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ABSTRACT: Using the geodetic coordinates (¢, A, h), we give the expression of the laplacian
AV — o0*V n 0*V n o*V
02 Oy 022
is given. The partial differential equation satisfied by g(p, h) is transformed in an ordinary

in these coordinates. A solution of AV =0 of type V = f(A).g(p, h)

differential equation of a new variable u = u(p, h).
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1 Introduction

The Laplace equation plays an important role in physical geodesy. Into geodetic literature,
this equation was resolved in spherical and ellipsoidal coordinates to determine the expression
of the potential. In this paper, we use the geodetic coordinates (¢, A, h) and we will give the
expression of AV = 0 in these coordinates. We study the solutions of the expression of AV =0
of the type V- = f(A).g(p,h). A choice of a new variable u = u(p, h) transforms the partial
differential equation satisfied by g(¢, k) in an ordinary differential equation of second order.

2 The expression of AV in geodetic coordinates

In three dimensional euclidean space (O, x,y, z), the expression of the laplacian of a function
V(z,y, z) enough differentiable is:

LBV PV BV

A 0x? + Oy? * 0722

(2.1)
Let a and e respectively the semi-major axis and the first eccentricity of an ellipsoid of revolu-
tion, to M (z,y, z) we associate the triplet (¢, A, h) determined by the well known relations:

z = (N + h)cospcos\
y = (N + h)cospsinA (2.2)
z=(N(1—¢€? + h)sing

where:

N=—— (2.3)



Differentiating (2.2), we obtain:

dy = —(p + h)sinpsin\dp + (N + h)cospcosAd\ + cospsinAdh (2.4)

{ dx = —(p + h)sinpcosAdp — (N + h)cospsinAdA + cospcosAdh
dz = (p+ h)cospdyp + sinpdh

where: a1 — )
P= (1 — e2sin2p)=3/2 (2:5)
We will use often the relation :
d(Ncosp) = —psinpdp (2.6)
Then we can write:
ds® = dz* + dy* + dz* = (p + h)2dp* + (N + h)*cos®pd\* + dh? (2.7)

= hidq} + hidgs + hidq;  with

{Ch% hi = (p+h)
@2 =X, hy=(N+h)cosp (2.8)
gs=nh, hs3=+1

The expression of the laplacian becomes using the geodetic coordinates (g1, g2, q3) (Heiskanen
and Moritz, [1]):

1 0 [ hohs 8V) 9, (hghl 8‘/) 9, (hlhg 8V)1
AV = —— | — | —— | + — — | + = — 2.9
hihshs {8(11 ( hi Oq 0qs hy Ogo dqs hs 0Ogs ( )
Using (2.8), we find:
AV = 1 {ﬁ((i\f%—h)cosgpa_‘/)
"~ (p+h)(N + h)cosp | Op p+h Oy

0 p+h OV 0 oV

E3\ <—(N " h)cosgpﬁ) + o ((p +h)(N + h)cosw%)] (2.10)

3 The Resolution of AV =0

AV = 0 gives the equation:

) ((N+h)cos<,08_V> a<( p+h 8V)

9 1%
dp oih o0) T \ Nt hyeosp ox ) T ((p+ h)(N + h)cos<p%) =0 (3.1)

To solve (3.1), let us consider solutions of type:
AV = f(A).g(¢, h) (3.2)

Substituting equation (3.2) in equation (3.1) gives:

0 ((N + h)cosp dg 0 dg p+h
10 |5 (S22 50 ) + g (o M meoso 32 )|+ o ist—atonm



By separating the variables, we obtain:

(N +h)cosp [ O [ (N + h)cosp Og 0 29\] 1 d2f
oo | 2 (Bpeme 20 4 2 (o4 0y + meose 22 )| = - 258 3

The term on the left of (3.4) depends only of ¢ and h, the term on right is a function of the
variable A, it follows that:

Ef
VR m”f(A) (3.5)
and :
(N 4+ h)cosp O (N + h)cosp dg\ (N + h)cosp O dg 9
S S A i A T S S h)(N +h — | = A
pth 9o\ p+h 9 ok an \P TR Rcoser | =miglp,\)
(3.6)
where m is scalar (real or complex). The solutions of (3.5) are:
fn(N) = ame™ 4 B (3.7)
with ay,, B, being constants. To simplify the equation (3.6), we put:
N+h
Al = B () = (o MV + h)cosy 39)
The equation (3.6) becomes:
0 dg 19) dg 2
Alp, h)— | A(p, h)=— A(p,h)— | B(p,h)== | = A 3.9
(g (Ao mGE) + Al (Blehige) =moe. ) (39

4 The change of variables

To solve the equation (3.9), we try to find a change of variables so that the equation (3.9) be-
comes more simple. Our idea is to transform (3.9) in an ordinary differential equation depending
of a new variable u = u(p, h). We also write:

9. h) = G(u(p, h)) = G(u) (4.1)
Using the last equation, we obtain the derivatives of g in the equation (3.9):
Oy _dG ou
dp  du Op
09 _ dG on
Oh  du’ Oh
(4.2)
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Substituting the equations (4.2) in the equation (3.9) gives:

ou\*® B [ou\?\ &G dG [ 0*u P2y 0AOu OB du
2 s - el il bl e ey et et — 2
A ((3@) 4 (ah) ) @z T (‘45@2 5o T as 00 T an ah> mGu)

(4.3)
: PG : . .
The coefficient of g (4.3), using the equations (3.8) is:
o\’ ou\”
K(p,h) =A%+ h? | = 4.4
(1) ((agp) (o) (ah)> (4.4
: : : . d’G dG ,
The resolution of (4.3) would been simple if the coefficients of T2 and gy Vere polynomial

functions and:

ou\” 2.:2 2
— | = (p+ h)*sin“pu®

e
ou\ > 2 a9
<_8h> = CO0S QD’U/

where p is an integer, so we should have:

N + h)%cos?p
K(g.h) = X

[(p+ h)*sin*ou® + (p + h)*cos*ou™] = (N + h)*cos’pu® (4.5)

(p+h)?
Using the above equation, our choice of the new variable is:
u(p,h) =u= (N 4+ h)cosyp (4.6)
Then we obtain the following relations:
ou ou
27 h)si ou
9 (p+ h)sing, B = OS¢
(4.7)
0%u , 0%u dp
Gz = P (@)sing = (p+hjcosp, =5 =0, p'= o
The equation (4.4) becomes:
K(p,h) = (4.8)
. . : . 0A 0B
From the definition of the A and B given by (3.8), we obtain the expressions of % and I
as: ¥
%——Gm + pu )
dp MRVEEOE
(4.9)
0B
5 = U + (p+ h)cosyp
Substituting the equations (4.7-4.8-4.9) in (4.3) gives:
d*G dG
27 o2 —
U —i—udu m“G(u) =0 (4.10)



5 The resolution of the ordinary differential equation (4.10)

We shall now find the conditions to obtain a particular solution of the equation (4.10) of the
type G(u) = u™. We obtain:

2

n(n — Du" +nu™ — m*u" =0 = (n* —m?)u" =0

For no trivial solutions, the conditions are:
n==+m (5.1)

Now, we suppose that n = 4+m, general solutions of (4.10) are obtained by putting G(u) =
u™p(u) where 1 is an unknown function.
The equation (4.10) becomes:

u" u% + (2n + 1)% =0 (5.2)
After two integrations, we obtain:
Y(u) = Cru™" + Cy (5.3)
C1, Cy two constants. General solutions of (4.10) are:
G(u) = u"p(u) = Cru™?" + O, (5.4)

where n = £m. Returning to the function g(p, h), we have:

C_
m(p, h) = Ch (N + h)"cos™ - 5.5
gm(p; h) (N + h)™cos “0+(N+h)mcosm<p (5.5)
Chn, C_,, two constants. We note if we use the variable u = —————— in the change of
(N + h)cosp

variables in the equation (4.3), we obtain the same solutions.

6 Expression of V the solutions in geodetic coordinates
(0, A, h)

To write a solution of AV = 0 on the type V = f(A).g(p, h), we combine the equations (3.7)
and (5.5), we obtain for m a scalar:

C_ . .
— - N h m m m ” imA - —imA 1
V [C’ (N + h)"cos™p + (N + Bymeosmy (€™ + Bre™) (6.1)



If m > 0 is an integer, we consider two expressions of the solutions of AV = 0, by writing:

Vm = Vm(p, A\, h) = (N + h)"cos™ p(AcosmA + B,,sinm\)

1

pum— h pumy
Vm Vm(@? )\7 ) (N + h)mCOSmSO

(Al cosm\ + Bl sinm\)

A, B, Al Bl being constants.

We can write that:

+o0
Vi = Z(N + h)"cos™ p( A cosmA + By, sinm))
m=0
+oo 1
_ , ;.
Ve= mZ::O (N + h)mCOSW(p(Amcasm)\ + BmSan)\)

are also solutions of Laplace’s equation AV = 0.
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