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I. ABSTRACT.

This particular submission contains (inter alia) copies of three (3) monographs, whose purpose is to further elaborate
upon various topics having been enunciated in the author’s previous set of submissions, namely -

(@) “A Supplementary Discourse on the Classification and Calculus of Quaternion Hypercomplex Functions -
PARTS 1/10 to 10/10.”;

(b) “Supplementary Notes pertaining to a Specific Quaternion Analogue of the Cauchy-Goursat Theorem. ”,

which have been published under the ‘VIXRA’ Mathematics subheading:- ‘Functions and Analysis’.

Il. COPY OF AUTHOR’S ORIGINAL MONOGRAPH No.1.

(1) Title of Monograph:-

“Correlation of Specific Results having been enunciated in Various Expository Articles and Papers.”

Re:- Mathematical Paper, thus entitled — “4 Supplementary Discourse on the Classification and Calculus of
Quaternion Hypercomplex Functions.”

(2) Date of Completion:- 14" June 2018.

(3) Total number of A4 pages to follow = 22.

(4) Referee’s Assessment:-

For further details, the reader should accordingly refer to the contents of Appendix Al.
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Center . -
The center of & noncommutative ring is the subring of elements ¢ such that cx = xc for every x. The center of the quaternion algebra is the subfield of
___ real quaternions. In fact, il is a part of the definition that the real quaternions belong to the center. Conversely, if § = a + bi + ¢f + dk beloags to the i
center, then
0 = iq — qi = 2a1j + 2dik = 2ck - 2d3,
— andc¢ ™ d~ 0. Asimilar computation with ; instead of / shows that one has also & = 0. Thus ¢ = @ is a real quaternion. Se—=ay

weveee  The noncommutativity of mulitiplication has some unexpected consequences, among them that polynomial equations over the quaternions can have Saeics
mdiniwadnﬁwﬂmthedqueenfﬂmmlynmhl.?ammph,theegmﬁmf+ | = 0, has infinitely many quaternion solutions, which are the

— 9m:-bt+q#¢ﬁmmnbz+c’+cf—l.mmseﬁmd-x'mlgnitmnmmmw:ynedpuﬁym
quaternions.
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Square roots of -1

in the complex numbers, C, there are just two numbers, § and i, whose square is —1 . In H there are infinitely many square roots of minus one: the
. Guaternion solution for the square root of -1 is the unit sphere in R*, To see this, let ¢ = @ + bi + ¢f + dk be a quaternion, and assume that its square is ===V
~1. In terms of @, b, ¢, and d, this means

ad - - —d* =1,

— — w=0‘ — —
2ac =0,
2ad = 0.




Functions of a quaternion variable

lhhdmdneggﬂgwmohqmlmknmhﬂewmphy:imlmoddl.?ormple,thea‘iﬁmldomicmdw
———fields described by Mmewell were functions of a quaternion variable.

Exponential, logarithm, and power e
Given a quaternion, 15

g=a+b+ci+dk=a+v

the exponential is computed as

o
i - LRV e )

v a ——
In(q) =1 507 8 _en
(0) =nlall + y oy arceoe o

It follows that the polar decomposition of a quaternion may be written
g= lalle™ = ligll (cos(6) + Asin(6)) ,

where the angle § and the unit vector 7 are defined by:

——— a = ||q|| cos(6) o

v = 7illv]| = Afiq]| sin(6).

Any unit quaternion maybeeqre-edinpdufnrmuc"".
The power of a quaternion raised to an arbitrary (real) exponent « is given by:

¢ = llgl“e™® = ||qfi® (cos(ab) + fisin(af)).
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2 The notion of an H-derivative =
We begin by the following

Definition 2.1. A gquaternion function f(z), z = xg + 211 + Taiz + 2313,

defined on some neighborhood G < H of a paint 2° = z8 + 201, + 201, +2%s, et —— e

ts called H-differentiable at z" if there exist twe sequences of gquaternions

——— Ax(z%) and Bi(2°) such that ¥ Ag(z°)Bx(z°) 1s finute and that the incre- _—————————
k

ment f(z" + h) — f(z°) of the function f(z) can be represented as

J(2°+B) = f(2%) = )" Ae(2%) - h- Ba(2®) + w(2, ), (2.1) e
k
" (22, h)| O .
9 Wiz, i)

———  and 2" + h € G. In this case, the quaternion ):Ak(:o)Bk(zo) 15 called the _— —
k

H-derivative of the function f at the point 2 and is denoted ['(z°). Thus

e F(2%) =Y Au(z%)Bi(2°). 23) .
k

The uniqueness of the H-derivative follows from the fat that the right-
hand part of (2.3). if it exists, is just the partial derivative fi (2°) of f(z)
at z" with respect to its real variable.

In the sequel, the symbol o(h) denotes any function w(z? k) satisfying
(2.2).

QMW‘@W —

Quaternionic differential forms. When it is necessary to avoid confusion with other
~——  senses of differentiability which we will consider, we will say that a function f - H — s
H is real-differentiable if it is differentiable in the usual sense. Its differential at a point
—— g € His then an RB-linear map df, : H — H. By identifying the tangent space at each
point of H with H itself, we can regard the differential as a quaternion-valued |-form

Wi s L2
e 0 &dt+8zd‘t+8ydy+azdz w i — ———— - e —— gt
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3 Rules for calculating H-derivatives

The rules for calculating H-derivatives are identical to those derived in a
———  standard calculus course.

Proposition 3.1. Let [ and ¢ be two functions defined on a neighborhood

of 2° € H. If both [ and ¢ are H-differentiable at z°, then i
_— 1. both cf and fc are H-differentiable at z° for all c € H and (cf)'(2°) =

" &f'(2%) and (fo)(Z") = £
2. [+ ¢ is H-differentiable at 2% and (f + ¢)'(2%) = F'(2°) + ¢'(2%);

— 3. fi 1 H-differentiable at z° and (f¢)'(2°) = f/(2%)p(2%) + f(2)¢'(z%). ———

W'ﬂ?‘d‘f‘%‘;‘%"m*—~ e

Proposition 3.4. If a function ¢ is H-differentiable at a point z° and of

¢ # 0 in a neghborhood of 2°, then® % is also H-differentiable at 2° and
. we have:

1\ 1 ) 1
—a (_E) (ZO) = _szo) i 4 (zo) ' m' I = e e M
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. The following functions introduced by Hamilton

2y =0 i =
2 :3
=E e‘=1+z+a+a+--~. e EE—
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smz=2z-— 3-" -+ ? -
—— arethe basic elementary quaternion functions of one quaterntonic varable z.
Let us now show that the basic elementary functions are H-differentiable.

Proposition 2.3. (2")' =nz""'forn=20,1,2,..., and for z € H.

g T ™
P £ T

ST Corollary 3.5. For z # 0 we have: e - e —

() =™t m=—1.-3....

(2] o of baitie Logillad Bipagaichec 2]
—— , e W=t — =3
: 10 Blait. M ElQfD

Proposition 2.5. We have the equality R AT TS .

{22y . of
\E = .

Proposition 2.6. The equality

(sinz)’ = cosz

18 vahd. / é




Proposition 2.7. The eguality

(cosz) = —sinz

is valid

g 1o Bhed Mo E12f2.

4 The H-derivative of the quaternion logarithm
function

A quaternion w is called the logarithm of a finite quaternion z # 0if z = e¥,
in which case we write w = In z.

In order to define the H-derivative w’ = (Inz)’, we first note that the
H-derivative of the lefti-hand side of the identity z = €% exits and is 1 by
Proposition 2.3, Applying now Proposition 3.8 to the right-hand side and
taking into account (2.5), we get

2 2
woow 1 woow
1;(1;2_!+_3T+...).w'.,.(54‘.3.!..*.3.4-...).10’.“; (4.1)

lihw'w2 o
P (2T o0 AT VIR S Py 5T TR
sitatEt w' -w

Thus, the H-derivative w’ = (In z) satisfies Equality (4.1).

Remark 4.1. If ww' and w/w were equal, then we could write w - w’, w? -

w',... instead of w'-w,w' - w?,..., and then Equality (4.1) would take the
form

2 2
- woow ; w oW ’
l‘“(”ﬁ’§+”')'w+(—!+W+“')"”

w* wt w i
+ i*. ZT+‘5—" WA s
w?  w? ’ ) Inz ' '
= l+w+?—+?'-+--- cw' =¥ w' =" (Inz) =z-(Inz)".
So, we would obtain the classical formula

1
L =
(Inz) =

that is well known in the case of a complex variable z.
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4. azuch} s theorem and the integral famuda The integral theorems for regular
————— quaternionic functions have as wide a range of validity as those for regular complex
functions, which is considerably wider than that of the integral theorems for harmonic
~— functions. Cauchy’s theorem holds for any rectifiable contour of integration; the in-
tegral formula, which is similar to Poisson’s formula in that it gives the values of a
~——=—function in the interior of a region in terms of its values on the boundary, holds for
a general rectifiable boundary, and thus constitutes an explicit solution to the general
~— Dirichlet problem.
The algebraic basis of these theorems is the equation

d(gDq ) =dgADqf—gDqndf (@1)
= {(8-9)f + 9(Bi N2}, e - N

which holds for any differentiable functions f and g. Taking g = | and using Proposi- - S
tion 3, we have:
PROPOSITION 4. A differentiable function f is regular at g if and only if B

Dq A df, = 0.

From this, together with Stokes’s theorem, it follows that if [ is regular and contin-
— uously differentiable in a domain D with differentiable boundary, then ey

—_— - ! Dq f = 0. o
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111. COPY OF AUTHOR'’S ORIGINAL MONOGRAPH No.2.

(1) Title of Monograph:-

“Supplementary Notes in Relation to the Proofs of Two Theorems pertaining to the Integration of Quaternion
Hypercomplex Functions.”

Re:- A Specific Quaternion Analogue of the Cauchy-Goursat Theorem.

(2) Date of Completion:- 21% May 2019.

(3) Total number of A4 pages to follow = 14.

(4) Referee’s Assessment:-

For further details, the reader should accordingly refer to the contents of Appendix A2.
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IV. COPY OF AUTHOR’S ORIGINAL MONOGRAPH No.3.

(1) Title of Monograph:-

“Supplementary Notes in Relation to the Proof of One Theorem pertaining to the Integration of Quaternion
Hypercomplex Functions.”

Re:- A Specific Quaternion Analogue of the Cauchy-Goursat Theorem.

(2) Date of Completion:- 29th May 2019.

(3) Total number of A4 pages to follow = 6.

(4) Referee’s Assessment:-

For further details, the reader should accordingly refer to the contents of Appendix A2.
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~_II. APPENDICES.

SEVERAL COMPLEX VARIABLES 5

1. THE SPACE OF M-TUPLES OF COMPLEX NUMBERS ("

From the familiar complex numbers we may form n-tuples,
The collection of all n-tuples z = (z,, - - -, z,) of complex numbers
2y, +*+, 2 is denoted by C*. We make it a linear vector space by
introducing addition

z® 2 = (2 ..o 2 (2P, - -, 2
—— —— — = (2" + 2", -+, 20 4 22); S S
and multiplication with a complex scalar A
Az = X(zll Yot ) 2.) = (XZ[, 2ol M")'

The addition is associative and commutative because it is defined
as addition of the components, which are complex numbers.
Analogously the multiplication by a sealar is distributive,

We leave it to the reader to verify that all the axioms of a linear
vector space are satisfied.

1.1 The C* becomes a Banach space by introducing a norm
| |l satisfying: (1) [lz]| > 0 if 2 % 0;(2) ||z + 2®|| < ||z]| +
—— |lz®1]; (3) ||xz}| = ([A| ||2]]), where A is a complex number; (4) the

('~ is complete with respect to the norm; that is, if for a sequence

—ee o {27}, 2 € C* we have (27 — 2®)|| tending to zero as j and k —— =
tend to infinity, then there exists an element 2/¥ & (" such that

- S lim |[z? — 2@|| = 0. e
f—=




il

Examples of Norms. The euclidean norm: |z} = [2[* +

v+ + |z,/2. The maximum norm: ||z, = max {[z:], -« -, |z[}.
~ Every norm induces a topology if one defines as neighborhoods
of a point 2'® the point sets
—— {z||lz — 2|| < ¢; € > 0}. -
It is easy to show (the reader may carry out the proof) that:
~ For any norm || || there exist two numbers p > 0 and o > 0
such that for any z € C* we have
pllzllm < lell < oflel|s,

where || ||. is the maximum norm.
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V. APPENDICES.

Al. Referee’s Assessment of Monograph No.1.

This monograph had been previously refereed on 4™ July 2018, as is evident from the contents of the author’s anteced-
ent submission, namely -

“A Supplementary Discourse on the Classification and Calculus of Quaternion Hypercomplex Functions -
ADDITIONAL REMARKS pertaining to PART 1/10.”,

having been published under the ‘VIXRA’ Mathematics subheading:- ‘Eunctions and Analysis’.

A2. Referee’s Assessment of Monograph Nos.2 & 3.

Both of these monographs were refereed on 1% July 2019, as is evident from the contents of the next page.
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1% July 2019.

TO WHOM IT MAY CONCERN.

In June of this year, Mr. Stephen C. Pearson had very kindly provided me with copies of two mathematical
papers. thus entitled -

“Supplementary Notes in Relation to the Proofs of Two Theorems pertaining to the Integration of
Quaternion Hypercomplex Functions.” [*];

“Supplementary Notes in Relation to the Proof of One Theorem pertaining to the Integration of
Quaternion Hypercomplex Functions.” |*|

|*] Re:- A Specific Quaternion Analogue of the Cauchy-Goursat Theorent.
which he had completed on 21% & 29" May 2019 respectively.

Both papers are being jointly presented as an addendum to Mr. Pearson’s antecedent submissions, which I had
previously refereed, as is evident from the contents of his *“VIXRA' author web page.

Having examined these particular Supplementary Notes, I commend Mr. Pearson for his diligence in further
clarifying the proofs of the aforesaid theorems, bearing in mind their significance with regard to the analytic
properties of quaternion hypercomplex functions.

St

Stephen J. Crothers — B.A; Adv. Cert. Comp. Tech. [TAFE NSW];
Grad. Dip. Sc.; Grad. Dip. Tech.; Grad. Cert. Eng; M. Astron.
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