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The Feynman diagrams of Quantum Electrodynamics are assembled from vertices where three
edges meet: an incoming fermion, an outgoing fermion and an interaction line. If all vertices are of
degree 3, the graphs are 3-regular (cubic), defining the vacuum polarization diagrams. Cutting an
edge—a fermion line or an interaction line—generates fairly cubic graphs where two vertices have
degree 1. These emerge in the perturbation theory for the Green’s function (self energy) and for the
effective interaction (polarization). The manuscript plots these graphs for up to 8 internal vertices.
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I. CUBIC GRAPHS
A. Zoology

The core element of the Feynman diagrams of QED is the vertex at which in incoming fermion is destroyed, an
outgoing fermion is created, and a line of the bare interaction represents the “trigger” that causes that “scattering.”
In the nomenclature of graph theory these two fermions and the interaction are half-edges of a graph where the degree
(total of edges) at that vertex is 3. If all vertices have degree 3, we call these graphs 3-regular (or cubic). By the
handshake lemma, cubic graphs with odd numbers of vertices don’t exist.

The Feynman diagrams are a subclass of cubic graphs by refining the following properties:

e they have signed edges in as far as there are two types of edges, fermions and interactions;

e the edges of the fermions are directed whereas the interaction lines are not (at least in the realm of this manuscript
related to non-retarded, symmetric Coulomb interactions);

e at each vertex the in-degree of the fermion lines equals one, the out-degree of the fermion lines equals one, and
the degree of the interaction line equals one.

This manuscript proceeds by pointing shortly at the connected cubic graphs without these properties, then switching
on the two signs on the edges in Sections II-IV and then adding directions/orientations to the fermion lines in Sections
V—VII. Another aspect of this “engineering” of the Feynman graphs is that breaking up (splitting) interaction edges
in the cubic (vacuum polarization) graphs leads to the graphs relevant to the perturbation expansion of the effective
interaction, and that breaking up fermion edges in the cubic graphs leads to the graphs of the Dyson expansion of
the Green’s function, which we do by moving on from Section II to Section IV and by moving on from Section V to
Section VII.

B. Connected Undirected Unsigned Cubic Graphs

There are 1, 0, 1, 2, 5, 19,. . . unlabeled, non-oriented, connected cubic graphs without loops and without multi-edges
on 0, 2, 4, 6,...vertices [1, A002851][2, 3].

Because the Feynman diagrams allow bubble diagrams where two vertices are connected by two fermion lines (for
example in lowest order of the random phase approximation of the effective interaction), we drop the requirement
that the cubic graphs have no multi-edges. So a more appropriate starting set are the 1, 1, 2, 6, 20,...unlabeled,
non-oriented, connected cubic graphs on 0, 2, 4, 6, ... vertices [1, A000421][4][5, Table 1 column L]. For the purpose
of this script the one graph with zero vertices contains a single edge which is a closed loop, a ring that closes in
itself. The graph with two vertices is the graph where 2 vertices are connected by 3 edges; for more than two vertices
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triple edges cannot occur (because then the vertex count is saturated with degree 3 at the pair of vertices, it becomes
disconnected from the rest of the graph). So for more than two vertices the multi-edges can at most be double-edges.

Feynman diagrams also allow tadpole diagrams where a vertex is joining an interaction line and a fermion line that
loops back to the same vertex. To include these, we also drop the requirement that the graphs have no loops and
arrive at 1, 2, 5, 17, 71, 388, 2592,. . . unlabeled, undirected connected cubic multigraphs (allowing loops) on 0, 2, 4, 6,
8 ...vertices [6, D7][5, Table 1 column LM]. Palmer et al. provide the linear relation between the number of vertices,
the number of single edges, the number of double edges and the number of loops [7]. The Online Encyclopedia of
Integer Sequences offers a link to a file which plots all these graphs up 10 vertices [1, A005967].

II. VACUUM POLARIZATION (UNDIRECTED FERMIONS)

Colorizing the edges of the 1, 2, 5, 17,...cubic graphs mentioned in Section IB generates 1, 2, 5, 19, 88, 553,

..non-oriented vacuum polarization diagrams on 0, 2, 4, 6,...vertices which are plotted below. Fermion lines are

colored black, interaction lines green. Because exactly two colors are used, one might also label edges with plusses
and minuses; the graphs are also known as signed graphs for that reason.

Sticking to the constraint that two fermion lines and one interaction line meet at each vertex, the fermion lines
must actually congegrate as non-overlapping closed cycles in the graphs, and the interaction lines ensure that the
graphs remain connected: We are in essence discussing multi-loop chord diagrams [8] where the interaction lines take
the roles of the chords.

There are cubic graphs that do not create any colored/signed graphs here; the cubic graphs with a common footer

of two or more tadpoles like this one g or this one g are generic examples of graphs that

cannot be colored with that constraint. On the other hand there are cubic graphs that support more than one coloring.

>
One generic class of that case are the chains of ring graphs like & — 4:5 or €3> <> which

have two colorings. Another example is the 3-prism 5 — =~ or

The graphs up to 6 vertices have been plotted by Kleinert et al. [9, Table IV]. The subset of graphs Wlth one fermion
is the number of ways of running chords through a convex polygon 1, 2, 5, 17, 79...[1, A054499][10, 11].

A. 2 vertices

1 fermion 1 bubble 0 tadpoles (1 graph):

N
2 fermions 0 bubbles 2 tadpoles (1 graph):
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Total: 2 graphs on 2 vertices, 1 without tadpoles, 0 with neither bubbles nor tadpoles.

B. 4 vertices

1 fermion 0 bubbles 0 tadpoles (2 graphs):

2 fermions 0 bubbles 1 tadpole (1 graph):
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3 fermions 1 bubble 2 tadpoles (1 graph):
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Total: 5 graphs on 4 vertices, 3 without tadpoles, 2 with neither bubbles nor tadpoles.

C. 6 vertices

1 fermion 0 bubbles 0 tadpoles (5 graphs):
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2 fermions 0 bubbles 1 tadpole (3 graphs):
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2 fermions 1 bubble 0 tadpoles (2 graphs):
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3 fermions 1 bubble 1 tadpole (2 graphs):
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3 fermions 3 bubbles 0 tadpoles (1 graph):
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4 fermions 0 bubbles 3 tadpoles (1 graph):
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4 fermions 2 bubbles 2 tadpoles (1 graph):
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Total: 19 graphs on 6 vertices, 10 without tadpoles, 7 with neither bubbles nor tadpoles.
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D. 8 vertices

1 fermion 0 bubbles 0 tadpoles (17 graphs):
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2 fermions 0 bubbles 0 tadpoles (10 graphs):
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3 fermions 1 bubble 1 tadpole (7 graphs):
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3 fermions 2 bubbles 0 tadpoles (4 graphs):
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Total: 88 graphs on 8 vertices, 43 without tadpoles, 27 with neither bubbles nor tadpoles.

E. 10 vertices

1 fermion 0 bubbles 0 tadpoles (79 graphs):
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2 fermions 1 bubble 0 tadpoles (39 graphs):
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3 fermions 0 bubbles 2 tadpoles (39 graphs):
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3 fermions 1 bubble 0 tadpoles (25 graphs):
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3 fermions 1 bubble 1 tadpole (38 graphs):
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3 fermions 2 bubbles 0 tadpoles (16 graphs):
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Total: 553 graphs on 10 vertices, 242 without tadpoles, 151 with neither bubbles nor tadpoles.

III. EFFECTIVE INTERACTION (UNDIRECTED FERMIONS)

The diagrams of Section II are less important in the relevant perturbation theory because vacuum diagrams effec-
tively cancel out for the calculation of the Green’s function [12, 13]. But they may be used as precursor diagrams to
generate the Green’s function diagrams of Dyson’s equations and the diagrams of the effective interaction of dielectric
function by cutting either a fermion line or an interaction line, and either regarding the cut point as a new vertex of
degree 1 or removing that line (and considering the subgraph as a fairly cubic graph with two vertices of degree 2
[14, 15]).

We generate 1, 1, 4, 23, 169, 1613, ...diagrams for non-directed fermions on 0, 2, 4, 6,...internal vertices by
cutting through interaction lines of the vacuum polarization. If the interaction line was a bridge, the cut produces
a disconnected diagram, which is not retained. Depending on the symmetry of the vacuum diagram, cuts may
produce as many effective interaction diagrams as there are interaction lines in the vacuum diagram; only the set of
non-isomorphic diagrams is retained.

The plots below show the diagrams up to 8 internal vertices; the 1613 diagrams with 10 internal vertices are not
shown to reduce the manuscript size. Machine-readable edge-lists and Cycle Indices are available on request for all
graphs of Sections II-VII up to 10 (internal) vertices.

If we consider only the subset of diagrams with a single fermion, we obtain 1, 2, 8, 39, 287, ..., the number of
chord diagrams with a marked chord [1, A322176]. The 8 graphs with 6 internal vertices and one fermion have been
plotted by Kinoshita and Nio [16, Fig 4.].

A. 2 internal vertices

1 fermion 1 bubble 0 tadpoles (1 graph):
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Total: 1 graph on 2 vertices, 1 without tadpoles, 0 with neither bubbles nor tadpoles.

B. 4 internal vertices

1 fermion 0 bubbles 0 tadpoles (2 graphs):

PRI

2 fermions 0 bubbles 1 tadpole (1 graph):
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Total: 4 graphs on 4 vertices, 3 without tadpoles, 2 with neither bubbles nor tadpoles.

C. 6 internal vertices

1 fermion 0 bubbles 0 tadpoles (8 graphs):
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2 fermions 0 bubbles 0 tadpoles (2 graphs):
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Total: 23 graphs on 6 vertices, 15 without tadpoles, 10 with neither bubbles nor tadpoles.

D. 8 internal vertices

1 fermion 0 bubbles 0 tadpoles (39 graphs):
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Total: 169 graphs on 8 vertices, 95 without tadpoles, 61 with neither bubbles nor tadpoles.

IV. GREENS FUNCTION (UNDIRECTED FERMIONS)

We generate 1, 2, 9, 51, 390, 3649, ...non-oriented Greens Function diagrams with 0, 2, 4,...internal vertices
by cutting a fermion line of the vacuum polarization graphs of Section II. Because the fermion lines in the vacuum
diagrams were living in cycles, all diagrams remain connected by such cuts.

1,1, 3, 11, 65, 513,. .. of these have one fermion. The 47 graphs (out of 65) with 8 internal vertices and one fermion
(no bubbles nor tadpoles) which are not 1-connected (i.e., which cannot be decomposed in two graphs with more than
one vertex by cutting a single fermion line) have been plotted by Kinoshita and Linquist [17, 18].

A. 2 internal vertices

1 fermion 0 bubbles 0 tadpoles (1 graph):
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2 fermions 0 bubbles 1 tadpole (1 graph):
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Total: 2 graphs on 2 vertices, 1 without tadpoles, 1 with neither bubbles nor tadpoles.

B. 4 internal vertices

1 fermion 0 bubbles 0 tadpoles (3 graphs):
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—
2 fermions 0 bubbles 1 tadpole (2 graphs):
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Total: 9 graphs on 4 vertices, 5 without tadpoles, 4 with neither bubbles nor tadpoles.

C. 6 internal vertices

1 fermion 0 bubbles 0 tadpoles (11 graphs):
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4 fermions 2 bubbles 1 tadpole (1 graph):
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Total: 51 graphs on 6 vertices, 26 without tadpoles, 19 with neither bubbles nor tadpoles.

D. 8 internal vertices

1 fermion 0 bubbles 0 tadpoles (65 graphs):

S N C ——

. ST
{ < > <




24

e TR e
Al N
P

D N

2 fermions 0 bubbles 0 tadpoles (55 graphs):

Nl

~_

— = =S JT::
S
e e e e

S e s
s s e AOS
il o<
A== =S
eSS @f
B A N

e <‘£j<4:’7’<4i7<




e e

:-< el ST

2 fermions 0 bubbles 1 tadpole (56 graphs):

5<\:0
0 0 £ O%
0
~><_ .. /0
0 Vo= Q 0

25



26

C@QQ :
N S

2 fermions 1 bubble 0 tadpoles (27 graphs):

=N =S =l

o> - ©<:: O-C::
L
< > > . L
— N ol
> CD( > Y-
.
L < L L
L
. .
W " L Y-
-

= =

3 fermions 0 bubbles 0 tadpoles (8 graphs):
<
=~ o~
e T < ~ <7
P
Sl = — —= = G =

3 fermions 0 bubbles 1 tadpole (38 graphs):

— = T e
Qéj—. Qéj—‘ Qé—.ogi_.



QN O 5 0 -Q.T:_.&C

0 Vo o 0
e sl B S VERE R
@.

<
O%:fvo ST e

= _
OQ‘\C QCOC_,Q<>-<::

—_—

—
Vo=

3 fermions 0 bubbles 2 tadpoles (27 graphs):

3 fermions 1 bubble 0 tadpoles (19 graphs):
S e
~== — 4 P
TS = o=

27



ST =S ==l =

.
~ Y
<= — <
= P
= S -

3 fermions 1 bubble 1 tadpole (25 graphs):

oo“/’:o —~__. Vo <=—="0 S

0O oV o 50— OOC

N
@ogio S 0 T

20 <>C©

Q Q

h < =

0 =X g
=~ . oCog

~
Q
3 fermions 2 bubbles 0 tadpoles (7 graphs):
[
>
N S~ S

4 fermions 0 bubbles 1 tadpole (2 graphs):

Q
S0 e =

4 fermions 0 bubbles 2 tadpoles (14 graphs):

28



0
O<I:7<:
Q0 o<>< 0 0

Q
Q 0 ? v ~ ~_.

LY @f

4 fermlons 0 bubbles 3 tadpoles (6 graphs):

Cﬁ

4 fermions 1 bubble 1 tadpole (11 graphs):

'<?_> ~—
—
OQKOKOOAT_. o =
— — o<
Vs =

4 fermions 1 bubble 2 tadpoles (10 graphs):

N Q Q Q
Q
Q — -
< Q Q
(-

[
Q . .
Q
Q Q
4 fermions 2 bubbles 0 tadpoles (3 graphs):

= - —
\>-¢7~V N

4 fermions 2 bubbles 1 tadpole (6 graphs):

29



30

4 fermions 3 bubbles 0 tadpoles (1 graph):
>

S ©.<:—~

5 fermions 0 bubbles 3 tadpoles (2 graphs):
Q Q
Q Q

5 fermions 0 bubbles 4 tadpoles (1 graph):

o
Q
Q

5 fermions 1 bubble 2 tadpoles (2 graphs):

o S
Q
O: Qe

5 fermions 1 bubble 3 tadpoles (2 graphs):
Q
0 — . Q (_)<::'
Q S
5 fermions 2 bubbles 2 tadpoles (2 graphs):
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Total: 390 graphs on 8 vertices, 185 without tadpoles, 128 with neither bubbles nor tadpoles.

V. VACUUM POLARIZATION (DIRECTED FERMIONS)

Adding orientations to the cycles of the fermion lines—then called Wilson loops—in the diagrams of Section IT
creates 1, 2, 5, 20, 107, 870, ...vacuum polarization diagrams on 0, 2, 4, 6,...vertices [1, A170946][19, Table 1][6,
D10]. The 20 diagrams on 6 vertices have been plotted by Pelster et al. [20].

1,1, 2, 5, 18, 105,. .. of them have one fermion [1, A007769][10].

Depending on the symmetry of the non-directed vacuum polarization graphs, a graph of Section II may produce 2,
4, 8,...oriented graphs, where the multiplicity is a power of 2 limited by the number of non-trivial cycles (i.e., fermion
cycles not in tadpoles or bubbles). One graph of the graphs with 2 fermions of which 0 are bubbles are 0 are tadpoles
is the lowest-order diagram where orienting the two fermion cycles (each of length 3) generates two non-isomorphic
diagrams.

A. 2 vertices

1 fermion 1 bubble 0 tadpoles (1 graph):
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2 fermions 0 bubbles 2 tadpoles (1 graph):
e O

Total: 2 graphs on 2 vertices, 1 without tadpoles, 0 with neither bubbles nor tadpoles.

B. 4 vertices

1 fermion 0 bubbles 0 tadpoles (2 graphs):
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3 fermions 1 bubble 2 tadpoles (1 graph):
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Total: 5 graphs on 4 vertices, 3 without tadpoles, 2 with neither bubbles nor tadpoles.

C. 6 vertices

1 fermion 0 bubbles 0 tadpoles (5 graphs):
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4 fermions 0 bubbles 3 tadpoles (1 graph):
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Total: 20 graphs on 6 vertices, 11 without tadpoles, 8 with neither bubbles nor tadpoles.

D. 8 vertices
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Total: 107 graphs on 8 vertices, 50 without tadpoles, 32 with neither bubbles nor tadpoles.

VI. EFFECTIVE INTERACTION (DIRECTED FERMIONS)

Cutting an interaction line in a diagram of Section V creates 1, 1, 4, 29, 272, 3237 ... polarization diagrams with
0, 2, 4,...internal vertices.

The subset of graphs with 1 fermion (0, 1, 2, 9, 56, 485 ...) is counted by the number of 1-rooted chord diagrams,
which means, by marking one of the vertices of the of the 0, 1, 2, 5, 17, 79,.. . diagrams mentioned in Section II. Some
of these rooted chord diagrams without bubbles have been plotted by Marie and Yeats [21].

A. 2 vertices

1 fermion 1 bubble 0 tadpoles (1 graph):
Lo
Total: 1 graphs on 2 vertices, 1 without tadpoles, 0 with neither bubbles nor tadpoles.

B. 4 vertices

1 fermion 0 bubbles 0 tadpoles (2 graphs):

2 fermions 0 bubbles 1 tadpole (1 graph):

@ -Q

2 fermions 2 bubbles 0 tadpoles (1 graph):
<>

Lo

Total: 4 graphs on 4 vertices, 3 without tadpoles, 2 with neither bubbles nor tadpoles.

C. 6 vertices

1 fermion 0 bubbles 0 tadpoles (9 graphs):

e L

2 fermions 0 bubbles 0 tadpoles (3 graphs):

2 fermions 0 bubbles 1 tadpole (6 graphs):
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2 fermions 1 bubble 0 tadpoles (5 graphs):
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S @

3 fermions 0 bubbles 2 tadpoles (2 graphs):

e el

3 fermions 1 bubble 1 tadpole (3 graphs

. <>
- a G TR S
3 fermions 3 bubbles 0 tadpoles (1 graph):
<o

Lo <
Total: 29 graphs on 6 vertices, 18 without tadpoles, 12 with neither bubbles nor tadpoles.

D. 8 vertices

1 fermion 0 bubbles 0 tadpoles (56 graphs):
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e, T QG@
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3 fermions 0 bubbles 1 tadpole (21 graphs)
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3 fermions 0 bubbles 2 tadpoles (16 graphs):

3 fermions 1 bubble 0 tadpoles (9 graphs):



41

. S
PN N
T el
e
<

3 fermions 1 bubble 1 tadpole (24 graphs):
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3 fermlons 2 bubbles 0 tadpoles (10 graphs
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4 fermions 0 bubbles 2 tadpoles (4 graphs):
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4 fermions 0 bubbles 3 tadpoles (2 graphs):
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4 fermions 1 bubble 2 tadpoles (6 graphs):
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fermions 2 bubbles 1 tadpole (6 graphs):

o <H — e <>
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4 fermions 4 bubbles 0 tadpoles (1 graph):
o <L
fH Ho-

Total: 272 graphs on 8 vertices, 148 without tadpoles, 97 with neither bubbles nor tadpoles.

VII. GREENS FUNCTION (DIRECTED FERMIONS)

Cutting a fermion line in a diagram of Section V creates 1, 2, 10, 74, 706, 8162. .. Feynman diagrams of the Green’s
function with 0, 2, 4,. .. vertices [22-25][1, A000698].
1, 1, 3, 15, 105,. .. of them have one fermion [1, A001147].

A. 2 vertices

1 fermion 0 bubbles 0 tadpoles (1 graph):
-—bo\__'.—bﬂ
2 fermions 0 bubbles 1 tadpole (1 graph):

v

Total: 2 graphs on 2 vertices, 1 without tadpoles, 1 with neither bubbles nor tadpoles.

B. 4 vertices

1 fermion 0 bubbles 0 tadpoles (3 graphs):

WWW

2 fermions 0 bubbles 0 tadpoles (1 graph):
‘\‘.—N

-

2 fermions 0 bubbles 1 tadpole (3 graphs):
o T G

2 fermions 1 bubble 0 tadpoles (1 graph):
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—

3 fermions 0 bubbles 2 tadpoles (1 graph):

@

o

3 fermions 1 bubble 1 tadpole (1 graph):

O Q ’

Total: 10 graphs on 4 vertices, 5 without tadpoles, 4 with neither bubbles nor tadpoles.

C. 6 vertices

1 fermion 0 bubbles 0 tadpoles (15 graphs):
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T e
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2 fermions 0 bubbles 0 tadpoles (11 graphs):
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e T e
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2 fermions 0 bubbles 1 tadpole (15 graphs):

T R

2 fermions 1 bubble 0 tadpoles (6 graphs):
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3 fermions 0 bubbles 1 tadpole (7 graphs):
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Vo 6 g

3 fermions 0 bubbles 2 tadpoles (6 graphs):
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3 fermions 1 bubble 0 tadpoles (2 graphs):
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3 fermions 1 bubble 1 tadpole (6 graphs):
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3 fermlons 2 bubbles 0 tadpoles (1 graph):

R
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4 fermions 0 bubbles 2 tadpoles (1 graph):
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4 fermions 0 bubbles 3 tadpoles (1 graph):
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4 fermions 1 bubble 2 tadpoles (2 graphs):
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<> <>
4 fermions 2 bubbles 1 tadpole (1 graph):
O em T

Total: 74 graphs on 6 vertices, 35 without tadpoles, 26 with neither bubbles nor tadpoles.

D. 8 vertices

1 fermion 0 bubbles 0 tadpoles (105 graphs):
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2 fermions 0 bubbles 0 tadpoles (110 graphs):
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3 fermions 0 bubbles 0 tadpoles (13 graphs):
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3 fermions 0 bubbles 1 tadpole (89 graphs):
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3 fermions 0 bubbles 2 tadpoles (45 graphs):
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3 fermions 1 bubble 1 tadpole (45 graphs):

3 fermions 2 bubbles 0 tadpoles (9 graphs):
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4 fermions 0 bubbles 1 tadpole (4 graphs):
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4 fermions 0 bubbles 2 tadpoles (27 graphs):
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4 fermions 0 bubbles 3 tadpoles (10 graphs):
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4 fermions 1 bubble 1 tadpole (21 graphs):
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4 fermions 2 bubbles 0 tadpoles (3 graphs):
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4 fermions 2 bubbles 1 tadpole (9 graphs):
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4 fermions 3 bubbles 0 tadpoles (1 graph):
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5 fermions 0 bubbles 3 tadpoles (3 graphs):
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D

5 fermions 0 bubbles 4 tadpoles (1 graph):

@

5 fermions 1 bubble 2 tadpoles (3 graphs):

L&@Wg

5 fermions 1 bubble 3 tadpoles (3 graphs):

IO P N

5 fermions 2 bubbles 2 tadpoles (3 graphs):

5 fermions 3 bubbles 1 tadpole (1 graph):

N

Total: 706 graphs on 8 vertices, 319 without tadpoles, 228 with neither bubbles nor tadpoles.
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