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Abstract

Some speed and measure theorems related to the lonely runner conjec-
ture are proven. In particular, we prove that for any sequence of speeds

51 < s2 < --- < 8y there exists a sequence of speeds s] < s5 < -+ < s},
that is arbitrarily close to the original set of speeds and for which the
LRC is true.

1 Introduction

The lonely runner conjecture (LRC) is a very deep problem in the theory of
Diophantine approximations that asks the following question: Given a circular
track and k runners starting from a given starting line with speeds s1 < s9 <
...Sk, i1s it true that each runner becomes lonely at some time, i.e. seperated
from the other runners by a distance of at least %? While easy to state, this
conjecture is remarkably difficult and has eluded proof since it was proposed by
T.W. Cusick in 1967.

In this paper we prove that the LRC is true for certain classes of speeds. We
will also prove that the slowest and fastest runners become lonely for certain
speeds. Finally, we will prove some measure theorems concerning these speeds.

2 Speed Theorems
The theorems we prove in this section heavily depend upon Lemma 1 which we

state next. This lemma essentially states that the LRC is equivalent to a set of
Diophantine approximation problems.

Lemma 1. Let k£ > 5. The LRC is equivalent to the following Diophantine
approximation problems:

Slowest runner. Let s1 < s < 83 < ... < Sg. Then there exists ny,no,...np_1 €
N such that



kng,—1+k—1 S Sm — S1 S kng,—1+1

1
kn,_1+1 ~ si—81  kni1+Ek—1 (1)
forall 2 <i,m <k, m > i.
Intermediate runner j = 2. There exists mj2, mo1 € N such that
kmjg"‘k—l_Sj—SQz kmj2+1 (2)
kmo +1 i — S  kmys+k—1
for 3 <j,i<kandj>iand
kmi2+k—1>s,——82> kmgo + 1 (3)

kmoir+1 =~ s9—81  kmoi+k—1
for 3<i<k.

Intermediate runner 3 < j < k — 2. There exists qjm,qji, @mj,q;; and
i+ 4o € N such that

ij7rL+k_1 >5j_5m > ijm+1

foralll1<im<j—1,i<m, 4

P e P S orall1<i,m<j i<m 4)
kqm; +k—1 m — Sj kqm; +1 ) . )
Gmj T 25 SJZ Imj + forall j+1<i,m<k—11<m,
k‘qij—f—l Si — Sj k/‘qij—l—k‘—l

(5)
kg, +k—1 sy kq,. +1
e > 7% My forall 1<a<j—landj+1<b<k
kqj, +1 $j— 8o kqgj, +k—1

(6)

Intermediate runner j = k — 1. There exists m%_lj, my._; € N such that

kmﬁg_lj + k-1 T et kmj,_,; +1 )
Emi_,+1 = sp_1—s;  kmj_,;+k—1
for3<j,i<kandj>iand
kmpr—1+k—1 > Sk — Sk—1 > kmpr—1 +1 (8)
kmyg_1q4+1 Sk—1 — Sq kmg_1qa+k—1
forl1<a<k-2.
Fastest runmer. There exists r{,7rs,...75,_1 € N such that
krm+k—1>sk—sm> krpy, + 1 )

kr,+1 = sp—s;  kr;+k—1
forall 1 <i,m <k-—1,m >i.



Proof. See [3]. O

While these inequalities are very complicated their meaning can be summer-
ized in a relatively straightfoward way. Inequality (1) means there is some time
T such that the slowest runner becomes lonely. Inequalities (2) and (3) means
that there is some time T such that an intermediate runner j; = 2 becomes
lonely from the runners 1,3,...k — 1, k, and so on. We now prove the following
lemma.

Lemma 2. Let k> 2> 2 where z€¢ Rand let 1 <2z, <z-—1and x € R.
Then

kn,, +k—1 S My, + T, S kn,, +1

10
kn,+1 = zn;4+x,, — kn;+k-—1 (10)
where n,, € N.
Proof. Since k > z > 2 it follows that
(k—2)(nm +n; +1) > 0. (11)
With algebra it follows that
2Ny + 1 > kng, +1 . (12)
zn; +z—1 kn; +k—1
Also, with algebra it follows that
kng, +k—1 _ zn, +z—1
> 13
kn;+1 —  zn;+1 (13)
Hence,
knm+k7122nm+271> 2Ny + 1 > kn,, +1 ' (14)
kn; +1 zn; + 1 zn; +z—1 kn; +k—1
Since 1 < z,, < z — 1, it follows that
znm+zflzznm+xm2 2Ny + 1 . (15)
zn; + 1 2n; + T, zn; +z—1
Therefore
kn, +k—1 S 2N, + Tom S kng, +1 (16)

kn;,+1 = zni+xm  kn;+k—1"
We now prove (Theorem 1) that if the LRC is true for some speeds s; it

must be true for an affine transformation as; + b where a > 0,b > 0. These
facts are easy to see using Lemma 1.

Theorem 1. Let k£ > 5 and let s; < s; where 7 < j and s; > 0. Suppose
these speeds s; satisfy the LRC. Then the LRC is true for speeds as; + b.



Proof. Note that for any s1, s2,s3,54 € R and any a > 0,b >0
54— 53 (asqg+b) — (as3+b)
so—s1  (asy +b) — (asy +b)

Hence if the LRC is true for speeds s; it must also be true for speeds as; + b
by Lemma 1. [J

(17)

We prove a more interesting result next.

Theorem 2. Let £k > 5 and n,, € N. Let s,, = kn,, + mfor 1 <m <k
where n,, > n; for m > i. Then the LRC is true for these speeds.

Proof. Slowest runner. Since s,, = kn,, + m, it follows that

Sm—51 k(M —n1)+m—1 _ knj, +m—1

= = 18
S; — 81 k(n; —ny1)+i—1 kn)+i—1 (18)

for 2 < m,i < k,m > i. Hence there exists some n!/, € N such that
kn_+k—1 _ knl, +m—1 knl 4 +1 (19)

kn/ 1 +1 = knf+i—1 ~—knl  +k-1
for 2 < m,i < k,m > i. Then by Lemma 1, the slowest runner becomes
lonely.

Intermediate runner j = 2. It follows that

s;—sy  k(ng—mp)+j—2  kmjp+j—2

= = 20
S; — S2 k(ni—n2)+i—2) kmi2+i—2) ( )
for3<j,i<kandj>iand
si—SQ_k(ni—n2)+i—2_kmi2+i—2 (21)
SS9 — 81 n k(ng —’I’Ll)—|—1 o km21 +1
for 3 <7 < k. Hence there exists mja, m2; € N such that
kmjg-i-k?—l > 8; — S2 > km]’2—|—1 (22)
kmgo +1 S; — So kmio +k—1
for 3 <j,i<kandj>iand
kmio +k—1 S ST S kmis + 1 (23)

kmoir+1 — s9—81  kmoi+k—1

for 3 <i < k. Hence by Lemma 1 runner j = 2 becomes lonely.

Intermediate runner 3 < j < k — 2. We have that



8j—8m _ k(nj—nm)+j—m  kgjm+j—m

_ _ 24
85— 8 k:(nj—m)—i-j—i kqji-i-j—i ( )
forall 1 <i,m <j—1,i<m and
sm—sj:k‘(nm—nj)+m—j:k;qmj+m—j (25)
sifsj k(nlf’llj)ﬁ*lfj kq1‘7+27‘]
forall j+1<i,m<k—1i<m. Also,
sp—55 _ k(p—nj)+b—j  kay; +b—j (26)

S — Saq k‘(njfna)Jrjfa_kq;aJrjfa

foralll1 <a <j—1andj+1<b< k. Hence, there exists gjm, ¢;s € N such
that

k@jm +k—1 S 55 " Sm o kqjm +1

27
kg +1 T s =8  kgui+k—-1 (27)

for all 1 <4,m < j— 1,7 < m and there exists ¢n;,¢;; € N such that
kqmj+k—1>sm—sj> kqm; +1 (28)

kg; +1 = s;—s; kg +k—-1
for all j +1 <i,m < k,i < m. Finally, there exists ql’,j7 ¢, € N such that

kqéj—kk—l S S8 kq{)j—i-l
k@, +1 = sj—sa  kqj, +k—1

(29)

foralll <a<j—1landj+1<b<k. Hence, by Lemma 1, the intermediate
runner becomes lonely.

Intermediate runner j = k — 1. Similar to the case for j = 2.
Fuastest runner. Similar to the case for the slowest runner. [J

FEzxzample 2. Let k = 10 and n; = i-th prime number p;. Then for speeds
s; = 10p; + i the LRC is true.

We can now combine Theorems 1 and 2 together to prove the following
corollary.

Corollary 1. Let £k > 5 and n,, € N. Let s,,, = kn,, +m for 1 < m < k.
Then if a > 0 and b > 0 the LRC is true for speeds as,, + b.

Proof. Follows from Theorems 1 and 2. [J



Example 3. Let k = 30 and n; = i>. Then if « = 7 and b = e, for speeds
s; = 30mi% + mi 4+ e the LRC is true.

We now prove the main result of the paper: Given any set of speeds and any
number of runners with k£ > 5, the LRC is true for a set of speeds that comes
arbitrarily close to these speeds.

Theorem 3. Consider any set of speeds s1 < s5 < --- < s for kK > 5 and
let s}, = c(kny, +m) where ¢ > 0 and n,, > n; for m > i. Then for any ¢ > 0
there exists ¢ > 0 and n,,, € N such that

|sm — sl,| < e (30)

That is, for any sequence of speeds 81 < s < -+ < s, there exists a sequence
of speeds s} < s < --- < s}, that is arbitrarily close to the original set of speeds
and for which the LRC is true.

Proof. Take e > 0 and choose

S; +€ 2¢€ .
i = 1 — S v > e
{@1& T % D s sz}_c (31)
Then
S; +€ 2¢
,— ¢ > 32
{ i k}—c (32)

for 1 <4 < k. Since % > ¢ it follows that

si+e—ci s;—€e—ci

— > 1. 33
ck ck - (33)
Also, since ‘S’TJFE > c this implies that
s;+e—ci
—FFF— >0 34
- (34)
for 1 < i < k. Hence
s;+e—c s;—€e—ct
_ > 1 35
ck ck - (35)
s;+e—ct
—F— >0 36
7 (36)
(37)

From the two inequalities above it follows that there exists n; € N such that

s; +e—ci S; —€—cCl

7 >n; > e (38)



for 1 <i{ < k. Since
min S;4 1 — S; > ¢
1<i<k-1 " ‘

it follows that

Siv1+e—c(i+1) S s;i+e—ci

ck = ck ’
Siy1 —€—c(i+1) < S;i—€—ct
ck = ck '

These conditions ensure that n; > n; for j > i. We have that

Si+e€e>ckn;+ci>s; —€

for 1 <4 < k. Therefore

[s; — c(kn; +1)| < e.

Since s; = c(kn; + 1) the statement of the theorem follows. [J

FEzxzample 4. Let k = 10 and take s,,, = 7™ and ¢ = 0.01. Then

si+e 100m+1

min — = ,
1<i<10 1 100
2¢ 1
k500’
1rgnilg9 Siy1 —s; =m(m —1).
Now, choose ¢ = Wlo()' Then there exists n,,, € N such that
m m
1007™ +1 — — m > 1007 — 1 — —
T+ 10 > Ny, > us 0

(48)

and n; > n; for j > ¢ since w(m — 1) > ¢. Using a computer these integers

are found to be



ni = 314,

N9 — 986,
ns = 3100,
ng = 9740,
ns = 30601,
ng = 96138,
n7 = 302028,
ng — 948852,
no — 2080909,
n1o = 9364803.
(49)
Hence
|sm—s;1|=|7rm—%| <e (50)
_ (10n,+m)

Note also that the LRC is true for speeds s;,, = c(knm, +m) = =5

We will now prove some statements similar to Theorem 3.

Theorem 4. Consider any set of speeds s1 < s3 < --- < s for £ > 5 and

let s/, = c(kn,, + m) where ¢ > 0 and n,, > n; for m > i. Then for any ¢ > 0
there exists ¢ > 0 and n,, € N such that

0 < Sy — Spy <E. (51)

m

That is, there is a set of speeds s/, < s,,, that comes arbitarily close to s,
for which the LRC is true.

Proof. Take e > 0 and choose

. S; € .
min —,—, min S;41 —S8; ¢ > C. 52
{1<i<k ik 1<i<k—1 z} = (52)
Hence
.y
—~>c (53)

~.

for 1 < i <k and thus

S; — Ct

ck

for 1 < i < k. Since



Eoull e}

it follows that

S; —cCt 8 —€—Cl

— > 1. 56
ck ck - (56)
Hence there exists n; € N such that
S; — Cl S; —€—ct
7 >n; > — (57)
Since
i e >
ISIinSlil_l Six1—8; > ¢ (58)
it follows that
Siv1 —c(i+1) S S —ci (59)
ck e
Siy1—€e—c(i+1) _ si—e—ci
> . 60
ck - ck (60)
(61)

Hence we can choose n;4; > n; and hence n; > n; for j > i. We have that

0<s;—(ckn; +ci)<e (62)
and the statement of the theorem follows. [J
Theorem 5. Consider any set of speeds s1 < s5 < --- < s for kK > 5 and

let si, = c(kny, +m) where ¢ > 0 and n,, > n; for m > i. Then for any € > 0
there exists ¢ > 0 and n,,, € N such that

0<sl, —sm<e (63)

That is, there is a set of speeds s, < s/, that comes arbitarily close to s,
for which the LRC is true.

Proof. Identical to the proof of Theorem 4. [J
We will now prove some theorems concerning the fastest and slowest runners.

Theorem 6. Let £ > z > 2 where z € Rand let 1 < z,, < z—1 and
Tm € R. Suppose that s,, = zn,, + x,, + s1 where s; is the speed of the slowest
runner and n,, € N. Then the slowest runner becomes lonely.



Proof. Tt follows that

Sm — S1 2N, + Tom

- (64)
S;i — S1 2n; + x;
for 2 <m,i < k,m >i. By Lemma 2
knm+k_128m_312 kng, +1 (65)
kn1—|—1 S; — S1 knl—kk—l
for 2 <m,i <k,m >i. Setn,, _,=n,,. Then
kn! k—1 — kn’ 1
Tm—1 + > Sm S1 > T —1 + (66)

knl_ +1 = s;—s1 — knl_ +k—1

Hence the slowest runner becomes lonely by Lemma 1. [J

Corollary 2. Suppose speeds S, = 20, + X, + 51 satisfy the conditions of
Theorem 3. Let @ > 0 and b > 0. Then for speeds as,, + b the slowest runner
becomes lonely.

Proof. Follows from Theorems 1 and 4. [J

Ezample 5. Let k = 4, z = 3, and n,,, = m. Let (x9,23,24) = (1,1.5,2)
and let s; be the speed of the slowest runner. Then for speeds (s1, s2, s3,54) =
(s1,7+ s1,10.5 + s1,14 + s1) the slowest runner becomes lonely.

Theorem 7. Let £k > z > 2 where z € Rand let 1 < z,,, < z—1 and

Zm € R. Suppose that s,, = s — (2nm, + ©m) where s is the speed of the
fastest runner and n,, € N. Then the fastest runner becomes lonely.

Proof. Identical to proof of Theorem 5. [J

Example 6. Let k = 10,z = 10,n,, = m? and let z,, = 7"7—:1 Then for
Sm = sk — (10m> + %) the fastest runner s becomes lonely.

Corollary 3. Let s, = s — (21, + @) as in Theorem 6. Then if a > 0
and b > 0 the fastest runner becomes lonely for speeds as,, + b.

Proof. Follows from Theorem 1 and 6. [J
The following theorem uses a result proved by Dubickas in [1].

Theorem 8. Let k£ > 16341 and let @ > 0 and b > 0. Suppose that

log k&
smzsl+(m—1)<1+33;’g) (67)

10



Then the LRC is true for speeds as,, + b.

Proof. In [1] Dubickas proves that for k > 16341 and

Sma1 — Sm > 1+ % (68)
the LRC is true. Hence the LRC is true for speeds such that
smzsl+(m1)<1+?£’1}(€”gk) (69)
From Theorem 1 the result follows. O
Ezample 7. Let k = 20000, a = 1 and b= 7. Let
ooy D) (1 Blor 00 o

Then the LRC is true for these speeds.

3 Measure Theorems
Our goal in this section is to prove that the slowest and fastest runners become

lonely for a set of speeds with infinite measure. To do this we’ll first prove the
following lemma.

Lemma 3. Consider a parallelotope P in R* defined by the vectors

S1 0 0 0

s1+1 3 —1 0 0

vy = 0 1 ve= 0 vy = [TAT 2 vy = 0
0 0 0 k—1—xr1

where s1 > 0and 1 <2y < 23 < --- < xp < k— 1. Let Vol(P) denote the
volume of P. Then Vol(P) = s1(z5 — 1)(z4 —x2) ... (k — 1 —z_1).

Proof. As proven in [2] the volume Vol(P) of a parallelotope defined by
vectors vi,vo,...Vv, is

Vol(P) = Vol(vy, va,...vy,) = |det[vi, va,...vy]|. (71)
Hence for the vectors that define P we have that

11



s1 0 0 0

s1+1 z3-—1 0 0
Vol(P) =det | 0 0 Za—z2 ... 0 (72)
0 0 0 ... k—1l-gxp1.

It is easily seen that this determinant is the product of the diagonal entries,
hence Vol(P) = s1(z3 — 1)(z4 —x2) ... (k=1 —24_1). O

Theorem 9. Suppose speeds s, = 2Ny, + T, + 1 satisfy the conditions of
Theorem 3. Then these speeds have infinite measure, and hence for k£ > 5 the
slowest runner becomes lonely for a set of speeds with infinite measure.

Proof. Define the set S as

S={zmm+arm+s1|1<z,<k—-12<z<kzeRn, N s €R} (73)

Now, consider the subset Sy C S

So={zm+s1|l1<za<z3<- - <z <k-—18 €R} (74)

where we set all the n,, = 0 and s,,, = z,, + s1. Note that if we set n,, =0
we must take 1 <z < a3 < --- <xp < k—1s0that s1 < s9 <--- < si. Hence
we are choosing

S1 = 81, (75)
s1+1 <59 <51+ a3, (76)
81+ a2 < 83 < 81 + X4, (77)
S1+Tp_1 <sp<s1+k—1.
(78)
This describes a parallelotope in R* defined by the vectors
51 0 0 0
5141 r3 —1 0 0
vy = R R 0 vy = [TAT T2 vy = 0
0 0 0 k—1—xk_1

By Lemma 3 the volume of this parallelotope is

12



Vol(P) = s1(x3 — 1) (x4 —x2) ... (k=1 — 24_1). (79)

Hence as s; — oo it follows that

lim Vol(P) = lim sy(zs5 —1)(zg —x2)...(k—1—x_1) = 0. (80)

§1—00 $1—00

Hence, as s; — oo the volume of the parallelotope increases without bound
and hence has infinite measure. Therefore u(Sp) = oo where u(Sp) is the
Lebesgue measure of Sy. Since Sp C S it follows that u(Sp) < p(S) and there-
fore pu(S) = c0. O

Corollary 4. Suppose speeds Sy, = 2, + Tm + s1 satisfy the conditions of
Theorem 3. Let a > 0 and b > 0. Then the set of speeds as,, + b have infinite
measure. That is, under affine transformations the the set of speeds s,, have
infnite measure.

Proof. Define

S"={asm +b| sm € S,a>0,b>0} (81)
and

Sy ={as, +b| sm € So,a>0,b>0}. (82)

Note that when we take the transformation s,, — s/, = as,, + b we have
that

s = s, (83)
a(s1 +1) +b< s, <a(sy+x3)+0, (84)
a(s1 +x2) +b < sy < a(sy+z4) + 0, (85)
a(s1 +xp—1) +b< s, <a(sy +k—1)+b.

(86)

This describes a parallelotope P’ defined by vectors

asy +b 0 0
a(s1+1)+b a(xs — 1) 0
N e B I R R
0 0 0 alk —1—xz,_1)

13



the vectors v, defined in Lemma 3 are transformed to av,, + b,,. These
transformed vectors then define a transformed parallelotope P’. Hence

Vol(P'") = Vol(avy + by,ava,...avy) (87)

= |detlavi + b1, ava,...av]|.

It is easy to see that

Vol(P') = (as1 + b)(a[rs — 1])(a[ry — x2]) ... (alk — 1 — zp_1]). (88)

Hence as s; — oo it follows that

lim Vol(P') = oo. (89)

§1—00

Since S C S’ it follows that u(S)) < w(S") and therefore u(S") = co. O

Theorem 10. Suppose speeds s, = s — (21 + =) satisfy the conditions
of Theorem 6. Then these speeds have infinite measure and hence for k£ > 5 the
fastest runner becomes lonely for a set of speeds with infinite measure.

Proof. Similar to the argument in Theorem 9. [J

Theorem 11. Suppose speeds s,, satisfy the conditions of Theorem 6. Let
a > 0 and b > 0. Then speeds as,, + b have infinite measure. That is, under
affine transformations the set of speeds s,, have infinite measure.

Proof. Similar to the argument in Corollary 4. O
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