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Abstract. A C-loop algebra, designated U is assembled as the product: M4(C)⊗
T. When M4(C) is assigned to represent Cl1,3(R) ⊗ C and the principle of
spatial equivalence is invoked, a sub-algebra designated W is found to have
features that suggest it could provide an underlying basis for the standard
model of fundamental particles. U is of the same order as Cl0,10(R), but has a
“natural” partition into Cl1,3(R)⊗C⊗W, suggesting that its use in string/M
theories in the place of Cl0,10(R) may generate a description of reality.

1. Introduction

This paper describes algebraic structures using labels for unit elements which high-
light features related to spatial equivalence, as set out in section 2.

Sections 3 documents the algebraic structures. They have been investigated by us-
ing the multiplication tables for unit elements combined with random coefficients
to generate random products, which are then used to check the properties of the
algebras, testing for distributivity, associativity, flexibility, alternativity and power
associativity. The Loops package[1] for GAP4[2] has also been used.

In sections 4 and 5 observations and postulates are presented relating the algebraic
structures to physics. The author has limited understanding of subjects such as
torsion, manifolds and fiber bundles, so the postulates are speculative, but they
demonstrate the potential for the algebraic structures to provide a basis for the
unification of general relativity with quantum mechanics.

Sections 6 to 9 present details relating to the assembly of the algebraic structures
and their properties.



2 Robert G. Wallace

Contents

1. Introduction 1
2. Notation for algebras T, M, U, W and D 3
3. Algebraic structures 4
3.1. Structure of M ∼= M4(C) 4
3.1.1. Embedded group and automorphism group 4
3.1.2. Sub-groups of order 32 4
3.1.3. Sub-groups of order 16 4
3.1.4. Sub-groups of order 8 4
3.1.5. Graded algebras 4
3.2. Structure of T 5
3.2.1. Embedded loop and automorphism group 5
3.2.2. Sub-loops of order 32 5
3.2.3. Sub-loops of order 16 5
3.2.4. Sub-loops of order 8 5
3.2.5. Graded algebras 5
3.3. Structure of U ∼= M⊗ T 6
3.3.1. Embedded loop and automorphism group 6
3.3.2. Associative subalgebras of U 6
3.3.3. Aligned sub-algebras of U 6
3.3.4. Resonant subalgebras of U 6
3.3.5. Partition of U 6
3.4. Structure of W and C⊗W 7
3.4.1. Embedded loop and automorphism group 7
3.4.2. Cayley table for W basis elements 7
3.4.3. Sub-algebras of W and C⊗W 8
3.4.4. Grading distinctions 8
3.4.5. Matrix representation of C⊗W 9
4. Dimensionality 9
4.1. Number of dimensions 9
4.2. Types of dimensions 12
5. The Higgs mechanism 13
6. Subalgebra tables 16
7. Basis of the notation used for unit elements of M ∼= M4(C), and its

Cayley table 24
8. Basis of notation used for unit elements of T and its Cayley table 26
8.1. Moufang Loop construction for octonions 26
8.2. Modified Moufang Loop construction for trigintaduonions 26
9. Unit elements of U 27
References 28



Observations of structure of a possible unification algebra 3

2. Notation for algebras T, M, U, W and D
Labels for algebras and their unit elements are based on patterns related to spatial
equivalence when a sub-algebra is used to represent the space-time Clifford algebra.

Unit elements for M ∼= M4(C) are represented by:

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
S L M N V D E F iU iX iY iZ iT iP iQ iR

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
iS iL iM iN iV iD iE iF U X Y Z T P Q R

Unit elements for the trigintaduonion algebra, T, are represented by:

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

Cayley tables for these algebras are shown in section 7. They have been arranged
so that, if the signs of products are ignored, they form the same latin square. This
is referred to as “alignment” of the algebras. Note that the subscripts ι, , κ identify
orientation with respect to iX, iY, iZ for the alignment.

An algebra labeled U is generated as the tensor product T ⊗M. For U, all unit
elements of its sub-algebra, T, commute with all unit elements of its sub-algebra,
M. Unit elements of U are labeled using combinations of the labels assigned to T
and M, such as νκiR. The labels are listed in Section 9.

A further sub-algebra of U, labeled W, is identified which has a Cayley table,
shown in section 3.4.2, which is aligned with those of T and M. It is a “resonant”
subalgebra of U, where “resonance” is defined as meeting a requirement for spatial
equivalence for all sub-algebras when three unit elements of M are used to repre-
sent unit spatial vector elements for a Clifford algebra.

Unit elements for W are represented by:

e0 e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15
σoS σιL σM σκN λoV λιD λE λκF µoiU µιiX µiY µκiZ νoiT νιiP νiQ νκiR

e16 e17 e18 e19 e20 e21 e22 e23 e24 e25 e26 e27 e28 e29 e30 e31
αoiS αιiL αiM ακiN βoiV βιiD βiE βκiF γoU γιX γY γκZ δoT διP δQ δκR

A label, D is used for algebras isomorphic to the algebra of real 4 × 4 diagonal
matrices.
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3. Algebraic structures

3.1. Structure of M ∼= M4(C)

The structure of M is well known.

3.1.1. Embedded group and automorphism group. M contains an embedded group,
the Dirac matrix group, of order 64, generated by its 32 basis elements. The au-
tomorphism group for the Dirac matrix group, as determined using the Loops
package for GAP4, has 42 conjugacy classes, and its structure description is:
((C2 x C2 x C2 x C2) : A6) : (C2 x C2)

3.1.2. Sub-groups of order 32. The Dirac matrix group has 31 sub-groups of order
32, which can be sorted into 3 classes, as shown in table 10 in section 6.

3.1.3. Sub-groups of order 16. The Dirac matrix group has 155 sub-groups of order
16. There are five types of these sub-groups which differ in the signature of their
unit components or in their commutation properties. Once unit matrices for M
are assigned to represent complexified unit multivector elements for a space-time
Clifford algebra, further distinctions are found which identify sub-groups based on
their relationship to space-like and time-like vectors. These sub-groups have been
labeled as shown in table 2 in section 6.

3.1.4. Sub-groups of order 8. The Dirac matrix group has 155 sub-groups of order
8. There are 80 non-abelian sub-groups. There are 60 abelian sub-groups which
exclude the unit imaginary, and 15 abelian sub-groups which include the unit imag-
inary. Once unit matrices for M are assigned to represent complexified unit mul-
tivector elements for a space-time Clifford algebra, further distinctions are found
which identify sub-groups based on their relationship to space-like and time-like
vectors. These sub-groups are shown in tables 4-6 in section 6.

3.1.5. Graded algebras. M can be used to represent multivectors for graded polar
vector algebras such as the Clifford algebras Cl4(C), Cl0,5(R), Cl2,3(R), Cl1,4(R).
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3.2. Structure of T
The structure of the trigintaduonion algebra, T, has been described by Cawagas et
al[3], but that description does not detail the differing ways in which lower order
subalgebras participate in sedenion-type subalgebras. These details are shown in
tables 3-9 in section 6.

3.2.1. Embedded loop and automorphism group. T contains an embedded loop TL
of order 64 generated by its 32 basis elements. The automorphism group for TL,
as determined using the Loops package[1] for GAP4[2], has 42 conjugacy classes,
and its structure description is:
C2 x C2 x ((C2 x C2 x C2) . PSL(3,2))

3.2.2. Sub-loops of order 32. TL has 31 sedenion-type subloops of T of order 32,

falling into four isomorphism classes, which Cawagas et al. designated SL, S
α
L, S

β
L, S

γ
L.

In this paper these have been numbered and referred to as S0
15..S

0
15, Sα1 ..S

α
7 ,

Sβ8 ..S
β
14, Sγ0 , as shown in table 10 in section 6.

3.2.3. Sub-loops of order 16. TL has 155 octonion-type sub-loops of order 16,
falling into two isomorphism classes: octonion loops which Cawagas et al. desig-

nated OL and quasi-octonion loops which they designated ÕL. These octonion-type
sub-loops of TL participate in sedenion-type subloops of TL in a variety of ways,
as shown in table 3 in section 6.

3.2.4. Sub-loops of order 8. TL has 155 quaternionic subloops of order 8, falling
into one isomorphism class which Cawagas et al. designated Q8. These quater-
nionic subloops of TL participate in sedenion-type subloops of TL in a variety of
ways, as shown in tables 4-6 in section 6.

3.2.5. Graded algebras. It is postulated that T can be used to represent graded
multivectors for axial vector algebras, which can be associated with graded multi-
vectors for polar vector algebras represented by Clifford algebras such as Cl4(C),
Cl0,5(R), Cl2,3(R), Cl1,4(R).
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3.3. Structure of U ∼= M⊗ T
3.3.1. Embedded loop and automorphism group. U contains an embedded loop
UL of order 2048 generated by its 1024 basis elements. The automorphism group
for UL, as determined using the Loops package for GAP4, is:
C2xC2x((((C2xC2xC2xC2):A6):(C2xC2))x((C2xC2xC2).PSL(3,2))).

3.3.2. Associative subalgebras of U. M is associative. T is di-associative, pairs of
its imaginary unit elements generate sub-algebras isomorphic to H. As noted by
Cawagas et al, there are 155 of these sub-algebras. So, for U, there are 155 asso-
ciative sub-algebras isomorphic to H⊗M.

3.3.3. Aligned sub-algebras of U. The Cayley tables for M and T, as presented in
tables 12 and 13 in section 7, have been arranged so that, if the signs of products
are ignored, they form the same latin square. Referring to this as “alignment”,
there are many possible ways of aligning unit elements of the two algebras. For
sub-algebras of M and T, paired combinations of unit elements from this alignment
generate “aligned” sub-algebras of U.

3.3.4. Resonant subalgebras of U. For the alignment of table 12 with 13, unit
elements of aligned sub-algebras are listed in tables 4-10 in section 6. It can be
seen that all M subgroups that are related by spatial rotation are aligned with T
subloops which have related patterns of participation in sedenion type subloops.
This property is designated as a “resonance”. A sub-algebra generated using paired
products for a resonant alignment, such as W, is designated a “resonant” sub-
algebra.

3.3.5. Partition of U. For U, all unit elements from W together with the unit imag-
inary element from M all commute with all unit elements from a subalgebra of M
isomorphic to Cl1,3(R). If U is used as a basis for a total space for a manifold with
fiber bundles, this suggests the choice of a Cl1,3(R) base manifold. For a complex-
ified unit element of W such as µιX +µιiX, the partial derivative with respect to
a coordinate, x, associated with the unit vector, would be a complex function of
the associated unit element, µι, of T. This suggests association of C⊗W with fiber
bundles, as covariant derivatives of solder forms for tangent vectors define torsion
on tangent frame bundles[4].
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3.4. Structure of W and C⊗W
Each unit element of W is a product of a unit element of M with a unit element
of T. As all imaginary unit elements of T square to −1 and anti-commute, unit
elements of W other than the identity have opposite signature and opposite com-
mutation properties to the corresponding unit elements of M. This relates the Lie
bracket of products for W to the Jordan brace of products for M and vice-versa,
a form of supersymmetry.

3.4.1. Embedded loop and automorphism group. W contains an embedded loop
WL of order 64 generated by its 32 basis elements. The automorphism group for
WL, as determined using the Loops package for GAP4, has 40 conjugacy classes,
and its structure description is:
(C2)× (C2)× (C2)× (S4).
The automorphism group of its complexification has 80 conjugacy classes and its
structure description is:
(C2)× (C2)× (C2)× (C2)× (S4).
GAP4 also reports:
Its smallgroups ID is (384,20162).
It is a pc group of size 384 with 8 generators, with a trivial Frattini subgroup, and
a subgroup lattice of 5127 classes, 18480 subgroups.

3.4.2. Cayley table for W basis elements. The Cayley table for W basis elements
(excluding negative elements) is shown in table 1.

Table 1. Cayley table for W basis elements

Ref. 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

σoS σιL σM σκN βoV βιD βE βκF δoiU διiX δiY δκiZ µoiT µιiP µiQ µκiR αoiS αιiL αiM ακiN λoiV λιiD λiE λκiF νoU νιX νY νκZ γoT γιP γQ γκR

σoS +σoS +σιL +σM +σκN +βoV +βιD +βE +βκF +δoiU +διiX +δiY +δκiZ +µoiT +µιiP +µiQ +µκiR +αoiS +αιiL +αiM+ακiN +λoiV +λιiD +λiE +λκiF +νoU +νιX +νY +νκZ +γoT +γιP +γQ +γκR

σιL +σιL +σoS +σκN +σM −βιD −βoV +βκF +βE +διiX +δoiU −δκiZ −δiY +µιiP +µoiT −µκiR −µiQ +αιiL +αoiS −ακiN−αiM +λιiD +λoiV −λκiF −λiE −νιX −νoU +νκZ +νY −γιP −γoT +γκR +γQ

σM +σM +σκN +σoS +σιL +βE −βκF +βoV −βιD −δiY +δκiZ −δoiU +διiX +µiQ −µκiR +µoiT −µιiP +αiM−ακiN +αoiS −αιiL −λiE +λκiF −λoiV +λιiD +νY −νκZ +νoU −νιX −γQ +γκR −γoT +γιP

σκN +σκN +σM +σιL +σoS −βκF +βE +βιD −βoV −δκiZ +δiY +διiX −δoiU −µκiR +µiQ +µιiP −µoiT +ακiN−αiM −αιiL +αoiS +λκiF −λiE −λιiD +λoiV +νκZ −νY −νιX +νoU +γκR −γQ −γιP +γoT

βoV +βoV +βιD −βE +βκF +σoS +σιL −σM +σκN +µoiT −µιiP +µiQ −µκiR +δoiU −διiX +δiY −δκiZ +λoiV −λιiD +λiE −λκiF +αoiS −αιiL +αiM−ακiN −γoT +γιP −γQ +γκR −νoU +νιX −νY +νκZ

βιD +βιD +βoV −βκF +βE −σιL −σoS −σκN +σM +µιiP −µoiT +µκiR −µiQ +διiX −δoiU +δκiZ −δiY +λιiD −λoiV +λκiF −λiE +αιiL −αoiS +ακiN−αiM −γιP +γoT −γκR +γQ −νιX +νoU −νκZ +νY

βE +βE +βκF −βoV +βιD +σM −σκN −σoS −σιL −µiQ +µκiR −µoiT +µιiP +δiY −δκiZ +δoiU −διiX +λiE −λκiF +λoiV −λιiD−αiM+ακiN −αoiS +αιiL +γQ −γκR +γoT −γιP −νY +νκZ −νoU +νιX

βκF +βκF +βE −βιD +βoV −σκN +σM −σιL −σoS −µκiR +µiQ −µιiP +µoiT −δκiZ +δiY −διiX +δoiU +λκiF −λiE +λιiD −λoiV +ακiN−αiM +αιiL −αoiS +γκR −γQ +γιP −γoT +νκZ −νY +νιX −νoU
δoiU +δoiU −διiX +δiY +δκiZ +µoiT +µιiP −µiQ −µκiR −σoS +σιL −σM −σκN −βoV −βιD +βE +βκF −νoU −νιX +νY +νκZ +γoT +γιP −γQ −γκR +αoiS +αιiL −αiM−ακiN −λoiV −λιiD +λiE +λκiF

διiX +διiX −δoiU +δκiZ +δiY −µιiP −µoiT −µκiR −µiQ −σιL +σoS +σκN +σM −βιD −βoV −βκF −βE −νιX −νoU +νκZ +νY −γιP −γoT −γκR −γQ −αιiL −αoiS +ακiN+αiM −λιiD −λoiV −λκiF −λiE
δiY +δiY −δκiZ +δoiU +διiX +µiQ −µκiR −µoiT +µιiP +σM +σκN +σoS −σιL −βE +βκF +βoV −βιD −νY −νκZ +νoU +νιX +γQ −γκR −γoT +γιP +αiM+ακiN −αoiS −αιiL −λiE +λκiF +λoiV −λιiD
δκiZ +δκiZ −δiY +διiX +δoiU −µκiR +µiQ −µιiP +µoiT +σκN +σM −σιL +σoS +βκF −βE +βιD −βoV −νκZ −νY +νιX +νoU −γκR +γQ −γιP +γoT +ακiN+αiM −αιiL −αoiS +λκiF −λiE +λιiD −λoiV
µoiT +µoiT −µιiP −µiQ +µκiR +δoiU +διiX +δiY −δκiZ −βoV −βιD −βE +βκF −σoS +σιL +σM −σκN −γoT −γιP −γQ +γκR +νoU +νιX +νY −νκZ −λoiV −λιiD −λiE +λκiF +αoiS +αιiL +αiM−ακiN
µιiP +µιiP −µoiT −µκiR +µiQ −διiX −δoiU +δκiZ −δiY −βιD −βoV −βκF +βE −σιL +σoS +σκN −σM −γιP −γoT −γκR +γQ −νιX −νoU +νκZ −νY −λιiD −λoiV −λκiF +λiE −αιiL −αoiS +ακiN−αiM
µiQ +µiQ −µκiR −µoiT +µιiP +δiY −δκiZ +δoiU +διiX +βE +βκF +βoV −βιD −σM +σκN +σoS −σιL −γQ −γκR −γoT +γιP +νY −νκZ +νoU +νιX +λiE +λκiF +λoiV −λιiD−αiM+ακiN −αoiS −αιiL
µκiR +µκiR −µiQ −µιiP +µoiT −δκiZ +δiY +διiX +δoiU +βκF +βE +βιD −βoV +σκN −σM −σιL +σoS −γκR −γQ −γιP +γoT −νκZ +νY +νιX +νoU +λκiF +λiE +λιiD −λoiV +ακiN−αiM −αιiL −αoiS
αoiS +αoiS −αιiL −αiM−ακiN −λoiV −λιiD −λiE −λκiF +νoU +νιX +νY +νκZ +γoT +γιP +γQ +γκR +σoS −σιL −σM −σκN −βoV −βιD −βE −βκF +δoiU +διiX +δiY +δκiZ +µoiT +µιiP +µiQ +µκiR

αιiL +αιiL −αoiS −ακiN−αiM +λιiD +λoiV −λκiF −λiE +νιX +νoU −νκZ −νY +γιP +γoT −γκR −γQ +σιL −σoS +σκN +σM −βιD −βoV +βκF +βE −διiX −δoiU +δκiZ +δiY −µιiP −µoiT +µκiR +µiQ

αiM+αiM−ακiN −αoiS −αιiL −λiE +λκiF −λoiV +λιiD −νY +νκZ −νoU +νιX +γQ −γκR +γoT −γιP +σM +σκN −σoS +σιL +βE −βκF +βoV −βιD +δiY −δκiZ +δoiU −διiX −µiQ +µκiR −µoiT +µιiP

ακiN+ακiN−αiM −αιiL −αoiS +λκiF −λiE −λιiD +λoiV −νκZ +νY +νιX −νoU −γκR +γQ +γιP −γoT +σκN +σM +σιL −σoS −βκF +βE +βιD −βoV +δκiZ −δiY −διiX +δoiU +µκiR −µiQ −µιiP +µoiT

λoiV +λoiV −λιiD +λiE −λκiF −αoiS −αιiL +αiM−ακiN +γoT −γιP +γQ −γκR +νoU −νιX +νY −νκZ +βoV +βιD −βE +βκF −σoS +σιL −σM +σκN −µoiT +µιiP −µiQ +µκiR −δoiU +διiX −δiY +δκiZ

λιiD +λιiD −λoiV +λκiF −λiE +αιiL +αoiS +ακiN−αiM +γιP −γoT +γκR −γQ +νιX −νoU +νκZ −νY +βιD +βoV −βκF +βE −σιL +σoS −σκN +σM −µιiP +µoiT −µκiR +µiQ −διiX +δoiU −δκiZ +δiY

λiE +λiE −λκiF +λoiV −λιiD−αiM+ακiN +αoiS +αιiL −γQ +γκR −γoT +γιP +νY −νκZ +νoU −νιX +βE +βκF −βoV +βιD +σM −σκN +σoS −σιL +µiQ −µκiR +µoiT −µιiP −δiY +δκiZ −δoiU +διiX

λκiF +λκiF −λiE +λιiD −λoiV +ακiN−αiM +αιiL +αoiS −γκR +γQ −γιP +γoT −νκZ +νY −νιX +νoU +βκF +βE −βιD +βoV −σκN +σM −σιL +σoS +µκiR −µiQ +µιiP −µoiT +δκiZ −δiY +διiX −δoiU
νoU +νoU +νιX −νY −νκZ −γoT −γιP +γQ +γκR −αoiS +αιiL −αiM−ακiN −λoiV −λιiD +λiE +λκiF −δoiU +διiX −δiY −δκiZ −µoiT −µιiP +µiQ +µκiR +σoS +σιL −σM −σκN −βoV −βιD +βE +βκF

νιX +νιX +νoU −νκZ −νY +γιP +γoT +γκR +γQ −αιiL +αoiS +ακiN+αiM −λιiD −λoiV −λκiF −λiE −διiX +δoiU −δκiZ −δiY +µιiP +µoiT +µκiR +µiQ −σιL −σoS +σκN +σM −βιD −βoV −βκF −βE
νY +νY +νκZ −νoU −νιX −γQ +γκR +γoT −γιP +αiM+ακiN +αoiS −αιiL −λiE +λκiF +λoiV −λιiD −δiY +δκiZ −δoiU −διiX −µiQ +µκiR +µoiT −µιiP +σM +σκN −σoS −σιL −βE +βκF +βoV −βιD
νκZ +νκZ +νY −νιX −νoU +γκR −γQ +γιP −γoT +ακiN+αiM −αιiL +αoiS +λκiF −λiE +λιiD −λoiV −δκiZ +δiY −διiX −δoiU +µκiR −µiQ +µιiP −µoiT +σκN +σM −σιL −σoS +βκF −βE +βιD −βoV
γoT +γoT +γιP +γQ −γκR −νoU −νιX −νY +νκZ −λoiV −λιiD −λiE +λκiF −αoiS +αιiL +αiM−ακiN −µoiT +µιiP +µiQ −µκiR −δoiU −διiX −δiY +δκiZ −βoV −βιD −βE +βκF +σoS +σιL +σM −σκN
γιP +γιP +γoT +γκR −γQ +νιX +νoU −νκZ +νY −λιiD −λoiV −λκiF +λiE −αιiL +αoiS +ακiN−αiM −µιiP +µoiT +µκiR −µiQ +διiX +δoiU −δκiZ +δiY −βιD −βoV −βκF +βE −σιL −σoS +σκN −σM
γQ +γQ +γκR +γoT −γιP −νY +νκZ −νoU −νιX +λiE +λκiF +λoiV −λιiD−αiM+ακiN +αoiS −αιiL −µiQ +µκiR +µoiT −µιiP −δiY +δκiZ −δoiU −διiX +βE +βκF +βoV −βιD −σM +σκN −σoS −σιL
γκR +γκR +γQ +γιP −γoT +νκZ −νY −νιX −νoU +λκiF +λiE +λιiD −λoiV +ακiN−αiM −αιiL +αoiS −µκiR +µiQ +µιiP −µoiT +δκiZ −δiY −διiX −δoiU +βκF +βE +βιD −βoV +σκN −σM −σιL −σoS
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3.4.3. Sub-algebras of W and C⊗W. The Cayley tables of M, T and W have been
configured in a resonant alignment, their sub-algebras are also aligned, and are
configured for spatial equivalence when M is used to represent Cl1,3(R)⊗ C. The
sub-algebras of W are in one-to-one correspondence with sub-algebras of M and T.

The 155 sub-algebras of W with four unit elements, all of which are associative,
are listed in tables 4-6 in section 6. 80 of them relate to non-abelian sub-algebras
of M and 75 to abelian sub-algebras of M. The sub-algebras of W with eight unit
elements, none of which are associative, are listed in tables 7-9 in section 6.

Analysis of the 155 sub-algebras of W with 8 unit elements reveals that 15 of them
are isomorphic to the split octonions. The other 140 are not power associative.
Its 15 sub-algebras isomorphic to the split octonions generate, when complexified,
15 sub-algebras of C ⊗W isomorphic to C ⊗ O. Cohl Furey has postulated that
minimal left ideals of a Cl6(C) algebra extracted from C ⊗ O correspond to one
family of fundamental particles[5][6], and refers to others who have advocated the
existence of a connection between non-associative algebras and particle theory[7]
[8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25].
U ∼= [C ⊗W ⊗ Cl1,3(R)] has, as sub-algebras, the algebras on which all of these
approaches are based, suggesting that it has the potential to provide a basis for
the standard model of fundamental particles.

It is postulated that these 15 C⊗O sub-algebras, correspond to three spatial orien-
tations for five families of particles - three families of standard model fermions and
two families of dark matter particles. These 15 sub-algebras have, as sub-algebras,
all the sub-algebras generated by complexification of the 75 four element subalge-
bras of W related to abelian sub-algebras of M.

The other 80 sub-algebras of W with four unit elements, when complexified, gen-
erate sub-algebras isomorphic to C ⊗ D, the algebra of 4 × 4 complex diagonal
matrices. These are commuting and associative. It is postulated that they are as-
sociated with vector bosons.

It is postulated that the sub-algebra of W with unit elements [σoS, σoiS, αoS, αoiS],
a complex doublet, is associated with the Higgs mechanism[26].

3.4.4. Grading distinctions. For sub-algebras of C ⊗W with fewer than 32 unit
elements, there are distinctions between otherwise isomorphic sub-algebras arising
from the patterns of participation of quaternionic and octonion-type sub-loops of

TL in SL, S
α
L, S

β
L, S

γ
L sub-loops of TL. Once M is assigned to represent Cl1,3(R)⊗C,

further distinctions arise between otherwise isomorphic sub-algebras of C⊗W. It
is postulated that these distinctions generate the complexity of the standard model.
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3.4.5. Matrix representation of C⊗W. The notation used to generate T features
dis-association operators, symbols that define the products of unit elements of T
using a modified form of the usual Moufang loop construction for octonions, as
setout in table 14 in section 8.2.

A general element of C⊗W can be represented using a complex 4× 4 matrix with
entries with dis-association operators and using coefficients a−, b−i, c−, d−i with
subscripts which are lower case versions of the associated unit element from M.



+as+bsi+csσo+dsiαo +av+bvi+cvλo+dviβo +am+bmi+cmσ+dmiα +ae+bei+ceλ+deiβ
+aq+bqi+cqδ+dqiν +ay+byi+cyγ+dyiµ +at+bti+ctδo+dtiνo +au+bui+cuγo+duiµo
+ad+bdi+cdλι+ddiβι +al+bli+clσι+dliαι +af+bf i+cfλκ+df iβκ +an+bni+cnσκ+dniακ
+az+bzi+czγκ+dziµκ +ar+bri+crδκ+driνκ +ax+bxi+cxγι+dxiµι +ap+bpi+cpδι+dpiνι

−av−bvi−cvλo−dviβo +as+bsi+csσo+dsiαo −ae−bei−ceλ−deiβ +am+bmi+cmσ+dmiα
+ay+byi+cyγ+dyiµ −aq−bqi−cqδ−dqiν +au+bui+cuγo+duiµo −at−bti−ctδo−dtiνo
−al−bli−clσι−dliαι +ad+bdi+cdλι+ddiβι −an−bni−cnσκ−dniακ +af+bf i+cfλκ+df iβκ

+ar+bri+crδκ+driνκ −az−bzi−czγκ−dziµκ +ap+bpi+cpδι+dpiνι −ax−bxi−cxγι−dxiµι

−am−bmi−cmσ−dmiα −ae−bei−ceλ−deiβ +as+bsi+csσo+dsiαo +av+bvi+cvλo+dviβo
−at−bti−ctδo−dtiνo −au−bui−cuγo−duiµo +aq+bqi+cqδ+dqiν +ay+byi+cyγ+dyiµ

+af+bf i+cfλκ+df iβκ +an+bni+cnσκ+dniακ −ad−bdi−cdλι−ddiβι −al−bli−clσι−dliαι
+ax+bxi+cxγι+dxiµι +ap+bpi+cpδι+dpiνι −az−bzi−czγκ−dziµκ −ar−bri−crδκ−driνκ

+ae+bei+ceλ+deiβ −am−bmi−cmσ−dmiα −av−bvi−cvλo−dviβo +as+bsi+csσo+dsiαo
−au−bui−cuγo−duiµo +at+bti+ctδo+dtiνo +ay+byi+cyγ+dyiµ −aq−bqi−cqδ−dqiν
−an−bni−cnσκ−dniακ +af+bf i+cfλκ+df iβκ +al+bli+clσι+dliαι −ad−bdi−cdλι−ddiβι
+ax+bxi+cxγι+dxiµι +ap+bpi+cpδι+dpiνι −az−bzi−czγκ−dziµκ −ar−bri−crδκ−driνκ



4. Dimensionality

4.1. Number of dimensions

The quest for a theory of everything has generated models with various physi-
cal dimensionalities - five dimensions for the original Kaluza-Klein theory[27], ten
for string theories[28], eleven for M-theory[29]. For nature to be embedded in di-
mensionalities such as four, five, ten or eleven, whether real or complex, appears
arbitrary.

We observe three spatial dimensions and one temporal dimension, which sets a
minimum for the number of physical dimensions. The original Kaluza-Klein the-
ory added a further physical dimension and extended general relativity unifying
it with classical electromagnetism, suggesting the existence of five physical dimen-
sions.

The Big Bang comprises a transition from a singularity to a manifold expanding
through time. The singularity can be regarded as a one dimensional amplitude for
zero dimensionality. If that was an unstable configuration, so that a transition to
finite amplitudes for more than one dimension was favoured, this raises the ques-
tion - why a transition to three, four, five, ten or eleven dimensions?
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If physical n-space is regarded as composed of an assembly of distorted n-spherical
quanta, and if the degree of distortion required is related to the densest possible
packing ratio, those densest possible packing ratios vary with dimensionality (n).
Suppose that a singularity corresponds to stacking those quanta in an n-needle,
one “above” the other. That stack also has a packing ratio.

The packing ratios for assemblies of spheres for continua of different dimensional-
ities are:

The area of a 2 dimensional circle is πR2 = 3.142R2.
The volume of a 3 dimensional 3-ball is 4π/3.R3 = 4.189R3.
The volume of a 4 dimensional 4-ball is π2/2.R4 = 4.935R4.
The volume of a 5 dimensional 5-ball is 8π2/15.R5 = 5.264R5.
The volume of a 6 dimensional 6-ball is π3/6.R6 = 5.168R6.
The volume of a 7 dimensional 7-ball is 16π3/105.R7 = 4.725R7.
The volume of an 8 dimensional 8-ball is π4/24.R8 = 4.059R8.
The volume of a 9 dimensional 9-ball is 32π4/945.R9 = 3.299R9.
The volume of a 10 dimensional 10-ball is π5/120.R8 = 2.550R10.

For an assembly of n-balls stacked into an n-needle of unit quantum radius, the
packing fractions are:
For a stack of 2 dimensional unit circles on edge: (πR2)/(2R× 2R)→ 78.6%
For a 3-needle of unit 3-balls: (4π3/3.R3)/(πR2 × 2R)→ 66.6%
For a 4-needle of unit 4-balls: (π2/2.R4)/(4π3/3.R3 × 2R)→ 58.9%
For a 5-needle of unit 5-balls: (8π2/15.R5)/((π2/2.R4)× 2R)→ 53.3%
For a 6-needle of unit 6-balls: (π3/6.R6)/(8π2/15.R5 × 2R)→ 49.1%
For a 7-needle of unit 7-balls: (16π3/105.R7)/(π3/6.R6)× 2R)→ 45.7%
For an 8-needle of unit 8-balls: (π4/24.R8)/(16π3/105.R7)× 2R)→ 45.9%
For a 9-needle of unit 9-balls: (32π4/945.R9)/(π4/24.R8)× 2R)→ 34.9%
For a 10-needle of unit 10-balls: (π5/120.R10)/(32π4/945.R9)× 2R)→ 38.6%

For euclidean n-space the densest packing fractions, as listed by Cohn and Elkies[30],
are:
For 2 dimensional 2-balls (circles) of equal radius: 91%
For 3 dimensional 3-balls of equal radius: 74%
For 4 dimensional 4-balls of equal radius: in the range 61.7 to 64.8%
For 5 dimensional 5-balls of equal radius: in the range 46.5 to 52.5%
For 6 dimensional 6-balls of equal radius: in the range 37.3 to 41.8%
For 7 dimensional 7-balls of equal radius: in the range: 29.5 to 32.8%
For 8 dimensional 8-balls of equal radius: 25.4%
For 9 dimensional 9-balls of equal radius: in the range: 14.6 to 19.5%
For 10 dimensional 10-balls of equal radius: in the range: 10.0 to 14.9%
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For n-balls arranged in a n-disc, that is an euclidean n-space extended in n − 1
dimensions and limited to unit quantum diameter in the nth dimension, the dens-
est packing fractions are product of the densest packing fractions for the euclidean
(n−1) space and the packing fraction for the n-needle of the same dimensionality.
For instance, for three dimensions spheres would be packed into the disc in the
densest packing of parallel cylinders in a plane.

For euclidean space the densest packing fractions for n-discs are:
For 2 dimensional 2-balls (circles) of equal radius: 71%
For 3 dimensional 3-balls of equal radius: 49%
For 4 dimensional 4-balls of equal radius: in the range 36 to 38%
For 5 dimensional 5-balls of equal radius: in the range 25 to 28%
For 6 dimensional 6-balls of equal radius: in the range 18 to 21%
For 7 dimensional 7-balls of equal radius: in the range: 13 to 15%
For 8 dimensional 8-balls of equal radius: 11.7%
For 9 dimensional 9-balls of equal radius: in the range: 5 to 7%
For 10 dimensional 10-balls of equal radius: in the range: 4 to 6%

In dimensionalities lower than 5 an euclidean n-space has a higher densest possible
packing fraction than that of an n-needle and that of an n-disc. This suggests the
hypothesis that, for a four dimensional manifold, a singularity would be unstable,
tending to expand into a 4 sphere. If that expansion were to overshoot, becoming
disc like, there would be a tendency for it to contract again.

However, space is not necessarily euclidean. Packing fractions for hyperbolic space
are higher than for euclidean space, but are difficult to calculate. For 3 dimensions
and 4 dimensions, densest packing fractions have been calculated as:
For 3 dimensional 3-balls of equal radius: 85.3%
For 4 dimensional 4-balls of equal radius: 71.6%
Compared to euclidean n-space, these figures are 15% and 13% higher respectively.
Extrapolating to higher dimensions, for dimensionalities higher than 5, euclidean
n-space would still have a lower packing fraction than an n-needle. However, in
5 dimensions, it is possible that for hyperbolic 5-space there could be a denser
packing than for a 5-needle.

This analysis suggets that expansion of a singularity into four dimensions for eu-
clidean space or five dimensions for hyperbolic space could be favoured.
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4.2. Types of dimensions

The original Kaluza-Klein theory[27] accounted for electro-magnetism by intro-
ducing an additional dimension. This dimension is not observed, suggesting that
it would differ from the observed spatial dimensions. Time is observed, but also
differs from spatial dimensions. M is isomorphic to the Clifford algebra Cl0,5(R)
and to Cl1,3(R) ⊗ C. Cl0,5(R) is generated using five polar vector unit elements
with negative signature. It is postulated that four dimensions corresponds to the
dimensions of space and imaginary time and the fifth dimension to the extra di-
mension for 5D Kaluza-Klein theory, and that conventional time is emergent. This
suggests the concept of reality as a 3-dimensional wavefront distorted into a fourth
dimension propagating in a fifth dimension.

String and M-theories[28][29] also postulate additional dimensions. U is of the same
order as Cl0,10(R), but has a “natural” partition into Cl1,3(R)⊗C⊗W, suggesting
that it could be used in string/M theories in the place of Cl0,10(R). U may con-
stitute a representation of a combination of a manifold with 5 polar vectors and 5
axial vectors. This suggests assigning the polar vectors to a five-dimensional space
and the axial vectors to a form of torsion for each dimension. General relativity[31]
is usually formulated using the assumption that affine connection has a vanishing
torsion tensor, but non-vanishing torsion has been proposed for Einstein-Cartan-
Sciama-Kibble and other theories. In an overview[32], Tejinder Singh comments:

“Thus on the one hand we have the torsion-dominated limit, which are the Dirac
equations, and on the other hand we have the gravity dominated limit, which are the
Einstein equations. In the former case, gravity is absent (Minkowski space-time)
and matter behaviour is quantum. In the latter case matter behaviour is classical,
and gravity dominates over torsion. Thus we may conclude that there must be a
more general underlying theory in which the torsion-free part and the torsion part
of the spin-connection are both present, and to which GTR and quantum theory
are both approximations.”

The number of degrees of freedom for torsion for a given dimensionality are limited.
For a manifold of dimension d = 5 with a maximally symmetric submanifold of
dimension n = 4, there are up to 1 + 4 + 6 = 11 allowed torsion components which
are in general functions of the fifth coordinate[33]. The Einstein field equations
(for four dimensions) have 10 degrees of freedom, four of which are unphysical.
This suggests a correlation between the 4 + 6 allowed torsion components and the
degrees of freedom for physical space-time with imaginary time substituted for
time to make the four dimensions symmetric.

In this paper the algebra U has been assembled as the tensor product M⊗ T, for
which all unit elements of M commute with all unit elements of T. An alterna-
tive form of torsion could be generated by assembling an algebra for which this
is not the case. One such algebra will be described in a further paper by this author.
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5. The Higgs mechanism

A grand unification algebra should provide a basis for the Higgs mechanism[26].
The mexican hat potential is unusual. This section describes algebraic elements
that could account for that potential.

The Higgs mechanism acts on a complex doublet and involves scalar fields. For U
a scalar subalgebra can be assembled as the product:
[σoS, σoiS, αoS, αoiS]⊗ [σoS, σoT, σoV, σoU ]⊗ [σoS, λoS, µoS, νoS].

[σoS, σoT, σoV, σoU ]⊗ [σoS, λoS, µoS, νoS] is isomorphic to H⊗H and to M4(R).
Its unit elements can be assigned unit matrices from table 1 as follows:
[σoS] = [S], [σoT, σoV, σoU ] = [TV U ], [λoS, µoS, νoS] = [LMN ]
[λoT, µoT, νoT ] = [PQR], [λoV, µoV, νoV ] = [DEF ], [λoU, µoU, νoU ] = [XY Z]

Subalgebras of M4(R) for which the scalar component is associated with a mexican
hat potential can be found by considering unitary abelian subgroups of M4(R).
Unitary abelian subgroups of M4(R) can be represented by diagonal 4×4 matrices.
eiθ1 0 0 0
0 eiθ2 0 0
0 0 eiθ3 0
0 0 0 eiθ4


where θ1 + θ2 + θ3 + θ4 = 0, allowing it to be rewritten:
eia 0 0 0
0 eib 0 0
0 0 eic 0
0 0 0 1


The product of two elements of this type with parameters a, b, c and a′, b′, c′ has
parameters a + a′, b + b′, c + c′. A subgroup of the Heisenberg group H(5) shares
this property:

1 a b c+ ab
0 1 0 b
0 0 1 a
0 0 0 1


This matrix has determinant = 1, and the commuting products of the form:

1 a+ a
′

b+ b
′

c+ c
′
+ (a+ a

′
)× (b+ b

′
)

0 1 0 b+ b
′

0 0 1 a+ a
′

0 0 0 1


This matrix can be written in terms of unit elements of M4(R) as:
[S] + a/2[V + Y ] + b/2[M + F ] + (c+ ab)/4[E + U +N + P ].
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There are other combinations of unit elements of M4(C) with similar properties.
To find these combinations, it is useful to arrange the matrices in an array with
anticommuting basis matrices and the identity in each row/column, forming a 6×6
array:
S V T X Y Z
V S U P Q R
T U S D E F
X P D S N M
Y Q E N S L
Z R F M L S


Interchanging rows and matching columns preserves commutation/anticommutation
relationships and group properties with respect to position in the array. For ex-
ample, rows and columns 1 and 2 can be interchanged to make the array:
S V U P Q R
V S T X Y Z
U T S D E F
P X D S N M
Q Y E N S L
R Z F M L S


Inspecting this array to assign unit matrices for an equivalent H5 subgroup group,
they would be:
[S] + a/2[V +Q] + b/2[M + F ] + (c+ ab)/4[E +N + T +X]
This combination has the same properties. Interchanging rows and columns 1 and
2 has not changed the signatures of the matrices allocated to each position.

If a further interchange is made that does affect the signatures, e.g interchanging
rows and columns 1 and 4, to generate:
S Q U P V R
Q S E N Y L
U E S D T F
P N D S X M
V Y E N S L
R L F M Z S


For the combination:
[S] + a/2[Y +Q] + b/2[M + F ] + (c+ ab)/4[P + U + T +X]
The determinant is no longer 1. To make this combination generate a unitary ma-
trix, a factor has to be applied to [S]. That factor is

√
(± 1± 2(a/2)2), provided

that the factor is real and not imaginary.
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For the resulting matrix, there are four plus/minus permutations, for which the
possible matrices for [S] are:

√
(1 + a2/2) 0 0 0

0
√

(1 + a2/2) 0 0

0 0
√

(1 + a2/2) 0

0 0 0
√

(1 + a2/2)


Which always has real entries, and determinant = 1 + a2 + a4/4

√
(− 1− a2/2) 0 0 0

0
√

(− 1− a2/2) 0 0

0 0
√

(− 1− a2/2) 0

0 0 0
√

(− 1− a2/2)


Which never has real entries, and determinant = 1 + a2 + a4/4

√
(1− a2/2) 0 0 0

0
√

(1− a2/2) 0 0

0 0
√

(1− a2/2) 0

0 0 0
√

(1− a2/2)


Which has real entries for a2/2 ≤ 1, and determinant = 1− a2 + a4/4

√
(− 1 + a2/2) 0 0 0

0
√

(− 1 + a2/2) 0 0

0 0
√

(− 1 + a2/2) 0

0 0 0
√

(− 1 + a2/2)


Which has real entries for a2/2 ≥ 1, and determinant = 1− a2 + a4/4

The function f(a) = 1− a2 + a4/4 has the form of a mexican hat potential.

For the assignment of unit elements of U to matrices:
[σoS] = [S], [σoT, σoV, σoU ] = [TV U ], [λoS, µoS, νoS] = [LMN ]
[λoT, µoT, νoT ] = [PQR], [λoV, µoV, νoV ] = [DEF ], [λoU, µoU, νoU ] = [XY Z]

The group represented by a plus/minus choice for:√
(± 1± a2/2)[S] + a/2[Y +Q] + b/2[M + F ] + (c+ ab)/4[P + U + T +X]

is isomorphic to that for the same plus/minus choice for:√
(± 1± a2/2)[σoS] + a/2[µoU + µoT ] + b/2[µoS + νoV ]

+ (c+ ab)/4[λoT + σoU + σoT + λoU ]
which can be rearranged into:√

(±1±a2/2)[σoS]+(U+T )× [a/2µo+(c+ab)/4σ+(c+ab)/4λ]+b/2[µoS+νoV ]
for which [TV U ] symmetry is broken.
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6. Subalgebra tables

Table 2. Classification of sub-algebras with 8 unit elements of
W ∼= M4(C) with respect to unit elements of a Cl1,3 multivector

Type 1 subgroups having [+ - - - + + + - ] signature

Subtype Unit elements Subtype Unit elements Subtype Unit elements Subtype Unit elements

1a SLMNDEFV 1a SLiMiNDiEiFV 1a SiLMiNiDEiFV 1a SiLiMNiDiEFV

1b SLMNPQRT 1b SLiMiNPiQiRT 1b SiLMiNiPQiRT 1b SiLiMNiPiQRT

1c SLMNXYZU 1c SLiMiNXiYiZU 1c SiLMiNiXYiZU 1c SiLiMNiXiYZU

1d SVTUDPXL 1d SViTiUDiPiXL 1d SiVTiUiDPiXL 1d SiViTUiDiPXL

1d SVTUEQYM 1d SViTiUEiQiYM 1d SiVTiUiEQiYM 1d SiViTUiEiQYM

1d SVTUFRZN 1d SViTiUFiRiZN 1d SiVTiUiFRiZN 1d SiViTUiFiRZN

1e SLiEiFiURQiX 1e SLEFiUiRiQiX 1e SiLiEFURiQiX 1e SiLEiFUiRQiX

1e SMiFiDiUPRiY 1e SMFDiUiPiRiY 1e SiMiFDUPiRiY 1e SiMFiDUiPRiY

1e SNiDiEiUQPiZ 1e SNDEiUiQiPiZ 1e SiNiDEUQiPiZ 1e SiNDiEUiQPiZ

1f SLiQiRiVZYiD 1f SLQRiViZiYiD 1f SiLiQRVZiYiD 1f SiLQiRViZYiD

1f SMiRiPiVXZiE 1f SMRPiViXiZiE 1f SiMiRPVXiZiE 1f SiMRiPViXZiE

1f SNiPiQiVYXiF 1f SNPQiViYiXiF 1f SiNiPQVYiXiF 1f SiNPiQViYXiF

1g SLiYiZiTFEiP 1g SLYZiTiFiEiP 1g SiLiYZTFiEiP 1g SiLYiZTiFEiP

1g SMiZiXiTDFiQ 1g SMZXiTiDiFiQ 1g SiMiZXTDiFiQ 1g SiMZiXTiDFiQ

1g SNiXiYiTEDiR 1g SNXYiTiEiDiR 1g SiNiXYTEiDiR 1g SiNXiYTiEDiR

Type 2 subgroups having [+ - - - - - - +] signature

Subtype Unit elements Subtype Unit elements Subtype Unit elements

2a SLMNiDiEiFiV

2b SLMNiPiQiRiT

2c SLMNiXiYiZiU

2d SVTUiDiPiXiL

2d SVTUiEiQiYiM

2d SVTUiFiRiZiN

2e SLiEiFUiRiQX

Type 3 subgroups having [+ - + + - + + +] signature

Subtype Unit elements Subtype Unit elements Subtype Unit elements

3a SLiMiNiDEFiV 3a SiLMiNDiEFiV 3a SiLiMNDEiFiV

3b SLiMiNiPQRiT 3b SiLMiNPiQRiT 3b SiLiMNPQiRiT

3c SLiMiNiXYZiU 3c SiLMiNXiYZiU 3c SiLiMNXYiZiU

3d SViTiUiDPXiL 3d SiVTiUDiPXiL 3d SiViTUDPiXiL

3d SViTiUiEQYiM 3d SiVTiUEiQYiM 3d SiViTUEQiYiM

3d SViTiUiFRZiN 3d SiVTiUFiRZiN 3d SiViTUFRiZiN

3e SLEFURQX 3e SiLiEFiUiRQX 3e SiLEiFiURiQX

3e SMFDUPRY 3e SiMiFDiUiPRY 3e SiMFiDiUPiRY

3e SNDEUQPZ 3e SiNiDEiUiQPZ 3e SiNDiEiUQiPZ

3f SLQRVZYD 3f SiLiQRiViZYD 3f SiLQiRiVZiYD

3f SMRPVXZE 3f SiMiRPiViXZE 3f SiMRiPiVXiZE

3f SNPQVYXF 3f SiNiPQiViYXF 3f SiNPiQiVYiXF

3g SLYZTEFP 3g SiLYiZiTiEFP 3g SiLiYZiTEiFP

3g SMZXTFDQ 3g SiMZiXiTiFDQ 3g SiMiZXiTFiDQ

3g SNXYTDER 3g SiNXiYiTiDER 3g SiNiXYiTDiER

Type 4 subgroups having [+ + + + - - - -] signature

Subtype Unit elements Subtype Unit elements Subtype Unit elements

4a SiVDiLViDLiS 4a SiVEiMViEMiS 4a SiVFiNViFNiS

4b SiTPiLTiPLiS 4b SiTQiMTiQMiS 4b SiTRiNTiRNiS

4c SXiUiLiXULiS 4c SYiUiMiYUMiS 4c SZiUiNiZUNiS

4d SXERiXiEiRiS 4d SYPFiYiPiFiS 4d SZDQiZiDiQiS

4d SXQFiXiQiFiS 4d SYDRiYiDiRiS 4d SZPEiZiPiEiS

Type 5 subgroups having [+ - - - + + + -] signature

Subtype Unit elements Subtype Unit elements Subtype Unit elements

5a SLMNiLiMiNiS

5b SLiEiFiLEFiS 5b SMiFiDiMFDiS 5b SNiDiEiNDEiS

5c SLiQiRiLQRiS 5c SMiRiPiMRPiS 5c SNiPiQiNPQiS

5d SLiYiZiLYZiS 5d SMiZiXiMZXiS 5d SNiXiYiNXYiS

5e SVTUiViTiUiS

5f SViPiXiVPXiS 5f SViQiYiVQYiS 5f SViRiZiVRZiS

5g STiXiDiTXDiS 5g STiYiEiTYEiS 5g STiZiFiTZFiS

5h SUiDiPiUDPiS 5h SUiEiQiUEQiS 5h SUiFiRiUFRiS
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Table 3. Classification of sub-algebras with 8 unit elements of
T with respect to participation in sedenion-type sub-algebras

Octonion/Quasi-Octonion unit elements, Type (O or Õ and sedenion participation)

Note: automorphism group for O has structure description (C2 x C2 x C2).PSL(3,2), small groups ID [1344,814]

Note: automorphism group for Õ has structure description (((C2 x C2 x C2):(C2 x C2)):C3) :C2, small groups ID [192,1494]

Type a: O, sedenion participation: 1 × S0, 1 × Sα,1 × Sγ

σo σι σ σκ λι λ λκ λo Oa S0
18S

α
1 S

γ
0

σo σι δ δκ λo γκ γ λι Oa S0
28S

α
5 S

γ
0 σo σ δκ δι λo γι γκ λ Oa S0

29S
α
6 S

γ
0 σo σκ δι δ λo γ γι λκ Oa S0

30S
α
7 S

γ
0

σo σι γ γκ δo λ λκ δι Oa S0
25S

α
2 S

γ
0 σo σ γκ γι δo λκ λι δ Oa S0

26S
α
3 S

γ
0 σo σκ γι γ δo λι λ δκ Oa S0

27S
α
4 S

γ
0

Type b: Õ, sedenion participation: 1 × S0, 1 × Sβ ,1 × Sγ

σo σι σ σκ γι γ γκ γo Õ
b S0

17S
β
8 S

γ
0

σo λo δo γo λι δι γι σι Õ
b S0

19S
β
9 S

γ
0 σo λo δo γo λ δ γ σ Õ

b S0
20S

β
10S

γ
0 σo λo δo γo λκ δκ γκ σκ Õ

b S0
21S

β
11S

γ
0

σo σι λ λκ γo δκ δ γι Õ
b S220S

β
12S

γ
0 σo σ λκ λι γo δι δκ γ Õ

b S0
23S

β
13S

γ
0 σo σκ λι λ γo δ δι γκ Õ

b S0
24S

β
14S

γ
0

Type c: O, sedenion participation: 2 × S0, 1 × Sγ

σo σι σ σκ δι δ δκ δo Oc S0
15S

0
16S

γ
0

Type d: Õ, sedenion participation: 2 × S0,1 × Sα

σo βo δo µo βι δι µι σι Õ
d S0

15S
0
19S

α
2 σo βo δo µo β δ µ σ Õ

d S0
15S

0
20S

α
3 σo βo δo µo βκ δκ µκ σκ Õ

d S0
15S

0
21S

α
4

σo σι β βκ µo δκ δ µι Õ
d S0

15S
0
22S

α
5 σo σ βκ βι µo δι δκ µ Õ

d S0
15S

0
23S

α
6 σo σκ βι β µo δ δι µκ Õ

d S0
15S

0
24S

α
7

Type e: O, sedenion participation: 2 × S0, 1 × Sα

σo σι σ σκ µι µ µκ µo Oe S0
15S

0
17 S

α
1

Type f: Õ, sedenion participation: 2 × S0,1 × Sβ

σo σι δ δκ βo µκ µ βι Õ
f S0

12S
0
15 S

β
28 σo σ δκ δι βo µι µκ β Õ

f S0
13S

0
15 S

β
29 σo σκ δι δ βo µ µι βκ Õ

f S0
14S

0
15 S

β
30

σo σι µ µκ δo βκ β δι Õ
f S0

9S
0
15 S

β
25 σo σ µκ µι δo βι βκ δ Õ

f S0
10S

0
15 S

β
26 σo σκ µι µ δo β βι δκ Õ

f S0
11S

0
15 S

β
27

σo σι σ σκ βι β βκ βo Õ
f S0

8S
0
15 S

β
18

Type g: O, sedenion participation: 1 × S0, 2 × Sα

σo λo νo µo λι νι µι σι Og S0
19S

α
1 Sα5 σo λo νo µo λ ν µ σ Og S0

20S
α
1 Sα6 σo λo νo µo λκ νκ µκ σκ Og S0

21S
α
1 Sα7

σo σι λ λκ µo νκ ν µι Og S0
22S

α
1 Sα2 σo σ λκ λι µo νι νκ µ Og S0

23S
α
1 Sα3 σo σκ λι λ µo ν νι µκ Og S0

24S
α
1 Sα4

Type h: Õ, sedenion participation: 1 × S0,2 × Sα

σo βo δo µo λι νι γι αι Õ
h S0

19S
α
3 Sα4 σo λo νo µo βι δι γι αι Õ

h S0
19S

α
6 Sα7 σo βo δo µo λ ν γ α Õ

h S0
20S

α
2 Sα4

σo λo νo µo β δ γ α Õ
h S0

20S
α
5 Sα7 σo λo νo µo βκ δκ γκ ακ Õ

h S0
21S

α
5 Sα6 σo βo δo µo λκ νκ γκ ακ Õ

h S0
21S

α
2 Sα3

σo αι σ ακ γι µ γκ µo Õ
h S0

17S
α
3 Sα6 σo σι α ακ µι γ γκ µo Õ

h S0
17S

α
2 Sα5 σo αι α σκ γι γ µκ µo Õ

h S0
17S

α
4 Sα7

σo αι β λκ µo νκ δ γι Õ
h S0

22S
α
3 Sα7 σo αι λ βκ µo δκ ν γι Õ

h S0
22S

α
4 Sα6 σo α βκ λι µo νι δκ γ Õ

h S0
23S

α
4 Sα5

σo α λκ βι µo δι νκ γ Õ
h S0

23S
α
2 Sα7 σo ακ λι β µo δ νι γκ Õ

h S0
24S

α
3 Sα5 σo ακ βι λ µo ν δι γκ Õ

h S0
24S

α
2 Sα6

Type i: Õ, sedenion participation: 1 × S0,2 × Sβ

σo αι σ ακ µι γ µκ γo Õ
i S0

17S
β
10 S

β
13 σo σι α ακ γι µ µκ γo Õ

i S0
17S

β
9 S

β
12 σo αι α σκ µι µ γκ γo Õ

i S0
17S

β
11 S

β
14

σo βo νo γo βι νι γι σι Õ
i S0

19S
β
8 S

β
12 σo βo νo γo β ν γ σ Õ

i S0
20S

β
8 S

β
13 σo βo νo γo βκ νκ γκ σκ Õ

i S0
21S

β
8 S

β
14

σo αι β λκ γo δκ ν µι Õ
i S0

22S
β
11 S

β
13 σo αι λ βκ γo νκ δ µι Õ

i S0
22S

β
10 S

β
14 σo α λκ βι γo νι δκ µ Õ

i S0
23S

β
11 S

β
12

σo α βκ λι γo δι νκ µ Õ
i S0

23S
β
9 S

β
14 σo ακ λι β γo ν δι µκ Õ

i S0
24S

β
9 S

β
13 σo ακ βι λ γo δ νι µκ Õ

i S0
24S

β
10 S

β
12

σo λo δo γo βι νι µι αι Õ
i S0

19S
β
10 S

β
11 σo λo δo γo β ν µ α Õ

i S0
20S

β
9 S

β
11 σo λo δo γo βκ νκ µκ ακ Õ

i S0
21S

β
9 S

β
10

σo σι β βκ γo νκ ν γι Õ
i S0

22S
β
8 S

β
9 σo σ βκ βι γo νι νκ γ Õ

i S0
23S

β
8 S

β
10 σo σκ βι β γo ν νι γκ Õ

i S0
24S

β
8 S

β
11

σo βo νo γo λι δι µι αι Õ
i S0

19S
β
131 S

β
14 σo βo νo γo λ δ µ α Õ

i S0
20S

β
12 S

β
14 σo βo νo γo λκ δκ µκ ακ Õ

i S0
21S

β
12 S

β
13

Type j: Õ, sedenion participation: 1 × S0,1 × Sα,1 × Sβ

σo αι σ ακ βι λ βκ λo Õ
j S0

18S
α
6 S

β
10 σo αι α σκ βι β λκ λo Õ

j S0
18S

α
7 S

β
11 σo σι α ακ λι β βκ λo Õ

j S0
18S

α
5 S

β
9

σo αι σ ακ νι δ νκ δo Õ
j S0

16S
α
3 S

β
10 σo σι α ακ δι ν νκ δo Õ

j S0
16S

α
2 S

β
9 σo αι α σκ νι ν δκ δo Õ

j S0
16S

α
4 S

β
11

σo αι ν δκ λo γκ µ βι Õ
j S0

28S
α
6 S

β
11 σo αι δ νκ λo µκ γ βι Õ

j S0
28S

α
7 S

β
10 σo σι ν νκ βo γκ γ βι Õ

j S0
28S

α
2 S

β
8

σo α νκ δι λo γι µκ β Õ
j S0

29S
α
7 S

β
9 σo α δκ νι λo µι γκ β Õ

j S0
29S

α
5 S

β
11 σo σ νκ νι βo γι γκ β Õ

j S0
29S

α
3 S

β
8

σo σκ νι ν βo γ γι βκ Õ
j S0

30S
α
4 S

β
8 σo ακ δι ν λo µ γι βκ Õ

j S0
30S

α
6 S

β
9 σo ακ νι δ λo γ µι βκ Õ

j S0
30S

α
5 S

β
10

σo αι γ µκ δo βκ λ νι Õ
j S0

25S
α
4 S

β
10 σo σι γ γκ νo βκ β νι Õ

j S0
25S

α
5 S

β
8 σo σι µ µκ νo λκ λ νι Õ

j S0
25S

α
1 S

β
12

σo αι µ γκ δo λκ β νι Õ
j S0

25S
α
3 S

β
11 σo σ µκ µι νo λι λκ ν Õ

j S0
26S

α
1 S

β
13 σo α µκ γι δo λι βκ ν Õ

j S0
26S

α
4 S

β
9

σo α γκ µι δo βι λκ ν Õ
j S0

26S
α
2 S

β
11 σo σ γκ γι νo βι βκ ν Õ

j S0
26S

α
6 S

β
8 σo ακ γι µ δo β λι νκ Õ

j S0
27S

α
3 S

β
9

σo σκ µι µ νo λ λι νκ Õ
j S0

27S
α
1 S

β
14 σo σκ γι γ νo β βι νκ Õ

j S0
27S

α
7 S

β
8 σo ακ µι γ δo λ βι νκ Õ

j S0
27S

α
2 S

β
10

σo σι ν νκ λo µκ µ λι Õ
j S0

28S
α
1 S

β
9 σo σ νκ νι λo µι µκ λ Õ

j S0
29S

α
1 S

β
10 σo σκ νι ν λo µ µι λκ Õ

j S0
30S

α
1 S

β
11

σo σι σ σκ νι ν νκ νo Õ
j S0

16S
α
1 S

β
8 σo αι δ νκ βo γκ µ λι Õ

j S0
28S

α
3 S

β
14 σo αι ν δκ βo µκ γ λι Õ

j S0
28S

α
4 S

β
13

σo α δκ νι βo γι µκ λ Õ
j S0

29S
α
4 S

β
12 σo α νκ δι βo µι γκ λ Õ

j S0
29S

α
2 S

β
14 σo ακ νι δ βo µ γι λκ Õ

j S0
30S

α
3 S

β
12

σo ακ δι ν βo γ µι λκ Õ
j S0

30S
α
2 S

β
13 σo αι µ γκ νo λ βκ δι Õ

j S0
25S

α
6 S

β
14 σo αι γ µκ νo β λκ δι Õ

j S0
25S

α
7 S

β
13

σo α µκ γι νo λκ βι δ Õ
j S0

26S
α
7 S

β
12 σo α γκ µι νo βκ λι δ Õ

j S0
26S

α
5 S

β
14 σo ακ γι µ νo βι λ δκ Õ

j S0
27S

α
6 S

β
12

σo ακ µι γ νo λι β δκ Õ
j S0

27S
α
5 S

β
13 σo αι α σκ δι δ νκ νo Õ

j S0
16S

α
7 S

β
14 σo αι σ ακ δι ν δκ νo Õ

j S0
16S

α
6 S

β
13

σo σι α ακ νι δ δκ νo Õ
j S0

16S
α
5 S

β
12 σo αι α σκ λι λ βκ βo Õ

j S0
18S

α
4 S

β
14 σo σι α ακ βι λ λκ βo Õ

j S0
18S

α
2 S

β
12

σo αι σ ακ λι β λκ βo Õ
j S0

18S
α
3 S

β
13

Type k: O, sedenion participation: 3 × S0

σo γκ δι λ µκ νι β αo Ok S0
24S

0
25S

0
29 σo γ δι λκ µ νι βκ αo Ok S0

23S
0
25S

0
30 σo γι δ λκ µι ν βκ αo Ok S0

22S
0
26S

0
30

σo γι µo αι µι γo σι αo Ok S0
17S

0
19S

0
22 σo βo λι αι λo βι σι αo Ok S0

18S
0
19S

0
28 σo νo δι αι δo νι σι αo Ok S0

16S
0
19S

0
25

σo γ µo α µ γo σ αo Ok S0
17S

0
20S

0
23 σo νo δ α δo ν σ αo Ok S0

16S
0
20S

0
26 σo βo λ α λo β σ αo Ok S0

18S
0
20S

0
29

σo γκ µo ακ µκ γo σκ αo Ok S0
17S

0
21S

0
24 σo νo δκ ακ δo νκ σκ αo Ok S0

16S
0
21S

0
27 σo βo λκ ακ λo βκ σκ αo Ok S0

18S
0
21S

0
30

σo γκ λι δ µκ βι ν αo Ok S0
24S

0
26S

0
28 σo γ λι δκ µ βι νκ αo Ok S0

23S
0
27S

0
28 σo γι λ δκ µι β νκ αo Ok S0

22S
0
27S

0
29

σo σ βκ βι α λκ λι αo Ok S0
18S

0
23S

0
26 σo δo µι βι νo γι λι αo Ok S0

19S
0
26S

0
27 σo δo µ β νo γ λ αo Ok S0

20S
0
25S

0
27

σo σκ βι β ακ λι λ αo Ok S0
18S

0
24S

0
27 σo σι β βκ αι λ λκ αo Ok S0

18S
0
22S

0
25 σo δo µκ βκ νo γκ λκ αo Ok S0

21S
0
25S

0
26

σo σι σ σκ αι α ακ αo Ok S0
16S

0
17S

0
18 σo σ νκ νι α δκ δι αo Ok S0

16S
0
23S

0
29 σo γo βι νι µo λι δι αo Ok S0

19S
0
23S

0
24

σo γo β ν µo λ δ αo Ok S0
20S

0
22S

0
24 σo σκ νι ν ακ δι δ αo Ok S0

16S
0
24S

0
30 σo γo βκ νκ µo λκ δκ αo Ok S0

21S
0
22S

0
23

σo σι ν νκ αι δ δκ αo Ok S0
16S

0
22S

0
28 σo λo δo γo βo νo µo αo Ok S0

19S
0
20S

0
21 σo σ µκ µι α γκ γι αo Ok S0

17S
0
26S

0
29

σo λo νι µι βo δι γι αo Ok S0
19S

0
29S

0
30 σo σκ µι µ ακ γι γ αo Ok S0

17S
0
27S

0
30 σo λo ν µ βo δ γ αo Ok S0

20S
0
28S

0
30

σo λo νκ µκ βo δκ γκ αo Ok S0
21S

0
28S

0
29 σo σι µ µκ αι γ γκ αo Ok S0

17S
0
25S

0
28
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Table 4. Unit elements for aligned M and T subalgebras with 4
unit elements and complexified aligned C⊗W sub-algebras

Unit elements of M Unit elements of T and sedenion-type loop participation Unit elements of C ⊗ W
Sub-group Type Sub-loop Type S0

L SαL S
β
L

S
γ
L

Complexified aligned sub-loop Type

SLMN Non-abelian σo σι σ σκ Non-Abelian S0
15S

0
16S

0
17S

0
18 Sα1 S

β
8 S

γ
0 σoS σιL σM σκN σoiS σιiL σiM σκiN Abelian

SLiMiN Non-abelian σo σι α ακ Non-Abelian S0
16S

0
17S

0
18 Sα2 S

α
5 S

β
9 S

β
12 − σoS σιL αiM ακiN σoiS σιiL αM ακN Abelian

SiLMiN Non-abelian σo αι σ ακ Non-Abelian S0
16S

0
17S

0
18 Sα3 S

α
6 S

β
10S

β
13 − σoS αιiL σM ακiN σoiS αιL σiM ακN Abelian

SiLiMN Non-abelian σo αι α σκ Non-Abelian S0
16S

0
17S

0
18 Sα4 S

α
7 S

β
11S

β
14 − σoS αιiL αiM σκN σoiS αιL αM σκiN Abelian

SLEF Non-abelian σo σι λ λκ Non-Abelian S0
15S

0
16S

0
22S

0
28 Sα5 S

β
12 S

γ
0 σoS σιL λE λκF σoiS σιiL λiE λκiF Abelian

SLiEiF Non-abelian σo σι β βκ Non-Abelian S0
16S

0
22S

0
28 Sα1 S

α
2 S

β
8 S

β
9 − σoS σιL βiE βκiF σoiS σιiL βE βκF Abelian

SiLiEF Non-abelian σo αι β λκ Non-Abelian S0
16S

0
22S

0
28 Sα4 S

α
6 S

β
11S

β
13 − σoS αιiL βiE λκF σoiS αιL βE λκiF Abelian

SiLEiF Non-abelian σo αι λ βκ Non-Abelian S0
16S

0
22S

0
28 Sα3 S

α
7 S

β
10S

β
14 − σoS αιiL λE βκiF σoiS αιL λiE βκF Abelian

SMFD Non-abelian σo σ λκ λι Non-Abelian S0
15S

0
16S

0
23S

0
29 Sα6 S

β
13 S

γ
0 σoS σM λκF λιD σoiS σiM λκiF λιiD Abelian

SMiFiD Non-abelian σo σ βκ βι Non-Abelian S0
16S

0
23S

0
29 Sα1 S

α
3 S

β
8 S

β
10 − σoS σM βκiF βιiD σoiS σiM βκF βιD Abelian

SiMiFD Non-abelian σo α βκ λι Non-Abelian S0
16S

0
23S

0
29 Sα2 S

α
7 S

β
9 S

β
14 − σoS αiM βκiF λιD σoiS αM βκF λιiD Abelian

SiMFiD Non-abelian σo α λκ βι Non-Abelian S0
16S

0
23S

0
29 Sα4 S

α
5 S

β
11S

β
12 − σoS αiM λκF βιiD σoiS αM λκiF βιD Abelian

SNDE Non-abelian σo σκ λι λ Non-Abelian S0
15S

0
16S

0
24S

0
30 Sα7 S

β
14 S

γ
0 σoS σκN λιD λE σoiS σκiN λιiD λiE Abelian

SNiDiE Non-abelian σo σκ βι β Non-Abelian S0
16S

0
24S

0
30 Sα1 S

α
4 S

β
8 S

β
11 − σoS σκN βιiD βiE σoiS σκiN βιD βE Abelian

SiNiDE Non-abelian σo ακ βι λ Non-Abelian S0
16S

0
24S

0
30 Sα3 S

α
5 S

β
10S

β
12 − σoS ακiN βιiD λE σoiS ακN βιD λiE Abelian

SiNDiE Non-abelian σo ακ λι β Non-Abelian S0
16S

0
24S

0
30 Sα2 S

α
6 S

β
9 S

β
13 − σoS ακiN λιD βiE σoiS ακN λιiD βE Abelian

SLYZ Non-abelian σo σι γ γκ Non-Abelian S0
17S

0
25S

0
28 Sα2 S

α
5 S

β
8 S

γ
0 σoS σιL γY γκZ σoiS σιiL γiY γκiZ Abelian

SLiYiZ Non-abelian σo σι µ µκ Non-Abelian S0
15S

0
17S

0
25S

0
28 Sα1 S

β
9 S

β
12 − σoS σιL µiY µκiZ σoiS σιiL µY µκZ Abelian

SiLiYZ Non-abelian σo αι µ γκ Non-Abelian S0
17S

0
25S

0
28 Sα3 S

α
6 S

β
11S

β
14 − σoS αιiL µiY γκZ σoiS αιL µY γκiZ Abelian

SiLYiZ Non-abelian σo αι γ µκ Non-Abelian S0
17S

0
25S

0
28 Sα4 S

α
7 S

β
10S

β
13 − σoS αιiL γY µκiZ σoiS αιL γiY µκZ Abelian

SMZX Non-abelian σo σ γκ γι Non-Abelian S0
17S

0
26S

0
29 Sα3 S

α
6 S

β
8 S

γ
0 σoS σM γκZ γιX σoiS σiM γκiZ γιiX Abelian

SMiZiX Non-abelian σo σ µκ µι Non-Abelian S0
15S

0
17S

0
26S

0
29 Sα1 S

β
10S

β
13 − σoS σM µκiZ µιiX σoiS σiM µκZ µιX Abelian

SiMiZX Non-abelian σo α µκ γι Non-Abelian S0
17S

0
26S

0
29 Sα4 S

α
7 S

β
9 S

β
12 − σoS αiM µκiZ γιX σoiS αM µκZ γιiX Abelian

SiMZiX Non-abelian σo α γκ µι Non-Abelian S0
17S

0
26S

0
29 Sα2 S

α
5 S

β
11S

β
14 − σoS αiM γκZ µιiX σoiS αM γκiZ µιX Abelian

SNXY Non-abelian σo σκ γι γ Non-Abelian S0
17S

0
27S

0
30 Sα4 S

α
7 S

β
8 S

γ
0 σoS σκN γιX γY σoiS σκiN γιiX γiY Abelian

SNiXiY Non-abelian σo σκ µι µ Non-Abelian S0
15S

0
17S

0
27S

0
30 Sα1 S

β
11S

β
14 − σoS σκN µιiX µiY σoiS σκiN µιX µY Abelian

SiNiXY Non-abelian σo ακ µι γ Non-Abelian S0
17S

0
27S

0
30 Sα2 S

α
5 S

β
10S

β
13 − σoS ακiN µιiX γY σoiS ακN µιX γiY Abelian

SiNXiY Non-abelian σo ακ γι µ Non-Abelian S0
17S

0
27S

0
30 Sα3 S

α
6 S

β
9 S

β
12 − σoS ακiN γιX µiY σoiS ακN γιiX µY Abelian

SLQR Non-abelian σo σι δ δκ Non-Abelian S0
18S

0
22S

0
25 Sα1 S

α
2 S

β
12 S

γ
0 σoS σιL δQ δκR σoiS σιiL δiQ δκiR Abelian

SLiQiR Non-abelian σo σι ν νκ Non-Abelian S0
15S

0
18S

0
22S

0
25 Sα5 S

β
8 S

β
9 − σoS σιL νiQ νκiR σoiS σιiL νQ νκR Abelian

SiLiQR Non-abelian σo αι ν δκ Non-Abelian S0
18S

0
22S

0
25 Sα3 S

α
7 S

β
11S

β
13 − σoS αιiL νiQ δκR σoiS αιL νQ δκiR Abelian

SiLQiR Non-abelian σo αι δ νκ Non-Abelian S0
18S

0
22S

0
25 Sα4 S

α
6 S

β
10S

β
14 − σoS αιiL δQ νκiR σoiS αιL δiQ νκR Abelian

SMRP Non-abelian σo σ δκ δι Non-Abelian S0
18S

0
23S

0
26 Sα1 S

α
3 S

β
13 S

γ
0 σoS σM δκR διP σoiS σiM δκiR διiP Abelian

SMiRiP Non-abelian σo σ νκ νι Non-Abelian S0
15S

0
18S

0
23S

0
26 Sα6 S

β
8 S

β
10 − σoS σM νκiR νιiP σoiS σiM νκR νιP Abelian

SiMiRP Non-abelian σo α νκ δι Non-Abelian S0
18S

0
23S

0
26 Sα4 S

α
5 S

β
9 S

β
14 − σoS αiM νκiR διP σoiS αM νκR διiP Abelian

SiMRiP Non-abelian σo α δκ νι Non-Abelian S0
18S

0
23S

0
26 Sα2 S

α
7 S

β
11S

β
12 − σoS αiM δκR νιiP σoiS αM δκiR νιP Abelian

SNPQ Non-abelian σo σκ δι δ Non-Abelian S0
18S

0
24S

0
27 Sα1 S

α
4 S

β
14 S

γ
0 σoS σκN διP δQ σoiS σκiN διiP δiQ Abelian

SNiPiQ Non-abelian σo σκ νι ν Non-Abelian S0
15S

0
18S

0
24S

0
27 Sα7 S

β
8 S

β
11 − σoS σκN νιiP νiQ σoiS σκiN νιP νQ Abelian

SiNiPQ Non-abelian σo ακ νι δ Non-Abelian S0
18S

0
24S

0
27 Sα2 S

α
6 S

β
10S

β
12 − σoS ακiN νιiP δQ σoiS ακN νιP δiQ Abelian

SiNPiQ Non-abelian σo ακ δι ν Non-Abelian S0
18S

0
24S

0
27 Sα3 S

α
5 S

β
9 S

β
13 − σoS ακiN διP νiQ σoiS ακN διiP νQ Abelian

SVTU Non-abelian σo λo δo γo Non-Abelian S0
19S

0
20S

0
21 − S

β
9 S

β
10S

β
11 S

γ
0 σoS λoV δoT γoU σoiS λoiV δoiT γoiU Abelian

SiVTiU Non-abelian σo βo δo µo Non-Abelian S0
19S

0
20S

0
21 Sα1 S

α
5 S

α
6 S

α
7 − − σoS βoiV δoT µoiU σoiS βoV δoiT µoU Abelian

SViTiU Non-abelian σo λo νo µo Non-Abelian S0
15S

0
19S

0
20S

0
21 Sα2 S

α
3 S

α
4 − − σoS λoV νoiT µoiU σoiS λoiV νoT µoU Abelian

SiViTU Non-abelian σo βo νo γo Non-Abelian S0
19S

0
20S

0
21 − S

β
8 S

β
12S

β
13S

β
14 − σoS βoiV νoiT γoU σoiS βoV νoT γoiU Abelian

SUDP Non-abelian σo γo λι δι Non-Abelian S0
19S

0
23S

0
24 − S

β
9 S

β
13S

β
14 S

γ
0 σoS γoU λιD διP σoiS γoiU λιiD διiP Abelian

SiUiDP Non-abelian σo µo βι δι Non-Abelian S0
19S

0
23S

0
24 Sα1 S

α
3 S

α
4 S

α
5 − − σoS µoiU βιiD διP σoiS µoU βιD διiP Abelian

SiUDiP Non-abelian σo µo λι νι Non-Abelian S0
15S

0
19S

0
23S

0
24 Sα2 S

α
6 S

α
7 − − σoS µoiU λιD νιiP σoiS µoU λιiD νιP Abelian

SUiDiP Non-abelian σo γo βι νι Non-Abelian S0
19S

0
23S

0
24 − S

β
8 S

β
10S

β
11S

β
12 − σoS γoU βιiD νιiP σoiS γoiU βιD νιP Abelian

SUEQ Non-abelian σo γo λ δ Non-Abelian S0
20S

0
22S

0
24 − S

β
10S

β
12S

β
14 S

γ
0 σoS γoU λE δQ σoiS γoiU λiE δiQ Abelian

SiUiEQ Non-abelian σo µo β δ Non-Abelian S0
20S

0
22S

0
24 Sα1 S

α
2 S

α
4 S

α
6 − − σoS µoiU βiE δQ σoiS µoU βE δiQ Abelian

SiUEiQ Non-abelian σo µo λ ν Non-Abelian S0
15S

0
20S

0
22S

0
24 Sα3 S

α
5 S

α
7 − − σoS µoiU λE νiQ σoiS µoU λiE νQ Abelian

SUiEiQ Non-abelian σo γo β ν Non-Abelian S0
20S

0
22S

0
24 − S

β
8 S

β
9 S

β
11S

β
13 − σoS γoU βiE νiQ σoiS γoiU βE νQ Abelian

SUFR Non-abelian σo γo λκ δκ Non-Abelian S0
21S

0
22S

0
23 − S

β
11S

β
12S

β
13 S

γ
0 σoS γoU λκF δκR σoiS γoiU λκiF δκiR Abelian

SiUiFR Non-abelian σo µo βκ δκ Non-Abelian S0
21S

0
22S

0
23 Sα1 S

α
2 S

α
3 S

α
7 − − σoS µoiU βκiF δκR σoiS µoU βκF δκiR Abelian

SiUFiR Non-abelian σo µo λκ νκ Non-Abelian S0
15S

0
21S

0
22S

0
23 Sα4 S

α
5 S

α
6 − − σoS µoiU λκF νκiR σoiS µoU λκiF νκR Abelian

SUiFiR Non-abelian σo γo βκ νκ Non-Abelian S0
21S

0
22S

0
23 − S

β
8 S

β
9 S

β
10S

β
14 − σoS γoU βκiF νκiR σoiS γoiU βκF νκR Abelian

STXD Non-abelian σo δo γι λι Non-Abelian S0
19S

0
29S

0
30 Sα6 S

α
7 S

β
9 S

γ
0 σoS δoT γιX λιD σoiS δoiT γιiX λιiD Abelian

SiTiXD Non-abelian σo νo µι λι Non-Abelian S0
15S

0
19S

0
29S

0
30 Sα2 S

β
13S

β
14 − σoS νoiT µιiX λιD σoiS νoT µιX λιiD Abelian

STiXiD Non-abelian σo δo µι βι Non-Abelian S0
19S

0
29S

0
30 Sα1 S

α
5 S

β
10S

β
11 − σoS δoT µιiX βιiD σoiS δoiT µιX βιD Abelian

SiTXiD Non-abelian σo νo γι βι Non-Abelian S0
19S

0
29S

0
30 Sα3 S

α
4 S

β
8 S

β
12 − σoS νoiT γιX βιiD σoiS νoT γιiX βιD Abelian

STYE Non-abelian σo δo γ λ Non-Abelian S0
20S

0
28S

0
30 Sα5 S

α
7 S

β
10 S

γ
0 σoS δoT γY λE σoiS δoiT γiY λiE Abelian

SiTiYE Non-abelian σo νo µ λ Non-Abelian S0
15S

0
20S

0
28S

0
30 Sα3 S

β
12S

β
14 − σoS νoiT µiY λE σoiS νoT µY λiE Abelian

STiYiE Non-abelian σo δo µ β Non-Abelian S0
20S

0
28S

0
30 Sα1 S

α
6 S

β
9 S

β
11 − σoS δoT µiY βiE σoiS δoiT µY βE Abelian

SiTYiE Non-abelian σo νo γ β Non-Abelian S0
20S

0
28S

0
30 Sα2 S

α
4 S

β
8 S

β
13 − σoS νoiT γY βiE σoiS νoT γiY βE Abelian

STZF Non-abelian σo δo γκ λκ Non-Abelian S0
21S

0
28S

0
29 Sα5 S

α
6 S

β
11 S

γ
0 σoS δoT γκZ λκF σoiS δoiT γκiZ λκiF Abelian

SiTiZF Non-abelian σo νo µκ λκ Non-Abelian S0
15S

0
21S

0
28S

0
29 Sα4 S

β
12S

β
13 − σoS νoiT µκiZ λκF σoiS νoT µκZ λκiF Abelian

STiZiF Non-abelian σo δo µκ βκ Non-Abelian S0
21S

0
28S

0
29 Sα1 S

α
7 S

β
9 S

β
10 − σoS δoT µκiZ βκiF σoiS δoiT µκZ βκF Abelian

SiTZiF Non-abelian σo νo γκ βκ Non-Abelian S0
21S

0
28S

0
29 Sα2 S

α
3 S

β
8 S

β
14 − σoS νoiT γκZ βκiF σoiS νoT γκiZ βκF Abelian

SVPX Non-abelian σo λo δι γι Non-Abelian S0
19S

0
26S

0
27 Sα3 S

α
4 S

β
9 S

γ
0 σoS λoV διP γιX σoiS λoiV διiP γιiX Abelian

SiViPX Non-abelian σo βo νι γι Non-Abelian S0
19S

0
26S

0
27 Sα6 S

α
7 S

β
8 S

β
12 − σoS βoiV νιiP γιX σoiS βoV νιP γιiX Abelian

SViPiX Non-abelian σo λo νι µι Non-Abelian S0
15S

0
19S

0
26S

0
27 Sα2 S

β
10S

β
11 − σoS λoV νιiP µιiX σoiS λoiV νιP µιX Abelian

SiVPiX Non-abelian σo βo δι µι Non-Abelian S0
19S

0
26S

0
27 Sα1 S

α
5 S

β
13S

β
14 − σoS βoiV διP µιiX σoiS βoV διiP µιX Abelian

SVQY Non-abelian σo λo δ γ Non-Abelian S0
20S

0
25S

0
27 Sα2 S

α
4 S

β
10 S

γ
0 σoS λoV δQ γY σoiS λoiV δiQ γiY Abelian

SiViQY Non-abelian σo βo ν γ Non-Abelian S0
20S

0
25S

0
27 Sα5 S

α
7 S

β
8 S

β
13 − σoS βoiV νiQ γY σoiS βoV νQ γiY Abelian

SViQiY Non-abelian σo λo ν µ Non-Abelian S0
15S

0
20S

0
25S

0
27 Sα3 S

β
9 S

β
11 − σoS λoV νiQ µiY σoiS λoiV νQ µY Abelian

SiVQiY Non-abelian σo βo δ µ Non-Abelian S0
20S

0
25S

0
27 Sα1 S

α
6 S

β
12S

β
14 − σoS βoiV δQ µiY σoiS βoV δiQ µY Abelian

SVRZ Non-abelian σo λo δκ γκ Non-Abelian S0
21S

0
25S

0
26 Sα2 S

α
3 S

β
11 S

γ
0 σoS λoV δκR γκZ σoiS λoiV δκiR γκiZ Abelian

SiViRZ Non-abelian σo βo νκ γκ Non-Abelian S0
21S

0
25S

0
26 Sα5 S

α
6 S

β
8 S

β
14 − σoS βoiV νκiR γκZ σoiS βoV νκR γκiZ Abelian

SViRiZ Non-abelian σo λo νκ µκ Non-Abelian S0
15S

0
21S

0
25S

0
26 Sα4 S

β
9 S

β
10 − σoS λoV νκiR µκiZ σoiS λoiV νκR µκZ Abelian

SiVRiZ Non-abelian σo βo δκ µκ Non-Abelian S0
21S

0
25S

0
26 Sα1 S

α
7 S

β
12S

β
13 − σoS βoiV δκR µκiZ σoiS βoV δκiR µκZ Abelian
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Table 5. Unit elements for aligned M and T subalgebras with 4
unit elements and complexified aligned C⊗W sub-algebras

Unit elements of M Unit elements of T and sedenion-type loop participation Unit elements of C ⊗ W
Sub-group Type Sub-loop Type S0

L SαL S
β
L

S
γ
L

Complexified aligned sub-loop Type

SVDL Abelian σo λo λι σι Non-Abelian S0
15S

0
16S

0
19S

0
25 Sα2 S

β
9 S

γ
0 σoS λoV λιD σιL σoiS λoiV λιiD σιiL Non-Abelian

SiViDL Abelian σo βo βι σι Non-Abelian S0
16S

0
19S

0
25 Sα1 S

α
5 S

β
8 S

β
12 − σoS βoiV βιiD σιL σoiS βoV βιD σιiL Non-Abelian

SViDiL Abelian σo λo βι αι Non-Abelian S0
16S

0
19S

0
25 Sα3 S

α
4 S

β
10S

β
11 − σoS λoV βιiD αιiL σoiS λoiV βιD αιL Non-Abelian

SiVDiL Abelian σo βo λι αι Non-Abelian S0
16S

0
19S

0
25 Sα6 S

α
7 S

β
13S

β
14 − σoS βoiV λιD αιiL σoiS βoV λιiD αιL Non-Abelian

SVEM Abelian σo λo λ σ Non-Abelian S0
15S

0
16S

0
20S

0
26 Sα3 S

β
10 S

γ
0 σoS λoV λE σM σoiS λoiV λiE σiM Non-Abelian

SiViEM Abelian σo βo β σ Non-Abelian S0
16S

0
20S

0
26 Sα1 S

α
6 S

β
8 S

β
13 − σoS βoiV βiE σM σoiS βoV βE σiM Non-Abelian

SViEiM Abelian σo λo β α Non-Abelian S0
16S

0
20S

0
26 Sα2 S

α
4 S

β
9 S

β
11 − σoS λoV βiE αiM σoiS λoiV βE αM Non-Abelian

SiVEiM Abelian σo βo λ α Non-Abelian S0
16S

0
20S

0
26 Sα5 S

α
7 S

β
12S

β
14 − σoS βoiV λE αiM σoiS βoV λiE αM Non-Abelian

SVFN Abelian σo λo λκ σκ Non-Abelian S0
15S

0
16S

0
21S

0
27 Sα4 S

β
11 S

γ
0 σoS λoV λκF σκN σoiS λoiV λκiF σκiN Non-Abelian

SiViFN Abelian σo βo βκ σκ Non-Abelian S0
16S

0
21S

0
27 Sα1 S

α
7 S

β
8 S

β
14 − σoS βoiV βκiF σκN σoiS βoV βκF σκiN Non-Abelian

SViFiN Abelian σo λo βκ ακ Non-Abelian S0
16S

0
21S

0
27 Sα2 S

α
3 S

β
9 S

β
10 − σoS λoV βκiF ακiN σoiS λoiV βκF ακN Non-Abelian

SiVFiN Abelian σo βo λκ ακ Non-Abelian S0
16S

0
21S

0
27 Sα5 S

α
6 S

β
12S

β
13 − σoS βoiV λκF ακiN σoiS βoV λκiF ακN Non-Abelian

STPL Abelian σo δo δι σι Non-Abelian S0
18S

0
19S

0
28 Sα1 S

α
5 S

β
9 S

γ
0 σoS δoT διP σιL σoiS δoiT διiP σιiL Non-Abelian

SiTiPL Abelian σo νo νι σι Non-Abelian S0
15S

0
18S

0
19S

0
28 Sα2 S

β
8 S

β
12 − σoS νoiT νιiP σιL σoiS νoT νιP σιiL Non-Abelian

STiPiL Abelian σo δo νι αι Non-Abelian S0
18S

0
19S

0
28 Sα6 S

α
7 S

β
10S

β
11 − σoS δoT νιiP αιiL σoiS δoiT νιP αιL Non-Abelian

SiTPiL Abelian σo νo δι αι Non-Abelian S0
18S

0
19S

0
28 Sα3 S

α
4 S

β
13S

β
14 − σoS νoiT διP αιiL σoiS νoT διiP αιL Non-Abelian

STQM Abelian σo δo δ σ Non-Abelian S0
18S

0
20S

0
29 Sα1 S

α
6 S

β
10 S

γ
0 σoS δoT δQ σM σoiS δoiT δiQ σiM Non-Abelian

SiTiQM Abelian σo νo ν σ Non-Abelian S0
15S

0
18S

0
20S

0
29 Sα3 S

β
8 S

β
13 − σoS νoiT νiQ σM σoiS νoT νQ σiM Non-Abelian

STiQiM Abelian σo δo ν α Non-Abelian S0
18S

0
20S

0
29 Sα5 S

α
7 S

β
9 S

β
11 − σoS δoT νiQ αiM σoiS δoiT νQ αM Non-Abelian

SiTQiM Abelian σo νo δ α Non-Abelian S0
18S

0
20S

0
29 Sα2 S

α
4 S

β
12S

β
14 − σoS νoiT δQ αiM σoiS νoT δiQ αM Non-Abelian

STRN Abelian σo δo δκ σκ Non-Abelian S0
18S

0
21S

0
30 Sα1 S

α
7 S

β
11 S

γ
0 σoS δoT δκR σκN σoiS δoiT δκiR σκiN Non-Abelian

SiTiRN Abelian σo νo νκ σκ Non-Abelian S0
15S

0
18S

0
21S

0
30 Sα4 S

β
8 S

β
14 − σoS νoiT νκiR σκN σoiS νoT νκR σκiN Non-Abelian

STiRiN Abelian σo δo νκ ακ Non-Abelian S0
18S

0
21S

0
30 Sα5 S

α
6 S

β
9 S

β
10 − σoS δoT νκiR ακiN σoiS δoiT νκR ακN Non-Abelian

SiTRiN Abelian σo νo δκ ακ Non-Abelian S0
18S

0
21S

0
30 Sα2 S

α
3 S

β
12S

β
13 − σoS νoiT δκR ακiN σoiS νoT δκiR ακN Non-Abelian

SXUL Abelian σo γι γo σι Non-Abelian S0
17S

0
19S

0
22 − S

β
8 S

β
9 S

β
12 S

γ
0 σoS γιX γoU σιL σoiS γιiX γoiU σιiL Non-Abelian

SiXiUL Abelian σo µι µo σι Non-Abelian S0
15S

0
17S

0
19S

0
22 Sα1 S

α
2 S

α
5 − − σoS µιiX µoiU σιL σoiS µιX µoU σιiL Non-Abelian

SXiUiL Abelian σo γι µo αι Non-Abelian S0
17S

0
19S

0
22 Sα3 S

α
4 S

α
6 S

α
7 − − σoS γιX µoiU αιiL σoiS γιiX µoU αιL Non-Abelian

SiXUiL Abelian σo µι γo αι Non-Abelian S0
17S

0
19S

0
22 − S

β
10S

β
11S

β
13S

β
14 − σoS µιiX γoU αιiL σoiS µιX γoiU αιL Non-Abelian

SYUM Abelian σo γ γo σ Non-Abelian S0
17S

0
20S

0
23 − S

β
8 S

β
10S

β
13 S

γ
0 σoS γY γoU σM σoiS γiY γoiU σiM Non-Abelian

SiYiUM Abelian σo µ µo σ Non-Abelian S0
15S

0
17S

0
20S

0
23 Sα1 S

α
3 S

α
6 − − σoS µiY µoiU σM σoiS µY µoU σiM Non-Abelian

SYiUiM Abelian σo γ µo α Non-Abelian S0
17S

0
20S

0
23 Sα2 S

α
4 S

α
5 S

α
7 − − σoS γY µoiU αiM σoiS γiY µoU αM Non-Abelian

SiYUiM Abelian σo µ γo α Non-Abelian S0
17S

0
20S

0
23 − S

β
9 S

β
11S

β
12S

β
14 − σoS µiY γoU αiM σoiS µY γoiU αM Non-Abelian

SZUN Abelian σo γκ γo σκ Non-Abelian S0
17S

0
21S

0
24 − S

β
8 S

β
11S

β
14 S

γ
0 σoS γκZ γoU σκN σoiS γκiZ γoiU σκiN Non-Abelian

SiZiUN Abelian σo µκ µo σκ Non-Abelian S0
15S

0
17S

0
21S

0
24 Sα1 S

α
4 S

α
7 − − σoS µκiZ µoiU σκN σoiS µκZ µoU σκiN Non-Abelian

SZiUiN Abelian σo γκ µo ακ Non-Abelian S0
17S

0
21S

0
24 Sα2 S

α
3 S

α
5 S

α
6 − − σoS γκZ µoiU ακiN σoiS γκiZ µoU ακN Non-Abelian

SiZUiN Abelian σo µκ γo ακ Non-Abelian S0
17S

0
21S

0
24 − S

β
9 S

β
10S

β
12S

β
13 − σoS µκiZ γoU ακiN σoiS µκZ γoiU ακN Non-Abelian

SXER Abelian σo γι λ δκ Non-Abelian S0
22S

0
26S

0
30 Sα3 S

α
7 S

β
12 S

γ
0 σoS γιX λE δκR σoiS γιiX λiE δκiR Non-Abelian

SiXEiR Abelian σo µι λ νκ Non-Abelian S0
15S

0
22S

0
26S

0
30 Sα5 S

β
10S

β
14 − σoS µιiX λE νκiR σoiS µιX λiE νκR Non-Abelian

SXiEiR Abelian σo γι β νκ Non-Abelian S0
22S

0
26S

0
30 Sα4 S

α
6 S

β
8 S

β
9 − σoS γιX βiE νκiR σoiS γιiX βE νκR Non-Abelian

SiXiER Abelian σo µι β δκ Non-Abelian S0
22S

0
26S

0
30 Sα1 S

α
2 S

β
11S

β
13 − σoS µιiX βiE δκR σoiS µιX βE δκiR Non-Abelian

SXQF Abelian σo γι δ λκ Non-Abelian S0
22S

0
27S

0
29 Sα4 S

α
6 S

β
12 S

γ
0 σoS γιX δQ λκF σoiS γιiX δiQ λκiF Non-Abelian

SiXiQF Abelian σo µι ν λκ Non-Abelian S0
15S

0
22S

0
27S

0
29 Sα5 S

β
11S

β
13 − σoS µιiX νiQ λκF σoiS µιX νQ λκiF Non-Abelian

SXiQiF Abelian σo γι ν βκ Non-Abelian S0
22S

0
27S

0
29 Sα3 S

α
7 S

β
8 S

β
9 − σoS γιX νiQ βκiF σoiS γιiX νQ βκF Non-Abelian

SiXQiF Abelian σo µι δ βκ Non-Abelian S0
22S

0
27S

0
29 Sα1 S

α
2 S

β
10S

β
14 − σoS µιiX δQ βκiF σoiS µιX δiQ βκF Non-Abelian

SYPF Abelian σo γ δι λκ Non-Abelian S0
23S

0
27S

0
28 Sα4 S

α
5 S

β
13 S

γ
0 σoS γY διP λκF σoiS γiY διiP λκiF Non-Abelian

SiYiPF Abelian σo µ νι λκ Non-Abelian S0
15S

0
23S

0
27S

0
28 Sα6 S

β
11S

β
12 − σoS µiY νιiP λκF σoiS µY νιP λκiF Non-Abelian

SYiPiF Abelian σo γ νι βκ Non-Abelian S0
23S

0
27S

0
28 Sα2 S

α
7 S

β
8 S

β
10 − σoS γY νιiP βκiF σoiS γiY νιP βκF Non-Abelian

SiYPiF Abelian σo µ δι βκ Non-Abelian S0
23S

0
27S

0
28 Sα1 S

α
3 S

β
9 S

β
14 − σoS µiY διP βκiF σoiS µY διiP βκF Non-Abelian

SYDR Abelian σo γ λι δκ Non-Abelian S0
23S

0
25S

0
30 Sα2 S

α
7 S

β
13 S

γ
0 σoS γY λιD δκR σoiS γiY λιiD δκiR Non-Abelian

SiYDiR Abelian σo µ λι νκ Non-Abelian S0
15S

0
23S

0
25S

0
30 Sα6 S

β
9 S

β
14 − σoS µiY λιD νκiR σoiS µY λιiD νκR Non-Abelian

SYiDiR Abelian σo γ βι νκ Non-Abelian S0
23S

0
25S

0
30 Sα4 S

α
5 S

β
8 S

β
10 − σoS γY βιiD νκiR σoiS γiY βιD νκR Non-Abelian

SiYiDR Abelian σo µ βι δκ Non-Abelian S0
23S

0
25S

0
30 Sα1 S

α
3 S

β
11S

β
12 − σoS µiY βιiD δκR σoiS µY βιD δκiR Non-Abelian

SZDQ Abelian σo γκ λι δ Non-Abelian S0
24S

0
25S

0
29 Sα2 S

α
6 S

β
14 S

γ
0 σoS γκZ λιD δQ σoiS γκiZ λιiD δiQ Non-Abelian

SiZDiQ Abelian σo µκ λι ν Non-Abelian S0
15S

0
24S

0
25S

0
29 Sα7 S

β
9 S

β
13 − σoS µκiZ λιD νiQ σoiS µκZ λιiD νQ Non-Abelian

SZiDiQ Abelian σo γκ βι ν Non-Abelian S0
24S

0
25S

0
29 Sα3 S

α
5 S

β
8 S

β
11 − σoS γκZ βιiD νiQ σoiS γκiZ βιD νQ Non-Abelian

SiZiDQ Abelian σo µκ βι δ Non-Abelian S0
24S

0
25S

0
29 Sα1 S

α
4 S

β
10S

β
12 − σoS µκiZ βιiD δQ σoiS µκZ βιD δiQ Non-Abelian

SZPE Abelian σo γκ δι λ Non-Abelian S0
24S

0
26S

0
28 Sα3 S

α
5 S

β
14 S

γ
0 σoS γκZ διP λE σoiS γκiZ διiP λiE Non-Abelian

SiZiPE Abelian σo µκ νι λ Non-Abelian S0
15S

0
24S

0
26S

0
28 Sα7 S

β
10S

β
12 − σoS µκiZ νιiP λE σoiS µκZ νιP λiE Non-Abelian

SZiPiE Abelian σo γκ νι β Non-Abelian S0
24S

0
26S

0
28 Sα2 S

α
6 S

β
8 S

β
11 − σoS γκZ νιiP βiE σoiS γκiZ νιP βE Non-Abelian

SiZPiE Abelian σo µκ δι β Non-Abelian S0
24S

0
26S

0
28 Sα1 S

α
4 S

β
9 S

β
13 − σoS µκiZ διP βiE σoiS µκZ διiP βE Non-Abelian
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Table 6. Unit elements for aligned M and T subalgebras with 4
unit elements and complexified aligned C⊗W sub-algebras

Unit elements of M Unit elements of T and sedenion-type loop participation Unit elements of C ⊗ W
Sub-group Type Sub-loop Type S0

L SαL S
β
L

S
γ
L

Complexified aligned sub-loop Type

SLiSiL Abelian σo σι αo αι Non-Abelian S0
16S

0
17S

0
18S

0
19S

0
22S

0
25S

0
28 − − − σoS σιL αoiS αιiL σoiS σιiL αoS αιL Non-Abelian

SMiSiM Abelian σo σ αo α Non-Abelian S0
16S

0
17S

0
18S

0
20S

0
23S

0
26S

0
29 − − − σoS σM αoiS αiM σoiS σiM αoS αM Non-Abelian

SNiSiN Abelian σo σκ αo ακ Non-Abelian S0
16S

0
17S

0
18S

0
21S

0
24S

0
27S

0
30 − − − σoS σκN αoiS ακiN σoiS σκiN αoS ακN Non-Abelian

SViSiV Abelian σo λo αo βo Non-Abelian S0
16S

0
19S

0
20S

0
21S

0
25S

0
26S

0
27 − − − σoS λoV αoiS βoiV σoiS λoiV αoS βoV Non-Abelian

STiSiT Abelian σo δo αo νo Non-Abelian S0
18S

0
19S

0
20S

0
21S

0
28S

0
29S

0
30 − − − σoS δoT αoiS νoiT σoiS δoiT αoS νoT Non-Abelian

SUiSiU Abelian σo γo αo µo Non-Abelian S0
17S

0
19S

0
20S

0
21S

0
22S

0
23S

0
24 − − − σoS γoU αoiS µoiU σoiS γoiU αoS µoU Non-Abelian

SXiSiX Abelian σo γι αo µι Non-Abelian S0
17S

0
19S

0
22S

0
26S

0
27S

0
29S

0
30 − − − σoS γιX αoiS µιiX σoiS γιiX αoS µιX Non-Abelian

SYiSiY Abelian σo γ αo µ Non-Abelian S0
17S

0
20S

0
23S

0
25S

0
27S

0
28S

0
30 − − − σoS γY αoiS µiY σoiS γiY αoS µY Non-Abelian

SZiSiZ Abelian σo γκ αo µκ Non-Abelian S0
17S

0
21S

0
24S

0
25S

0
26S

0
28S

0
29 − − − σoS γκZ αoiS µκiZ σoiS γκiZ αoS µκZ Non-Abelian

SPiSiP Abelian σo δι αo νι Non-Abelian S0
18S

0
19S

0
23S

0
24S

0
26S

0
27S

0
28 − − − σoS διP αoiS νιiP σoiS διiP αoS νιP Non-Abelian

SQiSiQ Abelian σo δ αo ν Non-Abelian S0
18S

0
20S

0
22S

0
24S

0
25S

0
27S

0
29 − − − σoS δQ αoiS νiQ σoiS δiQ αoS νQ Non-Abelian

SRiSiR Abelian σo δκ αo νκ Non-Abelian S0
18S

0
21S

0
22S

0
23S

0
25S

0
26S

0
30 − − − σoS δκR αoiS νκiR σoiS δκiR αoS νκR Non-Abelian

SDiSiD Abelian σo λι αo βι Non-Abelian S0
16S

0
19S

0
23S

0
24S

0
25S

0
29S

0
30 − − − σoS λιD αoiS βιiD σoiS λιiD αoS βιD Non-Abelian

SEiSiE Abelian σo λ αo β Non-Abelian S0
16S

0
20S

0
22S

0
24S

0
26S

0
28S

0
30 − − − σoS λE αoiS βiE σoiS λiE αoS βE Non-Abelian

SFiSiF Abelian σo λκ αo βκ Non-Abelian S0
16S

0
21S

0
22S

0
23S

0
27S

0
28S

0
29 − − − σoS λκF αoiS βκiF σoiS λκiF αoS βκF Non-Abelian

Table 7. Structure of combinations of 8 element M subgroups
and 8 element T subloops

M subgroups and type Trigintaduonion sub-loop Sedenion participation Aligned sub-algebra Type

Basis elements Type Basis elements Type S0
L SαL S

β
L

S
γ
L

Basis elements

SiVDiLViDLiS D ⊗ C σo βo λι αι λo βι σι αo Oe0 S0
18S

0
19S

0
28 − − − σoS βoiV λιD αιiL λoV βιiD σιL αoi Split Octonion

SiTPiLTiPLiS D ⊗ C σo νo δι αι δo νι σι αo Oe0 S0
16S

0
19S

0
25 − − − σoS νoiT διP αιiL δoT νιiP σιL αoi Split Octonion

SXiUiLiXULiS D ⊗ C σo γι µo αι µι γo σι αo Oe0 S0
17S

0
19S

0
22 − − − σoS γιX µoiU αιiL µιiX γoU σιL αoi Split Octonion

SXERiXiEiRiS D ⊗ C σo γι λ δκ µι β νκ αo Oe0 S0
22S

0
27S

0
29 − − − σoS γιX λE δκR µιiX βiE νκiR αoi Split Octonion

SXQFiXiQiFiS D ⊗ C σo γι δ λκ µι ν βκ αo Oe0 S0
22S

0
26S

0
30 − − − σoS γιX δQ λκF µιiX νiQ βκiF αoi Split Octonion

SiVEiMViEMiS D ⊗ C σo βo λ α λo β σ αo Oe0 S0
18S

0
20S

0
29 − − − σoS βoiV λE αiM λoV βiE σM αoi Split Octonion

SiTQiMTiQMiS D ⊗ C σo νo δ α δo ν σ αo Oe0 S0
16S

0
20S

0
26 − − − σoS νoiT δQ αiM δoT νiQ σM αoi Split Octonion

SYiUiMiYUMiS D ⊗ C σo γ µo α µ γo σ αo Oe0 S0
17S

0
20S

0
23 − − − σoS γY µoiU αiM µiY γoU σM αoi Split Octonion

SYPFiYiPiFiS D ⊗ C σo γ δι λκ µ νι βκ αo Oe0 S0
23S

0
25S

0
30 − − − σoS γY διP λκF µiY νιiP βκiF αoi Split Octonion

SYDRiYiDiRiS D ⊗ C σo γ λι δκ µ βι νκ αo Oe0 S0
23S

0
27S

0
28 − − − σoS γY λιD δκR µiY βιiD νκiR αoi Split Octonion

SiVFiNViFNiS D ⊗ C σo βo λκ ακ λo βκ σκ αo Oe0 S0
18S

0
21S

0
30 − − − σoS βoiV λκF ακiN λoV βκiF σκN αoi Split Octonion

SiTRiNTiRNiS D ⊗ C σo νo δκ ακ δo νκ σκ αo Oe0 S0
16S

0
21S

0
27 − − − σoS νoiT δκR ακiN δoT νκiR σκN αoi Split Octonion

SZiUiNiZUNiS D ⊗ C σo γκ µo ακ µκ γo σκ αo Oe0 S0
17S

0
21S

0
24 − − − σoS γκZ µoiU ακiN µκiZ γoU σκN αoi Split Octonion

SZDQiZiDiQiS D ⊗ C σo γκ λι δ µκ βι ν αo Oe0 S0
24S

0
26S

0
28 − − − σoS γκZ λιD δQ µκiZ βιiD νiQ αoi Split Octonion

SZPEiZiPiEiS D ⊗ C σo γκ δι λ µκ νι β αo Oe0 S0
24S

0
25S

0
29 − − − σoS γκZ διP λE µκiZ νιiP βiE αoi Split Octonion

SLMNiLiMiNiS H ⊗ C σo σι σ σκ αι α ακ αo Oe0 S0
16S

0
17S

0
18 − − − σoS σιL σM σκN αιiL αiM ακiN αoi Distributive

SLiEiFiLEFiS H ⊗ C σo σι β βκ αι λ λκ αo Oe0 S0
18S

0
22S

0
25 − − − σoS σιL βiE βκiF αιiL λE λκF αoi Distributive

SLiQiRiLQRiS H ⊗ C σo σι ν νκ αι δ δκ αo Oe0 S0
16S

0
22S

0
28 − − − σoS σιL νiQ νκiR αιiL δQ δκR αoi Distributive

SLiYiZiLYZiS H ⊗ C σo σι µ µκ αι γ γκ αo Oe0 S0
17S

0
25S

0
28 − − − σoS σιL µiY µκiZ αιiL γY γκZ αoi Distributive

SMiFiDiMFDiS H ⊗ C σo σ βκ βι α λκ λι αo Oe0 S0
18S

0
23S

0
26 − − − σoS σM βκiF βιiD αiM λκF λιD αoi Distributive

SMiRiPiMRPiS H ⊗ C σo σ νκ νι α δκ δι αo Oe0 S0
16S

0
23S

0
29 − − − σoS σM νκiR νιiP αiM δκR διP αoi Distributive

SMiZiXiMZXiS H ⊗ C σo σ µκ µι α γκ γι αo Oe0 S0
17S

0
26S

0
29 − − − σoS σM µκiZ µιiX αiM γκZ γιX αoi Distributive

SNiDiEiNDEiS H ⊗ C σo σκ βι β ακ λι λ αo Oe0 S0
18S

0
24S

0
27 − − − σoS σκN βιiD βiE ακiN λιD λE αoi Distributive

SNiPiQiNPQiS H ⊗ C σo σκ νι ν ακ δι δ αo Oe0 S0
16S

0
24S

0
30 − − − σoS σκN νιiP νiQ ακiN διP δQ αoi Distributive

SNiXiYiNXYiS H ⊗ C σo σκ µι µ ακ γι γ αo Oe0 S0
17S

0
27S

0
30 − − − σoS σκN µιiX µiY ακiN γιX γY αoi Distributive

SVTUiViTiUiS H ⊗ C σo λo δo γo βo νo µo αo Oe0 S0
19S

0
20S

0
21 − − − σoS λoV δoT γoU βoiV νoiT µoiU αoi Distributive

SViPiXiVPXiS H ⊗ C σo λo νι µι βo δι γι αo Oe0 S0
19S

0
29S

0
30 − − − σoS λoV νιiP µιiX βoiV διP γιX αoi Distributive

STiXiDiTXDiS H ⊗ C σo δo µι βι νo γι λι αo Oe0 S0
19S

0
26S

0
27 − − − σoS δoT µιiX βιiD νoiT γιX λιD αoi Distributive

SUiDiPiUDPiS H ⊗ C σo γo βι νι µo λι δι αo Oe0 S0
19S

0
23S

0
24 − − − σoS γoU βιiD νιiP µoiU λιD διP αoi Distributive

SViQiYiVQYiS H ⊗ C σo λo ν µ βo δ γ αo Oe0 S0
20S

0
28S

0
30 − − − σoS λoV νiQ µiY βoiV δQ γY αoi Distributive

STiYiEiTYEiS H ⊗ C σo δo µ β νo γ λ αo Oe0 S0
20S

0
25S

0
27 − − − σoS δoT µiY βiE νoiT γY λE αoi Distributive

SUiEiQiUEQiS H ⊗ C σo γo β ν µo λ δ αo Oe0 S0
20S

0
22S

0
24 − − − σoS γoU βiE νiQ µoiU λE δQ αoi Distributive

SViRiZiVRZiS H ⊗ C σo λo νκ µκ βo δκ γκ αo Oe0 S0
21S

0
28S

0
29 − − − σoS λoV νκiR µκiZ βoiV δκR γκZ αoi Distributive

STiZiFiTZFiS H ⊗ C σo δo µκ βκ νo γκ λκ αo Oe0 S0
21S

0
25S

0
26 − − − σoS δoT µκiZ βκiF νoiT γκZ λκF αoi Distributive

SUiFiRiUFRiS H ⊗ C σo γo βκ νκ µo λκ δκ αo Oe0 S0
21S

0
22S

0
23 − − − σoS γoU βκiF νκiR µoiU λκF δκR αoi Distributive
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Table 8. Structure of combinations of 8 element M subgroups
and 8 element T subloops

M subgroups and type Trigintaduonion sub-loop Sedenion participation Aligned sub-algebra Type

Basis elements Type Basis elements Type S0
L SαL S

β
L

S
γ
L

Basis elements

SLMNDEFV H ⊗ C σo σι σ σκ λι λ λκ λo Oc0 S0
18 Sα1 − S

γ
0 σoS σιL σM σκN λιD λE λκF λo Distributive

SLiMiNDiEiFV H ⊗ C σo σι α ακ λι β βκ λo Õ
f
0 S0

18 Sα5 S
β
9 − σoS σιL αiM ακiN λιD βiE βκiF λo Distributive

SiLMiNiDEiFV H ⊗ C σo αι σ ακ βι λ βκ λo Õ
f
0 S0

18 Sα6 S
β
10 − σoS αιiL σM ακiN βιiD λE βκiF λo Distributive

SiLiMNiDiEFV H ⊗ C σo αι α σκ βι β λκ λo Õ
f
0 S0

18 Sα7 S
β
11 − σoS αιiL αiM σκN βιiD βiE λκF λo Distributive

SLMNiDiEiFiV H ⊗ C σo σι σ σκ βι β βκ βo Õ
j
0 S0

15S
0
18 − S

β
8 − σoS σιL σM σκN βιiD βiE βκiF βoi Distributive

SLiMiNiDEFiV H ⊗ C σo σι α ακ βι λ λκ βo Õ
f
0 S0

18 Sα2 S
β
12 − σoS σιL αiM ακiN βιiD λE λκF βoi Distributive

SiLMiNDiEFiV H ⊗ C σo αι σ ακ λι β λκ βo Õ
f
0 S0

18 Sα3 S
β
13 − σoS αιiL σM ακiN λιD βiE λκF βoi Distributive

SiLiMNDEiFiV H ⊗ C σo αι α σκ λι λ βκ βo Õ
f
0 S0

18 Sα4 S
β
14 − σoS αιiL αiM σκN λιD λE βκiF βoi Distributive

SLMNPQRT H ⊗ C σo σι σ σκ δι δ δκ δo Oa0 S0
15S

0
16 − − S

γ
0 σoS σιL σM σκN διP δQ δκR δo Distributive

SLiMiNPiQiRT H ⊗ C σo σι α ακ δι ν νκ δo Õ
f
0 S0

16 Sα2 S
β
9 − σoS σιL αiM ακiN διP νiQ νκiR δo Distributive

SiLMiNiPQiRT H ⊗ C σo αι σ ακ νι δ νκ δo Õ
f
0 S0

16 Sα3 S
β
10 − σoS αιiL σM ακiN νιiP δQ νκiR δo Distributive

SiLiMNiPiQRT H ⊗ C σo αι α σκ νι ν δκ δo Õ
f
0 S0

16 Sα4 S
β
11 − σoS αιiL αiM σκN νιiP νiQ δκR δo Distributive

SLMNiPiQiRiT H ⊗ C σo σι σ σκ νι ν νκ νo Õ
f
0 S0

16 Sα1 S
β
8 − σoS σιL σM σκN νιiP νiQ νκiR νoi Distributive

SLiMiNiPQRiT H ⊗ C σo σι α ακ νι δ δκ νo Õ
f
0 S0

16 Sα5 S
β
12 − σoS σιL αiM ακiN νιiP δQ δκR νoi Distributive

SiLMiNPiQRiT H ⊗ C σo αι σ ακ δι ν δκ νo Õ
f
0 S0

16 Sα6 S
β
13 − σoS αιiL σM ακiN διP νiQ δκR νoi Distributive

SiLiMNPQiRiT H ⊗ C σo αι α σκ δι δ νκ νo Õ
f
0 S0

16 Sα7 S
β
14 − σoS αιiL αiM σκN διP δQ νκiR νoi Distributive

SLMNXYZU H ⊗ C σo σι σ σκ γι γ γκ γo Õ
g
0 S0

17 − S
β
8 S

γ
0 σoS σιL σM σκN γιX γY γκZ γo Distributive

SLiMiNXiYiZU H ⊗ C σo σι α ακ γι µ µκ γo Õi0 S0
17 − S

β
9 S

β
12 − σoS σιL αiM ακiN γιX µiY µκiZ γo Distributive

SiLMiNiXYiZU H ⊗ C σo αι σ ακ µι γ µκ γo Õi0 S0
17 − S

β
10S

β
13 − σoS αιiL σM ακiN µιiX γY µκiZ γo Distributive

SiLiMNiXiYZU H ⊗ C σo αι α σκ µι µ γκ γo Õi0 S0
17 − S

β
11S

β
14 − σoS αιiL αiM σκN µιiX µiY γκZ γo Distributive

SLMNiXiYiZiU H ⊗ C σo σι σ σκ µι µ µκ µo Ob0 S0
15S

0
17 Sα1 − − σoS σιL σM σκN µιiX µiY µκiZ µoi Distributive

SLiMiNiXYZiU H ⊗ C σo σι α ακ µι γ γκ µo Õh0 S0
17 Sα2 S

α
5 − − σoS σιL αiM ακiN µιiX γY γκZ µoi Distributive

SiLMiNXiYZiU H ⊗ C σo αι σ ακ γι µ γκ µo Õh0 S0
17 Sα3 S

α
6 − − σoS αιiL σM ακiN γιX µiY γκZ µoi Distributive

SiLiMNXYiZiU H ⊗ C σo αι α σκ γι γ µκ µo Õh0 S0
17 Sα4 S

α
7 − − σoS αιiL αiM σκN γιX γY µκiZ µoi Distributive

SVTUDPXL H ⊗ C σo λo δo γo λι δι γι σι Õ
g
0 S0

19 − S
β
9 S

γ
0 σoS λoV δoT γoU λιD διP γιX σι Distributive

SViTiUDiPiXL H ⊗ C σo λo νo µo λι νι µι σι Od0 S0
19 Sα1 S

α
5 − − σoS λoV νoiT µoiU λιD νιiP µιiX σι Distributive

SiVTiUiDPiXL H ⊗ C σo βo δo µo βι δι µι σι Õk0 S0
15S

0
19 Sα2 − − σoS βoiV δoT µoiU βιiD διP µιiX σι Distributive

SiViTUiDiPXL H ⊗ C σo βo νo γo βι νι γι σι Õi0 S0
19 − S

β
8 S

β
12 − σoS βoiV νoiT γoU βιiD νιiP γιX σι Distributive

SVTUiDiPiXiL H ⊗ C σo λo δo γo βι νι µι αι Õi0 S0
19 − S

β
10S

β
11 − σoS λoV δoT γoU βιiD νιiP µιiX αιi Distributive

SViTiUiDPXiL H ⊗ C σo λo νo µo βι δι γι αι Õh0 S0
19 Sα6 S

α
7 − − σoS λoV νoiT µoiU βιiD διP γιX αιi Distributive

SiVTiUDiPXiL H ⊗ C σo βo δo µo λι νι γι αι Õh0 S0
19 Sα3 S

α
4 − − σoS βoiV δoT µoiU λιD νιiP γιX αιi Distributive

SiViTUDPiXiL H ⊗ C σo βo νo γo λι δι µι αι Õi0 S0
19 − S

β
13S

β
14 − σoS βoiV νoiT γoU λιD διP µιiX αιi Distributive

SVTUEQYM H ⊗ C σo λo δo γo λ δ γ σ Õ
g
0 S0

20 − S
β
10 S

γ
0 σoS λoV δoT γoU λE δQ γY σ Distributive

SViTiUEiQiYM H ⊗ C σo λo νo µo λ ν µ σ Od0 S0
20 Sα1 S

α
6 − − σoS λoV νoiT µoiU λE νiQ µiY σ Distributive

SiVTiUiEQiYM H ⊗ C σo βo δo µo β δ µ σ Õk0 S0
15S

0
20 Sα3 − − σoS βoiV δoT µoiU βiE δQ µiY σ Distributive

SiViTUiEiQYM H ⊗ C σo βo νo γo β ν γ σ Õi0 S0
20 − S

β
8 S

β
13 − σoS βoiV νoiT γoU βiE νiQ γY σ Distributive

SVTUiEiQiYiM H ⊗ C σo λo δo γo β ν µ α Õi0 S0
20 − S

β
9 S

β
11 − σoS λoV δoT γoU βiE νiQ µiY αi Distributive

SViTiUiEQYiM H ⊗ C σo λo νo µo β δ γ α Õh0 S0
20 Sα5 S

α
7 − − σoS λoV νoiT µoiU βiE δQ γY αi Distributive

SiVTiUEiQYiM H ⊗ C σo βo δo µo λ ν γ α Õh0 S0
20 Sα2 S

α
4 − − σoS βoiV δoT µoiU λE νiQ γY αi Distributive

SiViTUEQiYiM H ⊗ C σo βo νo γo λ δ µ α Õi0 S0
20 − S

β
12S

β
14 − σoS βoiV νoiT γoU λE δQ µiY αi Distributive

SVTUFRZN H ⊗ C σo λo δo γo λκ δκ γκ σκ Õ
g
0 S0

21 − S
β
11 S

γ
0 σoS λoV δoT γoU λκF δκR γκZ σκ Distributive

SViTiUFiRiZN H ⊗ C σo λo νo µo λκ νκ µκ σκ Od0 S0
21 Sα1 S

α
7 − − σoS λoV νoiT µoiU λκF νκiR µκiZ σκ Distributive

SiVTiUiFRiZN H ⊗ C σo βo δo µo βκ δκ µκ σκ Õk0 S0
15S

0
21 Sα4 − − σoS βoiV δoT µoiU βκiF δκR µκiZ σκ Distributive

SiViTUiFiRZN H ⊗ C σo βo νo γo βκ νκ γκ σκ Õi0 S0
21 − S

β
8 S

β
14 − σoS βoiV νoiT γoU βκiF νκiR γκZ σκ Distributive

SVTUiFiRiZiN H ⊗ C σo λo δo γo βκ νκ µκ ακ Õi0 S0
21 − S

β
9 S

β
10 − σoS λoV δoT γoU βκiF νκiR µκiZ ακi Distributive

SViTiUiFRZiN H ⊗ C σo λo νo µo βκ δκ γκ ακ Õh0 S0
21 Sα5 S

α
6 − − σoS λoV νoiT µoiU βκiF δκR γκZ ακi Distributive

SiVTiUFiRZiN H ⊗ C σo βo δo µo λκ νκ γκ ακ Õh0 S0
21 Sα2 S

α
3 − − σoS βoiV δoT µoiU λκF νκiR γκZ ακi Distributive

SiViTUFRiZiN H ⊗ C σo βo νo γo λκ δκ µκ ακ Õi0 S0
21 − S

β
12S

β
13 − σoS βoiV νoiT γoU λκF δκR µκiZ ακi Distributive
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Table 9. Structure of combinations of 8 element M subgroups
and 8 element T subloops

M subgroups and type Trigintaduonion sub-loop Sedenion participation Aligned sub-algebra Type

Basis elements Type Basis elements Type S0
L SαL S

β
L

S
γ
L

Basis elements

SLiEiFiURQiX H ⊗ C σo σι β βκ µo δκ δ µι Õk0 S0
15S

0
22 Sα5 − − σoS σιL βiE βκiF µoiU δκR δQ µιi Distributive

SLEFiUiRiQiX H ⊗ C σo σι λ λκ µo νκ ν µι Od0 S0
22 Sα1 S

α
2 − − σoS σιL λE λκF µoiU νκiR νiQ µιi Distributive

SiLiEFURiQiX H ⊗ C σo αι β λκ γo δκ ν µι Õi0 S0
22 − S

β
11S

β
13 − σoS αιiL βiE λκF γoU δκR νiQ µιi Distributive

SiLEiFUiRQiX H ⊗ C σo αι λ βκ γo νκ δ µι Õi0 S0
22 − S

β
10S

β
14 − σoS αιiL λE βκiF γoU νκiR δQ µιi Distributive

SLiEiFUiRiQX H ⊗ C σo σι β βκ γo νκ ν γι Õi0 S0
22 − S

β
8 S

β
9 − σoS σιL βiE βκiF γoU νκiR νiQ γι Distributive

SLEFURQX H ⊗ C σo σι λ λκ γo δκ δ γι Õ
g
0 S0

22 − S
β
12 S

γ
0 σoS σιL λE λκF γoU δκR δQ γι Distributive

SiLiEFiUiRQX H ⊗ C σo αι β λκ µo νκ δ γι Õh0 S0
22 Sα3 S

α
7 − − σoS αιiL βiE λκF µoiU νκiR δQ γι Distributive

SiLEiFiURiQX H ⊗ C σo αι λ βκ µo δκ ν γι Õh0 S0
22 Sα4 S

α
6 − − σoS αιiL λE βκiF µoiU δκR νiQ γι Distributive

SMiFiDiUPRiY H ⊗ C σo σ βκ βι µo δι δκ µ Õk0 S0
15S

0
23 Sα6 − − σoS σM βκiF βιiD µoiU διP δκR µi Distributive

SMFDiUiPiRiY H ⊗ C σo σ λκ λι µo νι νκ µ Od0 S0
23 Sα1 S

α
3 − − σoS σM λκF λιD µoiU νιiP νκiR µi Distributive

SiMiFDUPiRiY H ⊗ C σo α βκ λι γo δι νκ µ Õi0 S0
23 − S

β
9 S

β
14 − σoS αiM βκiF λιD γoU διP νκiR µi Distributive

SiMFiDUiPRiY H ⊗ C σo α λκ βι γo νι δκ µ Õi0 S0
23 − S

β
11S

β
12 − σoS αiM λκF βιiD γoU νιiP δκR µi Distributive

SMiFiDUiPiRY H ⊗ C σo σ βκ βι γo νι νκ γ Õi0 S0
23 − S

β
8 S

β
10 − σoS σM βκiF βιiD γoU νιiP νκiR γ Distributive

SMFDUPRY H ⊗ C σo σ λκ λι γo δι δκ γ Õ
g
0 S0

23 − S
β
13 S

γ
0 σoS σM λκF λιD γoU διP δκR γ Distributive

SiMiFDiUiPRY H ⊗ C σo α βκ λι µo νι δκ γ Õh0 S0
23 Sα4 S

α
5 − − σoS αiM βκiF λιD µoiU νιiP δκR γ Distributive

SiMFiDiUPiRY H ⊗ C σo α λκ βι µo δι νκ γ Õh0 S0
23 Sα2 S

α
7 − − σoS αiM λκF βιiD µoiU διP νκiR γ Distributive

SNiDiEiUQPiZ H ⊗ C σo σκ βι β µo δ δι µκ Õk0 S0
15S

0
24 Sα7 − − σoS σκN βιiD βiE µoiU δQ διP µκi Distributive

SNDEiUiQiPiZ H ⊗ C σo σκ λι λ µo ν νι µκ Od0 S0
24 Sα1 S

α
4 − − σoS σκN λιD λE µoiU νiQ νιiP µκi Distributive

SiNiDEUQiPiZ H ⊗ C σo ακ βι λ γo δ νι µκ Õi0 S0
24 − S

β
10S

β
12 − σoS ακiN βιiD λE γoU δQ νιiP µκi Distributive

SiNDiEUiQPiZ H ⊗ C σo ακ λι β γo ν δι µκ Õi0 S0
24 − S

β
9 S

β
13 − σoS ακiN λιD βiE γoU νiQ διP µκi Distributive

SNiDiEUiQiPZ H ⊗ C σo σκ βι β γo ν νι γκ Õi0 S0
24 − S

β
8 S

β
11 − σoS σκN βιiD βiE γoU νiQ νιiP γκ Distributive

SNDEUQPZ H ⊗ C σo σκ λι λ γo δ δι γκ Õ
g
0 S0

24 − S
β
14 S

γ
0 σoS σκN λιD λE γoU δQ διP γκ Distributive

SiNiDEiUiQPZ H ⊗ C σo ακ βι λ µo ν δι γκ Õh0 S0
24 Sα2 S

α
6 − − σoS ακiN βιiD λE µoiU νiQ διP γκ Distributive

SiNDiEiUQiPZ H ⊗ C σo ακ λι β µo δ νι γκ Õh0 S0
24 Sα3 S

α
5 − − σoS ακiN λιD βiE µoiU δQ νιiP γκ Distributive

SLiQiRiVZYiD H ⊗ C σo σι ν νκ βo γκ γ βι Õ
f
0 S0

28 Sα2 S
β
8 − σoS σιL νiQ νκiR βoiV γκZ γY βιi Distributive

SLQRiViZiYiD H ⊗ C σo σι δ δκ βo µκ µ βι Õ
j
0 S0

15S
0
28 − S

β
12 − σoS σιL δQ δκR βoiV µκiZ µiY βιi Distributive

SiLiQRVZiYiD H ⊗ C σo αι ν δκ λo γκ µ βι Õ
f
0 S0

28 Sα6 S
β
11 − σoS αιiL νiQ δκR λoV γκZ µiY βιi Distributive

SiLQiRViZYiD H ⊗ C σo αι δ νκ λo µκ γ βι Õ
f
0 S0

28 Sα7 S
β
10 − σoS αιiL δQ νκiR λoV µκiZ γY βιi Distributive

SLiQiRViZiYD H ⊗ C σo σι ν νκ λo µκ µ λι Õ
f
0 S0

28 Sα1 S
β
9 − σoS σιL νiQ νκiR λoV µκiZ µiY λι Distributive

SLQRVZYD H ⊗ C σo σι δ δκ λo γκ γ λι Oc0 S0
28 Sα5 − S

γ
0 σoS σιL δQ δκR λoV γκZ γY λι Distributive

SiLiQRiViZYD H ⊗ C σo αι ν δκ βo µκ γ λι Õ
f
0 S0

28 Sα4 S
β
13 − σoS αιiL νiQ δκR βoiV µκiZ γY λι Distributive

SiLQiRiVZiYD H ⊗ C σo αι δ νκ βo γκ µ λι Õ
f
0 S0

28 Sα3 S
β
14 − σoS αιiL δQ νκiR βoiV γκZ µiY λι Distributive

SMiRiPiVXZiE H ⊗ C σo σ νκ νι βo γι γκ β Õ
f
0 S0

29 Sα3 S
β
8 − σoS σM νκiR νιiP βoiV γιX γκZ βi Distributive

SMRPiViXiZiE H ⊗ C σo σ δκ δι βo µι µκ β Õ
j
0 S0

15S
0
29 − S

β
13 − σoS σM δκR διP βoiV µιiX µκiZ βi Distributive

SiMiRPVXiZiE H ⊗ C σo α νκ δι λo γι µκ β Õ
f
0 S0

29 Sα7 S
β
9 − σoS αiM νκiR διP λoV γιX µκiZ βi Distributive

SiMRiPViXZiE H ⊗ C σo α δκ νι λo µι γκ β Õ
f
0 S0

29 Sα5 S
β
11 − σoS αiM δκR νιiP λoV µιiX γκZ βi Distributive

SMiRiPViXiZE H ⊗ C σo σ νκ νι λo µι µκ λ Õ
f
0 S0

29 Sα1 S
β
10 − σoS σM νκiR νιiP λoV µιiX µκiZ λ Distributive

SMRPVXZE H ⊗ C σo σ δκ δι λo γι γκ λ Oc0 S0
29 Sα6 − S

γ
0 σoS σM δκR διP λoV γιX γκZ λ Distributive

SiMiRPiViXZE H ⊗ C σo α νκ δι βo µι γκ λ Õ
f
0 S0

29 Sα2 S
β
14 − σoS αiM νκiR διP βoiV µιiX γκZ λ Distributive

SiMRiPiVXiZE H ⊗ C σo α δκ νι βo γι µκ λ Õ
f
0 S0

29 Sα4 S
β
12 − σoS αiM δκR νιiP βoiV γιX µκiZ λ Distributive

SNiPiQiVYXiF H ⊗ C σo σκ νι ν βo γ γι βκ Õ
f
0 S0

30 Sα4 S
β
8 − σoS σκN νιiP νiQ βoiV γY γιX βκi Distributive

SNPQiViYiXiF H ⊗ C σo σκ δι δ βo µ µι βκ Õ
j
0 S0

15S
0
30 − S

β
14 − σoS σκN διP δQ βoiV µiY µιiX βκi Distributive

SiNiPQVYiXiF H ⊗ C σo ακ νι δ λo γ µι βκ Õ
f
0 S0

30 Sα5 S
β
10 − σoS ακiN νιiP δQ λoV γY µιiX βκi Distributive

SiNPiQViYXiF H ⊗ C σo ακ δι ν λo µ γι βκ Õ
f
0 S0

30 Sα6 S
β
9 − σoS ακiN διP νiQ λoV µiY γιX βκi Distributive

SNiPiQViYiXF H ⊗ C σo σκ νι ν λo µ µι λκ Õ
f
0 S0

30 Sα1 S
β
11 − σoS σκN νιiP νiQ λoV µiY µιiX λκ Distributive

SNPQVYXF H ⊗ C σo σκ δι δ λo γ γι λκ Oc0 S0
30 Sα7 − S

γ
0 σoS σκN διP δQ λoV γY γιX λκ Distributive

SiNiPQiViYXF H ⊗ C σo ακ νι δ βo µ γι λκ Õ
f
0 S0

30 Sα3 S
β
12 − σoS ακiN νιiP δQ βoiV µiY γιX λκ Distributive

SiNPiQiVYiXF H ⊗ C σo ακ δι ν βo γ µι λκ Õ
f
0 S0

30 Sα2 S
β
13 − σoS ακiN διP νiQ βoiV γY µιiX λκ Distributive

SLiYiZiTFEiP H ⊗ C σo σι µ µκ νo λκ λ νι Õ
f
0 S0

25 Sα1 S
β
12 − σoS σιL µiY µκiZ νoiT λκF λE νιi Distributive

SLYZiTiFiEiP H ⊗ C σo σι γ γκ νo βκ β νι Õ
f
0 S0

25 Sα5 S
β
8 − σoS σιL γY γκZ νoiT βκiF βiE νιi Distributive

SiLiYZTFiEiP H ⊗ C σo αι µ γκ δo λκ β νι Õ
f
0 S0

25 Sα3 S
β
11 − σoS αιiL µiY γκZ δoT λκF βiE νιi Distributive

SiLYiZTiFEiP H ⊗ C σo αι γ µκ δo βκ λ νι Õ
f
0 S0

25 Sα4 S
β
10 − σoS αιiL γY µκiZ δoT βκiF λE νιi Distributive

SLiYiZTiFiEP H ⊗ C σo σι µ µκ δo βκ β δι Õ
j
0 S0

15S
0
25 − S

β
9 − σoS σιL µiY µκiZ δoT βκiF βiE δι Distributive

SLYZTEFP H ⊗ C σo σι γ γκ δo λ λκ δι Oc0 S0
25 Sα2 − S

γ
0 σoS σιL γY γκZ δoT λE λκF δι Distributive

SiLYiZiTiEFP H ⊗ C σo αι γ µκ νo β λκ δι Õ
f
0 S0

25 Sα7 S
β
13 − σoS αιiL γY µκiZ νoiT βiE λκF δι Distributive

SiLiYZiTEiFP H ⊗ C σo αι µ γκ νo λ βκ δι Õ
f
0 S0

25 Sα6 S
β
14 − σoS αιiL µiY γκZ νoiT λE βκiF δι Distributive

SMiZiXiTDFiQ H ⊗ C σo σ µκ µι νo λι λκ ν Õ
f
0 S0

26 Sα1 S
β
13 − σoS σM µκiZ µιiX νoiT λιD λκF νi Distributive

SMZXiTiDiFiQ H ⊗ C σo σ γκ γι νo βι βκ ν Õ
f
0 S0

26 Sα6 S
β
8 − σoS σM γκZ γιX νoiT βιiD βκiF νi Distributive

SiMiZXTDiFiQ H ⊗ C σo α µκ γι δo λι βκ ν Õ
f
0 S0

26 Sα4 S
β
9 − σoS αiM µκiZ γιX δoT λιD βκiF νi Distributive

SiMZiXTiDFiQ H ⊗ C σo α γκ µι δo βι λκ ν Õ
f
0 S0

26 Sα2 S
β
11 − σoS αiM γκZ µιiX δoT βιiD λκF νi Distributive

SMiZiXTiDiFQ H ⊗ C σo σ µκ µι δo βι βκ δ Õ
j
0 S0

15S
0
26 − S

β
10 − σoS σM µκiZ µιiX δoT βιiD βκiF δ Distributive

SMZXTFDQ H ⊗ C σo σ γκ γι δo λκ λι δ Oc0 S0
26 Sα3 − S

γ
0 σoS σM γκZ γιX δoT λκF λιD δ Distributive

SiMZiXiTiFDQ H ⊗ C σo α γκ µι νo βκ λι δ Õ
f
0 S0

26 Sα5 S
β
14 − σoS αiM γκZ µιiX νoiT βκiF λιD δ Distributive

SiMiZXiTFiDQ H ⊗ C σo α µκ γι νo λκ βι δ Õ
f
0 S0

26 Sα7 S
β
12 − σoS αiM µκiZ γιX νoiT λκF βιiD δ Distributive

SNiXiYiTEDiR H ⊗ C σo σκ µι µ νo λ λι νκ Õ
f
0 S0

27 Sα1 S
β
14 − σoS σκN µιiX µiY νoiT λE λιD νκi Distributive

SNXYiTiEiDiR H ⊗ C σo σκ γι γ νo β βι νκ Õ
f
0 S0

27 Sα7 S
β
8 − σoS σκN γιX γY νoiT βiE βιiD νκi Distributive

SiNiXYTEiDiR H ⊗ C σo ακ µι γ δo λ βι νκ Õ
f
0 S0

27 Sα2 S
β
10 − σoS ακiN µιiX γY δoT λE βιiD νκi Distributive

SiNXiYTiEDiR H ⊗ C σo ακ γι µ δo β λι νκ Õ
f
0 S0

27 Sα3 S
β
9 − σoS ακiN γιX µiY δoT βiE λιD νκi Distributive

SNiXiYTiEiDR H ⊗ C σo σκ µι µ δo β βι δκ Õ
j
0 S0

15S
0
27 − S

β
11 − σoS σκN µιiX µiY δoT βiE βιiD δκ Distributive

SNXYTDER H ⊗ C σo σκ γι γ δo λι λ δκ Oc0 S0
27 Sα4 − S

γ
0 σoS σκN γιX γY δoT λιD λE δκ Distributive

SiNXiYiTiDER H ⊗ C σo ακ γι µ νo βι λ δκ Õ
f
0 S0

27 Sα6 S
β
12 − σoS ακiN γιX µiY νoiT βιiD λE δκ Distributive

SiNiXYiTDiER H ⊗ C σo ακ µι γ νo λι β δκ Õ
f
0 S0

27 Sα5 S
β
13 − σoS ακiN µιiX γY νoiT λιD βiE δκ Distributive
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Table 10. Unit elements for aligned M, T and W sub-algebras
with 16 unit elements

M sub-group T sub-loop W sub-loop

Ref. Unit elements Ref. Unit elements Unit elements

E0 SLMNUXY Z Sγ0 σoσισσκγoγιγγκ σoS σιL σM σκN γoU γιX γY γκZ

VDEFTPQR λoλιλλκδoδιδδκ λoV λιD λE λκF δoT διP δQ δκR

E1 SLMNiV iDiEiF Sα1 σoσισσκβoβιββκ σoS σιL σM σκN βoiV βιiD βiE βκiF

iUiXiY iZTPQR µoµιµµκδoδιδδκ µoiU µιiX µiY µκiZ δoT διP δQ δκR

E2 SLUXiV iDiTiP Sα2 σoσιγoγιβoβινoνι σoS σιL γoU γιX βoiV βιiD νoiT νιiP

iMiNiY iZEFQR αακµµκλλκδδκ αiM ακiN µiY µκiZ λE λκF δQ δκR

E3 SMUY iV iEiTiQ Sα3 σoσγoγβoβνoν σoS σM γoU γY βoiV βiE νoiT νiQ

iLiNiXiZDFPR αιακµιµκλιλκδιδκ αιiL ακiN µιiX µκiZ λιD λκF διP δκR

E4 SNUZiV iFiTiR Sα4 σoσκγoγκβoβκνoνκ σoS σκN γoU γκZ βoiV βκiF νoiT νκiR

iLiMiXiY DEPQ αιαµιµλιλδιδ αιiL αiM µιiX µiY λιD λE διP δQ

E5 SLY ZiV iDiQiR Sα5 σoσιγγκβoβιννκ σoS σιL γY γκZ βoiV βιiD νiQ νκiR

iMiNiUiXEFTP αακµoµιλλκδoδι αiM ακiN µoiU µιiX λE λκF δoT διP

E6 SMXZiV iEiPiR Sα6 σoσγιγκβoβνινκ σoS σM γιX γκZ βoiV βiE νιiP νκiR

iLiNiUiY DFTQ αιακµoµλιλκδoδ αιiL ακiN µoiU µiY λιD λκF δoT δQ

E7 SNXY iV iFiPiQ Sα7 σoσκγιγβoβκνιν σoS σκN γιX γY βoiV βκiF νιiP νiQ

iLiMiUiZDETR αιαµoµκλιλδoδκ αιiL αiM µoiU µκiZ λιD λE δoT δκR

E8 SLMNiTiPiQiR Sβ8 σoσισσκνoνιννκ σoS σιL σM σκN νoiT νιiP νiQ νκiR

iUiXiY iZV DEF µoµιµµκλoλιλλκ µoiU µιiX µiY µκiZ λoV λιD λE λκF

E9 SLUXiEiFiQiR Sβ9 σoσιγoγιββκννκ σoS σιL γoU γιX βiE βκiF νiQ νκiR

iMiNiY iZV DTP αακµµκλoλιδoδι αiM ακiN µiY µκiZ λoV λιD δoT διP

E10 SMUY iDiFiPiR Sβ10 σoσγoγβιβκνινκ σoS σM γoU γY βιiD βκiF νιiP νκiR

iLiNiXiZV ETQ αιακµιµκλoλδoδ αιiL ακiN µιiX µκiZ λoV λE δoT δQ

E11 SNUZiDiEiPiQ Sβ11 σoσκγoγκβιβνιν σoS σκN γoU γκZ βιiD βiE νιiP νiQ

iLiMiXiY V FTR αιαµιµλoλκδoδκ αιiL αiM µιiX µiY λoV λκF δoT δκR

E12 SLY ZiEiFiTiP Sβ12 σoσιγγκββκνoνι σoS σιL γY γκZ βiE βκiF νoiT νιiP

iMiNiUiXVDQR αακµoµιλoλιδδκ αiM ακiN µoiU µιiX λoV λιD δQ δκR

E13 SMXZiDiFiTiQ Sβ13 σoσγιγκβιβκνoν σoS σM γιX γκZ βιiD βκiF νoiT νiQ

iLiNiUiY V EPR αιακµoµλoλδιδκ αιiL ακiN µoiU µiY λoV λE διP δκR

E14 SNXY iDiEiTiR Sβ14 σoσκγιγβιβνoνκ σoS σκN γιX γY βιiD βiE νoiT νκiR

iLiMiUiZV FPQ αιαµoµκλoλκδιδ αιiL αiM µoiU µκiZ λoV λκF διP δQ

E15 SLMNUXY Z S015 σoσισσκγoγιγγκ σoS σιL σM σκN γoU γιX γY γκZ

iV iDiEiFiTiPiQiR βoβιββκνoνιννκ βoiV βιiD βiE βκiF νoiT νιiP νiQ νκiR

E16 SLMNUXY Z S016 σoσισσκγoγιγγκ σoS σιL σM σκN γoU γιX γY γκZ

iSiLiMiNiUiXiY iZ αoαιαακµoµιµµκ αoiS αιiL αiM ακiN µoiU µιiX µiY µκiZ

E17 SLMNiV iDiEiF S017 σoσισσκβoβιββκ σoS σιL σM σκN βoiV βιiD βiE βκiF

iSiLiMiNVDEF αoαιαακλoλιλλκ αoiS αιiL αiM ακiN λoV λιD λE λκF

E18 SLMNiTiPiQiR S018 σoσισσκνoνιννκ σoS σιL σM σκN νoiT νιiP νiQ νκiR

iSiLiMiNTPQR αoαιαακδoδιδδκ αoiS αιiL αiM ακiN δoT διP δQ δκR

E19 SLUXiV iDiTiP S019 σoσιγoγιβoβινoνι σoS σιL γoU γιX βoiV βιiD νoiT νιiP

iSiLiUiXVDTP αoαιµoµιλoλιδoδι αoiS αιiL µoiU µιiX λoV λιD δoT διP

E20 SMUY iV iEiTiQ S020 σoσγoγβoβνoν σoS σM γoU γY βoiV βiE νoiT νiQ

iSiMiUiY V ETQ αoαµoµλoλδoδ αoiS αiM µoiU µiY λoV λE δoT δQ

E21 SNUZiV iFiTiR S021 σoσκγoγκβoβκνoνκ σoS σκN γoU γκZ βoiV βκiF νoiT νκiR

iSiNiUiZV FTR αoακµoµκλoλκδoδκ αoiS ακiN µoiU µκiZ λoV λκF δoT δκR

E22 SLY ZiV iDiQiR S022 σoσιγγκβoβιννκ σoS σιL γY γκZ βoiV βιiD νiQ νκiR

iSiLiY iZV DQR αoαιµµκλoλιδδκ αoiS αιiL µiY µκiZ λoV λιD δQ δκR

E23 SMXZiV iEiPiR S023 σoσγιγκβoβνινκ σoS σM γιX γκZ βoiV βiE νιiP νκiR

iSiMiXiZV EPR αoαµιµκλoλδιδκ αoiS αiM µιiX µκiZ λoV λE διP δκR

E24 SNXY iV iFiPiQ S024 σoσκγιγβoβκνιν σoS σκN γιX γY βoiV βκiF νιiP νiQ

iSiNiXiY V FPQ αoακµιµλoλκδιδ αoiS ακiN µιiX µiY λoV λκF διP δQ

E25 SLUXiEiFiQiR S025 σoσιγoγιββκννκ σoS σιL γoU γιX βiE βκiF νiQ νκiR

iSiLiUiXEFQR αoαιµoµιλλκδδκ αoiS αιiL µoiU µιiX λE λκF δQ δκR

E26 SMUY iDiFiPiR S026 σoσγoγβιβκνινκ σoS σM γoU γY βιiD βκiF νιiP νκiR

iSiMiUiY DFPR αoαµoµλιλκδιδκ αoiS αiM µoiU µiY λιD λκF διP δκR

E27 SNUZiDiEiPiQ S027 σoσκγoγκβιβνιν σoS σκN γoU γκZ βιiD βiE νιiP νiQ

iSiNiUiZDEPQ αoακµoµκλιλδιδ αoiS ακiN µoiU µκiZ λιD λE διP δQ

E28 SLY ZiEiFiTiP S028 σoσιγγκββκνoνι σoS σιL γY γκZ βiE βκiF νoiT νιiP

iSiLiY iZEFTP αoαιµµκλλκδoδι αoiS αιiL µiY µκiZ λE λκF δoT διP

E29 SMXZiDiFiTiQ S029 σoσγιγκβιβκνoν σoS σM γιX γκZ βιiD βκiF νoiT νiQ

iSiMiXiZDFTQ αoαµιµκλιλκδoδ αoiS αiM µιiX µκiZ λιD λκF δoT δQ

E30 SNXY iDiEiTiR S030 σoσκγιγβιβνoνκ σoS σκN γιX γY βιiD βiE νoiT νκiR

iSiNiXiY DETR αoακµιµλιλδoδκ αoiS ακiN µιiX µiY λιD λE δoT δκR
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7. Basis of the notation used for unit elements of M ∼= M4(C), and
its Cayley table

Capital roman letters are used to label real matrix unit elements of M4(R), as
shown in table 11. These labels are combined with i to represent imaginary coun-
terparts. Their Cayley table is shown in table 12.

Table 11. Notation used to label 4× 4 unit matrices

S =


1 0 0 0
0 1 0 0

0 0 1 0
0 0 0 1

 L =


0 1 0 0
-1 0 0 0

0 0 0 -1
0 0 1 0

 M =


0 0 1 0
0 0 0 1

-1 0 0 0
0 -1 0 0

 N =


0 0 0 1
0 0 -1 0

0 1 0 0
-1 0 0 0



V =


0 1 0 0

-1 0 0 0

0 0 0 1
0 0 -1 0

 D =


1 0 0 0

0 1 0 0

0 0 -1 0
0 0 0 -1

 E =


0 0 0 1

0 0 -1 0

0 -1 0 0
1 0 0 0

 F =


0 0 1 0

0 0 0 1

1 0 0 0
0 1 0 0



iU =


0 0 0 i

0 0 i 0
0 -i 0 0

-i 0 0 0

 iX =


0 0 i 0

0 0 0 -i
i 0 0 0

0 -i 0 0

 iY =


0 i 0 0

i 0 0 0
0 0 0 i

0 0 i 0

 iZ =


i 0 0 0

0 -i 0 0
0 0 -i 0

0 0 0 i



iT =


0 0 i 0

0 0 0 -i
-i 0 0 0

0 i 0 0

 iP =


0 0 0 i

0 0 i 0
0 i 0 0

i 0 0 0

 iQ =


i 0 0 0

0 -i 0 0
0 0 i 0

0 0 0 -i

 iR =


0 i 0 0
i 0 0 0

0 0 0 -i

0 0 -i 0



iS =


i 0 0 0
0 i 0 0

0 0 i 0

0 0 0 i

 iL =


0 i 0 0
-i 0 0 0

0 0 0 -i

0 0 i 0

 iM =


0 0 i 0
0 0 0 i

-i 0 0 0

0 -i 0 0

 iN =


0 0 0 i
0 0 -i 0

0 i 0 0

-i 0 0 0



iV =


0 i 0 0

-i 0 0 0

0 0 0 i
0 0 -i 0

 iD =


i 0 0 0

0 i 0 0

0 0 -i 0
0 0 0 -i

 iE =


0 0 0 i

0 0 -i 0

0 -i 0 0
i 0 0 0

 iF =


0 0 i 0

0 0 0 i

i 0 0 0
0 i 0 0



U =


0 0 0 1

0 0 1 0

0 -1 0 0
-1 0 0 0

 X =


0 0 1 0

0 0 0 -1

1 0 0 0
0 -1 0 0

 Y =


0 1 0 0

1 0 0 0

0 0 0 1
0 0 1 0

 Z =


1 0 0 0

0 -1 0 0

0 0 -1 0
0 0 0 1



T =


0 0 1 0

0 0 0 -1
-1 0 0 0

0 1 0 0

 P =


0 0 0 1

0 0 1 0
0 1 0 0

1 0 0 0

 Q =


1 0 0 0

0 -1 0 0
0 0 1 0

0 0 0 -1

 R =


0 1 0 0

1 0 0 0
0 0 0 -1

0 0 -1 0


Note that some matrix labels have been changed from those used in a previous paper [34].



Observations of structure of a possible unification algebra 25

Table 12. Labels and Cayley table for M ∼= M4(C)

Ref no. 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Label S L M N V D E F iU iX iY iZ iT iP iQ iR iS iL iM iN iV iD iE iF U X Y Z T P Q R

S +S +L +M +N +V +D +E +F +iU +iX +iY +iZ +iT +iP +iQ +iR +iS +iL +iM +iN +iV +iD +iE +iF +U +X +Y +Z +T +P +Q +R

L +L −S +N −M −D +V −F +E +iX −iU +iZ −iY −iP +iT −iR +iQ +iL −iS +iN −iM −iD +iV −iF +iE +X −U +Z −Y −P +T −R +Q

M +M −N −S +L +E −F −V +D −iY +iZ +iU −iX −iQ +iR +iT −iP +iM −iN −iS +iL +iE −iF −iV +iD −Y +Z +U −X −Q +R +T −P
N +N +M −L −S −F −E +D +V −iZ −iY +iX +iU +iR +iQ −iP −iT +iN +iM −iL −iS −iF −iE +iD +iV −Z −Y +X +U +R +Q −P −T
V +V −D +E −F −S +L −M +N +iT −iP +iQ −iR −iU +iX −iY +iZ +iV −iD +iE −iF −iS +iL −iM +iN +T −P +Q −R −U +X −Y +Z

D +D +V +F +E +L +S +N +M +iP +iT +iR +iQ +iX +iU +iZ +iY +iD +iV +iF +iE +iL +iS +iN +iM +P +T +R +Q +X +U +Z +Y

E +E +F −V −D −M −N +S +L −iQ −iR +iT +iP +iY +iZ −iU −iX +iE +iF −iV −iD −iM −iN +iS +iL −Q −R +T +P +Y +Z −U −X
F +F −E −D +V +N −M −L +S −iR +iQ +iP −iT −iZ +iY +iX −iU +iF −iE −iD +iV +iN −iM −iL +iS −R +Q +P −T −Z +Y +X −U
iU +iU +iX −iY −iZ −iT −iP +iQ +iR +S +L −M −N −V −D +E +F −U −X +Y +Z +T +P −Q −R −iS −iL +iM +iN +iV +iD −iE −iF
iX +iX −iU −iZ +iY +iP −iT −iR +iQ +L −S −N +M +D −V −F +E −X +U +Z −Y −P +T +R −Q −iL +iS +iN −iM −iD +iV +iF −iE
iY +iY −iZ +iU −iX −iQ +iR −iT +iP −M +N −S +L +E −F +V −D −Y +Z −U +X +Q −R +T −P +iM −iN +iS −iL −iE +iF −iV +iD

iZ +iZ +iY +iX +iU +iR +iQ +iP +iT −N −M −L −S −F −E −D −V −Z −Y −X −U −R −Q −P −T +iN +iM +iL +iS +iF +iE +iD +iV

iT +iT −iP −iQ +iR +iU −iX −iY +iZ +V −D −E +F +S −L −M +N −T +P +Q −R −U +X +Y −Z −iV +iD +iE −iF −iS +iL +iM −iN
iP +iP +iT −iR −iQ −iX −iU +iZ +iY +D +V −F −E −L −S +N +M −P −T +R +Q +X +U −Z −Y −iD −iV +iF +iE +iL +iS −iN −iM
iQ +iQ +iR +iT +iP +iY +iZ +iU +iX −E −F −V −D −M −N −S −L −Q −R −T −P −Y −Z −U −X +iE +iF +iV +iD +iM +iN +iS +iL

iR +iR −iQ +iP −iT −iZ +iY −iX +iU −F +E −D +V +N −M +L −S −R +Q −P +T +Z −Y +X −U +iF −iE +iD −iV −iN +iM −iL +iS

iS +iS +iL +iM +iN +iV +iD +iE +iF −U −X −Y −Z −T −P −Q −R −S −L −M −N −V −D −E −F +iU +iX +iY +iZ +iT +iP +iQ +iR

iL +iL −iS +iN −iM −iD +iV −iF +iE −X +U −Z +Y +P −T +R −Q −L +S −N +M +D −V +F −E +iX −iU +iZ −iY −iP +iT −iR +iQ

iM +iM −iN −iS +iL +iE −iF −iV +iD +Y −Z −U +X +Q −R −T +P −M +N +S −L −E +F +V −D −iY +iZ +iU −iX −iQ +iR +iT −iP
iN +iN +iM −iL −iS −iF −iE +iD +iV +Z +Y −X −U −R −Q +P +T −N −M +L +S +F +E −D −V −iZ −iY +iX +iU +iR +iQ −iP −iT
iV +iV −iD +iE −iF −iS +iL −iM +iN −T +P −Q +R +U −X +Y −Z −V +D −E +F +S −L +M −N +iT −iP +iQ −iR −iU +iX −iY +iZ

iD +iD +iV +iF +iE +iL +iS +iN +iM −P −T −R −Q −X −U −Z −Y −D −V −F −E −L −S −N −M +iP +iT +iR +iQ +iX +iU +iZ +iY

iE +iE +iF −iV −iD −iM −iN +iS +iL +Q +R −T −P −Y −Z +U +X −E −F +V +D +M +N −S −L −iQ −iR +iT +iP +iY +iZ −iU −iX
iF +iF −iE −iD +iV +iN −iM −iL +iS +R −Q −P +T +Z −Y −X +U −F +E +D −V −N +M +L −S −iR +iQ +iP −iT −iZ +iY +iX −iU
U +U +X −Y −Z −T −P +Q +R −iS −iL +iM +iN +iV +iD −iE −iF +iU +iX −iY −iZ −iT −iP +iQ +iR −S −L +M +N +V +D −E −F
X +X −U −Z +Y +P −T −R +Q −iL +iS +iN −iM −iD +iV +iF −iE +iX −iU −iZ +iY +iP −iT −iR +iQ −L +S +N −M −D +V +F −E
Y +Y −Z +U −X −Q +R −T +P +iM −iN +iS −iL −iE +iF −iV +iD +iY −iZ +iU −iX −iQ +iR −iT +iP +M −N +S −L −E +F −V +D

Z +Z +Y +X +U +R +Q +P +T +iN +iM +iL +iS +iF +iE +iD +iV +iZ +iY +iX +iU +iR +iQ +iP +iT +N +M +L +S +F +E +D +V

T +T −P −Q +R +U −X −Y +Z −iV +iD +iE −iF −iS +iL +iM −iN +iT −iP −iQ +iR +iU −iX −iY +iZ −V +D +E −F −S +L +M −N
P +P +T −R −Q −X −U +Z +Y −iD −iV +iF +iE +iL +iS −iN −iM +iP +iT −iR −iQ −iX −iU +iZ +iY −D −V +F +E +L +S −N −M
Q +Q +R +T +P +Y +Z +U +X +iE +iF +iV +iD +iM +iN +iS +iL +iQ +iR +iT +iP +iY +iZ +iU +iX +E +F +V +D +M +N +S +L

R +R −Q +P −T −Z +Y −X +U +iF −iE +iD −iV −iN +iM −iL +iS +iR −iQ +iP −iT −iZ +iY −iX +iU +F −E +D −V −N +M −L +S

Table 13. Labels and Cayley table for T basis elements

Ref no. 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

Label σo σι σ σκ λo λι λ λκ µo µι µ µκ νo νι ν νκ αo αι α ακ βo βι β βκ γo γι γ γκ δo δι δ δκ

σo +σo +σι +σ +σκ +λo +λι +λ +λκ +µo +µι +µ +µκ +νo +νι +ν +νκ +αo +αι +α +ακ +βo +βι +β +βκ +γo +γι +γ +γκ +δo +δι +δ +δκ
σι +σι -σo +σκ -σ +λι -λo -λκ +λ +µι -µo -µκ +µ -νι +νo +νκ -ν +αι -αo -ακ +α -βι +βo +βκ -β -γι +γo +γκ -γ +δι -δo -δκ +δ
σ +σ -σκ -σo +σι +λ +λκ -λo -λι +µ +µκ -µo -µι -ν -νκ +νo +νι +α +ακ -αo -αι -β -βκ +βo +βι -γ -γκ +γo +γι +δ +δκ -δo -δι
σκ +σκ +σ -σι -σo +λκ -λ +λι -λo +µκ -µ +µι -µo -νκ +ν -νι +νo +ακ -α +αι -αo -βκ +β -βι +βo -γκ +γ -γι +γo +δκ -δ +δι -δo
λo +λo -λι -λ -λκ -σo +σι +σ +σκ +νo +νι +ν +νκ -µo -µι -µ -µκ +βo +βι +β +βκ -αo -αι -α -ακ -δo -δι -δ -δκ +γo +γι +γ +γκ
λι +λι +λo -λκ +λ -σι -σo -σκ +σ +νι -νo +νκ -ν +µι -µo +µκ -µ +βι -βo +βκ -β +αι -αo +ακ -α -δι +δo -δκ +δ -γι +γo -γκ +γ
λ +λ +λκ +λo -λι -σ +σκ -σo -σι +ν -νκ -νo +νι +µ -µκ -µo +µι +β -βκ -βo +βι +α -ακ -αo +αι -δ +δκ +δo -δι -γ +γκ +γo -γι
λκ +λκ -λ +λι +λo -σκ -σ +σι -σo +νκ +ν -νι -νo +µκ +µ -µι -µo +βκ +β -βι -βo +ακ +α -αι -αo -δκ -δ +δι +δo -γκ -γ +γι +γo
µo +µo -µι -µ -µκ -νo -νι -ν -νκ -σo +σι +σ +σκ +λo +λι +λ +λκ +γo +γι +γ +γκ +δo +δι +δ +δκ -αo -αι -α -ακ -βo -βι -β -βκ
µι +µι +µo -µκ +µ -νι +νo +νκ -ν -σι -σo -σκ +σ -λι +λo +λκ -λ +γι -γo +γκ -γ +δι -δo -δκ +δ +αι -αo +ακ -α +βι -βo -βκ +β
µ +µ +µκ +µo -µι -ν -νκ +νo +νι -σ +σκ -σo -σι -λ -λκ +λo +λι +γ -γκ -γo +γι +δ +δκ -δo -δι +α -ακ -αo +αι +β +βκ -βo -βι
µκ +µκ -µ +µι +µo -νκ +ν -νι +νo -σκ -σ +σι -σo -λκ +λ -λι +λo +γκ +γ -γι -γo +δκ -δ +δι -δo +ακ +α -αι -αo +βκ -β +βι -βo
νo +νo +νι +ν +νκ +µo -µι -µ -µκ -λo +λι +λ +λκ -σo -σι -σ -σκ +δo -δι -δ -δκ -γo +γι +γ +γκ +βo -βι -β -βκ -αo +αι +α +ακ
νι +νι -νo +νκ -ν +µι +µo +µκ -µ -λι -λo +λκ -λ +σι -σo +σκ -σ +δι +δo -δκ +δ -γι -γo -γκ +γ +βι +βo -βκ +β -αι -αo -ακ +α
ν +ν -νκ -νo +νι +µ -µκ +µo +µι -λ -λκ -λo +λι +σ -σκ -σo +σι +δ +δκ +δo -δι -γ +γκ -γo -γι +β +βκ +βo -βι -α +ακ -αo -αι
νκ +νκ +ν -νι -νo +µκ +µ -µι +µo -λκ +λ -λι -λo +σκ +σ -σι -σo +δκ -δ +δι +δo -γκ -γ +γι -γo +βκ -β +βι +βo -ακ -α +αι -αo
αo +αo -αι -α -ακ -βo -βι -β -βκ -γo -γι -γ -γκ -δo -δι -δ -δκ -σo +σι +σ +σκ +λo +λι +λ +λκ +µo +µι +µ +µκ +νo +νι +ν +νκ
αι +αι +αo -ακ +α -βι +βo +βκ -β -γι +γo +γκ -γ +δι -δo -δκ +δ -σι -σo -σκ +σ -λι +λo +λκ -λ -µι +µo +µκ -µ +νι -νo -νκ +ν
α +α +ακ+αo -αι -β -βκ +βo +βι -γ -γκ +γo +γι +δ +δκ -δo -δι -σ +σκ -σo -σι -λ -λκ +λo +λι -µ -µκ +µo +µι +ν +νκ -νo -νι
ακ +ακ -α +αι +αo -βκ +β -βι +βo -γκ +γ -γι +γo +δκ -δ +δι -δo -σκ -σ +σι -σo -λκ +λ -λι +λo -µκ +µ -µι +µo +νκ -ν +νι -νo
βo +βo +βι +β +βκ +αo -αι -α -ακ -δo -δι -δ -δκ +γo +γι +γ +γκ -λo +λι +λ +λκ -σo -σι -σ -σκ -νo -νι -ν -νκ +µo +µι +µ +µκ
βι +βι -βo +βκ -β +αι +αo+ακ -α -δι +δo -δκ +δ -γι +γo -γκ +γ -λι -λo +λκ -λ +σι -σo +σκ -σ -νι +νo -νκ +ν -µι +µo -µκ +µ
β +β -βκ -βo +βι +α -ακ +αo +αι -δ +δκ +δo -δι -γ +γκ +γo -γι -λ -λκ -λo +λι +σ -σκ -σo +σι -ν +νκ +νo -νι -µ +µκ +µo -µι
βκ +βκ +β -βι -βo +ακ +α -αι +αo -δκ -δ +δι +δo -γκ -γ +γι +γo -λκ +λ -λι -λo +σκ +σ -σι -σo -νκ -ν +νι +νo -µκ -µ +µι +µo
γo +γo +γι +γ +γκ +δo +δι +δ +δκ +αo -αι -α -ακ -βo -βι -β -βκ -µo +µι +µ +µκ +νo +νι +ν +νκ -σo -σι -σ -σκ -λo -λι -λ -λκ
γι +γι -γo +γκ -γ +δι -δo -δκ +δ +αι +αo +ακ -α +βι -βo -βκ +β -µι -µo +µκ -µ +νι -νo -νκ +ν +σι -σo +σκ -σ +λι -λo -λκ +λ
γ +γ -γκ -γo +γι +δ +δκ -δo -δι +α -ακ +αo +αι +β +βκ -βo -βι -µ -µκ -µo +µι +ν +νκ -νo -νι +σ -σκ -σo +σι +λ +λκ -λo -λι
γκ +γκ +γ -γι -γo +δκ -δ +δι -δo +ακ +α -αι +αo +βκ -β +βι -βo -µκ +µ -µι -µo +νκ -ν +νι -νo +σκ +σ -σι -σo +λκ -λ +λι -λo
δo +δo -δι -δ -δκ -γo +γι +γ +γκ +βo -βι -β -βκ +αo +αι +α +ακ -νo -νι -ν -νκ -µo +µι +µ +µκ +λo -λι -λ -λκ -σo +σι +σ +σκ
δι +δι +δo -δκ +δ -γι -γo -γκ +γ +βι +βo -βκ +β -αι +αo -ακ +α -νι +νo -νκ +ν -µι -µo -µκ +µ +λι +λo -λκ +λ -σι -σo -σκ +σ
δ +δ +δκ +δo -δι -γ +γκ -γo -γι +β +βκ +βo -βι -α +ακ +αo -αι -ν +νκ +νo -νι -µ +µκ -µo -µι +λ +λκ +λo -λι -σ +σκ -σo -σι
δκ +δκ -δ +δι +δo -γκ -γ +γι -γo +βκ -β +βι +βo -ακ -α +αι +αo -νκ -ν +νι +νo -µκ -µ +µι -µo +λκ -λ +λι +λo -σκ -σ +σι -σo
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8. Basis of notation used for unit elements of T and its Cayley table

Conventional notation for unit elements of T would use the numbers 0 to 31, stand-
ing alone or subscripted as e0 to e31. In this paper a different form of notation is
used based on a modified Moufang loop construction for T.

8.1. Moufang Loop construction for octonions

For Moufang loop construction of octonions, based on quaternion pairs, a dis-
association operator, ω, is assigned to the second pair, and a product rule which
generates octonions can be defined:
For quaternion pair (p, ωp′)× quaternion pair (q, ωq′):
p.q = (pq)
p.ωq′ = ω(p−1q′)
ωp′.q = ω(qp′)
ωp′.ωq′ = −(q′p′−1)

8.2. Modified Moufang Loop construction for trigintaduonions

The Moufang loop construction for octonions uses one dis-association operator. An
identity operator, σ, and a set of seven dis-association operators, λ, µ, ν, α, β, γ, δ,
can be applied to quaternions to define trigintaduonions, where products for two
quaternions: p and q, are constructed in accordance with table 14.

Table 14. Multiplication procedures for non-associative components

σq λq µq νq αq βq γq δq

σp +σpq +λqp +µqp +νqp−1 +αqp +βqp−1 +γqp−1 +δqp

λp +λpq−1 −σq−1p +νpq −µp−1q +βpq −αp−1q −δpq +γp−1q

µp +µpq−1 −νqp −σq−1p +λqp−1 +γpq +δqp −αp−1q −βqp−1

νp +νpq +µq−1p −λpq−1 −σp−1q +δpq−1 −γq−1p +βpq−1 −αq−1p

αp +αpq−1 −βqp −γqp −δqp−1 −σq−1p +λqp−1 +µqp−1 +νqp

βp +βpq +αq−1p −δpq +γp−1q −λpq−1 −σp−1q −νpq +µp−1q

γp +γpq +δqp +αq−1p −βqp−1 −µpq−1 +νqp −σp−1q −λqp−1

δp +δpq−1 −γq−1p +βpq−1 +αp−1q −νpq −µq−1p +λpq−1 −σq−1p

Unit trigintaduonions have been labeled using: σ, λ, µ, ν, α, β, γ, δ, combined with
subscripts: o, ι, , κ. Each label denotes a unit quaternion and a dis-association op-
erator defining a multiplication procedure. Their Cayley table is shown in table 13.
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If, instead of being applied to the quaternions, these dis-association operators and
multiplication procedures are applied to the reals, they generate the octonions. If
applied to complex numbers, they generate the sedenions. However, when applied
to the octonions, they do not generate the sexagintaquatronions. It is possible to
apply the dis-association operators to other algebras, such as Clifford algebras,
generating different loops. This was described for Cl1,4(R) in a previous paper by
the author[35]. Their application to Cl6(C) ∼= M8(C) will be described in a further
paper by this author.

9. Unit elements of U

Table 15. Unit elements of U

σoS σoiS σoL σoM σoN σoiL σoiM σoiN σoiV σoV σoU σoiU σoT σoiT σoiD σoiE σoiF σoD σoE σoF σoX σoY σoZ σoiX σoiY σoiZ σoP σoQ σoR σoiP σoiQ σoiR

αoS αoiS αoLαoM αoN αoiL αoiM αoiN αoiV αoV αoU αoiU αoT αoiT αoiD αoiE αoiF αoD αoE αoF αoX αoY αoZ αoiX αoiY αoiZ αoP αoQαoRαoiP αoiQ αoiR

σιS σιiS σιL σιM σιN σιiL σιiM σιiN σιiV σιV σιU σιiU σιT σιiT σιiD σιiE σιiF σιD σιE σιF σιX σιY σιZ σιiX σιiY σιiZ σιP σιQ σιR σιiP σιiQ σιiR

σS σiS σL σM σN σiL σiM σiN σiV σV σU σiU σT σiT σiD σiE σiF σD σE σF σX σY σZ σiX σiY σiZ σP σQ σR σiP σiQ σiR

σκS σκiS σκL σκM σκN σκiL σκiM σκiN σκiV σκV σκU σκiU σκT σκiT σκiD σκiE σκiF σκD σκE σκF σκX σκY σκZ σκiX σκiY σκiZ σκP σκQσκRσκiP σκiQ σκiR

αιS αιiS αιL αιM αιN αιiL αιiM αιiN αιiV αιV αιU αιiU αιT αιiT αιiD αιiE αιiF αιD αιE αιF αιX αιY αιZ αιiX αιiY αιiZ αιP αιQ αιR αιiP αιiQ αιiR

αS αiS αL αM αN αiL αiM αiN αiV αV αU αiU αT αiT αiD αiE αiF αD αE αF αX αY αZ αiX αiY αiZ αP αQ αR αiP αiQ αiR

ακSακiS ακLακMακN ακiLακiM ακiN ακiV ακV ακU ακiU ακT ακiT ακiDακiE ακiF ακDακEακF ακXακY ακZακiX ακiY ακiZ ακP ακQακRακiP ακiQακiR

βoS βoiS βoL βoM βoN βoiL βoiM βoiN βoiV βoV βoU βoiU βoT βoiT βoiD βoiE βoiF βoD βoE βoF βoX βoY βoZ βoiX βoiY βoiZ βoP βoQ βoR βoiP βoiQ βoiR

λoS λoiS λoL λoM λoN λoiL λoiM λoiN λoiV λoV λoU λoiU λoT λoiT λoiD λoiE λoiF λoD λoE λoF λoX λoY λoZ λoiX λoiY λoiZ λoP λoQ λoR λoiP λoiQ λoiR

γoS γoiS γoL γoM γoN γoiL γoiM γoiN γoiV γoV γoU γoiU γoT γoiT γoiD γoiE γoiF γoD γoE γoF γoX γoY γoZ γoiX γoiY γoiZ γoP γoQ γoR γoiP γoiQ γoiR

µoS µoiS µoL µoM µoN µoiL µoiM µoiN µoiV µoV µoU µoiU µoT µoiT µoiD µoiE µoiF µoD µoE µoF µoX µoY µoZ µoiX µoiY µoiZ µoP µoQ µoR µoiP µoiQ µoiR

δoS δoiS δoL δoM δoN δoiL δoiM δoiN δoiV δoV δoU δoiU δoT δoiT δoiD δoiE δoiF δoD δoE δoF δoX δoY δoZ δoiX δoiY δoiZ δoP δoQ δoR δoiP δoiQ δoiR

νoS νoiS νoL νoM νoN νoiL νoiM νoiN νoiV νoV νoU νoiU νoT νoiT νoiD νoiE νoiF νoD νoE νoF νoX νoY νoZ νoiX νoiY νoiZ νoP νoQ νoR νoiP νoiQ νoiR

βιS βιiS βιL βιM βιN βιiL βιiM βιiN βιiV βιV βιU βιiU βιT βιiT βιiD βιiE βιiF βιD βιE βιF βιX βιY βιZ βιiX βιiY βιiZ βιP βιQ βιR βιiP βιiQ βιiR

βS βiS βL βM βN βiL βiM βiN βiV βV βU βiU βT βiT βiD βiE βiF βD βE βF βX βY βZ βiX βiY βiZ βP βQ βR βiP βiQ βiR

βκS βκiS βκL βκM βκN βκiL βκiM βκiN βκiV βκV βκU βκiU βκT βκiT βκiD βκiE βκiF βκD βκE βκF βκX βκY βκZ βκiX βκiY βκiZ βκP βκQβκR βκiP βκiQ βκiR

λιS λιiS λιL λιM λιN λιiL λιiM λιiN λιiV λιV λιU λιiU λιT λιiT λιiD λιiE λιiF λιD λιE λιF λιX λιY λιZ λιiX λιiY λιiZ λιP λιQ λιR λιiP λιiQ λιiR

λS λiS λL λM λN λiL λiM λiN λiV λV λU λiU λT λiT λiD λiE λiF λD λE λF λX λY λZ λiX λiY λiZ λP λQ λR λiP λiQ λiR

λκS λκiS λκLλκM λκN λκiL λκiM λκiN λκiV λκV λκU λκiU λκT λκiT λκiD λκiE λκiF λκDλκE λκF λκX λκY λκZ λκiX λκiY λκiZ λκP λκQλκRλκiP λκiQ λκiR

γιS γιiS γιL γιM γιN γιiL γιiM γιiN γιiV γιV γιU γιiU γιT γιiT γιiD γιiE γιiF γιD γιE γιF γιX γιY γιZ γιiX γιiY γιiZ γιP γιQ γιR γιiP γιiQ γιiR

γS γiS γL γM γN γiL γiM γiN γiV γV γU γiU γT γiT γiD γiE γiF γD γE γF γX γY γZ γiX γiY γiZ γP γQ γR γiP γiQ γiR

γκS γκiS γκL γκM γκN γκiL γκiM γκiN γκiV γκV γκU γκiU γκT γκiT γκiD γκiE γκiF γκD γκE γκF γκX γκY γκZ γκiX γκiY γκiZ γκP γκQ γκR γκiP γκiQ γκiR

µιS µιiS µιL µιM µιN µιiL µιiM µιiN µιiV µιV µιU µιiU µιT µιiT µιiD µιiE µιiF µιD µιE µιF µιX µιY µιZ µιiX µιiY µιiZ µιP µιQ µιR µιiP µιiQ µιiR

µS µiS µL µM µN µiL µiM µiN µiV µV µU µiU µT µiT µiD µiE µiF µD µE µF µX µY µZ µiX µiY µiZ µP µQ µR µiP µiQ µiR

µκS µκiS µκLµκM µκN µκiLµκiM µκiN µκiV µκV µκU µκiU µκT µκiT µκiD µκiE µκiF µκDµκE µκF µκX µκY µκZ µκiX µκiY µκiZ µκP µκQµκRµκiP µκiQµκiR

διS διiS διL διM διN διiL διiM διiN διiV διV διU διiU διT διiT διiD διiE διiF διD διE διF διX διY διZ διiX διiY διiZ διP διQ διR διiP διiQ διiR

δS δiS δL δM δN δiL δiM δiN δiV δV δU δiU δT δiT δiD δiE δiF δD δE δF δX δY δZ δiX δiY δiZ δP δQ δR δiP δiQ δiR

δκS δκiS δκL δκM δκN δκiL δκiM δκiN δκiV δκV δκU δκiU δκT δκiT δκiD δκiE δκiF δκD δκE δκF δκX δκY δκZ δκiX δκiY δκiZ δκP δκQ δκR δκiP δκiQ δκiR

νιS νιiS νιL νιM νιN νιiL νιiM νιiN νιiV νιV νιU νιiU νιT νιiT νιiD νιiE νιiF νιD νιE νιF νιX νιY νιZ νιiX νιiY νιiZ νιP νιQ νιR νιiP νιiQ νιiR

νS νiS νL νM νN νiL νiM νiN νiV νV νU νiU νT νiT νiD νiE νiF νD νE νF νX νY νZ νiX νiY νiZ νP νQ νR νiP νiQ νiR

νκS νκiS νκL νκM νκN νκiL νκiM νκiN νκiV νκV νκU νκiU νκT νκiT νκiD νκiE νκiF νκD νκE νκF νκX νκY νκZ νκiX νκiY νκiZ νκP νκQ νκR νκiP νκiQ νκiR
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