
Theorem 1 Let G be a group of order pnm, where p is prime and p�m. Suppose that G has a normal subgroup P of
order pn. Prove that �.P / � P for every automorphism � of G.

Proof.
Let � be an automorphism ofG. SinceP is a normal subgroup ofG and �.P / is a subgroup ofG, P�.P / is a subgroup
of G. Moreover |�.P /| D |P |. Since P X �.P / is a subgroup of P , |P X �.P /| divides |P |. So |P X �.P /| D pk

where 0 ® k ® n. Thus
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To claim |P X �.P /| D pn. If not, then |P X �.P /| D pk where k   n. Thus

|P�.P /| D
pnpn

pk
D p2n�k ;

so is divisible by pnC1 since 2n� k ¯ nC 1 . But |P�.P /| divides |G|; that is |P�.P /| divides pnm. So pnC1|pnm

and thus p|mwhich is a contradiction. Since |PX�.P /| D pn, PX�.P / D �.P / and hence �.P / � PX�.P / � P .

Theorem 2 If N is a normal subgroup of G and M � N is a characteristic subgroup of N . Then M is a normal
subgroup of G.

Proof.
Let a P G, n P N . Since N is a normal subgroup of G, a�1na P N . Define ' W N Ñ N by '.n/ D a�1na: Thus
' is an automorphism of N: Let m P M: Since M � N;m P N: So a�1ma D '.m/ P '.M/ � M: To conclude
a�1ma PM:

Theorem 3 V D fe; .1 2/.3 4/; .1 3/.2 4/; .1 4/.2 3/g is normal in S4:

Proof.
|A4| D 223 where 2 is prime and 2�3. Also, V is a normal subgroup of A4 of order 22. By Theorem 1, V � A4 is a
characteristic subgroup of A4. Since A4 is a normal subgroup of S4 and V � A4 is a characteristic subgroup of A4,
V is a normal subgroup of S4 by Theorem 2.


