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Abstract: the problem of integration technique over integrands of the form f (t)/ t™, can be solved
by differentiation (n-times) by using Leibniz’s rule to get rid of t™, that leads to integrate back (n-
times) to end the game, wich it's harder than the original problem. This work focuses on the
derivation of the formula (Espil s theorem) wich is a perfect tool to avoid that hard task. It allows
to change the difficult n iterated integrals into a more outstanding easier problem wich consists of
n-1 derivatives. The Espil s theorem is a generalization of the Dirichlet integral.
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1 Hypothesis
H1) Let f: [0; 0) — R be a continuous piecewise function admitting n-2 derivatives at the
origin.
H2) f %dt is convergent Vn € N
0

H3) Lim 1o _ v, finite.

t-ot t"

H4) let f(t) as its first n-2 derivatives to be bounded functions.

2 Thesis
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fo o dt—gl_)rr(}js H(n_l)L(D @) do
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3 Demonstration

factor b !
(+1) fit) tn
(-1) D'f(t) (=Dt
(n—1)
(+1) D*f(t) e
(n—1D(-2)
(-1) D3f(t) (=Dt™*3
(n—1)m—2)(n—3)
(_1)k Dkf(t) (_1)kt—n+k
[T,
(_1)11—1 Dn—lf(t) (_1)n—1
(n—1D't
PEO gp — _FOT™ @Y @) 0" w) (oL [ 2
vneN = 2'10 o dt = =20 m-D(n-2) @-DHn—2)(n—3) e Lo , (@-D! :d
n-1 n—1
f°°f © 4 Lim O fenpe™* G IO) NN 1 D™ .
o t" t—oo H;;l(n - t-0* H;;l(n ) A (n—1)! t
k=1 k=1

remark: the first sum is canceled because f(t) as well as its first n-2 derivatives are bounded
functions (H4)
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. (DF1f())emrk
Lim = : =0
o szl(n _J)
k=1
f(t)

remark: the second sum is canceled because Lirq
t—

L Hopital’s rule n-2 times (H1)

= v existst (H3) and by using the

ot t™

. f(@) . Df(t) D2f(t) Dkr(0) D2f (1)
Lim —= = Lim = =..= — - - =z 7 _
t—>0+ t" >0t nt™l ot n(n-1).t"2 t—>0+ tn—k H;:;(n—j) t—0+ t2 H;'::(n—j)
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(Dk—lf(t))t—n+k
K =0
szl(n - ])

o -1
o | fOg = f 1DV 4,
tn o (1! t
0

remark : valid for limit case n=1

therefore the left integral converges (H2), so does the right one.

“ro . [ 1 b
f o dt—f =1 : dt ,VvneN
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g0 a-0 (n—1)! t

® £t ” 1 D™ 1f(t
Limf %e‘“tdt = Limf ( )e“’t dt
0
0
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definition: let g(t) = ——1= . G(U)—L[(n_l)! ; ]—fo -1 e~tdt

(n—1)! t t

remark : Lim G (0)=0)
g—00
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oo

LID"1f(t)]do

0— leG(O')—];l_%l (-1

LD f ()] do

le G(o) = lef !
(n-1)!

5-0

-0 n-— 1)!

@ n-1
Limj : 1 D tf(t)e—crtdt: ];Lr{}f 1)' LD Lf ()] do
0

a_)oj f() _Jtdt_s—m] e 1)| LID™1f(t)]do

0 (1 n-
fo tn dt:l;ﬂf)l.[g (n—l)!['[D f©)do

fm&,?dt=Limj —L[D" (D) do
o t 50 B H(n—l)

o0
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ES-PI-L's THEOREM
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remark: As an alternative way to approach the same result we can make use of the Laplace
transforms properties:

known

LD () = a"LF (1) — 6" f(0) = a"3DF(0) ... D"2£(0)

If we apply H3, f(t) and “at least” its first n-2 derivatives cancel at the origin, because v is finite.

f(0) =Df(0) =D?*f(0) =....=D"2f(0) =0

L) = 0" L(f (D)

Lim f mL(D"‘lf () do = Lim f md"‘lﬁ(f (6)do =

s—0

Lim J j o™ 1f(t)e °tdt do = j f(®) Lim j o' le 9 dgdt =
S 0 0 s S

f oof 0 t_nl)! dt = Lim f wL(D"‘l f©)do =

[ ro Zeae = i [ oonr©) o =

Fo o [ L
j ft—ndtzi_.l_)rrgj 1_[(n_l)L(D" f(t)) do
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4 Examples

Example 4.1: f (Sm D° dt = 2= (WolframAlpha)
0

0
o0 e_ 6
Sin[t L(D5((Sin[t])® . L(D5 (( )
" (sinie)® D° 4¢ = lim Mda:hm do=
0 s—0 5! s—0 5!
s
0 ) . . . ) .
L(D5(816t_eel4—t+15612t_20+153—12t_6e—14—t+e—16t
lim —64 do=
s—0 5!
s
) —81iei6t  4jeldt  jel2t  jo—i2t  4jp-idt  gpj-i6t
lim L( + — + — + )do=
s=0 J. 5 16 16 5 80
® gleibt  geidt izt —izt  4p-iat  gqp-i6t
e e e e e e
lim L - —_—— + - do=
50 ) ( 80i 5 16i 160 5 80i )

hmf L(— Sin[6t] — —Sln[4t] + ;Sm[Zt]) do =

o0 o0
. 81 6 8 4 1 2 _1; 81 1/6 8 1/4 1 1/2
?5%]5 40 (02+36) 5 (02+16) + 8 (92+4) do ?i% L 40 (D2+1) 5 (D?+1) + 8 ((3)%+1) do

Igi_r)glo (% Arctan (z) — = Arctan ( )+ Arctan ( ))- £i_r>r(}(% Arctan (Z) — = Arctan ( )+ Arctan ( )):

_n(81 8 1)_117‘[

2\a0 58/ 20
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© (e—zt_e—Bt)4

t4

Example 4.2: j
0

dt =0.100336374512 (WolframAlpha)

o0 o0
. L(D3((e_2t—e_3t)4) . L(D3(e_Bt—4e_9t+6e_1°t—4e_11t+e_12t)
lim do=lim do=
s=0 Jo 3! 50 J 3!

[ole]
lim | L(—2e™% +486e7% — 1000710 + 222 e 711 — 288¢712¢) do=

[N
s—0 s

lim

s—0

© 256 486 1000 2662 288
f do =
S

30+8) 049 ©+10) 30 +11) o+12

486 2652 486 2652
lian( (b+9) (b-l-zi) 3 >—lian( (s+9)*°°(s+11) 3

256 =
b—oo (b+10)1000(p4+8)73 (b+12)288 50 (s+10)1000(5+8)"3 (s+12)288

256 256
1000 = 288 1000 = 288
HmLn(EHY 68 ° 64127 (@2 B ° 02 y-0.100336374512

s—0 (s+9)486(s+11) 3 (9)486(11) 3

t4 5=0 3!

o0 [>9]
p—2t _ p—3t)4 L(D3((e=2t — p—3t)4
j ( ) dt = limj (D7« ) )da = 0.100336374512
0 s
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(1—Cos|t

Example 4.3: j v tD* dt = - (WolframAlpha)

0

2 2 0 34 2
J (1- Cos D 4¢ = im f L(D3((1—Cos[t])?)) do= hm L£(D3(1 2COS[6t]+(COS[t]) ) 4p=
0

s—0 3! s—=0

o0
® rD3(1— 2 L(D3(C -2Cos[t]+>Cos[2t
lim L(D>(1—-2Cos[t]+(Cos[tD*)) do=lim DG os[t] > os[2t])) do=
s—0 s 6 s—0 6
S
© £(—2Sin[t]+4Sin[2t]) © 1
. - m n _1: - _
i [ A gy [ dotin [ s do-

o0
1
. -1 2 2\ _ n
llmj (3(02+1) +3 @ )2+1))d = llm —ArcTan[b] + = ArcTan[ ] ( +§)5 =
S

s—0

Sin[t

Example 4.4: f
0

Sl g = (The Dirichlet integral)

jo Sint] . _ 1 mf L(Sin[t])do = llmj = 2+1) do —hm ArcTan[b] = g

b— oo

5 Conclusion: this theorem allows to integrate special functions by using Laplace transforms.
For low values of n, in the factor t™ we could solve the problem integrating few times the laplace
transform of f(t), but when n goes high it turns very tough, in many cases impossible to solve this
way, that's why this generalization formula for the Dirichlet integral is needed.



