L2 20, e . ,
Ry = Lo(@® g, o) + (SZP 2+ )" = a5+ = Y Bl —a'5 (72)
p min mln min l:(nkfl)q
Denote R, is the lower bound of Ry. We will have:
1 & 1 C 6C
- K+l ok k+1 E _ R*) ( 1 1 ) 73
- ’;J(uw I3 +Z I = 18) < g5 (Blo) = Re) + (g7 + 5 (73)
by setting
Lp 2701 L2q 2701q 303L3q V8L kg 200 min (G)
2 q 5 U2 L%‘ yS L% > V1 L% P = 4o 1 £y ( & )
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Proof. By the optimal condition of step 9 in algorithm 2, we will have:

j
0=(yf — ¥ (0g; (i) — B] 2 + pB] (Az* + > Byt + Z Biyf — o)+ H;(y; ™' — o))
i=1 i=j+1

m
<g;(}) — g; (U ™) — (zr) T (Byyf — By ™) + p(Byyf — By )" (Am +ZBzyf+1+ > Biyf—C) [
i=j+1

j—1 m
<g;(uf) — iy — 2 (Az + Y Byl + ZBzyz ) + 2 (Azy + ZBzyf“ + Y Byl -
i=1 i=1 i=j+1
p Jj—1 m P m
+ §||A€Ck + ZBzny + Z Biyf —cll5 + §||A$k + ZBzny + Z Biyy — cl)3
=1 = i=1 i=j+1

p k k
= 5By = By I — Ny = o,

k+1

k ,k k ko k k P k 1
<Ly(x 7yjir117y[j:m]7zk) —Ly(x 7yj+17y[j+1:m]7zk) - §||Bjyj - BJyJ+ 13— Hy —Y; HHj
E k E
<L g 2) = Lol Y g 20) — i (H) =
(74)
Now, we will have the decrease bound on update the y; component is:
k k k
‘CP(Ikvyj+17yf§‘+l:m]7zk) 7£P(Ik7yjj—117y@:m]7zk) < 70’min(Hj)Hy§€ +1||2 (75)
Since we know that F' is Lg-smooth, we will have:
L
P < F@8) + (VD) oM = 2b) + Dt = 2
Now, using the optimal condition on updating the x component in the algorithm, we will have
G
0= (mk _ xk-&-l)T (Uk + g(xk—i-l _ mk) ATy 4 pAT(A Zh L 4 ZBJ K+l _ ) (76)
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Combine two equation above, we will have:
L
0 (%) = FHHY) + T (an)T (@ = k) 4+ ZE k- ¥ B

G
+ (xk _ ka)T(vk n g(:Ulc-u _ xk) ATz, _|_pAT 2R 4 ZBJ k+1 _ )

L 1
<R = @) + Sl =t - Ellx’“ = 2" + (e — 2a10) T (on = V("))

_ (Zk)T(Al'k - A$k+1) + p(Amk - A$k+1) (Al‘k.H + ZB] kt1 C)
Jj=1

L 1
SP@*) = F ) + et = a3~ 5||x’“ = MG+ (an — o) (o — VF ("))

m
_ E(Axk_i_ZBjy;?-‘rl_ ) k+1+ZB] k+1 _
j=1
m
et + 3 B el - 2 AcHH + 30 Byt — ol - 2 Aa* — AcbH
Jj=1

:LP(Ika y{j,j]la Zk) - LP(IkJrla y'[lji]lv Zk)

gl = @M = St = G (o ) (o = V@) - GllA" - Azt

Omin(Q) 4 po—rﬁin . Lp
n 2 2

:ﬁp(fl?k,yﬁ]l, z) — Lp(a* yfj:]l, 2k) — ( )||96k+1 — xpl3 4 {2k — Tpa1, 08 — V(zr))

Omin G 4
( ) + PO min
n 2

1
=Ly gt 2) = Loy 2 — ( — L )lokss — okl3 + o = V()3
2L

Omin G O'rﬁin
=y ) — L gl ) — (2o | P

n 2
k—1
+ % Y Eloi —ali+ Q%F
i=(nr—1)q
(77)
Lp(xkﬂ’yﬁ:]l’ M)~ Lz k’yﬁn-‘r]17 %)
<_ (O'mi;(G) 4 ﬂafnn _ LF)ka+1 2|2 % (kz_:l ) Bl — 2%+ 2%F (78)
i=(nk—1)q
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Now, using the update of z in the algorithm, we will have:

Lof@ Lyl ) — £, (o g )

1
i CAMRE A

p
k—1
6C 6C . , 302 (G 302 (G 9L>2
_ Al + A2 Z Esz-{—l _ szg + m:X( 2) ka-{—l _ ka% +( m:x( 2) + AF )ka—l _ wkH%
pamin pamin i:(nkfl)q min min pamin

Now, combining (75),(78) and (79), we will have:

‘CP(‘TkJrlayﬁn—i_]lv k+1) - ‘Cp(xkvyfcm,]a ZkJrl)

Omin(G ol C —
- Zamm o — ot — (22t P ket — gk o S Bl -+

2 2L
U i=(nk—1)q
k—1
601 662 i i 30'1211 X(G) 30'3[1. X(G) 9L2 _
e D D L R R e LA
min min z:(nkfl)q min min min
- 302, (G)  9L?
k+1 max k—1 k12
<= 2 rmn Bl = (0 50 Dl =
Omin(G oA 302, (G
_( ( )—I—p;‘“—L— 2(2)>||xk+1_xk”§
n PO min"
k—1
Co 6Co i i
N IR
mni=(nk—1)q
C1 6C,
- 2LF * paéin
(80)
Now we defined a useful potential function:
k .k 3Ur2nax(G) 9L%’ k—1 k|2 2Cy = i+1 i2
Ry = Ly(a*, yfy o) + (22 )" =23+ —— > E["M 23 (81)
paminn pamin Umin i:(nkfl)q
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Now we can show that

) 302 (G)  9L? 2C ~ 4 .
R = ) + Gy o ypahet gty 22 57 ettt -l
min min min ’L:(nkfl)q

302, (G)  9L% ~ 20, L . .
<Ly (", yhy, 2") + (2 e +p0 )|l — 255+ — Z El2"" — '3

ot L
PO min min min j—(p, —1)q

Omin(G) | poin, 602, (G) 9L3% 2C,
- ( L— 2 . Yl — k3 - mmZHy] v 3

Ui - 2 - - po—éian - po—rﬁin - pgmln
k—1
CQ 6C2 1 i Cl 661
E i+l 0
+ (TLF + prlin) | (21) |z '||3 + sin T pr
i=(nr—1)q

Omin(G oA 602 (G 9L2 2C . i
<Ry (ZoinlG)y Pomin _p Ol C)  OLE 2y s s gt Sy

n 2 po’rx?linUQ po’r‘?lin pamln
k—1
6C , - C 6C
+ ( A2 ) E E|2"" — 2|3 + et S Al
POmin” | 2LF i
i=(n—1)g min

(82)
Let (ng — 1)g <1 < ngq — 1, telescoping the (82) over k from (ny — 1)q to k and take the expectation, we
will have:

E[Rg11]
k
Omin(G)  pod, 602,.(G)  9L% 2C, 141 12
<E[R(;,-1)q] — ( 4+ Pmin _ p o 2Pmax _ _ Z |2t — 2|2
n 9 A 2 A A
77 ;)O—I‘ﬂlrll77 po—mln po—mln l:(nkfl)q
k m k k—1
CQ 6C2 i i Cl 661
—ofh Y Y- B () Y Y Bl a3
- 2L poi. ] 2Ly poil
I=(nr—1)gj=1 min- j=(ni—1)qi=(nr—1)q min
k
Omin(G)  pod, 602, (G) 9[2 2C, Caq 6Caq .
<ERn B _ ( min _ gy max _ o _ +1
<Blownd T U R T e S TP NV (Zn .
=ng—1)q
k m
Cq 6Cq
ol 20 Y-yt B (o o)
I=(nr—1)gj=1 min
(83)

Consider we have Coq = L2, let’s denote

A — (Umil’l(G) _ SLF + po’rﬁin _ 6ar2nax(G) _ QL%' _ 2L%‘ )
7 2 2 PTRn? PTimin  PTimind

Al A2

20min(9) e will have Ay > 0.

Now, choosing 0 < n <
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1 A .
20‘%‘;(@(0 <a<1),since b>1>a? kg = 2= > 1, we will have:

min

Further, let n =

po’rﬁin 6012‘(1ax(G) QL% QL%'
Ay = - - -

2 PR POinin  POmin
T ) Y
2 200,007 o, PTG
>P‘7fﬁin _ 27L% K% _ 9L K2 _ 212 KZ, (84)
T2 200,007 pof,0f pogy,af
_ PTinin  AILERE,
T2 204 pa?
_P%min | PThin _ 49L% k¢,
4 4 204 pa?

From the above result, we just need to choose the penalty p > %. Upon the result we have, we can

argue that:
A> vV 78LFIQG
- 4o

Also, by choosing Ca = L% /q, we will have:

q

(27£§L§ R 3£§L%) 1%
b2 S bl
We can have that:
by — 2701 L3q _ 27(1q 302L2q
Ly L% Ly
Since we know that L% ~ O({f + £3), we can argue that by, s,by ~ O(q).

7b1:

Based on the structure of the potential function Ry, we want to show that Ry is lower bounded.
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k+1 | k+1 k+1
Ep(x ) y[m] ) )

k+1 + Zg] k+1 k:+1 A$k+1 + ZB] k+1 _ > HAxk-i—l + ZB] k+1 _ C”g

Jj=1 Jj=1
G
k—i—l + Zg] k+1 AT)+(’Uk + g(xlc-i-l _ .’E k+1 + ZB] k+1 _ HALCk+1 + ZBJ k+1 _ CH%
j=1
G
) +Zgj P (AT (o = VFGR) + VI R) 4+ @ =), Ak +ZBjyf“
IIASC’“+1 + ZBJ T —cll?
j=1
2 2 202 . (G)
2+ +Zgj P = o = VAR = VIR - e o
IIAOE’“+1 + ZBJ F e
Jj=1
212 2 ) . 20, 2022 202, (G)
k+1 "‘Zg] k+1 oA L Z E”x o Hg T A - Al 2 — A 2 ka-H _mkH%
Omin4P i=(nk—1)q O minP O minP O min
202, = . , 20, 223 /9% 302,.(G)
k+1 k+1 i+1 702 1 1%2 F max k+1 k|2
+Zgg TP D LA i it il G ey L
i=(ng q
(85)
In all,
m
20202 2C, 26252 20,
Ris1 > flxrgr) + Y gj(@ngr) — = — > [T+ - (86)
jz:; ! Urﬁinp Umlnp Z Umlnp Urj‘?linp

It follows that the potential function Ry is bounded below. Let’s denote the lower bound of Ry is R*. Now
we sum up the (58) over all the iterates from 0 to K, we will have:

K-1 m
i z i 7 K 6C1 K
B{Re] ~B[Ro] < = 3~ (Al — ' + ol D o — 57 1B) + (57, + ) (87)
pol
i=0 j=1 min
Finally, we will have the iteration bound to be:
1 1 C 6C
= ktl ok _ k+1 E _E ) 1 1 )
KkZ_O(nx ||2+Z||yj v ") < o (BlRe] — BlRed ) + (57 + 5 (88)
In which v = min(A, o, ) and A > %. O

Lemma 9.7 (Stationary point convergence). Suppose the sequence {z*, y[km] , 28} is generated from Algorithm
(2), there exists a constant U such that, with T sampling uniformly from 1, ..., K, we will have:

95 9y, C 6C 6C
) T T < _ max 1 1 1
E” d’LSt(O76L($ 7y[m]v ))”2 K (RO R ) + vy (2LF + paéin) * 361 TR p amln (89)

26



Proof. Consider the sequence 6, = E
k4112
yi Izl

Consider in the update of y; component, we will have:
E[dist (0, 9y, L(x, y[m]az))}kﬂ E[dist(0,9g;(y; ") = B] 2 )]k

( k+1

it =) = B A3

fEHBTzkprT Ax® JrZB] k14 Z Byl —
=1 1=5+1

=E[|pB] A(z"*" — 2" 4+ pBT > Bi(yft —yf) - H(t T —yh)I3
i=j+1
i=j+1
<20 Timax + 07 (Oia)” + O (H;)) Ok = 110,
In the updating of the z-component, we will have:
E[dist (0, Vo L(2, ypm), 2)) k1 = B[ AT — V f(2")|3]
G
<Eljvy — V(@) = = (2" —2F))|3
n
G
<Eljvy — Vf(z") + Vf(a") = Vf(z"*) - g(ﬂ«“k — )3
= 312 o2 (G)
< > ZEE[e a3 4300+ 3(LF + Tl — o3
i=(nk—1)q
2 (G
<3(L% + %L())ek +3C1 = vafy, + 3Cy
n?
In the updating of the z component, we will have:
E[dist(0, V.L(2, Y[m), 2))? kst
=E[ A" + 3" Byt —
j=1
1
:,07||Z'“+1 - 2"3
k—1
661 602 ; : 30-r2nax(G) 3012r1ax(G) 9L2
5 2,4 > E[et -5+ W”wkﬂ — a3 A 3 )"~
P gmin peo min ; ( 71) P rnmn P Uminn ,0 Umln
=Nk q
9L 302 .G 6C1 6Cy
< max 9 _ 9 4+
_(pQUrﬁin p UAT] ) p2 r11411n Ve 2 IA;lin
Since we know that:
K—1 K—1 1 k m
Do =) Ella =25+ llat - Y e =25 D -
k=1 k=1 i=(nk—1)q j=1
K-1 K-1 m
<3( D Ell -t >0 Y Elyl - i)
k=1 j=1

k=1
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Now, consider T is chosen uniformly from 1,2, ..., K — 1, K, we will have the following bound:

E| dist(0,0L(z", yl,, 2|3

2 A
k=1 P70 min
K-1 K-1 m (93)
9Vmax 661
<= (D B 2 B 32 DBl -y E) 430+
k=1 k=1 j=1 min
9Vmax 9Vmax Cl 6(31 6(31
<— — R, -
Ky (Ro — R.) + 5 (2LF Parﬁin>+361+ 2o
Given n = 20‘”37L(G)(0 <a<l)and A > %, with T' chosen uniformly from 1,2,..., K — 1, K, we will
have: .
B dist(0, 0L (2", yjn, 2™))13 < O(3) + O(Cr) (94)
O

Theorem 9.2 (Total Sampling complexity). Consider we want to achieve an e-stationary point solution,
the total iteration complezity is O(e=2). We choose C1 ~ O(€?) such that By, B2, S ~ O(e~2). We choose
bi,ba, s ~ O(e™1). The size of optimal epoch will be the same order as by, by. After O(e~2) iterations, the

total sample complexity is O(e’3>
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