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Abstract

2n—1 _j
We evaluate the sums Z] 0 Ut s 2, Z] 0 Upits 27 and Z] _o Uiy %, where r, s and

k are any integers, n is any nonnegative integer, z is arbitrary and (u,) and (v,) are
the Lucas sequences of the first kind and of the second kind, respectively. As natural
consequences we obtain explicit forms of the generating functions for the powers of
the terms of Lucas sequences with indices in arithmetic progressmn This paper there-
fore extends the results of P. Staiiicd who evaluated Z 0 ?" 2J and Z 0 u2" 123,
and those of B. S. Popov who obtained generating functlons for the powers of these
sequences.

1 Introduction

The Lucas sequences of the first kind, (u,(p,¢q)), and of the second kind, (v,(p,q)), with
complex parameters p and ¢, are defined by

wo =0, u; = 1; up = pup_1 — quy_2, (n > 2); (1.1)
and
Vo =2, V1 = P; Uy = PUp_1 — QUs_2, (N > 2). (1.2)

The most well-known Lucas sequences are the Fibonacci sequence, (f,) = (u,(1,—1)) and
the sequence of Lucas numbers, (I,,) = (v,(1,—1). Thus, the Fibonacci numbers, f,, and
the Lucas numbers, [, are defined by:

f0:O7 f1:17 fn:fn—1+fn—2 (TLZQ) (13)

and
lo = 27 ll = 1, ln == ln—l + ln_g (TL 2 2) . (14)

Denote by a and 3, the zeros of the characteristic polynomial 22 — px + ¢ of the Lucas

sequences. Then
_p+AP?P—4q p— /PP —4q
SPEVE S PV (15)
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a+B=p, a—0F=+p*—4q and aff=q. (1.6)

The difference equations (1.1) and (1.2) are solved by the Binet-like formulas
a® — ﬁn
a—f3"

Up =

v, ="+ (" (1.7)

It follows that

Uop =

2n _ 22n n __Aan
O‘Q_g :(aa_g)(oc”—i—ﬁ”):unvn. (1.8)

Properties of Lucas sequences can be found in the book by Ribenboim [4, Chapter 1]. The
Mathworld |7] and Wikipedia [8] articles are also good sources of information on the subject,

with many references to useful materials. The books by Koshy [2] and by Vajda [6] are
excellent reference materials on Fibonacci numbers and Lucas numbers.

Extension of the definitions of u,, and v, to negative subscripts is provided by writing the
recurrence relations as u_, = (Pu_py1 — U_py2)/q and v_,, = (PV_py1 — V_py2)/q. Using
the Binet-like formulas in (1.7) and the identities

" — y—n gt — yn
p—y (2y)™"—— y (1.9)

and

x4y "= (xy) " (2" +y"), (1.10)
with * = a and y = 3, we see that

Uy = —Up/q", v_p=0,/q". (1.11)
As advertised in the abstract, our aim is to evaluate the sums S°% =0 T?Jrs 2, Sk =0 w2
and 3% =0 m .+s 7/ and, naturally, the generating functions 7% u?, 27, 377 f;ﬂrsl 27 and
Z;’io Uyi4s 27 To this end we shall make use of the following identities:

Lemma 1. The following identities hold for nonnegative integer n, integers r, s and k and
arbitrary x, y and z:

k 2n
92 Z (:L,Tj—l-s . yrj+s)2nzj _ Z ( )

j=0 =0

Tj+5 z 2(n—i)(7’j+s) + y2(n—i)(7’j+s))zj

M»

b
Jj=0

(1.12)
k
0= ( ) Z ) (IS (2= ts) oy 2n=)(rjts)y o5 (1.13)

=0

M

k k
T S T S n— n_l T S)t n— )T S n— )T S
QZ Js g rits)2 ( )ny )T (2n1=20)(rgks) _y (n=1=20) (g +8)) o)
j= 1=0 7=0

(1.14)

2n—1 k
0— ( <2n — 1) Z r]+s)z 2n—1—2i)(7"j+s) + y(Zn—l—Zi)(rj+s))Zj ’ (1‘15)
) =0

I
[e=]
.

3

k
9 Z rj+s + yr]Jrs)n

Jj=

k
(”) Z (y) T+ (p(=20)(ri+s) |y (n=20)(ri+s)) 0 (1.16)
i
=0

=0

.

2



k
0— Z (7;) Z (y) T ((n=20)(rits) _ (n=20)(rts)) 7 (1.17)
— s

Proof. By the binomial theorem and a change of the order of summation, we have

k 2n k
(xrj+s . yTj+S)2an _ E (_1)1( TL) E (xy>(TJ"!‘S)ly(?”—Z)(TJ'FS)ZJ . (118)

- - (4 -
j=0 i=0 7=0

Interchanging = and y in (1.18) gives

k 2n k
rjts _ ,rits\2n g _ —1)¢ (rj+s)i,.2n—i)(rj+s) .Jj ) 1.19
(x YR =y )(Z.)E(xy) x z (1.19)

=0 i=0 =0
Addition of (1.18) and (1.19) gives identity (1.12), while their subtraction gives identity
(1.13). The proof of (1.14) — (1.17) is similar. O

We also require the sum of the terms of Lucas sequences with indices in arithmetic progres-
sion:

Lemma 2 (|1, Theorem 1]). The following identities hold for integers r, k and s and
arbitrary z:

r k+2 k+1 s
Z u Zj G Upg4s2 — Urk4r+s? + QU2 + Us
Tj+s -
J g2 —vz+1

, (1.20)

k k+2 k+1
jo_ qrvrk+sz 2 Urk+r+s? - qS/Urst + v
E Urj+s2” = .

q 22 —v.z+1

(1.21)

=0

2 The main results

Theorem 1 (Sums of powers of the terms of Lucas sequences with indices in
arithmetic progression). The following identities hold for integers r, s and k, nonnega-
tive integer n and arbitrary z:

Zk+l

2n r(2n+ki ri
p - 4(] Z U Z ( 1)1 2n qsiq 2tk )U(rk+s)(2n—2i)zk+2 —q (k+l)v(rk+r+s)(2n_22‘)
TJ+S =0 U q2rn22 - qriUT(Zn—Qi)Z + 1

— 2271 (_1)i (2”) qsi qs(%izi)+Ti“(rfs)‘(2n—2z’)Z — Us(2n—2i)

t q27"nz2 - quUT(Zn—Qi)Z +1

=0
(2.1)
n 1 2n—1
p _4(] Zum—i—s
7=0
2n—1 r(2n— %
Z 2n —1 /4 Cr )y g@n-1-20 2 = @ Uy g @no1o2n 2
P g2 — @iy (gn1-202 + 1
2n—1 ; ]
m—1 . s(2n—1—21)+mu ) (9n—1—2012 + Us(2n—1—2
i=0 i q( n-Drz? — qmvr(Qn—l—Zi)Z +1
(2.2)



k n r(n+ki i
2> =3 (") DY sy =202 = D0 (1m0 2
Upjys? = 14 02— 207 + 1
= 0 r\n—zat

- . (2.3)
Z ( ) ¢TI g (n2i)Z — Vs(n—2i) '
— rn22 qmvr(n 2Z)Z +1
Proof. Set (z,y) = (o, 8) in (1.12), (1.14) and (1.16) and make use of Lemma 2. O
In particular, we have
k n n+ki i
2(p2 — 4g)" Z w2 — 22 (_1)i 2n\ ¢* E Uk:(2n—2i)zk+2 —q (kH)U(k+1)(2n—2i)Zk+1
— P i q*"2% — q'vgn_2iz + 1
= - (2.4)
2n i
_ Z (—1) 2n q'Von—2iz — 2
P i) @2t = vz + 17

J

2n—1 B 5 ;

_ (=1) 2n — 1\ ¢*" MU0, 102" — g (k+1)u(k+1)(2n—1—21)2k+1 (25)
! 122 — qugn 19z + 1

=0
2

— if2n—1 q“Uon—1-2i%

1.2 ;
P 2% — Qo127 + 1

< ) nJrk’ka - 21)2k+2 _ qi(k+1)v(k+1)(n72i)zk+1

q"2% — qp_9iz + 1

k
2y o
j=0

=

- qvn 22 — 2
= \i) "2 = gvg iz + 1

1=

(2.6)

Stanica [5] obtained results which may be considered equivalent to (2.4) and (2.5). We
remark however that his expressions still contain the irrational numbers o and (.

Dropping terms proportional to z*, in the limit as & approaches infinity, we obtain the
generating fuctions given in Corollary 2.

Corollary 2 (Generating functions for powers of the terms of Lucas sequences
with indices in arithmetic progression). The following identities hold for integers r
and s and nonnegative integer n:

i 2n si_qS(Zn 20T sy @n—20)% + Vs(an—ai
2p? — 4g)" }jum+s =S o () wogan-2P F Vnz -y gy

pr i q*"z% — q"r(2n-20)% + 1

2n—1 ; ;
(2n—1 'q8(2n_1_21)—’—”“(7’—8)(271—1—21‘)'2 + Us(2n—1-2i)
4 n—1 u2n 1 —1)¢ st . ’
q E : rj+s E : ( ) i q q(2n—1)r22 _ qmvr(zn_l_%)z +1

=0
(2.8)
a n _ 8(n—2i)+ri ) '
n ' n\ —4q V(r—s)(n—2i)% T Us(n—2i)
25 o = A
jZO UMJFS,Z ; (Z>q qrnZQ _ qrzvr(n_%)z +1 (29)



We have, in particular,

0o 2n ;
, (2n —q"Vop_2i% + 2
2 n 2n _ i n—21
2(p” — 4q) E :uj 2= E :(_1) ( i )q2n22 — Givgy iz + 1 (2.10)
=0 =0

o) 2n—1 ;
n— n— j 7 2n —1 q2u2n—1—2i2
207~ day = Yt = Y (M) (211)

{ V22 — gvgp_1-2nz+ 1’

= n i " /n —q iz + 2
23 i = <Z) 4 Vn=2 (2.12)
j =0

q"2% = V202 + 1

Popov [3] obtained results equivalent to (2.10) — (2.12).
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