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Within the framework of the theory of relativistic vector fields, the covariant expressions
are presented for the equations of motion of the matter and the field. These expressions can be
written either in terms of the field tensors, that is, the fields’ strengths and solenoidal vectors,
or in terms the four-potentials, that is, the fields’ scalar and vector potentials. This state of things
Is due to the fact that the Lagrange function initially implied the complementarity of description
in terms of the strengths and the field potentials. It is shown that the equation for the fields,
obtained by taking the covariant derivative in the equation for the metric, has a deeper meaning
than the ordinary equation of motion of the matter, found with the help of the principle of least
action. In particular, the above-mentioned equation for the fields leads to the generalized
Poynting theorem, and after integration over the volume it allows us to introduce for
consideration the integral vector as a measure of the energy and the fields’ energy fluxes,
associated with a system of particles and fields.
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1. Introduction

One of the most effective ways of obtaining the equations of motion is to apply the principle
of least action [1-3]. In this case, as a rule, either the motion of charged particles in an
electromagnetic field or the motion of particles in a potential field or in a scalar pressure field
are described. As for the gravitational field, it usually appears as a tensor field within the
framework of the general theory of relativity, including the use of modified versions of this
theory to describe the dynamic properties of matter [4-6].

The concept of the electromagnetic field, which is a vector field, is successfully used in
science and technology for a comprehensive description of electromagnetic phenomena. It is
also possible to represent all the fields acting in macroscopic systems as the corresponding
vector fields [7-9]. This allows us to apply the well-developed mathematical apparatus of the
theory of relativistic vector fields and to describe with its help both the equation of the matter’s
motion under the action of the fields and the propagation of the fields during the matter’s

motion.
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The main purpose of this paper is to present the equations of motion of the matter and field
in a covariant form, which is suitable for use, in particular, in the curved spacetime and in any
reference frames. We will systematize the results presented in the previous papers and will
supplement them with regard to the equations for the fields’ scalar and vector potentials.

Among a great number of vector fields, only the four fields will be considered, including
the electromagnetic field, gravitation within the covariant theory of gravitation [10], the
acceleration field and the vector pressure field [11]. Other macroscopic vector fields can be
easily added to the presented equations, as has already been done for the dissipation field [12]
and the fields of strong and weak interactions [13].

In our calculations, we will use everywhere the metric signature of the form (+,——-).

2. The general forms of the equation of motion
The application of the principle of least action, taking into account the energy gauge by
means of the cosmological constant within the framework of the covariant theory of gravitation
and the four vector fields, leads to the equation for finding the metric tensor components [14]:

R"’[”—%Rg“ﬁ=—%k(uaﬂ+W“ﬂ+B“ﬁ+P“ﬁ), (1)

where R“” is the Ricci tensor; R is the scalar curvature; g*” is the metric tensor; C is the
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5 where G is the gravitational constant; S is a certain coefficient of

speed of light, k =-
P 9 167G

the order of unity to be determined; U*”, W*” B“” and P“* are the stress-energy tensors of
the gravitational and electromagnetic fields, the acceleration field and the pressure field,

respectively.

With the help of the covariant derivative V , we can find the four-divergence of both parts

of (1). The divergence of the left-hand side is equal to zero due to the equality to zero of the

Einstein tensor’s divergence, V (R“ﬂ —% R g"‘ﬂ) =0, and also as a consequence of the fact

that outside the body the scalar curvature vanishes, R =0, and inside the body it is considered
to be a constant. The latter follows from the gauge condition of the system’s energy [14]. The

divergence of the right-hand side of (1) is also equal to zero:



V(U +W 7+ B + P ) =0. (2)

Expression (2) for the space components of the tensors with the index « =1,2,3 shows that the

change over time of the fields’ energy fluxes leads to the so-called fields’ tensions. As for the
time components of the tensors with the index « =0, for them (2) is the expression of the
generalized Poynting theorem for all the fields, both inside and outside the matter, that
determines the energy balance in the system.

The stress-energy tensors of the gravitational field [10], [15], the electromagnetic field, the
acceleration field and the pressure field [11], [14], presented in (2), are derived from the

principle of least action:
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Here @ F.., u, and f , represent the gravitational tensor, electromagnetic tensor,
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acceleration tensor and pressure field tensor, respectively; &, is the electric constant, 7 is the
acceleration field coefficient; o is the pressure field coefficient.
All the tensors in (2) and in (3) are expressed in terms of the corresponding fields’ strengths

and solenoidal vectors. For example, the electromagnetic tensor F,, and the stress-energy

tensor of the electromagnetic field W “” are expressed in terms of the field strength E and the
magnetic field B.

Equation (2) inside the matter can be transformed in such a way that the field tensors
themselves would appear in it instead of the stress-energy tensors. In particular, we can prove

the following equalities [15, 16]:



vV,u =—g%p, J*, VW =—g“F j",

VﬂB“ﬂ:—g‘”‘quv, VﬂP“ﬂ:—g“”fﬂvJ”. (4)

In order to prove the validity of (4), it is necessary to substitute (3) into (4), to apply the

covariant derivatives V ; to the products of the field tensors, and then to use the equations of

the respective field, so that the mass four-current J" and the charge four-current j” would
appear in (4).
In view of (4), equation (2) inside the matter turns into the equation of motion and takes the

following form:

Q,J +F, ] +u,J +f,J =0. (5)
The equation of motion in the form of (5) can also be obtained directly from the principle of
least action [15], regardless of (1) and (2).

In order to reduce (5) to a more convenient form, we should take into account the expression

for the mass current J” = p,u” in terms of the invariant mass density p, and the four-velocity
u” of the particles, as well as the definition of the acceleration tensor u,, =V U, -V U ,

where U, is the four-potential of the acceleration field. With this in mind, we have the

following:

DU
u,uv‘JV :pOUV(VHUV—VVU#):IOOUVVAUV—pOD—T/u. (6)
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In this case, the operator of proper-time-derivative u"V, ~Dr was used, where D is the
T

symbol of the four-differential in the curved spacetime, 7 is the proper time [10]. The

substitution of (6) into (5) gives the following:



DU
Po D—T" =pu'V U +@ J +F, " +f,J" (7

If other vector fields are taken into account in the system, such as the dissipation field [12] or
the macroscopic vector fields of strong and weak interactions [13], then the respective
additional terms with the tensors of these fields appear on the right-hand side of (7).

For an arbitrary vector B, we can write:

DB dB
— ﬂ v v v v
V,B,=0,B,-T%,B,, sz‘ =u'V,B,=u"9,B,-u rﬁvBﬂzd—;—u rv.B,, (8)

where I/ is the Christoffel symbol.

Replacement of B, by the four-potential of the acceleration field U, in (8) gives the

following:

DU du , 5
Drﬂ - drﬂ - rﬁ‘,Uﬁ ’ V.U,=0\U,-T,U,. ©)
Let us substitute both equalities (9) into (7):
dU/l 14 14 -V 14
po_dr = p,U 8ﬂUV+<15WJ +F,,J +fWJ . (10)

We will divide equation (10) into two equations, one for the time components and the other for

the space vector components, with the index i =1, 2,3:

du, p, ,0U .
— Oy —4+ J"+F "+ 1. J".
0 dT C 6t Ov Ov] va

po%zpouvaiuv+®iVJV+EVjV+fiVJV. (11)



In (11), differentiation with respect to the proper time 7 can be replaced by differentiation with

: : d dtd :
respect to the coordinate time t as follows: — = ——_ In this case, for the mass four-current

dr drdt

J" and for the charge four-current j", we can write:

dx” dt dx” dt , dt
J=pUu =p—=p ——=p —(C,V), "=p, U =p, —(C,V), 12
£o £o dr Lo dr dt Lo dz'( ) J = Poq Poq dz'( ) (12)
where p,, is the invariant charge density, Vv is the velocity of the matter particles” motion. In

the Cartesian space coordinates, the four-dimensional quantity
(c,v)=(c,v',v',V*)=(c,V,,v,,V,) is expressed in terms of the speed of light and the

components of the particles’ velocity.

Also taking into account that the field tensors in (11) are expressed in terms of the strengths

and solenoidal vectors, and the four-potential of the acceleration field U u= (ﬁ ,— Uj is defined
c

by the scalar potential .9 and the vector potential U, in view of (12), we find the following:

d9_d'au, . o P

—= E-v+C-v.
dt dt ot Lo

du_ dx’

dt dt

U, +T+[vxQ]+ 22 (E+[vxB])+C+[vxI], (13)

0

where I', E and C denote the strengths of the gravitational field, electromagnetic field and
pressure field, respectively; and, similarly, € is the gravitational torsion field; B is the

magnetic induction, and | is the solenoidal vector of the pressure field.

According to the definition of the acceleration field tensor, its components include the

strength S and the solenoidal vector N, expressed in terms of the acceleration field potentials:

S=—V19—8—U, N=VxU.
ot



The vectors S and N can be included in equations (13). To do this, on the left-hand side of
(13) we must take into account the operator equation % = %+ V-V, and on the right-hand side
of (13) we must expand the products of the four-vectors into their components, taking into

v

account the definitions x” =(ct,r) and d(;(t

=(c,v):

dx” U, _@_V aux_v auy_v ou, 289 _ au
dd ¢ ot o Yot ot ot ot

dx”
dt

(V-V)U+—0,U, =VI-vx[VxU]=VI-vxN.

With this in mind, it follows from (13):

S-V+F-V+&E-V+C'V=O.
Lo

S-I-[VXN]+F+[V><Q]+&(E+[VXB])+C+[VXI]=0. (14)

Po

If in (14) we multiply scalarly the second equation by the velocity v, we will obtain the first
equation in (14).

Equations (10), (11), (13) and (14), written in a covariant way, do not contain Christoffel
symbols, which simplifies the solution of these equations. We should note that equations (14)
are completely symmetric with respect to all the four vector fields. This means that, for
example, if the field strengths and the velocity v of the system’s typical particles are known as
functions of time and coordinates, then from the first equation (14) we can find the relationship

between the field coefficients, that is, between 77, G, &, and o .

3. Rectilinear motion of an ideal solid body
An ideal solid body can be considered as the limiting case of the relativistic uniform system,

in which the system’s particles are fixed relative to each other. This means that the Lorentz



factor y' = of the particles is equal to 1, and the velocity v’ of their motion is equal

1
J1-V2/c?
to zero in the body’s center-of-momentum frame. This fact allows us to substantially simplify
the equation of motion of the body.

We will start with the definition of the four-potential of the acceleration field of an arbitrary
physical system. According to [11], the four-potential of any vector field, the vector potential
of which is equal to zero in its proper reference frame, that is, in the center-of-momentum frame,

in case of rectilinear motion in the laboratory reference frame can be represented by the formula:

ki &
La = 2 uaL’ (15)

PoC

where K, =20 forthe electromagnetic field and k, =1 for the other fields; ¢ is the invariant
qu

energy density of the interaction between the field’s four-potential and the corresponding four-

current; u,, is the four-velocity with a covariant index that specifies the motion of the center

of momentum of the physical system in the laboratory reference frame.

In the proper reference frame u,, :(cg—t, 0,0,0j, and the vector potential as the space

T
component of L_ vanishes according to (15). However, some physical systems, even if they
have their own center of momentum fixed, have not only a scalar field potential but also a vector

field potential within the system. Therefore, a more general expression for the field’s four-

potential in the laboratory reference frame is as follows:

L, =M

Ly, (16)
where M_“ is a matrix connecting the coordinates and time of the two reference frames, one of

which is laboratory reference frame and the other moves together with the center of momentum

of the physical system under consideration, so that there is the field’s four-potential L’ in it.

In the special case of the system’s motion at the constant velocity the matrix Ma/’ represents
the Lorentz transformation matrix [10].
Let us now assume the simplest case, when the physical system in the form of a sphere has
no general rotation, the typical particles of the system move randomly and they also have neither
8



proper rotation nor their own vector potentials in the particles’ center-of-momentum frames. In
this case, we can use a simpler formula (15) instead of (16) to determine the four-potential of

the acceleration field in case of rectilinear motion.

In a fixed sphere, the energy density in the volume of each particle ¢=y'p,c?, and,

according to (15), for the acceleration field, when the sphere moves in the laboratory reference

frame, the four-potential will equal U, =»'u_, . This means that if for an observer inside the

sphere with particles, within the framework of the relativistic uniform model, the quantity '
is an invariantly defined Lorentz factor as a certain function of coordinates and time, then for
an observer in the laboratory reference frame, in which the center of the sphere has the four-

velocity u,, , the four-potential of the acceleration field for each point inside the moving sphere

will equal U, .

By definition, the four-potential of the acceleration field is the four-vector U , = (E = Uj,
C

where ¢ and U denote the scalar and vector potentials, respectively. Taking into account (15)

and the relation ¢ = y'p,c?, it turns out that in the relativistic uniform system in the form of a

fixed sphere the scalar potential will be $=j'c®. As for the global vector potential of the

acceleration field U, it will differ from zero only in the systems with directed fluxes of
particles.
In the ideal case, when the system of particles is not a rotating perfectly solid body and the

particles inside the system are motionless, it must be y' =1, and then the four-potential of the

acceleration field would coincide with the four-velocity of the system’s center of momentum,

U . =u, .A material point represents a miniature physical system, and if we do not go deeply

al

into the structure of the internal motion of its matter and if we consider this point as a solid
body, then the four-potential of the acceleration field of such a point will also be equal to the
four-velocity of its motion.

Thus, in case of rectilinear motion of an ideal solid body in the absence of rotation, in

equation of motion (7) the four-potential of the acceleration field U, can be replaced by the

four-velocity of the body’s center of momentum u,. Taking into account the relation
v H H 2 v v H

u"Vv ,u, =0, which follows from the equality V ¢ =V (u,u”)=2u"V u, =0, instead of (7)

we obtain the following:



Dul 14 Vv 14
5o D; =pa,=D,J +F, ] +wa . a7

Du
On the left-hand side of (17) there is the covariant four-acceleration a, = D# , and on the
T

right-hand side there is the sum of the densities of the gravitational and electromagnetic forces

and the density of the pressure force. In particular, the expression F,, j* defines the density of

the electromagnetic Lorentz force. Equations (10) and (11), in view the relation u”o, u, =0,

are written as follows:

du,u v .y v
po_dz' =@, J" +F, ] +f.,J"
duo v . v dui v H 4
Pogqy = Pol +E0J H oS Pog, =P BT+ 1T (18)

On the left-hand side of (18) we will use the expression for the four-velocity
d d : _ . . :
u,= T T ﬂ(c,—v) , and on the right-hand side we will express the field tensors in
 dr dr dt dr
terms of the strengths and solenoidal vectors. Then, in view of (12), equation (18) can be

transformed as follows:

CZE(EJIF-V+@E-V+C'V,
dt\dr Lo

E(EVJZF+[V><Q]+@(E+[VXB])+C+[VXI]. (29)
dt\dz Lo
. . . dt 1 .
In the flat Minkowski spacetime — =y, where y =————=is the Lorentz factor, the
dr 1-v2/c?

Christoffel symbols vanish, and the metric tensor g, transforms into the metric tensor ,,,,

which is independent of time and coordinates and has only the diagonal components. As a

result, equations (19) are also simplified:

10



Czd—yzr-v+&E-v+C-V, (20)
dt Lo

—d(d7/tv):F+[v><Q]+@(E+[VXB])+C+[VXI]- (1)
Po

: . . : N dv
The three-dimensional acceleration vector of a solid body or a particle is a:E’ so that

d(»v)
dt

we obtain the equation for the acceleration in the framework of the special theory of relativity,

= 7a+v?j—7t/. Substituting here the expression ?j—i/ from (20) and comparing with (21),
expressed in terms of the fields’ strengths and solenoidal vectors:

ya:F+[v><Q]+@(E+[VXB])+C+[V><I]—%V(F-v+@E-v+C-vj. (22)
o ¢ Po

If we denote the force density as
f = po(T+[vxQ])+ o (E+[vxB]) + p(C+[vxI]),
then (20-22) can be rewritten as follows:

d(yv) f-v
=f, a=f-—-v.
at Y Po e

c d——f -V
pO dt ’ pO
The relativistic energy and momentum of the solid body with the mass m and charge g are

given by the expressions W = ymc?, p=ymvV. Let us assume that the mass and charge of the

body are constant in motion. Then after multiplying equations (20) and (21) by the mass m, we

can introduce the force F and represent the equations as follows:

dd—vzlzml“-v+qE-v+mC-v:F-v,

11



(jj—f:mF+m[va]+qE+q[v><B]+mC+m[v><I]=F.

In the general case, the fields inside a solid body are non-uniform and differ in value at different
points. In this case, the body can be divided into N parts with the masses m  , where the index
n ranges from 0 to N . Multiplying equations (20) and (21) by m,, m, ..., m_, then summing
the equations, and passing from the sums to the integrals over the whole body, we arrive at the

following:

dii(ymncz)=ZN:(mnr.V+qn E'V+mnC~V)=I(F~V+C~V)dm+IE-vdq,

n=1 n=1

N N
% (ymnv):Z(mnr+ m,[vxQ]+q,E+q,[vxB]+m C+m [vxI])=
n=1 n=1

= [(P+[vxQ]+C+[vx1])dm+ [ (E+[vxB])da.

Comparison with the previous equations gives the following:

N

W =yme® =" (ym,c?), p:ymv:i(ymnv), m=>m,

F = [(T+[vxQ]+C+[vxI])dm+[(E+[vxB])dq.

In these relations it is taken into account that in case of rectilinear motion of a solid body without
rotation of this body, the velocity v and the Lorentz factor y are constant for all the points of
the body.

The case is possible when the body does not rotate in the center-of-momentum frame, but it
does not move along a straight line. This leads to the fact that the body rotates relative to the
point located at the instantaneous radius of curvature of the motion trajectory, and then the
velocities of the points inside the body become different. In this case, the motion of the body’s

points should be described by more general equations (14).
4. Expression of the equation of motion in terms of the fields’ four-potentials

12



By definition, the field tensors are expressed in terms of the four-curl applied to the fields’
four-potentials. For the acceleration field, gravitational and electromagnetic fields and pressure
field, this gives the following:

u,=v,U,-v,uU, @, =V,D,~V,D,,

F,=V,A -V,A, f,=V,7,-V,x, (23)

where U,= (ﬁ— Uj is the four-potential of the acceleration field, ¢ and U denote the scalar
c

and vector potentials, respectively,

D, :(K,—Dj is the four-potential of the gravitational field, described in terms of the
C

scalar potential i and the vector potential D of this field,

A = (— ,— Aj is the four-potential of the electromagnetic field, given by the scalar potential
C

@ and the vector potential A of this field,

7T, = (Q,—Hj is the four-potential of the pressure field, containing the scalar potential ¢
c

and the vector potential II.

Let us substitute (23) into (7), taking into account the expressions for the mass current
J" = p,u” and for the charge current j" = p,,u", and also taking into account rule (8) for the

operator of the proper-time-derivative. We will also use the expression for the covariant

derivative for the arbitrary four-vector B, :

— B
v,B =0,B,-T" B

uv =p "

All this gives the following equation:

dU,+D, +x dA
( u o ,u)+& y7] :uvaﬂuv+uv8ﬂDv+&uVaﬂA/+uVaﬂﬂ-v. (24)

dr py dr Lo

13



Equation of motion (24) falls into two equations, since it can be written separately for the

time and space vector components of the fields’ four-potentials. Using the expression 0, = 1%
c
for the time component of the partial derivative, we have:
d(9+
—( l//+80)+&d_¢:u"_au"+u‘/%+@uvﬂ+uv%,
dr p, dr ot ot p, ot ot
d(U+D+1I
¥+&d—A:—uV8iUV—uVGiDV—@uvaiA—uvéizv. (25)
dr po dz Po

In (25) the three-dimensional spatial gradient operator in Cartesian coordinates has the

components o, =(§§§j , While the index i=1,2,3 in 0, defines the components, which
X 0y Oz

correspond to the components U=U,, D=D,;, I=/Z and A=A of the vector field
potentials.

The peculiarity of the covariant equations of motion (24) and (25) is the fact that they are
fully expressed in terms of the fields’ four-potentials or in terms of their components in the
form of the fields’ scalar and vector potentials. It is to be recalled that, in contrast, the equations
of motion in the form of (7), (10) and (11) are expressed in terms of tensors, that is, in terms of

the fields’ strengths and solenoidal vectors, as was shown in (13) and (14).

We will use the relation di = j—t% in equations (25). This gives the following:
T T

d(.9+1//+go)+@d_(p: dx” ouU, +dx” oD, +@dx” oA, +de or,

, (26)
dt p dt dt ot dt ot p, dt ot dt ot
d U D H 14 v 14 14
dt p, dt ot dt 0, dt dt

For the case of rectilinear motion of an ideal solid body without rotation, the four-potential U,

of the acceleration field at each point of the body coincides with the four-velocity u , of motion

14



of the body’s center of momentum. In this case in (25), (26) and (27) we will have 4 =c? at

dr’
U:Ev.
dr

In the Minkowski spacetime . =y and the equations of motion of a solid body are further
T

simplified, since then in (26) and (27) 9=y¢*, U=yv, U, =u, =(yc,—yV). Inaddition, since
y? = % the following relations hold true:
1-v?/c

, (28)
p, dt dt ot p, dt ot dt ot

14

d(rv) _ d(D+I) Poq dA dx’ o Dv_@dxv oA —
dt dt p, dt dt p, dt

dx
o.x,. 29
dt 1 14 ( )
5. Complementarity of description in terms of the potentials and field strengths
We will demonstrate the equivalence of equations of motion (26), (27) and equations (14).
For this we will need expressions (23) written in a covariant vector form. The field tensors’

components according to (23) are the strengths and solenoidal vectors, which by definition

depend on the time and space derivatives of the corresponding scalar and vector potentials:

F:—Vw—@, Q=VxD, E:—Vgo—%, B=VxA,
ot ot

15



S=—vl9—%u, N=VxU, c=—Vgo—%H, | =VxII. (30)

We will use the operator equation % :%+ V-V on the left-hand side of equation (26), and on

\4

the right-hand side of (26), in view of the definitions x” =(ct,r) and Xt =(c,v), we will

expand the products of the four-vectors into their components, so we will obtain, for example,

the following:

dx' D, oy, D, B, D, _dy_ D

X

— —X—v —V, —.
dt ot ot ot Yoot o ot ot

Transforming also the remaining terms on the right-hand side of (26), we arrive at the following:

V-V(ng-H//+@)+&V'V¢=—V~@—V-@—&V-%—V-6—H.
Lo ot ot p, ot ot

Now we can take into account (30):

v-S+v-I+2%yv. E+v.C=0.

2o

This equality coincides with the first equality in (14).
Taking now the Cartesian coordinates for simplifying, we will project all the terms in (27)

onto the axis OX, so that in the equation we will have i=1, 6, =0, = 9.

oX

dU,+D,+71) P dA _ XU, dx' D, pu X A X' Or,

. (31)
dt p, dt dt ox dt ox p, dt ox dt ox

In view of (30), we will expand the products of the four-vectors into their components on the
right-hand side of (31):

16



dx'aD, oy oD, 9D, &b oD, D oD, oD,

- = +V,—*+V +V,—L =1 +—2+V,—2+[vxQ] +V +V, =

dt ox oX ox 7 ox OX oX Y oy 0z
:]_'X—i-aDX+[VXQ]X+(V~V)DX=FX+dDX+[VXQ]X.

ot dt
P XA Py P O Poagy gy KOE o AT
p, dt ox  p, P dt  p, dt oOx t
_dx"ou, :SX+dUX+[v><N]X.
dt ox dt

Substitution of all this into (31) gives the following:

Pou g Py« B] +C, +[vxT], =0.
Po Po

S, +[vxN], + 7, +[vxQ] +

This equation coincides with the projection of the second equation in (14) onto the axis OX .

Thus, equations of motion (26) and (27) are equivalent to equations (14), which is a
consequence of the relation between the strengths and the field potentials in (30).

In addition to the presence of proper equations of motion, the complementarity of the

potentials and the field strengths is emphasized by the fact that for them there are proper field

equations. Thus, for the four fields used here, the field equations for determining the strengths

and the solenoidal vectors have the following form [14]:

vV, =4Z—ZGJ‘1, V., +V,® +V,®, =0,

VFY =y j7, V,F,+V,F +V,F, =0,
Vﬁu“ﬁ:—d'f—zn\]“, v,u,+V,u,, +V,u, =0,
Vﬂf“ﬂ=—4ZZGJ"’, v, t,+V, £ +V, f_=0. (32)

17



In the first equations in (32), the field tensors can be replaced by their expressions in terms of
the four-potentials according to (23). After this, we should use the rule for the difference of the
second-order covariant derivatives of the arbitrary four-vector B”:
appf _ g« B a
V,ViB" =V*V B"-B“R“.

where R#“ is the Ricci tensor with the mixed indices.

With this in mind, we arrive at the field equations for the four-potentials of the fields:

47 G ]
e _ a a B a B Ao _ a a y/j a

V, VD" =TT 4 VOV, D DR V VP AT = gy [ VEV, N - AR
v viue = ga  gey s _ysR @ V Vige =0 ga gy 4h iR e
i, S + adi e AR & + gt TR,

(33)

As a rule, the four-potentials of the fields are gauged in such a way that their covariant

divergences are equal to zero:

v,D? =0, V,A =0, V,U’” =0, V' =0. (34)

The use of (34) leads to simplification of (33):

a A7 G a a B A& - a
v,v’D =——z 3" -D'RS, V, VIR =g j“ - NRS .
Lo 47[77 a M a p 47[0_ a u a
VﬁV U =C—2J -U R# ) VﬂV T :C—zJ /4 Rﬂ . (35)

It is interesting that the equations with the d'Alembertian V ﬂV"” can be obtained not only for

the four-potentials, but also for the field tensors themselves. The derivation of one such equation
is shown in Appendix A using the example of the electromagnetic field equations in (25).
According to the relation (A10), we obtain the following:
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VUVO'F,uV :ﬂovy jv _luovv jﬂ + va RP F RP + R,uv An F

Similarly, we can write for the tensors of the gravitational field, the acceleration field and the
pressure field:
47rG 47ZG @, R’J LR o

uv,An

ViV, @, =

vev.u, =y 5 4TG5 U, R, -U, RY 4R, UM
C C
- dro dro
VY, = 2v,3,+1, R, —f, R.+R, £, (36)

Equations (36) represent the wave equations for the field tensors in the curved spacetime.
In the Minkowski spacetime, the covariant derivative becomes a four-gradient, the covariant

d'Alembertian vV, V/=V°V_ is transformed into the ordinary d'Alembertian

2 2 2 2 2
0,0" =%%—A=%%—%—%—%, the Ricci tensor Ry“ and the curvature tensor
C c X Z

R vanish. In this case, equations (32) can be presented as the equations for determining the

uv,An

fields’ strengths and the solenoidal vectors:

V-I'=-4rGyp,, VxQ= ia—r—‘m?J, V-Q=0, Vxl“——@
ot o ot
V-E=1ypy, VxB= 128E+ﬂ°J, V.-B=0, Vx E_—a—B
ot ot
10S 47 oN
V.-S=4r , VxN== , V-N=0, VxS=——.
17 Po N e e ot
10C 4rocd ol
V-C=4royp,, Vxl==—"+ , V-1=0, VxC=——. 37
VP SRRPORP IR ot 37)

19



In (37) j=ypy,V is the electric current density, y is the Lorentz factor, p,, is the invariant
charge density, v is the velocity of motion of the matter’s particles, and J =y p,V is the mass

current density.
In this case, equations (35) turn into the wave equations for the four-potentials in the

framework of the special theory of relativity. We can expand these equations and write them

separately for the scalar and vector potentials:

0,0"y =~4zGyp,, aﬂaﬁD=—4§GJ,
858ﬂ(p=7:%, 8ﬂ8ﬁA=,u0j,
0,0" $=4xnyp,, 8,0"U = 4:2’7 J,
0,0" p=4noyp,, 0,0’ =4Z—fJ. (38)

The inhomogeneous wave equations (36) for the field tensors are also simplified, because the
terms with curvature vanish. Since the tensor components are expressed in terms of the fields’
strength vectors and the fields’ solenoidal vectors, the wave equations can be written for each

such vector:

1 ol | .
aﬂﬁﬁE:—g—V(}/qu)—,uoaj, aﬂaﬂB:ﬂovxj,

0

6ﬁ8ﬂF:47rGV(ypo)+4ﬂzG%, 0,0'=-Cyyy,
c C

4rn 0d
0,0"S=-4rnv —~ —
P nV(ypy) e

Arn
BN —
6/38 N——C2 VxJ,
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47[0‘8_J
c? ot

dro
CZ

0,0"C=-4roV(yp,)— , 0,0”1 = VxJ. (39)

It follows from (38) and (39) that in the empty space, where there are no charges and currents

and therefore p,,=0, j=0, the following relations must hold for the field potentials, the
electric field strength and the magnetic field of the electromagnetic wave: 8'58% =0,
0,0/A=0, 0,0’'E=0, 0,0"B=0. The similar relations in the empty space, in the absence
of matter and its fluxes, must also be valid for the gravitational field in the framework of the
covariant theory of gravitation: 0,0’y =0, 6,0°D=0, 0,0°T =0, 0,0°Q=0.

Although equations (37) are of the first order, they are vector equations and for each field
they contain four separate coupled equations for the corresponding strengths and solenoidal
vectors, which makes it difficult to solve them. In contrast, the solutions of equations (38) for
the potentials have a standard form and are called solutions with retarded potentials. As a result,
we can substitute the potentials found from (38) into the equations of rectilinear motion of the

solid body (28) and (29), and we can determine the Lorentz factor y and the velocity v as

functions of the time and coordinates in the Minkowski spacetime. In practice, however, it
usually happens in a different way: first, using the potentials found, with the help of (30) the
fields’ strengths and solenoidal vectors are calculated, and then they are substituted into the
equations of rectilinear motion of the solid body (20), (21), and (22).

Since the components of the field tensors become known, they can be used to calculate the

stress-energy tensors of the fields in (3).

6. Conclusion

In Section (2) we presented equation (2), which follows from the equation for the metric
and is expressed in terms of the stress-energy tensors of the gravitational and electromagnetic
fields, the acceleration field and the pressure field. Inside the matter, equation (2) is equivalent
to the equation of motion of the matter, written in the form of (5), (7), (13), (14). This becomes
possible due to the fact that the fields’ energy fluxes transfer the fields’ momenta, which are
transmitted to the matter’s particles during the interaction.

However, the meaning of equation (2) is much broader and it does not reduce only to the
equation of motion. Indeed, equation (2) is valid for the space outside the matter’s limits,
defining there the balance of the fields’ energy in accordance with the generalized Poynting

theorem, as well as the corresponding field strengths in the space created by the energy fluxes.
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Moreover, equation (2) in the limit of the weak field and low velocities, where the effects of
spacetime curvature can be neglected, can be integrated over the four-volume. The subsequent
application of the divergence theorem reduces integration over the four-volume to integration
of the time components of the fields’ total stress-energy tensor over the three-volume, if the
instantaneous situation is considered at a certain given time point. This leads to the
determination of the integral vector, which is conserved in closed systems. In contrast, the
equation of motion of the matter in the form of (5) cannot be integrated over the volume and
does not result in the integral vector.

The equations of motion are simplified for the ideal solid body that does not rotate in its
proper center-of-momentum frame and moves rectilinearly, parallel to itself. In order to
describe such a motion, we can apply equations (17) and (18), where the field tensors are used,
and equations (19) with the fields’ strengths and solenoidal vectors. In the flat Minkowski
spacetime, the equations of motion are even more simplified and can be represented in the form
of equations (20), (21) and (22), which show the rate of change of the energy density and the
momentum density, respectively, depending on the value of the strengths and solenoidal vectors
inside the matter.

In Section 4, the equation of motion in the form of (24-27) was fully expressed in terms of
the derivatives of the fields’ scalar and vector potentials taken with respect to time and
coordinates. For the rectilinear motion of the solid body in the flat Minkowski spacetime, the
equation of motion can be written in the form of two equations (28) and (29), equivalent to
equations (20) and (21).

The fact that equations of motion (26) and (27) coincide with equations (14) can be proved
using the definitions of the strengths and solenoidal vectors in terms of the fields” scalar and
vector potentials indicated in (30). We provided this proof in Section 5.

Due to the relationship between the strengths and solenoidal vectors on the one hand, and
the fields’ scalar and vector potentials on the other hand, field equations (32) for the strengths
and solenoidal vectors can be transformed into wave equations (35) for the fields’ scalar and
vector potentials. For the field tensors, we also obtained wave equations (36) in the curved
spacetime. For all these equations, we provided their expressions in the framework of the
special theory of relativity.

Thus, the mutual complementarity of the field strengths and field potentials is manifested
not only in case of their presence in the Lagrange function and their participation in the equation

of motion, but also in the corresponding equations for the fields themselves.
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If we know the dependences of the mass density p, and the charge density p,,, as well as

the four-velocity u” of the matter’s motion at each point of the system at any time, this is

enough to determine all the characteristics of the system. Indeed, first we find the mass four-

current J“ = p,u” and the charge four-current j“ = p, u“, and then, using the equations of the

corresponding fields, we calculate the field tensors, as well as the four-potentials of the fields.
After that, we can find the stress-energy tensors of the fields, the system’s metric, the densities
of the four-forces, we can solve the equation of motion and also calculate the energy,
momentum, angular momentum, and the integral vector of the system’s fields, which is
associated with the fields’ energy fluxes and is found by integrating equation (2) over the four-

volume. In addition, we can also determine the four-acceleration of the matter as the derivative

. . . . Du”
of the four-velocity with respect to the proper time in the curved spacetime: a* =

Dr
The solution of inverse problems, in which, for example, the dependence of the four-
velocity of the matter is unknown, but the fields’ distribution as well as the distribution of mass
and charge are specified, can be more difficult. In this case, first it is necessary to reestablish
the dependence of the four-velocity of the matter with the help of the field equations, and then

to determine the remaining characteristics of the system, including the four-acceleration.
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Appendix A. Derivation of the covariant wave equation for the electromagnetic field
tensor

The covariant equations of the electromagnetic field for the electromagnetic tensor F

have the following form:

VﬂFaﬂ:—,uoja, V,F,+V,F,  +V,F, =0, (A1)
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where g, is the magnetic constant, j“ is the charge four-current.

Let us take in (A1) the second equation without the field sources, and apply the covariant

derivative V° to it:
VeV, F,=-V°V F_-V°V F_. (A2)
Next, we will use the rule for the difference of the second-order covariant derivatives:
(VaVﬂ —vﬁva) F.= Rz,aﬂ F.+ Rfﬂﬂ F.

where R7  , is the curvature tensor.

In view of this rule, we find:

-V°V,F, ,=-9”"V.V.F  =-V.V F" —-g”'R] F —-97R; F,,. (A3)
-V°V F,=-9""V.V,F =-VV E"-g"R] F . -097"R] F, . (A4)

Now we will take into account the first equation of the electromagnetic field from (A1) and the

antisymmetry of the electromagnetic tensor:

V Fﬂy:_vn Fyn:,uo jy! V?] Fvn:_:uo jv'

n
Consequently, in (A3) and (A4) we will have the following:
V.V, F ==V, ], V.V, E"=uV,j,. (A5)
For the curvature tensor, there is a rule:
9ov g~ Rz,aﬂ = _Rf,zx/i’ .
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After multiplying this equality by g"” we obtain the following:

gvngwgpﬂ Zaﬁ_é‘ngpﬂRzaﬂ g7 R yaﬁ gvnRvpaﬂ

Here if we assume that index p =« , then the following relation will be valid:

gau RZ wp = gvnR‘zjtaﬂ _ gvnRVﬂ :_Rnﬂ. (A6)

With this in mind, the second term on the right-hand side of (A3) and the third term on the
right-hand side of (A4) are transformed as follows:

~g”'R?,F, =R\F, =-F, R, ~g"'R?,F, =F R’ (A7)

onv’ pu onuvp

Let us transform the third term on the right-hand side of (A3) and the second term on the right-

hand side of (A4), in the latter case we will apply the operation of permutation of the indices

Aand n:
onpe P _ ni _ ni
g R,u nv Fap _R,u 17\/ gpﬂ. u,nv F R,ul,nv F !
o A1 A
-9 ”wa Fpa __wa Fpn ==0,; vwF ' = vaﬂ?# F* = (A8)
A A A
—RV,MHF” =—Riuvn F7 :—RM’UVF” .

In view of (A5), (A7) and (A8), for the sum of (A3) and (A4) in (A2) we find the following:

VUVGF,UV luOv,u jv _IUOVV j,u + va Rp,u B F,up Rp 2R,u/1 nv F ' (Ag)
The last term on the right-hand side of (A9) can also be transformed:
A A A A ni ni
-2R,  F"=-R, ,F"-R, F"=-R, F"+R,  F"+R , F" =
A A ni ni A
=R, ,F"+R, ,F"+R, . F"=-R, ,F’ +RM’MF +RWMF =R, .,F".
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In this case for the curvature tensor we applied the rule

R

“anv

+R

wv,An =

+R

un,va

0,

used the operation of permutation of the indices A and 7 in one of the tensor products, and

took into account the antisymmetry of the electromagnetic tensor F*7 =—F"*, as well as the
antisymmetry of the curvature tensor in case of permutation of the adjacent indices in each pair

of indices.
Finally, we obtain the following:

VoV, F, =iV, -1V, i, +F R, -F, R’ +R Fr* (A10)

up uv,An

In (A10), the scalar operator V°V _ represents the four-dimensional d'Alembertian in the curved

spacetime.
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